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I. INTRODUCTION

This thesis will discuss & particular method that can be uaed
for the rrumerical solution of ordina.ry differential equations. It
strives to present this technique in an elementary manner and will give
examples of the results worked out with the aid of a large scale |
computer, '

The second chapter will serve to develop same of the more
importemt properties of the Légendre polynomials, both in one and two
variables, It is important to understand these polynomials in one
variable, since those in two variables can be developed from the
properties of the one variable class. Since :Iégendre polynomials play
an important part in the evaluation of an integral by Geussian
quadrature, the last of chapter two will relate their use to this
method of mmerical integration. It will also discﬁss the 'n,_mnerica]’.
estimation of Fourier Coefficients using the .a.b'ove mmerical iuﬁegfwbion
technique.

Chapter three will foﬁnﬂate a procedure. for r'ais:;ng. 8 power .
series to a power and will 11lustrate its relation to the :sub,ject at
hand, namely; the numerical solution of differential equations, The
major portion of the third chapter, however, will serve 'po expia;.l.n" the
manner in which sn estimstion to a numerical solution of & differential’
equation can be obtained uéing the principles outlined previously,

The numerical work of this investigation was performed on an IBM

type T09 digital computer as indicsted in the appendix, The work was



written as & 709/7090 Fortran mein program which called several
709/7090 Fortran subroutines, listings of which also appesr in the
appendix. The results from the computer eppeer in the end of the
appendix and these results are used for caomparison to the expected
solutions. o |

The polynomial of degree n discussed in the followingilgal.ge's will

be denoted by Pn(x) =1l+ax+ azxa F oeee. anxn , where, for n = 0;

Po(x) = 1 for all values of x in the interval [0,1] .

Each definition, theorem, and some of:the more important equations
have been mmbered. If, for example, the number (1.2.3) appéa.rs the
one indicates the chapter, the two indicates the section of the chapter,
and the three indicates the particular definition, theorem or equation

in that section.



II. LENGENDRE POLYNOMIALS

2.1 Iengendre Coefficients

Definition 2.,1.1 The polynomials P (x), P (x), vhere P (x) and Pm(x),

are continuous in the interval [O ,l] , are sald to be orthogonal over

the interval [0, l] provided

[l Pm(sc)pn(x)dx =0,min

0 ;éo,mzn.

Let us construct a polynomial Pm(x) of degree m,

2 m
Pm(x) =1l+ax+ax +..+8xX

such that

1
f xk-Pm(X)dx = 0, k = O,l,uca,m"l .

0
We first mutiply (2.1.2) by x'ax glving

xk'Pm(x)dx = xkdx + alxk+l

adx + aeack+26x 4 cee + amx

(2’.1,1) |

(2.1.2)

(2.1.3)

for k = 0,1,...,m-1 and then integrate from x=0 to x=1, vhich gives



1 1 .
[ xk'Pm(x)dx = f Fax + alxk+1dx o0 + amxk"'mdx

0] 0

where k = 0,1,,,,,m-1. (2.1.4)

Now making use of (2,1.3) and (2.1.4) we obtain m linear equations

k = (0,1,...,m-1) (2-1-5)

from which the m coefficients a,, &,, ..., 8 can be determined, There
are several methods for solving these equations to obtain the m

coefficients desired, but one easy way is as follows:

1 & ®m Q(k)

5775 B - SRR ~re-r Ml 65 ) | §777-) PR 77T )

where Q(k) is & polynomisl in k of degree not higher than m. Since by
(2.1.5) the polynomial Q(k) must vanish for the m values of k,

k =0,1,...,m-1, Q(k) can be written Q(k) = Ck(k-1)(k-2)...(k-m1) in
which C is & constant. Then '

N ®m  Ck(k-1)(k-2)...(k-m+l
Fit®2" T wl T TeD)(k2)... (k] y

Multiplying both sides of the above equation by k+1 glves

a, (k+1) an( 1) (1) (k-2). .. (komd

1+t 73— * % Tomwl - (&2)(3)...(ew1)  °



Setting k = -1, we obtain

m
Therefore Si-1) (1!

