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ABSTRACT

Some Results in the Hyperinvariant Subspace Problem and Free
Probability. (May 2009)
Gabriel H. Tucci Scuadroni, B.A., Universidad de la Republica, Uruguay;
Electrical Engineer Diploma, Universidad de la Republica, Uruguay

Chair of Advisory Committee: Dr. Kenneth Dykema

This dissertation consists of three more or less independent projects. In the first
project, we find the microstates free entropy dimension of a large class of L>[0, 1]-
circular operators, in the presence of a generator of the diagonal subalgebra.

In the second one, for each sequence {c,}, in [;(N), we define an operator A in
the hyperfinite II;-factor R. We prove that these operators are quasinilpotent and
they generate the whole hyperfinite II;-factor. We show that they have non-trivial,
closed, invariant subspaces affiliated to the von Neumann algebra, and we provide
enough evidence to suggest that these operators are interesting for the hyperinvari-
ant subspace problem. We also present some of their properties. In particular, we
show that the real and imaginary part of A are equally distributed, and we find a
combinatorial formula as well as an analytical way to compute their moments. We
present a combinatorial way of computing the moments of A*A.

Finally, let {T;}72, be a family of x—free identically distributed operators in a
finite von Neumann algebra. In this paper, we prove a multiplicative version of the
Free Central Limit Theorem. More precisely, let B, = 17715 ... TT, ... 751} then
B,, is a positive operator and B}L/ n converges in distribution to an operator A. We
completely determine the probability distribution v of A from the distribution p of
|T'|?. This gives us a natural map G : M, — M, with g — G(u) = v. We study

how this map behaves with respect to additive and multiplicative free convolution.



v

As an interesting consequence of our results, we illustrate the relation between the
probability distribution v and the distribution of the Lyapunov exponents for the

sequence {T}}72, introduced by Vladismir Kargin.



To Maria Valentina Vega Veglio
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CHAPTER I

INTRODUCTION AND BACKGROUND

In August 2003 I was accepted as a Ph.D. student by the Department of Mathematics
at Texas A&M University. The outcome of my studies is a total of three papers
intended for publication, two of which have been published at the time of writing.
Some of them are closely related, some are not. I have chosen to simply include each
paper as a (self-contained) chapter of my dissertation. Each chapter contains a brief
introduction to the subjects dealt with therein, and to the expert in the field that
introduction may suffice. This first chapter, has the purpose of give a slightly more
detailed introduction to the above mentioned subjects, is then meant as a service
to the non-experts. People with a solid background in functional analysis should be
able to follow the presentation and thereby also learn about some of the important

applications of free probability and random matrices to operator algebras.

A. An Introduction to Free Probability

John von Neumann established the theory of so called von Neumann algebras in the
1930’s. This theory was motivated by the spectral theorem of selfadjoint Hilbert space
operators and by the needs of the mathematical foundation of quantum mechanics.
A von Neumann algebra is an algebra of bounded linear operators acting on a Hilbert
space which is closed with respect to the topology of pointwise convergence. If the
von Neumann algebra has trivial center it is called a Factor. Factors are in a sense the

building blocks of general von Neumann algebras. In a joint paper with F.J. Murray,

The journal model is IEEE Transactions on Automatic Control.



a classification of the factors was given. Special attention was given to the type II;
factors, which are continuous analogues of the finite dimensional matrix algebras. A
type II; factor admits an abstract trace functional 7 that takes values in [0, 1] on
projections. The hyperfinite II; was the first example of a type II; factor.
Countable discrete groups give rise to von Neumann algebras; in fact one can
associate to a discrete group G a von Neumann algebra £(G) in a canonical way. On

the Hilbert space l5(G) the group G has a natural unitary representation g — L,

(Le&)(h) :==&(gh) (€ € 1(G), g, h € G).

The group von Neumann algebra £(G) associated to G is by definition the closure
of {L, : g € G} in the topology of pointwise convergence. If the group under
consideration is ICC (i.e. all its non—trivial conjugacy classes contain infinitely many
elements), then the von Neumann algebra £(G) is a factor. Let 6, € l2(G) stand for

the characteristic function of {e} and define
7(+) == (- 0¢, 0¢).

Then it is easy to check that 7 is a trace, i.e. it satisfies 7(ab) = 7(ba) for all
a,b e L(G).

Let IF,, denote the free group with n generators. von Neumann showed that type
I1; factors L(F,) are non-hyperfinite. It is still unknown if £(FF,,) and L(F,,) are iso-
morphic or not for n # m. This question was the main motivation for D.V.Voiculescu
to study the free relation and to develop free probability theory.

Free probability theory, as invented by D.V.Voiculescu in the 80s, is a highly non-
commutative analogue of (classical) probability theory, the main purpose of which was
to deal with von Neumann algebras of free groups. The present section will provide

the reader with the basic definitions from free probability and with a sample of its



most important achievements in operator algebras. The reader may also want to take
a look at some of the references [47] and [53] for more information on the subject.

In free probability theory, the abelian von Neumann algebra L>°(£2, i) associated
with the probability space (€2, u), which is equipped with the state f +— [ fdu, is
replaced by a non-commutative probability space. A non-commutative probability
space is a pair (A, ¢) where A is a unital algebra and ¢ : A — C is a linear map with
©(1) = 1. For (A, ¢) to be a C*—probability space, we require that A be a unital
C*—algebra and ¢ a state on A, and for (A, ) to be a W*—probability space, we
furthermore require that A is a von Neumann algebra and ¢ a normal state on A.

Some frequently encountered W *—probability spaces are the II;-factors. A IIj-
factor is a finite, infinite-dimensional von Neumann algebra with trivial center. Such
a von Neumann algebra M has a unique faithful, normal, tracial state 7 which gives
rise to an inner product on M. We let || - |2 denote the corresponding norm on M.
The Hilbert space completion of M with respect to this norm is denoted by L?(M, 7),
or simply L*(M).

Elements in the non—commutative probability space (A, ¢) replace random vari-
ables f € L*(Q, 1) and are called non—commutative random variables. If a € A is

such an element, the distribution of a is the linear map p, : C[X] — C given by
pa(X*) = p(a"), keN

where C[X] denotes the set of complex polynomials in the indeterminate X.
If Aisa C*-algebra, ¢ a state on A, and a = a*, then by the Riesz representation
theorem, u, determines a probability measure on R which we will also denote by 1.

That is, u, is the unique compactly supported Borel probability measure on R which



satisfies
[ i) = o), ke
R

The joint distribution of a family (a;);e; of non-commutative random variables

in (A, @) is the linear map p(q,) : C((X;)icr) — C given by

H’(al)(leXZngn) :go(ailaiQ...ain), nGN, il,ig,...in EI,

where C((X;);es) denotes the set of polynomials in || non-commuting indeterminates.

The notion of independence in classical probability theory is replaced by the
notion of freeness in free probability theory. In order to motivate the definition
given below, recall that random variables f, g € L*>(2, u) are independent iff for all

polynomials P and () in one variable,

| Pthe@an= [ Puydn [ Qo)

Equivalently, f and ¢ are independent iff their joint distribution u(f,g) on R? is
the tensor product puy ® py of the marginal distributions. Thus, the definition of

independence can be recovered from the notion of a tensor product.
Definition A.1. Let (A4, ¢) be a non—commutative probability space.

1. Unital subalgebras of A, (A;);es, are said to be freely independent or free if for

alln > 1, for all iy, ..., € I with i; # i;,; and for all a; € A;; with ¢(a;) =0,

o(aas .. .a,) =0.
2. Elements in A, (a;);e; are said to be freely independent or free if the algebras
(Alg(a;, 1))ier are free.

3. Elements (a;);cr in the C*—probability space (A, ) are said to be x—free if the

algebras (Alg(a;, a},1));er are free.



In analogy with the classical setting, if (a;);e; in (A, @) are free, then the joint
distribution fi(4,),., is uniquely determined by the individual distributions .

Let us take a look at a free family of elements which plays a particularly impor-
tant role in free probability: A semicircular system (or family) in a C*—probability
space is a family (a;);e; of freely independent, self-adjoint elements from A, such
that each variable a; is distributed according to the (0,1) semicircle law do(t) =
-4 — 215 (t) dt. That is,

1

2
M(X’f):—/ t"v4 —t2dt, keN.
-2

2

The parameters 0 and 1 refer to the first and the second moment, respectively, of o.

In general, the semicircle law centered at a and of radius r is given by

2

T2

do, () = 72— (t —a)? lg—pasr(t) dt

Semicircular systems arise naturally as bounded operators on Fock space.

In the non—commutative setting, the semicircle law plays the role of the Gaussian
distribution in classical probability. For instance, o is the unique probability measure
on R, for which the R—transform (the free analogue of the logarithm of the Fourier
transform) is the identity map on C. For this reason, the semicircle law replaces the

Gaussian distribution in the free central limit theorem [47].

Example A.2. Given a group I' with neutral element e, consider the left regular

(unitary) representation A of I' on B(I*(T')) given by

MNg)(0n) = 64n, g,h €T,

Let L(I") := MI")" € B(I*(I")) denote the group von Neumann algebra with tracial

vector state 7(-) = (- de, dc). L(I") is then finite, and in case I' # {e} isi.c.c., L(T') is



a factor and the tracial state 7 is unique.

Consider now any family of groups, (I';, €;)ier , and let I' = #;¢;I'; denote their free
product. Then L(I') with tracial state 7(-) = (- e, d¢) is isomorphic to *;er(L(T;, 7))
where 7;(-) = (-0¢,d.). For instance, let F, = *_,Z denote the free group on n

generators. Then for the free group factor L(FF,,) we have:
(L(Fn), 7) =+ (L(2), 73) (1.1)

where 7;(+) = (- 61, d;) is the trace on L(Z).
For 1 < i < n, the unitary \(g;), which corresponds to A(1) in the i’th copy of
L(Z) in L(FF,,), has the Haar distribution on the unit circle T and it follows from (1.1)

that (A(g;))r, are x—free in L(IF,)) and that

(LF). ) = s (2200, [ av)

where v denotes Haar measure. Clearly, L>*(T,v) = L*(|—2,2],0), where do(t) =

V4 — 12 1[_99(t) dt is the (0,1) semicircle law. Hence,

L(F,) =+, (LOO([—2, 9, a)>.

and L(TF,,) is therefore generated by the semicircular system (z1, xo, . .., x,), where z;
in the i'th copy of L>([—2,2],0) is the identity map on [—2,2]. Due to Voiculescu’s
results in [46], this links random matrices to the free group factors.

As we will see, free probability has already contributed significantly to our un-
derstanding of the free group factors. However, the question left open is whether
L(F,) is isomorphic to L(F,) for n # m. It may or may not be that free probability

will provide the solution to this famous problem.



B. Free Harmonic Analysis

The classical convolution of measures on the real line is strongly related to indepen-
dence of random variables; namely, the convolution of distributions is the distribution
of the sum of independent variables. Analogously, if 21 and x5 are freely independent
elements in a non-commutative probability space, then the distributions of x; + x5
and xjz9 are uniquely determined by the distributions pu,, and p,,. However, it is
rarely trivial to actually compute fiz, 2, and piz, ., . The R—and S-transforms, which
we will define in this section, are tools from analytic function theory which may make
the computations easier. Due to the connections between free probability and ran-
dom matrices, these tools may also prove useful in determining the limit distributions
of sums and products of independent random matrices as the matrix size tends to

infinity.

Definition B.1. If x; and x5 are freely independent elements in a non-commutative
probability space with distributions pu,, and p,,, respectively, the distribution of
x1 + x5 is called the additive free convolution of pu,, and p,, and is denoted by
tz, B pip,. The distribution of xj29 is called the multiplicative free convolution and

is denoted by i, X 1y, .

Note that H and X may be viewed as binary operations on the set > of linear
maps 4 : C[X] — C with (1) = 1. For two such maps 1, pe in ¥ we will also denote
by py B e and py X ps the distributions of the sum and the product of two freely
independent elements with distributions p; and us, respectively.

Consider now a Borel probability measure p on the real line. The Cauchy trans-

form (or Stieltjes transform) of p, G, : C\ R — C given by

z —

G#(z):/RdM(tg, 2 €C\R (1.2)



has an analytic inverse (with respect to composition) in a neighborhood of infinity.
We denote this inverse, which is defined in a neighborhood of 0, by G§_1> and define

the R-transform of u, R, by

R(z) = GE(2) =+ (1.3)

z

R, has a removable singularity at 0.

The following Theorem was proved by Voiculescu in [43].

Theorem B.2. Let ju; and ps be Borel probability measures on R. Then the R-

transform of i B e satisfies
RmEﬁm(Z) = Rm (Z) + Rm(z)
in a neighborhood of 0.

It follows that if y; and pe are known and if we are able to invert the G,,’s, we can
easily find R, m,, and hopefully also G/, m,,. The inverse Stieltjes transform helps us
find pq B po. If p is a Borel probability measure on R, then in the weak* topology on
Prob(R),

du(zr) = lim ( — %ImG#(l‘ + iy) dx)

y—07T
It is then not hard to prove, using Theorem B.2, that if x; and x5 are freely indepen-
dent and both semicircular, then x; + x5 is again semicircular.
The multiplicative analogue of the R—transform is the S—transform which we will

now define. For an element x # 0 in a C*—probability space define

V(2) = 3 plat) = ol -], | < oo

If x has first moment ¢(x) # 0, then ¥, is invertible with respect to composition in

o0

k

a neighborhood of 0. We denote the inverse U=~ and define the S—transform of z



S (z) = ”Tzq/;—1><z).

S has a removable singularity at 0. Then next fundamental theorem was also proved

by Voiculescu in [44].

Theorem B.3. If x1 and x4 are freely independent elements in the C*—probability

space (A, ) with p(x;) # 0 then p(x1x9) # 0, and the S—transform of x4y satisfies
Sz (2) = Sz, (2) Sz, (2)

in a netghborhood of 0.

C. Free Entropy

The concept of entropy originated from thermodynamics and became a mathemat-
ical notion in the work of Gibbs and Boltzmann. Later it got importance in in-
formation theory and in the statistical problem of testing hypothesis. The entropy
— [ f(x)log f(z) dz of a probability density f appears mostly in limit theorems. Even
the central limit theorem is understandable in terms of entropy. Let &1,&s,... be a
sequence of independent identically distributed random variables of mean 0. Then
the random variables z,, = (§; + & + ... + &,)/+/n have the same variance and their
entropy is increasing (when n runs over the powers of 2). The limiting Gaussian
variable has maximal entropy among the distributions of given variance.

In [48], Voiculescu invented the notions of free entropy and free entropy dimen-
sion. These are quantities which have given rise to some of the most significant
applications of free probability to operator algebras.

The free entropy of an n-tuple (x1,...,z,) of self-adjoint elements in a tracial

W*—probability space (M, 7) is the proper free analogue of Shannon’s entropy of



10

an n-tuple of real-valued random variables. Shannon’s entropy, or the information
entropy, as defined by Shannon in 1948, is a quantity supposed to describe how much
randomness or uncertainty there is in a given probability distribution (a signal, in
Shannon’s terminology). Voiculescu aimed at defining free entropy in such a way that
the appropriate translation of the properties of classical entropy would be satisfied
by the free entropy.

In statistical thermodynamics, when computing the entropy of a system subject
to a given set of macroscopic constraints (e.g. total energy, volume, temperature,
pressure), one considers the set of microstates for the system consistent with those
constraints. A microstate is one of a huge number of different accessible microscopic
arrangements of a particular system (the macrostate) that the system visits in the
course of its thermal fluctuations. It may be seen as one of a huge number of possible
instantaneous photos of the system. The macrostate is then characterized by a prob-
ability distribution on its ensemble of microstates. This ensemble may in principle
consist of a continuum of possible states, but let us assume that there are only finitely
many, say N, of them and that the probability of finding the system in the i’th state

is p; . Then the entropy of the system is

N
S =—kp sz‘ log p;
i=1

where kp is Boltzmann’s constant.

