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ABSTRACT

Novel Atomic Coherence and Interference Effects in Quarptics
and Atomic Physics. (August 2012)
Pankaj Kumar Jha, B.Sc. ; M.Sc., Indian Institute of TechgglKanpur
Chair of Advisory Committee: Dr. Marlan O. Scully

Itis well known that the optical properties of multi-levébanic and molecular system
can be controlled and manipulated efficiently using quantohrerence and interference,
which has led to many new effects in quantum optics for egingpaction without popula-
tion inversion, ultraslow light, high resolution nonlimespectroscopy etc. Recent experi-
mental and theoretical studies have also provided suppuottié hypothesis that biological
systems uses quantum coherence. Nearly perfect excietiergy transfer in photosyn-
thesis is an excellent example of this.

In this dissertation we studied quantum coherence andenggrce effects in the tran-
sient and the continuous-wave regimes. This study led théifirst experimental demon-
stration of carrier-envelope phase effects on bound-batmahic excitation in multi-cycle
regime (~ 15 cycles), (ii) a unique possibility for standoff detectiohtoace gases us-
ing their rotational and vibrational spectroscopic sigreahd from herein called Coherent
Raman Umklappscattering, (iii) several possibilitiesffequency up-conversion and gen-
eration of short-wavelength radiation using quantum cemeg (iv) the measurement of
spontaneous emission noise intensity in Yoked-superfioerece scheme.

Applications of the obtained results are development of X(XvRay) lasers, con-
trolled superfluorescent (superradiant) emission, aaengelope phase effects, coherent
Raman scattering in the backward direction, enhancemegffioiency for generating ra-
diation in XUV and X-Ray regime using quantum coherence &itd without population

inversion and to extend XUV and X-Ray lasingto4.023 nm in Helium-like carbon.
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CHAPTER |

INTRODUCTION

A. Motivation and Objectives

Interaction of light with matter is one of the major areasesfgarch in quantum optics and
atomic physics. Quantum coherence and interferehage led to many novel effects[2]
for e.g. coherent population trapping [3], amplificationlasing without population in-
version(LWI) [4, 2, 5, 6, 7], ultraslow light [8], enhancenteof refractive index with-
out absorption [9], yield high-sensitivity magnetomet®0], high resolution nonlinear
spectroscopy[11], efficient solar cells[12] etc. Recergeginental and theoretical stud-
ies have also provided support for the hypothesis that ensodical systems use quantum
coherence[13, 14, 15]. Nearly perfect efficient excitagmergy transfer in photosynthe-
sis is an excellent example of this. Furthermore, duringotiet decade study of quantum
interference(Ql) effects has been extended to tailoredcggmductor nanostructures like
quantum wells and dots due to coherent resonant tunnelimggaw their potential appli-
cations in photo-detection [16, 17], lasing [18, 19], quamicomputing and quantum cir-
cuitry [20, 21], optical modulator[22]. On one hand quanttoherence effects in quantum
optics and atomic physics is a subject of intense theotetrmhexperimental investigation
while on the other hand its effect in human brain has beenia tdplebate and discussitin
Coherence effects in two-level system was first studied byldi§23] who discov-
ered interesting features in the resonance fluorescenctrspeof a two-level atom driven

by a strong electromagnetic field. This was later confirmed bgautiful experiment[24].

This dissertation follows the style &hysical Review A
10One of the first experiments to demonstrate the role of ateotierence was done by Hanle[1]
2The authors are encourage to read a nice review article bydviatos[27]



Recently a counterpart of the Mollow triplet[23] was obtdrfor the case of incoherent
excitation in a cavity by Valle and Laussy[25] where theywhad that the strong-coupling
between the cavity and the emitter generates the necessagyenice required. For multi-
level system the coherence can be easily generated by ngupé upper-level to an adja-
cent level by a coherent electromagnetic field which hasdedttiguing coherence effects
in three-level systems. Recently Scully[12] extended dleaiof coherence effects to solar
photovoltaic cells and showed that the quantum interferean enhance the photovoltaic
thermodynamic power beyond the limit of a system, which dussposses quantum co-
herence. Infact this coherence can be generated by an a&xsmurce like microwave
radiation source or by noise-induced quantum interferevitieh is essentially different
from the former which costs energy.

Although numerous theoretical and experimental studiesobkrence effects have
been performed, there are still open areas to be exploredxample, quantum coherence
and interference which plays a key role in LWI as shown extehsin the literature, can it
be used as a tool for enhancing the gain in the X-Ray/XUV regifor e.g recombination
lasers. A realistic approach in this area will open the doottie development of powerful
lasers in the wavelength down to “water window”. GeneratbXUV radiation has been
a focus of intensive research in the past decade. One appn@ecproposed by Scully[26]
in which it was shown that intense short pulses XUV radiaticen be produced by cooper-
ative spontaneous emission from visible or IR pulses. Herbave proposed one approach
to accomplish the gain enhancement by applying a stronghdrfield on the adjacent tran-
sition to the lasing (XUV) transition and showed that gain b& substantially enhanced.
We also investigated a unique way to accomplish effectivditgctional excitation using
bi-directional source in four-level model.

Another area in which we want to study interference effexta the regime of excita-

tion by ultra-short few and multi-cycle pulse. We want to eedd and investigate its role in



carrier-envelope phase(CEP) effects on atomic excitéios shining light on a fundamen-
tal question: “How many oscillations of the field within thalge is sufficient to neglect
the CEP effect?” Till date most of the research in the CERctffeas been performed in
the ionization regime. Here we present an experiment in livhie observed CEP effect
by multi-cycle pulses. To the best of our knowledge this esfilst demonstration of CEP
effects by multi-cycle pulses on atomic exception betwemmld-bound states.
The research in my dissertation will also cover coherent &akdmklappscattering,

quantum interference controlled resonance profiles, ulsiegr induced atomic desorp-
tion(LIAD) technique to optically control the alkali-méteapors and picosecond ultravio-

let Yoked superfluorescent (YSF) emission from opticallynped rubidium vapor.

B. Outline

The outline of the present dissertation is summarized here.

Chapter 11. In this chapter, we have discussed briefly the mathematiaaldwork
used to study the interaction of matter with radiation in egssical approximation. We
discuss the absorption and dispersion profile of two ancetteeel (Lambda) system ex-
plicitly. To understand the concept of atomic coherence axesladdressed two examples
namely electromagnetically induced transparency anddasithout inversion.

Chapter I11. In this chapter, we have discussed an efficient way of geinarabher-
ence in two-level system excited by far off-resonant striasgr pulses. Exact analytical
solution for two-level system interacting with a class ofgas (chirped and unchirped) is
presented and the solutions are given in terms of Heun FamEli, which is a generaliza-
tion of Hypergeometric functions, and Confluent Heun Furctd(?), We also present a
unique way of enhancing the excitation by introducing a phjamp in the pulse and the

enhancement factor can be as largé@fsfor a judicious choice of parameters. Using the



results obtained here we estimated a possibility for geimgraOn.J — 1uJ of energy in
XUV regime.

Chapter 1V. In this chapter we have discussed a quantum interferencetadaton-
trol of the resonance profiles in a generic three-level sysiad investigate its effect on
key quantum interference (QI) phenomena. Namely in a theeel lconfiguration with
doublets in the ground or excited states, we show a precrseat@ver enhancement and
suppression of the emission (absorption) profiles by maaiimg the strength of QI and
the energy spacing of the doublets. We analyze the applicafisuch QI induced control
of the resonance profile in the framework of lasing withouension and photo-detection.

Chapter V. In this chapter, we have focused on lasing in He and He-likes ithhat
utilizes advantages of the recombination XUV/soft X-rageies and the effects of quantum
coherence. The latter, for example, is the key for LWI, wiregeiantum coherence created
in the medium by means of strong driving field helps to pdstgliminate resonant absorp-
tion on the transition of interest and to achieve gain withmpulation inversion. Such an
effect holds promise for obtaining short wavelength lagethe XUV and X-ray spectral
domains, where inverted medium is difficult to prepare duast spontaneous decay. We
have performed numerical simulations on neutral Heliumwgain medium and showed
that a respectable pulse t#° photons at 58.4nm of radiation can be generated. We also
explored the connection between gain swept superradiarttansient Raman LWI.

Chapter VI. In this chapter, we have proposed how to integrate the bdsa of re-
combination lasers with quantum coherence effects. We tesgeissed a possibility of
enhancing the gain in XUV/X-Ray regime of electromagnedidiation assisted by an ex-
ternal, longer wavelength (in optical domain), coherentese readily available in labs. We
estimated at least an order of magnitude enhancement irutpatenergy in the presence
of the coherent drive field. To envision the proof of prineigixperiment, we applied this

technique of coherence enhanced lasing in Rubidium anddteally estimated similar



enhancement factor &, transition thus showing promise of the approach.

Chapter VII. In this chapter, we have experimentally and theoreticdiiyes light
on a “fundamental question”related to CEP effects. It islwabw that CEP effect is
pronounced for few cycle excitation and this has been thghrtyustudied theoretical and
experimentally. Infact the number of oscillations/cyaélectric field in the pulse which
are sufficient to neglect the CEP effect is still an intriguguestion. Here we present an
experiment in which we observed CEP effects on bound-botordia excitation (Zeeman
sub-levels) in the radio-frequency(RF) domain by multtleypulses £ 13 cycles). Our
experiment is the first step in the field of CEP effects by rantile pulses.

Chapter VII1I. In this chapter, we identify the conditions for coherent Ranscat-
tering to enable the generation of phase-matched, highctional, nearly-backward-
propagating light beams. Our analysis indicates a uniggsipihity for standoff detection
of trace gases using their rotational and vibrational spscbpic signals. We demonstrate
spatial selectivity of Raman transitions and variabilifypossible Umklappscattering im-
plementation schemes and laser sources.

Chapter 1X. In this chapter, we have extended the idea of LIAD to contreldlkali-
metal vapors. Earlier work in this field has been mainly fedusn control of concen-
tration of atoms. Here we performed the proof of principl@erkment on cesium and
demonstrated that LIAD can be used a powerful tool to og§icantrol and monitor the
cesium dimers. We also combined LIAD and with resonance Rae@hnique to explore
a possibility for remote sensing.

Chapter X. In this chapter, we have discussed an experiment on trigges& emis-
sion from optically pumped rubidium vapors. We have experital observed the effect of
injected pulse on the delay and thus quantifying the sp@atas emission noise intensity
in YSF scheme. We also studied the effect of weak drive pdlpewer 10nW-100nW on
the directionality of the generated YSF signal. The effégiudse shape and the angle be-



tween the pump and injected pulse on direction of the YSFasigenerated and the noise
intensity is under progress.
Chapter XI. In this chapter, we have summarized the key results predemteis

dissertation.



CHAPTER I

ATOM-FIELD INTERACTION: SEMICLASSICAL THEORY
In this chapter, we will discuss the frame work frequentlgdigh quantum optics to study
the interaction of matter with radiation. We will treat thim@ as a quantum mechanical
system and the field is treated classically. The readersnamieaged to read[2, 28, 29] for

detailed analysis.

A. Two-Level Atom

Let us consider a two-level atom (TLA), locatedat= r,, with lower levelb and an
upper levela [see Fig. 1], interacting with a linearly polarized monaminatic classical
field E(F, t). In dipole approximation, the Hamiltonian for the intefantbetween a TLA

and the radiation field is given‘as
H = I+ I, (2.1)

with

A = —eF - E (i, 1), (2.2)

wherer is the position of the electron from the nucleus. Hefg and.7# represent the
unperturbed (free) and interaction Hamiltonian. The fresnitonian of the TLAZ is
given as
) = hw, |a)(al + fuoy |b) (D] - (2.3)
'Recently we also analyzed the symmetry between two prob{ejriateraction of a two-level
atom with a classical field and (b) position dependent makso8mger equation (PDMSE). Ana-

lytical solution to PDMSE in one- and later generalized t@édimension is discussed extensively
in[30, 31]
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Fig. 1. Interaction of a two-level atom with a single modeiaidn field of frequency.
The atomic transition frequencyds

The lower leveb and the upper level are the eigenstates of the free Hamiltonif with
eigenvaluedw, andhw, respectively. Let us consider that the wavefunction cpoasding
to the levels: andb have definite parity i.€a|r]a) = (b|7]b) = 0. Using the completeness

relation|a){(a| 4 |b)(b| = 1, the interaction Hamiltoniaf? is given as
7 = —e((alb)|a) (8] + (Bl7a)|b) {al) - E(D). (2.4)

Let us define dipole moment as
Fab = €(alT1b). (2.5)
Substituting Eq.(2.5) in Eq.(2.4) and assumie=€ 0) yields,

i = (Gl 0] + Gl al) - | 56 (e ). 26)

Without the loss of generality we shall consider that thedfisl polarized along the x-

direction i.e.r”- ¢ = x. Now from EqQ.(2.6) we get
b s . ,
= = | 2410y 0]+ PRl (e ), @)
The total Hamiltonian is now given as

H = hwq |a)(a] + hwy |b) (b] — hQa)(b] (e=™" + ™) — hQ*|b)(a| (e™™* + ™) . (2.8)



whereQ), = ©u.é/2h.

1. Probability Amplitude Method
The wave function of a two-level atom can be written in thexfor
[U(t)) = Ca(t)|a) + Co(t)[D). (2.9)

whereC, andC}, are the probability amplitudes of finding the atom in levelandb re-

spectively. The wave function obeys the Sithnger equation
iB|U) = |0 (2.10)
and the equation of motion for the amplitudésandC}, may be written as
C, = —iw, + i (e‘i”t + ei”t) Cy, (2.11)

Cy = —iwy + i (7" + ™) O, (2.12)

In order to solve for’, andC}, we first write the equations of motion for the slowly varying
amplitudes

C, = cpe leatt o], (2.13)
Cy = cpelstTen(t)], (2.14)

From Eq.(2.11-2.14), we obtain
Gy — iéaca _ incb {e—i[zxt—i-wbt—l—(z)b—wat—d)a} + ei[yt—wbt—¢b+wat+¢a}} : (215)

ép — iébcb _ iQZCa {e—i[lzt+wat+¢a—wbt—¢b] + ei[l/t—wat—qba-l—wbt-‘,-(ﬁb}} ] (216)
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Fig. 2. Pictorial representation of matter-field interaotirequently used in quantum op-
tics and atomic physics where the energy non-conservimgstare dropped while
making rotating wave approximation(RWA).

From Egs.(2.15-2.16), we see that proper choice,aind¢, can eliminate the fast oscil-

lating exponentials. For example, we consider

vt + wyt + ¢y — wat — G = 0. (2.17)
Substituting EQ.(2.17) in Egs.(2.15-2.16) yields

Ca — iPaCa = i [1 + ¥ a, (2.18)

&y — idpcy = 1% [e72 + 1] ¢ (2.19)
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In Fig. 2 we have shown a pictorial representation of mdi&dd-interaction which includes
both energy conserving and non-conservation process. dN&t is a rapidly oscillating

term, so in rotating wave approximation(RWA), we neglectsterms. Thus we get
o — 10aCa = 1 Ch, (2.20)

b — ipcy = 10 Cq. (2.21)

Before we move further let us draw some conclusions basedm®e simple scenarios.
If the single mode radiation field of frequeneyis resonant with the atomic transition
frequency i.ew, — w;, = v then from Eq.(2.17) we get, — ¢, = 0.

(1) For off-resonant interaction, let us start with = 0. From Eq.(2.17) we get

é, = A\, where the detuning\, = w, — w, — v. Thus Egs.(2.20, 2.21) yields,
éa = ’inCb, (222)

éb = iAbe + iQZCa. (223)

The equivalent Hamiltonian can be written as
S = =Dy |b)(b] — Qyla) (b] — Q5 |b)(al. (2.24)

(2) Let us consider another choigg = 0. From Eq.(2.18,2.19) we gei, = —A,.
Thus Egs.(2.20, 2.21) yields,
éa = —’iAbCa + inCb, (225)

&y = i o (2.26)

2|t is worth mentioning here that when we are working with sggdew cycle pulses then RWA
is not a good approximation. Details of few and multi-cyalgse excitation is presented extensively
in chapter Il section D and chapter VI

3Here the simplest choice would be to take= ¢, = 0
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The equivalent Hamiltonian can be written as
H = Nyla)(a| — Qla) (b — Q[b)(al. (2.27)
(3) At last we assume, = A,/2 and¢, = —A,/2. Now Egs.(2.20, 2.21) yields,
Ca = —1(Ap/2)cq + iy, (2.28)

éb = Z(Ab/Q)Cb + iQZCCL. (229)

The equivalent Hamiltonian can be written as

H = (Dv/2)|a)(a] = (Ap/2)[b) (b] — [a)(b] — 5]b)(al. (2.30)

2. Density Matrix Approach

We now consider the two-level atomic system again wherettte ef the system is a linear
combination of levels. andb as given by Eq.(2.9). Then the density matrix operator can

be written as
p = |Cal?|a)(a] + CuCyla)(b] + CyCy1b) (al + [Cy[?[b) (b]. (2.31)

Taking the matrix elements, we get,

Paa = <a|p|a'> = Cac:zka (232)
pay = {alp|b) = CuCy, (2.33)
Poa = (blpla) = CvCq = Py, (2.34)

pw = (blplb) = GG (2.35)
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The evolution of the density matrix elements; is governed by the Liouville or Von Neu-

mann equation of motion for the density matrix
ihp = [, p). (2.36)

In Eq.(2.36) we have not included the decay of the levels dugpbntaneous emission,
collisions and other phenomena. These terms are added (@ ¥&).phenomenologically.
To illustrate this let us consider the Hamiltonian Eq.(Z'&g equation of the motion for

the density matrix elements are now given as

Paa = —VoPaa — i [y (€77 + ™) pap — Uy (€7 + ™) ply] | (2.37)
Ibbb = YvPaa +1 [QZ (e—iut + 6Wt) Pab — Qb (e—iut + 6Wt) ,OZIJ 5 (238)
Pab = — (Yab + 1) pab — 1% (7" + €™*) (Paa — Pr) (2.39)

wherey, is the spontaneous decay rate froem> b and~y,, is the decay rate of the coherence
par- Similar to the probability amplitude method, we will writg, in terms of a slowly
varying envelope as

Pab = Qabe_iyt- (240)

Using EQq.(2.40) in Egs.(2.37-2.39) and invoking the RWAds$e

paa = —YbPaa — l [ngab - QbQZb] ) (241)
Pob = VoPaa + @ [ 0a — 05p) (2.42)
Oab = — (Vab + 1) 0ab — 1% (Paa — Pob) - (2.43)

Let us solve Egs.(2.41-2.43) in steady state, which givestiherence term as

Y% (Ap + Yap)

, 2.44
A7 + 1AL + W2, (2.44)

Oap =
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Fig. 3. (a) Interaction of a two-level atom with a off-resahaingle mode radiation field
of frequencyr. (b) Steady-state real and imaginary partegf as a function of
normalized detuning\,/~,. For numerical simulation we took;, = 1,2, = 1 and

Yab = /2 =10.5
and the population of the upper level is

. 2’Yale%
a2+ W AZ + 2,

Ouc (2.45)

In Fig. 3, we shown the plot of real and imaginary parpbgfwhich governs the dispersion
and absorption of the field,. We see that in steady-state the two-level system will ekhib
absorption $[o.] > 0) which is maximum at resonance and dies &ff1/A? for far
detuned excitation i.&\, > €, ~,. Later this chapter we will show that in the presence

of a third level (Lambda configuration), the system exhibéso absorption on the probe

transition at resonance.

B. Maxwell-Schbdinger Equation

Till now we have considered an interaction of a single modd fieth one TLA. However
in many problems in quantum optics, we are interested inrteraction of the electro-

magnetic field with a medium of large numbers of atoms. In $eistion we will derive
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the equations to describe the propagation of a field througkdium in semi-classical ap-

proximation. Classical electromagnetic radiation is goee by Maxwell’s Equations [2]:

V-D =0, VxE:—ﬁ—B, (2.46)
ot
V-B=0, VxH:J+8a—];), (2.47)
where,
D=¢E+P, B=p0H, J=0E. (2.48)

HereP is the macroscopic polarization of the medium. Combining.E446,2.47) and

using simple vector algebra, we obtain the wave equation,

OE 1 0’E o’P
VXAV X E) + oo+ Gm = g

(2.49)
whereeyoc? = 1. Now the polarizatioP can be regarded as the source term for the radi-
ationE. To simplify the mathematical structure let us considet tha field is propagating

along thez—axis and polarized along the-axis,
E=¢&(z1)z. (2.50)

If the variation of the laser field intensity transverse te khser axis is slow on the length
scale of the optical wavelength, we can neglect theand y—contribution. EQq.(2.49)
reduces to

0*E o 109%€ 0*P

A o Lloe o8 251
9.2 M T age T Mg (2.51)

The field of frequency is given by

E(z,t) = %é"(z, t)expli(kz — vt)] + c.c, (2.52)
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whereé&’(z, t) is slowly varying function of position and time. Neglectitige higher har-

monics, the polarization is given by,
P(z,t) = %32(2, t)expli(kz — vt)] + c.C (2.53)
whereZ(z, t) are slowly varying functions of position and time. Here wa wvaite
P(z,t) = 20papay €xp[—i(kz — vt)] + C.C. (2.54)

Substituting Eq.(2.53, 2.54) in Eq.(2.51), and applyingfiiilowing approximations

o0& o0& 0P 0L
we obtained the field amplitude equations to be,
08 10& ( Nopav
Y abs 2.56
8z+08t " +Z< €oc )Qb (2.56)
wherex = o/2¢yc is the linear loss coefficient and
Pab = Oap expli(kz — vt)]. (2.57)

Let us rewrite Eq.(2.56) in the form which is has been mostroomy used here We

transform Eq.(2.56) in terms of the Rabi frequefity- ©,,& /2h as

o0 10Q [ Nlpawl|*v
Sl D g et T . 2.
0z * cot ! ( 2epch ¢ (2.58)
The spontaneous decay rate fram> b is given as
1 4 3 u 2
Yy = wab|@ b| (259)

 4mey  3he3

“4In the most part of this dissertation we have neglected theatiloss term
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Here v, is the radiative decay rate of the atom in free spac€ombining Eq.(2.58),

Eq.(2.59) and using the definiti®ac = A\v and assuming = v we obtain

o2 100

5 + Ea = 1N0ab, (260)

where the coupling constant= (3/87)N\%v,. Here ), is the wavelength corresponding

to the transitioru — b. When the field is off-resonance theris given as

3
n= 8—7TN)\2%(1 —A/w). (2.61)

To study the evolution of a field, propagating through a medaf two-level atoms, we
numerically solve Eqgs.(2.41,2.42,2.43, 2.60) with prapéral conditions. One example
could be the evolution of a weak probe field through a highhgrted medium of two-levels

atoms. In chapter VI, we have considered this problem ektelys

C. Three-Level Atom

In the previous section we observed that in steady state éwal kystem always exhibit
absorption. Here we will show that in the presence of a theketll which is coupled to
the upper levet drastically changes the absorption and dispersion prdfileeotransition

a <> b. Let us consider a three-level atom as shown in Fig. 4 in Lardtl Cascade
configurations. In this section of the chapter we will in dedéscuss the Lambda config-
uration where the transitiom <+ ¢ is coupled to a strong drive fiekd, and the transition
a <> bis coupled to weak probe field,. The off-diagonal decay rates fpg;,, p.. andp.,

are denoted by, 74c, and~y,, respectively.

°Recently Vladimirovaet.al. presented a detailed analysis of the modification of resmman
fluorescence spectra of a TLA placed near a metal sphere[32]
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Fig. 4. Three level system in (a) Lambda and (b) Cascade aoatign.

1. Electromagnetically Induced Transparency

The interaction Hamiltonian for the system in the RWA can biten as [2]
H = —hQ.e 2 a) (c] — hye' | a) (b] + c.c (2.62)

where A, = w,. — v, andA, = w,, — 1. Using the evolution equation for the density

matrix elements i.e Eq.(2.36), we obtain for the cohereaoadp;; as

pab = —YabPab — ineiAbt(paa - pbb) + cheiACtpcba (263)
pac - _’}/acpac - Z.chiACt (paa - pcc) + ineiAbtp:ba (264)
Db = —YenPep + 1 €T poyy — iQe M0 (2.65)

Let us now make a transformation defined as
Pab = QabeiAbta (266)

Pac = QaceiACta (267)

Pep = 0ape’ Bv TR (2.68)
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andy;; = p;. Substituting inEQs.(2.63-2.65) we obtain,

@ab == _Fabgab — in(@aa — be) + iQCQCb? (269)
@ac = _Facgac - ch(Qaa - Qcc) + ’insz (270)
@cb = _Fchcb + iQ:Qab - inQ:c' (271)

Solving for ¢!} where we keep the probe field teti to its lowest order but keeping,

to all orders we obtain

Lol — o) + (0% — old)| Q2|
Fac(l—‘abrcb + ‘ Qc | 2)

ol = i, (2.72)

To make the analytical approach simple, let us asstine- 0 i.e we drive the transition

a <> c at resonance. As the atoms are initially in the ground lgyvel

oy =1, o =0%=0. (2.73)

cc

Substituting Eq.(2.73) in EqQ.(2.72) we obtain,

(2.74)

b+ 1A
Ql(z?:in[ Yeb T30 ]

(Yab + 103) (Yep + 13) + Q|2

Using the relationZ = ¢,x& and the definition Eq.(2.54), we obtain the complex suscep-

tibility as

(2.75)

X:Z.N|@ab\2 Yeb + 1A }

€0h |i(’7ab + iAb)(’ch -+ ZAb) —+ ‘Qc|2

whereN is the number density of atoms. We know that the real and inaagipart of the
complex susceptibility are related to the dispersion arsbgiiion, respectively. Thus we

obtain

_ N|oa|*Ap { Yeo(Vab + Vo) + (A — Yeryas — |Q]?) } (2.76)

€Oh (Ag — YebYab — |Qc|2)2 + A2<’ch + 7ab)2
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0.6

20  -1.0 0.0 1.0 2.0
Detuning (A,)

Fig. 5. Real (solid line) and imaginary (dashed line) pafthie complex susceptibility as a
function of the normalized detuningy, /~;.

¢ — 500 = Mowl? [880m +90) = (8 ~ a7 = 2.1
€oh (Al% — YebYab — ‘QC|2)2 + AZ(’ch + ’7ab)2

: (2.77)

whereyxy = x’' + ix”. In Fig. (5) we have plotted the real and complex part of the
susceptibilityy versus the detuning, in the units ofy,,. For numerical simulation we
took ) = 73, 7 = 10~*v,,. We see that when the probe field is resonant with the transiti

a <+ biel, =0,x =0andy” ~ 0. Thus the medium becomes transparent under the
action of the drive field).. It is important to mention that this transparency is séresib

v« Which is the decay of the coherence of the dipole forbiddansitionc < b.

2. Lasing Without Inversion

In the closed\—system [as shown in Fig. 6] the lasing and the driving fieldspb® the
upper levek and two lower level$ andc respectively. The spontaneous decay rates from
a — bisy,, and froma — cis ., andy = v, + .. Pumping rates frorh — « is r;, from

¢ — aisr.. Population exchange rate (for e.g. collisions)aré&rom ¢ — b, and~, from
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Fig. 6. Three-level system in lambda configuration. Thenlgsind the driving fields couple

the upper level: and two lower level$ andc respectively. The spontaneous decay

rates froma — b is vy, and froma — cis 4., andy = -, + .. Pumping rates from
b — aisr, fromc — aisr.. Population exchange rate (for e.g. collisions)are

from ¢ — b, and~, fromb — c.

b — c. The interaction Hamiltonian is given as
H = — (Q|a)(b|] + Qc|a){c| + c.C) .
The density matrix equations can be written as
Poo = — (Y2 +75) pob + V1Pcc + VoPaa + 1 (2 pab — pip) 5

Pec = = (M 4 7¢) Pec + V2Pb + VePaa + 1 (Vipac — Vepie) »
Pab = —Lavpa — 12%(Paa — pov) + 1 Qepes,
Pea = —Leapea + 182:(Paa = pec) — i€ pes,
peb = —Levpen + 120 pap — 1 Pea,s

1= Paa T Pob T Peec-

(2.78)

(2.79)

(2.80)
(2.81)
(2.82)
(2.83)

(2.84)
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where,

+ 7y + + e+ Te+ Ty +71+
:%7 7@62%7 ’ycb: b 271 72 (2.85)

Yab

We solve EQs.(2.79-2.84) in the steady state by settingpallime time derivative equal to

zero. We obtained the steady-state coherences in terms pbhulations as

_aa —p 1—‘caFc Q 2 _cc - _aa Qc 2
o = i [ = £ e O]
D
Oaa — P (O . Dbb — Paa) ||
Dea = IS [(paa Pec)(|Qel? + Teallap) + (Pbb — Paa)|$2] }’ (2.87)
D
5ea — F55) ea + (Faa — Pec)T
ﬁcb _ QbQ: [(paa Pbb) ca + (paa pcc) ab:| 7 (288)
D
where,
D = Fabl—‘carcb + Fab|Qb|2 + 1—‘ca|§20|2- (289)

In the limit of weak probe field, we will keef, to its lowest term but all the terms fér,

then Eq.(2.86, 2.87) takes the form,

S~ i, (o = Py )eal'at + (o — pld)I2 ) (2.90)
ab Fca (Fabrcb + ‘Qc|2) '
© _ (0
,02(11) =i [p‘mripcc (2.91)

Next we solve for the population termléo) by solving Egs.(2.79, 2.80) supplemented by
Egs.(2.84,2.90,2.91). Further we assume that the Rahidresjes corresponding to the

probe and the drive fields are real. The populations are gisen

(0) Brb + Tpre + 717 + 72(B + TC)

pli) = L , 2.9
B c B c
P9 = Yo + Wre + 71/( + % + Ye) | (2.93)
M
B . B c
p((:(g): Tb‘|'77'b‘|'72( +7b+7)’ (294)

MI
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where M’ is the sum of the numerators in the above expressions. Frese thxpressions

we obtain the condition for population inversion on therhgsiransitionpg;) > ﬂég) as,

re(ro + 2 =) + 11 (1 — % — Ye) + (rs — 71+ 72 — ) B > 0. (2.95)

If we use the definition of population inversionag + p.. > pw, We obtain the condition

as

B(2ry — 71+ 272 — ) +7e(v2 — Yo + 1) +16(71 +7e) — (71— 72) (76 +7e) > 0. (2.96)

In the absence of any incoherent pump on the drive transitienci.e. r. = 0, EQs.(2.95,

2.96) gives,
B(ry =y +v =) +71(r6 — % — ) >0, (2.97)
B2ry — 14+ 27 — %) +15(71 +ve) — (11— 72) (% + ) > 0. (2.98)

The condition for gain can be obtained by using the expradsigpopulations in Eq.(2.90)

which gives,

Blro(rs — v+ 272 — % + %) — 1 + %) + 72002 + 7))
(2.99)

+71(re + 71+ 72) (s — % — 7e) > 0.
Interestingly for symmetric bidirectional pumping tye = 7», strong drive ana;, = 0, we
never observe inversion on the lasing transition but theesyss inverteghs, + o > o)

if 75 > ;. The condition for gain from Eq.(2.99) gives

Thus to observed lasing without inversion the spontaneegaydrate on the decay tran-

sition should be greater that the decay rate on the lasimgitiarf. Further more if we

%In the case of three-level atom in the cascade configurdtiesdndition is reverse i@, > v,
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assume that purely phase deedy= (v + 72)/2, we obtain the condition for gain as

B [ro(ro + 7 — 1+ 372) + 27 — 271 + 2% + %e) — 27 (11 + 12)] 2101

+71(75 = Y — Ye) (1 + 271 + 272) > 0.

