Notes 10.
Thermohydrodynamic Bulk-Flow Model in Thin Film
Lubrication

General flow characteristics in oil lubricated fluid film bearings

a) Incompressible liquids of large viscosity (mineral oils)

b) Dominance of shear driven (Couette) flow over pressure (Poiseuille) driven flow

c¢) Fluid inertia and flow turbulence are usually NOT important (low circumferential
flow Reynolds numbers)

d) Heat transfer to bearing cartridge and to/from shaft are important along with
mechanical deformations induced by temperature gradients

e) Fluid temperature gradient along axial plane is negligible

f) Thermal effects change the lubricant viscosity and operating clearance, thus
affecting significantly to the bearing static load performance

Thermohydrodynamic analyses are important in heavily loaded hydrodynamic bearings
such as pressure dam bearings, tilting pad bearings, etc. See Notes 7

General flow characteristics in process fluid film bearings
applicable to damper annular seals and hybrid (hydrostatic + hydrodynamic) bearings
a) Process liquids have low viscosity (water, R34, LH,, LOX)
b) Material compressibility important, low bulk modulues (LH,)
c) Large pressure drops along axial direction with significant mass flow rates (annular
damper seals & hydrostatic bearings — up to 6,000 psig in cryogenic turbopumps)
d) Large heat capacity for transport of energy along axial direction
e) Large rotor speeds (up to 100 krpm) will induce large shear flow energy
dissipation
f) Typically use macro-textured surfaces (roughened stator) to avoid generation of
cross-coupled stiffness and to promote dynamic stability
g) Inlet fluid flow circumferential swirl is important (for rotordynamic stability)

These operation characteristics determine the need to account for
a) Flow turbulence (induced by shaft rotation and pressure driven flow conditions)
b) Fluid inertia effects — temporal and advective types.
c) Fluid properties depend on pressure and temperature (needs equation of state)
d) Adequate physics based modeling of machined surface texture (roughness)
e) Two-phase flow conditions under certain operating regimes
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Bulk-Flow Equations for Thin Fluid Films

The fluid flow within a thin film region, see Fig.1, is governed by the continuity (mass
conservation), momentum and energy transport equations. In the flow region

{x e(0,7D),ye(0,H(x,z,t)),z e (O,L)} , the smallness of the film thickness allows a

simplification of the general transport equations.

A
4 (U, V) surface velocities

Lx
Figure 1. Geometry of flow region in a fluid film bearing (H<<L,,L,)

The coordinates in the plane of the bearing are circumferential (x=R6), axial (z), and
across the film (y). Let {U ,V,W},P,f be the fluid velocity field components along the (x,

¥, z) directions, the fluid pressure and its temperature, respectively.

The thin film fluid flow equations are (see Notes 8):

ap , a(pU)  ApV) ApW) _, (1)
o ox o =

Mass conservation
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Circumferential-momentum transport p—=——+—" (2)

Dt ox Oy
) 0

Axial-momentum transport p% = aP *y 3)

Dt az 6y
oP

Cross film momentum o =0 (4)

Energy-Transport (Bird et Al., 1960)

,ocpE EE(U +VT/2):£(K8TJ T,BE—[Ua—P WGPJ+Q(UT W) (5

Dt 2 Dt oy oy Dt Ox 0z )] Oy

where —=—+U—+V—+W— (6)

is the material derivative. {p,u,C,.k, p,} represent the fluid properties of density,

viscosity, specific heat, thermal conductivity, and volumetric expansion coefficient,
respectively.

In a turbulent flow, the effect of the turbulent mixing far outweighs the
fluid molecular diffusivity. In consequence, the temperature raise by
viscous dissipation tends to be distributed uniformly across the film
thickness. Thus, temperature gradients across the film (y-dir) are
confined to (very thin) boundary layers attached to the bearing and
journal surfaces. The fluid velocity field presents the same
characteristics in regions without reversed flow or recirculation.