In free probability, a microstate space for the n-tuple (x1, ..., z,) of self-adjoints
in (M, 7) is the set of n—tuples of self-adjoint matrices which to some extend approx-
imate the joint distribution of x1,...,x,. More precisely, for m € N and € > 0, let

[(xy,...,2,; m,k,€) denote the set of n-tuples (Ay, ..., An) € (Mg(C)s,)™ such that

7(iy - y) — trp(Aiy - Ay <€
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foralll € {1,...,m} and for all 7y,...,9, € {1,...,n}. Here, try = %Trk denotes the
normalized trace on M (C) and m and e specify the degree of approximation.
The euclidean structure on (M}, (C),q)" equipped with the Hilbert-Schmidt scalar

product
<A1, Ce ,An,Bl, Ce >Bn>2 = ZTrk(Asz)a Al, ce ,An,Bl, c. ,Bn € Mk(c)sa
i=1

gives rise to the notion of volumes of (measurable) subsets of (M(C)s,)". This volume
is nothing but Lebesgue measure A on R¥” when we identify (M;(C),,)" with R*"*

(as vector spaces over R). Now, let

1
X(x1, ..., 2, ; m,€) = limsup (Elog)\(f‘(xl,...,xn; m,k,€)) + glogk),
k—oo

and increase the degree of approximation by putting
X(x1, ..., x,) =inf x(z1,...,2,; m,€)

This number, x(z1,...,x,) € [—00, +00) (cf. [48]), is the free entropy of (z1,...,z,).
In the following we will list some the properties of x(-), all of which were verified by

Voiculescu. We refer to [53] for a comprehensive list.

L. Upper bound: x(x1,...,2,) < 5log <M> where C? = 7(2? + ... +22).

n

2. Semicontinuity : Let <(a:§p), o ,x%p))> and (xy,...,7,) be the n—tuples of
p=1

self-adjoint elements in (M, 7) such that

and suppose (xgp), . ,x%p)) converges in distribution to (z1,...,x,). Then

limsup x(2f”, ..., 2®) < x(@1,..., 7).
p
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3. Additivity and free independence : 1f x(z;) > —oo, 1 < i < n, then z4,...,z,

are free if and only if

X(x1, .., p) = ZX<$’)

4. Semicircular mazimum : Among those (z1,...,2,) € M% with > 7(z}) =n

x(x1,...,2,) is maximized by n free (0, 1) semicircular elements only.

5. A single variable : For x € My, with distribution p, in Prob(R),

x(z) = / / log 5 — £ e () dp(t) + >+  log(2r).

Of course, one may ask if for any n—tuple (z1,...,x,) there exist microstates corre-
sponding to every degree of approximation (m,¢€). The answer is ’yes’ if and only if
W*(x1,...,x,) embeds into R, the ultraproduct of the hyperfinite II;—factor, i.e. iff
W*(z1,...,x,) has Connes’ embedding property. So far there are no known examples
of finite von Neumann algebras not having this property.

In addition to free entropy there is a notion of relative free entropy which

we will need in the following. Suppose z1,...,%p,v1,...,Y, are self-adjoint ele-
ments in (M, 7). Then the free entropy of zy,...,z, in the presence of yi,...,y,,
X(z1,...,2p © y1,...,Y,), is obtained by first considering the microstate spaces of

(x1,...,%p,y1,...,Y,) and then projecting onto the first p coordinates. This will give
us aset I'(zy,...,2p @ Y1, Yq; m,k,€). x(z1,...,2p © Y1,...,Y,) is then obtained
by replacing I'(xy, ..., 2, ; m, k,e) with I'(xy,...,2p © Y1,...,Y4; m, k,€) in the defi-
nition of x(z1,...,xy,).

Given an n—tuple of self-adjoints operators (z1, ..., ,), take a semicircular fam-

ily (s1,...,8,) which is free from W*(xq,...,x,). Then the (modified) free entropy
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dimension of (x1,...,x,) is given by
So(x1,- .., xn) = n + limsup X(z1 4 €81, T+ €Sy ¢ ST,y 8n)
e—0 | log €|

D. Applications to Operator Algebras

Now, here are some of the aforementioned applications of free probability to operator

algebras:

1. Property non-I". A II;—factor M is said to have property I' if there exists a
non—trivial sequence of asymptotically central projections {P,,}>°_; in M, i.e.

{P,,}_, must satisfy

liminf7(P,,) > 0, limsup7(P,) < 1,

m m

and

Vee M : | [z, P |l2 — 0.
An example of a II;—factor with property I' is the hyperfinite II;—factor R.

In [50] Voiculescu showed that n > 2 self-adjoint elements xy, . .., z, with non-
degenerate free entropy (x(z1,...,x,) > —00) generate a von Neumann algebra

which is non-T'.

2. Absence of Cartan subalgebras. A maximal abelian subalgebra (a MASA) A in

a II;—factor M is said to be Cartan if its normalizer,

NA)={ueUM) : uAu* = A},

generates M, i.e. N(A)” = M. For instance, when M is obtained as a crossed

product, that is when M = L*(£, u) x4 I, where p is a probability measure
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on €2, I is a discrete group, and « is a free, ergodic, measure—preserving action
of I" on (€, ), then L>°(§2, 1) is a Cartan subalgebra of M. Many examples of
IT,—factors are obtained in this way, and it was a longstanding open question
whether the free group factors were in fact also crossed products. In the case
of uncountably many generators this was answered in the negative by S. Popa.
The case of finitely /countably many generators was taken care of by Voiculescu
in [50]. He showed that if n > 2 self-adjoint variables (zy,...,z,) have non—
degenerate free entropy, then W*(z1, ..., x,) is not generated by any normalizer
of any of its diffuse *, hyperfinite W*—subalgebras. A MASA in a II;—factor is
by maximality necessarily diffuse. Since L(F,) is generated by a semicircular
system of generators with free entropy % log(2me), it follows that L(IF,) has no
Cartan MASA for 2 < n < co. This holds for n = oo as well (cf. [50], Theorem

5.3). In fact, Voiculescu could prove even stronger results when using dy instead

of x (cf. [50], section 7).

3. Primeness results. A 1I;—factor M is said to be prime if it can not be written as
a tensor product M; ® Ms of infinite-dimensional factors M; and M,. S. Popa
proved in [38] that there exist prime II;—factors with non—separable predual.
The separable case remained open until the mid 90s when L. Ge showed in [15]
that L(F,,) is prime for 2 < n < co. His reasoning was the same as in [48]: If M;
and M, are II;—factors and if (z1,...,x,) is a generating system of self-adjoints

for M = My ® My, then x(z1,...,2,) = —00.

4. Finite index subfactors of the interpolated free group factors. It is still unknown

what the possible finite index subfactors of the interpolated free group factors

*A von Neumann algebra is said to be diffuse if it has no non—zero minimal
projections.
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are (are they necessarily interpolated free group factors?) In [41], M. Stefan
showed that such subfactors are at least prime: If M is a II;-factor which is
finitely generated as a von Neumann algebra, and if N is a finite index subfactor
of M which is non—prime, then for any generating set (xy,...,x,) for M with
n >3, x(x1,...,2,) = —oo. This implies that finite index subfactors of L(F,),
3 < n < oo, are prime. As a consequence of this, any finite index subfactor of
L(F,) is prime, 1 < r < oo (cf. [41]). Later on, in [37], N. Ozawa strengthened
this result by the use of C*-algebra theory only. He showed that any non-—

injective subfactor of a hyperbolic group von Neumann algebra is prime.

. Further non—isomorphism results. In [25], Jung introduced the notion of strong
1-boundedness: A finite von Neumann algebra M is said to be strongly 1-
bounded if it has a set of generators X = {x1,...,x,}, such that x(z;) > —oc

and for which

lim sup x(x1 + €81, .., &p + €Sy : S1,...,8,) + (n—1)|loge| < oo,

€

where (s1,...,s,) is a semicircular family free from X. The free entropy dimen-
sion dg is an invariant for strongly 1-bounded von Neumann algebras, namely if
M is strongly 1-bounded then 6o(M) := do(X) < 1 for any set of generators X.
Therefore, the interpolated free group factors are not strongly 1-bounded since
L(F,) has a generating set of free entropy dimension r. Jung showed that von
Neumann algebras with property I', those with Cartan subalgebras, and those
which are prime, are strongly 1-bounded. He also showed that the following

are not interpolated free group factors (because they are strongly 1-bounded):

o M x,I' where M is strongly 1-bounded and I' is any group acting on M.

o M xyx M, the amalgamated free product of strongly 1-bounded von Neu-



16

mann algebras M; and Ms over a common diffuse subalgebra N.

Moreover, he generalized Stefan’s result by showing that a finite index subfactor

of L(F,) is not strongly 1-bounded, hence not prime.

The results listed above show that free entropy has given rise to important results
within the theory of II;—factors. However, there are some fundamental questions that

are still open. For instance:

e We may ask: If X and Y are free sets of selfadjoint elements in M, is
X(X,Y) = x(X) +x(Y)?

e If X and Y generate the same von Neumann algebra, is do(X) = do(Y") ? That

is, is 0p(X) an invariant for W*(X) ?

It is not hard to see that if (z1,...,x,) is a semicircular family, then d¢(z1,...,z,) =
n. An affirmative answer to the invariance question for d, above would therefore

imply that L(F,) 2 L(F,,) for n # m.
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CHAPTER II

THE FREE ENTROPY DIMENSION OF SOME L>[0,1]-CIRCULAR
OPERATORS*

A. Introduction

Let M be a von Neumann algebra with a specified normal faithful tracial state 7.
The free entropy dimension

So( X1, .., X,) (2.1)

for X3,...,X,, € M, was introduced by Voiculescu [49], [50], see also [53]. This
quantity is sometimes called the microstates free entropy dimension to distinguish
it from another version introduced by Voiculescu and because its definition utilizes
matricial microstates for the operators Xy, ..., X,,. It is an open problem whether the
quantity (2.1) is an invariant of the von Neumann algebra generated by Xi,..., X,
and it is of interest to find the free entropy dimension of various operators. See, for
example [50], [52] [16], [22], [12], [24], [25], [26], [28] for some such results.

In [12], Dykema, Jung and Shlyakhtenko computed do(7") = 2 for the quasinilpo-
tent DT-operator T'. This operator was introduced by Dykema and Haagerup in [11].
It can be realized as a limit in *—moments of strictly upper-triangular random ma-
trices with i.i.d. complex Gaussian entries above the diagonal. Alternatively, as was
seen in [11], 7" can be obtained in the free group factor L(Fy) from a semicircular
element X and a free copy of L*([0,1]) by using projections from the latter to cut
out the upper triangular part of X. (Note that X may be replaced by a circular

*Reprinted with permission from “The Free Entropy Dimension of Some L*°[0, 1]-
circular Operators” by Kenneth J. Dykema and Gabriel H. Tucci, 2007. International

Journal of Mathematics, vol. 18, pp. 613-631, Copyright 2009 by World Scientific
Publishing Company.
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Fig. 1. The upper triangle, representing the quasinilpotent DT-operator T'

element Z for this procedure.) Then we can visualize T" as in Figure 1, where the
shaded region has weight 1, the unshaded region has weight 0, and these weights are
used to multiply entries of a Gaussian random matrix. It was proved in [10] that the
von Neumann algebra generated by 7" contains all of L>([0, 1]), and is, thus, the free
group factor L(F).

In this paper we consider more general operators than 7', defined also as limits
of random matrices or, equivalently, in the approach was taken in [9], by cutting
a circular operator Z using projections in a x—free copy of L>°([0,1]). The class of
operators considered there consisted of those L*([0, 1])-circular operators described
as follows. Let 1 be an absolutely continuous measure with respect to Lebesgue
measure on [0, 1]* with Radon—Nikodym derivative H € L([0,1]?) and assume the
push-forward measures m;,n under the coordinate projections my, 7, : [0,1]* — [0, 1]
are absolutely continuous with respect to Lebesgue measure and have essentially
bounded Radon—Nikodym derivatives. For each such measure n with the associated
function H € L'([0,1]*) we have the operator Zg described in [9]; (however, this
operator was denoted z, in [9]). When 7 is Lebesgue measure on [0,1]%, then H =1

and Zp is the usual circular operator. When 7 is the restriction of Lebesgue measure
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to the upper triangle pictured in Figure 1, then H is the characteristic function of
this triangle and Zp is the quasinilpotent DT-operator T

Let D € L*([0,1]) be the identity map from [0, 1] to itself; thus, D generates
L>([0,1]). In this paper, with H as above, we compute the free entropy dimension
do(Zy : D) of Zy in the presence of D, in the case H satisfies certain additional

hypothesis, showing that then
60(Zu = D) = 1+ 2area(supp(H)), (2.2)

where supp(H) is the measurable support of H and where the area is Lebesgue mea-
sure. We prove the upper bound < in (2.2) for general H, (see Theorem C.2) using
basic estimates inspired by [54]. We prove the lower bound > in (2.2) for all H that
are supported in the upper triangle as drawn in Figure 1 and whose restrictions to
some band as drawn in Figure 2 are nonzero constant. (Actually, somewhat weaker
conditions suffice — see Theorem C.1.) Our proof of the lower bound uses techniques
similar to those used in [12].

The organization of the rest of this paper is as follows. In §B, we discuss some
definitions and results that we need for the calculation. These include (§1) basic facts
about the class of L>(][0, 1])—circular operators that we consider, their construction in
L(F5) and a lemma about them; (§2) a result about certain matrix approximants to
the quasinilpotent DT—operator which was lifted from [12] but that follows directly
from work of Aagaard and Haagerup [1] and Sniady [40]; (§3) Jung’s equivalent ap-
proach to free entropy dimension in terms of packing numbers [23]; (§4) Dyson’s
formula for the volumes of sets of matrices that are invariant under unitary conju-
gation. In §C, we prove the main result, namely the equation (2.2). Finally, in §D,
we consider an example when 6o(Zy : D) < §o(Zy) and we ask a natural question.

Acknowledgment: The first named author thanks Kenley Jung for helpful comments.
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Fig. 2. A band above the diagonal

B. Definitions and Preliminaries

1. L*([0,1])-circular Operators in Free Group Factors

In this section we recall how L*([0, 1])-circular operators in a certain class were con-
structed in [9], and we prove a lemma. We work in W*—noncommutative probability
space (M, 1), with 7 a faithful trace, and we fix a copy A = L*>°[0, 1] C M, such that
the restriction of 7 to A is given by integration with respect to Lebesgue measure on
[0,1]. Let D € A be the operator corresponding the function in L>°[0,1] that is the
identity map from [0, 1] to itself. Let F : M — A be the 7—preserving conditional
expectation. Let H € L'([0,1]?), H > 0, and assume H has essentially bounded

coordinate expectations CE;(H) and CEy(H), given by

C’EI(H)(x):/O H(z,y)dy, C’EQ(H)(y):/O H(x,y)dz. (2.3)

By Zy, we will denote an A-circular operator in (M, E) with covariance (apy, Sx)

where ay, By : L°[0,1] — L*°[0, 1] are given by

o (f)(x) = / H(o)fOdt,  Bul(f)a) = / H(e O f(t)d. (24)
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Suppose Z € M is a (0, 1)—circular element, namely a circular element satisfying
7(Z) =0and 7(Z2*Z) = 1, and suppose A and {Z} are *—free. We will construct our
operator Zy from A and Z as in Theorem 6.5 of [9]. (Note that our notation differs

slightly from that used in [9].)

Definition B.1. Let w € L*>([0,1]?). We say that w is in regular block form if w is
constant on all blocks in the regular n x n lattice superimposed on [0, 1]2, for some n,
i.e. if there are n € N and w; ; € C, (1 <14,j < n) such that w(s,t) = w;; whenever
% <s< % andj%1 <t< %,forallintegersl <1i,j <n. (We then say wisinn xn
regular block form.) Then we set

M(w, Z) = Z wi,jpinj

1,j=1

where p; = 1;i1 i) € A. Note that we have M(w, Z) € W*(AU{Z}) = L(F3).

n

Sl

Recalling Lemma 6.4 and Theorem 6.5 of [9] we can state the following theorem.

Theorem B.2. Let w = VH. Then there exists a sequence {w™}, in L=([0,1]?)

such that

(i) for each n, w™ is in reqular block form,
(i3) lim,, [|w — w™]|;2 = 0

(iii) letting H™ = (w™)?, both ||CE(H™)||s and ||CEy(H™)|| o remain bounded

as n goes to oo.

Moreover, there is an an L*®[0, 1]-circular operator Zy with covariance (g, Bu) as
described in equations (2.4) such that whenever {w™},, is a sequence satisfying con-
ditions (i)-(iii) above, the operators M(w™, Z) as given in Definition B.1 converge

in the strong—operator—topology as n — oo to Zy.
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Remark B.3. Of particular interest is the operator Zr when R = 1y )s<) is the
characteristic function in the upper triangle in [0, 1)2. This Zg is an instance of the

T(dp, 1)-operator, also called the quasinilpotent DT-operator, and also denoted T'.
The construction of Zz in Theorem B.2 above is approximately what was done in §4

of [11].

