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ABSTRACT

The Schrodinger Equation
as a Volterra Problem. (May 2011)
Fernando Daniel Mera, B.S., Texas A&M University

Chair of Advisory Committee: Stephen Fulling

The objective of the thesis is to treat the Schrodinger equation in parallel with a
standard treatment of the heat equation. In the books of the Rubensteins and Kress,
the heat equation initial value problem is converted into a Volterra integral equation
of the second kind, and then the Picard algorithm is used to find the exact solution
of the integral equation. Similarly, the Schrédinger equation boundary initial value
problem can be turned into a Volterra integral equation. We follow the books of
the Rubinsteins and Kress to show for the Schrodinger equation similar results to
those for the heat equation. The thesis proves that the Schrodinger equation with
a source function does indeed have a unique solution. The Poisson integral formula
with the Schrédinger kernel is shown to hold in the Abel summable sense. The
Green functions are introduced in order to obtain a representation for any function
which satisfies the Schrédinger initial-boundary value problem. The Picard method
of successive approximations is to be used to construct an approximate solution which
should approach the exact Green function as n — oo. To prove convergence, Volterra
kernels are introduced in arbitrary Banach spaces, and the Volterra and General
Volterra theorems are proved and used in order to show that the Neumann series for
the L! kernel, the L> kernel, the Hilbert-Schmidt kernel, the unitary kernel, and the
WKB kernel converge to the exact Green function. In the WKB case, the solution

of the Schrodinger equation is given in terms of classical paths; that is, the multiple
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scattering expansions are used to construct from, the action S, the quantum Green
function. Then the interior Dirichlet problem is converted into a Volterra integral
problem, and it is shown that Volterra integral equation with the quantum surface

kernel can be solved by the method of successive approximations.
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CHAPTER I

INTRODUCTION
The books of the Rubinsteins [1] and Kress [2] show how the heat equation is converted
to a Volterra integral equation, which is then solved by the Picard algorithm. In this
thesis we shall show that the Schrodinger equation has similar properties and results
as the heat equation such as the existence of surface potentials and the Integral
Representation Theorem. The similarities between the Schrodinger equation and
the heat equation were used to create a theoretical framework which will give the
solution to the Schrédinger problem. As much as possible, we use the books [1, 2]
as guides to treat the quantum problem like a heat problem. However, the parallel
between the heat equation and the Schrodinger is found to be a limited one, and
we use the potential theory formalism that Kress laid down in his book in order
to study the existence, and uniqueness of the solution of the Schrodinger equation.
The difference between the heat operator and the quantum operator require different
proofs for the uniqueness theorems, the surface integral theorems, and the Poisson
Integral Theorem. As expected the Representation Theorem is formulated in terms of
the source integral term, the surface integral term, and the initial integral term. The
second chapter introduces the fundamental solution of the Schrédinger equation in R™.
The representation theorem for the Schrodinger equation is proved in Chapter II1. In
the same chapter, the boundary-value problem is introduced, and the solution of the
Schrodinger equation is formulated in terms of integral equations. In Chapter IV, the
uniqueness of the solution to the Schrodinger equation is proved. Also in Chapter IV,

the definition of a Green function is given and the complex Green function is shown to

This thesis follows the style of the IEEE Journal of Quantum Electronics.



have reciprocity, and thus the Green functions have symmetry. The Green functions
are defined to satisfy the Dirichlet, Neumann, and Robin boundary conditions.

In Chapter V, we consider the pure initial value problem. The initial value
problem can be expressed as a Volterra integral equation of the second kind with
respect to time. Our main task is to use the method of successive approximation
in order to prove that there exists a unique solution to the integral equation. In
Chapter V, the article focuses on linear integral operators in arbitrary Banach spaces.
In Chapter VI, the article introduces the Volterra kernels and applies the Neumann
series to give an approximation to the exact solution. The Volterra integral equation
is shown to be solved by the method of successive approximations. In particular,
we work with Volterra integral operators Q that go from LP([;B) to itself, where
1 < p < oco. These Volterra integral operators Q are assumed to have uniformly
bounded kernels such that A : B — B. Furthermore, we only consider kernels A which
are Volterra kernels in time. Then the Volterra theorem proves that Volterra integral
equation with a uniform bounded kernel can be solved by successive approximations
with respect to the topology L>°(I; B). The general Volterra theorem proves the more
general case when LP(I;B), and where 1 < p < oco. In Chapter VII, the article covers
four specific kernels, the L' and L*> kernels, the Schrodinger kernel, and the Hilbert-
Schmidt kernel. In the Schrodinger case, the perturbation expansion series contains a
unitary operator and a uniformly bounded potential, and we prove that the Neumann
series converges.

In Chapters VIII and IX we reach the projects that were the original motiva-
tion for this thesis: showing the convergence of the “classical paths” expansions for
solutions of the Schrédinger equation with a potential and with a boundary, respec-
tively. It turns out that these do not exaclty fit into the general Volterra theorems

proved in Chapter V, but the fundamental idea continues to apply and enables the



proof to be carried out in the same way. In Chapter VIII a perturbation expansion is
constructed by using the semiclassical propagator and a uniformly bounded potential
V' (z,t). The solution of the Schrédinger equation is given in terms of classical paths,
and the semiclassical propagator G,y = Ae*¥/" to the Green function is considered
as the building block for the exact Green function [3]. The semiclassical Neumann
series will also be shown to have norm convergence, and thus the Neumann series con-
verge to the exact Green function under some technical assumptions. In Chapter IX,
the boundary-value problem is written in terms of Volterra integral equations of the
second kind. Furthermore, the single-layer Schrodinger and double-layer Schrodinger
potentials with continuous density functions are shown to be extended to OU x (0, T
with some limiting values. Finally, the interior Dirichlet problem is considered, and
the double-layer Schrédinger operator is shown to be bounded from L*([;0U) to
itself. Thus Neumann series is shown to converge in the case of the quantum surface

kernel with respect to the topology of L>(I;0U).



CHAPTER II

FUNDAMENTAL SOLUTION OF THE SCHRODINGER EQUATION
The wavefunction W(z,t) of a nonrelativistic particle in R™ is a solution to the
Schrodinger equation

HVU(x,t) = ihdy¥(z,t) (IL.1)
where H is the Hamiltonian, given by
H=Hy+V = ip2 +V(x,t) = —h—zAx + V(z,t) (I1.2)
2m 2m
The kinetic operator T' = #pQ, is also known as the free Hamiltonian H in nonrela-
tivistic quantum mechanics. The complex-valued function W(x, t) is the wavefunction,
and |U(z,t)|? represents a particle density function. First, we will consider the case

when there is no potential, i.e, V' (z,t) = 0. Therefore, the free Schrédinger equation

becomes,

10 (2, 1) = —a’ A,V (z, 1) (I1.3)
where a? = % The fundamental solution to the equation (II.3) in R” is the free
propagator,

n/2
K(z,y,t) = (27rhit> e /2y e R £ 0 (IL.4)

Also, the fundamental solution K(z,t;y,7) as a function of (x,t) satisfies(away from

the origin) the equation
—a’ A Ki(z —y,t —7) =0, Kp(x —y,t — 7) (IL.5)

An important difference between the heat equation and the Schrodinger equation

is that the latter is reversible in time. The following calculations are motivated by



[saak and Lev Rubenstein’s treatment on the heat operator and its adjoint operator
[1]. In this article, our case deals with the Schrodinger equation, and we seek to
explore what are the differences and similarities between the heat equation and the
Schrodinger equation.

Suppose G C R" is a bounded region with a lateral boundary dG . In this case
the integer n is the spatial dimension. Let u(z,t) € C*1(G x RT) (N CH(G x RY),
i.e, the function u(z,t) is twice differentiable on the spatial region G , and once
differentiable with respect to time in the interval (0,00). The Schrodinger operator

and its complex conjugate can be rewritten as
L =a*A, +iho, (11.6)

and

L* = a®A, — ihd; (I1.7)

where a? = % Then the adjoint operator of L is
L' =L =a*A, +iho; (IL.8)

with respect to the usual L? inner product and the imposed homogeneous boundary
conditions. In other words the Schrodinger operator L is formally self-adjoint. An
important difference to notice is that the heat operator is not formally self-adjoint
because the time derivative term changes sign.

Also, the kernel Ky(x —y,t — 7) as a function of (y, ) satisfies(away from the

origin) the equation

A Kp(x —y,t —7) =i0, Ky(x —y, t — 7) (I1.9)



and hence,
L Ki(x—y,t—7)=ad’ANKj(x —y,t —7) —i0.Ky(x —y,t —7) =0  (IL10)

The solution to the Schrodinger equation can be given by a kernel that gives the
solution of the homogeneous problem for ¢ > 0 in terms of the initial data at t = 0:
u(z,t) = [ Kg(z,y,t)f(y)dy (IL.11)
RTL
The kernel that solves the nonhomogeneous problem for all ¢ is an extension of the
kernel K (z,y,t) to negative ¢ as identically 0 and then we introduce the difference

time variable ¢ — 7 and define K by:

;

K¢(z,y, t —1) ift>r
K(z,y,t,7) = (x —y) ift=r (11.12)
\0 ift<r
Thus the nonhomogenous kernel can also be expressed by K(z,t,y,7) = 6(t —

T)K¢(x,y,t,7). Then the nonhomogeneous kernel f((a:,t,y,T) satisfies the partial

differential equation:
(i0, — Hy)K (x,t,y,7) = 6(t — 7)0™(z — y) (I1.13)
and the homogeneous kernel K(z,t,y, T) satisfies the partial differential equation:
(i0y — Hy)K¢(z,t,y,7) =0 V(z,t) e R" xR (I1.14)

The solution u(z,t) that we obtain is the one that vanishes when ¢t = 0. The free
propagator K ¢(z, y, t) makes perfect sense for ¢ < 0. Furthermore, the free propagator

is a kernel that solves the initial-value problem for the homogeneous Schrodinger



equation for any final time, and it is a distributional solution of the homogeneous
equation (IL.5) for all times.

The free propagator K vanishes as a distribution as ¢ — 0 in the region  # y. As
can be seen from equation (I1.13), the function K (x,y,t,7) satisfies the homogeneous
Schrodinger equation distributionally except at the origin, where the time-dependent
Schrédinger operator creates from it a delta function 6" (x—y)d(t—7). The connection
between Ky and K will be proved and extended in the representation theorem in
Chapter III.

The following definition is from G. H. Hardy’s book on divergent series [4].

Definition 1 If the integral

P(a) = /000 f(x)e ** dx (IL.15)

is convergent for a > 0, and approaches A when o — 0, then it is said that P is Abel

summable to A and P(0) = [ f(z)dz = A.

The following theorem introduces the Poisson integral, which is a solution of the

Schrodinger equation without a potential term.

Theorem 1 Let f(x) be a function on R™ with the following property: (1+|y|*)f(y) €

LY(R™). Then the Poisson integral

w(a,t) =Kpx f= | Ki(x—y,t)f(y)dy (11.16)

R”

exists in the sense of Abel summability, and is a solution of the equation
Lu(z,t) = a*Ayu(x,t) +i0u(x,t) =0 V(z,t) € R" x R. (I1.17)

with given initial data. The Poisson integral defines a solution of the free Schrodinger

equation in R™ ¥Vt # 0, even t < 0. This solution can be extended into R™ x [0, 00)



with the initial condition u(x,0) = f(x) for all points x at which f is continuous.

Proof: If |y|?f(y) € L'*(R™), then the order of differentiation and integration
in the equation (II.16) can be interchanged to show that the Poisson integral obeys
Schrodinger equation. The hypothesis that |y|?f(y) € L'(R™) implies that the func-
tion w(z,t) solves the Schrodinger equation in R™ x RT. This hypothesis is obtained
from Chapter IV of Lawrence C. Evans’s book on partial differential equations [5].
Let y = x + 2, where +* = %; then we can rewrite the Poisson integral as

u(z,t) = (i)”ﬂ /n P f (x4 72) dz (I1.18)

)

where |z| = ‘x;yl. Let € be any positive number. Then
(i)™ 2u(z, ) = /n P f(x4+72)dz = I + I + I, (I1.19)
where
I = /|| L (x +y2) — fla)} dz (11.20)
2|<e
I = /| ¢ f(x+vz2)dz (11.21)
2|>e
I3 = /| e f(a) dz (I1.22)
2|<e
Now, we do some calculations for I; in hyperspherical coordinates (p, ¢1,. .., Pn_1).

Equation (I1.20) can be rewritten in the following manner:

L= / P (e +2) — f2)) dz (11.23)
|z|<e

The continuity of f : R® — R” at some point y € R" implies that Vn > 0 30 > 0
such that Vo € R” with |z —y| < ¢ implies that |f(z) — f(y)| <, and z,y are points
where f is continuous. Given ¢, choose 7 such that ¢ = ye < §, and let n > 0, then

there exists a t so small such that |f(z + vz) — f(z)| < n for all z such that |z| <.



Therefore, by continuity, we obtain the following bounded estimate:

L < n/ d (11.24)
|z|<e
or, Thus
|| < 7)/ dz — 0 (I1.25)
|z|<e
as v|z] = 0 (ie., y — x) as t — 0.
Then, since f € L'(R")
| I g/ |f(x +7v2)|dz — 0 (I1.26)
|z]>e

(not necessarily uniformly in x) as € — oo. In order to handle I3 we use the Fresnel

integral formula
/ e dz = (mi)™/? (11.27)
A proof of the one-dimensional Fresnel integral formula is outlined on [6]. The one-

dimensional Fresnel integral implies the product version

n

/ e dz = / exp <z Z z,%) dz = H/ ¢k dz, = H(m’)l/2 = (mi)"/* (11.28)
" " k=1 k=1~ k=1

Therefore, we have

lim I, = (mi)"/%f (). (11.29)

€E—00
Then we consider computing the Fresnel integral in terms of polar coordinates instead

of Cartesian coordinates. Thus, we can rewrite the equation (II.28) by

/ eiz|2d22/ / e o dpd§ = w, / prle dp (11.30)
R o JoB(o,1) 0

Then we make use the substitution ¢ = p?, and hence we obtain

/ e dz = % et dt (I1.31)
n 0
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Then we insert the Abel factor e in the equation (I1.31) and this gives

Ala) = %/o e tet dt (I1.32)

and w,, is the surface area of the unit n-sphere. The surface area of the unit n-sphere
is given by the following formula:

27I_n/2
Wy = =
I'(3)

(11.33)

The complex Gaussian integral (also known as the Gaussian Fresnel integrals) can
be generalized for any positive integer, i.e. the Gaussian integral is a special case
of fooo z"e~" dx, when n = 0. The general Gaussian integral will be shown to be

convergent when n € N. Then we consider the following complex integral

P, = / s" e’ ds (11.34)
0

lz—y|
v

where |z| = s = = f/. Let t = s2, and substituting this change of variables into

equation (I1.36) we have

1 [~ ,
P, == / t"e" dt (11.35)
2 Jo
where, m = ”T_Q and hence,
/ t"edt = lim [ t™e"dt (11.36)
0 e Jo

Once again, the change of variables ¢t = iz is performed and we have
/ t"e dt = z/ (iz)me *dz (I1.37)
0 0

Then we insert the Abel factor e~ into the left-hand side of equation (I11.37) and
this gives

/ tme et dt = z/ (iz)™e e " dz (I1.38)
0 0
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Then the path of integration is shifted from 0 to —ioco, to 0 to co. Therefore,

lim z/ (iz)me e *dz = lim z/ (iz)Me e *dz (I1.39)
0 0

r—00 r—00

The integral in (I1.39) is convergent for any positive « > 0, and the integral over the
semicircle at oo tends to 0. In order for the above limit to hold, the path of integration
(iz)™ must not go over a branch cut. Thus, if the integrand does not have any poles
in the path of integration, then the integral in equation (I1.36) is Abel summable and
it is related to the gamma function I'(m + 1). The integrand in equation (I1.39) is an
analytic function, and thus it does not have any poles or branch cuts in the path of
integration. In other words,

lim 2/ (iz)"e e dy = ™! / ZMe % e (I1.40)
0 0

T—00

Then, we take the limit of @« — 0, and the above equation becomes

lim im+1/ ZMeT e  dy = im+1/ 2Me*dz (IL.41)
0 0

a—0

and this limit holds in the Abel sense, and we take ™ = €' ("/2)™_ Thus,

1 2 (n
P, = —imHr N=—T(= I1.42
s = 5T = Cor () (12)

and hence,

) n/2
A(0) = / el gy = QW"F(E) (I1.43)
This confirms equation (I1.28) in an alternative way.