If we consider pumping in both the directions = ~,, strong drive and;, = 0, we obtain

the necessary condition for gain‘as
Ye > 3. (2.102)

Thus we can see from Eq.( 2.99-2.102) that even when smalliaihad population is in
the excited state still we can observe gain on the probeiti@msPhysically in the lasing
without inversion the essential idea is the cancellatioalsorption on the probe transition
via atomic coherence and interferefictn fact this is also the essence of electromagnetic
induced transparency.

To conclude, in this introductory chapter we laid the fouratafor the mathematical
analysis used in the dissertation. We used semiclassipebagh to quantify the interaction
of radiation with matter. We extensively derived the Haamlan for two-level atom with a
single mode fiel?l We also discussed two simple examples which are the mégatifas of
quantum interference phenomena namely electromagndticéd transparency and lasing

without inversion.

"For detailed analysis on V scheme also, read the confereqer py Nikonov[33]

8For simple and rigorous analysis of lasing without inversaad electromagnetic induced trans-
parency readers are suggested to go through sections 7734a08Scully and Zubairy[2]

9The extension to three-level system is derived in appendiinAAppendix B, we present a
brief discussion of the symmetry of the evolution of ideatiseed pulse at the boundary= 0 and
z = L in the forward and backward direction respectively
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CHAPTER III

EFFICIENT EXCITATION OF UV AND XUV COHERENCE BY FAR
OFF-RESONANCE STRONG PULSES

A. Introduction

The two-level system (TLS)[2, 28, 29] is a very rich and utefodel that helps to un-
derstand physics of many problems ranging from interaatidim electromagnetic fields to
level-crossing[34, 35, 36]. For example, interaction ofeafn of atoms in Stern-Gerlach
apparatus[37] and Bloch-Siegert shift[38] can be undetstasing TLS. Recently TLS
has been extensively studied as a quantum bit (qubit) fontguainformation theory[39].
Two-level atom (TLA) description is valid if the two atomievels involved are resonant or
nearly resonant with the driving field, while all other levalre highly detuned. TLS can
be realized exactly for a spin-1/2 system, and, approxipdte a multi-level system in a
magnetic field when all other magnetic sub-levels are dettereoff resonance.

When the frequency of the driving field is in resonance with #tomic transition
frequency, the Schdinger equation for the time evolution of state amplitudesxactly
solvable for any time dependence of the fi€l¢t). For off-resonance excitation several
exactly solvable models for the TLS have been proposed ipab§40, 41] where solutions
to the Schidinger equation are expressed in terms of known functiteedHiypergeomteric

functions. Several approximate solutions have also beeposed based on perturbation

*Part of this chapter is reprinted with permission from “Cram excitation of a two-level atom
driven by a far-off-resonant classical field: Analyticaligmns” by P. K. Jha and Y. V. Rostovtsey,
2010. Phys. Rev. A 81, 033827(1)-033837(8); “Analytical solutions for a thexel system driven
by a class of chirped pulses” by P. K. Jha and Y. V. Rostovia@l0. Phys. Rev. A 82, 015801(1)-
015801(4); “Coherent control of atomic excitation usinffresonant strong few-cycle pulses” by
P. K. Jha, H. Eleuch and Y. V. Rostovtsev, 20P0ys. Rev. A 84, 045805(1)-045805(4), Copyright
[2010] by American Physical Society
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theory and the adiabatic approximation[42, 43].

Recently, the topic has been in a focus of research relatgeiteration of short wave-
length radiation[26, 44]. A two-level atomic system under &ction of a far-off resonance
strong pulse of laser radiation has been considered and lhden shown that such pulses
can excite remarkable coherence on high frequency famddttransitions; and this coher-
ence can be used for efficient generation of UV and soft X-¥ay\() radiation[44].

To describe excited coherence, we are interested to uadershe mechanism of
breaking adiabaticity that leads to excited coherence ensfstem when the laser pulse
has already passed. Thus we are interested going beyorsicealaslectrodynamics[45].
Indeed, an electric field causes polarization of dielestis@iven by

t
P(t,r) = / dt'x(t —tHE,r), (3.1)
wherex () is the dielectric response function. It is important to nibi@ once the field is
removed, the polarization adiabatically returns to pcadty zero. Breaking of adiabaticity
is especially difficult when the frequency of the applieddied far from the atomic res-
onance. Finding exact analytical solutions for such a gwbWvill not only supplement
numerical simulations but will also be useful in understagdhe underlying physics.

In this chapter, using a proper variable transformationfine a class of puls€l(¢)
for which the Schidinger equation for the time evolution of the state ampgs&idan be
transformed into the well known Heun equation[46, 47]. Tbkitsons are given in terms
of the Heun function which is a generalization of the Hypergetric function. Using the
degeneracy of Heun to Hypergeometric equation, Bambinivae model can be general-
ized to this model. Later we introduce a phase jump in theepaihsl study its effect on the

population transfer and coherence generated in TLS system.
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Fig. 7. (&) Two-level atomic system, atomic transition freqcyw = w, — ws, detun-
ing A = w — v and Rabi frequency(t) = p&(t)/2h. (b) Unchirped classical
electromagnetic field E@ sechHat)coqvt). (c) Quadratic chirped electric field
E(t)=exp(—a?t?) cos(vt + kt?). (d) Few-cycle sine (dashed line) and cosine (solid
line) pulse with Gaussian envelope.

B. Multi-Pulse Excitation

The equation of motion for the probability amplitudes foe States: andb [see Fig. 7(a)]

of a Two Level Atom (TLA) interacting with a classical fieldgsven as

C, =

'pgh(” cogut)e“tCy, (3.23)

P E(1)
h

Cy =i coguvt)e ™t C,, (3.2b)

wherehw is the energy difference between two levelsis the atomic dipole moment;

E(t) = £(t)cos/t [see Fig. 7(b)]. In the Rotating Wave Approximation (RWA) replace
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cogvt)et@t — *A/2 whereA = w — v%, is detuning from resonance. Introducing

Q(t) = p&(t)/2h?, Eq.(3.2) reduces to

C, = iQ(t)e"™C,, (3.3a)

Cy, = i (t)e A0, (3.3b)

which have an integral of motiofC,|? + |Cy|> = 13. There are a variety of ways to
approach the problem of solving f6k,(¢) . One method is to defing(t) = C,(t)/Cy(t).
For the functionf(¢), Eq.(3.3) yields the following Riccati Equation[44]

F4i (e 2 —iQ(t)e = 0. (3.4)

Then|C.(t| = |f(t)|/+/1 + | f(t)|?. Alternatively, we can get a second order linear differ-
ential equation for”,,(¢), from Eq.(3.3)

iA+9(MO+mWM®:O (3.5)

éa(t) - 0

The general solution for Eq(3.5) has not been found yet, kewthere are solutions for
several cases in terms of special functions. To find a seldto Eq.(3.5) we introduce a

new variable

= p(1), (3.6)

'Here we use the convention that all frequencies are cirétdguencies so thdt (not hv) is
the photon energy.

%In this section we have defined the Rabi frequefity) = ©&(t)/2h rather than the usual
definitionQ(t) = p&(t)/h.

3Here we consider a two-level atom with stable levels (or eetghny kinds of decay due to
spontaneous emission, collision etc on the time scale giulse) interacting with a classical exter-
nal electromagnetic field



29

subject to the condition that(7) is real, positive and monotonic function ofandp, <

© < 1. In terms of the variable and the dimensionless parameters

reat, f=2, 4= (3.7)
« «
one may write Eq.(3.5), for redlr) in the form
. P o : ) 2¢2
o+ bl¢ ;ﬁ &8 C+ %ca —0, (3.8)

where a prime indicates differentiation with respecptand)(r) = v£(7). Let us deter-

mine the condition under which Eq.(3.8) has the form

C,(9) + P(2)Cyp) + Q) Calip) = 0. (3.9)
Using Eq.(3.8,3.9) and some trivial algebra we get,

=2 [ (p+ %) do. (3.10)

1. Heun Equation

Bambini-Berman studied the case in which Eq.(3.9) has tha fof a Gauss Hypergeo-
metric equation which includes Rosen-Zener Model as a apease. Now let us consider

when Eq.(3.9) is of the form of Heun equattfpt6, 47] with the independent variahje

2 _
a-C, I (U i v + w ) dC, + (abgo q)Ca =0, (3.11)

de? "\ o—1 p—c) dp  @(p—1)(p—c)

“Heun Equation: For redd(7), we get an additional constraint for our asymmetric paramset
q <0,ab/q < 1,if ¢ # 0,0rab > 0,if ¢ = 0. Confluent Heun Equatiory < 0,p/q > —1,if q #
0,orp < 0,if ¢g=0.
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Fig. 8. Pulse shapes given by Eq.(3.17). (a) Pulse shapds wvatying A and
c=2,q=—1,ab = 0. (b) Pulse shapes with varyingand\ = 2, ¢ = —1,ab = 0.

wherea,b,c,q,u,v,w are parameters with# 0, 1.(c > 1). The parameters are constrained,

by the general theory of Fuchsian equations, as
utv4+w=a+b+1. (3.12)

From Eq.(3.11) and Eq.(3.9) and some algebra we get

¢ =20(1 —¢)/(n+ Ap). (3.13)
Equivalently the parameters of the Heun Equation Eq.(3atd piven as

_Z/B_M U:1+7lﬁ()\+u) w:l CL:O’ b:

L_ b , , _BA T (314)
272 2T T2 2 2

N —

For p(7) to be a monotonically increasing function of ¢ must be real and positive i.e
w > 0,\/u > —1. The time variabler as a function ofy is obtained by integrating
Eq.(3.13) which gives,

27 = In[p" /(1 — ). (3.15)

The general solution for Eq.(3.11), which has regular diagy at o = 0 is given in terms
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of the Heun local solutions, lilp) as,

C, =P ™Hl[c,q+ (1 —u)((c—Dv+a+b—u+1);
(3.16)

a—u+1,b—u+1,2—u,v;p]+PHl[c, ¢ a, b u,v;pl],
where the constants; AP, can be found using the initial conditions of the system. & th
limit 7 — oo, the population left in the level can be obtained by substitutipgg— 1 in

Eq.(3.16). The form of the pulse can be obtained by equatijB) and Eq.(3.11) which

gives

401 — @) (abp — @)1 1
fr) = (c—) } <M+A<P)’ (3:17)

wherep(7) is given by Eq.(3.15). In Fig. 8 we have plotted the pulse kpes’ of the
classical field, given by Eq.(3.17), for which the two-leagbm problem can be exactly
solved. They also show the effect of the asymmetric paraatandab respectively, for
i = 1, onthe symmetry of the shapes. Pulse shapes showing thtsaffether parameters
can also be plotted easily from Eq(3.17).

There are three kinds of solutions to the Heun equation Bd.J3Local Solutions H
Heun functions H and Heun Polynomials 4§48, 49, 50]. The series solution Eq.(3.16) is

written as[47]
Hi [Cvcﬁ a, b,u,v;ap] :ZS]'SO] = 1+@@+ZSJ¢]7 (318)
7=0 j=2
wheres; obeys the three term recursion relation

(G—14+a)j—1+b)s;1 —{JlUJ—1+uw)(1+c)+ve

(3.19)
+a+b+1—u—v]+q}ts;+ G+ 1)+ u)sj1 =0,
with the initial conditions
so=1, si=-L, and s;=0, if j<Oo. (3.20)

uc
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The solution Eq.(3.18) is valid only within a circle centérat the originp = 0 whose
radius is the distance from the origin to the nearest simgulee = 1 or ¢ = ¢. For

¢ > 1, the radius of convergence is 1[47]. From Eq.(3.19), we egrtisat Heun function
remains the same with the exchange of the parametarglb. It can be easily verified
that the Heun equation Eq.(3.11) can be reduced to the Hgperetric equation in several

ways[47]. They are

c=1, q=ab, (3.21a)
w=0, q=cab, (3.21b)
c=0, ¢q=0. (3.21¢c)

Let us now consider the simplest case:6f 0, = 0. Thenfora+b=0andl/2 —v =

—i/2, Eq.(3.11) reduces to standard form of the Gauss Hypergeiereguation

d?C, {7’ —(1+a+ b)go} dC, abC,
-~ = 0. (3.22)
d? e(1— ) do (1 —¢)
wherer = 1/2 —i3/2. The general solution for Eq.(3.22) is
Colp) = Prp" "Flb— 7+ 1,a — 7+ 1,2 — 15 0] + PoFla, b; ;5 ], (3.23)

where the constants, AP, can be found using the initial conditions of the problem. We
write the hypergeometric serieg; I [a, b; ¢; ¢] as Ha, b; c; p]. The population left in the

statea is given as
Cop=PiFb—r+1,a—7r+1;2—r;1] + PFla, b;r; 1]. (3.24)

Subsequently ifa+b) = Xif andv—1/2— (a+0b) = uif3, we have the generalized Rosen-

Zener Model as discussed by Bambini and Berman. One can stuparttze degeneracy of
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the Heun to Hypergeometric model as follows

HE[1, abs a, by, v; 0] = Fla, b3 ¢, (3.250)
Hi [c, cab; a,b,u,a + b — u+ 1; ] = Fla, b; u; ¢, (3.25h)
HI[0,0;a,b,u,v; 9] = Fla,b;a +b— v+ 1;¢]. (3.25¢)

2. Confluent Heun Equation

The Confluent Heun Equation is one of the four confluent forftdemn’s equation which
is obtained by merging the singularity @t= ¢ that aty = co. Now we have a regular
singularity atp = 0, 1 and an irregular singularity at = oc. In this paper we will consider
the following non-symmetrical form of the Confluent Heun atjon:

d>C, (u v ) dCq = pp+q
+ =+ + C, =0. (3.26)
dp? o 9—=1) do o(p—1)

Similar to the Heun case, we have the same differential exufdr © i.e Eq(3.13). For the

Confluent Heun Equation, the possible values of the asynmpetrameters are

1 B iBA+p)
T (3.272)
1 a1 A+
U= 5 v—2+ 5 , p=20. (3.27b)

The general solution of the Confluent Heun Equation Eq.{32@iven as

Ca((p) :PlHl(C) [O,U - 17'U - 17p7 q + (1 - U'U)/2, ()0]+
(3.28)

PZQ)Ol_qu(C)[Oa 1— u,v — 17p7 q + (]' - UU)/2, SO]’

where R, P, can be found using the initial condition of the system. It trtlh mentioning

here that, the general solution to the Gauss Hypergeonuktiecential equation Eq.(3.22)
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Fig. 9. Pulse shapes given by Eq.(3.30). (a) Pulse shapksanging\ andp = —¢ = 1.
(b) Pulse shapes with varyingand\ = 2,p = 0.

can be expressed in terms of the Heun functioi§ lds

Co(p) =Pi(o — 1)"*HI9[0,a — b, =1 + 7,0, ((r — 2a)b — r + ra+ 1)/2,1/(1 — )]+
Pa(p — 1)_le(C)[0, b—a,—1+70,((r—2a)b—r+ra+1)/2,1/(1—¢)].
(3.29)

The form of the pulse can be obtained by equating Eq.(3.8an(8.26) which gives,

1/2

O(p) = [40(¢ — 1)(pp + q)]

3.30
R (3.30)

wherey(7) is given by EQ.(3.15). The constraint afand . is also the same as for the
Heun case discussed earlier. Fig. 9 shows the pulse shapekifih the two-level atom
can be reduced to the Confluent Heun equation. It also gtradibashows the effect of the

asymmetric parametegsandq on the symmetry of the pulse shapas= 0 corresponds to

the symmetric pulse.
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3. Exactly Solvable Pulse Shapes

In this section we will consider some specific examples osgsilcorresponding to Heun
and Confluent Heun equations. Interestingly we will also érgktter approximation for a
box pulse by introducing a parametewhich takes care of non-analyticity of the pulse at
the edges.

Qs(t) = Qosecliat)//0 —tanhat), 0 >1

For this pulse, using the scaling parameters Eq.(3.7)3E).¢ives

. .1 (1—26tanhr + tanitr\] . ~v?sechr
_ - - = 0. 31
Co(7) |:Zﬁ + 5 < 5 tanh )} Co(7) + 5 tanhrca(T) 0 (3.31)
Let us now define a new variable as
1 + tanhr
o(1) = — (3.32)
In terms of the variable, Eq.(3.31) reduces to the Heun equation
o+ |t ——+ |+ abp — ¢ =0, (3.33)
p p-1 p-c el —1)(p—c)
where,
1 91 B 1
U=5 -5 U—2—|—2, W=, (3.34a)
2
_r _1 o o4l
¢=—7 a =0, b_2 c=— (3.34b)

From EqQ.(3.31) we see as— —oo, ¢ — 0 andrT — oo, ¢ — 1. The initial conditions for
our system are

Co(T = —0) =0, |Cy(T — —00)| = 1. (3.35)
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Fig. 10. (a) Pulse shapes for different valué ofb) The time dependence of the population
in the state: for 25(7) pulse for different values af > 1. For calculation we take

a = 0.08w,, varyings.
The complete solution to Eq.(3.33), satisfying the initiahditions Eq(3.35), is
2
Lgpl_“Hl[c, g+ (1—u)((c— 1)

(i —b)y/e (3.36)
+a+b—u+1)b—u+1l,a—u+1,2—u,v, ¢l

Ca(p) =

wherea, b, ¢, ¢, u, v, w are given be Eq.(3.34). Let now consider a case in whiehl. So

the pulse has the form

04 (t) = QO V1 -+ tanhot. (337)

Now for this pulse, using the scaling parameters Eq.(3.q)X3E5) gives
Co(r) — {iﬁ + % (1-— tanhr)} Co(T) + (1 + tanhr)C,y (1) = 0. (3.38)

In terms of the variable, Eq.(3.38) reduces to

C;’+[3+ ! }C;JFLCFO, (3.39)
¢ p-1
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5 10

Fig. 11. (a) Pulse shapes fér.(t) = Qgsechwt(v/1 £ tanhnt). (b) Time dependence
of population in the state for the Pulse shapes in (a). In calculation we take

Qo = 0.02w,, @ = 0.08w,, A = 0.2w,

where,

(3.40)
The general solution to Eq.(3.39) is
Calp) =P1( — 1)°FIE, € — 1+ u + v;u; o]+
(3.41)
Py (¢ — 1)5F[§ +u,E+1—u;2—u; ),
where,

1—vw 1—v\?

andq, u, v are given be Eq.(3.40). Using the initial conditions EQR83.we getP, = 0 and

. i
" B DyE

ing the initial condition.

Figure 10 shows the plot of population in the statorresponding to the pul$e; satisfy-

Q4 (t) = Qosechut (/1 + tanhut)

(3.42)

(3.43)
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For this pulse, using the scaling parameters Eq.(3.7)3E).¢ives
ColT) — {iﬁ + %(1 — 3tanhr)} Co(T) + v*sechr (1 + tanhr)C, (1) = 0. (3.44)

In terms of the new variable, Eq.(3.44) reduces to the Confluent Heun equation.

!+ PJFL} o+ 0, =0, (3.45)
v p—1 p—1
where,
B 13 1 1 B 9
u=-0 U—2—|—2, o= —2v". (3.46)

The complete solution to Eq.(3.45) satisfying the initiahditions Eq.(3.35) is

Calp) = (;fg) CTTHIO, 1 +i8/2, —1/2 4 iB/2, —29%,1/2 — B2/8 — iB/8, ¢].
(3.47)

Q_(t) = Qosechut(y/1 — tanhut)

For this pulse, using the scaling transformation Eq.(¥Ed)(3.5) gives
Co(T) — {iﬁ — %(1 + 3tanhr)} Co(7) + v*sechr(1 — tanhr)C, (1) = 0. (3.48)

In terms of the new variable, Eq.(3.48) reduces to the Confluent Heun equation.

o+ [3 + L] o +1c, =0, (3.49)
e p-1 ©
where,
1 _aif o2
u=g- 5, V= n =2y (3.50)

The complete solution to Eq.(3.49), satisfying the inibahditions Eq.(3.35), is

2V2 1
Cu(p) = (5{Z> ¢§+§ HI©[0,1/2 +143/2, —1 +i3/2, 2+,

(3.51)
1/2 - 297 — /8 — iB/8, ).
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-5 0 5 10 15 20 -5

Fig. 12. (a) Box Pulse fai—1 = 107?. (b) Time dependence of population in the stafer
the Box Pulsé2s;(7). In calculation we také€), = 0.02w,., &« = 0.08w,., A = 0.2w,

In Fig. 11 we have plotted the pulse shapeg7) and the corresponding time evolution of
the probability amplitude for state One of the simplest and exactly solvable pulse shapes

is a Box Pulse. Indeed it is a non-analytical pulse but it givdormation about the basic

oscillatory nature of solution (probability amplitude)etLus define our pulse as

where,©(t) is a unit step function. The solution for Eq.(3.5) corregtiog to the box

1o : .
C.(t) = ————_"A2sin({ /A2 /4 + Q2)t, t < t,. 3.53
(t) NIRRT (\/ A2/ 0) 0 (3.53)

The oscillatory nature of the solutig@’(¢)| is evident from the sine function. Let us con-

pulse is

sider the pulse shape of the form

Qosechwt

Qs(t) = ———
(1) V0 — tanhut’

where c is one of the singularities of the Heun Equation. Assgc > 1 givesd > 1. A

§=2c—1. (3.54)

pulse shape of the form Eq.(3.54) is positive definite andnishes at = +oco. Let us see
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what happens whehapproaches but never reaches to 1. We see from Figs. 10(&p &
that as) approaches to 1, the pulse become more and more broad thexakinyg it a better
approximation for a box pulse (taking care of non-analtgtieit the edges). The general
solution for the pulse of the form Eq.(3.54), is given by Bdlg) where the asymmetric

parameters are given by Eq.(3.34).

C. Multi-Cycle Chirped Pulse Excitation

It is well know that the chirped pulses [51, 52] are used talpoe maximal coherence in
atomic and molecular systems. Maximal coherence can befasggneration of short-
wavelength of radiation molecular spectroscopy, for edamntpme-resolved coherent Ra-
man spectroscopy, to obtain molecule-specific signals frmtecules, which can serve as
a marker molecule for bacterial spores [51].

In this section we will present two class of chirped pulsesvioich the problem can be
solved exactly in analytical form. Using the appropriatemging parameters, the population
transfer, after the the pulse is gone, can be optimized anthéopulse considered here,
four-order of magnitudes enhancement was obtained. Umathipulse corresponding to
Heun and Confluent Heun equation has been recently investigatensively [53] where
we have included an estimate of energy of emission of softyxand ultraviolet radiation
via excited quantum coherence in the atomic system. Thmatgishows good potential
for a source of coherent radiation based on the discusselamison.

The equation of motion for the probability amplitudes foe gtates: andb of a TLA

interacting with a classical field (under rotating-wave rapgmation RWA) with non-zero
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chirping [54]. is given as

C, = iQ(t)e” W, (3.55a)

Cy = iQ* (t)e "D, (3.55b)

whered(t) = At + ¢(t). HereA = w — v andQ(t) = & (t)/2h. To solve forC,, we can
get a second order linear differential equation@g(t) from Eq.(3.55), which in terms of

the dimensionless parameters Eq.(3.8) is given as

. Q) .
ip+ M +io(T)

In order to find analytical solution for Eq.(3.56), We inttaeé a new variable = (1)

C, — Co+ Q*(1)C, = 0. (3.56)

defined by

7= (1/2)Infp" /(1 — ), (3.57)

and make an ansatz for the pulse envel@pe) and the chirping function(7) as

200 -1
Qm_l (c—¢) } <M+Aso)’ (3.582)
oy m2eCH2[(C+E) +e(C+n)]p
o = { ) (8:580)

In terms of the variableo(7) and the definition of)(7), ¢(7) from Eq.(3.58), Eq.(3.56)

takes the form

C"+{£+ 7 4+ - }C;qt abe 4 Co =0, (3.59)
el —1)(p—c)

where(c > 1) and

1 1 + A
pm i (e B) o L[ ),
(3.60)
_ L e e P S\ S
U—2 1§, q= 2,a—, =3 2,0— 5

The parameters of a Heun Equation[46, 47] are constraingdhd general theory of
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Fuschsian equations s+ o + v = a + b + 1 which provides us a the first constraint

relation for the chirping parametefsn, ¢ as
C+n+&=0. (3.61)

The quantity + ¢ is the instantaneous pulse frequency; thssould vanish for maximum

of Q(7). From Eq.(3.58a), we get the correspondingvhich satisfy the equation
Ao® — (22X + p)® + (A + 2u) ¢ — e = 0. (3.62)

Thus the second constraint relation for the chirping pataraes given as

—2¢C+2[(C+ &) +clC+n)]eo
(o — ) (1 + Ao) - 209

The general solution for Eq.(3.59), which has regular diagfy at o = 0 is given in terms

of Heun local solutions, Hy) as,

Calp) =P PHI[c,q+ (1 = p)((c =)o +a+b— p+1);
(3.64)

a—p+1,b—p+1,2—p,0;0]+PyHl[c,q;a,b,p,0;¢],

where the constant$);, P, can be found using the initial conditions of the system. i th
limit 7 — oo, the population left in the level can be obtained by substitutigg— 1 in

EQ.(3.64). Let us consider a simple casg.6f 1, A = 0in EqQ.(3.57) and Eq.(3.58a) gives

p(1) = %ﬂm) (3.65a)
201 -9)]""
Q1) =7 {7(0 - } . (3.65b)

From Eq(3.65) the pulse takes the form

Or) = LS5 o, (3.66)

/6 — tanh(7)’

This pulse shape serves as an excellent model for a smoothuies, by taking care of
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non-analyticity at its edges with the help of the pulse pat@m. Using Eq.(3.62) we get
po = ¢+ +/c*—c. From one of our earlier assumptions> 1 only one of the possible
values is allowed fop, as0 < ¢y < 1. Subsequently using, = c—+/c? — cin EQ.(3.63),

we get the constraint equation as

C_T” — 521 (3.67)

The defining equation for the chirping function takes therfor
o() = € { (5 V/ - 1) 7+ In[5 coshr) — sinh(T)]} . (3.68)

For the pulse defined by Eq.(3.66), using the scaling paemn&ig.(3.7) and the chirping
function Eq.(3.68), Eq.(3.56) gives

Gl F <1 —26tanhr+tanh27> e (m

2 0 — tanhr

(3.69)
52 -1 1 v?secHr
—m) + 'Lﬁ:| Ca(T) + mca(T) =0.
Let us define the initial conditions for our system as
Co(T = —00) =0, |Cp(T = —0)| = 1. (3.70)
Solution for Eq.(3.69), satisfying the initial conditioissgive as
Cu(p) = Pp'PHI[c, ¢ + (1 — p)((c — 1)o + a+
(3.72)
b_p+1)7a_p+17b_p+172_p70-7¢]7
wherey(7) is given by Eq.(3.65a) and the Heun parameters as .
1 1
p:i—@<(+§),az§+z{§—n],
(3.72)
L S O bt
U_2 S, 4 = 2,CL—, _270_ 2
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Fig. 13. (I) Heun Equation case: Chirping functiofr) given by Eq.(3.68) fot = 10 and
(@d > 1,(b) § = 1 (c) The Electric field Er) for varying¢ andd = 1.01. (d)

Probability amplitudes for the upper level) for the corresponding fields in (c).
|C.(7)| is given by Eq.(3.71).

The chirping parameters n and the constant P are given as

<=—§ (1_“\/@), (3.73a)

n= —g <1 +0— \/527—1) ) (3.73b)
. 2(1—i£)(1 + 5)i£—1/2

e [ ENTCTEN) } (379

Here we have kept as a free parameter for the chirping functioft). In Fig. 13, we
have considered some forms of the chirping functign) [see Figs. 13(a,b)] fos > 1

andé =~ 1 respectively, given by Eq.(3.68). Influence of chirping be evolution of the
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Electric Field E(t)
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-
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Fig. 14. (Il) Confluent Heun Equation case: (a) Profile of thecEic field E ) for varying
(. (b) Probability amplitudes for the upper levefor the corresponding fields in
(a). The pulse envelop®(r) and¢(7) is given by Eq.(3.80).

probability amplitude for the upper levelin shown in Fig. 13(d) for the corresponding
pulses in Fig. 13(c)
In this section we will discuss another class of pulse andctrteesponding chirping

function. Let us define the pulse and the chirping function as

_2V29(1— )/

Q) P , (3.74a)
oy 20=2(C+n)y
o(7) = e (3.74b)

In terms of the variableo(7) and the definition of)(7), ¢(7) from Eq.(3.58), Eq.(3.56)

takes the form

e (fer) e e e
where
u:%—ilg—ir%],v:i{w—n},pz—QIQW? (3.76)
The critical point which corresponds to the peakXt) is given by
P S i \/(QA;L mA+9p) | (3.77)
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Fig. 15. Effect of chirping on the population left in the ebed states. (a) Heun Equation
and (b) Confluent Heun Equation. The inset shows the dip (na@hin the pop-
ulation left for the Heun case. For calculatiofis= 2.5,y = 0.25,9 = 1.01 (c¢)
Chirping function for the Confluent Heun casgr).

and the corresponding can be found using Eq.(3.57). At this poifit= 0 which gives a

constraint relation as

B¢+ 1) = CV O+ ) (A +9u) + 1 (A +3p =V ) (A + 9u)> =0. (3.78)
The general solution of the Confluent Heun Equation Eq.(3s/§iven as

Colp) =PiHIO[0,u — 1,0 — 1,p,q + (1 — uv) /2, o]+
(3.79)

F,2()01—qu(C)[07 1—u,v—1,p,qg+ (1 —uv)/2,¢],

where R, P, can be found using the initial condition of the system. Inlthet 7 — oo,

the population left in the level can be obtained by substitutipg— 1 in Eq.(3.79).
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Fig. 16. Contour plot sowing the effect of the pulse paramsetech ag,, 7, v, and{), on
the population left in the excited statéein (a), (b), (c), and (d) respectively. The
influence of the phase jump tintg is symmetric as shown in (a). The parameters
used areé)y = 0.875w, v = 0.75w,y = 1.25w, ty = 0, anda = 0.331w as required
appropriately. For (c) we used= 0.110w.

Let us consider a simple case pf= 1,\ = 0. Thus the new variable is given by
Eq.(3.65a). From Eqgs.(3.77, 3.78) we ggt= 1/3 andn = 2(. Pulse shap@(r) and the
chirping function can be written as

Q(7) = vy sechr) [1 — tanh(7)]"/?, (3.80a)

¢(1) = —C[1 + 3tanh(7)] . (3.80b)

For the pulse defined by Eq.(3.80a), using the scaling paeasEq.(3.7) and the chirping
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function Eq.(3.80b), Eq.(3.56) gives

Co(r)— {@8 — % [1 4 3tanh(7)] — i¢ [1 + 3tan|‘(7)]} Co(7)
(3.81)
+ v%sech(7) [1 — tanh(7)] Cu(7) = 0.
Let us define the initial conditions for our system as Eq@R.7Solution for Eq.(3.81),
satisfying the initial conditions is give as

Co =P ™ HI0,1 —u,v — 1,p,q+ (1 —uv)/2, ¢, (3.82)

wherep(7) is given by Eq.(3.65a) and the Heun parameters as .