The following lemma will be used in §C to prove the upper bound on free entropy
dimension. For emphasis, we will denote by A : L*°[0,1] — M the identification of
L®°[0,1] (with its trace given by Lebesgue measure) and A = A\(L*°[0,1]) C M.

Lemma 1. Let T = Zp € W*({Z} U A) be the quasinilpotent DT-operator as de-
scribed in Remark B.3. Let N be an integer, N > 2. Assume for alli,j € {1,...,N}

with i # j, Yi; € M is a (0,1)-circular element such that the family

A, 12}, ({Yijhicijen, iz

is x—free. Let (e;;)1<ij<n be a system of matriz units for My(C). Consider the %—
noncommutative probability space (M ® My(C), T ® try), and let X : L*®[0,1] —
M @ My(C) be the x—homomorphism given by

) N

M =D Mfop)®ey,

j=1

where p; : [0,1] — [0,1] is p;(t) = L+ + L. Let A = XNL>[0,1]). Then the T @ try—
preserving conditional expectation E:M® My(C) — A is given by

E( Z ai; ® eij) = Z (a;5) ® €j5.

1<ij<N j=1

=2

Let ¢;; € [0,00) (1 <14,j <N, i%#j)and let

= (Z T ® €Lk —|— Z CZJY ® 61‘]‘) .

1<i,j <N, i#j
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Then'Y is A—circular with covariance (ay, Bi) as given in (2.4), where

k—1
L, e N

VAN
VAN
~

<k 1<

RA
IN

Y

2l

H(s,t) = ’

.

_1§t

IA
VA
IN
IN

2l

(Cij)Q, % 71§27]§N7Z7éj

=k
3]

Proof. Let
Z

N
\/LN(ZZ(XWMC#- Z Yz‘j®€z‘j>-
k=1

1<i,j<N, i
We will show that Z is (0, 1)—circular and is *—free from A. Let uy,...,uy € M be

Haar unitary elements such that the family

Hur, upthi<wen, A, {2}, ({YijPicig<n, iz

is *—free (after enlarging (M, 7) if necessary). Let

N
U= Z U, Q k.
k=1

It will suffice to show that U*ZU is (0,1)-circular and is free from U*AU. For
this, by results following directly from Voiculescu’s matrix model [46] (see [45]), it

*

will suffice to show that each u;Zu; and each u]Y;;u; is circular and that the family

HurZu}hicren,  ({w]Yijuithi<ijen,izg, (upAug)i<e<n (2.5)

is #—free in (M, 7). Let Z = V|Z]| and Y;; = V;;|Y;;| be the polar decompositions.
Then (see [45]), V and V;; are Haar unitaries, |Z| and |Yj;| are quarter—circular
elements, V' and |Z| are *free and, for each ¢ and j, V;; and |Y;;| are % free in

(M, 7). We have the polar decompositions

ui Zu, = (ufVug) (uf| Z )

up Yiguy = (u; Vijug) (ui]Yijlug).
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Therefore, in order to show that x—freeness of the family (2.5) and circularity of uj Zuy,

and u}Yj;ju;, it will suffice to show x—freeness of the family

(uklZlur})icren,  {upVuet)i<esn,
{ujlYisluih<igenizi,  ({uiVijuibh<igen iz, (upAug)i<esn.
Let B be a Haar unitary generating W*(|Z]), let B;; be a Haar unitary generating

W*(|Y;;]), and let C be a Haar unitary generating A. It will suffice to show *—freeness

of the family

(upBug)i<k<n,  (upVug)i<r<n,
(uj Bijuj)i<ij<n,izi, (W Vigujh<ijen,izg,  (upCug)i<k<n

of Haar unitaries. This follows from the x—freeness of the family

B, C, V, (ug)i1<k<n, (Bz'j)lgi,jgN,i;éj, (Vz’j)1§i,j§N,i;ﬁj-

by an argument involving words in a free group. This shows that Z is (0, 1)—circular
and *free from A.

Now we use the method of Theorem 6.5 of [9], described in Theorem B.2 above,
but taking w™ in n x n regular block form with n always a multiple of N, and
with each such w™ constant equal to c;; on each off-diagonal block of the form
[%, %] X [J%, %] for 1 <i,7 < N, i # j, where projections from A are used to cut Z
and make each M(w™, Z). It is then clear that the operators M (w™, Z) converge to

Y as n — 00, and, from Theorem B.2, they also converge to an A-circular operator

having the desired covariance (ay, By). O
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2. Microstates for the Quasinilpotent DT-operator

Let T' = Zg be the quasinilpotent DT—operator as described in Remark B.3 and let
D be the corresponding operator described in §1. It was proved by Aagaard and
Haagerup [1] that if we consider 7" a DT(dy, 1)-operator and Y a circular operator
that is s—free from 7' (and D), then the Brown measure of 7'+ €Y is equal to the
uniform distribution on the closed disk centered at 0 and of radius . = log(1 —1—6_2)*%.
Note how slowly this disk shrinks as e approaches to 0. Moreover, they also showed
that the spectrum of T' + €Y is equal to the disk.

The next lemma is an immediate consequence of the above described Brown
measure result of Aagaard and Haagerup and a result of Sniady [40]. A detailed
proof can be formulated exactly as was done for Lemma 2.2 in [12]. In the following
lemma and throughout this paper, for a matrix A € M;(C) we let |Aly = tr,(A*A)'/2,
where try, is the normalized trace of M (C). Also, by the eigenvalue distribution of a
matrix A € My(C) we mean the probability measure = >°7 6y, where Ay, ..., A are

the eigenvalues of A listed according to general multiplicity.

Lemma 2. Let ¢ > 0. Then there exists sequences {gi}r and {yx}r such that for any

€ > 0, there exists a sequence {2y}, such that

® Gk, Yk, Rk,e S Mk’(c)7

llgkll, llykll and ||zk.el| remain bounded as k — +o0,

lim SUpPg |yk; - Zk,e‘Q S €cC,

the pair (gr,yx) converges in x—moments as k — +oo to the pair (D, T),

the eigenvalue distribution of z . converges weakly as k — +oo to the measure

Occ, which is the uniformly distributed measure in the disk of center at 0 and

radius r.. = clog(1 + € ?) 3 in the complex plane.
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3. Packing Number Formulation of the Free Entropy Dimension

In this section we will review the packing number formulation of Voiculecu’s mi-
crostates free entropy dimension due to K. Jung [23]. If X = (z1,...,2,) and
Z = (21,...,2n) are tuples of selfadjoint elements in a tracial von Neumann al-
gebra, then the microstates free entropy dimension (as defined by Voiculescu [50]) is

given by the formula

9o(X) = n + limsup X(T1 + €81, ., Tn + €Sy 181, .., 5)
e—0 |10g6|

and the microstates free entropy dimension in the presence of Z is defined by

50(X:Z):n+limsupx(m1+631,...,a:n+esn:zl,...,zm,sl,...,sn)
e—0 |].Og€|

where {s1,...,s,} is a semicircular family free from X and Z. The packing formula-

tion found in [23] is

P.(X ) P(X:Z
do(X) = limsup (X) do(X : Z) = limsup ( ) (2.6)
—o0 | loge| e—0 | log €]
where
P.(X) = inf limsup k2 log P.(I'(X;m, k, 7))
m,y k
and

P.(X : Z) = inflimsup k?log P.(T'(X : Z;m, k,7))

my
Here, I'(X : Z;m, k,v) C (My(C)s,.)™ is the microstates space of Voiculescu, and
P, is the packing number with respect to the metric arising from the normalized
trace. Let Y = (y1,...,yn) and W = (wy,...,w,,) be arbitrary tuples of possibly
non-selfadjoints elements in a tracial von Neumann algebra. Now the definition of P,
makes perfect sense for the set Y if we replace the microstates space in (2.6) with

the non-selfadjoint *—microstates space I'(Y : W;m, k,~v) C (Mg(C))", which is the
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set of all n—tuples of £ x k matrices whose x—moments up to order m approximate

those of Y within tolerance of v in the presence of W. It is also true that

. P(Y :W
So(Re(yr) Im(yr); - Re(ya), Tm(ya) : W) = lim sup ﬁ

see [12] for details.
Finally, we review the standard volume comparison inequality for packing num-

bers. Recall that for a metric space A we have
P4€(A) S KQe(A) S PG(A)7

where P.(A) is the e-packing number, i.e. the maximal number of disjoint open balls
of radius € in A, and K (A) is the minimal number of elements in a cover of A
consisting of open balls of radius e. If A is a subspace of a Euclidean space, then we

have

vol(Ne(4)) < Ke(A) - vol(Bee),

where N (A) is the eneighborhood, B, is a ball of radius r and vol is the volume, all

in the ambient Euclidean space. We thus have the volume comparison test,

vol(Na(A))
P(A) > K25(A) > W.

(2.7)
4. Dyson’s Formula

Every matrix of M (C) has an upper-triangular matrix in its unitary orbit. Thus, let-
ting T} (C) denote the set of upper-triangular matrices in My (C), there is a probability

measure v, on T;(C) such that

)\k<0) = Vk(o N Tk)
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for every O C Mj(C) that is invariant under unitary conjugation. Freeman Dyson
identified such a measure [31], and showed that if we view 7} (C) as a Euclidean space
of real dimension k(k + 1) with coordinates corresponding to the real and imaginary
part of the matrix entries lying on and above the diagonal, then v} is absolutely
continuous with respect to Lebesgue measure on T;(C) and has density given at
A = (aij)1<ij<i € T(C) by

h(k+1)/2

Cy, - H |app — agq|* where Cj =

k .
|
1<p<q<k [T;=, /!

(2.8)

We will use Dyson’s formula in our main result to find lower bound on the volume of

unitary orbits of an e—neighborhood of the microstates space.

C. Free Entropy Dimension Computations

Lemma 3. Let (Q, 1) a finite measurable space. Let f € LY(Q2) and f > 0. Then

i fQ log(max(f(t),€))du(t)
e—0 | log €]

= p(supp(f)) — p(€2),

where supp(f) = f~1((0, +0)).

Proof. 1t is clear that we have log(max(f(t),€)) < log(f(t) + 1) + log(e) - 1-1(j0.¢))

and this yields

lim sup 201BWX A DR 1 e 110, 0)) = p(supp(f)) — (9.

e—0 | log €| e—0

On the other hand, given v > 0, let § > 0 be such that u(f~'((0,0))) < ~. Taking
0 < e <, wehave 1;-1(o,6))10g €+11-1(j5400))l0g 0 < logmax(f(t),€) and integrating

on both sides we obtain

pu(f1([0,9))) - log e + u(f ([0, +OO)))-10g5S/Qlog(maX(f(t)ae))du(t)-
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Now dividing by |log €| and taking liminf on both sides we get

. o Jolog(max(f(t), €))du(t)

Using the fact that p(f~1([0,0))) < u(f~1(0)) + v and that v is arbitrary we obtain

L Jolog(max(f(t), €))du(t)
p(supp(f)) — u(2) < hreri}onf | log €]

Y
proving the claim. ]

As in §1, we work in (M, 7) and we have A = L*°[0,1] and a (0, 1)—circular
element Z such that A and Z are x—free, and with H as described there. We construct
as in §1 an L*°[0, 1]-circular operator Zy € W*(AU{Z}) = L(F;). We also take
D = D* € A to correspond to the identity function from [0, 1] to itself. The following

is our main result.

Theorem C.1. Let H > 0, H € L'([0,1]?) have essentially bounded coordinate
expectations CE(H) and CEy(H), as in equations (2.3). Assume H has support

contained in the upper-triangle U of [0,1]? and assume there exists r € N such that

" T r _1 )
A= JU" C supp(H), Ui()z{(x,y):zr §w<y§%
=1

}
and that H restricted to A is constant equal to ¢ > 0. Then

00(Zy : D) > 142 - area(supp(H)).
In particular, do(Zy) > 14 2 - area(supp(H)).

Proof. Without loss of generality we can assume ¢ = 1. Fix ¢ > 0. By hypothesis
we may choose N arbitrarily large and so that Uf\il Ui(N) CA Lt R>1, meN

and v > 0. There is 6 > 0 such that ||[Zg — Y||s < 0 implies I'g(Y;m, k,v/2) C
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Fig. 3. Case N =2 and p=14
Tr(Zy;m, k,~). Making use of Theorem B.2, there exist M = Np and

where EZ(JM) = {(z,y) : 52 <2< L, <y < L} with ay; > 0, such that
R

|Zy — Zu|l2 < 0 and, therefore, we have I'g(Z,;m, k,v/2) C Tr(Zg;m, k,7v). We

8

define the sets of indices
O={(,j):1<i<j<p p+1<i<j<2p,... . (N-1)p+1<i<j<Np}

and

®={(i,j):1<i<j<Np}\o.

For example, in the case N = 2 and p = 4 the squares corresponding to elements of
O are shaded in Figure 3.

Note that by the hypothesis of H we may insist, a;; = 1 whenever (i, j) € ©.
Let v/ =/(MR)™ .

Consider (Chy,...,Cuu)s (Cij)i<icj<m a x—free family in (M, 7), where each
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Cyi is DT(&O,\/LM), and each Cj; with i < j is circular with 7(|C3|) = 5. Let

{gr}x and {yx}r the sequences constructed in Lemma 2 with ¢ = 1/v/ M. There are
a;j(k) € My(C) for (i,j) € © such that for each (i,j) € © as before a;;(k) converge

in distribution as k — +o0 to a (0, %)—cireular element and such that the family

{g(k),y(k)}, ({ai(R)}) (igree

of sets of random variables is asymptotically s«—free as k — oo. By an application of
Corollary 2.14 of [51], for k large enough there exists a set i, C I'((Cyj) i,j)ea; M, k,7')

such that for any (7;;)j)ce € i,

{ur, 9(k)}, (ai;(K))ijyeos (1ij)G.g)ea

is an (m,~')—«—free family of sets of random variables and

lim inf (k—? log(vol(4)) + (M) . log(k:)) >

> x((Re Cij) i jyes, (Im Cij)(ijes) > —00  (2.9)

where the volume is computed with respect to the Euclidean norm k'/2|-|,. For each

(Mij)i.5ea € Qi we define a matrix R(k) € My (C) by

| rii(k) r(k) ... ru(k | ( _ _
(k) ri2(k) 1m (k) " .
0 7"22(]{3) e TQM(]{?)
R(k) = _ _ ' ;o rgk)=qay,  (i,j) €O
0 ... 0 ruumk) | @i (5,7) € .

Let



As a consequence of Lemma 1,

(R(k), G(k)) € T(Zy, D:m, Mk, ~/2).

Set &;; = max(a;j, €) and let

[ 7’11(/{?) Tu(k)
é(k;) _ 0 7“22(]{,’)
i 0 e 0

TlM(l{Z)
T’QM(/'{?)

’I"MM(k)

Yk, { :j
rij(k> = A5, (Z,j) €0
Qinij, (i,7) € .
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(2.10)

Then R(k) lies in an e-neighborhood of I'(Z,, : D;m, Mk,~/2). Let Aj(k) € My, (C)

for 1 € {1,2,..., N} be defined by

Ay(k) =

Y Af41,f42

0 Yk

0

with f = (I — 1)p. Note that we have

[ Au(k) Yialk)
0 Ay(k)

0

0

Af41,f4p

Af+p—1,f+p

Yk

Yin(k)

Ynoin

An(k)

(2.11)

where the Y;;(k) € M,;(C) are determined by equations (2.10) and (2.11). Then,

by again making use of Lemma 1, we have A;(k) € szR(\/LNT;m,pk,y) for all [ €

{1,2,..., N}, where T is the the DT(dy, 1)-operator. Let e > 0 and let 2, be as in
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Lemma 2. Let

Phe Qf+1f+2 oo Qf+1f4p
0 Zk.e
Bl e(k) - S Mkp<(c)
Af+p—1,f+p
0 NP 0 Zk.e

Note that the eigenvalue distribution of B; (k) converge weakly as k — 400 to the
measure o, 1 of Lemma 2.
VN

Since every complex matrix can be put into an upper-triangular form with re-
spect to an orthonormal basis, we can find a k X k unitary matrix v(k) such that
v(k)zpv(k)* is upper triangular. Since microstate spaces are invariant under conju-
gation by unitaries, also (v(k) ® In;)R(k)(v(k) ® In;)* lies in an e-neighborhood of
0(Z,: D;m, Mk,~/2).

