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ABSTRACT

Commutators on Banach Spaces. (August 2009)
Detelin Todorov Dosev, M. S., Sofia University St. Kliment Ohridski

Chair of Advisory Committee: Dr. William B. Johnson

A natural problem that arises in the study of derivations on a Banach algebra is to
classify the commutators in the algebra. The problem as stated is too broad and we
will only consider the algebra of operators acting on a given Banach space X. In
particular, we will focus our attention to the spaces /1 and /..

The main results are that the commutators on ¢; are the operators not of the form
M + K with A # 0 and K compact and the operators on /., which are commutators
are those not of the form A\l + S with A # 0 and S strictly singular. We generalize
Apostol’s technique (1972, Rev. Roum. Math. Appl. 17, 1513 - 1534) to obtain these
results and use this generalization to obtain partial results about the commutators
on spaces X which can be represented as X ~ (@ X > for some 1 < p < o0 or
p = 0. In particular, it is shown that every non - El:ooperatf)r on L; is a commutator.

A characterization of the commutators on ¢, ® ¢,, ® --- @ (,, is also given.
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CHAPTER I

INTRODUCTION
The commutator of two elements A and B in a Banach algebra, or more generally, in
any algebra, is given by

[A, B] = AB — BA.

To classify the commutators of operators acting on an infinite dimensional Banach
space, it is natural first to understand the structure of commutators of operators act-
ing on a finite dimensional space. In the latter case, every operator can be represented
as a matrix with respect to a basis in the space and it is not hard to see (the proof
of which we will present in Chapter II) that the operators on a finite dimensional
Banach space which are commutators are the ones which have trace equal to zero.
Commutators also appear in the study of derivations on a Banach algebra where it is
essential to classify the commutators in the algebra. Wintner([31]) first proved that
the identity in a unital Banach algebra is not a commutator. Here we sketch the
Wienladt’s proof of this result.

Assume that AB — BA = I in some Banach algebra C. Multiplying the last
equation on the left by A and then on the right again by A and adding up the two
resulting equations we obtain A2B — BA? = 2A. Now it is not hard to see how we

can proceed by induction in order to obtain
A"B — BA" = nA™!

for all n € N. From this equation it follows that n||A"~'|| < [|[A"||(||AB|| + | BA||)

and A" # 0 for all n. Hence ||[AB| + ||BA|| > n for every n € N which is a

The journal model is Journal of Functional Analysis.



contradiction. With no additional effort one can also show that no element of the
form A+ K, where K belongs to a norm closed ideal Z(C) of the Banach algebra C and
A # 0, is a commutator. Indeed, just observe that the quotient algebra C/Z(C) also
satisfies the conditions of Wintner’s theorem. In particular, the above observation
applies to the Banach algebra L£(X) of all bounded linear operators on the Banach
space X. In our study of commutators, by ideal we will always mean a closed, proper,
non-zero ideal.

Eighteen years after Winter’s result, Brown and Pearcy ([5]) made a break-
through in the study of commutators by proving that the only operators on ¢y that
are not commutators are the ones of the form A + K, where K is compact and
A # 0. Their result suggests what the classification of the commutators on the other
classical sequence spaces might be, and, in 1972, Apostol ([3]) proved that every non-
commutator on the space £, for 1 < p < oo is of the form A/ + K, where K is compact
and A # 0. One year later he proved that the same classification holds in the case
of X = ¢y ([4]). Apostol proved some partial results on ¢;, but only 30 year later we
was able to show that the same classification is valid in the case X = ¢; ([6]). This
result will be presented in Chapter IV.

Note that if X = £, (1 < p < 00) or X = ¢y, the ideal of compact operators K (X)
is the largest proper ideal in £(X") ([9]; see also [30, Theorem 6.2]). The classification
of the commutators on ¢, for 1 < p < oo and partial results on other spaces suggest

the following

Conjecture. Let X’ be a Banach space such that X' ~ (Z X)p, 1<p<occorp=0
(we say that such a space admits Pelczyiiski decomposition). Assume that £(X) has

a largest ideal, M. Then every non-commutator on X has the form A\l + K, where

K€ Mand ) #0.



In [3] Apostol obtained a partial result regarding the commutators on (. He
proved that if T € L£(/,) and there exists a sequence of projections (F,)>%; on /u,
such that P, (¢s) ~ ¢ (we say that two Banach spaces X and ) are isomorphic, and
denote it by X ~ ), if there exists an onto, bounded and invertible linear operator
T:X —Y) forn=12,...and ||P,T| — 0 as n — oo, then T is a commutator.
This condition is clearly satisfied if T" is a compact operator, but, as we show in
Chapter V, it is also satisfied if T is strictly singular. An operator T' from X to ) is
called strictly singular if whenever the restriction of T to a subspace X of X has a
continuous inverse, X is finite dimensional. In Chapter V we will obtain a complete
classification of the commutators on /., that will show that the conjecture is valid in
this case as well.

In order to give a positive answer to the conjecture one has to prove
e Every operator T' € M is a commutator;

o If T € L£(X) is not of the form AI + K, where K € M and A # 0, then T is a

commutator.

The proofs we provide for these two steps in the cases X = ¢; and X =/, are
quite different but use a common idea which we develop in Chapter III. Namely,
we use the idea of decompositions of Banach spaces to develop a technique that will
allow us to reduce the question of whether an operator 7" on a Banach space X is
a commutator to a question that is related to the structure of the Banach space X
itself.

In Chapter VI we provide applications of our technique to a class of Banach
spaces and provide particular examples.

In the last chapter we give a brief summary of our results and raise some open



problems we are currently working on.



CHAPTER II

PRELIMINARY RESULTS
In this chapter we state some of the well known facts that we will use in the sequel
and we also give a proof or sketch of a proof of some of the results. A Banach space
X is a complete normed vector space. We are mainly interested in Banach spaces
built over a complex vector space. A linear functional on a Banach space X is a
linear map from X to C. By a subspace we always mean a linear subspace. The
dual of X is denoted by X* and it is defined to be the set of all continuous linear
functionals on X, endowed with the norm || f[|* = supy,—; [f(z)]. It is not hard to
see that (X™*, ]| -]|*) is also a Banach space. By £(X') we denote the space of all linear
operators T': X — X and it is a well known fact that £(X) is a Banach space with
respect to the norm defined by ||T|| = sup,=; [[Tz||. The set of finite rank operators

on X, i.e the operators T for which dim7(X) < oo, is denoted by F(X).

A. Commutators on finite dimensional Banach spaces

An n-dimensional Banach space X can be viewed as C" with some norm, so a linear
operator A can be viewed as a n X n matrix (a;;);;-; with complex entries. We

denote by M, the set of all such n x n matrices. The trace of a matrix A € M, is

defined by

n

tT’(A) = Z QA5

i=1
and recall that tr(AB) = tr(BA) for any two A, B € M,. The last fact is easy to see
by just observing that

n n n n

tr(AB) = > (3 aybji) =Y (> ayby) = tr(BA). (2.1)

i=1 j=1 j=1 i=1



From (2.1) it is clear that if a matrix C' € M, is a commutator, say C = AB —
BA for some A, B € M,, then tr(C) = 0, so in the finite dimensional setting, the
interesting question is whether all matrices with trace 0 are commutators. This
question was answered by Shoda ([27]), who showed that this is in fact the case. The
proof presented here (cf. [14]) gives more information about the structure of the n xn

matrices.
Theorem I1.1. Let Z € M, be such that tr(Z) =0. Then Z is a commutator.

Proof. We will divide the proof into three steps.

Step 1.

First we show that if Z € M, is a commutator, then Z’ € M, 4, defined by 2’ =
(2 g) for some row r and some column c, is also a commutator. To show this let
7 = AB— BA and assume in addition that A is invertible (this can always be achieved

by replacing A with A + af for some «). Define

A =
0 A A7le B

Now a simple computation shows that A’B’' — B'A" = Z'.
Step 1I.
Now we show that if a matrix Z is not a scalar multiple of the identity, then there
exists an invertible matrix S such that the element in the (1, 1) position of the matrix
S—17S is equal to 0. To do this first assume that there exists a row r and a column
c such that rZc = 0 and rc = 1. If this is the case, then choose S to be a matrix
[c,co,cC3,. .., Cp) such that the columns {c;}!" , span the hyperplane orthogonal to r.
This will ensure that the first row of the matrix S~! is actually equal to r. Then a
simple computation shows that the element in (1,1) position of the matrix S~1ZS is

equal to rZc and hence we are done.



Now assume that no such row r and column c exist. This is possible only if rZ = Ar
for some A (depending of r), because otherwise we can choose ¢ to be orthogonal to
rZ and then multiply ¢ by a constant to ensure rc = 1. Since r was an arbitrary row,
this implies that rZ = A(r)r for every row r such that rZ # 0. The last conclusion
automatically implies that S~1ZS is a diagonal matrix for every choice of S. Now we
observe that A(r) does not depend on r. Indeed, from rZ = \(r)r for every row r, we
obtain that r1Z —ryZ = A(r1)r; — A(r2)rs for every two rows in any invertible matrix
which is only possible when A(r;) = A(ry) (otherwise ry and ry have to be linearly
dependent, which is impossible). But this is a contradiction to the statement that Z
is not a multiple of the identity, hence the claim in the beginning is proved.

Step III.

Finally, we are ready to finish the proof via induction on the size of the matrix. If
Z € M then tr(Z) = 0 < Z = 0 and there is nothing to prove. Forn > 2, tr(Z) =0
implies that Z is not a non-zero multiple of the identity and hence we can apply the
argument in Step II . There exists an invertible matrix S such that 7125 = (2 2,),
where Z' € M, and clearly, tr(Z') = tr(Z) = 0. According to the induction step

7' is a commutator and now using Step I we conclude that Z is a commutator. [J

B. Subspaces of Banach spaces

When studying Banach spaces, it is often important to find a subspace of a given
Banach space that has certain properties. A subspace Y of a Banach space X is
called a complemented subspace if there exists an idempotent operator P : X — X
such that P(X) = Y and P? = P (such operators we call projections). In finite
dimensional settings, all subspaces of a given finite dimensional Banach spaces X are

complemented, but this is not always true if X is infinite dimensional. In some cases



we have that a subspace Y of X is automatically complemented, an example of which

we state below.

Lemma I1.2. /22, Lemma 1] Assume that X = ¢y or X = {,,1 < p < oo. Let (2,)

be a sequence in X such that there exists an increasing sequence of indices 0 = pg <

p1 < ... such that the expansion of z, in the unit vector basis of X s of the form
pm
Zm = Z t'e; (m=1,2,...)
1=pm—1+1

(such a sequence is called a block basis sequence). Then the subspace |z,] (the closed
linear span of the vectors (z,)) is isometrically isomorphic to X and is complemented

m X by a norm one projection.

The following theorem is well known and it will be used several times throughout

this dissertation.

Theorem I1.3. Let X is a Banach space such that X = cy or X ={,,1 <p < o0 or
X =1L, 1<p<oo. IfY is an infinite dimensional subspace of X such thatY ~ X,

then Y contains a subspace Z such Z ~ X and Z is complemented in X.

