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ABSTRACT - A computer code representing fluid flow is
described which calculates the pressure gradient in

the entry region of a rigid tube. The velocity profile
is calculated from graphical correction of known flow
equations. Poiseuille's model, a simplification of the
z-momentum equation, is used as a basis for the cal-
culations. The results obtained compare favorably with

the literature.



INTRODUCTION

Atherosclerosis 1s responsible for greater than
one-half of all deaths each year. Of these deaths,
approximately two-thirds are a result of Coronary Heart
Disease. Coronary Heart Disease 1s the degeneration of
the coronary blood vessels, concluding with thrombotic
events., Occlusion of the vessel leads to oxygen dep-
rivation of the myocardium. Death generally occurs by
myocardial infarction.

Atherosclerocsis 1s principally a disease of the
large arteries. Low density lipoproteins are transpor-
ted across the blood vessel wall and deposited in the
subintimal layer of the artery. The lipid deposits
are known as atheromatous plagues. These plagues con-
tain a high concentration of low density cholesterol.

If plaque build-up continues, the plague will pro-
trude through the intima into the flowing blood. An
obstruction of the blood flow is termed a stenosis. A
stenosis will generally lead to thrombosis. However,
little is known about the origin of atherosclerosis.

Coronary Heart Disease is almost always a result
of atherosclerosis. Diagnosis is usually made when
a patient develops angina pectoris(with a stenosis) or
myocardial infarction(with an occlusion). Angina
nectoris, a cardiac pain, develops whenever the load
on the heart becomes too great for the coronary blood
Tlow to releive,

Beyond an occluded vessel little or no blood flows.
The now impaired cardiac muscle function is said to be
infarcted. The overall process is termed myocardial
infarction( 4 ). '

Hemodynamic factors probably play a decisive role

in the progression of the stenosis. Severe stenoses
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cause turbulence in the blood flow. It has been demon-
strated that turbulence in the coronary arteries causes
five times as much thrombus formation as does laminar
flow(8 ). Additionally, arteries are distensible; if
the stenosis creates a large pressure drop(Bernoulli's
effect)the artery can collapse and thus expand the
effective length of the stenosis(9 ). If turbulence

is present, tThe pressure is even greater as energy is
being expended to create the turbulence.

A pressure drop across a stenosis is more likely
to occur than a reducton in flow rate. May and his
colleagues found that there was no reduction in flow
until the stenosis reached a critical value(for the
iliac artery-85% by area, 62% by diameter)(7 ).

Stenoses also cause a Jet stream through the con-
striction. By the Bernoulli effect the velocities of
the blood particulates through the stenosis are highly
accelerated.

A velocity profile is a plot of stream velocity
versus radius for a vessel., Previously mentioned in-
formation outlining flow characteristics of athero-
sclerosis demonstrates the importance of the velocity
profile in the diagnosis of the disease.

Presently, clinical methods of obtaining necessary
data for blood flow are both painful and costly. Ad-
ditionally, the limitations of these methods are great.
For example, the present state-of-the-art clinical
method for obtaining velocity profiles is Pulse Doppler
Ultrasound(11). This device uses high frequency waves
to sample pocints approximately 1 mm apart in a blood
vescel. For the case of the left common coronary arte-
ry - diameter of 3 mm - only three points can be sam-
pled. This is insufficilent data to properly shape a

profile. Thus, a model which could provide an accurate



profile would have great utility.

The objective of this project is to computer mcdel
a velocity profile, using published data for the coro-
nary arteries.

On a gross scale, fluids are typically divided into
two catagories, perfect and viscous fluids. A perfect
fluid is one whose viscosity is zero. A viscous fluid
is one whose viscosity is non-zero and finite. Although
a perfect fluid does not exist, low viscosity fluids
such as air are often modeled as perfect. Blood is a
viscous fluid. As a result, the remainder of this pro-
ject 1s concerned with the development of wviscous fluids.