Bulk-flow primitive variables (velocities and temperature) represent average quantities
across the film thickness, i.e.,

1%~ 1 %~ 15~
U=—(Udy; W=—[Wdy; T=—[Td
H'([ Y H-([ g H! g ()

Integration of Egs. (1-5) across the film thickness renders the bulk-flow equations (fully
developed condition):

8(pH)+8(pHU)+8(pHW)

=0 8
Ot ox oz ®)

Continuity:
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6(pHU)+6(pHU2)+8(pHUW) oP

Circumferential momentum: =—H—+1_|¢ 9)
ot ox Oz ox v
o\ pHW o\ pHW?
Axial momentum: (pHY) +APEUW) (p ) -1 L ‘g (10)
ot ox 0z oz 7
Energy transport:
o |2pHT) 8(pHUT) o(pHWT)] 1 o(pHV?) . o(pHUY) . o(pHW V)
i ot ox 0z 2 ot ox 0z
oP oP P B
=Q,+TBH—+(TS-1)H|U—+W— |+RQ 11
041+ (rh-)H(UE W R, | (1
Where V, =VU*+W* is the bulk-flow speed, and Qg =h, (T -T,)+h,(T-T,) (12)

is the heat flowing from the film to the bounding (bearing and journal) surfaces at
temperatures T and 7, Above, /1, and 4, denote heat transfer convection coefficients to
the bearing and journal surfaces. The fluid properties (density, viscosity and specific

heat) depend on the fluid thermo physical state, i.e., functions of the fluid pressure and
temperature.

p=p(P.T), u=u(P,T), C,=C,(P.T),..etc. (13)

From the bulk-flow theory for turbulence in thin film flows, the wall shear stress
differences are (Hirs, 1973, Launder and Leschziner, 1978):

- Lku-122) -, D
H 2 !

2 ox 4H

Txy

I:UkB - (U_RQ)kJ} (14)

3

¢ == (k)

where the turbulent flow shear parameters (4, )and (k,,k,) are local functions of the
Reynolds numbers and friction factors based on the Moody friction factor. See Notes 8.

Note that for the volumetric expansion coefficient, g, = —l(g—;j
P p

IB T = 0, forincompressibleliquids
t* 7| 1, forideal gases (15)

For example, BT for LH, is not in the range of 0 to 1.

Substitution of the bulk-flow momentum Egs. (9-10) into Eq. (11) and using the mass
conservation principle, Eq. (8), renders a more suitable form of the energy transport
equation :
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+ +
Ot ox 0z

Cp{a(pHT) o(pHUT) a(pHWT)}_QS:

TﬂtH(Z—f+Ua—P+W6—PJ+RQ 7,

" Ut |"-wr
ox 0z o 24

0 (16a)

And after substitution of the wall shear stress differences:

{a(pHT) 8(pHUT) 8(,0HWT)}_Q

C

, + +

Ot ox 0z

T,B,H(a—P+U6—P+Wa—Pj+ QROP K kx(U2+W2+%Uj+kJQR(%—Uj (16b)
ot ox 0z 2 0x H 2 4

This equation shows the energy transport and balance in the fluid film as:
CONVECTION + DIFFUSION=COMPRESSION WORK + DISSIPATION

(Energy Disposed) = (Energy Generated)

In annular seals and hydrostatic bearings, the variation of temperature along the axial
direction and the energy needed for compression work are retained since the pressure
drops across a seal or bearing can be quite large. These conditions differentiate this
development from conventional THD analyses of incompressible fluid film journal
bearings, for example (see Notes 7)

Dimensionless Bulk-Flow Equations
Define dimensionless coordinates

_ X _ z H
X=—; z=—; h=—; 7=01
R R Cs
and flow variables
U w P =T
U. v PR T (an
and properties ;=£; ;=ﬁ; C_,,:&; Z’zzﬂtT*
,0* ,Ll* Cp*
2
¢ P
. U, =
with LR (18)

as a characteristic flow speed due to pressure. The subscript * denotes characteristic
values. In dimensionless form, the flow equations in the film lands become:
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o — . 8 — o(ph
Continuity a—_(phu)+?(phw)+0' (81) 0;
X z

(19)

Circumferential Momentum

p u A o (— [0
_h—_——(kxu—kJEJ+ResE(phu)+Rep{a

=== (Ehuz)+88 (;huw)} (20)

X z

Axial-Momentum

op U 0 (— | 0 (— 0 (— 2}
—h—==—(k.w)+Re,—(phw)+Re | =|phuw|+—|phw 21
57 = 5 e W) rRe o (phv) P[ax<p Jralen) @1
Energy Transport
= O (— =\ = n+| 0 (— =\ 0 (=, =
CpReSE(phT)+CpRep[g(phuT)+g(pth)}: (22)
Re’ O +E, Eth(aa—p+ua—€+wa—lzjf+héa—€+ﬁ kx[vf+luA]+kJ[lA2—uAj
b or  Ox 0z 20x h 2 4
The dimensionless flow parameters are
R :
U. U. .C,. ~
2
Re. = =oRe ; Re = ; Re =Re | — 23
N m r P m P p(Rj ( )

