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ABSTRACT

Application of Entropy Theory in Hydrologic Analysis and Simulation.
(May 2012)
Zengchao Hao, B.S., China Agricultural University, China;
M.S., Tsinghua University, China

Chair of Advisory Committee: Dr. Vijay P. Singh

The dissertation focuses on the application of entropy theory in hydrologic
analysis and simulation, namely, rainfall analysis, streamflow simulation and drought
analysis.

The extreme value distribution has been employed for modeling extreme rainfall
values. Based on the analysis of changes in the frequency distribution of annual rainfall
maxima in Texas with the changes in duration, climate zone and distance from the sea,
an entropy-based distribution is proposed as an alternative distribution for modeling
extreme rainfall values. The performance of the entropy based distribution is validated
by comparing with the commonly used generalized extreme value (GEV) distribution
based on synthetic and observed data and is shown to be preferable for extreme rainfall
values with high skewness.

An entropy based method is proposed for single-site monthly streamflow
simulation. An entropy-copula method is also proposed to simplify the entropy based

method and preserve the inter-annual dependence of monthly streamflow. Both methods



are shown to preserve statistics, such as mean, standard deviation, skenwess and lag-one
correlation, well for monthly streamflow in the Colorado River basin. The entropy and
entropy-copula methods are also extended for multi-site annual streamflow simulation at
four stations in the Colorado River basin. Simulation results show that both methods
preserve the mean, standard deviation and skewness equally well but differ in preserving
the dependence structure (e.g., Pearson linear correlation).

An entropy based method is proposed for constructing the joint distribution of
drought variables with different marginal distributions and is applied for drought
analysis based on monthly streamflow of Brazos River at Waco, Texas. Coupling the
entropy theory and copula theory, an entropy-copula method is also proposed for
constructing the joint distribution for drought analysis, which is illustrated with a case
study based on the Parmer drought severity index (PDSI) data in Climate Division 5 in

Texas.
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CHAPTER I

INTRODUCTION

Characterization of hydrologic events, such as rainfall, streamflow and drought,
is needed for water resources planning and management. Due to the stochastic nature of
hydrologic phenomena, stochastic methods are commonly used. For rainfall analysis, a
proper distribution is generally needed to investigate statistical properties of rainfall
quantiles and extrapolate beyond the available data for engineering purposes. For
streamflow simulation, synthetic streamflow with statistical properties similar to those
historical streamflows are required for evaluation of alternative designs and policies
against the range of sequences that are likely to occur in the future. A joint distribution
with different marginal distributions is generally needed to characterize the correlation
between drought variables and distribution property of individual drought variables to
analyze return periods corresponding to some occurrence levels of drought events.

A proper characterization of hydrologic events necessitates the consideration of
uncertainty in the estimation from limited observations. Entropy theory defines a
measure of uncertainty or information and thus provides a proper way to characterize
hydrologic events with stochastic nature. Application of entropy theory to rainfall
analysis, streamflow simulation and drought analysis constitutes the objective of this
study.

Rainfall frequency analysis is needed for the construction of intensity-duration-

This dissertation follows the style of Water Resources Research.



frequency (IDF) curves which are used for engineering design of drainage systems,
culverts, roadways and parking lots. Extreme values, such as the annual rainfall maxima,
are generally used for frequency analysis. The generalized extreme value (GEV)
distribution, which is based on the extreme value theory, has been commonly used for
modeling extreme rainfall in different states. However, there are a variety of studies for
extreme rainfall analysis in which other distributions have often been employed.
Extreme rainfall exhibits different properties for different durations and in different
regions. The question is: what is the effect of time duration, climate zone and the
distance from the Gulf of Mexico on the frequency distribution of annual rainfall
maxima? In this study, the State of Texas was selected as the study area and we try to
answer these three questions to provide an insight into the analysis of extreme rainfall.
In chapter 11, the change in the form of the annual rainfall maximum frequency
distribution with changes in time duration, climate zone, and distance from the Gulf of
Mexico is investigated. An entropy based distribution is then proposed to model the
annual rainfall maxima. The performance of the proposed method is compared with the
commonly used GEV distribution based on the synthetic data and real observations.
Streamflow is a component of a variety of hydrologic analysis, such as the
reservoir planning and operation. Since historical streamflow does not allow for the
evaluation of alternative designs and policies against the range of sequences that are
likely to occur in the future, synthetic streamflow data are useful in water resources
studies. It is desired that synthetic streamflow is similar to historical streamflow and

