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ABSTRACT

Deformations of Quantum Symmetric Algebras Extended by Groups. (May 2012)
Jeanette Matilde Shakalli Tang, B.S., University of Notre Dame

Chair of Advisory Committee: Dr. Sarah Witherspoon

The study of deformations of an algebra has been a topic of interest for quite some
time, since it allows us to not only produce new algebras but also better understand
the original algebra. Given an algebra, finding all its deformations is, if at all possible,
quite a challenging problem. For this reason, several specializations of this question
have been proposed. For instance, some authors concentrate their efforts in the study
of deformations of an algebra arising from an action of a Hopf algebra.

The purpose of this dissertation is to discuss a general construction of a deforma-
tion of a smash product algebra coming from an action of a particular Hopf algebra.
This Hopf algebra is generated by skew-primitive and group-like elements, and de-
pends on a complex parameter. The smash product algebra is defined on the quantum
symmetric algebra of a finite-dimensional vector space and a group. In particular,
an application of this result has enabled us to find a deformation of such a smash
product algebra which is, to the best of our knowledge, the first known example of a
deformation in which the new relations in the deformed algebra involve elements of
the original vector space. Finally, using Hochschild cohomology, we show that these

deformations are nontrivial.
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CHAPTER I

INTRODUCTION
A deformation of an algebra is obtained by slightly modifying its multiplicative struc-
ture. Deformations arise in many areas of mathematics, such as combinatorics [6],
representation theory [9], and orbifold theory [10]. From this assertion, it is clear that
the study of deformations of an algebra is of utmost importance. The main interest
in this dissertation is to study deformations arising from an action of a Hopf algebra.

According to Giaquinto’s survey paper [17], the aim of studying deformations is to
organize objects of some type, in our case algebras, into continuous families and then
determine how objects within each family are related. The works of Frohlicher and
Nijenhuis [12], and Kodaira and Spencer [25] on deformations of complex manifolds set
the basic foundations of the modern theory of deformations. Gerstenhaber’s seminal
paper [14] marked the beginning of algebraic deformation theory. Although the origins
of deformations lie in analytic theory, the algebraic setting provides a much more
general framework.

In general, finding all possible deformations of an algebra is quite a challenging
task (see Section IV.A for a detailed discussion on this matter). For a certain kind
of Hopf algebra, Witherspoon [37] has found an explicit formula that yields a defor-
mation of its Hopf module algebras. By a Hopf module algebra, we mean an algebra
that is also a module, for which the two structures are compatible. Applications of
this formula have been studied in [20] and [37] for the case of the smash product
algebra of the symmetric algebra of a vector space with a group. The purpose of this

dissertation is to extend these results to the case of the smash product algebra of
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the quantum symmetric algebra of a vector space with a group, thus increasing the
number of known examples of deformations.

To place this work in context, let us briefly describe what is known about de-
formations. First, let us introduce some notation. In this work, the set of natural
numbers N includes 0. By k, we will denote a field of characteristic 0. Unless stated
otherwise, by ® we mean ®y. Let V be a k-vector space with basis {wy, ..., wg}. By
T(V) we denote the tensor algebra of V' given by

T(V) = G?OV@", where V"=V ®.---QV
is the nth tensor power of V. Let ¢; € k* for which ¢;; = 1 and ¢;; = ql-;l for
i,j =1,...,k Set q = (¢;). Then the quantum symmetric algebra Sq(V') of V' is
defined as

Sq(V) =T (V) / (wiw; — gijwjw; | 1 < 4,5 < k),

where the element w; ® w; is abbreviated as w;w;. If ¢;; = 1 for all ¢, 7, then we
obtain the symmetric algebra S(V'). Let G be a group acting linearly on V. If the
action of G on V' extends to all of Sq(V'), then the smash product algebra Sq(V)#G
is obtained by using Sq(V) ® kG as a vector space but with a new multiplication

given by
(a#9)(b#h) = a g(b) # gh for all a,b € Sq(V), g,h € G.

For further details, see Definition 11.29 and Example I1.31.
Graded Hecke algebras, also known as Drinfeld Hecke algebras [9], can be viewed

as deformations of S(V)#G of type

(T(V)#G) | (wjw; — wjw; — Zag(wi, w;) g), where a,(w;, w;) € k. (I.1)

geG



The so-called symplectic reflection algebras [10] and rational Cherednik algebras [6]
are special cases of Drinfeld Hecke algebras. Analogously, braided Cherednik alge-
bras [2] are deformations of Sq(V)#G of type

(T(V)#G) | (wjw; — gijjwjw; — Z ag(w;, wj) g), where a,(w;, w;) € k. (1.2)

geqd

For other types of deformations of S(V)#G and Sq(V)#G, not as much is known,
and from what is known, not all the resulting algebras are necessarily defined by
generators and relations, but via a universal deformation formula, originally intro-
duced by Giaquinto and Zhang in [18], coming from a Hopf algebra action. Roughly
speaking, a Hopf algebra is an algebra with some additional structure. For a precise
definition, see Definition I1.14.

In his fundamental work [14], Gerstenhaber showed that two commuting deriva-
tions on an algebra A lead to a deformation of A. Giaquinto and Zhang generalized
this idea in [18] with their theory of universal deformation formulas. The question
that naturally arises is what about skew derivations. The answer is that sometimes
skew derivations do lead to a deformation via a Hopf algebra action, as shown in [20]
and [37] for the case of S(V)#G. The work presented here generalizes these results
to the quantum version, that is to the case of Sq(V)#G. This is particularly relevant
since explicit examples of deformations of Sq(V)#G have proven to be difficult to
find. Moreover, it turns out that some of the deformations constructed in this disser-
tation are not graded in the sense of Braverman and Gaitsgory [4] (see Remark IV.18
for a detailed discussion). We are confident that this newly found set of examples
will be helpful in the quest to understand deformations more generally.

This dissertation is organized as follows: In Chapter II, Hopf algebras are defined

and a detailed exposition of the Hopf algebra H, is given. This Hopf algebra is



fundamental for our discussion, as all the deformations that we will present are based
on the action of H,. Chapter III introduces some basic concepts of homological
algebra and their applications to Hochschild cohomology. The core of this dissertation
is Chapter IV, where we present the basics of algebraic deformation theory, construct
some original examples of deformations, and build a general theory that encompasses
our new examples as a special case. In Chapter V, using Hochschild cohomology,
which was introduced in Chapter III, we prove that the deformations obtained in
Chapter IV are nontrivial. Finally, concluding remarks and possible extensions of

this work are given in Chapter VL.



CHAPTER II

HOPF ALGEBRAS

In this chapter, we will present some definitions and results that are necessary to
define a Hopf algebra. According to [1], the origins of the theory of Hopf algebras can
be traced back to two main sources: algebraic topology and algebraic group theory.
Armand Borel was the first to use the expression Hopf algebra in [3], in honor of the
work of Heinz Hopf [23] on algebraic topology. In [5], Pierre Cartier gave the first
formal definition of a Hopf algebra, under the name of hyperalgebra, inspired by the
work of Jean Dieudonné [7, 8] on algebraic group theory. The theory of Hopf algebras
became an independent part of abstract algebra with the publication of Sweedler’s
book [35] in 1969.

Unless stated otherwise, the ideas discussed here can be found in [30] and [35].
In Section A, we recall the basic concepts of an algebra and a coalgebra. Section B
introduces the notion of a Hopf algebra, which is fundamental for this work, and
gives a detailed description of the Hopf algebra H,. Section C discusses modules,
Hopf module algebras and smash product algebras. In subsequent chapters, we will
be interested in the deformations of the smash product algebras that are H,-module

algebras. Finally, graded and filtered algebras are introduced in Section D.

A. Algebras and Coalgebras

The concept of an algebra is fundamental in mathematics. Its definition and basic
properties can be found in several references, for instance see [24]. The definition that

we present here can be easily dualized.

Definition II.1. A k-algebra is a k-vector space A together with two k-linear maps,



multiplication m : A® A — A and unit u : k — A, such that the following diagrams

commute:
a) associativity b) unit
AQAR A" . 4w A A® A
| e
A ® A m A scalam %mult.
A

If the underlying field is understood from the context, a k-algebra will simply be

called an algebra. By dualizing the notion of an algebra, we obtain the following:

Definition I1.2. A k-coalgebra is a k-vector space C' together with two k-linear
maps, comultiplication A : C' — C'® C and counit € : C' — k, such that the following

diagrams commute:

a) coassociativity b) counit
C £ CeC C
A ARid k®C A C ok
CoC M98 oo (e O % 4

ceC
We will use the terms comultiplication and coproduct interchangeably.
For any k-spaces V' and W, the twist map 7 : V@ W — W ® V is given by
T(v®@w) = w®uv. We say that an algebra A is commutative if and only if mo7 = m.

Similarly, a coalgebra C'is cocommutative if and only if 70 A = A.

Definition II.3. Let C' and D be coalgebras, with comultiplications Ag and Ap,

and counits e¢c and €p, respectively. Then



e Amap f:C — D is a coalgebra morphism if the following two conditions hold:
Apof=(f®f)oAc and ec=c¢epof.
e A subspace I C C'is a coideal if the following two conditions hold:
AICI®C+C®I and e(I)=0.

Next, let us look at some examples.

Example II.4. Let A be an algebra and C a coalgebra. Then the opposite algebra
A°P is obtained by using A as a vector space but with new multiplication m’ given by
m’ = m o 7, where 7 is the twist map on A ® A. Similarly, the coopposite coalgebra
C°P is obtained by using C' as a vector space but with new comultiplication A’ given

by A’ =70 A, where 7 is the twist map on C ® C.

Notation. Let C' be a coalgebra. Then the sigma notation for A is given by
Ac) = Z g ®cy  forall ceC. (IL.5)

The subscripts on the right hand side of (II.5) are just symbolic and are not

meant to designate particular elements of C'. Notice that, under the sigma notation,

e the coassociativity diagram in Definition I1.2 gives

where A, _1(c) is the (necessarily unique) element obtained by applying the

comultiplication (n — 1) times.

e the counit diagram in Definition I1.2 says that for all ¢ € C,

c= Ze(cl) Cy = 25(02) .



Finally, we will introduce the notion of group-like and skew-primitive elements.
Definition I1.6. Let C be a coalgebra and let ¢ € C.

e We say that the element c is group-like if
Alc)=c®c and ¢(c) =1

The set of group-like elements in C' is denoted by G(C).

e The element c is g, h-primitive if there exist g, h € G(C) such that
Alc)=c®Rg+h®c.

The set of g, h-primitive elements is denoted by P, ,(C). An element is called

skew primitive if it is g, h-primitive for some g, h.

B. Bialgebras, Convolution, and Hopf Algebras

The purpose of this section is to define a Hopf algebra, which is essential for this
dissertation. Roughly speaking, a Hopf algebra is an object that has the structure
of an algebra and a coalgebra, these two structures are compatible, and in addition,
there exists a map known as the antipode with very specific properties. The following

definitions make this notion more precise.

Definition I1.7. Let B be a k-vector space. We say that (B, m,u, A, ¢) is a bialgebra
if

e (B,m,u) is an algebra.

e (B,A¢) is a coalgebra.

e Either of the following (equivalent) conditions holds:



* A and ¢ are algebra morphisms.

