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ABSTRACT

On Orbits of Operators on Hilbert Space. (August 2009)
Lidia Smith, B.S.; B.A., Al. I. Cuza University, Iasi, Romania;
M.S.; M.C.S., Texas A&M University

Chair of Advisory Committee: Dr. Carl M. Pearcy

In this dissertation we treat some problems about possible density of orbits for
non-hypercyclic operators and we enlarge the class of known non-orbit-transitive op-
erators. One of the questions related to hypercyclic operators that we answer is
whether the density (in the set of positive real numbers) of the norms of the elements
in the orbit for each nonzero vector in the Hilbert space is sufficient to imply that
at least one vector has orbit dense in the Hilbert space. We show that the density
of the norms is not a sufficient condition to imply hypercyclicity by constructing a
weighted bilateral shift that, on one hand, satisfies the orbit-density property (in the
sense defined above), but, on the other hand, fails to be hypercyclic. The second
major topic that we study refers to classes of operators that are not hypertransitive
(or orbit-transitive) and is related to the invariant subspace problem on Hilbert space.
It was shown by Jung, Ko and Pearcy in 2005 that every compact perturbation of
a normal operator is not hypertransitive. We extend this result, after introducing
the related notion of weak hypertransitivity, by giving a sufficient condition for an
operator to belong to the class of non-weakly-hypertransitive operators. Next, we
study certain 2-normal operators and their compact perturbations. In particular, we
consider operators with a slow growth rate for the essential norms of their powers.
Using a new idea, of accumulation of growth for each given power on a set of different

orthonormal vectors, we establish that the studied operators are not hypertransitive.
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CHAPTER I

INTRODUCTION

1.1.  Terminology and notation

In what follows, N denotes, as usual, the set of positive integers, Ny := NU{0}, and D
is the open unit disc in C. Let H be a separable, infinite dimensional, complex Hilbert
space, and write L(H) for the algebra of all bounded linear operators T : H — H.
For a sequence {7T,,} C L(H) converging in the strong operator topology to some
To € L(H) we shall write T, 59" Ty, and similarly for the weak operator topology.
Moreover, we will use the slightly unusual (but useful) notation 7, 9 150 to mean
|| T,x|| — 400 for all nonzero = in H, and we write, as is customary, o(71), 0,(T)
and o.(T') for the spectrum, point spectrum, and essential (Calkin) spectrum of an
operator 7.

For any operator T'in £(H) and any (nonzero) z in H, we denote by O(x,T)
the orbit of © under T, i.e., O(z,T) is the set of vectors {T"z : n € Ny} in H.
An operator T in L(H) for which there exists a vector x with the property that the
orbit O(x,T) is (norm) dense in H is called a hypercyclic operator, and such a vector
x is called hypercyclic for T. Tf the same property holds when the norm topology
is replaced by the weak topology T is called a weakly hypercyclic operator and the
vector x is called weakly hypercyclic for T'. One of the interesting open questions

about operators in £(H) is the following orbit-transitive operator problem:

Does there exist an operator 7" in £(H) such that for every (nonzero)

x in H, the orbit O(x,T') is norm (or weakly) dense in H 7

This dissertation follows the style of Proceedings of the American Mathematical
Society.



When the norm topology is used we call such an operator T' orbit-transitive (or
hypertransitive) and in the case of the weak topology we call T' weakly hypertransitive.
A positive answer to the above question would solve the invariant subspace problem

for Hilbert space in the negative.

1.2. History of the problem

The topics of hypercyclic vectors and operators have received much attention in the
last twenty years. Rolewitz gave in 1969 the first example of an operator T in L(H)
for which there do exist vectors x with the property that the orbit O(z,T) is dense
in ‘H [25]. Important early work on hypercyclic vectors and operators was done by
Bernard Beauzamy , and much of his work is exposed in his book [4]. For instance,
Beauzamy showed in [3| that there are operators 7" in L(H) for which there is a dense
linear manifold 97 in H with the property that every nonzero x € My is hypercyclic
for T.

Beginning in the 1990’s the theory of hypercyclic operators (on Hilbert space)
and the structure of the set of all hypercyclic vectors for a given operator 7" in L(H)
were studied extensively. See, for example, the excellent survey article [13] by Grosse-
Erdmann. To mention but a few of the most striking of these “new” theorems, we note
that S. Ansari showed in [1] that, for every T'€ L(H), each of the operators in the
set {T", n € N} has exactly the same set of hypercyclic vectors. Also, Leon-Saavera
and Muller proved in [17] that if 7€ £(H) and 6 € R then T and €T have exactly
the same set of hypercyclic vectors. Moreover, Bourdon [5] showed that if 7" is any
hypercyclic operator in L£(H), then there is a dense linear manifold Dy C H such
that every vector in Dr\(0) is hypercyclic for 7' (thus generalizing the example of

Beauzamy mentioned above). Finally (to conclude this brief survey), Bourdon and



Feldman established in [6] that that if T'€ L(H) and = € H have the property that
{T"z}~ contains some (nonempty) open ball, then x is hypercyclic for T', and deduced
as a corollary that if T'€ £L(H) has the property that there is a finite set of vectors
{z1,...,2x} in H such that ij {T"z; :n € Ny} is dense in H (such a T is called
multi-hypercyclic), then T is ;:hlypercyclic operator.

But, despite the existence of this mountain of work on hypercyclic vectors and
operators, it is fair to say that results showing that there are no orbit-transitive
operators in certain subclasses of £(H) have been scarce. (Of course, every new
(or old) invariant subspace theorem for a class of operators in £(H) immediately
gives a class of non-orbit-transitive operators, since obviously an operator T" having
a nontrivial invariant subspace cannot be orbit-transitive. However, this doesn’t help
much, since new invariant subspace theorems are themselves somewhat rare.)

In fact, one might say that the recent article [15], by Jung, Ko, and Pearcy,
initiated the theory of non-orbit-transitive operators. In [15]|, for example, it was
shown that if T € L(H) and some T" is essentially hyponormal, then no operator
of the form STS~! + K, where S is invertible and K is compact, is orbit-transitive.
As an immediate corollary one gets that no operator of the form SNS—! + K, where
N is normal, is orbit-transitive. (Note that the invariant subspace problem for such
operators 7' is still open.)

Some other known results that are pertinent to our problem are the following.
Beauzamy [4, page 66] has shown that there exists a operator 7' on Hilbert space
such that ||T"|] is asymptotic to y/logn but there exists no vector z in H for which
||T"z|| tends to infinity. This was recently improved in [19] as follows. There exists
an operator T in £(H) such that ||| is asymptotic to n'/2 but there exists no vector
x whose orbit tends to +oo. It is also shown in [19] that this is best possible (for

the class £(H)) by proving that every operator T in £(H) with growth rate of || 77|



asymptotic to n'/2*¢ (for some ¢ positive) has a vector x whose orbit does tend to
+00. Chan and Sanders [9] recently exhibited a sequence of vectors {z,} in H, with

strictly increasing norms, that is weakly dense in H.

1.3.  N-normal operators

Recall that for any n € N, an operator 7' € L(H) is called an n-normal operator
if T is unitarily equivalent to an n x n operator matrix (N;;) acting on H(™ in the
usual fashion, where the set {IV;;} consists of mutually commuting normal operators
in £(H). The theory of n-normal operators is quite well developed. In [14] it was
proved that every n-normal operator has a nontrivial hyperinvariant subspace (n.h.s.).

A first step in the direction of showing that if 7' € L(H) is n-normal and K €
K(H), then T+ K €(NHT) is the following, which depends on a (deep) result from [7]
as well as the upper triangular form theorem for n-normal operators from [20]. We call
a (commutative) collection {N,}aea C L(H) of normal operators a simultaneously
diagonalizable family if there exists an orthonormal basis £ for H such that the matrix

for each N,, a € A with respect to £ is diagonal.

Theorem 1.3.1. For every n-normal operator T € L(H) and compact operator K,
there exist an n-normal operator T = PBrendy, where each Ty is an n X n complex
matriz (regarded as an operator on C™) in upper triangular form and a compact
operator K such that T+ K is unitarily equivalent to T+K. Consequently, to show
that T + K belongs to (NHT) it suffices to show that T + K does.

Proof. One can write T' = (N;;) € L(H™), where the N;; are mutually commuting
normal operators and the matrix (/N;;) is in upper triangular form (cf. [10, Theorem
2]). Moreover via a deep result from |7] one knows that for 1 <1i,5 <n, N;; = D;; +

K;;, where the D;; are (mutually commuting) simultaneously diagonalizable normal



operators in £(H) and the K;; are all compact. Thus the nxn matrix (K;;) € E(H("))

is a compact operator and the n xn matrix (D;;) is unitarily equivalent to a direct sum

@D ,en Tj, where each T} (in £(C™)) is an n x n complex matrix in upper triangular

form. O]

1.4. The first example of a hypercyclic operator

We present here Rolewitz’s example of a hypercyclic operator on [, in the slightly
modified version of Beauzamy. The basic idea from this proof is used in the example

of a weakly hypercyclic vector constructed in 9] .
Example 1.4.1. Let T be a backward weighted shift on I5(Z), defined by
Te, = wrep_1, k€ Z.
If the weights wy satisfy

lim Hwk:—i—oo, and w; > 1 for k£ > 0,
0

limek:O, and 0 < w, < 1 for k<0,
0

n—oo

then the operator 7' has a hypercyclic point.

Proof. Note that the inverse S of T is given by

1

Wik+1

Sek =

Cr+1-

It follows from the definition of the weights that

lim T"e, = 0, for all k € Z,

n—oo



lim S"e, =0, for all k € Z.

Let {h,} be a dense sequence in l5(Z), each h, having finite support. For n > 0 let

k, be an integer such that, if £ > k,, we have fori =1,...,n —1,

T hil] < 1/27,
||Sknhy|| < 1/2".

Let pp = Y1y ki and z = Y32, SP%hy.. Then

Tan — Tpn_pl h/l + . + Tpn_pihi + . + Tpn_pnflhn_l + hn + Z Spm—pnhm'

m=n+1

But, fori=1,...,n—1:

T | = ([T < 1727,

and
I Z Spm=pap < ] Z Ghmtthniip 1< /20,
m=n+1 m=n+1
Finally :
| 77"z — hy|| < n/27,
and since the sequence {h, },>1 is norm-dense, so is {T7"z},>1. O

1.5. Facts on weak topology

Lemma 1.5.1. Let {e, }nen be an orthonormal basis for H. Consider the set {y/ne, fnen.
Then 0 € {\/ne, },ey-

Proof. Let {y1,...yr} be an arbitrary finite set in H and let € > 0. It suffices to show



that there exists n € N such that \/ne, € {r € H: [(z—0,y;)| <e, j=1,2,...,k}.

Suppose this is false. Then there exist ¢ > 0 and yi,...,y, such that for all
neN, vne, ¢ {r € H:|(z,y;)] <e, j=12,...,k}. That is, for each n, there
exists y;,, 1 < j, <k such that [(v/nen, y;,)| > ¢e. So |(en, y;,)| > .

pu— ﬁ
Thus

2
Z [(ens v |* = Z% = +o0.

neN neN
But for all 1 < j <k, ||ly;||* = >_,,en [{€m, y;)|* and thus

Z Z ’<€m,yj>|2 < 4-00.

1<j<k meN

This gives a contradiction. ]

Lemma 1.5.2. If {z,} C H has disjoint support, i.e., {x,,x,) = 0 when m # n,

1 w
and Tl = 00, then 0 € {Tn},cy -

Proof. Let x,, = ||z,||u, for every n, where u,, is a unitary vector. Then the set {u,}
is orthonormal and can be completed to a basis for H. The rest of the proof follows

as in the lemma above with w,, replacing e, and ||z,|| replacing \/n. O
Lemma 1.5.3. Given S CH, if | S # H, then S is not weakly dense.

Proof. We have

Suk (\/3)“: \/S.

Lemma 1.5.4. Given {x,} C H, we have

{2, }E = H <= V{0,}, {2, }*E = H.



Proof. Assume {z,}** = H. Let {yi,...,yr} be an arbitrary set in H. Let ¢ > 0,
and let zy be an arbitrary element of H. A basic weak neighborhood of x; is of the

form

Uy ={xeH: |z —x0| <e,5=1,... k}.

It is enough to show that there exists an element of {¢*"x,} contained in this neigh-
borhood.

For an arbitrary 6, there exists 2’ € {z,}, say ' = z,,, such that

o —e x| <e,j=1,...,k,
SO
/e —aol <e,j=1,...,k.
If we let 6 = 0,,, we have ez, € U,,. O

Lemma 1.5.5. Let {e;}icz be the standard orthonormal basis for lo(Z). There exists

a norm dense set {h, :n > 1} in 1y(Z) such that for each n > 1
||h”||2 S n, and <hn7€i> =0 fOT |Z’ > n.

Proof. We start by constructing a norm-dense sequence of vectors for each finite di-
mensional space F,, = \/{e_,,...,e_1,€0,...€,}, n € N and denote it by {r,+;.}jen-

Arrange these in a lower triangular matrix such that each column £ contains the



elements of the sequence 7, , with the first element on the row k, as follows

71,0
20 T21
30 731 732

Tao Ta1 Ta2 T43

Thus, for j € N, the elements of the jth column of this matrix form a dense
set in F;. By writing the elements of this matrix in a single sequence {hl} :
7307105 72,05 72,1, 73,0, 31732, - - - (f.€., Tow by row) we obtain that {h!, : n > 1} is
dense in [5(Z) and (h],e;) = 0 for |i| > n.

Finally, define

h, iRl < Vi
hy =

er i [[hll > v/

Then ||h,|| < /n and (h,,e;) = 0 for |i| > n. To show that {h,} is norm-dense in
l5(Z), notice that since {h], : n > 1} is dense in ly(Z), for z € H and £ > 0 there
exists a subsequence {f;, } converging to z and thus there exists Ny € N such that
||y, — z|| < e for all n; > Ny. Assume Ny is large enough such that ||z|| +¢& < Vv No,
then for n; > Ny we have hy,; = h; and thus [|h,; — 2[| <€ for all n; > Ny. This
shows that {h,,} converges to z. Thus {h,} is norm-dense in l5(Z).

An alternate way to build {h,} is the following : inductively choose hj to be the

earliest h! such that
1, € \[e—k, ..., ex} and ||1)|| < k.

Then {h,} goes over all elements in {h/ } and has the desired properties. O
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1.6. A weakly hypercyclic operator that is not norm hypercyclic

We include here the example of [9] together a proof that the operator given is weakly
hypercyclic without being norm hypercyclic. We follow the proof given in [9] with
the simplifications implied by considering the particular operator in the settings of
Hilbert space.

The following lemma is one of the ingredients used in proving the existence of a
weakly hypercyclic vector. The lemma is included here together with its proof as it

appears in [9].