The frequency (o) and speed (A) numbers denote the importance of squeeze film and

shear flow effects relative to the pressure induced flow, respectively. The reference
Reynold numbers (Rep) denotes the ratio of fluid advection forces to viscous flow

induced forces due to pressure. Recall that in hydrostatic bearings and annular seals, the
large pressure differentials can generate flow turbulence even without journal rotation.
The Eckert number (E,)denotes the ratio of kinetic energy to heat convection in the fluid

film. The ratios (Rep /E) or (Re,/E,) represent the effect of heat convection relative to

shear dissipation.
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APPENDIX. Heat Transfer Convection Coefficients to Bearing
and Journal

In the bulk-flow model, the heat transfer from the fluid film to the bounding surfaces is:
Qs =hy (T-T,)+h,(T-T,) (A.1)

where, 4, and 4, are the heat transfer convection coefficients to the bearing and journal

surfaces, respectively. The Reynolds-Colburn analogy between fluid friction and heat
transfer determines the heat convection coefficients (Holman, 1986).

The average heat transfer over the entire laminar/turbulent boundary is:

5,010 =L (A2)
where:
S = él; 7 (Stanton number) (A.3)
o, = ’]’( ad (Prandtl number) (A4)
f=a, {1+(cm§+%] ] (A.5)

is the Fanning friction factor based on Moody friction diagram. From the relationships
above, the heat transfer convection coefficient is:

1pC V. f
ht :5 @1}’2‘/3 (A6)
and by analogy,
c cv
hB:lp P BfB_ h :lp p2/3JfJ (A‘7)

2 802/3 ? J 2 80
Where (Vp, V)) and (f3, f)) are the fluid velocities and friction factors relative to the
bearing and journal surfaces, respectively.

The archival literature presents many other formulas — empirically based - for turbulent
flow heat transfer coefficients (Holman, 1986). These formulas depend on the heat
transfer process, for example a constant wall temperature or a constant heat flux
magnitude and for a fully developed condition or one of evolving thermal flow
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conditions. Eq. (A.6) is used because of its simplicity and ability to include surface
texturing effects (through the friction factor).

Numerical Analysis of Unsteady Turbulent Bulk-Flow in
Fluid Film Bearings

Consider the unsteady flow fully developed turbulent bulk-flow in the thin film lands of a
fluid film bearing or an annular seal. The governing equations are:

Continuity: ai(pHUi)+%(pH):0 i=169.2) (1)
X,
oP ﬂ(k’u"_k"gi] 0 0
Momentum: -H—= +—(pHU,)+—(pHUU, 2
ox H o (PHU)* 5 (P HUY,) @
j=109,=2 ()
0 6 oP 0P H 0P
Energy: C|—(pHT)+—(pHU.T)|+Q, =B HT|—+U,— |+ QR——
’[at(p )+ 5 (PHU. )} s =/ [ar lﬁxi] 2 or
2p2
ol kx(Uf+Uy2+QRUXj+kJ QLR -U QR (3)
H 2 4

where i, j = x, y are the circumferential and axial coordinatesl; A, =QR and A ,=0 denote
journal surface speeds in the x- and y-directions. &,k .k, are the turbulent flow shear

parameters. The fluid properties; namely density, viscosity, specific heat, and thermal
expansion coefficient, are thermodynamic variables, i.e.

p=p(P.T);u=u(P,T)  C,=C,(P.T); 5, = f(P.T)

In Eq. (3), Oy =h,(T-T,)+h,(T—-T,) is the heat flow conducted into the bearing and
journal surfaces. The film thickness H in an aligned journal is

H=c, , +e,cosf+e,sind 4)

where c(x,y) is the bearing or seal radial clearance function, and (eXm,er ) are time

dependent journal center displacements along the inertial coordinates (X, Y). See Figure 2
for a schematic view of the coordinate systems, eccentric journal (rotor) and a bearing

(pad).

' Note the change in notation with coordinate y replacing z for the axial direction. Velocity ¥ is in the axial direction. The
discrepancy in notation will be fixed in the near future.
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/’ Note: angle @origin
9=X/R e S tarts.from -X axis

Film thickness:

Byl

=, tey cosf+e,sind |-

Pad with
preload

Figure 2. Depiction of bearing pad, eccentric journal, and coordinate
system

Dimensionless equations of motion

Continuity: i(,;hux)+a—i(;huy)ﬂf%(;}z)zo (5)

Ox

Circumferential momentum:

ku —k, = |u
8p _( o ’ 2) a - * a - 2 a -
_ha_ h +Re85(phux)+Rep a(phux)+5(phuxuy) (6.2)
Axial momentum:
ap_(kyUy)'u 0 (— | 0 (— 0 (= 2
—hg_T+ReS5(phuy)+Rep 5(phuxuy)+5(phuy) (6.b)
where: x=x/R; y=y/R; t=71/w; h=H/c,

2

w =UJV. u=UJV. A=QRJV. ;V*=CP;‘;0'=a)R/V*

*

p=(P-P)/P,; p=p/p.; p=plu

Re, =Re B B ¢’ 1s a typical advection flow Reynolds number,

p ILl*R
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,0*
/,l*
whirl frequency (typically equal to the shaft rotational speed).