* m and u are coalgebra morphisms.
When no confusion arises, we will simply say that B is a bialgebra.
Definition II1.8. Let B and B’ be bialgebras. Then

e A map f: B — B'is a bialgebra morphism if it is both an algebra morphism

and a coalgebra morphism.

e A subspace I C B is a biideal if it is both an ideal and a coideal.

Remark I1.9. It can be shown that the quotient of a bialgebra by a biideal is again

a bialgebra.

Example I1.10. Let G be a group. The group algebra kG is defined to be

kG = {Zagg

geG

ay € k with a, = 0 for all but finitely many g € G} )

The group algebra can be given the structure of a bialgebra by defining

(Z a g) <Z by g) = 5" (4, bn) gh

geG geG 9,heC
a <Zag g) = Z(a ag) g
geG geG
Alg) =9®yg
e(g) =1

forall g € G, a4, by,a € k.

Remark IT1.11. In Definition I1.6, if B is a bialgebra and ¢ = h = 1, the multiplicative
identity of B, then the elements of P(B) = P, ;(B) are called the primitive elements
of B.
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Let us now define the convolution product. For two k-vector spaces V and W,

we denote by Homy (V, W) the set of all k-linear maps from V' to W.

Definition I1.12. Let A be an algebra and C' a coalgebra. Then the convolution
product * : Homy (C, A) ® Homy (C, A) — Homy(C, A) is given by

(f % g)(c) = (mo(f®g)oA)(c),
for all f,g € Homy(C, A), c € C.

Remark I1.13. It is possible to show that Homy(C, A) can be given the structure
of an algebra by setting the convolution product * as the multiplication, and v o ¢ as
the unit element. Moreover, under the sigma notation II.5, the convolution product

can be written as

(fx9)(c) = fler) glca) forall £, g € Homy(C, A), c € C.
Now we are ready to define a Hopf algebra and its antipode.

Definition I1.14. Let (H, m,u, A, ¢) be a bialgebra. Then H is a Hopf algebra if
there exists an element S € Homy(H, H) which is an inverse to the identity map idg

under the convolution product *, i.e. S satisfies
> S(h1) hy=e(h) g => hy S(hy) for all h € H.
S is called an antipode for H.

Definition I1.15. Let H and K be Hopf algebras. Then

e Amap f : H — K is a Hopf morphism if it is a bialgebra morphism and
(foSu)(h)=(Sko f)(h) forall h € H.

e A subspace I C H is a Hopf ideal if it is a biideal and S(I) C I
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Remark I1.16. It is possible to show that the quotient of a Hopf algebra by a Hopf

ideal is again a Hopf algebra.
Let us illustrate the concept of a Hopf algebra by means of two simple examples.

Example I1.17. The group algebra kG presented in Example I1.10 can be given the

structure of a Hopf algebra by defining
S(g) =g ' forallged.

Example I1.18. Let n be a positive integer (n > 2) and let ¢ € C be a primitive

nth root of unity. The Taft algebra is defined to be
T,=Clg,z|g" =1, 2" =0, zg = qgz).

It is possible to show that T;, is a Hopf algebra with

Alg) =g®yg, Alx)=z®1+g®ux,
e(g) =1, e(z) =0,
S(g) =971, S(z)=—g '

Some elementary properties of the antipode are stated in the following:
Proposition I1.19. Let H be a Hopf algebra with antipode S. Then

e S is an anti-algebra morphism, i.e.
S(hk) = S(k)S(h) and S(1g) =1y  for all h,k € H.
e S is an anti-coalgebra morphism, i.e.

D (S(h)1@(S(h)2 = S(ha)®S(l) and £(S(h)) =e(h)  for all h € H.
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Proof. See Proposition 4.0.1 in [35]. O

We end this section with an example of a Hopf algebra that will be needed
throughout this work. This Hopf algebra appeared in [37], where it was used to

derive a deformation formula.

1. The Hopf Algebra H,
Let ¢ € C*. The quantum integer (i), is given by
()g=1+q+¢+---+¢' with (0), = 0. (I1.20)

Let n € N, n > 2. Notice that if ¢ is a primitive nth root of unity, then (n), = 0.

The quantum factorial (7),! is defined as

(1)g! = (i)g (i = 1)g---(1)g  with (0)! = 1.

The quantum binomial coefficient (i)q is

0 i)
(&), = s e

Notice that if ¢ is a primitive nth root of unity, then

(Z) —0 fork=1,....,n—1. (I1.22)
q

Let H be the algebra generated by Dy, Dy, o and o' subject to the following

relations:

qoD; = D;oc fori=1,2.



Proposition 11.23. H is a Hopf algebra with

A(Dy) =Dy ®0+ 1y ® Dy, e(D1) =0, S(Dy)=-D, 0",
A(Dg) =Dy ® 1y + 0 ® Dy, e(Dy) =0, S(Dy) = —0! Dy,
Alo) =0 ® o, e(o) =1, S(o)=0"".

Sketch of Proof. Let us check that
> S(h1) hy=e(h) 1z forall h € H.

It suffices to show that this condition holds for the generators of H.
Since A(Dl) = D1 ® o+ 1H X Dl,

S(Dl) U+S(1H) D1 = —D1 O'_1 O'+D1 =0= S(Dl) 1H
Since A(DQ) = D2 (24 1H +0o0® DQ,
S(DQ) 1H +S(0') DQ = —0'_1 DQ —f-O'_l D2 =0= E(DQ) ]-H

Since A(0) =0 ® 0,

So)o=0"'0=1y =¢(0) 1g.

The rest of the conditions can be checked similarly.

Let us now show that

A(D1Dy) = A(DyDy).
Since we require A to be an algebra homomorphism, we have that
A(D1Dy) = A(Dy) A(Ds)

=(D1®@0c+1g®D1)(D:® 1y + 0 ® Dy)

=DiDy®@®0+ D@Dy +Dioc®@0cDy+0 & DDy

13
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and

A(Dng) == A(DQ) A(Dl)
= (D2®1H+U®D2>(D1®O’+1H®D1)
:D2D1®O'+D2®D1+O'®D2D1+O'D1®D20’

=D1Dy®c+ D@ D1+ 0&® DDy + Dio®oDs

and therefore, A(D;Ds) = A(DyD;). The rest of the relations can be verified in a

similar fashion. O]

Remark I1.24. By Definition I1.6, o is group-like, D; is o, 1y-primitive, and Dy is

1y, o-primitive.
Recall that n € N, n > 2. Let I be the ideal of H generated by D} and Dj.
Proposition I1.25. If q is a primitive nth root of unity, then I is a Hopf ideal.

Proof. By Definition II.15, we need to show that [ is a coideal, that is A(l) C
I®H+ H®I and (1) = 0, and that I satisfies S(/) C I. Notice that it suffices
to show that these conditions hold for the generators of I. Recall that the quantum
binomial coefficient was defined in (11.21).
Since A(D;) = D1 ® 0 + 1y ® Dy, it can be shown by induction that
n—1
ADy) =Dy @c"+> (Z) DF @ DV F 6% 41, ® DY,
k=1 q!

which can be simplified by (I1.22) to
A(D}) =D} ®oc" + 1y ® DY.

Notice that A(D}) € I ® H+ H ® I. Similarly, since A(Dy) = Dy ® 1y 4+ 0 ® Dy, it
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can be shown by induction that

n—1

n
ADY) =Dy ely+Y (k)
k=1

=Dy ® 1y + 0" ® Dj.

D3 0" * @ Dy*F + 0" ® Dy

q 1

Again notice that A(D}) e I® H+ H® .
Since €(Dy) = €(D3) = 0, clearly

e(DY) =¢e(Dy) = 0.
Since S(D;) = —D; 67!, it can be shown by induction that
(DY) = (=1)" ¢ DY o7

Notice that S(D7) € I. Similarly, since S(Dy) = —o~! Dy, it can be shown by
induction that

S(D) = (~1)" g2 Dy 5.
Again notice that S(D%) € I. Therefore, I is a Hopf ideal. O

If q is a primitive nth root of unity, then by Proposition I1.25 and Remark I1.16,
the quotient H/I is a Hopf algebra. Define

H/I, if qis a primitive nth root of unity (n > 2),
H. =

q

H if ¢ =1 or ¢ is not a root of unity.

)

C. Modules, Hopf Module Algebras, and Smash Product Algebras

In Chapter IV, we will study the smash product algebras that have the structure of a
Hopf module algebra for a particular kind of Hopf algebra. In this section, we present

the definition of a Hopf module algebra and a smash product algebra. In order to
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define a Hopf module algebra, we first need to introduce the concept of a module.

Definition I1.26. Let A be a k-algebra. A left A-module is a k-vector space M

together with a k-linear map v : A ® M — M such that the following diagrams

commute:
a) b)
ARAR M2 . Ag M ko M—24 A M
ey ’ scalar mult: !
A M 2 M

Similarly, we can define a right A-module. For the sake of brevity, we skip the
details.

Having defined a module, we can now introduce the tensor product of modules.
Let H be a Hopf algebra, and V' and W left H-modules with structure maps 7, and

Yw, respectively. Then V @ W is a left H-module via
Wew = (W @qw) o (idg ® 7 ®idw) o (A®idy ®idw) : HRV W =V @ W,
given by
h(v@w) =Y hi(v) ® hy(w) forallh € H v eV, weW,

where 7 is the twist map on H ® V. By a similar procedure, if V' and W are right
H-modules, then V' ® W can be given the structure of a right H-module.

Roughly speaking, a Hopf module algebra is an algebra that is also a module, for
which the two structures are compatible. The following makes this statement more

precise.

Definition I1.27. Let H be a Hopf algebra. An algebra A is a left H-module algebra
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if the following conditions hold:

o Ais aleft H-module, via h ® a +— h(a).

e my and uy are H-module maps, i.e.
h(ab) = hi(a) ha(b) and h(1a) =(h) 14 forall h € H, a,b€ A. (I1.28)
Next, we introduce the concept of a smash product algebra.

Definition I11.29. Let H be a Hopf algebra and A a left H-module algebra. The
smash product algebra A# H is obtained by using A ® H as a vector space but with

new multiplication given by
(a#th) (b#k) = Za hy(b) # hok  for all a,b € A, h,k € H,

where we write a#h for the element a ® h to emphasize that the multiplication is

different from the usual tensor product of algebras.

Remark II1.30. Skew group algebras are a special case of smash product algebras
in which the Hopf algebra is a group algebra (see Example I1.31). Crossed product

algebras are a generalization of smash product algebras.

Example I1.31. Recall from Example I1.17 the definition of the group algebra. Let

G be a group and kG its group algebra. Let A be a left kG-module algebra, that is
g(ab) = g(a) g(b) and g(14) =14 foralla,be A, g€ G.
In this case, the multiplication in A#kG is given by
(a#g)(b#h) = a g(b) # gh foralla,b€ A, g,h € G.

For simplicity, we denote the smash product algebra A#kG by A#G.
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Finally, we define the notion of a skew derivation. For an algebra A, we denote by
Auty (A) the group of all algebra automorphisms of A that preserve the multiplicative

identity.

Definition II.32. Let g,h € Autyx(A). A g, h-skew derivation of A is a k-linear

function F': A — A such that
F(ab) = F(a) g(b) + h(a) F(b) for all a,b € A.
If g = h = id4, then we say that F is a derivation of A.

Recall that skew primitive and primitive elements were introduced in Defini-

tion I1.6 and Remark I1.11.

