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FOREWORD

The ultimate goal of our investigations is to gain a better
understanding of the ralnfall process in the State of Texas.
Particular emphasis has been placed on the use of weather radar in
these investigations.

This scudy is the result of an effort to gain an understanding
of the instrumental accuracy of a weather radar when such a radar is
used to mcasure the water concentration in clouds. From the areal
and temporal variations in water concentration it is possible to
infer the intensity of rainfall at the surface of the earth in
addition Lo a better understanding of the mechanism of rainfall

format ion.
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ABSTRACT

In this paper the results of an investigation are presented
that are concerned with the feasibility of employing a weather
radar to make precise measurements of the propervies of a precip-
ittating ctoud, A schematic cloud is proposed as a model for
interpreting the interacrion of Lhe radar energy with the cloud,
Point values of the liquid-water concentration are estimated
from measurements of the received power. The mecasurements were
made under conditions which minimized errurs arising from attenu-
atlon of the radar signal and a radar beam which is not com-
pletely filled with raindrops.

A continuity equation for liquid-water concentration is
developed. The vertical speeds at the core of convective clouds
are related to the spatial and temporal variations of the liquid-
water content by means of this equation. Tle version of the
continuity equation developed in tihis study represents an improve-
ment over foms used previously. The new version accounts for
the downward development of a radar echo at speeds faster than
the fall speed of raindrops. This echo development is caused
by the coalescence mechanism,

An error analysis is performed and it indicates that the
percentape evvor of the measurements of the liguid-water con-
centration may be as much as 102.4%, The fractional error of the
vertical speeds 1s & 1391.4% which results from the compounding
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of the experimental errors of the terms in the continuity equations.

To check the estimated magnitudes of the experimental errors
a case study was performed. The echoes of 23 convective clouds
were studied and 693 observations of liquid-water concentration
were obtained. The observed magnitudes indicate that these
estimates are of the correct order. The values of vertical
speeds also indicate that the estimated error of this quantity
is indeed large.

Possible methods for reducing the experimental errors are
constdered. Thls examination indicates that reasonably accurate
measurements of liquid-water concentration can be made if high
experimental standards are maintained., The usc of calibrating
instruments which are very accurate together with pood experimental
control wmay permit a reduction of the percentage error to less
than 20%. llowever, this study indicates that aLtehpts to measure
vertical speeds accurately by use of the continuity equation may

not be too successful.
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CHAPTER 1

INTRODUCT 10N

Nature of the Problew

Before the meteorologist can attempt sagaciously to modify
rainfall from clouds or before he can predict with any degree of
certainty the distributlon of wmodified rain over a geographical
area, he must gain an understanding of the thermodynamic and
kinematic principles that describe the forwation and subsequent
evolution of this rain. In the study of the physical processes
of precipitation, an important consideration is the delineation
of the spacial discribution of warer in the cloud and the variations
of this distribution with time.

The primary purpose of this study was (o investigate the
feasibllity of using a weather radar to obrain precise measure-
ments of the formation of rain in cumulus clouds. A secondary
objective was the accurate measurement of the vertical velocities
in a cloud that are related to the process of rain formation.
Convect ive clouds form as the resulc of rhe expansion and conse-
quent caoling of ascending air. Cloud droplets will form by the
condensat fon or sublimation once a sufficiently nigh relative
lumidity is reached. Tn the case of clouds which extend to
heights in the atmosphere where temperatures are much less than
0C, an important mechanism for the formation of rain is one in

which drops begin their life as ice crystals and then grow
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rapidly at the expense of surrounding water drops. When the ice
crystals attain a sufficient size, they fall from the upper
regions of the cloud and melt upon falling through the isothermal
surface whose temperature is 0C. To account for rain which falls
from clouds that do not reach the height of the 0C-isothermal
surface, another mechanism appears to be opervative, In these
so-called "warm" clouds, drops form inirially as small droplets
by condensation and a small proportion of their number Erows
further by colliding with the remaining droplets. Growth of
the droplets to raindrops will oceur if there are adequate
collisions and coalescence between the smaller cloud droplets.
The probability of a collision is enhanced by vertical velocities
that arce strong enough to support the dropleies and maintain a
relatively high concentration in the cloud. Siunce the time for
precipitation to appear at the ground is dependent on the vertical
air speeds, the measurement of the rate of ascent was deemed
to be important. The technique used to measure the vertical
velocitics was an extension of the method used by Runnels [1962}
and Clark 1964 7], The measurements of the warer content of a
cloud (and the changes of this water content) were made by using
a weather radar in the Departwment of Meteorology of Texas A&M
University, The technique used Lo measure twe water content of
the cloud was a special case of the general scattering problem
in which electromagnetic waves interact with a collection of

particles and a portion of the scatrtered energy is measured,
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From the spatial distribution of rhe scattered energy it is possible
to deduce some of the physical properties of the scattering
particles. The weather radar irvadiates a portion of a cloud and
measures the energy scattered in tbe direction of Lhe radar set.
The encrpy received at the radar site is proportional to the
concentration of parvicles in the irradiated volume. An advantage
in using a weather radar to measurve the propoerties of a cloud
is that the sampling may be performed withow disturbing the

sampled volume.
Previous Studies

The firsc study to employ radar techniques to obtain a
broad picture of a precipitating cloud was the Thunderstorm
Project carried out in 1946-47 by Byers and Braham [1949],
Data collected during this project were analyzed by Battan [1953].
He concluded that precipitation could be initlated in clouds
over the continental United States, in the swuwmer, by a process
involving only droplet prowth by coalescence. Bowen {19507
drew a similar conclusion from radar studies of cumulus clouds
in Australia. Atlas [1954] found chat there is a general corre-
lation between rainfall intensity and the parameters which describe
the distribution of drops with size. le used measurements from
six types of clouds which were observed in New England, and with
these data he was able to estimate cloud paramecters from radar

echo-intensities.



The cumulus clouds that form in the southeastern part of
Texas have characteristics that ave intermediate between clouds
of continental and maritime ovigin., Studies of maritime clouds
over the tropical ocean near Pucrto Rico have been made by the
Cloud Plhysics Group of the University of Chicago [Byers and Hall,
1955]. Squires [1956] examined both continental and maritime
cumuli in the area of the trade winds. Borh of these investi-
gations pointed out that rain will fall morc casily from maritime
clouds than from continental clouds of the same height. Obser-
vations show that the maritime clouds contain drops with larger
diameters than the continental clouds. The presence of the
larger drops enhances the possibility of shower formation by
coalescence.

In recent years the University of Chicago group has made
studies by radar of the sequence of events following the first
appearance of echoes in contiunental cumulus clouds that developed
over Missouri [Byers, 1965]. Studies of subtropical cumuli have
been made by the Radar Meteorology Section of the Department of
Meteorology of Texas A&M University since the late 1950's,

Prior to the work of Clark {19647, these stulies were made with

a radar of 3.2-em wavelength. At this wavelengtl, attenuation of
the radar signal by regions of intense rainlall can vitiate cthe
results. Clark used a 10.3-cm wavelength radar in addition to
the 3.2-cm radar mentioned above. Since the 10.3-cm signal

experiences negligible attenuation when passing through moderate



to heavy rainfall, Clark attempted to measure the water content
of 4 cloud by comparing the povier received at the two wavelengths.
He concluded that the values of received power could not be
measured with sufficient aceuracy to give reoliable estimates of
the warer content of the clouwl. Atlas [op.cit] indicated that
It is necessary to measure values of tecuivad power with an accuracy
of the order of + 0.5 db in order to obtain reliable estimates.
The paper by Atlas is one of the Fow fa the literature of
Radar Meteorology that considers the random crror involved in the
measurement of the water content of a cloud. Discussions of
errors are usually limited to a considerat loa of the systematic
crrors inhereat in the measuring apparatus and the method used
to weasure the quantity under consideration. A paper by Probert-
Jones [1962 ] contains a summary of the systcmatic errors encountered
by many of the research groups using radar Lo obtain quantitative
measurcments of rain. In gencral, these crrors have caused an
underestimate of the amount of water at ithe point where the
measurement is made. The systematic errors that are present
when there is attenuation of ihe radar signal were considered by
Atlas and Banks (19517 and Hitschfeld and Bordan {19547. Since
large rawlom errors can affect the results us seriously as sys-
tematic errors, it became appavent that an aualysis of the random
errors which arise during the measuring process must be performed
before an estimation of (he variability of thc measurements can

be made.
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The 10.3-cm radar used by Clark was modified during 1964-65
to improve its capabilities to measure the properties of precipita-
ting volumes of cloud. The data used in this study were the
Eirst collected with the modified radar rhat employed the reflec-
tivity-height-run technique. ‘his teclnique is described in

Chapter V.

Schematie Cloud

Each cloud has a distincrive appearance and particular
characteristica. The clouds, however, can be grouped according
to certain gemeral types which resemhle one another in their
essealial craits., Lt is possibie to depict the growch and
general characteristics of a class of clowds.  Such a depiction,
of necessity, will be schematic; it will not Fit exactly any one
particular case but will be a deseription of what is common to
a whole c¢lass, The "schemat jc" cloud is, therefore, an abstract
of individual characteristics.

To be useful, any mathematical wodel of a physical phenomenon,
such as the schematic cloud, should be accurate enough for the
purposes of the investigation but simple enough to be manipulated
without too much difficulty. The matchematical description of
the schematic cloud used in this study consisis of features which
are applicable to clouds in general and sowe particular features
that apply to subtropical cumuli.

Some general characteristics. The clouds examined during




the course of this study were cumulus clouds of such size that
the raindrops could be detected by al10.3—cm radar signal. At
this wavelength the process of droplet growth must proceed almost
to the point of rainfall before a radar echo will be seen
[Braham, 19527, All of the clouds which were studied were within
a range of 50 mi of College Station, Texuas. "The most extensive
study of the characteristics of echo-producing clouds in this
area was performed by Clark [19607]. The clouds examined by Clark
were of the same type as the ones studied in the present investi-
gation. liis study indicated the following features: the area

of the initial formation of rain was either astride the level

in the cloud where the temperature is O0C or beneath this level

by depths ranging down to 4000 ft, the average altitude reached
by the tops of the growing echoes was 16,000 fr, and the temp-
erature at the top of 88 per cent of the echoes was warmer than
-10C. The results of this study indicate that the phase of
precipitation of the schematic cloud should be the liquid one,
since it is generally known that raindrops may remain in the
ligquid phase at temperatures as low as ~-15C [Ludlam, 19517].

Description of the schematic cloud. The properties of the

schematic cloud will be stipulated on the basis of a unit volume.
Perhaps the most important Feature of a volume of cloud is the
distribution with size of the drops which comprise the cloud.

If the drop-size distribution is known, the total water content

and the radar characteristics of the volume may be determined
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readily. Measurements of drop-size distributions have been made
in clouds by aircraft and at the ground by collecting either
the drops in a shower or replicas of these drops. Reviews of these
measurcments are found in the monographs of Fletcher [1962)
and Byers [19657]. Drop-size distributions which are representative
of rain showers at a subtropical location (Miami, Florida)
have been reported by Mueller [19627]. When the spatial and temporal
fluctuations in the drop-sgsize distributions are eliminated by
averaging, a persistent feature of these distributions is the
exponential decrease of the concentration of drops as the diameter
increases. Several investigators have attempted to fit empirical
relations to the observed distributions. ¥Fletcher (op.cit. ]
has made a review of these drop-size distributions. An investi-
gation of these relations and their applicability to radar obser-
vations of subtropical precipitation was made by Fanning [1965].
He concluded that a distribution of the form

n(a) = Njexp{-ba) (1)
represented the drop-size spectrum in subtropical clouds as well
as any of the other empirical relations. 1In Equation (1) n(a)da
is the number of drops per unit volume with diameters between
a and a + da, N, is & constant, and b is an ewpirical factor
wihiich is proporetional to the analytical slope of the distribution.
The drop-size distribution expressed by Equation (1) was proposed
by Marshall and Palmer [19487 (liereafter referred to as the

M-P distribution) to fit data collected at the ground. They



found that b is related to the rainfall rate, R,by

b = 41R~0-2}, (2)
where b is in units of em™ and R is in units of wm hr—!,
The constant N, was assigned the value 0,08 em™, which is typical
of most rates of rainfall. Fanning's work [op.cit. ] indicated
that N, may vary with the rainfall rate, bur Kessler [1963]
has shown that the fluctuations in the value of N, must be
several orders of magnitude before significant changes are produced
in rainfall rates and water content. Since this study was con-
cerned with quantities that can be expressed as higher moments
of Equation (1), the choice of N, 18 not too critical. The
M-P discribution overestimates the number of drops with small
diameters, but this is not serious for our purposes since the
contribution of these smaller drops to the total water content
is very small,

We stated previously that the data which led ro the M-p
distribution were obtained at the ground, A question arises
concerning the applicability of such a ground-based distribution
to conditlons in a cloud. 7Two main factors influence the rain-
drops in their fall to the ground. Below the base of the cloud,
there is a tendency for the drops to evaporate in the unsaturated
air. This effect will tend to decrease the number of small
drops in the distribution. ‘The other factor affecting the dig-
tribution is the coalescence of drops with each other. This

will tend to increase the number of large drops. The problem
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of applying ground-based observations to conditions in a cloud
has been reviewed by Fletcher [op.cit.]. The majority of the
investigators of this problem have concluded that changes in the
drop-siz¢ distriburion are not very great as the drops fall
from the base of the cloud. Rigby et al. [1954] found the
distribution observed at the ground to be Lhe same as the dig-
tribution found aloft in a precipitating cloud. Accordingly,
it secmed reasonable to assume that the M-P distribution repre-
sents Lhe average conditions in our schematic model of a sub-
tropical cloud.