Lemma 1.6.1. For every given real number X\ > 1 there exists a bijective map v :
N x N — N such that
(i) for each r > 1, the sequence {v(r,s)}22, is strictly increasing

(ii) for each r > 1, we have r < v(r,1);

o0

(iii) there exists a sequence {a,}2, of positive integers such that if {c,}2, is a

r=1
sequence of nonnegative real numbers such that ¢z < rA* for each r > 1, then the
new sequence {d,}5°, given by d, = dy(i ;) = ¢; satisfies the inequality

v(r,s)

Z d? < (a, + s)log(a, + s), for each r,s > 1.
n=1

Proof. Let {m;}3°, be a strictly increasing sequence of integers that satisfies

(1+2+--- 49\ < logm,. (1.1)

Let {a;}52, be the sequence of integers given by

(0617042...)I(Gl,...,Glj,\Gg,...,GQI,G:;,...,G?;,...),

~ N ~

ma COpPiES my copies my copies

where G; = (1,2,...,1).
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Let v : N x N — N be defined by v(r,s) = n if oy, = r and «; = r for exactly s
positive integers j < n. Thus, v(r,s) gives the position of the s-th appearance of r
in the above sequence.

It follows immediately that v is a bijective map and for each r > 1, the sequence

{v(r,s)}22, is increasing in s. Also note that v(1,1) =1 and

v(r,1) =mg+2mg+---+ (r — 1)m, +r. (1.2)
Thus (i) and (ii) are satisfied.

To prove prove property (iii) note that {d,}>°, is given by

(dhdz...):(\F&,...7F117F27...,F2/,\F13,...,Fg],...),

—~ —~ —~

ma COPIES mg COpies my copies
where F; = (c1,¢o,...,¢;) and v(r, s) gives the position of the s-th appearance of ¢,
in {dn}72,.
Let a3 = my and a, = v(r,1) (that is the index of first appearance of ¢, in
{d,}2,) for r > 2 and proceed by induction.
For r = 1 we have v(r,1) = v(1,1) = 1 and thus by (1.7)

v(r,1)
D di =& <N <logmy < (ar +1)log(as + 1).

n=1

For r > 2 by (1.2) we have
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D dn=maci (4 ) (G ) (13)

S(matmy+ oo me +1(E e+ 0)
<(w(r, 1)+ DA +2+---+7r)2" < (a, + 1)logm,

<(a, + 1)log(a, + 1).

The induction assumption is that for some s > 1 the inequality ZZ(:T’IS) d? <
(ar + s)log(a, + s) holds for each r > 1. We must show that the inequality holds for
s 4+ 1. Note that ¢, makes its first appearance in the sequence {d,}%, as the last
member in the first F,. , thus we need to separate the induction step in two cases.

Case 1. s < m,,1. In this case, the s-th appearance of ¢, lies in an F,.. Hence,

v(r,s+1) (r,s)
Z di:Zdi%—(cf%—---%—cf) (1.4)
n=1 n=1

<(a, + s)log(a, +s) + (L + 24 +7)\*"
<(a, + s)log(a, + s) +logm,
<(a, + s)log(a, + s) + loga,

<(a, + s+ 1)log(a, + s+ 1).

Case 2. s > m,41. In this case, the s-th appearance of ¢, lies in some Fj for
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some j > r + 1. Hence, m,4q +---+m; <s <myq +---+m; +m;y and

v(r,s+1) v(r,s)
o= E+(Ey+ G+ 4 ) (1.5)
n=1 n=1
<(a, + s)log(a, +5) + (1 +2+ -+ j)A\¥
<(a, + s)log(a, + s) + logm,;
<(a, + s)log(a, + s) + log s
<(a, + s+ 1)log(a, +s+1).
This concludes the proof of the lemma. ]

Next we present the example from [9] of a weakly hypercyclic operator that is

not hypercyclic.

Theorem 1.6.2. The backward weighted shift on l5(Z), defined by

€i—1, ZfZ < 07
Tei =

26i_1, ZfZ Z 1.
is weakly hypercyclic and satisfies the inequality ||Tx|| > ||z|| for all x € I5(Z), hence,

T s not hypercyclic.

Proof. The idea of proof is the one from [9], but we tried to simplify the details of it,
since the proof given in [9] is for a more general setting.

Note that the inverse S of T is given by

€it1, if ¢+ < -1,
SGZ' =

2_16i+17 if ¢ 2 0.
We start with {h, : n > 1} a dense sequence in l5(Z), as in the above lemma,

each h, having finite support,
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[ha]|? <, and (hy,,e;) = 0 for |i| > n.

We will construct a vector g such that, for given € > 0, r > 1 and ¢ nonzero

vectors oy, ..., x; in l3(Z), we will exhibit an N, for which we have:

(TN g — h,,x;)| <€, forj=1,... ¢t

The vector g will be built based on the sequence {h,}, as a convergent series.
The series T" g will have h, as one of its terms, the tail made of all the elements
after h, will converge to zero in norm as n, — oo and if we denote by v,, the partial
sum consisting of the elements up to h, we would like our construction to have the

property that

[va][? < (e +n)log(c +n), for all n,

where c is a constant to be determined. Moreover, in the construction, the v,’s

will have disjoint support. The series >_.° 1/||vg||? is divergent and using a similar

w

argument with the one in Lemma 1.5.2 we obtain that 0 € {v,},y-

Rather than directly using {h,} in the construction of the weakly hypercyclic
vector g, we will use {f, = T"h,}, since it is convenient to have all nonzero Fourier

coefficients with index smaller or equal to zero; f, has the property that
[ fall> <n -2, and (f,,e;) # 0 only for i = —2n,...,—1,0. (1.6)

Also, instead of using each vector f, (or h,) just once in a series that would
define g as in Rolewitz example, each f,, will appear infinitely many times in the
series that defines g.

Let A = ||T||. Note that ||T|| =2, s0 A = 2.
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Let {m;}2, be a strictly increasing sequence of integers that satisfies

(14+24 - +0)A* < logm;. (1.7)

Let {g;}52, be the sequence given by

{91,92...}:{Fl,...,FL,\F‘Q,...,F%,Fg,...,Fg,...}

-~ -~ -~

ma COPIES m3 COpies my copies

:{fla"'7f17f17f27"'7f1>f%af17f27f37--'7f17f27f§7"'}7
—_—

vV Vv
my COpies ms Ccopies my COpies
such that the group F; = fi,..., f; appears m;,; consecutive times. If we set n =

v(i,j), where v is the function from Lemma 1.6.1, it follows from that lemma that

v(r,s)

> Mgl < (ar + 5)log(ar + 5), (1.8)

where a; = m; and a, = v(r, 1).
Now, going back to T": we have w; = 1 for all « < 0, and w; = 2 for ¢ > 1. Note

that ||T'|| = 2 and for fixed n > 1 and for every m > 2n, we have

[|S™e;|| = for i <0, (1.9)

om-+i )

and

[|T™e;|| =1, for i <O0.

Let {k,}>>, to be such that
ko=0, and k, =4" forn > 1. (1.10)

Then it satisfies
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k, > max{4k,_1,4n} for n > 1. (1.11)

We have

0 2 2 2
o s i |
sl =1 3 o5l < e (rm) - (325%) < ()

i=—2n

using (1.9) , ||ga||* < n2?" by (1.6) and

kn > kn_1 + 4n + logy /0, from (1.10).

Thus 327 [|S*"g,]| < co and can define g = > 07 | S*ng, as a vector in l5(Z).
The claim is that g is a weakly hypercyclic vector for 7.

Define the vectors

om = TF"S*ng, and hy, = Y T "Skng,,
n=1 n=m+1

w

We’ll show that for every given r > 1, ||t 6)|| — 0 as s — 0o and 0 € {@,(5) Foen-

e} o)

Mool < 35 N7 IS gl < D0 2ben T s <
n=v(r,s)+1 n=v(r,s)+1
=1 1
< Z 2—n§ S rs) — 0 as s — oo.
n=v(r,s)+1
Next we show that
||90u(r,s)||2 < (a, + s)log(a, + s). (1.12)

First note that

(S gn, €:) # 0 only if ky — 2n <0 < ky,

and if n’ > n > 1 then ky — 20/ > 4ky_y — 20" > ky_y > k,, since 3 - 471 >
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2n' for n’ > 2. It follows that for fixed m = v(r,s), for any integer i, there exists at
most one n such that (T*m~"Skng e} # 0. Thus the terms that make up the sum
that defines ¢, have disjoint support (and thus, are orthogonal), so
lomll =D |T*m 7Sk g, | 2.
n=1
But from r < v(r,s) = m we have k,, —r — k, > 4ky 1 —1r —kyp > (ko1 — 1) +

(km-1— kn) > 0, so we can write

0
[T Sk g |2 =[] ) Gu()TF T rey |2 = [|gnl

1=—2n
Next we show that for fixed » > 1 the elements of the sequence {¢, ()} cn have

disjoint support. Observe first that
(Guirs),€i) 0 only if —ky9+r+k —2<0< —kyps) + 7+ Kugrs)—1
But if s’ > s > 1 then
Eursy 2 4kyrsn—1 > kursy—1 + 2 + Ky,
and thus
—kyrsy T T+ kuay—1 < —kupre) T =2 < —kypg 1+ Kk — 2.

This implies that for every given integer ¢, there is at most one integer s with
(Gu(rs), €i) # 0, so the elements of the sequence have disjoint support. This together
with (1.12) gives by Lemma 1.2 that 0 € {@,(s) }Fsen-

Now we show that g is weakly hypercyclic for 7. Since {h,},>1 is norm dense, it

suffices to show that {h, : r > 1 C Orb(T,g)% Let r > 1,¢ >0, and y1,...,y: be t
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nonzero vectors in ly(Z). Let v = max{||y;|| : 1 < j <t}. There exists S such that
| wrs) || < S forall s > S
v(r,s)|l = 2’7 =
and there exists sq > .S such that
€ .
‘(@V(T,so)ﬂl/j)’ < 5 for 1 < J <f.
If we let N = k,(.s,) — r then

TNg = Pu(r,s0) + hr + ¢V(’I‘,S)'

Hence, for all j =1,...,t we have
(TN g = T yi)| < (Putrso)s Ui |+ w3l
<€ n €
— _ = £
=35 27'7 )
which completes the proof. O

1.7. Overview of the results of this dissertation

My research, which might be regarded as a continuation of the investigation begun in
[15], is concerned with enlarging the class of non-orbit-transitive operators. For this
purpose, it is important to have more examples of operators in L(H) with “strange”
orbits. (There are several such examples in |15]).
The first problem we have set ourselves was to produce an operator 7' in L(H)
with 0,(T) U 0,(T*) = 0, such that for every x # 0 in H,
lilgle%\]nf |T"z|| =0, lirilesl\?p || T"z|| = oo, (1.13)

(Beauzamy sketched a construction in this direction in [4, Section 4 of Chapter III],
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but without details and, in any case, any such T satisfying his requirements has
0,(T*) # 0). This is done in Chapter II, where we construct an operator 7" in L(H)
such that for every nonzero vector z, the sequence {||7"z||}nen is dense in R, but
despite this, T is not hypercyclic (i.e., no vector in H has a dense orbit).

In Chapter IIT we show that certain classes of operators consist entirely of non-
weakly-hypertransitive operators, thereby generalizing the results of [15]. In par-
ticular, we show that if 7 € L£(H) and two of the three numbers representing the
essential spectral radius, essential numerical radius, and essential norm of T, coin-
cide, then for every invertible S € £(H) and every compact K in L(H), STS™' + K
fails to be weakly hypertransitive. As a corollary we have that no operator of the
form SNS~! + K, where S is invertible, N is normal, and K in compact, is weakly
hypertransitive. Along the way we show that K. Ball’s complex-plank theorem [2] is
equivalent to a (slightly stronger) version of an old theorem of Beauzamy [4].

Recall that an operator T' € L(H @& H) is 2-normal if T" is unitarily equivalent to
a 2 x 2 matrix (N;;), where the NN;; are mutually commuting normal operators, and
it is known [14] that 2-normal operators have nontrivial hyperinvariant subspaces.
In Chapter IV we show that no compact perturbation of certain 2-normal operators
(which in general satisty [|T'||. > 7.(T")) can be orbit-transitive. This answers a
question raised in [15]. Our main result herein is that if 7" belongs to a certain class
of 2-normal operators in £(H®) and there exist two constants d,p > 0 satisfying
|T*||c > pk? for all k € N, then for every compact operator K, the operator T+ K is
not orbit-transitive. This seems to be the first result that yields non-orbit-transitive
operators in which such a modest growth rate on ||T%||, is sufficient to give an orbit

{T*z} tending to infinity.
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CHAPTER II

A NONHYPERCYCLIC OPERATOR*
In this chapter we construct an operator 7' on a (separable, complex) Hilbert space
such that for every nonzero vector z, the sequence {||T"z||},en is dense in R, but
despite this, T"is not hypercyclic (i.e., no vector in H has a dense orbit). In addition,
this operator has the property that there are subsequences {r,} and {g,} of N such
that 7" — 0 and T% — 400 (properly defined) in the strong operator topology.
Finally, neither T nor T™ has point spectrum. This partially answers a question in

[15] and provides a counterexample to some reasonable conjectures.

2.1. Problem settings

In the last fifteen or so years, the interest in properties of orbits of an operator has
increased dramatically. (It should be said at once that much of the early work on
orbits of operators — on Hilbert spaces or otherwise — is due to Bernard Beauzamy; cf.
[4, Chapter III]). In particular, recall that an operator T"in L£(H) is called hypercyclic
if there is at least one vector = (and therefore a dense Gy of such vectors) whose
orbit {T"x},en, is dense in H. There has been considerable progress in the direction
of showing that the class of hypercyclic operators is much larger than was originally
suspected. (See, for example, the excellent survey article [13]). The reader will recall
that the question whether there exists an operator in £(H) such that every nonzero
vector in ‘H has dense orbit (such an operator is sometimes called hypertransitive) is
still open. For some recent progress in that direction see [15]. This leads naturally to

* Part of this chapter is reprinted with permission from A nonhypercyclic operator

with orbit-density properties by Lidia Smith, published in Acta Sci. Math. (Szeged)
74 (2008), 741-754. (©Copyright 2008 by Bolyai Institute.
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the question of finding necessary and sufficient conditions that an operator 7" in L(H)
be hypercyclic. (A useful sufficient condition for hypercyclicity has been known for
some time; ¢f. [13, Theorem 4].) In this connection, observe that if T" is hypercyclic,
then there exists a dense-Gj set D of vectors x, such that {||T"z||},en, is dense in
R4, and for all y € H\(0), {(IT"z,y)} is dense in C. Therefore the following problem

would seem to be of interest:

(P)If T € L(H) and there is a dense set D C H such that for z € D, ||T"z||}nen,

is dense in R, , must 7" be hypercyclic?