Proof. For X = {,,1 < p < oo, this result is due to Pelczynski (][22]), except for the
case X = (o, which is due to Lindenstrauss ([18]). If X = ¢y the theorem is due to
Sobczyk ([28]). Note also that in the cases X' = ¢y, o, {2 We can take Z =Y ([22,
Theorem 3]). Also, if X ={,, 1 < p < oo, then Y could be any infinite dimensional
subspace of X and the conclusion of the theorem remains valid. If X = L; the result
is due to Enflo and Starbird ([8]). In this case, for any ¢ > 0 we can take Z to be
(1+4¢) isomorphic to X . Finally, if ¥ = L, 1 < p # 2 < 0o, the theorem was proved
by Johnson et al. ([13, Theorem 9.1]). O



C. Ideals in Banach spaces

1. Ideals in ¢, €,, and L,

In this section we define the notion of idealin £(X') for an infinite dimensional Banach
space X and show some basic facts about the ideals in spaces of operators. Ideals will
appear quite often in our study, and as will become apparent in the later chapters,

they will play an important role in the study of the commutators on Banach spaces.
Definition I1.4. An operator ideal Z(X) in L(X) is a subset of L(X) such that

1. I(X) C L(X)

2. If T € F(X) then T € Z(X)

3. If T, Ty € I(X) then Th + Ty € I(X)

4. If R,S € L(X) are arbitrary operators and T € T(X) then RTS € Z(X)

The ideal T(X) is called closed if it is closed in the usual operator norm. Z(X) is

called proper if T(X) # L(X).

It is an easy observation that F(X') is the smallest operator ideal, but it is not
closed if X is infinite dimensional. A less trivial (but also quite easy) fact is that
the ideal of the compact operators K(X) (operators that map the closed unit ball of
X into a set that is relatively compact in the norm topology) is the smallest closed
operator ideal if X' has the approximation property (a Banach spaces where every

compact operator is a limit, in the operator norm, of finite rank operators).

Proposition I1.5. [[7, Lemma 3], [9]]Let X be an infinite dimensional Banach space
having the approzimation property. Then IC(X') is the smallest closed operator ideal
in L(X). If X =co or X =10,,1 <p < oo, then K(X) is the largest proper operator

ideal in L(X).



10

Proof. This proposition is well known and here we present only a sketch of the proof.
The set of all compact operators is clearly an ideal, so we only have to check that
it is closed. This is done by a showing that T By is a totally bounded set for every
T which is a limit of compact operators. The fact that K(X) is the smallest ideal
follows from the definition of the approximation property.

To see that KC(X) is the largest proper ideal if X = ¢y or X = £,,1 < p < o0,
one can show that if an operator is not compact then the identity factors through
it and hence no non-compact operator can belong to a proper ideal. In order to see
this factorization result one can show that 7" is not a compact operator if and only if
it is an isomorphism on some complemented subspace of X which is also isomorphic
to X (this equivalence we will use in the future as well). Now it is easy to finish the

proof. ]

The complete ideal structure in L,, 1 < p < oo, is not known, but we know what
the largest ideals in these spaces are. In [8] Enflo and Starbird introduced the ideal
of non-E operators on Ly and proved that T' € £(L;) is an E-operator if and only
if it is an isomorphism on a subspace of L; which is isomorphic to L;. The original
definition we will omit since we do not need it. Using the properties of the subspaces
of Ly which are isomorphic to L; one can show that the ideal of non-E operators
is the largest ideal in £(L;). In [13] the ideal of non - A operators was introduced.
It was also shown there that a non-A operator is an operator on L, which does not
preserve an isomorphic copy of L,. As in the case of L, one can show that non-A
operators are the largest ideal in £(L,), 1 < p < co. One can immediately observe
that the ideals of the non-E and non-A operators have a quite similar definition which
can be generalized, but we will leave this till Chapter VI.

We will also be interested in the ideals in £(/.,). The complete classification of
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those ideals is not known, but fortunately we know that there is a largest ideal in
L({). Denote by S(X) the ideal of strictly singular operators (operators that are
not isomorphisms on any infinite dimensional subspace of X). It is a known fact, the

proof of which we present below, that S({«) is the largest ideal in £(/+,).
Lemma I1.6. The ideal of strictly singular operators is the largest ideal in L({y).

Proof. Assume that T is not a strictly singular operator. Our goal is to prove that any
ideal that contains 7" must coincide with £(f). Note first that on ¢, the ideals of
the weakly compact and the strictly singular operators coincide ([30, Theorem 1.2]).
Then we use the fact that any non-weakly compact operator on ¢, is an isomorphism
on some subspace Y of {o, isomorphic to ¢, ([24, Corollary 1.4]). The subspaces Y
and TY will be automatically complemented in /., because /,, is an injective space.

This yields that I, factors through 7" and hence any ideal containing 7' coincides
with £({). O

As we saw in the proof of the preceding lemma, an operator T is strictly singular
if and only if it is an isomorphism on a subspace isomorphic to £,,. This property we
have already observed when considering the largest ideals in ¢, and L,, 1 < p < oo,
and the following corollary summarizes these observations on the spaces considered

so far.

Corollary I1.7. If X is a Banach space such that X ~cy or X ~{,,1 <p < oo or
X ~L,1<p<oo,then X has a largest ideal M. Moreover, T ¢ M if and only if

T is an isomorphism on a complemented subspace of X which is also isomorphic to

X.
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2. Ideals in other Banach spaces

There are Banach spaces X’ for which there is no largest ideal in £(X'), but of course
there are maximal ideals in £(X'). In the space £, ® ¢,, 1 < p < g < oo, there are
exactly two maximal ideals ([23]), namely, the closure of the ideal of the operators
that factor through ¢,, which we denote by «,,, and the closure of the ideal of the
operators that factor through ¢,, which we denote by «,. Instead of considering a
sum of just two different ¢, spaces, we consider a finite sum of arbitrary length of
different ¢, spaces. As we show in the lemma below, the structure of the maximal
ideals in this sum is similar to the structure of the maximal ideals in the case of just

two summands.

Lemma II.8. Let p1,pa,...,pn are n distinct numbers and denote X = £, @ {,, ®
- @ {,,. Then there are exactly n mazimal ideals in L(X), namely, the closure of

the operators that factor through ®;x;l,, for j =1,2,... n.

Proof. Denote X; = @;.;{p,. It is not hard to see that the set

M; ={T € L(X) : T factors through X;}

is an ideal. It is clearly closed under multiplication by an arbitrary operator from left
and right and we have to show that the sum of two operators in M; belongs to M;.
Let Th, T, € M; and let A;, B;, @ = 1,2, be such that the following diagram commutes

Aj
X X,

> Bi

2
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for i = 1,2. We immediately obtain that the following diagram commutes

A A
Py 1@2%@/‘9

B, B
Z; 5 1P Do
2
where the operators A;® Ay and By @ By are defined by (A1 @ As)(z) = (A1(z), Az(x)),
(B1®Bs)(z,y) = Bi(x)+B2(y). Now using the fact that X;X; ~ &, j =1,2,....n,
we conclude that 77 + 15 € M; which shows that M, is closed under addition. One

can also show that an equivalent definition of the ideal M; is:
My ={T € L(X) : P TP; € K({y,)}, (2.2)

where P; is the natural projection from X onto ¢,. This can be shown with an
argument similar to the argument where we proved that M; is closed under addition.
First observe that the operator T'—> " | P;TP; factors through X simply because its
range lies into X;. Then we have to observe that if ¢ # j then P,T'F; always factors
through X; (in a obvious way P,/TP, = (P;T) o P;), thus T'— P;/TP; € M;. If we
assume that 7" € M;, then we have that P,TFP; € M; which is only possible if P;TP;
is a compact operator, because for p # ¢ the spaces £, and ¢, are totally incomparable
(do not have isomorphic infinite dimensional subspaces).

The ideal M; is maximal, because if we assume that there exists a proper ideal
M, such that M; C M, then there exists S € M such that P;SP; is not a compact
operator. This implies that Igpj - the identity on £, factors through P;SP; hence
there exists operators A, B' € L({,,), such that A'P;SP;B" = I,, . Let J; be the
natural injection from /¢, into & and consider operators A, B € L(X) defined by
A:=JjAP;+1—P;and B := J;B'P;+1— P, and, also let T' =1 — P; + P;SP;.
We have that T' € M because I — P; € I; and P;SP; € M. Now from the equality
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Iy = AT B, which follows from the definition of A and B, we have that I € M which
is a contradicts the fact that M is a proper ideal.
Assume now that M is a maximal ideal not in {M;}7_,. Then M\M; # () for
j = 1,2...,n. This implies that for every j = 1,2,...,n there exists an operator
Sj € M such that P;S;P; is not a compact operator as an operator acting on £, .
/

As before, for every j = 1,2,...,n we find operators A}, B; € L({,,), such that
A;P;SP;B; = I, . Finally, define an operator T' € L(X) by

T =Y JAP;S;PiBiP;.

j=1

Since S; € M for every j =1,2,...,n we have that 7" € M. On the other side

T =3 LAPRSPBR =3 Il Fi=3 P =L
j=1 j=1 J=1

which is a contradiction with the assumption that M is a proper ideal.

O

Let us also mention that there are more Banach spaces for which the maximal
ideals in the Banach algebra of the operators on that space are known. For example
Xo = (O_08), and Xy = (> €5)s, are such spaces. In [16] it was shown that £(X))
has exactly two non-trivial ideals - the compact operators and the closure of the set of
operators factoring through c¢y. Because X; = (Xo)*, one can expect that we have a
similar classification of the norm closed ideals in £(X7). Indeed, in [17] it was shown
that £(X) also has exactly two non-trivial ideals - the compact operators and the
closure of the set of operators factoring through ¢;. Note also that X, ~ (ZXO) 0
and X; ~ () X;),, which (as it will become apparent later) is important in our

study.
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CHAPTER III

COMMUTATORS ON (Y

A. Notation and basic results

For a Banach space X denote by the L£(X), K(X), C(X) and Sx the space of all
bounded linear operators, the ideal of the compact operators, the set of all finite co-
dimensional subspaces of X and the unit sphere of X. A map from a Banach space X
to a Banach space ) is said to be strictly singular if whenever the restriction of T' to
a subspace M of X has a continuous inverse, M is finite dimensional. In the case of
X = Y, the set of strictly singular operators forms an ideal which we will denote by
S(X). Recall that for X =/, 1 < p < 0o, S(X) = K(X) ([9]) and on ¢ the ideals
of strictly singular and weakly compact operators coincide ([1, Theorem 5.5.1]). A
Banach space X is called prime if each infinite-dimensional complemented subspace
of X' is isomorphic to X'. For any two subspaces (possibly not closed) X and ) of a

Banach space Z let
d(X,Y)=inf{||lx —y| : z € Sy, y € V}.

A well known consequence of the open mapping theorem is that for any two closed
subspaces X and Y of Z, if X NY = {0} then X + ) is a closed subspace of Z if and
only if d(X,Y) > 0. Note also that d(X,Y) = 0 if and only if d(Y, X') = 0. First we
prove a proposition that will later allow us to consider translations of an operator T'

by a multiple of the identity instead of the operator T itself.