Example 11.33. Let H be a Hopf algebra and A an H-module algebra. Then every
primitive element of H acts as a derivation of A. More generally, if g, h € G(H), then

every g, h-primitive element of H acts as a g, h-skew derivation of A.

D. Graded and Filtered Algebras

In the literature, many of the deformations that are described are graded in the
sense of Braverman and Gaitsgory [4]. The deformations that are constructed in this
dissertation are not necessarily graded in this sense (see Remark IV.18). Here we
define when an algebra is called graded and present some examples. Then we define

a filtered algebra and give several basic properties.

Definition I1.34. An algebra A is graded if there exist subspaces Ay, Ay, ... of A
such that

A=A and A A; C Ay foralli,j.
1€EN

Let us illustrate this definition by means of two examples.
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Example 1I1.35. The polynomial algebra Clzy,...,z,]| is graded. To see this, it

suffices to note that
C[$1,...,l‘n] = @Pk,

where P, denotes the subspace of homogeneous polynomials of degree k.

Example I1.36. From the definition of 7'(V'), introduced in Chapter I, it directly

follows that the tensor algebra is graded.
Next, we introduce the notion of a filtered algebra.

Definition I1.37. An algebra A is filtered if there exists an increasing sequence of
subspaces

{0ycFhCcFHC---CFcC---CA

such that

A=JF and F F;CF; forallij

ieN
Example I1.38. The polynomial algebra C|zy,...,x,] is filtered. To see this, it

suffices to notice that

Clzy,... x| = U Colzr, ..., xn),

LeN

where Cy[z1, ..., x,] denotes the subspace of polynomials of degree no greater than ¢.
In Chapter IV, we will make use of the following example:

Example I1.39. Let V be a k-vector space and let G' be a group acting linearly on
V. Extend the action of G on V to all of T'(V') by algebra automorphisms. Then the
resulting smash product algebra T'(V)#G is filtered. To see this, set the degree of

the vector space elements to be 1 and the degree of the group elements to be 0. Then
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define

SOIkG
S, =kG @ (V@ kG)

Sy =kG & (VOkG) a (Ve Vaka)

Si=kGo(VokG)e- o (V¥ kG)

where the notation V® was introduced in Chapter I. It is straightforward to show

that

V)#G=JS and 8,8 C Sy foralli,j

1€EN

Remark I11.40. Notice that every graded algebra is filtered. To see this, define

F; = @ Ag,
k=0

where F; are the subspaces coming from Definition 11.37 and A, are the subspaces in

Definition 11.34.
Remark I1.41. The deformations (I.1) and (I.2) are filtered algebras.
We are now ready to define an associated graded algebra of a filtered algebra.

Definition 11.42. The associated graded algebra of a filtered algebra A is given by

=P F(4) / Fa(a),

€N

with multiplication induced by the multiplication on A.

Remark I1.43. If A is a graded algebra, then gr(A) = A.
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CHAPTER III

HOMOLOGICAL ALGEBRA
The goal of this chapter is to define Hochschild cohomology, which we will use in
Chapter V to show that the deformations obtained in Chapter IV are nontrivial. For
this purpose, in Section A, we give a, by far nonexhaustive, review of some basic
concepts from homological algebra. For further details, we refer the reader to [21].
Section B introduces the notion of Hochschild cohomology of an algebra and shows
how to determine it using the bar resolution. Hochschild cocycles are described in

Section C and Hochschild coboundaries are discussed in Section D. The main ideas

of Hochschild cohomology can be found in [22] and [13].

A. TFree Resolutions and the Functor Ext

In this short section, we recall the definition of a free resolution of a module over a
ring. Then we construct the functor Ext, which will be used to define Hochschild
cohomology in the next section.

Let R be a ring.

Definition III.1. Let M be an R-module. A free R-resolution of M is an exact

sequence of R-module homomorphisms

1 o 1)
—3>P2—2>P1—1>P0i>M—>0,

i.e. Im(0;41) = Ker(d;) for all ¢ > 0 with dy = €, where P, is a free R-module for all

1> 0.

Using a free resolution, we can define the functor Ext as follows:
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Definition II1.2. Let M, N be two R-modules and let

be a free R-resolution of M. Applying Homg(—, V) and dropping the term Hompg (M, N),

we obtain the sequence

0 — Homg(Py, N) 25 Homg(Pr, N) 2 Hompg(Py, N) 25 - .

which may no longer be exact. The maps 6 are given by 67 (f) = fod; for alli > 1,
and d; is the zero map. It can be shown that §7,; o 67 = 0. Then Extly(M, N) is

defined as the following quotient of vector spaces:
Exty (M, N) = Ker(3},,) / Tm(6})
and Exty (M, N) is defined as

Exth(M, N) = @) Exty(M,N).
i>0
Remark III.3. It may be shown that this definition does not depend on the choice

of resolution. Moreover, it is enough to have a resolution by projective modules. For

a detailed discussion, we refer the reader to Section 3.2 in [21].

B. Hochschild Cohomology

In this section, we define the Hochschild cohomology of an algebra over a field. Let A
be a k-algebra. Recall from Example I1.4 the definition of the opposite algebra A°P
of A. Let A = A® A°?. Then A is a left A°-module (or equivalently, an A-bimodule

under multiplication) via

(a®b)(c) =acb foralla®be A ce€ A. (I11.4)
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Notice that for n > 2, A®™ can be given the structure of a left A°~-module by extend-

ing (IT1.4), namely if a ® b € A° and a1 R as ® -+ @ a1 Q a, € A®", then
(a®@b)(a1®a® Qa1 ®ay) =00 Ray® -+ & Ay_1 X ay b. (I11.5)

Definition ITI.6. Let M be a left A°~module. The Hochschild cohomology of A is
defined as
HH®*(A, M) = Ext%.(A, M).

If M = A, then we denote HH®*(A, A) simply by HH*(A).

It is possible to find the Hochschild cohomology of A by considering the free

A¢-resolution of A, which is given by
RN R L LN LN ) (111.7)

where m is the multiplication in A and the maps d; are defined as
dilap® a1 ® - R 1) = Z(—l)jao Q- ®ajaj 41 Q- Q Ay (I11.8)
=0

This resolution is known as the bar resolution of A. Applying Homge(—, A) and

dropping the term Hom4e(A, A), we obtain
0 — Homae (A%, A) 25 Homae (A%, A) 2 Hom e (A%%, A) 25 ..
where §7(f) = fod; fori > 1 and f € Home(A®0T1 A). Then

HH'(A) = Ker(},,) / Im(67) and HH*(A) = HHH'(A). (IIL.9)

Remark ITI.10. When G is finite, the Hochschild cohomology of S(V)#G was com-
puted in [11] and [19]. If G is finite and acts diagonally on V', then the Hochschild

cohomology ring of Sq(V)#G is described in [31]. This last result will be used in
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Chapter V.

C. Hochschild Cocycles

Using the bar resolution (I11.7) of A, we will define Hochschild cocycles. Let us begin
by introducing Hochschild 1-cocycles. Let f € Homae(A®3, A). Tt is straightforward

to check that the map

Hom 4 (A%?, A) — Homy (A, A)

hi— (a—h(l®a®1))

is an isomorphism of vector spaces. Thus, we may identify f with a k-linear map

from A to A. By definition, if f € Ker(d}), then
0=6(f)a®@b®c®d)=(fod)(a®b®c®d) forallabcde A
Since 83(f) € Homae(A®4, A) and it is possible to check that the map

Hom 4 (A®*, A) — Homy (A®?, A)

h—= ((a®b)—h(lRa®b® 1))

induces an isomorphism of vector spaces, d;(f) may be identified with an element of

Homy (A®?% A). Since f € Ker(d}), f must then satisfy

(fod)(l®b®c®l)=0 forallbce A
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By (IIL.8) and since f is a module morphism, we get that

0=(f0d)(1l®bRc®1)=fbecrl—-10b®1+10bR )
=fb@cel)- f1obal)+ f(1Rb&c)

—bflocel) - flobel)+flobol)c

Therefore, an element f € Ker(d5) can be identified with a linear map A — A that

satisfies

a f(b) — f(ab)+ f(a) b=0 for all a,b € A. (IT1.11)

Such a map is called a Hochschild 1-cocycle.

Before moving on to Hochschild 2-cocycles, let us state the relation between
Hochschild 1-cocycles and derivations. Recall the definition of derivations and skew
derivations introduced in Definition I1.32. Let f be a Hochschild 1-cocycle. Then no-
tice that (II1.11) is precisely what defines a derivation. Therefore, f can be identified
with a derivation.

Similarly, we can realize skew derivations by changing the action (I11.4) of A¢ on
A using an automorphism ¢. Let us explain this in more detail. To be more precise,
let us denote by ,A the A°~module that has A as the underlying vector space but

with the action
(a®b)(c) =¢(a) cb foralla®be A° c e 4A. (III.12)

Let us now show that under this new action, a Hochschild 1-cocycle with image in 4A
can be identified with a 1, ¢-skew derivation. First, recall the bar resolution (II1.7)

of A. Apply Homue(—, 4A) and drop the term Homxe(A, »A). Denote the induced

7

maps by 6 4. Then f € Ker(d; 5) implies that

fOec®l)—f1ebe®l)+ f(1®b®c)=0 forall bce ,A.
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Using the actions (II1.12) and (IIL.5), we obtain

feecl)=f(el) (1®cx1))
=0b®1) fl®cxl)
=¢(b) f(lec®l)l

=¢(b) fl®cxl)
and

flobee) =fl(1c) (1abo 1))
—(1®c) fleb®1)
—6(1) f1eb® 1) c
—1f1ebo1)c

=fl®b®l)ec.

Thus,

o) fl®cex1l)— f(1Rbk®1)+ f(1Rb®1) c=0.

Since we have seen that Home(A%®3, A) is isomorphic to Homy(A, A), f may be
identified with a 1, ¢-skew derivation.
In a similar fashion, it is possible to show that if we set the action of A on A to
be
(a®0b)(c) =acp(b) foralla®be A® ce Ay,

where A4 denotes the A°-module that has A as the underlying vector space but with
this new action, then a Hochschild 1-cocycle with image in A, is a ¢, 1-skew derivation.
Therefore, both derivations and skew derivations are Hochschild 1-cocycles.

To define Hochschild 2-cocycles, let us again consider the bar resolution (II1.7)
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of A. Let f € Ker(d%). By a similar argument as before, we can think of f as being

a bilinear map from A x A to A that satisfies
a f(b,c) — f(ab,c) + f(a,bc) — f(a,b) c=0 for all a,b,c € A. (III.13)

Such a map is called a Hochschild 2-cocycle.

Similarly, a Hochschild 3-cocycle is a trilinear map f : A x A x A — A such that
a f(b,c,d) — f(ab,c,d) + f(a,be,d) — f(a,b,ed) + f(a,b,¢) d =0 (I11.14)

for all a,b,c,d € A. An analogous description for Hochschild i-cocycles (i > 4) can

be given. For the sake of brevity, we skip the details.