The M-P distribution is limited by a largest diameter, x.
Stephens [1962] showed that the largest diameter in the M-P
distribution, whera Ng = 0.08 cm™, was related to the rainfall
rate by

x = 23RC.%14, (3)
where x is in units of em and R is in units of mm hr™}., Elim{i-
nation of R between Equation (2) and (3) gives

X = 9.95p71 014, (4)
In Equation (4) x is expressed in units of cwm and b ig given in
units of cm™t,

Summary of the schematic cloud. The schematic cloud is

characterized by Equations(l), (2), (3), and (4). We assumed
that the distribution given by Equation (1) was composed of
spherical drops in the liquid phase. The distribution is non-

zero for Oza=x and zero for a>x.
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Summary of Objectives

The primary objective of this study was to investigate the
feasibility of employing a weather radar to obtain precise quanti-
tative measures of the formation of rain in subtropical clouds,
The clouds which were studied were of the convective type with
rain formation due to droplet growth by coalescence. A secondary
objective was to determine the accuracy of the measurement of the
vertical velocities associated with the formation of rain, The
rate of formation of rain and the vertical velocities are related
to changes in the liquid-water content of a cloud. The liquid-
water content was measured by a weather radar operating at a
wavelength of 10.3 cm. Other parameters which describe the state
of a precipitating cloud were related to the power received from
the cloud by means of a model. Thig schematic model is8 summarized

in Equations (1) through (4),



CHAPTER T 1

FORMULATION OF THE CONTINUTTY EQUATION

tutroduct ion

The rate of formation and subsequent development of rain
in moist alr is very closcly related to the three-dimensional
winds affecting the region of formation. Kessler [1959] has
suggested the use of a continuity equation for water substance
to gain some insight into changes in cloud parameters. This
equation was used by Runnels [1962]) and Clark [1964] to calculate
vertical speeds in convecrive clouds. The vertical speeds obtained
by this method were reasonable ones for the cumulus congestus
clouds that were studied.

I'f we designate the rotal concentration of water substance
Per unit volume in excess of the saturation by M', then a continuous
distribution of M' can be represented as a function of the three
Space coordinates and time; M' = M'(x,y,2,t). The x- and y-
directions are horizontal and the z-direction is positive toward
the zecnith.

The stipulation that M' is the concentration of water substance
{(water in all ics phases) in excess of the saluration value
means that M' ig essentially the concentration of liquid water,
gince the degree of supersaluration reached by an ascending parcel
of air is small, Supersaturation is rapidly offset by conden-~
sation of tiny cloud droplerLs. loughton [1951] states that the

12
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maximum value of the supersaturation is reached at the time of
activation of the nuclei and thereafter the supersaturation
rapidly declines until a condition of quasi-cquilibrium is
reached, wherein liguid is condensed at the rate dictated by the
rate ol lift. The theorecrical work of Nowel) [1949], Mordy
[19597], and Mason and Chien [1962] demonstratcd rhat the super-
saturat ion seldom exceeds a few tenths of ono per cent of the
saturat ion value and then declines to a value of approximately
0.1 per cent.

Since the degree of supersaturation is less than the measure-
ment error of typical humidily sensors, awl because the radar
measurcuent s used in this swtudy represent avevapes over several
minutes and a volume of several thousand cubic feet of space,
it was assumed that condensation occurs at a relative humidicy
of 100 per cent. With this assumption, M' represents the eon-
centrat ion of condensed water aL a point in the atmosphere,

For some point {x,y,2z) in the atmosphere, the continuity
equation for M' may be writiten

am'
aL

Fo7eM'(C O+ V'KY = Q, (5)
where C is Lhe three-dimensional wind vector at the point where
M' is weasured; V' is the effective terminal fall speed of M'
relative to the alr; k 18 a unit vector which is positive in the
direction of increasing z, and § Is a gource [unction which

accounts for the local generation or dissolution of M'.

In the work of Kessler {19617, Runmels [19627, and Clark
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[1964 7], the source function was shown to have the following form

in saturated air:

Q = - qr T w6, (6)
where . is the saturation vapor density and w is the wind Speed
in the positive z-direction. The quantity, G., is termed the

"generating function,' and is defined as

dps
R P )

The generating function expresses the amount of liquid condensed

from a unit volume of saturated air per unit of vertical distance,
and is always a positive quantity. The direction of the vertical
specd, w, determines whether the term wG. represents condensation
or cvaporation., A positive vertical speced results in condensation
whilu a negative speed produces evaporation at a rate which main-
tains saluration in a descending parcel,

The primary influence of the generating Lterm 1is in the genera-
tion and subsequent growth by condensation of cloud drops up td
a diameter of the order of 50p.  The influence is probably
negligible for drops with diameters greater than 100y [Mason,
1957 ]. At diameters greater than 100y, the growth of drops is
primarily by coalescence [Langmuir, 19487.

Substirution for @ in Equation (5) and expansion of the

vector quantities in terms of their components yvields

ml

— ._a._ ' _é_._ t _a,_._ ' Iy =
5t ax(M u) + ay(M v) + az(u w+ M'V') = g, (8)

Equation (8) may be simplified by using the general equation of
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continuity of air,

26 .
3t ° C evC - Cvp, (9)

where p is the density of air. The local density change and the
horizontal density changes are one to two orders of magnitude
smaller than the remaining terms in Equation (9). Neglecting
these terms, we will introduce an error of only a few tenths of
one per cent to one per cent in the continuity equation. As

will be shown later, this error is small compared to the measuring
errors encountered in the experiment., With these assumptions,

Equation (9) reduces to
wg—é‘?‘g = - v.C. (10)

Substitution of Equation (10) into (9) yields

AM ' am! oM aM! d
BT T Uk T Vay T V3, -t ap'vh)
+ M'wé-;—;lg + WG, . (11)

This form of the continuity equation for M' relates the local
change of M' to horizontal advection, vertical convection, diver-
gence due to changes of terminal fall speed with height, and con-
densation in rising air or evaporation in descending air. The
term M'w(3Inp/dz) accounts for the compressibility of the
atmosphere.

It was stated in a previous paragraph that the growth of a
drop is primarily by condensation when the diameter is less than

100y, and primarily by the coalescence mechanism at diameters



16
larger (han 100u. This suggests the division of the liquid-vater
concentrarion into two sub-concentrations for the purpose of
analysiy,

Tlic total concentration of water, M', way be thought of as
the suin M + m, where M represents the mass concentration of drops
whose diameters are larger than 100k, and m is the mass per unit
volume of drops whose diameters are less than 100yu. The sub-
concentrat ion represented by M is, essentially, that portion of
M' which is derected by radar. In a section to follow, it 1ig
shown Lhat a drop diameter of approximately '00y is the smallest
drop size which will produce a detectable signal ar the ranges
used in thig study.

The substitution of M + g for M' in Equation (11) gives

M, am u[an ng ) V[Qﬂ +EJ

at ' ac ax | ax Jy By
dln ’
+ W—SEQ[M + mJ + WG' ’

where V| and v, are the effective terminal ¥a)l speeds of M and m
respceciively and the sum MV, + mV, is the toral momentum of the
water substance.

The Lerm AlmV,) /32 1s assumed to be zero since the drops
of diwncter less than 100y have no appreciable terminal speed.
The drops comprising the concentration represented by m share the

vertical speed, w, of the wind and will be termed “"eloud.™
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Since the drops in the sub-concentration designated by M may
have [all speeds relative to the updrafts, they will be called
“"rain." Hereafrer, the subscript will be deleted from the
symbol V, for the sake of simplicity.

Equation (12) may be thought of as the sum of two continuity
equations for the sub-concentrations M and m. Since we have
considered that the liquid mass represented by M consists of
drops with diameters greater than 100, then the source term,
WG, , can be neglected at elevarions above the cloud base. When
we scparate Equation (12) into two equations, it is necessary
fto add a term representing a transfer of mass From the ensemble
of swill drops to the ensemble of large drops. With these two

conditions, Equation (12) may be written as

g% - “c% } "%;j ‘Wg“lf i Ezé(w) * “Mﬁ% (13)
+ coalescence - evaporation of rain
and
g% = - ugg - v%? - wgg + wmQ%gﬂ + wG, (14)
- coalescence + cvaporation of rain.
The term “evaporation of rain' accounts for transfer from
the lavge-drop class to the swall-drop class as evaporative losses

reduce the diameter of a drop to less thaa 100w, Subsequent
evaporation of the small drops to vapor is taken into account

by the source function Wi, .
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Ensemble Representations

The verbal terms in Equations (13) and (14) can be understood
more clearly {f we examine the integral representations of
several of the terms in these two expressions. The total liquid-

water concentration is given by

X
M =3T—' oL Jr n(a)a®da, (15)
4]

the concentration of rain is

A

M = g 0, rn(a)aada, (16)

and the concentration of cloud is
T ’ :
mo=ep L} n{a)a“da. . (17)

The symbols used in Equations (15), (16), and (17) which have not
been defined previously are as follows: n{a)da represents the
number of drops per unit volume with diameters between a and
a + da, a, is the diameter of the smallest drop which will
produce a barely-detectable signal at the radar, and x is the
diameter of the largest drop in the distribution.

The expressions on the right-hand side of Equations (16)
and (17) may be substituted for the quantities M and m respectively
in Equations (13) and (l4). The term 3(MV)/dz in Equation (13)
requires some consideration before a substitution of the fntegral

counterpart is made. The quantity V in this term represents
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an average velocity, [t isg actually an epsemble volume-mean
velocity., Tf the volume -mean veloclity is designated by V>,

it is related to the ensemble terms by

X X
N> Jﬁ n(a)a?da = [ n(a)V(a)a3da. (18)
a Ja

M4 H

The integral on the left-hand side of Equation (18) is proportional
to M. Atlas [1964 ] has related the volume-mean velocity to the
velocity of the drop having tle median-volume diameter, a,.
One-half of the total volume of the drops in the M sub-concentration
is con:ributed by drops with diameters greater than 8,. The
median-volume diameter ig representative for characterizing
drop-size spectra. Using drop-size distvibutions obtained

from in-cloud feasurements, Atlas [1954 7 showed that 75 per cent

of the energy scattered back to a weather radar is contributed

by drops with diameters greater than the median-volume diameter,

In the 1964 paper, Atlas staces that the ratio <V>J6 is
approximately unity for most clouds. The symbol V¥ represents

the velocity of the drop with the median-volume diameter. The
vertical divergence of the flux of rain, (herefore, ig expresscd

best as 3(MV)/3z.
Transfer by Coalescence

The integral representation of the coalescence, or ensemble
transfer term, follows from derivations presented in works such

as those of Johnson [1954), Mason (1957, and Byers [1965].



20
These writers have shown that the rate of mass increase of a
raindrop of diameter « falling at a speead Va through a cloud of

liguid-water content X is given by

dM! a) .o Hgf:
I

It EX[VQ— VB], (19)

where VH is the speed of fall of the small drops of diameter B
which make up the cloud. The quantity E is called the collection
efficiency, and it indicates the fraction of small drops initially
on a collision course with a large drop which actually do collide
and coalesce with the large drop.

To slerive an integral expression analogous to Equation (19),
we necd to consider a sub-gser of raindrops with diameters between
o and ¢ + dy and formulate an expression for the rate of increase
of mass in this sub-set due to the coalescences with all other
drops. The mass in the sub-concentration M is changed by:

(a) coalcscence between two drops whose diameters are less than

ay and (b) coalescence between a drop whose diameter is less

than a, and a drop whose diameter is greater than ay. To simplify
the discussion we will designate the drops with diameters less

than ay as "lictle" drops and drops with diameters greater than

. e N H 1}
a, as '"big

drops.
The drops 1in the sub-set with diameters between o and o + dy
will axperience an increase in mass due to coalescences with “

lictle drops at a rate given by
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an

oM = llgi n(ao)do 'r lgpL E(ew Pu(B) °[V(a) - V() MB, (20)

0
where n(g) is the distribution function of Lhe little drops.
The rate of transfer of mass per unit volume from the sub-con-
centration a<a, to the sub-coucentration a>a, Is given by
X P ay
s T [ttty [ @nie v - v Bs.
M T ay “ o
(21)

The rate of increase of mass due to coalescence between
lictle drops is given by a relation‘that is similar to Equation
(21). ilowever, the mass added to the sub-coucentration M is
contributed by both of the little drops. The increase of mass
in this sub-concentration after Lhe coalescence between a little
drop and a big drop results from the mass contributed by the
little drops alone. The following expression which represents
the increase of mass when two little drops coalesce was suggested

by Reid [1965]:

ay a,
2
gEQL ragn(a)da fE(a.B)(wa+ Ba)n(ﬁ)[V(u) - V(8) Jdp,
L= 0 [ Y
where Ya = aH3 - 8. The form of Y assures that the integration

involves only little drops whose combined volume is greater

than or equal to the volume of a drop of diameter ay. The sum of
this latter integral and the integral given by Equation (21)
represents the rate of transfer of mass per unit volume from

the sub-concentration m to the sub-concentration M.
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The possibility that the larger drops in the sub-concentration
M may shatter when a>x places a boundary condition on the distri-
bution function, n(a), of the ensemble. The critical diameter
for shatter of water drops falling at terminal speed 1s about
6 nm [Blanchard, 19507]. This boundary condition may be accounted
for by assuming that n(a)-0 as x— sufficiently rapidly that
the fraction of the total mass represented by a>x is negligible.