Proposition II1.1. Let X be a Banach space and T € L(X) be such that there exists
a subspace Y C X for which T is an isomorphism on'Y and d(Y,TY) > 0. Then for
every A € C, (T'— M)y is an isomorphism and d(Y,(T — X)Y') > 0.
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Proof. First, note that the two hypotheses on Y (that 7" is an isomorphism on Y and
d(Y,TY) > 0) are together equivalent to the existence of a constant ¢ > 0 such that
for all y € Sy, d(Ty,Y) > c¢. To see this, let us first assume that the hypotheses of
the theorem are satisfied. Then there exists a constant C' such that ||Ty|| > C for
every y € Sy. For an arbitrary y € Sy, let z, = % and then we clearly have
d(Ty,Y) = |Ty|ld(z,Y) > Cd(TY,Y) =:¢c> 0.

To show the other direction note that for y € Sy, 0 < ¢ < d(Ty,Y) = ||[Ty||d(2,,Y) <
|T||d(z,,Y). Taking the infimum over all z, € Sy in the last inequality, we obtain
that d(Y,TY) > 0. On the other hand, for all y € Sy we have

C C
0<ec<d(TyY)< IITy—§yII < ||Ty||+§7

hence ||T'y|| > §, which in turn implies that 7" is an isomorphism on Y.
Now it is easy to finish the proof. The condition d(Ty,Y) > ¢ for all y € Sy is

clearly satisfied if we substitute 7" with T"— AI since for a fixed y € Sy,

A(T ~ M)y, ¥) = inf [[(T = M)y — 2| = inf [Ty — 2| = d(Ty.Y),
hence (T'— AI)jy is an isomorphism and d(Y, (T"— AI)Y") > 0. O
Note the following two simple facts:

o If T: X — X is a commutator on X and S: X — ) is an onto isomorphism,

then ST'S~! is a commutator on .

o Let T: X — X be such that there exists X; C X for which Tjx, is an iso-
morphism and d(X;,7X;) > 0. If S: X — ) is an onto isomorphism, then
there exists Y7 C Y, Y7 ~ Xy, such that STS_1|Y1 is an isomorphism and

d(Y1,STS™'Y;) > 0 (in fact Y; = SX;). Note also that if X; is complemented
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in X, then Y] is complemented in ).

Using the two facts above, sometimes we will replace an operator T by an operator
Ty which is similar to T and possibly acts on another Banach space.
If {Y;}32, is a sequence of arbitrary Banach spaces, by (Y72 Z) we denote the

space of all sequences {y; };2, where y; € Y;, i =0,1,..., such that (||v:l|y;) € ¢, with

the norm ||(v:)|| = |||villv;ll, if Y; =Y for every ¢ = 0,1, ... we will use the notation
(ZY)p). We will only consider the case where all the spaces Y;, « = 0,1..., are
uniformly isomorphic to a Banach space Y, that is, there exists a constant A > 0 and

sequence of isomorphisms {T;: Y; — Y }3°, such that |[T7'|| = 1 and ||T]| < A. In

this case we define an isomorphism U: (3.7, Z) (> Y) via (T;) by

U, y1,---) = (To(yo), Ty (1), - - -), (3.1)

and it is easy to see that |[U|| < A and ||[U™!|| = 1. Sometimes we will identify the
space (Yoo Yi)p with (DY), via the isomorphism U when there is no ambiguity
how the properties of an operator 7' on (Zfio Yi)p translate to the properties of the
operator UTU ! on (ZY)p.

Fory = (y;) € O_Y), , yi €Y, define the following two operators :

R(y) = (0,90, 91, - - -) ) L(y) = (y1,42,--.)

The operators L and R are, respectively, the left and the right shift on the space
(>°Y),. Denote by P;, i = 0,1,..., the natural, norm one projection from (ZY)p
onto the i-th component of (ZY)p, which we denote by Y. Our first proposition
shows some basic properties of the left and the right shift as well as the fact that all
the powers of L and R are uniformly bounded, which will play an important role in

the sequel.
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Proposition II1.2. Consider the Banach space (ZY) We have the following

.
identities

IL"| =1, ||IR"| =1 for everyn=1,2,... (3.2)
LR=I1, RL=1-PF , RP,=FPR, PPL=LP, fori>0. (3.3)
lim ||[L"(z)|| =0 for all1 < p < o0 and p = 0. (3.4)

Proof. The relations in (3.2) and (3.3) follow immediately from the definitions of the
left and right shift. The relation in (3.4) follows from the definition of the norm on

(ZY)pinthecases1§p<ooandp:0. O

Note that we can define a left and right shift on (Z?io Yi)p by L = U'LU and
R = U 'RU, and, using the above proposition, we immediately have ||R"| < A
and ||[L"|| < A. If there is no ambiguity, will denote the left and the right shift on
(>, Yi)p simply by L and R.

Following the ideas in [3], for 1 < p < oo and p = 0 define the set

A={T e (Z Y)p ; Z R"TL" is strongly convergent}, (3.5)

n=0

and for T € A define

Ty = f: R"TL™.
n=0

Note that an operator T'is a commutator if and only if 7" is in the range of Dg for some
S, where Dy is the inner derivation determined by S, defined by Dg(T) = ST —T'S.
Our next lemma shows that each operator T € A is a commutator and also gives an

explicit expression for T" as the commutator of two operators.

Lemma II1.3. (/6, Lemma 3]) Let T € A for some decomposition D = {X;} of X.
Then we have

T = D1(RT4) = —Dr(T4L), (3.6)
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hence T is a commutator.

Proof. We will show one of the equalities via direct computation. The proof of the

other is similar.

o0

Dy(RT4) = LRT4—RT4L=Ts—R(> R'TL")L
n=0
= Ta— Y R'TL"=T.
n=1
In the computation above we used the convention L% = R = I. O]

B. Main result

The ideas in this section are similar to the ideas in [6], but here we present them
from a different point of view, in a more general setting and we also include the case
p = 00. The following lemma is a generalization of [3, Lemma 2.8| in the case p = 0o
and [6, Corollary 7] in the case 1 < p < oo and p = 0. The proof presented here

follows the ideas of the proofs in [3] and [6].

Lemma II1.4. Let T € E(( ZY)p). Then the operators PyT and T Py are commu-

tators.

Proof. The proof shows that FyT" is in the range of Dj and T'F, is in the range of
Dpg. We will consider two cases depending on p.
Casel: p=o0
In this case we first observe that the series
So=>» R'RTL"
n=0

is pointwise convergent coordinatewise. Indeed, let x € (EY)OO and define y, =
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R"PyTL"x for n = 0,1,.... Note that from the definition we immediately have
Yn € Y so the sum >~ v, converges in the product topology on (ZY)OO to a
point in (XY since [lyn | < B IBIITHIZ 2] < [T ).

Secondly, we observe that Sy and L commute. Because L and R are continuous

operators on (Z Y)OO with the product topology and LR = I, we have

SoLz = Z R'PTL" 2 = L (Z R”POTL";E> —L (Z R"POTL”:Jc> — LB Tz

n=0 n=1 n—0
= LSpx — 0

(3.7)

since LPy = 0. That is, Dy Sy = 0, as desired.

On the other hand, again using LF, = 0,
(I — RL)Syx = f:(] — RL)R"P,TL"x = (I — RL)P/Tx + i([ — RL)R"P,TL"x

n= n—=1
0 . .
= (I — RL)P\Tz = PyTx.
(3.8)
Therefore

Dp(RSy) = (DLR)Sy + R(DpSy) = (I — RL)Sy + 0 = PySy = Py T. (3.9)

The proof of the statement that T'F, is a commutator involves a similar modification
of the proof of [3, Lemma 2.8]. Again, consider the series
S=> R'PRTRL".
n=0

This is pointwise convergent coordinatewise and SL = LS (from the above reasoning
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applied to the operator T'F), and

Dp(—SL) = —Dg(LS) = —RLS + LSR = —(I — P,)S + LSR

Now it is easy to see that

Dr(LTPy— SL) = RLTPy — LTPyR+PyTPy = (I — P))TPy + P,TPy = TP,.
0

CaseIl: 1 <p<oxorp=0
In this case the proof is similar to the proof of [6, Lemma 6 and Corollary 7] and we

include it for completeness. Let us consider the case p > 1 first. For any y € (Z Y)p

we have
m+r m+r m—+r
I > RBIPLY = | Y R'PTPL Priayll” < |[BTPI Y | Pyl

IN

IPT PP Py

Since Z | Pjsnyl||P — 0 as m — oo we have that Z R"PTP;L" is strongly conver-

n=m n=0
gent and P, TF; € A.

For p = 0 a similar calculation shows

m-+r m-—+r
| Y_R'PTRLY| = || Y R'PTPL" Pyl = max |R"PTPL"Pipy|

< |BTH | max [Pyl

a

and since max ||Pj1ny|]| — 0 as m — oo we apply the same argument as in the
m<n<m+r

case p > 1 to obtain P,TP; € A.

Using PTP; € A for i = j = 0 and (3.6) we have R)TPy = D(R(PTFy)a) =
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—Dgr((PoTPy) aL). Again, as in [6, Corollary 7|, via direct computation we obtain

[

Now we switch our attention to Banach spaces which in addition satisfy X ~ ( X )p
for some 1 < p < oo or p = 0. Note that the Banach space ( > Y)p satisfies this
condition regardless of the space Y, hence we will be able to use the results we proved

so far in this chapter.

Definition II1.5. Let X be a Banach space such that X =~ (ZX)p, 1<p< @
orp=0. We say that D = {X,};°, is a decomposition of X if it forms an €, or ¢y
decomposition of X into subspaces which are uniformly isomorphic to X; that is, if

the following three conditions are satisfied:

1. There are uniformly bounded projections P; on X with P,X = X; and P;P; =0
Jori#j
2. There exists a collection of isomorphisms ¢; : X; — X, i € N, such that
[ =1 and X = sup ||| < o0
ieN
3. The formula Sx = (Y;Pyx) defines a surjective isomorphism from X onto

(X 4),

Remark II1.6. We should point out that immediately from the definition of decom-

position we have

e For everyx € X, Y. ||Pyz|P — 0 as m — oo. This is easy to see just
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noticing that if ||x|| = 1 then

S PP < [ Paz||P = [[Sz|P < (ISP < o0
n=0 n=0

o [f ﬁn = Z P; then there exists a constant C' depending only on the decomposi-
i=0
tion D such that || P,|| < C for alln =0,1,.... To see this, note that for every

r € X, ||z|| =1 we have
1Ba(@) |7 < 1S PISBa(@) P = 1SS [l P l”
1=0

<SP PP = ISTHPIS @) < (1SS

i=0

If D= {X;}, is a decomposition of X we have X ~ (ZX)p ~ (3ot Xi),»
where the second isomorphic relation is via the isomorphism U defined in (3.1). Using
this simple observation we will often identify X' with (3772, X;) . Our next theorem

is similar to [6, Theorem 16] and [3, Theorem 4.6], but we state it and prove it in a

more general setting and also include the case p = oco.

Theorem IIL.7. Let X be a Banach space such that X =~ (ZX)p, 1 <p<ooor
p=0. Let T € L(X) be such that there exists a subspace X C X such that X ~ X,
Tix is an isomorphism, X +T(X) is complemented in X and d(X,T(X)) > 0. Then
there exists a decomposition D of X such that T s similar to a matriz operator of

the form
x L

L

on X & X, where L is the left shift associated with D.