Re; =—wc’ =Re, o s a typical squeeze film Reynolds number and @ is a characteristic

The flow domain is divided into a number of staggered control volumes (CVs), as
shown in Figure 3. Each control volume encloses a particular flow variable
(circumferential and axial velocities, pressure and temperature) as a nodal quantity
denoted by its P value. The boundaries of the CV are surfaces through which flow comes
in or out. The control volumes are surrounded by nodal variables denoted as East, West,
North and South. The notation defines with lower-case the fluxes (mass, energy or
momentum) through the surfaces of the CV’s, i.e. east, west, north and south.

Figure 3. Depiction of staggered control volumes for integration of flow
equations
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Integration of Axial Momentum Transport

v N )
i a Equation
,_Lnﬂi Fo | dyV
""""" ® . :
. PE ; Integrate the axial momentum transport equation (6.b)
- I v I over the axial velocity V-control volume.
VW 2 Fe VE
__________ | .PS
: ' Fs : 7
Vs axV

Consider the following approximations for the various terms in Eq. (7),

en a e "
”—hédxdy = [-K, [5p] dx=h} (py—p,)ox" (8.a)

1.e., assume the pressure is uniform over the south and north faces of the control volume,
with an average uniform film thickness evaluated at the center of the V-control volume.

en

— —\V
k k
Ij%dxdys[ yhﬂ] V,ox"6y" (8.b)

»
i.e., assume an average film thickness, viscosity and turbulent shear coefficient &, for the

whole control volume.
For the momentum flux terms, assume uniform circumferential flows (;hux o yV)

across the east and west faces,

j.jl%(;huxuy )dxa’y = ].(;huxuy )idy = (;huxuy )i oy (8.¢)
ws N

And, a uniform axial flow across the South and north faces of the V-control volume.
JI%(;huyuy )dxdy = I(; huu, )dez (;h i, )Z ox” (8.d)

For the temporal (unsteady) term,

j.:f%(/_ohuy)dxdy :a—ij.j.(;huy)dxdy (8.e)

Since the control volume size is fixed in space. Thus, Eq. (7) over the V-control volume
becomes:
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—\7
h, (pS —pP)é'xV - [kyhﬂl v,ox"sy" +ReS%JJ(/_)huy)dxdy+ Re; [(;huxuy); oy” +(;huyuy): 5xV}
9)

Before proceeding further, integration of the continuity equation (1) over the V-control
volume gives

J— e v - n . a en _ B
(phux)wéy +<phuy)s ox +05{£<ph)dxdy—0 (10)
The flow rates across the faces (e,n,s,w) of the control volume are denoted by
Fe’”:(;hux)eé'yl/; va:(;hux)wé‘y'/ (11)
F/ = (;huy )n ox"; F] = (;h u, )S ox”
With these definitions, Eq. (10) becomes

F' —F' +E1V—F;V+aaiji(/_)h)dxdy:0 (12)
z-WS

which establishes a balance of flows (in and out) through the V-CV faces and equaling the
rate of fluid mass accumulation within the CV'.

The momentum flux terms in Eq. (9) are treated using the upwind scheme of Launder
and Leschziner (1978). This scheme establishes a selection of velocity based on whether
the flow is into or out of the face of a control volume. For example:

- ey . |Fv it E'>0
(phu,u,) 6y =F u; = .
F'v, if F'<0

where F = p(hu,) 5y" (a)

That is, if flow leaves the e-face, F.>0, it carries the upstream velocity, V». On the other
hand, if flow comes into the e-face, it carries the downstream velocity, V. This procedure
is known as UPWINDING.

Define the following operator,
[a,0] = max(a,0) (b)
Then, statement (a) can be conveniently written as

Flu;=|F/, 0|V, -|-F.0] V.