1 6] |8 B 6.2
U= Z|:<—|—2],U—Z|:2 n],p— q =2y (3.83)
The constant P is given as
5 { o(3/2+3iC) } (3.84)
“lecER -l |

Here we have kept as a free parameter for the chirping functioir) given by Eq.(3.80).
Influence of chirping on the evolution of the probability ditygle for the upper levela)

in shown in Fig. 14(b) for the corresponding pulses in Fig(al4 To see the effect of
chirping on the population left in the upper levelwe have plotted in Fig. 13, (c0)|

as a function of the free chirping parameter for the Heun Aedonfluent Heun case for
a particular choice of the detunirtjand the peak Rabi frequengy We see thatC',(co)|
ranges fromi - 1073 «~ 6 - 107!, In Fig. 16 we have plotted population a contour plot of
the population left in the upper levelas a function of detuning and the free chirping

parameterg, ¢ for the Heun and the Confluent Heun case respectively.
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D. Few-Cycle Pulse Excitation

Modern pulsed lasers produce bursts of light that are bath-short and ultra-strong, ex-
hibiting durations comparable to those of molecular viora, and electric fields rivaling
those near an atomic nucleus [55]. Attosecond lasers,ieqftilses with only a few op-
tical cycles per pulse [56], hold the promise of controlling phase difference between
the carrier wave and its envelope[57]. Interaction of suttashort pulses with a two-level
atom under rotating-wave approximation does not give ustimeplete picture since the
variation of the atomic polarization and population withine optical cycle is not slow.
Thus we should not neglect the contribution of the courtéaiting terms in the Hamilto-
nian while studying few cycle pulses interaction with atorsystems [58, 59, 60, 61, 62,
63, 64, 65]. On the other hand if the fields are not too stromtlaa variation of the atomic
polarization and population within the optical cycle isvgld(RWA appears to be a good
approximation.

In this section we study the interaction of few-cycle pujsegontrast to many cycle
pulses [66, 67, 68], with two-level system. These pulse bavease jump att = t,. Thus
they can be characterized by the parameters peak Rabi fregilg, pulse widthr, carrier
frequencyv, phase jum and jump moment, along with the pulse envelope ( which we
have considered gaussian for the numerical simulation)pk#gent an analytical solution
for this problem. Using the appropriate characterizingp@eters, the population transfer,
can be optimized and for the pulse considered here, enhamtefil0° — 10°® factor was
obtained.

The equation of motion for the probability amplitudes foe states: andb of a two-
level atom (TLA) interacting with a classical field is giveg Bq.3.2. In this section we

will work without RWA, hence the Riccati Eq.(3.4) takes thenform as

[+ i (t)cogut)e ™t f2 — iQ(t)cogvt)e™! = 0. (3.85)
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The approximate solution for Eq.(3.7), in terms of the tigla is given as[44]

f(t) =i /_ t dt’{[dfl(;/) —92@/)‘19;?/)} exp {2 /t t@(t”)é*(t”)dt”]}, (3.86)

oo

where the tip anglé(t) has been defined as

t
o(t) = / Q) cos(ut )" d’. (3.87)
To see how well the approximate solution works, we have @tbthe probability amplitude
|C.(00)| for a complex pulse shape given Byt) = Qy[secliat) + seclfat — 3)] [see Fig.
17]. Numerical simulation (dashed) and analytical solufolid) shown in Figs.17(a) and

17(b) are nearly identical.

1. Pulses With Arbitrary Phase Jump

In this section we will investigate the dynamics of a twodkatom subjected to few-cycle
pulse with a phase jump at an arbitrary time ¢,. Let us define the Rabi frequent)(t)

for our model as

Q_(t) ift < to,
O(t) = (3.88)

Qu(t) ift>t,
whereQ (t) = €Q_(t) and¢ is the phase jump introduced to the electromagnetic field
att = t,. Equivalently the tip angle define by Eq.(3.87) takes thenfor

0_(t) if t < to,
o(t) = (3.89)

0. (t) ift>t.

From the definition of the Rabi frequency Eq.(3.88), we cailgaee that, = ¢*?0_.The

time evolution of our system is divided into two regimgesoo, ty) and (ty, c0). In both
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Fig. 17. Population left in the upper level after applying Q(t) = g[seciat)

+sechliat — 3)] pulse as a function of the frequeneyw obtained by numerical
solution of EQ.(3.2) (dots) and using our approximate aidl result Eq.(3.86)
(solid line). In calculations we tak@, = 0.04w anda = 0.075w. In (@)¢ = 0
while in (b) ¢ = 7, ¢y = 0.

these regimes, the functional form of the solutions remtiassame. We can write

fo(t) ift<t,
fo(t) = (3.90)
fo(t) ift>t.

Eq.(3.86) is the solution fap = 0 for the initial conditionf(—occ) = 0. Using the same

initial condition we can safely write

f-(t) :i/t dt'®_(t")exp [2 /t g_(t”)dt”} : (3.91)
where
- d@* (')
_{ dt/ —2 ) } (3.92a)
C(t")=6_ ”)9*( M. (3.92b)

As the functional form off, (¢) and f_(¢) are the same, we can write

folt) =i /t t ' D, (¢')exp [2 /t t §+(t”)dt”] Yo, (3.93)
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¢ (degree)

Fig. 18. Effect of jump time,. (a) Here we have plotted the probability amplitudg(co)|
against the phase jumpa Phase jump is introduced at the peak of the gaussian
envelope. (b) The symmetric influence on the degree of diaitavith respect
to the position oft,. The symmetric response is lost for shifted gaussian input
pulse (c) and (d). For numerical calculations we chage= 0.875w, v = 0.75w,

a = 0.331w andy = 1.25w.

whered, (') = ¢®_ (') and(, (¢') = (_(¢') The constant can be obtained by demand-

ing the continuity off,(¢) att = t, which gives

c—i / " o ()exp [2 / v g_(t”)dt”] | (3.94)

Population transferred to the levetiuring the interaction is given &S, (c0)|* = | f4(c0)|* /(1+
|f+(c0)[?). In order to study the effect of the phase jumiet us define a relative change

in the amplitude

re(t) = 0
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Fig. 19. Effect of. (a) Probability amplitudé’, (oo)| varies in the range from0—> « 0.7.
(b) We have plottedC,(co)| against normalized pulse widthr for fixed w, v, Q0
and three combinations of the phase jump- 0, 7/2, 7. (c) Shows the temporal
evolution for the three combinations used in (b). For nupasimulation we chose
Qo = 0.875w, v = 0.75w, v = 1.25w anda = 0.331w.

Using Eq.(3.91), EQ.(3.93) and Eq.(3.86) we get,

(€ —1) [} dt'D_(t')exp [2 [t dt”]
rg(t) = . (3.96)
[f_are_(t)exp [2 [ ¢ dt”}

The asymptotic value,(co) can be obtained by — oo in Eg.(3.96). We can easily see

from the Eq.(3.96), that,(co) attains its maximum value fay = 7.
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Fig. 20. (a) Temporal behavior ¢f',| for difference combination of. (b) Plot of|C,,(c0)|
againstv/w. For numerical simulation we chos$k = 0.875w, ty = 0,7 = 1.25w
anda = 0.331w.

2. Effect of Pulse Parameters

In this section we will discuss the effect of the pulse paramselike phase jump timg,
pulse witdthr, detuningA and peak Rabi frequency, on the degree of excitation of
the upper levek. For the computational purpose we have considered a Gaugsiae
of the formQ(t) = Qe~*""" wherea = 2vIn2/7 (7 is the FWHM of the pulse). The
main result showing the effect of relative positiontgf with respect to the peak of the
pulse, on the atomic excitation is shown in Figs. 18 and 2&fgre we have shown the
dynamics of the two-level atom interacting with few-cyclelge with a phase jump. In
Fig. 18(a) we have one such scenari@cf 7 /2. Here the phase jump is introduced in the
field at the peak of the gaussian envelopej.e- 0 and plotted the probability amplitude
|C.(c0)| against the phase jumfa Interestingly the difference in the maximum and the
minimum value corresponds ¢ = w. The symmetric nature of the atomic excitation
is observed in Fig. 18(b) and in the contour plot Fig. 22(a)ithwthe shifted Gaussian
pulseQ = Qpe~**(#t:)* [see Figs. 18(c) and 18(d)] the symmetry is lost. Also theaff

of the phase jump becomes significant fowithin the FWHM of the pulse and gradually
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Fig. 21. (a) Temporal behavior ¢f',| for difference combination of. (b) Plot of|C,,(c0)|
against),. For numerical simulation in (b), we chose a shifted gausgidse with
ts=1,v=0.75w, ty = 0,7 = 1.25w anda = 0.331w. 2y = 0.875w for Fig. (a).

decreases whetfy is close to the tail of the pulse. ldentical response of tlstesy, for
~to =~ 10, is observed for three combinations of the phase jump0, /2, 7.

While investigating the effect of few-cycle pulses on atorsystems, the parameter
« plays an important role for a given value of the carrier freraey . It determines the
number of cycles of the field in the pulse. The main resultsviig the effect ofx or the
pulse widthr is given in Fig. 19 and in the contour plot in Fig. 22(b). If weok at the
inset of Fig. 19(a) we see that the probability amplity@g(co)| varies in the range from
107 « 0.7. In Fig. 19(b) we have used three combination of phase jurfip= 0, /2, )
to study the effect ofv on the degree of excitation. For lower pulse width< 7 <
15)¢ = /2 creates more excitation than= 0 or 7.

In order to study the effect of detuninly we have plotted the response of the system
in terms of|C,, (c0)| for the three combination af. Fig. 20(a) shows the temporal behavior
while Fig. 21(b) gives the information about steady-staipytation. The probability am-
plitude |C,(oc0)| varies in the range front.4 x 10™* « 0.4 for ¢ = 0 and5 x 107> «~ 0.9
for ¢ = 7. When|C,(c0)] is «~ 4.4 x 107 for ¢ = 0 we have|C,(o0)| «~ 1 for ¢ = ,
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Fig. 22. Contour plot sowing the effect of the pulse paramsetech ag,, 7, v, and{), on
the population left in the excited statéein (a), (b), (c), and (d) respectively. The
influence of the phase jump tintg is symmetric as shown in (a). The parameters
used areé)y = 0.875w, v = 0.75w,y = 1.25w, ty = 0, anda = 0.331w as required
appropriately. For (c) we used= 0.110w.

thus we have an enhancementi6f — 108 factor in the population transfer by introducing
a phase jump of at the peak of the envelope function.

The effect of the peak Rabi frequenQy on the degree of excitation of the upper level
in shown in Fig. 21 and in the contour plot Fig. 22(d). Whilg.R21(a) shows the temporal
behavior of|C,| on the other hand Fig. 21(b) gives the information about thgufation
left in the upper level after the pulse is gone. We see thaddare choice of), ¢ = 0 has

the maximum effect while for somg = 7 /2 is dominant.
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Fig. 23. Field configuration and level structure of H or'HeAll population is initially in
the ground staté. First, the strong short far-off resonant pulse with fragrye/,
is applied to the system to excite coherence between lévelsls andc = 2s,
and then the second pulse with the frequengywhich is close to the transition
between level&s and2p, is applied to generate XUV pulse with higher frequency

Vy.
E. Generation of X-ray and UV(XUV) Radiation

The obtained results can be applied to the generation ofyXana UV (XUV) radiation,
which is one of the main topics in modern optoelectronics phdtonics [69]. Recent
progress in ultrashort, e.qg. attosecond, laser technatigws searchers to obtain ultra-
strong fields [70]. Interaction of such strong and broadldads with a two-level atomic
system, even under the action of a far-off resonance laskatian is of current inter-
est[71, 26, 72, 73, 44]. Strong short laser pulses can esaritarkable coherence on high
frequency transitions; and this coherence can be used fprisingly efficient generation
of XUV radiation [26, 72, 73, 44]. In the first step we excite titoms (e.g., from thés

to 2s states of or He, etc.) via a short pulse of femto- or attosecond radiatign &om a
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conventional Ti-sapphire laser system). The excitatiamuoxdue to the coherent coupling
betweenls and 2p and then 2p and 2s. In the second step, we apply anatiseryphich
scatters off the Raman coherence (prepared in the first, ggepgrating short wavelength
anti-Stoke radiation as depicted in Fig. 23. The generatioadiation is a coherent process
that (contrary to conventional superfluorescence) doeseoire population inversion (see
Appendix C). The higher efficiency of coherent process has lsemonstrated in various
spectral regions[74, 75, 76, 77, 78, 79, 80, 81].

We have analytically calculated above that the level oftexictcoherence when a two
level atom is driven by a ultra-short intense pulse. The e is sufficiently large that
this can be used for nonlinear generation of XUV radiatios, $ee Figs.10(b),11(b) and
12(b), coherence can be of the ordel0df. It is instructive to estimate the level of XUV
field that can be generated by using this coherence. Aftetteaxstrong and short pulse,
we apply a strong resonant and relatively long pulse. Thdiepprobe pulse?; and
generated signdl, are coupled to each other via coherence excited in the me(Raini
frequencies are defined & 4, = p34F54/h). Hence, the propagation equation for is

given by
uth

Oz = _in4pab7 (397)

wherep,; is the appropriate atomic coherence (see Fig. 24)pard k.02 N/2h, wherep,
is the dipole moment at the transition between. The corrmedipg equation for the density

matrix coherence,, is

pab = _Fabpab + iQ4(paa - /)bb) — 7lglf‘ipcbu (398)

and, for short pulsesy,, ~ —i€237ps. Then, we can estimate the intensity of the signal
field, by
PebSlsT, (3.99)
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Fig. 24. Two-stage generation scheme for X-ray generaf@rpplying a strong pulse al-
lows one to excite an atomic system by transferring popariat electronic excited
states. (b) Coherence is then induced by applying a res@iekht

wherek, is the wavenumber for signal radiatioh s the length of the active medium,,
is the dipole moment at the transition betweeandb levels,r is the time duration of the
pump laser pulse. Using the parametars~ 101 cm=3, o, ~ 1D, L = 100 pm,
pey = 1071, Q37 = 1 - 103, 7 = 1 ps, A = 10 nm, we obtain energy 10 nJ — 1 u.J.
This estimate shows the promise of the approach. This etiima&alid on the time scale
when the collisions in the plasma destroy the coherencecadirs at the times of order
0t = 1/ocN ~ 1 ps, whereo is the atomic cross-section for atomic collisions that kbgst

the excited coherence.

F. Conclusion

In this chapter we have found several analytical solutions ftwo-level atomic system un-

der the action of a far-off- resonant strong pulse (chirp@ghirped and few-cycle) of laser
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radiation. The solutions are given in terms of the Heun fianctwhich is a generalization
of the hypergeometric function. The Rosen-Zener and BamBerman models belong
to this class of pulses as special cases. A better apprarmatr the box pulse is also
obtained here, which takes care of nonanalyticity at theesdhy introducing a parameter
0. We also analyzed pulse shapes with phase jump at an ingtamteot, and showed a
unigue way of enhancing the excitation. The enhancemeturfaan be as large d§° for

a judicious choice of parameters. The results obtainedtmare applications to the gener-
ation of XUV radiation and the estimate reported here shaveglgotential as a source of

coherent radiation.
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CHAPTER IV

QUANTUM INTERFERENCE CONTROLLED RESONANCE PROFILES

A. Introduction

Study of quantum interference (QIl) had led to the discovéryumerous fascinating phe-
nomena in various type of systems ranging from atoms to biecoates [2, 83, 84]. In
atomic systems for example, one of the earliest known effe@l is the modification of
the absorption profiles that comes about due to interferantang the bound-bound and
bound-continuum transitions, a phenomenon now called laederence [85]. Agarwal
[86] later showed how QI among decay pathways can lead torgioe of coherence and
population trapping in a multi-level atomic configuratiof.counter-intuitive application
of suchAgarwal-Fano QI was discovered by Harris in the form of inversion-less Igsin
(LWI) [87]. This non-energy conserving phenomena had thfdezad to several theoretical
investigations [88, 89, 90] and experimental demonstngdo 6, 7]. Furthermore, during
the past decade study of QI effects has been extended teethi@miconductor nanos-
tructures like quantum wells and dots due to coherent regdnaneling owing to their
potential applications in photo-detection [16, 17], lasjh8, 19], quantum computing and
quantum circuitry [20, 21].

In the seminal work of Scully [12] it was shown that coheremmiiced by external
source can break the detailed balance between emissionbandpion and enhance, in
principle, the quantum efficiency of a photovoltaic cell.f[Re2] demonstrated the role of
guantum coherence in a simple way. In a recent work we sholadcbherence induced
by QI can enhance the power of the Photocell and Laser QuaHeahEngines [91, 92]

*Reprinted with permission from “Quantum-interferencevcolled resonance profiles from

lasing without inversion to photodetection” by K. E. Dorfma. K. Jha and S. Das, 201Phys.
Rev. A 84, 053803(1)-053803(8), Copyright [2011] by American §tbgl Society
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following the earlier work on Photo-Carnot Engine enhanogduantum coherence [93].
The main idea is that the quantum coherence induced by athexternal drive or QI
among the decay paths alters the detailed balance betwassi@mand absorption and
can enhance the efficiency of the system compared to thabwtittuantum coherence.
In the case of photovoltaic cells quantum coherence leadsppression of radiative re-
combination [12] or enhancement of absorption [92] and tinease of the efficiency.
Furthermore, the results of the Ref. [12] have initiatededed about the principle issues. In
his article [94] Kirk attempts to investigate the limits oéR[12] and, in particular, argues
that Fano interference does not break detailed balanceegbhibtocell. Note, that noise
induced coherence via Fano interference was later showmd&ed enhance the balance
breaking in photovoltaics where it leads to increase in pg@®, 96, 91, 92].

These investigations have hence generated renewed intethe fundamental ques-
tion of noise induced interference effects on the emissiohadosorption profile of an atom
or atom like system (excitons in quantum wells or dots) [9& such, we in this paper
undertake a thorough theoretical investigation of the uatinduced interference effects
on the resonance line profiles of a three level system witlblédsiin ground (excited) state
configuration (see Fig. 25). Our analysis is quite generdlagplies to atoms, molecules
as well as quantum wells and dots. We study the time profildsbgption and emission
probabilities and derive its close form expression in tieagdy state regime. In the present
work we use a simple probability amplitude method to cakeuthe resonance profiles
since the states involved in calculation have zero photenation number. The latter is
equivalent to the density matrix formalism usually usechis type of problems [91, 92].

The probabilities of emission and absorption are found testrong functional de-
pendence on the the energy spacing between the doublEtsafid interaction strength
In the case of atomic systemis governed by a mutual orientation of dipole moments. In

semiconductor systemshas a meaning of the phase shift acquired by the wave function
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Fig. 25. The scheme of the three level system with the doubtee ground state (a) and in
the excited state (b). Radiative decay from the doubleg¢stat the reservoir i2y
while the excited (ground) state to the reservoitlis

between two interfering pathways. This thus provides uk Wi different parameter by
which we can regulate the QI in the system. For example, we shat depending on the
choice of energy spacing between the doublets comparedottaspeous decay rate we
can use destructive interference to achieve either LWI Ihaeoing the emission or pho-
todetectors and interferometers by reducing emission ahdreeing absorption. Moreover
depending on thewe can manipulate the interference type from destructizetstructive

which can significantly alter the resonance profiles [see ZFid)

B. Theoretical Model

In order to investigate the effect of QI on the emission argbgtition profile of an atomic,
molecular or semiconductor system we consider a three t@rdiguration with a ground
state doublet, » and excited state [see Fig. 25(a)]. The three level system is excited by
coherent field with the central frequeneyso that the energies of staig, are related te

asv+A, whereA half of the energy spacing between the ground state doultiletground
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state doublet, » decays to the reservoir stafg with the rate2, » respectively and the
excited state decays to the reservoir stdtevith the decay rat@€l'. Furthermore, states
v1,2 Can represent either Zeeman sub-levels in atoms, vibadtlewels within electronic
band in molecules or intrasubband in semiconductor. Simedytpical relaxation rate of
electronic (intersubband) transition is much smaller izt of vibrational (intrasubband),
we neglect direct decay process between levahd v, ,. Note that the decay of ground
state doublets, , to the same statg, leads to a vacuum induced coherence among them.
The physics of this coherence is attributed to #garwal-Fano QI of the transition am-
plitudes among the decay pathways. Note that analysis mexbéelow is valid for the
system with excited state doubtgt, and single ground state(as per Fig. 25b, see discus-
sion). We will show later that such QI plays a major role in kine profiles of an atomic
system [87, 98]. The time dependent amplitudes of the stateandc essentially exhibits
the effect of coherence on the dynamics of the system. THeapitity amplitude method
can be applied in the present system since statesndc have zero photon occupation
number. Solving the time dependent Schrodinger equatiedynamical evolution of the
probability amplitudes); , andc of finding system in corresponding states andc (i.e.

states with zero photons) in Weisskopf-Wigner approxiorais given by

Ua(t) = — (72 + iA)va(t) — py/ i (t) — i€d2c(t), (4.1)
0 (t) = =(n = iB)oi(t) — py/77202(t) — iSc(t), (4.2)
C(t) = —iQQUQ(t) — in’Ul (t) — FC(t), (43)

where(; » = p;2£/2h andp; , are the respective Rabi frequencies and dipole moments
of the corresponding transitions, <+ ¢ with & being the amplitude of the applied electric
field. The ternp, /717, arises due to QI of the decay pathways of the ground statdetoub

It is clearly seen from the above set of equations that thiw t®er p # 0 couples the
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amplitudes of the statag andwv,. Such a coupling is known a&garwal-Fano coupling

in the literature [99] and have several implications ragginom superradiance [100, 101]
and entanglement [101] to quantum solar cells [12, 91, 92l ihterference strength is
typically determined in terms of the relative orientatidrttee dipole moments of the decay
transitions and is given by coefficienpas,

— ot Dul (4.4)
| pvl Ry @UQ Ry

whereg,, z, andg,, r, are the dipole moment corresponding to the transitios> R, and

vy <> R, respectively withp = 41 exhibiting the maximal interference among the decay
paths. Herep = 1 corresponds to the two dipole moment vectors parallel th edlcer
on the other hand when they are anti-parallet —1. Non-orthogonal dipole moments in
optical transition have been generated using superposifiginglet and triplet states due
to spin-orbit coupling in sodium dimers [102]. More genbrahterference strengthis a
phase shift acquired by wavefunction between initial anal states. Equations (4.1)-(4.3)
can be written and solved in the dressed basis using theagpdsveloped by Scully [103]
as discussed in Appendix E for genepand in the presence of additional decay rdtes.
The probability of emissiorF,,,;ss defined as a sum of population of the doublet v,
and of the reservoir state, due to conservation of probability, can be written in terris o

populations of statesand R, as

PemisdT|c) =1 — —or / le(7)) |27’ (4.5)

In the long time limit,r > 1, 1/T and assuming, = ~, = ~ for simplicity, the probability

of emission defined in Eq.(4.5) (derived in Appendix E) ygeld

(C+1)(2F +93) — 2p9192

Pemisd ol
o= e

(4.6)
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where the tilde signifies that all the parameters are now ismaless as they are normal-
ized by~. The probability of absorption from leve| can be evaluated in a similar manner.
For the initial conditions;(0) = 1,u2(0) = 0 andc¢(0) = 0 the probability of absorption

Papsis given by the sum of population on statesnd R,
Pap(|v1) = |e(7)|? + Qf/ lc(T")|2d7’ 4.7)
0
that yields the following expression in the long time limit;> 1, 1/T (see Appendix E)

Papdoolvy) = % { [2(1 +A2)(14+T) - fp2] 02 —2(T + 2)p Qe + (T + 2)p2§zg}

(4.8)

whereD = 2(1 + A? — p?) [(f +1)2 + A? — pz}. The probability of absorption from
level v, can be derived in the same way as for the leyeby interchanging; < vy in
Eq. (4.7) and), < Q, in Eq. (4.8). Comparison of Eq. (4.6) with Eq. (4.8) yieldatth
probability of emission and absorption can vary substéwntia the presencey # 0) or
absencey = 0) of interference.

So far we have discussed a model with doublet in the ground. st&t us now con-
sider doublet in the excited state [as shown in Fig. 25(lmjoriactice this configuration is
commonly used in semiconductor systems like quantum wetglats. The expression for
the probability of emission and absorption in case of excitate doublet can be obtained

as follows. If we start withc, ), the probability of emission is given by
PemisdT|c1) = |v(7)]* + 2T /0 ' lo(7')|?dr’ (4.9)
Similarly the probability of absorption from) yields
Papd|v) =1 — |u(7)|? — 2T /OT lv(7)|?dr. (4.10)

The expression for the emission and absorption probals#itybe calculated by following



67

a procedure similar to that outlined in appendix E for theugib state doublet. In the
long time limit¢ > ~~!, ', we find that the expression for emission and absorption

probabilities obtained from Eqgs.(4.9)-(4.10) reducesds.E.8) and (4.6) respectively.

C. Discussion

1. Lasing without Inversion and Photodetectors

The model discussed in the previous section is relevanhfodesign of the systems with
nonrecpirocal relation between emission and absorptionirstance, suppressed absorp-
tion or/and enhanced emission in the laser systems allavepfrating without population
inversion. On the other hand enhanced absorption with ggppd emission can results in
the photodetector or photovoltaic/solar cell system withanced power output[91, 92].
Both LWI and photodetector schemes can be realized in atomlecular and semicon-
ductor systems. In atoms Agarwal-Fano type QI can arisedmivdecay channels from
magnetic sub-levels. In molecular systems on the other,ldewhy pathways of different
vibrational/rotational levels lead to asymmetric absorpemission profiles due to inter-
ference. In the case of semiconductors, Agarwal-Fanofererce comes about quite nat-
urally in a system of two quantum wells or dots grown at nanemseparations [18, 19].
The tunneling/Forster interactions among the wells/dentermalizes the bare energies and
bare states of the system thereby creating new eigensthtel then reveals the interfer-
ence in decay channels through tunneling to the same comtirjtl04, 103]. Note that
QI and coherence effects in semiconductors are strongigteffi by the presence of de-
phasing environment and hence experiments in these systentarried out at very low
temperatures (10 K). This thereby restrict their practieakibility for various applications
involving QI. However, recently quantum dot photodete@onhanced by Fano-type inter-

ference assisted with metallic hole array was reportedatiogy at 77 K [17]. Hence in
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Fig. 26. Steady state (a,d) and temporal evolution (b)apé fhe emission and absorption
probability for the three level model with the doublet in theund state. (a,d)
shows the effect of the parameter 'p’ on the steady stateesabd the probability
of emission and absorption. (b,e) shows the temporal behafihe probaility of
emisison for three choices of 'p’. (c,f) shows the tempoedidvior of the probabil-
ity of absorption for the same choices of p as in (b,e). Foreniral simulation we
took,y =1, Q; = Qy = 0.3y, ' = 0.4y andA = 10~ for (a,b,c) andA = 0.01y
for (d,e,f).

near future realization of Fano like QI effects in nanodiue and its various applications
might be achievable even at room temperatures.

To put the above ideas to prospective, we discuss the furadtdependence of the of
emission and absorption probabilities on the interferestcengthp and the level spacing
A in the steady state and transient regime. We show in Fig. @6timady state behavior
and temporal evolution of emission and absorption proliedsifor different values op

andA. Figures in the upper panel 26(a, b, ¢) correspond to laxge $pacing compare to
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spontaneous decay rate > ~ (A > 1). The steady state emission profile is seen to be
strongly influenced by the strength of QI. It varies from it®imum atp = 1 to maximum
atp = —1 (see Fig. 26a). The enhancement in emission is found to besalh® fold.
However for absorption the effect of interference is nohgigant asp varies from—1 to

1. Therefore, forp = —1 one can achieve regime with largest emission, which can be
useful in inversionless lasing schemes. On the other hapd-at, as emission reaches its
minimum, it is attractive in realization of photo-detec@nd photovoltaic devices. Note,
that in semiconductor double quantum well system, contvelr @ can be achieved by
manipulating of the width of the shallow well [19]. The timeotution of the resonance
profiles shown in Figs. 26b and 26c exhibits oscillatory ébrain the emission and
absorption probabilities. Period of oscillations is detired by the frequency/A2 — 2

and thus strongly depend on the level spacing. We see fulltaéithe oscillations gets
damped with time and the probabilities eventually reachesteady state.

For small level spacing\ < v (A < 1), the situation becomes less trivial. In this
case the behavior of emission and absorption profiles isctigpin the lower panel of
Fig. 26(d, e, f). In the steady state the both the probaddlitiaries significantly with the
interference strength[see Fig. 26(d)]. We find that while absorption probabilitgieases
monotonically fromp = 1to p = —1, emission is seen to first increase until abput
—0.5 beyond which it rapidly decreases to reach the minimum valye = —1. This
is in sharp contrast to the behavior of the emission proltglidr large A. In the time
dependent profiles [Fig. 26(e), 26(f)] we find that in compamito the case of large splitting
both emission and absorption probabilities show no osiala and reach their steady state
values that depend strongly on the interference strengtirth&more, interesting case
arise atp = —1 where emission profile first reaches its maximum and thensddop/n to
the steady state that has the smallest value compare tootder1. In the same time

absorption profile ap = —1 reaches its maximum value at steady state. Note that in
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Fig. 27. Ratio of the probability of emission to absorptian fwo combinations of cou-
pling A as a function of the parameter For numerical simulation we took,

contrast to that, for large splitting at= —1 emission has its maximum [see Fig. 26(b)].
Therefore, not only interference strength determines thisgon and absorption profile,
but the level spacing itself has strong impact. Namely, f@&divalue ofp, for examplep =
—1, large level spacing\ yields the strongest emission [see Fig. 26(b)] which isvofaf
lasing process. In the same time for small level spacingrhiesgon is strongly suppressed
while absorption reaches its maximum [see Figs. 26(e,fhictvis perfect situation for
photo-detection and photocell operation. Furthermoris,worth noting, that despite the
asymmetry between curves fpr= +1 in Fig. 26, result forp = 1 can be derived from
p = —1 case by changing the sign of the Rabi frequency, for instaiice> —€;.

To study further the effects gfandA and to understand the special case of antiparallel
alignmentp = —1 consider the ratio of emission and absorption given by Ecg) @nd

(4.8):

Pemiss: 2(1+F—p)(1—|—A2—p2)

Pas  TA21+D)+T(1—p)+ 1 —p)?]
where for simplicity we assunie, = (2,. Fig. 3 shows the ratio in Eq. (4.11) as a function

(4.11)

of interference strength for the case of small and large level spacing. If the spaang i



71

0.015}

0.010}

Pemiss

0.005}

0.000:

Fig. 28. Probability of emission in the three level model éowdoublet for different
choices of A. For numerical simulation we took{?;, = €y, = 0.3,
I'=04y,vy=1,7=~t,p=1.

small, A < ~, then the ratio in Eq. (4.11) monotonically increasing from= —1 to

p = 1, while for large spacing\ > ~, the behavior is essentially the opposite, i.e. it is
monotonically decreasing function as we mention abovetheamore, in the limit of weak
field Q; = Q, = Q < 1 EQ. (4.11) yields fop = 0, 1 result that is independent .
Namely for no interference, i.e» = 0 Eq. (4.11) yield2/T', while for parallel alignment

p = lityields2/(1 4+ I'). On the other hand the case of antiparallel alignment (—1)

is special. In particular, for small spacinfy < I' < v Eq. (4.11) givesA?/T" < 1,
while for A > ~v andT' < v the result is4/T" > 1. Therefore, the present analysis not
only confirms that destructive interference can alter thaitbel balance but also exhibits
that by controlling two parameters. Namely by adjustingititerference strength and
energy spacing\, one can regulate the ratio between emission and absogrtbabilities

in the system. This possible manipulationpoind A hence also suggest that in the same
system with two lower (upper) levels one can induce eithppeession of emission [91, 92]
or absorption [18, 19], respectively. The later choice gogd by level spacing\ can

be also controlled externally either by adjusting the auirterough the junction, or by
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Fig. 29. Probability of emissiof,s as a function of dimensionless timefor three-level
system with doublet in excited state - (dashed line) andhieée level system with
doublet in ground state - (solid line) calculated numelycatcording to Egs. (4.5)
and (4.7) based on the solution of Egs. (4.1)- (4.3). For migalesimulations we
tookQ; = 0.17,Q5 = 0.08v, ' = 10y, A = 0.1~.

manipulating the magnetic field in hyperfine splitting [1086]. In Fig. 28 we have plotted
the effect ofA on the temporal evolution of the probability of emission.eTasults show
that the oscillations in the probability varies with the rease ofA. Furthermore, for
fixed A and~ the number of oscillations is governed by ratsince probability decays as
exp(—I't). For interference strength control can be achieved by a tailored variation of
the quantum well widths [19]. Summarizing the proposed swheith lower doublet can
be applied to the system that requires emission (abso)migopression or enhancement
and thus is very attractive for both: light emitting devicgsch as LWI and light absorbing

photodetector systems.