Proof. Clearly X = X @& T(X) @ Z where Z is complemented in X. Note that

without loss of generality we can assume that Z is isomorphic to X'. Indeed, if this



24

is not the case, let X = X; & Xy, X ~ X; ~ X, and X, Xy complemented in X
(hence also complemented in X'). Then d(X;,T(X;)) >0and X = X; & T(X,) & 2,
where Z; is a complemented subspace of X', which contains the subspace X, C X,
such that X5 is isomorphic to X and complemented in Z. Applying the Pelczynski
decomposition technique (][22, Proposition 4]), we conclude that Z; is isomorphic
to X. This observation plays an important role and will allow us to construct the
decompositions we need during the rest of the proof.

Denote by I — P the projection onto T'(X). Consider two decompositions D; =
{Xi}20, Dy ={Yi}2pof Xsuch that T(X) =Yy = X186 Xo@..,. Xo=Y10Yod...
and Y} = X. Define a map S

Sy = Lp,o @ Lp,p, peX

from X to X @ X. The map S is invertible (S~'(a,b) = Rp,a + Rp,b). Just using

the definition of S and the formula for S~ it is easy to see that

STS Y(a,b) = ST(Rp,a+ Rp,b) = S(TRp,a+ TRp,b)

= (Lpl TRpla + LD1 TRDQ b) D (LDQTRDICL + LDQ TRD2 b),

hence

STS ! — Lo T hip,
* *

Let
A= P,TRp, = (I — P)TRp, (3.12)

and note that A|pY0X = A—px : (I = P)X — (I — P)X is onto and invertible since

Rp, is an isomorphism on Py, X and Rp,(Py,X) = Y; = X. Here we used the fact
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that Py,T is an isomorphism on X (PX = X). Denote by 7 the inverse of A|pYOX

(note that T} is an automorphism on (I — P)X) and consider
G=I1+1T,I—-P)—-THA.

We will show that G=' = A + P. In fact, from the definitions of A and Tj it is clear

that
ATo(I — P)=TyA(I—-P)=1—-P,PTh,=PA=0,I—-P)A=A (3.13)
and since A maps onto (I — P)X and ATy ;_pyx = I|1-p)x We also have
A— ATyA = 0. (3.14)

Now using (3.13) and (3.14) it is easy to see that

(A+P)G = (A+P)I+Ty(I—P)—TyA)

= A+ ATy(I-P)—ATyA+P=1—-P+P=1
G(A+P) = (I+Ty(I—P)—TyA)(A+ P)

= A+ P+Ty(I - P)A+Ty(I - P)P — TyAA — TyAP

= A+ P+TyA—TyAA—TyAP

— P+ (I-TyA)A+T,A(I — P)

= P+ (I-TyA)(I—-P)A+(I-P)

= I+ ((I-P)—TyA(I—P))A

= I+(I-P—(I-P)A=1
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Using a similarity we obtain
I 0 * LD1 TRD2 I 0 * LD1 7—1R’D2 G
0 G * * 0 G * *

It is clear that we will be done if we show that Lp, = Lp, TRp,G. In order to do
this consider the equation (A + P)G = I < AG + PG = I. Multiplying both sides
of the last equation on the left by Lp, gives us Lp, AG + Lp, PG = Lp,. Using
Lp, P = Lp, Px, = 0 we obtain Lp, AG = Lp,. Finally, substituting A from (3.12) in

the last equation yields
L’D1 - LplAG — LDleoTRDgG - LD1 ([ - PXO)TRDQG = LDITRD2G
which finishes the proof. O

The following theorem was proved in [3] for X = /¢,, 1 < p < oo, but inessential

modifications give the result in these general settings.

Theorem II1.8. Let X' be a Banach space such that X =~ (Zé\,’)p. Let D be a

decomposition of X and let L be the left shift associated with it. Then the matrix

operator
T, L
T T
acting on X & X is a commutator.
Proof. Let D = {X;}2, be the given decomposition. Consider a decomposition

D; = {Y;} such that Yy = @Xi and X, = EBY Now there exists an operator

G such that D, G = Rp,Lp, (11 + T3). This can be done using Lemma I11.4, since
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Rp,Lp, = I — Py, = Px,. By making the similarity

7 I 0 Ty L I 0 Ty — LG L

G [ TQ T3 —G I * T3+GL

we have ' + T35 — LG+ GL = T1 + 15 — DG = T\ + T35 — Rp, Lp,(Th + T3) =
Py, (T + T3). Using Corollary II1.4 again we deduce that T} + T35 — LG + GL is a
commutator. Thus by replacing T" by T we can assume that T} + T3 is a commutator,
say Th + T3 = AB — BA and ||A]| < % (this can be done by scaling). Denote by My
left multiplication by the operator T. Then ||MgD4|| < 1 where R is the right shift
associated with D. The operator Ty = (M; — MpD ) ' Mg(T3B — T3) is well defined

and it is easy to see that

A 0 B I B I A 0 T, L
3 A-—L Ty O Ty 0 T35 A—L T, T3
This finishes the proof. O

Finally, we are in position to state the main theorem for this chapter. The proof

follows immediately from Theorem III.7 and Theorem II1.8 and is omitted.

Theorem II1.9. Let X be a Banach space such that X =~ (ZX)p, 1 <p<ooor
p=0. Let T € L(X) be such that there exists a subspace X C X such that X ~ X,
Tix is an isomorphism, X +T(X) is complemented in X and d(X,T(X)) > 0. Then

T is a commutator.



28

CHAPTER IV

COMMUTATORS ON ¢, AND L, (1 < p < o0)*
In this chapter we focus our attention to the classical Banach spaces £, and L, (1 <
p < 00). The commutators on ¢,, 1 < p < oo, have already been classified by Apostol
in [3], but the method we use gives this classification as well so we include these cases

in the statement of the results for completeness.

A. Notation and basic results

We begin this chapter with a lemma which gives us a description of the set A intro-

duced in (3.5).

Lemma IV.1. [6, Lemma 4] For a decomposition D = {X;}°, of X we have the
following relations

A= Dg(L(X)RL) = Dy (RLL(X)).

Proof. We will show the first of the relations. The proof of the second relation, as
one may expect, is similar.
T e A, then TyL = TyLRL = (T4L)RL € L(X)RL. Then using T'= —Dg(T4L)
from (3.6) we have T' € Dg(L(X)RL). To prove the other direction, assume that
T € L(X)RL and let T'= SRL for some operator S (hence TR = SR). Then

“Part of the results presented in this chapter is reprinted with permission from

“Commutators on ¢;” by Detelin Dosev, Journal of Functional Analysis 256 (2009)
3490-3509, Copyright 2009 by Elsevier.
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Xm: R"(DRT)L" = Zm: R*(RT —TR)L" = Zm: RMITL" — Xm: R"TRL"

n=0 n=0 n=0 n=0

= Xm: R™ISRLL" — i R"SRLRL"

n=0 n=0
= i RMISRL™M — i R"SRL"
n=0 n=0

= R™MSRI™!' - SR=R"MTL™—TR.

Since lim |[L™(x)|| = 0 for any x € X from (3.4) and ||R™| < 1 for every m > 0,

we have lim ZR” DrT)L" = —TR. From the last equation we conclude that
DRrT € A and (DRT)D = —TR. Moreover, from TR = SR we have (DrT)p = —SR
and multiplying both sides by L we obtain (DgT)pL = —T. O

We proved in Lemma II1.3 that for a given decomposition D all operators T € A
are commutators, but in general the condition in (3.5) is hard to check for a given
operator 1. We want to have a condition on 7" which is easy to check and which
ensures the containment T' € A. To be more precise, given an operator T', we want
to have a condition on 7" which will allow us to build a decomposition D for which
T € A. Our next lemma gives us such a condition (as will become clear later) and is

our main tool for constructing decompositions in the sequel.

Lemma IV.2. [6, Lemma 5] Let T € L(X) and D = {X;}2, be a decomposition of
X. Fiz e > 0 and denote ﬁn = Z P;, where P; is the projection onto X;. Let us also

i=0
assume that

lim ||(I — P,)T|| = lim ||[T(I — P,)|| = 0. (4.1)
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Then there exists an increasing sequence of integers {m;};2, such that
DT =BTl + D NTU = P+ DT = B )T = Py <.
=0 j=0 i,j=0
Proof. Note first that |1 — Bj|| < ||I]| + |P;]| < | B|| + 1 = Cy for every i € N. This
estimate follows directly from the remark after Definition IIL5. Let {n;};2, be an
increasing sequence of integers such that
ST - Bl < = S - BT < =
A ! 30, 4 ! 3C,
Jj=0 7=0
Now we can use the inequality
SO =BT - Bl <3 [T - BT - B )+ S |ITU =Byl
7=0 j=0 j=m+1
to deduce that

lim S (7 = B)T(I = Po)l| = 0.
§=0

Using the last equation we can find an increasing sequence of integers
{mj};?';o, m; > n; such that
o (o) . . 6
ZZ ||<] - sz)T(I - Pny)“ <5~
— £ 3C,
=0 7=0
Now it is easy to deduce that the sequence {m;};2, satisfies the condition of the

lemma. In fact

IT(I = P))| = T — Py,)(I = Pl < CLIT(I - Py,)|
(I = Pu)T|l = (I =PI —P)T| < |l — BT
(I = Py )T(I =Pyl = |(I—Pu)T(I— Py)(I— Pyl
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This finishes the proof. O

Lemma IV.3. [6, Lemma 6] Let D = {X;}2, be a decomposition of X. Then for

any T € L(X) we have
BTP; € A, [(PTP))pll < C|[PTF|
where C' depends on D only.

Proof. The proof of the lemma is basically included in the proof of Lemma III.4,

Case II, and is omitted. O

The following theorem shows the importance of the decompositions in determin-

ing whether an operator is a commutator.

Theorem IV.4. [6, Theorem 8] Under the hypotheses of Lemma IV.2, there is a

decomposition D of X for which
TeA |Tp]| <C|T|+¢

where C depends on D only. In particular, using Lemma I11.3 we conclude that T is

a commutator.

Proof. Usmg the sequence {m]} from Lemma IV.2, define a decomposition {X }

where XO @ X5, and X = @ Xy, for i > 0. Note that the new decomposition

k=0 k=m;_1+1
also satisfies the conditions in Definition II1.5 for being a decomposition. Condition

(1) follows from the remark after the definition and (3) is clearly satisfied since we
are taking only finite direct sums. Hence we will only check condition (2). Let
x & (D=, X), and let X; R X fori= 0,1,... (for two Banach spaces X and Y we

say that X 2 Y if there exist an onto isomorphism T: X — Y such that |T|||T7Y <

N). Then for 1< 7 < s we have @j_, Xx 2 (B, ¥), = (Di_, (BT, X),) =
p
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B2, X )p £ x , so all the terms of the decomposition after the first one are C?\
isomorphic to X. The first term in the new decomposition is also isomorphic to X
thus we showed (2) for the new decomposition. For simplicity of notation, denote
the new decomposition by {X;}°, and the projections onto X; by P;. In the new
notation the conclusion from Lemma IV.2 can be written as

DI =BT+ 3T = )l + 3 I = BT = Byl <e.