We will show that this condition is satisfied in the case
of the M-P distribution. The integral representation of the

total liquid-water content with x as an upper limit 1is

x
Ml = I%kﬂgkrexp(-ba)aada
4]

2,2 3,.3
- T Ny b‘;’ - _-Dk—ﬁ-“b4N [exp(—bx)(l +bx + XXy bx )J'

2 6 (22)
With infinity as an upper limit, the expression becomes
No [T N
M), = JIQlguﬂjexp(—ba)aada = I%%—Q . (23)
[V

Values of M;, M, and M} - M! are listed in Table 1 as a function
of b and x. The values of b and x in this table are related
by the equation

x = 9,95p-1.014

The discrepancies between the values M; and M!, as listed
in the last colum In Table 1, show that the M-P distribution
function, n(a), does approach zero very rapidly for typical

values of b and x. The average discrepancy is 1.46 per cent
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Table 1. Variation of the Integral Value of Liquid-water Content
as a Function of Various Upper Limits

Mi- W
b X M, M Mg~ M -'-'ﬁ-;.———
cm™? cm gm m™3 gm m—3 gm m™3
15 0.64 4.894 4.964 0.070 0.0143
18 0.53 2.360 2.394 0.034 0.0144
21 0.45 1.273 1.292 0.019 0.0149
24 0.40 0.746 0.758 0.012 .0.0161
27 0.35 0.466 0.473 0.007 0.0150
30 0.32 0.306 0.310 0. 004 0.0131
33 0.29 0.209 0.212 0.003 0.0144
36 0.26 0.147 0.150 0.003 0.0204
39 0.24 0.107 ¢.108 0.001 0.0093
42 0.22 0.080 0.081 0.001 0.0125
45 0.21 0.060 0.061 0.001 0.0167
Ave.0.0146

for rainfall rates ranging from very light to heavy (correaponding
to values of b varying from 48 cm™?! to 15 cm™?, respectively),
Therefore, to account for all of the mass in the distribution of
water drops, the outer integral in Equation (21) will be evaluated

in the limit ag x-w,
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Evaporation

The integral representation of the rate of change of the
mass per unit volume due to evaporation in the sub-concentration
M can be developed in a manner that is similar to the formulation
of the coalescence transfer term. Texts on cloud physics, such
as Johmson [19547, Mason [1957 ], Fletcher [1962], and Byers
[1965], show that the rate at which mass is added to a drop of
diameter o by condensation, or taken from the drop by evaporation,

is given by

dM (o) - Tp 5 - 1)
dt 7 A+ tl (24)

where § is the saturation ratio (ratio of ambient vapor pressure
to the saturation vapor pressure) and f(q) is the ventilation
factor. The ventilation factor is introduced to account for an
enhancement of the evaporation or condensation rates as air flows

past a drop. The terms A and B have the following meanings:

o 12
A SRoTE

W
where L is the latent heat of evaporation, K is the coefficient

of thermal conductivity, R, is the specific gas constant for

water vapor, and T is the temperature of the drop; and

B=.Q.L.B‘.H.’£
De, ’

where D is the diffusivity of water vapor in air and e, is the

5

saturation vapor pressure.

The rate of change of wmass per unit volume, because of evapor-

———
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ation or condensation, of a drop in the sub-set of drops with

diamerers between g and ¢ + dy is

= np. 8 - 1
&M 2 a3 m(@i(ada. (25)
The rate of change of mass per unit volume from the sub-concen-

tration in which a > a, to the sub-concentration a<aﬂdue to

evaporation is

nps ol [an(a')f(or)da- (26)
hat’]

We stated earlier that the degree of supersaturation in a
cloud, during the stage of its growth when coalescence is the
dominant effect, is approximately 0.1 per cent. Since this value
is less than the measurement errors, the assumption was made
that a relative humidity of 100 per cent prevails in the cloud,

A relative humidity of 100 per cent corresponds to a saturation
ratlio of unity, and this, in turn, means the evaporation term
in the continuity equation will be zero at altitudes above cloud

base.

Summary

With the conditions stipulated in the preceding paragraphs,

the tuvo continuity equations (Equations (13) and (14))reduce to

LI Wl vgg - o 2aid) 4+ oMEEE 4 r(a) (27)
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and

{f we confine our study to the center of a convective

cloud, Equations (27) and (28) may be written

M aM 8, = 1
—g? = - weC —aZ(MV) + wM-——«Eaatz‘ + 1(a,), (29)
and
3 1
__g‘l‘:‘ = - W——a: + wm-a—ég—p- + w6 - 7(a,). (3%

In these last four equations, 7(a,) has been substituted for
the integral terms which represent the rate of transfer of mass
by coalescence.

When quantities such as aM/at and dM/3dz are evaluated from
meteorological data, in actuality, the average values of these
partial derivatives are obtained for the point in question,
Becausc of turbulent irregularities in the field of M, the ratios
MM/ At and AM/ Az probably will not approach limiting values,
but will oscillate as the increments of time and distance,
respectively, are made smaller. Since the radar measurements
used in this investigation represent average values over approx-
imately 8 min and 4,000 fr, it was felt that replacement of the
partial derivatives in Equations (29) and (30) with finite-
difference expressions would produce a more representative

equation. Afrter performing these substitutions, we obtain
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CHAPTER ITIT1

METHOD OF MEASUREMENT

Tn this chapter the techniques are developed which were used
to estimate the liquid-water content of a cloud, Thisg quantity
s not wmeasured directly. Therefore, theoretrjcal expressions
are derived which relate the liquid-water content to the radar
energy scattered back from a cloud, A description of the weather
radar is presented, This is followed by a discussion of the
procedure used to convert the directly-measured power to the

liquid-vater content.
Radar Equipment

The precipitation studied during the course of this investi-
gation wvas examined with a weather radar operating at a wavelength
of 10.3 cm. This radar was constructed at Texas A&M University
and is designated the WSR/TAM-1. Moyer [1965] has described
some of the recent modifications of this raduar, the characteristics
of which are shown in Table 2,

Quantitative measurements of received powcer were made by
employing the threshold-gain technique, Tn (lLis technique,
only the received povwer that exceeds a selected galn-setting of
the receiver can modulate the electron beam striking the phosphor
of the cathode ray tubes of the radar. To convert a given
gain-setting to a particular power value, a calibrating instrument

28
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Table 2. Characteristics of the WSR/TAM-1 Radar

Transmitted power 180 kw

Pulse repetition frequency 186 sec™?
Wave length 10.3 em
Pulse length (time units) 5.0 psec
Pulse length (length units) 1.5 x 10%m
Antenna shape Paraboloidal
Antenna diameter 4.572 m
Antenna gain 8.0 x 10°
Horizontal beam width 1.60 deg
Vertical beam width 1.60 deg
Minimum detectable signal 1.3 x 107 1%y
Antenna elevation (MSI1) 413 fe

1s employed. A Webster-Chicago TS 155E/UP signal generator was
used to calibrate the TAM-1 radar. The calibracion procedure
consisted of recording the power output of the signal generator
which barely exceeded a threshold determined by the bias voltage
of the receiver-gain control. Pach decremental step of the gain-
stepping device was related to a definite value of bias voltage,
and, therefore, was equivalent to a value of power from the
signal generator, TIf an echo was pPresent at a given galn-step
and not present at the next higher step, the received power was

taken to be the value in decibels below one milliwatt (dbm)
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corresponding to the mid-point between the two gain-steps. This
technique introduces an uncertainty of half a gain step in the
values of received power.

The receiver gain was changed in discrete steps by a control
which was actuated by the rotation of the antenna. The galn was
changed at‘a rate of one step for each revolution of the antenna,
The data were recorded on 35-mm film by a Fairchild radarscope
camera attached to one of the Plan-Position Indicator (PPI)
oscilloscopes. One frame of film was exposed for each revolution
of rhe antenna, and, as a consequence, one frame was exposed

for cach gain-step setting.
Procedure

Radar equation. The power received from a meteorological

target can be related to characteristics of the target by using

a form of the principle of conservation of energy. The form

of this principle, which is applicable to meteorological tar-
gets, is termed the "radar equation." Derivations of this
equation are given by Kerr [1951], Battan {19597, and Probert-
Jones [19627]. The form developed by Probert-Jones is a modi-
fication of the equations given by Kerr and Battan and is a more
precise version. Calculations of the power expected from a given
rainfall rate, which were based on the form of the equation

prior to the Probert-Jones development, were consistently in

error by amounts ranging up to 7 dbm. Error analyses indicated
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that the error was systematic in nature. Probert-Jones was able
to show that a part of this systematic error was due to faulty
assumplions concerning the effective width of the radar beam,
These assumptions caused users of Lhe equation to overestimate
both the antenna gain and the volume illuminated by the radar
beam. Using a theoretical shape of the radar beam which was
more realistic, Probert-Jones was able to reduce the systematic
overestimate to 1.4 dbm. The remaining error probably results
from the inexactness of the expression that relates rainfall rates
to received power and to the shépe asgumed for the beam.

1F there is no significant attenuation of the radar energy
between the radar and the target and the volume illuminated by
the beam is uniformly filled by the target, then the Probert-
Jones equation relates the average power,ﬁr, received from a
scattering volume at a slant range r to characteristics of the
volume and the radar by

_ [Pth)\ahBQp 1 X
P, = m_]r‘etf“‘a"’""a"‘"“‘ o

dy

The terms within the brackets are characteristic of any given
radar and may be combined into a term C, that is constant for
that radar. ‘he parameters that make up this radar constant are
Pt’ the transmitted power, G, the antenna gain,h, rthe wavelength
of the radar, and § and @, the horizontal and vertical beam

widths to half-power points, respectively. The radar constant
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for the TAM-1 has been evaluated from the data in Table 2, and has
a value of 8.344 x 10°mw miZcm.

The integral expression in Equation (33) is a measure of
the efficiency of the radar target in intercepting radio energy
and returning it to the radar receiver. Traditionally, this
quantity has been termed ’radar reflectivity" and designated
by the symbol T. As is indicated by the terms in the integrand,
the vadar reflectivity depends on the drop-size distribution and
the number of drops per unit volume (indicated by n(a)), the
wavelength of the radiation interacting with Lhe drop, the diameter
of rhe drop, and the temperature, T, of the drop. The parameter
O is called the radar c¢ross section or back-scattering cross
section. A consideration of the Integral expression shows
that T) represents the summation over a unit volume of the back-
scattering cross sections of the individual drops.

The radar cross section is defined by Kerr [1951] as "the
area Intercepting that amount of power which, when scattered
isotropically, produces an echo equal to that observed from the
target." This cross-section is a convenient gquantity for describ-
ing rhe variability of the interaction between a plane electro-
magnelic wave and a ''scattering’ object. A general treatment
of the problems of scattering of a plane wave by a sphere of
any size and various electrical properties was made by Mie [ 1908].
Addivional research related to the scattering problem has been

performed by several workers since the time of Mie's paper
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[Aden, 19527]. fThe Mie theory describes the back-scattering cross
section in rerms of an infinite series of splherical Bessel functions.
Detailed discussions of the rigorous solution of Mie are given
by Vou [1963 ] and Greene [1964 ] who Followed the technique of
Aden [1952]. Because of the complicated nature of coefficients
in the Mie solution, the simpler theory of Rayleigh has been
used to explain scattering when the radius of the scatterer is
less than approximacrely one-tenth the wavelength of the incident
radiation. The Rayleigh theory adequately describes the scattering
properties of raindrops of diameters less than about 0.35 cm
when Lhese drops are illuminated wich 10.3-cm rad i,étion.

The average received power is specified in Equation (33)
since we are measuring the power scattered from a random dis-
tribution of drops within a pulse volume. Tt is the average
power ouly which 1s related to the radaf reflectivity of a random
array of scatterers[ Atlas, 1964 ].

As given, Equation (33) is applicable to the situation in
which there is no significant attenuation of the radar energy
between the radar and the target, and the volume illuminated
by the beam is uniformly filled by the target. The condition
of negligible attenuation is satisfied for wavelengths of 10 com
or greater. Equation (33) can be used, therefore, to relate
the received power measured with the TAM-1 radar to a meteorclogical
target if the second condition, regarding beam £illing, 1s met.

According to Donaldson [1965 | errors resulting from the failure



34
of a precipitating volume to completely fill the radar beam can
be held to less than the errors in the measurement of the received
power if the product of the range (in nautical miles) and the
beam width (in degrees) to half-power points is less than 50,

For the TAM-1 radar, with a beam width of 1.6 deg, the condition
of the beam being uniformly filled with scattercrs 1s satisfied
to a high degree of accuracy if the precipitation echoes chosen
for study are within a range of 36 st mi from the radar. A
complete discussion of errors inherent in the use of Equation
(33) appears in Chapter TV.