Hence, the momentum fluxes are written as:
(phuu,) 5y =F w =[F],0]¥, -[-F!.0],
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(phuu,) oy" =Flus=[F, o)y, ~[-F! 0]V,
(phu,u,) 6x" =F u; =|F 0]y =[|-F/.0], (13)
(phu,u,) ox" =Fu =[F/ 0V, ~[-F/ 0],
The differences in momentum fluxes in Eq. (9) become:
(,;hux u, ): 5y + (;huy u, )j 6x" =F u; —F)u) + F)u) - Fu,
=V, ([£.0]+[-FL.0]+[ £ .0]+[-F.0]) (14)
-|-F.0] v —|F..o|w, -|-F .oy~ £ 0]y
Let,
ay =Re,|-F/.0]: a, =Re,[F).0]  a;=Re,[-F.0]: af =Re,[F 0] (15)
Using the identities:

[[a, 0]] = %[a + |a|:| ; [[—a, 0]] = %[—a + |a|:|

The following relationship for the RHS of Eq. (14) is obtained:

F/ +|-F . 0|-F/ +|F..0]+F +|-F .0|+F +|-F .0]|=(F.-F,+F,-F)

1 (16.a)
+ Re [ag +ay, +ay +au
And using the discrete form of the continuity equation, Eq. (12),
F/ +|-F!0|-F, +|F,.0]+F +|-F.0]+F/ +|-F.0] =
(16.b)

—a%ﬁ.(;h)dxdy +

1 y
Re’ Zb:a"b

p N

where nb refers to the neighbor nodes (e, w, n, s) on each of the surfaces bounding the
control volume. Substitution of Eq. (16.b) into the axial momentum equation (14) gives:

—\
k _
h. (ps—py)ox" :(yT“] 5x'8y" +ReS%”(phuy)dxdy
P

+Re, [VP ([7 o] +[-F, 0]+ £/ 0]+ [[—FSV,O]M (17)
SR A T R T ey 1

And substituting Eq. (16.b),
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—\r
hz (ps _pp)é‘xy +Za:anb = ky,u +Za:b V., +Re, ijj(;hu ) dxdy
nb h P nb or 7 (18)

a P
—VPReSEH(ph)dxdy
Hence, the difference form of the axial momentum transport equation is:

—\V
k _
hﬁ(ps—pp)&uza,fb%{( yhﬂ] +Zafb]Vp+Res[(ph)i5xV5yV}a%VP (19)
nb P nb

A suitable approximation for the unsteady term (time derivative) is needed. An implicit
first-order scheme is used, i.e.,

aVP zVP_V; (*)
or AT

where V,is the axial velocity at time ¢+ A¢, and V, is the axial velocity at time ¢,

respectively. For the scheme to be implicit, all field variables (velocity and pressure) in
Eq. (19) must be evaluated also at time ¢+ Az.

Finally, the discrete form of the axial momentum transport equation is

Re,(ph) x5y
h£ (ps _pp)éxV +Za:anb+ AP Ve =a£VP (20)
nb T
ko) 5x' 85y
v _| 4 Ve v v —,\ ox oy
where ap—{ . Jpé'x Sy +%anb+Res(ph)P—AT

Integration of Circumferential Momentum
Transport Equation

Integration of the circumferential momentum transport
Eq. (6.a2) over the U-velocity control volume, and using
the continuity equation to simplify some terms (same as
for the V transport equation) leads to the following
algebraic equation:

Circumferential velocity
control volume
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— U
R - u *
hg(pp—pE)é‘yU+ZaZUnb+[k"hﬂ%} 5xU5yU+A—eS(ph) U,5x"6y" =a, U, (21)
nb P T P
where U, =U at time ¢, and

—\VY _ Us. U
ag:Zafb+[k’}lﬂj §xU5yU+ReS<ph)Z%
nb

P
aj =Re,[-F.0]: ay =Re,[F/.0]; ay =Re, [-F.0]; af =Re,[F".0]
F’ z(;hux)e sy, F! :(;hux)w syY , F'= (;huy)n oxU; F! :(;huy)s oxY
Hence, the difference equations for fluid momentum transport are

Circumferential momentum in U-CV

hy (pp—pp)0y" + 0, U, +S;, +S/U, =a, U, 22)
nb

Axial-momentum in V-CV:
v 4 Vv Vv Vor* v
hyp (pS —pp)5x +Zanb Vi +S8Sp +S. Vo =a,V,
nb

(23)
where:
=7
k, u — v ox'6y”
g ox'oy" +> d +S"; S =Re h
aP h . X y % nb T T s(p )P AT
a, = k";_U 5xU§yU+ZaU +8Y:. SY=Re (/_Jh)u ox"Sy"
P I h 1, ~ nb r 0 T s P AT
kuA]
Sy = SED sxUsyY S, =0
h 2 .
In general:

F’ =(;hux): 5y ; F =(;hux); 5y

Ja =(;hux)r ox" ; F =(;hux): ox’

n

where r=UorV
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Py Derivation of the pressure correction equation

P O 5 Integration of mass conservation Eq. (5) over the
________ ,_m &~ pressure control volume (P-CV) leads to:
Py P Fr—F" +Ff—FSP+ai”(;h)dxdy:0 (24)
. => .P . 8’[ ws
Fuw P Feo
— where the flow rates across the faces of the CV are:

L =) 05" =(o0) U, 6

1 OxP
"""" 5 P () 07 =(34) Uy 05"
Pressure _ ; _ ; (25)
control volume E’ Z(Ph“x)n Sx” Z(Ph)n U, ox";

Fr=(phu,) 65" =(ph) U, 6x"

The term containing the unsteady variation of fluid density and film thickness is
approximated as:

%j J (o) - {%(Eh)p}&fﬁyp = [Ei aahf +hy %} Sx"5y"

which implies that the P-CV is fixed in space, with film thickness / and density p taken
as uniform within the control volume.

The algebraic form of the continuity equation establishes the flow balance on a finite size
control volume as:

FP—F'+F" —F’ +6x°8y" | pr e yp OPr | _g (26)
or or
Since h=c(x,y)+ &y, cosO+s,, sind, then:

oh, Oe og, . . .
a—;’za—; cos(6,)+ 8; sin (6, ) =&, cos B, + &, sinb,

Note that simultaneous solution of the rotor-bearing equations of motion determines the

journal (shaft) center coordinates (&, é&y ) a and its time derivatives (&y,éy).

—P —P —P*
opp _Pr—Pp
or At

Incidentally, where ;Z* = p(t) and 7)?, = p(t+A7)

The algebraic form of the continuity equation in the P-CV is thus
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Fl~F[+F[ ~F +05x’6y" | pphy+ by PEPE =0 27)

The pressure correction method (Launder and Leschziner, 1978]
Let the flow variables be expressed as:

U:5+u';V=V+v';p:;+p' (28)

where the current velocities (U, V) satisfy the momentum equations but not the mass

continuity equation. Above u’, v’, and p’ are correction fields. Substituting Eq. (28) into
the momentum equations (22) and (23) leads to:

W (pr=ps )0y + 2 aUn+Sy +S°U,
nb

oy (o= p' )0y + Y ay T, =a Up +aju, =)
nb
Then hy (p'P—p'E)5yU+ZaZbu'nb =ayu', (30.2)
and identically, from the axial t;;nsport equation:
hy (p's—p'P)5xV +za:bv'nb =a,v', (30.b)
nb

Introducing the SIMPLEC procedure (Van Doormal & Raithby, 1984]

u, » u, . 20 V.
Zanbu nb ~Zanbu P> Zanbv nb NZanva (31)

Equations (30) become:

dU p| _pv
u'p = };S—PZQUE); nghg§yU
P nb
dV pv _p|
v'p=M; dy =hyox" (32)
aP_zanb
av = kx; U5xU5yU+ZaU +SY . SY_Re (;h)UM
P h ) nb T T s P AT
where
vo_ ky; V§ Vs y 9" §' =R —hV§xV5yV
ap = h . X oy +zanb+ [ r = es(p )P AT
U Vv
Let Dy = dp ; Dy = 4

- U U -y v
aP _Zanh aP _zanb
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Substitution of the correction fields, Eq. (28), into the continuity Eq. (27) gives:

—Pp — p*

(fe +F'E)P —(FW +F'W)P +(f,, +F',1)P —(FS +F'S)P +oox"Sy? {;Phl, +hP%] ~0 (33)
where : o (34)

and  F',=(ph) u',6y" =(ph) DE(p's=p',)8y" =l (p'y=p's): ol =(ph) 6y"DY
F' :<;h)Pv'P§xP :< h)jDZ (p's—p'P)éxP:ag(p'S—p'P); al :<;h)P sx"D;,  (35)

N

F'.=ay(py-p"); F.=ay(p'=p'y)

Let ST AT T 40855y {;thp 7’A_7’} (36)
Then, Eq. (33) becomes
F' —F' +F' —F' =S, (37.a)
or  af(p-p)-ab(py-p')ral(p-p's)-al(p's-p')=-5r (37.b)
a,fp = Zba:bp'nb_ Ej’ (37.c)
"
where aﬁz(aE+aW+aN+aS)P:Za:; (38)
"

Note that if p', = p', =0 then S, = 0 and mass continuity is satisfied. Thus, the momentum

equations are also satisfied and the (current) flow field is considered as the solution to the
fluid transport equations.