1,j=0

Now using P;(I — P,_1) = (I — 151-,1)]% = P, we have

Y IPTP| < |RTR|+Ci Y |RT|+Ci Y (TPl + > |RTF]
i=1 j=1

i,j=0 4,j=1
< |RTPR|+C > 1P — Poy)T|
=1
+ O Z |T(I — Pj—1) Pl

=1

+ Y IR = Po)T(I = Py) Py

ij=1

IN

I TP+ CEY I = Poy)T| + CEY T = Py

i=1 j=1

+ O} I = Poy)T(I = Piy)|
i,j=1

< ||P TR + C?e.

Since the series Z P; is strongly convergent to I, we have T" = Z PTP; in
i=0 i,j=0
the norm topology of £(X). Using Lemma IV.3 and the estimate from above, the

operator

S = i(PiTPj)p

1,j=0
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is well defined and using Lemma III.3 for each term in the sum of the definition of
S we have that ' = Dg(—SL) € A. Now Dr(T4L — SL) = 0 and by the proof of

Lemma IV.1 we have
0=—(Dr(TyL — SL))pL = (T4 — S)L.

From the equation above we conclude that T4 = S and ||T4|| < C||T|| + &. O

B. Compactness and commutators

In order to prove the conjecture about the structure of the commutators on a given
space we have to show that all the elements in the largest proper ideal are commu-
tators. We prove a lemma that takes care of this in the case X = ¢; and also shows
that the ideal of compact operators consists of commutators only, provided the space
X has some additional structure. Before that we show a lemma about the operators
T on X which do not preserve a copy of X in the cases of X = ¢; and X = Ly, which

will be used later and it is interesting on its own.

Lemma IV.5. [6, Lemma 9] Let X = Ly or X = {1 and suppose that T € L(X) does
not preserve a copy of X. Then, for every § > 0 and for every X C X, X = X, there
exists Y C X, such that Y is (14 6) isomorphic to X, (1 + 8) complemented in X,
and || Ty || < 0.

Proof. Consider the case X = L; first. By assumption 7' does not preserve a copy
of Ly which implies that 7" is not an E-operator (actually this can be taken as an
equivalent definition for an operator not to be an E-operator [8, Theorem 4.1]) and
hence it is not sign-preserving either ([25, Theorem 1.5]). Now [25, Lemma 3.1] gives
us a subspace Z C X such that Z ~ X and |Tiz|| < 6. Using Theorem II1.3 we find

Y C Z, which is (1 + §) isomorphic to X = Ly, (1 + 6) complemented in X and Y
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clearly satisfies ||Tjy || < d. If @ is the norm one projection onto X, andR: X —»Y
is a projection of norm less than 1+ ¢, then P := R() is a projection from L; onto Y’
and ||P]| <14 6.

For the case X = ¢; we use the fact that if X is isometric to (1, then X =
span{v; : 1 =0,1,...} for some vectors {1,;}2, of norm one, such that

@Z)j:Z)\iei, with o; Nop =0 for j # k
i€oj

where {e;}2, is the standard unit vector basis of ¢;. This follows trivially from the
observation that Ue; and Ue; must have disjoint supports if U : X — /4, is an into
isometry (cf. [21, Proposition 2.f.14]). Note also that since every infinite dimensional
subspace of ¢; contains an isomorphic copy of ¢; (see proof of Theorem I1.3), then the
operator T is automatically strictly singular and hence compact ([9]). Then, {T'9;}52,
is relatively compact in /; and hence there exist y € ¢; and a subsequence {1;, } such
that T;;, — y. Without loss of generality we may assume that T%; — y. Finally,

Yoi — Pait1
2

define ; = for i = 0,1,.... Clearly {;}:°, is a normalized block basis of
X such that || Tg;|; — 0. Assume without loss of generality that ||Tp;||; < e (this can
be easily achieved by passing to a subsequence). Then for Y = span{y; : i =0,1,...}
we have || Tjy | < e. Note also that ¥ C X is 1-complemented in X as it is the closed
linear span of a normalized block basis and clearly is isometric to X ([22, Lemma 1]).
Finally, let R : X — Y be the norm one projection onto Y and Q : 1 — X be the

norm one projection onto X. Then clearly P := RQ is a norm one projection onto

Y. ]

Lemma IV.6. [6, Lemma 10] Let X be a Banach space for which X ~ (@ X) for
i=0

somel <p<ooorp=0. In the case p =1 we will assume that X = Ly or X = {;.

Let T € L(X) be a compact operator and € > 0. Then there exists a decomposition D
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of X such that T € A and |T4|| < C||T|| + € for some constant C' depending on D

only. Consequently, T is a commutator and T = —Dg(T4L).

Proof. The result is known in the case of X = L, and X = ¢, for 1 < p < oo (cf. [26]
and [3]), and for X = ¢y and X = C(K) ([4]). The proof presented here in these cases
follows Apostol’s ideas from [3| and our generalized context gives a shorter proof in
the case of L, for 1 < p < oo. Partial results were known in the case X = ¢; ([3,
Theorem 2.6]).

Case I. p > 1 or p = 0. In this case we proceed as in Theorem 2.4 in [3], but
instead of considering a particular type of decomposition as in [3], we consider an

arbitrary decomposition D of X and denote ﬁn = Z P;. Now we have
i=0

lim ||(I — P,)T|| = lim ||[T(I — P,)|| = 0.

Choose ¢;,1; € X such that

1

I(T = P)Ton]| > ||(I = P)T| — o el =1
- ~ 1 -

[e.9]

Since the set {T'p;}°, is relatively compact in X and the sequence {(I — P;)}22,
converges strongly to 0 we have nh_»rgo |(I—P,)T|| = 0. On the other hand, the sequence
{1:}22, is weakly convergent to 0. Using the fact that T is compact, it follows that
the sequence {T'1);}22, converges to 0 in norm and hence nh_}rrgo |T(I — B,)|| = 0. Now
Theorem IV.4 gives the result.

Case II. p = 1. Fix ¢ > 0 and let D = {X;}°, be the fixed decomposition of
X defined by X; = Ll[%, %) in the case of X = L; and by X; = Py,¢; (where
N = U2, N; such that card N; = cardN for all i € N and N; N N; = 0 for i # j) in

the case of X = ¢;. Using Lemma IV.5 for each X; with § = % will give us 1+ ¢
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complemented subspaces {Y;} of X which are isomorphic to X and ||T}y,|| < ;. Set

Yo=(1—- i P)X. Note that D = {Y;} is a decomposition for & since all the spaces
are complé?nlented and isomorphic to X'. This is clear for Y; for « = 1,2,... and it
also holds for Yy, since Xy C Y{ is complemented in X', isomorphic to X, and using
[8, Corollary 5.3] in the case X = L;, and [22, Proposition 4] in the case X = ¢y, it
follows that Y{ is isomorphic to X as well. Now, if ]Bn = i P;, then we clearly have
11113)10 |T(I — PB,)|| = 0. Since T is a compact operator, welz(.;ve nlljg(} (I — P,)T| =0

as well (the argument provided in Case I above works in this case as well), so using

Theorem IV.4 we conclude that T is a commutator. O]

Remark IV.7. Using the previous lemma we immediately conclude that [26, Theorem
4.3] holds for p=1. Namely, a multiplication operators M, on Ly is a commutator
if and only if the spectrum of My contains more than one limit point or contains zero

as the unique limit point.

Corollary IV.8. [6, Corollary 12]Let X be a Banach space for which X ~ (é X)
for some 1 < p < oo orp = 0. In the case p = 1 we will assume that ;0: in
or X = {l,. Let T € L(X) and suppose that P is a projection on X such that
PX ~ X ~ (I — P)X and that either TP or PT is a compact operator. Then T is a

commutator.

Proof. First we treat the case when T'P is compact operator. Let D = {X;}°, be a
decomposition for which TP € A and |[(T'P)p||x < C||TP||X+§ for a fixed € > 0 (by
Lemma IV.6). We also want D to be such that (I — P)X = X, hence we may assume
(I — P) = Py, where F, is the projection onto Xy. This can obviously be done for
1 < p < oo (since the decomposition used in the proof was arbitrary). In the case of L,

we consider the operator T'= GT'G~" where G : PX @ (I — P)X — (I — P))X @ X,
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is an isomorphism such that GPX = (I — Py)X, G(I — P)X = X,. In this case
TGPG is compact and clearly we can choose the decomposition as in Lemma IV.6
and apply the same argument. Now without loss of generality we can assume that
T = T. In the case of ¢, we can make a similarity as in the previous case and reduce

to the case where TPy, is a compact operator for some infinite set M C N. Define
S=LT(I—-P)— (RT( - P)Py)pL— (TP)pL.

Use equation (3.6) applied to TP and PyT(I — P)Py (recall that P,T(I — P)P, € A

by Lemma IV.3 ) to get

—Dr((TP)pL) = TP (4.2)

—Dr((PT(I — P)Ry)pL) = PRI —P)Py=FRT(I—P). (4.3)
Now
Dr(LT(I - P))=RLT(I-P)—LTUI—-P)R=(I—-P)T(I - P) (4.4)

since (I — P)R = 0. Combining (4.2), (4.3) and (4.4) we conclude that DgS = T. If
PT is compact we consider S = —(I — P)TR+ R(Py(I — P)TFRy)p + R(PT)p and a

similar calculation shows that 7' = Dp(S). O

C. General operators on ¢, and L,

We already saw in the previous section that the compact operators on ¢; are com-
mutators and in order to prove the conjecture in the case of X = ¢; we have to
show that all operators not of the form Al + K, where K is compact and \ # 0, are

commutators. To do that we are going to show that if T" is not of the form A\ + K,
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then there exist complemented subspaces X and Y of X which are isomorphic to X,
such that d(X,Y) > 0 and Tjx : X — Y is an onto isomorphism. As we already saw

(Theorem I11.9), this property of T" is enough to show that 7" is a commutator on any
space X for which A ~ (@ X) .
i=0 »

Definition IV.9. The left essential spectrum of T € L(X) is the set ([2] Def 1.1)
g..(T)={ e C: i%f |(A=T)x|| =0 for allY C X s.t. codim(Y) < co}.
TESY

Apostol [2, Theorem 1.4] proved that for any T € L(X), 0,.(T) is a closed
non-void set.

The following lemma is a characterization of the operators not of the form A\ 4+ K
on the classical Banach sequence spaces. The proof presented here follows Apostol’s

ideas [3, Lemma 4.1}, but it is presented in a more general way.

Lemma IV.10. Let X be a Banach space isomorphic to £, for 1 < p < oo or cy and
let T € L(X). Then the following are equivalent

(1) T — M\ is not a compact operator for any A € C.

(2) There exists an infinite dimensional complemented subspace Y C X such that
Y ~ X, Ty is an isomorphism and d(Y,T(Y)) > 0.

(3) There exists an infinite dimensional complemented subspace Y C X such that
Y ~ X, Ty is an isomorphism, d(Y,T(Y)) > 0, and Y +TY is closed complemented

subspace of X (and hence isomorphic to X ).

Proof. ((2) = (1))
Assume that 7' = A + K for some A € C and some K € K(X). Clearly A # 0

since T}y is an isomorphism. Now there exists a sequence {z;};2; C Sy such that
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Tn

|Kx,| — 0 as n — oo. Letyn:T<)\

> and note that

K
== 1 ()| = 5 o

o (2)] -

ln =yl = |

as n — oo which contradicts the assumption d(Y,T(Y)) > 0. Thus T'— A\ is not a
compact operator for any A\ € C.