2. Quantum Beats in Semiclassical Picture

Besides broad range of applications, interference efeaudlsin particular its sensitivity to

the level spacing discussed in the present work are relatethttamental question about
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the applicability of semiclassical theory in quantum pesbs. Semiclassical description
(SCT) can predict self-consistent and physically accdptaghavior of many physical sys-
tems and explain almost all quantum phenomena. Howevemibtiglways correct. For
instance, the phenomena of quantum beats has substadtfédhent result if considered
in the framework of quantum electrodynamics (QED)[2]. Namier different configura-
tions of three-level systems: for instang@and A schemes [see Fig. 29] that are initially
prepared in a coherent superposition of all three states &Sdription predicts the exis-
tence of quantum beats for both schemes, whereas QED thesutigis no quantum beats
in the case ofA scheme. The explanation of the phenomenon is quite stfarglard and
based on quantum theory of measurements. In the cdsescfieme the coherently excited
atom decays to the same final statstarting fromc, andc_ and one cannot determine
which decay channel was used. Therefore this interferdrated similar to the double-slit
problem leads to the existence of quantum beats. Howevéieicdse of\ scheme that
has also two decay channels:— v, andc — v_, after a long time the observation of
the atom’s final statev( or v_) will determine which decay channel was used. In this case
we do not expect quantum beats. Three-level systems withleibin the ground state or
excited state is in a way similar to tieandV types of atom respectively. Therefore we
can also study the quantum beats effect in those systeme tNaitin the model of Fig.
25 we have additional radiative decays of states which gieea that system can reach a
steady state within finite amount of time.

Figure 29 illustrates that in the case of doublet in excitates]” scheme) with large
spacing between levels. andc_ A >> 1, the probability of emission oscillates as a
function of time and reaches the steady state at the time skbrmined by radiative
decayl/T" >> 1. However, for the case of doublet in the ground states¢heme) with
small spacing\ << 1 the probability of emission does not process any quanturtsbea

and smoothly reach the steady state. Therefore, phenonwrieano interference has a
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potential to resolve the fundamental question about anicgiplity of the semiclassical

description to the problem of quantum beats.

D. Conclusion

To conclude, in this chapter we investigated the effect uatinduced QI on the emis-
sion(absorption) profile of a three-level system with a detiln the ground or excited state
[see Fig. 25(a)]. We show that QI can enhance the balanc&ibgebetween emission
and absorption. We use probability amplitude method, dineestates involved in calcula-
tion have zero photon occupation number. Furthermore, ndinfgs are in full agreement
with the results obtained by density matrix formalism. Weealved that the interference
strengthp governed by the phase shift between the decay pathways ptagial role on the
emission(absorption) dynamics of the system. For the lepaced doublgtA < ), for
which the vacuum induced QI becomes important, the beha¥itie emission(absorption)
profile of our model appears counterintuitive. lpor —1, the ratio of probability of emis-
sion to probability of absorption is very small, a conditianorable for applications like
photovoltaics. On the other hand fpr~ 1, the ratio is large thus favorable for amplifi-
cation without population inversion in steady-state [si&p E6(b,e)]. In addition to these
applications we found that Agarwal-Fano QI can also prediat occurrence of fundamen-
tal phenomena like quantum beats in the semi-classicalfnank, that fully agrees with

the QED description.
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CHAPTER V

USING QUANTUM COHERENCE TO GENERATE GAIN IN THE XUV AND
X-RAY *

A. Introduction

Gain-swept superradiance (GSS) in an ensemble of two- &weis was extensively stud-
ied in the 1970s in connection with laser lethargy and catmrdrightening in the X-ray
laser[107, 108, 109]. In GSS, the inversion is created lBciimg a short excitation pulse
that produces a gain-swept medium. Among other things, stfaand that GSS can yield
intense pulses without population inversion. This is dpselated to Dicke superradi-
ancé[110] in which the maximum emission rate occurs when theeeegual number of
atoms in the excited and ground states, i.e., when the popuiaversion is zero [see Fig.
30(a)].

Lasing without inversion (LWI) in an ensemble of three- les®ms, with a coupling
laser driving two of the levels was demonstrated in the 1986e Fig. 30(b) and ()]
Those studies involved continuous pumping and were laigdlye visible and IR spectral
regimes. Most recently, we have been investigating lasirige extreme ultraviolet (XUV)

using gain-swept excitation together with transient LVZI[L In this paper, we have ex-

* Part of this chapter reprinted with permission from “Usinga@tum Coherence to Generate
Gain in the XUV and X-Ray: Gain-Swept Superradiance andrga§iithout Inversion” by E. A.
Sete, A. A. Svidzinsky, Y. V. Rostovtsev, H. Eleuch, P. K., JBaSuckewer, and M. O. Scully, 2012.
|IEEE J. 4. Topics Quantum Electron. 18, 541-553, Copyright [2012] by The Institute of Electtica
and Electronics Engineers, Inc.

'Recently, the GSS has been applied to the stand-off detestimace impurities[111]

2The first suggestion of LWI in a three-level system was givétii2]. For more recent LWI
theoretical work, see[113, 114, 115]. For the first LWI datilr demonstration, see[116, 117].
The first clear explanation of transient behavior in LWI waseg by Harris and Macklin[118]; see
also[119]. The papers of Braunstein and R. Shuker on X-ray ibvd ladder system also include
time-dependent effects (see, e.g.,[120])
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Fig. 30. Excitation pulse traveling at the speed of lighpares atoms in an excited state, so
that the spontaneous emission from atoms excited earlgbe€aimultaneous with
excitation by the pump pulse. (a) For the case of two-levainat this can yield
GSS. (b), (c) Three-level atoms inor = schemes can yield transient LWI under
swept gain conditions.

plored connections between GSS and transient Raman LWI iatbte (ladder scheme),
where we have initial Raman inversion yet the system op&natthout inversion in the
lasing transition. Moreover, we have shown a pure trandi@fitusing He-like ion B3+
operating at 6.1nm.

Typical results are shown in Fig. 31(a) for the case of ladRBmnan lasing in He as
sketched in Fig. 31(b). Here, we see that there is no populatversion on the lasing (—
b) transition if we start with a little bit of Raman inversion..(0) = 0.56, p,,(0) = 0, and
pw(0) = 0.44. However, as per the analysis sketched in Section Il, a ctsiple laser pulse
of ~ 10° photons at 58 nm is emitted. As illustrated in Fig. 31(b), itiidal population

pe(0) derives from the transfer of population frazhS to 3! D. This is discussed in some
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Fig. 31. (a) Plots of the square of output fi€ld(solid curve) and scaled inversion between
a to b transition (dashed curve) versus retarded time ¢ — z /¢ for initial condition
Pec(0) = 0.56, pae(0) = 0, andpy,(0) = 0.44. The dashed curve shows that the
inversion is always negative. The unit of timeris= 0.55ns which is thea) — |b)
spontaneous transition lifetime. The energy output is peesble few nanojoules
compared to the input energy0.01 pJ, other parameters are given in Table I. (b)
XUV lasing scheme in He. Initial population ¢S is driven to level3' D via a
counter intuitive pair of pulses in which the 587nm pulselfoived by the 1.08m
pulse. Once the atom (or ion) is in théD state, it is driven by a strong pulse at
668 nm to the state! P. This results in Raman lasing action yielding short pulses
at 58 nm. Energy levels of Hand transition rates are taken from [124].

detail in Section Ill. The experimental discussion of Satlil focuses on XUV generation
via transient Raman lasing in He (at 58 nm) using well-dgvetttechnology of population
excitation via cold laser plasmas and transfer of popufatia dark state stimulated Raman
adiabatic passage (STIRAP). The use of an RF Paul trap toneoafi extended cloud of
charged He-like ions and produce transient LWI in, e.gf, and B3+ (at 6.1 nm) naturally
follows the He example. Such traps could store more t&ions in a small diameter[122,

123]
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B. Theoretical

In order to clarify the physics and establish the connectith GSS, we next briefly sum-
marize the analysis behind ladder Raman lasing as in Fig).30(e laser field);, and the
atomic density matrix are determined from the coupled Maxwell-Satinger equations.

Maxwells equations yield

0 10 :
&Ql(zv t) + Ean(Z, t) - anab<z7t) (51)

where(; = p.,&/h is the Rabi frequency of the lasgy, and&, being, respectively, the
dipole matrix element fon — b transition and the coupling field strength. The atomic
polarization is governed by the off-diagonal element of dieasity matrixp,, times N,
where N is the density of the atoms, = 3N A2y /47 with X being the wavelength of the
radiation on the: — b transition andy the radiation decay rate between these levels.
Turning to the dynamics of the atom, we note that the trassstiromc to a and from
a to b are dipole allowed, while the transition froeo b is dipole forbidden making our
system a cascade scheme. The transitior « is driven by a strong coherent field of
Rabi frequency?, while a weak probe field?,; is applied to thex — b transition. The
Hamiltonian describing the interaction between a threellatom and the two classical

fields in the rotating wave approximation and at resonange/en by
H = —hQc)(a| — hYy|a)(b| + h.c. (5.2)

and the master equation for the atom density matrix can béewras

d 1 r
—p = _ﬁ[jf, p] -5 (Uialp + pairal — 201PUI>
(5.3)

— % (Ugagp + pagag — 202,002)

in which oy = |a)(c|, o] = |e){a],00 = |b){a|, o} = |a)(b|. Without obtaining explicit
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Fig. 32. Plot of the square field, /v, wherey is thea — b decay rate, versus retarded time
w=t—z/cfor z = 13 and initial conditions (&)..(0) = 0.75, p..(0) = 0.00, and
pe(0) = 0.25 and (b)p..(0) = 0.00, pa(0) = 0.75, andpy,(0) = 0.25. The dashed
curves in both figures represent the population inversitwéden|a) and|b).

steady-state solutions, some general conclusions camba drom the equations of motion
of the density matrix elements on the condition of gain withaversion. For instance, the

steady-state solution @f,, yields

2€) 202
S(pus) = 7%% = Paa) + Rl (5.4)

It follows from (5.4) that for sufficiently large negativeluas of R(p.,), amplification
(S(pay) < 0) can be obtained without population inversion. The probleith wuch a
steady-state operation is that it requires continuous pugnfom 6 to ¢. This can be
achieved by incoherent optical driving when flash-lamp sesirare available. For XUV
transition, this is a problem, and the most common pumpinggielectronatom collisions
in plasma. However, the quantum coherepges wiped out by electron impact. Hence,
we prefer transient lasing that does not require continpougping. To introduce transient

lasing, we note that one can write a condition for amplifmaf the lasing field in terms
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Table I. Numerical values of parameter used in Figs. 31(d)3n

Fig. % N(cm™3) Size InputLasingfield Input drive field Energy(J)

~yL
31(a) 165 16 13 001zt 9.9¢7[E=09/01 416 x 1079
32(a) 165 10 13 0.01:55 5.0e~[(t=0H/0.117 1 18 % 108
32(b) 165 1o 13 0.0145 0 1.28 x 10710

of the populations only. From the equation fgf we have

S(pab) = (VPaa — 1) /28 (5.5)

Then, the amplification conditio®¥(p.;) < 0 implies py, > vpaq. This shows that there is
no amplification in the steady state yet it is possible tazeal transient lasing gain. Thisis
the basis for this paper, which combines several unconwegitaspects of laser and atomic
physics in order to produce transient Raman LWI in varioggmes. To demonstrate the
feasibility of transient lasing, we focus on He and He-likas as indicated in Fig. 31(b).
Numerical solutions to the coupled MaxwellSchrodingeraopuns with initial pumping
to thec ladder state, together with tlie coupling toa and lasing ta are shown in Figs.
31(a) and 32. In numerical simulations, we have normaliired ind distance such that the
equations become dimensionless. We choose the unit ofditveer{ = 0.55 ns and the unit
of length isL = 1 cm. Forour systen], = 7, ' = 6.4 x 10757,y = 77! = 1.8 x 10%571,
and\ = 58.4nm. A summary of parameters used in each figure is given ireTabl

We send in a very weak lasing fieft) and let it propagate through the medium along
the z-axis. We plot the output lasing field squ@¥eversus retarded time = ¢ — z/cin Fig.
31(a); please note that, — o, < 0 for all time. Fig. 32(a) shows outp@it? as a function
of i, for a 13cm long sample. The inset shows population inveraga function of: in

the lasing transitiom — b. The system starts to lase with inversion; however, aftéroats
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Fig. 33. Laser intensities required for an ionization ratel@?s~! versus ionization po-
tential of H-like ions (from[126]); solid line: Keldysh tley [125]. Correspond-

ing quiver energy, = e?E?/4m.w? is shown on the right for laser wavelength
A =0.8um.

time, it operates without inversion on the— b transition. This is due to a combination of
build up of the coherencg,. between level$ andc and the macroscopic dipole going as
par- NOte that the latter has much in common with the effect adldsthargy[107] and the
build up of superradiance.
One can demonstrate the connection with superradiancerapipg directly into the

a state, so that the problem is essentially the two-level giosblem of Fig. 30(a). Most
of the emission takes place well after time whep = py, Which is the earmark of GSS.
This is further discussed. Note, however, that the outpetgnassociated with Fig. 32(b)

is now decreased by two orders of magnitude compared todhsiént LWI case of Fig.
32(a).
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C. Experimental Details

In order to make clear the experimental viability of the préscheme, we next discuss the
two key points of excitation oS and subsequent transferdbD in He, specifically

1) we first inject an ultrashort high-power laser pulse tazerthe He gas. We then
turn off the laser and rapid recombination and de-excitatalow such that the lowest
states of He atoms are prepared according to their stalistiEights. Hence, for the sake
of simplicity, we take the relative population of théS and1'S states to be 3to 1, as in
Fig. 31(b);

2) the population in th@3S state is then transferred to theD state via the3 P levels
by a combination of optical pumping and dark state adiatieditsfer.

Let us first consider the physics of the laser plasma as pestluc our Princeton
X-ray laser facility. We envision a laser plasma created biditsh tunneling with a non-
Boltzmann distribution of neutral excited atoms. This iwes He™ — He electron cap-
ture via three-body recombination. Three-body recommnaior H-like ions is approx-
imately proportional to the fourth power of the principalagum number?* and to the
square of the electron density A%,. Hence, for sufficiently high initial electron density,
three-body non-radiative recombination will dominate #hady radiative recombination
and radiative decay.

However, the collisional ionization from highly excitedasts is also fast; thus, in
order for three-body recombination rates to dominate mtion rates, the recombining
plasma should have a low electron temperaifftef its electrons have Maxwellian energy
distribution; otherwise, average electron energy shoeldblyv. In order to create a fully
ionized He™ plasma at low temperature, we consider the example of a plaspillary
10 — 100m in diameter and a few centimeters long. The tunneling &tron can be used

to generate the plasma[125, 126, 127, 128]. In this way, westrgp one electron from He
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Fig. 34. (a) Atoms geing uniformly distributed in all the ¢ler magnetic sub levels of the
235, state. (b) Optical pumping by broadband left circularlygsided light to the
23 P, 1 o states result in the transfer of all the population of the spate| |

atoms without significantly heating the plasma, especfaltyltrashort laser pulses. The
laser intensity needs to be in the orderl6t°W/cm? for efficient tunneling ionization of
He to He™ according to Keldysh theory[125] (see [[126], Fig. 33])r Reedle like plasma
column, such intensities can easily be obtained from a pp8ae laser at wavelength
A = 0.8um and~ 1m J energy per pulse in pulses of 50-100 fs duration with eton
pulse propagating in plasma channel. Use of such shortgiglseucial to minimize plasma
heating. In the right-hand side of Fig. 33, the vertical atisws the quiver energy, (in
keV), which electrons are gaining in a laser electric fieldfEelectrons do not collide,
then their quiver energy disappears with termination ofl#ser pulse. Therefore, it is
important to use laser pulses shorter than collision tiniedextrons in order to minimize
plasma heating during the ionization process.

It should also be noted that quiver energygoes as\?; hence, shorter wavelength
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laser beams are advantageous for creating cooler plasneatisgdis proportional to quiver
energye,[125, 126]. Therefore, it is often beneficial to use the sdooneven third har-
monic of Ti/Sapphire laser even at a cost of several timasdakse energy than fundamen-
tal pulse energy. Additional plasma cooling is provided tsyrapid radial expansion, for
which the use of a small plasma column diameter is very ingmbrias well as beneficial
from the point of view of required laser pulse energy.

The bottom line is that we can create a cold laser plasmadiatmbines to produce
an excited neutral gas. In particular, the metastab#e(8000-s radiative life time) state

will be formed with a statistical weight of around 3 compatedhe1'S state.

D. Robust Population Transfer And Level Degeneracy Problem

Let us proceed to consider the transfer of population fromttiree22S spin states to
one particular magnetic sublevel of tBéD manifold. At timet = 0, the population
resides in the three spin sublevels_1, x1.0, x11 as per Fig. 34(a). We first optically
pump the atoms into one of th¥S spin states, say the; _; state as indicated in Fig.
34(b). Robust population transfer from the trigléf to singlet3' D is then made possible
by STIRAP[129]. In this technique, one subjects the systehose state i8S att = 0, to

a so so called counter intuitive pulse sequence with Rafu&acies2, and(2; in which
the 2,(23P — 3'D pulse precedes the, (23S — 23P pulse [see Fig. 31(b)]. This
pulse sequence ideally results in a complete transfer aflptipn to the desired stagé D
without necessarily populating ti8 P state in the process. The mechanism of STIRAP
is best understood in the dressed state basis in which wainte bright and dark states.

Beginning with the dark state

| )238) — [31D)

VO + Q3

0) (5.6)
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Fig. 35. Plots of probabilities for finding the system in difnt levels versus scaled time
Qt. With the help of a third laser field, the population is tramséd to the
desired state. The inset shows the level scheme used for the STIRAP pro-
cess, which in this involves three Gaussian pul3gg) = 2exp|—(t — 0.3)%/2],
Qy(t) = 2exp[—(t — 0.4)%/2] andQ3(t) = 150 exp[—(t — 1)?].

we applyQ, beforeQ; so that|0) ~ [22S) during the early stages of transfer. Then, we
adiabatically turn orf2; while turning offQ,, such thai0) ~ |3' D) for large times. The

condition of adiabaticity implies the following estimatetbe required pulse energy:

h
W > 1000% (5.7)

VTpulse
where S is the cross-section area of the putgg,. is the pulse duration) and~ are
the wavelength and the rate of the transition. For the weakds — 23 P transition,
A = 587nm andy = 1.23 x 10*s~!. Then, for a plasma capillary of radius 0.1 mm and
pulse duratiorr,,;sc = 1ps, (7) yieldsW > 0.4mJ. Currently, compact picosecond lasers
are commercially available with much greater energy, adew millijoule per pulse just
from oscillator-regen amplifier (front-end) is well withihe state of the art.

We next proceed to calculate the population transfer fé@8sto 3'D via STIRAP
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technique. First, we send in a strong resonant pulsed {aséw couple the2* P to 3'D
transition. It is worth to note that' D and33 D are essentially degenerate states (only 0.2-
nm splitting), and thus, the applied laser inevitably cesghe2? P to 33D which is 1000
times stronger than th# P to 3! D transition. The Rabi frequencies of the two transitions
are related by)y = /A3, 7../\3. 740 ~ T6Q. If one uses input pulses shorter than
the spontaneous decay time of these transitions, the papulaill be transferred to the
undesired stat83D. To overcome this problem, it is necessary to apply pulsasate
wider than the spontaneous decay times. For an optimum tefayeen the probe and
driving pulses, it is indeed possible to transfer all theiahipopulation in23S to 3!D.
However, in plasmas, due to collision of electrons with apthe collisional decay time
can be shorter than the duration of laser pulses, and thuRAFTmay not work.

To overcome this difficulty, we suggest to use an additioas¢t pulse that couples
the 33D to the higher energy staté P. This essentially cancels absorption by ##& and
enhances the transition 80.D. The equivalent scheme is sketched in the inset of Fig. 35.
For sufficiently strong driving field; the population ir23S can be transferred completely
to the desired stat¢' D (see Fig. 35). The optimum population transfer is exhibitden
the Rabi frequenc§; is approximately twice stronger thah.

Results shown in Fig.35 are obtained by numerically solaggations forC},, Cy ,

C., C. andC; which are probability amplitudes to find the system in theesta, d, c, e
and f respectively, and for initial condition§},(0) = C4(0) = C.(0) = C. = 0 and
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Cy = 1. For resonant driving field, the evolution equation read

Cu(t) = iQs(t)Cy(t), (5.8a)
Co(t) = iQ(t)CL(t), (5.8b)
Ca(t) = Qs (1) Cu(t) 4 iQ3(t)Cu(t), (5.8¢)
Co(t) = iQ(t)Cu(t) + Q0 (t)Ca(t) + i (1) s (1), (5.8d)
Cy(t) = i (t)Ce(t), (5.8€)

whereQ), ~ 769, Rabi frequencie$);(j = 1,2, 3) given in the figures are dimensionless,
so that the unit of time is the inverse of the amplitudé€lef

Once the population is transferred to the singleb state, a strong driving field is
applied on the3' D to 2! P transition. This generates coherence betw&dn and 2! P

which in turn makes possible transient gain betw2dnto 1.5 [see Figs. 31(a) and 32]

E. Discussion

In order to better understand the key results of Sectionélnext consider the old prob-
lem of swept gain in short-wavelength (two-level atom) fasgstems. For example, the
following quote from[108] adopted for the present purposesamarizes the physics.

“In considerations involving short-wavelength laserss ttlear that in view of the very
short spontaneous lifetimes, one would like to sweep thigagian in the direction of lasing
in order that the atoms be prepared in an excited state julseaadiation from previously
excited atoms reaches them.... We find that the small-sigggine of the amplifier is
highly anomalous, and that superradiance plays an imgorhkmnin the non-linear regime.”

A coherent evolution of an ultra short pulse can be desctiyetie coupled Maxwell
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-Schibdinger equations. For a pulse whose electric field is given b
E(z,t) = &(z,t)eF=+1) (5.9)

with & (z,t) being its amplitude, and an atomic polarization having apléaode P and

population inversiodN = p,, — pw Maxwell-Schrodinger equation read

EQI =aP (5.10)
0z
0
—P = QAN (5.11)
0z
QA/\/’ = -QP (5.12)
0z

In the above, the Rabi frequency s = & /h with o being the atomic dipole matrix

elementy =t — z/c is the retarded time. The solutions for (23) and (24) arergive

P = sin {/u Ql(,u/)d,u/} (5.13)
I
AN = cos {/ Ql(u’)d,u’} (5.14)
and therefore
) n
ng = asin [/_OO Ql(,u’)d,u'] (5.15)

In particular, for a thin region of thicknegsz and a step function input pulse, we have
Q(z+ Az, p) = Uz, 1) + aAzsin[Q(2)p]. (5.16)

Thus, the output pulse is given by the input step functiomait additional emitted field

whose envelope oscillates at a frequefigylt should be noted that this emitted field is not

governed by the population inversiago\'. We have here a simple example of laser gain

without inversion. The pulse is gaining energy at a maxiragd wher(), = 7/2 at which

point the population inversioAN = cos({;u) vanishes.
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Fig. 36. Plot of(;(u, z) versusu for o =0.06 andz = 5cm and for an initial input pulse
Q(p,0) = 0.1exp(—t2/0.4)
If we consider the case whefg is slowly varying inu, one can write5.16 as

%Ql = asin [uf(p, 2)] (5.17)

which can be written in the form

Ql(“vz) z
/ - al = / adz (5.18)
Q;(1,0) sin(py) 0
Performing the integration, we obtain
Q Q
In [tan <%)} —In [tan <%)] = auz (5.19)
This yields,
2
Q(p, 2) = p arctan [tan(u$2; (i, 0)/2)e| (5.20)

As an example, if we take = 0.06, z = 5cm, and input pulsg;(u, 0) = 0.1 exp[—(¢/0.2)?],
the output pulse is amplified approximately by a factor of orger of magnitude as shown

in Fig. 36.
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F. Conclusion

To put the present XUV scheme in context, we note that thexesaveral methods for
producing extreme ultraviolet and soft X-ray lasing: foas¥le, using a capillary dis-
charge [130], a free-electron laser [131], optical fieldization of a gas cell [132], or
plasma-based recombination lasers [133]. Coherent XU\saftK-ray radiation can also
be produced by the generation of harmonics of an opticat lasegas or plasma medium.
Our goal here is to investigate the extent to which (trarisieWwl might be useful in this
problem.

Electron excitation has been the mechanism of choice foptimeping of a wide va-
riety of XUV lasers. Alternatively, high-intensity ultrasrt (with pulse duration less then
100 fs) optical pulses can be used to pump recombinationsfd&6]. In this method, in-
tense circularly polarized light ionizes atoms via tunmglprocess. Then, atoms recombine
yielding species in excited electron states.

The three-body recombination scheme is attractive duestpdtential of achieving
lasing at XUV- soft X-ray wavelengths with relatively modéz pumping requirements.
Several experiments have demonstrated gain and lasingchn sstheme[134, 135, 136].
Recombination mechanism relies on obtaining ions in aiveligtcold plasma which is pos-
sible due to short duration of the pump pulse. Then, rapidmdgxgnation and de-excitation
processes follow during which transient population ink@rgan be created.

In this chapter, we focused on lasing in He and He-like iomas thilizes advantages
of the recombination XUV soft X-ray lasers and the effectgjodntum coherence. The
latter, for example, is the key for LWI, wherein quantum a@mee created in the medium
by means of strong driving field helps to partially eliminagsonant absorption on the
transition of interest and to achieve gain without popolatnversion. Such an effect holds

promise for obtaining short wavelength lasers in the XUV KAy spectral domains.
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CHAPTER VI

COHERENCE ENHANCED LASING

A. Introduction

In 1905 Einstein showed that the entropy of light displayethlwave and particle aspects
which led him to introduce the concept of a photon [137]. Latel917 he discovered
stimulated emission by using detailed balance [138] andidening a beam of two-level
atoms with ground stateand excited state (£, — E, = hw) interacting with electromag-
netic field. Assuming that atomic populations in the excité¢dand the grounav, states

satisfy the rate equations [139]
Na: _ANa_BU(w)(Na_Nb)v (61)

N, = AN, + BU(w)(N, — N), (6.2)

whereAN, is the rate of spontaneous emission &d(w) (N, — N,) is the corresponding

rate of stimulated process, we obtain that in equilibrium
[A+ BU(w)|N, = BU(w)N,. (6.3)

This condition is referred to as detailed balancing. In Eojium at temperaturé relation

between atomic populations is given by the Boltzmann distion

% — exp(—hw/kpT). (6.4)

*Part of this chapter reprinted with permission from “ColmeeeEnhanced Transient Lasing in
XUV Regime” by P. K. Jha, A. A. Svidzinsky and M. O. Scully, Z01 aser Phys. Lett 9, 368-376
Copyright [2012] by Astro Ltd.
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Combining Egs. (6.3) and (6.4) and using the Planck formui#fe photon energy density

per unit frequency

huw? 1
Ulw) = 6.5
(@) m2c3 exp(hw/kpT) — 1 (6:5)
yield the ratio of the spontaneous and stimulated emissefficients
A P
B~ o (6.6)

When we deal with transitions in the XUV or X-ray regimes, fast spontaneous decay
rates, which are given by Einstein’ coefficient, make it difficult to create population
inversion. In the late 80’s it was proposed and demonstrexperimentally that lasing
can be achieved without population inversion if more thaa tevels are involved. This
technique allows lasing even when a small fraction of paparas in the excited state.

Recently there is much interest in developing XUV and X-raefierent sources [140,
141, 142] which are useful tool for high resolution micrgsgof biological elements [143],
crystallography and condense matter in general. Thereezsxa methods for producing
extreme ultra-violet lasing: for example, using a capylldischarge [144], a free-electron
laser [145], optical field ionization of a gas cell [146] ompima-based recombination
lasers[147, 148]. Coherent XUV radiation can also be predury the generation of har-
monics of an optical laser in a gas or plasma medium [149, 150,

The quest for compact “table-top” XUV and X-ray laser sosrtet can be used in in-
dividual research laboratories has motivated exploraiforarious excitation mechanisms,
e.g., collisional [152, 153], recombinational [147, 148;. lonization-recombination ex-
citation technique holds promise for making efficient lasgrshorter wavelengths and has
been successfully implemented [154]. In particular, agide X-ray laser utilizing such
excitation mechanism and operating in transient regin&.atnm has been demonstrated

by Princeton group [155, 156, 157]. The laser uses H-likeobsi[see Fig. 37(b)] as an
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Fig. 37. (a) Lasing in Ni-like ions. (b) Lasing in H-like ions

active medium which are excited by ionization-recombimrafirocess. The basic idea of
recombination lasers is that atoms are stripped off elastin the initial step and then

ions recombine by a three-body non-radiative recombingtimcess which requires high
density of electrons and prepares atoms or ions in highlitexkstates. By collisional de-

excitation the population is transferred to lower excitiedess on a time scale of a few pico-
seconds. For proper density, population inversion can beaed on the probe-transition
on a time scale of0 — 100 ps. We call this “Inversion-Window”.

Other than collisional recombination, schemes involvifgcon impact collisions
were also proposed to create inversion in Ne-like ions [158, 160, 161]. Such schemes
were later used for Ni-like ions as well [see Fig. 37(a)]. éléne lasing transition is
3d%4d — 3d°4p. The two lasing levels are populated by electron collisiovhile the
radiative decay from the upper lasing levati{4d) to the ground state3¢'°) is dipole
forbidden, the fast radiative decay from the lower lasingldéo the ground state makes
it possible to achieve population inversion on the lasiagdition and yield lasing in the
“Inversion-Window”.

Our goal is to investigate the extent to which coherenceceffean help to make
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Fig. 38. Energy level diagram of He atom and He-like CarboA gonfiguration (left box)
and in He atom cascade configuration (right box).

shorter wavelength lasers. Here we study how presence diexext drive at optical fre-
quency, during the inversion window, can enhance radigfenerated in the adjacent XUV
or X-ray lasing transition and, thus, utilize the advantagkthe recombination excitation
technique and the quantum coherence effects. We consilezelevel scheme and, as an
example, will have in mind gas of He atoms or He-like Carbarsias an active medium.
The corresponding energy levels of He arfd @nd their decay rates are shown in Fig. 38.
We assume that <> ¢ optical transition is driven by a coherent resonant fielchvidabi
frequencyf). while short wavelength transitiom <> b is coupled to a weak probe laser

field €2,. We disregard contributions to decoherence causéf} Ipyocesses.