preserves moment statistics (such as mean, standard deviation, and skewness), and



dependence structure (such as lag-one correlation). For traditional methods, the Gaussian
assumption is generally needed for parametric methods in which transformation
techniques are employed. However, some problems arise, such as the generation of
negative values due to the Gaussian assumption and the bias in simulated statistics due
to the transformation techniques. In addition, the lag-one correlation (or Pearson
product-moment correlation coefficient) only measures the linear dependence of random
variables, which may not be adequate in reality. Moreover, some unusual features, such
as the bimodality, may exist in the probability density function of streamflow data. It is
difficult for the commonly used parametric approach to represent these features. Though
the mixed distribution can be used to resolve the bimodality, bias in the statistics of
streamflow may occur.

In Chapter I11, an entropy based method is proposed for monthly streamflow
simulation. With the joint distribution of monthly streamflows of two adjacent months
derived using the entropy theory, monthly streamflow is then generated by sequential
sampling from the conditional distribution. The proposed entropy-based method does not
rely on the assumption of the marginal distributions to be normal and data
transformation is not needed. Therefore, issues with the data transformation existing in
the commonly used parametric approaches can be avoided. This method can be extended
to model more statistics of the underlying streamflow data if needed. The disadvantage
of the entropy based method is that the method will be computationally cumbersome

when more statistics need to be modeled.



In Chapter IV, an entropy-copula method is proposed for single-site monthly
streamflow simulation in which the joint distribution is constructed using the copula
theory with the marginal distribution derived using the entropy theory. The entropy-
copula method simplifies the entropy method for monthly streamflow simulation in that
less number of parameters needs to be estimated simultaneously. Furthermore, the
entropy-copula method is also capable of modeling the nonlinear dependence of
streamflow between different months due to the copula component. The proposed
entropy-copula method is also extended with an aggregated variable to guide the
sequential simulation to improve the preservation of high-order correlation and preserve
the inter-annual dependence of monthly streamflow.

In Chapter V, both the entropy method and entropy-copula methods are extended
to higher dimension for multi-site annual streamflow simulation. The difference between
two methods lies in modeling the dependence structure of streamflow. For the entropy
method, the joint constraints are used for modeling the dependence while the copula is
used for modeling the dependence for the entropy-copula method. Application of the
proposed method based on annual streamflow from four stations in Colorado River basin
illustrates the effectiveness and difference of the entropy method and entropy-copula
method for streamflow simulation.

Drought analysis is important for water resources planning and management. A
drought event can be characterized with certain properties, such as duration and severity.
Drought duration and severity, assumed as random variables, have been commonly used

for drought analysis and a traditional way for characterizing drought is fitting an



empirical distribution to drought duration and severity. The joint distribution is needed
to model the correlation between drought variables. Traditional joint distributions that
have been applied for drought analysis generally assume that the marginal distribution is
of the same type. The copula method has been employed extensively for modeling
drought duration and severity with the attractive property that the marginal distribution
can be of different forms. However, the marginal distributions are often derived by
empirically fitting to the data.

In Chapter VI, an entropy based distribution is proposed for constructing the joint
distribution of drought variable. The feature of the proposed entropy-based distribution
is that the marginal distributions can be of different forms. The advantage of the
proposed method is the marginal distribution can be derived with whatever is known
from observations and is not restricted by the empirical forms of distributions.

In Chapter VII, an entropy-copula method is proposed for constructing a joint
distribution for drought analysis. Flexible distribution forms can be derived with the
entropy method and the commonly used distributions can also be derived as special
cases of the entropy based distribution. A variety of copulas have been proposed that are
capable of modeling different dependence structures. The joint distribution constructed
with the copula method with the marginal distributions derived from the entropy theory
is expected to be capable of modeling drought variables separately and jointly.

The general conclusions of this study are covered in Chapter VIII.



CHAPTER II
ENTROPY BASED METHOD

FOR RAINFALL ANALYSIS

2.1 Introduction

Rainfall frequency analysis is used for constructing intensity-duration-frequency
(IDF) curves which are needed for a range of hydrologic designs, including drainage
systems, culverts, roadways, parking lots, runways, and so on. Extreme rainfall values,
such as annual rainfall maxima, are of interest in modeling floods and quantifying the
effect of climate change. From the fitted distribution, statistical properties of extreme
rainfall values can be investigated and extrapolated beyond the available data for
engineering purposes.