This implies the continuity of u(x,t) at ¢ = 0. Therefore, the Poisson integral
has the initial values u(-,0) = f(z) for all points x at which f is continuous. W

The fundamental solution of the Schrodinger operator has some specific filtering

properties. Filtering properties refer to the ability of the Dirac delta function §(t — 7)



12

to pick out the value of some function ¢(t) at the point ¢ = 7. The filtering property
is also called the sifting property. These filtering properties are shown in theorem 2.

Theorem 2 is an extension of theorem 1

Theorem 2 Let the boundary OU of U possess a tangent plane at each point. If f(z)

is a function continuous in the closure U of U, then

¢

flz) ifxelU Vt>0

_hm/Kf z,y, ) f(y)dy = L& if € 0U, vt >0 (I1.44)

2

0 ifx @ U, Vt >0
\
and this limit exists in the Abel summability sense.
Proof: Suppose there exist a function g(x) defined in the following way

flz) ifzelU Vt>0
g(x) = (I1.45)

0 ifx ¢ U, Vt>0
where f is a continuous function almost everywhere. By applying Theorem 1 to g,

then we obtain the following result

flz) ifzelU Vt>0
= hm/ K¢(z,y,t)g(y)dy = (I1.46)
0 if ¢ U, Vt>0

Suppose x € QU. Then we introduce the hyperspherical coordinates (p, ¢1, ..., ¢n_1)
with the origin at z. Let us consider an n-sphere S(z,e) with its center at = and
radius € > 0. Let D be the intersection between the n-sphere S and the region U,

i.e, D = S(x,e) NU. Thus, we can represent the region U as the following:

U=DuU(U\D) (IL.47)
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Therefore,

Q(z,1) ZQl(x,t)JrQa(x,t)Z/UKf(:c,yi)f(y) dy+ | Kyp(z,y,t)f(y)dy (11.48)

U\D

Since z ¢ U \ D,

lim Qs (, 1) = lim Ki(z,y,t) f(y)dy =0 (I1.49)
t=0 Ju\D
Therefore,
Qulat) = Pla.t) + Hw.t) = §(@) [ Kilandy+ [ Ko 0{70) = )} dy
(I1.50)
or,
n/2

i) = 1) [ (o) WWWW@+A(g%)<WWWWU@—ﬂwMy

T 1|lx—y|“ /)y 1 ix—yz ’Yz 1
M{Lell/ -+ o [ )~ @) dy
x) oill? 1 il2|? _
=m0 - s s

(I1.51)
where, y = x + vz, and 7? = %ﬁt

Then, the limit v — 0 is taken, and since f is continuous almost everywhere,

then the above estimate becomes

H(x, 1)) < %2/ dz — 0 (11.52)
m D(z)

as v — 0. Then, as ¢ — 0, the region D approaches half the surface area of the
n-sphere S(x,¢). This is true because of the fact that the boundary 0D = S(x,e)NU
is required to have a tangent plane at each point. Thus, in this limit we can use the

tangent plane approximation to see that the 0D becomes 0K, which is the boundary
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of a half n-sphere K(z,¢).

Then we take the limit of ¥ — 0 and of € — 0 of the function I(z,t). Hence

5(v) L,

lim I(z,t)= lim / / o" e dod)
0 oD
5(v)

5(7)—o00 5(7)—o00
: n—1 io? : Wn > n—1 _io?
= lim o" e do- lim dQ) = — o" e do
5(y)—o0 0 d(y)—o0 oD 2 0

(I1.53)

where, ¢ = £. The summability of the function /(z,¢) is understood to hold and

exist in the Abel sense. Now, we use the Fresnel integral formula

[ ) 1/2
Po=| o do="—1(2 (IL.54)
; 2 \2

into the equation (I1.53). Therefore, we get

im Pl ) = 29 i g = L@ (z'n/%nr(g» (IL.55)

8(y)—o0 (708)"/2 5(v)—o0 2(mi)n/2

Therefore,

sty T 0 = 2(];(@':;2/2 2;(2/)2 <Zn2/2r(g>) - @ (I1.56)

In other words, if f(z) is a continuous function, then

n(z,t) =1lim | Kp(z,y,t)f(y)dy = 2 VYo cdUvt>0. W (IL.57)

Next, we cite some material that is found in Chapter IV of Evans’ book on partial

differential equations [5]. The Poisson integral formula can also be expressed as

e 4t —iz-y
u(z,t) = W /Rn e 2t g(y)dy (I1.58)

Lemma 1 If the solution u(x,t) is given by the above formula, and if g(x) € L*(R™)N



L*(R™), then

lu(®)l|2@my = lgllz2@ny V>0

Thus, the mapping g — u(t) is unitary with respect to the L?-norm.

15

(I1.59)
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CHAPTER III

REPRESENTATION THEOREM
The boundary-value problem for the nonhomogeneous Schrodinger equation with non-
homogeneous initial conditions can be reduced to the analogous problem with homo-

geneous initial condition by using the integral fundamental representation
u(z,t) =(x,t) + Uz, t) + H(x,t) (ITL.1)

where wu(z,t) is the solution of the nonhomogeneous problem, and as detailed below
U(z,t) is the source term, I'(z,t) is the surface term, and II(z,t) is the Poisson
integral term(initial term). The following theorem gives the fundamental integral

representations for the Schrodinger equation.

Theorem 3 (Representation Theorem)
The solution of the boundary-value problem for the Schrodinger equation can be rep-

resented as the following integral formula:
u(z,t) =(x,t) + Uz, t) + H(x,t) (I11.2)

The initial term, the source term, and the surface boundary terms are given by the

following integral formulas:

Mat) = | Kot tah(o) dy (111.3)

t
Ule,t) =i / / K (2, t: 9, 7) Lu(y, 7) dydr (I11.4)
to JU

and,

t
D(a, ) = ia? / / (Kfuut; 0T uy (9> 7) — (s TV K 5 (2 m) ds(y)dr
to U
(I1L5)
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where, Ky(z,t;y,7) is the fundamental solution and a® = J-, and u(z,t,) = h(z).

Remark: The upper limit ¢ in equation (III.4) enforces the fact that the Ky in
that formula is effectively K.

Proof: Let u(z,t), and w(z,t) be solutions to the Schrédinger equation. Further-
more, assume that u(z,t), w(z,t) € C*1 (U x RY) N CH(U x RY).

Remark: The above smooth conditions are required in order to justify all the
integrations by parts. Since, the functions u(x,t) and v(z,t) are solutions of the
Schrodinger equation, we require these solutions to be at twice differentiable on the
region U because Greens’ second formula applies to C? functions. Similarly, the
temporal differentiability conditions are also needed for analogous reasons.

The Schrédinger operator L* acts on the (y, 7) variables, and not the (z,t) vari-
ables. Then, we subtract the term containing the w*(y, 7)Lu(y,7) minus the other

term u(y, 7) L*w*(y, 7), and we obtain

w*(y, 7) Lu(y, 7) — u(y, 7)L*w*(y,7) = a*w*(y, 7) Ayu(y, )

+1 (U’*(ya 7)0-u(y, T)) — d®u(y, ) Ayw* (y, 7) + i (u(y7 ™ (y, T)) (I1L.6)

and then integrating with respect to time 7 and the spatial region U gives
t
[ [ wn)Lut. )~y ) Lw 0. ) dyir =
to JU
t
a2/ /[w*(y,T)Ayu(y,T) —u(y, 7)Ayw*(y, 7)] dydr (II1.7)
to JU
’ t t
i [ [ wnoatsnddr+ [ w0 () dyar
to JU to JU
Therefore, we get

/ / w*(y, T)Lu(y, T) — U(y, T)L*w*(% 7_) dydT _
' (IIL8)

. / / (. 7 Ayuly, 7) — uly, VA (y, )] dydr +
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where,
t
J = z/ /&[u(yﬂ')w*(yﬂ')} dydr (I11.9)
to JU

Green’s second formula is the following identity:

[ 118wt )=l ) Aty = [

oUu

(07000 7) = )bt 7) ) s
(II1.10)
where, U is a region in R? with lateral boundary OU. This lateral boundary is defined
by
oU ={x,y,z: F(z,y,z) =0} (ITL.11)

where (z,y, z) are the Cartesian coordinates in R® and F is a continuously differ-
entiable function. Therefore, by Green’s second formula, we obtain the following
result:

a2/ /[w*(y,T)Ayu(y,T) —u(y, 7)Ayw*(y, 7)] dydr
fo JU (111.12)

— / [ (w0t 7) = a0 007) ) it

Then, the second term of the right-hand side in equation (II1.8) can be expressed in

the following manner:

J—i / t [ odutvryu ] dur

=1

/t: E%/Uu(ym)w*(ym) dydT_/aUu(va)w*(y,T)afu(y) ds(y)dr

U
(I11.13)

where the integral term containing the time derivative of the normal vector vanishes

because the boundary 9U is assumed to be static. Finally, we obtain the following
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equation:
t
| [0t r) =~ ut. L ) dydr
to JU
= z/ u(y, t)w*(y,t) dy — @/ u(y, to)w* (y,to) dy (I1.14)
U U
t
+ a? /a (w*(y, T)0yyu(y, 7) — u(y, T)@V(y)w*(y,T)) ds(y)dr
to U
Suppose that L*w*(y,7) =0, V(y,7) € U X (to,00). Then, equation (III.14) becomes
t
| [ wntutwodydr =i [ty . dy—i [ uly.to)u (v to) dy
to JU U U
t
vt [ (Wt ) = o (1) ) st
to U

(I11.15)

or,
Z‘ / uly, thw"(y, t) dy = i / uly, to)w* (y, to) dy
v U
t t
—a? / /6 <w*(y7 T)au(y)u(y7 T) - U<y7 T)a,/(y)w* (y7 T)) dS(y)dT + / / w*(y’ T)Lu(y, 7_) dydT
to U o

(I11.16)

Let w*(y, 7) = Ky(z,y,t—7+¢€),and thus the solution w*(y, 7) is a solution of equation

(I1.9) i.e, L*w* = 0 . By substituting this equation into equation (II1.16) we have
z/ K¢(z,y,e)u(y,t)dy = z/ K¢(z,y,t —to+ €)u(y, to) dy
U U
t
—a? / / (Kf(x, Y, t =7+ €)0yu(y, 7) — uly, 7) 0 Ks(z,y,t — 7 + e)) ds(y)dr
to JOU

t
+ / / K¢(z,y,t — 7+ €)Lu(y, ) dydr
to JU

(I11.17)
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or,
/ Kf<$v Y, G)U(y, t) dy = / Kf<x: yat - tO + €>u(y7 tO) dy
U U
t

+ ia’ / / (Kf(x, Y, t =7+ €)0yu(y, 7) — u(y, 7)0uy) K¢ (x,y, t — 7 + e)) ds(y)dr

tg JOU

t
— z/ / K¢(z,y,t — 7+ €)Lu(y, ) dydr

to JU
(IIL.18)
Then, we take the limit € — 0 of equation (II1.18), and by theorem 2
U(Z’, t) = / Kf(.ﬁE, y>t - to)U(y, tO) dy
U
t
+ ia® / /a <Kf(a:, y,t —7)0uu(y, 7) — u(y, 7) 0y K¢ (2, y,t — 7')) ds(y)dr
to U
t
— Z/ / K¢(z,y,t — 7)Lu(y, 7) dydr
to JU
(IT1.19)

Therefore, we can write equation (I11.19) as the representation formula
w(z,t) = H(z,t) + [(x,t) + Uz, t) (I11.20)

where II(x,t) is the Poisson integral, I'(z, t) is the surface integral and U(z,t) is the
source integral. W
The definition of the Green function will be given in this section in order to prove

the Representation Theorem for a more general Green function in place of K.

Definition 2 A Green function for the Schriodinger equation is a function G(x,t;y, T)
satisfying
LG(z,t;y,7) =0 V(z,t) e U xR (IT1.21)
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and the filtering property

lim [ G(x,t;y,7)f(y)dy = f(x) (I11.22)

t—T1 U

for x € U, and one of these boundary conditions

G(z,t;y,7) =0 V(z,t) € O0U x R (I11.23)

or,
Op()G (2, t;y,7) =0 V(z,t) € 0U x R (I11.24)

or,
Ov)G (2, tyy, 7) + B(x, t)G(x, t;y,7) =0 V(z,t) € OU x R (IT1.25)

Thus the function G(x,t;y, ) satisfies the homogeneous Dirichlet, Neumann, or Robin

boundary conditions.

Recall that the function K(z,t;y,7), the fundamental solution, satisfies
LKy(z,t;y,7) =0 in U xR (I11.26)

and the filtering property
Ky(z,m3y,7) = 0(z — y) (111.27)

In other words the function G(x,t;y,7) is the response of the system at a field

point(variable point) (z,t) due to a delta function § at the source point(field point)

(y, 7).

Lemma 2 The Green function is the sum of a particular integral of the homogeneous

equation and of the fundamental solution of the homogeneous equation

Gz, tyy,7) = F(x, t;y,7) + Ke(x, t;y,7) V(z,t) € 0U x R (ITT1.28)
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where F(x,t;y,T) satisfies
LF(x,t;y,7) =0  V(z,t) e U xR (I11.29)
and 1t also satisfies one of the following boundary conditions
F(z,tyy,7) = —Ky(x, t;y,7) Y(z,t) € 0U xR (II1.30)

or,
Oy F(x,ty,7) = =0y Ky(x, t;y,7) V(z,t) € OU x R (II1.31)
or,
[81,(50) + B(z, t)] F(z,t;y,7) = — [@(I) - ﬂ(:v,t)} Ky(z, t;y,7) V(z,t) € OU xR
(I11.32)

and it also obeys the filtering property
F(z,;y,7) =0 inU x {T =t} (II1.33)

The following corollary will not be proved until Chapter IV, after we present the Reci-
procity Theorem. In the meantime, the corollary serves to show that the Represen-
tation Theorem can be applied to any Green function which satisfies the Schrodinger

equation and the boundary conditions.