B. Gain Enhancement by Coherent Drive

We consider three-level atomic system in Lambda¢onfiguration where the transitions
a <> canda < b are dipole allowed but the transitien< b is forbidden [see Fig. 39].
We assume that at the initial moment of time the populatiahssibuted between all three

levels which can be achieved, e.g., by the ionization-rdsoation excitation. Transition



95

Y. b
Fig. 39. Three-level atomic system A-configuration.

a +> cis driven in resonance with the Rabi frequeri¢y. We investigate how a weak
laser seed pulse at the— b transition evolves during its propagation through the medi

Evolution of the atomic density matrix; is described by the set of coupled equations [2]

Oab = —Lap0ab + 1% (006 — Oaa) + 12c0ch, (6.7)

Ocb = 1S 00 — W05, (6.8)

Oac = —LacOac = 12c(0aa — 0cc) + 1203, (6.9)

0aa = —(Ye + W) 0aa —  (0ac — €.€) — 1 (0w — €.C), (6.10)
Oce = YeQaa + (X 00 — C.C), (6.11)

Oaa + Obp + Occ = 1, (6.12)

wherel'y, = T'.. = (7. + ) /2 are the relaxation rates of the off-diagonal elements of the
atomic density matrixy. and~, are the spontaneous decay rates into the levaislb, (2.
is the Rabi frequency of the laser field.

Next we discuss two regimes, namely>> -, which can be treated analytically and

Y. < v Which we investigate numerically.
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1. Steady-State Approximation

Here we assume that > ~, and populations in the levels and ¢ reach approximate
steady state (that i$/y, > t > 1/4.). To find analytical solution we assume that
2. =const (a real number) and, is very small. Under these assumptions equations de-

scribing evolution of levels anda decouple and become

Oce = VeOaa + 12(0ac — C.C), (6.13)
@aa - _(70 + ’Vb)gaa - ch(Qac - C-C)a (614)
@ac == _FacQac - ch(gaa - Qcc)- (615)

The steady state solutiop,f) of these equations is (we pyf = 0)

dun = 15 (0) + 0unl0) (6.16)
Qaa - 702 + 893 QCC Qaa ) .
2 2
N A A
cc = 5 oo |@ce aa 3 6.17
0 = 5508 [0cc(0) + 04a(0)] (6.17)
21782
Oac = cc aa s 6.18
O = 3 502 [0cc(0) + 0aa(0)] (6.18)

whereo..(0) + 0.,(0) is the net population of the levelsanda. Evolution of the weak
laser pulsé?, is described by the Maxwell equations which in the slowlyyuag amplitude

approximation can be written as

o0, 100,
W + EW = MabOab;s (619)

wheren,, = (3/87)NA2,v, is the coupling constanly is the atomic density andl,; is the
wavelength of the: <+ b transition. This equation must be supplemented by the exuat

for o

@ab - _Faanb + in(@bb - @aa) + chch (620)
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which couples to the equation fpy;,

Ocb = 1(Qc0ab — A05e)- (6.21)

Here we took into account that,, 0., andg,. are approximately constant. Let us look for

solution of Eqgs. (6.19-6.21) in the form of a plain wave

Qu(t, 2) ~ ewtibz (6.22)
Oap(t, 2) ~ glwt—ikz (6.23)
Oeb(t, 2) ~ gwt—ikz (6.24)

which yields the following dispersion relation

<w2 U z%w) (ck — w) + cwnap(Oob — Oaa) + Nap2e0ac = 0, (6.25)

herew is the detuning of the laser pulse frequency fromdhe b transition frequency. If
in Eq. (6.25) we treab as real then imaginary part éfgives gain (absorption) per unit

length as a function ab

Vcwz(éaa - @bb)/2 + Qc (Qg - (.U2) Im(@ac)

|m(]€) = Tab (WQ _ Qg)z 1 ’yng/ll

(6.26)
In particular, for the mode resonant with thie- b transitionw = 0 and we obtain

G = Im(k) = % M (Gac)- (6.27)

Eqg. (6.27) shows that if Iifp,.) > 0 there is positive gain no matter what are the popu-
lations of the levels, andb. Thus, one can have gain without population inversion. This
is the case for thd — scheme in the approximate steady state for which, accotdifgj.
(6.18), Img,.) > 0. However, in the transient regime the steady state appidiom is

valid only for~. > ;. If 7. < ~, the time evolution of atomic populations must be taken

~Y
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Fig. 40. Weak laser probe pul€g propagates through the atomic medium of lengtain-
ing or losing its energy.

into account. In this regime we found no gain without pogolatnversion. However,
presence of the coherent drive figld can enhance lasing with inversion. We discuss this

next.

2. Transient Lasing with Population Inversion

As before, we consider a three-level scheme having in misdof&le atoms or He-like
Carbon ions as an active medium. The corresponding energlglend their decay rates are
shown in Fig. 38. We are interested in evolution of a weakrlpaése(,(t, z) propagating
along thez—axis through the atomic medium [see Fig. 40]. First we distheA-scheme
shown in Fig. 39. We assume that driving fi€¢ld =const, however, populations of the
levelsa, b andc depend on time (transient regime). We use semiclassicabapipin which
evolution of(2,(¢, z) is described by the Maxwell’s equation (6.19) which is seppénted
by the quantum mechanical equations (6.7)-(6.12) for thmatt density matrix.

For a weak probe fielé2, one can puf2, = 0 in Egs. (6.9)-(6.11). Then Eqgs. (6.9)-

(6.11) for the density matrix elements., 0., ando.. decouple from the other equations.
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Fig. 41. InversionV/ (¢) in the probe transitiona( <+ b) vs dimensionless time,t. Solid
curve shows the result fét. = 6.625+, while dashed line is obtained with no drive.
In calculations we take,. = 1.83 x 1075+, and the initial conditior,,(0) = 0.9,

260(0) = 0.1, 0cc(0) = 0ac(0) = 0a(0) = 0

In particular, forQ2., v, > ~. ando,.(0) = 0 we obtain (assuming. is real)

0aa = € 2 0,,(0) { (1 + QCC(O)) sin(Qet) + cos(2Q.2)

0aa(0) (6.28)
—47(;7 sin(QQct)},
Oce = €72 9,,(0) { (1 + gcci(());) sin?(Qct) + 5667((00)) cos(29.t)
+ % 0e(0) sin(2€2 t)} (©:2)
4Qc Qaa(()) ¢ ’
Oae = z'e_'y"mgaa(()) sin(€2.t) { <Qcc((g)) — 1) cos(£2.t)
Gaa (6.30)

+ 4?2)0 <1 + g((g))) sin(Qct)} .

Using Eqg. (6.12) for conservation of the net population wd fimat population difference
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between levels andb, defined asV (t) = 04.(t) — o (1), is given by

W(t) = QMT(O)Q—%W {3 (1 N Qcc(o)) N <1 B Qcc(o)) cos(290,1)

0aa(0) 0aa(0)
(6.31)
Vb Qcc(o) .
— 50, <2 — Qaa(0)> sm(2Qct)} — 1.

In Fig. 41 we plot the population differend& (¢) as a function of time for initial
conditionsg,,(0) = 0.9, 0,»(0) = 0.1 andg..(0) = 0. Solid line is obtained fof). =
6.6257;, while for dashed ling). = 0. Driving thea < ¢ transition yields oscillations in

the population difference betweerandb levels.

a. Helium-Like Carbon

Next we solve Eqgs. (6.7)-(6.12) and (6.19) numerically abthim evolution of the probe
laser pulsé2,(t, z) when thex < ¢ transition is driven by a constant coherent figldor by
a constant incoherent pundp We perform simulations for the initial conditian,, (0) =
0.9, 0w (0) = 0.1, 0..(0) = 0 and takey /v, = 19353 cm™! andy,. = 1.83 x 107°7;. As an
example, we consider He-like Carbon ions for which stat& @&— level), 2P, (a—level)
and the ground staté &, (b—level) form A—scheme [see Fig. 38]. For‘Cions the model
parameters arg,, = 4.027 nm, \,. = 352.5 nm,~. = 1.67 x 107 s~ andy;, = 9.09 x 10"
s~1. Then for ion densityV = 10'® cm~3 we obtain, /v, = 19353 cm~t. We assume that

input probe laser pulse has a Gaussian shape

t—0.15)\7
Q(t,z=0) =0.01exp [— (%T) ] Y. (6.32)

During propagation of the weak laser pulse through the nmedhe atomic population
spontaneously decays into the ground state. After a ceitagthe medium is no longer
inverted and the laser pulse begins to attenuate. Thug then optimum length of the

atomic sample which yields maximum enhancement of the mrsegy. For the optimum
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Fig. 42. Ratio of the output energy to the input energy of trebp laser pulse as a func-
tion of sample lengthl with no external drive. In numerical simulations we take
Ye = 1.83 x 10753, n/v = 19353 cm~! and assume Gaussian initial probe pulse
shape given by Eq. (6.32). Initial populations afg(0) = 0.9, g,,(0) = 0.1 and
0..(0) = 0, while initial coherences are equal to zero.

length the pulse leaves the medium at the onset of absorptidfig. 42 we plot the ratio
of the output pulse energy to the input energy as a functidghesample length assuming
there is no external drive. We find that optimum length cqroesling to maximum output
energy without any drive i& = 0.102 mm. At this optimum length the ratio of the output
to the input probe field energy is 2.7 x 10?.

Next we turn on the coherent driving fiefel., but keep the sample length to lhe=
0.102 mm. This length does not corresponds to the maximum gairhfeetlevel system
and chosen as a demonstration that coherent drive can entiengain for a fixed sample
size. In Fig. 43(a) we plot the ratio of the output laser pudsergy (atz: = L) to the
input energy (at = 0) as a function of strength of the driving fiefel.. One can see that
in the presence of coherent drive the output pulse energilates as a function of)..

Such oscillations appear because coherepcaveraged over the pulse propagation time
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Fig. 43. (a) Ratio of the output energy to the input energyhef probe laser pulse as a
function of the driving field Rabi frequendy.. The ratio is~ 2.7 x 10* atQ, = 0.
(b) Square of the output probe pulgg/~, as a function of time for optimal sample
length L = 0.102 mm with (solid line) and without (dashed) coherent drivediel
Q.. In numerical simulations we take = 1.83 x 107%y;, /v, = 19353 cm™!
and assume Gaussian initial probe pulse shape given by E82)(6The length
of the sample id. = 0.102 mm, while the initial populations are,,(0) = 0.9,
o06(0) = 0.1, 0cc(0) = 0 andga.(0) = 0as(0) = 0.

depends ofi).. At Q). ~ 6, the enhancement factorisas compared to the case with no
drive field. The enhancement factor increases ugtior (2. ~ 12~,. Thus, coherent drive
can increase the laser pulse output energy more than anainasgnitude as compared to
the pulse energy with no drive. Fig. 43(b) shows the shapleeobtitput puls€l, (¢, z = L)
for the optimum length in the absence of the external driasl(@d line) and optimum
coherent drive), = 12+, (solid line).

If we replace the coherent drive by an incoherent pumpvhich does not induce
coherence, the gain becomes smaller wikeimcreases [see Fig. 44]. The enhancement
due to coherence can also be obtained for He gas as an actdiarmat much lower
densityN = 10'3 cm~3 with lasing at58.4 nm. Now the model parameters are given in the

left side of Fig. 38 which yieldg/+;, = 40.75 cm™.
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Fig. 44. Ratio of the output energy to the input energy of tlubp laser pulse as a function
of the incoherent pump rate. The ratio is~ 2.7 x 10*at® = 0

b. Neutral He as Active Medium

Next we consideE—scheme formed by the' S, (c— level), 2'P; (a—level) and the ground
state 1S, (b—level) of the Helium atom (see Fig. 38 right side). For thisesne the model
parameters arg,, = 58.4 nm, \,, = 728.3 nm,7, = 1.83 x 10" s~! and~, = 1.82 x 10°
s . Then for atomic densitfy = 2 x 10'® cm~3 we obtainn/y, = 81.50 cm™t. We

assume that the input probe laser pulse has a Gaussian shape

t—0.28)\7
Qy(t,z=0) =0.01exp [— <%0710) ] Vb, (6.33)

while the drive pulse is also Gaussian with a broader width

Yt — 0.28\ >
Ou(t, 2 = 0) = Q. (B2 ] 6.34
(t.2=0) oeXP[ (5 )] (639

Similar to theA-scheme we first optimize the length of the sample for thergindial
population distribution and obtain that the optimum lengtiiresponding to maximum

output energy without drive is = 5.19 cm. Then we turn on the driving field,., but keep
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Fig. 45. (a) Ratio of the output energy to the input energyhef probe laser pulse as a
function of the driving field Rabi frequendy.,. (c) Square of the output probe
pulse(, /7, as a function of time witlf2., = 15, (solid line) and2. = 0 (dashed
line). In numerical simulations we take. = 0.01v;, /7, = 81.50 cm™~! and
assume Gaussian initial probe laser pulse (Eq. (6.33)) angs$tan driving field
(Eqg. (6.34)). The length of the samplelis= 5.19 cm, while the initial populations
arepaa(0) = 0.9, pp(0) = 0.1, pee(0) = 0 andpea(0) = pap(0) = 0.

the sample length to be the same. Fig. 45(a) shows the ratie @utput laser pulse energy
(atz = L) tothe input energy (at = 0) as a function of strength of the coherent drive. One
can see that, similar to thte configuration, the output pulse energy oscillates as a imct
of (2. and the laser pulse output energy can be increased morerit@der of magnitude
as compared to the pulse energy with no drive. Thus, coheregt help to extract more
energy from the inverted medium and convert it into cohelaesdr radiation for bothA and
cascade configurations. Fig. 45(b) shows the shape of theibptilse), (¢, = = L) for

Q. = 0 (dashed line) and optimum coherent drivef = 15, (solid line).

C. Backward Vs Forward Gain

Till now we have considered the evolution of the injectediga@se at = 0 in the forward

direction. In this section we will briefly discuss the evadut of an identical see pulse
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injected at the end of the sample ke= L. We will consider the three-level system in

Lambda configuration in the limif, > ~,. as shown in Fig. 39 and we drive the transition

a < bin the forward direction. We write the electric field as,

_ er o+
Eo(z1) = % [Sj(z,t)e“’c +c.c], (6.35)
E:t -t
Bf(zt) =2 [é'ci(z,t)ewc +c.c], (6.36)
where
Ot =kz —vt, 0 = —kz—uvt (6.37)

Here (+) and (-) sign as the superscript means forward arild\zad direction respectively
We can write the off-diagonal term as

Ibab = —WabPab — i@_’ab ' Eb(paa - Pbb) + i@_’ac ' Ecpcb

(6.38)
Pac = —WacPac — iﬁac : Ec(paa - pcc) + 7:ﬁab ’ Ebp:b (639)
pcb = —WebPch — i@_’ab . Ebpzc + i@_’ca . Ecpab (640)
Let us make the following transformation
Pab = ijewf + ngeiﬂf’ (6.41)
+ 0
Pac = 0,7, (6.42)
per = 05" + 0™ | (6.43)

where

O =0, 05 =065 05 =60 — 0505 =6, — 67 (6.44)

Using the transformation Eqgs. (6.41-6.44) in Egs. (6.38pHwe obtain for the backward
direction:

p(;b = _Fabpgb - ZQb_ (paa - pbb) + ZQCP(E, (645)
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Py = —Lapy — 1 pb +iQp (6.46)

and for the forward direction we obtain

Py = ~Tavply — 1% (paa — pwo) + iQp (6.47)
p = —Tapl — i pi* 4+ iV p, (6.48)
p;_c = _Facp;_c - ch(paa - Pcc) + ZQZFp;%* (649)

The evolution of the population is given as

Oaa = — (M + Ve) Caa — i(Q;*Q:b - Q;_Q:b*) -(Qb_*Q;b - Qb_gc?b*) - Z.(QZ’_*Qac Q+Qac )

(6.50)
Obb = Vo0aa + 1(Y " 0ny — U 0ny) + (Y 00 — 0 (6.51)
Occ = YVecOaa + Z(Qj*gjc - QjQ;_c*) (652)

From Egs. (6.50-6.52) we see that the population equatiensyanmetric under the trans-
formation+ «+» —, hence the evolution of the injected (identical) seed patsbe respec-

tive ends of the sample will be the same.

D. Rubidium Laser

In this section we will briefly review coherence enhancediRiulm laset. The level struc-

ture for the Rubidium laser (fline) is shown in Fig. 46. Contrary to last section where

we discussed coherence enhanced lasing in Helium and HékenCarbon in the tran-
sient regime, here we will show that in the presence of theedield (2, gain on the lasing

transition () transition can be enhanced substantially.

'For detailed analysis of Rubidium laser, and the conditiamser which lasing action can be
achieved on (B) transition, please read[162]
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Fig. 46. Energy level diagram of atomic Rubidium. Here weehidne dipole allowed transi-
tions 5252 <+ 52Py, (Dy)line and52S; 5 <+ 5°Psjs  (D2)line. The population
between the level®’; , and P;, are exchanged due to collisions by buffering the
alkali vapor with other gasses like helium, ethane etc.

One important condition to achieve population inversiot@nlasing transition is that
the rate of population exchange betW6éﬁ)3/2 and52P1/2 should be much faster than the
rate of spontaneous decay from the levBl — 5S. Here in this section we have assumed

He as the buffer gas. The excitation transfer cross-sefdrdRb induced by collisions with

rare gas atoms and alkali metals can be found in[163].

1. Steady State Gain
The equation of motion for the density matrix elememtsare given as,
Qab = _Faanb - in(Qaa - be) + iQZch - Z.Qegzaa (653)

@ca = _Fcana - Z.Qa(Qcc - Qaa) - iQZcha (654)
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Ocb = —Lep0cb — 12e(0ce — 0bb) — €2 0ca; (6.55)
Och = —Lep0ch + 12a0ab — 10 0ca — 1€2e0ce, (6.56)
bce = —Leclce + 1205, — 1 0up, (6.57)

bea = —Lealea + 1Q2e0y, — 1 0e6 — 200z, (6.58)

The population terms is given as

Qaa = _(’}/b + Rae)Qaa + Rea@ee + YaOcc + i(QZQca - Qa@:a) - Z(QZ Qab — QbQ:b)v (659)

@bb = Vb0aa + Ve Oee + Z<QZ Oab — QbQZb) + 7'<Q: Qeb — QeQ:b>7 (660)
@cc = ~YaOcc — i(Q:Qca - Qaé)za% (661)
@ee = _<’Ye + Rea)@ee _'_ RaeQaa - i<Q:er - Qe@:b)u (662)
where,
a Rae a a e Rea
r,=tatWtfee p  Ja p _DaFTet ftea
2 2 2 (6.63)
Ve + b + Rae + Rea Ye + Rea b + Rea
Fea: 2 ) eb = Ta Fab:T

Let us assume that all the fields are real and we keep the pedd&fito the lowest order
while we consider all orders for the drive fielfls and(), [see Fig. 47(a)]. In this limit, we

obtain the coherence)) as

0 0 0 0 0 0
@ (02 — 6N A+ (69 — 6B — (62 — o\e

O, = — 1 D , (6.64)

where,
-’4 - Fcareb [Fcb(rcerea + Qz) + Fean} (665)
B=Te[[eelea + Q) — Q2] Q2 (6.66)

C=Te [Teplee + Q22— Q2] Q2 (6.67)
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(b) — ¢

Fig. 47. Four-level model for coherence enhanced rubidiaserl Here couple the drive
transition with a coherent field of Rabi frequer@y. The bidirectional population
exchange between the upper levetnda is denoted byR. In (a) we have shown a
drive field of Rabi frequency2, while in (b) we substitute the coherent drive field
with an incoherent pumg

D =Tl [(Caplep + Q) (Leeleq + QF) + (Paplee + Daplea — 202)Q2 + Q2] (6.68)

It can be easily verified that we can obtain the know respﬂ]g)s for cascade and Vee

scheme. The zeroth order population obtained from Eqs9{6.62) as

o 2Rea(Taleq + 202)02

= 6.69
Oa M (6.69)
: Loy + 202
Ql(,g) _ (’yarca + 2Qa) [Rea’}/breb j;/l(Rae + %)(% eb T e)] (670)
2R..20?2
(0) _ Z-"ea”"a""e 6.71
Oce o (6.71)

0 _ 2(Rae + 1)

— 6.72
Oce o (6.72)
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Fig. 48. Plot of the gainG,, in the presence of a coherent dri¢g (dashed Black)

and incoherent pumpb(solid purple).
Reo =1, Rye = 0.74, v, = 0.085, v, = 0.087,~, =

where, M = v, [Rea (L e + 202)

For numerical simulation we used
0.0084, Q, = 0.001, 2, = 5.

+ (Rae + 1) (velep 4+ 492)]. In the absence of the

drive field(2,, and strong pump fiel®. > 7., v, Req, R We Obtain

0 _ Rea
Qaa - 9
Rea + 2(Rae + f)/b)
Q(O) _ Rae + Ty
bb Rea + 2(Rae + f)/b) 7
Qg;) _ Rae + b

Rea + Q(Rae + ’}/b) ’

The steady-state mversmpa% + gee — be ) IS given as,

Rae
Rea + Q(Rae + f)/b)

>0

and also on the lasing transitida <> b) we obtain,

(0) (0) _ Req — Rae — o

Oaa — Opp

Rea + 2(Rae + ’Vb)’

(6.73)

(6.74)

(6.75)

(6.76)

(6.77)
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For inversion on the lasing transition we require

Rea > Rae + ) (678)

Let us now study the effect of drive fiefd, on the gain,, defined as

Gy = N A2y 220 (6.79)
Y5

The result of the numerical simulation of Egs. (6.53-6.83hHown in Fig. 48 in which we
have shown the effect of the drive field on the g&in. We see that in the presence of the
drive field we can enhance the gain by an order of magnitud@fox 5. To emphasize
the role of the coherence we simulated Egs. (6.53-6.62)drpthsence of the incoherent

pump and we do not see any substantial enhancement.

E. Conclusion

In this chapter we study the effect of coherence on the teah$asing. First we illustrated
a possibility of having transient lasing without populatimversion inA—scheme when
spontaneous decay rate of the driving transitjors greater than those of the lasing transi-
tion ,. However, such condition is usually not satisfied for lasahghorter wavelength as
the spontaneous decay rate is proportional of the third pofvihe frequency. Having in
mind improving performance of XUV and X-ray lasers with irsien by driving a longer
wavelength optical transition, we consideand Cascade schemes with>> ...

To show the effect of coherence we first optimize parametetiseomodel in the ab-
sence of the driving field, i.e., find the sample length forfthed initial populations which
yields the maximum output energy of the laser pulse. Thennve thea <> c transition
with a coherent sourde,. or an incoherent pumg. We demonstrate that coherent drive can

yield substantial enhancement of the laser pulse energydbty inverted medium than in
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the absence of the coherent drive, while incoherent pumgtseis energy decrease. We
applied this coherence enhanced lasing scheme for Rubidisen in steady-state regime
and demonstrated that an enhancement of an order of magritudbe achieved. Thus,
implementation of a coherent drive at optical frequencyi@¢be a useful tool for improving

performance of lasers in XUV and X-ray regions.
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CHAPTER VI

CARRIER-ENVELOPE PHASE EFFECTS ON ATOMIC EXCITATION BY
MULTI-CYCLE PULSES

A. Introduction
As is well-known, the electric field of a laser pulse given by
E(t) = & f(t) cos(vt + @) (7.1)

can be characterized by its amplituflg its carrier envelopé (¢), its frequencyy, and its
carrier-envelope phase (CEPR) The CEP is the most difficult parameter to control and
even to measure. Recently, a lot of research has been degdtelCEP. Namely, the CEP
strongly affects many processes involving ultrashort tgiele pulses [164]. In particular,
CEP effects on high-harmonic generation [165], strongtH@hotoionization [166], the
dissociation of HD and H{ [167], the electron dynamics in a strong magnetic field [168]
the population inversion during a quantum transition [18@|d the external- and internal-
photo-effect currents [170, 171] have been demonstratdeiviycycle pulses.

For longer laser pulses, the influence of the CEP becomedesniary often it is
beyond the experimental abilities to be measured). So tperitant question is what is the
maximal duration of laser pulses that can still have the Cidets? It is a fundamental
guestion, but also it brings new interesting possibilite@sneasure and control parame-
ters of laser pulses and applications. A stabilized andssalple CEP is important for

applications such as optical frequency combs [172] and tguarmontrol in various me-

*Part of this chapter is reprinted with permission from “Esimental observation of carrier-
envelope-phase effects by multicycle pulses” by P. K. Jh&, Rostovtsey, H. Li, V. A. Sautenkov,
and M. O. Scully 2010.Phys. Rev. A 81, 033404(1)-033404(6), Copyright [2011] by American
Physical Society
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dia [173]. Several techniques have been developed to ¢aht#aCEP of femtosecond

pulses [174, 168]. A crucial step in attaining this contlieasuring the CEP to pro-
vide feedback to the laser system. Promising approachehéot pulses use, for instance,
photoionization [175] and quantum interference in sendcmbors [171].

For longer pulses, on the other hand, there are no such netRetently, a method
has been presented for the measurement of the absolute GBigsf-power, many-cycle
driving pulse, by measuring the variation of the XUV spegtd76] by applying the inter-
ferometric polarization gating technique to such puls@3[1We stress here that extending
the CEP control to longer pulses creates interesting ptiiefto generate pulses with ac-
curacy that is better than the period of optical oscillatidfirst, it allows researchers to
improve laser systems that generate laser pulses withr befieoducibility and accuracy
and better controlled. Second, it provides an additionadteato control the process of
collisions. Femtosecond pulses are shorter than the timetidn of collisions and can-
not be used to study collisions under the action of electgpmatic fields; meanwhile the
current approach of extending the duration of the pulsels migasureable or controllable
CEP allows researchers to extend the coherent control tevdavel when they are able
to study molecular collisions or electron collisions in natmuctures under the action of
strong electromagnetic fields with known CEP. Electroméigakly induced magnetochi-
ral anisotropy in a resonant medium demonstrated in [178pesenhanced by the control
of the CEP of optical radiation in the laser induced chemieattions [179].

In this chapter, we present the CEP effects in the populdtemsfer between two
bound atomic states interacting with pulses consistingyntgmles in contrast with few-
cycle pulses [64]. For our experiment, we use intense radigency (RF) pulses interact-
ing with the magnetic Zeeman sub-levels of Rubidium (RbjretoWe have found that, for
long pulses consisting two carrier frequencies, the CEP@fpulse strongly affects that

transfer. It is worth noting here that our scheme has noditiaih on the duration of pulses.
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Fig. 49. Experimental setup. ECDL-External cavity diodsela AOM- Acousto-optic mod-
ulator; P- Polarizer, PD-Photodiode; L-Lens, the oven geatled with 1. cop-
per tube; 2. non-magnetic heater on a magnetic shield; 3newl; 4. pair of
Helmholtz coils; 5. Rb cell.

The significance of our experiment is that it provides thegimsof CEP effect in a
new regime. The experiment is the first, to our knowledge pgeove the CEP effect on a
transition between twbound atomic states with sudlong pulses. Our experiment provides
a unigue system serving as an experimental model for stgdyinashort optical pulses.

The obtained results may be easily extended to optical @rpat?

B. Experiment

In this section we will discuss the experimental aspect ofpaper. We discuss the setup
and the procedure to measure the population transfer dud-texgtation, taking into
account the dephasing fact@rin subsection B, we present our experimental results which

includes the non-linear behavior of the multi-photon exttoin peakd) [see Fig. 52(a)].

1Zeeman sublevels are well isolated from other states andder@ good approximation to a
two-level system.
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Fig. 50. (a) Time sequence of the laser and the RF pulsesdoxiee the population trans-
fer due to RF excitation. (b) Configuration of the laser anguises along with the
longitudinal magnetic field with respect to the Rb cell.

Effect of the CEP of the carrier-frequency components orpttygulation transfer due to

multi-photon excitation is shown in Fig. 54.

1. Setup and Population transfer

The experimental setup is shown in Fig. 49. An external gadibde laser was tuned to
the D resonance line of'Rb atoms af55),2; F = 1) <> [5°Py5; [/ = 1) transition.
A 2.5 cm long cell containing’Rb (and 5 torr of Neon) is located in an oven. The cell
is heated in order to reach an atomic density of the ordei0&f cm=3. A longitudinal
static magnetic field is applied along the laser beam to obtite splitting of the Zeeman
sub-levels of the ground sta{® s, »; ' = 1,mp = —1,0,1). A pair of Helmholtz coils
produces a transverse bichromatic rf field with two centedjiencies at; andwvs,.

In this experiment we tuned the longitudinal magnetic figlccontrol the Zeeman
splitting while keeping the carrier frequencies intactufétion generator was programmed
to provide multi-cycle bichromatic pulses with controllalparameters, such as the pulse

duration, CEPs and the amplitudes of the two carrier fregiesn
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Fig. 51. CEP-shaped bichromatic pulses with spectral compis of 60 kHz and 100kHz.
FWHM for both the pulse is 130s with gaussian envelope. Unit of the magnetic
field is Gauss.

To determine the population transfer due to the rf excitattbe experiment is per-
formed with a sequence of laser pulses with a rf pulse foltblayea sequence of laser pulses
without rf pulse. For the transmitted probe pulse inteniitgiven by, = IyneNotra,
wherelj is the probe pulse input intensityjs the factor due to dephasing, is the atomic
density,s is the absorption cross-sectidnis the cell length and®, is the population of the
upper levels due to RF excitation. For the second sequenoghich there is no RF exci-
tation, the transmitted probe pulse intensity is giveriby [yn. Therefore, the population
due to rf excitation is given by the quantityin(/,/1,) = NoLP,.

The energy level scheme #Rb and the configuration of the optical and RF pulses is
shown in Fig. 50. The ground state®™oRb has three Zeeman sub-levels; a right-circularly
polarized (RCP) laser pulse optically pumps the system awdgthe atoms to the sub-
level [525) o; F = 1,mp = 1). This is followed by the bichromatic rf pulse, which excites
the atoms to the sub-levél§’S; »; F = 1, mp = —1, 0) whose population is subsequently
determined by measuring the transmission of a followingknR&P optical probe pulse.

The rf pulse is delayed by 165 with respect to the optical-pumping laser pulse and has a
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Fig. 52. (a) Optical probe transmission profile for the ohetpn [peaksD and @] and
three-photon [peak3)] transition under the bichromatic rf field excitation. (bpU
per block: Energy level scheme §Rb; Lower block: Resonant and non-resonant
pathways contributing to three-photon peak.

duration of 13Qus (FWHM). In Fig. 51 we have plotted two such CEP-shaped bictatic
pulses, with spectral components of 60 kHz and 100kHz, usexlii experiment. The
transmitted intensity of the probe pulse, delayed by 380with respect to the optical-

pumping pulse, is monitored by a fast photodiode.

2. Experimental Results

Single and multi-photon (resonant and non-resonant) a&iait under bichromatic rf field
interaction with®”Rb are shown in Fig. 52. PeakB and @ in the probe transmission
profile are single photon absorption peaks at frequencied00kHz andwv,=60kHz re-
spectively. Peal3 emerges due to different possible excitations betweennitialiand
the final states [see Fig. 52 (b) lower block]. Resonant apliititon excitation which cor-

responds to peald atw=140kHz in Fig. 52, is shifted to abouwt=130kHz. The rf field is
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Fig. 53. Non-linear dependence of multi-photon excitationthe traverse magnetic field.
Unit of the magnetic field is Gauss.

very strong, so non-resonant one- and three-photon tramsitould be taken into account
[see Appendix G]. These non-resonant contributions iaterfvith resonant three-photon
transitions and the excited population depends on the pladelds with frequencies;
andwv,. To study this peak we first investigated the dependence milption transfer as a
function of the applied transverse magnetic field strengily. 53 shows the non-linear
behavior of the process, in which the multi-photon exaitais negligible for weak trans-
verse magnetic field and starts to grow non-linearly withitieeease in the amplitude of
the driving RF pulse.