= 1

or C = (-1)" .

Thus Q(k) (-1) (k-1 (k-2).. . (k-m 1)

To solve for s, we need only to multiply the above equastion by (k+i+l)

and set k = -(1+1), 0 < 1 <m ., Each temm on the left vanishes except

a.ia.nd

_ (DT "(141) (142) . o o (34m)

‘ (-1)11!(m—:|.)!

_ (i) om
iim! - (m-1) 010

8, = (-'™HOD . (2.1.6)



We now put the values of the a's obtained from (2,1.6) into equationA
(2.1.2) and express the polynomial Pm(x) in the form

B = ) (DM At ) e
i=0 .1=0

This is the desired result which satisfies the equation (2,1,3).
If we multiply equation (2,1,2) by Pn(x) and integrate from x =0

to x = 1, we have

0 i=0 0

1 m 1
f Pm(x)Pn(x)dx= z ai[ xiPn(x)d;: . (2.1.7)

Now if m # n all the integrals on the right vanish because of (2.1.3)

so that

1
f P (x)P (x)ax =0, (m¢n) .

0

If m = n all the integrals on the right of (2,1.7) vanish except the

last and (2,1.7) becomes

1l 1
f Pma(x)dx = o f mem(x)dx

0 0



[,mgo,w
zo[x-m

[[ ,mamlf,m .l_[ =]

- -l
m+l ’en+2 axan"'l
moy | St et AT
[ 8 8,
-8 mfm‘*"-*ﬁ:%}

m
‘-1E ‘m;im-l;‘m-egooo;ll
= ah IIH' m+ 'K X

mmm' '
= & BRI - T -

1
_ Hence, [ Pf(x)d.x.—.# ;
()

From this we see that

(2.1.8)



1
j Pm(x)Pn(x)dx =0, mégn
0

which satisfies equation (2.1.1) and hence the definition of

orthogonality.

Definition 2,1.2 The polynomials Pm(x) are the Legendre polynomials

 orthogonal over the interval [0,1:] .

m m
B(x) = Y axt= ) (DDH™H (2.1.9)
i-0 i=0

The Legendre polynomials Pn(x) over the interval (O, 1) have the

(2]

following integral representation:

™

Pn(x) = .l.[ [(1-2::) + | (1-3:)2_-1} d cos a]n a . (2.1.10)
o _

Theorem 2,1,1 The Legendre polynomials P n(x) are bounded over the

région [0,1] , 1. foro<x<l

|B(x)] <1. (2.1.11)

Proof:

Equation (2.1.10) may be written



m
| ¥
P (x) = -}T[ [(1-2::) +1{ 1-(2-2)%) cos s:r apg .

The integrand of the above equation may be written in terms of its

real and imaginsry parts G + 1Gl , and thus

mw
P (x) = %f (6 + 16,) a5 .

0
Then,
m it
P (x)| = l‘l (G+1G.) a4 <l[ |e+ic. | ap
n o 1 - 1
~ 0
" 3
n
- %f [(1-2x) + 1{1—(1—2::)2} cos B | 4p
0
Now

| (1-2x) + 1 { 1-(1-3:)2}% cos B |
2 2 2 5
= [(l~2x) + { 1-(1-2¢)° } cos e]

3
- [(1-2,:)2 + { 1-(1-202 } (1-e10® B)]» |



= [cos2 B+ (1-ex)‘2 .sine ﬁ]% and
2 o . 2 7% 2 2 1%
[coa g+ (1-2x)° ein B] < |cos® B + sin B] = 1,

for 0 <x<1land 0O <B<m. Therefore

" .
f-lﬁ[ |(1-2x) + {1-(1-20)%} : cos B ln ag
o A

P, (x)

m
< f B=1, for0<x<lamdO<B<m,

0

41P

2.2 legendre Product Polynomials in Two Variables

Definition 2,2.1 The Legendre product polynomial of degree n in two

variaebles is given by

Lo(6,9) = € Fa(RIR) + Cyy 1By 5 (X))

bae b Gy B, )
n
- ) Cpy 1P (B B) (2.2.1)

1-0

where P i(x) and Pi(y) sre the Legendre polynomials defined previously.