For each 1 <1 < N, we have
[(v(k) @ 1) Bie(k)(v(k) ® I,)" = (v(k) ® L) Ai(k)(v(k) @ Ip)" |2 = [Ai(k) — Bie(k)lo-

Since limsupy, | By (k) — Ai(k)]2 < = and taking N > 4, for k sufficiently large we

have
[(v(k) @ 1) Bre(k)(v(k) @ 1,)" — (v(k) @ I,) Ai(k) (v(k) @ 1,)"]2 < €/2.

Set By(k) = (v(k) ® L) B (k) (o(k) ® L) and Yyy(k) = (v(k) ® L)Yy (k) (v(k) @ L,)"

and denote by Gy the set of all Mk x Mk matrices of the form

[ Bu(k) Vio(k) ... Vin(k) |
0  By(k)
Van(h) |
|0 ... 0  By(k)
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over all choices of (7;;)(j)co € Q% Note that the matrices in Gy, are upper triangular
and their eigenvalue distributions are exactly the same as 2, .. For k sufficiently large,
the set Gy lies in a 2e—neighborhood of I'(Z,, : D;m, Mk,~/2) and, therefore, in a
2e—neighborhood of I'(Zy : D;m, Mk,~). Let 0(Gy) denote the unitary orbit of Gy
in My(C). We will now find lower bounds for the volumes of #(Gy) and thus, via
the estimate (2.7), lower bounds for packing number of I'(Zy : D;m, Mk, 7).

Denote by Hy C My, (C) the set of all matrices of the form

0 3712(747) 371N(’f)
0 0

Vwow(k) |
0 ... 0 0 |

over all choices of (1;;)(j)cs € Q. Notice that Hj, is isometric to the space of all
matrices of the form (wij)lgm-SM c MMk((C) with Wi € Mk((C) and

0, (i,)) ¢ @

W;j =
aijnijs (i) € .
It follows that H; must also have the same volume as the above subspace, computed
in the ambient Hilbert space of block upper-triangular matrices with the indicated
entries set to zero. Therefore,
vol(Hy,) = vol(Q,) - (MY?) KM (M-1) H |ozU|2’€2
(i,j)€®

Let T, the set of upper triangular matrices in M, (C); let T}, - denote the matrices in
T, that have zero diagonal, i.e. the strictly upper triangular matrices. Denote by W;
the set of Ty < consisting of all matrices = such that |z|, < € and z;; = 0 whenever

1<r<s<Nand (r—1)pk<i<rpk, (s—1)pk < j < spk. Thus, Wy consists of
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N x N diagonal matrices whose diagonal entries are strictly upper triangular pk x pk
matrices. Denote by Dy the subset of diagonal matrices = of My (C) such that

|z]o < €. It follows that if fy is the matrix

_§1(k) 0 ... 0 |
0 DBk
fe = (®)
0
0 .0 EN(k)_

then fr,+Dr+Wi+Hi C Nac(Gx), where the 3e—neighborhood is taken in the ambient
space Ty, with respect to the metric induced by |- 2. Now observe that the space of
diagonal Mk x Mk and Ty« are orthogonal subspaces. Let 63.(Gi) denote the 3¢
neighborhood of the unitary orbit of 6(Gy) of Gy. Let dX denote Lebesgue measure
on Ty corresponding to the Euclidean norm (Mk)'/?| |5, which is coordinatized by

the complex entries X = {z;;}1<i<j<mi of the matrix. Using Dyson’s formula we

have
vol(03(Gk)) > Cur, - / H |23 — 25 ?dX
fe+Dp+Wi+Hy, 1<i<j<Mk
= Chyx - volOWy, + Hy) - / H |24 — 2|°dyy - - d g

D(fx+Dk) 1<i<j<Mk

> Cupg - volWh + Hy) - Ec(fx)
(2.12)

where the constant Cyyy, is as in [12] and where vol(03.(Gy)) is computed in My (C)
and Wy + Hy is computed in Ty, both being Euclidean volumes corresponding
to the norms (Mk)'/?| - |5, where the integral over D(fy + Dy) is over the diagonal
parts of these matrices, and where F.(f;) is the integral defined on p. 252 of [12]. It
is clear that 05.(Gy) C Nuy(D'(Zy : Dym, Mk, 7)), so (2.12) gives a lower bound on
VvOl(N4(T(Zy - Dym, Mk, 7))).
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Using (2.12) and the standard volume comparison test (2.7), we have

vol(Nu(T(Z;m, Mk,v)))
VOl(Bge)

> Cuyg - volWhe + Hy) - Ec(fx) -

P2€(F(ZH : D7m7Mk77)) Z

C((ME)*+1)
MR (8( M k) 1/2¢) 2(MH)?

where Bg, is a ball in M, (C) of radius 8¢ with respect to | - |2, and we are taking
volumes corresponding to the Euclidean norm (M#k)'/2| - |,. Since W and H;, are
orthogonal, we have that vol(Wy + Hy) = vol(Wy) - vol(Hy), where each volume is
taken in the subspace of appropriate dimension. But W is a ball of radius (Mk)'/2e

in space of real dimension Npk(pk — 1), so

Npk(pk—1)
2

((Mk,)l/Ze)Npk(pk—l)

F(Npk(é)k—l) + 1)

VOl(Wk + Hk) = T . VO](Hk)

where vol(Hy) = vol(Qy) - (M/2)F*MM-1) . [ij)ca |é;;|**°. Using Stirling’s formula
and M = Np, we find
P(Zy: D;m,y) > limkinf(Mk)_2 log P.(I'(Zy : Dym, Mk,~))

> liminf (ME) ?log(E.(f))

+ limkinf ((Mk:)_2 log(Chsr) + (MFE)~?log(vol(Q)) +

+ (2— %)Hogd + (1 — L) log k

2N
M-1 2 i
( T )1ogM+W Z 10g|06ij|> + Ly
(i,j)®

Therefore,
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P(Zy:D;m,y) = limkinf(Mk)*Q log(Ec(fx))

1
+ liminf <(Mk:)‘2 log Clri + 5 log Mk)

+ limkinf <(Mk)2 log(vol(€2)) + (% - %) log k)

1
+ (2——>|loge|+ Z log |c%i;| + Lo
(i,5)€P
where L; and L, are constants independent of €, m and v. As v — 0 and m — o0,
we have convergence
— Z log || — 2// log(max(H (s, t),€))dsdt
(3,5)e®

where
N— ) .
J J+1
ll _< <_< <15,
et {N - N _y_}

Note that we have area(Ky) = Y81 Now by (2.9), we have

limkinf ((Mk)_2 log(vol(€2)) + (% - %) : 10g(k)>

> M’Qx<{ReCij}, {ImC;;} : (4, ) € cp)
Then
o o 1
P.(Zy : D) > liminf (Mk) *log(E.(fi)) + (2 - N) |log e|
+2 // log(max(H (s,t),€))dsdt + Ls
Ky

The eigenvalue distribution of f; equals that of 2. and converges as k — 400 to

the measure o, L, We may apply Lemma 2.3 of [12] concerning the asymptotics of
VN



38

E.(fx) as k — oo. Using also Lemma 3, we get

P(Zyg:D
d0(Zy : D) = limsup% > 1+ 2-area(supp(H) N Ky).
e—0 oge€

Taking N arbitrarily large completes the proof. ]

The following Theorem gives us an upper bound on do(Zy : D) without any

conditions on the support of H.

Theorem C.2. Let H > 0, H € L'([0,1]?) have essentially bounded coordinate

expectations CE(H) and CEy(H), as in equations (2.3). Then
d0(Zg : D) <min{2, 1+ 2area(supp(H))}.

Proof. First of all it is clear that 6o(Zy : D) < §0(Zy) < 2.

By standard arguments we can find w in regular block form such that both || Zg—Z,||2
and area(supp(H)Asupp(w)) are arbitrarily small. Using this, given § > 0 we can
find projections p1, q1, P2, G2, - - -, Pn, ¢n in W*(D) such that if i # j, then p; ® ¢; is
orthogonal to p; ® ¢; in W*(D)@W*(D) and such that

n

ZT(pi)T(qi) > 1 — area(supp(H)) — §/3 (2.13)
Z IpiZrgill2 < 6/4. (2.14)

Take R > max{||Zu||2, || D||2}. Using Lemma 2.9 of [27], given ¢ > 0 there exist
mo, Yo, ko such that for m > mg, v < 70, k > ko and for every (A, B) and (fl, B) €

Tr(Zy, D;m, k, ) there exists a unitary U € My (C) such that
|IUBU* — B||; < e. (2.15)

For m and k sufficiently big and ~ sufficiently small we can find spectral projections
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of B
P17Q17'”7PTL7Q7L EMk(C)

and spectral projections of B
P17Q17"‘7PTLJQTL € Mk(c)

such that if ¢ # j then P, ® (); is orthogonal to P; ® Q); in My(C) @ M;(C) and PoQ;

is orthogonal to }33 ® Qj satisfying

1)
tre(F) — 7(pi)| < 3 |tr(Qi) — 7(q)] <3 ; | PAQ;| 2 < =
~ )
|t1"k(Pi) - 7-<pi)’ < 3_n’ ‘trk(Qz) - T(Qz) Z HPAQ Hz < =
=1

Taking e sufficiently small and using (2.15) together with the fact that we can always
approximate these projections with polynomials in B and B in the | - |2, we can also

guarantee that

%) -
P, — UPU* ; — U™ — <i<n).
| UPU H2<6 7 1Q: —UQ;U ||2<6nR (1<i<n)
Therefore,
; 30[| 4
E I1P(UAUQil, < ;_1 ( R +[1PAQs 5 (2.16)

Let Qr(H, k) = {X € Mp(C) : || Xl <R, PXQ; =0 fori=1,...,n}, this is a
ball of radius R in a space of real dimension d(k) = 2k*(1 =3 7 try(P;)tr,(Q:)). By

(2.16) it is clear that
Tr(Zy : Dim,k,v) CO(Ns(Qr(H, k))) (2.17)

where 0(Ns(Qg(H, k))) is the unitary orbit of the —neighborhood of Qg (H, k). Tak-
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ing the Ps packing number on both sides of (2.17), we get
Ps(Pr(Zu = Dism,k, 7)) < Ps(0(Ns(Qr(H, k)))) < F5(U(C)) - Ps(Ns(Q2r(H, F)))-

Using Theorem 7 of [42], there exists a constant K independent of k such that

k2
K
P5(Ux(C)) < (71) : (2.18)
On the other hand, standard packing number estimations gives us
)
Ky(R+96
Py (N5 (2 (., R))) < Po( Qs (H.K) < (%) (2.19)

where K5 is a constant independent of k. It follows that

2

k d(k)
Ps(Tr(Zy : Di;m,k,v)) < (%) . (@) )

Now using (2.13) yields

=21 - @) = 2(1- 3 rtota) + 2073
< 2<area(supp(H)) + 5).
Therefore,

lim sup Zlog(Pd(FR(ZH D;m,k,7))) < log(Ky) +[log(d)[ +

k
+ 2(area(supp(H)) +9) - log(Ks(R +9))

+ 2(area(supp(H)) + 9) - |log(d)].
When v — 0 and m — 400 we obtain

Ps(Zy : D) < (142 - area(supp(H)) + 26) - | logd| + C
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where C' is a constant. It follows that

Ps(Zy : D
d00(Zy : D) = limsupM

<14 2-area(supp(H)).
Bsup ) (supp(H))

D. Concluding Remarks and Questions

Since the free entropy dimension of Zp in the presence of D is a lower bound for the
free entropy dimension of Zg, from Theorems C.1 and C.2 we have that for any H

as in Theorem C.1,
1+ 2area(supp(H)) = 6o(Zg : D) < 60(Zn). (2.20)

However, 1 4 2area(supp(H)) is not the actual value of 6y(Zy) in all cases. For
example, if n > 2 and if H is the characteristic function of U} ,7;, where T; =
{(z,y) €[0,1] : & <a <y < L}, then the moments of Zy agree with the moments
of a nonzero multiple of the quasinilpotent DT—operator T'. Therefore, in this case

we have

Of course, if D belongs to the von Neumann algebra generated by Zy, then equal-
ity holds in (2.20). It is an interesting question, when do we have D € W*({Zg})?
More generally, what is the von Neumann algebra generated by Zy? When is it a
factor? Is it then an interpolated free group factor? A particular case of interest is

when H is the characteristic function of the band
{(z,y) |0 <2 <y <min(l,z+a)},

for a € (0,1), as is drawn in Figure 2 (on page 20).
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CHAPTER III

QUASINILPOTENT GENERATORS OF THE HYPERFINITE II; FACTOR*

A. Introduction

Consider a von Neumann algebra M acting on a Hilbert space H. A closed subspace
Hy of H is said to be affiliated with M if the projection of H onto H, belongs to
M. The subspace Hj is said to be non-trivial if Hy # 0 and Hy # H. For T € M,
a subspace H, is said to be T-invariant, if T'(Hy) C Hy, i.e. if T and the projection
Py, onto Hy satisfy

Py, TPy, = TPy,.

H, is said to be hyperinvariant for 7' (or T-hyperinvariant) if it is S-invariant for
every S € B(H) that commutes with 7. If the subspace Hy is T-hyperinvariant, then
Py, € WHT) = {T,T*}" (cf. [9]). However, the converse statement does not hold
true. In fact, one can find A € M3(C) and an A-invariant projection P € W*(A)
which is not A-hyperinvariant (cf. [9]).

The invariant subspace problem relative to the von Neumann algebra M asks
whether every operator T has a non-trivial, closed, invariant subspace H, affiliated
with M, and the hyperinvariant subspace problem asks whether one can always choose
such an Hy to be hyperinvariant for 7. Of course, if M is not a factor, then the answer
to both of these questions is yes. Also, if M of finite dimension, i.e. M = M, (C)
for some n € N, then every operator in M\C1 has a non-trivial eigenspace, and
therefore a non-trivial T-invariant subspace. Recall from [7] that every operator in

*Reprinted with permission from “Some Quasinilpotent Generators of the Hy-

perfinite II; Factor” by Gabriel H. Tucci, 2008. Journal of Functional Analysis, vol.
254, pp. 2969-2994, Copyright 2009 by Elsevier Limited.
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a II;-factor defines a probability measure pur on C, the Brown measure of 7', with
supp(T") C o(T). In [19], Uffe Haagerup and Hanne Schultz made a huge advance
in this problem. Namely, they proved that if the Brown measure of the operator
T is not concentrated in one point, then the operator 7' has a non-trivial, closed,
invariant subspace, affiliated with M and moreover, this subspace is hyperinvariant.
More specifically, for each Borel set B C C, they constructed a maximal, closed,
T-invariant subspace, K = Kr(B), affiliated with M, such that the Brown measure
of T'|x is concentrated on B and if we denote by P the projection onto this subspace,
then 7(P) = pr(B). Therefore, if pr is not a Dirac measure, then 7" has a non-trivial
invariant subspace affiliated with M. If the Borel set B is a closed ball of radius r
centered at A\. Then ICr(B) is the set of vectors & € H, for which there is a sequence

{&,}n in H such that

As regards the invariant subspace problem relative to the von Neumann algebra,
the following question remains completely open: If T" is an operator in a II;-factor M
and if the Brown measure pr is a Dirac measure, for example if 7' is quasinilpotent,

does T has a non-trivial closed, invariant subspace affiliated with W*(T")?

In [11], Dykema and Haagerup introduced the family of DT-operators and they
studied many of their properties. The case of the quasinilpotent DT-operator arose
as a natural candidate for an operator without an invariant subspace affiliated to
the von Neumann algebra. Later on, in [10], Dykema and Haagerup finally showed
that every quasinilpotent DT-operator T' has a one-parameter family of non-trivial

hyperinvariant subspaces. In particular, they proved that for ¢ € [0, 1],

H, = {5 €eH: limnsup (gHT’“fH)i < t}
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is a closed, hyperinvariant subspace of T'.