Viscosity can be interpreted as a force - in patic-
ular a frictional force. When a viscous fluid enters a
tube from a large reservoir its velocity profile is
blunt. That is, all of its particulates have an equal
velocity. As the fluid proceeds through the tube, a
viscous drag shears the fluid. This drag occurs first
at the wall, and progressively involves more and more
layers up to the tube axis. At this point, the fluid
is defined as fully developed.  This term is inter-
changeable with Poiseuille flow. The velocity of the
fluid at the wall equals zero; 1its shear rate is a
maximum. The free stream velocity(the axis velocity) is
a maximum and its shear rate equals zero.

The basic equations of viscous fluid mechanics are
the Navier-Stokes equations.

For a cylindrical coordinate system, the Navier-

Stokes equations are:

8 - direction
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Assuming an axially symmetric, rigid tube and thus
negligible velocities in the R and 8 directions, two
classic solutions exist: Wormersley's solution to a non-
zero pressure gradient and Poiseuille's solution to a
zero pressure gradient. Wormersly's solution is pre-
sented first.

In its general form for a Newton fluid, the z direc-
tion equation reduces to

where, = axial velocity
= viscosity
density

= pressure

= radius

t B “U\}N<
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= time
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I

kinematic viscosity
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Assume iz to be harmonic, such that
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This is a form of Bessel's equation, and its solution

requisite to the necessary boundary conditions, is

N J ( (w/v)2 1 /2)
R K - I > (7
1Wp (R \W/V E )
where J x13/2) is a Bessel function of the first kind
of order zero and complex argument. Its general form is

C1y" o
J é: Tm v !P(V*m*‘) (8)

m=z0 2
1
Using the substitution, « = R(w/v)? (a number often
tabulated) and y = r/R
_ A*R? o | yi”?) iwt
vo= AR 7| ° @
1uex”™ J_ (xi?/ %)

o

At this point the Bessel function may be represented
in terms of a modulus and phase of its real part,
3/2 ) = ie(y) (1e)

J  («yi

. Wo(y)e

, :
I («13/2) = M et (i)

In the same fashion, the real part of A e may be



written in terms of a modulus and phase,
A%e="" = Mcos(wt-9) (v2)

Using the substitutions, and that 8 = © - o(y)

. M (y)
A = ;J[__ Sln(w‘t - (b) - 'SI Sin(Wt - @ "5,) 03)
Z WD o

Wormersly further reduced his equation by writing
S Mo(y)
h, = 7
o
and introduced Mé and €, by the following definition,

(W)
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M, = (1 +n % - 2h cos8,) us)
and, h sin g,
tan £, = ———————
1—hccos S0 1)
such that
M . .
N M sin(wt- ¢ +&) (17)
Since «* = r*¥E
u
= MBEML— sin(wt-¢+ &)
z ot ° (Wormersly) %)

(see figure 1).
Poiseuille's model is considerably less complex.
By making several assumptions, Poiseuille was able to
reduce the Navier-Stokes equations to an integrable
form., Poiseuille's assumptions were:
(1) steady (time invariant) flow. This implies that

all time dependent variables are zero.

a -4 (9)

ct
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Fig. 5.1A. The velocity profiles, at intervals of 15°, of the flow resulting from a sinusoidal pressure-
gradient (cos cr) in a pipe. In this case, x=R . /@/v= 334, corresponding to the fundamental
harmonic of the flow curves illustrated in Figs. 5.3 and 5.4. Note that reversal of flow starts in the
laminae near the wall. As this is harmonic motion only half a cycle is illustrated as tife remainder
will be the same in form but opposite in sign, e.g. compare 180° and 0°.

B. A similar set of profiles for harmonic motion of double the frequency of A (x=4-72). The
amplitude and phase of the pressure are the same here and in C and D as in A. The effects of the
larger a are thus seen to be a flattening of the profile of the central region, a reduction of amplitude
of the flow and the rate of reversal of flow increases close to the wall.

C. The third harmonic with a=35-78. The effects of higher frequency noted in B are here
further accentuated.

D. The fourth harmonic (x=6-67) shows the same effects again. The rapidly varying part of
the flow lies between y=0-8 and y=1-0 and the central mass of the fluid reciprocates aimost like
a solid core.

FiG. |



(2) uniform flow profile. This assumption in com-
bination with assumption 4 negates a radial and angular
velocity. A uniform profile ensures that no turbulence
exists within the system. Additionally, uniform flow

assumes that the fluid undergoes no accelerations.