Corollary 1 The solution of the boundary-value problem for the Schrodinger equa-

tion can be represented as the following integral formula:
u(z,t) =1(x,t) + Uz, t) + (2, 1) (IT1.34)

The initial term, the source term, and the surface boundary terms are given by the
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following integral formulas:

Mz, 1) = /U Gla ty, to)h(y) dy (T11.35)

t
U(x,t) :z'/ /G(:I;,t;y,r)Lu(y,T) dydr (IT1.36)
to JU

and,

t
N%ﬂzﬁf/ﬂé Q%aa%ﬂa@w@m»—m%ﬂ@@awxwmﬁdxwm
to U
(I11.37)

where, G(z,t;y,7) is any Green function and a® = J-, and u(z,ty) = h(z).

As an application of the representation theorem, let us consider the following linear

boundary-value problem:

Ly, 7) =V (y,7)v(y, T) Y(y,7) e U xR (IIL.38)

with the initial and boundary conditions

U(x,0) = f(z),Vz €U, oz, t)p(x, t)+6(x, 1) 0w (z,t)| = h(x,t) vt e R.

" (IT1.39)
In this case, the boundary conditions can determine the Dirichlet, Neumann or the
Robin boundary-value problem. The first case to be considered is the Dirichlet case.
Suppose ¥ (x,t) is a solution to the given initial and boundary value problem. Then,

we apply the fundamental identity for the Dirichlet boundary-value problem, and we

obtain the following integral equation:

ww)/bmum @Ha/éUxt% Ouiay oy, 7) ds(y)dr

//8 (¥, 7)O0u) G, tsy, 7) ds(y T—Z// (z,t;y, )V (y, ) (y, T) dydr
U

(I11.40)
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Then, we treat the Neumann boundary-value problem:

a(z,t) =0, Blx,t) =1, Ovy¥(z,t)| = h(z,t) Vt>0 (I11.41)

ou

and once again apply the fundamental identity in order to obtain the following integral

equation:

P(x,t) = /G(zty, dy+za//aU (x,t;y, 7)h(y, 7) ds(y)dT
/ 8U@/} Y, T G2, ty,7)ds(y dT—Z/ / (x,t;y, )V (y, 7)Y (y, 7) dydr

(I11.42)

Finally, we treat the Robin boundary-value problem:

= h(z,t) Vt>0 (I11.43)
ou

ﬁ(l‘,t) =1, Oé(xth(% t) + 8V(m)¢(l’,t)

and once again we use the representation theorem in order to obtain the following

integral equation:
t
(i, t) = / G, t:y,0)f () dy + ic? / Gz, t;y, 7)h(y, ) ds(y)dr
0 oU

—ia / U@D Y, T ( LG, 6y, ) + a(y,T)G($,t;y,T)> ds(y)dr (IT1.44)

0
i / / G, tsy, 1)V (y, 70y, ) dydr
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CHAPTER IV

GREEN FUNCTIONS AND THE RECIPROCITY THEOREM

Unlike [1], the boundary OU is considered to be a static boundary, and thus
Ow(r) =0 Vo € oU, Vt > 0 (IV.1)

Theorem 4 Let U be an open and bounded domain in R™, i.e., U C R™. Consider the
following boundary-value problem: Find a function u(x,t) € C*1(U xR*Y) N CH(U x

R™), such that

Lu(x,t) + F(z,t) =0 Ve e UVt >0, (IV.2)
u(z,0) = ¢(x) Vo e U, (IV.3)

u(z,t) = fi(z,t) x €Uy, Vt >0 (IV.4)
Opmyu(z,t) = fo(z,t) x € 0Uy, ¥t > 0 (IV.5)

where, OUy U OUy. If the solution of problem (IV.2)-(IV.3) ewists, it is also unique.
Proof: 1f, u; and us are two solutions of the problem, then their difference
U= U] — Uy (IV.6)

is a solution of the corresponding homogeneous problem. First, we consider the

following equation,

/Ot/Uw*(’y,T)LU(y,T) dydr:/ot/Uw*@,T) (aQAyu(y,r)jLz'aTu(y,T)) dydr

(IV.7)



where, L is the Schrodinger operator. Let w(x,t) = u(x,t) and substitute v(x,t) =

w*(x,t) into Green’s first identity, to obtain

oUu

/UU*(y,T)AyU(y,T) dy+/UVU*(y,T)-VU(y7T) dy:/ w*(y, 7) Oy uly, 7) ds(y).
(IV.8)

Therefore, equation (IV.7) becomes,

t t
/ /u*(y,T)LU(y,T) dydT——aQ/ /Vu*(y,T)-Vu(y,T) dydr
0 U 0 U
t t
+a2/ / u (Y, T)Ouwyuly, ) dS(y)dT+i/ /U*(y,T)é‘TU(y,T) dydr
0 oUu 0 U

The left-hand side of equation (IV.9) equals zero. Thus,

/ / Vur(y, 7) - Vuly, 7) dydr + a? / / (9, 7)0uyuly. 7) ds(y)dr
—i—i/o /Uu*(y,T)aTu(y,T)dydT

The second integral in the right-hand side of the above equation is equal to zero

(IV.9)

(IV.10)

because of the Neumann or Dirichlet boundary condition. Then

I:i/t/ u*(y, 7)0,uly, 7) dydr
[l
//( 7)0ruly, 7) + (@U*(ym)>u(y,f)) dydr |

=L+ 1

Then, the first term in equation (IV.11) can be expressed in the following way,

//( T)0-u(y, 7) — (u*(y,r)@u(y,T))*) dydr
_/0 /Ujm{“*(yﬁ)afu(ym)}dydr

(IV.12)
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The second term in equation (IV.11) is

/ / ( 7)0-u(y, 7) + 8Tu*<y,7)>u(y77>> dydr
— 5/0 /U@T[u*(y,T)u(y,r)] dydr = %/l]’u(y7t)‘2dy B %/UW(%O)PC@

In this equation the second term vanishes from the fact that u(y,7 = 0) = 0. Then

(IV.13)

equation (IV.10) can be rewritten in the following manner,

2 /Ot/U[W*(W).vU(y,T)] dydr = —/Ot/UJm{u*(y,T)é’TU(yﬁ)}dydT V14
5 [ lutw.o dy .

Thus, we take the real part of equation (IV.14),and we get the following expression,

/ dT/ Vu*(y,7) - Vu(y, //Jm{ (y, 7)0ru(y, )}dydT

(IV.15)

Also, if we take the imaginary part of the equation (IV.14), we get the following

expression,
1
5 [ oy =0 (v 16)
2 Ju

The above equation implies that the function u(y,7) = 0,V(y,7) € U x R*. Then
the real part of equation (IV.14) is satisfied trivially. W

Remark: In the case of the heat equation, the Rubinsteins’ proof went in a
different direction. A difference between the heat operator and the Schrodinger op-
erator is that the Schrodinger operator has a complex number in front of the partial
derivative with respect to time. There is no analogue of equation (IV.15) in the heat
equation case.

In the rest of this section, the method of Green function will be introduced as

an important method for solving different types of boundary-value problems such as
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the initial and boundary value problem. In this section, the Green’s function will be
shown to have reciprocity.
The following theorem is based on a similar theorem found on Chapter 15 on

Rubinstein book, but in this case it is proved for the Schrodinger case.

Theorem 5 (The Reciprocity of Green’s Functions)

Suppose (x,t) is a fized point and (y,7) € U X R is a variable point. The function
G(y,7;z,t) is considered a function of the first variables, and is a solution of the
Schrodinger equation satisfying boundary conditions of Dirichlet, Neumann, or Robin
boundary value problem respectively. Therefore, we obtain the reciprocity of Greens
functions, i.e.,

Gy, ;x,t) = G*(x, t;y, 7). (IV.17)

Proof: Suppose, G(y, m;z,t) = K(y, 7;x,t) + F(y, 7; x, t),where

LF(y,7;x,t) =0 V(y,7) € U xR (IV.18)
such that,
F(y,m;2,t) = —K(y, 7; x,t) Y(y,7) € 0U x R (IV.19)
or,
Oy F(y,m52,t) = =0y K(y, T52,t)  V(y,7) € 90U xR (IV.20)
or,

(aV(y) + 6(y7 7—)) F(yv T, t) - = (au(y) + 6(1% 7—)) K(y7 T, t) v(ya T) €U xR
(IV.21)
and also

F(z,t;y,t) =0 inU x {7 =1t} (IV.22)
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Green’s second formula is given by

/U (g, ) Aoy, 7)—0(y, ) Ayu(y, 7)] dy — /8 (u(y,T)ay(y)u(ym)—v(y,T)ay(y)u@,f)) ds(y)

(IV.23)

U

Then, we integrate the term [G*(y, T;z,t)LG(y, T; p,0) — G(y, T3 p, 0) (LG (y, T; 2, 1))*]
over the spacetime region U x (6,t), and we have
/at /U G*(y, 732, 0) Ly -Gy, 73 p,0) — Gy, 73 p, 0) Ly, . G"(y, T3 2, 1) dydr
=a? /Gt /U G*(y, 72, ) AG(y, 75 p,0) — G(y, 735 p,0) A G™(y, T3 2, t) dydT
—i—i/{: /U G*(y,m;2,t)0;G(y, T; p, ) dydr ~|—i/{: /U Gy, 7;p,0)0.G*(y, T;x,t) dydr
(IV.24)

Then, Green’s second formula is used in equation (IV.24), and we obtain
/; /U G*(y, 732, t) LGy, 75 p,0) — Gy, 750, 0)L"G" (y, 73 2, 1) dydr
= a2 /et /aU (G*(y, 732, 1)0p) Gy, 75 0,0) — Gy, 75 p,0)00 () G* (v, T; , t)) ds(y)dr
vi [ [ 016 7. 0G0 7.0 duds
(IV.25)

The surface integrals vanish in the Dirichlet boundary problem because G*(y, 7; x, t)
and G(y, T;x,t) vanish on QU x RT. The surface integrals also vanish when we have
Neumann boundary conditions because 0,,)G(y,7;x,t) = 0, on OU x R*. Then,
equation (IV.25) becomes

t
//G*(y,T;x,t)LG(yﬁ;p,@)—G(y,T;pﬁ)L*G*(y,T;x,t) dydr
0 Ju (IV.26)

t
ﬂ//@wmmmmwmmwm
0 U
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or,

t
//G*(y,T;x,t)LG(ym;p,@)—G(y,f;pﬁ)L*G*(y,T;x,t) dydr
0 Ju (IV.27)

Zi/G*(y,t;x,t)G(y,t;pﬂ) dy—i/G*(y,G;x,t)G(y, 0; p,0) dy
U U

Therefore, by using the definition of the Green function, we obtain

0=i [ Glotin)Glotip.0)dy—i [ G(0.0:00G(. 0,00 dy (V29
U U

or,
; / 5a — y)Gly. . 0) dy = i / 5(p — )G (y, 0: 2, 1) dy (1V.29)
U U
or,

G(z,t;p,0) = G*(p,0; 2, 1) (IV.30)

Therefore, G*(p,0;x,t) = G(z,t;p,0) and the quantum Green function has reci-
procity. W

Remark: The reciprocity of the Green function basically expresses the unitarity
of e~ H

Finally, we present the corollary 2 which was introduced back in Chapter III.

This time we provide a proof to the corollary.

Corollary 2 The solution of the boundary-value problem for the Schrodinger equa-

tion can be represented as the following integral formula:
uw(z,t) =T(z,t) + U(x,t) + (2, 1) (IV.31)

The initial term, the source term, and the surface boundary terms are given by the

following integral formulas:

H(x,t):/UG(x,t;y,to)h(y) dy (IV.32)
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t
Ul(z,t) :i/ /G(:c,t;y,T)Lu(y,T) dydr (IV.33)
to JU

and,

t
[(x,t) = iaQ/ /a (G(x,t;y,T)ay(y)u(y,T) = u(y,T)ay(y)G(x,t;y,T)> ds(y)dr
to U

(IV.34)
where, G(z,t;y,7) is any Green function and a® = J-, and u(z,ty) = h(z).
Proof: Suppose there exists a function G(z,t;y, ) such that
L, G*(z,t;y,7) =0, V(z,t) e U xR (IV.35)

where (y,7) is a variable point and (z,t) is a fixed point. In other words, the partial
differential operator L* acts on the (y, 7) variables. Also, by hypothesis the function
G(z,t;y, 7) satisfies the same filtering properties as the free propagator Ky(x,t;y, 7).
In this proof, the function is assumed to satisfy the filtering property. Thus, we
can write G(z,t;y,7) as the sum of Ky(x,y,t — 7) and E(x,t;y,7). The function

E(x,t;y, ) satisfies the homogeneous equation
LE(x,t;y,7) =0, V(z,t) e U xR (IV.36)

and vanishes when t = 7, i.e E(x,7;y,7) = 0inU x {t = 7}. This Green function
satisfies the same properties and equations as K, and thus we can replace w*(y, )

by G*(y, 7;x,t) in equation (III.14), and we obtain

t
/ / G*(y, 70, 8) Lu(y, 7) — uly, T)L*G* (y, 7+ 0, t) dydr
to JU

:z'/ u(y, t)G*(y, t; x, t) dy—z'/ u(y, to)G*(y, to; x,t) dy (IV.37)
U

U
t
+ a? /a (G*(ﬁ% T,%, t)al/(y)u(ya 7') — U(y, T)ay(y)G*<y7 T X, t)) dS(y)dT
to U
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and by the Reciprocity Theorem, we can rewrite equation (IV.37) as
uwt) = [ Gl tipto)utyito) dy
U
t
vic [ [ (6ot ) 100y Gl i) ) st
tg JOU

t
—i/ /G(:B,t;y,T)Lu(y,T) dydTt
to JU
(IV.38)

Therefore, we can write equation (IV.38) as the representation formula
uw(z,t) = H(z,t) + [(x,t) + Uz, t) (IV.39)

where II(x,t) is the Poisson integral, I'(z, t) is the surface integral and U(z,t) is the

source integral. W
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CHAPTER V

GREEN FUNCTIONS AND INITIAL VALUE PROBLEMS

A. Green Functions and Volterra Integral Equations

The boundary-value problem for the nonhomogeneous Schrédinger equation with non-
homogeneous initial conditions can be reduced into a problem with homogeneous

initial conditions by use of Theorem 3:

uw(z,t) =T(z,t) + Uz, t) + 1(z,t) (V.1)

where u(z,t) is the solution of the nonhomogeneous problem, U(x,t) is the volume
potential, I'(z, t) is the surface integral and II(z, ) is the Poisson integral.

Let us consider the Schrodinger initial-value problem with a bounded potential
term:

—Agu(x,t) + V(z, t)u(z, t) = idwu(z,t) (V.2)
u(z,0) = f(x) Vr e R" (V.3)

In this problem, we assume that V' (z,t) is a continuously differentiable function on

R™ x R. Let V(z,t) be a bounded function such that
V(z,t)] <M  VY(x,t) e R" xR (V.4)

Suppose the function V(z,t) is a piecewise continuous and a piecewise smooth func-
tion on R™ x R.