In this paper, for each sequence {c,}, € l;(N) we define an operator A in the
hyperfinite II;-factor. These operators are quasinilpotent, and under a certain mild
restriction on the sequence {c,}, they generates the whole hyperfinite IT;-factor. As
a corollary of the proof that A is quasinilpotent we deduce that given {c,}, € [;(N)
then

limsup (k! 0)* =0 where o := Z |CnyCry -+ - Cny |-

k 1<ni <na<...<ng

We also show that these operators have invariant subspaces affiliated with the von

Neumann algebra. The projections onto these subspaces live in the diagonal masa

D = (@Dg(@)) CR

where Dy(C) is the algebra of the 2 x 2 diagonal matrices. We also show that none

of these projections is hyperinvariant. Moreover, we show that if p is a non-trivial
hyperinvariant projection for A then
+oo n
ré |J (Qm(©).
n=1 k=1
In section §4 we show that these operators have trivial kernel and dense range.

We prove also that given 7 > 0 and any sequence {7, };'>9 of positive numbers, if we

define the subspace H,.(A) by
E.(A) = {£ € H + limsup A" < v} and H,(A) = E(A)

then this subspace is either H or {0}. We are unable to determine if the operator A
has a non-trivial hyperinvariant subspace, and for the evidence showed above, it is a

possible counterexample to the hyperinvariant subspace problem.
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In section §5, we show that the real and imaginary part of A, a := Re(A) and
b := Im(A), are equally distributed. We find a combinatorial formula as well as an
analytical way to compute their moments. We also compute some of their mixed
moments. We prove also that when ¢, = a" where 0 < o < % then W*(a) is a Cartan
masa in the hyperfinite and we find countably many values of o € (%, 1) in which
W*(a) is not maximal abelian. However, for all the values of o € (0, 1) this algebra
is diffuse. In section §6, we find a combinatorial formula for the moments of A*A

in terms of alternating partitions of elements of two different colors. We also ask a

question regarding these partitions.

Acknowledgment: 1 thank my advisor, Ken Dykema, for many helul discussions and

comments.

B. Notation and Preliminaries

1. Infinite Tensor Products of Finite von Neumann Algebras

The Hilbert space tensor product of two Hilbert spaces is the completion of their
algebraic tensor product. One can define a tensor product of von Neumann algebras (a
completion of the algebraic tensor product of the algebras considered as rings), which
is again a von Neumann algebra, and acts on the tensor product of the corresponding
Hilbert spaces. The tensor product of two finite algebras is finite, and the tensor
product of an infinite algebra and a non-zero algebra is infinite. The type of the
tensor product of two von Neumann algebras (I, I, or III) is the maximum of their

types. The Tomita commutation Theorem for tensor products states that

(MBN) =M BN
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The tensor product of an infinite number of von Neumann algebras, if done
naively, is usually a ridiculously large non-separable algebra. Instead one usually
chooses a state on each of the von Neumann algebras, uses this to define a state
on the algebraic tensor product, which can be used to product a Hilbert space and
a (reasonably small) von Neumann algebra. Given finite factors {M,}t>, denote
T, the unique faithful normal trace on M,,. We write Z: M,, for the algebraic
tensor product, that is finite linear combination of elementary tensors ®:{°‘1 Z,, where

&, € M, and all but finitely many z,, are 1. We have the product state 7 on > M,

n=1

defined on elementary tensors by
“+oo +00
T ( ® :cn> = H T ().
n=1 n=1

Now let m be the representation of x’; M,, by left multiplication on the Hilbert
space L2< :3 /\/ln> in the usual way. The infinite von Neumann tensor product of
the M,, is then the weak-closure of the image of 7. This is necessarily a finite factor,

as it has a trace, namely the extension of 7, which is the unique normalized trace.

The Tomita commutation Theorem remains true in this infinite setting.

2. The Hyperfinite II;-factor

Let M a finite von Neumann algebra and 7 a faithful normal trace. Given an element
z in such a von Neumann algebra, we will denote ||z|s = 7(2*2)"/2. Let L?(M) the
Hilbert space obtained by the completion of M with respect to the || - ||o. We shall
follow the tradition in the subject of regarding M as a subset of L?(M) whenever it
is convenient. The standard form is the representation of M C B(L?*(M)) obtained
by letting each x in M act by left multiplication on L?(M).

Murray and von Neumann defined the approximate finite dimensional property
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usually denoted by AFD. Namely, a II;-factor M is said to be AFD when for any
Z1,...,2x, € M and strong neighborhood V' of 0 in M there exists a finite dimensional
«-subalgebra N of M such that x; € N+ V for each i. Let M5(C) be the algebra of

2 x 2 matrices. Then the infinite tensor product

WOT

R = ((+§)M2(<C)> (3.1)

produced with respect to the unique normalized trace on M;(C) is a II;-factor, which

is obviously AFD. In [32], Murray and von Neumann showed that up to isomorphism
this is the unique AFD II;-factor. In complete contrast with the C*-case, the resulting
object is independent of the size of the matrices algebras involved.

Given a discrete group we can always define a finite von Neumann algebra via
the left or right regular representation. This algebra is called the group von Neumann
algebra. The group von Neumann algebra of a discrete group with the infinite conju-
gacy class property is a factor of type I, and if the group is amenable and countable
then the factor is AFD. There are many groups with these properties, as any group
such that any finite subset generates a finite subgroup is amenable. For example, the
group von Neumann algebra of the infinite symmetric group of all permutations of
a countable infinite set that fix all but a finite number of elements is the hyperfinite

type II; factor.
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In this section we construct the operators described before. We define the 2 x 2

matrices V', @) and P by

0 0
V= , Q=VV= , P=VV*=

Let {cn}n be a sequence in [1(N) and let us consider 4, ;= c;V + I @V + ..

-+

cn I8V @V € R then ||A,|| < Y1, |ex| for all n > 1. The sequence {4,}, is

Cauchy in norm since by assumption Z;ﬁi |cn| < +00. Therefore, it converges in the

operator norm to an operator A in the hyperfinite II;-factor with

+oo
A= Z cn Vi where v, =10 g V. (3.2)
n=1

We will prove that this operator is quasinilpotent and that under certain mild hy-

pothesis it generates the hyperfinite II; factor R.

Theorem C.1. The operator A in (3.2) is quasinilpotent.

Proof. Let A =37 ¢, I*"=1) @ V then using that V2 = 0 we see that

n=1
AR = ! E CniCny - - Cnp Vi Vg - Vi, where V), := 20 g V.
1<ni<na2<...<ng
k
Then [[A*|| < K'Y o cnper oy |CniCns - - - Cny |- Let us define
oL = E |ChyCny - - Cny| and op = 1.
1<ni<na<...<ng

Therefore,

JA¥] < Ko (3.3)

—+00

Consider the function f(2) := [[[25 (1 + z¢,) = .20 0,2". Using the Weierstrass
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factorization Theorem [17] and the fact that the sequence {c, }, is absolutely sumable

we see that the function f(z) is entire. From this function f(z) we define formally

g9(z) by
+oo

g(z) == i f(tz)e " dt. (3.4)

Now we will prove that the function g(z) is well defined, entire and its power series
expansion is g(2) = Y. nlo,2". Therefore, limsup (n!o,)"™ = 0 and using (3.3), we

deduce that A is quasinilpotent.

Take R > 0 then there exists Ny such that Z,QONOH k| < 55. Then for |w| < R

400 No 400
[ftw)] = [ 11+ wteo| = [ 11+ wtea| - [ |1+ twen]
n=1 n=1 n=Np+1
400 +o00o
< pr(t) - exp( Z |cntw|> = pr(t) - exp (t|w| Z |cn|> <
n=No+1 n=Ng+1

< pa(t) - exp (ﬂwl%) < prlt) - exp(t/2)

where pr(t) = [122, (1 + Rt|c,|) a polynomial of degree No.
Therefore,
“+oo
g(w)] < / pa(t) - e 2dt = K forall |w| < R. (3.5)
0

Then ¢ is a well defined function for all w € C. Moreover, for all closed curves

contained in the disk of radius R centered at origin we have

ég(z)dz :75 ( ;oo f(tz)e™ dt) dz = /;OO et<7€f(tz)dz) dt = 0.

(Note that we are allowed to interchange the integrals by applying Fubini’s Theorem

since g is bounded (3.5).) Using Morera’s Theorem we see that ¢ is holomorphic in
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the disk of radius R, and since R is arbitrary, g is entire. The fact that the function ¢

has the desired power series expansion comes from the fact that k! = 0+°° the~tdt. O

From the proof of the last Theorem we observe that something a little bit more

general was proved. We state it in the next corollary.

Corollary C.2. Let {c,}, be a sequence of complex number in l;(N). Then

limsup (k! 0)/* =0
k

where o}, 1= Zl§n1<n2<._.<nk |CnyCry -+ - Cny |-

In the next Theorem we will prove that under certain mild hypothesis the oper-

ator A generates the whole hyperfinite II;-factor R as in (3.1).

Theorem C.3. Let {c,}, be a sequence of complex numbers in l;(N) such that |c;| #
|c;| wheneveri # j and c; # 0 for all j > 1. Then the von Neumann algebra generated
by A is R. Moreover, if there exist i # j so that |c;| = |c;| then the von Neumann

algebra generated by A is not the whole hyperfinite factor.

Proof. By applying an automorphism, if necessary, we can assume without loss of

generality that ¢y > co > ... > ¢, > ¢,11 > --- > 0. Let us define

+oo “+o0o
qr = KN 2 Q  ppi= e g p (3.6)

n=1 n=1

and

U = 12V @V @ [ =D @ v 4 20D @ yr @ [#M=D @V for n < m.
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Then we can see that A*A = g2 + >, ) CaCmVnm = @@ + v and AA* = py +
Zl§n<m CnCrm Un,m = D2 + v Where v 1= 21§n<m CnCm Unm- Observing that ps + g2 =
20 2 we see that {v,py, g2} € W*(A).

n=1"n

Then @A — Ags = :3 ¢ I~ @V and therefore g € W*(A). Repeating the

same argument we see that given k > 1 there exists N(k) > k such that qnk) €

W*(A). Now observing that

1

+00 ﬁ oo N(F)
113(2105(’“)) = max{c, : nzl}:cl>02:liin<20,jj(k)>

n=2
we obtain @ as a spectral projection of gy for k sufficiently large. So, @ € W*(A)
and since AQ — QA = ¢V we have also that V€ W*(A). Repeating the same
argument now using that ¢y > ¢3 we obtain that I®Q, IV € W*(A). Analogously,
12V @ Q, 1°"V @V € W*(A) for all n > 1. Then

{(1° Vg Q, 1° Ve p 1°0 VeV, 1*0-Vg vV . n>1} e W (A)

and we conclude that W*(A4) = R.

If there exist n # m such that |c,| = |¢,|, then by applying an automorphism as we
did before we can assume that ¢, = ¢,,. It is a direct computation to check that the

operators

Snm = PaQu + QuPr — 2V, VE — Ry
Cm, C,

commute with A. Note that if ¢,, = ¢, this operator is selfadjoint and commutes with
A and hence the von Neumann algebra generated by A is not the whole hyperfinite.
]

The operator A, .=,V +clV +...4+¢, 12D @V is a nilpotent operator of

order n+1 and A :=nlcicy...c, VRV ®...®@V. Since the projection P®™) ig the



52

orthogonal projection onto the range of A" it is an hyperinvariant projection for the
operator A,. Since A commutes with A,, it is an invariant projection for A affiliated
to the von Neumann algebra R. However, we will see that none of these invariant
projections for A are A-hyperinvariant.

Given 1 < n we will denote by V, := I®»~) @ V and analogously with Q,,, P, and

V¥. Let n < m and consider the operator S, ,, defined by
Cn . Cmoos
Spm = PoQum + Qn Py — —V, V., — —V V.. (3.7)
Crm Cn
As we mention before, AS,,,, = S, A for all 1 <n < m and we can see that

pEMg, PP = PPM @0 and S, PP = PPMgQ - SElpen-l g gy,

n

So the projection P®(™ is not invariant for Sn.n+1 and therefore, not A-hyperinvariant

for n > 1.

Denote by Dy(C) the algebra of the 2 x 2 diagonal matrices. Then

Too WOT
D .= (@DQ(C)) CR

is a maximal abelian subalgebra (masa) of R. Therefore, D = L*°[0, 1] and under this

identification the projection P corresponds to the characteristic function on [0,1/2]
and the projection @ to the characteristic function on [1/2,1] and so on.

Given a word with letters in the alphabet {P,Q,V,V*} we can associate an ele-
ment in R by adding a tensor product between each of the letters. For example, the
word V PV*(@) corresponds to the element V ® P ® V* ® ) and so on. Note that if
the word consists only of letters P and () the associated element is a projection in

the diagonal algebra D, and under the identification with L>°[0, 1], the words in P
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and @ correspond to dyadic intervals in [0, 1].

Now we will prove the following Proposition.

Proposition C.4. Given any word w with letters in {P,Q} the corresponding pro-
jection p, € D is not A-hyperinvariant. Moreover,
\/  Range(Sp,) = H.
Se{AynR
Proof. Let’s first consider the case w = P. Let S, be the operator defined in (3.7).
Then
Si,P=PeI*" Q- E—T Ve IPrD gV,

Hence for n > 2
Range(P) V Range(S; ,P) = Range(P + Q @ I®""? ® P).

Since

\/ Range(Q ® I®"? @ P) = Range(Q) (3.8)

n>2

we see that

\/ Range(SP) = H.

Se{AYNR
The case w = @ follows similarly. Reasoning by induction in the length of the word
let’s assume that it is true for all the words of length n. Take any word v of length
n 4 1. Without loss of generality we can assume that it ends with @ (the other case

follows similarly). Then v = w® Q) where w is a word of length n. Thus for m > n+2

Simw®Q)=weQ @ I*™M Vg p - Cntl @V @ [9m—n=2) g

m
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hence
Range(w ® Q) V Range(S,11,m(w ® Q)) = Range(w ® Q + w ® P I®" "2 @ Q).

Using (3.8) again, and the induction hypothesis we obtain
\/ Range(Sp,) = H
Se{A}YNR

and finishes the proof. O

Theorem C.5. Letn € N and p € R be a non-trivial A,-hyperinvariant projection.

Then it is not A-hyperinvariant.

Before proving this Theorem let’s state a well known result proved by Barraa in [2].
This is a generalization of a result proved by Domingo Herrerro for finite dimensional

Hilbert spaces in [20].

Theorem C.6 (Barraa). Every non-trivial hyperinvariant subspace M for a nilpotent

operator A of order n satisfies that

Range(An—1) C M C Ker(A" ™).

Proof. of Theorem C.5: Let M be a non-trivial hyperinvariant subspace for A,,.
Since A, is nilpotent of order n + 1 we have by Theorem C.6 that m C
M C Ker(A?). Since Ker(A?) = Range(1 — Q®") and Range(A") = Range(P®"), if
we denote by p the projection onto M we have that P®" < p < 1 — Q®". Using
Proposition C.4 we know that

\/ Ran(SP®") = H.

Se{A}YNR
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Then, there exists S € {A} NR and h € P®"(H) such that
0 # Sp(h) = SpP®"(h) = SP*"(h) € Q®"(H)

therefore, pSp(h) = 0. Thus, p is not S-invariant and then not A-hyperinvariant.

]
Remark C.7. Note that if S € @,_, M2(C) C R and SA, = A,S then AS = SA.

Theorem C.8. Assume p is a non-trivial hyperinvariant projection for A. Then

P& UL Qs 1a(0)).

Proof. Assume that there exists n > 1 such that p € @Q),_, M>(C). Since p is hy-
perinvariant, it is A,-invariant. Moreover, by Remark C.7, p is invariant for all
S € Q,_, M>(C) such that SA, = A,S. Hence, p is A,-hyperinvariant which con-

tradicts Theorem C.5. Thus, p ¢ @) _, M>(C) for any n. O

It will be convenient to introduce some notation at this point. Given an operator
A € B(H) we denote by S(A) the similarity orbit of A. In other words, S(A) :=
{WAW™! . where W is invertible} C B(H). As in Chapter 2 of [20] we say that

two operators A and B are asymptotically similar if A € S(B) and B € S(A), where

the closure is with respect to the operator norm. Or equivalently, iff S(B) = S(A).

Now we are ready to state the next result.