The main results of the experiment are shown in Fig. 54 wherdnave plotted the
population ¢/ NLP,) as a function of carrier-envelope phase of one of the twatsple
components of the bichromatic field while keeping the othesige component at zero.
Fig. 54(a)(Il) shows the oscillatory behavior when the ghabogon, IS changed while
keepingoiooknz = 0. Similar effect is observed vice-versa which is shown in Bigfa)(l).
Ratio of the frequency of oscillations for the two cases, mtie phase is changed from

0 — 27, is O, = 0.578 £ 0.035 which is equal ta,/v;. Fig. 54(b) shows the effect of



120

z

=

=

£

E

=

g

=}

<

= =

2.0.08] ! m &

S 5 S
0.06f——m¥078@ ———F————— .07 H—"——F+—7——"——+——
0 60 120 180 240 300 360 0 60 120 180 240 300 360
Carrier Envelope Phase (Degree) Carrier Envelope Phase (Degree)

Fig. 54. Oscillatory nature of the population transfer byamtjing the phase of one car-
rier frequency while keeping the other at zero for the bioatic rf Pulse. (a)
(I) Changing the phase;g1; and ¢eon=0 (1) Changing the phaseégn, and
d100kHz=0. (b) Effect of the pulse duration T (FWHM) on the populatimans-
fer. (1) T=13Qus, (II) T=100us. Here we changed the phasg, While keeping

®eokHz = 0

pulse duration (i.e number of cycles) on the populationgf@nwhere we have plotted the
population transferred for two set of pulse widtfull width at half maximum, FWHM).
Here (1) 7=130Qus, (II) 7=10Qus. In either case we changed the phase @fk4, While
keepingosokiz = 0. In Fig. 54 (a) we have shifted the curve (l) vertically, foetsake of
clarity and distinguish the variations in the two curve (IYI& clearly. We experimentally

observed a variation in the population ab&it’.

C. Theory

Let us now move to the theoretical aspect of the results wéthhere. The goal of the-
oretical consideration presented here is to gain physisagits that helps to understand
the CEP effects for such long pulses that have envelop contaup to fifteen periods of

oscillations, as well as the limitations imposed on the terg pulses.
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The Hamiltonian for an atomic state with= 1 in a magnetic field3 = (B,, B,, B.)

is given by
By+iB
B;—iB
0 Ty _Bz

whereg = —1/2 is the Lande factor for this Rb state, is the Bohr magneton3, = By
is the static magnetic field that is chosen in the directiothefz-axis;B, and B, are the
transverse components driven by a function generator. imbarly-polarized bichromatic

magnetic field is given as,
By(t) = e {Bicoguit + ¢1) + BaCos(unt + )}, (7.3)

wherea = (2vIn2)/T andT is the FWHM duration of the pulse and, = 0. For the
magnetic dipole transition, the relaxation due to atomit¢iomis the most important. The

density matrix equations is given by

p= =110 = T(o = po), (7.4

where 7 is given by EQq.(7.2)]" quantifies the relaxation process due to atomic motion
andp, is the thermal equilibrium density matrix of the atoms in tled without the optical
and RF fields. For simple explanation we will consider only tievels coupled by the

bichromatic field and neglect any type of relaxation. TheiRa&guency is given by
Qt) = e {Qcosmt + ¢1) + Qcog vt + ¢o)}, (7.5)

whereQ)(; o) = guoB(m)/\/ih. The equation of motions for the probability amplitudes
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andC}, are given by

C, = iQ(t)e™Cy, (7.6a)

Cy = iQ* (t)e ™' C,. (7.6b)

Let us consider the perturbative approd@ctit) = 1. We look for a solution of the form
c, =% + ¢ where

oM = / Qe dt’ (7.7)

—00

00 t/ t”
CC(L?;) — —i/ {Q(t/)eiwt’/ [Q*(t//)e_iwt”/ Q(t///)eiwtwdt///] dt//} dt’ (7.8)

The excited population is the result of interference of nest three-photon excitation
and non-resonant one-photon with frequeng¢yand three-photon, where the detunings
are 30 kHz and 50 kHz correspondingly [see inset of Fig. $2{de probability amplitude

can be written as
Ca = Al(yl)e_id’l -+ A3<I/2>€_i3¢2 —+ A3(2V1 — Vg)e_i(zd)l_d)Q) (79)

that gives the same dependences on the phases of bichrdialatias shown in Fig. 54.

Here, in a weak field approximation,

Ar() =1 <2—\/7_T) Qe (/e (7.10)

«

is the probability amplitude of non-resonant excitatiore doione-photon transition,

o) = —i ﬁQ% :| —[(w—3u2)2/12a2]
Aaln) = =i | - v i | (7.11)
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is due to non-resonant three-photon excitation, and

\/;%%32) {2’/1(001— 1) " (11 — Vz)l(w — 1)

A3(2V1 — I/Q) = —1 (
(7.12)
+ 1 e—[(w—2V1+l/2)2/12a2]
(Vl — I/Q)(W + 1/2)

is due to resonant three-photon excitation. Here the firsbdecorresponds to Hyper-
Raman type process, the second term corresponds to Doppigrye process as shown
in the lower block of Fig. 52 (b).

In Appendix G we have shown the relative strength of the tipreeesses with the
experimental parameters. We show that when we excite witingtfield i.e large Rabi
frequency we should be careful about neglecting the carttdbs from the off-resonant
processes.

As is clearly seen from Eq.(7.9), the CEP effect occurs duthéointerference of
the terms that have different dependence on the field phasescondition for the better
visibility of the interference is related to the amplitudasd frequencies of fields. It is
better to have amplitude be the same to have high visibdiythe other hand, if only one
term dominates the CEP effect disappears. It is very iniegeto note here that the CEP
effects do not depend explicitly on the duration of pulsetsdmly on the field amplitudes

and their frequencies.

D. Conclusion

We use intense RF pulses interacting with the magnetic Zeesub-levels of Rubidium
(Rb) atoms, we have experimentally and theoretically shihernCEP effects in the popu-
lation transfer between two bound atomic states intergatiith pulses consisting of many
cycles (up to 15 cycles) of the field. It opens several exgitipplications and interesting

possibilities that can be easily transfer to optical rangge@nhance current and create new
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set of tools to control CEP of laser pulses.

These tools allow researchers to improve laser systemgéhnatate laser pulses with
better reproducibility and accuracy and better controllato the tools provide an addi-
tional handle to control the process of collisions, and theent approach of extending
the duration of the pulses with measurable or controllali® @llows researchers to ex-
tend the coherent control to a new level where they are aldeutdy molecular collisions
or electron collisions in nano-structures under the aabibstrong electromagnetic fields

with known CEP. In particularly, the obtained results campplied to control of chemical

reactions [179].
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CHAPTER VIII

COHERENT RAMAN UMKLAPPSCATTERING

A. Introduction

The universal requirement of momentum conservation in @ftdight matter interactions
imposes stringent limitations on the range of wave-vectwctions allowed for the co-
herent signals [180, 181, 182]. Specifically, generationamkward-propagating beams in
nonlinear wave-mixing processes has been a long-standitdgon in optical science, im-
peding the application of wave-mixing-based techniquestdaodoff detection [183, 184].
When applied to a generic third-order process generatingld With a frequencyw,
through the coherent mixing; + w-, + w3 of light fields with frequenciess, w», and
w3, momentum conservation translates into the following meguoent for the wave vectors
k; = n,w;/c of the optical fieldsi = 1,2,3 involved in the wave-mixing process {s
the speed of light in vacuum and = n(w;) is the index of refraction at the frequency
w;): Ak = k4 £ (k; + ko + k3) = 0. With properly designed periodic structures, this
phase-matching condition can be satisfied by picking up tomemtum deficit from the
reciprocal lattice of the structure. This approach has eecessfully demonstrated with
a variety of photonic structures [185, 186].

In the standoff detection mode, however, creation of sulelesngth lattices, needed to
phase-match the backward wave, is technically difficuluneag a complex arrangement
of auxiliary high-power laser beams [184] or modulating ithaex of refraction [187]. In

the microscopy mode, backward coherent anti-Stokes Ran#tesng (CARS) becomes

*Reprinted with permission from “Coherent Raman Umklapfiedag” by L. Yuan, A.A.
Lanin, P.K. Jha, A.J. Traverso, D.V. Voronine, K.E. DorfmanB. Fedotov, G.R. Welch, A.V.
Sokolov, A.M. Zheltikov, and M. O. Scully, 201d.aser Phys. Lett 8, 736-741 Copyright [2011]
by Astro Ltd. Published exclusively by WILEY-VCH Verlag GiHl& Co. KGaA
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possible [188] due to the specific geometry of tightly foaubght beams scattered by mi-
croinhomogeneities in a biotissue. None of such epi-CAR&ascopy beam-interaction
geometries, however, seems to suggest a realistic way lofgtalarger beam propagation
paths that are needed for optical standoff detection.

Recent experimental demonstrations of backward stimailateission from atomic
oxygen produced by UV laser pulses in the air [189], yieldidgghly directional backward-
propagating light beam with an excellent quality and anagempower well above the mi-
crowatt level, offer a powerful tool for standoff spectropg. Still, in order to benefit from
the chemical selectivity provided by the Raman effect, andhtain efficient (coherent)
signal generation, thAk = 0 momentum conservation (phasematching) needs to be satis-
fied. The main goal of this paper is to demonstrate that coh&aman scattering of laser
fields can give rise to a highly directional (phase-matchmadly backpropagating CARS
signals, and to use phasematching to resolve individuabsigpmponents in space. This
regime of the Raman effect, referred to hereinafter as esthiétaman Umklappscattering,
by analogy with phonon-phonon and electron-phonon Umldeattering in solids [190],
is shown to be well suited for standoff detection applicagiancluding remote sensing of
trace gases in the atmosphere and on the surfaces of dibjaots) paving the way for the
development of a new class of security and ecological safietyitoring systems.

Coherent anti-Stokes Raman scattering by molecular winrsf188, 191] and molec-
ular rotations [192, 193] has a broad range of applicatidfsr example, the real-time
detection of a low concentration of bacterial endosporesl(* spores) via CARS was
demonstrated [194, 195]. We note that the traditional CAB&hot be used in a stand-
off mode in scenarios involving perfectly parallel forwadd backward propagating laser
beams, because of the phasematching constraints. Howevehow that under certain
conditions, a small angle between laser beams satisfiegpla&shing. Moreover, the an-

gled geometry provides a convenient spatial separatioheopplied laser and generated
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Fig. 55. Energy level andl-vector diagrams for coherent Raman Umklappscatteringgusi
angled counter-propagating ground- and air-laser beaigealSvave is generated
in the directionk,. Coherent Raman scattering is realized by molecular vidrat
(a) and molecular rotations (b). On the energy-level diagréop), solid horizontal
lines denote real molecular energy levels of the speciégtdetected, and dashed
lines correspond to virtual states. (Inset: General cordiipn of the beams in a
cloud.)

signal beams [196, 197]. The corresponding spatial seéparat various Raman transition
lines allows improving detection capabilities which in gentional spectrally separated

methods may be limited by detector resolution or by spetitralbroadening.

B. Implementation Schemes

We consider a coherent Raman scattering process wherealofaticls with frequencies

w1 andws, referred to as the pump and Stokes fields, are used for aesthszlective
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excitation of a Raman-active mode with the frequefidn a medium. The third field, with
frequencyws, is used to probe this coherence, giving rise to Stokes atikbtrkes signal
fields with frequencies, = w3 — (w1 —ws) = w3 —Q andw, = w3 + (W1 —wy) = ws + €,
respectively. Detection of these signals would allow a doally selective detection of
trace gases in the beam interaction region. Throughoutetteof the paper, we focus on
anti-Stokes generation, as shown in Fig. 55; Stokes geaeredn be easily calculated in
an analogous way.

To set the framework for our analysis, we consider the appiio where our pump
field w; in Fig. 55(a) [or probe fieldvs in Fig. 55(b)] is generated in the air at a point
beyond the Raman-active region we want to detect or anadywkthat this field is directed
back towards the ground where our Stokes and probe (or pueids foriginate. This
could be accomplished by creating a backward-propagatiggen laser as described in
Ref [189]. Our analysis shows that the small-angle CARS @imasching requires that two
of the three applied laser frequencies are nearly equal.pbssibilities exist, as shown in
Fig. 55. In both cases, two laser beams are sent from the draune counter-propagating
with respect to the air-laser beam, and the other one sfiginijled. In the lower part of
Fig. 55 [both (a) and (b)] we denote beams by tiheectors and show how thesevectors
align to satisfy phasematching. We consider two cases [@)] that differ in the way
how molecular excitation is prepared. In case (a), moleadherence (in the species to
be detected) is excited by the air-laser be&m pump, frequency;) together with the
counter-propagating beam sent from the grouty Stokes, frequency,), while in case
(b) molecular oscillations (whose k-vector is shown in F§.by a double-line arrow) are
driven by two beams sent from the ground, at a small angle iegpect to each othek{
andk,, pump and Stokes). The beankgtthen scatters off the molecular coherence wave.
In both cases, the anti-Stokes signal bdans then generated in the direction toward the

observer. The molecular frequency (equatto— ws) is small in case (b). Below, we
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Fig. 56. The angles between the pump and Stokes béamd probe and anti-Stokes beams
o providing phasematching for the anti-Stokes field genemnati the noncollinear
beam geometry shown in Fig. 55 versus the Raman frequencylaabns using
the exact formula fofAk| with dispersion included (circles) and the approximation
of Egs. (8.1) and (8.2) (solid lines). The pump waveleng®G2 nm.

present detailed calculations for the situation describédg. 55(b).

C. Results and Discussion

We examine phasematching options for backward CARS due teaular rotations in-
duced in a gas medium by forward pump and Stokes fields aneé@iopa backward field
with an arbitrary frequencys. Neglecting the frequency dependence of the refractive in-
dexn; = 1, and analyzing the wave-vector arrangement shown in Fi@p)5%e find in the
case of smalp

0~ 2 (ﬁ) , (8.1)

2
w1 + wiws

D=

o~ 22t (ﬁ) . (8.2)

2
w1 + wiws
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In Fig. 56, we compare predictions of Egs. (8.1) and (8.2 ik results of exact cal-
culations performed using the relevant frequency deparedefn(w) for the atmospheric
air. As can be seen from these calculations, the simplifieddiéas of Egs. (8.1) and (8.2)
give reasonably accurate predictions within a broad ramde @roviding useful insights
into the limitations of the angled beam-interaction geaynehposed by the momentum
conservation.

In the case of molecular vibrations, typically used for thendoff detection of trace
gases in the atmosphere, the Raman frequeiizies ', are on the order of000 cm 1.
Specifically, for the central frequency of rovibratior@@lbranch transitions in molecular
oxygen, (2mc) 12, ~ 1556 cm~! and\ = 2wcw~'=845nm (the central wavelength of
stimulated emission by atomic oxygen in the atmospherejingdé, ~ 21°. With such big
angles between the pump and Stokes beam, practical implatimenof standoff detection
based on coherent Raman scattering would encounter setiifigslties, as probing the
atmosphere would require on-ground laser sources andtdetéar the coherent backward
signal separated by a prohibitively large distance.

Rotational Raman frequenci€s of molecular systems are much lower tHan with
the,./Q, ratio scaling roughly agm/M)'/? with the ratio of the electron mass to the
relevant atomic mas¥®/. Purely rotational spontaneous Raman scattering is witksy for
a lidar remote sensing of the atmosphere [198, 199, 200].cbherent regime of Raman
scattering would radically enhance the Raman signal retueto a higher directionality
and a higher magnitude of the coherent Raman response.

In the rigid-rotor approximation, the frequencies of malec rotational transitions
are given byQ); = 4w Bc(2J + 3), whereJ is the rotational quantum numbds, is the

rotational constant, andis the speed of light. The amplitudes of rotational Ramaedin
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centered ab; are given by

where

(2Q;/w)'/? for Ny (@) and Q (b) with ws ~ w; = w, wy = w — Qy,
wy = w+ Oy, and\ = 2rcw™! =845 nm.
J+2)(J+1
Fj; = ( (2J)EL 3 )ZJ(pJ—i-l —pJ); (8.3)
exp [_ chB}ig:I+1)

PJ = Z ZJ(QJ + 1)exp [—ChBJ(J + 1)/]{7T]’

J

(8.4)

h is the Planck constant,is the Boltzmann constarif, is the gas temperature, aid is a

factor describing the quantum nuclear statistics.

In Fig. 57, we plot the amplitudeB; of rotational Raman lines versus the phase-

matching angl®; ~ (2, /w)'/? for molecular nitrogen® ~ 1.99cm~!, Z; = 1 and?2

for odd and eveny, respectively [201]) and oxygeB3(~ 1.44 cm™*, Z; = 1 and0 for

odd and even/, respectively [201]) withus =~ w; = w, wy = w — Qy, Wy = w + Q;

and)\ = 2rcw™! = 845nm. These plots model rotational coherent Raman spectra in the

beam geometry as shown in Fig. 55(b). The magnitudes of theaRdines differ within

a range covering two orders of magnitude which providestalig dynamic range for the
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Fig. 58. Coherence length= 7(2|Ak|)~! calculated as a function of the angldetween
the pump and Stokes beams for fg~12 cnt! rotational Raman component of

molecular nitrogen in the atmospheric air for a pump wavgtielof 532 nm and a
probe wavelength of 845 nm.

experimental detection of molecular-specific spectromciipgerprints.

Fig. 58 displays the coherence lendth= 7(2|Ak|)~! calculated as a function of
the angled between the pump and Stokes beams for(the) 1Q ~ 12 cm™! rotational
Raman component of molecular nitrogen in the atmospheritoaia pump wavelength
of 532 nm and a probe wavelength of 845 nm. Phasematchindnisvaad for backward
CARS atf, ~ 1.8°. This small value o and a narrow width provide a high directionality
and an almost backward propagation of the desired signals.

The scheme in Fig. 55(a) is also phase-matched with a smgilk @rbetween the
Stokes and the probe on-ground beams, and with a small apgbe{ween the backwards
propagating sky and signal beams. The energy level detutingetween the Stokes and
probe beams is now small compared to all the optical fregesrand does not need to be

resonant with the vibrational spacing. These angles aenddy equations analogous to



133

Egs. (8.1) and (8.2)

A 2
0~ 2 (2“’17) , (8.5)
w1 + wWiwo
W2 wlA %
~N2— | ——— | . 8.6
14 w1 (M% + w1w2) ( )

By suitably selecting the Stokes and probe beam frequeffrcesthe ground it may be
possible to detect the vibrational coherent Raman speabfutine target molecules in the
sky and realize the standoff spectroscopy.

We now consider a specific example of CO trace molecules toebecttd using
the backward CARS schemes considered above against thgrbaokl signal, related to
molecular nitrogen and oxygen in the atmospheric air. Thagpand Stokes frequencies
are tuned to the Raman resonance with transition betweatiawwél or vibrationab and
c levels of CO molecules in the electronic ground state (F@). Ihe pump and Stokes
wavelengths are taken to be close to 500 nm and off resonaitit@mvexcited electronic
state of the molecules [levalsandd in Fig. 59] in order to avoid absorption of these fields
over long propagation paths in the atmosphere.

Coherent Raman scattering by rotations and vibrations éécntar oxygen and nitro-
gen in the atmosphere give rise to a coherent backgroun@ghwhasks the CARS signal
from CO molecules. The intensities of both the CARS signaifiCO molecules and the

nonresonant background are given by

Icars,NR ~ |X(C’3,)4RS,NR|211]2]37 (8.7)

wherel, I, and/; are the intensities of the pump, Stokes, and probe fieldsxghg&NR
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Fig. 59. Diagrams of (a) CARS by CO molecules and (b) coherentesonant background
generation by nitrogen and oxygen molecules.

is the third-order susceptibility of the form [180, 202]

CARSNR ™ frreoh3 Whe — (W1 — Wa) — 1Ype
% Z < Ped§db » I Pdb§cd . )
= \Wde = W1 — de  Wab + wq + Yap

(0) $ac§ba §bafac
X
; |:pcc (wac — w1 — i’Yac * Wae + Wy — ifyac

(0) $ac§ba §baac
~Puy — + - :
Wab — W2 + 1Yab  Wap + W1+ 1Yap

HereN is the density of moleculesy; is the frequency of transitions between leviedsid

(8.8)

J, wy, are the optical frequencies [ 1,2, 3, 4; see Fig. 59];, are the relaxation rateg,;
are the dipole moments, amﬁ)) is the initial population of the leveél The dipole moments
are estimated ag;; ~ ea, for all transitions of different molecules. The sum owvein
Eq. (8.8) yields a spontaneous Raman crosssection on teelord* cm? /sr [202]. The
nonresonant frequency denominators in Eq. (8.8) are ofrther @f10'rad /s for both CO
and nitrogen and of the order ®0'°rad/s for oxygen. As the frequencies andw, are

chosen such that,. — (w; — wo) = 0 for the be transition of CO molecules, the frequency
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denominatofwy, — (w; — ws) — ime| in EQ. (8.8) is estimated d$)®s~! in the case of CO
molecules. For the coherent background, this denominatidr'¥rad/s and10'!rad/s in
the case of molecular rotations ©f, andN,, and10'rad /s and10'3rad/s for molecular
vibrations ofO, andN, respectively. For these parameters, the ratio of the iiitea®f
the CARS signal from CO molecules to the coherent backgrantedsity is estimated as
1 : 1071 for molecular vibrations. The intensity of the CARS signedyided by 1 ppm
of CO molecules in the atmospheric air will be thus at the ll®fel% of the coherent
background intensity, which still allows a reliable detectusing appropriate nonresonant

background suppression methods [203].

D. Conclusion

The analysis presented in this work shows several reashemes for generating back-
ward CARS in a stand-off (remote sensing) configuration.e&Ceht Raman Umklappscat-
tering of laser fields by molecular rotations and vibratisghown to enable the generation
of phase-matched highly directional, high brightnessrlgdrckpropagating light beams.

The two proposed angled-beam schemes in Fig. 55 have coenglny capabilities.
Scheme (a) allows a flexible selection of the frequency diffeews — ws such that the
angle can be set to any convenient (small) value. Schemeoés) mbt give this flexibility
(since the difference; — w,, and therefore the angle are fixed by the Raman frequency),
but instead it allows a free choice of the pump wavelengthctvimow does not have to
be close to the air-laser wavelength. For example, if théasegr wavelength turns out
to lie in the near IR range (845 nm, from the oxygen laser [,&88 wavelength of the
forward-going pump and Stokes beams can still be choseribYhrange, such as to take
advantage of electronic-resonance enhancement.

With each rotational Raman component predominantly ethiittethe direction of
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phasematching (Fig. 57), the backward CARS beam geometkyrshn Fig. 55(b) yields
angularly resolved rotational Raman spectra, offeringdrtgnt advantages for spectrum
analysis and helping to separate the rotational Raman coemp® from the highly direc-
tional backpropagating probe beam. The spatial separbgbmeen an on-ground laser
source and a detector of the coherent backward signal elictat phasematching in the
considered geometry is a few centimeters per each metaaradaff detection range. EXxci-
tation of molecular rotations with properly shaped seqesrmé ultrashort laser pulses [204,
205] could offer promising options for the enhancement akiaaard rotational CARS. This
coherent Raman Umklapp process is well suited for standa#ation of trace gases in the

atmosphere with a sensitivity at the level of 1 ppm.
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CHAPTER IX

LASER INDUCED ATOMIC DESORPTION TO CONTROL DIMER DENSITY IN
ALKALI-METAL VAPORS *

A. Introduction

Alkali-metal vapor systems are in high demand as time angqufacy standards[206],
playing an important role in optical metrology [207], an@ avidely used to test funda-
mental principles in optical and atomic physics[2]. Togettvith applications the alkali-
metal vapor is one of the most attractive and powerful mogsiesns of laser atom in-
teraction, which has enabled some of the most significacbdesies in natural sciences
from pioneering experimental demonstrations of radiapogssure on atoms[208], opti-
cal pumping[209, 210], and hyperfine-structure measur¢sfiElil] to coherent population
trapping[212], magneto-optical trapping[213], and B&Sestein condensation[214].

A routine technique for the preparation of alkali-metal eegpfor a broad variety of
laboratory experiments and applications is based on hesitati-vapor cells. Alkali va-
pors in such cells include atomic and molecular componemigs® overall pressure is
controlled by the temperature of the cell. Several elegagtirtiques have been proposed
to control the densities of the atomic and molecular fraxdion alkali-metal vapors. In
particular, Lintz and Bouchiat[215] have demonstratedaiser induced destruction of ce-
sium dimers in a cesium vapor through a quasiresonant as=sssted by collisions of
cesium molecules with excited-state cesium atoms andsataxed in rubidium vapor by

Banet. al. [216]. Thermal dissociation of cesium dimers in cesium vagls have been

* Part of this chapter is reprinted from the manuscript “Udtwapower local laser control of the
dimer density in alkali-metal vapors” by P. K. Jha, K. E. Dodn, Z. Vi, L. Yuan, Y. V. Rostovtsev,
V. A. Sautenkov, G. R. Welch, A. M. Zheltikov and M. O. Scul{gubmitted to Applied Physics
Letters).
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studied by Sarkisya#et. al. [217].

In the past decade, laser induced atom desorption (LIAB)[219] technique has
gain much attention for enhancing the vapor density in ebastls where the atoms gets
adsorbed on the surface. In a typical LIAD experiment, a ge#gm laser is turned on and
its effect is studied by the analyzing the absorption of alky@abe field resonant to some
transition. Work related to this area has been primarilyigee on atomic densities for eg.
Rb, Cs, K, Na etc. Firstinitiative in the direction of cortower dimer concentration using
LIAD was studied by the Berkeley group[220].

Here we extend the laser-induced photodesorption technaultralow laser powers
and use resonant Raman spectroscopy to demonstrate tHaf?2,I1221] enables an accu-
rate local control of the density of dimers in alkali-metapors. Our experimental strategy
is based on studying the optical response from cesium dimére presence of a thin metal
film of cesium on the window of a closed vapor cell (as shownign B0) using continuous
wave laser at milli-watt power. We use a cylindrical PyreX wgth a diameter of 3 cm
and a length of 75 mm. After desorption from the film the cesiraonomers (atoms) can
form dimers, trimers and higher order oligomers by collglimith each other. Possibility

of dimers adsorption on the surface of the film is beyond tlopsof this paper.

B. Experimental Setup

Our experiment setup is shown in Fig. 60. A tunable free-mgsingle-mode diode laser
(Sanyo DL7140-201) is used for spectroscopy of cesium nutdsc The laser wavelength
is set coarsely by adjusting the temperature (+0.04nm/Ke Frequency tuning is per-
formed by variation of injection current (-0.04ctdmA).

The input laser beam is collimated by an aspheric lens, an@ribm is used to com-

press the beam size in horizontal axis. The telescope systpands the beam size by
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Fig. 60. Experimental setup. The lower inset shows the zaolqraet near the window. Here
we have a thin film of Cs on one side of the cell inside the ovdre §pontaneous
emission generated in the backward direction is collectedamalyzed using the
spectrometer. VDF is variable density filter; L is lens andi8Beam splitter. The
upper inset shows a simple three-level model for Ramanesoait Here the lower
two levelsp ands and upper level are the vibrational states the ground sta%Ea(
and excited state B, respectively.

a factor of 2. Unfocussed and collimated beam diameter i3mm. The beam is then
focused into the cell through a leng<10 cm) designated as; L.the window of the cell,
which has the thin film on the inner surface~is3cm from the lens. The beam diameter
on the window is~ 4mm which is larger than the film diameter (approximated asudar).
The backward light is collimated by the same lensdnd after reflected by the beam split-
ter (BS), it is collected by another lens(lf=3 cm) into a multimode fiber which conducts
the light into a diffraction spectrometer (Ocean Optics B2 spectral resolution 0.065

nm). Irises are used to help collimate the beams and the ose tb the cell also helps
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block diffuse scattered radiation due to reflections froelindows etc.

C. Experimental Results

The laser wavelength is set resonant to the electronicit'r(armé(lZar < B!II, of the
dimer. The absorption lines in the absorption cesium mddedoand XZ; < Bl
cover wavelength region from 755nm to 810nm[222]. In Fig(a§1lwe have plotted one
such spectrum of Raman scattering collected. We tuned thmp gaser wavelength, by
varying the injection current to the laser, to the resondncéoking at the intensity of
one of the Raman peaks (796.16nm). The maximum value of thasity corresponds to
pump wavelengthh, = 779.9010 nm (air) [WA-1500 wave meter from Burleigh]. In Fig.
62. we have plotted the resonance enhancement of the pg&kdnm) against the one
photon detuning\ = w,,, — v, which indicates the high sensitivity of the Raman response

to the pump wavelength[223]. To simulate the spontaneousaRaspectral response we

used [224]
Sraman (Vp, vs) = 27 Z P(p)|X8p(Vp)|25(W8p + Vs — 1), (9.1)
p,s
where
£safap
N = . 9.2
Xap (1) Z o T (9.2)

Herev, andv;, are the pump and Stokes frequency respective{y, is the normalized

thermal population distribution given as
P(p) = e_Ep/kT/ Z e—Ep/kBT_ (93)
p

hw;; andp;; are the energy difference and the electric dipole momenmtd®st level: and
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Fig. 61. Plot of intensity of the backscattered radiationgfibitrary units) (a) experimental
and (b) theoretical simulations (discussed in the text).

level j respectively. The square of the dipole moment is propaatitmthe Franck-Condon
factor (FCF). We have approximately calculated FCFs bygiia exact eigenfunctions of

the Morse Potential [225]" is the transverse relaxation rate.

E, = hw(v + %) — hwyx(v + %)2 (9.4)

is the energy of vibrational level, wherew is the vibrational frequency andy is the
vibrational anharmonicity [226]. For cesium ground stat&:X, w, ~ 42.20(cm~') and
wyXg ~ 0.0819(cm™t) while in the excited state BI,, w. ~ 34.33(cm™*) andw.x, ~
0.08(cm~1)[227]. Therefore, different amplitudes of the FCFs for eiffnt transitions be-
tween the vibrational levels in stateIX\;r and Bl indicate that the dipole moment for

different transition has different magnitude[228]. Cansently the gain for different tran-
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sitions is different. Fig. 61(b) shows the simulated speutin the Stokes region using
Eq.(9.1) which is an excellent agreement with the expertalafata shown in Fig. 61(a).
For simulations we took=1 GHz.

The main result of our work is shown in Fig. 63 where we havétetbthe intensity
of Raman peak (796.16nm) as a function of the pump power fterdint cell tempera-
tures. Here curves |, Il, Il corresponds to the cell tempeetl .= 513K, 526K and 543K
respectively. In our experiment we monitor the transmissibthe film before and after
measurements of laser induced fluorescence (LIF) from igesiolecules. The linear de-
pendence between transmitted power and input power is simoiig. 63 (inset). It means
that under our experimental condition the transmissiondependent on the power. Flu-
orescence signal depends on the input power which indicaggghe laser light induce
desorption of cesium atoms and molecules from the metal fidower independence of
the film transmission can be explained by moderate evaporafithe film, of the order of
several monolayers. The efficiency of the desorption irsgeavith the cell temperature.