(1) = (2))

The proof in this directions follows the ideas of the proof of Lemma 4.1 from [3]. Let
A € 01..(T). Then Ty = T — Al is not a compact operator and 0 € o;.(77). Using just
the definition of the left essential spectrum, we find a normalized block basis sequence
{z;}32, of the standard unit vector basis of X such that ||Tix,| < 2% forn=1,2,....
Thus if we denote Z = span{w; : i = 1,2,...} we have Z ~ X and T}, is a compact
operator. Let I — P be a bounded projection from X onto Z (|22, Lemma 1]) so that
Ti(I — P) is compact. Now consider the operator Ty = (I — P)T1P. We have two
possibilities:

Case I. Assume that Ty = (I — P)T} P is not a compact operator. Then there
exists an infinite dimensional subspace Y; C PX on which T5 is an isomorphism and
hence, using [22, Lemma 2] if necessary, we find a complemented subspace Y C PX,
such that T, is an isomorphism on Y. By the construction of the operator Ty we
immediately have d(Y, (I — P)T1P(Y)) > 0 and hence d(Y,T1(Y)) > 0. Note that
since X is prime and Y is complemented in X', Y ~ X is automatic. Now we are in
position to use Proposition IIL.1 to conclude that d(Y,T(Y’)) > 0.

Case II. Now we can assume that the operator (I — P)T; P is compact. Since

T1(I — P) is compact and using
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we conclude that the operator PT} P is not compact. Using X = PX & (I — P)X, we
identify PX @ (I — P)X with X & X via an isomorphism U, such that U maps PX
onto the first copy of X in the sum X & X. Without loss of generality we assume
that T} = (%i :‘gg) is acting on X @ X. Denote by P = (/) the projection from
X ® X onto the first copy of X. In the new settings, we have that T3 is not compact
and Ty, Ty and T}o are compact operators. Define the operator S on X @ X in the

following way:

Clearly S? = I hence S = S~!. Now consider the operator 2(I — P)S™'T}SP. A

simple calculation shows that

2(1 — P)ST'T1SP = ! !
Ty +Te =T —T2 0

hence (I — P)S™'TySP is not compact. Now we can continue as in the previous case
to conclude that there exists a complemented subspace Y C X in the first copy of
X @ X for which d(Y,S™'T1S(Y)) > 0 and hence d(SY,T1(SY)) > 0. Again using
Proposition II1.1, we conclude that d(SY,T(SY)) > 0.
((3) = (2))
This implication is obvious and follows immediately.
((2) = 3))
The only thing we have to prove is that we can choose Y in such a way that Y + 7Y
is a complemented subspace of X. Note that Y + TY is a priori isomorphic to X
because d(Y,T(Y)) > 0. To do this, we are going to use the so called “gliding hump”
argument. The idea is to build a sequence {z;}:°, such that zo; € Y and 29,41 = T'29;

for + = 0,1,..., which is almost a block basis of the unit vector basis in X. Let
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{e;}7;2, is the unit vector basis for X. Choose a subspace Y as in (2) and without
loss of generality we can assume that Y = span{eg : £ = 1,2,...}. This can be easily
achieved by considering a operator 77 which is similar to 7. Note that here we use
the fact that Y is a complemented subspace of X'. With P,; we denote the projection
onto the coordinates of a vector with indices in M.

Fix an € > 0 and let 25 = ey. Define ng = 1 and let z; = T'25. There exists n; such
that max(|| P, )20l [|Pny,00)21|] < € and denote Cy = [1,n4]. Now consider Y; =
TY NP, 00)X . Since Py, o)X is finite co-dimensional, we have that Y] is a non-empty
subspace of X which is finite co-dimensional in 7'Y". Similarly, T|;,1 (Y1) N Py o)X s
finite co-dimensional subspace of Y and let 25 € Tl;l (Y1) N Py 00y X be a finite linear
combination of vectors in {eg }x>n,. This can always be done due to the fact that
TD_,I(Yl) N Py, ,00)X 1s finite co-dimensional subspace of Y. Denote z3 = T'zy, and, as
before, let ny be such that supp(z2) C [n1 + 1, na), max(|| Pry,e0) 22|, | Png,oo) 23]l < 5
and denote Cy = [ny + 1, ny.

Continuing this process, we obtain a sequence of vectors {z;};°, and a sequence of

numbers {n;}:2; such that
e 20, €Sy and 29511 =Tz, €TY for i =0,1,...

e There exist a sequence of disjoint sets C; = [n; + 1,n;.1], such that

maX(HPCiczQZ-H, ||PCfZQi+1|| < % for i = 0,1,...

Denote Z = span{zg; : k = 0,1,...} and note that supp(ze;) C C; and the support
of z9;41 1s “almost” in C; for i = 0,1,.... If we denote W; = span{zy;, P, 22;+1} and
Z; = span{zs;, 20,41}, © = 0,1, ..., then each W; is the range of a projection from X
of a norm at most v/2 ([12]). Since the W;’s have disjoint supports, we automatically
have that Wy + W; + --- is complemented in X by a projection of norm at most

V2. From this fact and the way we constructed the sequence {Z;}52,, we deduce
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that Zy + Z; 4+ --- is also complemented in X. Finally, from the assumption that
Y + TY is a closed subspace of X (which is equivalent to d(Y,T(y)) > 0) we have
that Zg + Zy +--- =8pan{z;, : k = 0,1,...} = Z+T(Z) and hence Z + T(Z) is
complemented in X. Note that Z and T'(Z) are also complemented subspaces of X
as a subspaces spanned by a sequences which are “close” to a block basis sequences.

This finishes the proof of the last implication and the theorem. [

Remark IV.11. We should note that the third condition in the preceding lemma
is what was used for proving the complete classification of the commutators on £y,
1 < p < oo, and ¢ in [3] and [4] and what we will use in the case of ¢1. The
last mentioned condition will also play an important role in the proof of the complete
classification of the commutators on l,, but we should point out that once we have
an infinite dimensional subspace Y C l such that Y ~ (., Ty is an isomorphism

and d(Y,T(Y)) > 0, then Y and Y +T(Y') will be automatically complemented in l,.

Finally, we are in position to apply Theorem III.9 in order to obtain a complete

classification of the commutators on ¢;.

Theorem IV.12. Let X = (1. An operator T € L(X) is a commutator if and only

if T — A is not compact for any X # 0.

Proof. We have two cases depending on A:

Case I. If T is compact operator (A = 0), the statement of the theorem follows from
Lemma IV.6.

Case II. If T — AI is not compact for any A € C, then we apply Lemma IV.10 first
which allows us to apply Theorem III.9 in order to conclude that 7" is a commutator.

]
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CHAPTER V

COMMUTATORS ON /,
In order to show that the conjecture we stated in Chapter I holds for the space £,
we first have to show that all strictly singular operators (which as we saw in Lemma
I1.6 is the largest ideal in £({,)) are commutators. Then, as in the case of {1, we
have to show that if an operator 7" is such that 7' — A ¢ S({) for any A € C then

T is a commutator.

A. Strictly singular operators

In the case of the spaces £,, 1 < p < oo we proved that if 7" is a compact operator
on /, then we can find a subspace Y isomorphic to /,, such that ||T}y| is arbitrary
small. Intuitively, this should be true for the compact operators on /., as well, but
we need a similar statement to be true for the strictly singular operators on /., in
order to use some of the results we have previously proved. In fact, we show that if
T € S(ls) then there exists a Y C {y, Y ~ l, such that T}y = 0 which will allow

us to conclude that 7" is a commutator.

Theorem V.1. Let T € L({) be a strictly singular operator. Then T is a commu-

tator.

Proof. Since T is a strictly singular operator, T' is weakly compact ([24, Corollary
1.4] ). Thus it follows that T/, is separable (since any weakly compact subset of the
dual to any separable space is metrizable) and let Y = T/l.. The space (o /Y must
be non-reflexive since assuming otherwise gives us that Y has a subspace isomorphic
to lo ([20, Theorem 4]). Now consider the quotient map @ : lo — (/Y. Q is

not weakly compact and hence (using again [24, Corollary 1.4 ]) there exists X ~
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loo, X C Lo such that Qx is an isomorphism. Let P’ be a projection onto QX and
set P = (Qx)'P'Q. P is a projection in fo, PY = {0} and by the construction,
Pl is isomorphic to /. Thus it follows that PT = 0 and we obtain that 7' is similar
to an operator T” for which there exists an infinite M C N such that Py, 7" = 0. Now
we are in position to apply Lemma III.4. In order to do so, choose a sequence of
disjoint infinite sets {M;}52, such that M = U2 M; and let Yy = (I — Pyp\ g, )loo and
Y, = Pyl fori =1,2,.... Clearly (., = ( =0 Yz’)oo and Y; is isometric to £, for
all i = 0,1,... (in the construction above we had to ensure that Yj is isometric to /o,
because it may happen that N\ M is a finite set). Now it is clear how to finish. If P; is
the natural projection onto Y; for ¢ = 1,2, ..., then 7" = PyT" because from Py, T =0
it follows that T'= (I — Py)T" = (I — (Pan\ato + Prsy)) T = (I = Papagy) T — Pu T =
(I = Paag,)T" = RYT'. Finally, Lemma III.4 gives us that 7" (and hence T) is a

commutator. O

B. General operators

In this section we follow the ideas in Chapter IV in order to obtain a complete
classification of the commutators on /.. In order to do this, we want to show that if
T—M ¢ S({) for every A € C then we can find a subspace Y which is isomorphic to
l, and satisfies d(Y,TY") > 0. This task we accomplish by first showing that a similar
statement is true when considering the operator 7" restricted to the subspaces of (.,

which are isomorphic to ¢y, and then we extend the result using known techniques of

Rosenthal ([24]).

Lemma V.2. Let T € L({) and denote by I the identity operator on . Then the
following are equivalent

(a) For each subspace X C lo, X ~ ¢o, there exists a constant Ax and a compact
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operator Kx : X — (o depending on X such that T\x = AxIjx + Kx.
(b) There exists a constant X such that T = X + S, where S € S({y) .

Proof. Clearly (b) implies (a), since every strictly singular operator from ¢q to any
Banach space is compact ([1, Theorem 2.4.10]). For proving the other direction we
first show that for every two subspaces X, Y such that X ~ Y ~ ¢y we have A\x = Ay.
We have several cases.
Case I. X NY = {0}, d(X,Y) > 0.

Let {z;}:2, and {y;};2; be bases for X and Y, respectively, which are equivalent
to the usual unit vector basis of ¢y. Consider the sequence {z;}:;°; such that zy; =
T, 2911 = y; for i = 1,2,.... If we denote Z = span{z; : i = 1,2,...}, then clearly
Z =~ ¢y, and, using the assumption of the lemma, we have that T\; = Azl 7 + Kz.

Now using X C Z we have that Ax/jx + Kx = (Az1jz + Kz)|x, hence
(Ax = Az)lix = (Kz)x — Kx.