Once the correction pressure field p',is obtained, correction to the circumferential # and

axial v fields are performed using Egs. (27). In the numerical procedure, the pressure is
typically under-relaxed as

pnew :pold +apy
Unew — Uold +uy (39)
Vnew — Vold +V'

with a as a relaxation parameter, whose value is typically less than one.
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Discretization of Energy Transport Equation
The dimensionless equation for turbulent bulk-flow energy transport is (Yang, 1992):

C,Re, 5(—hf)+5PRe*{a(phu e (o 7))+ 50

E ot E  |ox
c c 2 (40)
_ 6p+u 5_p+ ﬂhT+ hAa_p ﬁ kx(uf+u2+luxAj+kJ A——MXA
or  ox oy 2 0x h Y2 4
where
Ty
@ x=x/R; y=y/R; t=t/o; h=HJc;
. I u=U,/U; u,=U[U; A=QR/U; oc=wR/U;
g T:T/T*,p P P /ma ﬂz:ﬂtﬂ
Ty
®— oT
i F P
' w E and
/—1?1 E =U’ / (T C;) is the Eckerd number
E : %P
o .TS Re, =Re, ¢/R=(p./u.)(U./R)c’ is a (modified) Reynolds number
— 2 1
Femperature Ees __( D. _/ ,u*Za)c is the squeeze film Reynolds number
control volume Q, =hs (T TB)+hJ (T TJ) is the heat flow to bearing and journal surfaces

Define the following source terms:
_ 2
S, = O'a—p+uxa—p+u P Bh; S, hA@p ,u kx(u§+u2+luxAj+k A——uA (41)
ot ox oy 2 0x h Y2 4

Integration of Eq. (40) over the temperature control volume (7-CV) leads to

C,Re. o — = c
pEceé IJ,VE(MT)CMW

(42)

O

c N c

Implementation of the upwind scheme for the thermal flux transport terms gives
(phuT) Ay=F.T.=[F.0] Tr~[-F..0] Ts

(phuT) Ay=F,T. =[F,.0]Tw -[-F,,0]T» (43)

(phu,T) Ax=[F,,0]T+»~[~F,.0]Tx
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(phu,T) Ax=[F,,0]Ts -[-F,.0]T»

where F, = (;h“xAJ’)e§ F, = (;h“xAJ’)WQ F, = (_phuyAx)n; F = (;huyAx)S are the momentum

fluxes through the control-volume faces. Using Eq. (43), the LHS of Eq. (42) is rewritten
as

LHS,, ., = C,,Re J.J. (phT)dxdy+(Za ) P—Zanljnb
e O ) (44)

Cp Re Re
L[F,~F,+F,—F]Tr+ "QSAxAy
C,Re _GR C,R _GR
where a, = © [-F..0]; a Re, 2[F,,0]; a, =— °, L[-F,,0]; a,=—" °, L[ F.,0](45)
The discrete form of the continuity equation in the 7-CV gives
[F,-F,+F,-F]=-o j (ph)dxdy (46)

ch

Substitution of Eq. (46) into (44) gives:

LHS,, ,, :CPTIC‘%ITICV%(Zh?)dxdw(Zan )Tr = a, T LR Q AxAy
(47)

+%T Re, _[ I (a_h)dxdy Re' G.[ I (,Oh)dXdy

T

c T—cv ch

Since Re, =Re), o, the last two terms on the RHS of the previous expression add to zero;

1.e., they satisfy the continuity equation. Then:

LHS

C,R — oT
Eq42 — PE 5 _[ I phgdxaly—’_(zan ) Zanb nb P Q AXAy (48)
c T—cv

L

The integral form of the energy transport Eq. (42) becomes

C,,Re

ijh—dxdy+(zanh) ->a,T,+ EPQAXAy (49)

:(SleAy)Tp +S5, Ax Ay
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Let Z—T :¥ and Q =T»r (ZB +ZJ)—(ZB?B +ijj) - with T, as the film temperature
T T

in the previous time step. Then, the discrete form of Eq. (49) becomes:

Zan,,+c” Re, pohy Cr (ZB+E)AxAy—(SleAy)}?P

At .
. (50)
Re
_Za T +S,Ax Ay + —— CPR pPhP AxAyT +—(hBTB +hJTJ)AXAy
. AT E,
The algebraic form of the energy transport equation is finally written as:
a;Tp=agTE+aVTVTw+af,TN+a§Ts+ScT (51)

* *

af =S Reel_pr o]y ap =SeRe g7 0]

w

E E
where: _ ¢ _ ¢ (52.a)

al, =C”TR*[[ -F[.0]: a =C’”TM"[[—FST,0]]

c c

a, =a, +a, +a, +al +S;, + I[S,fz,O]]+S,§3 (52.b)
ST =S, + 8L, + S, + 8L, +[-55,.0[ T (52.c)
ST = Re, 2 (hs+hy ) Axdy

— | alp—p;
Spy =Bl !%MAWUP(A -p.) & +7,(p, ps)Ax] (52.d)

C Re, p h
ST =—L s PP AxA
P3 E. AT Y

- 2
St = £ k. uj+u§+luxA +k, A——uA Ax Ay

h ) 4

P

A

SC7:2 =?hP(pe_pw)Ay
: (52.e)

S& Cr (%Bfg +ZJ?])AX Ay

C Re, p h
ST, =222 Pelle \ypy T
ca E AT ) L p

c
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Note the terms involving Az correspond to unsteady flow conditions. As for the source
term - (S,AxAy)Tr:

1) (-SAxAy) goes into a,, if (—S,AxAy)>0; or
2) (S,AxAy)T, into the source term of the RHS if (—S,AxAy) <0.

Assembling and solving the flow equations
The generic algebraic form of the flow equations is

ag)q)P _ag)q)E _alj?CDW dg CD a$®N :Sg) (53)

where (D is the flow variable and Ich is a source-like term. In Eq. (53) the nodal value
(P) of the flow variable in the control volume is a function of its four neighbors (E, W,
N, S) and the source term. Eq. (53) applied to all the CVs in the grid leads to a system of
(penta) algebraic equations easily solved using efficient schemes for banded linear
equations.

In particular, when the flow direction is well known as in annular seals (axial flow

dominance), a]q\; = 0 and the flow equations reduce to the tri-diagonal form
ay®,—a;®, —a,®, =S, +a;d, (54)

where @y | the upstream value, is known from solution of the prior equation. Eq. (54) is
readily solved using very-fast schemes such as the TDMA solver.

For unsteady journal (shaft) motions leading to unsteady flow conditions, at the current
time (¢), the algebraic flow equations are

ay®,—a;®, —a,®, —a;®; —ay®, =S, +B) O 51 (55)

where ®= {U, W, P, T},and q)g_m) is the value of the variable one time step before. That

is, at each time step, the previous flow field must be known fully; in particular the one at
the initial time when the solution procedure starts.

Once the solution of the set flow equations is obtained at time ¢, integration of the
pressure field P over the journal (rotor) surface gives the components of the bearing or
seal reaction force (Fy, Fy)
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F L27Z'R 0
XU 1 P %Y R0 dz 56
F; sin @ (56)
YJo o o

These reaction forces are also known as (nonlinear) impedances since they depend on the
journal center position and its velocity components, i.e.

Fo=f,(X,7v,.X, Y} F,=f,(X,7,X,7) 57)

A rotordynamics model predicting the transient response of a rotor-bearing system needs
to integrate the (nonlinear) bearing reaction forces at each time step. The typical
equations of motion are of the form

Mi+(C+QGR)u+Ku=Fy (u,u,7)+Fg(u,0,Q) (58)

where Q is the rotor speed, and M, K, C and Ggr denote the system mass, stiffness,
damping and gyroscopic matrices. The vector U represents rotor displacements

(translations and rotations), Feyt (U, u, t) contains the external forces such as weight and

those due to mass imbalance, and Fg (U,U,Q) corresponds to the bearing forces, for
example those from Eqn. (57).

Note that the solution of the rotor-bearing system equations of motion, Eqn. (58), is
linked to the solution of the bulk-flow equations for each bearing (or seal), Egs. (55).

POSTCRIPT 2006, 2009

The CFD method detailed above was quite popular in the 1980s and throughout the mid
1990s. The author published many papers related to the numerical solution of the flow
field in bearings and seals dominated by flow turbulence and with fluid inertia effects.

Nowadays, however, CFD methods use efficiently non-staggered and non-structured
grids and implement very fine meshes (large number of nodal points) without incurring
into excessive computational costs. The CFD field has rapidly evolved thanks to the ever

increasing speeds (and low cost) of personal computers. The governing equations
remain unchanged, however.
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