It is the purpose of this note to answer some questions, raised by Carl Pearcy,
related to Problem P. In particular, the main result is the following theorem which

shows that (even with a stronger hypothesis) Problem P has a negative answer:

Theorem 2.1.1. There exists an operator T in L(H) with the following properties:
(a) for every x # 0 in H the sequence {||T"x||}nen, is dense in Ry;
(b) there exist subsequences {r,} and {q,} of N such that

SoT

soT
T "=

0, T "= 4o00;

(c) there exists no vector x in H such that the orbit {T"x},en is dense in H (i.e.,
T is not hypercyclic); and

(d) op(T) U 0,(T7) = 2.
Remark 2.1.2. Theorem 2.1.1 shows clearly that to make progress on the program
proposed in [15] (i.e., to show that no operator in £(H) is hypertransitive), one cannot
hope to succeed by consideration only of the collection {{||T"xz||}: = € H\(0)} of
sequences of norms. Thus the above theorem forecloses one approach to establishing

that no operator in £(H) is hypertransitive.

The proof of Theorem 2.1.1 is set forth in next 3 sections below.
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2.2. Some bilateral weighted shifts

We begin to develop the machinery needed to prove Theorem 1.1 by introducing some
notation that will remain fixed throughout the paper. In particular, we first choose
an orthonormal basis {e, }neny for H. If w = {w;}jen is any bounded sequence of
(strictly) positive real numbers, we denote by S,, the (forward, unilateral, weighted)

shift in £L(H) defined by

Swej = wjejr1, JEN. (2.1)

Let {é,},en be an orthonormal basis for H, where H is another copy of H and
let w = {w;}jen and @ = {W;};en be bounded sequences of (strictly) positive real
numbers. Let S; and S, be the weighted unilateral forward shifts on H and H
corresponding to the sequences @ and w, respectively, and let B(= By,,) be the

(injective) weighted bilateral shift on £(H @ M), defined matricially by

S50

B= , (2.2)

€1 ® é’1 Sw
where, as usual e; ® & : H — H is the rank one operator satisfying (e; ® & )(z) =
(Z,&1)e; for & in H. That B is, indeed, a weighted bilateral shift is clear from the
equations

Bej = Wj-1€5-1, B€1 = €1, Bej = W;i€j41, J € N.

Moreover, it is easy to see that every injective bilateral weighted shift can be written
in the form (2.2) .

Clearly, with B as in (2.2),
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SE 0
B" = , neN,
F, S}
where F, : H — H is given by
n—1
Fy = (Fa(,w)) = Y w1 .. Wy_p-1€n_p @1 ... Wxép1, 1 EN,
k=0
and we have
0, J>n,
F.e; = (2.3)

(U)l ... QI)j_l)(U)l c. wn_j)en_jH, 1 S j S n.

For every & @y € H & H we have

7 Sin
B" = , neN,
Y Fol + S5y
and since ran(F,,) C \/{ei,...,e,} and the range of S is orthogonal to e, ..., e,, we
obtain
1B* (& @ y)|I* = |55"E|]” + || Ful > + |Spyll”, n€N, idy e HoH. (2.4)
Lemma 2.2.1. Suppose the (bounded) weight sequences w = {w;}jen and W =

{W;}jen of positive numbers are bounded below (by some € > 0), and w has the
property that there exists a subsequence {q,} of N such that — S 9 oo, Then

B := By, satisfies B sor +00.

Proof. Observe first that since w, @ are bounded below, B! € L(H ®H). For

each nonzero vector # ®y € H ® H, and every ky € N, we have ||B"(Z @ y)|| =
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BB B*(& @ y)|| > ||B||7*||B®(S5°7, Fo,@ + SPy)ll = [|B]|7*]|S" (F, @ +
Skoy)|| by (2.4), and since obviously Fj,Z + S%y is nonzero for ko € N sufficiently

large, the result is immediate. [
The following elementary lemma, which needs no proof, will be useful below.

Lemma 2.2.2. Let {T,} be a sequence in L(K,K) where K and K are Hilbert spaces.
Suppose {f;}jen is an orthonormal basis for K, and there exist subsequences {T, }
and {Ty, } of {T,.} satisfying

(i) for alln € N, and j,k € N with j # k, (T..f;, Tnfx) =0,

(ii) for all j € N, lim,, . ||Ts, f;]| = 0,

(ili) there exists a positive constant M such that for all j,n € N, ||T}, f;|| < M,

(iv) for all j € N, lim,,_, || T3, f5|] = +o0.

Then Ty, %970 and T;, 9 oo

The next lemma, which is also elementary, shows that all operators 7" in L(K)

satisfying (b) of Theorem 2.1.1 have empty point spectrum.

Lemma 2.2.3. If T' € L(K) and there ezist subsequences {p,} and {g,} of N with

7e0 59T 0 and T 59T +00, then 0,(T) = @ and 0,(T*) C D.

Proof. Suppose A € 0,(T") and z € K\(0) is such that Tx = Az. Then TPz = Xz,
T4y = Nz, and from the hypothesis we get that \»» — 0, and A% — 400, which is
impossible. Moreover, we have TP~ YO0 and (T)Pn CS) Thus, if T*z = {x with

x € K\(0), we get ((T*)Prx,x) = &Pr]|z||* — 0, so £ € D. O

Can the conclusions of Lemma 2.2.3 be strengthened to give also that ¢,(T*) =
@7 The answer is negative as Example 2.3.4 (below) shows. On the other hand, if
the hypotheses are strengthened somewhat, the answer is positive, as we now demon-

strate.
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Lemma 2.2.4. Let B = By, be an injective bilateral weighted shift in L(H & H)
with the properties

(i) there exist subsequences {p,} and {q,} of N with BPr 90 and Bw Y
400, and

(ii) w has the property that the sequence of products {w ... W, }nen does not

converge to zero.

Then o,(B) =@ and 0,(B*) = @.

Proof. By the previous lemma we have that 0,(B) = @ and 0,(B*) C D. Moreover,
since B* is injective with dense range, 0 ¢ o0,(B*). If some 0 # A € D were an
eigenvalue of B*, a trivial computation shows that all of the Fourier coefficients of
any corresponding eigenvector @ y would be nonzero. If we write = = Z €5,
then, in particular, &; is nonzero. We have (B*)"(Z ®y) = \"(Z®y), n ejelgl, and
evaluating ((B*)"(Z @ vy), €,4+1) gives

e . n~
a1 (W1 ... Wy)Eps1 = Qi1 A"€pp1, n €N,

It follows that w;...w, = (Gpy1/d1)A" — 0 as n — oo, contradicting hypothesis

(ii). O
2.3. Some particular weight sequences

In order to prove Theorem 2.1.1, we will use the notation and terminology of Section
2, and construct a particular operator 7' = By ,, having the desired properties (a)-(d).
(Note that Lemma 2.2.4 shows that if By, satisfies (b) of Theorem 2.1.1 and (ii) of
Lemma 2.2.4, then By, also satisfies (d).) Thus we must construct particular weight
sequences w and w. To this end, we first construct the sequence w and we need some

purely arithmetical properties of sequences of products of positive real numbers.
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Let {pn}nen and {g,}nen be two strictly increasing subsequences of N defined
recursively by

p1=1, pps1=2n(p, +1), n€N,

(2.5)
qn = 2npm ne N,
(and hence p,, < ¢, < pn+1), and let w = {w, };en be defined by:
(
w1 = ].,
Wj = 21/pn’ Pn < ] < Gn, (26)
w; = 1/27 qn <] < Pn+1-

\
Lemma 2.3.1. The sequence w just defined has the following properties:
(i) the product wy ... w; reaches a local minimum (as a function of j) when j = p,

Yand wy...w, =

n

and a local mazimum when j = g,; moreover wy ... w,, =(1/2)""
2" for alln € N;
(ii) for alll,n € N, wigq ... wyyp, < 2

(iii) for all k,l,n € N satisfying k <n and pr < < pgr1, we have
Wiy - o Wiy, < 4(1/2)"7F

and consequently for each [, the product of p, consecutive weights with the first index
equal to I + 1 tends to zero as n tends to infinity;

(iv) for all kyn € N, wy, - - - wy, 11 > 2"2F .

Proof. (i) Note that wy, 41 -+~ w,, = 2*""! and wy, 41+ - wy,,, = (1/2)*". Thus
Wp,41 Wy, ., = 1/2. It follows that for n > 1, wy -+ w,, = wy---w,, = (1/2)"*
and wy ---wy, = 2". The product w; ---wj is increasing for j increasing between

pn and g, since weights larger than 1 are being inserted into the product, and is

decreasing for j between ¢, and p,1, since the weights inserted are equal to 1/2.
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ii) For p, < j < ¢, we have w; = 2'/P» and for ¢, < j, w; < 2Y/P». Thus for
J J
[ > p, we have wyyy ... Wy, < 2YP0 . 2YPn =2 Forl < p,, we have p, +1 < 2p, <

dn; SO

w1 ... Wy, )\ Wp,, <o Wip, 1/2 n—1 21/pn 1
o (e e i) _ (2@
wy...w wy...W;

since wy ... w; is bounded below by (1/2)"~% by (i). Thus (ii) is satisfied.
(iii) Let £ € N, with & < n, be such that p, < [ < pgy1. Then we have

| < pry1 < pn and p, +1 < 2p, < qp, and thus

Wil - - Witp, = = 9

—k
(Wppt1 -+ Wy, ) (Wp 11 - - - Wigp,,) <4 (1)” |
Wpp+1 - - - Wy

since wp, 41-..wp, = (1/2)"7F wy 1. wpy, = (21/Pn) < 2, and Wyt - - Wy >
1/2. This last inequality follows since the product wy, 11 - - - w; increases with [ for
pr < 1 < g (since for these indices w; > 1), and decreases for g, < ! < py41 (since for
these indices w; = 1/2), reaching a a minimum value of wy, 1 ---w,, ., = 1/2.

(iv) wy - W1 = (W1 -+ W, ) (Wa1  +* W) /(w1 -+~ W) > 2772, since
Wy 1+ Wy 111 > (1/2)%, and we have that the maximum value attained by the

product of all weights up to index k (< g;,) is smaller than 2. O

Remark 2.3.2. The construction just given of the weight sequence w is a modification

and an extension of a construction of Beauzamy of a certain unilateral weighted shift

(cf. [4, page 69]).

Proposition 2.3.3. With the subsequences {p,} and {q.} of N as defined in (2.5)
and the weight sequence w as defined in (2.6), the unilateral weighted shift S, satisfies

sor sor
Sk "= 0 and SI* "= +o0.

Proof. By property (ii) of Lemma 2.3.1 we get ||SEre;|| < 2 for all n and j, and by

(iii) of the same lemma we have [|SEre;|| — 0 as n — oo. Thus the operator S,
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(with s, = p, and M = 2) satisfies the properties (ii) and (iii) of Lemma 2.2.2. For
a fixed basis vector eg, we have that |[S%ei|| > 272 by (iv) of Lemma 2.3.1. Thus
the operator S, with the sequence g, satisfies (iv) of Lemma 2.2.2 (with ¢, = ¢,,) and

the conclusion follows from Lemma 2.2.2. O]

Lemma 2.2.3 gives rise to the question whether under its hypotheses the stronger
conclusion that 0,(T*) = @ is true. The following example shows that this is not

the case.

Example 2.3.4. Let w be the sequence of weights given by (2.6) and let the sub-
sequences {p,} and {g,} of N be given by (2.5). By Proposition 2.3.3 we have that
spe 290 and 5% Y 4oo. Now define @ = {@;}jen by @; = 1/2, j € N.
Then with B = By, we have immediately B sor +o00, by Lemma 2.2.1. Since
sor

I[Sk|| = 1/2 < 1, we have that S 0. Also, for j,n € N we have by

(5), 155,651 = (@1 .. wj—1)(wi .. wp, ;) = (1/2) " H(wr .. wp,—5) < wi.o wp, 1 =
(1/2)"72. Thus by Lemma 2.2.2, F, (i, w) 2970, 1t follows by (6) that we also have
pr 29T 0, so B satisfies the hypotheses of Lemma 2.2.3. But using a well known

result (c¢f. [26, Theorem 9, page 71|) we have that 0,(B*) includes the annulus
{3 <lzl <1} 0

Next we shall construct a sequence w such that, with w defined by (2.6), the
operator 1" := By, satisfies Theorem 2.1.1. We define recursively a sequence {s,} in

terms of {p, }nen, the sequence defined by (2.5). Let

s1 =1, Snt1 = Sn * (Ps,+1 — 28n) + 285, n €N, (2.7)

and denote by {r,}nen the subsequence of {p,},en defined by

Tn = Ps,+1, N €N, (2.8)
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We will show that

Sp <28, <7Tp < Spr1, neEN, (2.9)

and thereafter define the weight sequence w = {w;},en by

(

wy, =1,
w; =1/2, Sp < j <28, necN, (2.10)

U~Jj — 21/(7"”725”)

) 2Sn<j§<9n+17 n € N.

\

We notice that p,.1 > 4n for all n € N, since, from the definition of p,, we have p; =1
and p,.1 > 2np,, and thus p,.; > 2"n!. It follows that ps_ 1 > 4s,, so r, > 4s,, and

this gives 2s, < r, and also
rn— 28, > (1/2)r,, néeN. (2.11)

Since r; = s9 = 4, and s, > 2 for n > 2, we have r, < s,,41 for n € N, so (2.9) is

established.

Lemma 2.3.5. The sequence w defined by (2.10) has the properties:

(i) the product Wy .. .0, of the first m weights from w attains a local mazimum
equal to 1 (as a function of m) when m = s,, and a local minimum equal to (1/2)%
when m = 2s,;

(ii) for j,n € N, we have Wji1 ... Wjtr, <8 ;

(iii) for j,n € N, with 1 < j < r, we have (W0 ... 0j_1)(w;y...w,,—j) < 2;
moreover, if 1 <j <s,—n then (W0 ... w;—1)(w;...w,,—;) < (1/2)"!; and

(iv) (S2) %0 and F, (@, w) "2 0.

Proof. (i) For n fixed and s, < j < 2s,, w; = 1/2, and thus @, 11 ... W5, = (1/2)""
and the product w,...w; is decreasing. On the other hand, for 2s, < j < 5,44,

w; =2Yn=250) 50 gy 41 ... Ws,,, = (2)° since Sui1 — 28, = Sy - (1, — 25,), and
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the product w0, ...w; and is increasing for such j. Thus W, ..., , = 1, and it
follows that

Wy ... ws, =1, neN, (2.12)

and

Wy .. gy, = (1/2)*", n €N. (2.13)

We also note that, via (2.12), we have

17)25,”4_1 . wrn = 2, n e N (214)

Turning to (ii), from (2.13) and (2.14) we have that @, ...w,, = (1/2)*7! n €

n—28n)

N. For j > r,, we get that w; is either 1/2 or smaller than 1, = 2%/( , since
by (2.9) and (2.11), 741 — 25541 > (1/2)rpq > 1y > 1 — 28, Thus w; < w,, =

21/(rn=2sn) < 92/7nand it follows that

UNJj_H e UNJj_H«n S 4, j Z T'n.-

For1 < j < r, wewrite Wji1 ... W4y, = (W1 ... 0y, ) (W, 41 ... W4y, )/ (W1 ...W;), and
we have the following estimates for the three products in parentheses: w;...w,, =
(1/2)**7', as already noted. Next, @, 41 ... Wiy, <4, since the weights involved are
fewer than 7, and smaller than 2% . Finally, w;...w; > (1/2)™, since (1/2)*" is
the smallest value that can be attained by the product of the first 7 weights in w for

J < rp. Thus

12)]'_._1 . ID]‘{_T"’ <8, 1< j < Tp.

and consequently (ii) is true.
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(iii) With the notation from (2.3) we show first that for 1 < j < r, we have
| F 65l = (01 ... 05-1)(wy ... wy,—j) < 2. By Lemma 2.3.1(i), for 1 < j < r,p,
we get that w;...w,,_; < 2°, with equality for j = r, — ¢;, = 2s,. It is eas-
ier to estimate ||F €| in the case 2s, < j < r,: for such j we have ||F,, €| =

(U}l . ?I)an)(’lfjganrl o u?j,l)(wl . wrn,j) < (’IIJQSnJrl .. .’lIijl) < 2, by using (213)

and (2.14).

