POROUS ELASTICITY

Lectures On The Elasticity Of Porous Materials
As
An Application Of The Theory Of Mixtures

Ray M. Bowen

Professor Emeritus of Mechanical Engineering
President Emeritus

Texas A&M University

Copyright Ray M. Bowen

February, 2014






Preface

This work was originally planned as a textbook exploiting the structure of the Theory of
Mixtures as the basis for the study of porous elasticity. The decision to write this book was made
approximately thirty years ago! At that time, | was a faculty member in Mechanical Engineering at
Rice University. It is an understatement to observe that it has taken awhile to complete, even
partially, this project. | encountered a lot of diversions along the way. Not the least of which was
an eight year period where | served as President of Texas A&M University. Prior to that time, |
was a Dean of Engineering at Kentucky, an administrator at the National Science Foundation and a
Provost and Interim President at Oklahoma State University. During my time as an administrator, |
never lost my ambition to prepare this textbook. On occasion, during periods of relative calm or, at
the other extreme, during periods of great stress, | would find comfort in returning to my
manuscript. It would take someone not trained in Engineering to understand why | would find
comfort thinking about this book when caught up in the tangles of university administration.

When | completed my term as President of Texas A&M University, | decided that | should
spend the final years of my career back in the classroom teaching Mechanical Engineering and
Mathematics. | have experienced the good fortune of two great and generous departments at Texas
A&M willing to allow me to teach a variety of subjects in my areas of interests. It has been a
joyous experience.

In addition to my teaching, | have revised my books on Vectors and Tensors, written with
C.-C. Wang, and my Continuum Mechanics textbook. These books, of course, are out of print.
This fact enabled me to arrange for their copyrights to be returned to the authors and to republish
them informally by posting them on the web." The reception to these free textbooks has
encouraged me to complete, in some fashion, my textbook on porous elasticity. With this
encouragement, | returned to a manuscript that has its roots in courses | taught at Rice University in
the late 1970’s.

One has to wonder if a book written over a thirty year period can make a contribution to
knowledge in a subject studied by a large number of talented and knowledgeable investigators in
the intervening years. | am not confident that | have made a contribution. The decision on that
subject will need to be made by others.

Given the fact that it has not been used in the classroom and the fact that it has been typed
by a less than competent proofreader (me!), it will come as a shock to no one that the manuscript is
not free of a variety of errors. | can only hope they are minor. The readers of the posted versions
of the textbooks mentioned above have assisted by emailing me about errors of all types in those
works. This information has allowed me to make corrections and post updated versions several
times over the last few years. For as long as body and mind will allow, | will follow the same
practice with this work on porous elasticity.

! These books can be found at http://rbowen.tamu.edu/.
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As a part of my teaching, | have had the opportunity to utilize computational tools that were
not available when this book was conceived. In addition to the availability of a modern word
processor with the capability to type mathematical equations that was unimaginable in 1980, | have
had the pleasure of learning how to use MATLAB and, to a lesser extent, MAPLE. My ability with
these packages is still evolving, but they were utilized during the preparation of this book. In that
regard, | wish to express my appreciation to Dr. Wagar Malik for his patience and assistance during
the years we have been colleagues in Mechanical Engineering at Texas A&M University. This
book has benefitted in many ways from his service as my teacher as | tried to exploit these essential
computer tools in my teaching and my writing.

This textbook was initially posted in late 2008. The update posted in February, 2014
mainly simply corrects typos. There is not new material added. However, in the first posting of
this book, I did not include an index. This deficiency has been corrected with the February, 2014
posted. The quality of the index could be better, and I do remind the reader that the book is posted
in .pdf format and that format allows for efficient electronic searches.

Ray M. Bowen
rbowen@tamu.edu
College Station, Texas

February, 2014
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Some Classical Porous Media Models

The objective of this introductory chapter is to set the stage for the porous media models to be
developed and utilized in the later chapters. The basic approach in this chapter is to simply list the
essential features of five rather well known porous media models. In this way, the reader can relate
later developments to specific cases. In rough terms a porous material is a solid material
containing one or more fluid constituents. The nature of the solid material defines various types of
porous materials, as does the nature of the fluid constituents. For example, many classical porous
media models assume that the solid is a rigid material. A rigid solid containing one incompressible
fluid is one of the simplest types of porous material models one can formulate. In more interesting
cases the solid is allowed to be an elastic material. If it is taken to be a linear elastic material, then
one has one of the key assumptions built into porous elasticity. Within a given class of porous
material models defined by an assumption about the solid behavior, one can construct other models
by various assumptions about the fluids within the solid. The fluid can be incompressible or
compressible. There can be multiple phases of incompressible or compressible fluids. Throughout
this work we shall see various examples of all of these cases.

This Chapter contains a discussion of five porous media models. They are essentially
classical in nature, each being well known and most having a large body of literature associated
with them. These five models will be classified as follows:

1. Arigid solid containing one incompressible fluid.

2. A rigid solid containing one compressible fluid.

3. Arigid solid containing N incompressible fluids.

4. A linear elastic incompressible solid containing one incompressible fluid.
5. A linear elastic solid containing one compressible fluid.

1.1 Preliminary Definitions

First, we must introduce the concepts of volume fraction, true density and bulk density.
These concepts arise for a special porous material consisting of one solid and one fluid. From the
simple minded idea that within the solid material one can identify various volumes occupied by the
solid and by the fluid, one can imagine the following geometric configuration within an elementary
volume of the porous material.
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In the figure, V; denotes the volume occupied by the fluid constituent and Vs denotes the
corresponding quantity for the solid. One might call these quantities the true volumes. The
quantity V defined by

V=V, +V, (1.1.1)

is the total or bulk volume. Given this simple geometric arrangement, the quantity ¢, defined by

0 = = (1.12)

is the volume fraction of the fluid, and ¢, defined by

V, Vv
- - 1.1.3
2 v (1.1.3)

S

is the volume fraction of the solid. It is trivially true from (1.1.2) and (1.1.3) that

o, +o, =1 (1.1.4)
The porosity of a porous material is the fraction of the elementary volume occupied by the fluid. It
is given the symbol f and is defined by

f=p =1-p, (LL5)

If the solid is rigid, then the porosity f is a prescribed function of position. If m, denotes the mass
of the fluid constituent in the elementary volume, then y denotes the true density of the fluid
defined by

7=t (1.1.6)

<

Likewise, the true density of the solid is given by

m
. 1.1.7
5=y (1.1.7)

S

The bulk density of the fluid is defined by
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=79 (1.1.8)

where (1.1.2) and (1.1.6) have been used. Likewise, the bulk density of the solid is defined by

S S

m \Y/
— s s s 1.1.9
kv v =P (1.1.9)

The velocity of the fluid is denoted by v, , and the velocity of the solid is denoted by v,. The
product p,v, represents the mass flux passing a unit area. Its physical dimensions are mass per

. : . v .
unit of time per unit of area. Therefore v, = P % represents the bulk volume flux, i.e. the bulk
f

volume per unit of time per unit of area. Since, p;v; =y;¢,;V,, the product ¢,V is the true
volume per unit of time per unit of area. Likewise, the product ¢, (v, —V,) is the true volume per

unit of time passing an area moving with the solid. This product is called the true volume flux and
is given the symbol ¢, , i.e.

Cr =0 (vi—V,) (1.1.10)

The quantity ¢t has the physical dimensions of velocity and is called the filtration
velocity. Also, sometimes it is called the specific discharge.

The simple ideas given above easily generalize to the case of a porous solid containing
N -1 fluids. For each constituent, we introduce a volume fraction ¢,, where a=1 corresponds to

the solid and a=2,...,N corresponds to the fluids. As with equation (1.1.4),

i% =1 (1.1.11)

a=1

As before, the porosity of a porous material is the fraction of the elementary volume occupied by
all of the fluids. As a result,

N
f=> 0 =1-¢, (1.1.12)
a=2

Also as before, if the solid is rigid the porosity f is a prescribed function of position. The bulk
density p, of the a" constituent is related to its true density by the formula

Pa=PaVa (1.1.13)
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If v, denotes the velocity of the a" fluid, and v, = v, the velocity of the solid, then

C, =@, (V,— V) (1.1.14)

is the filtration velocity for the a™ fluid.
1.2 Rigid Isotropic Solid Containing One Incompressible Fluid

As the first example of a classical porous media model, consider one consisting of a rigid
porous solid containing one incompressible fluid. Since the fluid is incompressible, the true
density y, can be taken to be a constant. The mathematical statement of the model requires that
we give field equations and constitutive equations. Of course, a complete discussion of this model
and the others in this chapter would also require a discussion of suitable boundary and, in some

cases, initial data. Because of the special nature of this model, the only field equation is balance of
mass and it takes the simple form

dive, =0 (1.2.1)

The constitutive equation which completes the formulation of this model is known as Darcy's law.
The formal statement is the following:

C, = —Egrad P, (1.2.2)
U

where ¢ is the filtration velocity of fluid, Py is the pore pressure of the fluid, k is a positive number
known as the permeability of the solid and x is a positive number known as the viscosity of the
fluid. As will become clear later in this work, equation (1.2.2) is more than a pure constitutive
equation. It involves constitutive equations which define the fluid and the solid, the equation of
motion for the fluid and several other kinematic assumptions. In any case, equations (1.2.1) and
(1.2.2) combine to yield a single partial differential equation for the pore pressure P;. This equation
IS

div(hgrad P,)=0 (1.2.3)
U

ko : :
If the ratio — is a constant, the pore pressure is a solution of
U

div(grad P,) = AP, =0 (1.2.4)
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As the reader can observe, this model has the mathematical structure of the linear theory of heat
conduction in a rigid solid. Darcy's Law plays the same role in the theory of porous materials as
does Fourier's Law in the theory of rigid heat conduction.

1.3 Rigid Isotropic Solid Containing One Compressible Fluid

In this case, since the fluid is allowed to be compressible, the true density y: is not a
constant. The field equation important to this model is balance of mass which takes the form

5
f§+div(}/fcf)=0 (13.1)

The constitutive equations which complete this model are as follows:

C, :—Kgrad P, (1.3.2)
u
P =P (7) (1.3.3)
and
f=f(x) (1.3.4)

where x is the position in the porous solid. Equation (1.3.2) is again Darcy's law with k
representing the permeability of the solid and x the viscosity of the fluid. Equation (1.3.3) is the

pressure density relationship which comes from the thermodynamics of the compressible fluid in
the solid pores. Finally, equation (1.3.4) represents the porosity distribution in the rigid solid. This
distribution is a property of the solid. For simplicity, most models of rigid porous solids take the
porosity to be a constant.

If (1.3.1), (1.3.2), (1.3.3) and (1.3.4) are combined, the result is
0
FoLt = oliv{h v grad P, (7, )} (1.3.5)
ot Y7,

Equation (1.3.5) is a nonlinear partial differential equation for the true density y,. Solutions of

this partial differential equation have some features in common with solutions of the equations of
nonsteady heat conduction.

1.4 Rigid Isotropic Solid Containing N - 1 Incompressible Fluids

If the model summarized in Section 1.2 is generalized to allow for N-1 incompressible
fluids, we have a field equation representing balance of mass for each fluid of the form
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%+divca =0 (1.4.1)
ot
for a=2,3,...,N. Because the solid is taken to be rigid, equation (1.1.12) can be written
N
D4 =f() (1.4.2)
a=2

Because f(x) is a prescribed function for a rigid solid, equation (1.4.2) should be viewed as a
constraint on the unknown volume fractions, ¢,,¢;,...,¢,. The constitutive equations which
complete this model are as follows:

C, = —ﬁgrad P, (1.4.3)
Ha
fora=2,3,..., N, and
Pa_PZ :ga(¢3!¢4l"'!§0[\|) (144)

for a = 3,...,N. In equations (1.4.3) and (1.4.4), P, is the pore pressure for the a" fluid, ks is the
relative permeability for the a” fluid and 4, is the viscosity for the a" fluid. Equation (1.4.3) is

an extension of Darcy's law which sometimes is given the name Muskat's law. Equation (1.4.4) is a
capillary pressure-volume fraction which arises from a thermodynamic study of this model. The

difference Pa-P; is the capillary pressure between the a™ fluid and the 2nd fluid. As will be
illustrated later when this model is developed from the fundamentals of mixture theory, the choice

of the 2nd fluid as a reference is arbitrary. Given the properties f (x), % ,fora=2,3,.,N-1,

and g,, for a = 3, 4,..., N, equations (1.4.1) through (1.4.4) represent 3N - 3 equations which,
hopefully, contain solutions for the 3N - 3 unknowns @, @,,...,@,,C,,Cs,....,Cy and B, P;,..., Py

1.5 Linear Elastic Incompressible Isotropic Solid Containing An Incompressible Fluid

In this section, we see the first example where the solid is not rigid. It is allowed to be a
deformable solid. In particular, it is allowed to undergo infinitesimal deformations as in the
classical theory of linear elasticity. The assumption that the solid is incompressible means that the
true density % can be taken to be a constant in addition to our previous assumption that j is
constant. In this case one can show that the statement of balance of mass which replaces (1.2.1) is

dive, =—divw, (1.5.1)

where ws denotes the displacement of the solid and W, denotes the time derivative of the

displacement, i.e. the velocity of the solid. Because the solid is allowed to deform, one has an
equation of motion of the form
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pW, =—grad P, + (4 + x,)grad(divw,) + £, Aw, (1.5.2)

where Vv is the acceleration of the solid, Ps is the pore pressure of the fluid, and As and ps are

Lame' parameters for the solid. As we shall see later, equation (1.5.2) involves constitutive
assumptions which allow the equation of motion for the solid to be written in this special form. It
turns out for this model that Darcy's law in the usual form

C; = —hgrad P, (1.5.3)
U

is valid.
1.6 Linear Elastic Isotropic Solid Containing A Compressible Fluid

In this section, we list the defining equations for a linear elastic isotropic solid which is
compressible and also contains a single compressible fluid. As in the last section, the solid is

allowed to undergo infinitesimal deformations as in the classical theory of linear elasticity. The
equation which replaces (1.5.1) can be shown to be

of y,

+div(y,c,) =—div(fy,W,) (1.6.1)

where ws again denotes the displacement of the solid and W, denotes the time derivative of the
displacement, i.e. the velocity of the solid. Because we are dealing with a two constituent mixture,
the porosity f in (1.6.1) equals the volume fraction of the fluid ¢. This result follows from equation
(1.1.5). The equation of motion for the solid which replaces (1.5.2) turns out to be formally
identical to (1.5.2), i.e.

pW, =—grad P, + (4, + x,)grad(divw,) + £ Aw, (1.6.2)

As with equation (1.5.2), equation (1.6.2) involves constitutive assumptions which allow the
equation of motion for the solid to be written in this special form. Again, it turns out for this model
that Darcy's law in the usual form

C; = —Egrad P, (1.6.3)
U

remains valid. The additional constitutive equations which characterize this model are a pressure
density relation of the form

P =P () (1.6.4)

and a porosity-pore pressure-strain relation of the form
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f=f(P,E.) (1.6.5)

where
E, =1(gradw, +gradw,") (1.6.6)

is the infinitesimal strain tensor of the solid.
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Elements Of The Theory Of Mixtures

In order to fully understand the various assumptions build into the models of porous materials to be
discussed in this work, it is helpful to understand some of the elements of the theory of mixtures.

In this chapter, these elements will be summarized. The reader interested in an extensive
discussion of this subject should consult references 1 through 4.

2.1. Kinematics

In this section we formulate the kinematics and the field equations for a mixture in a form which
was popularized by Truesdell [Ref. 5].

Consider N continuous bodies #3,,74,,..., 23, , each of which is visualized by the region it
occupies in physical space. The deformation of each body is characterized by a deformation
function y, such that

x =%, (X,.1) (2.1.1)

where x is the spatial position at the time t of the particle of the a" constituent which occupies the
position X, in a reference configuration. The velocity and acceleration of X, at the time t are
defined, respectively, by

x, = HaXal) 2.1.2)
P

and

2
% = 0. (X, 1)

a pre (2.1.3)
The gradient of the deformation for X, is a linear transformation defined by
F, =GRADy,(X,,t) (2.1.4)

In (2.1.4), the notation GRAD denotes the gradient computed with respect to the position X,. The
linear transformation inverse to Fj is

F.' =grady. (x,t) (2.1.5)
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where y." is the function inverse to y,. In (2.1.5) and later, the symbol grad denotes the gradient
operation with respect to the spatial position x. The velocity gradient for 23, at (x,t) is defined by

L, =grad x,(x,t) (2.1.6)
An alternate expression for L, is
L, =FF' (2.1.7)
where i?a Is the time derivative of F,.

Each constituent is assigned a density or, in the language of Chapter 1, a bulk density. For
the a™ constituent the density is denoted by pa. It is regarded as a function of (x,t). The density of
the mixture at (x,t) is defined by

px =3 p,(x) (2.0.8)

The mass concentration of the a™ constituent at (x,t) is

¢, (x,t) = Pa (X’t)p(x,t) 2.1.9)
It follows from (2.1.8) and (2.1.9) that
y c,(x,t) =1 (2.1.10)

The mean velocity, or simply the velocity of the mixture at (x,t) is the mass-weighted
average of the constituent velocities defined by

N
x:ina X, (2.1.11)
P a1

If w is any function of (x ,t), the derivatives of y following the motions generated by X,
and x are, respectively,

v =%+(Qrad w(x.1) X, (2.1.12)

and
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7 :%ngad w(x,1))x (2.1.13)

The diffusion velocity for the a™ constituent at (x,t) is defined by
u, =X, —x (2.1.14)

a

It follows from (2.1.11), (2.1.14) and (2.1.8) that
N
> pu, =0 (2.1.15)
=1

The true density of the a™ constituent is denoted by v, and represents the mass of the a"
constituent per unit of volume of the a" constituent. The quantity ¢, defined by

_ Pa(xD) 2.1.16
Py V. (x0) ( )

is the volume fraction of the a™ constituent. Physically @, represents the volume of the a”
constituent per unit volume of the mixture. Therefore,

igoa (x,t) =1 (2.1.17)

From its definition, it should be clear that ¢,, a = 1,...,N, measures a local structure of the mixture.