It should be noted that if Fn_l(x,y) is a polynomial in two
variebles of degree not higher than n-1 then

I-‘n_l(x,y) = bo, 0¥ bl’ox + bo, 4

+oaee+ b, xTPyP -1

r-P}p bo, n-l

n=1l r :

r-p
=Z zbr-p,px ¥, ms1.
r=0 p=0

Theorem 2,2,1 If Fn-l(x"ﬂ is any polynomial of degree at most n-1,

then

1 -1
[ f Fn_l(x)y)rn_k(x)Pk(y)dxay = o) k = 0)1’2)"',)n . (2‘2‘2)
0 0

Proof:

1l 1
f f F, 1(x,9)B, (x)P (y)axay
0o 0 ‘ o

1 par '
= [ f ) (Bpp, = 7 ) (By ()R (y)axey)

0O 0. -r=_0p==0
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n-l1'r 1 1 |
Z Z br-P,P [ f "r-an-k(x)NpPk(V)dxdv .
=0 p<0

o]

Now since r-p < n-k or p < k then by (2,1,3) either

1l
&P " -
f P k(x)dx = 0 Or[ yp (y)dy O, r‘,P = ,l,ooo,n"l .

0

L .
z z br_p,pf x" Pp k(x)dx[ prk(y)dy 0, (r:P=°: ;ch"l)

0

and therefore

f f l(x’y)P k(x) (Y)dxdy =0, k=0,1,,,s,n

which establishes the theorem,

lenms 2,2,1 The ILegendre product polynomials are bounded over the

region (0,1), i.,e, for 0 <x <1

B, (=B <1 . (2.2.3)

Proof:
Equation (2,2,3) mey be written



Now by theorem 2,1.1 we know that both members of the right-side of

equation (2.2.4) are less than or equal to one, hence;
1By k(B <1

2,3 Gauss's Formula for Numerical Integration.
A very good quadrature formula for finding the value of the

definite integral

b
1 .-.f £(x)dx (2.3.1)

-

wvhere £(x) is a known function but whose integral is to be evaluated

numerically was derived by Gauss[h] and is based on Legendre polynomiels,
1f the definite integral (2.3.1) is to be computed from a given

number of values of f(x), the problem arises as Just where should-these

values be taken so as to obtain a value of the integral with the

greatest possible accuracy? The first -step is to.change the variable

6o that the interval of imtegration (a,b) with respect to x is from.

O to 1. This is esccomplished by letting

X =68 - (a.-b)u

X-8 a-xX

or u=(ab) ~“ab

Then at x = a, we have



1

8-8
u--;.—-:O
and at x = b, we have
u=-§%=1.

The new value of f£(x) is

£(x) = f[a-{a-b)u:] = Q(u) .

Now since dx = -(a-b)du, the integral becomes

b 1
I =f £(x)ix = (b-a)j— Q(u)du .

a 0

Tt is desired to have a formule such that

1
I-= [ Q(u)du = AlQ(ul) + A2Q(u2) + oo+ AQ(uw) (2.3.2)
0

shall be as good en evalustion of the integral as possible. When £(x)
18 any polynomiel of as high degree as possible (2.3.2) should be exact.
A count of the constants available, n A's and n u's, totalling 2n,

suggests that the highest degree of the polynamial Q(u) will probably

be 2n-1., Hence we write

2 on-1
Q(u) = a.o + al‘u + 3211 + .0 + aal-lu ) (20303)



Integrating (2.3.3) between the limits O and 1, we obtain

l .
I=[ Q(u)du=[au+3:aaﬁ2+}_au3+ 1 ont
0 2 71 3 2 coe +—58.2n_lu
0 0
= i 1 1 '
By + 58 + 3 8, + e + %5 %on.1 ° (2.3.4)

From (2.3.3) we also have

- 2 on-1
Auy) = ag + agu) + e+ oo+ 8y Uy
- 2 2n-1
Q(ua) =8y + 81U, + B+ ..+ By U,
2 2n-1
Q(un) =8y +8u +au "+ ... +e, (0 .