The radar equation may be expressed in a more compact form
by using the symbols mentioned ecarlier. With C representing the
radar constant and N standing for the total back-scattering

¢ross section per unit volume, Equationm (33) may be written as

P =&0 (34)

T 1 2

Liguid-water content. To calculate the rate of transfer

of liquid-water from the sub-concentration m to the sub-concentration
M, a method is needed to convert the radar reflectivity, Ns
to a value of water mass per unit volume. 1In this section an
expression will be derived which relates these two quantities.

The liquid-warter content, M, which is observed by the radar,

is related to the drop-size distribution by

mp X
M= —g—;rn(a)aada. (35)
"
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For the M-P distribution, Equation (35) becomes

M, X
M = . exp(-ba)a3da, (386)
La"

The density of the drops, p.» has been omitted from Equation (36)
since it is assumed to be unity in the cgs system.
For the M-P distribution, the radar reflectivity has the

form
X

n= Nohfexp(-ba)g(a,A,T)da. (37)
a

M

The Mie back-scattering cross section is the analytical form
which most accurately represents the empirical values determined
under laboratory conditions. These back-scattering cross sections
are difficult to use because of complicated form of the coefficients
in the Mie solution. Von et al.[1964] have shown that the back-
scattering cross section of Mie, Oy» can be related to the simpler
back-scattering cross section of Rayleigh, Ugs by

ouw/cy = F(A,a,1), (38)
where F(A,a,T) is a polynomial which was fitted by the method
of least squares to the curves of the ratio OM/Oh' A quadratic
equation, accurate to a few Per cent, easily fitted the 10.3-cm
data. Substitution of gy from Equation (38) for the quantity g
in Equation (37) gives

X

mn = Nobfexp(—ba)F(A,a,T)chda. (39)
)

The Rayleigh approximation to the Mie back-scattering cross
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section is given by

a®, (40)

where ¢ is the complex index of refraction. For the sake of
simplicity, we shall designate the quantity KeB - /(8 + 2”

by K. Elimination of o, between Equations (39) and (40) gives

X

n = %KQNO J\exp(-ba)aﬁF(A,a,T)da- (41

Ay

The radar reflectivity for the simpler case of Rayleigh scattering

is
X

M = ?}KQNO LEexp(-ba)aada. (42)
M

LE we designate the radar reflectivity applicable to Rayleigh
scattering as T, and compare this to the Mie value, as given by

Equation (41), we obtain

X

N, rexp(—ba)aBF()\,a,T)da
. tLu (43)

T rx &
N, Llexp(-ba)a da
In

The denominator of the right-hand side of Fquation (43) is usually
termed the '"reflectivity factor' and designated by Z. The ratio
1/ Tz was shown by Stephens [1964] to be a function of b and x

and to vary only slightly with temperature at 0.3 cm. Indicating
this function by f(b,x), we can rearrange Equation (43) and get

the following relation between Z and T
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, M1
4 CTEREE (D x) (44)

It was desivable to convert (lhe values of 71, as computed from the
measured values of ir’ to values of Z since the reflectivity
factor tias a much simpler mathematical form.

We showed in Chapter 1 that the data collecred at a sub-
tropicl location indicare that b and x are related for typical
rates ol rainfall, Therefore, in the case of the schematic
sub-tropical cloud of (his study, f can be expressed as a function
of x or b glone. The variation of f as a Fuucivion of b, with
¥ = 9.95b71.012 0 s shown in Figure 1.

The data of Figure 1 indicate that tle veciprocal of f differs
slightly from unity. The value of 1/f varies from 1.005 (corres-
ponding to b = 42) co 1,092 (corresponding te b = 15, The
error encountered in neglecting the factor L/f in Equation 4aa)
is less than the experimental error involved in Lhe measurement
of 1. With £ assumed to be unity, the elimipation of 7 between

Equations (34) and (44) gives

- C,K=”Z

Pr :'~J1;§—, {45)
where

R s T

C, =~ Ch

For the TAM-1, €, has a value of 2.268 x 10%mw mi¥m3mm—e .

Since M is proportional ro a® and Z is proportional to a®,

an expression that relates M to Z will be one in which Z is
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approximately proportional to the square of M. Battan [1959]
has listed the results of empirical studies that compared the
liquid-water content and reflectivity factor for ohserved rates
of rainfall and drop-size data. A relationship between 2 and
M that was derived from data analyzed by Marshalland Palmer
{1948} and is representative of most rains is

2 =2.39 x 10%mM-%2, (46)
In Equation (46) Z is expressed in mm®m>> and M in gm m~2?,
Liquid-water content can be related to received power by combin-
ing Equations (45) and (46). Elimination of Z between these two
equations gives

0.55
P r2
M= 3.9 x 10"3LEL1<3J : (47)
1
Equation (47) is the basic relation that was used in this study
to relate the liquid-water content of a volume of rain drops
at a given range to the received power that was measured by the
TAM-1 radar.
An estimate of the systematic error incurred in using

Equation (47) can be obtained by considering the equation

) CgR!-®
P _ ——
LT (48)
where R is rainfall rvrate and Cy; is a constant. This equation is

the result of combining Equation (45) with the empirical relation
Z = 2008'-®. This latter expression is most conmonly used for

rains. Probert-Jones [19627] showed that the values of received
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power computed from Equation (48), for a given rainfall rate and
range, were larger than the measured values by 1.4 dbm. The error
arises from faulty assumptions regarding factors that make up
the constant Cyz. If the calculated values of ﬁr are too large,
then the value of Cy is too large. Solving Equation (48) for

R, we get

R = [PEZQJ ) (49)

If C; is too large, then rainfall rates computed from this

equation are too small. Since Equation (47) is of the same form
as Equation (49), it follows that the values of M computed from
Equation (47) will be too small. The order of magnitude of the
error in Equation (47) is about the same as the error in Equation
(49) since both M and R are proportional to a®. It secems reason-
able to assume that a systematic error of 1.4 db is incurred

when Equation (47) is used.

Diameter of the smallest drop capable of detection by radar.

The evaluation of the integral terms in Equation (27), the continuity
equation, will give theoretical values of the rate of transfer

of liquid water due to coalescence. These values may then be
compared with rates of transfer determined from the substitution

of experimentally-measured quantities into the continuity equation.
In Chapter 11 we showed that a suitable lower 1imit for this

integral would be of the order of 100y, To insure that the

sub-concentration M, as detected by the radar, will consist of



41
drops of diameter greater than 100p, the detection capabilities
of the TAM-1 radar must be considered.

The smallest rain drop which can give a detectable radar
signal is not easily determined from radar measurements., A
single drop may not scatter sufficient energy to be detected,
but a4 large number of these same drops may scatter enough energy
in the directian of the radar to give a measureable signal,

The radar equation may be used to compute the values of the
reflectivity factor, Z, corresponding to a barely-detectable

signal at a specified range from the radar receiver. Solution

of 1he radar cquation of Z gives
P 2
c
L = =, 50
C, K2 (50)

If the smallest value of the received power that can be detected
by the rvadar, above the circuit noise, is inserted for ﬁr in
Equation (50), these minfimum values of Z can be calculated as

a function of range. The minimum detectable signal for the
TAM-1 radar is 1.3 x 107'%w. The values of z computed from
Equation (50), with ﬁr = 1.3 x 107**y, are shown as a function
of range in Figure 2.

Two principal interpretations are used to convert these
winimun values of Z to the size of a drop that is barely detect-
able. Atlas [19547 stated that the best answer to the question
of a smallest drop, detectable by radar, is the median-reflectivity

diameter, as,. One-half of the total reflectivity factor is
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cuncributed by drops with diameters greater than ag,. Atlas
computed the ratio of ag, to a, for in-cloud data and obtained
the aveiraye ratio azg/ag = 1.17. The cloud dara were from six
types ranging from stratocumulus to cumulus cuangestus. Using
the Atlas interpretation of a smallest-detectabhle drop, we note
that this drop has a size that is slightly larper than the median-
volune diameter,

The other approach to the interpretation of these minimum
values of Z in terms of a drop size considers a size distribution
in which all of the drops are of the same diameter. Such a
distribution is referred to as monodisperse,

The reflectivity factor for a monodisperse distribution is
simply

Z = Na®, (5D
where N is the total number of drops in a unic volume, all with
a diameter a. A drop diameter can be computed for values of Z
and N. The values of Z, of course, will be the minimum ones
as range varies, The dependency on N can be eliminated by uszing
the liquid-warer content. The liquid-water content of a mono-

disperse distribution is given by
M- Hp Nal., (52)

Elimination of N between Equations (51) and (52) gives

N |
z = SMa_ (53)

P,
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Substitution for Z from Equation (50) and use of the minimum

detectahle power, P ., yield
min

ay = —“gazﬁgﬁf , (54)

whece a, is the diameter of the smallest drup which will produce
a barely-detectable signal at the radar. Figure 3 shows ay

as a function of liquid-water content and thte range for the
TAM-1 radar.

The assumption of a perfectly monodisperse distribution is
inappropriate in nature, but the values calculated by this
method scrve to give rhe order of magnitude of the drop diameter
requirced for detection. The choice of the median-reflectivity
diameter, as proposed by Atlas, appears to be a wore unsatisfactory
oune than is the selection of the diameter of a drop in a mono-
disperse distribution. The median-reflectivity diameter, by
its definition, 1is not the smallest size which can be detected
by a radar. One-half of the contribution to the total reflec-
tivity is made by drops with diameters less than agg,.

Summary of the procedure. Point estimates of liquid-water

content were made by measuring the power received from a volume
of convective cloud. The values of received power were converted
to values of liquid-water content by employing Equation (47).

A systemaltic correction was applied to these values to account
for inexactness in this expresslon. A miniwmum range of 30 st

i was chosen to satlsfy the condition that only drops with
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diameters of the order of OOy and larger were being detected

by the radar.



CHAPTER 1V

ERROR ANALYSIS

The analysis which was performed to estimate the errors of
measurement is discussed in this chapter. The uncertainty in
the neasurements of the liquid-water content is considered first
and this is followed by an examination of the errors that are

introduced when the continuity equation is used.
Liquid-Water Content

Over-all error. The liquid-water content for a point within

a cloud was shown to be related approximately to the average

received power by the expression

- 0.85
Prr2
- —a
M= 3.9 x 10 [ClKBJ . 47)

We stated in Chapter IIY that this equation probably underestimates
the liquid-water content because of an inexact description of

the radar beam. A reasonable estfimate of the uncertainty can

be made if C, 1s determined from the version of the radar equation
derived by Probert-Jones [1962]. Using his expression for ¢,

and assuming Rayleigh scattering, we accounted for the systematic
underestimave of M by increasing the measured values of §r by

1.4 db,

Calculation of the error of P . The received power was
r

measured by using the threshold-gain technique. The gain setting

47
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of the receiver was varied by discrete steps. We mentioned in
Chapter 1IT that the received power was interpreted as the power
value in db corresponding to the wid-point between two gain steps
if a signal was recorded at one step but was absent at the next,
The estimated value of the received power could be in error by
as much as 2 db on eirher side of the mid-point value. This
technique therefore introduced an uncertainty of + 2 db in the
measured values of ﬁr since gain-step decrements of 4 db were
used for the TAM-1 radar. This error was brought about by the
size of the scale division (gain-step decrement) used. Reduction
of this decrement would improve the accuracy ot Lthe measurements.

When the threshold-gain technique is used, a systematic
error arises that is specific to this method. A4 threshold signal
implies a minimum of integration. In the ideal case, one pulse
exceeding the threshold power may be sufficient to give a detect-
able signal. As the radar beam scans across a cloud, several
pulses of transmitted power will, in general, illuminate the
most reflective part of the cloud. There is a good chance that
one of the returned pulses will contain sufficient power to exceed
the threshold level by a considerable amount fArlas, 1964 ].

TE this pulse is detected as a threshold signal, the average
received power will be overestimated., Atlas [op.cit.] states
that the strength of the precipitation echo, when estimated by
the threshold-gain technique, is too great by some 5 to 6 db.

When plhotographs are made of che cathode-ray tube (CRT)
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of the receiver, two types of Systematic errors are encountered
which cause underesctimations of the received power. One error
arises because the threshold for the GRT phosphor exceeds the
gain thresheld by abour 2 to 3 db [Atlas, op.cit.]. The other
error concerns the threstold of the film used to record the
signal. Glark [1964 7 reported that the threshold of the film
wds about 2 db greater than the eye threshold. These two errors
will make it appear that the receiver gain has accomplished com-
plete attenuation of a signal at a lower gain-step than would
be the case if these systematic errors were nal present. $ince
we were using the photographic technique to record the values
of ﬁr’ these two systematic errors would cause us to calculate
a value of ﬁr that is lower than the actual value by 4 to 5 db.