Then by equation (V.1) the solution u(z,t) can be written as the following inte-



34

gral equation:

w(z,t) =z, t) + Uz, t) = Uf(x) + Qu(x, t)

. (V.5)
= | Kyl ty,0)f(y) dy — @/ Ky(z,t;y, 7)V(y, T)uly, 7) dydr

R 0o JRrn

where U is a unitary operator and where K #(x,t;y, 7) is the fundamental solution of

the Schrodinger problem. We are applying the integral representation theorem in a

case where V (z,t) is a bounded function. Thus,
w(z,t) +iSVu(z,t) = Uf(x) (V.6)

and where

A

Qu(z,t) = —iSVu(x,t) = —i/o Ut — 1)V (T)u(T)dr (V.7)

In more detail, we can express equation (V.6) as
t A
u(z,t) + z/ Ut —71)V(r)u(r)dr =Uf(z) (V.8)
0

where,

Ot —7)V(rju(r) = | Kz, ty, 7)V(y,7)uly,7) dy (V.9)

R

Therefore, equation (V.5) is a Volterra integral equation of the second kind with
respect to time. In order to find the solution to the Volterra integral equation of the

second kind, we let the kernel satisfy the following condition:
K(z,y,t,7) =0 ift <t (V.10)

A Volterra integral equation of the second kind with respect to time, has the following

form:
t
oz, 1) — A / K (2, ty, 7)oy, 7) dydr = f(z,0) (V.11)
0 R”

By defining Ap(t) = Jan K (2, t;y,7)d(y, 7) dy, we rewrite equation (V.11) in a more
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compact form,
t

o(t) — A /0 Alt,)é(r) dr = f(1) (V.12)
In this article, we will work only on the Euclidean spacetime R™™!. In this case,
we are trying to generalize the kernel and the linear integral operator. The kernel
K(x,t;y,7) in equation (V.11) can be a Schrodinger kernel, a bounded kernel, or a
Hilbert-Schmidt kernel. The Volterra integral equation of the second kind can be
solved by Picard’s method of successive approximations. For a detailed treatment of
the Picard’s method of successive approximations, I will refer the reader to the Tricomi
reference [7]. The idea is to create an infinite sequence of functions, {¢,(x,t)}5°, that

satisfy the following recurrence relations:

t
on(t) = f(t) + )\/ Alt, T)pp1(T)dT  Vn=1,2,... (V.13)
0
Then, let
Gn(z, ) = D N"Um(z,t)  Ym=1,2,... (V.14)
m=0
The function ,,(x,t) can be expressed in the following way:
t
Um(z,t) = / K (x, t;y,7)f(y, ) dydr Vm=1,2,... (V.15)
0 Jrn
or,
t
In(t) = O™ (1) = / At ) (P dr Ym=1,2,.. (V.16)
0

Then, we can write the first term in the following manner,

() = /0 AL f(r) dr (V.17)

and,

t
Anﬂ(t,T):/ At,0)An(0,7)d0 ¥n—1,2,... (V.18)
0
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where

Aq(t,T) = A(t, 1) (V.19)

B. Integral Equations and Neumann Series

In the previous subsection, the Volterra integral equations of the second kind were
introduced. In this subsection, we introduce the integral operators in arbitrary Ba-
nach spaces in order to find a solution to the Schrodinger equation in R™*!. Section
A is an informal preview of the Volterra and General Volterra Theorems which will
be proved in Chapter VI. In the following analysis of integral operators, this article
will use as a foundation Rainer Kress’ treatment on linear integral equations [2]. In
operator notation, the Volterra integral equation of the second kind is written in the

following manner:
¢$— Qo= (V.20)
where Q is a bounded linear operator from a Banach space B to itself and ¢, f € B.

The existence and uniqueness of a solution to an integral operator equation can be

found via the inverse operator (1 —Q)_l, and whose existence will become clear below.

Definition 3 Let B(H;H) be the collection of bounded linear transformations from
H into H. Also, we denote the space B(H,F) as the set of bounded linear functionals
on ‘H, where F = {R,C}.

Important Banach spaces which we will be dealing with are the Lebesgue spaces LP ().
This article will cover the case when p = oo, in order to create bounded estimates
of the Volterra operator () with respect to the norm || - ||. In the next section, the
Volterra Theorem will prove that the spectral radius of the Volterra operator is zero

using the L*°-estimates.
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Definition 4 The collection of all essentially bounded measurable functions is de-

noted by L>°(u). The essential supremum of a function p is given by
ol poe(uy = inf{M > 0: |p(x)| < M holds for almost all x}. (V.21)
If ¢ does have an essential bound, then it is said to belong to L*(u).

Definition 5 Let A : X — X be a bounded linear operator, where X is a Banach
space, and let Q0 be some measurable space. The norm of a bounded operator A(z,y)

1s given by

| Al Lo 2) = inf{M > 0: ||A(z,y)|| < M, for almost all (z,y) € Q*}

(V.22)
= sup [A(z,y)
(z,y)€0?
where,
[A(z,y)|| = inf{M > 0: [[A(z,y)¢| < M||¢[|,V¢ € B} (V.23)

and where B is also a Banach space.

The operator equation of the second kind was obtained by reformulating the Schrédinger
equation as an integral equation. The existence and uniqueness of the operator equa-
tions of the second kind can be found by the Neumann series. In operator notation,

we can write the Volterra equation of the second kind, in the following way

¢—Qo=f (V.24)

The integral operator Q is a bounded linear operator in an arbitrary Banach space B.
The solution to an operator equation can be found by the inverse operator (I — Q)_l,

where [ is the identity operator. In other words, the solution of the Volterra integral
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equation can be given by successive approximations. The successive approximations

bni1 = Qobn + f (V.25)

converge to the exact solution of the integral equation, ¢ — ng = f.

In this section, it will be assumed that the integral operators are bounded lin-
ear operators on a Banach space B . The above integral equations are given for an
arbitrary Banach space B that will be used in Picard’s algorithm of successive ap-
proximation. Then, equation (V.25) is converging to the solution ¢ if the following
conditions are satisfied:
1)the integral operator Q is a bounded linear operator in the Banach space B.
2)the function f belongs to a Banach space B,
3)and finally, the infinite series ¢ = Z;‘io Q’ f is a convergent series with respect to
the topology of L™ in time and of B in space.

If these three conditions are satisfied, then it is possible to use the Neumann series
to obtain the exact solution to the original problem, which is the initial value problem
of the Schrodinger equation with a potential term V' (z,t). The three conditions turn
out be the necessary hypotheses to prove the Volterra and General Volterra theorems.

Once again, we want to solve the Volterra integral equation ¢ — Q¢ = f, and the first

initial term in the approximation is f. Then, we have,

(I-Q)¢ =1 (V.26)

and the formal solutions is
dp=I—-Q)'f (V.27)

with the following Neumann series,

o=f+Qf +Q*f + - (V.28)
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Therefore, we obtain the partial sums
b =3 Q' (v.29)
=0
of the Neumann series which satisfy the recurrence relation ¢,1 = Qé, + f, ¥n > 0.

Finally, in our case, we have, f(t) = Ug(x) = Jan Ks(z,t;9,0)9(y) dy, and

Qf(t> = _ZSVf(t) = — Kf(xa t; Y, T>V(y7 T)f(y7 T) dyd7—7 (VSO)
0o JR”

and the first-order approximation to the exact solution is,
. t
o) = 10 + Q10 = £0) =i | [ Kyl Vi) dydr (V3)
0o Jrn
Even though we have extra dimensions, specifically, the spatial dimensions, the partial
sums still converge since the spatial linear integral is bounded in a Banach space B,

and the temporal integration has the Volterra property which makes it converge.
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CHAPTER VI

VOLTERRA KERNELS AND SUCCESSIVE APPROXIMATIONS
In this section we will revisit the method of successive approximations. We assume
that A is a bounded linear operator in a Banach space B. Physicists are especially
interested in Hilbert spaces which are special cases of Banach spaces because Hilbert
spaces have applications in quantum mechanics. If the spectral radius of the inte-
gral operator r(A) is less than 1, then we are guaranteed that the Neumann series

converges in the operator norm. Theorems 6 and 7 are from Rainer Kress’ book [2].

Theorem 6 Let A: B — B be a bounded linear operator mapping a Banach space B

into itself. Then the Neumann series

(M — A = f: ARl AR (VL1)

k=0

converges in the operator norm for all |\| > r(A) and diverges for all |\| < r(A).

Theorem 7 Let V : B — B be a bounded linear operator in a Banach space B with

spectral radius 7(A) < 1. Then the successive approximations
Onp1 =Veon+f, n=01,2,... (VI.2)
converge for each f € B and each oo € B to the unique solution of ¢ — Vo = f.

The following theorem will prove that the Volterra integral operator of the second
kind has an spectral radius of zero. This theorem is not found in Rainer Kress’ book
Integral Equations. In this case, we assume that A is a bounded linear operator in a
Banach space B. If the spectral radius of the integral operator r(A) is less than 1,
then we are guaranteed that the Neumann series is a convergent series. However, the

proof of the Volterra and General Volterra theorems will not use the spectral radius
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to prove that the Neumann series converges. The Volterra operator is known to have
a nice property, known as the simplex structure. It is the simplex structure which
make the infinite Neumann series converge. It follows from the convergence of the
Neumann series that the spectral radius is zero.

It is a well-known fact that most kernels K (x,t;y,7) usually do not belong to
a function space such as L>!(I?;R?"). Therefore, the most natural conditions to
impose are those of the sort assumed in the Generalized Young’s inequality as stated
by Folland [8]. In Chapter VII, we use the theorem in the form stated by Folland, but
in this chapter, we need it in a generalized form such that it takes values in a Banach
space. Examination of Folland’s proof show that it extends to our generalized case.
The following inequality theorem is mentioned in Gerald Folland’s book Introduction
to Partial Differential Equations. The Generalized Young’s Inequality theorem can

be found in the preliminary chapter of Folland’s book [8].

Theorem 8 (Generalized Young’s Inequality) Let B be a Banach space. Suppose
(X, ) is a o- finite measure space, and let 1 < p < oo and C > 0. Furthermore

assume that K is a measurable operator-valued function on €2 X Q such that

LI lduty) < € V13)
where || - || denotes the norm of an operator mapping B into B. If f € L*(Q;B), the
function Af(x) defined by

Afte) = [ K() i) duto) (V1.4)

is well-defined almost everwhere and is in LP(Q2; B), and ||Af ey < C|| ]l 2r(:8)-

If the space operator A(t,7) turns out to be a bounded Volterra operator, then it

follows that the Volterra property will make the norm of A,, to be bounded by % In
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other words, we obtain the following corollary:
Lemma 3 Suppose A(t,T) is a uniformly bounded operator. If A(t,T) is also a

Tn— 1
(n =1V

Volterra kernel, then by mathematical induction, ||An | r(r28) < [ All o (2.5

Vn € N.
Proof: Suppose A(t, ) is a Volterra kernel, and Ay(t, 1)
t
Ay(t,7) = / A(t,0)A(0,7)db (VL5)
0

then Ay(t,7) is also a Volterra kernel. Therefore, we obtain the following L norm

estimates:

t t
1As(t, 7| < / 1A, 0)]| 1A, 7)]] d6 < / VAR o) 40 = [ Aoyt (VL)

Then,
[ Azl Loer2:8) = o max A2t DI < (AN e 28) T (VL)
Tn—l
We continue by mathematical induction: Assume || Ay, || Lo (r2,8) < ||A||TLLO<>(12~B)W’
#)(n—1)!
Vn € N. Then, we assume that the following inequality holds Vn € N,
" tn—l
[An(t, 7|l < ||A||Loo(12;s)m (VL8)
Then,
t t
v (60 < [ IACOIIA6. )] d6 < Al [ 140(0.7)] 8
0 0
. t en—l
< AT = (2.8 / mda (VL.9)
n tn
< AN

and hence,

Tn
”An—i-l”Loo 12;8) < HAHLOO 72: B)_ | (VIlO)
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The following theorem is the main theorem of the master thesis. And, it is also
used in the examples of Chapter VII. The General Volterra Theorem is simply just a

variant of the Volterra Theorem, i.e. it is the LP-analogue.

Theorem 9 (Volterra Theorem) Let the kernel A(t, T) be a measurable and uniformly
bounded linear operator such that A : B — B where B is a Banach space. Suppose
that the kernel satisfies the following condition, A(t,7) = 0, when 7 < t. The Volterra
integral operator, Q L>(I;B) — L*™(I;B), is defined by

Qgp(t) = /0 A(t,T)p(T)dr = /OtA(t,T)(p(T) dr, (VL.11)

where ¢ € B. Then, the Volterra integral equation with the above kernel A(t,T) can
be solved by successive approximations. That is, the Neumann series converges in the

topology of L>(I;B).

Proof: Let H = L>(I;B) be the Banach space with norm || - ||z (s;8), where I =
(0,7T). Suppose that the function ¢ : I — L*°(I;B) is a bounded function with norm

9l zoo(1:8) = sup,epo.ry | [[@(7)[| [ Thus there exists a number D such that
A, T)||pos < D < oo V(t7T)el? (VI.12)

Furthermore, A(t,7) = 0 when 7 < t. Then A(t,7) satisfies the hypothesis of the
Generalized Young’s Inequality with C' = Dt. Thus, by Theorem 8, we have that
| Ad|| oo (1:8) < C||@|| Loo(1,8). Therefore, we obtain an estimate of the Volterra operator

Q acting on the function o(t),

t t
Q)] S/O [AE )| lo(r)] dr < \IAIILOO<I2;B>H¢Hmo(z;zs>/0 dr < [|Al[ L 28) |9/l L (1:8)
(VL.13)

or,

1Q8llz=rs) < Al 0l e T (VL.14)
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where ¢ € L*(I;B). Then we try to solve the Volterra integral of the second kind
via the Picard algorithm(successive approximations). The first term of the Neumann
series is given by

%@z@dﬂzAA@ﬂMﬂm (VL15)

and the second term is given by

%mzéwwzé%@:AAwﬁwmmn (VL16)

Then, we compute the bounded norm estimates for the second term of the Neumann

series and we obtain

e = 1Q% ()] S/ [ACE 7)) [ [ () [ dry < ||A||2Loo(12;8)||¢||L°°(I;B)/ Tidn
0 0

t2
= Al 2 |0l 8 5

(VL.17)

Thus we obtain using equation (VI.14) the following symplex structure with respect

to the L norm estimate for the Volterra equation Q%¢(t):

T2
[l Lo (1;8) < HAH%w(zz;B)H¢||L°°(I;B)7 (VL18)

Then by mathematical induction, we see that the nth term of the Neumann series v,

gives the simplex structure:

n t"
[N < N AN (2, |9l e 8) (VL.19)

n!

and hence,
n Tn
[nllzoo(rim) < HA||L°°(12;B)H¢||L°°(I;B)F (VI1.20)
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Therefore the series >~ 1, is majorized by

TTZ
101 oo (1:8) + 10| Lo (238) Z AN Z oo 22, s = [ll=:m) Z AN (28—
(VI.21)

= ”QbHLoo(I;B)@HAHLm(IQ;B)T
Therefore, the Neumann series converges in the topology of L>*(/;8). R
Theorem 10 (General Volterra Theorem) Let the kernel A(t, T) be a measurable and
uniformly bounded linear operator such that A : B — B where B is a Banach space.

Suppose that the kernel satisfies the following condition, A(t,7) =0, when T < t. The
Volterra integral operator, Q) : LP(I;B) — LP(I;B), is defined by

Qgp(t) = /0 A(t,T)p(T)dr = /Ot A(t, T)p(T) dr, (VI1.22)

where ¢ € B and 1 < p < oo. Then, the Volterra integral equation with the above
kernel A(t,T) can be solved by successive approximations. That is, the Neumann

series converges in the topology of L*(1;B).