The last equation is only possible if Ax = Az since the identity is never a compact
operator on a infinite dimensional subspace. Similarly Ay = Az and hence Ax = Ay.
Case II. X NY = {0}, d(X,Y) =0.
Again let {z;}:°, and {y;}:2, be bases of X and Y, respectively, which are equivalent
to the usual unit vector basis of ¢y and assume also that Ay # Ay. There exists
a normalized block basis {u;};2; of {z;}32, and a normalized block basis {v;}:°; of
{yi}:2, such that ||u; — v < % Then ||u; —v]| — 0 = ||[Tuw; — Tv|| — 0 =
I Axuw; + Kxu; — Ayv; — Kyv;|| — 0. Since u; — 0 weakly (as a bounded block basis
of the standard unit vector basis of ¢y) we have | Kxu;|| — 0 and using [|u; — v;|| — 0

we conclude that

||(>\X — )\y)Uz‘ — Ky’UiH — 0.
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Then there exists N € N such that ||Kyv;| > |AX—;”'HUZH for ¢ > N, which is
impossible because Ky is a compact operator. Thus, in this case we also have \x =
Ay.

Case III. X NY = Z # {0}, dim(Z) = co.

In this case we have (AxIjx+Kx)z = (A\vIjy + Ky)|z. Since Z is infinite dimensional,
we can argue as in the first case to conclude that A\x = \y.

Case IV. X NY =7 # {0}, dim(Z) < oc.

Let X =Z@Xyand Y = Z@Y;. Then X;NY; = {0}, X; ~ Y] ~ ¢ and we can
reduce to one of the previous cases.

Let us denote S =T — Al where A = A\x for arbitrary X C (o, X >~ ¢q. If Sis
not a strictly singular operator, then there is a subspace Z C {4, Z ~ £, such that
S|z is an isomorphism ([24, Corollary 1.4]), hence we can find Z; C Z C lu, Z1 ~ ¢y,
such that S|z, is an isomorphism. This contradicts the assumption that S|, is a

compact operator. ]
The following corollary is an immediate consequence of Lemma V.2.

Corollary V.3. Suppose T € L(ls) is such that T — A\ ¢ S({) for any X € C.
Then there exist a subspace X C log, X ~ co such that (T — M\I)x is not a compact

operator for any A € C.

Theorem V.4. Let T € L({y) be such that T — X\ ¢ S(ls) for any A. Then there
exists a subspace X C Lo such that X ~ cq, Tix is an isomorphism and d(X,T(X)) >
0.

Proof. By Corollary V.3 we have a subspace X C (o, X =~ ¢o such that (7" — AI)x
is not a compact operator for any A. Let Z = X @ T'(X) and let P be a projection

from Z onto X (such exists since Z is separable and X =~ ¢y). We have two cases:
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Case I. The operator T} = (I — P)T'P is not compact. Since T} is a non-compact
operator from X ~ ¢ into a Banach space we have that 7} is an isomorphism on
some subspace Y C X, Y ~ ¢y ([1, Theorem 2.4.10]). Clearly, from the form of the
operator 17 we have d(Y,T1(Y)) = d(Y,(I—P)TP(Y)) > 0 and hence d(Y,T(Y) > 0.

Case II. If (I — P)TP is compact and A € C, then (I — P)TP + PTP —
Mz = TP — M|z is not compact and hence PT'P — Alj; is not compact. Now
for Ty := PTP: X — X we apply Lemma IV.10 to conclude that there exists a
subspace Y C X, Y =~ ¢ such that d(Y, PT(Y)) = d(Y,PTP(Y)) > 0 and hence
dY,T(Y)) > 0. O

The following theorem is an analog of Lemma IV.10 for the space /.

Theorem V.5. Let T € L({s) be such that T — N\ ¢ S({) for any A\ € C. Then
there exists a subspace X C Lo such that X =~ l, Tix 1is an isomorphism and

d(X,T(X)) > 0.

Proof. From Theorem V.4 we have a subspace Y C (, Y ~ ¢y such that T}y is an
isomorphism and d(Y,7'(Y)) > 0. Let Ny, = {3i+ k:i =0,1,...} for k = 1,2,3.
There exists an isomorphism S: Y @ TY — co(N;) @ co(Ny) such that S(Y) = co(Ny)
and S(TY) = co(N,). Note that the space Y & TY is indeed a closed subspace
of lo, due to the fact that d(Y,T(Y)) > 0. Now we use [20, Theorem 3] to ex-
tend S to an automorphism S on fs. Let T3 = ST'S~' and consider the operator
(PnoT1) (0o (1) Loo(N1) = £oo(N2), where Py, is the natural projection onto £ (NVa).
Since T1(co(N1)) = co(N2), by [24, Proposition 1.2] there exists an infinite set M C Ny

such that (Pn,T%)je.(m) is an isomorphism. This immediately yields

d(loo(M), Pn,T1({oo(M))) > 0
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and hence

d(lo(M), Ty (€ (M))) > 0. (5.1)

Finally, recall that T} = ST'S™*, thus
d(loo (M), STS™ (lo(M))) > 0

and hence d(S™!(ls(M)), TS (Ls(M))) > 0. H
Finally, we can prove our main result.

Theorem V.6. An operator T € L({y) is a commutator if and only if T — N\ ¢
S(ly) for any A # 0.

Proof. Note first that if T' is a commutator, from the remarks we made in the intro-
duction it follows that T'— AI cannot be strictly singular for any A # 0. For proving
the other direction we have to consider two cases:

Case I. If T € S({s) (A = 0), the statement of the theorem follows from
Theorem V.1.

Case II. If T'— A ¢ S({) for any A € C, then we apply Theorem V.5 to get
X C ly such that X ~ /(, Tjx an isomorphism and d(X,TX) > 0. The subspace
X + TX is isomorphic to /., and thus is complemented in ¢,,. Theorem II1.9 now

yields that T" is a commutator. O
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CHAPTER VI

COMMUTATORS ON OTHER BANACH SPACES
In this chapter we apply some of the techniques we have developed in the previous
chapters in order to get a better insight or in some cases a complete characterization

of the commutators on other classical Banach spaces.

A.  Commutators on £, @& lp, ©--- DLy,

A B
Lemma VI.1. [6, Lemma 19] Let X and Y be Banach spaces and T =

C D
an operator from X ®Y into X®Y . If A and D are commutators on the corresponding

spaces then T is a commutator on X @Y.

Proof. Let A = [Ay, Ay] and D = [Dy, Dy]. Assume without loss of generality that
1

max (|| Az], || D2]]) < 7 We need to find operators £ and Es such that

T A By Ay +1 0 Ay +1 0 A B

Ey Dy 0 D, 0 D, Ey Dy

or equivalently, we have to solve the equations

B = E\D,— (Ay+1)E, (6.1)

for Fy and E,. Let G : L(X,Y) — L(X,Y) be defined by G(S) = —SAy + DsS.
It is clear that ||G]| < 1 by our choice of Ay and Ds, hence I — G is invertible.
Now it is enough to observe that (6.2) is equivalent to C' = (I — G)(FE2) which
gives us Fy = (I — G)7'C. Analogously, we define F' : L(Y,X) — L(Y,X) by
F(S) = —AS + SDy and then (6.1) becomes equivalent to —B = (I — F)(E,).
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Applying the same argument as before, we get that I — F is invertible and hence

By =(I - F)"'(~B). O

Theorem VI1.2. [6, Theorem 20] Let X = {, & {, where 1 < ¢ <p < oo and T €
L(X). Let Py, and P, be the natural projections from X onto £, and {, respectively.
Then T is a commutator if and only if P, TP, and P,/ TP, are commutators as

operators acting on £, and {,, respectively.

Proof. Throughout the proof we will work with the matrix representation of 1" as an

A B
operator acting on X. Let T = where A : 0, — {,,D :l, — {;,B:{; —

C D
l,,C : {, — {,. The well known fact that the operator C' is compact ([21, Proposition

2.c.3]) plays an important role in the proof. If T is a commutator, then 7' = [T}, T3]

for some T1, Ty € L(X). Write T; = for i = 1,2. A simple computation
Ci D
shows that
T [A1, Ao] + B1Cy — ByCh A1By + B1Dy — Ay By — By Dy

ClAQ + chg — CQAl — DQCl [Dl, DQ] + ClBQ — CgBl

From the classification of the commutators on ¢, for 1 < p < oo and the fact that
the C;’s are compact we immediately deduce that the diagonal entries in the last
representation of T are commutators. For the other direction we apply Lemma VI.1

which concludes the proof. [

The classification given in the theorem can be immediately generalized to a space

which is finite sum of £, spaces, namely, we have the following

Corollary VI.3. [6, Corollary 21] Let X = {,, & lp, & --- B L, where 1 < p, <

Pno1<...<pr<o0andT € L(X). Let ngi be the natural projections from X onto
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ly, fori =1,2,...,n. Then T is a commutator if and only if for each 1 < 1 < n,

P, TP, is a commutator as an operator acting on £, .
Pq Ps i

Proof. We proceed by induction on n and clearly Theorem VI.2 gives us the result
for n = 2. If the statement is true for some n, then to show it for n + 1, denote
Y =4,®l,D - DL,. Now X = /{, &Y and using the same argument as in
Theorem VI.2 we see that if T is a commutator, then both Pngng1 and By TPy
are commutators on ¢, and Y respectively. Here we use the induction step to show
that compact perturbation of a commutator on Y is still a commutator. The other
direction is exactly as in Theorem VI.2. It is worthwhile noticing that for this direction

we do not need any assumption on the spaces in the sum. O

Using the description of the maximal ideals in £(€,, & {,, & --- & {,,) We now
give an alternate classification of the commutators on ¢,, @ ¢, ® --- ® {,,,, which we

will use later.

Theorem VI.4. Let X =/{,, ®{,, ®--- DL, wherel <p, <p,_1 <...<p; <00.

An operator T € L(X) is a commutator if and only if T — X is not in any of the n
mazximal ideals in L(X) for any A # 0.

Proof. The proof of the theorem is immediate from Corollary VI.3 and the alternate
description of the maximal ideals in £(X) we gave in Lemma II.8. Note that we also
use the classification of the commutators on ¢, 1 < p < 0o, we obtained in Theorem

IV.12. ]

It is not hard to see that the Theorem VI.4 remains valid if we substitute one of
the spaces £, with c¢o. The proof does not change at all because the classification of
the commutators on ¢y and £, is the same and all operators from ¢y to ¢, are compact

([21, Proposition 2.c.3]), which was essential in the proof.
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B. Commutators and property P

In this section we try to generalize some of the concepts we have encountered during

our work. First consider the set
My ={T € L(X) : Iy does not factor through T}.

This set comes naturally from our investigation of the commutators on ¢, for
1 < p < oo. We know (Theorem IV.12, [3, Theorem 4.8], [4, Theorem 2.6]) that the
non-commutators on £,, 1 < p < oo and ¢y have the form A + K where K € My
and A # 0, where My = K({,) is actually the largest ideal in £(¢,) ([9]), and, in
this dissertation we showed (Theorem V.6) that the non-commutators on /., have the
form AI + S where S € My and X # 0, where My = S({ ). Thus, it is natural to
ask the question for which Banach spaces X is the set My the largest ideal in £(X)?
Let us also mention that in addition to the already mentioned spaces, if ¥ = L,(0, 1),
1 < p < oo, then My is again the largest proper ideal in £(X') (cf. [8] for the case
p =1 and [13, Proposition 9.11] for p > 1).