For the case 1 < j < 2s,, we notice that || £}, €2, || = 2 and we can obtain || £, &
from ||F}, €2s,|| by replacing those weights @, ..., wss,_1, of w that are either 1/2 or
larger than 1, with the weights w,, _95,+1, ..., w,,—; which are all equal to 1/2 (since
these weights have indices between ¢, and ps, 41). This gives ||F,., || < ||F, €2s,]]-

Note that if we have 1 < j < s,, — n, then the above estimates hold; moreover,
we have at least n weights @, from w that are larger than 1 (the ones with j between
sp —n and s, since s,, —n > 2s,_1) that are replaced with weights with value 1/2
from w, and thus ||F}, ]| < (1/2)*%

Finally to prove (iv), from (ii) we have ||(S%)™¢€;|| < 8 for all j, n € N, and
since (S%) is a backward shift, we have lim, |[(S%)™€;|| = 0 for all j € N. Thus
Lemma 2.2.2 gives (S%)™ 9. Using that lim,, (s, —n) = 400, the same lemma
gives F,. (w,w) %970, since from (iii) we have ||F,, €| < 2 for all j, n € N and

lim,, ||F,, €;]| = 0 for all j € N. O

2.4. Completion of the proof

For the sequences of weights w and w defined by (2.6) and (2.10) and the subsequences
{¢.} and {r,} of N defined by (2.5) and (2.8), respectively, we have from Proposition
2.3.3 that S;» 90 and Sin 9 4o By Lemma 2.2.1 it follows immediately

that the operator B(= By,,) satisfies B 9 400, Lemma 2.3.5(iv) gives that
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(SE)m %97 0 and F. (w,w) 5or 0; thus by (2.4) we have that B™ 0. 1t

follows that B satisfies condition (b) of Theorem 2.1.1. Moreover (2.12) gives that
the hypothesis (ii) of Lemma 2.2.4 is satisfied and therefore, as noted earlier, B has
the desired property (d) of Theorem 2.1.1.

The fact that B is not hypercyclic follows from [12]. Indeed, according to [12,
Theorem 3.2|, one knows that a necessary and sufficient condition for B to be hyper-
cyclic is that there exists a strictly increasing sequence of positive integers {ny }ren
— +4o00. But the weight sequence w has the

such that w,...w,, — 0 and w; ... w,

k k

property that w;...w, <1 for all n € N (Lemma 2.3.5(i)), so the second condition
cannot be satisfied, and thus B has the desired property (c¢) of Theorem 2.1.1. O

Finally, we establish below that B satisfies condition (a) of Theorem 2.1.1.

Definition 2.4.1. A sequence {p, }nes is e-dense in an interval [0, M| if every subin-

terval of [0, M] of length ¢ contains at least one p,.

Obviously if an infinite sequence has the property that for all e, M > 0, it is

e-dense in the interval [0, M], then the sequence is dense in R,.

The following elementary lemma needs no proof.

Lemma 2.4.2. Suppose that the sequence {pj};'io C R, has the properties that for
gwen €, M > 0 there exists an index t € N such that

(i) 0<po<e;

(ii) for 0 <j <t, pjr1 — p;j <&;

(i) . > M.
Then the finite sequence {p;}'_y is e-dense in [0, M], and thus the infinite sequence

{0 }520 is e-dense in [0, M].

The following proposition completes the proof of Theorem 2.1.1.
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Proposition 2.4.3. Let T := By, with w and w given by (2.6) and (2.10), and
let & @y be a nonzero vector in H® H. Let ¢ > 0 and M > 0 be arbitrary. Let
Dns Qns Sn, Tn be as defined by (2.5), (2.7) and (2.8) and set t,, == qs, 41 — Tn. For
n € N, define p;(n) := ||[T™z & y||, where 0 < j < t,. Then there exists ng € N
such that {p;(n)}ry is e —dense in [0, M] for all n > ny. Consequently, the sequence

{IT™( @ y)|| }nen, s dense in [0, +00).

Proof. We have po(n) = |[T™(Z @ y)|| and py, (n) = [T+ (Z & y)||. From condition
(b) of the Theorem 2.1.1 (proved above) it follows that there exists ny = ny(e, M)
such that for n > ny, 0 < po(n) < € and pz,(n) > M.

We will show that there exists no = no(e) such that forn >ny 7=0,...,¢, — 1,

p31(n) = p3(n) < e*. We have that, for n € N,
Pia(n) = pi(n) = [T (@ @ y)|? — [T H (@ @ y)|* =

0S5 2P = [(S5) ™ P2+ Fr a1 = [ Fig 2P ST P = 1180yl

Let £ =) -, apey and y = > 1 | agey, . We show first that there exists ny g = na(e)

such that for n > ngg, j=0,...,t, — 1, ||[St T y||2 — ||SInHiy||? < £2/3. We have

0o k+pn+j—1
||Sz'r+f“y||2—||Sfrﬂy||2=2|ak|2( 1T w?) (Wi pij — 1)
k=1

i=k

From (2.6), since p, < k + p, + j, we have that wy,,, +; < 2Y/P", and thus

41n2 41n2
< <

— 1< 2% 90
- P~ 27 n—1)

2 .
Wit 1 n,k,j €N,

The second inequality follows by the Mean Value Theorem applied to the func-
tion f(z) = 2 on the interval [0,2/p,], and the last inequality follows from p, >

2"~} (n — 1)! which is immediate from (2.5). It follows also from (2.6) that the prod-
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— 22n+1

k 1 L . .
uct T[22~ 4w, is bounded above by [ 1 Wi , since it contains p,, + j

weights, with p, +j < ¢,. Thus
k+pn+j—1
41n2
2 2 20412 »
The right-hand side of this inequality tends to zero as n — 400, and since Y ;- oy |*
is bounded we can choose ny large enough such that for n > nyo V5 =0,...,¢, — 1,
1S4y |2 — || Syl < 22/3.

Next we evaluate the remaining terms.

1(S5) " HHE| P = [|(S5) &+ | Frp g |[° = [1FiyZ° =
o) k—1
= Z |&k|2 H @2 (@lz—l—(mﬂ') -1+
k=Tn+j+2 i=k—(rn+j)
Tn+J rn+ji+1-k
S (Tt ) (T o) s
i=1
Let m € N be such that s,, < k—1— (r, +Jj) < Sny1- Then we have that
1) @2 <1 and [T @2 > (1/2)*", by Lemma 2.3.5(i), so [T\ ) W7 <
2% and
8In2 81In2
~9 . 2/(rm—2sn) _ 4/rm o0
Wh—1—(rty) — 1 =2 1<2 2= o < 2sm—1(g,, — 1)1’
and thus
= 161n2
II @)@y —1< o — 1)1
, , Sm — 1)!
i=k—(rn+j)

It follows that there exists a constant C' > 0 such that

H W | @iy — 1) <O, neEN, 0<j <ty k=1, +j+2.
i=k—(rn+j)
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Since lim,, > 3.2 | o ]ax|* = 0 we can choose ny, large enough such that

[e's) k—1

2
_ _ ~ £ .
E |a|? I I w; (wl?:—l—(rn—i—j) —1)< ERRA >ng1, 0< 7 <ty
k=rp+j+2 i=h—(rn+7)

k=152 < 1 and if m € N is such that

=1 a—

For the other sum we have that []

Pm < Tpn+7+2—k < pnyr, we have <H:Sj+1*k w2> < 2?™ and

7 =

41ln2 4In2
<

2 . 2/pm __

Now we write

rn+j rnt+j+1-k
Z | |? ( H wf) (w§n+j+2fk -1)=
k=1

i=1
rn/2—1 rnt+j+l—k
ST ) [
k=1 i=1
Tn +] Tn +]+ 1-k
+ Z |ak|2< H wf) (w7, 4 jrap — 1)
k=rn/2 =1
If £ < r,/2 we have that r, +j+1—%k > r,/2 and thus m > s,, so for n large
enough we can make <H;:fj+1_k w?) (w7 ;4o — 1) arbitrarily small, thus the first

sum tends to zero with n. If & > r,/2 then ZZ";Z/Q |ax|* can be made arbitrarily
small with n, and the factor <H§:{j+1_k wf) (w? ;1o — 1) is bounded. Thus we
can choose ngy 5 such that

ot ) k—1 B Pati+l—k ) ) 2 |

; | v (Hm) ( Zl_[l wl-) (W, 4ok — 1) < 3 " >ngg, 0< 7 <t,.

Let ny be the largest of ngg, no1 and ngo. We have that for n > ny, j =

0,...,tn =1, p5,1(n) — p3(n) < €. From this since the terms involved are positive it
follows that for n > ny, j=0,...,t, — 1, pj11(n) — pj(n) <e.

Choose ng to be the largest of n; and no; then for the given ¢ and M we found n
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such that the hypotheses of Lemma 2.4.2 are satisfied. This shows that the sequence
{pj(n)}oy is e-dense in [0, M] for all n > n,.
Since every operator that is similar to 7" has these properties, we see that, in

fact, £L(H) contains many operators with these same properties. O

We conclude this section with a result to be used in forthcoming work, containing

more information about the bilateral weighted shift B = By, just constructed.

Proposition 2.4.4. For B = By, we have 0.(B) = o(B) = {z : 3 < |z] <
1Y, [IBll = V2, ||Blle = 1 and ||B7Y|. = ||B7Y| = 2, where || - || denotes the

essential( Calkin) norm.

Proof. Let r(A) and r.(A) denote the spectral radius and essential spectral radius
of an operator A € L(H). Since the norm of a weighed shift equals the modulus of
the largest weight, we have ||B|| = v/2 and ||B~!|| = 2. Moreover, since (1/2)*" <
||B™|| <8, for all n, and (s,/r,) — 0, it follows that r(B) = 1. Also, since B~! has
arbitrarily long sequences of consecutive weights equal to 2 we get ||[(B~1)"|| = 2™

Thus, 7(B™') = 2. According to [26, Theorem 5, page 67| we have that

o(B)={z:r(B) " <A <r(B)} = {z:5 < |1 <1},

N | —

Since one knows that for every A € L(H), every non-isolated point of the boundary of
o(A) is contained in o.(A), one also obtains easily, using the fact that neither B nor
B* has an eigenvalue, that o.(B) = o(B). It follows that r.(B) = 1 and r.(B™!) = 2.

Clearly, r.(B) < ||Blle < ||B||. If we replace all the weights of B that are roots
of 2 by weights equal to 1, we obtain a compact perturbation of B that has norm 1,

and thus ||Bl|. = 1. Finally, we have that r.(B~1) = ||B7!|. = ||B7!|| = 2. O
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2.5. Remarks and questions

Remark 2.5.1. An operator T € L(H) is said to be supercyclic if there exists a
vector x € H such that {\T"z : n € NJA € C } is dense in H. The operator By,
constructed in this chapter is not even supercyclic. Indeed, according to [12], if By,
were supercyclic, there would exist a strictly increasing sequence of positive integers

{ni}ren such that

(W1 .. cwn) [ (@) — 0.

Some calculations based on the fact that
(wy...wg,) /(W ...Ws,) =wy...ws, — 1/2,
show that the supercyclicity condition is not satisfied.

Remark 2.5.2. Note that the operator By, constructed above has a dense set of

noncyclic vectors (i.e., vectors that lie in some proper invariant subspace of By ).

Problem 2.5.3. Theorem 2.1.1 establishes the existence of an operator in L(H)
such that every (nonzero) orbit has certain property — namely, density in R, of the
sequence of norms. Moreover, in [15] an example was given of an operator T"in L(H)
with ||T||. = 1 such that the orbit of every nonzero vector x satisfies {||7T"z||} — +oo.
What other properties that are common to every (nonzero) orbit can an operator in
L(H) have? For example, does there exist an operator T' € L(H) such that for all
nonzero vectors x,y € H, {(T"z,y)} is dense in C? (Of course, such a 7" would be

transitive.)
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CHAPTER III

WEAK HYPERCYCLICITY ON HILBERT SPACE

3.1. Definitions and known results

Recently, Chan and Sanders [9] discussed the concept of a weakly hypercyclic operator,
defined as a T in L(H) with the property that there exists a vector z in H such
that O(x,T) is weakly dense in H. They obtained there several interesting results,
including the following: a) there exist weakly hypercyclic operators in £L(H) that are
not hypercyclic, and b) there exists a sequence {x,} C H that is weakly dense in H
and satisfies ||z,11|| > ||z,|| for all n € N. An important fact in these considerations
was a result by Dilworth and Troitsky [11] to the effect that if {x, },en is a sequence

in a complex Banach space X whose norms satisfy, for some ¢ > 1,
||zn|| > ", neN, (3.1)

then 0 ¢ {z,}* (so, in particular, {x,} is not weakly dense in &X'). This led the present
authors to ask whether in H, where more structure is present, a weaker growth rate
than that in (5.11) would ensure the weak non-density of a sequence in H. After we
obtained some partial results in this direction we found that this question was already

answered by the following complex-plank theorem of Keith Ball [2].

Theorem 3.1.1 (Ball). Let {x,}nen be a sequence of unit vectors in H and let {a,}
be a sequence of positive numbers such that > a?> = 1. Then there exists a unit vector

y € H such that |(x,,y)| > a, for each n € N.

The following corollaries are due to Kadets [16] and Shkarin [27], respectively.
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Corollary 3.1.2 (Kadets). For a sequence {a,}nen of positive numbers, the follow-
ing are equivalent:

a) there exists at least one sequence {x, }nen in H satisfying ||x,| = an for alln
and having 0 as a weak cluster point;

b) the series Y. 1/a2 diverges.

Corollary 3.1.3 (Shkarin). Ifx € H and T € L(H) are such that the orbit O(x,T)
satisfies

> T ] < +oo, (3.2)

neN

then x is not weakly hypercyclic for T. In fact, the orbit O(x,T) is weakly closed.
We will also need the following nice result of Beauzamy [4, Ch. 3.