For certain mixtures, it is reasonable to expect that this local structure would have no effect on the
response of the mixture. Such mixtures are usually called miscible mixtures. An immiscible
mixture is one where locally one can distinguish between mixture volumes and constituent
volumes. A model of an immiscible mixture would necessarily allow the volume fractions to affect
the mixture response. In cases where the first constituent is taken to be a solid and the remaining N
- 1 constituents are fluids in the pores of the solid, the porosity of the solid is defined as in Chapter
1 by

f =i¢a(x,t) =1-¢/(x,1t) (2.1.18)

In Chapter 1, the filtration velocities were introduced. In the notation used in this Chapter,
they are defined by the formulas

¢, =.(X,— X,) (2.1.19)
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Because the first constituent is normally the solid constituent, the filtration velocities measure the
velocity of the a” constituent relative to that of the solid.

In a theory of mixtures, the meaning of incompressibility can be slightly complicated. If
the a™ constituent is incompressible then by definition, }/a is zero. Physically, this means that y,
can only depend on X,. It usually assumed that when the a™ constituent is incompressible that y,
is a constant. In any case, the mixture is incompressible when every constituent in the mixture is
incompressible. In this case, (2.1.16) and (2.1.17) imply a constraining relationship between the N
bulk densities, p,, a=1, 2,..., N.

2.2. Equations of Balance
In this section we shall briefly summarize the equations of balance and the resulting field

equations which constitute the theory of mixtures [Ref. 1,2,3,4]. For simplicity, here the equations
which will be given assume that chemical reactions are absent. If @ is a fixed spatial region with

surface 9@, then the equations of balance for the a™ constituent are as follows:

Balance Of Mass:

2 J. padV=—q.> 0, X, -ds (2.2.1)
81: g~ o~
Balance Of Linear Momentum:
a \ \ \ A~
= [ P xdv=—9 p, X,(X,-ds)+  T,ds+ [ pb,dv+ | p,dv (2.2.2)
o~ oy~ oy~ s ¥

where, for the a” constituent, T, is the partial stress tensor , b, is the external body force density
and p, is the momentum supply. It is the momentum supply which characterizes the mechanical

interaction of the various constituents during diffusion.

Balance Of Moment Of Momentum:

% _[ ,Oa(X—O)X \XadV:_ @ pa((X—O)X \Xa)( \Xa dS)
o 00" (2.2.3)
+ ¢ (x=0)x(T,ds)+ [ p,(x=0)xb,dv+ [ (x=0)xp,dv+ [ i,dv,
o0~ g~ Yy~ ~

where m_ is the momentum supply for the a" constituent.

Balance Of Energy:
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%Ipa(ga+%3(§)dv=—<j> p, (e, +1 X2)(X, -ds)+ 95 X, - (T,ds)
9~ 09~ oy~ (224)

~ ¢ q,ds+ [ p, X, -bdv+ [ prav+ [ (2, +X,-p,)dv,
oy~ y~ y~ y~

where, for the a™ constituent 4 is the partial internal energy density , q. is the partial heat flux
vector , r, is the heat supply density and &, is the energy supply. For the mixture, the equations of
balance take the following forms:

Balance Of Linear Momentum:

> p.=0 (2.2.5)
a=1
Balance Of Moment Of Momentum:
N
Zﬁ,a =0 (2.2.6)
a=1
and
Balance of Energy:
N
> (&, +X,-p,)=0 (2.2.7)
a=1

2.3. Field Equations

Associated with the integral statements of balance given in the last section, one can derive
field equations which reflect locally the statements of balance of mass, momentum, moment of
momentum and energy. These equations take the following forms:

Balance Of Mass:
op . .
6_ta+dIV(pa Xa) =0 (231)

Balance Of Linear Momentum:

2. X, =divT, + pb, +p, (2.3.2)



14 Chapter 2

Balance Of Moment Of Momentum:;

T,-T, =M, (2.3.3)
where M, is the skew-symmetric linear transformation constructed from the vector 1, .
Balance Of Energy:
p.&, =tr(T,L,)—divq, + p,r, + &, (2.3.4)

Equations (2.2.5), (2.2.6) and (2.2.7) are the field equations which govern the mixture as a whole.
Equivalent forms of these equations, respectively, can be shown to be

px=divT+ pb (2.3.5)
T=T' (2.3.6)
and
N N
pé =try (TL,)—divk—=> u,-p, + pr (2.3.7)
a=1 a=1
where
N
T=) (T,-pu, ®u,) (2.3.8)
a=1
is the stress tensor for the mixture,
1 N
b==> pb, (2.3.9)
P a=1

is the external body force density for the mixture,

N
g =lz D.Es (2.3.10)

is the inner part of the internal energy density for the mixture,

N
k= Z (q, + p.&,u,) (2.3.11)

a=1
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is one of the many possible heat fluxes one can define for the mixture and
r==> p,r (2.3.12)

is the heat supply density for the mixture. For later use, it is useful to introduce the inner part of
the stress T, defined by

T,=>T (2.3.13)

Note, from (2.2.6) and (2.3.3), that T is symmetric.

It is useful to note at this point that if the N equations (2.3.1) are summed the result takes
the form

‘g—fmiv(py';) -0 (2.3.14)

after (2.1.8) and (2.1.11) are used.
2.4. Balance of Mass-Special Forms

Given equation (2.2.1) and the corresponding field equation (2.3.1), it is useful to deduce
special forms of the field equations governing balance of mass appropriate for some of the special

cases which will be considered later. A simple rearrangement of (2.3.1) yields

D, + p, divk, =0 (2.4.1)

If the a" constituent is incompressible, then 7, =0. In this special case, (2.4.1) can be reduced to
o, +o, divx, =0 (2.4.2)

where (2.1.16) has been used. An alternate form of (2.4.2) is
o, . .
6—ta+ div(p,x,) =0 (2.4.3)

It is a simple exercise to show that (2.4.3) contains (1.2.1), (1.4.1) and (1.5.1) as special cases. For
example, if N =2 and both constituents are incompressible, then (2.4.3) is equivalent to the
following two equations:
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%% ¢ divip,x,) =0 (2.4.4)
ot
and
%+ div(p,X,) =0 (2.4.5)

If (2.1.17) is utilized, the sum of (2.4.4) and (2.4.5) can be written
div(e,( X, — x,) =—div X, (2.4.6)
Given the definition of filtration velocity (2.1.19), it should be clear that (2.4.6) yields (1.5.1).

Next consider the case of a two constituent mixture where the first constituent is a rigid
solid and the second constituent is a compressible fluid. Without loss of generality, the velocity of
the rigid solid can be taken to be zero. It follows from (2.3.1) that for the rigid solid, the only
implication of balance of mass is that ¢, can only depend upon position x. The exact form of this

dependence is a property of the rigid body. For example, one might have a rigid body for which
the porosity is a constant. It follows from (2.1.18) that the porosity f is given by a prescribed
function of x. For the compressible fluid, (2.3.1) can be written

f (x)% +div(p,7,X,) =0 (2.4.7)

where (2.1.16) and (2.1.18) have been used. Because the velocity of the solid is zero, equation
(2.1.19) allows (2.4.7) to be written

f (x)%—i— div(,c,) =0 (2.4.8)

Equation (2.4.8) is the result (1.3.1).

The reader can easily verify that in the case where the solid is allowed to deform along with
the fluid, the field equation which governs balance of mass for the fluid which replaces (2.4.7) can
be written in the form of (1.6.1).

As the examples suggest, frequently we shall select the first constituent to be a solid and
allow the remaining N - 1 constituents to be fluids. When one of the constituents is a solid, it is
sometimes convenient to utilize its reference configuration to generate material forms of the field
equations. The results of this argument for balance of mass will be briefly given here. In order to
use a suggestive notation, the subscript 1 which designates the solid constituent will be replaced by
the symbol s. Given, (2.4.1) for the solid, it is an elementary exercise to integrate the result to
obtain



Elements of the Theory of Mixtures 17

p,|detF,| = p, (2.4.9)

where p, is the density of the solid in its reference configuration. For the fluid constituents, a =
2,...,N, define N - 1 contents by

m, = p, |det F,| (2.4.10)

Physically, m, represents the mass of the a™ fluid per unit of solid reference configuration volume.
The notation m, will be used to denote material differentiation following the motion of the solid,
i.e. from (2.1.13)

n :maa—(tx’t)+grad m, (x,t) - x, (2.4.11)

a

If v, is the velocity of the a" fluid relative to the solid defined by v, ="x —x, then the quantities
J20 33 jy are defined by

ja = Fa_l(‘)% — xs) = Fa_lva (2.4.12)

Given the definitions (2.4.10), (2.4.11) and (2.4.12), it is now possible to start with equation (2.4.1)
and derive

M, + Div(m,j,) =0 (2.4.13)

for the material forms of balance of mass for the fluid constituents. In equation (2.4.13), Div
denotes the divergence operator with respect to the material coordinates of the solid. It is possible

to show that the product m_j, represents the mass flux of the a” fluid into a material element for

the solid constituent. This mass flux is measured per unit of area of the reference configuration for
the solid. Balance of mass statements of the form (2.4.13) first appear in the work of Biot [Ref.
6,7,8,9].

2.5. Balance of Linear Momentum-Special Forms

It is useful at this point to illustrate how (2.3.2) can be specialized so as to recover some of
the results listed in Chapter 1. Essentially, Darcy's law is a special case of the statement of balance
of linear momentum. The various assumptions which must be made in order to go from (2.3.2) to
Darcy's law are rather strong and need justification within the context of a acceptable constitutive
theory for mixtures. Elements of this theory will be presented in Sections 2.6 and 2.7.

As the first example, consider a rigid solid containing an incompressible fluid. The
equation of motion (2.3.2) for the fluid can be written
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p. X, =divT, +p.b, +p, (2.5.1)

We shall make the following purely formal assumptions:
i. Neglect the acceleration of the fluid.
ii. Replace the partial stress Ty by

T, =—¢,PI (2.5.2)

where P is the fluid pore pressure and ¢, is the volume fraction of the fluid. Note that in this case
@, is also the porosity of the solid.

iii. Replace the momentum supply p, by
f’f =—¢ \Xf +P grad 2 (2.5.3)

where £is a positive material constant. It is usually called the drag coefficient. Given these three
assumptions, (2.5.1) can be written

2

. 2
Pe Xy = _?f(grad P —pib;) (2.5.4)

If the external body force by is zero, then (2.5.4) is Darcy's law (1.2.2). In the case under
discussion, the filtration velocity is ¢,x, (see (1.1.10)) and the ratio % is identified as the ratio

2

P x Other assumptions will produce (2.5.4). Clearly, if any constant is added to the right side

of (2.5.2), then (2.5.4) is again obtained. If the body force is not zero but is given by a gravitational
potential v by the relationship,

b, =—gradv (2.5.5)
then Darcy's law can be written
2
\ ¢f
@ X;=—(Q ?gradGJ (2.5.6)

where g is the gravitational constant, and @ is the pressure head defined by

Pf
ch:7—+V (257)
f
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While it is not necessarily clear at this point, the simplifying assumptions which produced
(2.5.4) are also consistent with balance of linear momentum for the mixture. Because the solid has
been assumed to be rigid, it is a material with internal constraints. Such materials, as we shall see
later, are characterized by certain indeterminacies in their constitutive equations.

Equation (2.5.3) deserves some additional discussion. The term —¢& X, represents a force

on the fluid because of its relative motion between itself and the solid (which is at rest). The term
P, grad ¢, is slightly more difficult to motivate at this point. The volume fraction ¢, is the

porosity in this case of a two constituent mixture. Therefore, grad ¢, results from a spatial
distribution of porosity. The product P, grad ¢, is therefore a force on the fluid caused by the

changes in porosity as the fluid moves through the pores of the solid. The origin of such a force is
somewhat easier to motivate after one has available a constitutive theory for mixtures. In Section
2.7 it is shown how this force arises. In particular, we shall show that (2.5.3) is very special. Some
motivation for the product P, grad ¢, can be found in reference 10.

2.6. Entropy Inequality
In order to complete the elements of the theory of mixtures, one must have a formal
statement of the entropy inequality appropriate for such theories. In the notation of Section 2.2, the
entropy inequality is the statement that
N

0 . 1 o,
Z{a@'[/panadv_kaipana( X, 'dS)+ Cﬁ g_qa ‘dS—@J;( ea)dV} >0 (261)

a=1 09~ Ya

where n is the entropy density for the a™ constituent and 6, is its temperature. The local version
of (2.6.1) is

2. (pat, +diV(q%)—pa%l)20 (2.6.2)

If (2.3.4) is used to eliminate each r, from (2.6.2), the result can be written

N \ ~
Zei{_pa( l\//a +77a Ha )+tr(T;La) _%'grad Ha +8a} 20 (263)
a=1 a

where ys; is the Helmholtz free energy density for the a™ constituent defined by

l//a = ga - gana (2'6'4)
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Most models of mixtures are constrained in some fashion. One of the most common constraints is
for the constituent temperatures to be constrained to have the same value. If we adopt this
constraint here and we denote the common value by &, then (2.6.3) can be shown to reduce to

N . N N
-~ ‘Pa—pn&—trZ(paKaLa)—%-grad9—2 X, -p, =0 (2.6.5)
a=1 a=1 a=1
where @is the temperature of the mixture,
Y, =p. (2.6.6)

is the Helmholtz free energy of the a™ constituent per unit of mixture volume,

1 N
n==Y p., (2.6.7)
P a=1
is the entropy density for the mixture,
1 T
K,=—(¥,I-T,) (2.6.8)

a

is the chemical potential for the a™ constituent and

N
h=>(q,+p.77.0u,) (2.6.9)

a=1

is another possible heat flux vector for the mixture. It is a consequence of the single temperature
constraint that the energy supplies &, do not appear in the entropy inequality (2.6.5). It turns out to

be a consequence of this fact that these energy supplies are almost indeterminate in so far as the
constitutive theory is concerned. The "almost™ qualifier arises because the overall statement of
balance of energy (2.2.7) must be satisfied. This requirement enters into the model formulation by
the requirement that (2.2.7), or, equivalently, (2.3.7) control balance of energy for the mixture. In
the additional special case where the mixture is isothermal, the entropy inequality (2.6.5) reduces
to

N N N
>V, -tr) (pK,L)-D X, -p, 20 (2.6.10)
=1 a=1 a=1

a

When the mixture is constrained to be isothermal, the entropy inequality does not involve the heat
flux vector h. This quantity is indeterminate in so far as the entropy inequality is concerned. Itis
allowed to assume any value consistent with the energy equation (2.3.7). In effect, what we have
concluded is that for an isothermal model one simply does not utilize the energy equation.
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Two additional constraints which will arise in this work are the case of a rigid solid and the
case of an incompressible mixture. For the case of a rigid solid, the first constituent is only allowed
to undergo rigid body motions. Without loss of generality, one can simply assume the rigid solid is
at rest. It is possible to conclude that for a rigid solid, the momentum supply p. is unconstrained
by the entropy inequality and can, thus, take on any value consistent with balance of linear
momentum for the mixture in the form (2.2.5). A more interesting constraint arises when one
assumes that all of the constituents in the mixture are incompressible [Ref. 11]. In this case, it
turns out that the volume fractions, the constituent velocity gradients and the constituent velocities
are no longer independent. This assertion follows from the following formulas:

o, |detF,| = o, (2.6.11)
and
N
o+ 0, =1 (2.6.12)
a=2

Equation (2.6.11) is simply (2.4.9) specialized for an incompressible solid. Of course, equation
(2.6.12) is (2.1.17). Equations (2.6.11) and (2.6.12) establish a mathematical link between |deth|
and the volume fractions of the N - 1 fluids. It is this relationship which causes the terms in

(2.6.10) to be related. The exact form of this relationship follows by differentiation of (2.6.12) and
use of (2.4.1). The result of this calculation is

N
D (g, trL, +gradg, - (X, - X,)) =0 (2.6.13)

a=1

Given (2.6.13), it easily follows that (2.6.10) can be replaced by

N N N
_z lIIa _trZ(paKa _¢alI)La _Z( \Xa - \Xs) ) (f)a _ﬂ“grad ¢a) >0, (2614)

a=1 a=1 a=1

for any scalar multiplier A. It should be mentioned that equation (2.2.5) was also used in the
derivation of (2.6.14).

As a final result in this section, there is an inequality implied by (2.6.1) which will be useful
later. If the N equations (2.2.4) are summed over the constituents and (2.2.7) is used the result can
be written
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i% J. pa(ga_eona +%X§)dv=-i q; pa(ga_eona+%>(§)( \Xa'ds)
y~

a-1 =k
. N
+;E@/{ 2 Xa =, ( 4) s+;@_|; A é)era X, b, ( )
N o N . 1 N ot
_90 {;E@J;panadv‘i';ai(paﬂa Xa-i-gqa)-ds)_;é;[( e)dV}

where 6, is any positive constant. If (2.6.1) is used, then (2.6.15) yields the following inequality:

N
g [ pule =0, +3X0)v< =D § p,(e,— 0,7, +1 X0)( X, - ds)
q~

- e (2.6.16)
Y {T; X, —q, .(1—‘9%)}.ds+z [ {para(l—e%)+pa X, .ba}dv.
a=l s~ a=l g~

2.7 Rigid Isotropic Solid Containing Incompressible Fluids

It is not the purpose of this work to make the reader an expert on the theory of mixtures.
The introduction of this subject in this chapter is intended to give the reader an indication of the
formal basis for the models to be discussed later. Toward this goal it is instructive to illustrate how
one of the simplest porous media models can be viewed as a consequence of the theory of mixtures.
This simple model is the one summarized in Section 1.4. It consists of a rigid isotropic solid
containing N - 1 incompressible fluids. Of course, it is understood that N is an integer greater than
or equal to two.