D. Hochschild Coboundaries

Using the bar resolution (IIL.7) of A, we will now define Hochschild coboundaries.
Let us begin by introducing Hochschild 1-coboundaries. Let g € Hom4e (A€, A). It is

straightforward to check that the map

Homy (k, A) — Hom e (A°, A)

h— (a®bw~— ah(l)b)

is an isomorphism of vector spaces. Thus, g may be identified with a k-linear map

from k to A. By definition, if f € Im(d7), then there exists g € Homae(A®, A) such
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that 67(g) = f. Let a € A. Then

fA®a®l)=6(9)(1®a®1)
=(god)(1®a®1)
—gla®1-1®a)
=g(a®1)—g(1®a)
=ag(l®l)—g(1®1)a

=ag(l)—g(1)a,

where, in the last equality, we have used the isomorphism between Hom 4. (A¢, A) and
Homy(k, A). Denote g(1) by b. Then we may conclude that f may be identified with

a linear map A — A that satisfies
fla) =ab—ba forall a € A. (IIL.15)

A Hochschild 1-cocycle that satisfies such a condition is called a Hochschild 1-coboundary.
To define Hochschild 2-coboundaries, let us again consider the bar resolution (I11.7)

of A. By definition, if f € Tm(d3), then there exists g € Homae(A®3, A) such that

d5(g) = f. By a similar argument as before, we can think of f as being a bilinear

map from A x A to A and ¢ as a linear map from A to A, which satisfy
f(a,b) =a g(b) —g(ab) + g(a) b for all a,b € A. (IT1.16)

A Hochschild 2-cocycle that satisfies such a condition is called a Hochschild 2-coboundary.
Similarly, a Hochschild 3-cocycle f is a Hochschild 3-coboundary if there exists a

map g : A x A — A such that

fla,b,¢) =a g(b,c) — g(ab,c) + g(a,bc) — g(a,b) ¢ for all a,b,c € A.  (II1.17)
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In an analogous fashion, Hochschild i-coboundaries (i > 4) can be defined.

Remark III.18. Recall the Hochschild cohomology (II1.9) of A obtained by using
the bar resolution of A. Notice that HH'(A) = Ker(d7,;) / Im(5}) may be rephrased

as follows:

HH'(A) = {Hochschild i-cocycles} / {Hochschild i-coboundaries}.
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CHAPTER IV

DEFORMATIONS
This chapter is the core of this dissertation. In Section A, we define a deformation
of an algebra and briefly discuss the difficulties that arise when trying to find all
possible deformations of a given algebra. We end this section by introducing universal
deformation formulas. Section B describes a motivational example of a deformation
of the smash product algebra of the quantum symmetric algebra of a vector space
with a group. To the best of our knowledge, this is the first known example of such a
deformation in which the new relations in the deformed algebra involve elements of the
original vector space. We also present a generalization of the motivational example,
which in turn generates numerous new examples of deformations of Sq(V)#G. In
Section C, we generalize the results of Section B by finding the necessary and sufficient
conditions that give Sq(V)#G the structure of an H,-module algebra, under some

hypotheses.

A. Preliminaries

Here we present the definition of a deformation of an algebra, some examples, and
a step-by-step construction to find a deformation. In this section, we also introduce
universal deformation formulas. The basics of algebraic deformation theory can be

found in [14], [15] and [17].

Definition IV.1. Let ¢ be an indeterminate. A formal deformation of a k-algebra
A is an associative algebra A[[t]] over the formal power series ring k[[t]] with multi-
plication

a*xb=ab+ pu(a®0b)t+ u(a®@b)t* + ...
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for all a,b € A, where ab denotes the multiplication in the original algebra A and the

maps f; : A® A — A are k-linear extended to be k[[t]]-linear.

Remark IV.2. In the literature, the map p; is sometimes referred to as the infinites-

imal of the deformation. See, for example, [15] and [17].

From now on, we will use the terms formal deformation and deformation inter-
changeably. Notice that a linear map from A® A to A can be identified with a bilinear
map from A x A to A. Thus, the element p;(a ® b) will also be denoted by u;(a,b)
for all a,b € A.

To illustrate Definition IV.1, consider the following two examples of deformations:
Example IV.3. The quantum plane
Colz,yl = Clz,y |y = qay)
is a specialization of a deformation of the algebra
A=Clz,y] = Clz,y | yz = zy).

To see this, it is sufficient to define

1
pi(z,x) = pi(y,y) = pi(z,y) =0 and  p(y,z) = 1Y

Then z *y = xy and

L, L s
y*x:xy—l—tacy—l—gt xy—l—gt xy + - = exp(t) zy.
Specializing to t = ¢y € C and setting ¢ = exp(tp) yields the new algebra C,[z, y].

Example IV.4. The Weyl algebra

W=Clz,y vy —yx=1)
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is a specialization of a deformation of the algebra
A=Clz,y] = Clz,y | yz = xy).
To see this, it again suffices to define

—1, fori=1,

pi(r,x) = pi(y,y) = piz,y) =0 and  p(y, ) =
0, otherwise.

Then

rxy=xy and yxxr=2xy—1.

Specializing to t = 1 yields the new algebra W.

Given an algebra A, a natural question that arises is to determine all possible
deformations of A. By Definition V.1, we may restate this problem as follows: Find

all sequences {y;} such that the corresponding map * is associative on A[[t]], i.e.
ax(bxc)=(axb)xc forall a,b,ce Allt]].

This associativity condition allows us to match coefficients of ¢" for n € N, which
in turn gives conditions that the maps p; must satisfy. For instance, matching the
coefficients of the constant term tells us that A must be associative, which is already

given. Next, comparing the coefficients of ¢, we obtain that p; must satisfy
a 1 (b7 C) - Ml(a’b7 C) + (CL, bC) — H1 (CL, b) c=0,

that is 1y must be a Hochschild 2-cocycle (compare to (I111.13)). In general, matching

the coefficients of ¢ yields the following condition:

Zui(unﬂ'(a, b),c) = Zﬂz’(aaﬂnﬂ'(ba c)),
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where pp denotes the multiplication in A. This expression can be rewritten as

n—1

tn(a,b) c+ Z pi(pin—i(a,b), c) + pn(ab, c) =

i=1

n—1

a Nn(ba C) + Z :ui(aa :un—i(ba C)) + :un(a’v bC)

i=1

Rearranging the terms, we obtain

—_

n—

(miCrtn4(,5), €)= s, pni(b,€)) ) = @ pn(b, ) = un(ab, €) + (0, be) — un(a,b) .

1 (IV.5)

(]

To simplify notation, define =, to be the left hand side of (IV.5), that is

n—1

ula,b.¢) = 37 (silrta-i(a,8),¢) = il pu-sb ).

i=1
Notice that by (IV.5), 7, is a Hochschild 3-coboundary via p,, and hence a Hochschild
3-cocycle. Recall that Hochschild 3-cocycles and Hochschild 3-coboundaries were
defined in (I11.14) and (II1.17), respectively.

The fact that the maps 7, are Hochschild 3-coboundaries motivates a recursive
procedure to find the maps p;. The first step of this process is as follows: Suppose

i1 is a Hochschild 2-cocycle. Then we have

72(a7 b’ C) =M (:ul (a7 b)v C)_:ul (a’ :Ul(bv C)) =a M2(67 C)_“Q(ab> C)_‘_#?(a’ bc)_:u2(aa b) C,

that is 75 must be a Hochschild 3-coboundary via ps. So 7, is the obstruction to
finding ps.

Therefore, a step-by-step construction to find a deformation is as follows:

e Pick pq such that p; is a Hochschild 2-cocycle and 7y, is a Hochschild 3-coboundary.

e For n > 2, pick pu, such that v, is a Hochschild 3-coboundary via g, and 7,11

is a Hochschild 3-coboundary.
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Thus, trying to find all deformations of a given algebra is a very difficult process, if
at all possible. In fact, this is a potentially infinite procedure. For this reason, many
authors, such as Guccione et al. [20] and Witherspoon [37], concentrate their efforts
in the study of deformations of an algebra coming from an action of a Hopf algebra.

Giaquinto and Zhang [18] developed the theory of universal deformation formu-

las. Here we define a universal deformation formula based on a bialgebra.

Definition IV.6. A universal deformation formula based on a bialgebra B is an

element F' € (B ® B)[[t]] of the form
F=1p1lg+tF +t> F,+...
where F; € B ® B, satisfying the following three conditions:

(c®idp) (F) = 1® 1p,
(idg®e) (F) =15 ® 1,

[(A®idp) (F)] (Felp) =[({dg®A) (F)] (1 © F).

Such a formula is universal in the sense that it applies to any B-module algebra
A to yield a deformation of A (see Theorem 1.3 in [18] for a detailed proof). In
particular, mo F' is the multiplication in the deformed algebra of A, where m denotes
the multiplication in A.

Let us recall the Hopf algebra H, introduced in Subsection II.B.1. Witherspoon

proved in [37] that

Z;:ol (Z; i (tD1 ® Dy)', if ¢ is a primitive nth root of unity,
equ(t D1 (%9 DQ) = !

Yoico (i;q! (tDy ® Ds), if ¢ =1 or ¢ is not a root of unity,

is a universal deformation formula based on H,. Therefore, for every H,-module
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algebra A,
m o exp,(t D1 ® Ds) (IV.7)

yields a formal deformation of A, where m denotes the multiplication in A.

B. A Motivational Example

The example described in this section is, to the best of our knowledge, the first known
example of a deformation of Sq(V)#G in which the new relations in the deformed
algebra involve not only group elements and the indeterminate, but also elements of
V' (compare to (I.1) and (1.2)).

Let ¢ € C be a primitive nth root of unity for n > 2. Let {w;, ws, w3} denote a
basis of a C-vector space V. Recall the definition of Sq(V') introduced in Chapter I.
Set q12 = q13 = q and qo3 = 1. Let G = (01,09 | 0} = 0} = 1, 0109 = 0907) be a

group acting on Sq(V') via

01(w1) = qwmq, 01(102) = Wa, 01(w3) = quws,

oa(wr) = wy, oa(ws) = qus, oa(w3) = qus.
Define the functions y; : G — C* by
g(w;) = xi(g) w; forallge G, i=1,2,3.

In particular, x;(01) = ¢ and x1(032) = 1.
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Define an action of H, on the generators of Sy(V') and on G by

Dy (wy) = o9, Dsy(wy) =0, o(wy) = qws,
Dy (ws) =0, Dy(wy) = w3 0y 05 ', o(wy) = wa,
Di(ws) =0, Ds(ws) =0, o(w3) = ws,

Di(g) =0, Ds(g) =0, a(g) =xi(97") g-

Then extend this action of H, to all of Sq(V)#G under the following conditions:

D1 (ab) = D1 (CL) O'(b) +a D1 (b),
Da(ab) = Dy(a) b+ o(a) Ds(b),

o(ab) = o(a) o(b),
for all a,b € Sq(V)#G.

Remark IV.8. The extension conditions follow from the definition of the coproduct
in H, as stated in Subsection II.B.1. This is done so as to obtain an H,-module

algebra, which is shown to be true in the upcoming discussion.
Recall the definition of the quantum integers introduced in (I1.20).

Proposition IV.9. Let {w! w) w g | i,j,m € N, g € G} denote a basis of
Sq(V)#G. Then assuming it is well-defined, the extension of the action of H, on
Sq(V') and G to all of Sq(V)#G s given by the following formulas:

Dy(wh wy wi g) = (1) ™ x1(g7") wi™ wh wi oy g,

i, 0 . m N\ (s i,0 . J=1  m+l -1
Dy (w) wy Ws 9)—(J)q*1q w; wy wz 0105 ¢,

o(w) whwy' g) = ¢ x1(g7") wi wj wi g,

where a negative exponent of wy (¢ = 1,2, 3) is interpreted to be 0.