Theorem 3.1.4 (Beauzamy). Let {T,,},en be an arbitrary sequence of operators
in L(H), let € be any positive number, and let {a,}nen be any sequence of positive

numbers in (la). Then there exists a nonzero vector y € H such that ||y < (1 +

e) (3 a2)'? and for each n € N, ||Toyl| = (1 — &)an||Tp|..

In [15], Jung, Ko, and Pearcy initiated the study of non-hypertransitive opera-
tors (sometimes called non-orbit-transitive [23]), with the stated goal of eventually
showing that £(H) contains no hypertransitive operator. (By definition, an operator
T € L(H) is hypertransitive if every nonzero vector in H is hypercyclic for T.) They
showed, for example, that no operator of the form H 4+ K, where H is essentially hy-
ponormal and K is compact, can be hypertransitive, but recall that it is still unknown
whether these operators have nontrivial invariant subspaces. (On the other hand, C.
Read showed in [24] that on the Banach space (l;) there do exist hypertransitive

operators.) This led the present authors to the following.

Definition 3.1.5. An operator T in L(H) is called weakly hypertransitive (or weakly
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orbit-transitive) if every nonzero vector x in H is weakly hypercyclic for T.

Of course, it remains an open problem whether weakly hypertransitive or hyper-
transitive operators exist in L(H).

In this note we first establish, in Section 3.2, the perhaps surprising result that
Theorem 3.1.1 is equivalent to a slightly stronger version of Theorem 3.1.4 (namely,
Theorem 3.2.1). We then obtain (in Section 3.3) a theorem that complements Corol-
lary 3.1.2 above. Finally, we show that all of the results of [15] can be improved to
obtain that various classes of operators in L(H) are not weakly hypertransitive. This

is done in Section 3.5 below.

3.2.  An equivalence

In this section, we show that Theorem 3.1.1 is equivalent to the following slightly

stronger version of Theorem 3.1.4.

Theorem 3.2.1. Let {T, }nen be an arbitrary sequence of operators in L(H), let
e > 0, and suppose {a,}tnen is an (lo)-sequence of nonnegative numbers such that

S~ a? = 1. Then there exists a unit vector y € H such that

1Toyll > (1 = &)an||Thll, neN.

Proof of Theorem 5.2.1 (using Theorem 3.1.1). We construct a sequence {w,} of

unit vectors as follows. There exists a unit vector w,, € H such that
[Thwal| = (1 —e)|T0ll, neN,

where 0 < g, < /2. Applying Theorem 1.1 to the sequence x, = T,w, /(1 —¢&,)||T,||

of unit vectors and the sequence {a,}, we obtain that there exists a unit vector y € H
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such that
T w,, >’
s p— Z Qnp, nec N7
'<(1 — &n)|| T
and thus
15yl = [{wn, Toy)| > (1 = &) Tullan, n€N.
Since ||T%|| = ||7.]|, upon interchanging 7T,, and T)* we get the desired result. O

Proof of Theorem 3.1.1 (using Theorem 3.2.1). Let a sequence ¢ \, 0 be given. We
define a sequence of operators {7} as follows. For w € H set T, (w) = (w,x,)x,.
Since ||x,|| = 1 for all n, ||T,,|| = 1 too. By Theorem 3.2.1, for each k € N there exists

a unit vector y in ‘H such that
oyl = 1y, zn)| > (1 — eg)an, k,n € N. (3.3)

Now choose a subsequence {y; 1} of {yr} converging weakly, say to (the nonzero
vector) yo, satisfying ||yo|| < 1. Tt follows now from (3.3) that, with y := yo/||v0l|, we

have |(z,,y)| > a, for each n € N. O

3.3. On Kadets’ result

The following result was motivated by a construction of Chan and Sanders [9], and

complements Corollary 3.1.2 above. The weak closure of a set .S in ‘H will be written

as S°.

Theorem 3.3.1. Let {x,}nen C H satisfy 0 € {z,}, and lim(In||z,||/Inn) =
a > 0. Then there exists a sequence {wy}nen C H such that {w,}” = H and

lim(In ||w,||/Inn) = a also.

Proof. Let {e, }nen be an orthonormal basis for H and let S € L(H) be the forward

unilateral shift defined by Se,, = e, 1 for n € N. Moreover, for £k € N let Py be the
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orthogonal projection of H onto \/{ei,...,er}. Let {z,} be as in the hypothesis and
let {z, }nen be a sequence that is strongly dense in H and has the additional property
that for each n € N and all k = 1,...,n, P,z = 2z and [|z]] < k. (One way to
accomplish this is to first choose, for each n, a finite 1/(n+ 1) net in the ball of radius
n centered at origin in P,’H, then note that the union over n is a dense set D in H,
and finally order D by first counting those points in the e-net with ¢ = 1/2, followed
by those in the e-net with ¢ = 1/3, etc.). Next, for each pair (n,k) € N x N with
n < 1-+1Ink, we define

Ynk = 2n + S" Ty, (3.4)

and note that since 0 is a weak cluster point of {x}, we get, by holding n fixed and
letting £ run,

20 € {Ynp kK ENn <1+ Ink};

hence

{ynr k€N <1+Ink} =H. (3.5)

Next we order the elements {y,, : k € Nyn <1+ 1Ink} in a sequence {w;} by

associating to every j € N a pair (n;, k;) of natural numbers such that

Wj = Yn, k; = Zn, + S a4, (3.6)
where
ny ‘= 1, ]{?1 =1
Nj41 = nj+1, kj—i—l = k?j, 1fnj+1 S 1+1Dl€j,
Njy1 = 1, kj+1 = kj—l—l, 1fnj+1 > 1—|—1ij

Observe that as j runs through N, w; runs through all y, ;, and thus from (3.5)

we deduce that {w; : j € N}" = H. Also note that since z,, is orthogonal to S™ z;;,
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we obtain from (3.6) that, for a given j € N,
el = (g 1P+ g [P)2 2= (g 1]+ [l 1)/ V2.
On the other hand, since ||z,,|| < n; and n; <Ink; we have
lwsll < Wzns |+ Nl | < Tk + ]I

Since lim(In ||2,||/Inn) = a > 0, we have that, for j large enough, Ink; < ||ay, |,
so [|w;]| < 2[|ay,[|. The nondecreasing sequence {k;}; will take a given value k exactly

(1 + [Ink]) times (where, as usual, [5] denotes the greatest integer in ), so we have

that
Thus
Infjw;|l o n(len, [+ [lze]l) = (/2)In2 - Infloy[] -2
Inj ~— In j ~ In(k; + k;jlnk;)’
and it follows that
In ||w;]| In[|zy, |

i .t _
i In j _ji»rgolnkj+ln(1+lnkj) “

For the other inequality we note that

i luyll _ In(llog ) +102 _ nffay, ||+ n2
Inj — In j - In k; ’

and thus

lim

Inful] _
j—oo Inyg
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3.4. Some useful tools

In this section we list the results needed as tools to show that the results from [15]
asserting that certain classes of operators consist entirely of non-orbit-transitive oper-
ators can be improved to say that these classes are also subsets of the smaller class of
non-weakly-orbit-transitive operators. The first proposition is elementary and needs

no proof.

Proposition 3.4.1. If T' € L(H) and there exist nonzero vectors x and y such that
{{T"x,y)}n is not dense in C, then x is not a weakly hypercyclic vector for T'. Thus,

if one of the equalities
0(T) = 0e(T) = 01.(T) = 0,¢(T)

fails to hold, then T or T has point spectrum and T has a nontrivial invariant
subspace, so T is not weakly orbit-transitive. Moreover, T is weakly orbit-transitive if

and only if (some or) every operator similar to T is weakly orbit-transitive.

The following result is a modest improvement of inequalities due to S. Brown, V.
Lomonosov, and A. Simonic, developed over time (cf. [8], [28], and [18]). We write

we(A) for the essential numerical radius of an operator A.

Theorem 3.4.2. Let A denote any unital, proper subalgebra of L(H) that is closed
in the weak operator topology. Then there exist nonzero vectors x,y in H such that

the linear functional on A defined by ¢, ,(A) = (Ax,y) is a positive functional on A

(i-e., p(ls) = llgll) and satisfies

[(Az,y)| < we(A)(z,y), A€A

As noted in 27|, the following extension of Ansari’s theorem from [1| to weakly
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hypercyclic operators also holds.

Theorem 3.4.3 (Ansari-Shkarin).  For every T € L(H) and every n € N, the

operators T and T™ have exactly the same set of weakly hypercyclic vectors.

3.5. Consequences

Our first improvement of the results of [15] is this.

Theorem 3.5.1. If T' € L(H) and T is weakly orbit-transitive, then r.(T) = r(T) =
1.

Proof. By Proposition 3.4.1 we may suppose that o(7) = o.(T). It is shown in
[11] that every weakly hypercyclic operator in L£(H) satisfies o(7) N T # &, and
thus it suffices to show that r.(T) > 1 is impossible. But if r.(T') = ¢ > 1, then
IT™||e > re(T™) > ™ for n € N, and by Theorem 3.1.4 there exists a vector y in
H such that ||T™y|| > ¢"/n for all n, and hence by Corollary 3.1.2, 0 ¢ O(y,T)%, a

contradiction. [
This next result may be thought of as the principal result of this section.

Theorem 3.5.2. Suppose that T € L(H) and that there exists n € N such that two
of the numbers ro(T™), w.(T™), |T"||lc coincide. Then for every invertible S € L(H)

and every compact K in L(H), STS™! + K fails to be weakly orbit-transitive.

Proof. Using Proposition 3.4.1, Theorem 3.4.3 and the fact that r.(7), w.(T") and
|T||e remain the same if T is replaced by a compact perturbation of T', one eas-
ily sees (by changing notation if necessary) that it suffices to show that if two of
re(T), we(T),||T||c coincide, then T is not weakly orbit-transitive. But, as is well-

known, the coincidence of two of the above three numbers implies that there exists
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an operator similar to T such that all three coincide, cf. [30]. Thus we may suppose
that 7.(T") = w.(T") = ||T||e = 1 (via Theorem 3.5.1). But then according to Theorem

3.4.2, there exist nonzero vectors x,y in ‘H such that
(T"z, y)| < we(T")(z,y) < Tz, y) = (z,y), neN,
so obviously O(z,T) is not weakly dense in H. O
This result has some immediate corollaries.

Corollary 3.5.3. If T is essentially hyponormal or a Toeplitz operator, S is invertible

and K is compact, then STS™' + K is not weakly orbit-transitive.
Proof. One knows that for such an operator 7', ||T||e = 7(T). O

Corollary 3.5.4. No operator of the form SNS™' + K, where S is invertible, N is

normal, and K in compact, is weakly orbit-transitive.
We close with some problems that arise from the above considerations.

Problem 3.5.5. If T' € L(H) is invertible and weakly orbit-transitive, must 7! also
be weakly orbit-transitive? (One knows that an operator can be weakly hypercyclic

without its inverse being weakly hypercyclic [9, Cor. 3.6].)

Problem 3.5.6. If T € L(H) is weakly orbit-transitive, must o(7") C T?

Problem 3.5.7. If T' € L(H) and {(T"z,y)} is dense in C for every pair z,y of
nonzero vectors in ‘H, must 7" be weakly orbit-transitive? (One knows form [29] that
there exist nonhypercyclic operators 7" in L£(H) such that for every z # 0 in H,
{||T™x||} is dense in R*.)
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Problem 3.5.8. Recall that an operator 7' € L(H & H) is 2-normal if T is unitarily
equivalent to a 2 x 2 matrix (/N;;), where the N;; are mutually commuting normal
operators, and it is known [14] that 2-normal operators have nontrivial hyperinvariant
subspaces. Can a sum 7T + K, where T is 2-normal and K is compact, be weakly

orbit-transitive?

Problem 3.5.9. The following question, which logically falls between the Orbit-
transitive Operator Problem and the Invariant Subspace Problem, seems not to have
received any attention: Is it true that for every 7" in L£(H) there exist nonzero vectors

x and y such that the sequence {(T"x,y)}nen is bounded?
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CHAPTER IV

MORE CLASSES OF NON-ORBIT-TRANSITIVE OPERATORS
In [15] the authors initiated a program whose (announced) goal is to eventually show
that no operator in £(H) is orbit transitive. In [15] it is shown, for example, that if
T € L(H) and the essential (Calkin) norm of T"is equal to its essential spectral radius,
then no compact perturbation of T is orbit-transitive, and in Chapter II this result
was extended to say that no element of this same class of operators is weakly orbit-
transitive. Here we show that no compact perturbation of certain 2-normal operators
(which in general satisfy ||T||. > 7.(T)) can be orbit-transitive. This answers a
question raised in [15]. Our main result herein is that if 7" belongs to a certain class
of 2-normal operators in E(H(2)) and there exist two constants d,p > 0 satisfying
|T*||. > pk? for all k € N, then for every compact operator K, the operator T + K is
not orbit-transitive. This seems to be the first result that yields non-orbit-transitive
operators in which such a modest growth rate on || T%||. is sufficient to give an orbit

{T*z} tending to infinity.

4.1. Definitions

Let H be a separable, infinite dimensional, complex Hilbert space, and denote the
algebra of all bounded linear operators on H by L(H). If T € L(H) and = € H,
the countable (finite or infinite) set {77z} is called the orbit of x under T, and
is denoted by O(z,T). If O(x,T) is dense in H, then z is called a hypercyclic vector
for T', and T is said to be a hypercyclic operator. The question of which operators in
L(H) are hypercyclic and properties of the set of hypercyclic vectors of a hypercyclic
operator have been much studied during the past twenty years. An operator 7' in

L(H) is called transitive if T has no invariant subspace (closed linear manifold) other
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than {0} and H, and is called orbit-transitive (or hypertransitive as in [15]) if every
nonzero vector in H is hypercyclic for 7. Presently one does not know whether there
exist transitive or orbit-transitive operators in £(H). (It is obvious that every orbit-
transitive operator is transitive, and Read [24] has constructed an operator on the Ba-
nach space (l;) that is orbit-transitive.) Denote the set of all nontransitive operators
in L(H) by (NT) and the set of all non-orbit-transitive operators in L(H) by (NOT).
The invariant subspace problem is the open question whether (NT)= L(H), and the
orbit-transitive operator problem is the question whether (NOT)= L(H). (The orbit-
transitive operator problem is sometimes referred to as the hypertransitive-operator
problem [15] or the nontrivial-invariant-closed-set problem. At present, neither of the
terms “hypertransitive” nor “orbit-transitive” has been in use long enough to be con-
sidered standard, but note that if an operator T in L(H) is called “supertransitive” if
every nonzero vector y in H is supercyclic for T, i.e., {pT"y :n € N;p > 0}~ =H ,
then “hypertransitive” would seem to be a reasonable alternative to “orbit-transitive”.)