The magnitudes of the tliree Systematic errors indicate that
the two errors causing an underestimation of teceived power
essentially compensate for the overestimation which resulecs from
employing the threshold-gain method. Therefore, these errors
were not considered in the determination of the over-all systematic
error,

Two additional errors which contribured to the total error
of ﬁr were rhose due to calibration and experimental conditions.
it is estimated that the signal generator which was used to
calibratce the gain-steps is accurate to 1 db. Day-to-day vari-
ations in the settings of the bias voltage will cause errors

in the estimation of the gain-steps. We estimated an error of
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I db in the received power because of varying experimental conditions
[Clark, op.cit.].

The toral error encountered in measuring Lhe average received
power is rhe result of uncertainties in estimating the gain-
step, calibration errors, and variations in the experimental
conditicns. Therefora, the total error of br is estimated to be
+ 4 db.

Estimation of the error of r and K®. The range error was

estimated to be of the order of + 2.0 mi, The dielectric factor,
K?, varies with the phase of the water drops. To insure that
only Lliquid drops were being illuminated, only tle portions of
the echoes which were at altitudes less than 20,000 ft were
studted. Therefore, a value of K? equal to 0.93%3, which is
appropriate to liquid-water, was used in Equation (47). Based
on data reported by Clark [op.cit. ], this value may vary by

+ 0.003 for temperatures between -8C and 20C. 1t was assumed
that K® was in error by 10.003.

Calculation of the error of €y- The modified radar constant,

Cy» is related to the characteristics of the TAM-1 by
PLGeeahn3
G * Xz 1w 3
Estimates of the uncertainties in (he parameters on the right-
hand side of Equation (55) were made after consultation with
Dr. Robert A, Clark, Associate Professor, and Mr. .Jake Canglose,

Weather Radar Engineer, of the Department of Meteorology of
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Texas A&M University. ‘The derermination of the toral error of
€, was based on the methodology that is variously called Ycom-
pounding of errors" {Wilson, 19527 or "propagation of errors"

[Beers, 1957 7. Calculation of the error is summarized in Table 3.

Table 3. Summary of the errors of C,

Fractional Magnitude of Square of
Paraweter  Error Power  Contriburion Contribution

P 0.278 1 0.278 0.0773
G 0.412 2 0.824 0.6790
h 0.100 1 0.100 0.0100
e 0.312 2 0.624 0.3894
A 0.011 -2 0.022 _0.0005

Total 1,1562
‘I'he fractional error of G, is /1.1562 = 1.075.

The figures in the column headed by the word "power” corres-
pond to the exponents of the variable terms in Equation (55).
The product of the fractional error and the absolute value of the
"power" gives the magnitude of the contribution to the total
error by the parameter in a particular row. The form of Table 3
was chosen to facilitate the compntation of the errvor of c,.
When the parameter being considered is the product of factors
raised to various power, the fractional error of that parameter
is equal to the square root of the sum of the terms consisting

of the squares of the fractional errors of the constituent
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quant ities multiplied by the squares of their vespective powers.

The absolute error of Gy, is the product of the fractional
erreor and the value of C3. Multiplication of these two quantities
glves 2.545 x 107® mw mi® m®> mm~®. The estimated value of the
absolure error of C, 1s rather large in comparison to the computed
value uf Cy; specifically 2.368 x 107® mw mi® m® umn~®. The
largest contributions to the error of C;, as shown in Table 3,
were due to the measurements of the gain and the beam width.
Since each of these quantities appears to the second power in
Equation (55), the errors in these two terms are the predominant
contributors to the total error. Any improvements in the accuracy
of C; would have to be obtained by improving the measurements
of G and g until rheir uncertainties were comparalble to the errors
of Pt’ h, and A. Further improvement would require reduction
of the errors of all the quantities which make up the radar

constant.

Calculation of the error of M. A method similar to the one

used to compute the error of C, was used to evaluate the error of
the liquid-water content. Calculation of the fracrional error
of M is summarized in Table 4.

The errors of the received power and the radar constant
were the largest contributors to the error of M. The error of
the radar constant was discussed in a previous paragraph. Of
the total error of the received power, the uncertainty arising

from use of the gain step method is the greatest. Reduction of
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Table 4. Summary of the error of M

Fractionat Magnitude ot Squafé of

Paramecer Error Power . Contribution Contribution
i)r 1.512 0.55 0.832 0.692
C, 1.075 -0.55 0.591 0.349
r 0.080 1.10 0.088 0.008
K® 0.003 -0.55 0.002 0.000
Total 1.049
The fractional error of M is J1.049 = 1.024,

this 2~db error would have to be made before any improvement would

be realized in the error of the liquid-water content,
Continuity Equation

The average vertical speed, w, was shown to be related to the

rate of change and vertical gradient of M by

iy + Mé!<+ 'ﬁg - 7

_ At Az
w = (56)
Aln AM
M?Q- Az

The fractional error of the vertical speed, w, is equal to the
square root of the sum of the squares of the fractional errors
of the terms on the right-hand side of Equation (56). Therefore,

the fractional error of w, Sw' is given by

8, = (8% +53% +8,2 +5,7 +35.2 + ssa)%, (57)

where the subscripts 1 through 6 refer to the terms on the

right-hand side of Equation (56). The numbering proceeds from
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lefc to right in the numerator and then from left to right in che

denominator. Thus the error of M(Alnp/pz) is designated by 55.
Partial errors. The method of calculating the fracrional

€rror of the terms in the continuity equation was similar for

each of rthe terms since all but one is expressed as a ratio.

We will show the development of the error of aAM/ At and simply

State the calculated errors of the remaining terms,

The error of AM/at, 8,, is

S1% (58 s, MY (58)

where SAM is the error of MM and SAt is the error of At. The
error of the time increment was very small since the clock uged
o measure time varied only in a glow Systematic wanner., The

absolute error of A, SAM' is related to the absolute error of M,

M =2 g 3, (59)

The absolute error of M may be expressed as
S = 6
Sy SM M, {60)
where M is evaluated at the center of the difference MM, Elimi-

nation of Sy between Equations (59) and (60) gives

2
s = 243
AM 2 SM M=,

and division by (AM)® yields

2 - 2. Mg
Sl = 2 5,2 Ghe. (61)
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Equavion (61) shows rhat the fractional error of AM depends on
the time and location in the cloud at which M and M are measured.
To determine an upper limit of SAM, it was decided to choose a
value of M corresponding to a reasonably-large value that could
be expected in the clouds which were studied. The summary of the
max iswnm values of liquid-water content that is given in the
text by Fletcher [1962] was used to ascertain this large value,
A value of 2.0 gm m™3 appeared to be an average of the various
maxima that appeared in the summary. For a value of pAM to be
used in Equation (61) we decided to use a small, yet representative,
value of pM in order to obtain a value of the error which ig
unlikely to be exceeded by any one measurement. A value of
0.3 gm m™ appeared to be a typical minima of the values calculated
during a case study using the TAM-1 radar, Substitution of the
above-mentioned values for M and AM 1nto Egquation (61) gives

S =9.34 8

M M
9.656,

which is the same as the fracrional error 5;.

The error of M(AG/AZ) was determined in a manner which is
similar to the method used above. The square of the fracrional
ecror of M was added to the squares of the errors of A§ and Az.
The fracrional error of Az 13 small since the difference of two
heights of the center of the radar beam is being considered.

The random errors encountered n measuring the height of the radar

beam are small and any systematic error will be compensating when
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differences in height are considered. It was estimated that the
fractional error of AV was small compared to the rather large
error of M. With these assumptions the fracrional error of
M(AV/pz) was estimated to be 1.024.

Since the texm G(AMIQZ) contains the same parameters as
M(AG/AZ), the error of the Former term was estimated to be 1,024.

The fractional error of AM/Az is essentially the error of
AM since Az has a very small uncertainty compared to the uncer-
tainty in AM. We showed in a previous paragraph that the frac-
tional error of AM is 9.656.

The error of T cannot be determined with great certainty
since in-cloud comparisons are not available. The factor causing
the greatest uncertainty in 7 is the form of the drop-size distri-
bution. Wexler {19487 has estimated that a failure to characterize
properly the drop-size distribution may produce errors in the
liquid-water content by as much as a factor of two. It seems
reasonable to assume an error that is no greater than the errors
of the other terms in the continuity equation. With this assump-
tion, the fractional error of T is roughly estimated to be 2.0.

Previous work by Runnels [19627] and Clark [1964] showed
that the term A(lnp)/pz differs very slightly from a constant
value. The error encountered by assuming A(lnp)/Az = constant
is very small c¢ompared to the errvror of M. Therefore, it was
assumed that the fractional error of MA(lnp)/Az was essentially

the ervor of M, i.e., 1.024.



57
During the development of the continuity equation several
terms were neglected since they are small in comparison with the
other quantities. Table 5 lists these terms together with the
corresponding error that will be introduced if these terms are

neglecred.

Table 5. Summary of additional errors in the continuity

equation
o Quantity Error
%:3 1%
-§f 1%
gf 1%
S 0.1%
%E’ %% Neg]igible1

These errors are very small and their contribucion to the
total error of w was negligible. Therefore, we have not considered

these errors in the computation of the total error of w.

lAtlas and Banks [1951] estimated that the echo pattern
differs very slightly from the isohyetal pattern for wavelengths
greater than 7 cm if the range is greater than twice the depth
of the echo.

.
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Calculation of the total error of w. Equation (57) was used

to compute the toral error of w. The values of the partiél
errors, which are discussed in the above paragraphs, were sub-
stituted for the terms on the right-hand side of the equation.
Table 6 sunmarizes the calculation of the error of w.

Table 6. Summary of errors of w

Term Error Sguare of error
ﬁ%’ 9.656 93,238
Gﬁz‘ 1.024 1.048
m-ﬁg 1.024 1.048
. 2.000 4.000

Mﬂ%gﬂ)— 1.024 1.048

M 9.656 93.238

Total 193.620

Square root of total = 13.914

The fractional error of w, therefore, is estimated to be 4 13.914
(a percentage error of 4 1391.4%) and the error in decibels

is + 11.74 db,

Reduction of this error would require reductions in the
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error of M since the error of the measurements of liquid-water

content is the largest contributor to the error of w.

Meaning of the fscimates of the Error

The previous discussions of the estimated limits of the
errors of M and w have considered quantitative measures of these
uncertaincies, but a precise meaning of the error limits was not
considered. In this section a discussion is presented concerning
the nature of the experimental error.

In a previous paragraph we stated that semi-objective esti-
mites were made of the error limits of the parameters which appeared
in the basic equations. These estimates are termed semi-objective
since they represent estimates that were not determined with a
degree of accuracy necessary for a rigorous analysis of the
experimental errors. However, it was felt that these estimates
were the best available and that the magnitudes Wwere reagsonable
ones.

Before assigning a specific meaning to these semi-objective
estimates, we will consider the nature of the observations which
determine the form of the quantity used to express the limits
of error. These forms are based on the assumption that successive
observations of the same quantity should be distributed in a random
sequence. It is considered that there exists a hypothetical
population made up of the results which would be obtained if the

given observation were repeated a very large number of times.
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Auny single observation or set of observarions is regarded
as a random sawple from this population. The usual assumption
which is made concerning the random errors is I hat they are dig-
tributed according to the Gaiiss or "normal” law of error. This
law appears to be qualitatively correct since repeated observations
of a single quantity support the idea of a coutinuous distribution
with a single maximum and a montonic falling off toward zero on
elither side. In addition, such curves generally appear to be
symmetrical. In practice, the number of measurcments of a given
quantity may be quite small and the available daca may or may
not be distributed in a manncr approximating the normal law.
This situation prevailed in this investigation. Only a single
measurement could be performed before the fluctuating motions"
inside 4 cloud would change the experimental conditions. Thus
we lacked information either to confirm or reject the assumption
that the semi-objective estimates of the radar parameters and
the cloud parameters would be distributed normally 1f a sufficient
number of measurements could ba performed, However, since
repeated measurements of many bPhysical quantities are distributed
normally, we decided to make the assumption that the measured
values and estimates of these parameters were random samples
from a populacion which satisfied the normal law of error.
This assumption allowed us to be more exact in the specification
of the limits of error since we could employ the statistics of

a normally-distributed variable.
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Hlen observational data ave distributed normally two measures
of dispersion rhat are in common use are the standard deviation
(8.D.) and the probable error (P.E.). 1fM represents a particular
value of the liquid-water concent which has becn measured by the
radar, thea the interval M + S.D. will caver the most probable
value of M in 68.3% of Lhe cases, in the long run. Similarly,
the fnterval M £ P.E. will contain the most probable value of M
in 50.0% of the cases. If as we have assumed, the population
of randowm errors is normally distributed, then
P.E. = 0.674 8.D.
Griffichs [19677) has scated his experience led him to conclude
that such scmi-objective est fmavres of errors, when made by
competent observors, are probably the limits that will not be
exceeded nine times out of ten. If we assume thar the absolute
errors (designated by s) which have been computed in this chapter
are the 0.90 confidence limits, then the most probable value
of the variable of interest (say M) will be found in the interval
Mas in 907 of the cases. Apain, if the population of random
errors is normally distributed, then
s = 1.645 5.b,
Based oo the Griffirhs? conclusion, it scemod teasonable to
stipulate that the experimental errors of both the component and
compoundud Lerms were the limits whicl would not be exceeded

nine times out of ten, inm the long run.
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Summary of Error Analysis

The error of the experimental results was analyzed by
components. Seml-objective estimates of the component quantities
wera made by competent observers. Tt was assumed that these
estimates corresponded to error limits that would not be exceeded
in nine observations out of ten. Standard wmethods were used
to compound these estimated components of error. The computed
errors were rather large and indicated that subsequent measure-
ments with the TAM-1 radar should be preceded by careful analyses
of both the experimental design and the apparatus to determine

possible reductions of these uncertainties.