To fit our experimental data, we assumed the following fitfungction

I=> a,P" (9.5)
n=1

the coefficientsy,(n = 1,2,3...) contains the information about the number density of
the dimers, differential cross-section, geometry of thi gaedium, contribution due to
photodesoprtion etc. In the absence of the filjm= 0 for n > 2. We further normalize
Eq.(9.5) with respect to the linear contributioh = a4 P), which yields

I
= 1+ B8P+ BoP? + ... (9.6)

1
wherefs,, = a,1/a;. Next we simplify our analysis by considerimg= 1 term only. To
account for the background noise we addgoh Eq.(9.5). In general we know the intensity

of the Stokes radiation from a volume of the medium of uniaaaad a lengtldz is given
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Fig. 62. Plot of the resonance enhancement of the Raman p&&éa.6nm. Full width
at half maximum is~ 0.3 GHz. Insert depicts Relevant energy levels of Cesium
dimers.

by [231]
dI = No(Tc)j—;gsz (9.7)

where Ny(T.) is the density of the scattering moleculds;/dS? is the differential cross
section of the spontaneous Raman scattetjngthe solid angle in which the scattering is
observed, and is the power of the laser radiation. In table Il we have shdwenfitting
parametef; = ay/«a; and estimated the number density of the cesium dimers. Tinéeu
in the parentheses is the corresponding fitting effpis the cell temperature any, is the
number density of the dimers when the pump poweP is- 8.5mW. In order to estimate
for N; we use

N =N, (1+ B, P) (9.8)

From the estimated values’Bt = 543K and P ~ 8.5mW, the number density of the €s
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Fig. 63. Plot of the backscattered intensity (arb. unitshefRaman peak at 796.16nm vs
the pump power for three different choices of the cell terapee in the presence
of the film. Dots illustrate the experimental data and sdhed are fitting using
Eq.(9.5).

dimers is~ 6 times larger than that in the acse when desorption can bectedl We
observed this enhancement in dimer density even at lowetesaperaturel,. = 513K.

Let us introduce an effective temperatufewhich is equivalent to the cell temperature
at which the the number density of £dimers isN. = N;. Using the vapor pressure
formula [229], we obtained, and the result in shown in Table Il. We see that the effective
temperature can be as high-a$4K above the cell temperature.

To verify our assumption that the nonlinear behavior is ntilbated to stimulated
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Raman scattering(SRS), let us estimate the gain coeffifne @RS under the same exper-
imental condition. For stimulated Raman scattering th&estantensity in the backward

direction under the assumption that pump intensity is npteted is given by

1) = gL, 9.9)

Here the intensity ig(z) = 2¢,ch*Q(2)|?/|p|* and the gain coefficient

N|@apl?|9asPrsnpe
= 9.10
g ( 2e3c2h3 AT (9.10)

Wherengi) = Qé%) — 0¥ andT is the dephasing of the Raman coherence. In the temperature
range from 470 K to 540 K the molecular number density changes fromi0 — 10
cm—3, the atomic density density, changes fromi0'® — 10'® cm=3. The ratio of the
molecular number density/,, and atomic densityV, is order of 1072[229]. We have
cesium dimers with densit§ x 10cm= at T ~ 545K, are pumped byP ~ 7TmW
laser with wavelength tuned @9.90nm. The diameter of the focused beam at waist is
d = 4)sf /7D ~ 34um, where the unfocused beam diametebis- 0.6cm, and the focal
length of the lens i = 10cm. The depth of the focus = 8\, f?/7D? ~ 0.11cm. The
pump intensity i, ~ 300W/cm?. The differential spontaneous cross sectioigd() ~

3 x 10~?'cm2. For resonance enhanced Raman, the Doppler broadéning k,v;, ~

2 x 10%s~! for detuning and” = 1GHz. From Eq.(9.9) and the experimental parameters we
obtaing ~ 1.2 x 107*W~'cm. Hence we estimate fgi, L. ~ 0.4 which clearly indicates

that the stimulated Raman contribution is negligible coragdo the LIAD.

D. Conclusion

In this chapter, we discussed a possibility to opticallytoolithe density of dimers in alkali-

metal vapors using ultra-low power continuous-wave(cwydilaser. To probe the dimer
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Table 1. Numerical values of the fitting parameteér= «,/«; and the number density of
the Cs dimers at maximum pump poweét ~ 8.5mW\.

Curve | 7. (K) By Ny /Ny T, (K)

| 513 | 0.1734(0.009) 2.474(0.108) 567
I 526 | 0.2972(0.016) 3.526(0.421) 578
Il 543 | 0.6704(0.025) 6.698(0.267) 597

concentration, we used resonant Raman spectroscopy aedtedlthe Raman signal in
the backward direction which serves the two-fold purpose

(a) the signal is from the dimers and

(b) envision the idea of remote detection of chemicals usitrg-low power cw lasers.
We observed a nonlinear behavior [as shown in Fig. 63] ofritenisity vs the pump power
contrary to the linear dependence behavior well known froengpontaneous Raman the-
ory. The deviation from the linear behavior is due to the dbation of the Raman signal
generated from the cesium dimers produced by photodesorfsim the thin film on the
window. We estimated the number density of the dimers to beeased by several times
in the presence of the film.

The main goal of this experiment to make a significant stepéndirection of LIAD
which offers a powerful tool to increase number densitiegsapbr (atoms/dimers) in coated
cells which cannot be heated to higher temperatures. Anamontrol over the dimer den-
sity offers an additional tool for numerous applicationgted alkali-metal vapors to time
and frequency standards[206], optical metrology[207{ Bntest fundamental principles
in optical and atomic physics[2], as well as to be the mosaetitve and powerful model

systems of laser atom interaction.
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CHAPTER X

TRIGGERED YOKED-SUPERFLUORESCENT EMISSION

A. Introduction

In his seminal work Dicke [110] predicted coherence in thergégneous emission from
a system ofN excited atoms confined to a region of dimensions smaller tharwave-
length. The intensity of the emitted radiation goes\&sand this phenomena is knows as
Dicke Superradiance(SR). This limitation of volume confiremt was later eliminated by
Eberly and Rehler [232]. First experimental demonstratias performed by Skribanowitz
et al.[233] using optically pumped hydrogen fluoride(HF) gas. yakso gave a theoreti-
cal explanation of how and initially inverted two-level gt evolves into a superradiant
state[234]. A different form of cooperative emission frorsygtem of uncorrelated excited
atoms with no initial macroscopic dipole moment, known gsesfiuorescence(SF) [235]
initiates from spontaneous emission[236] and later théesyslevelops macroscopic po-
larization which give rise to burst of radiation whose maximintensity is proportional
to N? and whose time duration is proportional 3. Mathematically this process is

characterized by the SF time (for a thin cylindrical mediulalined as[237]

STA

= 10.1
TSE = 33aN, (10.1)

whereN is total number of participating atoms, is the spontaneous emission rate from the
upper to the lower level is the area of the cross section of the medium. Superfluaresce
has been extensively studied both experimentally and étieally[238, 239, 240, 241].
Recently Nagasonet al.[242] observed free electron laser induced superfluorescen

* Part of this chapter is reprinted from the manuscript “Expental measurement of initial

tipping angle for Yoked-Superflourescent emission” by PJKa, Z. Yi, and M. O. Scully, (to be
submitted to Physical Review Letters).
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Helium where neutral Helium is pumped with ultrafasty ;) ~ 100fs pulse at\, ~ 53
nm from the ground statg' S, /2 to the excited statg' P, /2 Which decays to the metastable
state2! .5, /2 emitting a burst of radiation at 503nm.

For three-level systems, the SF emissions can be observeatiothe upper leg:(—

a) and the lower legd — b). When both of them occur one by one it is known as Cascade
SF[241] on the other hand when the system is prepared inrikarlisuperposition of the
lower (b) and the upper levekj then SF emission on the both the upper and the lower leg
occurs simultaneously also known as Yoked-Superfluoresf243].

More than three-decades ago Vrehen and Schuurmans|[24stledphe first direct
measurement of the effective initial tipping angle in stiperescence. The idea was as
follows, immediately after the pump pulse creates a coraglepulation inversion a weak
pulse of ared is injected into the SF sample and they measured the deldne@F pulse
generated as a function of hf2x]?. They observed that as along as the area of the injected
pulse is less than a critical valdg the delay was not effected. Whén> 6, the delay was
reduced, then gradually measuring the delay agdirttey were able to find the most
probable value for the tipping anglg ~ 5 x 10~*. This result was closest to the value
predicted by Schuurmans, Polder and Vrehen[245]. Latef24€¢ proposed a simple
model to incorporate the pumping in the initial evolutiontbé superfluorescence. The

analytical expression for the initial tipping angle was nfied to[246].
0 ~ (2/(N))"? exp(7, /47sr) (10.2)
and the estimate for the quantum fluctuations was given as
i 1/2 1/2
6t ~ 6, {1 + 1 — exp(—7,/275r)] } (10.3)

wherer, is the duration of the pump pulse ang- is the collective radiation time given by

Eq. (10.1).
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Motivated by the experimental work of Vrehen and Schuurmaesstudied the effect
of an injected weak but coherent (drive) pulse, resonartt Wieé upper leg of the YSF
scheme, on the delay of the super fluorescent signal gederatiéhe lower leg. Inherently
there are three fundamental different between our work he@xperiment of Vrehen and
Schuurmans:

(a) The pump pulse does not create population inversionerahan it transfer some
population from the lower to the upper level using two-pmatesonant excitation and also
creating a non-zero coherence between these two-levels.

(b) The excitation of the vapor is non-uniform.

(c) The injected and signal pulse are different wavelength.

B. Experimental Details

The schematic of our experiment is shown in Fig. 64. Here veepusnp pulse of wave-
length 656nm (two-photon resonant wiili — 95) and weak drive pulse of wavelength
1491nm (resonant withS — 6P;,,) overlapped (temporal and spatial) within the thin
rubidium vapor cell. The generated 420 nm signal was filténed band-pass filter then
analyzed by spectrometer and streak camera. The pump adidvbé&aser pulses were gen-
erated from two optical parametric amplifiers (OPAs). BofPAS (Coherent) were pumped
by a commercial femtosecond laser system (Coherent) widepweentered at 800nm and
the pulse duration was about 30fs. The pump pulses were dd@monics of first OPA
signals and polarized in vertical plane, full width at habximum (FWHM) of pulse du-
ration was about 100fs; while the drive pulses were the tigigmals for the second OPA,
with a polarization in horizontal plane, the FWHM of pulseraion was about- 120fs;
both beams had a repetition rate of 1 kHz. The pulse energgabf beam was lowered by

a continuous variable metallic neutral density filter respely, which is not showed on
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Fig. 64. Experimental schematic. Insert, energy diagrathetransition. HWP, half-wave
plate; unnamed parts are mirrors; PB, pellicle beamspli®, flip mirror; BPF,
band-pass filter centered at 420nm, FWHM 10nm; pump and ptilee energy are
adjusted by continuous variable neutral density filters.

the figure. The drive beam went through a pair of 90-degremered mirrors mounted on

a digital controlled translational stage (Newport), hetieetime delay between the pump
and drive pulses could be precisely adjusted. Both beanheeaa pellicle beamsplitter

(PB) and combined collinearly. The PB transmits about 82%hefdrive (1491nm) and

reflects 44% of the pump (656nm). The combined beam were tduaiséd by a 20cm focal

length lens into a Rubidium cell with a Rb vapor thickness.abam.

The cell is made of sapphire for both wall and windows whidbves high temperature
operation, it has a cylindrical shape with length of 0.53amd diameter of 2.54cm. A
small tube filled with Rubidium is attached to the wall of thedlcand is connected to cell
cavity. Because of this configuration, the tube and the aallylcan be heat up to different

temperature; in our experiment, the body wa33dt'C and the tube was ai4°C, in order
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to prevent condensation on the windows. At this set of teatpeg, the number density of
Rb atoms was estimated to b& x 10'5cm3.

To make sure the two pulses overlap with each other, we patfgdce of thin glass
plate ((50m in thickness) into the spatially overlapped focal pointreff two beams, and
found the four-wave mixing signal by adjusting the delay ba trive beam. After we
placed the cell onto the focal point, we also increased theeyds drive to compensate the
dispersion induced by the window. 420nm radiation (the aligwas generated from the
excited Rb vapor. Together with the pump and drive beam, itfre@kcould be analyzed
by the spectrometer after collected by a multimode optiterfi It was also analyzed by
the streak camera (SC) after filtered by a band-pass filtér MWHM of 10nm centered at
420nm.

After filtered and attenuated, the 656nm pump beam trarsunftbm the pellicle
beamsplitter was used as reference for SC. This beam tagetitethe generated signal
from the cell were focused into the slid of the SC by a lens Wattal length of 5cm. The
time resolution of SC is mainly determined by the width of #rgrance slid; sufficient
mount of light shining into narrow enough slid gives a besbtetion with good enough
signal-to-noise ratio. In the experiment, we focused thyaaionto the slid-plane and set

the slid at abous0,m, resulted in a resolution around 2ps.

C. Experimental Results

In this section we will present our experimental resultitn 65 we have plotted the beam
profile for the pump beam and signal at the fixed distance ftoenvapor cell. To obtain
the signal (only) we used a narrow bandpass filter center@mzand FWHM of 10nm.
Fig. 65 indicates that the 420nm signal is not the spontaseoussion from independent

excited atoms rather it is cooperative effect which thetexicatoms radiate collectively. To
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Fig. 65. Beam profiles of the pump (a) and 420nm signal (b)

measure the directionality we did not send any drive pulgergpumped the atoms from
the ground state of Rb (5S) to the excite state (9S) and obdehe signal generated at
420nm. Once verifying that we indeed are observing coopeerapontaneous emission,
we moved to second phase of the experiment i.e triggered Yi8ss@n.

In the second phase we injected the weak drive field, stafitomg 1nW, into the sam-
ple and measured the delay between the pump and the sigsalgemnherate. We observed
that till ~ 70nW drive power the delay was not affectetivhen the drive power was further
increase the delay in the signal pulse with respect to theppuumse starts to go down as
shown by the solid red circles in Fig. 66. We performed theseixpent at constant pump
power of2mW and the effect of the pump power on the tipping angle i.etlineshold

pump energy is under progress.

'The fluctuation in the delay time could be from the shot to skiation or averaging over
many shot to shot data
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Fig. 66. (a) Energy level diagram for Rb with relevant levels) Delay timer, of YSF
pulse vs square root of the energy of the injected pulse.

D. Conclusion

In this chapter we have present an experiment, first to thedsesur knowledge, in an
attempt to quantify the spontaneous emission noise in the ¥®eme for an optically
pumped Rubidium vapor. We investigated the effect of weak\(1LOONW) coherent drive
resonant with the upper le§§ — 6P) of the YSF schem8G — 6P — 5S) on the
signal generated on the lower leg§H — 5S5) at ~ 420nm wavelength. Measurement of
the tipping angle for as function of the pump power is in pesgrand it will be reported
elsewhere. In the experiment of Vrehen and Schuurmans #iencevapor was excited
(complete population inversion) uniformly and then a weakerent pulse of areawas
injected.

In our experiment the excitation was non-uniform, non-msi@ and the SF pulse
is generated even before the pump pulse crosses the saragleermore, this experiment

also shows the possibility to generate a forward UV field endlr by adding an extra strong
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845 nm drive field to the oxygen experiments, which givesotaiapplications including
remote sensing. In the third phase of the experiment we walivéne the control of the SF
signal for non-collinear pump and drive pulse by measutegdirectionality of the 420nm

signal against the angle between the pump and drive beams.
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CHAPTER XI

CONCLUSION
The primary conclusion of the present dissertation is thatntum coherence plays an
active role in modifying the optical properties of mattehelmain results are summarized
as follows.

(1) An efficient way of exciting coherence in UV and XUV regifmgfar-off-resonant
fields is developed using exact analytical and numericaligitions with and without ro-
tating wave approximations.

(2) A theoretically investigation of the vacuum inducedeifiérence effects on the
resonance line profiles of a three level system as a modelrédudt is quite general and
applies to atoms, molecules as well as quantum wells and dots

(3) Using quantum coherence several possibilities fordeagy up-conversion and
generation of short-wavelength radiation is presenteduiv>and X-Ray regime.

(4) A theory predicting a substantial enhancement in the gaKUV/X-Ray regime
of electromagnetic radiation using a external higher wawvgth coherent source.

(5) An experiment performed to observe CEP effects on bdmdid atomic ex-
citation (Zeeman sub-levels) in the radio-frequency(R&indin by multi-cycle pulses
(~ 13 cycles). This experiment is an important step forward temeHight on the fun-
damental question, “How many oscillations/cycles of eledteld in a pulse are sufficient
to neglect the CEP effect ?”.

(6) A new Raman technique called Coherent Raman Umklapesicef for generat-
ing nearly backward coherent anti-stokes Raman scat{€#&igS) in a stand-off (remote
sensing) configuration. Coherent Raman Umklappscattefidgser fields by molecular
rotations and vibrations can generate phase-matchedyhitifiglctional, high brightness,

nearly backward propagating light beams.
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(7) A proof of principle experiment on cesium experimentdth demonstrate that
LIAD can be used a powerful tool to optically control and monthe alkali-metal vapors.
When this approach is combined with resonance Raman taghitigolds a possibility for
remote sensing.

(8) Triggered YSF emission is studied experimentally inagly pumped rubidium

vapors to quantify the spontaneous emission noise intensit
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APPENDIX A
DERIVATION OF HAMILTONIAN FOR THREE-LEVEL ATOM

We consider a three-level atom (ThLA) in cascatleonfiguration interacting with two
non-resonant classical electric field. Here the transitior~ « anda < b are dipole
allowed while the transitiom < b dipole forbidden. We write the linearly polarized,

monochromatic, classical electric field as
- 1A —ivt 1A —ivat 1A it 1A ot
E(t) = 561(5016 4 562526 24 561516 4 562(%6 2 (Al)

whereé, &, v are the unit polarization vector, field amplitude and theilasequency

respectively. The interaction Hamiltonian is given as
JO4 = —er - E(t) (A.2)

wherer is the position vector of the electron with respect to thelews The free Hamil-

tonian of ThLA is given as
I = hw, |a){a| + hwy |b) (b] + Aw, |c){c| (A.3)

Using the completeness relatidn,,;_, , ., |7){(j| = 1, the interaction Hamiltonian Eq.(A.2)

Is given as
A = —e({alrb)|a) (bl + (bl7la) b) (al + (cIla)|e){al + (alFla)|a)(c]) - E(t)  (A4)
Let us define dipole moment as

Par = €(almb),  Fea = e(c|Ta) (A.5)
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Substituting Eq(A.5) in Eq(A.4) we get,

A

= = € %1 (121 € —ivg 2
i == Galah 0]+ Gl al) - | S (e 4 ) 4 Zy (e )
(A.6)

A

- (ﬁca|c> <CL| + ﬁac|a> <C|) ' |:€§1(g)1 (6_iult + €w1t) + 65252 (€_iu2t + 6iV2t)}

Without the loss of generality let us consider that the fislgalarized along z-direction.

Now from Eq(A.6) we get

a @@ (léa —1iv % a @@
== | 22800+ 228 ol (e ) — | 242

& a(g) —iv2 ivo pcag pacg —in vy
+58  af em  et) — [ 22 o]+ 22y o e

C(l(/j@ ac@@ —1 )
. £ 2|c><a\ + £ 2‘CL><C| (6 ivat 4 e’ll/Qt)
2 2
(A.7)
State vector obeys the Sélinger equation and can be written as
0) = a(t)e™ W |a) + b(t)e O |b) + c(t)e %W |c) (A.8)

The phases(t) are arbitrary, and will be chosen to simplify the descriptid time depen-

dence at fixed location. The equation of motion for the diasegiven as

-7 y aej@ —i(v - i(vit—
ib(t) + (dy(t) — wp)b(t) = — % [e=itHoe=00(0) y i011=0 O] (1)

aéa ) '
_ @; h2 [ wat+6a(=0u(0) p (ilvai=0a(Fon(1)] (1)

Evidently a suitable choice of phases can reduce at leasbfoithe exponentials to unity.

(A.9)

This is the first condition we require of the phases. Givem tbadition, several choices
are possible. Let us chose

it = ¢a(t) + du(t) = 0 (A.10)

Equivalently,
Go(1) = da(t) — 11 (A.11)
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With this choice the second exponential argument vanishddtse other three argument
becomes
—l/lt - ¢a(t) + ¢b(t) = —2I/1t
—vot — ¢a(t) + op(t) = —(v2 + 1)t (A.12)
Vot — @a(t) + dp(t) = (v — 1)t

Now e*?#1t e—im+2)t gre rapidly oscillating terms, so in Rotating Wave Approatian,

we get neglect these fast oscillating terms by replacingntvéh their average values, zero.

Now we get
ib(t) = 0,b(t) — Qra(t) (A.13)
where the coefficienf\,
S = wy — (1) ny
Q* _ pba(g)l ( ' )
b 2h

The equation of motion for the stadgs given as

. bl ,
ia(t) + [pa(t) — wala(t) = _ Bab®1 [e_Z(Vlt"F(Z’b(t)_(z’a(t)) + ez(Vlt_¢b(t)+¢a(t)):| b(t)

2h
P2 1 i tt by (t)—ba (t i(vat—dp () +da (t ©ac1 [ it t+de(t)—da(t
— 5 [6 (v2t+dp(t)=¢a(t)) 4 ilvat=¢p(t) ())}b(t)_ o [6 (1 (t)—da(t)) (A.15)
+6i(ult—¢c(t)+¢a(t))] c(t) — @%52 |:6—’i(l/2t+¢c(t)_¢a(t)) + 6i(u2t—¢c(t)+¢a(t))] c(t)

Let us choose
Vot — de(t) + ¢a(t) = 0 (A.16)
Equivalently,
dalt) = dc(t) — 12 (A.17)

With these choices Eq(A.11,A.17), the first and the eighgfoeential arguments in Eq(A.15)

vanishes and the other two argumentdfoy are given by Eq(A.12) while fot(¢) are given
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as

vt = ¢e(t) + Pa(t) = —(11 + 1)t
I/lt — ¢c<t) + ¢a<t) = — Vg)t (A18)
—Vgt — ¢c<t) + ¢a<t) = —Ql/gt

Now e2@ e~i(241)t gre rapidly oscillating terms, so we replace them with the@rage

values, zero. Now we get
ia(t) = dqa(t) — Qb(t) — Q5¢(t) (A.19)
where the coefficient,, 2, andQ*

6a = Wgq _¢b(t) —

pabéal
O, — A.20
= (A20)
pacgé
Q=
“ 2h

The equation of motion for the states given as

> y Cflé{) —i(v — i(vit—
() + [do(t) — wile(t) = — 2081 [omitntsoal=0.) 4 citat-a®+6c)] o)

gg%é" (A.21)
ca®©2 —i(v o (t)—be i(vat—da .
T [e (v2t+ga(t)—dc(t)) + ei(vat—da(t)+o (t))} a(t)
Using Eq(A.17), we get
_Vlt - ¢a(t) + ¢c(t) - —(7/1 — I/Q)t
vit — @a(t) + ¢e(t) = v1 + o)t (A.22)

—I/Qt — ¢a(t) + ¢c(t) = —21/2t

Now et2¥t i)t gre rapidly oscillating terms, so we replace them with the@rage
values, zero. Now we get

i(t) = S.c(t) — Qualt) (A.23)
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where the coefficient, and(2,

6c:wc_¢b(t)_yl_l/2

A.24
Q _ pcaéé ( )
¢ 2h
Let us fix the value o, as
u(t) = wpt (A.25)
From Eq(A.14) we get, = 0. Similarly using Eq.(A.10), we get
Pa(t) = wyt + 11t (A.26)
Now using Eq.(A.16) we get
Ge(t) = wpt + 14t + vot (A.27)
From Eq.(A.20) and Eq.(A.24) we get
Ay = (Wa — wp) — 11
(A.28)

Ay + Ay = (we —wp) — (11 + 1)

whereA, = (w. — w,) — .. The equation of motion for the statésa andc can be

summarized as
ib(t) = —ra(t)
ia(t) = Aya(t) — Qub(t) — Qie(t) (A.29)
ic(t) = (Aa + Ap)e(t) — Quaf(t)

The equivalent Hamiltonian in matrix form is
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In a more convenient form we will write it as

H = Dpla)(al + (Ao + Ap)|e) (] = (]a) (O] + Qalc)(a] + H.C)

(A.30)
Let us choose
V2t - ¢a(t) + ¢c(t> =0 (A31)
Equivalently,
Galt) = de(t) + 12 (A.32)

With these choices Eq(A.11,A.32), the first and the severfjorential arguments in

Eq(A.15) vanishes and the other two argumentsfoy are given by Eq(A.12) while for
c(t) are given as
—v1t = ¢c(t) + du(t) = (=11 + 1)t
Vlt - ¢c(t) + Cba(t) = (1/1 + l/g)t (A33)

I/Qt — ch(t) + Cba(t) = 21/2t

Now et2#2t ¢ilv241)t gre rapidly oscillating terms, so we replace them with thegrage
values, zero. Now we get

ia(t) = Aqa(t) — Qb(t) — Qoc(t) (A.34)
where the coefficient,, (2, and(,
0q = Wq — Q‘ﬁb(t) -
), = @;fl (A.35)
Q, = Pacba
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The equation of motion for the statés given by Eq(A.21). Using Eq(A.31), we get

1t — @a(t) + de(t) = — (1 + 1)t
it — @a(t) + ¢c(t) = (1 — 2t (A.36)
vat — da(t) + e(t) = vyt
Now et22t e=i(v241)t gre rapidly oscillating terms, so we replace them with thearage

values, zero. Now we get

ie(t) = d.e(t) — Qalt) (A.37)
where the coefficienf. and(2} are given by

5czwc_éb<t)_yl+y2

pca£2
QO =
¢ 2h

(A.38)

Fixing the value ofp, as Eq(A.25), we get\, = 0 and¢, as Eq(A.26). Using the new

condition for lambda configuration Eq(A.31), we get

Ge(t) = wpt + 11t — ot (A.39)

From Eq.(A.35) and Eq.(A.38) we get

Ap = (wg — wp) — 14

(A.40)
Ab - Ac - (wc - Cdb) - (Vl - VZ)
The equation of motion for the states: andc can be summarized as
ib(t) = —Qa(t)
ia(t) = Aqa(t) — Qib(t) — Qoc(t) (A.41)

i(t) = Aoc(t) — Qialt)
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The equivalent Hamiltonian in matrix form is

0 -0 0
H = _Ql Al —QQ
0~ A,

In a more convenient form we will write it as

H = Dpla){al + (By — Ac)le)(e] = (o]a) (] + Qc|c)(al +H.C) (A.42)



185

APPENDIX B
BACKWARD VS FORWARD GAIN

Let us write the electric fields propagating along the +z andirection as

Ey(z,t) = % (5;6”? & ) + % (5b—ei9z7 & e ) (B.1)
Here

9;_ = kbz - I/bt, 9; = —k:bz — I/bt, (BZ)

whereé¢,, v, are the unit polarization vector and the carrier frequerespectively. The
interaction of the fielo@b(z, t) with an two-level atom in the dipole approximation is given
as

i =~ (Fa- (= D)la)(p] + c.) (B.3)
The unperturbed Hamiltonian of the two-level atom is
I = wgla){al + wp|b) (b|. (B.4)
Incorporating the decay ratg from a — b, the equation of motion for the atomic density
matrix is given agh = 1)

do

= = =il o)+ 3 (o 093] + [ove. ) (B.5)

2

where the atomic lowerings() and rising operatorw{) are defined as
oy = [b)al, of =la)(d]. (8.6)

From Eq.(B.5) we obtain the equations of motion for the offgbnal density matrix ele-
mentsp,, as

Oab = —YabOab — it - Ep(2, 1) (0aa — O0b), (B.7)
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Herev., = /2 + iwe Wherew,, = w, — w,. TO eliminate the fast oscillating terms like

eify , let us make a transformation foy, as
0w = 0™ + 0™ (B.8)
Substituting Eq.(B.8) in Eq.(B.7) we obtain for the forwamherence,

—2ikpz

Oup + O€ =T [Q:b + Q;be_Zikbz} —1 [QZF + Qb_‘?_%bz} (0aa — 0wv)  (B.9)

By symmetry, we can write for the backward directi@p as
omp + 05,77 = =Ty [om, + 05,™7] — i [ + U e*™*] (0ua — Ot) (B.10)
The equations of motion for the population in levéle g, is given by
o = 0000+ (G2 Evowr — G- Byl (B.11)
Substituting Eq.(B.1) in Eq.(B.13) we obtain

Oaa = —V0aa + 1 {[QF* + Q" exp(2iky2)] 0, — [ + Q4 exp(—2iky2)] oy
+ i { [ + QF exp(—2ikyz)] 0y, — [Q + Qf exp(2ik2)] 0 }

(B.12)

The propagation of the probe field(z, ¢) is described by the Maxwell-Schrodinger equa-

g 10 g9 10 9*P
(@ + Ea) <—$ + Ea) Ey(z,1) = _MOW (B.13)

Substituting Eq.(B.1) in Eqg.(B.13) we obtain the propaga&quation for the probe field

tion

Qif as
of 1097 .,
—-—— =1n, B.14
0z + c Ot “MlabCap ( )
o0, 109,

Oz B W = MabOyyp (B.15)
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wheren,, = (3/87)NA2,v,(vy/wa). We have used the definition of Rabi frequency as
Q, = pws/2h. Let us discuss a scenario in which we star=(0) with complete popula-
tion inversion and study the evolution of the seed pulse iwéod (+z) and backward (-z)
direction. The temporal shape of the seed pulse entering-ab andz = L, where L is

the length of the gain medium, is identical. From Eq.(B.9,abtain
Ouy = —Lav0l, — 1 (Caa — Obb) (B.16)
Similarly, by symmetry, we can write for the backward difeoty_, as
Oup = —Lav0g, — 1€ (Qaa — Obb) (B.17)
and the evolution of the populatian, takes the form
Gan = —0aa +1 ("0 — U ow) + (%" 00, — O 0r) (B.18)

From Eqgs.(B.14-B.18), we see that the evolution of the sedskepn the forward and back-

ward direction are identical.
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APPENDIX C

GENERATION OF RADIATION BY A TWO-LEVEL ATOMIC MEDIUM WITH
EXCITED COHERENCE

Let us assume that a two-level atom has some small initis@mesttey’, = /o, pY,. Note
that in chapter Ill, we consider the case when there is noladpa inversion,n®, < pf,.

The density matrix equations for atomic coherence are

00, .