This chapter continues the study of classes of non-orbit-transitive operators, with
the purpose (as mentioned explicitly in [15]) of eventually showing that (NOT)=
L(H), and thus to give convincing evidence that operators on Hilbert space are very
different creatures from operators on more general complex Banach spaces. More
exactly, in this article we make progress on the problem of showing that if T is
n-normal and K is compact, then T+ K €(NOT). In particular, we produce the
only known subset of (NOT) invariant under compact perturbations, consisting of
operators which satisfy the very modest growth condition ||T%||. > pk® for some
p,6 >0 and all k£ € N.

All the notation and terminology to follow is consistent with that of [15] and
[?], but for the readers convenience, we briefly review the main points. The sets

of positive and nonnegative integers will be denoted by N and Ny, and the complex
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plane by C. The ideal of compact operators in £(H) will be written as K(H), or more
simply as K, and the quotient (Calkin) map £(H) — L(H)/K by 7. For T in L(H)
we write o(T") and 0,(T) for the spectrum and point spectrum of 7', respectively, and
0e(T) :=o(m(T)), 0pe(T) := op,.(7(T)) (the intersection of the left and right spectra
of m(T)). We also write r(T") and r.(T) for the spectral radii of 7" and 7 (T), as well
as Tl := (T

Finally, for any positive integer n we write H™ for the direct sum of n copies of

H.

4.2. Some new ideas

Our first new result is a supplement to the following theorem of Ansari.

Theorem 4.2.1 (Ansari [1]). For every T € L(H) and for everyn € N, T and T"

have exactly the same set of hypercyclic operators.

Our supplement is as follows:

Proposition 4.2.2. Suppose T' € L(H), © € H, and there ezists ng € N such that

(T 2| £ +oo. Then||T*z|| £ +oo too. Consequently,

{y e H: ||| & +00} = {y € H: 3ng € N with || (T™)" y|| & +o0}.

Proof. Assume that || T%z| /4 +oo. Then there exist M > 0 and a subsequence
{k;} C N such that
|T% x| — M. (4.1)

If, for k; > ng, we write k; = nggq; — rj, where g;,7; € Ny, 0 < 1r; < ng, we have

()] = 7] < T - [T (42
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But under the assumption (4.1), (4.2) contradicts the fact that || (T70)" z|| 2 foo.

[

The essence of the main new technique of this note is contained in the following

proposition.

Proposition 4.2.3. Let {T, },en be a sequence of operators in L(H) with the property
that there exists a sequence of infinite dimensional subspaces {9, }nen such that, for
every n € N, the operator T,, is bounded below on the subspaces M, ..., Mo,_1 by
some M(n) > 0. Moreover, let {oan,}nen be any sequence in Io(N). Then for every

xo € H there exists y € ‘H such that

e8] 2n—1
ly = xoll® <3 lail, Tyl 2 Y laiPMPw), neN. (43
i=1 i=n

Proof. From each subspace 91,, we will choose by induction a unit vector f, such that

the sequence {f;}°, will satisfy a set of orthogonality conditions, and we will define
Yy=xo+ Z o fi.
i=1
To simplify notation, let fy := xg, ap := 1, Ty := I, and
Yn = Z%‘fi, n € N.
i=0

We will choose the vector f, € 9, with ||f,|| = 1, such that

Tefo LTef;, 0<j<n—1, 0<k<n. (4.4)

After defining f; we will have, by hypothesis, for every n € N,

IT.f;ll > M(n), n<j<2n-1, (4.5)
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and for n <4, j,1 # j we will have T,,f; L T,,y,—1 and T, f; L T, f;, so

Tn (ynl + Z alfl) Tn <Z azfz)

= 1Ty l” + D lasPI T fil.

1=n

2 2

ITyl* = = || Ty |* + (4.6)

Now we give more details on the recursive construction of the sequence { f,}. If
9 is a subspace of H, we will write Py for the (orthogonal) projection of H onto 9.

Choose f; € My such that ||fi|| =1, fi L fo and T} f1 L T fo. To accomplish
this, define S; = \/{fo, T7T1 fo} and choose f; € My © Poy, (S1) -

In general, in order to have all the conditions in (4.4) satisfied, after fo, ..., fn_1
have been defined, set S, = Vi, 1 o<peniTr Tk fj}, which is a finite dimensional
vector space, and choose f, to be a unit vector in 9M,, © Py (S,). This defines the
sequence { f,, }nen, With the desired properties.

Using (4.5) and (4.6) we have

2n—1

ITuyll? = Y alPIITufill® = Y leal?MP(n), n € N.
O

Remark 4.2.4. Notice first that the hypothesis of Proposition 4.2.3 could be modified
so as to be valid only for n sufficiently large without changing the conclusion. More-
over, the hypothesis is implied by the statement that, given the sequence of operators
{T,}, there exist a sequence of infinite dimensional subspaces {9, }, and a sequence
of positive real numbers { N(n)},, such that for every n sufficiently large, all operators
from the set Tj11)/9, - - -, 1 are bounded below by N(n) on 9,. This is based on
the fact that, if for every j € N the operators Tj(11)/2, ..., 1} are bounded below on

the subspace 9 by a constant N(j), then for every n € N the operator T;, is bounded
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below on the subspaces MM, ... My, by M(n), if we let M(n) to be the minimum

of the set {N(n),..., N(2n —1)}. We have also that the condition
Vn,j € Nwithn <j<2n—-1: |T.f;|| > M(n),

implies the following:

Viine Nwith (j+1)/2<n<j: |T.fill > N({),
with the notation N(j) for the minimum of the set {M([( +1)/2]),..., M (5)}.
The following is one of our two main results.

Theorem 4.2.5. Let {1, }nen C L(H) and {K,,} C K be such that there exist positive
numbers p,d with the property that for every n € N sufficiently large, there exists an
infinite dimensional subspace M, on which Tiuy1)/2, - - ., Ty are bounded below by on?,
and define

A, =T, +K,, nelN

Then the set of vectors y € H such that | Ayy|| — +oo is dense in H.

Proof. Fix € such that 0 < ¢ < 1 and choose N, sufficiently large that for n >

Ny, there exists an infinite dimensional subspace 9, on which Tj;,41)/9, ..., T, are
bounded below by pn’. Note that the compact operators, K9, - -+, Ky, when re-
stricted to 91, remain compact operators, and thus for j = [n/2],...,n, there exists

a finite dimensional subspace §; C 9, such that ||K;] (M, ©F;)|| < epn®. Thus
(zmn © \/?:[(n+1)/2] &-) H < epn®. Thus by defining
N, =M, (V?:[(nﬂ)/z] &-), we see that each of the operators Aypi1)/9, .- ., Ay is

for j = [(n+1)/2),...,n, HKj

bounded below on 9, by N(n) := (1 —¢)pn’.
Next, note that the sequence of operators {4, }, together with the sequence of

subspaces {M,,} and the sequence of lower bounds {N(n)}, satisfies the hypothesis of
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Proposition 4.2.3 (and Remark 4.2.4). Given an arbitrary vector zo € H, let y be as

in the conclusion of the Proposition 4.2.3. Then we have

00 2n—1
ly — zoll> <> lail®,  [[Awyll? = D eil*N?(n), n € N.
=1 =n

Take a, = ¢/n1+9/2, Then

2 2 22n_1 e 25 2 PQ s g? 20252 P
|Ay|l* > (1 —¢)p Z pew il >(1—¢) ST Z = =(1—¢) o

i=n

and
/1
- aul <Y ().
=1

from which is immediate that ||A,y|| — oo and that the set of vectors y with this

property is dense in H. ]
The obvious application to powers of a single operator is this:

Corollary 4.2.6. Assume T € L(H) has the property that there exist positive num-
bers p,o such that for every n € N sufficiently large, there exists an infinite dimen-
sional subspace M, on which the powers T2 T gre bounded below by pn’.
If K e K and A:=T + K, then there exists a dense set of vectors y in H such that

[A"y|| — +oo.
Proof. There exists a sequence of compact operators {K,} such that
A" =T" + K,.
O

Theorem 4.2.5 has a generalization that should be quite useful in enlarging the

class (NOT):
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Theorem 4.2.7. Suppose that {B,} € ﬁ(H(2)) has the property that

where the asterisks denote arbitrary entries, and {T,}nen C L(H) is such that there
exist positive numbers p,§ with the property that for every n € N sufficiently large,
there exists an infinite dimensional subspace IMM,, on which Ty, /a, ..., T, are bounded
below by pn’. Let {K,} C K (H(2)) and define A,, = B, + K,. Then the set of vectors

y € H satisfying ||Any|| — 400 is dense in H @ (0).

Proof. Write

Knl KnQ
Kn = ’
Kn3 Kn4

and
Tn + Knl >k

Kn3 k
Apply Theorem 4.2.5 to the sequence of operators {A,; := T,,+ K1} to build a vector

y1 € H such that ||A,1y1]| — +00. Then for the vector

Y= n c H(z),
0
we have
T, + K, * Y1 Anlyl
Any = = ;
K3 * 0 K3y
and hence || A,y|| — +oo. O

We turn now to the application of the results of Section 4.2 to the class of n-

normal operators.
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4.3. N-normal operators

Recall that for any n € N, an operator T' € L(H) is called an n-normal operator
if 7" is unitarily equivalent to an n x n operator matrix (/N;;) acting on H™ in the
usual fashion, where the set {IV;;} consists of mutually commuting normal operators
in L(H). The theory of n-normal operators is quite well developed and in [14] it
was proved that every n-normal operator has a nontrivial hyperinvariant subspace
(n.h.s.).

We will show below that compact perturbations of certain classes of 2-normal
operators are subsets of (NOT) by virtue of having an orbit that tends to infinity.

We begin with the following well-known fact from [10].

Proposition 4.3.1. Let T be any n-normal operator in L(H). Then T is unitar-
ily equivalent to an n-normal operator (N;;), acting on H™ in the usual matricial
fashion, which satisfies

i) the N;j are mutually commuting normal operators in L(H),

it) N;j = 0 whenever i > j, i.e., the matriz (N;;) is in upper triangular form.

Notation 4.3.2. We shall say that an n-normal operator is in standard form if it is
an n x n matrix (N;;) acting as usual on H™ and satisfying ) and i) of Proposition
4.3.1. (Of course, except in rare cases the standard form of an n-normal operator is

not unique.)

The next lemma is elementary.

Lemma 4.3.3. Let T = (N;;) € L(HP) be a 2-normal operator in standard form, and
suppose that the polar decompositions Nyy = Vi Py and Nag = Vo Py (with Py, Py > 0)
satisfy Vi = Va. Then there ezists a unitary operator U € L(H) such that Ny = UP;,

i = 1,2, and U commutes with all the N;j. Moreover, for every K € K, there exists
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a sequence {Jy}ren C K such that
H(T—l—K)kQ?H = H(Sk—i—Jk)xH, ke NxeH, (4.7)

where S is the 2-normal operator in E(H(Q)) in standard form given by the matrix

g | U (4.8)

0 P,
Proof. The first statement of the lemma is an easy consequence of the spectral the-
orem for normal operators. Next, write Diag(U) for the 2 x 2 diagonal matrix with
each diagonal entry equal to U. Note that S and Diag(U) are mutually commuting

2-normal operators in standard form, and 7" = Diag(U)S. Furthermore, if we write

(T + K)* = T* + K}, where K € K, we obtain

(T + K)* = T" + Ki, = (Diag(U)S)* + Ki, = Diag(U*)(S* + Ji), k€N, (4.9)
where J; := Diag(U*)K,, € K, and since for each k € N, Diag(U*) is a unitary
operator, (4.7) is immediate from (4.9). O

We turn now to some preliminary lemmas.
Lemma 4.3.4. Let 1 > a > b > 0 and let k be a given positive integer. Then, for

every m € NN [k/2, k|, we have

a™ —b™ > —(a* — b, (4.10)

DN | —

and thus

m—1 1 k—1
m—1—i73 k—1—izt
a™ 1= 2§<;a b>. (4.11)

Proof. The inequality (4.10) is equivalent to

1=0

k
b — 2™ > aF — 2a™ forggmgk.
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Consider the function f(z) = x*—2x™. Then f'(z) = ka* '—2ma™ ! = 2™ (ka*~m—
2m). But since 2m > k we have f'(z) < 2™ 1 (kab=™ — k) = 2™ k(2¥"™ — 1), and
for x € [0,1] we have f'(z) < 0. Thus f is decreasing on the interval [0, 1] and thus
the inequality (4.10) follows.

The equation (4.11) is immediate in the case a = b, and it follows from (4.10) by
dividing by (@ — b) when a > b . O

Lemma 4.3.5. Suppose

P, N
T —
0 P
is a 2-normal operator in standard form, where P; > 0, and let K € K and A = T+K.
Then

PE NEZ (PR

T = , keN, (4.12)

0 Pt
and A = T* + Ky, where K, € K. Moreover, if max{|| P ||, || P2|lc} > 1, then there

exists a vector v € H® such that || AFz| — +oo.

Proof. Equation (4.12) results from an easy calculation, and since
re(A) = max{||P||, || P2]|c}, if this maximum is greater than 1, then the existence of
such a vector z is immediate from Corollary 1.6 of [15] . O

This next result is our second main theorem.

Theorem 4.3.6. Suppose

T =
0 Ny

is a 2-normal operator in standard form, with Ny = VP, and Ny = V Py (polar

decompositions), K € K, and there exist p,d > 0 such that

T > pk°, ke N. (4.13)
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Then there exists x € H'® such that ||(T + K)"z|| — +oo, and consequently T + K €

(NOT).
Proof. By Lemmas 4.3.3 and 4.3.5, with

S = (4.14)
0 P

a normal operator in standard form, it suffices to show that if {J} is any sequence

of compact operators, then there exists z € H® such that
1(S* + Jp)z|| — 4o0.

Moreover, we may suppose that {|| Py, || Pz|lc} < 1, and that (via (4.9))

185 = T > pk?, kN, (4.15)

Applying (4.15), (4.14) and Lemma 4.3.5, we obtain immediately that

> pk® — 1> pk°, (4.16)

N> PP

H k—1
1=0

e

where p > 0 is defined appropriately for k sufficiently large.
Since Py, P, and N are mutually commuting normal operators, it follows from
[7] that there exist compact operators Jy, Jo, J3, an orthonormal basis £ = {e, }nen

for ‘H, and sequences {a,}, {6,} and {7,} in (I), with 0 < a,,, 5, < 1, such that
P, = Diag(a,) + J1, Py = Diag(8,) + J2, N = Diag(v,) + Js,

and thus (see 4.16) the (1,2) entry of S* is

kl
Diag( Wy (aFig >+Ji’“), keN,

=0
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k) .
where Ji ) is compact. Moreover, since

k—1
:r8<D2’ag<n (ak=17151) >>
e =0

is the largest (in modulus) limit point of the sequence

{%Zak = }

for each fixed £ € N there exists a subsequence

{h/nq|zak 1—i i }
q

where {n,} depends on k, that converges to HN Zk ' pk-i- ZPZ

k—1
HNZ pE-1-ipi

=0

Thus for n,

sufficiently large (say ¢ > qo), we have, with

= \/{Gnq }QZQO )

that N 3. PF17"P} is bounded below on 90 by pk? (see (4.16)), and thus S* has
the same lower bound on (0) @ M.