Substituting in the above values of Q(ul),Q(ua),...,Q(ﬁn) in (2.3.2),

we obtain

2 2n-1
I-= Al(a.o e+ agn T+ e+ By U )

2 2n-1
+ Aa(ao +aju, e, t e + 8y gl )

+ LJ L ) L] . L] . L [ ] . L d ° . L] L ] . L] . [ ) . [ ) L]

+oooooooo-oo¢o’otooototo

2 2n-1
+ An(a.o L e L ),

15



or, rearranging,

I=ag(A) +Ay+ .. +A)

+a (Au, + A, + L., 4 Au)

2 2 2
+ aue(Alu:L + A2u2, * oo AU )

+

* ¢ o o ® o © & o ¢ © o o e o @

+

L] L . * [ [ ] . . L] L ] [ ] L . [ ) [ ) L]

en-1 211-1)

2n-1
+ a&—l(Alul + Aaua t oeee + Anun . (20305)

Since it is desired that (2.3.4) be identically the ssme as (2,3.5) for
all values of 8 the coefﬁciehts of 8y must be equal., Therefore

we obtain the 2n equations

A1+A2+A + ...+4A =1

3 n
1
Ay Agip ¥ Agig +ee v Ay = 3
2 2 2 2_1
Ryw ™+ Agy” # Agugt ¥ eee + Ay = 3
] - 11 ’
T E e A e 5. (23.6)

"he solution of the above system of nonlineg;' equations would

theoretically give the 2n values U, Uy, «co, u, end Al’ A2’ veey An .

However, (2.3.6) can be reduced to & system of linear equations in .
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A; 1f we choose the values for u, to be the zeros of the Legendre

polynomials previously defined, (4] The n roots of Pn(x) = 0 are knmm
to be real, distinct, and all in the intervel from O to 1, theierere%'
(2.3.6) will always have a solution since the u's are all distinct, |
Having found the A, 's and w's (2.3.2) can now be applied to
find the value of a definite integral.
It should be noted here thqt the process of calculating the
value of a deﬁnite double integral of a function of two varisbles is

called numerical double integration and also mechanieﬂ cubatm, A
formula for this process has been derived wh;i.cil'nses an interpolation
function in terms of the differences of & function of two varia'bles.
However, this is not necessary since mumerical double integration ms;y
be performed by a double application of a quadrature formula, The value
of the double integral can thus be foundi by repested epplication of

Gauss's formula,

The value of the double integral mey be appmxiinatéd by applying
to each horizontal row any quadrature formula, Thén, to the results

thus obtained for the rows, again apply & similar formula, Hence

11
J =fj s(x;y)dﬁy
0O O



= Balxy,yy) + Balxp,yy) + ooo + Bglx,,5,) = 6fy,)

+ 318(?‘-1”’2) + Bglxp,¥p) + vuv + Bglx,,¥,) = 6(y,)

+

® 0 0 0 ¢ o ¥ ¢ e 0 e ¢ @ ® 0 0 0 0 o o 0 0 ¢ o

+ [ ] [ ] [ * L ] L] [ ] [ [ ] * L ] L ] [ [ L[] [ ] L L] [ ) [ ] [ ] L] [ ] L] L ]
+ 318(xl’yn) + B2G(x2’yn) + eee + BnS(xh;yn) - G(yﬁ)

then

1.1
J = [ [ &(x,y)axdy = B,6(y,) . BO(y,) + .o + BO(y ).
o % - |

On the basis of the facts now availsble an srbitrary function
defined on the interval (0,1) can be formally expanded in a series of
Legendre polynomials, ’ |