CHAPTER V

CASE S87TUDY

The methods described in Chapter TIT were combined with the
rheory of Chapter IT to determine point values of the liquid-
water content and vertical speeds in several cumulus congestus
ctouds that formed in the vicinity of College Station, Texas,
during July 1967. A knowledge of the liquid-water content at
auy gilven time leads to an estimation of the rate of transfer of
water from the sub-concentration m to the sub-concentration M
because off the coalescence process. The measured values of M
were used to construct scalar fields with height and time as
independent variables. From the scalar fields of M, values of
gradients were determined for inclusion in the contipuity equation.
Values of the vertical speed for the point in the cloud where M
was measured were computed from the continuity equation. The
analyzed values of the vertical speeds were expected to give
some indication of the validity of the error analysis of the

continuity equatlion,
Locale of Study

The geographical area of this study surrounds College Station,
Texas. This area lies approximately 75 to 175 wmi inland from the
Gulf of Mexico and covers a part of the Gulf Coastal Plain of
Texas. The topography varies from the level coastal prairies in

63
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the southeastern portions to gently undulating hills in the
northwestern portions. Elevation varies from 200 to 600 fc,

The mean annual precipitation varies from 40 in, in the
southeastern part of the area to 35 in. in the northestern portion.
Frontal activity is at a minimum during the summer and most of the
rain produced during this period ig provided by cumuliform clouds.
An occasional hurricare during the summer and fall months may
produce copious amounts of rainfall.

Maritime air flowing off the Gulf of Mexico is the dominant
feature of the climate of the area during late spring and early
summer. In a 1958-59 investigation of convective precipitation
in this same area, Glark [1960] reported an average of 45 to 50
days per vear having thunderstorm activity. Maximum thunderstorm
activity is observed generally during the midafternoon and early

evening.

Collection of Primary Data

Radar data. The basic data used in the case study were
obtained by the method described in Chapter ITIX. Twenty-~three
separate clouds were studied. The number of echoes which were
studied on different days is listed in Table 7.

The following information concerning any particular echo
was recorded in tabular form as extracted from each photographic
frame: ctime, azimuth angle, elevation angle, range and the gain-

step which completely attenuated the echo.
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Table 7. Basic dacta used in case study

Number of

i e Time (CIr1') Echoes Studied
7 Yuly 1967 1343 - 1808 13

Il July 1967 1535 - 1756 7

12 July 1967 1425 - 1613 3

Therwodynamic data. Some knowledge of the thermodynamic
state of a cloud wasg necessary before the coalescence transfer
term and tie atmospheric compressibility factor could be evaluated.
Anderson [1960] has pointed out that the core of a cloud in the
early stages of jts development has a temperature lapse rate
that approximates the moist adiabatic lapse rate. Thus, for very
large clouds, mixing of cloud air with environmental airp may be
of Tittle importance at the core of the cloud. Based on the
assumption of negligible mixing at the core between the surrounding

air and cloud air, the moist adiabatic lapse rate was used together

thermodynamic state,

The temperature soundings used in thig study repfesented
averages of those made st 1900 T at Fort Worth and Victoria,
Texas, and Lake Charles, Louisiana. Mean soundings for each of
three days are given in Table 8. The mean height of the convective
condensation level wag approximately 5,000 fr, This height varied

less than 500 ft on each of three days and for each individual
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sounding, thereby attesting to the homogeneity of the air mass.
The wet-Lulb potential temperature (9,) also was essentially
the same for each of the threo days. The slight day-to-day
variaticn in 8y indicated that the clouds which formed on the
three days had similar meteorological properties. This latter
characceristic helped insure that the sampling was from a population

that was reasonably homogeneous.

Analysis of Primary Data

After the primary data were tabulated, some preliminary
computations and analyses were made to determine values to be
subtituted into Equation (56). Tn this section discussions are
presented which summarize these computations.

Height of the radar beam. The height of the unit volumes of

cloud that were delineated by the radar beam was agsumed to be
the height of the center of the beam. The values of the height
of the ceater of the beam were calculated using an equation

given by Bent et al. [1950], viz.,
. 2
Z2 = 5280 r sing +-§— LEEP (62)

where z is the height in feat above mean sea level, r is the
range of tLhe target in statute miles, w is the elevation angle
of the radar beam, and 2o 1s the height of the radar antenna
above mean sea level. The center of the parabolic reflector of

the TAM-1 radar is 414 ft above mean sea level.
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The vertical variation of the atmospheric index of refraction
was computed for each of the three days of observation in order to
determine the correction factor which should be applied to Equation
(62) for non-standard propagation. The vertical gradient of the
refractive index varied from standard conditions by a negligible
amount. Therefore, standard propagation of the microwave signal

was assuned.

Liquid-water content. Point values of liquid-water content

were determined by insertion of values of fr and r into Equation’
{(47). 7To convert the gain serting of the receiver to a corres-
ponding value of power received from a precipitating cloud, the
following equation was used:

i P /10 _
P = 10 , (63)

where Pd is the average power receilved in dbm. The received power
was measured at the receiver in decibels. The power in declbels
was related to the gain-step decrements by the calibration
technique described in Chapter 111.

Since the values of M compured from Equation (47) probably
are undevestimations, the values of ?r were increased by 1.4
dbin to accomne for this systematic error. This correction was
recommended by Probert-Jones [19627].

Scalar fields of M, with time and height as independent
variables, were constructed from the measured values of liquid-

water content, Figure 6 on page 80 shows the time-height cross
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section ror Echo 3, which is typical of the echoes that were
studied. Values of aAM/At and M/ Az were measured using centered
differences at various grid points of the time-height cross
section. An increment of time of 8 min was chosen. This is
approxiuwately the tiwe required to "examine” an echo from the
towest alcitude {about 7000 ft) to the highest altitude (of the
ouvder of 22,000 fr), Only portions of the echoes which were
at altitudes tower than 20,000 fr were studied in order to insure
that only liquid drops were being illuminated. An increment
of height cqual to 4000 fr was chosen since this corresponds
to the approximate width of the radar beam at the range of the
echoes which were studied. Values of M were determined at these
same grid points by interpolation.

A technique employed by Clark [1964 ] was used to evaluate
A(Mﬁ)/az. This technique consists of determining scalar fields
of the momentum, MV. Finite difference approximations are made
in a mamer similar to the method used in the estimation of

AM/At and AM/Az.  Point values of MV were determined from

- e Np -
MV = g L[exp(—ba)aa\!da

(64)

- Tip, NgVb 4,

The appropriate value of b™* was determined from Equation (23),
Solution of this equation for b gives

b = 22,4 M™©.35 (65)
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where b is in units of em™@ and M is in units of gm m™, Values
of V depend on the diameter of the median-volume drop and the

temperature and density of the ambient air. When a drop is falling

at terminal velocity, the viscous, bouyant, and gravitational

forces sum to zero. Such an equilibrium condition may be stated
as
- 4ga(p - p)
= —_— 66
v Tac (66)

where g is the acceleration due to gravity and C; is the coefficient
of drag. The drag coefficient varies with the density and temper-
ature of the ambient air as well as with the diameter of the

drop. Clark [op.cit.] also outlined a procedure for computing

C, which leads to the determination of V from Equation (66).

With p assumed to be 1 gm em™®, if €, and p are known, then
subscitution of the diameter of the median-volume dreop in Equation
(66), together with these above-mentioned quantities, will give
values of V. 1In Chapter IT we showed that the velocity of the
drop having the median-volume diameter was essentially the same

as the volume-mean velocity. This latter velocity was the one
appearing in the continuity equation of M. Substitution for

values of V and b in Equation (64) gave values of MV applicable

to a point, and a finite-difference technique was used to determine
AMV) / Az.

Compressibility, As stated in Chapter II, effects of atmos-

pheric compressibility were accounted for by the term A(lnp)/Az.
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To evaluute this term, rthe variution of p with beight was computed

.

The density at a particular height can be related to the atmos-

phieric prossure and temperatuce at chis beight by the equation of
state
- 2P 67
PR TR (67)

where Rd is the specific gas consraat of dry air and T* is the
virtual Loemperature. Values of pressure and virtual temperature
corresponding to the appropriate wet-bulb potential remperature
wvere determined from a thermodynamic diagram and substituted

for the quantities on the right-hand side of Equation (67) to
determine the air density at that level. The natural logarithm

of the density for a particular level was calculated and plotted
as a fFunction of hetght above mean sea level. Tt was possible

to draw a siraight line which passed through or very close to
points thart were plotted. C(Clark [op.cit.] differentiated Equation
(67) with respect to height and substituted appropriate values

for the derivatives of the parameters on the right-hand side of
this equation. His results indicated that the variation in

Ing with teight was nearly linear. Within the accuracy of the
measuring apparatus, a coastant valie of A{lnp) /A2 seems reason-
able. The slope of the straighc line had the value -1.08 x 10~¢ m-1,

Transier of wmass by coalescence. The rate at which mass

Is transfered per unit volume from the ensewble of small drops to

the ensenble of large drops (thuse which can be detected with
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the TAM-1 radar) was designated in Chaprer IT by 17 and was shown

to have the following form in the case of the M-P distribution:

“H

NQB [® o) w N
T o '*‘"—2-5‘—:“' faﬁexp(-ba)du { B B) pPexp(-bB) (V(x) - V(p) )dp
it o (68)
NoaﬁapL5 Bu -
YRR | «exp(-bu)dy ’ E(a, B) (o®+ B*)exp(-bB) (V(a) -V(R)dp.
Yo “Y

The evaluation of the integrals in Equation (68) depends greatly
on the functional form of rhe collecrion efficiency, E(Q,B).

We stated in Chapter IT that the collection efficiency indicates
the fraction of small drops, initially on a collision course with
a large drop, that actually do collide and coalesce with the
large drop. The collection efficiency is the product of a
collision e¢fficiency and a coalescence efficiency. The collision
efficiency is often defined as the fraction of all water drops
which, initially on a collision course with respect to other
drops, actually do collide with the other drops. The coalescence
efficiency is the fraction of all collisions between drops which
result in actual merging of the two drops into a single larger
drop. The collision efficiency of a pair of drops is determined
by Lhe Lrajectories of the drops while they are sub jected to
gravitational, aerodynamical, and electrical forces. The
coalescence between two drops depends on the electrical forces
present, rhe chemical composition of the drops, the impact velocity

of the drops, and the realtive humidity of the ambient air
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(Semweonin, 1%67].

The vatues of E that are reported in the literature are the
resule of bouh empirical and theorectical studies. Reviews of
both of these approachies and the results obtained are found in
the texts of Fletcher [1962] and Byers [1965]. The majority of
the investipations indicate that most cloud drops are of sufficient
size and cowposition to produce a coalescence each time a collision
occurs between two drops. The early studies of the collision
efficiency between two drops were confined generally to studies
of the viscous and gravitational forces acting on the trajectories
of the drops. Electrical effects were often unknown or uncontrolled
in the case of the experimental studies or were omitted from the
theoretical investigations. Semonin {op.cit. ] has recently
published results of collision studies which include the effect
of the electrical ffeld. This paper also reviews much of the
recent work of other investigators who have considered the effect
of electrical forces en the collision efficiency.

If we consider only uncharged drops, calculations and exper-
ilments indicate thar the collision efficiency is low if both of the
drops involved are less than about 18y in radius {Fletcher, op.cit.].
For drops of drizzle size (radius up to 50u) the collisien
efficiency increases with increasing drop size. When the radii
of the collecting drops are greater than about 50 the collision
efficiencies generally decrease to or remain fixed at constant

values. For small drops of 10y radius the collision efficiency
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changes little as the collecting drop varies in size from that
of drizzle drops to large raindrops with radii of approximately
3 mm.  Throughout this range the collision efficiency varies from
about 0.8 to 0.9 [Byers, op.cit.]. When the collected drops
are of radii 15 and 20y the collision efficiency is very nearly
unity,

For the purpose of investigations into the process of rain
formation in cumulus congestus clouds, the electrical fields
within these clouds must be considered. When raindrops begin
to grow, the strength of the electrical field increases by an order
of magnitude over the value measured during falr weather. Since
water is a dielectric, a strong electrical field will induce
dipoles wpon the droplets that, in general, will be attractive
and, as a consequence, increase the probability of a collision.
In addivion, if the drops bear net positive or negative charges
the collision efficiency will be increased or decreased depending
on wherher the drops involved in a collision bear unlike or 1like
charges. 7The results of various experimental and theoretical
studies cannot be unified at present [Fletcher, op.cit., Byers,
op.cit.]. These studies do indicate, however, some general
eflfects of clectrical Fields on the collection efficiency. In
the case of charges and field strengths comparable to those
existing in cumulus clouds, the studies showed Chat the collection
efficiency of large drops was altered very slightly, but a

considerable enhancement of the coalescence process was noted
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for small drops.