Proof: Let H = LP(I;B) be the Banach space with norm || - ||z»(r;5 and where

I = (0,T). Suppose that the function ¢ : I — LP(I;B), is a bounded function with

P (/ ho(r |Pdf) , (VI.23)

and where 1 < p < co. Define the Volterra integral operator in the following way,

norm

Qo(t) = /0 A(t,7)o(7) dr, (VI.24)

where ¢ € B. Let A : B — B be a measurable and uniformly bounded operator.

Thus there exists a number D such that

IA(t, )5 < D < 00 V(t,7) € I? (V1.25)
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Furthermore, A(t,7) = 0 when 7 < t. Then A(t,7) satisfies the hypothesis of the
Generalized Young’s Inequality with C' = Dt. Thus, by Theorem 8, we have that
| A¢ Lr1.8) < Cl|@||r(1;)- Therefore, we obtain an estimate of the Volterra operator

Q acting on ¢, and by the Generalized Young’s inequality, we have

t t
Q|| Lr(1;5) S/ |Ad||Le(r) dT < CH¢HLF([;B)/ dr = C|dllramt (VI.26)
0 0

We want to show that the series ¢ = Z;io 1; where

v, = Qo (VL.27)

converges with respect to the norm || - ||z». Then, we compute LP-L> norm estimates

for the following equation:

t t
ol oo sy < / | Al rry dm < / Ol | sy dm
0 0

(VI1.28)
t t2
< Clolwae [ mdn = ol
0
Then by mathematical induction: v, = Q¢n_1 = Q”gb implies
n "
[ nllLers < C ”QsHLP(I;B)g (VI.29)
Thus the series Y~ ¥, is majorized by
[e.e] ntn
||¢||LP(I;B) + ||¢||LP(I;B) ZO E = ||¢||Lp(1;13)60t (VI.30)
n=1

Therefore, the Neumann series converges with respect to the topology L(I;58). N
Next, we give a formal definition of the spectral radius. The following definition of

the spectral radius can be found in Chapter III of Kress’ book [2].

Definition 6 Let A : X — X be a bounded linear operator on a normed space X .

A complex number X\ is called an eigenvalue of A if there exists an element p € X,
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© # 0, such that Ap = Ap. The element ¢ is called an eigenelement of A. A
complex number X is called a reqular value of A if (M — A)™' : X — X exists and
is bounded. The set of all reqular values of A is called the resolvent set p(A) and
R(X\; A) := (M — A)™! is called the resolvent of A. The complement of p(A) in C is
called the spectrum o(A) and

r(A) ;== sup [} (VIL.31)
A€o (A)

is called the spectral radius of A.
Now, we can prove that the spectral radius of the Volterra operator is equal to zero.

Theorem 11 Suppose A is a Volterra integral operator from X to itself, where X is
a normed space. If the resolvent (N — A)™! exists and is bounded, then the spectral

radius r(A) is equal to 0.

Proof: Suppose the Volterra operator A : X — X is a bounded integral operator,
where X is a normed space. Assume that the resolvent R(\; A) exists and is bounded.
For the Volterra operator, the resolvent R(\; A) exists and is bounded for all A\ #
0. Thus, the resolvent set p(A) = {¥A # 0|\ is a regular value of A}. Then, the

spectrum o(A) is the complement of the resolvent set and is given by
o(A)=R\p(A) =0 (VI1.32)

Then, by the definition of the spectral radius, we have r(A) = sup\c,4)[A| =0. W
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CHAPTER VII

APPLICATIONS OF THE VOLTERRA THEOREM

In this section, we apply the Volterra and General Volterra Theorems to four dif-
ferent types of kernels, the Hilber-Schmidt kernel, the L' and L* kernels, and the
Schrodinger kernel. In this section, we will present several different types of appli-
cations of theorems 9 and 10. The first three examples are classical and example 4
is the unitary quantum-mechanical example. The closest example to quantum me-
chanics is example 4 where the spatial operator is a unitary operator. Each example
presents two versions, corresponding to the Volterra and General Volterra theorems,
respectively.

Let I be an interval in the temporal dimension, and let L™™(I; R?) be the Banach
space of L™(R?) functions over I. Thus we will denote the Lebesgue space L™™(I; R?)

as the following

n/m 1/n
st = o ([| [ ownras] dr) - =lollne < oo}

(VIL.1)

If m and n are equal, then the Lebesgue space L™™(I; R?) will be written as L™(I; R%).

A. Example 1

Let the Banach space B be L>*(R™) and let K (z,t;y,7) be a bounded integrable (e.g.,
continuous) real or complex-valued kernel, satisfying the Volterra condition in (¢, 7).
Let the Lebesgue space L in time be L*(I). Define the Volterra kernel acting on ¢
by

A(t,)o(t) = | K(z,ty, 7)oy, 7) dy (VIL2)

R
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where ¢(x,t) € L>®(I;R"™). Then

At T)o)] < | [K(z,ty,7)l[¢(y,7)| dy
R (VIL3)

< 16l / K (2 tiy,7)| dy

and by the Generalized Young’s Inequality theorem, we obtain the following result:

[AE, T)o(E) || Lo rry < C| D[ Loe (15m) (VIL.4)
where
|K(z, ty,7)|dy < C (VIL5)
]Rn
and hence,
19| oo (rmry < C|l Dl Lo (rmnyt (VIL.6)

Thus we have verified all the hypothesis of Theorem 9, and we conclude that that the
solution ¢ is given by the Neumann series ¢ = >~ 1,,. Hence by the Volterra The-
orem, the Volterra integral equation with a linear bounded operator A(t, 7) and with
a bounded integrable kernel K (z,t;y,7) can be solved by successive approximations.
Let the Banach space B be L>°(R") and let K (x,t;y,7) be a bounded integrable
(e.g., continuous) real or complex-valued kernel, satisfying the Volterra condition in
(t,7). Suppose the Lebesgue space L in time is taken to be L!(I). Define Volterra
kernel acting on ¢ by
A(t, T)o(t) = - K(x, ty, 7)oy, 7) dy (VIL7)
where ¢(z,t) € L"*°(I;R™). Then

(At T)o()] < | [K(z, t;y,7)||o(y, 7)| dy
R (VILS8)

< 1l / K (2, t;9,7)| dy
R'n
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and by the Generalized Young’s Inequality theorem, we obtain the following result:

[AQ, 7)o ()| L@y < Cllo(T) | @m) (VIL9)
where
K (z,t;y,7)|dy < C (VIL.10)
Rn
and hence,
[AB|| 1o ny < C|lB] L1.00 (mn) (VIL.11)

Hence by the General Volterra Theorem, the Volterra integral equation with a linear
bounded operator A(t,7) and with a bounded integrable kernel K (z,t;y,7) can be

solved by successive approximations.

B. Example 2

Let the Banach space B be L'(R") and let K (x,t;y,7) be a bounded integrable (e.g.,
continuous) real or complex-valued kernel, satisfying the Volterra condition in (¢, 7).

Define the Volterra operator Q acting on ¢ by

0() = Qo) = [ [ Ka.tin. oty 7) dyar. (VIL12)

where ¢(z,t) € L(I;R™). Then the bounded operator A(t,7), acting on ¢ €
L'(R™), is defined by
Alt,T)o(t) = | K(z,ty,7)0(y, ) dy (VIL13)
R’ﬂ
Then, we take the absolute value of the linear operator A(t,7) operating on the
function ¢, and this gives

A )o@ < | K (x, Gy, 1)y, 7)] dy (VIL.14)

R
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and by the Generalized Young’s Inequality Theorem, we obtain the following norm

estimate
A, 7)) | L1 mny < Clld(T) |21 ®n) (VIL.15)

where,

|K (z,t;y,7)|de < C (VIL.16)
Rn

Therefore by the General Volterra Theorem, the Volterra integral equation with a
linear bounded operator A(t,7) and with a bounded integrable kernel K(z,t;y,T)
can be solved by successive approximations.

Let the Banach space B be L'(R") and let K(x,t;y,7) be a bounded integrable
(e.g., continuous) real or complex-valued kernel, satisfying the Volterra condition in

(t,7). Let the Lebesgue space LP be L'(I). Define the function v as

001 = Qo= [ [ Koo, 7) dyir (viL17)

where ¢(z,t) € L'(I;R™). Then the bounded operator A(t,7), acting on ¢ € L'(R"™),
is defined by

Alt,m)o(t) = | Kz, ty, 7)oy, 7) dy (VIL18)

R

Then, we take the absolute value of the linear operator A(t,7) operating on the

function ¢, and this gives

| A, T)o(t)] < - [ K (2, 85y, 7)[[0(y, 7)| dy (VIL.19)

and by the Generalized Young’s Inequality Theorem, we obtain the following norm

estimate

1A 7)o (@)1 ey < Clld(T) 1 n) (VIL.20)
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where,

|K(z,t;y,7)|de < C (VIL.21)

Rn

Then we take the L' with respect to time of inequality (VII.20) and we obtain

|Ad|| 1rrmy < CllOl L2 1rm) (VII1.22)

Thus we have verified all the hypotheses of the General Volterra Theorem, and we

conclude that that the solution ¢ is given by the Neumann series ¢ = °  1),,.

C. Example 3

Let the Banach space B be L?(R") and consider a bounded integrable (e.g., continu-
ous) real or complex-valued kernel A(t, ), satisfying the Volterra condition in (¢, 7).
The Hilbert-Schmidt kernel is a function K : R™ x R™ — FF on the space variables,

where F = {C,R}. The norm of the Hilbert-Schmidt kernel is given by

1/2
(/ |K(m,t;y,7‘)|2dacdy) = ||K(t,7)||L2meny < N < 00 (VIL.23)
R™xR™

The linear operator A(t,7) is defined on L*(I?), and A(t,7) is a Hilbert-Schmidt

operator. Then the Hilbert- Schmidt operator A(¢t,7) : L*(R™) — L*(R™) is given by

A(t, T)o(t) = . K(z, t;y,7)p(y, 7)dy Vo € L*(I;R") (VII.24)

It follows that the operator A(t,7) is bounded. The function K(z,t;y, ) belongs to

L>%(I%;R*"). Then we take the absolute values of A(t,7)¢(t) and we obtain
(A, T)o()] < | [K(x, ty,7)||¢(y, 7)|dy
Rn

1/2 1/2 (VH.25)
< ( |K<x,t;y,r>|2dy) ( |¢<y,r>|2dy)
R™ Rn
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and hence,

IA(t, 7)) 2@ey < K (T |2@en |67 lz2@ny < N(T) |2y (VIL.26)

and where,

N = ||K||Loo,2(]2;R2n) (VHQ7)

Therefore by the General Volterra Theorem, the Volterra integral equation with a
Hilbert-Schmidt kernel K(x,t;y,7) € L*?(I*R") can be solved by successive ap-

proximations.

Let H be L?*(R") and consider a bounded integrable (e.g., continuous) real or
complex-valued kernel K (x,t;y, 7), satisfying the Volterra condition in (¢, 7). Suppose
the Lebesgue space in time is L?(I). The linear operator K (z,t;y,7) is defined on
L*(R*"), and A is a Hilbert-Schmidt operator on the (z,y) variables. Then the
Hilbert- Schmidt operator A(t, ) is given by

Alt,T)o(t) = | Kl(a,ty, 7)oy, m)dy Vo € L*(I;R") (VIL.28)
RTL
It follows that the operator A(t,7) is bounded. The Hilbert-Schmidt kernel is a

function K : R® x R® — F with an L? norm in the (x,y) variables defined as

1/2
([ [ epnpa) = 1K@olee V129
n Rn
Therefore, the function K (z,t;y,7)¢(x,t) belongs to L?(R?"). Hence,

Ao < | [K(z Ly, 7)oy, 7)| dy

Rn

1/2 1/2 (VH.30)
< ( |K<x,t;y,7>|2dy) ( |¢(y77)|2dy>
Rn R™
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or,
Aol < ([ iwGennra)( [ ewora) ey
and hence,
LA )60 2oy < ( / |K<x,t;y,7>|2dydx) ( |¢<y,r>|2dy)
v Jee R (VIL32)
— (7)o 607 B
Thus,
[A®, 7)) | L2@ny < K] Loz a2 em)|0(T) || L2 ) (VIL.33)
and hence,
1A L2(rmry < K || ooz (r2imen) || Dl 2 (2mmy (VIL.34)

Thus, we have shown that the norm of A(t,7)¢(t) is bounded, and hence

||¢||L2(I;R”) S HKHLOOQ(IQ;R?”) H¢||L2(I;R”)t (VH35)

Therefore by the General Volterra Theorem, the Volterra integral equation with a
Hilbert-Schmidt kernel in space and a uniformly bounded kernel in time can be solved

by successive approximations.

D. Example 4

Let V(x,t) be a bounded potential, and x € R™. The potential V' may be time-
dependent, but in that case its bound should be independent of ¢ (i.e., V € L>*(I;R"),
with ||V || pe(rrny) = C). Let the Banach space B be the Hilbert space L*(R™). Recall
that u(t) = Us(t,7)h = Kj * h, where Ky(x,t;y,0) = (4rit)"/2el*=vP/4 is the
solution of the free Schrodinger equation with initial data u(x,0) = h(z) in L*(R").

Remark: A unitary operator is a linear transformation U : ‘H; — Hs that is

a surjective isometry. In other words a unitary operator is an isomorphism whose
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range coincides with its domain. Also, a unitary operator between metric spaces is
a map that preserves the norm. The following is a modified definition from John B.

Conway’s book A Course in Functional Analysis [4].

Definition 7 If H, and Hs are Hilbert spaces, an isomorphism between Hi and Ho

15 a linear surjection U : Hy — Ha such that
(Uh,Ug) = (h, g) (VIL.36)
Vh,qg € Hi. In this case Hy and Hs are said to be isomorphic.

It is well known that Uy(t, 7) is a unitary operator, and hence the norm of Uy as an
operator from H to itself is ||U(t, 7)||z2@e2n) = 1. A proof that the operator U(t, )
is a unitary operator can be found on Chapter 4 of Evans’s book [5]. We wish to
solve the Schodinger equation with the potential V' by iteration. The equivalent
integral equation is equation (V.8). However, the kernel is not of the type studied
in Example 2 (or 1). Because of the structure of equation (V.8), the operator is
effectively Volterra. Hence, the Volterra theorem applies.

In theorem 9, take B = H, A = UV as defined in equation (V.9). It remains to
check that UV is a bounded operator on ‘H with bound independent of ¢t and 7. Here
V(1) is the operator from H to H defined by multiplication of f(y,7) by V(y,7), and

|V (7)]| is its norm. But

V() f () Z2@n) = . [V (y,7) f(y, 7)|* dy < C*? . [fy, 7> dy = C?|| F(7) |72y -
(VIL37)

Therefore,

V) f(Ollz@ny < CllF(T)@ny VS €H. (VIL38)

In other words ||V|| oo (1;rn), the norm of the operator V(1) < C = ||V|| oo (1;rn), is the
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uniform norm of the function V' (z,t). Therefore,
1T V) ()l 2@ny < CIFT) 2@ (VIL.39)
and the operator norm of A = UV is bounded by ||U(t,7)V(7)||r2n) < C. Then,

A(t,7)f(T) = RRK(w,t;y,T)f(y,T)dy: RnKf(x,t;y,T)V(y,T)f(y,T)dy
(VIL40)

Therefore, we obtain the following L2°° norm estimates for Qf = SV f
||¢||L°°v2(I;R") = ||SVf||Loo,2([;Rn) S C||f||L°°’2(I;R")T (VII41)

where,
Y(t) =SV f(t)= /0 U(t, )V (r)f(r)dr (VIL.42)

Thus we have verified all the hypotheses of Theorem 9, and we conclude that the
solution of the Schrédinger equation with potential V' is the series ¢ = > 1y,
where 9y (t) = f(t) = U(t,7)h(x), and where h(z) is the initial data.