Definition 2,3,1 The Fourier coefficients ci 3 of any 1mégrable
. ;] v A :
function F(x,y) associated with the system of orthogonal functions Pi(x)

and PJ(y) is given by

11 '
f [ P, (x)?, (y)¥(x,y)axay

¢ 0O O

1,37 1 1
(m) (m)

These coefficients may be arrived at in the following manner:
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Iet the expension be

M)« 3 ) Oy BRI (2,37
1=0 3=0. |

1f we now multiply by Pm(x)Pn(y) we obtain

o0 0
Flx, BB, (v) = ) ) € B (x) BynB(xIR()
10 30

Assuming uniform convergence and integrating term by term fm 0 to 1
each integral on the right is’ zem, because of the erbhosena]ity of the

P's, except the ones where i=m and J=n giving

[ [ F(x,¥)E (x)P, (y)axdy f f 2(x)l’ 2(y)axay

when the integral is evalusted by means of (2.,1.8) the whole right-hand

member reduces to

c, .
f [ Cy, o 2(x)2 2(y)axdy = 7ot (D)

so that the general coefficient in the series form is given by



1 1 |
f j F(x,¥)B, (%), (y)axdy

(I . " (2,3.8)




III. OBTAINING A SOLUTION TO A DIFFERENTTAL EQUATION

3.1 Rais:l.ns & Power Series to a Fower

Let z b, (t-t, ) be any Ta.ylor's series vhich has & positive
redius of convergence and for which by = 1. TFor 'brevity, we may replace
(t-t ) by z and let £(z) denote the ana.lytic function determined by the
'raylor' s series sbove, Now let Iog w denote the principe.l value of the
natural logarithm of the complex number w, and let A be any complex

mmber. We may then define [f(z)] as exp (A log [f(z)] ) and the

. function so defined hes ususl exponentisl properties and is analytic in

a neighborhood of z = 0. For the power series expansion pertaining ta

[r(z)]x we write

< .
gz, 2) = ) B(M) (3.1.2)
i=0
In particular
o0 | o0 .
&(z,1) = Z I’i(l)zi = E b,z (3.1.2)
10 i=0

wherePo(x)-_—‘b =1.



The objective is the determination of the coefficients Pi( A).
These are the coefficients of the power series after being raised to

1

the power ), as functions of the b,. Results in this d:l.rec‘b:l.gn are
found in [6) . One such recursive relation given therein is

-1 : '
P(1) =7 le B(h 4+ -0p ). (3.13)

Exsmple: Suppose we wish to calculate f£(x), where f(x) = (1 + &)2. .
We may proceed as follows:

Po(a) = 1,0
P,(2) = 3 :bl(a)Po(a)] = 2,

2,(2) = 3 [B,(2)(2b)) + B(3)(1) ] = b2 + 2,

2y(2) = 1 [0,(0) 08 + 2by) + By(3)(2) + ByID)]
Now since by = 1, by = 2, by = 0, anab3-,=0weobta.;n

Po(a) = 1.0, Pl'(z) = h,} P2(2) =4,

and all others will be zero. Hence,

. x i
f(x) = z Pi( A)x

1=0

=1+ hx+hx2.



3.2 Method of Solution

It is the purpose of this investigation ‘l:c') s-ﬁud.y the feaslbility
of using orthogonal polynomials, in this case Legendre polynoﬁia.ls; to
obtain mmerical solutions to differential. systems which can be ﬁritten
in the form | | |

= F(x,y) ' (3.2.1)
Y(O) = 1.