Proof. Since

we get

or(wh) = ¢ wy, oi(wy) =wh,  o(wy) = q" Wi
Thus,

o1 (wi wh wi') = ¢ wi wj w.
Similarly,
op(w1) = w1, oz(ws) = quz, oa(w3) = qus,

give

op(wi) = wi, oa(wy) = ¢ wy, on(wi') =q" wy',
Hence,

i .00, m\ _ Jtm 1,9, m
oa(wi wy wy') = ¢/ wi wy wy'.

In a similar way;,

o(wy) = qui, o(wy) =wq, o(ws) = ws,

yield
o(wy) = ¢ wi, o(wh) =wh, o(wy') = wy"
Since
o(g) =x1(¢g7") g forall g€,
we have

o(wi whwi' g) = ' xalg™") wi wj wi g.

37

Since D (wy) = 09 and Dy(ab) = Dy(a) o(b) + a D;(b) for all a,b € Sq(V)#G,
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it can be shown by induction that
Dy(wy) = (i)g wy" 02.
Since Dy (w;) = Dy(ws) = 0, we have that D (w)) = Dy(wy*) = 0. Thus, we get

Dy (wi w)) = (i) ¢ wi" w oo,

and
Dy(wi wy wi') = (i)g ¢ wi™t wy wi' o,
Since
Dy(g) =0 forall g €@,
we obtain

i—1

j+m -1 Jj..m
xi1(g7) wi wy wy' o2 g.

Dy (w) wh wi' g) = (i)g q
Since Do(ws) = w3 01 05" and Dy(ab) = Dy(a) b+ o(a) Do(b) for all
a,b € Sq(V)#G, it can be shown by induction that
Dsy(w3) = ()1 w3 " wy o1 03"
Since Do(wy) = Do(w3) = 0, we have that Dy(w}) = Da(wh*) = 0. Thus, we get
Dy(wi w3) = (j)g1 ¢ wi wh ' wy 01 037,

and

Ds(wi wy wi') = (j)g-1 ¢' wi wh ' witt oy 0yt

Since

Dsy(g) =0 forall g € G,
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we obtain

Dao(w} w) wi' g) = ()1 ¢ wi wl ' wi oy 0yt g.

Let us recall that Hopf module algebras were introduced in Definition I11.27.
Proposition IV.10. Sy(V)#G is an H,-module algebra.

Proof. Since the maps o, Dy and Ds are defined on the generators of Sq(V') and on
G, and then extended to all of S (V')#G, it is necessary to check what happens when
an element of Sy(V)#G has more than one expression in terms of the generators. As
long as the relations of Sq(V)#G are preserved by o, Dy and Ds, each map will act
as a well-defined linear operator on Sq(V)#G. To get an action of the whole Hopf
algebra H, on Sq(V)#G, we need to check that the relations of H, are preserved,
so that we do get a well-defined action of each element of H, on Sq(V)#G. Then
Sq(V)#G is an H,module. Next, the action of o, D; and D, on a product is as it
should be, by definition. Finally, (1) = 1 and D;(1) = Ds(1) = 0 follow from the

extension conditions. Therefore, it is enough to check the following:

e The relations of H, are preserved by the generators of Sq(V)#G, that is the

relations

* D1Dy = DyDy,

* qoD; = Do fori=1,2,

* D} = D} =0 if ¢ is a primitive nth root of unity,
are preserved by each basis element w! w% wy' g.

e The relations of Sq(V)#G are preserved by the generators of H,, that is the

relations
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* Wi1W2 = qW2W1, W1W3 = qW3Wi, WaW3 = W3W2,
* gw; = g(w;)g fori=1,2,3, g € G,

are preserved by o, Dy and Ds.
For the sake of brevity, we omit these calculations. ]

Remark IV.11. By construction, o is an automorphism of Sq(V)#G. By Re-
mark I1.24 and Example I1.33, we may conclude that D; acts as a o, 1-skew derivation

and Ds acts as a 1, o-skew derivation of Sq(V)#G.
As a consequence of Proposition IV.10, if we set, for instance, ¢ = —1 (and hence
n = 2), then by (IV.7), we get that

1
(4)q!

yields a deformation of Sq(V)#G.

n—1
moexp,(tD;®Dy) = mo tD; @ Dy)' | = mo(id®id+tD;® Dy) (IV.12
p,(
=0

Proposition IV.13. If ¢ = —1, then the deformation of Sq(V)#G given by (IV.12)
18

(T(V)#G)[[t]] / (wiws + wowy + twsoy, wiws + wawy, wews — Wsws).

Proof. Let us denote by D the deformation of Sq(V)#G obtained by defining the mul-
tiplication on (Sq(V)#G)[[t]] by (IV.12). To find the new relations in the deformed
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algebra D, consider, for example,

wy kwy = (mo (id®id+t Dy ® Dy)) (w; @ wy)
=m (w, @ ws) +m (t (D @ Ds) (w1 @ ws))
= wy wy +m (t (D1(w1) @ Da(ws)))
=wy wy +m (t (02 @ws o1 057))
= w; Wy +t oy w3 0y 02_1

:wlwg—twgal.

Similarly,
we xwy = (mo (id®id+t Dy ® Dy)) (w2 ® wy)

=m (UJQ & U)l) +m (t (Dl X DQ) (’wg X U)l))

= wy wi +m (t (D1(ws) ® Da(wr)))

= Wy Wq.
Thus,

Wy * Wy + Wy * W] = W1 Wo + Wy wl—twg o1 = —tw3 o1,
since wyws = —wqw; in the original algebra. Dropping the * notation, we get that
the new relation in D is
wiwy + wowy = —twso,

as desired. Similar calculations show that in the deformed algebra D, the following
relations also hold:

wiws = —wsw; and  wews = WawWs.
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Define an algebra homomorphism

¢ (T(V)#G)[[H] = D
W; — W;

g—g-

By construction, the map ¢ is surjective since w; and g are in the image of ¢ and
these elements generate D by an inductive argument. To see this, recall that by
definition, D is (Sq(V)#G)[[t]] as a vector space. As a free k[[t]]-module, D has a

free generating set {w¢ wg wi g | «, 5,7 are nonnegative integers}. It is possible to

show by induction on the degree o + 5 + v of wy wg wy g that this element is in the
image of .

Let I denote the ideal of (T(V)#G)[[t]] generated by the relations
Wi1Wo + WaW1 + tw;gUl, Wi1W3 + W3wy, Wz — W3Ws.

The calculations presented above show that I C ker(yp). Note that (T'(V)#G)|[t]] / I
is a filtered algebra, due to the nature of the elements of I. To be more precise, recall
that in Example 11.39, we saw that T'(V)#G is a filtered algebra. Then by setting
the degree of the indeterminate ¢ to be 0, (T'(V)#G)[[t] is also filtered. To show
that the filtration passes to the quotient, it suffices to notice that, in the notation of
Example 11.39, wiwy + wowy € Sy and wzo; € S C Ss.

By an induction argument on the degree, it is possible to show that the ele-
ments of the form w{ wg wy g, where «, 0 and « are nonnegative integers, span
(T(V)#G)[[t] / I as a free k[[t]]-module. Thus, the dimension of the associated
graded algebra of (T'(V)#G)|[[t]] / I in each degree n is at most the number of ele-

ments of the form w{ wg wy g with a+ 5+~ = n. Recall that the associated graded
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algebra was introduced in Definition I1.42. On the other hand, since I C ker(y), the
map

(TW#O /1 — (T(V)#G)([H] / ker(p)
is surjective. Thus, the dimension of the associated graded algebra of (T'(V)#G)|[[t]] / I

in each degree n is at least the dimension of the associated graded algebra of

(T(V)#G)|[[t]] / ker(¢) in degree n. Since (T(V)#G)|[t]] / ker(p) is isomorphic to D

and we know that the elements of the form w{ wg wy g form a basis of D, it follows

that the deformation is precisely (T'(V)#G)][t]] / 1. O

As advertised, the vector space element w3 appears in the new relations multiplied
by the indeterminate ¢ and the group element o;. Thus, restricting to (T/(V)#G)|[t]

and specializing to t = 1, this deformation involves relations of type

WW; — ¢ jWww; — E Wiy, ag(w;, w;) g for some m.
geG

Notice that these relations differ from those used to define the braided Cherednik

algebras (1.2) by the presence of w,,.

Remark IV.14. The arguments presented in the proof of Proposition IV.13 can be
generalized to any primitive nth root of unity ¢ for n > 2. For example, set n = 3.

Then by (IV.7), we get that
moexp,(t Dy ® Do) =mo (id ®id+t D; ® Dy + 1%(1 (t* D? ® DS)) (IV.15)
yields a deformation of Sq(V)#G. In this case, the deformation can be found to be
(T(V)#G)[[t]] / (wrwe + wowy — qtwzoy, wiws + wswy, wows — wawy).  (IV.16)

It is sufficient to notice that D?(w;) =0 for 4,5 = 1,2.
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Remark IV.17. Notice that the deformation (IV.16) of Sq(V)#G is a graded defor-
mation in the sense of Braverman and Gaitsgory [4]. To see this, we assign degree 1
to the indeterminate ¢ and to the vector space elements w;, and degree 0 to the group
elements ¢g. In this way, each of the relations obtained are homogeneous of degree 2.

Therefore, the quotient is graded.

Remark IV.18. This example can be generalized to higher dimensions as follows:
Let g be a primitive nth root of unity (n > 2) and let {wy, ..., w} denote a basis of
a C-vector space V. Set q1; = qfor j =2,...,k, and ¢;; = 1 for 7,5 = 2,... k. Let

G = (01,09 | 0} = 04 =1, 0109 = 0901) be a group acting on Sq(V) via

01(w1) = quwz, 02(w1) = W,

0‘1(11]2) = Wy, 02(w2) = qwa,
01(w3) = qws, 02(w3) = qws,
01(wk) = qWg, ‘72(wk) = qWk.

Define the functions y; : G — C* by
g(w;)) = xi(g)w; forallge G, i=1,... k.

Define an action of H, on the generators of Sq(V') and on G as follows:
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Let aq,an,...,ax_ 2,01, B2, ..., Bk—2 € N. Then define

Di(wi) = wy*™ wy - wy* " oy, Do(wn) =0,
Dl(’wg) = 0, D2(w2) = w?mﬂ "LUf2n tee wi’“’w 01 O';l,
Dl(wg) = 0, D2(w3) = 07
Dy (wy) =0, Da(wy) =0,
Dl(g)zov D2(g):07
and

o(wy) = quy,
o(wy) = wa,

o(ws) = ws,

o(wy) = wy,
o(g) =xi(g7") 9.
If we extend the action of H, to all of Sq(V)#G under the same conditions as

before and denote a basis of Sq(V)#G by {wi w? ... w g |i1,...,ix €N, g € G},

then we obtain the following formulas:

i1 i2 ik (s G+ +ig —1 i1—1 12 istain iptog_2on
Dy (wi* wyt ... wk g) = (i1)q q x1(g77) Wit wy wy . w, o9 ¢,

i1, 02 ik — (s iv 01, d2—1  d3+Bintl | iat+Pan igt+Br—2n —1
Dy(wi* wy ... wk g) = (i2)g-1 ¢ wi' w5~ ws wy . w, o105 ¢,

J(wil w? .. .w,i’“ g) = g Xl(g’l) wil w? o wfj g.