Proposition C.9. Let {a,}, and {b,}, in [;(N) be such that a,, b, # 0 for all n.
Let A=>"2a,V, and B=>72b,V,, where V,, = IV @ V. Then A and B

n=1

are asymptotically similar.
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Proof. To prove B € S(A) it is enough to construct invertible operators W), such that
lim,, || B — W, AW, || = 0. For this, consider the sequence A, := §* and the 2 x 2

matrices D), = P+ \,Q. So if we define the invertible element W,, by
w,, Z:D)\1®D)\2®...®D>\n ER

it is easy to see that if A, =Y 7 | a;Vy and B, = >} _ biVj then W, A, W, = B,
and W,AW, 1 = B, + A — A,. Since lim, ||B — B,| =0 and lim,, |4 — A,|| = 0 we

see that lim, ||B — W,AW, || = 0. A similar argument shows that A € S(B) and

concludes the proof. O

Remark C.10. Let {a,}, in [;(N) and A as before. We will show that A is a
commutant operator, i.e.: there exist B and W such that A = [W, B]. It is clear
that we can choose {b,}, € I;(N) such that b, > 0 and 37212l « o0 Let

n=1 b,

B:=Y"b, V, and W := Y10 2 P, Since P,V,, =V, and V,, P, = 0 it is easy to

see that

WB — BW = [W, B] = A.

D. Haagerup’s Invariant Subspaces

As we described in the introduction, given an operator 7" in a II; factor M, Haagerup
and Schultz [19] constructed for each Borel set B in the complex plane an invariant
subspace affiliated to the von Neumann algebra generated by T, such that 7(Pg) =
p(B). If the Borel set B is a closed ball of radius r centered at A. Then Kr(B) is the

set of vectors & € H, for which there is a sequence {,}, in H such that

lim||§, —&||=0 and limsup |[(T — Al)”an% <.



o7

For any sequence {7, },/> of positive numbers and r > 0, we define a subspace H,.(T)
(similar to the one considered in [10] to prove that the quasinilpotent DT-operator

has non-trivial hyperinvariant subspaces) by
E(T) = {€ €H : limsup 7| TV <r} and H.(T)=E(T). (3.9)

This subspace is closed, T-invariant, affiliated to the von Neumann algebra, and
moreover, hyperinvariant. However, we will prove that for any sequence {v,}, and

for any r > 0 this subspace is trivial. Let 0 < o« < 1 and consider the operator

“+o00
A=>"a"V, where V,=I1°"DgV. (3.10)

n=1

Proposition D.1. Let w = P®" @ Q" @ ... ®@ P%" @ Q®™ where n > 1 and

ki, r; >0 fori=1,...,n. Then for A as in (3.10) we have

lim ”Amlfj”2 " _ ak1+k2+---+k”, (3.11)
mo\ [ A
Proof. Let m > 1 then
(A*)"A™ = > aPra® . aPratm VLV VLV, (3.12)

1<p1,q15--sPm, gm

and [|A™0||3 = 7(w(A*)"A™w) = T((A*)™A™w).

Note that (A*)"A™ = R,, + T,,, where

R,, = (m!)? Z Q1 aP Q... Q,, and T, = (AY)"A™ — R,,.
1<q1<g2<...<gm

(3.13)
Since VP =0,VQ =V, V*P=V* V*Q =0and 7(V) = 7(V*) = 0 it is easy to see
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that for any word w, with letters in {P, Q}, then 7(7,,w) = 0. Hence,
[A™ @3 = 7((A")"A™w) = 7(Rpw).

Now we will proceed by induction, the case w = 1 is obvious. Assume that the
statement is true for any word w of length » > 1. We will prove it for P ® w and for

@ ® w and we will be done. Consider first the case P ® w. Then
|A™(P @ w)|[3 = 7(Ru(P @ w))
and

T(Ry(P®@w)) = (m!)27'< Z QPP Qy, . Qg (P ® w))

1<q1<q2<...<qm

= (m!)27'< Z QPP Qy, . Qg (P ® w))

2<q1<q2<...<qm

1 m
= 5042 (m!)27'< Z QPN QP Q,, quw>

1<gq1<q2<...<qm

1
= §Ck2m7'(me).

Therefore, |A™(P @ w)||2 = 1a®™||A™b||3  and hence

m ~ 1/m o~ 1/m
lim (HA (Pé?w)]h) = a-lim (—HA %}HQ> .
m [A™ 1] m A\ [[A™ 1]

We are done with the case P ® w by the induction hypothesis and the fact that the

number of P’s in P ® w is the same as the number in w plus one. Let us consider the

case (Q ® w. First note that

T(Bn(1 @ w)) = 7(Bn(P @ w)) + 7(Rm(Q @ w)) = %anT(me) + 7(Bn(Q ® w))
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and

T(Rn(l®w)) = (m!)27'< Z a?a®? . a”"Q1Qy, - Q,, (1® w)) +

1=q1<q2<...<qm

+ (m!)27'< Z Q1P P Qy Qyy - Qy (1® w)) :

2<q1<q2<...<gqm

Therefore,
2m,,,2
T(Rp(l®w)) = = 2’” T(Rpmw) + 27 (Rpyw).
Thus,
a?m o, a?m
T(Rm(Q ®w)) = —(m T(Ryp—qw) + T(me)> > —m*7(Ryqw).
Hence,
1 1
lim inf = liminf

m m

ERCETS T(Rm(Q@w)) | ™"

| A1 7(Rm)
o a*mm2r(R,,_1w) 7
> hrr}nlnf< 27 (R ) )

Since T(Ry) = 7229 _7(R,,_1) we obtain that

2(1—a2m)
~ 1 %
lim inf 1A™(Q (? w)ll> > liminf (1 — Oz2m)ﬁ _T(Rm—lw)
m HAm1H2 m T(Rm—l)

im (”Amw‘b) B
W\ Al
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2m

Observing now that since 7(R,,(Q ® w)) = %5~ (mQT(Rm,lw) + T(me)) then

. . a2m ] - _—
[A™M(Qew)|; = T(ﬂ%QIIA fol3 + ]| A wll%)

Oé2m 1 - 1 -
< 7<m2||A W+ 14I% A 1w||§>
_ ﬂ Am—lA 2 2 A 2
= A"l (m” + AL )
Therefore,
Am S ™ 2 All2 e AMqg ™
lim sup ” (QQPIU)Hz < limsup (1—(12’")LH2”°° w
m [ A™1]2 m m [[A™ 1]l
1
fin (1470027
mo\ [[A™
Hence,
. 1 1
(I @Ew L\ 14mal,
m [A™ L[ mo\ [ A
which concludes the proof. [

Note that if w is a tensor word as before then ww* is a tensor word with letters in P
and @ only. We define the symbol #p(ww*) as the number of P’s in the word ww*.
Since ||[A™0||3 = 7(w*(A*)" A™w) = 7((A*)™ A™ww*) then Proposition D.1 says that

lim M = o#Pww’), (3.14)
m A\ A"

Proposition D.2. Let n > 1 and § = Y., c;w; be a vector with ¢; € C and w;

tensor words of length r; fori=1,...,n. Then

AT\ L :
lim inf > —a where r=max{r; : i=1,...,n}. (3.15)
g <||Am1|rz V2
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Proof. Let £ =Y " cw; and r = max{r; : i =1,...,n} then

AmE = ml ) PPV, V8

1<p1<...<pm

:m'Zapl AV Vo bml Yt LV, 6

r+1<p1<...<pm

:m'Zapl..ozpmVpl...‘/;)mﬁ—i—m! Yo at ey, Y,

r+1<p1<...<pm

where J,, := {1 <p; <ps <...<Dpy : such that exists ¢ so that p; < r}.

It is easy to see that for r +1 < p; < ... < p,, the vectors {V), ...V, are pairwise
orthogonal and are orthogonal to Ay(«m)é" =m/! ZJ"L aPt . aPmV, oV, € Note also

that €V, .. Vo 3= 2 for r+1 < py < ... < .

Therefore,
2 2
jamely = A+ LY s o
T 2m
r+1<p1<...<pm
2 2 2rm
100 S e
2 1<p1<...<pm
2
— ||§7ﬂ2a2rm’|Am1|’§
Hence,
1
A™ " 1
lirrqlninf (HAWEH) > 7 where 7 =max{r; : i=1,...,n}.

Theorem D.3. The operator A has trivial kernel and dense range.
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Proof. Since this operator lives in a finite factor it is enough to prove that Ker(A) =
{0}. Let us consider the Hilbert space H @ H and the operator A: H@&H — H&H

given by

Decompose ‘H as H = H; & Hy where H; = {Q ® &+ V*® n : &n € H} and
Hy = {PRE4+V®n : &neHyand Q and P are the orthogonal projections onto
these subspaces respectively. Since

“+o00
PAP =) o"P@I®°" V@V, PAQ=aV

n=2

+o0
QAQ =) a"Q®I*" VeV, QAP=0

n=2

then A has trivial kernel if and only if A has trivial kernel. Moreover,

Yo 1= Tr(Ker(A")) = Trem, ) (Ker(A™)).
It is easy to see that
N a A" naAr1
0 a A™
and since
a” A" na"A"! & a"(A™(&) + nAM(E))
0 a A" & a A" (&)

we see that Ker([l") = {(f, —%A(f) +1n) : £€Ker(A™Y), ne Ker(A"fl)},
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Hence

Tren© (Ker (A7) = % (7R (Ker(A™1)) + 7r(Ker(4" ).

Therefore, v, = %(’Ynﬂ + Yn—1) which implies that v, = n7y;. Therefore, 74 = 0 and
thus Ker(A) = {0}.
O

Theorem D.4. Let r > 0 and {v,}25 be a sequence of positive numbers and A be

as in (3.10). The subspace H,.(A) defined by H,(A) := E.(A) where
E,(A) = {€ € + limsupr, | A"€[5 < 1)

is either H or {0}.

Proof. Decompose 'H as H = H1 ®Hy where Hy = {Q®£+V*®n . &,n € H} and
Hy ={P®Et+V®n : &neH}as wedid in Theorem D.3. Then the operator A

can be represented as A : H1 & Hy — Hi @ Ha with

A= (3.16)

and hence
a" A" npa" A"
A" =
0 a” A"
Therefore, under the canonical isomorphism of R ~ My(C) ® R we see that the
operator A is identified with (P + Q) ® A+ oV ® 1 and A" is identified with
a™(P + Q) ® A" + na"V ® A"!. The subspace H,(A) is hyperinvariant, hence,

affiliated to the von Neumann algebra R. Let  be the trace of this subspace § =
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7(H,(A)). Define the subspaces Ey == {P @ A(6) +V @ A(n) : &n € E(A)},
Ey = {Q@AE)+V*®A(n) : &ne&(A)}Y, H = E, and Hy, = E,. The subspaces
H, and H, are affiliated to R and since the kernel of A is trivial 7(H,) = 7(Hy) = 5.
It is clear that the subspaces H; and H, are orthogonal. Now we will prove that
Ey, Ey C E.(A) and hence H,.(A) = H; @ Hy. Let & and n be vectors in &,.(A) and
h=P®AE)+V ® A(n) € E then

|A™(R)[l2 = [[@"(P+Q)® A" +na"V @ A" (P ® A) +V @ An))|l2

= |la"(P @A™ (&) +V ® A (1)|l2

IN

20" - sup{[[P @ A"HE) o, IV © A (1)}

IN

V2a" || A]l - sup{[| A"(€)ll2, | A" (m)]|2}-

Therefore,

lim sup 7, || A"(P @ A(€) +V @ A(n))|l5 < ar <r.

Thus, By C &.(A). Analogously, let &€ and 7 be vectors in &,(A) and h = Q ® A(€) +
V* @ A(n) € E, then

JA*(R)]: = [la"(P+ Q) ® A" +na"V @ A" HQ ® A(§) + V™ @ A(n)) |2
= a"|Q® A" + V' @ A" () + nV @ A™(E) +nP @ A"(n)|

< V2o (n+ [|A]]) - sup{ A" (€)]l2, [| A" (m)]|2}-

Therefore,

limsup 7, A"(Q ® A(€) + V" @ A)l3 < ar <.

Hence, Fy C &.(A) and therefore, H,.(A) = H; & Hy. Since V*(E;) C FEy and
V*(E2) = {0} we see that H,(A) is V*~invariant.
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Representing now our operator A as

o?A P a 0
0 a?2A 0 «Q
0 0 o?A o

0 0 0 «a?A?

it is not hard to see that

a2nAn a2nnAn71 a2n71nAn71 a2n71n(n _ 1)An72
0 a2nAn 0 a2n—1nAn—1
A" =
0 0 a?m An a?pAnt
0 0 0 a?m A"

Define the subspaces Eyy == {P @ P @ A2(&)+ PV @ A%(&) +V @ P @ A2(&) +
VeVeA (&) « &.6.6.6 €8 A)}, Bn ={PRQeA &)+ PeV' @ A(&)+
VRQe A &)+ VeV @A (&) : &,6,6,84 € &(A)}, Bn = {Q@P® A (&) +
QRV@AE)+V QP @ AX&) + V@V @ A%E) : &,6,8,& € E(A)},
By ={Q®Q@ANE)+QaV ®AN&) + V" 0 Q @A (&) + V' @V ® A%(&)
€1,6,6,& € E(A)} and Hy; = E;; for i,j = 1,2. Using the same argument as
before it is not hard to see that H,(A) = Hyy @ His ® Hoyy & Hao and that H,.(A) is

I ® V*—invariant.

Analogously, given n > 1 and 41, ...,4, € {1,2} we define €;, ;. the set of words of

77777

length n in the alphabet {15, Q,V*, V} given by

Qivoin = {01 @ ... @an : ap € {P,V}if iy =1 and a; € {Q,V*} if i) = 2}.
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-----

.....

We can see that

H(A)= P  Hia

{i1,in}e{1,2}m

and therefore, H,.(A) is I®"~1) @ V*~invariant. Since n is arbitrary we see that H,.(A)
is A*—invariant. Thus, the subspace H,(A) is A-invariant and A*~invariant and hence

trivial.

Question 4. Does the operator A have non-trivial hyperinvariant subspaces?

E. Distribution of Re(A) and Im(A)

In this section we will prove that given {¢,}, € l1(N) with ¢, > 0, then Re(A) and
Im(A) have the same distribution and we will describe its moments. Let X = A+ A*

and Y = A — A*, then Re(A) = 1X and Im(A) = Y. Thus,

2 %

= 0 1
X=> ci,R, where R,=I1°"Y®@R with R= (3.17)
n=1 1 O
=2 0 1
Y=Y ¢, T, where T,=I°""VgT with T = (3.18)
n=1 -1 0

Note that R? =1, T? = —1 and 7(R) = 7(T) = 0. From this observation, it is clear

that 7(X?PT1) = 7(Y?*1) = 0. Now we will find a combinatorial formula for 7(X?)
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and prove that 7(Y?) = (—1)P7(X?F) for p > 0. But first we will fix some notation.
Given p > 0,1 <k <pandn; >ny > ... > n; such that Zle n; = p we will denote
by v(p;ni,na,...,ng) the number of partitions of the set {1,2,...2p} in exactly k
blocks By, Bs, ... By with #B; = 2n;. In the following Lemma we will prove some

properties of these numbers that will permit us to compute them recursively.

Lemma 5. Let p > 1 and ny > ny > ... > nyg be such that Zle n; = p. Let

Y(p;ni,...,ng) be as before, then

1. v(p;L,1,.... ) =2p—1)(2p—3)---1
2. v(p;p) =1

8. If ny > ny then y(p;na, ..., mp) = (zp) (P —n1ing, ..., ng)

2n1

4. If exists r < k such that ny =no = ... =n, and ny > n,,1 then
( ) 1/ 2p 2p — 2(7’— 1)n1 ( )
N, N9, ... NE) = — . — TN gy e e, T).
Y\P Ny, Na, s Tk 7'! 2n1 2”1 AV 1 +1 k

Proof. (1) Each element in {1,2,...,2p} has to be paired with another. For the first
element we have (2p — 1) possibilities. Now we remove these two elements and we
have 2p—2 remaining. Each remaining element has to be paired with another, having
(2p—3) possibilities. Continuing with this process we get (1). (2) is trivial. (3) In this
case, we have only one block of size 2n; and we have exactly (2231) possible different
blocks like this. We remove this block and we have 2p — 2n, elements and we continue

with our partition process to get (3). (4) is similar to (3). O
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Given p > 0 we have that

2p _ § :
X*P = Ci1Cjy - - - Cipij R’il le ... R; ij

p
lgilujly"'vipmjp

and using that R? =1 and 7(R) = 0 it is not difficult to see that

P
7(X?) —Z{ Z (ﬂy(p;nl,ng,...,nk)- Z 02?10222...0127’;’“)} (3.19)
(

k=1 n1,n2,...,Nk) (p1,P25--5Pk)

where the second sum runs over ny > ng > ... > n; such that Zle n; = p and the
last one over all the possible 1 < py,...,pp < 400 with p; # p; if i # j.