One such method can now be described based on the properties di scussed
to this point and one assumption. The assumption being thet the

solution to the differeuntial equation will have the form

. -2 n
¥ = ao + alx + aezg + .., *+ anx

vhere a, = 1 . _ (3.2.2)

In definition 2.3.1 the Fourier c‘defficients Gi )3 of a.ny arbvitrary

function F(x,y) aasocia.ted with the system of orthogonal polynomials
P (x) and P (y) were arrived st by expanding F(x,y) in a series of

Legendre polynomials, This e.xpa.ngion we.s
o0
Flx,y) = ) ) €y 5 By(®) By (3.2.3)
i=0 J=0 -

Since we sre interested in obtaining numerical solutions to

differential systems of the form



y' = F(x’y)

and P(x,y) can be expressed by (3.2,3) we may then write

R0 X
v’ = F(x,y) = Z z C, 4 B(x) B3 .
1=0 J=0 ‘

Also since the solution to the differential equation was assumed to be -
y=a +ax+a.x+ + ax" (e 1)
o ¥ B Kt T BE , By =

we can write

oo OO
yi=a o+ 2x L+ ma»nxm"1 = Z Z € 3 P, (x) Py(y) .
1=0 3J=0

(3.2.4)

For the polynomial in y, i.e. PJ(:Y) , we replace y by (3.2.2) to get
a polynomial in x alone on the right hand side of the above equation.

Having obtained a method for estimsting C, , and generating the
)

polynomials Pi(x) and Pj(y) , (2.3.8 and 2,1,9 respectively), we ean

now obtain s mumerical solution to y' = F(x,¥) .
To 11lustrate the method an example follows:
For simplicity we will carry the indicies 1 end j in (3.2.4) through

2 only. We then have



2 2
’ 2 -
ga1+2a2x+3a3x +,..+nanxn1= }: Zci,d Pi(x) Pd(y)
=0

i=0 J
or
al + 2&2:: + 3a3x2 + ... + nanxn"l
2 ‘ _
) [Ci,o By (x) By(y) + €y o Bix) By(x) + €y o By(x) By(n) ]
i=0 .

= Co,0 Folx) Byly) + Co,1 Fol®) By(3) + Co,2 Fo(x) F (y)

+ °1,o P (x) By(y) + 1 P (x) B (y) + C),2 P;(x) P (¥)

* Cp o Bolx) Bo(y) + €, 4 By(x) By(3) + Cp 5 By(x) ?2(y) :
Using the recursive formula (2.1.9) for P,(x) and P,(y), we obtain

al+ 2a.2x + 3a.3x2+ eao + nanxn



= Go,0oD() + &, ,(1(1-2y) + €, (V160657

+ € o(1-26)(1) + ¢, 1(1-2x)(1-2y) + C) p(1-2x) (1-6y+6y°)
+ 02’0(1-6X+6x2)(1) + 02,1(1-63:+6x2)(1_2y.) + ce 2(1*61+632)(1-6y+6y2).

or, multiplying we have

8) + 2ax + 3a3x2+ vo. + na x®1

n

2
= CO,O + c0’]_ = 0,1Y"' 00,2 - 600,2y + 600,21;'

* Cl;o - 2cl,0x + Cl,l - acl,lx - 2cl’ly + hcl,lxy

2 : -
* 0,2 - 601,23’ * 601,23’ - 20 K10, Xy - 120, xy

2 - 6C + 6C, x°
+Cp g - 60, g% + 6Cy X+ Cp o - 60y X + 6Cp

. |
- +C - 6C
- Cp 1y + 120 Xy - 12y Xy + Cp 5 - O g%



2 _ ke 4P s ke 2
+ 602’2::' 6(32,2y + 3602,2::;; - 36(’:2’2:: y + 602’23'
2 22
- 36C2,2ry + 36C2,2x Yy

or, rearranging,

2 n-1
a.1+ aa2x+ 3a.3x + c.. + na.nx

= (Co,0* %1+ Co2* Cro*Cy1¥Co*Coo*Csy

- (201,0 + 201,1 + 2C1,2 + 602’0 + 602’1 + 602’2) x

+

(6C2,0 + 602’1 + 602’2) x

- (200,1 + 600,2 + 201,1 + 601’2 + 20'2,1 + 6(?2’2) y

2
+ (6, 5+ 6C) 5+ 6C, ) ¥

+ 36C, .
+ (hoy o+ 120, 5+ 120, o + 36C, 5) Xy



- ’ ‘ 2 oy
+ (3602’2) xaya.