For simplicity, the porosity of the solid will be taken to be constant in this discussion. As a
result, it follows from (2.1.18) that the N - 1 volume fractions obey

N
f =>" @, (x,t)=constant (2.7.1)

a=2

Because of the relationship (2.7.1), it is often the case for this model that the volume fractions
p,,a=2,..,N,are replaced as kinematic variables by the saturations defined by

s, =% (2.7.2)

fora = 2,...,N. While some formal advantages arise by the introduction of these quantities, it is not
necessary to complicate the notation by their introduction here. Because the solid is rigid, without
loss of generality its velocity can be taken to be zero. This fact allows the entropy inequality
(2.6.14) to be written
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N N N
_Z \Pa _trZ(paKa _¢aﬂ’I)La _Z \Xa ’ (f)a _ﬂgrad ¢a) >0, (273)
a=2

a=2 a=2

where, without loss of generality, the free energy ¥, =¥, is taken to be a constant. The
constitutive equations which we shall take as defining the mixture are as follows:

Y, =Y.(2) (2.7.4)
p.—Agradg, =e, (¢, gradg,, X,) (2.7.5)

and
P.K, -9, A1=R,(¢,) (2.7.6)

where a = 2,3,..., N. Our notational convention is such that the subscripts a and b range from 2,...,
N. The subscripts ¢, d and e range from 3,..., N. As an arbitrary choice, equation (2.7.1) has been
used to eliminate ¢, as a constitutive variable. Clearly, more general constitutive equations could

have been written for this mixture. The reader interested in a somewhat more general discussion of
this model should consult reference 11. The parameter A appears in (2.7.5) and (2.7.6) because of
the incompressible constraint. The special dependence reflects the arbitrariness which is intrinsic
in the entropy inequality (2.7.3).

If (2.7.4) through (2.7.6) are substituted into the inequality (2.7.3), the result can be written

R, (IL) -1 (R, () -0 TP D)

0Py
. . 5 O, (@,
- X, -(e,(p.,qrad ¢,, Xb)+2%grad ) (2.7.7)
d=3 Dy
N L. 0¥ (o, N oY (o,
=" X, (e4(9,,grad o, xb)—ﬂgrad ?, +ZMgrad¢e) >0,
d=3 a(Pd e=3 ¢e

where the quantity V', is the inner part of the Helmholtz Free Energy of the mixture defined by
Yo=> Y, (2.7.8)

As explained in reference 11, the inequality (2.7.7) implies the following restrictions:

R, (¢.) =0 (2.7.9)
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oY
R, (0) =0, T8y
Py

ford=3,..., N, and

where
~e,(p.gradg,, x,)+ > TP graq,
e=3 e
and
f, =e,(p, grad g, kb)—a\z'—(?)grad @, +§;aqla"—(/§:0°)grad ?,
whered = 3,...,N.

Given (2.7.9) and (2.7.10), it follows from (2.7.6) that
P K, =@, A1
and

Ky =0 (A + oF, ((DC))I

(O

ford =3,..., N. Given (2.7.12) and (2.7.13), it follows from (2.7.5) that

N ~
b, = Agradg, 5((”° grad g, + £,(¢,.grad g, X,)

e=3 e

and

~ N oY ~ .
By =(4+ a'(%))grad By ad((”° grad g, +1,(¢..grad g, X,)

d e=3 e
for d = 3,..., N. Itis convenient to define fluid pore pressures by

P,=1

Chapter 2

(2.7.10)

(2.7.11)

(2.7.12)

(2.7.13)

(2.7.14)

(2.7.15)

(2.7.16)

(2.7.17)

(2.7.18)
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and

p — 1.+ (@) (2.7.19)
o9,

ford = 3,..., N. With these definitions, the capillary pressures , defined by P, — P, , are given by

p _p ¥\ (#) (2.7.20)
0@,

for d = 3,..., N. Equation (2.7.20) establishes within the thermodynamics of the theory of mixtures
the special constitutive relation (1.4.4). Next we shall illustrate how one can find the result (1.4.3)
within the results of this section.

First, it is helpful to extract a physical meaning for the N —1 quantities, fa. These
quantities are restricted by the inequality (2.7.11). When viewed as a function of the N —1
velocities, x, , the quantity @ defined by

N ~
CD( Xb Z fa(wc'grad ¢c’ 3‘b) (2721)

a=2

isaminimum at x, = 0. It is elementary to use this observation to prove that

(4. gradg,,0)= 0 (2.7.22)
and
N N
3% a,. of, (¢,,grad coc,O) <0 (2.7.23)
a=2 b=2 6 X,

for all vectors a,,a=2,3,...,N and b,,b=2,3,...,N. Equation (2.7.22) shows that the quantities

f,, fora=2,3,..., N, vanish when the fluid constituents have zero velocity. It is, therefore, natural

to call these quantities, the diffusion forces. The definitions (2.7.18) and (2.7.19) allow (2.7.16)
and (2.7.17) to be written

N ~
=P, grad ¢, Z 8%’ (%) grad g, +f,(¢,,grad ¢, x,) (2.7.24)

e=3 ¢e

In addition, equations (2.7.14), (2.7.15), (2.7.18) and (2.7.19) combine with (2.6.8) to yield
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T, =—@PI+V,I (2.7.25)

If (2.7.24) and (2.7.25) are substituted into (2.3.2), balance of linear momentum for the b™ fluid
takes the following form:

\

p.X, =—g¢,gradP, + p.b, +f, (2.7.26)

It is instructive at this point to attempt to find the results of Section 2.5 in the results
obtained in this section. In Section 2.5, we assumed that the mixture consisted of a rigid solid and
a single incompressible fluid. Therefore, N = 2. In this case, the constitutive equation (2.7.4)
reduces to

¥, = constant (2.7.27)

Without loss of generality, this constant can be taken to be zero. Therefore, (2.7.24) and (2.7.25)
reduce to

p, =P, gradg, +i:z( X,) (2.7.28)
and
T, =—¢,PI (2.7.29)

Equation (2.7.29) is the result (2.5.2). Equation (2.7.28) reduces to (2.5.3) if the diffusion force
f,(x,) takes the special form

f,(X,)=-¢%, (2.7.30)

Clearly, (2.7.30) obeys (2.7.22). Given (2.7.30), it easily follows from (2.7.23) that the material
coefficient &, the drag coefficient, cannot be negative. In fact, this result is sufficient to satisfy the
residual inequality (2.7.11). The reader will recognize (2.7.30) as the linearized constitutive
equation for the drag force which arises when one assumes small departures from the state x, =0

and that the rigid solid is isotropic.

Finally, it is instructive return to the case of an arbitrary number of incompressible fluids
and to illustrate how the result (1.4.3) arises as a special case of the results given here. The reader
should note in passing that (1.4.1) is a simple rearrangement of (2.4.3), and (1.4.4) has been
established with the thermodynamic result (2.7.20). Equation (1.4.3) follows from (2.7.26) if one
neglects the constituent accelerations, the external body forces and adopts the following

constitutive equations for the diffusion forces fb( X,.):

f,(x)=-4 X, (2.7.31)
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With these specializations, (2.7.26) can be written

¢2
P,X, = —Cf—bgrad P, (2.7.32)

b

where the coefficient &, has been assumed to be nonzero. Note that (2.7.23) shows that each &,
must obey the inequality

£ >0 (2.7.33)

Because the filtration velocity equals ¢, X, in this case, it is easily seen that (2.7.32) is equivalent to

2
the result (1.4.3). One simply has to identify the coefficient (2—” as the ratio ﬁ
b Hp

As indicated above, the reader interested in additional information about how one models
incompressible porous materials by use of the theory of mixtures should consult reference 11.
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Porous Elasticity Models

In this chapter the mathematical models which form the basis of the theory of porous elasticity will
be given. For the most part, the basis of the models, as implied by the theory of mixtures, will not
be given. References will be given where the reader can find this fundamental material.

3.1. Immiscible Mixtures

As indicated in Section 2.1, a mixture is immiscible if volume fractions affect the response.
In this section, an example of an immiscible mixture is briefly considered. The model is that of an
immiscible compressible mixture whose constituents are a single solid and N —1 fluids. For the
second, the immiscible mixture is taken to be incompressible. This example is discussed in detail
in references 1.

An immiscible compressible mixture having a single temperature @is defined by the
following constitutive equations:

Y, =Y.(0.F, p,0) (3.1.1)
and
(729 K, M, b, §,) = (3.1.2)
f.(0,grad9,,F,,GRADF,, p,,grad p,,¢,,grad ¢, , X — X).

In (3.1.1) and (3.1.2), the subscript s denotes the first constituent, the solid. In addition, it is
understood in writing these equations that the index a ranges from 1 to N while the indices b and ¢
range from 2 to N. Note that (3.1.2) shows that the volume fractions have been treated as internal
state variables. This assumption is sufficiently general to allow one to treat, for example, the
volume fractions as determined by the state of the mixture or as given constants. Both special
cases occur in the classical literature on porous elasticity. If (3.1.1) and (3.1.2) are required to be
consistent with the entropy inequality (2.6.5), the following results are obtained [Ref. 1]:

T (3.13)
T
p.K, =-F, % (3.1.4)

29
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K, =ul (3.1.5)
and
N . N
-m-grad0/6-> (X, - x,)-f,-> 0.0,>0 (3.1.6)
c=2 c=2
where
M =% (3.1.7)
P
O, = _% (318)
0,
P n “IN\T oY
. =D, — 4, grad p, + o, grad o, + (F,") {a—FC[GRAD FS]}
v o v oy ) (3.1.9)
+ ¢grad p, + ¢ grad ¢,
; apb g ; a(Db °
and
N
m :h+<92—|a;;a 1, (3.1.10)
a=1

Of course, the heat flux vector h is defined by (2.6.9). In (3.1.9) a special notation has been used in
the term involving GRADF; . In components, this notation means the following:

oV, v, ok,

1
X, "

[GRADF,]=

s Sik

(3.1.11)

where i, denotes the L" basis vector in a rectangular Cartesian coordinate system. Finally, as
follows from (3.1.2), the quantity @, in (3.1.6) is the function whose value is ¢, , i.e.,

A

¢. = o,(0,9rad 0, F,,GRADF,, p,,grad p,,¢,,grad ¢,, X — X) (3.1.12)

Next, certain thermodynamic equilibrium results, which follow from (3.1.6), will be
recorded. For a model employing internal state variables, there are several natural definitions of
equilibrium. The reader interested in a discussion of these possibilities can consult Bowen [Ref. 1,
2, 3]. Here, equilibrium is a state in which the temperature gradient is zero, the constituent
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velocities are all equal and the N - 1 quantities ¢, ¢ = 2,...,N, defined by (3.1.8) all vanish. It shall
be assumed that the N - 1 equations (3.1.8) can be inverted to obtain

@ =0, (0, F;, p., 0,) (3.1.13)
The assumed inversion implies that the (N —1) x (N —1) symmetric matrix

2
do, __ O, (3.1.14)

op, 00,00,

is nonsingular for all values of its argument. Given (3.1.13), it follows that in the equilibrium state
the volume fractions are determined by the temperature and the deformation of the solid. By the
kind of argument mentioned in Section 2.7, it is possible to show from (3.1.6) that, in the

equilibrium state defined here, m , f‘c and o each vanish [Ref. 1].

3.2 Immiscible Mixtures-Linearized Isotropic Models

In order to further simplify the formalities, it will be assumed that the solid is isotropic.
With this assumption, the constitutive equations will be linearized about a thermodynamic

equilibrium state of uniform temperature 6", uniform deformation F, =1 for the solid, uniform
bulk densities p, = p, and uniform volume fractions calculated from (3.1.13) by the formulas

o =0, (0.1, p,0) (3.2.1)

It is readily established that the state defined in this fashion is a solution of the field equations
which govern the immiscible mixture if b, =0, fora=1,...,N,and r = 0. Itis convenient to refer

to this state as the static solution of the field equations.
The equations which govern the immiscible mixture are linearized by requiring the

temperature changes, the displacement gradient of the solid, the density changes for the fluids, and
the departure from thermodynamic equilibrium to be small. As is customary, the displacement of

the a™ constituent is defined by
w,(X,.0) =1, (X, ) - X, (322)
Given (3.2.2), the displacement gradient of the a" constituent is defined by
H, =GRADw, (X,,t) (3.2.3)
and, by (3.2.2) and (2.1.4),

H, =F, -1 (3.2.4)
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A formal linearization of the constitutive equations and the field equations involves
expansions about the static solution

(6,9rad 6, F,,GRADF,, p,,grad p,, ¢,,9rad ¢, % — X;)

(3.2.5)
=(67,0,1,0,p;,0,4,0,0).
Departures from this state are measured by a positive number ¢ defined by
N
g*=(0-0")" +grad@-grad 0+ tr(H,H) + GRADF, -GRADF, + Y  (p, - p; )* | p;’
b=2
\ \ y y (3.2.6)
+Zgradpb -grad p, +Z(¢b _(p;)z +zgrad(ﬂb -grad ¢, +Z( X - X)-(% - X).
b=2 b=2 b=2 b=2
Given the parameter ¢, the formal expansion of ¥, which follows from (3.1.1) can be
written
Y =W ha, (0-07)+1, (ITE,) - Zlab (oo =%/ ps +Z£ 20 j (@)
b=2 b
1 + + + + +
_Eva(g_g )2 _Tas(e_e )(trEs)+ZTab(9_9 )(pb ~ P )/pb
b=2
N
+Z 0, 0-0")op,—9) + Arss (TF Eg ) z . (TE) (o, —,0;)/,0; (3.2.7)

1 N N N .
+§ZZ% (9o =25 (P = P2)] 25 P+ s tr(EsEs)+ZFasb(trEs)(¢b—%)
=2

c=2

erm((pb - )@ — o))+ = ZZ%(% o) o, — ) +0(&),

2 c=2 b2c2

where the coefficients in (3.2.7) are material constants. These constants can be identified as partial
derivatives of ¥, evaluated at the static solution. The complicated result (3.2.7) reflects our
assumption that the solid is isotropic. It also reflects the various restrictions one would have
developed from the concept of material frame indifference. This concept is explained in textbooks

on Continuum Mechanics [Ref. 4]. In (3.2.7), the quantity Es is the infinitesimal strain tensor for
the solid defined by

2E.=H_ +H] (3.2.8)

By use of (2.7.8), it follows from (3.2.7) that \, is given by
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N
+ + + + 1 + +
Y, =¥ +a(@-0 )+ls(trEs)_zlb (P =Py )/pb _EV(Q_Q )2_75(9_9 J(IrE;)
b=2
N + + + N + + 1 2
+2,7(0-0) (=) Py + 2,0, (0-0") (9, =)+ A (WE,)
b=2 b=2

-2 A (WE) (2= A)/ Al IS 2o ) (o -0 i (3.2.9)

2 b=2 c=2

ZN:Fbc((pb -p)] P (o, —&7)

N
b=2 c=2

N
+luss tr(EsEs) + zrsb (tr Es)(¢b - ¢k-;) -
b=2
1 N N \
+5 22 Pl ~ ) —0)) +O().
b=2 ¢c=2

In writing (3.2.9), the result (3.1.8) and the fact that the o, vanish at the static solution has been
used. Also, the various material coefficients in (3.2.9) are defined in terms of those in (3.2.7) by a

set of formulas like

N
D, => D, (3.2.10)

It follows from (3.2.9) and the thermodynamic results (3.1.3), (3.1.4), (3.1.7) and (3.1.8)

that
N N )
pn=—a+v(0-0)+1,(TE) =5, (o, - p)] P~ 2.0, (9 ~9) +0(),  (3:211)
b=2 b=2
N
psRKs = _lsI _(ﬂ“ss +ls)(tr ES)I - 2(luss +ls)Es +Zﬂ’sb ((pb _pt;—)/pt;—))l
. b=2 (3.2.12)
+Ts(9_9+)l_zrsb(¢b —(DJ)I-FO(SZ),
b=2
N N ,
p:ﬂc =1 _ﬂ’sc(trEs) + Zj’cb (pb _pl:)/pk;r +Tc(9_9+) _Zrcb(wb _wt:—) +O(8 ) (3213)
b—2 b—2
and

0, ==0,(0-0")-TL('E)+ YT\ (9, = 5)/ Pl = 1P~ 4) +O(e").  (3:2.14)

In writing (3.2.12), equation (2.4.9) has been used to introduce the reference density for the solid
ps, - Inaddition, the quantity detF, has been replaced by the approximate expression
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detF, =1+trE, +O(&?) (3.2.15)

It follows from (2.3.13), (2.6.8), (2.7.8) that

N
T,=-> p.K,+¥|I (3.2.16)
a=1
Given (3.1.5), this result becomes
N
T, =—pK, - pu]+ ¥ 1 (3.2.17)
b=2

By use of the same approximations that yielded (3.2.9), (3.2.11), (3.2.12) and (3.2.13), it follows
from (3.2.17) that

N N
T, = (W) +6+ D )+ (A + D A + 1 )ArET+2(u, +1,)E,

c=2

D (a3 (2 ) PN+ Y e ) 0-0N (3219

b=2
N

+Z Ty +ZN:Fcb)((0b - +O(32)

Because we are pursuing a linearization about the static solution described at the beginning
of this section, in this uniform state everything is a constant. It is convenient, at this point, to

simplify matters by making the formal assumption that the constant coefficients ¥, ,z, and ¢,, for
b=2,...N, are zero. The result is that the static solution has zero partial free energy ‘', , zero inner
part of the free energy for the mixture ¥, , zero chemical potentials K, and g, . It follow from
(3.2.18) that T, vanishes at the static solution. In other words, there is no residual stress for the

static solution. As a result of this simplification, equations (3.2.9), (3.2.12), (3.2.13) and (3.2.18)
reduce to
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v, :a(9—0+)—%v(9—0+)2 £ (0-6")rE,)

+ifb(9—9*)(pb—pﬁ)/pb* +i®b(9—9*)(¢b—¢§)

b=2

1 . + +
+Eﬁ“ss(trEs)2_zﬂ“sb(trEs)(pb_pb)/pb

b=2

1 N N
+§Zzﬂbc (Lo = P (P — P2)] pi P + s tT(EE,)

b=2 c=2

N N N
+Y Ty WE) @, — )= 2. > Lo (0, — 20/ ) (0, — )
b=2 b=2 c=2

1 N N 3
+§ZZ<DbC(¢b—¢J)(¢c—¢§)+0(8 )

b=2 c=2

Y,
P K==t =2 (TE)I - 2u35E5+Z (2 =2)/ Pl

+7,(60-0")1 —ZFsb (p, — o M+0(&?),

b=2

N . 0¥,
pcluc pc ap __ﬂ“sc(trE)'i_z b(pb /Ob)/pb

C

+7,(0-67) _Zrcb(% -9,) +0(&?).