It is possible to show that Sq(V)#G is an H,-module algebra in this case as well.
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Thus, again by (IV.7), moexp,(t D; ® Ds) gives a deformation of Sq(V)#G.
If ¢ = —1, then as before, mo (id®id+t D; ® Ds) yields a deformation which, in
this case, can be found to be the quotient of (T'(V)#G)[[t]] by an ideal that contains

the following relations:
Wiws + wowy + ¢ (_1)(/31+"'+ﬁk—2)n w§a1+ﬁ1)n+1 wZ(LaerﬁQ)” .. .wliak72+/8k—2)n o1, (IV.19)

wiw; +wjw;  for j=3,...,k,
ww; —wjw; fori,j=2,... k.

The proof of this statement is analogous to the proof of Proposition IV.13. For the
sake of brevity, we skip the details. Notice that in this case we do not obtain a graded

deformation in the sense of Braverman and Gaitsgory [4] unless a; = -+ = a2 =

Br=r=fra=0.

C. The General Case

Let us present some generalizations of the results obtained in [20] and [37] to the case
of Sq(V)#G. We provide the necessary and sufficient conditions for S (V)#G to have
the structure of an H,-module algebra under some assumptions. As a consequence,

by applying (IV.7), we obtain more explicit examples of deformations.

1. Hg module Algebra Structures on Arbitrary Algebras

Let A be a k-algebra and let o, D1, Dy : A — A be arbitrary k-linear maps. Recall
that a module was introduced in Definition I1.26. By abuse of notation, we identify
o, Dy and D, with the generators of H, by the same name. Then A can be given

the structure of an H,-module via a (necessarily unique) k-linear map H,® A — A
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if and only if the maps o, D; and D, satisfy the following conditions:

o is a bijective map, (IV.20a)

D\Dy = Doy, (IV.20D)

goD; = D;o for i = 1,2, (IV.20c¢)

if ¢ is a primitive nth root of unity, then D} = D3 = 0. (IV.20d)

Remark IV.21. To see why conditions (IV.20) are necessary and sufficient, notice
that if we are given maps o, D; and D, as linear operators from A to A, there is only
one possible way that we can extend this action to all the elements of H, since o, D,
and D, generate H,. So if such an extension exists, it is unique. The only question
then is whether such an action is well-defined, that is whether it exists. Since we
start with actions of o, Dy and D, on A, we would need to check the relations of H,,
which are precisely conditions (IV.20). Only then would we know that our original

choices of linear maps extend to give a well-defined map H, ® A — A.

Given o, Dy and D, such that (IV.20) holds, the following result determines the
conditions that these maps must satisfy so that A becomes an H,-module algebra via

the map H, ® A — A.

Theorem IV.22. Let 0,Dy, Dy : A — A be k-linear maps satisfying (IV.20). Then

A is an Hy-module algebra via the map Hy, © A — A if and only if

o(ab) = o(a) o(b) for all a,b € A, (IV.23a)
Dy (ab) = Dy(a) o(b) + a Dy(b) for all a,b € A, (IV.23Db)
Ds(ab) = Dy(a) b+ o(a) Do(b) for all a,b € A. (IV.23c¢)

Proof. By definition, to show that A is an H,-module algebra, we need to check the
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relations of A, the relations of H,, and the condition (II.28). The relations of A
need not be checked since o, D; and Dy are well-defined maps from A to A, which
means they automatically must preserve the relations of A. The relations of H, are
precisely items (IV.20). The condition (I1.28) is equivalent to items (IV.23) since o,
D, and D, generate H, and A is an algebra homomorphism, so all the elements of

H, satisfy (IL.28). O

Remark IV.24. This result is a specialization of Theorem 2.4 in [20] with « being

the identity map on A.

2. Hj module Algebra Structures on Smash Products

Let V' be a k-vector space with basis {wy,...,wi}. Let G be a group acting linearly
on V. Assume that the action of G on V is diagonal with respect to the basis

{wy, ..., wi}. Then there exist maps x; : G — k* such that
g(w;)) =xi(g)w; forallge G, i=1,... k.
Extend the action of G on V' to Sq(V') by algebra automorphisms.

Theorem IV.25. Let 0,D1,Dy : V @ kG — Sq(V)#G be k-linear maps. Suppose

there exists a group homomorphism & : G — k* such that

o(g) =&(g) g forallgeG.

Then o, Dy, Dy extend to give Sq(V)#G the structure of an H,-module algebra if and

only if forallg € G, ¢ =1,2,14,5j =1,...,k, the following conditions hold:
o:V =V is a bijective kG-linear map, (IV.26a)
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D1Ds(g) = DaD1(g), (IV.26¢)

qo Dy(w;) = Dyo(w;), (IV.26d)

qoDe(g) = &(9) De(9), (IV.26e)

if q is a primitive nth root of unity, then D = Dy =0, (IV.26f)
Dy(wswj) = Dy(gijwjw;), (IV.26g)

o(ww;) = o(qjww;), (IV.26h)

Dy(g(wi)g) = De(gw;). (IV.261)

Proof. Notice that V@kG embeds into S (V)#G, so in order to apply Theorem IV.22,
first we need to extend the maps o, Dy and D, from V & kG to all of Sq(V)#G by
requiring conditions 1V.23 to hold. In order to obtain well-defined k-linear maps
from Sq(V)#G to Sq(V)#G, we need to check that the relations of Sq(V)#G are
satisfied by the generators of H,. These are precisely conditions (IV.26g), (IV.26h)
and (IV.261). Notice that ¢ automatically preserves the relation g(w;)g = gw; since

by assumption,
g(w;) =xi(g) w; and o(g) =&(g)g forallgeG,i=1,... k,
and by (IV.26a), o : V' — V commutes with the action of G, that is

o(g(w;)) = g(o(w;)) forallge G, i=1,... k.
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To be more precise, consider

o(g(wi)g) = o(xi(g) wi g)
= xi(9) o(wi g)
= xi(g) o(wi) o(g)
= xi(g) o(wi) £(9) g

= xi(9) £(g) o(w;) g,

and

o(gw;) = o(g) o(w;)
=¢&(9) g o(wy)
=¢&(9) g(o(wi)) g
=¢&(9) o(g(wi)) g
=&(9) o(xi(g) wi) g

= £(9) xi(g) o(w;) g.

Next, we need to make sure that the relations of H, hold, that is items (IV.20). Notice
that (IV.20a) is equivalent to (IV.26a) since o is bijective on kG by its definition.
Moreover, (IV.20d) is precisely (IV.26f). Since it is enough to show that the relations
of H, are satisfied by the generators of Sq(V)#G, it follows that (IV.20b) is equivalent
to (IV.26b) and (IV.26¢), and (IV.20c) is equivalent to (IV.26d) and (IV.26e). O

Remark IV.27. This result was obtained for the case of S(V)#G in [20]. Thus,
Theorem IV.25 is a generalization of Theorem 3.5 in [20] to Sq(V)#G with « being

the identity map on Sq(V)#G, s the twist map, x.(g9) = 1 and x.(g) = x1(¢™") for
all g € G.
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3. A Special Case of H,-module Algebra Structures on Smash Products

Let V be a k-vector space with basis {wi,...,w;} and let G be a group acting

diagonally on V. As before, the maps y; : G — k* are given by
g(w;) = xi(g) w; forallge G, i=1,... k.

Theorem IV.28. Let 0,D1, Dy : V & kG — Sq(V)#G be k-linear maps. Assume
that the action of o on V is diagonal with respect to the basis {wi,...,wy}. Let

Ai(o) € k* be defined by
o(w;)) =N(o)w; foralli=1,... k.
Suppose there exists a group homomorphism & : G — k> such that

o(9)=E&(g) g forallgeG.

Choose P1, P, € Sq(V') such that there are scalars qp, ., satisfying the following equa-
tion:

Py w; = qpu, wy B for alli # j.

Assume that
D1(w1) = P g1, Dl(wi) =0 foralli#1, Dl(Q) =0 forallgegG,

Dy(ws) = Py ga,  Do(w;) =0 foralli #2, Dy(g)=0 forallge G,

with g1,92 € G. Then there is an Hy-module algebra structure on Sq(V)#G, for

which o, D1, Dy act as the above chosen maps, if and only if
qrw; = qui )\i_l(a) Xi(gi ') foralli#1, (IV.29a)

APy, = Q2i Ni(0) Xi(g5 ') for all i # 2, (IV.29D)
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g1 and gy belong to the center of G, (IV.29¢c)

g(P1) = xa(g) &(g) Py for all g € G, (IV.29d)

9(P2) = x2(9) &(g7") P» for all g € G, (IV.29¢)

Py € ker(Ds) and P, € ker(Dy), (IV.29f)

o(P) = ¢ Mlo) E(gr) P for i = 1,2 (IV.29)

if q is a primitive nth root of unity, then D} = Dy = 0. (IV.29h)

Proof. Notice that condition (IV.29h) is exactly item (IV.26f). Since o(w;) = A\;(0)w;
for all i = 1,... k, where \;(0) € k*, it follows that o : V' — V is bijective. Since,
in addition, g(w;) = x;(g)w; for all g € G, i = 1,...,k, we have that 0 : V — V is
a kG-linear map. Thus, item (IV.26a) is satisfied. Also note that condition (IV.26h)
is satisfied by the assumption that o(w;) = \(o)w; for all i = 1,...,k. Since by
assumption Di(g) = Ds(g) = 0 for all g € G, items (IV.26¢) and (IV.26e) hold.

We claim that conditions (IV.29a) and (IV.29b) are equivalent to item (IV.26g).
For i # 1,

Dy (wy wi) = Dy(wi) o(wi) +wy Dy(w;)
= Dy (w) o(wi)
= P1 g1 Xi(0) w;
= Ai(0) 1 g1(wi) g1
= Ai(0) P1 xi(g1) wi g

= >\i(0> Xi(gl) Py w; v
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and

Dl(le’ wy wl) = 41 Dl(wi) U(wl) + g1 W; D1(w1)
= q1; W; Dl(wl)
=q,wi P gw

-1
= q1i Ap, w, Pyw; v

Therefore, D;(w; w;) = D1(q1; w; wy) is equivalent to

qPow = @i N (o) xi(grt) for all i # 1.
Similarly, for i # 2,

Dy (wy w;) = Da(ws) w; + o(wsy) Da(wy;)
= D2(’LU2) w;
= P g2 w;
= P, ga(w;) g2
= P Xi(92) wi 9o

= Xi(92) P> w; g2

and

D2(Q2z‘ w; wz) = {2 DQ(wi) Wa + q2; U(wi) D2(w2)
= qo; 0(w;) Da(ws)
= @2 Ni(0) w; P3 go

= qai Ni(0) Q;zl,wi Py w; g2
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Therefore, Dy(wy w;) = Da(qe; w; we) is equivalent to

APy = G2 Mi(0) xi(gy ') for all i # 2.

We claim that conditions (IV.29¢), (IV.29d) and (IV.29e) are equivalent to
item (IV.26i). Since D;(g) = 0 for all g € G, we have

D1 (g(w;) g) = Di(9(w;)) o(g) + g(w;) Di(g)
= Di(g(wy)) o(g)
= D1(xi(g) wi) £(9) g

= Xi(9) £(g) Di(w;) g

and

D1 (g w;) = Di(g) o(w;) + g Dr(w;)

=g Di(w;)
Thus, it is enough to show that

xi(9) §(g) Di(wi) g = g Di(w;)

holds for all ¢ € G, i = 1,...,k, if and only if conditions (IV.29¢) and (IV.29d) are
satisfied.