Substituting (3.2,2) for y, we obtain

2 n-1
al+ aa.zx+ 3a3x + ... + nanx

0,0 %0,1% %0,2% 1,0 C1,1* 2% C 0+ Caq * Cp p)
- (201’0 + 201’1 + 20-1’2 + 602’0 + 602,1 + 602’2) x

2
+ (602,0 + 602,1 + 602,2) x

, , . - n
- (200,1 + 600,2 + 201,1 + 601,2 + 202,1 + 602,2)(9.0 +aX + ...+ fnx )

2

2 n
‘ e oo +
+ (600,2 + 601’2 + 602,2) (ao +ax+oax + a X )

2 3 n+l
+ (hcl,l + 1201’2 + 1202’1 + 3662,2)(110:: tax"+ax’ + .. +ax )



- (1202, 1t 3602, 2) (aexa‘v + a.lx3 + agx'h + ...+ anxmal)

y - 2
- (12(!1’2 + 3602’2) (x)(ao + ax + aexa + ...+ anxn)

2
+ (360, ) (x®)(ag + ayx + 8z + ... 4 2T

To arrive at the desired polynomial answer we need only to equate
coefficients to find the e,'s, (1=1,2,...n), hence

8y = 1 (given) .

8, = (c(.’,o + co,l + c0,2 + Cl,o + Cl,l + 01’2 + 02,0 + 02,1 + 02’2)

- (200,1 + 6co,2 +20) )+ 601,2 +2, 1+ 602’2) 8,

. . : 2
+ (6(30’2 + 601’2 + 602,2) 8y -

, c + 6C
22, = - (20) o+ 20 1+ 20) o 6Cy o *+ 605 1 * €C5 5)

. ~ + 2C +6C,.) a
- (200,1 + 600,2 +X 07 601,2 2,1 2,2) 1



30

+ (6c
(6Co,2+ 6C; 5+ 6C, o) 2808y

+ (bC, . + 12
(ho) , + 120, ,+ i 36"2,'2),%

2
- (120, o+ 36C, o) 85

L )

ete,

By continuing the process all the a's, (i=1,2,...n), cen be found,
and hence the polynomial answer Y = 8‘6 + a,x + a,2x2 + eee anx'n may
be calculated. |

The greatest error in the above example comes from truncation in
that the indicies i and } were carried through 2 only. If we had )
carried these indicies through & greater mmber, say 100, we would have
eliminated some of this error and could expect a vbefbte;r estimation of

the a.i's.



IV, CONCLUSION

The method just described was tested on the equations listed
below, Comparisons of the estimated value, Y (EST), and of the
theoretical velue, Y, of these equations are given in the Appendix.

Equation No, 1

v/ =xy - x5 + 2.0xh + 2.75x3 - 5.75::2 + 1,50x - ,25 .,

The solution is

y = 1.0 - .25x + 1.25x° - 2.0%5 + 1.63::h .

Equation No, 2

=X 2
y' =y -y -7 .
The solﬁtion is

y=e °

Equation No. 3

y! = :L_y2 -x8inx -sinx .
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The solution is

Yy=¢cos x ,

Equation No, 4

v/ = xy"? - xy cos x - sin 2x .
The solution is
Yy = cos2 x .

The comparisons shown in the Appendix are those obtained using
the IBM 709/7090 FORTRAN program which is listed Just prior to thesé
comparisons. The results thus obtained are subject to machine error,
that is, round-off and tnmcation'error. Keeping this in mind, the
results obtained were very good. It should also be noted that values
of x lie within the range O to 1 so as to stey within the limits of the
theory. ‘

Comments are periodically placed throughout the program listing
to aid the user in understanding the program., Two subroutines called
for by the main program, Subroutine SOLEQT and Subroutine ERASE, are
library subroutines fbund at the Texas A, and M, College Data Procesesing
Center and can be obtained upon request. The purpose of Subroutine -
ERASE is to set designated elements of an array to zero. The puipose

of Subroutine SOIEQ‘r is to find the solution to a system of simultaneous

equations.
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