Let V(x,t) be a bounded potential, and x € R"™. The potential V' may be time-
dependent, but in that case its bound should be independent of t(i.e., V' € L*(I; R"™),
with || V|| e (r;rny = C). Let the Banach space B be the Hilbert space L*(R™). Suppose
the Lebesgue space in time is also the Hilbert space L*(I). In the first example in

Example 4, the norm of the potential function V and f is shown to be bounded and

the inequality is given by
V() f(Dll2@ey < CIF(T) 2@y VS € R (VIL43)
Then, we take the L? norm with respect to the time variable and we obtain

IV fllezmny < Cllf |22z (VIL.44)
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Also, the operator A = UV is shown to be bounded by ||[UV||2@n) < C. Thus, we

have shown that the norm of V f is bounded, and hence
||| L2(rmny < Cf || 2mm)t (VIL.45)

Therefore by the General Volterra Theorem, the Volterra integral equation with a

unitary operator in space can be solved by successive approximations.
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CHAPTER VIII

HAMILTON-JACOBI EQUATION AND CLASSICAL PATHS
In this chapter, the semiclassical Neumann series will be shown to have norm con-
vergence. In other words, a semiclassical propagator Gg(x,t;y,7) will be used to
construct the full quantum Green function. Then, we use the results from section V
and VI to conclude that the successive method of approximations can used to obtain
a solution to the semiclassical Volterra integral equation.
Let us consider the case of a quantum particle subject to a bounded potential

V(z,t). Then the wave function of the particle can be written as
W(x,t) = Az, t)enS® (VIIL1)

where A(z,t) and S(z,t) are the amplitude and the action of ¢ (z,t), respectively.
Then, we substitute equation (VIIL.1) into the time-dependent Schrédinger equation,

and we obtain the following partial-differential equation,

s 1 ) oA 1 1 12
0= A|Z+5-(VS) +v} —zh{EJrE(VAVS)Jr%AAS — 5 AA (VIIL2)

where A is the Laplacian operator. The classical limit is obtained by taking the limit

h — 0. Then, we separate the real and imaginary parts of the above equation, and

we get
oS 1 9 h? AA
e R —— I11.
N +2m(VS) +V o A (VIIL.3)
and,
0A 1
Moy +(VA-VS) + EAAS =0 (VIIL.4)
Then, if we take the limit of & — 0, equation (VIII.3) becomes
1
05 + =—(VS)* + V(z,t) =0 (VIIL5)

ot 2m
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and this equation is the Hamilton-Jacobi equation. In this case, the phase S(x,t) is
interpreted as the classical action. Another assumption we make is that there exists

a local curve z(t) which satisfies the following equations

de(t) OH 1

= 5 = VSl (VITLG)
and,
dp(t) OH
- (VIILT)
p(t) = mdz(:> — VS(2(t), 1), (VITLS)

and where H(x,VS,t) is the classical Hamiltonian function. The classical Hamilto-
nian function is defined by H(z,p,t) = %2 + V(x,t). Equation (VIIL.6) enables one
to construct the action S(z,t) from a knowledge of the classical solutions x(t). Then,

we take the total time derivative of the action, and we obtain

% - % i VS =—H+i p= L), i(t) (VIIL9)

This equation implies that we can get solutions of the Hamilton-Jacobi equation by
integrating the Lagrangian L along the trajectories. Thus, the action S can be defined
by
t
S(x,y,t) = / L(z(u),2(u)) du + Sy (VIII.10)
0

where Sy is initial data, and then S(z,y,t) solves the Hamilton-Jacobi equation. Also
if there exists a local solution of the Hamilton-Jacobi equation, then it will satisfy

the following partial differential equation

%—f + H(z,VS(z,t),t) = 0 (VIIL11)

In the following calculations we make use of the semiclassical Green’s function by using
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some results from Semiclassical Phyiscs by Matthias Brack and Rajat K. Bhaduri
[10]. It is in a similar fashion that we present the convergence of the semiclassical
approximation. An interesting property of the quantum propagator G(z,t;y,0) is

that it satisfies the following equation
G(z,t;y,0) = /3 G(z,t;r, 7)G(r,7;9,0) dr (VIIIL.12)

R
In other words the quantum propagator describes the motion of a quantum-mechanical
particle travelling from the space-time point (y,0) to (x,t) and can be interpreted as
passing through all possible intermediate points (r, 7). The Green function G(z, t;y,0)
satisfies the homogeneous Schrodinger equation in the variables (z,t), except at the
source point (y, 0). In this article we are considering a potential V (z,t) € C®(R3xR),
and thus in a local space-time region the particle evolves under the semiclassical
propagator between encounters with %. It is this basic concept which underlies the
theory of this semiclassical approximation. The free propagator K¢(x,t;y,0) in the

space-time R™ x R" is the following function,

n/2 .
Kf(a:,t;y,())=<2:zht> gimla=yl? /21t (VIIL13)

The exponent in K¢(z,y,t) is basically the action Sy(x,y, t) times % for a free particle.

Then the determinant of the negative second partial derivatives of Sy(x,y,t) is

8230 m "
det<— Fo. ay]) = (7) (VIIL.14)

Then the quantum free propagator in R” x R can be written in the following manner:

n/2 .

i 1 0%5 (4

K . — A #So(zyt) _ _ 0 Z

f(l',t,y,()) O(t)er <27Tlh> \/d@t( axlayj eXp h80<x>y7t>
(VIIL15)

Similarly, we can write a semiclassical propagator Gy (z, t;y,0) in the following man-
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ner:
Gaalz,t;y,0) = (2mik) ">V det Ce™/" (VIIL.16)
where C'is an n X n matrix, and its elements are C;; = —%. Also, v/det Ce*S/"

arises as the solution of the transport equation (VIIL.4), with a normalization that
gives the correct initial value to G(z,t;y,0) on the surface t = 0. Alternatively, if
one thinks of G(z,t;y,0) as a solution of the nonhomogeneous Schrédinger equation
in all space-time, it gives the correct delta-function singularity at (z,t) = (y,0).

Recall that to solve the Schrédinger equation through order A we need to solve

A 1 1
S+ —VA-VS+5-AAS =0 (VIIL17)

but S solves the Hamilton-Jacobi equation, and we obtain
VS =p=mz (VIII.18)

Therefore, we obtain the following partial differential equation

1 o 1 o dA
—5 - AAS = <§+EVS-V>A— (E+x-V>A_ — (VIIL19)

Then we can solve for In A by integrating the classical trajectories and hence
1 t
Az, t) = exp [——/ AS(xz(u),u) du} (VIII.20)
2m Jo
However, the amplitude function can be expressed in an alternative way:
Az, t) = (2mih) ">V det C (VIIL.21)

where ¢ = V.V, S, and det C' is known as the Van Vleck determinant. In this
section, we assume that the amplitude function is a twice differentiable function, i.e,

A € C*(R"™). The fact that the determinant factor is a solution is well known but
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very nontrivial [10]. The normalization issue is very similar to the case of the free
propagator back in Chapters II and III. The classical action S also depends on (y, )
and we have set 7 = 0 without loss of generality, but can restore it by replacing t by
t — 7. This will become important on the next few pages, and we will need to start
writing S and A as functions of all four arguments.

The solution of the Schrodinger equation is given in terms of classical paths. The
Green function of the Schrodinger equation may be written as a sum of terms, each
of which can linked with a classical path. In the 1974 Balian and Bloch paper,
a semiclassical propagator is used to obtain the multiple scattering expansion of

Gsa(z,t;y,0) [3]. First let us define a Volterra kernel Q by one of the following

equations,

(=ih0;, + H)Gsa(w, t;y,7) = 6(x = y)o(t — 7) — Qr(z, t;y,7) (VIIL22)
or,

Gsalz, t;y, 7)(—ithdy + H) = 6(x — y)o(t — 7) — Qr(z, t;y,T) (VIIL.23)

Thus the operator version of the above two equations, for instance, is given by
(—ihdy + H)Go = I — Qg (VIIIL.24)

or,

Goa(—ihdy + H) =T —Qy (VIIL.25)

where Q r and Q 1, are Volterra operators. Then we obtain the Green function for the

initial value problem from equation (VIII.24) and this equation is rewritten as

GG =1—-Qx (VIII.26)
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éscl — G<I_ Q) - GA_GQR
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(VIIL.27)

where G~ = (—ihd, + H) and Gy = A(x,t)e@D/M is a semiclassical propagator.

Therefore we can write the formal solution in operator notation:

A

G = éscl([ - QAR)il

where
Qrott) = [ Att)o(r)dr
0
and,

AL, T)e(T)(z) = [ Qr(z, t;y, 7)oy, ) dy

Rn

The space operator G is defined by

Guatlt) = | Dt r)o(r) dr

where,

[t 6)@) = [ Gualatiy, 1oty ) dr

(VIIL.28)

(VIIL.29)

(VIIL.30)

(VIIL31)

(VIIL32)

The above formal solution is analogous to that of the nonhomogeneous Volterra in-

tegral equation of the second kind. The initial approximation in this case will be

a semiclassical propagator Gey = A(x,t;y, 7))@ 7 The kernel Q is given by

Q(z,y,t,7) = —(L+ V)G, t;y, 7) +6™(x —y)0(t — 7) = [AA(z, t; y, 7)]eS@ v/,

The perturbation expansion of the exact solution of the Schrodinger equation is

N

G = GA(scl + GA(.schABR + éscl@?% + e

(VIIL33)
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Then, we can rewrite the above operator equation in the following manner:

t
G(.T, ta Y, T) - GSCl (I7 ta Y, T) + / F<t7 TI)A<T17 7—) dTl
0 (VIIL.34)

t T1
+ / / L(t, 72)A(12, 71)A(71, T) dTodTy + - - -
0o Jo
Then, we can rewrite the above operator equation in the following manner:

Ay Alyr, 1139,
G<I t; Y, T ) = Gscl('r t; Y, T / GSCl('I t; ylle){ 141(y(1y,17_17—; :Z_)T)}

Rn
A, A :
Gscl(ythaya dyldTl +/ / / Gscl I‘ t: y277.2){ Y2 (9277'2,91,7'1)}
n Rn

A(y27 T25 Y1, Tl)
A&1/1/4(?417 T,Y,T )
Ay, 13y, 7)

X Gscl(yQaTQ;yth){ }Gscl(ylaTl;y7T> dyody,dradTy + - - -

(VIIL.35)

and the Laplacian operator A acts upon the first space variable of the amplitude
function A(z,t;y, 7).

A closer connection to Volterra integral equations is used by considering the other
way of deriving the Volterra integral of the second kind. In other words, use equation
(VIIL.25) and solve for the exact Green operator G. Hence, we obtain the following
operator equation

GG =1-0; (VIIL.36)
or,
Goa = (I —Qr)G (VIIL37)

If we apply equation (VIIL.37) to ¢ to get a Volterra integral equation, and this gives

the Volterra structure:
= Qup=f (VIIL38)

and where, 1) = ngﬁ, and f = Gsclqﬁ. Therefore we can write the formal solution in
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operator notation:

= (I = Q1) "G (VIIL39)

where Q¢(t) = fg A(t,7)p(r) dr and A(t, 7)p(T) = [ Qu(x, t;y, T)d(y, 7) dy. The

perturbation expansion of the exact solution of the Schrodinger equation is
G = Gscl + QLGscl + Q%Gscl 4 (VIII4O)
Then, we can rewrite the above operator equation in the following manner:

t
G(JJ, ta Y, T) = Gscl<.f17, tv Y, T) + / A<t7 T1>F<7—17 T) dTl
0 (VIIL41)

t T1
+ / / A(t, TZ)A(T%Tl)F(ﬁﬁ) dredm) + - - -
0o Jo

Then, we can rewrite the above operator equation in the following manner:

G(J’.a t? Y, T) = Gscl LC t Yy, T / / .Z' t, Y1, Tl)]eiS(x,t;y1,T1)/h

Gscl (yla T,Y,T dyldTl +/ / / / iL’ t 9277'2)] i@ tiya,m)/R

X [Ay, Ay, o3 y1, 71)]e 5@ TG (g 1y, ) dyadyrdredTy + -

(VIIL.42)

and the Laplacian operator A acts upon the second space variable of the amplitude
function A(x,t;y, 7).

In the following theorem, we will use the operator notation where éscl is on
the left-hand side of the Volterra operator QR. In this chapter, we only consider
the Volterra operator Q r. From now on until the end of this chapter, the Volterra
operator Q r will be written simply as Q Thus the Volterra integral operator Q will

act on some function ¢ which belongs to the Lebesgue space L>?(I;R™).
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Remark: In the case of the free propagator, the space operator is given by
Uo(t, 7)op(T) = Ke(x,ty, m)o(y, 7) dy (VIII1.43)
R’ﬂ
and hence,

1Uo(t, 7)(7) || 2mny = |9(T) || L2 em) (VIIL44)

In the case of the semiclassical propagator, we lose the unitarity of the space operator,

and we obtain only an inequality for the L? norm of A:
IA(E, T)O(T) | 2y < M| S(T) | L2(ien) (VIIL45)

and the smallest number M is the operator norm of ||Al|,, of A(t, 7). Once again, the
uniform norm of the semiclassical Green function G is not finite because the uniform

norm of A(x,t) is not finite either, i.e, |Gsal|zoc2(r2r2n) = || Al ooz 12,20y = 00.

Theorem 12 Let A(t,T) be a semiclassical kernel, and suppose the following two hy-
potheses hold:

i) |58 | oo (r2m2ny < 00

i.) T is a bounded operator from L*(R™) to itself.

Then the semiclassical operator is a bounded linear integral operator such that A :
L*(R™) — L*(R™). It follows that, the Volterra integral equation in the space L>*(I; R™)

with the semiclassical kernel Q(z,t;y,T) can be solved by successive approzimations.