Vr = VZ = 0 (20}
dVZ
= 0 (21)

(3) the fluid is incompressible, homogenous and has
a constant viscosity independent of the shear rate,.
This is the definition of a Newtonian fluid.

P
A

I

constant

constant

(4) rigid, circular pipe. At the wall of the tube,
any change with respect to the radial direction must
be zero.

d
e (z2)

(5) symmetry. All functions dependent upon the theta

direction are zero.

d _
ae - 0 (23)

(6) fully developed flow. That is, the region of
study is distal to the entry region.

From the above assumptions, the Navier-Stokes equa-
tions can be reduced to the following:

R - direction
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8 - direction
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z - direction
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The boundary conditions for this model are:

, dVZ
(1) = = " (21)
(2) v, r=R_ 0 (2%)

Solution of the above differential equation subjected
to the boundary conditions will result in the Poiseuille

model, Substituting k = %g and sclving,
rk _ & WEXE)
A dr* ‘dr (29)
Integrating,
2 av
C, + r'k _
E oM r drz @o)
dVZ
——Z = ] =
ar O ,=g Vvields C1 0.
24  dr (31)
Integrating,
C, + r2k e
2 Ta - \/Z (32)



Forr = R ,
o)

2
R
_ _o_ dP’' .
O=rma daz T C2 (33)
R 2
C, = - "¢ d4dp
: bm dz (3%)
Substituting,
2
v o= Ro aP |4 s )2 (3s)
z La dz R

From the resulting egquation for axial velocity, it can
shown that the profile will be parabolic. The profile
is dependent only upon r, as the pressure gradient
was assumed to be constant.

To find the volume flow rate, Q, the velocity is
integrated over the area.

Q =IJZ.dA (3L)
For cylindrical coordinates,
tr Re
Q =§ J'Vzrdrde (31)
°
'R
Q = Zq[rvzdr (28 )
_ N 1 4P’ 2 2
Q = 2ni = (r" - R (39)
2 2 R
q = 2w 4P ( rLL _ Ro r ) ° (40)
L 4z Ly 24 5

ignoring the negative sign,
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McDonald drew the following conclusions as to the
validity of applying Poiseuille's equation to blood
flow.,

(1) The fluid is homogenous and its viscosity is
constant for all shear rates. Blood is a suspension of
particles - notably red blood cells. If the dimensions
of the vessel are large compared with the size of red
blood cells, then blood can be considered a Newtonian
fluid. The size restraint imposed by McDonald is an

internal radius of 0.5 mm.

(2) The liquid does not slip at the wall. This was
one of Poiseuille's boundary conditions - that is,
VZ=O at r=RO. It has been shown that this condition is
universally true for all fluids(l ,5 ). One might pro-
ject that presence of a plasma skimming layer might lead
to slip. This point has never been proven experimentally.

(3) The flow is laminar. At lower flow rates, lami-
nar flow is observed. If the flow rate exceeds a
critical wvalue, flow disturbances and turbulence in
the fluid are seen. In some of the large arteries, tur-
bulence is present. But for the smaller arteries and
veinous circulation, laminar flow i1s a fairly gcod

assumption.

(4) The rate of fluid flow is 'steady' and is not
subjected to any accelerations of decelerations. Since
flow in the large arteries and the intrathoracic veins
(2 ) is pulsatile, this assumption is not valid for

that portion of the circulation.

(5) The tube is long compared with the region being
studied. The transition region from a blunt velocity
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profile to fully developed flow for a fluid is defined
as its entry region. Within the entry region, the cen-
ter portion of the flow is accelerated while the fluid
near the wall is decelerated. Additionally, the pres-
sure gradient in the entry region is not constant. Thus
Poiseuille's law does not apply.(see figures 2 and 3)

(6) The tube is rigid; the diameter does not vary
with the internal pressure. Blood vessels are dis-
tensible. Thus, the flow will not be completely
determined by the pressure gradient,

A paper by Taylor and Gerrard (1977) closely para-
llels the intentions of this project for the non-stenosed
case. Taylor and Gerrard presented a mathematical
model utilizing the technigue of finite differences %o
calculate the axial velocity as a function of time.