By Lemma 4.3.4, for m = [(k+1)/2],...,k — 1, we have

Ivnlzam G (Ivnlzak - W)

and using this fact for the subsequence of indices {n,} we get that S(F+1/2 Gk
have £pk° as a lower bound on (0) & 90%;. Now the conclusion follows from Theorem

4.2.5 . [
This result combined with Theorem 4.2.7 yields the following:

Corollary 4.3.7. If R is an operator that has an invariant subspace on which it is a

2-normal operator satisfying the hypothesis of Theorem 4.5.6, and A = R+ K, where
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K is compact, then A has an orbit tending to infinity.
Remark 4.3.8. It follows as in Theorem 4.2.5 that the set of vectors z as in the
conclusion of Theorem 4.3.6 is dense in H .

We continue by recalling the definition of the operator A from Example 4.5 of

[15]. (The question whether A belongs to (NOT) was left unresolved in [15].)

Example 4.3.9. Let H be a Hermitian 2-normal operator in £(H®)) represented as

an operator matrix

H= : (4.17)

where H; and H, are commuting Hermitian operators in L(H) satisfying o(H;) =

o.(H;) = [1/2,1],i = 1,2, and on the space @°°, H® consider the 2-normal operator

= [ =1n)be (1)l
n=2 0 (1—1/71)17-(

T =

Then, as was noted in [15], for all k € N, ||T*||, satisfies

k 2% — 2\ "1 k 2% — 2\ "1
<||T*|l. < 1+ . 4.18
V2k — 1 (Qk—l) <7l < V2k — 1 <2/<:—1) (4.18)

Let K be an arbitrary compact operator on P, , H® and set

A=(H&T)+K. (4.19)

(The presence here of the direct summand H is simply to prevent A from having
disconnected spectrum, and thus to have a nontrivial hyperinvariant subspace.) Then
0e(A) =0.(H®T)=[1/2,1], but A is not essentially power bounded. In fact, from
(4.18) we sce that, asymptotically, || A*||. = ||T*||. ~ Vk; and this growth is too slow

for [15, Th. 1.5 | to be applicable. However, that the operator A in (4.19) belongs to
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(NOT) is now immediate from Theorem 4.3.6.

A natural question to ask, in view of Theorem 4.3.6, is whether the hypothesis
(4.13) is really necessary in order to conclude that T has some orbit converging to
infinity. Example 4.4.1 shows that (4.13) cannot be omitted in general, but this next
proposition shows that there are some classes of n-normal operators in which (4.13)

is not needed.

Proposition 4.3.10. Suppose K € K(H®) and

is a 2-normal operator in standard form such that max{r.(Ny),r.(N2)} < 1. Then
T + K is essentially power bounded, and thus (by [15, Theorem 1.2]) belongs to
(NOT). Moreover, if, on the other hand, c.(N1) = 0.(Ny) = {1} and N3 is es-
sentially invertible (i.e., w(N3) is invertible), then either T + K is essentially power
bounded or ||(T+ K)*||. ~ k asymptotically, so again (by [15, Theorems 1.2 and 1.5]),

T+ K e (NOT).

Proof. Since 1.(T + K) = 1.(T) = max{r.(N1),7.(N2)}, if r.(T + K) < 1, then
one knows from the general theory of Banach algebras that ||(T° + K)*||. 0, so
T + K is essentially power bounded. Now suppose that o.(Ny) = 0.(Ns) = {1} and
7(N3) is invertible. Then one knows from [21]| that there exist compact operators
K;,i=1,2,3, in L(H) such that Ny = 13 + Ky, Ny = 13y + K3, and N3 = J + K3,

where J is invertible. Thus

where K € L£(H?) is compact. An easy matricial calculation (see [15, Prop. 3.2])
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gives that ||[(T + K)*|l. = |T*|lc ~ k, and that T + K has (a dense set of) orbits

tending to infinity is now immediate from |15, Theorem 1.5] . O

4.4. Oscillating behavior

Here we construct a 2-normal operator B = (B;;) € L(H?) in standard form, with
By = Bys > 0, but B is not essentially power bounded, and neither does it satisfy
the hypothesis of Theorem 4.3.6. The operator B will have the property that there
exists a subsequence of powers {k,} and p,d > 0 such that ||B*||, > pk? for all k,,
but at the same time, there exists a subsequence of powers {j,} such that {||B’"||}

is bounded.

Example 4.4.1. Let

B= é T,
n=2

where T, is given by

T, (1—=1/n)ly  (1/y/n)ly en.

0 (1-1/n)1x

4

and {m,} is defined recursively as my = 2, m,.; = m?, which gives m, = 24" 7).

2

The sequences of powers {k,} and {j,} are given by k, :=m,, and j, :=m; .

Note that

Tk — (1=1/n)* 13 (k/v/n)(1 = 1/n)*1y

0 (1 - 1/7’L>k17—[

Consider the magnitude of the (1,2) entry of T as a function of n, with k as param-
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eter, denoted as

- e(o-3)”

Note that the (1,2) entry of T is the one that determines the growth of the essential

norm, since the diagonal entries 7% have norms bounded by 1. The first derivative of

) Lk (1 2 ln—1 k-1
n:__ - - = .
I n~/n n 2 n n

with the only zero at n = 2k — 1. By computing the second derivative we note that

g is

n = 2k — 1 is a maximum point for g.
We are now ready to estimate the growth of the sequences {||B*||.} and {|| B/ | }.

As noted above the growth of T/jln is determined by the expression

I 1\ *1
1—— .
g )

For the first sequence, we have that ||B*|. = || B™"

e > || T || and since the

1\™
sequence { (1 — —) } is decreasing to 1/e we have
My, "

1Tl > v/ (1__) e L
m

n (&

It follows that here we can take § = 1/2 and p = 1/3 to get
1B*le > pkj.

Next, to show that {||B’"||} is a bounded sequence, it is sufficient to show that

there exists a constant M such that for all n and p we have
1T || < M.

By the above remarks, for the fixed power k := j, = m2, (and thus for a fixed n),

n?

we have that the entry of T¥ that determines the growth of the [|7}|| has a maximum
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at qo = 2k — 1(= 2m?2 — 1), increasing for ¢ up to that value and decreasing after the
maximum is attained. Notice that the sequence {m,}, does not assume the value go;
in particular m, < go < mpy1. Thus, to show || T2 || is bounded for all p and n, it
is sufficient to show that, for fixed n, we have that |7z || and ||T}r || have upper
bounds independent of n.

The norm of the (1,2) entry of 77" is

Mn41

m2—1
1 n
(1__4) <1,
mn

and the norm of the (1,2) entry of 77» is

m2 1\t 1\ 1\
L O O
My, my, My, 2

1\
since the sequence { (1 — —) } begins with 1/2 and is decreasing;

thus | T3 | 250 .
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CHAPTER V

ADDITIONAL FACTS
We include here some facts related to the material in Chapter IV. First we present an
alternative proof that the operator A defined in equation (4.19) is not orbit-transitive.
The proof relies on induction to construct a vector y that is not hypercyclic for the
operator A. The second section shows that the operator T" defined by equation (5.1)
is not weakly hypertransitive. We were not able to extend the proof to show that any
compact perturbation of T' is not weakly hypertransitive. The third section includes
results related to the growth rate of the powers of a 2-normal operator, and the last
section contains a slight generalization of a proposition from Chapter IV that has as

corollary a well known theorem.

5.1.  An alternative proof for the non-hypertransitivity of the operator A

Consider the 2-normal operator T' as in [15, Example 4.5|; that is, on the space

EBZO:ng) define

e LU .
0 (1—=1/n)ly

We want to show that, if K is an arbitrary compact operator and H is defined

as in |15, Example 4.5], than we can construct a vector yo of the type (5.8) such that

the operator A = K + (H @& T) has the property that {||A"yo||}» tends to infinity.

Such a vector yo would not be hypercyclic and it would follow that the operator A is

not hypertransitive.
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Let T,, denote the matrix

(L= 1/n)y (1/v/m)1y
0 (1—1/n)ly

T, =

(1—=1/n) (1/v/n)

and let S, := be the corresponding scalar matrix. We
0 (1—-1/n)
have that

Let v = . Then

& (nmy
SkU: \/ﬁ n k

ko2 —2\""
If we take n = 2k — 1 t that |75, || > ||S% >
we take n we gt that 754 2 185 ol > —== (57=3) 50
the growth of ||T%|| is at least of order v/k.
Choose a,, = 1/n19/2 with 0 < § < 1 (in particular we can take § = 1/2);

then {a,}°°, € lo. Let {e,}°, be an orthonormal sequence in G, H7 such that

en = ,where f, € &7 H, has a nonzero component only for k =n, (5.2)

Jn
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Define y € 69;’10:17'(512) by
y= Zanen, (5.3)
n=2

Then

k (n — 1>k1 1
Try = ZanT'“en = ZanTk 0 = Z o, vn " & ! . (5.4)
=2 ! =2 " f =2 n—1
n= n= n n= - fn

We want to show that, if K is an arbitrary compact operator and H is defined

as in |15, Example 4.5], than we can construct a vector yg of the type (5.8) such that
the operator A = K + (H & T') has the property that {||A"yo||}, tends to infinity.
Such a vector yo would not be hypercyclic and it would follow that the operator A is
not hypertransitive.

In order to show this, we show first that for an arbitrary orthonormal sequence
{fn} as above (f, is a unitary vector from @®¢°,H, with a nonzero component only
for k = n) we have that

{IT"y[|}n — oo.

Let

a =2 ()

and consider the terms in (5.11) from n = k to n = 2k. We have

_ 1\ kL ok — 1\ !
lim k— =¢ ! and lim K — e /2
k k k 2k

Since

there exist a constant ¢; > 0 and an index n; € N such that for all £ > n; and for all
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n such that k < n < 2k we have

cx(n) > ¢ - VEk.

Thus for n = k, .., 2k we have ||T%(e,)|| > ¢ - Vk and

2k 2k 1 1 2k 1
Il Dl Tl > -3 (6 2 00 i g =k
n=~k

n=~k

Thus, for § = 1/2 there exists a constant ¢y > 0 such that for & > n,,

1Tyl = e - VE.

For each n € N we choose an orthonormal sequence {ek }k 1 € Doz 17'(7(12) that it

lives on ‘HY (all other components are zero) and define

g anek ,

and y = lim; ., y;. We will choose by induction the subsequence {e,i’;)}gozl as in [15,
Example 4.5]. Let € > 0.

It would be enough to get

|| A™y|]? > Z|0¢,| |77 |2, for all n. (5.5)

That would work if we can get the following (our induction hypothesis) to be true:
||A“Zazek P> Z Pl eI, forn=1,.j (56)

Since for {e,(f)} the operator T produces vectors of equal norm, while the compact

: 2
K, takes them to a sequence of vectors decreasing to zero we can choose e,(cg) far enough
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in the sequence such that

2 2
| Aazel?|| > (1 — e)a||Tel ||

|<T042€,(€22),K2a26,(€22)>| < |asl?e.

Now suppose {e,(g?}, for i = 2,..., 7, have been chosen from {e;n)}zozl such that
14D el IP > (1= Yl T e|P, forn=1,...5. (5.7)
i=2 i=n

Since the sequence {e,&")}z‘il converges weakly to zero, the same is true for every

sequence {Amek }ZO | for fixed m,n € N. Thus for the fixed vector >7_ 20&,62) we

have .
j

<A”aj+1e,(j+l),A” (Z aiegi)>> — 0, with k
=2

It follows, using the inductive hypothesis (5.7), that we can pick e(

I far enough

in the {egﬂ)} sequence such that

2 J+1

e[| e||?, for m=1,....j.

J
o (o2 + St
1=2

and

2

+1)
(1= &)2laa |77

j+1
Aitt (Za e, )

5.2.  Weak non-orbit-transitivity of T’

We will show that we can construct two vectors y and g, such that the operator T'

defined by (5.1) has the property that {|(T"y, §)|}. tends to infinity. Then the vector
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y would not be weakly hypercyclic and it would follow that the operator T is not
weakly hypertransitive.

Let {e,}22, and {€,}°°, be two orthonormal sequences in &%, H2 such that

0 _ fn
€n = > €n =
In 0
Define
oo o 0
yzzanenzzan y (58)
n=2 n=2 n
and
I fn
g = Z ay, . (5.9)
n=2 0
Then
kL /n—1\""!
Ty = Zaanen = Zaan = Z Qp i
n=2 n=2 fn n=2 n—1
In
n
and

We will show that

For n =k, .., 2k , there exists p > 0 such that

w5 =

and thus
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2k 2k

=k

N 12’“1\@_1]{:1\/%_1/%1/2_(S
20 g5 2\ VE) =g R VE) =0 g RPT

n=~k

So, for § < 1/2 we have that

(T™y, §) = +o0,

and this finishes the argument that the operator 7' is not weakly-orbit transitive.

5.3. Results related to the growth rate of a 2-normal operator

Let {T},}, be a sequence of operators and {e;}; be a sequence of vectors such that,
for every j, when the operators in the set {Tji1)/9,...,T;} are applied to e; give
vectors with a common lower bound M (7). It follows that when applying the operator
T, to the vectors {e,,...,es,_1} we obtain vectors with norm bounded below by
min{M(n),...,M(2n —1)}.

Note that if we restrict the condition above to hold for just a ratio of the operators
in the set {T(j+1)/2),---,7;} when applied to the vector e;, this does not necessarily
imply that every operator T,, will have a similar bound as above on a subset of the
set of vectors {e,, ..., e, 1}

We are showing below that for a sequence of operators {7},} that are represented
as 2 x 2 matrices and satisfy certain hypothesis, we can construct a sequence of
vectors {e;} such that, on each vector e;, we have that 1/3 of the operators in the
set {T1(j+1)/2),- - -, 1;} have a common lower bound of the same order as ||Tje;||. We

are interested in showing that the dual statement holds, that is, for every n, the fixed
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operator T,, when applied to 1/3 of the vectors in the set {e,,...,es,_1} produces
vectors that have a common lower bound of the same order as ||T,e,||. This would
enable us to extend the statement the Theorem 4.3.6 to all 2-normal operators that
satisfy the given growth condition, without the restriction that the diagonal entries
of the 2-normal operator are either equal or Hermitian.

We stat with two lemmas that are easy exercises in linear algebra.

o

Lemma 5.3.1. Suppose A € C*2?, A = ! ,and |o) <1, 18] <1, a # 3.
0 g

Then for all k € N,

Al
AF|| < (1 L ) :
< (14 22
1 z
Proof. Use the similarity S = , with x = —v/(av— f3) to diagonalize A. [
0 1
a 7
Lemma 5.3.2. Suppose A € L(C?), A= , and |a|,|B] < 1. Then for all
0 5

keN,
|A® (0, 1) I* = [|A*]* — 1 > [|A%|| — 1.