First note that the set My is closed under left and right multiplication with
operators from L£(X'), so the question whether My is an ideal is equivalent to the
question whether M y is closed under addition. Note also that if My is an ideal then
it is automatically the largest ideal in £(X’) and hence closed, so the question we will

consider is under what conditions we have
My + My C My (6.3)
The following proposition gives a sufficient condition for (6.3) to hold.

Proposition VI.5. Let X be a Banach space such that for every T' € L(X) we have
T¢ My orl—T¢ Mx. Then My is the largest (hence closed) ideal in L(X).
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Proof. Let S, T € My and assume that S+ T ¢ My. By our assumption, there
exist two operators U: X — X and V: X — X which make the following diagram

commute:

S+T

X

U V
I

Denote W = (S + T)U(X) and let P: X — W be a projection onto W (we can
take P = (S + T)UV). Clearly VP(S +T)U = I. Now S,T € My implies
VPSU,VPST € My which is a contradiction since VPSU + VPTU = 1. ]

The conditions of the previous proposition are clearly satisfied for all the spaces
¢, and L,, 1 < p < oo, but we already saw in the introduction that My is in fact
the largest ideal in these spaces. Let us just mention that the conditions of the
proposition above are satisfied for X = C([0,1]) ([19, Proposition 2.1]) hence My is
the largest ideal in £(C([0,1])) as well.

We should point out that there are Banach spaces for which My is not an ideal
in £(X). We already saw (Lemma I1.8) that ¢, &¢,,®- - - B L, has exactly n maximal
ideals and for this particular space we provided a necessary and sufficient condition
for an operator to be a commutator (Theorem VI.2). Namely, we showed that an
operator T" is a commutator if and only of P, TP, and P, TP, are commutators as
operators acting on /¢, and /, respectively, where P, and P, are the natural projec-
tions from /¢, @ ¢, onto ¢, and ¢, respectively. The alternative classification of the
commutators on ¢, ®¢,, ®---®, we gave in Theorem VI.4 can be generalized, but

first we need a definition and a Lemma that follows easily from [6, Corollary 21].

Property P. We say that a Banach space X has property P if 7" € £(X) is not a

commutator if and only if 7" = Al + S, where A # 0 and S belongs to some proper
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ideal of L(X).

All Banach spaces we have considered so far have property P and our goal now is
to show that property P is closed under taking finite sums under certain conditions

imposed on the spaces in the sum.

Lemma VI.6. Let {X;}!" | be a finite sequence of Banach spaces that have property
P. Assume also that all operators A: X; — X, that factor through X; are in the
intersection of all mazximal ideals in L(X;) for each i,7 = 1,2,...,n, i # j. Let
X=X ®Xo®D DX, and let P; be the natural projections from X onto X; for
i=1,2,...,n. Then T € L(X) is a commutator if and only if for each 1 < i < n,

P, TP; is a commutator as an operator acting on X;.

Proof. The proof is by induction and it mimics the proof of Corollary VI.3. First

A B
consider the case n = 2. Let T = where A : X; — X1,D : Xy —

C D

X9,B: Xo — X;,C: Xy — Xo. If T is a commutator, then T" = [T}, T»] for some
A; B;

T, T, € L(X). Write T; = for i = 1,2. A simple computation shows
C; D

that

T [Al, AQ} + Bng — BQCl A1B2 + B1D2 — A2B1 — B2D1

ClAQ + chg — CgAl — DQCl [Dl, D2] + ClB2 — CQBl

From the assumption that X; and X5 have property P and the fact that the B;Cy, BoCy
lie in the intersection of all maximal ideals in £(X;), and CyBs, CyB; lie in the in-
tersection of all maximal ideals in £(X5), we immediately deduce that the diagonal
entries in the last representation of T are commutators. In the preceding argument

we used the fact that a perturbation of a commutator on a Banach space X having
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property P by an operator that lies in the intersection of all maximal ideals in £(X)
is still a commutator. To show this fact assume that A € £(X) is a commutator,
B € L(X) lies in the intersection of all maximal ideals in £(X) and A+ B =X+ S
where S is an element of some ideal M in £(X). Now using the simple observa-
tion that every ideal is contained in some maximal ideal, we conclude that S — B is
contained in a maximal ideal, say M containing M hence A — A\ € M, which is a
contradiction with the assumption that X has property P.

For the other direction we apply Lemma VI.1 which concludes the proof in the
case n = 2. The general case follows from the same considerations as in the case

n = 2 in a obvious way. ]

Our last corollary shows that property P is preserved under taking finite sums

of Banach spaces having property P and some additional assumptions as in Lemma

VIL.6.

Corollary VI.7. Let {X;}; be a finite sequence of Banach spaces that have property
P. Assume also that all operators A: X; — X, that factor through X; are in the
intersection of all mazimal ideals in L(X;) for each i,j = 1,2,...,n, i # j. Then

X=X Xo® - X, has property P.

Proof. Assume that T € L(X) is not a commutator. Using Lemma VI.6, this can
happen if and only if P,TP; is not commutator on X; for some ¢ € {1,2,...,n} and
without loss of generality assume that ¢ = 1. Since P,T'P; is not a commutator and
X1 has property P then P\T P, = A x, + S where S belongs to some maximal ideal
J of £(X;). Consider

M ={T € L(X) : PTP, € J}. (6.4)

Clearly, if T'€ M and A € L(X), then AT, TA € M because of the assumption
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on the operators from X; to X; that factor through X;. It is also obvious that M is
closed under addition, hence M is an ideal. Now it is easy to see that T — A\ € M
which shows that all non-commutators have the form Al + S, where A # 0 and S
belongs to some proper ideal of L(X).

The other direction follows from our comment in the beginning of the introduc-
tion that no operator of the form A\l +.S can be a commutator for any A # 0 and any

operator S which lies in a proper ideal of L(X). O]
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CHAPTER VII

SUMMARY

In our final chapter we give a brief summary of the result we proved in the dissertation.

A. Commutators on Banach spaces

1. Commutators on () Y)p

First we considered Banach spaces X of the form (ZY)p for an arbitrary Banach
space Y and 1 < p < oo. For those type of spaces we were able to show that the

following theorem holds.

Theorem. Let T € E(( > Y)p). Then the operators FyT" and T F, are commutators,
where F, is the natural projection onto the first copy of Y in the sum (Z Y)p.
If we impose the additional condition that X ~ ( X )p, then the above theorem says
that on those type of spaces, the operators with large kernels or large complements
of the range are commutators. We also proved a theorem which played a significant

role in our further results.

Theorem. Let X be a Banach space such that X' ~ (ZX)p, 1<p<oocorp=0.
Let T € L(X) be such that there exists a subspace X C X" such that X ~ X, Tjx is
an isomorphism, X + 7'(X) is complemented in X and d(X,T(X)) > 0. Then T is a

commutator.
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2. Commutators on £,, 1 < p < oo, and ¢

The classification of the commutators on £, for 1 < p < oo and ¢y was already known
and our contribution is the case ¢;. Since our methods give the classification for all

ly, 1 < p < o0, and ¢y we state the theorem in its full generality.

Theorem. Let X = /,, 1 < p < oo or X = ¢p. An operator T' € L(X) is a

commutator if and only if 7" — AI is not compact for any A\ # 0.

3. Commutators on £

Despite the fact that the space /., satisfies the condition ¢, ~ (ZEOO)OO, we can
not apply exactly the same methods we used for classifying the commutators on /¢y,
though the general idea is the same. The lack of an unconditional basis for ¢, and
the fact that the largest ideal in £(/,) is the ideal of strictly singular operators (not
the compact operators which is the case in £(¢;)) were some of the obstacles we had
to overcome. We were able to obtain a complete classification of the commutators on

l+, which is what we conjectured in the introduction of the dissertation.

Theorem. An operator T' € L({,) is a commutator if and only if T'— A ¢ S({y)
for any A\ # 0.

4. Commutators on other spaces

Using the techniques developed in Chapter III and the classification of the commu-
tators on £,, 1 < p < 0o and ¢y given in Chapter IV we obtained a classification of

the commutators on ¢, ©{,, - DL, .
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Theorem. Let X = {,, & {,, ®--- & {,, where 1 < p, < p,_; < ... <p < 0.
An operator T' € L£(X) is a commutator if and only if 7" — AI is not in any of the n

maximal ideals in £(X) for any A # 0.

We say that a Banach space X' has property P if T € L(X) is not a commutator if
and only if 7= A + S, where A # 0 and S belongs to some proper ideal of L(X).

The theorem above can be generalized using the notion of Property P.

Corollary. Let {X;}, be a finite sequence of Banach spaces that have property
P. Assume also that all operators A: X; — X, that factor through X; are in the
intersection of all maximal ideals in £(X;) for each 7,5 = 1,2,...,n, ¢ # j. Then

X=X0Xo® D X, has property P.

B. Open problems

We end this dissertation with some comments and questions that arise from our work.

1. Commutators on L,, 1 < p < 0o

Let X = L, for some p, 1 < p < co. We know that X" has largest ideal (the ideal of
non-E operators if X = L; and the ideal of non-A operators if ¥ = L, 1 < p < 00)
and the space X satisfies the condition X ~ (ZX )p. Thus, we can try to apply
the techniques developed in Chapter III in order to obtain a complete classification
of the commutators on X'. We already saw (in the proof of Lemma IV.5) that non-£
operators are commutators, but we have to deal with non-A operators, as well as a

general operator in £(X).

Question VII.1. Does every non-commutator on L,, 1 < p < oo, have the form
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M + K, where X # 0 and K belongs to the largest ideal in L(L,)?

If the answer to this question is positive, the spaces L,, 1 < p < oo, will be one more

example of class of spaces for which conjecture we stated in Chapter I is valid.

2. Distance between finite dimensional Banach spaces

In 1948 F. John showed in [11] that the Banach-Mazur distance between any n-
dimensional Banach space and ¢4 does not exceed \/n. One can consider a similar
question, but instead of considering ¢5 we consider ¢2 (or by duality ¢}). The best
upper bound is due to Giannopoulos ([10]) who proved that d(X, (") < Cn®/% and
in [29] Szarek also proved that max{d(X, /%) : dim X = n} > cn'/?logn. Since the

exponent 5/6 does not seem natural, we can ask the following

Question VII.2. Find the essential upper bound of the expression d(X, (%), where

X 1s an n-dimensional Banach space.

3. Best constant in Grotendieck’s inequality

The famous Grothendieck inequality

00 o)
max E CLZ'J<SZ', T'j) S C' max E ai,jsitj
Si,T]‘ESB(H) “~— Siﬂfje[—l,l] -
1,7=1 1,7=1

has a tremendous impact in many areas of mathematics. There are very tight
bounds for the constant C' in this inequality due to Krivine ([15]) who showed that
1.67696 ... < C' < 1.7822139781, but so far the best constant C' is unknown. If we fix
a number n > 2, it is also not known what is the best constant ), in the Grothendick
inequality if we impose the restriction 1 < 4,5 < n. Clearly C; = 1 and it is not hard

to prove that Cy = /2.
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Question VII.3. What is the best constant C' in the Grothendieck inequality? What

about the best constant C., in the same inequality?

An answer to the second question will also answer the first one because C' =

lim C,,.

n—oo
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