+§: JUrENI+ 24 E Z(ﬂ“sb-i_z ) (P, — pb)/pb)l
—(z, +ZTC _a)(9_6+)I+Z(Fsb +Zrcb)(¢b _¢b+))l+o(82)

The corresponding linearized expressions for m, fc and o turn out to be

m=—xGRADO-Y ¢ (aw OWJ 0(s?),
= ot

2 s ow, oW,

f ——y, GRAD G- chb( P j+0(g)

and

35

(3.2.19)

(3.2.20)

(3.2.21)

(3.2.22)

(3.2.23)

(3.2.24)
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N N
0, =Y. > Ay®, oy +0(e?) (3.2.25)

b=2 d=2

where the ®,; are the inverse elements of the coefficients @, introduced in (3.2.10). It follows
from (3.2.9) that the @, are given by

oo, _ 0™,

D, =— = )
8 o0y 09,09,

(3.2.26)

The material constant k in (3.2.23) is the thermal conductivity of the mixture, and the coefficients
& In (3.2.24) are the drag coefficients. As indicated in Section 3.1, the assumed inversion of
(3.1.8) insures that the inverse elements ®,; exist. Given (3.2.23), (3.2.24) and (3.2.25), the
residual entropy inequality (3.1.6) yields

IV

1 N N N
Ei(a-a+a-2(gb/t9++;/b)db +ZZ§
b=2

b=2 c=2

(3.2.27)

and

iZN:ZN:O'C @, 0, >0 (3.2.28)
=2

c=2 b=2 d=2

Equation (3.2.27) must hold for all vectors a and da, ..., dy . Equation (3.2.28) must hold for all
scalars o,,...,0 .

3.3 Immiscible Mixtures-Field Equations for the Linearized Model

When one simply drops the terms O(&*) in (3.2.19) and the terms O(&?) in (3.2.11),

(3.2.14), (3.2.23), (3.2.24), (3.2.25), (3.2.20) and (3.2.21), one has the constitutive equations
appropriate for the linearized model. The field equations which govern motions near the static
solution turn out to be

o’w,

Ps, =7 e = (A, + 1,) GRAD(Divw,) + 1 Div(GRAD w,)

N
+Z 4, GRAD(Divw, ) + (, — 7, — 7,) GRAD @ (3.3.1)

N ow, aw
+erbGRAD% Zéb( p ot j
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N
Py —% =4, GRAD(Divw,) + A, GRAD(Divw,) + (o, — 7, — 7,) GRAD @
at b2 (3.3.2)

L oW, 0w,
+Zrcb GRAow zgcb( 81: 8t j

00 . OW o ow, o
c,—+6" —a.—c./0")Di s —a. —¢. /) Div—/2-) O, 2
V6t+ ((Ts a gs/ ) 20 GD/ ) ot ; b 81:) (333)
= xk Div(GRAD 6)
and
N
%:_ZAcb( — & +Zd)bjl“sd Divw +ZZcDberd Divw +ZCD 10, (6?—6?*)]
o i o2 o2 (3.3.4)
where
N
§sb = _Z gcb (335)
c=2
N
7, = —ZVC (3.3.6)
c=2
and
N
G, = _ch, (3.3.7)
c=2

In addition, the coefficient c, in (3.3.3) is the specific heat at constant volume for the mixture. This
quantity is related to the coefficient v in (3.2.19) by the formula

c, =0V (3.3.8)

v

Among the many formulas which were used to deduce (3.3.1) through (3.3.4) are the expressions
(p—p5)/ s =—Divw, +0(), (3.3.9)
for b=2,...,N . These results follow by integration of (2.4.1) to obtain

Py |detE,| = o} (33.10)
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and the utilization of the following approximation for |detF,|
|detF,| =1+ Divw, +O(&?) (3.3.11)

Equations (3.3.1), (3.3.2), (3.3.3) and (3.3.4) can be shown to have unique solutions for various
initial-boundary value problems if the quadratic form X, defined by

S=W,+pn(0- 0*)———(9 o) + AWE)’ =2 26 (TE) (= 2)] Py

+%zzﬂbc(pb Po) (P~ pc)/pbpc + s U(EE,)

\ v N (3.3.12)
+ D TH(trE ), o) =2 > Tu (= 20)/ 95 (9. — 90)
b=2 b=2 c=2
l N N
+5 2.2, Pl ~ ) (0.~ )
b=2 c=2
is positive definite. Given (3.3.12), one can establish that
N +
ﬁj(z oL, ow, ow, 1 b]dv:gﬁ(t—e 0" m)-ds
oty 2" ot ot at o
N N N
-| (ZZZ%Am@bdlmjdv (3.3.13)
g\ c=2 b=2 d=2

1 . N e OW, 0wy,
~[| =-xGRADO-GRAD ¢+ GRAD §- Z(gb/é’ +7b)—+ZZr§ dv
5 9 b=2 c=2 ot

where t is a vector defined by

oW

t=—(p, K, - (0-0")1

—a, (9—93)% (3.3.14)

It is convenient for use later on to rearrange (3.3.14) and write the result as

N 3W
+ + + s
——(pSRKS—aS(Q—Q N+ E (g th, —, (66 ))IJ

—Z(pbub o, (0 e+))(aw E’XJ

(3.3.15)

where the symmetry of T, has been used. It is easily seen from (3.2.19), (3.2.20) and (3.2.21) that
(3.2.17) can be written
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T, = —(psRKs —a (0-0")1 +i(pb*ﬂb -, (9—9*))1j+0(52) (3.3.16)

b=2

Therefore, consistent with the linearization adopted in this section, (3.3.15) can be replaced by

t=

(3.3.17)

8

—a,(0- e+»[aw 8;: j

Given (3.2.27) and (3.2.28), it follows from (3.3.13) that the following inequality must hold

N
2 Ta o 287 T @ 2

The reader should note that (3.3.18) could have been derived by specializing (2.6.16) to the
linearized case under discussion here.

4 m) - ds (3.3.18)

The reader with experience in the classical theory of elasticity will recognize how (3.3.18)
can be used to construct a uniqueness theorem if X is positive definite [Ref. 5,6]. If X is assumed to
be positive definite, it is necessary and sufficient that the following restrictions hold for the
material constants:

c, >0, (3.3.19)
1, >0 (3.3.20)

and the (2N —1) x (2N —1) symmetric matrix

i 2

ﬁ“ss + Eﬂss /152 oo : ﬂ’sN 1—‘52 o 1—‘sN
Ae Ay o e oo Ay Ty .. . T
Aa Awy -+« Aw Tup . . . Ty
FSZ FZZ ' . ' ' FNZ q)ZZ q)ZN

T, Ty - - - - Ty @y, . . . O]
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is positive definite. Among the implications of the positive definite nature of this matrix is that the
(N —1) x (N —1) matrix [®,.] is positive definite. In the following, we shall assume that = is

positive definite and utilize the necessary restrictions on the properties of the mixture which appear
in (3.3.12)

Equation (3.3.4) contains two special cases which need to be mentioned here. If the volume
fractions ¢,,q;,...,p, are taken to be constants, then (3.3.4) yields this special case by taking A,
to be zero for c,b=2,...,N . Itis convenient to refer to this case as the frozen one. The most
interesting case arises when the volume fractions adjust instantly to their equilibrium values
defined by the vanishing of the affinities o,,c;,...,0 . Itis useful to view this case as one which
also follows from (3.3.4). The coefficients A, have the physical dimension of inverse time. Asa
result, they can be thought of as defining characteristic times of relaxation for the volume fractions

to their equilibrium values. If we formally allow these characteristic times to approach zero as a
limit, (3.3.4) yields

zq)bjrsd trE +Zz®béred (0. — P )/Pe
A=z e=2 (3.3.21)

—Zcp 0,(0-0")

where (3.3.9) and (3.2.8) have been used. Equation (3.3.21) gives the volume fractions of the fluid
constituents in terms of the stress on the solid, the densities of the fluids and the temperature.
When one assumes the validity of (3.3.21), the mixture is said to be in shifting equilibrium.
Equation (3.3.21) can be used to eliminate the volume fractions from the other constitutive
equations for this model. The results of this elimination are as follows:

¥ =a(0-6")- ;C O-07)-7.(0- e*)(trE)+Zrb<e 0") (o, - )/ P
+%Zs(trEs)2—Zlb(trEs)(pb—p;)/p; (3322)
+%Zzzbc( pb)(pc pc )/pbpc +:uss tr(EsEs)

p,7=_—5‘1‘|<98';35’%)=_a+%(e—e+>+a(trEs>—Zfb(pb—p;>/p; (3.3.23)

u— N u—
P K, = —W = T EN =24, E, + 2, (0, — o)/ p N+ T,(0-07)1(3.3.24)
S b=2
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a\P (9 Es’pb)

pc luc _p T _(9 0+) ;’“sc(trE )+z/1cb (pb pb )/pb (3325)
and
N a—
Zﬂ (trE )I+21uss S Z(ﬂ’sb_kzﬂ“cb)((pb pb )/pb )I
= = (3.3.26)
T+) 7 —a)0-0)1
c=2
where
N N
C,=C,+0") > 0,0,,0, (3.3.27)
b=2 d=2
N N
=1+ > 0,0 (3.3.28)
b=2 d=2
N N
T,=1,+.,> 0,07, (3.3.29)
b=2 d=2
_ N N
ﬂ’ss = ﬂ“ss _ersbq);érsd (3330)
b=2 d=2
_ N N
ﬂsc = ﬂ’sc - zzrsbq)k;;rcd ) (3331)
b=2 d=2
and
_ N N
ﬂcb = ﬂ’cb _zzrceq);c}rbd : (3332)
e=2 d=2

The coefficients (3.3.27) through (3.3.32) are the shifting equilibrium properties of the mixture. It
IS sometimes convenient to refer to the material coefficients introduced in (3.2.9) as the frozen
equilibrium properties of the mixture.

The field equations in the shifting equilibrium case which replace (3.3.1) through (3.3.3) are
easily shown to be

2 N _
p., % (A + t;) GRAD(Divw,) + 14, DiV(GRAD W) + > 1, GRAD(Divw,)
b=2

(3.3.33)

+(a,—-7,—y,)GRAD O - zgﬂ)(@; 8;]
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aZW N _ —_
5 = 2 GRADDIVW,) + 4, GRAD(DIVW,) + (a, ~ 7, = 7,) GRAD#
(3.3.34)
ZN: : (aw ow, )
= ch at
and
00 oW N . OW
C ol (F—a - 87 Div—+ 7. —a, — 6")Div—~
ot [(Ts (e gs/ ) ot ;(Tb Ay gb/ ) ot j (3335)
= x Div(GRAD 6)

Solutions of (3.3.33) through (3.3.35) must also obey the inequality (3.3.18), where X is
again defined by (3.3.12);. Given (3.3.22) and (3.3.23), the explicit for of the quadratic form X

turns out to be

=2 9 So-0y + 2, (trE,)? Z W E) (0, = 5)/ Py
1 (3.3.36)
+Ezz c(pb pb)(pc pc )/pbpc +/'lss tr(EsEs)
b=2 c=2
The fact that X is assumed to be positive definite yields
c,>0 (3.3.37)
U >0 (3.3.38)

and the N x N symmetric matrix

_3 —_— —_—
/152 2’22 ' ﬂZN
L ZSN ZZN ZNN

is positive definite.

Frequently, it is physically acceptable to assume that the mixture is isothermal. This special
case can be justified in cases where the mixture is a perfect conductor. This case is approached
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when the thermal conductivity « is large. As equation (3.3.3) illustrates, if k is allowed to grow
without bound, then the temperature must obey Div(GRAD ) =0 . With suitable boundary

conditions, the only solution of this equation is &= 6". A nonconductor is a mixture for which the
constitutive equations are independent of the temperature gradient. In this case, it follows from
(3.2.23) and (3.2.24) that x =y, =0 for c = 2,..., N. For a nonconductor, (3.3.3) can be used to

eliminate the temperature from the remaining field equations. As in the shifting equilibrium case,
one can rewrite the governing constitutive and field equations in terms of a new set of material
constants. These constants, which are defined by complicated formulas, are the mixture versions of
the isotropic material constants one encounters in the classical theory of elasticity. It is also
interesting to point out that our constitutive and field equations contain the degenerate case where
there is no relative motion between the constituents. This case can be reached formally by
allowing the drag coefficients, &, to become large. It is a simple exercise to show that in the limit
of infinite drag coefficients, equations (3.3.1) and (3.3.2) force the constituent velocities to all be
equal.

In closing this section it is useful to note that (3.3.16) can be rearranged to yield
N
p K =T+ py ) +a(0-0"), (3.3.39)
b=2

where the order term has been dropped. As we shall see later, equation (3.3.39) is frequently used
in the applications to eliminate the formal appearance of the solid's chemical potential in favor of
the stress T, .
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Porous Elasticity Models With Pore Pressure

In this chapter the model developed in Chapter 3 will be specialized so as to yield the concept of
pore pressures. This special case is further specialized to the case of a binary mixture consisting of
a fluid and a solid. As a final specialization, the case where each constituent is incompressible is
discussed.

4.1 Immiscible Mixtures-Definition of Pore Pressures

In Chapters 1 and 2 examples were discussed which involved the pore pressures of the
fluids in the porous solid. In Chapter 1, these quantities were introduced as fundamental physical
variables. In Section 7 of Chapter 2 the pore pressures were defined in terms of other parameters
associated with the model of a rigid isotropic solid containing incompressible fluids. In this section
the pore pressures will be defined in a somewhat more general fashion. For the most part the
discussion in this section represents a generalization of a similar discussion in reference 1.

For the b™ fluid in a mixture consisting of a solid and N - 1 fluids, the pore pressure of the
fluid is defined by

P, = j 7,0 4, + constant. (4.1.1)

In order for (4.1.1) to have meaning, the true density », = p,/¢, must be a function of the
chemical potential z, . A trivial functional relationship arises when the b" fluid is incompressible.

In this case, vy is a constant and (4.1.1) integrates directly. If the results (2.7.14) and (2.7.15) are
combined with the definitions (2.7.18) and (2.7.19), one can see that (4.1.1) is implicit in the results

of Section 2.7. When the b" fluid is not incompressible, things get somewhat more complicated.

The relationship y, =y, (x,) required by (4.1.1) is an extra constitutive equation which

must be consistent with our previous constitutive assumptions. Therefore, we must investigate the
restrictions that are implied by the assumed existence of the function y, =y, (x,). We shall

always assume that this function can be inverted and written

Hy = (7). (4.1.2)

As indicated above, equation (4.1.2) must be consistent with the constitutive assumptions made in
Section 3.1. As (3.1.1, (2.7.8) and (3.1.7) show, the chemical potential p, is given by

45
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ty = 14, (0,F, py,0,). (4.1.3)

One case where (4.1.3) and (4.1.2) are consistent is when (4.1.3) degenerates trivially into (4.1.2).
If we exclude this possibility, then we must look for a more complicated reconciliation of (4.1.2)
and (4.1.3). If (4.1.2) and (4.1.3) are consistent, then it must be true that

7b=;[‘b_l°ﬂb(‘9a Fo.pg 94) (4.1.4)

or, with the definition (2.1.16),
Pol @y = By o 1, (0,F, pyg s 04). (4.1.5)

Equation (4.1.5) can be viewed as a set of N - 1 equations for the determination of pp, b =2,...,N, in
terms of &,F,, ¢,,....,, . Relationships such as (4.1.5) are not generally consistent with our

constitutive assumptions. However, if we assume that the relaxation process governed by (3.1.12)
occurs instantaneously, then (3.1.12) is replaced by

o,(0,F, py,94) =0 (4.1.6)

Equation (3.4.6) does have the potential of being solved to obtain (4.1.5). If we now restrict the
discussion to the linearized model discussed in Sections 3.2 and 3.3, it is possible to construct the
restrictions on the constitutive functions which follow from equation (4.1.1).

In the linearized approximation, it is readily established that (4.1.1) and (4.1.2) become

P =70t (4.1.7)
and
Po Hy =, [—y » 7 J (4.1.8)
b
respectively, where from (1.1.13),
o=l PP PP (4.1.9)
s Py Py

In equation (4.1.7), the assumption has been made that the pore pressure vanishes in the state where
the chemical potential vanishes. The quantity =, in (4.1.8) is a constant material property which is

to be determined. The inversion which was assumed in order to reach (4.1.2) implies that E, # 0.