There are two possible cases, namely i =1 or ¢ # 1. If i = 1, then

x1(9) §(g) Di(w1) g = g Di(w)

simplifies to

Xl(g) 5(9) Prgig=gP g
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This is equivalent to

x1(9) £(9) P g1 9 = g(P1) g g1,

which holds if and only if g; belongs to the center of G and g(P1) = x1(g) £(g) P for
all g € G. If i # 1, then D;(w;) = 0 so both sides of the equation are equal to zero.

Similarly, since Dy(g) = 0 for all g € G, we have

Dy (g(w;) g) = Da(g(w;)) g + o(g(w;)) Da(g)
= DQ(g(wi)) g
= Dy(x:i(9) wi) g

= xi(9) DQ(wi) g
and

Dy (g wi) = Da(g) wi + o(g) Da(w;)
=0(g) Da(w;)

=¢(g9) g Da(wy)

Thus, it is enough to show that

Xi(9) D2(w;) g = &(g) g Da(w;)

holds for all g € G, i = 1,...,k, if and only if conditions (IV.29¢) and (IV.29e) are
satisfied.

Again, there are two possible cases, namely i = 2 or ¢ # 2. If i = 2, then

x2(9) Da(w2) g = £(g) g Da(w2)

simplifies to

Xz(g) P, 92925(9)9]32 ga.
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This is equivalent to
(97") x2(9) P2 g2 9 = 9(P2) g g2,
which holds if and only if g belongs to the center of G and g(P) = £(g7!) x2(g9) P
for all g € G. If i # 2, then Dy(w;) = 0 so both sides of the equation are equal to
7€10.
We claim that condition (IV.29f) is equivalent to item (IV.26b). To see this,
notice that Dy Do(w;) = DyDq(w;) is trivially satisfied for w; € ker(D;) N ker(Dy).

Since Dy Ds(wy) = 0 and
DyDy(wy) = Da(Py g1) = Do(Pr) g1 + 0(P1) Da(g1) = Da(Py) g1,

we have that Dy Dsy(wy) = DyDq(wy) holds if and only if P, € ker(Ds).

Similarly, since Dy D;(wy) = 0 and
D1 Dy(wz) = Di(Ps go) = Di(P2) 0(g2) + P2 Di(g2) = Di(FP2) o(g2),

we have that D Dy(wy) = Dy Dq(ws) holds if and only if P, € ker(Dy).
We claim that condition (IV.29g) is equivalent to item (IV.26d). To see this,

consider the following: For ¢ = 1,2, we have

Dio(w;) = Di(Ni(o) w;)
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and

qoDi(w;) = q o(F; g;)
=qo(B)o(g:)
=qo(B)&(g:) gi
= q&(g:) o(P) gi
Therefore, D;o(w;) = qoD;(w;) holds if and only if o(P;) = ¢~* \(o) &(g;t) P for

i =1,2. On the other hand, for i # 1,2, we have D;(w;) = 0 = Ds(w;) so both sides

of the equation
Djo(w;) = qoDj(w;) for j=1,2,i=1,... k,
are zero. O

Remark IV.30. The idea behind this result comes from [20], which deals with the
case of S(V)#G. Thus, Theorem IV.29 is a generalization of Theorem 3.6 in [20] to
Sq(V)#G with f(g,h) =1 for all g,h € G, Ay = x1(9), A2y = Xx2(g) for all g € G,

vy = 1, and vy = 1, but with new assumptions on o, P, and P.

Remark IV.31. If we set
k=3, Pr=1, P, =ws, g1 =09, 9220102_1;

M(0) =q, Ma(o) = A;3(0) =1,

_ o _ -1
4Py ws = 4Piws = QPyws = Ly qPyy = 4

then we can see that we can apply Theorem IV.28 to the motivational example pre-

sented in Section IV.B. We may also apply Theorem IV.28 to the generalization of
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the motivational example constructed in Remark IV.18 if we set

Py =wi™ wi w7 Py = w?mﬂ wa" e w,f’“’zn, g1 =09, §o =01 05",
M(o)=gq, Ni(o)=1 fori=2... k,
qpw;, =1 fori=2,... k,
Py, = q Pttt bean) Sy =1 fori=3,... k.

Recall the multiplication in the deformed algebra given in Definition 1V.1. If,
in the setting of Theorem IV.28, we want to find, for instance, an expression for the
map (i1, then we can proceed as follows: By (IV.7), we have that moexp,(t D ® Dy)
gives a deformation of Sq(V)#G, where m is the multiplication in Sq(V)#G. As a
consequence,

M1 =M O (D1 X Dz) (IV32)

Remark IV.33. The assumptions made in Theorem IV.25 and Theorem IV.28 are
mainly for simplifying purposes. We believe that it might be possible to prove these

same results in a more general setting. This is a subject for future research.
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CHAPTER V

NONTRIVIALITY OF THE DEFORMATIONS
Once we have found a formal deformation of an algebra, it may turn out that this
deformation is trivial, in the sense that it is isomorphic to the formal power series
ring with coefficients in the original algebra. To verify that we have indeed obtained
a new object, we must prove that there does not exist such an isomorphism, which
may be difficult to do directly. Using Hochschild cohomology makes this easier to
show.

The main goal of this chapter is to prove that the deformations of Sq(V)#G
obtained in Chapter IV are not isomorphic to (Sq(V)#G)[[t]]. We begin by studying
the connection between algebraic deformation theory and Hochschild cohomology in
Section A. In Section B, we give the precise characterization of the infinitesimal of
the deformations that result from Theorem IV.28 and (IV.7). As we will see, this

characterization suffices to prove the nontriviality of the resulting deformations.

A. Deformations and Hochschild Cohomology

The deformations of any algebra are intimately related to its Hochschild cohomology.
According to [17], Gerstenhaber’s works [13] and [14] marked the beginning of the
study of the connection between Hochschild cohomology and algebraic deformation
theory. He showed that for an algebra A, the space HH'(A) with i < 3 has a natural
interpretation related to the maps p; and the obstructions 7;. As we have seen in
Section IV.A, the map p is a Hochschild 2-cocycle and the obstructions ~; to the
existence of the rest of the maps p; are Hochschild 3-cocycles.

This topic is an area of active research. For instance, the relation between (quan-

tum) Drinfeld Hecke algebras and Hochschild cohomology is discussed in [34] and [32].
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Roughly speaking, quantum Drinfeld Hecke algebras are generalizations of Drinfeld
Hecke algebras in which polynomial rings are replaced by quantum polynomial rings.
Recall that Drinfeld Hecke algebras were introduced in Chapter I. For a precise
definition of a quantum Drinfeld Hecke algebra, we refer the reader to [32] and [28].

Recall that in Section IV.A, we concluded that the map pu;, used to define a
deformation, is a Hochschild 2-cocycle. If we can prove that the Hochschild cocycle
i1 represents a nonzero element in the Hochschild cohomology ring, i.e. it is not a
coboundary (see Remark I11.18), then this automatically implies that the deformation
is nontrivial. Let us explain this in more detail. Assume that the deformation of an
algebra A is trivial. Then we will show that p; is a coboundary. Denote by D
the deformed algebra. If the deformation is trivial, then there exists a k[[t]]-algebra

isomorphism ¢ : D — A[[t]] given by
o(a) = a+pi(a) t+ ga(a) t* + ...
for each a € A (see Section 4 in [17] for further details). Then
e(axb) = p(a) (b) for all a,b € D.
The left hand side gives

©(a*b) = p(ab+ py(a,b) t + pg(a,b) 2 4 ...)
= @(ab) + (1 (a, b)) t + @(pa(a, b)) £ + ...

= ab+ pi(ab) t + @a(ab) t* + - + pi(a,b) t + o1 (pi(a, b)) 2+ ...
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The right hand side simplifies to

p(a) p(b) = (at+@i(a) t+...) (b+ pa(b) t +...)

=ab+ @i(a)bt+api(b)t+...

If we consider the coefficients of ¢, we obtain

p1(ab) + pi(a,b) = ¢1(a) b+ a ¢1(b),

which can be rewritten as

pi(a,b) = p1(a) b — @1(ab) + a 1 (b).

That is, uq is a coboundary. Therefore, we have shown that if u; is not a coboundary,

then the deformation is nontrivial.

B. The Precise Characterization of the Infinitesimal

For the rest of this chapter, we will work in the setting of Subsection IV.C.3. We will
assume that all the conditions necessary for Theorem IV.28 to hold are fulfilled. We
will also assume that the group G is finite and that P, and P, are elements of the
subalgebra of S, (V') generated by {ws, ..., w;}. Notice that the examples presented
in Section IV B satisfy these assumptions.

Recall that at the end of Chapter IV, we found p; in the setting of Theorem 1V.28
(see (IV.32)). In this section, we will give a direct verification that in this case p
is indeed a Hochschild 2-cocycle by identifying which Hochschild 2-cocycle pu is in
relation to a known calculation of the Hochschild cohomology ring of Sq(V)#G.
Finally, we will prove that this Hochschild 2-cocycle is nonzero in the Hochschild

cohomology ring. As a consequence, the deformations found using Theorem V.28
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and (IV.7) are nontrivial.

In Remark IV.11, we showed that D, is a o, 1-skew derivation, and D is a 1, 0-
skew derivation of Sq(V)#G. Thus, by the discussion in Section III.C, Dy and D, are
Hochschild 1-cocycles for (Sq(V)#G)s and _(Sq(V)#G), respectively. Let us show
that the infinitesimal p, defined in (IV.32), is a Hochschild 2-cocycle for Sq(V)#G

by verifying that u, satisfies (I11.13), that is
a pi(b,c) + pa(a,be) = py(ab, ) + pi(a,b) ¢ for all a,b,c € Sq(V)#G.
The left hand side is given by

a p1(b,¢) + pa(a,be) = a D1(b) Dy(c) + Di(a) Do(be)

=a Dl(b> DQ(C) + D1<CL> D2(b> c+ Dl(CL) O'(b) DQ(C)
and the right hand side is

pi(ab, ¢) + pi(a,b) ¢ = Dy(ab) Da(c) + Di(a) Do(b) ¢

= Di(a) a(b) Da(c) + a D1(b) Da(c) + Di(a) Do(b) ¢

Thus, this proves the claim.

Let us introduce some notation. First, recall that we are working on a k-

vector space V' with basis {wy,...,wg}. Denote by V* its dual vector space and
by {wf,...,w;} the corresponding dual basis, i.e.
1, ifi=y,
w; (wy) =

0, otherwise.

Let N* denote the set of all k-tuples of elements from N. For any o € N¥, the length
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|| of o is defined as
k
la] = Zai.
i=1

Define w* = w{" - --wy* for all @ € N¥. Finally, whenever A is a set with an action
of G, we will denote by A% the elements of A that are invariant under the action of
G.