Proof: First of all we want to prove that the Neumann series converges. We want
to show that G = Zoi (@sdQ)jgo is a convergent series. Suppose, we make the
assumption on the amplitude function A(z,t), and AA(z,t) that |22 || 1o r2,r2n) < 0.
Let the Banach space B be the Hilbert space L*(R"). Then we would like to prove

that the semiclassical Green operator G’sd is a linear bounded operator from L2(R”)
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to itself. The Volterra operator is defined in the following way,

CraOp(1))(z) = / D(t, ) A(my, 7)) dr

t (VIII.46)
— [ [ Gl 1)@ sy )y, 7) dyds
0 n
Thus, the first term of the Neumann series is given by
o t
1(t) = GsaQp(t) = / L(t, ) A(m, 7)p(T) dT, (VIIL.47)
0
and where the space operator A(t, ) is given by
Alt, m)p(r) = / AA(a, by, m)e @D Moy, 1) dy
[ M@ty ooty (VIIL.48)
- o A(x,t,y,T) s\ L, U3 Y, T)P\Y, T)ay
and the space operator I'(t,7) is given by
L(t,m)p(T) = / Gsalz, t;y, 7)e(y, 7) dy (VIIL.49)

and where I'(,7) is a bounded operator from L*(R™) to itself. Since the space oper-

ator I'(¢, 7) is bounded operator, this implies the following inequality:

el < [ ([ (Gt et dy)2dx

< M?lo(7) 2@y

R™ Rn

(VIIL50)

and hence,
2 1/2
||F(t77)90(7)||L2(Rn)§(/< |Gsd<x,t;y,f>so<y,r>|dy) dx) < Mo s
n Rn
(VIIL51)

where M is independent of ¢, 7. The semiclassical amplitude A(x,¢;y,7) is not uni-

form with respect to time, and this can clearly be seen in the free propagator and
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harmonic propagator cases. In order to have an estimate we have to keep the ¢ vari-
able fixed. A way to have a bounded norm estimate is to notice that the kernel ) can
be expressed as Q(x,t;y,7) = AAe™/h = %Gscl- Another assumption that we will
make will be assume that % is L™ in the space variables, and in the time variables.
Thus, we can obtain the bounded estimates for A(t, 7)p(t) in the following way

Gsalz,y, t, 1)y, 7)| dy (VIIL52)

[, (]2 ;RQ”) R”

Al < |57

and hence,

2

2
/ ( |Gsd<x,y,t,r>so<y,r>|dy)
Lo (12;R2n) JR® \JR"
(VIIL53)

AP de < | 5

R

Then we can express the above inequality in the following manner,

2 1/2
(/ ( |Gsa(z, t;y, 7)oy, 7)| dy> dw)
Loo(12;R2n) n \ JR»

< M|T| poe(r2iemy |0 () || 2 @)

AA
Ao e < |5

(VIIL.54)
and where, T = 24 and C' = ||T| (2 g2n). Then we obtain an estimate on the
function ¢y which is given by:

11 ()| 2@y < Nl@(7)| L2mom)t (VIIL55)

The above inequality has the Volterra structure, namely that the first term is pro-

portional to t. The second term of the Neumann series is given by

n(t) = /0 "It T)o(r) dr = /0 LAY () dr (VITL56)

where ¢(7) = A(t,7)¥1(7). Then we take the L? norm of the second term of the
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Neumann series and hence we obtain

t t
||w2(t)HL2(]R“) S/ |’F(t,7’)(]§(7’)”L2(Rn)dT§/ NH(b(T)HLQ(Rn)TdT (VIII57)
0 0
or,

t t
H%@MWMSN/AN%WMWQWSD/H%Whmwh
0 0

(VIIL.58)
t t2
< D [ otz dr < Dlellmaren’s
0
Therefore, the norm estimate of the second Neumann series is given by
T2
[allzm 2y < Dl zmmmn = (VIIL59)

The second term of the Neumann series ¢, is an example of the simplex structure
for the general term 1,. Since the above hypothesis holds for fixed ¢, then the
solution ¢ = >"° 1, is bounded by a convergent infinite series. In analogy with the
Volterra theorem, the Volterra integral equation with the semiclassical propagator

Gsq(x,t;y, ) can be solved by successive approximations. W
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CHAPTER IX

POTENTIAL THEORY AND GREEN FUNCTIONS

A. Introduction to Surface Potentials

In this chapter we seek to show the advantages of using the Schrodinger potentials
when constructing the integral equations for the Schrodinger kernel in the case of
domains with smooth boundaries. The Schrédinger potentials give an integral equa-
tion for the Green function in a bounded and open region in R™. First, we formulate
the classical potential theory by studying the Laplace equation in R™. The potential
theory treatment of the Schrodinger operator is similar to that of the heat operator.
Thus, we use the article by Irina Pirozhenko et al in order to draw a parallel between
the two partial differential operators [11]. Thus, we assume that the surface of the
bounded domain U C R" is a smooth boundary. The fundamental solution for the

Laplace equation is

1 (%) .
. (2n—4)7r"/2 |x_y|2n72 lf n 2 3

The harmonic potentials for the Laplace equation are created by using the fundamen-
tal solution ®(z,y). The volume potential V'(z) is given by
V()= [ Sap)Luty)dy = [ oeg)it)dy (IX.2)
U U
where () is a continuous source term function. Similarly, the single-layer potential
is given by

Py(x) = / () dy (IX.3)
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where p(x) is a continuous surface density function. The double-layer potential is
expressed in the following manner

Ip(z) = . Ouy) @, ) (y) dy (IX.4)
and ¢(x) is a continuous surface density function. These potentials are also solutions
of the Laplace equation. In Chapter II, we took care of the initial condition through
the Poisson integral. In order to handle the boundary data similarly, the surface
Schrodinger potentials are introduced. These surface potentials are continuous on
OU x (0,T]. The time integrals in both surface Schrodinger potentials are improper
integrals with respect to the upper limit. In Linear Integral Equations, Kress intro-
duces and proves the existence of the surface heat potentials [2]. It is a well-known
fact that the surface heat potentials have a jump discontinuity at the boundary oU.
This section attempts to prove the existence of the surface Schrodinger potentials. In
theorem 15, the jump-relations are proved for the double-layer Schrodinger potential.

The fundamental solution of the Schrodinger equation is

Kz, t;y,7) = (4mi(t — 7)) ? exp (%) (IX.5)

where m = %, and i = 1. The free propagator K(z,t;y, ) satisfies the nonhomoge-

neous initial condition

K¢(zx,m;y,7) = lim K¢(x, t;y,7) =6(x —y) (IX.6)

t—1+

The above nonhomogeneous initial condition allows the construction to the Cauchy

problem for the nonhomogeneous Schrodinger initial value problem
Lu(z,t) = Ayu(x, t) +idwu(x,t) = f(z,1) (IX.7)

u(z,0) = h(x) (IX.8)
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where f(z,t) = V(z,t)u(x,t) and V(x,t) is the time-dependent potential. Thus, we
can write the solution wu(z,t) in terms of integral equations by using the Integral

Representation Theorem. Hence,
u(z,t) =1(z,t) + U(x,t) (IX.9)
or,

u(z,t) = K¢(x,t;y,0)h(y) dy+/Ot/UKf(x,t;y,T)V(y,T)u(y,T) dydr (IX.10)

R
From now on, we are going to set the background for the solution to the boundary-
value problem. The following formulas for the solution of the Dirichlet and Neumann
problems will be shown to exist until the second section of this chapter. At this point,
an informal preview of the Representation Theorem will be shown in this section, and
the representation formulas and jump-discontinuity will be proved in section 6.2. In

this section, we are interested in the homogeneous boundary-value problem,
Lu(z,t) =0 (IX.11)
u(z,t) = g(z,t) ondU x R* (IX.12)
where L is the Schrodinger operator. Then by the representation formula
u(z,t) =1(z,t) + Uz, t) + I'(z, 1) (IX.13)

where II(x,t) = 0 and U(z,t) = 0. In this chapter we show that the solution for the

Dirichlet boundary value problem is given by the double-layer potential

wat) =Tolet) = [ [ a8yt m)oly. ) dot)ar (IX.14)
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and where p(z,t) is a continuous surface density. Let us also consider the homoge-

neous Neumann boundary-value problem,
Lu(z,t) =0 (IX.15)

Oyyu(z,t) = g(x,t) ondU x RT (IX.16)

Then the solution is given by the single-layer potential

(@, ) = Tn(a, 1) = /0 t [ Kyttt ) dot)ir (IX.17)

where (x,t) is a continuous surface density. Also the single-layer potential and
double-layer potential satisfy the initial condition u(z,0) = 0. Furthermore, the
double-layer potential is discontinuous on passing through OU. Namely, the solution
is given by

W (2, t) = Wiz, 1) ¥ %W,t), Ve € OU (1X.18)

where W, (x,t) is the potential when x approaches the surface QU from the interior
of U. Similarly, W_(z,t) is the double-layer potential when x approaches y € oU
from the exterior of U. Then we consider the Dirichlet problem for the Schrodinger

equation in an open and bounded domain U. Thus,

<A + i@t) u(z,t) =0, V(z,t) e U x RY (IX.19)
uw(zr,0) =0, VxeU (IX.20)
u(z,t) = g(z,t), V(x,t) € 0U x RT (IX.21)

Therefore, the solution u(x, t) for the interior Dirichlet problem reduces on the bound-

ary to

W@ ) = gl t) = W (o, ) = W, 1) — %m,t), Wz, t) € OU x R*  (IX.22)
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or,

—%u(ac, £ + W (2, t) = g(z, ), ¥(x, ) € AU x R (1X.23)

or,

t
,u(x,t)—2/ au(y)Kf(xat;yaT)lu(y7T) dO'(y)dT = _29<I7t)7 any S aUJ vt € R*
0 JoUu
(IX.24)

B. Surface Potentials and Volterra integral problem

In the previous subsection, the interior Dirichlet problem was transformed into a
Volterra integral equation of the second kind. The following theorems and lemmas
attempt to construct a formalism which proves that the Schrodinger surface potentials
do in fact exist. However, the boundary dU is considered to be of class C?. Lemma

4, definition 8 and theorem 13 are from the book Linear Integral Equations [2].

Lemma 4 Let OU be of class C*. Then there exists a positive constant L and a

normal vector v(x) such that
v(z) (z —y)| < Lz —y* (IX.25)

and

v(z) —v(y)l < Lz —y| (IX.26)

Va,y € OU.

Definition 8 A weakly singular kernel is a kernel K which is continuous for all

z,y € OU, x # vy, and there exist M > 0 and « € (0,n] such that
K (z,y)| < M|z —y|*™. (IX.27)

where, n s the dimension of the Fuclidean space R™.
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Theorem 13 The integral operator with continuous or weakly singular kernel is a

compact operator on C(OU) if OU is of class C*.

The following theorem is a more generalized version of Theorem 6.17 from Rainer
Kress’ book [2]. In this theorem we allow the harmonic density to depend on the
variables z and y and the parameter ¢. This theorem will be used in theorem 15 to
prove that the double-layer Schrodinger potential exists with uniform convergence on
OU and on compact subintervals of (0,7]. The proof of the generalized version of
Theorem 6.17 is based upon the proof of Theorem 6.17, but the theorem is extended

to include the temporal parameter t, as suggested by Kress.

Theorem 14 Let OU be of class C%. The double-layer harmonic potential v with

continuous density ¥ can be continuously extended to U x (0, T| with limiting values

1
vz, t) = V(x,y, )0,y P(x,y) do(y) F §¢(x,t), xz,y € oU,t € (0,T], (IX.28)
oU

where t 1s a parameter, and the integral exists as an improper integral.

Proof: The normal derivative of the fundamental solution of Laplace’s equation is

bounded, and by lemma 4 we have the estimate

v(y) - (z —y)| L
100 @(2,y)| = — < —
Wn | — Y| Wn | — Y|

r#y (IX.29)

Therefore, the integral in equation (IX.28) has a weakly singular kernel. By Theorem
13 the integral exists for x € OU and t € (0,T] as an improper integral. Also, the
improper integral is a continuous function on OU x (0, T]. Let € OU be represented
in the form x = z+hv(z), where z € OU and h € [—hq, ho| for some hy > 0. Therefore,

the double-layer harmonic potential v can be expressed in the form

v(z,t) = YP(z, )w(x) +u(z,t), x=z+hv(z)€ D\ U, (IX.30)
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where
w(z) = / Dy ® () do(y) (IX.31)
U
and

ula, 1) = / (5, 8) — (2, )]u @ (2, y) do(y) (1X.32)

If x € OU, then the integral in equation is also an improper integral. The function

w(z) is basically the double-layer potential with constant density. Thus,

-1, ifzeU

wiw) = [ duedaty) ={ -1 itseov (1X.33)

29

0, ifzeR*"\U

\

and, in order to prove the theorem the function u(zx,t) has to be continuous on the

boundary dU. In other words, we need to prove that the limit

lim u(z + hv(2),t) = u(z,t), z€ Ut e (0,T] (IX.34)

h—0

is uniformly continuous on QU x (0,7]. The following inequality is obtained from

lemma 1,

1
sz =yl +le— 2P <z —yf? (IX.35)

for # = z + hv(z) and h € [—hg, hy]. Thus, the normal derivative of the harmonic

potential can be expressed in the following form

v(y)-(z—y) vy (z—2)

al/ o ) =
(y) (LL' y) wn|:x—y|" wn|x_y|n

(IX.36)

Thus, using equation (4.26), the normal derivative of ®(x,y) can be estimated by

v(y) - (z — =)
wnlz =y

v(y)- (2 —y)
wn|x - y|n

(IX.37)

| <
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or,

(IX.38)

'(ﬁb@,y)‘ < Lilz —y|> Lajx — z|? < Ly Lo|z — z|
v (y)

where, © — z = hv(z), and |z — z| = |h||v(2)| < 1. Thus, |z — z|*> < |z — 2| < 1,and

Twplr =y whlr —yr T whlz —y" T wale —yln

we have
‘aju(f?;sy)‘ = |z —c?y1|”—2 + [|z — y|62’2—||—x|; i|,z'|2]n/2
1 iz — 2| (IX.39)
<M +
B {Ix—yln‘2 [z —y]* + Ix—ZIQ]W}

for some constants C';,Cy > 0 and M > 0. Then, we project onto the tangent plane,

and we obtain the following estimate

[ 1 N |z — 2|
v LT =" {lz =y + |z — 2P]/2

} do(y)
(IX.40)

| Joteldaty) < u
oU(z,r)

where, QU (z,7) = OU N B(z,r). Since the surface U is of class C', the normal vector

v is continuous on OU. Then, there exists 0 € (0, 1] such that
1
v(z)-v(y) > 1 Va,y € oU (IX.41)

and |z —y| < 4. Since |x — y| > p, then the differential surface element becomes

P 2dpdS)

V@) o) < 2p"“dpd) (IX.42)

do(y) =
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Therefore, if v(z) - v(y) > 3 , the surface integral estimate becomes
< oM { L 2= 2 } 2"2dpd)
N ouen L2 Iz =y o+ o — 2]
|.Z’ — Z| nf
<2M dpd$2 + 2M — @ 2dp | dQ
oU (z,r) U (z,r) [p + |Q3 Z| ] (IX43)
|z — 2|
<C dp + / P d
U ’ [+ o — 2’ pl
§
< —d
<olr+ [ g
Therefore, the function w(x) is bounded and continuous on OU. Then,
'6@(:&34) B 0<I>(Z,y)’ )Gy vy (e —2)  vly) (2 -y)
v (y) v (y) wnlr —y[" wnlr —y[" wnlr =yl (IX 44)
_ |y (@ —2)) e~ |z — 2|
wolzg —y[* |7 =yt T |z =yl

for some constant C' > 0. Thus, the difference between the two functions w(z) and

w(z) can be estimated as follows

/ a@@@yy—awéwwnw@ﬂg
OU\OU (z,r)

/ 100) @ (2, y) — Oy (2, )| do(y) (IX.45)
OU\OU (z,r)

|z = 2|

<[ ¢ do(y)
onaU(zr) 12—y

If 2|z — z| < r, and 2|z — z| < |z — y|, then

|Ziy| < L. Thus the above estimate

becomes

/ =2 ) < plE=2 (IX.46)
U\AU (2,r) rr rr
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for some constant D > 0. Then, a bounded estimate can be given for the function

u(z,t), i.e,

u(z,t) —u(z, 1) =

/ [y, 1) — (2, 8)] Doty (2, y) — By @ (2 )] do(y)
OU\OU (z,r)

s/' (s 1) — (2 ) 100y (2, ) — Bo)® (2, )] do(y)
OU\OU (z,r)
(IX.47)

Since ¥(x,t) is uniformly continuous on 9U x (0,7, Ve > 0, there exists r > 0 such
that

£1/2

Jnax. [9(y:t) = ¥(2,0)] < —- (IX.48)

Therefore, the bounded estimate for equation (IX.47) becomes

el/2 g2 |z —2
) =0l < 5 [ ) — Gl doty) < D
DUNOU (2,7) D

/rn
(IX.49)
Let 0 < £'/2r™ then |z — 2| < §, we obtain
et/?s
lu(z,t) —u(z,t)] < <e (IX.50)
/r»'n,

Therefore, the double-layer harmonic potential is uniformly continuous on OU and on
compact subintervals of (0,7]. N

Theorem 15 will prove the existence of the double-layer Schrodinger potential.