£ = ipua — pu), and (C.1)
ﬁ( — pw) = —2if) (C.2)
ot Paa Pob) = 1340qp- .

the solution (by neglecting relaxation processes) is
Pab = P2y sin 0. (C.3)
Then, for the retarded frame
r=t-2, (C.4)
C

the propagation equation for a resonant field is given by

o0

—— = —iNPab, C.5
G L1 Pab ( )

wheren = 3\2N~/(8x) is the coupling constant. Introducing

t
0= 2/ Q dt, (C.6)

Eq.(C.5) can be rewritten as
0920
0201

= —nsin(0 — ¢), (C.7)
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where¢ can be determined from initial condition as

¢ ~ 2/, (C.8)
Solution of Eq.(C.7) is given by
0= 6[1 — Jo(2y/7E7)), (C.9)
and the Rabi frequency is
Q= ¢Jy(2/n27) \/”Tz (C.10)

The energy of the generated short wavelength pulse can bdat#d as

4&4/ |EPdt = Az N pan Fww, (C.11)
78 _

and it is equal to the energy stored in the medium after eti@ita Also it is important
to note that the absence of population inversion does nateinfle much of pulse energy
because of coherent interaction of the radiation field whih atomic medium. The time

duration of the generated pulse is of the order of

47
- A2
Tpulse 3N)\22’}/7« ) (C )
and it gives the power of the pulse be
A2zN
Ppulse = %AZN’yrpaahwaba (C13)

2

A 2zN . . . .
where the factor% shows the brightness of the source in comparison with spentzs
m

emission of incoherent source.
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APPENDIX D

DENSITY MATRIX VS RATE EQUATIONS FOR TLA

We consider a two level system withandb as the upper and the lower levels. The density

matrix equations are given as

Fig. 67. Two-level model. The decay rate from the levetndb is given by~y.

Qaa =T —Y0aa — ? (Q*Qab - QQZb) (Dl)
O = =Yoo + 1 (2 0 — Q07) (D.2)
Oab = —Lap0ab — 182 (000 — Ob) (D.3)

The propagation equation for the figl@) in the slowly varying amplitude approximation

as
oy 100

E + EW = 17 0ab (D4)

where the coupling constantis

n = vNgp?®/2ech (D.5)
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Substitutingo,, = 0 in Eq.(D.3) we obtain,

Q

Oab = _ZF— (Qaa - be) (D6)
ab

Substituting Eq.(D.6) in Eqg.(D.1) and Eq.(D.2) we obtain,

. 2002
Oaa =T — VOaa — F— (Qaa - be) (D7)
ab
Q2
@bb = —Y0aa + P— (Qaa - be) (D8)
ab
We obtain,
) ) 40?2
Qaa — Obb =T — 7 (Qaa - be) - F—b (Qaa - be) (D.9)

Assuming the spatial uniformity of the field and using EqgDthe propagation equation

for the field gives,
dQy  cn

— = — (Oaa — Q D.10
= (o —ow) (0.10)

Using simple algebra we obtain (for real field)

ao?  2en
= (0ua — 0? D.11
dt T, (Q be) ( )

From the definition of Rabi frequendy and field amplitud& we can write,

QO =pE/2h, & =nhv/eV (D.12)

Heren is the number of photons. From Eq.(D.11) and Eq.(D.12) waiabt

dn _ p*vN
dt n ethabV

(Caa — Owb) 1 (D.13)

From Eq.(D.9) and Eq.(D.12) we obtain,

vp?

€0 hFab

Oaa — Obb =T — 7Y (Qaa - be) - n (Qaa - be) (D-14)
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Fig. 68. Numerical simulation using the Rate equations.n@yshe parameters. = 30
ns.

Let us define some parameters to get our result in consistarB2j

2

v
Ny = NV (04 — , R,=NVr, K= D.15
b (Q be) p r oLV ( )

Using new parameters, our equations takes the form

CCZZ_ZL = K Napn, Nab = Ry, —vNa — KnlNg, (D.16)

To work on the numerical simulations we can use the rate enstlerived from the den-
sity matrix equations for different choices’tf. We have also added the cavity decay term

in the equation of motion for phenomenologically we gives us,

dn  @*vN

- = o — — Y, D.17
dt cohCV (0 Obb) M — Vel ( )
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APPENDIX E

DERIVATION OF EMISSION AND ABSORPTION PROBABILITIES USING
SCULLY’S DRESSED STATE ANALYSIS

We start with evolution of amplitudes in Egs. (4.1)-(4.3)40 =2 =

Uy = — (7 +iA)vy — pyvy — ifdac, (E.1)
U = —(y —iA)v — pyvs — i, (E.2)
¢ = —7:921)2 — in’Ul — FC, (E3)
Writing Egs. (E.1)-(E.3) in matrix form, we obtain
(%) (%) (%)
d .
E U1 = _FO U1 —V U1 ) (E4)
C C C
wherer = ~t, and the Fano decay matrix is defined by
1+iA  p 0
[y = p  1—iA 0 |, (E.5)
0 0 r
and probe-field interaction is given by
0 0 Q
V=10 0 O [ (E.6)
Q Q 0

with A = A/~ and QLQ = 4y 9/7. Itis intuitive to introduce a basis in which the Fano

coupling is transformed away. We proceed from the bare h@sithe U, U~! matrices of



diagonalization.

j% j% 0
1 N N
U_lzf—zp r—iA —x—iA 0
0 0 V2p
z +iA P 0
1 N
U:E xr—1iA —p 0

(%) V+
U U1 = V_ )
c C

which implies
(x4 iA)vy £ poy

Ve = N>
and thus,
v, V. V,
Ve | =T vo | =iV | v
C C C

in which the diagonal’; operator is

1+2x 0 0
[, =UrU'= 0 1—2 0

194

(E.7)

(E.8)

(E.9)

(E.10)

(E.11)

(E.12)
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and the transformed interaction potentialjs= UV U ~! which yields

0 0 p[Qg(x + ZA) + le]/x
1 - . -
%:f—Qp ~ ~ 0 o ~ 0 ~ p[Qa(z —iA) — py]/x
QQ + Ql(l’ - ZA) Qg — Ql(l’ + ZA) 0
(E.13)

The equation of motion in terms &f. andC are then found to be

%%:a41+@vp—7%ﬁ%@+mﬁ+pﬁmx (E.14)

dV_ N

o —(1—-x)V_ — ﬁ[ o(x — ZA) P&y C, (E.15)
%g:—ﬁ?—éﬁﬂ%+émw4ﬁmq—;EM%—QmeAmL, (E.16)

We start with amplitude equations in dressed basis (E.18)16). The initial conditions
corresponding to the emission from the stateare V. (0) = 0, C'(0) = 1. Assuming
the driving fields to be weal(l(m << 1 we can solve Egs. (E.14) - (E.16) by expansion
in perturbation series ovétl,g. The lowest order solution faB(7) of Eq. (E.16) yields

CO)(7) = ¢~I7. The latter can be substituted in Eqs. (E.14) and (E.15) tbifift (7)

Vj(:()) (7_) _ QZ (ZE’ + ZA) + le (e—f‘ﬂ' . e—(l:l:m)7'> (El?)

J&aix—m
The exponential approximation @f(7) gives relatively good agreement with numerical
simulations only for small time. For large time the behawbthe system is far from being
exponential. Therefore, we should consider next ordelection forC'(7). It can be done

by substituting functioni;/f) from Eq. (E.17) to Eq. (E.16) which yields

A A_ -
cW(r) = -+ - — (A, +A)T| e
@ l+2-T 1-2-T (A 7|

+€—f‘7’ . Le—(l—kx)ﬂ- . Le—(l—mﬁ

_ , (E.18)
1+z-T l1—2-T
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where
A, = [Py £ (zF ZA)Ql][Q2(x~j: iA) £ pQ ] . (E.19)
2px(1+x—1T)

Using the definition for emission probability from Eq. (4&)large timer > 1,1/T,
neglecting higher order terms fmm the probability of absorption yields
(T + D + [92*) — 290

Pasdo0lb) = ~—— (A% 4 (P17 = 7]

(E.20)

Similarly one can derive the probability of absorption. Warsfrom absorption from
level v;. The initial conditions for system with population en in dressed states are
Vi(0) = £p/v2z, C(0) = 0 (see Eq. (E.10)). In lowest order 6f ,, Egs. (E.14)
and (E.15) yield

VIO (r]vy) = ()T, (E.21)

p
4+
V2r
Corresponding zero order solution@f” (1) of Eq. (E.16) is given by
CO(r|v)) = Bye )7 — B_e=(0-97 4 (B_ — B,)e I, (E.22)

where
 2z(1+z-1)
Therefore, probability of absorption form level for large timer > 1,1/I" given by Eq.

L (E.23)

(4.7) reads

(T +2)[1 — pQs[* + [[(1 — p?) + 282 + 1)]| 22

Padoclvn) = 21+ A2 = p?)[A2 + ([ +1)2 - 7]

(E.24)

The probability of absorption from leveb can be derived in the same way as for the level
v;. In this case, the initial conditions according to Eq. (BrE&dV.(0) = (z+£iA)/v/2z,
C'(0) = 0. In lowest order oflm, Egs. (E.14) and (E.15) have the following solution:

+iA
T ? e—(l:l::c)r‘

V2 (rlar) = —

(E.25)
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Corresponding zero order solution@f® () of Eq. (E.16) yields
CO(r|vy) = Dye W™ 4 D _e= 097 4 (D, + D_)e” (E.26)

where
[sz + Q) (z FiA)|(z £ iA)
opr(l+z —1T)

Therefore, probability of absorption from levelfor 7 > 1,1/T given by Eq. (4.7) yields

Dy = (E.27)

Poofuy) — T2 =2 4 [F(— p?) 4 2820 + 1)) €.28)
e 2(1+ A2 — p2)[A2 <f +1)2 - p?] ’ '

which becomes Eq. (E.24){, <> Q.
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APPENDIX F

ANALYSIS OF GAIN IN THREE-LEVEL CONFIGURATION: UNI AND
BI-DIRECTION PUMPING

Our model consists of a three-level atomic system in cascadéguration with energy
levels labelled as, b andc as shown in Fig. 30(b). The atomic system is driven by a strong
laser field of Rabi frequendy which couples the level ++ cin resonance. It also interacts
with a weak probe field of Rabi frequen€y coupling the leveb <+ a. The Hamiltonian

in the interaction picture can be written as
H = = |a) (0] — Qc){a] = [b){a] = 2" [a)(c], (F.1)

The decay in the channeb is quantified by the rate respectively. Incorporating these
decay rates, the equation of motion for the atomic densityixpén rotating wave approx-
imation is given as

p = =il .o+ 5 (Iov. po] + lovp, o] (F2)

where,

oy = [b){al o = |a)(b], (F.3)

The density matrix equations for the populations and thanmation of the atomic system

can be written as

o = =3 pas + w5 = Paa) + 1 Py (F.4)
pcb = _inpca + Z>Qpab (F5)

A S .
Pca = _§pca - ZQ(pcc - paa) - 'LQl Pcb (F6)
Pob = VPaa + 1 (2 pab — ppa) (F.7)

pt'za = —YPaa — i(Q?pab - leba) + 'L.(Q*pca - Qpac) (F8)
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Pec = _i(Q*pca - Qpae) (F.9)

The exact analytical solutions of the coupled differengigiation given be Eqgs. (F.4-F) is
very difficult to obtain. So let us take some approximatiomd see if we can find analytic
solutions which agree with the numerical simulation to gegtént. Let us take a simple
model as show in in which we neglect the effect of the weak @fadd (2;,. The equation

of motion for the population and the polarization is given as

Pca = _§pca + ZQ(paa - pcc) (FlO)
p(‘za = —YPaa + 7;<Q*pca - Qpac) (Fll)
p'cc = _i(Q*pca - Qpac) (F12)

The exact solution of Eqgs. (F.10-F.12) is given as

pec = €12 {16042(pcc(0) + paa(0))sINFR(Q/4)

(F.13)
+0ec(0)[COSHQE/2) + (/Q)sinh(Qt/2)]
paa = €772 {160%(pec(0) + paa(0))sintP(3t/4)
] ] ~ (F.14)
+paa(0)[cOSHE/2) — (7/)sinh(C2t/2)] |
Pea = _4ia6_W/25inHQt/4) {(pcc(o) - paa(O))COSI’(Qt/ZL)
(F.15)

+(1/9) (peel0) + pa(0))cOSHO1/4) }
where,Q? = 42 — 1602 anda = /. Taking help from solutions from simple two-level

model Egs. (F.10-F.12) and using the normalization comalitif the population

Pvb + Paa + Pec = 1 (F16)
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Pup IS given as

Py = 1 — e /2 {(pcc(O) + paa(0)) [cOSHOQE/2) 4 32a°sink? (1t /4)]
(F.17)

+ (ee(0) = paa(0)) [(7/S)sinh( 2 /2)] |
Eliminating p., from Egs. (F.4,F.5) gives the differential equation govegrthe time evo-

lution of p,;, as

ﬁab + %pab + szab - Qleca + in(paa - pbb) =0 (F18)

Using the population normalization condition Egs. (F.E)(F.18) can be written in more

informative form as

bab + %pab + Q2pab - Qleca + in(2paa + pcc) =0 (Flg)

Using Eqgs. (F.13-F.15) in Eg. (F.19) gives

Bat + gpab + Q2 = () (F.20)

where,

Ft) = 2i0e™ " {7paa(0)c0SHU /2) + 107 (pec(0) + paa(0))asink? (O /4) F21)

~ Y04 (0) + (3pc(0) + 13paa(0))a?]sinh(2¢/2) }

In the limitQ — 4, Egs.(F.13-F.15,F.18) takes a simple form

Pea(t) = €2 { [pcc(O) —gpaa(0>:| N {%éo)} sin(201)

+ {p ec(0) 5 & ““<0>} coS(QQt)}

(F.22)

Paa(t) = =12 { lpcc(O)ﬂ;paa(O)} B {WZ?Z(O)} sin(201)

B [pcc(O) — paa(0)

5 } cos(2§2t)} e
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pea(t) = —ie"2sin(Qt) {[pec(0) — paa(0)]cOg Q)

+ [0ec(0) + paa(0)](7/48)sIn(Q) }

(F.24)

pbb(t) =1—e? {[pcc(O) + paa(o)]‘l' [pcc(()) - paa(o)](7/4Q)Sin(29t)} (F.25)

UsingQ — 4iQ and neglecting the terms (v/Q)? thus Eq.(F.21) gets simplified as

f(t> = Z'(Ql/g)e_w/2 {57[p00<0> + /)aa(O)] + ’7[11paa(0>

500 (0)]COS2%) + 129 pua(0) — pec(0)]SIN(202)}

(F.26)

Solving for p,, gives

pab =1(Q/249%)e™ 7 {157[pee(0) + paa(0)] + [Pec(0) —7paa(0)]cOL2021)
+129[pec(0) — paa(0)]8IN(292t) — 8™ [4(2pec(0) + paa(0))cog ) (F27)
+32(20cc(0) +paa(0) — 1)]sin(€2t) }
Thus using a simple two-level atom toy model we are able todipgkoximate analytical

solutions for a three level atom i configuration for constarf?, 2, whenIT'/y < 1 and

Q >>’}/,Ql.
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APPENDIX G

CALCULATION OF PROBABILITY AMPLITUDE FOR SINGLE AND
MULTI-PHOTON EXCITATION

In this appendix we have calculated the probability amgétéor single and multi-photon
excitation using perturbation theory. We show the stremjttihe off-resonant excitation
is not negligible when the Rabi frequency is large. The wavefion of a two-level atom

can be written in the form
(1)) = Ca(t)e ™" |a) + Cy(t)e ™ "")|b), (G.1)

whereC, andC), are the probability amplitudes of finding the atom in theestatandb,

respectively. The equation of motions 10 andC, are given by,

Co(t) = iQ(t)e™ Cy(t) (G.2)
Cy(t) = i (t)e™ 1O, (¢). (G.3)

Integrating Eq.(G.2) we obtain
C.(t) =i / t Qt)e™! Cy(t)dt' (G.4)

In the limitt — oo EQ.(G.4) gives,

Cy(0) =i /_ h Qe Cy(t)dt! (G.5)

o0

Substituting Eqg.(G.4) in Eq.(G.3) and using the initial dition C,(0) = 1 we get,

Cyt) =1 /_;

—00

t”
O* (t//)e—iwt” </ Q(t///)eiwt”’ Ca(t///)dtm> dt//] (G.6)
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Plugging back Eq.(G.6) in Eq.(G.4), we get

Co(t) =1 / t Q(t’)ei“t’{l— /_ ' [Q*(t”)e—iwt”(

- > (G.7)

t”
/ Q(t///)eiwt”’Ca(t///)dt///> dt”] } dtl

t/

Cu(o0) = 2/_: Qt")e™! {1 - /_OO [Q* (e ™" ( -

t”
/ Q(t///)eiwt”’ Ca (t///)dt1/1> dt//] } dtl

In the perturbation theorg',(t) = 1, we are looking for a solution of the ford,(co) =

Thus from Eq.(G.7) we get,

M (00) + CF (c0), where the first terni’{” (o) is given by

CW(c0) =i / Qe dt’ (G.9)

The second term can be found as

C¥(c0) = —i / : {Q(t’)eiwt’ /_ t;o

—00

t”
O* (t//)e—iwt” / Q(t///)eiwt’”dt///] dt//} dtl

(G.10)

Let us consider that the Rabi frequerieft) is given as
Qt) = e {Qicoguit + ¢1) + Qocog vt + ¢o)}, (G.11)

(i) Absorption of one-photon of frequeney. The transition probability amplitude is

given as

(c0) =1 (?) Qle—[(w—l/1)/2a]2€—i¢1 (G.12)
o}

Similarly we can findﬁé}()w)(oo) using the substitutio; — 2, 1 — 5 andg; — ¢o.

(i) Absorption of three-photon of frequeney. The transition probability amplitude
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is given as

C&L o) (09) = =i VT Qe (/3)(w=812) /201 =802 (G.13)
(v2,v,02 16\/§CW2(W — 1s)

(iif) Absorption of two-photon of frequency; and emission of one-photon of fre-
quencywy, in the order:

(ii.a) v, — v1 — 1,. The transition probability amplitude is given as

o® (00) = —il VT }ng e~ (/31 —v2-w)/20)? —il1~02] (G 14)
a,(v1,v1,v2) 16\/§OW1(W - Vl)

(ii.b) v; — v, — v4. The transition probability amplitude is given as

c® (00) = —i [ VT } Q2 e~ (1/D@1—ra— w)/20]? ,—i[21—¢2]
@) 8v3a(v — o) (w — 1)
(G.15)
(iii.c) v, — v1 — 1. The transition probability amplitude is given as
c® (00) = —i { v } Q20 e (/DN —v2=w)/20] (26102
a(v2v1,01) 8vV3a(vy — 1) (s + w)
(G.16)

The resonant three-photon excitation we studied in chafiteare given by (iii.a), (iii.b)

and (iii.c). Ratio of the amplitudeB,, for the processes (iii.a) and (iii.b) defined as

o® 0o
R, — ‘ aé()lml/l,vz)( )‘ (G.17)
‘Ca (v1,v2 Vl)(oo)‘
is given by
R. — Vi — b (G.18)
21/1

This ratio R, — 0 in the limit; — 5 i.e Doppleron type process given by Eq.(G.15)
dominates over the hyper-Raman type process given by HetY@nd other resonant and

non-resonant processes. Similarly the ratio of the anguuk; for the processes (jii.c)
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and (iii.b) defined as
[Ca ) (00)]

Rs = (G.19)
[C2 sy (0]
is given by
o W —
Rg=—— ” (G.20)

In this case smaller the one photon detuning v4, higher will be the probability of the
Doppleron type process. The ratio of the amplituBtegor the processes (ii) and (i) defined

as 3)
C o0
, _ | a,(lzgl,)ljz,lQ)( )‘ (G21)
|Ca7(l/1) (OO)|

is given b
J Y 03 [(w—3v2)% /602
5€

T 8\/5911/2(&) — Vg)
Ratio of the amplitude®; for the processes (i) and (iii.b) defined as

(G.22)

C(l) 00
R5 _ |3a,(1/1)( )‘ (623)
CE) sy (00)]

av(V17V27V1

is given by
4\/§(V1 — ) (w— yl)e[—(w—u1)2/4a2}

= 24
R;s 00 (G.24)

For smalla, this ratio is very small and we can neglect the contributibtihe non-resonant
one-photon excitation with respect to the resonant thresegm excitation to a good ap-
proximation. But for largev i.e small pulse duration we should be careful. Let us comside
Qy ~ 0.3v1,Q ~ 041,15 = 0.614,w = 1.4, anda ~ 0.128v;. Using this param-
eters we obtaim?; ~ 0.8; thus absorption of one-photon of followed by emission of
one-photon ot followed by absorption of one-photon of is comparable to one-photon
absorption of;. Thus we can see the contribution of off-resonant one-phabsorption

to Peak®d) is not negligible.
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APPENDIX H

STIMULATED RAMAN SCATTERING: SEMICLASSICAL APPROACH

In this appendix we have presented a semi-classical dienivaf the stimulated Raman

scattering.

p

Fig. 69. Level diagram for the three-level model. The spoatas decay rates — s and
a — p are give byy,, v, respectively(, and(2, are the pump and stokes field Rabi
frequencies respectively.
The electric field can be written as

E(z,t) = %p@@p(z, t) expli(kpz — vpt)] + %&(z, t)expli(ksz — vst)] + C.C (H.1)

where¢, &, v are the unit polarization vector, field envelope and theieafrequency

respectively. The free Hamiltonian of the three-level masle
Hy = hw, |a)(al + hws [s)(s| + hwy [p) (p| (H.2)

The interaction Hamiltonian in the dipole approximatiogigen as

Hy = = (Gasla) (s + Fials) (al + Gupla) (pl + Gralp)(al) - E(z,1) (H.3)
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Equation of motion for the density matrix equations is gitgn

Ip(z, t)
ot

o 1R (G R | Y (A R A R G

where the atomic loweringr} and raising ¢') operators are defined as

05 = |s){al ol =la)(s|; o = [p)(al . o} = [a)(p]. (H.5)

From Maxwell’'s equation, the propagation equation for teeteic field in slowly varying

envelope approximation (SVEA) we obtain,
o 10 o 10\ = 0? -
(@"‘Ea) (—a—an) E(Z,t) = —,uoﬁP(z,t) (H6)
If we neglect the higher harmonics, the polarization of treglmam can be written as
ﬁ(z, t) = N@paap(2,t) expli(kpz — vpt)] + N @sa0as (2, t) expli(ksz — vst)] + c.c (H.7)

Substituting Eq.(H.1,H.7) in Eq.(H.6) we obtain propagatequation for the pump and the

stokes field as

a 1 8 . N@sal/s

<$ + E&) E(z,t) =1 < > ) 0as(2, 1) (H.8)
o 10 [ Ngpavp

(8z + c@t) Ep(z,t) =1 (7600 ) Oap(2, 1) (H.9)

We obtain the equation of motion foy; (2, ¢)

—

M = - (’Vas + 'l.was) pas(% t) - 'LM [paa(z7 t) - pss(z’ t)]
ot f
o (H.10)
i E@D g
h
Opap(2, , Fop - Bzt
% = — (’Yap + Z(A)ap) pap<27 t) - ZM#H [paa(zu t) - pPP(Z7 t)]
§ (H.11)

~ﬁa8 . E(Z> t)
_I_ZTpSP(Z? t)
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—

0p5 Z,t . -ﬁsa'Ezat

# = - (’YS:D + wa) /)sp(Z, t) - Z%p[m(z, t)
LD (H.12)

_iwpzs(z, £)

h
Let us make a transformation

Pas(2,t) = 0as(2,t) expli(ksz — vst)] (H.13)
Pap(2,t) = 0ap(2,t) expli(kpz — vpt)] (H.14)
psp(2,t) = 0sp(2,t) expli(Ak z — Av t)] (H.15)

whereAk = k, — ks, andAv = v, — v,. Using the transformation Eqgs.(H.13,H.14,H.15)
in Egs.(H.10,H.11,H.12) we obtain,

89%87(:,15) = — (Yas +1A) 0as(2,1) — 1% (2,1) [0aa(2,1) — 0ss(2, )] + 12 (2, 1) 0%, (2, 1)
(H.16)
0 E0) (1 +03) p(2:1) — 10220 [na(2:1) — ()] + i Do 2.
(H.17)
Oealeil) e t) Hi(2, Doy 0) — 0, (=, 1) (HI8)
We obtain the steady-state solution fQt(z, t) ando,,(z,t) as
Q. (z _ _ _ _
un(2) = 1228 [T+ 124(I) (@0(2) — 20(2) ~ 1D (2un(2) — ()]
(H.19)
Q,(z
() = 2 [Ty + 19, 2)) (20a(2) — 8(2)) — 1 (2ur(2) — B10(2))]
(H.20)
where
M =T oL paVps + TpalQp|” + Las| Qs (H.21)

Thus forQ), < A we can assume that in the steady-state the population irevie¢dre
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same as thermal equilibrium values s.g(z) ~ 0 anda,,(z) = 02, G,p(2) = o).

ROR

0as(2) = Zﬂ [(Fpa'yps + [925(2)| ) Qgg) | p(z)|291(;2;)} (H.22)
- Q

Oap(2) = ZMP* {(Fsa%p + |Qp(z)|2) Qé%) - |QS(Z)|ZQ£)} (H.23)

For stimulated Raman scattering we will only consider tlmsawhich are responsible for

energy exchange between the pump and stokes waves. ThusweitaEqs.(H.22,H.23)

0 N|@a8|2’/snps 2

90.:) - ( el e ) 0,2y ) (H:24)
0 N|@ap|2’/pnp8 2
aZQ ( ) ( 26()ChA278p |Q8(Z)| QP(Z) (H25)

wherenﬁ,s) = Qép) — 0. Using the definition of intensity as

h2

I(z )—2600| |2|Q(z)|2 (H.26)

We obtained the coupled-differential equation for the sgoknd pump waves intensities as

d N|9ap|?|as|Prsn'y
Els(z) = < ‘2€§|C2‘h3 A‘% P L(2)1,(2) (H.27)
sp
d N|@ap|?|@as2vpny
2" = ( 22 EWAR, ) B (F:28)
sp

The extension of this result to include both forward and baokl stimulated Raman signal

is trivial and we obtain

d N pap|?|@as|2vsnY
210 = < e | (o (H.29)
sp
d N @ap|?|9as[vsny?
EIS(Z) = - ( 2€§C2h3A2’}/ : IS(Z)]P<Z) (H30)
sp

d o NpwlPloaslProng \ ¢ b
—I,(2) = ( 22 AT,, [I](2) + I2(2)] I(2) (H.31)
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APPENDIX |

THREE-PHOTON EXCITATION RABI FREQUENCY

In this Appendix, we will discuss how to calculate effectRabi-frequency for the three-
photon excitation by ultra-short pulses as shown in Fig).(70

a

b

Fig. 70. Three-photon excitation

We will write the interaction picture Hamiltonian in the abing-wave approximation

as

I = = Qe )b — QA d) ] - Qe 2 a)(d
(1.1)
— Q767 Hb) ] — Qe BB ) (d] — Qe d) al.

HereA; = wy, — v, andA, = wg, — 2v,. The time scale of the three-photon excitation is
much shorter than the spontaneous decay time from the lawdlany coherence relaxation
ratesy,s. At any instant of timg > 0, the wave function for the four-level atom can be

written as

(W (t)) = Cala) + Colb) + Celc) + Cald). (1.2)
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whereC,, is the probability amplitude of finding the atom in stat¢. Using the Schrodinger
equationis|¥(t)) = 4| ¥ (t)). and Egs.(1.1,1.2) we obtain coupled differential equasion

governing the evolution of the probability amplitudgs,

Cy = iQe 220y, (1.3)
Cy = iQe M0, (1.4)
C. = iQ ™10, 4 iQe~ P22t 0y (1.5)
Cy = iQue B2 20, 4 iQrei®t O, (1.6)

To solve forC,, we first write the equation of motion for the slowly varyingglitudes,

C,, = cpe?t, (1.7)
From Egs. (I.3-1.7) we obtain,
Ca = —10uCq + 18244, (1.8)
&y = —igpey + 1820, (1.9)
Ce = —iPeCe + 182, + 1825¢Cq, (1.10)
Cq = —i¢gcq + iqce + 182 cq, (1.11)

where the phase factogs, obey the conditions

Ga — Ga = Aa. (1.12)
Py — ¢ = 0. (1.13)
Oy — p = —Ay. (1.14)

e — dg = =Dy + A (1.15)
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Solving Egs. (1.12-1.14) gives,

¢a = 07 ¢b = 07 ¢C = Al? ¢d = A2- (|16)

Using these phase factors in Eqgs. (1.8-1.11), we obtain

Co = 1844, (1.17)
&y = i 2xce, (1.18)
Ce = —1Ace + 1Qcp + 182y, (1.19)
Cq = —1lDgcq + Q4. + 82, c,. (1.20)

Let us consider a weak excitation regime in which< A. We can adiabatically elim-
inate the levels: andd i.e solve forc. andcy from Eqs. (1.19-1.20) in the steady state

approximation and obtain

Ce = (X?ZZ) Ca + (Z—i) Ch, (1.21)
Cqg = (ij;) Ca + (ijzdz) Cp- (1.22)
From Egs. (1.17,1.18) and Eqgs. (1.21, 1.22) we obtain,
by =1 ('%2'2) Co+i (QA?A?) Cb, (1.23)
o (2 o (202, 20

If we compare Eqgs. (1.23,1.24) with standard two-level moaee obtain the effective

three-photon Rabi frequen€y

QanQd
Qe = AR, (1.25)

Here|Q,|?/A, and|Q.|?/ A, are the off-resonant Stark shifts in the levelandb respec-
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Fig. 71. Three-photon (at 1260nm) induced superradiarggon at 420nm

tively.

In the second part of this section we will discuss the eféectiree-photon Rabi fre-
guency recently reported [247]. Let us calcul&teand A, for the excitation mechanism
shown in Fig.(71). We have pump wavelength= 1260nm, Aszp, , 525, ,, = 795nM and

As2p, ,52p,,, = 1475nM. We defined; = wy, — v andA; = wg, — 2, Which gives

Ap=139x10"s™t, Ay =1.05x 10"s7. (1.26)

Using the definition

1 4w3p?
we obtain the expression for the dipole moment as
3ncs 1'*
P = {(47%0)@7} (1.28)
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We will use the definition of Rabi frequency &= & /2h. In our experiment, we use
ultrashort pulserwum ~ 120fs, center wavelength, = 1260nm and energy per pulse is
& = 1pd. The unfocused beam diameteris~ 2.5mm which gives the size of the focal
spotd = 4\, f/mD ~ 128um wheref is the focal length of the converging lens and we

usedf = 20cm. The corresponding ared = wd*/4 is ~ 1.29 x 10~®m?. The average

energy per pulse ig" = 1uJ, thus the average electric fiefd = \/é"/ceoArFWHM is
~ 4.92 x 108V/m. From Eq.(1.27) and the atomic parameters, we obtaimlibele moment

for the transitiorb? P, /» <> 5251 2 where the spontaneous decay rate is 3.613 x 10’s™!
O = 2.5356 x 1072 C.m (1.29)

Hence the Rabi frequency for the transitiiP; /» <+ 52515 is
Q. ~ 592 x 108s7? (1.30)

Similarly we obtain the dipole moment from théD; , <+ 52P; , where the spontaneous

decay rate iy = 1.11 x 107s™!
©de = 3.556 x 1072 C.m (1.31)
Hence the Rabi frequency for the transitistP, » <> 4°Ds ), is
Q4 ~ 8.30 x 103 s71 (1.32)

Similarly we obtain the dipole moment from tﬁéPl/g — 42D5/2 where the spontaneous

decay rate is taken as= 2.204 x 10°s™!

©ad = 3.0716 x 1072 C.m (1.33)
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Hence the Rabi frequency for the transitiéiP; /» <+ 4Dj) is

0, ~ 717 x 108 s (1.34)
Thus the effective Rabi frequency for the three-photontakoin is

Qet ~ 2.42 x 103 s7! (1.35)

Thus the effective are®)) of the pulse i 7711 72, Which iSO ~ 2.905. Thus with these

estimates, we see that the three-photon excitation undse ttonditions is not weak.
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