The foregoing descriptions of the variation of the collection
efficiency had to be written in a functional form before Equat ion
(68) could be evaluated. The results which were cited above
indicated that a collection efficiency of unity seemed to be
applicable to the coalescence process when the collecting drops
were of the sizes to be found in echo-producing clouds. Considera-
tion of rthe effect of electrical fields indicated that the collec-
tion efficiency of the large drops would be changed very slightly
when these: fields were accounted for, but the collection efficiency
of the smaller drops was increased if the effect of the fields was
considered. Thus, the effect of the electrical fields is to
narrow the range of the magnitude of the collection efficiency
over the drop sizes which are likely to be found in clouds that
produce echoes. The choice of unity for E seems to be a reasonable
one in light of the data that are currently available, Values of
E= 1.0 were used in some recent theoretical studies [Telford,
1955, Kessler, 1963 and the results obtained were quite realistic,
The study by Kessler showed how the time at which rainfall first
reached the ground varied with different values of F. As E
ranged from almost 0 to 1,0, the time of the commencement of
surface rainfall increased by only 5 sec.

The assumption of unit collection efficiency greatly simplifies
the integrands in Equation (68). The expressions used to represent

V(a) and V(B) were suggested by Clark [op.cit.]. In the first
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integral V(u) was given by a polynomial of the fourth degree in
o which was fitted to empirical dara by a least-squares technique.
This polynomial was very accurate for drop diameters greater than
100, The funcrional form for V{B) in borh of the integrals was
taken to be the expression given by Equation (66) with B replacing
a. At a particular height in a cltoud it was necessary to evaluate
the other quantities before the integration could be performed.
Equatrion (66) is very accurate for drop diameters less than
100, For this reason the same expression was used as the functional
form of V{g) in the second integral of Equation (68).

An exact evaluation of the two integrals was possible since
the integrands consisted of products of elementary functions which
could be separated into sums of elementary functions. Figure 4
shows values of 71 as a function of the parameter b. The range of
b that is shown in this figure corresponds to rainfall rates
varying from drizzle (b = 48 cm™l) to heavy rain (b = 15 cm™1).

Point values of 7 were calculated from Equation (68) by
substitution of the value of b appropriate to the location.

The measured values of M were converted to values of b by use of
Equation (65). Values of T as a function of height and time

for Echo 3 arce shown In Figure 5. These values are comparable
to the average values of T computed from the dara given by
Braham [1952] in a study of the mass and energy budgets of
thunderstorms. For cells whose durations were similar to the

ones studivd in the present investigation, the average value
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of 1 was of the order of 1073 gm m 3 sec™?.

Results of the Case Study

The resules of the analyses of each of the twenty-three
echoes varied from echo to echo. However, it was possible to
discern features which were common to the whole class of echoes.
Lo this section the results of these analyses are presented.

Moisture field. The moisture field for Echo 3 is presented

in Figure 6. The initial phases of the cycle were characterized by
an increase of liquid water as the updrafts supplied vapor and
condensed water. As soon as the drops were of gufficient size
to produce a radar echo, a downward extension of the echo was
noted. This extension was interpreted to be the result of the
drag-induced downdraft and the coalescence mechanism which produced
radar-detectable drops as coalescences occurred. The base of
this cloud was estimaced to be 5000 fr MSL, which was the con-
vective condensation level,

Figure 6 is typical of the time-helight cross sections which
were constructed for each of the other echoes studied during
this investigation., Each pattern was essentially symmetrical wich
time, indicating a ecyclical increase of moisture that was followed
by a decrease as the cloud passed to the dissipating stage.
Another characteristic of each echo was the increase of liquid
water with height until a maximum was attained. Bowen [1951]

showed that such a maximum was expected in the region of the
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cloud where ¥ - w = 0 if the coalescence process were the mode
of rain formation.

In spite of the large error of M that was estimated in
Chapter LV, we felt that the form of Figure 6 was qualitatively
correct since the pactern is reasonable for a convective cell
undevgoing cyclic development. The point measurements of M
that were used to construct this cross section may have fractional
errors as large as 102.4% at the 0.90 level of confidence. The
construction of scalar fields from these point measurements intro-
duced a smoothing which produced a fietd that was qualitatively
reasonable. Reduction of the experimental error would produce
a pattern that would have a similar shape but the reliability
of such a pattern would be much higher.

Some of the values of liquid-water concentration that are
shown 1in Figure 6 are comparable to those reported by other investi-
gators [Fletcher, op.cit. and Byers, op.cit.}. However, when all
of the echoes were considered, some rather large values of liquid-
water content appeared. The 695 point measurements from all of
the echoes were grouped and the frequencies were plotted to show
the variation of these data. Figure 7 shows the results of this
grouping.

Measurements of ligquid-water content that were made from
instrumented aircraft generally showed that average values range
from approximately 0.10 to 1.50 gm m™® with mean values of

Lthe order of 0.50 gm m™3 [Ackerman, 1959, Fleccher, QE.cit.].
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These same sources report maximum values ranging from approximately
0.20 to 3.50 gm m™ with means of about 1.50 gm m™2. The mean
of the data presented in Figure 7 is 2.17 gm m™3.

Cerrainly, not all the individual weasurements which compr ise
the data of Figure 7 can be interpreted as average values of
liquid-water content. Some represent values corresponding to
measurements made early and late in the eycle of the convective
cell when values might be less than average and some of the
measurements were made at times when maximum concentrations of
liquid-water content were being observed. Thus, some caution
must be exercised in comparing the values reported in the literature
and the radar-measured values. However, the fact that the mean
of all observations was 1.45 times the mean of the maxima as
measured by aircraft and 4.34 times the mean of the averages
as measured by aircraft would indicate that an experimental
uncertainty which was of the order of 1.024 was vitlating the
resules.

Although it is desirable to obtain values of the liquid-water
content whose magnitudes are physically reasonable, it is equally
important that the spatial and temporal pattern of these measured
quantities also be physically meaningful. Point values of M
must be related to other values in the neighborhood of the point
in questioa. With an experimental error as large as that estimated
for the apparatus used in this study, both the wagnitudes and the

variations of these magnitudes with distance and time may be’
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atypical. We noted previously, however, that the fractional
error of 1.024 did not seem to change appreciably the gross features
of the ficlds of M.

The Form of the moisture field assoclated with the core
of Echo 3 i3 very simtlar to thar of the idealized convective
cloud described hy ﬁyers and Braham [19497]. They described the
life cycle of a large convective cloud as consisting of three
distinct stages of development. These are: a cumulus stage,
charvacterized by updrafts throughout the cell; a mature stage,
characterized by both updrafts and downdrafts, at least in the
lower halt of the cell; and a dissipating stage, characterized
by wealk downdrafts prevailing throughout the cell.

Figure B is a time-height cross section of the vertical
speeds at the core of the idealized thunderstorm cell as presented
by Byers and Braham [op.cit.]. This cross section is a useful
one for comparison with the fields which were determined from
the quant ities measured by radar. The field of the vertical
speeds at the core of Echo 3 is presented in the next section.

The duration of the cumulus stage is depicted as the interval

from the initial time to 13 min. During this stage, positive
vertical speeds prevail throughout the convective cell and the
first radar echo appears [Byers and Brahawm, op.cit.]. After

the initial appearance of the radar echo, a rapid extension

of the echo in the downward direction ig often noted. This exten~

sion occurs at a rate that usually is greater than the fall speed
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of the precipitation elements. This rapid growth of the echo
suggests that the rain-producing mechanism is due to coalescence
and that this mechanism proceeds at a very rapid rate,

The mature stage begins when rain falls out of the bottom of
the cloud. Results of the Thunderstorm Project indicate that
the initial appearance of the downdraft occurs almost simultan-
eously with the beginning of rain at the surface. In Figure 8
the mature stage is shown commencing after 17 min when the first
negative speeds are detected at the ground. Downdrafts begin
when the hydrometeors within a cloud have grown to a size that
no longer can be supported by the existing updraft. As the
larger hydrometeors fall relative to the ascending air they exert
viscous drag on the rising air and the drag initiates a down-
draft. As shown in Figure 8, the initiation of the downdrafc
first commences in the lower levels of the eloud where updrafc
speeds are smallest, since a smaller updraft speed has to be
overcome by the descending precipitation. As rime continues,
the downdraft increases in vertical extent. Observations of the
Thunderstorm Project indicate that the updraft continues to
Increase in speed with height during the mature stage, and the
updraft also reaches a maximum early in this stage.

During the spread of negative vertical speeds, the convective
cloud passes from the mature stage into the dissipating stage.
This latter stage is characterized by downdrafts existing throughout

the convective cell. A time of 45 min after initiation of the
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cell may be selected as the beginning time of the dissipating
stage of the idealized cell of Figure 8.

Field of vertical speeds. The time-height cross section

of the vertical speeds at rhe core of Echo 3 is presented in
Figure 9 and it contains some values that are quite unrealistic
when compared to updrafts and downdrafts measured in such investi-
gations as the Thunderstorm Project [Byers and Braham, op.cit.].
Time-helght cross sections of vertical speeds were constructed
for each of the 23 echoes which were studied. In many of these
cross sections very large values of borh positive and negative
speeds were encountered. Each of the cross sections was similar
to Figure 9, rhat is, the analyzed fields of vertical speeds
contained values of vertical speeds that were reasonable, but
the presence of unrealistic updraftrs and/or downdrafts produced
fields with little physical meaning or any systematic patterns
comparable to the idealized cell of Byers and Braham. In order
to achieve an over-all picture of these large updrafts and down-
drafts, we decided to group the various vertical speeds. Per-
centage polygons of the updrafts computed from the continuity
equation were constructed for altitudes of 5, 11, 16, and 20
thousand feet above mean sea level, Figures 10, 11,.12, and

13 show these polygons. These heights were selected to correspond
to frequency distributions appearing in the report of the
Thunderstorm Project. The percentage polygons representing the

data from the Thunderstorm Project are shown as dashed lines
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in the figures. Similar polygons were constructed for the
downdrafts. These are shown in Figures 14, 15, 16, and 17,
Several extreme values of vertical speeds were not shown in
these figures because of the scale which was chosen. These
extreme values are listed in Table 9.

Table 9. Extreme values of vertical Speeds
measured by radar

Altitude Updrafts Downdrafrs
102 Fi m sec? m sec?
4 104, 105, 374, 448,
143, 210, 569, 3674
212, 253,
510, 571,
895
12 123, 400, 110, 171,
553, 573, 189, 495,
838 632, 4325
16 103, 111, 153, 158,
882 448
20 104, 110, 137, 336
148, 165,
208, 526,
1127

When we considered the large error of w that was estimated
in Chapter TV, it was easy to see how these extreme values could
arise as well as the speeds whose values fell in the class inter-
vals between 30 and 100 m sec~!. In some instances the vertical

speeds measured by radar that were less than, say, 25 m sec—?!
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were in good agreement with the data from the Thunderstorm Project,
The data which are summarized in Flgures 12, 13, 15, and 16
agree reasonably well with the data from aircraft measurements,
This agreement was not completely unsuspected since some of the
radar-measured values of w, even with the large experimental
grror, were expected to agree with what may be termed “the more
probable speeds' of the Thunderstorm Project. As in the case
of the fields of liquid-water content, these large uncertainties
in w have produced spatial and temporal patterns that are not

typical.

Summary of the Case Study

Point values of liquid-water content were measured at the
core of 23 convective clouds that formed near College Station,
Texas. Scalar fields of liquid water were constructed for each
cloud. The gross features of these fields appeared to be phys-
ically reasonable one, but the large experimental error inherent
in the technique and apparatus caused certain point values in
the field to be too large to be accepted. @Gradients and time
variations of liquid-water content were calculated from the scalar
flelds. ‘These calculations together with a measure of the rate
of growth of rain by coalescence were inserted into a continuity
equation which then was solved for point values of vertical speeds.
The experimental error was compounded in the computations of the

vertical speeds with the result that time-height cross sections
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of vertical speeds were quite unrealistic. Certain polnt calcu-
lations of vertical speeds were reasomable but many values were
extremely large. Groupings of both the measurements of liquid-
water content and vertical speeds indicated that the estimated

magnitudes of the experimental errors were of the correct order.




CHAPTER VI

REDUCTION OF THE MEASUREMENT ERRORS

Chapter 1V dealt with the problem of calculating the errors
of the computed quantities M and w in terms of the errors in the
constituent quantities. In this chapter the converse problem
will be considered, that is, how much reduction must be made
in the errors of the constituent quantities in order to reduce
the errors of M and w to some desirable level. The errors that
contribute to the total error of w also appear in the computation
of the error of M. Therefore, any reduction of the uncertainty
of the measured values of M will produce a reduction in the

errors of w,

Liquid-water Content

The fractional error of M is summarized in Table 4. The

square of this error may be expressed as

SME=E1+E3+E3+E4’ (69)

where the E's with subscripts ! through 4 refer to the squares
of the contributions to the fractional error of M by errors in
the average received power, radar constant, range, and the
dielectric factor, respectively. Substitution of the values
recorded in Table 4 for the respective values in Equation (69)
gives

100
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0.35;2 + 0.35,% + 0.35,%+ 0,35,°

0.692 + 0.349 + 0.008 + 0,000

1.049.