The primary difference between their approach and the
approach of this project is their inclusion of a skin
friction term., This term takes into account viscous
effects. It negates the importance of calculating the
axial veloclity as a function of the radius. Their
results are presented in figure 4,

3

camn /s

Volume  flux

Tt 3
R On P T A oy

o] 01 Q2 C.3 0.4
Time seconcs
Fig. 1 Volume flux fcr one period of oscillation in a Present mode/
canine femoral artery + skin  friction = zero frequency value.
Streeter et al. (1963) entrance-length correction inciuded
X full linear treatment of the skin friction.
— experiment FILD ‘-l

entrance-length correction included

- — — — calculation aslast withoutentrance-length correction
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METHODS

An analytic solution to the general form of the
Navier-Stokes equations would be extremely difficult,

A digital solution utilizing the technique of
finite differences 1is more straight forward. Finite
differences is a method for the approximation of a
derivative. Central finite differences were chosen.

An approximation for the first derivative of a
general function, Y, is:

QX :Y(l'*-l:J) ‘Y(l—lyJ) (‘42)
dx i, 2AX

An approximation of the second derivative is:

4%y
2

dx

i, CLXZ

Recalling that symmetry was assumed, the following
grid system can be used.

V(i,j+1)

Y

V(i-1,3) ————  V(i+1,])

/!
V<lyJ_1)

Similar grid systems can be chosen for approximations
of 1 and o
dz dz'

Applying finite differences to the Navier-Stokes

z-direction equation yields:
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)

20T 2a1
- P" n
- fj -~ ‘ t -y -~ LY
2 )y )) | Viye i
2az + M p ( ! +
2a7
n " P
: + V. - 2V. n n n
{ I .
Tho T ') (S i,y ZV‘:,
z +
AT A2?
(H9)
where, i = radial increment
J = distal increment
n = time increment
t = time step size
r = radial step size
z = distal step size
3 n+1 .
solving for Vi : yields:
y
ne) a) At P
‘0 =\/\-S+_..[,o§l..i_ +A‘t N - R
33 s f £ Ve ot v‘n"f W,
+ v~ - o~
V\)) ZV\*‘)) ) V“, o v{“\ n
P gy + b ay T Zv".iw
A2?
at - - .
- e V o ‘vl“),‘ - V"‘
P il b (y5)
A7

An iterative solution to find VZ as a function of
s relatively simple. If Vz(t=n) is known, then
V (t=n+1) can be found. The pressure gradient as a
tion of time can be approximated by obtaining two

c
e omme At a particular time in the cycle, the
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two pressures are subtracted and the difference is
divided by the length between the points of measure-
ment., All other parameters for this difference equa-
tion are known.

However, to start the iterative process, V_(%t=0)
at every point in the tube must be known. Howe;er,
only the boundary conditions are known.

Within the coronary arteries, blood is rarely
fully developed. Thus, the Poiseuille model can not
be applied directly.

Viscous fluid theory in the entry region of rigid
tube violates three of Poiseulille's assumptions:

(1) v, is not a function of z. The principal dif-
ference between fully developed flow and entry region
flow is that in the entry region, fluid elements ex-
perience accelerations - positive near the center of
the tube, negative near the wall, Since the flow rate
is a constant, no local acceleration exists. The
acceleration of individual fluid elements is termed

convective acceleration.

(2) The pressure gradient is a constant. The pres-
sure gradient for a steady flow model falls linearly
with distance only for Poiseuille flow. In the entry
region there is a rapid non-linear pressure drop (see
figure 5).