Analogously,

2p vy e T ,
Y = E CiyCjy - Ci, G, T3 TG, 1T

Jp
1§i17j17--~7ip7jp

and using that 7(T%") = (—1)" we get

p

CUEIETD ol CORRARRITD D o)
k=1 {( (P1,P2,-5Pk)

Hence, 7(X**) = 7(Y?*) = 0 and 7(Y?) = (=1)P7(X?). Since Re(A) = {X

and Im(A) = 5Y we see that Re(A4) and Im(A) have the same distribution. More

precisely, we can state the following Proposition.

Proposition E.1. Let A be as before and let a = Re(A) and b = Im(A). Then

0 if n=2p+1
(3)77(X?) if n=2p

T(a") =7(b") =

where 7(X?P) is as in equation (5.19).
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Another way of looking at the operator X,

+o00
X = ch R, where R, =I1°"Yg R with R=
n=1

0.0

0.4

0.8
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(3.20)

is as a measurable function in [—1,1]. The operators {R,}, are selfadjoint and com-

mute with each other. Therefore, we can think them as independent random variables

in [—1,1]. Moreover, if we think R, as a function f, in [—1, 1] then these functions

satisfy that 7(R,) = f_ll fu(z)dz =0 and f2(z) = 1 and we can picture them as,
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-1 if —-1<z<0
filz): =< 1 if 0<z<l1

0  otherwise
and fo(z) = fi(2x + 1) + f1(2z — 1) and in general,
fori(x) = fu2e+ 1)+ f,(2e — 1) for x € [-1,1] and n > 1.

The functions f1, fo and f3 can be seen in Figure 4.

Hence, we can represent the operator X by the measurable function f(x), given by

flz) =32 ¢n fulz) and

1
T(X") = /1 f(z)"dx for all n>0. (3.21)

Note that in the case ¢, = (3)" we get that f(z) = x on [—1,1]. Hence, 7(X?) =

1 2p 2
[ 2 de = 501 and therefore

0 if n odd
T(a") =7(b") =

(3)"-2; if n even.

Remark E.2. The spectrum of the operator X, o(X), is the image of the function
f. Therefore, if ¢; > > ¢, then 0 ¢ o(X) and the operator X is invertible and so
a and b. This is the case, for example, of ¢, = o™ when 0 < a < % (see Figure 5).

Note also that o(a) = o(b) C [~5/2,5/2] where s =3 "% ¢,

n=1

In probability theory, the characteristic function of any random variable com-

pletely defines its probability distribution. On the real line it is given by the following
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Fig. 5. Function 37, <i> fr(x)

formula, where Z is any random variable with the distribution in question:
pz(t) = E(e"7)

where t is a real number, i is the imaginary unit, and E denotes the expected value.
Characteristic functions are particularly useful for dealing with functions of indepen-
dent random variables. In particular, if Z; and Z5 are independent random variables
then ¢z,12,(t) = vz, (t)pz,(t). Characteristic functions can also be used to find mo-
ments of random variables. Provided that n-th moment exists, characteristic function

can be differentiated n times and the following formula holds

(4

E(Z") — (1)" [%gpz(t)] | (3.22)

We will compute the characteristic function of X, := Z::i a"R,. For eachn > 1,
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7(R*) = 0if k is odd and 1 if k is even. Therefore,

S e P o
Parr, (t) = Z (1) <2k)'oz " = cos(a"t)
k=0 ‘

hence
“+o0
ox,(t) = H cos(at).
n=1

Then we can use (3.22) and the last equation to compute the even moments of X,,.

a2

11—«

For example, using this formula we can see that 7(X?) = 2.

Proposition E.3. The self-adjoint operators a and b do not commute but T(a™b™) =

7(a™)T(b™) = 7(a™)T(a™) for all n and m.

Proof. The last equality is trivial since a and b have the same distribution. To prove
the first equality it is enough to prove that 7(X"Y™) = 7(X™)7(Y™) for all n and

m. Since,

X" = Z Cll-"clanl-"Rln and Y™ = Z Ckl---ckak1~--Tkm7
1<ly,..ln 1<ky,...km
to prove 7(X"Y™) = 7(X"™)7(Y™) it is enough to prove that

T(Rll Ce RlnTk1 Ce Tkm) = T(Rll e Rln)7—<Tk1 e Tkm)

and this is true since 7(R'T") = 7(RY)7(T") for all [ and h. O

The family of operators {R,,},'%} is a commuting family of selfadjoint operators.

If we denote by
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then it is not difficult to see that

WOT

A=W{R,}I) = (§N2(©)> (3.23)

which is a Cartan masa in the hyperfinite II,-factor R. It is clear that W*(a) =
W*(X) C A. A natural question is when is W*(a) = A? Is W*(a) always a diffuse

abelian subalgebra of A?

Remark E.4. Consider the projections

1 11 1 1 -1
poi=5 17V E and g, =5 I*0V @

11 -1 1

Then R, = p, — ¢, and X = Z;ﬁj cnRy. I foralln > 1, ¢, > Zx‘;ﬂ ¢, then the

function f is increasing and we can recover p, and ¢, as spectral projections of X

and hence W*(X) = A. This is the case, for example, of ¢, = @™ when 0 < a <

N[ =

The following Theorem answers the questions asked before.

Theorem E.5. Let 0 < o < 1 and X, = Z:{i’i a"R,. Then the abelian algebra
W*(X,) is always diffuse. If 0 < a < 3 then W*(X,) is the Cartan masa A as
in (3.23). However, if there exist a polynomial p(x) = ayz™ + ax™ + ... + apx™

with coefficients a; € {1,—1} such that p(a) = 0 (for ezample o = %) then
W*(X,) € A.

Proof. The case 0 < a < % was discussed in Remark E.4.
Consider the Bernoulli space (M, pu) = < L, -1}, (300 + (5_1))®N). We can
model the selfadjoint element X, as the measurable function g, : (M, ) — R defined

by ga({€n}) = 31 €,a™. In order to prove that W*(X,) is diffuse it is equivalent to
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prove that W*(g,) C L>®(M, u) is diffuse. Assume this is not true, hence there exists
B € R such that p(g,*({3})) = v > 0. Denote by E the set E := g;'({3}). For each

n > 1, we define
Ef={r={a}r€F :¢ =1} and E, ={z={e}r €F : ¢, =—1}.

It is clear that for each n > 1 the sets E and E are measurable sets, EFfUE, = E
and EFNE; = (). Hence, for each n, either E;f or E; has measure bigger or equal than
v/2. If w(EY) > ~/2 then define F,, := {(e1,...,€én1,—1,€n41,...) : {&} € ET}
and if u(E; ) > /2 then define F,, := {(e1,...,€n-1,1,€ns1,...) : {&} € E,}. By
definition, u(F,) > /2 and if x € F, then g,(x) is either § + 2a™ or g — 2a™.
Assume there exists x € F,, N F,, then +2a™ = [+ 2a™ and hence o = £a™ then
n = m. Therefore, we constructed a sequence of disjoint measurable sets {F), }, each
of measure p(F,) > /2 which is clearly impossible. Therefore, W*(X,) is diffuse.
Let p(z) be a polynomial p(z) = ajz™ + ax™ + ... + axz™ with coeflicients

a; € {1,—1} and a € (0,1) be such that p(a) = 0. (Note that there are infinitely

1

many countable « in (3, 1) with this property but none in (0, 1]). Define the cylindrical

sets

G ={{en}tn 1 €0, =a;,i=1,... k} and Gy := {{e }n : €, = —a;, i =1,... k}

(3

it is clear that G; N Gy = () and that u(Gy) = u(Gs) = 2% The function g, does

not separates this two cylindrical sets and hence W*(g,) # L*(M, u). Therefore,
W*(Xq) # A. O
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F. Moments of A*A

In this section we will give a combinatorial formula describing the moments of A*A.
Let {co}n € L(N) and A = 37 ¢, V,, where V,, = [~ @ V. Then given p > 1
we see that
(A*A)P = > o o CogCony « - - CoagComyy Vit Vi Vit Ving < Vit Vi
1<ni,ma,...,np,mp

For p > 1 consider p elements of color red and p of color white. Order them linearly
and alternating the colors. Let 1 < k < p and ny > ny > ... > ng be such that
Zle n; = p. We define a(p;ny,...,n;) the number of partitions of these 2p elements
in k blocks By, Bs, ..., B, of size 2ny,2ns, ..., 2n; such that each block contains the
same amount of element of each color and are alternating, i.e.: if we look at the

elements of one block the colors are alternating.

Example F.1. For the case p = 2 we have that «(2;1,1) = 2, «(2;2) = 1. For
p =3 we have «(3;1,1,1) =6, «(3;2,1) = 6 and «(3;3) = 1. Some of the possibles

partitions for p = 3 and p = 4 can be seen in Figure 6 and Figure 7.

Given 1 < n < p let us denote 3(p;n) the number of blocks of size 2n satisfying
the alternating condition. We first choose the n elements of red color which will be
located at the positions 1 <71y < ry <...<r, <2p—1 (note that the red elements
are located at the odd integers while the white at the even). Then we choose the n
elements of white color. In order to satisfy the alternating condition, the positions

{w;}1_, of the white elements have to satisfy either

1< < <ra<wy <...<r,<w, <2p
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VU
RS
AR

Fig. 6. An element of «(3;1,1,1) an element of «(3;2,1) and the only element of
a(3;3)

or

1< <rm<w<rn<...<w, <r, <2p—1.

If ry = 1 then we have

2%(7’2—1)'(7’3—7‘2)---(7%—7%—1)'(2p+1_rn)

possibilities to choose the white elements. If r; > 1 we have the option of either start

with white or with red. Starting with white we have

2%(7“1 —1D)(ro—r1) - (rs —7r2) ... (rn — rp—1)

and starting with red we have

1

g (2= 11)  (rs = 12) . (r = ) - (2p+ 1 = 7).
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Then

B(p;n) = 2%( Z (ro—mr1)-(r3—ra)...(rn—rn1)- 2p+1—1,)

1<r <...<rp

+ > (=D —r)(rs—r) . (e — rn_1)>.
2<r1<...<rp,
Note that B(p;p—1) = 2(pf 1). The next Lemma provides us with some information

about the combinatorial numbers a(p;ny, ..., ng).

Lemma 6. Letp > 1 andny > ny > ... > ny such thathzl n; =pleta(p;n,...,ng)

then

1. a(p;1,1,...,1) =p!
2. a(p;p) =1

8. a(p;p—n,1,...,1) = B(p;p—n) - n!
Proposition F.2. Let p > 1 then
"l
A =3 5 (o 3 )|
k=1 (n1y...sng) DP1s--Pk
where the second sum runs over all the k—tuples such that ny > ng > ... > ny with

Zle n; = p, and the last one over all the possible 1 < py,...,pp < 400 with p; # p;
if 1 £ 7.

Proof. We have to observe that

* JE— J— — * * *
(A*A)P = E Cry Cmy Crg Cmy - - - g Cmy Vi, Vi Vi, Ving - Vi Vi,

1<n1,my,...,np,mp
and since 7(V) = 7(V*) = 0, V2 = V** = 0, VV* = P and V*V = Q then

TV Vi Vi Ving - V7 Vi, ) 1s going to be nonzero if all the Vs are paired with V*’s
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Fig. 7. An element of a(4;1,1,1,1) an two elements of «(4;2,1,1)

in an alternating way. Using the definition of the numbers a(p;ns,...,ng) it is not

difficult to see that the formula in the Proposition follows.



Question 7. Is there a nice formula, or recursive description of the numbers

alpini, ...

7nk)?

.....

If we fix k, can we at least compute recursively

79

k
>ny with Zni:p?

a(4;1,1,1,1) = 24

apina, ... mg) where ng> ...
p (p;ma, sp(k)
p=1|a(l;1)=1 s1(1) =1
p=2a(2;2) =1 s5(1) = 1
a(2;1,1) = $9(2) =2
p=3|a(3;3) = s3(1) = 1
a(3;2,1) = $3(2) =6
a(3;1,1 55(3) = 6
p=4|al44)= sy(1) =1
a(4;3,1) = s4(2) = 14
a(4:2,2) = 54(3) = 40
a(4:2,1,1) =40 | s,(4) =24
(
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CHAPTER IV

LIMITS LAWS FOR GEOMETRIC MEANS OF FREE RANDOM VARIABLES

A. Introduction

Denote by M the family of all compactly supported probability measures defined in
the real line R. We denote by M the set of all measures in M which are supported
on [0,00). On the set M there are defined two associative composition laws denoted
by * and H. The measure u*v is the classical convolution of u and v. In probabilistic
terms, p * v is the probability distribution of X + Y, where X and Y are commuting
independent random variables with distributions p and v, respectively. The measure
pE v is the free additive convolution of p and v introduced by Voiculescu [51]. Thus,
1 B v is the probability distribution of X + Y, where X and Y are free random
variables with distribution p and v, respectively.

There is a free analogue of multiplicative convolution also. More precisely, if
and v are measures in M, we can define p X v the multiplicative free convolution by
the probability distribution of X'/2Y X1/2_ where X and Y are free random variables
with distribution p and v, respectively.

In this paper we prove a multiplicative version of the Free Central Limit Theorem.
More precisely, let {T;}32, be a family of x—free identically distributed operators
in a finite von Neumann algebra. Let B, := 17715 ... 1T, ...T51;, then B, is a
positive operator and B,l/ n converges in distribution to an operator A. We completely
determine the probability distribution v of A from the probability distribution of |T?.

Our first remark is that it is enough to restrict ourselves to positive operators. In
other words, let ay = |T}| then B, = TyT5 ... T:T, ... TyT; has the same distribution

as b, = ajas. ..ai ...asaq for all n > 1. Hence, to prove that B}I/Qn converges in
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distribution it is enough to prove that by converges in distribution.

Our main result is the following, let 1 be the probability distribution of |T}|?

then

BY?™ — A in distribution.

Let v be the probability distribution of A, then

v=[30+0 with do = f(t) 1( (t) dt (4.1)

_ -1
=5 0T ]

where 5 = p({0}), f(t) = (F/f*b)l(t) and F,(t) = S, (t—1)"1/2 (F,~1= is the inverse

with respect to composition of F),).
This gives us, naturally, a map
G: My —- M, with p— G(u) =r.
The measure G(u) is a compactly supported positive measure with at most one atom

at zero and G(p)({0}) = p({0}).

We would like to mention that Vladislav Kargin in Theorem 1 of [29] proved an
estimate in the norm of the positive operators b,,. More precisely, he proved that if

7(a?) = 1 there exists a positive constant K > 0 such that
vno(a) < |lbo]l < Kn o]
where o%(z) = 7(2?) — 7(z)*.

It is interesting to compare this result with the analogous result in the classical
case. Let {ax}32, be independent positive identically distributed commutative ran-
dom variables with distribution p. Applying the Law of the Large Numbers to the

random variables log(ay), in case log(ay) is integrable, or applying Theorem 5.4 in
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[13] in the general case, we obtain that
1/n
(alag . an) — e (og(an)) ¢ [0, 00)

where the convergence is pointwise.

The Lyapunov exponents of a sequence of random matrices was investigated in
the pioneering paper of Furstenberg and Kesten [14] and by Oseledec in [36]. Ruelle
[39] developed the theory of Lyapunov exponents for random compact linear operators
acting on a Hilbert space. Newman in [33] and [34] and later Isopi and Newman in
[21] studied Lyapunov exponents for random N x N matrices as N — oco. Later on,
Vladislav Kargin [30] investigated how the concept of Lyapunov exponents can be

extended to free linear operators (see [30] for a more detailed exposition).

In our case, given {ax}2, be free positive identically distributed random vari-
ables. Let p be the spectral probability distribution of a2 and assume that p({0}) = 0.
Then

9 1/2n
(alag...an...awl) — A

where A is a positive operator. The probability distribution of the Lyapunov expo-
nents associated to the sequence {ay}32,, is the spectral probability distribution ~y
of the selfadjoint operator L := In(A). Moreover, 7 is absolutely continuous with

respect to Lebesgue measure and has Radon-Nikodym derivative given by

dy(t) = e'f(e) 1 ( (t) dt

—1y—1
a5 n fla 2

where the function f(¢) is as in equation (4.1).