The subscripts of 8§ correspond to the quantities mentioned pre-
viously. The numbers appearing in the middle row of this expression
are the values designated by the symbols E; through E, in

Equat ion (69).

The largest contributions to the fractional error of M were
those of the received power and the radar constant. In a prelim-
inary consideration of reducing the error of M, the effects of
range and dielectric factor may be neglected. Since the contri-
bution of the error of the received power is approximately twice
that of the radar constant, a first step in the reduction of
the experimental error is to consider decreasing the contribution
of the received power until it is the same as the contribution
of the radar constant. If the contribution represented by E;
is reduced to 0.349, the corresponding fractional error of the
recelved power becomes 1.080. In terms of power measurements
in decibels this means that the received power would have to be
measured with an accuracy of + 3.2 dbm., After this reduction
the error of M may be computed by substitution of the value
0.349 for E; in Equation (69). Solution of Equation (69) €for
SM with this new value for E, gives %{ = 0.838 = 83.8%. A
fractional error of this magnitude is still quite large.

For further reduction of the error of M we may consider a
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joint reduction of the errors of ﬁr and €y until their individual
contributions to the total error are comparable to the contri-
buticon from uncertainties in the measurements of range. With
both E; and Ep assumed to have the value 0.008, as does E,,
the fractional error of S, becomes |

5,7 = 0.008 + 0.008 + 0.008

= 0,024,

and

SM = 0.155 = 15.5%.
A contribution of 0.008 to the total square of the fractional
error of M, by the errors of fr, corresponds to an error of
16.3% or about 0.7 dbm. Thus, the averaged received power
would have to be measured to within 4+ 0.7 dbm in order to insure
that the mecasured values of M would be accurate to + 16%. This
error probably represents a lower limit since the value 0.008
represents approximately the minimum value that can be attalned
for the contribution to the total error from errors in measure-
ments of range. This contribution (0.008) corresponds to an
absolute error of 4 2 mi, This latter value represents the limits
of the present équipment. The contribution by the range error
represents an upper bound on the accuracy of the measurements
of M. An ervor of 16% in the measured values of M 1s comparable
to the accuracy of some aircraft instruments.

If the error of M is to be reduced to 16%, the question

arises concerning the accuracy that is needed in the measure-
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ment of the parameters that make up ﬁr and C,. The accuracy
in the weasured values of both Pr and €, must be 1 16.3% if M
is to be accurate to 1 16%,

We stated in a previous paragraph that an accuracy of % 16.3%
in ér corresponds to approximately 4+ 0.7 dbm. Such accuracy may
be difficult to attain with the present measuring and calibrating
equipment. Both day-to-day variations in experimental conditions
and the teclnique of calibration were estimated to introduce
errors of 1 dbm in the measured values of ﬁr' It would be desirable
to reduce these by an order of magnitude. Such reduct iong
might be achieved without modifying the present equipment if
more precise calibrating instruments were used and if a careful
check were maintained on the variations of the receiver response,
The magnitudes which were estimated for the errors of the quantities
comprising ﬁr’ as well as C,, were not made with instruments
but were the estimacions of competent observers. Such semi -
objective estimations probably contain components that can be
designated as systematic errors once instruments are used,

The systematic components can.be accounted for by adjusting the
measured quantities and the resultant randam component will be
much smaller.

The other factor contributing to the error of ﬁr was the
size of the scale division that was used to record the magnicude
of the received power. In this investigarion a gain-step to

0.5 dbm would be necessary if eaclh of the errors of the calibrations
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and day-to-day variations can be reduced to 0.1 dbm. A reduction
in the size of the gain-step, however, will require a longer
time period to examine a complete echo from the lowest to the
highest elevation., 1If the important features of the cloud are
likely to change during such an expanded period of examination
then some compromise must be achieved between the demandsg of
more accurate power measurements and a reasonable time resolution.
A receiver that contains an integrating circuit which averages
the power contained in the pulses reflected from a precipitating
cloud would help in the reduction of the error of fr. The error
of measurement of such a receiver may be 4 10% [Huebner, 1967]).

A reduction in the error of €, to + 16.3% will require more
Precise measurements of gt least four of the parameters that
make up this term. Table 3 shows the relative contribution to
the total error by the various constituent terms. It can be seen
that improved measurements of the transmitted power, antenna
gain, pulse length, and beam width are needed iIf the total error
is to be reduced. In a previous paragraph it was stated that
a fractional error of Ci amounting to i 16.3% was required if
M 1s to be accurate to g 16%. This amounts to a contr ibution
of 0.008 to the total square of the fractiomal error of M.
To achieve a contribution to the total error of 0.008, the square
of the fractional error of C; must be reduced to 0.027. This
Is equivalent to the fractional error of 16.3%.

The desired reduction can be obtained by reducing the uncer-
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tainty in the measurements of the gain and beam width by two
orders of magnitude and reducing the uncertainty in the trans-
mitred power by one order of magnitude. As in the case of the
estimations of the errors of ?r, some reduction in the uncertainties
of Pt’ G, and @ probably can be obtained by measuring these
quantities with suitable instruments. 1In this manner, it is
quite possible to convert some of the uncertainty to systematic
errors which can be accounted for. The remaining random com-
ponents will be much smaller. The uncertainties of Pt and G
can be combined into a single value. Transmitted power is measured
at a point in the wave guide between the transmitter and the
focus of the parabolic reflector. Losses in the wave guide
between this point of measurement and the reflector can be comb ined
with the antenna gain to produce a somewhat smaller gain figure.
With the term PtG3 in the radar constant considered as one
parameter, repeated wmessurements of an unvarying target can be
performed to determine possible systematic errors as well as the
magnitude of the random errors. Reductions in the uncertainties.
of @ will require careful field measurements over a uniform
test range. Austin and Geotis [1960] have outlined a technique
for measuring many of the parameters in the radar constant.
It would be worthwhile to consider their approach in future work
using the TAM-1 radar. a straight-forward method employing
a standard (unvarying) target in the calibration of a weather

radar was discussed by Atlas and Mossop [19597] and the incorpor-
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ation of this latter technique with that of Austin and Geotis
offers a possible method for reducing some of the uncertainty

in the nmeasurements of the radar constant.

The actual reduction in the uncertainties of these constituent

terms would require the use of calibrating instruments whose
errors are known, as well as day-to-day checks on the radar
equipment to insure that additiongl systematic errors were not
affecting the measurements of M. In addition, any future investi-
gation should include an experimental design that will account

for possible extraneous effects and deviations from experimental

control,

Vertical Speeds

Since the errors that contribute to the total error of M
also appear in the computation of the error of w, it ia possible
to chart the reduction of the fractional error of w as more
accuracy is attained in the measurements of M. Figure 18 shows
the relationship between these two fractional errors. When the
fractional error of w was computed in Chapter IV, values were
used that produced very large estimates of the constituent errors.
Perhaps such a large estimate was an overly cautious one. The
grouped data, however, indicate that the 0.90-level error of w
is quite large. The subjectivity In the evaluation of the errors
of the M-field probably can be minimized by analyzing these errors

in an objective manner, Research directed toward the analysis
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of the errors in scalar fields undoubtedly will produce immediate

benefits.
Summary of Error Reductions

Any improvement in the reliability of the measurements of
liguid-water content and vertical speeds will require a preliminary
consideration of the systematic errors inherent in the measuring
technique. The use of accurate instruments and controlled
condirions should aid in the delineation of these systematic
errors and provide a more reasonable estimate of the magnitudes
of the random errors. At present, the TAM-1 radar is not operated
with a degree of experimental control which assures such a deline-
ation. Once the systematic errors are located, their effects
can be removed by application of a suitable correction. The random
errors which remain will be smaller than the original uncertainties
and a higher degree of confidence can be placed on the magnitudes
that are determined from the measurements. The preliminary cal-
culations which were presented in this chapter indicate that the
use of experimental control together with more accurate calibrating
instruments may permit the measurement of liquid-water content
with an accuracy of % 16%. It does not appear that wvertical
speeds can be measured with more accuracy thanm £ 270%, even

after the above-mentioned techniques are applied.




CHAPTER VII

SUMMARY AND RECOMMENDAT IONS
Summary of Results

The results of this study indicate that reasonably accurate
measurements of the liquid-water content in a cloud can be achieved
with a radar operating at a wavelength of 10 cm if high experimental
standards are maintained. The theoretical equation which relates
the liquid-water content to the power received from a precipi-

tating volume is expressed by Equation 47), viez.,

0,55

[irra]
= -3
M 3.94 x 10 CIKa

(47)

This equation has a systematic error that is small and can be

accounted for if attenuation is negligible and the radar beam

is completely filled. Use of the 10-cm wavelength assured the

former while selection of convective echoes at ranges of less

than 40 mi minimized the beam-filling error.

An errvor analysis of the experimental apparatus and technique
was made. This indicated that the fractional error of measure-

ments of liquid-water content is 1.024. Tt was surmised that

a part of this error may be compensated for if careful measurement s

are made of the variables in Equation (47). Twenty-three echoes

were studied and 695 measurements of liquid-water content were

obtained from them. The grouping of these data showed that the
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magnitudes of many of the values were reasonable, but a number
of them were too large to be accepted. The gross-features of the
scalar fields of liquid-water appeared to be physically reasonable.

A continuity equation for liquid-water content was developed
in an effort to compute point values of the vertical speed in a
cloud. This equation has an advantage over the continuity
equation employed by Runnels [19627 and Clark [19647. 1In the
previously-used version it was assumed that the condensation of
water vapor immediately produced large rain drops (100y, and
lavrger in diameter). An integral expression for droplet growth
by coalescence was used in the present equation in place of the
condensation term. The use of a term for growth of drops by
coalescence is more appropriate for a radar study since drops
are not detected until their diameters are approximately 100y,

To reach this size, growth is assumed to be by the coalescence
mechanism. The coalescence term also makes it possible to account
for the downward development of an echo at a speed that 1s faster
than the fall speed of raindrops. This effect has been reported
as being a typical one [Byers, 1965].

The point values of the vertical speeds computed from the
continuity equation were vitiated by the compound ing of the
experimental errors. The scalar fields of w, for each echo,
were quite unrealistic.

A study of the reduction of the errors of measurement indicated

that reasonably accurate values of M (+ 16%) can be obtained
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through the use of better experimental control of day-to-day
variations and accurate instruments to measure the parameters
affecting the measured quantities. The use of accurate test
instruments would permit the reduction of the semi-ob jective
estimates of the errors used in this study by ascertaining
systematic corrections for a part of the error. The remaining
random component will be much smaller.

This study also indicates that attempts to measure vertical
speeds accurately by use of the continuity equation mmay be
frustrated because of the compounding of the experimental errors.
An analysis of the errors associated with the derivatives of the
scalar field of M will have to be performed before a definite
answer can be given to the question of the usefulness of the

continuity equation as a measuring relation.

Reccommendations for Future Investigations

Before the accurate measurement of cloud parameters can be
achieved, a caveful study of the experimental design must be
made. This study should consider the delineation of the errors
involved and the establishment of experimental techniques which
are conducive to greater efficiency and reliability.

Errors of measurement are conveniently divided inte several
types. A general division is one that separates errors into a
systematic class and a random class., Systematic errors are the

same for each observation with a given apparatus and usually
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arise from errvors of calibration, personal errors of a consistent
nature, constant experimental conditions which are different
from those for which the system was calibrated, imperfect technique,
and/or inexact equations upon which the design of the apparatus
is based. Random errors are the variations due to the working
of a number of small yet uncontrolled variables. As the name
suggests, these variations form a random sequence and they often
arise from errors of judgment resulting from varying estimates,
fluctuating conditions, and small disturbances of an electrical
or mechanical nature.

The systematic errors may be determinate ones if they can
be evaluated by some logical procedure. This procedure may be
theoretical or experimental. A thorough investigation should
be made in order to evaluate as many of the systematic érrora
as possible. When these errors are determinate, the error may
be removed by application of a suitable correction. An additional
effort should be made to list all possible sources of indeter-
minate systematic errors so these can be located or at least
accounted for.

In order to locate the determinate systematic errors and
their magnitudes, accurate test instruments should be used to
measure the constants of the radar system such as the antenna

gain, beam width, transmitted power, pulse length, and wavelength,

Such measurements also will narrow the limits of the uncertainties

of these quantities from the semi-objective estimates that are
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currently available. After performing these measurements the
compounded error of the experiment can be re-evaluated. The new
value of the compound error should be checked against the vari-
actions of the power reflected from a steady target. If all the
systematic errors are accounted for, the data obtained from
the steady target should be distributed in a symmetrical manner
with a single maximum and witha measure of dispersion comparable
to the compounded error. Failure of these two to agree may
indicate the presence of systematic errors that have not been
accounted for.

It seems that accurate measurements of received power can
be made only after the introduction of a technique that will
permit acecuracies of + 0.5 dbm on a logarithmic scale. Perhaps
a pulse integrator will be required.

After the accuracy of the system is improved and after the
magnitude of the ervors is determined, studies should be commenced
in order to determine the systematic errors inherent in the
equations which approximate the actual situation. Thereby the
relationship between received power and rainfall may be put on

a firmer basis than afferded by the present empirical relations.
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