(3) Radial and/or angular velocities are zero. From
the continuity equation (written for an incompressible
fluid),

oV, \ dVNg SV
c 3 Y ¥ s ¢ t?f =0 4e6)

It can be demonstrated that both V_ and VO can not be

Zero. If so,
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Fig. 2. The change in the velocity profile
along the tube in steady flow indicating
the growth of the boundary layer. The
initially flat profile becomes modified

to form the parabolic profile at a critical
distance from the inlet.

entrance:
region |
|

Po ! l

A/

inlet axial outlet
distance

Fig. 3. The variation in local pressure
as a function of distance from the inlet.
In the entrance region the pressure falls
rapidly with distance. Beyond the entry
region, the pressure falls linearly with
distance,
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av
—2% =0 ; V_ = constant 47)
dz Z
This is an obvious contradiction of condition 1.
If the remainder of Poiseuille's assumptions are kept
and a radial velocity is assumed to exist rather than
an angular velocity, the Navier-Stokes equations reduce

to,

o Ve 4P ) L drVe
/’[V’JT-] T ”’[I’(—’ é'v)] "
IV IV
Ve 2 Loy, 2R -
/p[ = lé"-] i d2 +M[_‘\:£—<(3;})*);VI
11
(#9)

Solution of these coupled differential ecuations
would prove difficult.

An important concept in viscous fluid theory is
the development of the boundary layer. In the entry
region fluid elements are sheared; the sheared elements
become part of the boundary layer. The non-sheared
elements comprise the free stream. As the fluid pro-
ceeds through the tube, a greater portion of its ele-
ments are sheared and thus its boundary layer grows.
This is shown in figure 2.

The boundary layer thickness is defined as 99%
of the radial distance from the vessel wall to the blunt
portion of the profile. Obviously, the boundary layer
thickness is a minimum for a totally blunt profile, and
is a maximum for fully developed flow. The boundary

layer thickness, 8§ , may be calculated from,

- X
) K T 5o
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where, k = experimentally determined
proportionality constant
x = distance from entrance

An important parameter of a fluid system 1s the
Reynolds number. The Reynolds number 1is a dimensionless
number representing the ratio of inertial to viscous
forces., It is used as an indication to the state of a
fluid. In general, laminar flow is observed for Rey-
nolds numbers less than 2000. Turbulent flow 1is ob-
served for Reynolds numbers greater than 3000, A
transition region is seen for Reynolds numbers between
2000 and 3000. The Reynolds number, Re, can be cal-

culated from:

Re = £Ud [sv

where d = diameter.
The inlet length defines the axial distance from
the tube entrance at which the fluid first becomes
fully developed. The inlet length, XFULL, can be cal-

culated from:

XFULL = ,03dRe (52>

Poiseuille's solution to the Navier-Stokes egqua-
tions is rather simple. Recall from equation 3§ and
40 that the formulas to find axial velocity and flow

rate are,
R,* 4P c \1
AV = [\ = - ] (32s)
2 Y4 dz ( R‘>
.
2 dp [ R r")
Q = Yq ?2( z ) GEP
(-]
™ . P dpP - .
The mechanism for finding VZ and 3, &S functions

of z is as follows:
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(1) A value for &, the boundary layer thickness is
calculated from equation $0, The free stream velocity,
U, from the profile of the previous distal increment
was used, such that

- )MX 53
5 LS P U(x-1) ( :

(2) Proceeding from the wall toward the tube center
Poiseuille flow was assumed, and velccities were cal-
culated from equation at particular radial increments.
When the boundary layer thickness was reached, a final
application of the equation was used.

(3) To find the free stream velocity the Poiseuille
profile was integrated from the boundary layer thick-
ness to the radius, RAD. This flow was termed QPAR,
Assuming the volume flow rate, Q, tc be constant, the

free stream velocity can now be found from:

= .Q_:_Q___._.PAR _

However, this method assumes a constant pressure
gradient equal to the pressure of fully developed flow.
This is clearly incorrect due to the discontinuity in
the waveform (see figure 5).

A correct general shape for a velocity profile in
entry region of a tube is shown in figure 6 (3 ),

A method of graphical correction of figure 5 to
obtain figure 6 was used.

(4) The values of the slopes from point 1 to point 2
and from point 2 to point 3 are calculated. These are
designated SLOPE1 (points 1 to 2), and SLOPE2 (points
2 to 3).

(5) Note in figure 6 that SLOPEl is greater than

SLOPEZ2, However, note also that SLOPE2Z is not negative.
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In figure 5, SLOPEZ2 is obviously much greater than SLOPE1L.
By increasing the pressure gradient, a new velocity
profile may be calculated. If once again, step 3 is

applied, a new free stream velocity is found.