Proof. We write

Thus

1AM, DI = |uwl® + 181,
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and if y = (71,72)" is any unit vector in C?, then

A% y[1* = [ye® + vopnl® + P18 < (1> + el) (o + |ul®) + e8] <

<l + [B1PF +1 = |A*(0, D) + 1,
from which the result follows. O

Lemma 5.3.3. Let {6511), 67(12)}7161\; be an orthonormal basis for H, and let T € L(H)
be a 2-normal operator of the form T = &,,T,,, where each T, € L((Cz) has associated

matriz, relative to the orthonormal basis {e%l), 67(12)},

Un n

0 Bn

Let
A:={L e C** = L£(C?):3 a subsequence {T,,} of {T,} satisfying ||T,,—L|| — 0}.

Then
IT||e = max{||L|| : L € A}. (5.10)

(It turns out that the set A coincides with the essential 2 X 2 matricial spectrum of

T, of. [22], [21, Ch. 3].)

Proof. Since A is compact and L — || L]| is continuous, the maximum in (5.10) exists.

Let Ly € A satisfy || Ly|| = max{||L]| : L € A} and have matrix

anr YM

0 Bu

L]V[ =
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We know that

| (679 | 2 QpVn

R A 1Y I
n QinYn Wn’ +|7n‘

and thus that ||T'||. is the largest limit point of the union of sets of eigenvalues of
T*T,, i.e., the largest limit point of the set {\ : In € N such that A\* — (Ja,,|* +
18a? + [7]®)X + |an|?|B.]? = 0}. Moreover, since ||Ly||> = r(L;Ly) = max{\ :
N — (o [P+ 180 * + [vae )N+ e B |* = 0} and an,. — g, By, — Bty Yoy — Y
and the eigenvalues of a matrix are continuous functions of the matrix entries, the

result follows. O]

Lemma 5.3.4. Let 1 > a > b > 0 and let k be a given positive integer. Then for

every m € NN [k/2, k] we have

a™ —b" > —(a* —b*). (5.11)

N

Proof. The inequality (5.11) is equivalent to
k m k m k
b —26™ > a” — 2a for§§m§k.

Consider the function f(z) = x*—2z™. Then f'(z) = ka* ' —2ma™ ! = ™ kot~ —
2m). But since 2m > k we have f'(z) < 2™ 1 (kab~™ — k) = 2™ k(2¥™ — 1), and
for x € [0,1] we have f'(z) < 0. Thus f is decreasing on the interval [0, 1] and thus

the estimate (5.11) follows. O

Lemma 5.3.5. Let o, € C with 1 > |a| > |B|. Given k € N, for at least 1/3 of the

natural numbers m in the interval [k/2, k] we have
m m 1 k k
[ = 5" = gla” = 5. (5.12)

Proof. By writing |a¥/2 — g¢/2| = |o* — BF|/|a*/? + B*/2| it is immediate that for
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m=k/2,
ok’ — g2 > ok — g*|/2. (5.13)

Let o = ae®® and 3 = be??, where 1 > a > b > 0. Then

‘Oém i ﬁm| _ |am6im€1 . bmeim02| _ |am i bmeim(02—91)|.

Denote 0, — 60 by 6 and let 0x/2, 9, and 6, be the values of (k/2)6, m# and k6 modulo
2m. We have that 02, d,, and d; are in the interval [0,27) and we ca assume that
0 € [0, 7] since the case § € [—m, 0] is symmetric to the positive case. Then we can

write

’am . ﬁm’2 _ ’am N bmeim€’2 _ (am — b cos (5m)2 + (bm sin (5m)2 —
= a®™ + b*™ — 24" oS b,y

We show first that the estimate (5.12) holds for all m for which one of the following
1s true:

T T T
6m € [=,5=] or 0 < 8,/2 < 8, < 61 < —.

6[3 3}01‘ < 60/2 < =% =5
To complete the proof we will show that for at least 1/3 of the natural numbers in
the interval [k/2, k| one of these 2 cases happens.

(1) If 6,,, € [w/3,57/3] then cosd,, < 1/2 and

1
|am _6m|2 > a2m+b2m — g™y > 5 (a2m+b2m) >

1
> (@™ 072 > (" + b7 > et = B

NI
AN

so (5.12) holds in this case.

(2) If 6, satisfies 0 < 6,/2 < 4, < 0 < 7/2, first we compare |a™ — b"e?|
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with |a* — b¥e*?|, then we compare |a™ — b™e™?| with |a™ — b™e*?| to obtain the
estimates:

’&m . bmeim9’ > i‘am o bmeike‘ > %’ak . bkeikey'

First we show that, if §,, = d, = §, then a similar estimate as in the real case holds:

1
(@™ — b™cos6)? + (b sind)? > 1 ((a* — b* cos8)® + (V¥ sind)?), (5.14)
which is equivalent to
1
(@™ — b™)? 4+ 2a™b™(1 — cos §) > 2 ((a* = b*)* + 2a"b*(1 — cos §))

but from the real case we know that

(a™ —b™)% > ~(a® — bF)*.

A~ =

In order to prove

) 1 )
‘am _ bmezmQ‘ > _|am o bm61k0|,
4
we prove first a general estimate to be used in this case. From the fact

3 o 1
2 > (cos§ ~ 1 cosd), for all o,
which is equivalent to

0< (Cosg —1)%

we have, for a > b > 0 and for any 9, that

since
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If0 < 6x/2 < 6 < 6 < m/2, since sinzx is increasing on [0,7/2] and cosx is

decreasing on the same interval, we also have

0\’ AN
(bsinéd,,)* + (a — beosd,,)? > (b sin Ek) + (a — bcos ?k) (5.16)
It follows from the equations (5.15), (5.16) by replacing a and b by a™ and b™ respec-

tively,

1
(b sin 6y,)* + (0™ — ™ cos0,)° > o

((b™sinby)* + (a™ — b™ cos 6;)?) .
This finishes the proof of case (2).

Next we show that for at least 1/3 of the natural numbers in the interval [k/2, k]
one of the above two cases happens. When drawn in the unit disc, the unit vectors
corresponding to the angles d,, are equally spaced; the angle between two consecutive
vectors has measure .

If k0 < /2 then for all m € [k/2, k], 0,,, will satisfy 0 < 80 < 6 < 6 < 7/2,
which is case (2).

If k0 > 2m then k0 — (k/2)0 > m, so at least 1/3 of the d,,’s, for m € [k/2, k],
will be in the interval [7/3,57/3].

If 7/2 < k6 < 27 then at least 1/2 of the §,,’s satisfy 8, € [7/3,57/3]. O

Lemma 5.3.6. If

0 Bn
with 1 > |a,| > |6, and for some fized k € N we have that HT,’feg)H > M then for
at least 1/3 of the natural numbers m in the interval [k/2,k] we have HT,:”eg)H >

(1/8)M.

Proof. 1f o, # B
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Tk — O/TCL ’Vn(o%lz - 55)(0% - ﬁn)il

0 B
and if «,, = 3, then

T* af v, kakl
0 ak
Thus
ITre211* = Jvn(an, — B — Ba) " + |63
or
I T e = [yakan ' + 16,1,
If a, = [, then, since 0 < |a,| < 1, the function f(x) = |a,|" is decreasing, so

|, ™1 > | |F71 , thus the desired estimate is immediate.
For the case «,, # (3, we use Lemma 5.3.4 and the fact that the function g(z) =

|3,|" is decreasing. -

5.4. A generalization

The proof of Proposition 4.2.3 can be adapted to yield the following generalization of

the statement.

Proposition 5.4.1. Let {T,,},en be a sequence of operators in L(H) such that there
exists a positive integer valued function k and a sequence of infinite dimensional
subspaces {M, }nen such that, for every n € N, the operator T,, is bounded below on
the subspaces M, ..., Myipmy—1 by a constant M(n) > 0. Neat, let {a,} be any
sequence in lo(N). Then for every xy € H there exists y € H such that

0o n+k(n)—1
p—eolf <Y lals I1TolP= Y (M), neN
=1

i=n
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Let s be an integer valued function defined such that s(j) is given by the smallest

solution for m in terms of j to the inequality:

j<n+k(n)—1
For example, if k(n) = n then s(n) = [(n + 1)/2].
Remark 5.4.2. Notice that the hypothesis is equivalent to the statement that given
the sequence of operators {7, } there exist a sequence of infinite dimensional subspace

{9} and a sequence of positive real numbers { N (n)},cn, such that for every n € N;

every operator T} from the set Ty, ..., 7, is bounded below by N(j) on 9,.
When taking k(n) = 1 in Proposition 5.4.1, we obtain the following result of

Beauzamy as a corollary:

Theorem (Beauzamy). Let {T,}nen be an arbitrary sequence of operators in L(H),

let € be any positive number, and let {a, }nen be any sequence of positive numbers in

(I3). Then for every xo € H there exists y € H such that for each n € N,

ly = ol <D lesl®s 1Tyl = (1 = e)an|| -
i=1

Proof. We need to show that for each n € N there exists an infinite dimensional
subspace 9, such that
Tolom, = (1 = )| T3 le-

This follows easily from the fact || T}||c = | 7T, ||/* = ro(T3T,)"/? and that ro(TT,)"/? €

01(TrT,) and thus there exists an infinite orthonormal set {ej }ren such that

HTrtTnek - TE(ﬂTTn)ekH — 0.
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CHAPTER VI

SUMMARY

6.1. Review of the results

In the first chapter we gave some of the definitions related to hypercyclicity and
hypertransitivity and discussed two examples known in the literature as the first
hypercyclic operator and the first weakly hypercyclic operator that is not hypercyclic.

In Chapter 11, we construct an operator T in L(H) with “strange” orbits. This
operator has the property that for every nonzero vector z, the sequence {||T"x||}nen
is dense in R, but despite this, T" is not hypercyclic (i.e., no vector in H has a
dense orbit). The example shows that to make progress on the program proposed in
[15] (i.e., to show that no operator in £(H) is hypertransitive), one cannot hope to
succeed by consideration only of the collection {{||7T"z||}: x € H\(0)} of sequences of
norms. The construction is based on an example of Beauzamy, but it is extended for
a weighted bilateral shift. 7" has the property that there are subsequences {r,} and
{qn} of N such that ||T"z|| — 0 and ||T%z|| — +o0 for all nonzero z, and neither T’
nor 1™ has point spectrum.

In Chapter IIT we show that certain classes of operators consist entirely of non-
weakly-hypertransitive operators. In particular, we show that if T € L(H) and two
of the three numbers representing the essential spectral radius, essential numerical
radius, and essential norm of T', coincide, then for every invertible S € L(’H) and every
compact K in L(H), STS™! + K fails to be weakly hypertransitive. As a corollary we
have that no compact perturbation of a normal operator is weakly hypertransitive.
Along the way we show that K. Ball’s complex-plank theorem [2| is equivalent to a

(slightly stronger) version of an old theorem of Beauzamy [4].
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In Chapter IV we show that no compact perturbation of certain 2-normal opera-
tors (which in general satisty ||T'||. > 7.(7")) can be orbit-transitive. Our main result
herein is that if 7" belongs to a certain class of 2-normal operators in E(H(Q)) and
there exist two constants 6, p > 0 satisfying ||T*||. > pk? for all k € N, then for every
compact operator K, the operator 7'+ K is not orbit-transitive. This seems to be the
first result that yields non-orbit-transitive operators in which such a modest growth
rate on [|T%||. is sufficient to give an orbit {T*z} tending to infinity. One of the
sufficient conditions that gives T" € (NOT),which we used in our proof, is that there
exists a vector y such that ||7"y|| — oco. One of the new ideas is to use accumulation
of growth on different orthonormal vectors to compensate for a slow growth rate of
the essential norms of the powers of the studied operators.

If we denote by (T) the class of transitive operators in L£(H), that is, opera-
tors with no nontrivial invariant subspace, and by (HT) the class of hypertransitive

operators, which is just the complement of (NOT) in £L(H), we have that
(HT) ¢ (T).

Thus finding an operator in the class (HT) would give automatically an example of a
transitive operator and thus the invariant subspace problem would be solved in the
negative.

Our work is in the direction of showing that there are not hypertransitive oper-
ators in L(H). As future work, we hope to enlarge the class of non-hypertransitive

operators to encompass the whole L£(H).
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6.2. Open problems

We include here a set of open problems related to the topics of hypercyclic and non-
orbit-transitive operators that seem to be of interest. Some of these are given in

previous chapters, but we include them here for completeness.

Problem 6.2.1. Theorem 2.1.1 establishes the existence of an operator in L(H)
such that every (nonzero) orbit has certain property — namely, density in R, of the
sequence of norms. Moreover, in [15] an example was given of an operator T in L£(H)
with ||T||. = 1 such that the orbit of every nonzero vector x satisfies {||7T"z||} — +o0.
What other properties that are common to every (nonzero) orbit can an operator in
L(H) have? For example, does there exist an operator T' € L(H) such that for all
nonzero vectors z,y € H, {{(IT"x,y)} is dense in C? (Of course, such a T" would be

transitive. )

Problem 6.2.2. If T € L(H) is invertible and weakly orbit-transitive, must 7' also
be weakly orbit-transitive? (One knows that an operator can be weakly hypercyclic

without its inverse being weakly hypercyclic |9, Cor. 3.6].)

Problem 6.2.3. Does every orbit-transitive operator 7' in L(H) satisfy o(T)C {z €
C:|z] = 1}7 (One knows that an orbit-transitive operator must satisty o(1") C {z €

C:lz] <1})
Problem 6.2.4. If T € L(H) is weakly orbit-transitive, must o(7") C T?

Problem 6.2.5. If ' € L(H) and {(T"z,y)} is dense in C for every pair z,y of
nonzero vectors in H, must 7' be weakly orbit-transitive? (One knows form [29] that

there exist nonhypercyclic operators T in L£(H) such that for every x # 0 in H,
{||T™x||} is dense in R*.)
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Problem 6.2.6. Recall that an operator T € L(H & H) is 2-normal if T is unitarily
equivalent to a 2 x 2 matrix (/N;;), where the N;; are mutually commuting normal
operators, and it is known [14] that 2-normal operators have nontrivial hyperinvariant
subspaces. Can a sum 7T + K, where T is 2-normal and K is compact, be weakly

orbit-transitive?

Problem 6.2.7. The following question, which logically falls between the Orbit-
transitive Operator Problem and the Invariant Subspace Problem, seems not to have
received any attention: Is it true that for every 7" in L£(H) there exist nonzero vectors

x and y such that the sequence {(T"x,y)}nen is bounded?

Problem 6.2.8. If the operator H is as in (4.17) and B is the operator from the
Example 4.4.1, how does one show that a compact perturbation of H & B belongs to
(NOT)?

Problem 6.2.9. Does every compact perturbation of an arbitrary n-normal operator

belong to (NOT)?

Problem 6.2.10. The following question, which logically falls between the orbit-
transitive operator problem and the invariant subspace problem, seems not to have
received any attention: is it true that for every 7" in £(H) there exist nonzero vectors

x and y such that the sequence {(T"z,y)},en is bounded?
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