Porous Elasticity Models With Pore Pressure 47

Equation (4.1.8) must be consistent with the fact that p, 4, is given by (3.3.25) and ¢, — @,
is given by the linearized version of (4.1.6), i.e. by (3.3.21). If (4.1.9) is substituted into (4.1.8) and
if (3.3.25) and (3.3.21) are substituted into the result, the resulting formula must hold identically in
the variables trE_, 8 and pq, for d =2,...,N. As a result, the following results can easily be obtained

_ N
Py Ay == ) DT, (4.1.10)
d=2
L 1
o, = EchD;d@d (4.1.11)
d=2
and
_ N L
Py Ao =E, {cﬂb* Ope — Z%Jed} (4.1.12)
d=2

for fixed b and for e = 2,...,N. In (4.1.12), the quantity &, denotes the usual Kronecker delta. If
every fluid has a pore pressure defined by (4.1.1), then equations (4.1.10) through (4.1.12)

represent a system of 2(N —1) + (N —1)* equations which relate the various material constants. If

the assumption is made that Zse =0, fore =2,...,N, it is a straight forward manipulation to derive
from these equations the following results:

Ey (4.1.13)
N
0,=-), (4.1.14)
e=2
and
N Zb N
Toe =@+ Z—e®ce (Zd)ejrsd] (4.1.15)
e=2 Se d=2

for b,c = 2,..., N. Equations (4.1.14) and (4.1.15) show that the pore pressure definition (4.1.1),
when applied to every fluid in the mixture, forces the material constants ®, and T, which appear

in (3.3.21) to be determined by the other material constants in the model. One would use equations
(4.1.14) and (4.1.15) to eliminate ®, and I, for b,c = 2,..., N, from equation (3.3.21). Equation

(4.1.12) enables us to construct explicitly the relationship (4.1.2). In particular, if (4.1.13), is
substituted into (4.1.9) and the result is substituted into (4.1.7), the result can be written
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R, = K{y” _fb} (4.1.16)
7o

where Ky, is the bulk modulus for the b™ fluid defined by

2“sb

K, = B
Zq)bdrsd
d=2

(4.1.17)

Because a properly defined bulk modulus is positive, it follows from (4.1.17) that we must require

s g (4.1.18)

N 1
Zq)bdrsd
d=2

forb=2,..,N. Itis possible to use (4.1.12) to establish that

e 1 Nl (4.1.19)
Yor, # (1—2@;5&[,]
d=2 b d=2

Equation (4.1.19) provides an alternate formula for the bulk modulus for the b™ fluid. It also
follows from (4.1.18) and (4.1.19) that

N
%Zcb;;rbd <1 (4.1.20)
Py d=2

If we utilize the definition (4.1.17), equations (4.1.13), (4.1.14) and (4.1.15) can be written

_ A/ _»
zq)gérsd Kb
d=2

—
—
—

(4.1.21)

b

N z—. N 3 N z—.q)b
O, =) | =Dy | D DT, ||=D (4.1.22)
A =~ K
and

_ ) -
+ e - + eq)ec
Ly =@, O + Z[ﬂ—i% (Z 3 B =g ®,, — e Pec (4.1.23)
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These results, allow (3.3.21) to be written

+ ﬂ_'s + + + +
%= 0y = UE e (0, -2 5 - Zﬂbe (p. =) Pl = (e—e ) (4124)
b

b bez

Given the result (4.1.7), the chemical potentials can be eliminated from (3.3.25) to obtain

o P, =7,(0-0")- ﬂsc(trE)+Zﬂcb(pb P Py (4.1.25)

Of course, (4.1.25) also follows from (4.1.24), (4.1.9) and (4.1.16). As in Section 2.7, the capillary
pressures are defined by P - P, for ¢ = 3,..., N. With this definition, (4.1.25) can be used to obtain

the capillary pressures in terms of 8— 6", trE_ and (p, — 1)/ pi -

If equation (4.1.7) is used in (3.3.39), the result is
p. K, =—(T, +i¢;Pbl)+a(9—9+)l (4.1.26)
b2
It follows from (4.1.26) and (3.3.24) that
T, +Z¢b Pl=A, (trE)I+2uE, —:Zzzsb (o, — 20 PN - (7, —a)(@-67)  (4.1.27)

Equation (3.3.26) can be used to derive an expression for the stress T, in terms of the pore
pressures. A first step in this derivation involves solving (4.1.25) for the fluid densities in terms of
the pore pressures, the temperature and the strain of the solid. Because the quantity X, defined by
(3.3.36), is positive definite, it is possible to show that the (N —1) x (N —1) symmetric matrix

[ 4] is positive definite and, thus, invertible. Therefore, equation (4.1.25) yields

(P =P/ Py = 2 9P =7 (0-07) + A (WE,) | (4.1.28)

If this result is substituted into (3.3,36) and rearranged, the result turns out to be

=zi

2

A A A )JATE N + 2 E S—Z[HZ@ }p

y c=2 (4.1.29)
Z oA T, —a)(0-0)]

b=
—(7, -

NMZ?MZ
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As in classical elasticity, it is possible to solve (4.1.29) for the stress T,. The result of this
inversion is

2,u N N
+ = Z(uz/gb }0 PI (4.1.30)
- -

3 _ss - i i _sbﬂ'bz:lj’sc + 2/uss - o=
b=2 c=2
2 . .
+ N N ’USS (TS_Zzﬂ’b C c a)(e 9 )I
3 _ss - z Z /stzb;lj’sc + 2/uss pr e
b=2 c=2

As we shall see later, it is sometimes convenient to utilize the pore pressures as independent
variables in the constitutive equations. Equation (4.1.28) is the key equation which allows for the
introduction of pore pressures in place of fluid densities. Equation (4.1.29) is one result of this
elimination. Likewise, one can use (4.1.28) to eliminate the fluid densities from the entropy
formula (3.3.23). The result of this elimination is

pn=—-a+(C, +9+221b 7)(0-6%)/6
 be2c=2 NN (4.1.31)
+(Z—ZZ ZME) =D 7oA o P

b=2 c=2 b=2 c=2

A similar elimination can be made from (4.1.28). The result of this calculation is
N N
(2 = 2)/ 05 = (L Ao ) E) + X 2. (0P, )———Z T (0-07)  (4132)
c=2 c=2

Equations (4.1.29), (4.1.31) and (4.1.32) reflect a symmetry which is worthy of mention. It is best
revealed if we use (4.1.26) to rewrite (4.1.29) as an equation for p, K. The result is

K= (L - Y)Y L )(E )] - 24, E,
e N N (4.1.33)
+Z(Z bﬂbc}oPH(r D A A 7O -6

c=2\b=2 b=2c=2

An examination of (4.1.31), (4.1.32) and (4.1.33) shows that
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o, oK
P ) 4.1.34
’E. P, ® ( )
oK, OJpn
s = 27 4.1.35
P«"50 " GE, (4.1.35)
and
oy _0pn (4.1.36)
06 0P,

These special relationships arise from the definition (4.1.1) and the fact that ¥, , expressed as a
function of (6,E,, p,), is a thermodynamic potential for the determination of p7n, K, and g, , for
b=2,...,N. Itis elementary to show that the function Y, defined by

N
r=Y, _zpb/ub (4.1.37)

b=2

is a thermodynamic potential for p7, K, and p,, for b =2,...,N, in the sense that

oY(0,E;, 14,)
- _ s 4.1.38
PN 20 ( )
oY(0,E., 1)
K.=———"—s/b7 4.1.39
ps K, ’E. ( )
and
P, = _OY(0.E 1) (4.1.40)
ou,

If we represent the solution of (4.1.1) and (4.1.2) by z, = 1,(P,), then one can define a function Y
by

Y(0.E,.R) = Y(0.E,..4,(R)) (4.1.41)
Given (4.1.38) through (4.1.41) and (4.1.1), it is possible to show that

oY(0,E,,R)
__9tWER) 4.1.42
on 20 ( )
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_OY(0.E,R)

K.=—————527 4.1.43
pSR S aES ( )
and
oY(0,E,,R)
=7 st bl 4.1.44
@, s ( )

c

The essentials of the argument which produced (4.1.42), (4.1.43) and (4.1.44) can be found in the
work of BIOT [Ref. 2, 3, 4].

As mentioned in Section 2.4, the content of the b™ fluid is defined by
m, = p|det | (4.1.45)
Consistent with the linearized assumptions we have adopted, (4.1.45) can be replaced by
(m, —m;)/m; = (p, - )/ Py +1rE, (4.1.46)

where the approximation (3.3.11) for |det FS| has been used. Just as m, represents the mass of the

b" fluid per unit of undeformed solid volume, the volume of the b™ fluid per unit of undeformed
solid volume is v, defined by

V, = @ |det | (4.1.47)
The linearized form of (4.1.47) is
(Vo =V2)/Vs = (9, —03)/ 0 +trE, (4.1.48)
where, for notational convenience, we have not utilized v, = ¢, .
It is convenient in some applications to use (4.1.46) and (4.1.48) to eliminate fluid densities

and volume fractions in favor of the quantities m, and v, . If (4.1.46) is used, equation (4.1.25) is
replaced by

N N
9P =T (0-07) = (e + D A )OE) + D Ay (my =) /my (4.1.49)
b=2 b=2

Likewise, (3.3.23) is replaced by
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pn_—a+—(9 0%) + (7, +Zrb)(trE) ZTb (m, —m;)/m; (4.1.50)
and (3.3.24) is replaced by
(/155+Z W JErE)— 2,ussEs+z o (M, —m) /MmO +7,(0-67)1  (4.1.51)
A similar rearrangement allows (3.3.26) to be written

= (4 202+ Y Y AMEN 4 20,8, -3 + 22 (m, ~mi)/m)
c=2 N b=2c=2 (4152)

~(7,+ Y 7, —a)(0-6)I

f— N f—
o _¢+ ﬂ“sb +Z/7“be =
b7 - 2 1 |trE, +(m, —my)/m) —— ZZbe(m —m;)/m; - (6-6) (4.1.53)
Py @, Ky o K, o= ?, K,

A more convenient version of (4.1.53) follows by utilizing (4.1.48) to obtain

+ ﬂ_“sb_'_ /T'be T
_ = e, 4 (my - m) M) - R (m, — m?)

" (0-67)(4.1.54)
Vo @, Ky @b b e=2 », Ky

When the independent variables are selected to be (6,E,,m,), it is possible to introduce a
potential whose derivatives yield (4.1.49) and (4.1.52) [Ref. 3]. The quantity W defined by

W (6,E,,m,) =|detF,| ¥ (6,E,,m,) (4.1.55)

is the inner part of the free energy of the mixture per unit of undeformed solid volume. If we now
use (3.2.15) and (3.3.21), it follows that
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W(@,Es,mb):a(e—e*)—%%(e—ﬁ*) & +Zfb a)(e 6 )(rE,)

&fb(e—éﬁ )((m, —m+)/m+)+—( +224b Z rE,)?
b=2 =2 (4.1.56)
Z(/IsbJrZZ/chj(trE )((m, —my)/my)

b=2

l N N
Ezzﬂb ((mb —-m, )/mb )((mc —-m; )/mc )+ Hss tr(EsEs)
b=2 c=2
It easily follows from (4.1.56) and (4.1.49) that

<0§Pc=%—f (0-67)- 3 o |(trEq) + y A (M, —m)/m; (4.1.57)
om - -

C

In a like fashion (4.1.56) and (4.1.52) yield

=W (22D L+ S L EN + 2., Z(ﬂwz (M, —mg)/m))
5E c=2 b=2 c=2 (4.1.58)

—(7, + ZZ’b —a)(@-6M)I

The relationship of the result (4.1.50) to the quantity W (&,E,m,) is slightly more complicated.
First, we introduce the entropy per unit of undeformed solid volume by the definition

= |det Fs|p77 (4.1.59)

Given (3.2.15) and (4.1.50), it easily follows that

— N N
H=- %\Z_—a+%(9—9+)+(fs+Zfb—a)(trEs)—Z?b(mb—mé)/mﬁ (4.1.60)
b=2 b=2

4.2 Binary Immiscible Porous Materials With Pore Pressure
The special case of a single fluid contained in a solid is of special importance. Because of
the complexity of the governing equations, very few problems have been examined with more than

one fluid. For this reason, in this section the case where N = 2 will be examined.

For the case where the solid and fluid are compressible, equations (4.1.24), (3.3.22),
(3.3.23), (3.3.24) and (4.1.25) reduce to
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0-06") (4.2.1)

(0f+ oK 1Ky

Pi —Pr _ ftsb trE +{1— ]((Pf pf)/pf)—¢
f

f

= a(0-0") -2 (0-0") ~F,(0-0" ) E.) + 7, (0-0") (p, - p1)/ P}

+2 A EY -2 (TE) (o, - ) i @22)
%Z ((pf pf)/pf) + u tr(E(Ey),
pn——a+—(6’ 0")+7,(rEy) -7, (p; — pf)/pf (4.2.3)
psRK :__(TI +¢?Pf|)+a(9_9+)l:_Zs(trEs)l_zzussEs (424)
+ 24 (s = P7) [ PO+ T, (0-07)]
and
=7,(0-0") =24 (rE,) + A4 (0 —p7)/ P} (4.2.5)

@f

where the subscript f denotes the single fluid constituent. From equations (4.1.17), the bulk
modulus for the fluid is given by

ﬂ’sfq)ff
K, =- (4.2.6)
st
The inequality (4.1.18) reduces to
_ D,
Ay —=>0 (4.2.7)
st

Since the coefficient ®x must be positive, (4.2.7) shows that

Ag /st <0 (4.2.8)
The single fluid versions of (4.1.27), (3.3.26), (4.1.29), (4.1.31) and (4.1.32) take the forms
T, +0i Pl = I EN +21,E, - 1, (0, - p7)/ PO - (7 —a)(0 -0 (4.2.9)
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TI = (/T’ss +2_’sf )(tr Es)l +2/ussEs _(2_’sf +Zﬁ)((pf _p:)/p:)l
~(T,+7, —a)(0-0")

-rl = (Zss _Zi/sz )(tr Es)l +2/ussEs _(1+Zsf /fo )¢:Pf I
(7, = AT [y —a)(0-0")]
pn=-a+C,+0"77 [2)(0-07)/0" +(7,~T, A [ 2 ) E,) = (7, [ 24 )i P,

and

A
oK,

(0 —07) /@i =y [ 24 )t0 Es>+(1/2ﬁ)£1— ]qﬁ:Pf — (7, [2)(0-6)

The field equations which follow from (3.3.33), (3.3.34) and (3.3.35) are

2
o, % = (%, + 1t,,) GRAD(Divw,) + 1, Div(GRADW, )
_ ] _ ow, Ow,
+ Ay GRAD(Divw, )+ (a, —7,+7) GRAD O - ¢& p - P
Low, . - . _
o) ?:ﬁg GRAD(Divw,)+ 4, GRAD(Divw,)+(a; -7, —y) GRAD @
- oW _aWS
ot ot
and
_ 00 _ . OW _ . OW,
C.—+06" —a.+¢c/0)Div—/+ (7, —a, —¢c/0")Div
" 6’[ ((Ts S g/ ) 6’[ (Tf af g/ ) 6‘t j
= x DiV(GRAD 6)
where
égzégﬁ = 7o
Yy=Ve =7V

and

Chapter 4

(4.2.10)

(4.2.11)

(4.2.12)

(4.2.13)

(4.2.14)

(4.2.15)

(4.2.16)

(4.2.17)

(4.2.18)
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C=¢; =—¢, (4.2.19)

Given (4.2.17), (4.2.18) and (4.2.19), the inequality (3.2.27) shows that

k>0 (4.2.20)
and
KE]0° z%(ﬂg/e*)z (4.2.21)
It follows from (4.2.21) that
£>0 (4.2.22)

As mentioned earlier, the coefficient « is the thermal conductivity. The coefficient & is called the
drag coefficient.

4.3 Stability of Equilibrium:Classes of Initial - Boundary Value Problems

In this section some comments will be given about the types of initial-boundary value
problems one can formulate with a linearized porous media model of the type being discussed in
this Chapter. For simplicity, we shall continue to assume that we are dealing with a porous elastic
solid containing one fluid. While much of which is said generalizes to the case of N - 1 fluids, it is
not necessary to complicate the discussion here.

At several points in the discussion, mention has been made of the inequality (3.3.18). For
the case of a solid containing a single fluid, it takes the form

0 1 ow, ow, 1 _ OW; Ow,
— .[ L+-p, . += 0 : dv
ot 5 2 ot ot 2 ot ot

) (4.3.1)
<¢ (t-e_f m)-ds
oy~ 9
where
oW oW, ow
t=T S (7P, — 0-0" ——3 4.3.2
ot ((”f f af( ))( ot atj ( )
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Equation (4.3.2) is equation (3.3.17) specialized to the case where N = 2 and where the fluid has
pore pressure. Of course, equation (4.1.7) has been used to introduce the pore pressure P;. By use
of (3.3.36), in the compressible case X is given by

1c, + 1~ a + + 1~ + +)?
2250_\1(9_‘9 )? +E/155(tl‘ E.)* - A4 (trE,) (o — i )/pf +§/1ff ((pf _pf)/pf)

(4.3.3)
+u tr(E.E,)
The fact that X is positive definite yields
c,>0 (4.3.4)
- 2
A +§,uss >0 (4.3.5)
_ 2 .
(ﬂss +§luss)ﬂ’ff > ﬂ’sf (436)
and
U, >0 (4.3.7)
Equations (4.3.5) and (4.3.6) imply that
Ag >0 (4.3.8)

The essential idea of the stability of equilibrium is to show that the inequality (4.3.1),
combined with certain other assumptions, allows one to prove that states that are in equilibrium
initially remain so indefinitely. Once this simple physical fact is formally established, it is rather
simple to establish a uniqueness theorem for the governing field equations. If the compressible
case is considered first, for initial conditions it is required that the initial displacements of the solid
and the fluid are such that

E,(X,0)=0 (4.3.9)
w,(X.0) _, (4.3.10)

ot
trE, (X,0) = Divw, (X,0) =0 (4.3.12)

and
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ow, (X,0)

0 4.3.12
o (4.3.12)

Therefore, we have assumed that the fluid and the solid have zero initial velocity. In addition, we
have assumed that the strain of the solid is initially zero, and, from (3.3.9), that the bulk density of

the fluid is initially p;. For the temperature, we shall assume that initially

0(X,0) = 6" (4.3.13)

Next boundary conditions must be prescribed on the surface 06 . At this point in the discussion,
we shall simply say that boundary conditions are prescribed which cause the surface integral in
(4.3.1) to vanish. As aresult, (4.3.1) reduces to

oW, Ow
ﬁj g1, W, ow 1 W Wely<o (4.3.14)
gl 2™t ot 27 at at

Given our initial conditions (4.3.9) through (4.3.12), equation (4.3.14) shows that

ow,(Xt) ow,(Xt) 1 . ow  (X,t) ow, (X,t)

1
(X ) +=
j(( AL a2 at at

}dv =0 (4.3.15)
o

for all t. 1f we presume that we are dealing with continuous solutions of the field equations, it
follows from (4.3.15) that the integrand must vanish for all (X,t). This fact and the positive

definite nature of X yield

E.(X,t)=0 (4.3.16)
M: 0 (4.3.17)

ot
trE, (X,t)=Divw, =0 (4.3.18)

ow, (X,t)

——=0 (4.3.19)

ot

and

(X, t)=6" (4.3.20)

for all (X, t). Therefore, with suitable boundary conditions, solutions of the field equations which
start out in the equilibrium state defined by (4.3.9) through (4.3.13), remain in that state for future
time.
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A uniqueness theorem follows from the above results if one considers two possible
solutions of the field equations which obey the same initial and boundary conditions. The
difference in these two solutions will have zero initial and boundary data. If these initial conditions
for the difference solution obey (4.3.9) through (4.3.13), and if the boundary conditions for the
difference solution causes the surface integral in (4.3.1) to vanish, then the difference solution must
obey (4.3.16) through (4.3.20). It is in the sense of these three equations that the solution of the
field equations is unique.

It is not difficult to characterize many cases where the surface integral in (4.3.1) vanishes.
If n denotes the outward drawn unit normal to the surface 0¢ ", some of these cases are as
follows:

1) The fluid and solid displacements vanish on 0@ ,and the temperature equals 6" .
i) The stress vector T,n vanishes on 0, the fluid and solid displacements are

equal and the temperature equals 6" .
iii) The stress vector T,n vanishes on 0, the pore pressure Ps vanishes on 69~ and

the temperature equals 6" .
iv) The solid displacement vanishes on 69, the pore pressure Ps vanishes on 69~

and the temperature equals 6" .