The generalized extreme value (GEV) distribution is one of the frequently
employed probability distributions for modeling and characterizing extreme values.
Derived from the extreme value theory, it is a three-parameter distribution encompassing
three classes of distributions, namely, Gumbel, Frechet and Weibull. This distribution
has been used for extreme rainfall frequency analysis in different areas of the world.
Schaefer [1990] used the GEV distribution for frequency analysis of annual rainfall
maxima of durations of 2 h, 6 h and 24 h for the state of Washington. Huff and Angel
[1992] selected the GEV distribution to model the distribution of annual rainfall maxima
for durations from 5 minutes to 10 days in mid-western United States. Parrett [1997]

also used the GEV distribution to construct dimensionless frequency curves of annual



rainfall maxima of durations of 2 h, 6 h and 24 h within each region in Montana. Using
the L-moment ratio diagram, Asquith [1998] determined that the GEV distribution was
an appropriate distribution for modeling the distribution of annual maxima for durations
from 1 to 7 days. Alila [1999] showed that the annual rainfall extremes for durations
from 5 minutes to 24 hours in Canada were better described by the GEV distribution
than other distributions, such as the generalized logistic (GLO), Pearson type 3 (P3) and
EV1 distributions.

Extreme rainfall exhibits different properties for different durations in different
regions. Analysis of rainfall characteristics is important for choosing a suitable rainfall
distribution and consequently estimating rainfall quantiles. Therefore, the objective of
this study is to investigate the change in the form of the annual rainfall maxima
frequency distribution with changes in time duration, climate zone, and distance from
the Gulf of Mexico; and then derive an entropy-based distribution that is sufficiently
flexible for characterizing rainfall distributions for different durations in different
climatic regions or at different distances from the sea. The performance of the proposed
entropy based distribution is assessed using synthetic data through Monte Carlo
simulation and real observations and is shown to be a promising alternative distribution
to the commonly used GEV distribution for modeling extreme rainfall values, especially
for observations with high skewness.

The study is organized as follows. In section 2.2, the change in form of empirical
distribution of annual rainfall maxima is investigated. Using the entropy theory, a

generalized distribution is derived in section 2.3 and the performance of this distribution



is assessed by comparing with the GEV distribution in Section 2.4. After the application
of the proposed entropy based distribution in section 2.5, conclusions are given in
section 2.6.

2.2 Empirical frequency distribution

2.2.1 Study area

Continantal
Steppe 2z )

of tha line; ‘warm’ scuth

Ragions of Climate Classificartion in Texas

Figure 2. 1 Regions of climate zones in Texas ([Larkin and Bomar, 1983]).

The area selected for this study is the state of Texas (longitude: 93°31"' W to
106<=38' W, latitude: 2550 N to 36 30" N). The climate of Texas is strongly influenced
by physical features including the Gulf of Mexico. The passage of frontal systems from
northwest and the moist air moving inland from the Gulf of Mexico are the two

competing influences that dominate the climate of Texas while proximity to the coast is



the most important factor that determines the regional climatic differences in Texas
[North et al., 1995].

There are three major types of climate in Texas which are classified as
Continental, Mountain and Modified Marine with no clearly distinguishable boundaries,
while the modified marine zone is further classified into four “subtropical” zones
[Larkin and Bomar, 1983; Narasimhan et al., 2008], as shown in Figure 2. 1.The
Mountain climate is dominant in several mountains of the Trans-Pecos region and is not
included in this study. The different climate zones of the Continental and Modified
Marine climate are abbreviated as Continental Steppe (CS), Subtropical Arid (SA),
Subtropical Humid (SH), Sub-tropical Sub-Humid (SSH) and Sub-Tropical Steppe zone
(SST). In addition, the U.S. National Weather Service divided Texas into 10 climate
divisions (including Upper Coast, East Texas, High Plain, Trans-Pecos and so on )
which are used accordingly in this study.

2.2.2 Data description

Data for 15-minute, hourly, and daily duration for National Weather Service
(NWS) stations, as shown in Figure 2. 2, were obtained from the National Climatic Data
Center (http://www.ncdc.noaa.gov). The 15 and 45-minute annual maxima were
compiled from the 15-minute data. Likewise, the rainfall data for different hourly
durations (1-hour and 12-hour) and daily durations (1-day, 7-day and 30-day) were
compiled from hourly and daily data, respectively. Annual rainfall maxima data were

then obtained from these rainfall data for different durations.
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Figure 2. 2 Rainfall stations used in this study.