Now we will describe the content of this paper. In section §2, we recall some

preliminaries as well as some known results and fix the notation. In section §3, we
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prove our main Theorem and study how the map G behaves with respect to additive
and multiplicative free convolution. In section §4, we present some examples. Finally,
in section §5, we derive the probability distribution of the Lyapunov exponents of the

sequence {ag}32 .

Acknowledgment: 1 thank my advisor, Ken Dykema, for many helpful discussions and

comments.

B. Preliminaries and Notation

We begin with an analytic method for the calculation of multiplicative free convolution
discovered by Voiculescu. Denote C the complex plane and set Ct = {z € C
Im(z) > 0}, C- = —C*. For a measure v € M, \ {dy} one defines the analytic

function 1, by

o (2) = /Ooo )

11—zt
for z € C\ [0,00). The measure v is completely determined by v,. The function
1, is univalent in the half-plane iC*, and ¢, (iC") is a region contained in the circle
with center at —1/2 and radius 1/2. Moreover, 1, (iC*T)N(—o00,0] = (6—1,0), where
B =v({0}). If we set Q, = 1, (iCT), the function ¢, has an inverse with respect to
composition

Yo i Q, — iCT.
Finally, define the S-transform of v to be

_l—i-z
oz

Su(2) xw(z),  z€Q,.

See [4] for a more detailed exposition. The following is a classical Theorem originally

proved by Voiculescu and generalized by Bercovici and Voiculescu in [6] for measures
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with unbounded support.

Theorem B.1. Let yu,v € M. Then
Surw(2) = Su(2)S,(2)

for every z in the connected component of the common domain of S, and S,.

It was shown by Hari Bercovici in [5] that the additive free convolution of prob-

ability measures on the real line tend to have a lot fewer atoms. To be more precise.

Theorem B.2. Let i and v be two probability measures supported in R. The number
a is an atom for the free additive convolution of i and v if and only if a can be written

as a = b+c where pu({b})+v({c}) > 1. In this case, uBr ({a}) = p({b})+v({c})—1.

For measures supported on the positive half-line, an analogous result holds, with

a difference when zero is an atom. The following Theorem was proved by Serban

Belinschi in [3].
Theorem B.3. Let u and v be two probability measures supported in [0, 00).
1. The following are equivalent

(a) p® v has an atom at a > 0

(b) there exists u and v so that uv = a and p({u}) + v({v}) > 1.

Moreover, u({u}) + v({v}) — 1= puXv ({a}).

2. pMv ({0}) = max{n({0}), »({0})}.
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In [35] Nica and Speicher introduced the class of R—diagonal operators in a non—
commutative C*-probability space. An operator T is R—diagonal if T has the same
x—distribution as a product UH where U and H are x—free, U is a Haar unitary, and

H is positive.

The next Theorem and Corollary were proved by Uffe Haagerup and Flemming
Larsen in [18] where they completely characterized the Brown measure of an R-

diagonal element.

Theorem B.4. Let (M, 7) be a non—commutative finite von Neumann algebra with
a faithful trace 7. Let u and h be x—free random variables in M, u a Haar unitary,
h > 0 and assume that the distribution u, for h is not a Dirac measure. Denote pr

the Brown measure for T' = uh. Then

1. pr s rotation invariant and

supp(rer) = [[Ih7H 137, [IAll2] <, [0, 27).

2. The S—transform Sy2 of h? has an analytic continuation to neighborhood of the
interval (jin({0}) — 1,0], Sha((n ({0}) — 1,0])
on (un({0}) — 1,0).

[IR[1Z2, 1R73) and Sy < 0

3. pr({0}) = un({0}) and pr(B(0, Spe(t — 1)72) =t for t € (un({0}), 1].

4. ur is the only rotation symmetric probability measure satisfying (3).

Corollary B.5. With the notation as in the last Theorem we have

1. the function F(t) = Sp2(t — 1)7V2 : (u,({0}),1] — (|51, [|h]|2] has an ana-

lytic continuation to a neighboorhood of its domain and F' > 0 on (u,({0}),1).
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2. pr has a radial density function f on (0,00) defined by

1

9(s) = 5—(F STEYS) Lrun oy, (5)

Therefore, pp = pup({0})do + o with do = g(|A|)dma(X).

C. Main Results

In this section we prove our main results. Let us first fix some notation. We say
two operators A and B in a finite von Neumann algebra (N, 7) have the same *—
distribution iff 7(p(A, A*)) = 7(p(B, B*)) for all non-commutative polynomials p €
C(X,Y). In this case we denote A ~,4 B. If A and B are self-adjoint we say that A

and B have the same distribution and we denote it by A ~; B.

Lemma 8. Let {T}.}32, be a family of x—free identically distributed operators in a
finite von Neumann algebra. Let ay, = |Ty| be the modulus of Ty. Then the positive
operators B, = T7Ty ... TxT, ... T5Ty and b, = ajas... afl ...aoa1 have the same

distribution.

Proof. Let Ty = ugay be the polar decomposition of the operator Ty. Since we are
in a finite von Neumann algebra we can always assume that wu; are unitaries. We
will proceed by induction on n. The case n = 1 is obvious since T}T; = a?. Assume
now that By has the same distribution as b, for £ < n. Then by *—freeness and the

induction hypothesis
Bn = TI*TQ* c. T;‘:Tn c. T2T1 ~d (ulal)*(ag . CL2 c. ag)(ulal).

Hence

B, ~yq4 CL1U>{(CL2 . CLZ R &2)u1a1 = ui(ulalui‘)(GQ a® . az)(umlu){)ul.
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Since conjugating by a unitary does not alter the distribution we see that

By ~q (wia1ut)(ag ... a2 ... as)(uiaiul).

Since the operators {T}}72, are s—free then {{ux, ax}}?° is a *—free family and a; ~y

uyayu} and are free with respect to {ay }r>2. Then, by freeness,

B, ~g4 (waui)(as. .. ai o) (uraguy) ~g aras . .. ai ... o0

concluding the proof. O]
Now we are ready to prove our main Theorem.

Theorem C.1. Let {T}} be a sequence of x—free equally distributed operators. Let
w in My be the distribution of |T},|* and let B, be as in the previous Lemma. The
sequence of positive operators B}/Qn converges in distribution to a positive operator A

with distribution v in M .. Moreover,

v=PB0+0 with do=FOL( 0, 6@

where B = p({0}), f(t) = (F==>)(t) and F,(t) = S.(t —1)~"/2.

Proof. From the previous Lemma it is enough to prove the Theorem for ay = |T}|.
Let u a Haar unitary x—free with respect to the family {a}, and let h = a;. Let
T be the R-diagonal operator defined by T' = uh. It is easy to see, by the freeness
assumptions, that (7%)"T™ and b, have the same distribution. Moreover, by [19] the
sequence [(T*)”T"} 1/2n converges in the strong operator topology to a positive oper-

ator A. Let v be the probability measure distribution of A.
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If the distribution of a? is a Dirac delta, u = dy, then h = VA and
(@] = vy = VL

Therefore, b}/ " has the Dirac delta distribution distribution d sxand v =4 . If the
distribution of a; is not a Dirac delta, let pur the Brown measure of the operator 7'

By Theorem 2.5 in [19] we know that

Ske3s

n

/(ny|pdﬂT(A):11£n||T”|| zlimr<[(T*)”T"]§z>:T(Ap):/oootpdy(t). (4.2)

We know by Theorem B.4 and Corollary B.5 that

1

—f(?“) 1(Fl‘(ﬁ)7FM(1)] (T) d?“d@ (43)

pr = oo+ p  with dp(r,0) =
2

where f(t) = (Fs>)(t) and F,(t) = S,(t — 1)~/2,

0

Hence, using equation (4.2) we see that

Ful) Fu()
/ rP dv(r / / —rpf ) drdf = / rPf(r)dr
Fu(8)

for all p > 1. Using the fact that if two compactly supported probability measures in

M have the same moments then they are equal, we see that
v=[36g+0c with do= f(t) 1, F.q))dt.
By Corollary B.5, we know that
Fu(1) = llaall2 and  lim F,(t) = [lay 2

concluding the proof.

]

Note that the last Theorem gives us a map G : M, — M with p+— G(u) = v. The
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measure G(u) is a compactly supported positive measure with at most one atom at

zero and G(u)({0}) = p({0}).

Since

G(p) =pBd+o  with  do= f(t) L(g,8),F.0) ) dt
and f(t) = (Flf_b),(t) where F,(t) = S,(t —1)7Y2 for t € (B,1]. The function
S,(t —1) for t € (B,1] is analytic and completely determined by p. If py, o € My
and S, (t —1) = S,,(t — 1) in some open interval (a,b) C (0, 1] implies that pq = po.

Therefore, the map G is an injection.

Remark C.2. A measure p in M is said X-infinitely divisible if for each n > 1

there exists a measure pu, in M, such that

po= i X piyy ... Xy, (0 times).

We would like to observe that the image of the map G is not contained in the set of
X-infinitely divisible laws since an X-infinitely divisible law cannot have an atom at

zero (see Lemma 6.10 in [6]).

The next Theorem investigates how the map G behaves with respect to additive

and multiplicative free convolution.

Theorem C.3. Let p be a measure in My and n > 1. If G(u) = Bdy + o with
do = f(t) L5, (8),5.1(t) dt then

G(uE™) = B.00 + 0, with do, = /nf(t/v/n) 1(\/ﬁFu(%),x/ﬁFu(l)} (t) dt

where (3, = max{0,nf — (n— 1)} and

. 1 1—n n
G(u™") = B + pn with dp, = o FE™) g0 oy (t) dt.
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Proof. Recall the relation between the R, and S, transform (see [18]),
<-1>
(zRﬂ(z)) = 25,(%).

By the fundamental property of the R-transform we have R . (2) = nR,(2). There-

fore,
(anﬂ(z)fb — 25 ,80(2)
Hence
25 (2/n) = 28, (2)
hus
S o (2) = ~5,(2/m) (4.4)
Then

~1/2
1 t—1 t -1
Fon(t) = Syma(t —1)71/2 = <_5“(_)> — ﬁpﬂ(L)
it is a direct computation to see that
P52 (t) =nE > (t/v/n) —n+ 1. (4.5)

By iterating Theorem B.2 we see that u="({0}) = max{0,n8 — (n — 1)} = 3,.

Now using Theorem C.1 we obtain

G(u™") = Budo+ o with  do, = VRf (/) 1 saines) 1y (1) dt.

Now let us prove the multiplicative free convolution part, let " then

S mn(2) = S (2).
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Then F . (t) = F(t) and therefore,
PS> (1) = B> (), (4.6

By Theorem B.3 we now that u¥"({0}) = u({0}) = 8. Therefore, using Theorem

C.1 again we obtain

) 1 1-n n
G(u=) = By + p,  with dp, = ~t FE ™ Ly, maym (t) dt.

D. Examples
In this section we present some examples of the image of the map G.

Example D.1. (Projection) Let p be a projection with 7(p) = «. Then the spectral
probability measure of p is p, = (1 — a)dy + ad;. We would like to compute G(f,).

Recall that

z+1
S. = .
b(2) 2+«
Therefore,
t—14a\1/2 1 l-a
Bt = () and ETU0) =1
Hence,

2t(1 —
G(up) = (1 —a)do+o with do = H Lo, (t) dt.

Example D.2. Let h be a quarter—circular distributed positive operator,
1
d,uh = ; V 4 —¢2 1[0,2] (t) dt.

A simple computation shows that

1
z+1

Shz (Z) =
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hence by Theorem C.1 we see that

dG(unz) = 2t 194y(t) dt.

Example D.3. (Marchenko — Pastur distribution)

Let ¢ > 0 and let p. be the Marchenko Pastur or Free Poisson distribution given by

(t—a)(b—1)

dp, — 1— ¢, 06 11 (1) dt
pe = max{l — ¢,0}dp + ot (a) (1)
where a = (/¢ — 1)2 and b= (y/c+ 1)2.
It can be shown (see for example [18]) that
1
S = :
e (2) R
Therefore,
F,(t)=vt—1+c and Fg "({t)=t"+1-c
Hence,

g(/vbc) = maX{l — C, 0}(50 +o0 with do=2t 1(m7ﬁ}(t) dt.

E. Lyapunov Exponents of Free Operators

Let {ax}32, be free positive identically distributed operators. Let u be the spectral
probability measure of a; and assume that ;({0}) = 0. Using Theorem C.1 we know

that the sequence of positive operators

9 1/2n
(alag Q. a2a1>

converges in distribution to a positive operator A with distribution v in M. Since
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w1({0}) = 0, this distribution is absolutely continuous with respect to the Lebesgue

measure and has Radon-Nikodym derivative

dv(t) = () Ljartz ol (8) A
where f(t) = (F =) (t) and F,(t) = S,(t —1)~/2.

Let L be the selfadjoint, possibly unbounded operator, defined by L := In(A),
and let v be the spectral probability distribution of L. It is a direct calculation
to see that ~ is absolutely continuous with respect to Lebesgue measure and has

Radon—Nikodym derivative

S # t
dy(t) = € F(€) L ar 151 in far )] () A

The probability distribution v of L is what is called the distribution of the Lya-
punov exponents (see [33], [34] and [39] and [30] for a more detailed exposition on

Lyapunov exponents in the classical and non—classical case).

Theorem E.1. Let {ay}32, be free positive identically distributed invertible operators.
Let p be the spectral probability measure of ai. Let v be probability distribution of the
Lyapunov exponents associated to the sequence. Then 7y is absolutely continuous with

respect to Lebesgue measure and has Radon—Nikodym derivative

S # t
dy(t) = € F(€) Loy 151 1n far )] () A

where f(t) = (F7)(t) and F,(t) = S,(t —1)7Y2.

Remark E.2. Note that if the operators a; are not invertibles in the || - || then the

selfadjoint operator L is unbounded. See in the next example the case A = 1.
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The following is an example done previously in [30] using different techniques.

Example E.3. (Marchenko — Pastur distribution) Let {ay}2, be free positive iden-
tically distributed operators such that ai has the Marchenko-Pastur distribution

of parameter A > 1. Then as we saw in the Example D.3, in the last section

du(t) = 21y oz (8) dt.

Therefore, we see that the probability measure of the Lyapunov exponents is v with

dy(t) = 2e* 1 ( ] (t)dt.

L m(x-1),2In(N)

If A = 1, this law is the exponential law discovered by C.M.Newman as a scaling limit
of Lyapunov exponents of large random matrices. (See [33], [34] and [21]). This law
is often called the “triangle” law since it implies that the exponentials of Lyapunov

exponents converge to the law whose density is in the form of a triangle.
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CHAPTER V

CONCLUSION

This dissertation consists of three more or less independent projects. In the first
project, we find the microstates free entropy dimension of a large class of L0, 1]-
circular operators, in the presence of a generator of the diagonal subalgebra.

In the second one, for each sequence {¢,}, in [;(N), we define an operator A in
the hyperfinite II;-factor R. We prove that these operators are quasinilpotent and
they generate the whole hyperfinite II;-factor. We show that they have non-trivial,
closed, invariant subspaces affiliated to the von Neumann algebra, and we provide
enough evidence to suggest that these operators are interesting for the hyperinvari-
ant subspace problem. We also present some of their properties. In particular, we
show that the real and imaginary part of A are equally distributed, and we find a
combinatorial formula as well as an analytical way to compute their moments. We
present a combinatorial way of computing the moments of A*A.

Finally, let {T;}?2, be a family of x—free identically distributed operators in a
finite von Neumann algebra. In this paper, we prove a multiplicative version of the
Free Central Limit Theorem. More precisely, let B, = 17715 ... T;T, ... 751} then
B, is a positive operator and B,i/ n converges in distribution to an operator A. We
completely determine the probability distribution v of A from the distribution p of
|T'|?. This gives us a natural map G : M, — M, with p — G(u) = v. We study
how this map behaves with respect to additive and multiplicative free convolution.
As an interesting consequence of our results, we illustrate the relation between the
probability distribution v and the distribution of the Lyapunov exponents for the

sequence {T}}72, introduced by Vladismir Kargin.
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