V) Cases identical to i) and ii) except that the temperature condition is replaced by the
requirement that m-n vanishes on 69~ .

Vi) Combinations of i) through v), where the cases are prescribed on different parts of
00 .

The reader will recognize in the above list the usual traction and displacement boundary conditions
from elasticity. The conditions on the temperature field correspond to cases familiar from
conduction heat transfer, i.e. when the boundary is not insulated one prescribes the surface
temperature. The conditions on the pore pressure and the relative displacement of the fluid and
solid correspond to whether or not the boundary is pervious or impervious to the flow of fluid
across the boundary. If one prescribes the relative displacement to be zero, as in ii), then the fluid
is not allowed to flow across the boundary. If instead, one prescribes the pore pressure, relative
motion is allowed and, thus, fluid can flow across the boundary. In a rough sense the temperature
and pore pressure are analogous quantities as far as the prescription of the boundary conditions are
concerned. As we shall see later, in a certain special case there is a formal analogy between
temperature and pore pressure.

4.4 Incompressible Immiscible Mixtures

In Section 2.7 it was shown how for a mixture consisting of a rigid solid and N - 1
incompressible fluids one could use the constraint of incompressibility to formulate a mathematical
model. When the solid is allowed to be a deformable incompressible solid, a similar formulation
can be presented [Ref. 5, 6]. However, it is instructive in this Section to take an equivalent
approach and obtain the incompressible results as a limit of the results in Section 3.4.
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From the results of the Section 4.2, when the mixture is assumed to be in shifting
equilibrium and each fluid is assumed to have a pore pressure, the volume fractions are given by
(4.1.24). If we make the additional assumption that one of the fluids is incompressible, then by
further restrictions on the coefficients in (4.1.24) we can accommodate this special case. Equation
(4.1.24) repeated is

+ Zg + + + 1 ks + + 7, +
O =05 = EUE 0 (0= )] )~ DA (0 = PP = (0-07)  (44.1)
Kb Kb e=2 Kb

If the b™ fluid is incompressible, then », = ; and equation (4.1.9) reduces to

PPy _ PP (4.42)
Py P

In order for equation (4.4.1) to reduce to (4.4.2), it is necessary for

ﬂ’sb

K, (4.4.3)
& -0 (4.4.4)
Kb

and
Ty
N} 445
< (4.4.5)

If every fluid is incompressible, then (4.4.3), (4.4.4) and (4.4.5) hold for b=2,...,N . Itthen
follows from (4.1.17), (4.1.23) and (4.1.22) that, in the incompressible limit,

r,=0 (4.4.6)
ch = (ng)dc (447)

and
0, =0 (4.4.8)

T =c (4.4.9)
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T, =1, (4.4.10)

T, =1, (4.4.11)

A = A, (4.4.12)

A = A, (4.4.13)
and

Ay = Ay (4.4.14)

As a consequence of (4.4.9) through (4.4.14), in those cases where all of the fluids are
incompressible, we need not distinguish between the shifting equilibrium material coefficients and
those originally introduced in Section 3.2. This distinction will be ignored without comment
throughout the remainder of this chapter.

If the solid is also incompressible then we must satisfy the additional condition that ys is a
constant. Because y = p,/d. , equations (2.4.9) and (3.2.15) show that

PP — _wE, (4.4.15)
?,

must be true when the solid is incompressible. Equation (4.4.15) also follows from (2.6.11) and
(3.2.15). As aresult of the relationship (2.6.12), the volume fraction of the solid can be eliminated

from (4.4.15) to obtain
N
> (@, -9))=¢: CrE, (4.4.16)
b=2

Equation (4.4.16) is the incompressibility constraint for an incompressible linear elastic solid
containing N - 1 incompressible fluids. It is possible that the reader will recognize (4.4.16) as the
linearized special case of the constraint (2.6.13). Equation (4.4.16) is an extra relationship between
the variables which must be accommodated by the constitutive equations. One method of
achieving this accommodation is to allow the pore pressure for the N fluid to become
indeterminant. It follows from (4.1.25) that

N
GuPy =1y (0-0") = Ay (rE)+ D A (0 —25)/ oy (4.4.17)
b=2

Since the fluids are incompressible, equation (4.4.2) can be used to replace (4.4.17) by
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BiPy =1 (0—0) = A (TE)+ Ao (h— )/ ok (4.4.18)

By appropriate choice of the coefficients in (4.4.18), it can be made to reduce to (4.4.16). The
details of this choice are revealed by writing (4.4.18) as

¢r§ PN //1NN = (TN //INN )(‘9 - 9+) - (/ISN //INN )('[I‘ Es)

Nt (4.4.19)
+Z(1Nb/ﬂ’NN )@, —gog)/gog +(oy — o0 )/(015
b=2
Clearly, if we assume that
1
//i’NN
N
KN (4.4.21)
//i’NN
LTI P (4.4.22)
A (4N
forb=2,..,N-1,and
LY 2 (4.4.23)
A 2N

where P, remains bounded, then (4.4.19) reduces to the desired result (4.4.16). Equations (4.4.20),

(4.4.21), (4.4.22) and (4.4.23) are additional restrictions on the material constants resulting from
the assumption of incompressibility. Unlike (4.4.6), (4.4.7) and (4.4.8), equations (4.4.20), (4.4.21)
(4.4.22) and (4.4.23) cause the pore pressure P, not to appear in the constitutive equations for the
model. In short, the pore pressure P, becomes indeterminate in so far as the constitutive equations

are concerned. Of course, this indeterminacy is exactly like the one which appeared in Section 2.7
where the constraint of incompressibility was used during the derivation of the thermodynamic
restrictions.

The limits (4.4.20) through (4.4.23) have an impact on the constitutive equations for the
pore pressures P,, for B =2,...,N - 1. Because of (4.4.20) and (4.4.22), the coefficient 1., = 4.,

which appears in (4.1.25) is unbounded in the incompressible limit. However, if one forms the
difference P, — R, for B =2,..., N, the result can be seen to have a well defined limit. It follows

from (4.1.25) that this difference is given by
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. Py : Py
(%(Pﬂ -R)= (T/; —(p—fTN)(H—H )— (ﬂsﬂ _w_fﬂ’sN (trEy)
N N . (4.4.24)
- ¢,b’ + + §0ﬁ + +
+Z(ﬂ’ﬁ'a - ¢+ /INa)(gﬁa _(/)a)/(oa +(/15N _EﬂNN)((/)N 2N )/(DN )
a=2 N N

where (4.4.2) has been used. It follows from (4.4.19) and (4.4.22) that in the incompressible limit
the coefficient of (¢, —(p;)/(p; in (4.4.24) vanishes. If the limits of the remaining coefficients in

(4.4.24) are written

+

T,— (pf Ty — r; (4.4.25)
N
L DG (4.4.26)
sp + 7%N sS4 A
(2N
and
P, Ly (4.4.27)
Pa + ""Na Ba A
N
then (4.4.24) becomes
* * N_l *
9P, =R =7,(0-0") =2, (rE) + D 4, (9, —9.)] 0. (4.4.28)
a=2

for p=2,..., N-1. Equations (4.4.28) are the constitutive equation for the capillary pressures
within the incompressible mixture. A manipulation similar to the one which produced (4.4.24) can
be applied to (3.3.24) to obtain

+ N-1 +
P, K~ 9P = (4, —Z—iisN)(tr E)-2u,E, + Y (4, —Z—izw)«coﬁ —0,)/ o)
) N - N (4.4.29)
(A =2 2) (0 —00) oo + (r, ~ L2, )0 67)]
SN o ) (o —on) /o) + (2, o 7y )( )

N N

As with (4.4.24), the coefficient of (¢, —(p;)/(p,; vanishes in the incompressible limit. If the
limits of the coefficients in (4.4.29) are written

IRy (4.4.30)

N
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A -
Ay ==y = Ay (4.4.31)
(/N
and
T — (Di Ty T, (4.4.32)

N

then (4.4.29) becomes
psR Ks _gD:PN I = _ﬂ“ss (tr Es)l - 2zussEs + Zﬂ“sﬂ (((oﬁ _¢;)/¢;)I + [ (9 - 9+)| (4433)
p=2

Note that (4.4.26) and (4.4.31) provide two apparently different definitions of the coefficients }t*sﬁ

for B =2,..., N-1. Itisreadily shown by use of (4.4.22) and (4.4.23) that the coefficients
Aoy = (@5 [03) Ay AN A, — (@) [ @3) Ay, have the same incompressible limit.

The incompressible limit of the constitutive equation for the entropy density, equation
(3.3.23), is

N-1
pn=-a+c,(0-0")/0"+7,0E =3 7,((9, - 9;)/2}) (4.4.34)
B=2

Equation (4.4.34) is a consequence of (3.3.23), (4.4.2), (4.4.25), (4.4.32) and the result (4.4.9). Just
as equations (4.4.28), (4.4.33) and (4.4.34) have been obtained as a limit of the corresponding
compressible result, it is possible to derive an incompressible version of the expression for ¥,
equation (3.3.22). The result turns out to be

qq:aw—ew—%g§w—aw2;iw—evm59

- * + + + 1 * ~ * + +
+Z Tﬁ(g_e )(Qg _¢ﬁ)/¢ﬂ +§/7’ss (tr Es)2 _Zﬂsﬂ (tr Es) (§0ﬂ _¢ﬂ)/§0ﬂ (4-4-35)
p=2 p=2

N-1N-1

1 * + + + +
5 Y (0= 0) (0, = 9.)] 90 + 11 H(EE,).

p=2a=
Given (4.4.35), it is readily established that

v,
__or 4.4.36
on 50 ( )
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oY,
B N a¢ﬂ
and

oY
K.—¢p/Pl=—+-L
psR s ~Ps My 8ES

Given (4.4.35) and (4.4.34), it follows that

+ 1Cv + 1. N * + +
2=+ pn(0-07) =500 )2+§/155(trEs)2—Zﬂsﬁ(trEs)(%—(ﬂﬁ)/%
p=2
1N71N71 .
s > A0, —05) (0, —0)) | 0p0, + 1 tr(EE,)
p=2a=

As before, the fact that X is assumed to be positive definite yields

c,>0
>0
and the (N —1) x (N —1) symmetric matrix
/’i’s*s "'%/J:s /1:2 o ﬂ“:,N—l
Acy A
ﬂ’:,N—l ﬂ’;N—l : ' ' ' ﬂ’:l—l,N—l_

is positive definite.

Chapter 4

(4.4.37)

(4.4.38)

(4.4.39)

(4.4.40)

(4.4.41)

It is possible to show that the incompressible versions of (4.1.27), (4.4.23) and (4.1.29) are

S

N-1
T +P,l +Z¢;(Pﬁ —P) =4 (trE)I+2u E
B=2

N -

S (@, -9 o) - (7 —a) O
B=2

(4.4.42)
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T, =-P, I+(/155+Z/1ﬁ)(trE W+2u E

S

- (4.4.43)
(Aes Z ) (95— w,;)/(pﬁ)l (. +Zr —a)(@-0)I
p=2 =
and
. N-1N-1 .
T, =-P,1+(A, —Zz/isﬁ/iﬁa%sa)(tr E )l +2uE,
praec (4.4.44)
. N-1N-1 .
- Z[l"' zﬂ’sﬁﬂ’ﬂ;ljw;(l:)a P )= (7, - ﬂsﬂﬂ”ﬁ;lra a)(@—-6")l
a=2 p=2a=2

where the positive definite character of X insures that the matrix [Iﬁa] has an inverse.

The field equations which replace (3.3.33), (3.3.34) and (3.3.35) in the incompressible case
turn out to be

2
Ps, aatvl' =—p; GRADP, + (4, + 1) GRAD(Divw,) + 1, Div(GRADW,)
4 ow, (4.4.45)
+Zﬂ;, GRAD(Divw ) + (&, — 7, —7,) GRAD § - ngb (__ j
p=2 ot ot
o°w . . S .
p}Tf = -, GRADPR, + 1, GRAD(Divw,) + " 1,, GRAD(Divw,)
e (4.4.46)
ow, ow
+(a GRADG -
(-5~ 7,) AT
forp=2,...,N-1,
2
P d W 4 GRADP, +(aty — 7, ) GRAD O Zng(aW - G\st (4.4.47)
ot ot ot
and
Cv%ﬂéﬁ(r:—as ~6. /0"
(4.4.48)

LN o W, e OW .
+0°Y (t,-a,—¢,/0 )Duvw—e (ay +¢y/0 )DquNunv(GRADe)
p=2
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In addition, these field equations must be supplemented with the constraint equation (4.4.16)
written in terms of displacements. This equation is

N
. Divw, + Y ¢ Divw, =0 (4.4.49)

b=2
4.5 Binary Incompressible Immiscible Mixtures
If both the fluid and solid are incompressible, we need to specialize the results of Section

4.4 to the binary case or simply view the incompressible case as the limit of the compressible one.
In any case, equations (4.4.35) (4.4.34), (4.4.33) and (4.4.43) take the forms:

¥, :a(9—6+)—%%(0—0+)2 — 2 (0-07)rE,)

. (4.5.1)
+E/1; (trE,)* + u tr(E.E,)
pn=—-a+c, (0-07)/0" +7  trE, (4.5.2)
p, K, =@ Pl =2 (rE) =24, E, +7,(0-6")] (4.5.3)
and
T, =P 1+ AL (trE) + 24, E, — (7, —a)(6 - 6)] (4.5.4)

The field equations in this case are special cases of (4.4.45) through (4.4.49). These special cases
are

2
Py % =—¢; GRADP, + (A + 11.) GRAD(Divw,) + z Div(GRADw,)
4.5,
( +7)GRAD O - ¢ ow, W, o
+(a, —2'
4 a ot
o°w ow
p;at—2f=—(p;GRADPf+(af—y)GRAD¢9—§[ f—a\gfj (4.5.6)

ow
aaf t9+((r ~a, +g/0+)DIVa:;V——(af+g/9+)DIVFJ x Div(GRAD®) (4.5.7)

and
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@, Divw, +¢; Divw, =0 (4.5.8)
In the binary incompressible case, it follows from (4.4.39) that

2:%%(9_9+)2 +%2’S*S(tr Es)2+ﬂss tr(EsEs) (459)

The result (4.5.9) also follows from (4.5.1), (4.5.2) and the formula, £ =¥, + pn(6—-6"). The
requirement that X be positive definite yields

and

c, >0 (4.5.10)

. 2
Aot >0 (4.5.11)
s, >0 (4.5.12)

The arguments in Section 4.3 carry over with minor modification for the incompressible

case. Because X in (4.5.9) does not depend on Divw, , it is not necessary to prescribe the initial

condition (4.3.11). However, because the constraint (4.5.8) must be obeyed, (4.3.11) is a
consequence of (4.3.9). Likewise, (4.3.18) is not a consequence of the positive definite character of
%. Itis a consequence of the constraint (4.5.8) and (4.3.16).
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Models Which Neglect Inertia

In order to reach the results summarized in Sections 4.2 and 4.5, many specializing assumptions
were necessary. In this Chapter, additional assumptions which one often finds in the porous
elasticity literature are discussed. The two special cases which we shall focus on are the special
models one gets when the fluid inertia is neglected, and the special model one gets when both the
fluid and solid inertia are neglected. For the moment, we shall not worry about the validity of these
approximations.

5.1 Compressible Models
The first special case which shall be considered is the compressible binary porous material

defined by equations 4.2.1 through (4.2.22). If the inertia of the fluid constituent is simply
neglected, the only formal change is that (4.2.16) is replaced by

ot ot

OW _ —
5( ! aWsj:/zsfGRAD(Diva)+/1ﬁGRAD(Divwf)+(o¢f—ff—y)GRADe (5.1.1)

Because the highest time derivative of w; which now appears in the field equations is one, the
number of initial conditions which can be satisfied by the governing field equations is reduced by
one. Therefore, the approximate field equations are a singular perturbation of those which retain
the fluid inertia. Typical of singular perturbation problems, the solutions of the approximate
equations cannot be expected to approximate those which retain the fluid inertia in the time
neighborhood of the lost initial condition. Usually this fact is described by stating that the
approximate equations are not valid within a boundary layer of the boundary t = 0. It turns out that
characteristic times in porous elasticity are rather small. The effect of this fact is that in a
nondimensional sense the time boundary layer is usually small. In any case, if we proceed with an
investigation of the field equations without fluid inertia, there are certain interesting results which
can be obtained.

The first formal manipulation is to eliminate the fluid displacements in favor of the fluid
pore pressure. Equations (4.2.11) and (4.2.12) give the stress, T,, and the entropy, n, in terms of
the fluid pore pressure. It is convenient to write (4.2.5) in the form

piP, =7, (0-6")- A, Divw, -1, Divw, (5.1.2)

where (3.39), with the order term omitted, (3.2.3) and (3.28) have been used. Given(5.1.2),
equation (5.1.1) can be rewritten in the form

71
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an aws +
§| =~ |7 i GRADP, +(a; ~7)GRADY (5.1.3)

oW, ow

Equation (5.1.3) allows for the elimination of the combination [ Sj from the constitutive

equation for the heat flux m. The binary version of (3.2.23), with the order term omitted, is

ow

M= —xGRAD—¢| 2t _ W (5.1.4)
o at
oW, ow

Therefore, when (5.1.3) is used to eliminate the term ( atsj from (5.1.4) the result is

M = (i +(c/&)(a, - 7)) GRAD 0+ (5/&)p; GRADP, (5.1.5)

Note that in the derivation of (5.1.5) it has been assumed that & is nonzero. This assumption, along
with the requirement (4.2.22), shows that we have assumed

£>0 (5.1.6)

Next we shall eliminate the displacement of the fluid, ws , between (5.1.2) and (5.1.3). If
we compute the time derivative of (5.1.2) and the divergence of (5.1.3) the results are

, OP 80 oW,

_ /’L D|V 517
P T T a 47
and
. 0w, . OW o .
¢ - |~ ~#i DIMGRADP,) + (; ~7) DiMGRADY) (5.1.8)
oW, . :
If Div p is eliminated from these two equations, the result is
(1/ ff)(f’f (]7M“ff)_ _'_(1-'_/1“/}L (5.1.9)

= ((pf /£) Dlv(GRAD P,)~((a; —7)/¢) DiV(GRAD )
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Equation (5.1.9) replaces the equation of motion for the fluid in the special case where the inertia of
the fluid can be neglected. The equation of motion of the solid, (4.2.14), can also be simplified in

ow
this case. Equation (5.1.1) can be used to eliminate the term 5( 8tf 5(\;/3

j from (4.2.14), and

(5.1.2) can be used to eliminate Divw, . The result of this elimination is

O*W,
P~ o2

+ pt; DiV(GRADW,) + (a7, +7; A /A ) GRAD.