Let q = (g;;) as in Chapter I. The quantum exterior algebra of V is defined as
/\q(v) =TV) [ (ww; + gwjw; | 1 < 0,5 < k),

where T'(V') denotes the tensor algebra of V. If ¢;; = 1 for all 4, j, then we obtain the
exterior algebra A\ (V). Denote the multiplication in A (V') by A. For any 8 € {0, 1},
let w™? denote the vector wj A- - -Aw;,, € N™(V), which is defined by m = |3|, 3;, = 1
forall /=1,...,m,and 71 < -+ < jm.
The following Hochschild cohomology was computed in [31]:
HE(Sq(V), Sa(V)#G) =D D D spanc{(w#9) @ ()™} (V1)
9€G Be{0,1}* aecNk

pl=2 a—B€Cy

as a subspace of Sq(V)#G @ )\ -1(V™), where C, is defined to be

Cy= {7 € (NU{-1})"*

k
for every i =1,...,k, Hq}j = xi(g) or ~; = —1}
~ (V.2)
for g € G. By Remark II1.18, the following result shows that P, g1 P> g2 ® wi A w}
is a Hochschild 2-cocycle. Later we will show that in fact P, g1 P2 g2 ® wi A w; may
be identified with our Hochschild 2-cocycle py defined in (IV.32).

Proposition V.3. The element Py g1 Py go@wi Aw; is a representative of an element

of HH?(Sq(V)#G).
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Proof. By Theorem 4.7 in [31], it suffices to show that P, g1 P2 g2 ® wi A w} is
a representative of an element of HH?(S4(V), Sq(V)#G) and is invariant under the
action of G. For the first part, consider the following simple calculation: By (IV.29e),

we have that

Prg Prgo = (Pl#gl) (P2#92>
=P 91(P2)#91 g2
=P &g ") x2(91) Po# a1 92

=&(91") x2(g1) Pr P # g1 go

Thus, set ¢ = g1 g2 in (V.2). The elements P, and P, are linear combinations of

monomials of the form w?" w4 ---wf* and wd wd ---wl*, respectively, for some
pe,00 € N, £ =1,... k. However, since any calculations can be done term-by-term,

it suffices to work with just the monomials. Thus, we have

— Pl Pk 01 Sk
Py Py =wi' - wp wit - wpk

Set a = (p1 + 1,...,px + ) and f = (1,1,0,...,0) in (V.1). To show that
Pi g1 Py g2 @ wi Aws € HH?(Sq(V), Sq(V)#G), we need to prove that o — 8 € C,

with g = ¢1 g2, where
Oz—ﬁ:(p1+51,...,pk+5k)—(1,1,0,...,0)

:(/)1+51_1>p2+52_17p3+637~-->/)k+5k)-

That is, we want to show that for every ¢+ = 1,..., k, the following holds:

§1— - 5 5
g T g T g = () Xag2)  or =1

Notice that when i = 1,2, p; = §; = 0, and therefore, 7; = —1. Otherwise, consider
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the following:

5
Py Py w; = wi* - wiF ‘151- Swk w;

5 5
— H qjl) . wl wll P wkk
_ 6j p1 01 g
= q]z qji w; wit - wpt wyt e wy
j=1
pi+3;
= qu; ) w; Py Ps.
Jj=

By (IV.29a) and (IV.29b), we also have that for i # 1,2,

P1P2wi:P1QP2,wiwiP2
= Py g2 Mi(0) xi(92 ') wi P
= g2 Mi(0) Xi(93 ") Prw; Py
= 25 Mi(0) Xi(92 ") apPyw, wi Py Py
= g2 Mi(0) Xi(92) qui ATH(0) xalgrt) wi Pr Py
= qui q2: Xi(91 ") Xi(95 ") wi Py Pa.
Therefore,
Hqﬂ = qui g2 X9 ") xi(ga )

Or equivalently,

qZ'_ll QZQ (HC] J) =xi(g1) xi(g2) fori=#1,2,

which is exactly what we wanted to show.

For the second part, to prove that P, g1 P> go ® wj A w; is invariant under the
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action of GG, consider the following calculation:
9(Pr g1 Py go @ wi A wy) =

9(P1) g1 9(P2) g2 ® g(wy) A g(ws) =
x1(9) £(9) Py g1 x2(9) £(g7") Po g2 @ X7 (g) wi A xz ' (g) wh =
P g1 P g2 ® wi A w;

for all g € G, where we used (IV.29d), (IV.29¢e) and

*

g(w) = x;'(9) w;-
O

Let us introduce the quantum Koszul resolution of Sq(V'), which we will need in

what follows. For each g € G, (54(V')), is a left (Sq(V'))*-module via the action
(a®b)(cg) =acg(b) g foralla,bceSqV), gedq.
The following is a free (Sq(V'))*-resolution of S, (V):
> (5a(V)) @ AG(V) = (Sa(V)) © Ag(V) = (S4(V))" ™5 54(V) — 0,

where

(12 @ wj A+ ANw;,) =

> (-p [(H qjs,ji) w;, ® 1 — (H qu-,js> ® wj,

i=1 s=1 s=1

Qujy A+ AWy, AWy, y A= Awg,

whenever 1 < j; < -+ < j,, < k. We refer the reader to [36] for more details on this
construction.
In [32], chain maps ¥; are introduced between the bar resolution and the quan-

tum Koszul resolution of S4(V). Recall that the bar resolution was introduced in
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Section III.B. In particular, we have the map

Uy 2 (Sq(V)™ — (Sq(V))* @ AL(V)
such that

1®1®w1/\wj, fOI‘lSZ<]§]{Z,
0, for i > j.

We will also need the following two maps:

and

03 : Homye ((Sq(V))%2, Sq(V)#G)” — Homy ((Sq(V)#G)®2, Sq(V)#G)

05(7)(ag ® bh) = v(a @ g(b)) gh.

As discussed in [32], since Wy may not preserve the action of G, the map Ry ensures
G-invariance of the image. The map 63 extends a function defined on (S4(V))®? to a
function defined on (Sq(V)#G)®2.

By Theorem 3.5 in [32], the composition 5 Ry ¥} induces an isomorphism
€]
(@ HHQ(Sq(V)a (Sq(v>)g)) — HH2<Sq(V>#G>~
geG
As a consequence, we get that if k € (Sq(V)#G) ® /\ (V*), then
BR300 0) = 1o 3 a1 897 () g™ ) 91) Tor i <. (V-5)
geG

The following proposition is an explicit description of p;.



Proposition V.6. The map 1 can be identified with Py g1 Py go ® wi A wj.

Proof. Set k = Pig1 Page ® wi A wj in (V.5). Then we have that
[0 R W5 (Prg1 Page @ wi A ws)](w; @ w;) =

| Zg Py g1 Pago(w] A wy) (‘112 (1®9 (wi) ® g~ 1(wy)®1))>

geG

1G] G

By (V.4), we may simplify this expression as follows:

il Zg PrgiPaga(wi Awy) (1@1@ g7 (w;) Ag™" (w;))) .
geG

Since g~'(w;) = x; ' (g) w; and applying (IV.29e), this becomes

25 9 ') x2(91) g (PLPa#grga(wi Awy) (1@ 1@ x; ' (9) wi A x; ' (9) wy)) -

geG

IG!

By linearity, we get

1
€] (gr") xalg) D _xi'(g 9 (PLPa#g1g2(wi Aw;) (1@ 1@ w; Awy)).
geG

If we assume that ¢ < j, then

1, ifi—1andj=2,
(wi A ws)(w; Aw;) =

0, otherwise.

Thus, letting « = 1 and j = 2, the above expression becomes

|
@ (9r") x2(91) D xi'(g ) 9(P1Px#g195) =
geG
1
|G| &(g1) xa(g1) Z)ﬁ ) 9(P1) 9(P2)#g192 =
geG
1 .
T (g x2(91) D xiM(9) X2 (9) xal9) £(9) Pr xalg) £(g7") Pattangs

geG
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by (IV.29d) and (IV.29¢). Simplifying, we obtain

(91 ") x2(g1) Py Po#g1go =

Py g1 P go.

Therefore, we have shown that

Plglpggg, 1f2:1andj:2,
[9;R2\D§(P191P2g2 ® UJI N wg)](wz & ’LU]') =

0, otherwise.

On the other hand, since 1 = mo (D; ® Ds), we have that

Plgl.PQQQ, 1fz:1andj:2,
pr(w; ® w;) = Dy(w;) Da(w;) =

0, otherwise.
Therefore, 111 can be identified with Py g1 P2 g2 ® wj A wj. O

Since Py, g1, P, g2, wy and wy are nonzero, we know that Py g1 Ps go @ wi A w3

is a nonzero Hochschild 2-cocycle. Therefore, we have obtained the following:

Theorem V.7. When G is finite and P, and P, are elements of the subalgebra of
Sq(V) generated by {ws, ..., wy}, all the deformations that result from Theorem IV.28

and (IV.7) are nontrivial.
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CHAPTER VI

CONCLUSION

In this dissertation, we have discussed deformations of an algebra. For the case when
the deformations arise from an action of the Hopf algebra H,, introduced in Chap-
ter II, we were able to provide necessary and sufficient conditions for Sq(V)#G to
have the structure of an H,-module algebra under some assumptions (Chapter IV).
Using Hochschild cohomology, we showed in Chapter V that a large class of the pre-
viously obtained deformations are nontrivial. A particularly relevant example of this
theory was presented in Section IV.B, where we constructed a class of deformations
of Sq(V)#G in which the new relations in the deformed algebra involve elements of
the original vector space.

The techniques and ideas developed in this dissertation have enabled us to not
only find new examples of deformations but also show that there exist deformations
that are not graded in the sense of Braverman and Gaitsgory [4] (see Remark IV.18).
This is particularly relevant since much has been done in geometric settings, such
as deformations of functions on manifolds [27] and algebraic varieties [26]. However,
less is known on deformations of noncommutative algebras, such as smash product
algebras.

A dissertation cannot be complete until it provides an overview of possible ex-

tensions of the presented work. Some future directions of research include:

e It would be interesting to extend the obtained results to a wider variety of ob-
jects. For instance, we could try to obtain the same results for a different Hopf
algebra. Our first approach to solve this question is to construct a larger Hopf al-
gebra that contains H, as a Hopf subalgebra. Then the same universal deforma-

tion formula (IV.7) would still apply since the expression only involves D; and
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D,. For example, under the additional assumption that I = (D7}, Dy, o™ — 1),

H, sits inside the larger finite dimensional quantum group uy(sly) ® uy(slz).

Another interesting extension of these results might be the following: Besides
S(V)#G and Sq(V)#G, are there any other objects that could be given an
H,-module algebra structure? In this case, we would probably start by looking
at quotients of S4(V') of the following form: Fix positive integers Ny, ..., Nj
and consider the finite dimensional algebra Sg(V) / (w, ... wy*). Then is it
possible to give (Sq(V) / (wi',...,wy*)) # G the structure of an H,-module
algebra? The quotient Sq(V) / (wi',...,w,*) has been studied for instance

in [29].

One important open question in algebraic deformation theory is the following:
For a given algebra, does every Hochschild 2-cocycle that is unobstructed (i.e.
the corresponding Hochschild 3-cocycle is a coboundary) lift to a deformation?
A positive answer for the case of a polynomial algebra follows from [26]. How-
ever, the answer is still unknown for the case of S(V)#G and, more generally,
Sq(V)#G. Constructing more examples of such deformations will give some

insight on how to answer this question.

It is known that for any algebra A, if HH*(A) = 0 then A has no nontrivial
deformations (see, for example, [17]). The converse is known to be false in the
case when A is the universal enveloping algebra of a Lie algebra [33] and when
A is any algebra and char(k) = p with p a prime [16]. However, the answer is

still unknown for the case when A is any algebra and char(k) = 0.
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