Theorem 15 Let OU be of class C%. The double-layer Schrédinger potential v with

continuous density ¢ can be extended to OU x (0, T] with limiting values

t
1
U:I:(xat) = /0 /6U ‘,0(?/, T)al/(y)Kf('rata Y, 7_) da(y) + §@<Qf,t), S 8Uat S (OaT]>
(IX.51)

and where the integral exists as an improper integral.
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Proof: In this case, we treat the higher-dimensional problem, i.e., when n > 2. The
proof for n = 1 will not be provided here but it is similar and simpler to the higher-
dimensional case. Let x € U, where a U is a bounded domain such that U C R".
Then it is possible to interchange the order of integrations over QU and (0, T since

the integrand term is continuous throughout OU x (0,7T]. Then, we obtain

B ! 1 iv(y) - (xz —y) (z—y)?
e = [ o s ex"{lm}m” ) drda(y)
(IX.52)

Let

_ lz—yl
s = —4(t — (IX.53)

and substitute the above equation into equation (IX.52). Then, we can separate the

spatial components of the integrand in equation (IX.52) outside of the improper time

integral, and we obtain

o, 1) = /8U dUOR )] /Oo 3”_16”230(3;,75 i y’Q) dsdo(y)  (IX.54)

|z —y|" E= 452

Then, we take the time integral to represent the function

_ L e =yl
Y(z,y,t) = W /x_y e gp(y,t Sy ds (IX.55)

Therefore, we can treat the double-layer Schrodinger potential as a harmonic double-
layer potential with the density v , which depends on t as a parameter. Therefore,

we can rewrite equation in the following manner:

o) =i [ 0t oty (IX.56)

Then, we prove that v is continuous on R” x 90U x (0,7 with

lim ¢ (z,y,t) = P,(y, t) (IX.57)
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for y € OU and ¢ € (0,T], where

1 &0 n—1 is2 . 1 n

The limit holds on the boundary OU and for compact subintervals of (0,7]. The

8y

function v is continuous for all z # y and ¢ € (0,7]. Then, we show that the limit in

equation (IX.57) holds, by the following method:

] o3| 42 |z — y[? ely,t) [~ 52
£ = n—1 s t— d - nlet d
w(l', y) ) (7-(-7[)”/2 /wy| 5 € 90 (y, 482 ) ° + (ﬂ-l)n/z /; / |Z‘—y‘ ’ ’ ’

Vat
1 e L — 2
=Y
(IX.59)

Since ¢ € L'(I;R™), then the limit of z — ¥ is given by

1LVl e [ —y?
lim [ (z,y,t) = lim —/ s"lets gp(y, t— ) ds=0 (IX.60)

ey oy (71)2 [ 152

Vit
and this limit holds on OU and on compact subintervals of (0,7]. In order to handle
I, we use the Fresnel integral formula
00 = 0 /2
P, = / s e’ ds = Z—F(E) (IX.61)
0 2 2
Then the limit of the second term can be found by using the Fresnel integral formula

and hence,

. : ]' > n—1 is?
:}:13}/ Ly(x,y,t) = :lvlzg @(y,t)W/ — s"e ds (IX.62)

or,

. 1 o0 n—1 is2 1 n
hmlz(x,y,t)zso(y,t)(m)n/g/ s"le dS——F<§)w(y,t) (1X.63)
0

r—y
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Suppose that the double-layer density ¢ is continuous and that ¢ € L'(I;R). Then
we make the substitution » = s? in the third term I5 and we have
1 o jz —yl?
I t)= ——— et t———— | — t)| d IX.64
et = g [ e e(me =) o axon
where, m = %52, Then we insert the Abel factor e=*" into equation (IX.64) and this

gives

I H=_ 1 T marmer Nl | d IX.65
3(37,y, >_W | € re vy, t— Ar _90<y7) r ( . )

z—y|
Next, we take the absolute value of equation (IX.65) and we have

1 e m _ —ar
[I3] < 7T”/2/ re

z—y|

4r

go(y, t— M) — (v, t)‘ dr (IX.66)

Since |z — y| < r, this implies that @ < |z — y|. Therefore, we can bound
the bracketed factor in equation (IX.65) by taking the absolute value. Since ¢ is

continuous, Vn > 0 30 > 0 such that

x =yl

Vy € OU and Vt, t; € [0,T] such that |t — ;]| < § and @ < |x —y| < 4. Since ¢ is

<7 (IX.67)

a continuous function, this implies that

I3 < 1 r’e " dr — 0 IX.68
|13]
\

— - n/2
T z—y|

as r — y, and this limit holds in the Abel sense. Therefore, ¢ is continuous on

R™ x oU x (0,T].
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Since, the function v is analogous to the harmonic density, we use theorem 14,

and we obtain the following result,

t
1
va(at) = lim oo £ (o)) = [ [ 0 Kot m)oly. 1) dotw)dr F ol
- 0 Jou
(IX.69)
where y € OU. Therefore, the double-layer potential exists and it is Abel summable

on QU and on compact subintervals of (0,7]. W

Theorem 16 Let OU be of class C?. Then the single-layer potential u(x,t) with

continuous density ¢ can be extended to OU x (0,T|. On the boundary we have

t
1
au(x)u:l: (.QT, t) = / ¢(y7 7—>8l/(y)Kf ([E, Ly, 7—) d0<y)d7_ + §¢($, t)> (IX?O)
0 Jou
Ve,y € OU,and t € (0,T]. In this case the integral exists as an improper integral.

Proof: The proof is similar to the proof for theorem 15. The single-layer surface
potential is continuous everywhere in U x (0,7]. Since the integrand of the single-
layer potential has no singularities outside U x (0,T] for any ¢ € (0,7}, it is also
continuous everywhere in R"* \ (U x (0,7]) for any ¢t € (0,7]. Therefore, all we
have to show is that the jump relation holds. Then, the expressions for the normal
derivatives of the surface potential of a single layer is obtained by substituting the
double-layer density 1 (z,t) by the density of the single-layer potential u(x,t). The
single-layer jump-relation will have cos ¢ instead of cos ¢, where ¢ is the angle between
the normal vector v(z) and the vector 7, = x —y. Thus, the proof is identical to
that of theorem 15. |

Next, we will show some corollaries which are the goal of this section. By us-
ing theorem 8 and 9, we can finally solve the main two problems of this section,

the Dirichlet and Neumann boundary value problem. The homogeneous Dirichlet
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boundary value problem is

Lu(z,t) =0 (IX.71)
u(z,t) = f(x,t) ondU x (0,7 (IX.72)
and the homogeneous Neumann boundary value problem is

Lu(z,t) =0 (IX.73)

Op@yu(w, t) = g(,t) onoU x (0,7 (IX.74)

where f and g satisfies the Dirichlet and Neumann boundary conditions respectively.

These two functions functions also satisfy the initial condition
f(-,0) =0 onoU (IX.75)

and

g(-,0) =0 ondU (IX.76)

Corollary 3 The double-layer Schrodinger potential

u(z,t) / / ©(y, 7) 0wy Ky (2, t;y, 7) do(y)dr, z,y € 0U,t € (0,T] (IX.77)
ouU

with continuous density ¢ is a solution to the interior Dirichlet problem provided that

@ 1s a solution of the integral equation

o, 1) / | I Koty 7 doy)dr = =2(.0), wy€oUite 0T
oU
(IX.78)

Proof: This proof follows from theorem 15. M

Corollary 4 The double-layer Schrodinger potential

u(z,t) / / (Y, 7)0uu) K¢ (2, t;y, 7) do(y)dr, z,y € oU,t € (0, 7] (IX.79)
oU
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with continuous density p is a solution to the exterior Dirichlet problem provided that

@ is a solution of the integral equation

t
(2, 1)42 / / o, ) K (0. 1y, 7) do(y)dr = 2f(a,1), .y € DUL € (0,T]
0 oU
(IX.80)

Proof: This proof follows from theorem 15. W

Corollary 5 The single-layer Schrodinger potential

t
u(z,t) = /0 8U¢(y,T)Kf(a;,t;y,T) do(y)dr, r,y € oU,t € (0,7]  (IX.81)

with continuous density ¢ is a solution to the interior Neumann problem provided

that 1 is a solution of the integral equation

t
Y(x,t) + 2/0 an(y,T)Kf(x,t;y,T) do(y)dr = 2g(x, 1), x,y € 0U,t € (0,T]
(IX.82)

Proof: This proof follows from theorem 16. W

Corollary 6 The single-layer Schrodinger potential

t
u(w,t) :/0 an(yﬁ)Kf(m;y,T) do(y)dr,  x,y€dUte (0,T] (IX.83)

with continuous density Y is a solution to the exterior Neumann problem provided

that ¢ is a solution of the integral equation

t
gO(.Z‘,t) _2/ w(y,T>Kf(.T,t,y,T) dO’(y)dT: —2g($,t>, T,y € aU7t € (OuT]
0 Jou
(IX.84)

Proof: This proof follows from theorem 16. M
The equations (IX.78), (IX.80), (IX.82), and (IX.84) are Volterra integral equa-

tions of the second kind with respect to time. These four integral equations can be
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written in compact operator notation in the following way
o+ 250 = +2f (IX.85)

and
Y F258Y = F24 (IX.86)

where the first equation is for the Dirichlet problem, and the second equation is for
the Neumann problem. It remains to prove that these Volterra integral equations can
be solved by the method of successive approximations. The next problem we tackle
is to prove that the surface Volterra integral equations can indeed by solved by the
Picard algorithm. The following theorem is an application of the Volterra theorem

when the spatial Banach space B is L>(9U).

Theorem 17 Let us consider the interior Dirichlet problem only. Suppose that ¢ €

L>(I;0U) is a solution of the integral equation
o — 280 = —2f (IX.87)

where S is the Volterra operator defined on equation (I1X.89) and where f is the
boundary data. Thus, the Neumann series of the above Volterra equation converges

to the exact solution with respect to the topology L*°(1;0U).

Proof: Let H = L*°(I;B) be the Banach space with norm || - ||r~(s,5), where I =
(0,7). Suppose that the function ¢ : I — L*(I;B) is a bounded function with
norm |||z (r.5) = sup.¢pr | l9(7)]||. We shall show that the surface Schrodinger
operator is a bounded operator from L*(I;0U) to itself. Suppose the continuous

density function ¢ belongs to L°°(I; 0U). Thus there exists a number C' such that

W(t,7) € I' A Vo € L (LR") = [|5¢l|r(zn) < Cll@llz=(en) (IX.88)



87

The integral operator S : L®(AU) — L*®(dU) is given by

t
See.t) = [ [ O stantin. el ) do(y)ar (1X.89)

Ve,y € OU and t € (0,T]. In this case, the integral is an improper integral with

respect to time. Therefore, the normal derivative of the free propagator is

o ) 1 iv(y) - (x—y)] ilz — y|®
OvpyKy¢(z, by, 7) = rill = )72 ( 20— 1) ) exp(m). (IX.90)

Namely, by using lemma 4, the normal derivative of Ky(z,t;y,7) can be given a

bounded estimate, and hence

Ljz —y|?
[t — 7|2t — 7|

|0y Ky (2, b1y, 7)| < t >, (IX.91)

and where L is a positive constant. Then, we define the space operator K (t,7) in the

following way

~

K(tv T)QD(T) = U au(y)K(xv t; Y, T)(,O(y, T) dO‘(y)

_ /a 1 ilv(z) - (x —y)] exp(ié__?T)@(y,T) do(y)

y (4mi(t — 7))"/? 2(t — 1)

Then we do the change of variables r = 7z in equation (IX.92) and hence we

r—y
(4(t=7))

obtain

. 1 iv(x)-r] e
K(t,m)p(r) = —/ ———————¢c"p(y,T)do(r) (IX.93)
2(wi)"? Jouy (20t — 7))/
Then, we take square of the absolute value of K ¢ and we obtain

[K(t,m)e(r)] < Q(W—l)m /BU( | (2’2;(3_:)—7';)’1]/%0(:5 — 4t — )", 7)do(r) "
Dp(7)]| o) M@l Y

S TR - 11010) < G
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Then, we take the uniform norm on the boundary 0U of the quantum surface operator
and we obtain

. Lo " Mlo(7) | (o
I8e(r oy < [ IR Dpllmay dr < [ SGED 00 or

, (IX.95)

t
<M oo (] ——d7 <N so( .t 2
< M|l (I,aU)/O OO 7 < N ¢l zee (007

and hence,

1S5l oo riovy < Nllpllzoo(rovy T (IX.96)

Therefore, the quantum surface operator is a bounded operator from L*(I;0U) to
itself. The Volterra structure is still present in the inequality (IX.96). The only dif-
ference is that the first term of the Neumann series will be proportional to t'/? instead
of t. In analogy with the Volterra theorem, the Volterra integral equation with the
quantum surface kernel 0, ;) K¢(,t;y, 7) can be solved by successive approximations.
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CHAPTER X

CONCLUSION

The similarities between the Schrodinger equation and the heat equation were used
to create a theoretical framework which will give the solution to the Schrodinger
problem. The Volterra theorem proves that Volterra integral equation with a uni-
form bounded kernel can be solved by successive approximations with respect to
the topology L*(I;B). The general Volterra theorem proves the more general case
when LP(I;B), and where 1 < p < co. The boundary-value problem is written in
terms of Volterra integral equations of the second kind. Furthermore, the single-
layer Schrodinger and double-layer Schrodinger potentials with continuous density
functions are shown to be extended to OU x (0, 7] with some limiting values.

A perturbation expansion is constructed by using the semiclassical propagator
and a uniformly bounded potential V' (x,¢). The solution of the Schrédinger equation
is given in terms of classical paths, and the semiclassical propagator Gy = Ae/" to
the Green function is considered as the building block for the exact Green function
[3]. The semiclassical Neumann series were found to have norm convergence, and
thus the Neumann series converge to the exact Green function under some technical
assumptions. Finally, the interior Dirichlet problem is considered, and the double-
layer Schrédinger operator is shown to be bounded from L*(I;0U) to itself. Thus
Neumann series is shown to converge in the case of the quantum surface kernel 9, K

with respect to the topology of L>(I;0U).



1]

[10]

[11]
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