=—o; 1+ /Zﬁ )GRADP, + (4, ~A¢ /Zﬁ + ;) GRAD(Divw, ) (5.1.10)

The energy equation appropriate to this special case follows from (4.2.16). Equation
(4.2.16) can be rearranged to the form

oW
q%w* (fs—a)Divaws +7, Div—
ot ot ot

(5.1.11)

ow
= DiV[KGRAD9+0+(g/9+ +af)(a;\tls - 8’[f D

The desired result can be obtained by use of (5.1.7) to eliminate Div(ow /6t) from the left side of

oW
(5.1.11) and (5.1.8) to eliminate Div( atf —a\é\:sj from the right side of (5.1.11). The result of

this elimination is

= +=2 /7 89_ + 7 \= +ai (= = 7 7 H an
(C, +0" 7 /Z’ﬁ)E 0 (1//1ff)7f¢f ot +0°(7, -7, j’sf/j’ff o) Div ot
=(k+60"(a, +g/9+)(af ~7)/&) Div(GRAD #) (5.1.12)

-0 ((a; +5/0")/£)p; DiV(GRADP;)

By rearrangement of the inequality (4.2.21), it is possible to show that

Wk +6"(a; +5/07) (e =7)/)

) (5.1.13)
> (@ +6/0)+ (@ )

The algebra necessary to derive (5.1.13) from (4.2.21) comes from the following sequence of
rearrangements
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L+e/0y =360 va) (-7
(5.1.14)

1 . 2 .
=4 ((c/0"+a)+(a =) ~(/0"+a)e -7)
and the substitution of the result, (5.1.14), into (4.2.21). It follows from (5.1.13) and (5.1.6) that

(x+0 (a; +5/07) (a; —7) /&) 20 (5.1.15)

Equations (5.1.9), (5.1.10) and (5.1.12) represent the field equations appropriate to the model
where fluid inertia has been neglected. These equations, which are intended to yield the solid
displacement, ws, the pore pressure, P; and the temperature, 6, must be supplemented by boundary
and initial conditions. The results of Section 4.3 provide guidance as to the types of initial
boundary data which are sufficient to imply uniqueness. If the fluid inertia is neglected, equation
(4.3.1) reduces to

2 j (z+1ps ow, -awsjdvs gS (t—‘g‘f m)- ds. (5.1.16)
ot 2° " ot ot o 0
where
L= (€40 T 1) 00"V + > (B~ T [T WE,Y
20 . 2 (5.1.17)
- (2_-f //lff )(go;rpf )(0_6*) +E(]//Iff )(¢:Pf )2 +1Llss tr(EsEs)
and
oW oW, ow
t=T,——(¢;P;, —,(6-6" - 5.1.18
ot (o1 Py —a ( ))( ot 8tj ( )
Equation (5.1.17) follows from (4.3.3) after (5.1.2) and the approximation of (3.3.9)
(P —p7)/pi =—Divw, (5.1.19)

have been used to eliminate (,of -p; )/,of+ . If the result (5.1.3) is used, (5.1.18) can be replaced by

t=T M (oP —a, (6’—0*))(—%GRADR Jar)

GRAD@J (5.1.20)
ot

An examination of (5.1.20) and (5.1.5) illustrates that, for this approximate theory, unique solutions
will result by placing conditions on the stress vector, T,n, or the solid displacement, w,, the pore
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pressure or its gradient and the temperature or its gradient. The precise nature of these conditions
can be deduced from (5.1.17), (5.1.20) and (5.1.5).

If in addition to neglecting the fluid inertia, the assumption is made that the temperature is a
constant, then an interesting analogy is obtained between the isothermal poroelasticity of
compressible constituents and dynamic thermoelasticity. As mentioned earlier, the isothermal case
is obtained is the thermal conductivity « is assumed to be very large. In the limitas x — «,
equation (5.1.12) reduces to Div(GRAD #) =0. With appropriate boundary data, the solution to

this equation is &= 6. This result reduces (5.1.9) and (5.1.10) to

— +8P b a H aws + 1
W/ 2o —8,; +(L+ Ay [ 2q) Div—"= (¢i /¢)DIV(GRADP,) (.1.21)
and
o’w, LT T 1 1217 i
P ot = U /A4)GRADP, + (2, ~A | Ay + 1) GRAD(Divw,) (5.1.22)

+u, Div(GRADwW,)

An examination of these equations reveals that they are formally identical to the equations of
dynamic thermoelasticity [Ref. 1]. In order to establish this analogy, one has to make the following
identifications:

Isothermal Poroelasticity Dynamic Thermoelasticity
o P, The temperature differential
1/jﬁ The specific heat per unit of volume divided by
the reference temperature
= = = 2 . .
Ao — A //1ff +§yss The isothermal bulk modulus of elasticity
Mo The isothermal shear modulus of elasticity
e The thermal conductivity divided by the
reference temperature
1+ A4 / A The stress-temperature modulus

In thermoelasticity, the stress-temperature modulus is usually written as three times the produce of
the coefficient of thermal expansion and the isothermal bulk modulus. The analogy between
porous elasticity with fluid inertia neglected and dynamic thermoelasticity was first mentioned by
Lubinski [Ref. 2]. References 3, 4 and 5 should also be consulted for readers interested in
additional information about this analogy.

If the additional approximation is made that the inertia of the solid can also be neglected,
then we can obtain yet another set of approximate field equations. This approximation, as we shall
see, is frequently adopted as the appropriate one for porous elasticity applications. If the inertia of
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the solid is neglected, then the field equations (5.1.9) and (5.1.11) are not formally changed. The
equation of motion (5.1.10) is replaced by

(A=A | 24 + ;) GRAD(DiVW,) + 11, Div(GRAD W)

_ _ (5.1.23)
—¢;(1+ A4 /24)GRADP, +(a—7,+7, A; /1;) GRAD# =0
Given (4.2.11), a more compact version of (5.1.23) is
DivT, =0 (5.1.24)

Equation (4.2.11) can be used to eliminate the displacement of the solid from (5.1.9) in favor of the
stress T|. Some of this elimination has already been performed. It follows from (4.1.30) that

A — A2,
Z:USSES :TI - = Sf/ ff2 1(trTI)I
2_’55 _Zi/zﬁ + 4 M 3
3 (5.1.25)
2u,(L+ Ay [ 2, 2u (T, - 24T, [Ag —
n _/uss(_2 _sf/ ff) (0: 1+ /uss_(Ts —ZSfT—f/ ff )(9_9+)|
3(2’53 _ﬂsf /ﬂ’ff ) + 2luss 3(155 _ﬂ“sf /ﬂ“ff ) + 2/uss
It follows from (5.1.25) that
3(L+ A /A,
trE, = Divw, = 0 /Tz/l/T 772 tr, e (/TZ/SZT/ )“ )2 o7 P,
s s + 2l ss s + 2l
v o (5.1.26)

3(7, _/Tsfz_-f //Tff -a)

e 6-6"
3(iss_ﬂs$/ﬂff)+21uss( )

If the time derivative of equation (5.1.26) is used to eliminate the term Div(aws/at) from
(5.1.9) and (5.1.12), the results are
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_ 9 _
ﬂ“ss+§ﬂss+22’sf+ﬂ“ff +8|:>f
7 7.2 "a
j’ff (ﬁ“ss _ﬁ“sf /j’ff +§/uss)

2
(Ts _a)(ﬁ“ﬁ +2’sf)_rf (/155 +§/uss +/15f) 06

+ R
—— " (5.1.27)
ﬂ’ff (ﬂ’ss _ﬂ’si/ﬂ’ff +§luss) 0
A + Ay 10trT,

+ —_

T T+ o) O
= (¢} /£) DiV(GRAD P;) - ((, — ) /£) DiV(GRAD 6)

and

e o2
. (Ts _a)(ﬂ’ﬁ +2’sf)_z-f (ﬂ’ss +gluss +2’sf) . an
T A
ﬂ’ff (ﬂ’ss _ﬂ’sf /;tff +§1Uss)

o, 2 _ = _ =
. sz (ﬂ’ss +§:uss) _Z(Ts _a)rfﬂ“sf + (Ts _a)zﬂ“ff 00

v — — - 2
ﬂ“ff (ﬂ“ss _ﬂ’si/ﬂ“ﬁ +§:uss) o

(7, -y —T Ay 11T,

M T s 2 3 a
j’ff (ﬁ“ss _ﬂ’s?/j’ff +§ﬂss)

(5.1.28)

=(k+0"(a; +5/0")((a; —7)/&)) Div(GRAD 6)
-0 (e, +¢/07) /€)p; DiV(GRADP,)

In the isothermal case, obtained by allowing the thermal conductivity x to become
unbounded and by imposing sufficient boundary conditions to yield the solution ®(X,t)=6",
(5.1.27) can be written

a(P, +§trT,)

= = cDiv(GRADP,) (5.1.29)

where c is a positive number called the compressible consolidation coefficient defined by
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ff( + /uss) /fisi
C=

1 (5.1.30)
S 7+ 3,uss + 20, + Ty

and B is defined by

Ay + A,
-1 - (5.1.31)

(of ﬂ_’ss +§ﬂss +225f +Zﬁ

The coefficient B is usually called the Skempton coefficient [Ref, 6].

Returning to the case that is not necessarily isothermal, but still making the assumption that
the inertia of the fluid and solid can be neglected, we have learned that given a stress field
T, =T,(X,t) which obeys (5.1.24), equations (5.1.27) and (5.1.28) can be utilized to determine the

pore pressure and the temperature. Given this information, equation (5.1.25) can be used to
calculate the strain field for the solid, E, = E,(X,t). Unfortunately this strain field does not

necessarily correspond to a strain derived from a displacement field w, = w_(X,t). As can be seen
from (3.2.3) and (3.2.8), given E, = E (X,t) the displacement field is a solution of the partial
differential equation

2E,(X,t) = GRADW,(X,t) + (GRAD W, (X, 1))’ (5.1.32)

As is well known from classical elasticity, the integrability or compatibility condition on this
partial differential equation is

Div(GRAD E,) + GRAD(GRAD(tr E.))

. _ . (5.1.33)
—~GRAD(Div(E,)) - (GRAD(Div(E,)))" =0

Equation (5.1.33) is a necessary condition for the existence of a displacement field w, =w (X,t).

A discussion of (5.1.33) within the context of classical elasticity can be found in any elasticity
book. Reference 7 contains an excellent discussion of the compatibility equations of elasticity.

Equation (5.1.33) imposes additional conditions on the stress, pore pressure and
temperature fields. The explicit form of these conditions is obtained by and substituting (5.1.25)
into (5.1.33). The result turns out to be
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3T, — A2 [7)+2 -2 /7
DivGRAD| s _S;/_“) Hoq o Lo Sf_/ T (trT)l
2(2’33 - ﬂ’sf /ﬂ’ff ) + 2/uss 2(2’33 - ﬂ’sf /ﬂ’ff ) + 2:uss
+GRAD(GRAD(trT,))
e L+ A [ 2 (5.1.34)

- — - ((Div(GRAD P, ))l + GRAD(GRAD P
(@—&Whru@%« ( ) ( )

n /LISSSZ_-S __ﬂ’_sfz_-f_/sz —0!)
(ﬁ“ss - ﬁ“sfz /j’ff ) + U

((Div(GRAD 8))I + GRAD(GRAD#)) =0

where equation (5.1.24) has been used. Equation (5.1.34) is an extra condition which must be
obeyed by the stress, the pore pressure and the temperature. The isothermal version of (5.1.34) is
equivalent to a result first obtained by Rice & Cleary [Ref. 8].

5.2 Incompressible Models

If the binary fluid solid mixture is incompressible, then the appropriate field and
constitutive equations are given in Section 4.5. The constitutive equations (4.5.1) through (4.5.4)
remain valid in the case where the fluid inertia is neglected. Equations (5.1.3) and (5.1.5) are also
valid with the understanding that the pore pressure, Ps, is the indeterminant pressure. These
equations can be used to repeat the calculations of Section 5.1 in the incompressible case. An
equivalent approach is to utilize the results of Section 4.4 to calculate the incompressible limits of
formulas derived in Section 5.1. We will adopt this approach in this section.

The results we shall need from Section 4.4, specialized to the case of a mixture of a fluid
and a solid are (4.4.20) (4.4.21), (4.4.23), (4.4.30, and (4.4.32). These results are

N (5.2.1)
ﬂ’ff
SN (5.2.2)
/If'f
A
RN (5.2.3)
A @5
y I Ay BN (5.2.4)
2

and
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+

T, —(o—irf -1, (5.2.5)

f
In the manipulations below, we will also need to use the result (2.1.17) in the form
o +o; =1 (5.2.6)

A result which follows from (5.2.3) and (5.2.6) is

ﬁ’sf 1
1+ > = (5.2.7)
A 4
It is also true from (5.2.3) and (5.2.4) that
ﬂ“szf ﬂ’sf *
A——=A,—— A4 > A (5.2.8)
A
ff ff
and from (5.2.3) and (5.2.5) that
A .
.21, o1 (5.2.9)

ff

Given (5.2.2) and (5.2.7), equation (5.1.9) reduces, in the incompressible case, to

Div 8;:5 = (¢;* /&) DiV(GRAD P,) — ¢ (&, — 7) /&) DivV(GRAD ) (5.2.10)

It follows from (5.2.7), (5.2.8) and (5.2.9) that the incompressible limit of (5.1.10) is

o*'w . .
——==-GRADP, +(4 GRAD(Div
psR atz f +( ss+ﬂss) ( Ws) (5211)
+ u, DiV(GRADW,) — (7, —a) GRAD @
Likewise, it follows from (5.2.2) and (5.2.9) that the incompressible limit of (5.1.12) is
CV%+ 0" (. —a) Div W,
ot ot
=(k+0"(a; +5/0") (a; —7) /&) DiV(GRAD 6) (5.2.12)

~((@; +¢/6")/£)p; DiV(GRADP,)

Equations (5.2.10), (5.2.11) and (5.2.12) are the field equations one would use, along with
appropriate initial and boundary data, for the determination of the solid displacement, ws, the pore
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pressure, P and the temperature, 0, in the case where the fluid and solid are incompressible and the
inertia of the fluid is neglected.

If we make the additional assumption, as in Section 5.1, that the inertia of the solid can also
be neglected, we can derive incompressible versions of equations (5.1.26) through (5.1.28).
(5.1.28). First, consider equation (5.1.26). If we utilize (5.2.8), (5.2.7) and (5.2.9), the
incompressible version of (5.1.26) is

3 P4 3(r, —)

tr ES = DiVWs = *;tr TI +t—= f * (9—9+) (5213)
3/155 + 2ll'lSS 3/155 + 2/'[55 3155 + 2#55
Likewise, the incompressible version of (5.1.25) is
ZzussEs = TI _#(tr Tl)l + ZIUSS P+ Z,Uss (Ts _05) (9—(9+)| (5214)

30 +2u

SS SS

3. +2u, ' 3. +2u,

In order to obtain the incompressible version of (5.1.27), we need, first, the incompressible limit of
the coefficient

/155 + :23 :uss + 2/15f + ﬂ’ff

2
ﬂ’ff (ﬂss _ﬂszf /ﬂ'ﬁ +§/Jss)

A rearrangement yields

2

As 2
2 Ao =2+ S+ A (L2
ﬂ’ss +§:uss +22’sf +ﬂ’ﬁ 5 ﬂ,ﬁ 3luss ﬂ( ﬂﬁ

2 2
ﬂ“ff (ﬂ“ss _ﬂ“szf /ﬂ’ff +§/uss) ﬂ“ﬁ (ﬂ’ss _ﬂ“szf /ﬂ“ff +§/uss)
(5.2.15)

-« A
i (s = (i)/isf )+ g& +@+ i)Z
A A 3 A Ay

2
ﬂ’ss _ﬂ’szf /;tff T Hes
3
As a result,

A + é U+ 24 + Ay 1 1
o — (5.2.16)
ﬂ“ff (ﬂ’ss _ﬂ’szf /ﬂ“ﬁ +§:uss) ¢ ﬂss +§/uss
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where (5.2.2), (5.2.3), (5.2.7) and (5.2.8) have been used. The coefficient of % in (5.1.27) can be

written
2 A
(Ts _a)(/ﬁtﬁ +ﬂ’sf ) — 7 (ﬂ’ss T Hss +ﬂ”sf) (TS —0{)(1+ A ( + 3 Hss +2’ )
3 _ ff
Ay (A = 24 [ 2 +§,uss) zss—/ijf/zﬁ +§uss
A A
(6~ )1 ) = T = 22 Ay + 2 )
A Ae " Ay 3
= 5 (5.2.17)
ﬂss _ﬂ’szf /;tff +§:uss
1 (z-a)
SS 3 SS
where (5.2.2), (5.2.7) (5.2.8) and (5.2.9) have been used.
. 10trT, . . T
The coefficient of 3 in (5.1.27) has the incompressible limit
Ay + Ay
> —>i+ 12 (5.2.18)
i (Ae =25 [Ag +5u) O AL+ ug
3 3
Equations (5.2.16), (5.2.17) and (5.2.18) yield, from (5.1.27),
o(P 1trT
1 ( f +§ |) . —a %
wpar 2 2
01 (A + 5 ths) a cof( 3uss) a (5-2.19)

= (¢} /&) DiV(GRAD P, )~ ((a, — 7)/£) Div(GRAD 6)

Similar arguments yield, for the coefficients of (5.1.28),
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T? (ﬂss + é:uss) - 2(Ts - a)rfﬂ“sf + (Ts - a)zﬂ“ﬁ

2
ﬂ“ff (ﬂ“ss _ﬂ’szf /ﬂf‘f +§:uss)

c,+0"

2 A,
T? (ﬂss _ﬂ’szf /ﬂ’ff +§/uss) + (Ts _frf _a)zﬂ'ff

=c,+0" u (5.2.20)
2 2
iff (ﬂ’ss _ﬂ”sf /ﬂ’ﬁ + gluss)

(r,-a)
2

A+ =
( SS 3#55)

—C, +6"

and

(r,—a)Ay — 7, Ag .-«
%

2 . 2
A Ay = A2 | A + Ao +=
/ Sluss) Ss 3/uss)

(5.2.21)

Therefore, the incompressible version of (5.1.28) is

1
T:-O( a(Pf +§trT|) . (z_:_a)Z 80
+|Cc,+0 ———— |—
2 ot . 2 ot

/1* +— A +=
( ss 3/uss) ( Ss 3:uss)

=(x+0"(a; +5/0")(a; —7)/£)) DiV(GRAD ) (5.2.22)
-0" ((a; +¢/6")/£)p; DiV(GRAD P)

9+

In the isothermal limit, i.e. in the case where x — o in (5.2.22) and sufficient boundary conditions
are provided to yield the solution ®(X,t) =", equation (5.2.19) reduces to the incompressible
limit of (5.1.29), i.e.

o(P; +;trT,)

= =¢" Div(GRADP,) (5.2.23)

where ¢’ is the incompressible consolidation coefficient. This coefficient is the incompressible
limit of ¢ in (5.1.30) and has the explicit form

=2+ 2 ) (5.2.24)

E 3

Notice, in passing, that in the incompressible limit, B, defined by (5.1.31), takes the value
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B=1 (5.2.25)

Returning to the case that is not necessarily isothermal, but still making the assumption that
the inertia of the fluid and solid can be neglected, we have learned that given a stress field
T, =T, (X,t) which obeys (5.1.24), equations (5.2.19) and (5.2.22) can be utilized to determine the
pore pressure and the temperature. As in Section 5.1, this information can be used to calculate the
strain field for the solid E,(X,t). Also, as in Section 5.1, this strain field does not necessarily
correspond to a strain derived from a displacement field w, =w,(X,t). The additional condition

one must place on the stress, pore pressure and temperature fields is the incompressible version of
(5.1.34). This result is

DiVGRAD| et 2Ms 1 A )
22’55 + 2#55 22’55 + 2#55
+GRAD(GRAD(r T,))

(5.2.26)

SS+ILISS

For incompressible materials, the case where both the fluid and solid inertias can be
neglected, there is another convenient form of the governing partial differential equations. These
equations involve the elimination of the pore pressure and the stress in favor of the quantity Divw,.