(6) SLOPE1 and SLOPE2 are recalculated. If SLOPE1
is still less than SLOPE2, the pressure gradient is
incremented, and step 3 is repeated (followed by step 6).
If SLOPE2 is negative, i.e., the free stream velocity
is less than the velocity at the boundary layer thick-
ness, the pressure gradient is decreased.

(7) The iterative process continues until SLOPE1
is greater than SLOPE2, and SLOPEZ 1s non-negative.
The result is a value for 4p which gives a continuous

dz
waveform.

A computer program was written using 05 - WATFIV,
the listing of which is located in appendix A. The
program was run on the Amdahl 470V/6. The program
used 15.11 seconds of CPU time. Computer plots of the
output are listed in appendix B.

RESULTS AND CONCLUSIONS

Characteristics of the coronary arteries were
found through out the literature. The following data
were used. The volume flow rate was assumed to be
50 ml/min. The diameter of the left common coronary
was assumed to be 3 mm.

Blood was assumed to have a density of 1.05¢g/cc
and a viscosity of 3.0cp.

The pressure for fully developed flow was cal-
culated by knowing the flow rate. The pressure gradient
allowed calculation of the velocity profile for
Poiseuille flow. The free stream velocity was found
to be 23.576 cm/sec.

The Reynolds number was calculated to be 123.80.
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The inlet length equaled 1.114 cm.

Realizing the free stream velocity for fully devel-
oped flow, the inlet length and that the boundary layer
thickness for Poiseuille flow equals the radius, the
proportionality constant, CST, was calculated. CST
was found to be 4.042,

The results obtained are consistent with theory
and with the literature.

In fact, the pressure gradient dropped rapidly in
the entry region (see figure 7, table 1). The gradient
eventually leveled at the fully developed value of
125.75 dynes/cc.

If additional computer money had been available,
the more interesting region of the tube (the initial
.07 cm) could have been investigated more rigorously.

A significant step down in distal increment size may
have shown a pressure gradient greater than the value of
183.33 dynes/cc listed. An attempt at a 100 increment
code rather than the 40 increment code used was made.
But execution time exceeded 40 seconds. Although this
is not an immense Jjob, funds were limited.

Appendix B shows computer plots of velocity pro-
files taken once every 4 distal increments. The
profiles demonstrate that the process of graphical cor-
rection did, in fact, work. The profile developed gquite
rapidly. This was the most surprising portion of the
program, Apparently, blood flow is considerably more
dependent upon viscous effects than on its inertial
effects,

t certain points, identical profiles were obtained
for different values of the boundary layer thickness.
This error is easily explained. Due to the magnitude
of the radial step size, it was possible for two (or
more) values of the boundary thickness to share a

radial point as a cut-off for the Poisuille profile.



TABLE 1

BOUNDARY LAYER PRESSURE
INLET LENGTH THICKNESS GRADIENT
0.02717 0.032798 183.33
0.05434 0.041033 165.06
0.08151 0.04g064 148,16
0.10869 0.054724 144,21
0.13586 0.0604973 138.28
0.16304 0.064858 135.95
0.19021 0.069320 134,06
0.21738 0.073372 132.23
0.24456 0.077015 131.01
0.27173 0.080424 129.97
0.29890 0.083623 129,06
0.32607 0.0865%94 128,29
0.35325 0.089369 128.29
0.38042 0.0927473 127,65
0.40759 0.095210 127.14
0.43477 0.097569 126,76
0.46194 0.099868 126.76
0.48911 0.10276 126,51
0.51628 0.10498 126.51
0.54346 0.10770 126,26
0.57063 0.10964 126.13
0.59780 0.11174 126.13
0.62497 0.11426 126,00
0.65215 0.11615 126.00
0.67932 0.11854 125.88
0.70649 0.12016 125.82
0.73367 0.12192 125.82
0.76084 0.12416 125,82
0.78801 0.12628 125.82
0.81518 0.12844 125.76
0.84236 0.12969 125,76
0.86953 0.13177 125.75
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This necessarily forced an identical profile and thus
an identical pressure gradient. A simple solution to
this error would be to reduce the radial step size.
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Appendix 3B

Computer Plots
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