2.2.3 Change in distribution form with time duration

Histograms of annual rainfall maxima of different durations were prepared for all
raingage stations used in this study and those for a sample station (411956) are shown in
Figure 2. 3. It was observed that frequency distributions for short durations were more
skewed with sharp peaks but tended to be less skewed with increase in the duration. For
example, annual rainfall maxima data for station 411956 had a skewness value of 2.7 for

15-minute data but 1.1 for 30-day data (not shown).
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Figure 2. 3 Histograms and probability density functions of rainfall data of
different durations (for station 411956 in the Subtropical Humid (SH) climate
zone).

To further show this characteristic, the boxplot of skewness values for 40
datasets of different durations is demonstrated in Figure 2. 4. For example, the 75
percentile of skewness of the 15 minute duration was around 3.2 while that for the 30-
day duration was 1.2. This is partly because for short duration like 15 minutes, a large
amount of rainfall may occur within a short time in certain cases exhibiting large
skewness while for long durations, like 30 days, the data is averaged and thus it exhibits

less skewness.
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Figure 2. 4 Skewness of annual rainfall maxima of different durations (40 datasets

for each duration).

2.2.4 Change in distribution form with climatic zone

Subtropical humid zone (SH)

The subtropical humid (SH) zone lies in the eastern part of Texas which is

mostly noted for warm summers [Larkin and Bomar, 1983]. Ten stations were selected

for the study. This zone includes most parts of Upper Coast and East Texas division.

There are four rainfall generating mechanisms that exist in the Upper Coast area, leading

to varying patterns from year to year as one or more of these controls change: in May the
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typical thunderstorm pattern is expected slightly inland while the belt of maximum
activity is along the coast by July; in September tropical disturbances can cause very
heavy rains for some years, while in December frontal activity affects the region
[National Fibers Information Center, 1987]. The East Texas division is characterized by
a fairly uniform seasonal rainfall with slight maxima occurring in May and December
and there is little variation in the weather in the summer season, because the influence of
the Gulf of Mexico is dominant [ National Fibers Information Center, 1987]. The most
widespread and lengthy precipitation periods in East Texas during spring and autumn
occur when the cold air forms a barrier, forcing the overriding moist Gulf air to be
deflected upward where it cools and condenses [Carr, 1967].

For two stations 411956 and 410569, the histograms are shown in Figure 2. 5 (a)
and (b) for 12-hour annual rainfall maxima. It can be seen that frequency distributions
are smooth for the data of this duration. This region is along the coast and the rainfall
pattern is affected by the Gulf of Mexico. Since the proximity to the coast is the most
determining factor for regional climate differences [North et al., 1995], the reason for
this frequency distribution pattern may be due to the moderating moisture from the Gulf
of Mexico.

Subtropical sub-humid zone (SSH)

The subtropical sub-humid (SSH) zone is located in the central part of Texas
which is characterized by hot summers and dry winters [Larkin and Bomar, 1983]. No
clear pattern was discernible from the frequency distribution of several stations in this

climate zone.
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Figure 2. 5 Histograms and probability density functions of 12-hour rainfall data of
different climate zones.

Continental steppe zone (CS)

The continental steppe (CS) zone lies in the northwestern part of Texas and
includes the regions similar to the High Plain division. The rainfall amount increases
steadily through spring and reaches a maximum in May or June, while the thunderstorm
activity is also on the rise during the spring season [National Fibers Information Center,
1987]. In this region, summer is the wet season and thunderstorms are numerous in June
and July but begin to decrease in August. Two stations 414098 and 415411 were used

for analysis and the histograms for 12-hour annual rainfall maxima are shown in Figure
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2.5 (c) and (d). The frequency distributions in this part are relatively sharp, compared
with those from the SH climate zone. The reason may be that the maximum rainfall
mainly comes from the thunderstorms during the summer season.

Subtropical Arid zone (SA)

The subtropical arid zone lies in the extreme western part of Texas and includes
the region similar to the Trans-Pecos division. The basin and plateau region of the Trans-
Pecos features a subtropical arid climate, which is marked by summertime rainfall
anomalies of the mountain relief [Larkin and Bomar, 1983]. Rainfall reaches its
maximum in July and in summer, where the rain comes mainly from thunderstorms,
often affected by local topograp