This elimination is possible because the pore pressure and the stress enter (5.2.19) and (5.2.22) in

I 1 . . . .
the combination P, +§tr T,. The manipulations leading to the desired results are somewhat

simplified if we, first, solve (5.2.13) for P, +%trTI to obtain

Pf +%trT| = (/15*5 +§luss) DiVWs - (T: —0{)(6—9+) (5227)

Given the fact that we are neglecting the inertia of the fluid and the solid, it follows from (5.2.11)
that

GRAD P, = (4 + 1) GRAD(Divw,) + 1 Div(GRADW,) — (7, —,) GRAD 8  (5.2.28)
The divergence of this equation yields

DiV(GRAD P, ) = (4. + 2, ) Div(GRAD(Divw,)) — (. —a) Div(GRAD )  (5.2.29)
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The two results we seek are obtained by utilizing (5.2.27) and (5.2.29) to eliminate P, +%tr'|'I and
Div(GRAD P, ), respectively, from (5.2.19) and (5.2.22). The results of this manipulation are

0 D(;"Ws & (A +2u,,) DiV(GRAD(Divw,))
t & + (5.2.30)
_%(¢;(¢; —a)+(a; —7)) Div(GRAD 9)
and
0" (c" —ar) oDivw, +Cv%
at ot
=(x+0" (@, +¢/07)(¢i (.~ @)+ (@, —7)/£)) DI(GRAD ) (5.2.31)

~0"(¢7 /&) (s +5/0")( A +2u,, ) DiV(GRAD(Divw,))

An interesting conclusion from (5.2.30) is that in the isothermal case, Divw, obeys a classical
diffusion equation.

References

1. CARLSON, D. E., Linear Thermoelasticity, Handbuch der Physik Vol VIa/2 (ed. C. Truesdell),
Springer Verlag, Berlin (1972).

2. LuBiINsKI, A., The Theory of Elasticity for Porous Bodies Displaying a Strong Pore Structure,
Proc. 2nd U. S. Nat. Congr. Appl. Mech., 247-256 (1954).

3. BIoT, MAURICE A., Thermoelasticity and Irreversible Thermodynamics, J. Appl. Phys., 27,
240-253 (1956).

4. BI0T, MAURICE A., Mechanics of Deformation and Acoustic Propagation in Porous Media, J.
Appl. Phys., 33, 1482-1498 (1962).

5. GEERTSMA, J., A Remark on the Analogy Between Thermoelasticity and the Elasticity of
Saturated Porous Media, J. Mech. Phys. Solids, 6, 13-16 (1957).

6. SKEMPTON, A. W., The Pore-Pressure Coefficients A and B, Geotechnique, 4, 143-147 (1954).

7. GURTIN. M. E., The Linear Theory of Elasticity , Handbuch der Physik Vol Vla/2 (ed. C.
Truesdell), Springer Verlag, Berlin (1972).

8. RICE, J. R., and M. P. CLEARY, Some Basic Solutions for Fluid-Saturated Porous Media With
Compressible Constituents, Review of Geophysics and Space Physics, 14, 227-241, (1976).



86

Chapter 5



Further Transformations and Material Properties

In spite of the many forms of the governing equations presented in Chapters 4 and 5, there are still
further forms which we need to record. These expressions will be given in this Chapter. In
addition, an effort will be made to make connections with notations and formalisms one can find in
other, very important, references on the subject of porous elasticity. In this chapter, we continue to
restrict the discussion to that of a binary mixture of a compressible fluid and a compressible solid
with pore pressure. When we discuss the case of an incompressible mixture, we shall follow the
technique of Section 5.2 where the incompressible case is derived as a limit of the compressible
case.

6.1 Constitutive Equations-Alternate Forms

If we continue to consider a binary mixture of a compressible fluid and a compressible solid
with pore pressure, then the following four equations summarize the constitutive equations for the
pore pressure, the entropy, the chemical potential for the solid, the inner part of the stress and the
volume of the fluid per unit volume of undeformed solid.

Q1P =T, (0-0")—(Ay + A4 JAE)+ Ay (M, —my)/my (6.1.1)
pr=—a+ = (0-07)+ (7 +F W E,) =7, (m, —m))/m; (6.1.2)
Py, Ky =~ + A O E =244, E, + 2 (M =my) /M) +7,(0-6")] (6.1.3)
TI = (Zss +22_’sf +Zﬁ )(tr Es)l +21ussEs _(Zsf +2_’ff)((mf _m?)/m?)l (6 1 4)
—(f.+7, —a)(0-0")I o
and
vt (A, +A, A, T

i :( o “JtrEs+[1— il ](mf—m;)/m;— S 0-67) (6.1.5)

Uy o K; Ks o K;

Equation (6.1.1) through (6.1.4) are binary versions of (4.1.49) through (4.1.52 ), respectively.
Equation (6.1.5) is the binary version of equation (4.1.54).

87



88 Chapter 6

In Section 4.1, we introduced the thermodynamic potential W (6,E_,m,) and showed that it
was given by equation (4.1.56). The binary mixture version of (4.1.56) is

W(O.E,m)=a(0-0) -5 (0—9*)2 (7, +7, ~a)(0-0)UE,)
+ff(e—9+)(mf—m¢)/m;+ (A, + 22, + A, )(trE,)?
~(Z¢ + 224 )(rE,)((M; —m )/mf)
+;/1 ((my —=my)/m;)((m, —m;)/m; )+ p, tr(EE,)

(6.1.6)

This result, in turn, yields the binary mixture versions of (4.1.57), (4.1.58) and (4.1.59). These
results are

+ aW = + 7
@iP; = om =7,(0-0 )_(/Isf +

f

A J(trE,) + A (mg —m7)/m; (6.1.7)

= (A + 224 + A )ArED + 24, E, — (A, + A, ) (M, m;)/m;l

s (6.1.8)
7,47, ~a)(0-0)l
and
He- O =t 26(0-0)+ (7, +7, - a)WE) -7, (m -m))/m]  (6.19)

In the following, the entropy of the mixture per unit of undeformed solid volume, defined by
(4.1.59), will be used as the constitutive equation for the entropy.

In several cases in Chapter 4 we wrote the constitutive equations with temperature, the
strain of the solid and the fluid pore pressure as the independent variables. The results with this
choice of independent variables are as follows:

. .1 T . Zsf
(m, —m;)/m; :Z(pf P, —Z(e—e )+(1+Z )IrE,) (6.1.10)

ff

_a)(trE,) - - Z 9P, (6.1.11)

ff

H=-a+(C,+6" ;—f) 0-6%)/6"

ff

P

Ny
=%

T=(h - 2B 4 2, E, -+ ZIpP - (e, )0 -0 (6112

ff ff ff
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and

+ + ﬂ_’sc 1 ﬂ’_ff + z_-f +
(v —v7) /vy :(1+Z—)(trEs)+Z—(1— YpiP, —=—(6-6") (6.1.13)
ff

ff o K, A

Equation (6.1.10) follows from equation (6.1.7), equations (6.1.11) and (6.1.12) are the result of
using (6.1.10) to eliminate the quantity (m, —m?)/m: from (6.1.9) and (6.1.8). Equation (6.1.13)

follows by the same elimination applied to (6.1.5).

In Sections 4.1 and 5.1 we found it convenient to eliminate the strain of the solid in favor of
the inner part of the stress. Next, we shall record versions of the two sets of constitutive equations
above where this elimination has been performed. First, we can solve (6.1.8) to obtain

Ao +205 + 2 1
2/ussEs :TI - 2 g(trTl)I

ﬂ_’ss +2/Tsf +/Tff +§:uss

Ay + A
L - (_” _Sf) (m, —m;)/m; | (6.1.14)
3 j’ss +2ﬂ’sf +/1ff +§/uss
T +T -«
+2/:';SS (TS z-f ) (9_0+)|

ﬂ_“ss + 2ﬂ_“sf +Zﬁ +§:uss

This expression can be used to eliminate E_ in favor of T, in equations (6.1.7), (6.1.8) and (6.1.5).
The results turn out to be

_ = =5 2
. (;Lﬁ +ﬂ“sf) 1 _ ;Lss _;tsf /;tff +§:uss . .
o Py = — gtrTl"';tff — — (m, —my)/m,
Ay + 244 + Ay +— pug A + 244 + Ay +§,USS

o o (6.1.15)

z_-f ﬂ“ss +ﬂ“sf +§:uss)_(ﬂ'ff +ﬂsf)(z_-s —0()

+ — @-0")
j’ss +2ﬁ“sf +/1ff +§/uss
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(7_'s+7_'f_05)2 ('9_'9+)+ (7,47 —) 1

H=-a+|C,+6" ST
H+

T 20+ 2y ot Tt 2 + Zy 4
3 , (6.1.16)
(Z_-s _a)(j’sf +}‘ff ) _Z_-f (/155 +/13f +§/uss)
T _ _ _ 2 (mf - mer)/m;r
ﬂ“ss + 2ﬂ’sf +2’ff +§:uss

and

Uf_U:_/Tsf"'fo 1 ltI’T
= 5 |

ot (Dfo Zss +22—’sf +2’_ff +§:uss 3

Ao + 4. ) 2,
N +1 - (_sf _ff) 5 +(1_ +ff J(mf_m;f)/m:j (6.1.17)
Ay o H

(AN

o 2
1 (ﬂ“sf + ﬂ“ff )(Ts - a) — T (2’53 + ﬂ“sf + g:uss)

- -6
(/)fo 2_’ss-i_zzsf +ﬂ“ff +§:uss

A similar set of calculations starting with (6.1.10) yields

ﬂ_”ss_ﬂ_’si/ﬂ’_ff Zﬂss(l—i_ﬂ_“sf/ﬂ_“ﬁ) +

1
—(UrT)+ —=——=—7=
( I) 3(/155_}‘35/}‘ff)+2:uss i’

2uE, =T -
/LlSSS | 3

e — P,
ﬂ’ss _ﬂsf /ﬂff +§:uss

2/“55 (z_-s B ;i_’sf z_-f /Zﬁ - a)
3(255 - ﬂ_’si /ﬂ_“ff ) + 2:uss

(6.1.18)
0 -6

- - = 2
e A +2, + A, +— 1L
1+ A, /4 ss of ff ss
( Sf/ ) —1trT,+ 3 @ P,

(mf_m?)/mer: - - _
ﬂ’ss _ﬂ“si/ﬂ“ff +§:uss 3 ﬂ“ff (ﬂ’ss _ﬂsi/ﬂ“ﬁ +§:uss)

, (6.1.19)
(/1ff + /15f )(Ts - 0!) - (/155 + j’sf + Ezuss)z-f
+ — @-6)
/1ff (j’ss _/ﬁi“sf2 /iﬁ +§:uss)
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o

1T —a) Ay
2 ff (0_0+)/0+
ﬂ“ff ((ﬂ“ss _ﬂ“si/ﬂ“ff)"'g:ussj

o T2 T 2 _
sz((ﬂ’ss _ﬂsf/ﬂ“ff ) +§/uss) + (z-s -

NS

H=-a+|C,+6"

_ (6.1.20)
— ﬂsf — — — — _ 2
(TS _Trf —0[) 1 (z_-s _a)(ﬂ’ﬁ +ﬂ’sf)_z_-f (ﬂ”ss + ;tsf +3/ussj
+— 5 gtrTl-f- 5 @i P,
(/’lss_j’si/ﬂ“ff)_kgﬂss )lﬁ ((ﬁ“ss_)lsf/)lﬁ)+3ﬂssj
and
77 A+ 20+ Ty 42
. . (1+ ﬂ“sf /ﬂﬁ) 1 o T o T A +§/uss 1 .
(Uf—z)f)/uf=_ — EtrT,+ — 5 —— PrP,
/155 _j’sf/ﬂ’ff +§ﬂss /1ff ((ﬂ’ss _ﬂ’sf/j’ff ) +§:uss) Pris
(6.1.21)

o _ 2
(ﬂ’ff + ﬂ’sf )(Ts —0() — Ty (ﬂ’ss +ﬂsf +§:uss)
+ — @-6)
ﬂ”ff (;tss _ﬂ”sf /ﬂ”ff + §/Uss)

Equation (6.1.18) has been given earlier as (5.1.25)
6.2 Connections With Other Formulations

The literature on porous elasticity is quite old and there is a large body of literature
available to study. It is important to be able to make connections between the formulation given
here, which is built on the formalism of the Theory of Mixtures, with these earlier works. In this
section we shall relate the notation we have been using to that found in the pioneering papers of
Biot and an important formulation by Rice and Cleary.

The first Biot formulation was published in 1941 in Reference 1. This work was an
extension and improvement of an earlier formulation of Terzaghi [Ref. 2]. In the notation adopted
here, Biot formulated an isothermal porous elasticity model and proposed constitutive equations as

follows:

E

1+
ST (T ) P (6.2.1)

Ep EP

and

. 1 1
L; — Uy :3—HtrT| +Epf (622)
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where v, E , Hand R are material constants. Inanalogy with classical elasticity, the coefficient
v, can be identified as the (isothermal) Poisson ratio at constant pore pressure. Likewise, E is

the (isothermal) Young’s modulus at constant pore pressure. If we compare (6.2.1) and (6.2.2)
with isothermal versions of (6.1.18) and (6.1.21), respectively, we can relate the material
coefficients introduced by Biot to those used here. The results of this comparison are

. A
ss _7
Vv, = " (6.2.3)

]
2(1, — =L+
( SS ﬂ, ILlSS)

ff

a2

_ ﬂ,s 2
3/uss (ﬂ’ss _ﬂ_if + gluss)
E, = Z;f (6.2.4)
A — =+ 1
ss ﬂ’ff ss
A 2
Ss _7 g:uss
oiH = ﬁz (6.2.5)
sf
1+ =
A

and

Zss +2ﬂ“_sf +fo +g:uss 1

_ s - (6.2.6)
e
/1ff ((ﬁ’ss _ﬂ“sf /ﬂ“ﬁ)-’_g:uss) f

1
R

In an isothermal theory, the only other material property is the drag coefficient &. This coefficient
is related to the permeability k and the viscosity of the fluid z, by the formula

_:_:éfzgof -— (627)
7,

Equations like (6.2.7) have appeared, earlier, in Section 2.7.

In 1976, Rice and Cleary published an important paper where the Biot model defined by
(6.2.1) and (6.2.2) was adopted [Ref. 3]. They redefined certain of the material constants so as to
illustrate various points of importance. Rather than the material constants H and R, they
introduced constants K, ' and K", where
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1 1 1 (6.2.8)
K K H
and
7 1
ot - = 6.2.9
Kll H ( )

The symbol K in (6.2.8) is, in the notation used here, defined by
_ Q2
2 (6.2.10)

K=A.——+
SS /«lﬁ 3/’155

The symbols H and R are given by (6.2.5) and (6.2.6), respectively. Given the definitions (6.2.8)
through (6.2.10) and the results (6.2.5) and (6.2.6), it follows that

+ ﬂ_“sf
1—¢f 1+7
1 1 1\ A (6.2.11)
K" K H Ay 2
s T3 T 5 Hss
A¢ 3
and
T ﬂ_“sf +| 7 a7 7 2
ﬂ“ff 1+—= — @4 ﬂ“ss+2ﬂ“sf+ﬂff + 3 U
1 1 1 Ay 3
T g oo S S -— (6.2.12)
KS wa wfR ﬂ’ff ((ﬂ“ss _ﬂ’sf/;tff)—l':g/uss Kf
Rice and Cleary wrote the constitutive equations (6.2.1) and (6.2.2) in the forms
14
2GE, =T, +P,1 -—2 (trT,+3Pf)|+£(i—iij| (6.2.13)
1+v, 3\H K
and
b~ = trT +3P) - 2P, (6.2.14)
3H K"

where their symbol G is what we have called x . They also wrote their constitutive equations in

the form
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2GE, =T~ (T )40 Y (6.2.15)
1+v, BA+v,)L+v,)
and
V) 3
 —my)/m; 2GBa+v)a+v)(U1]+E$%j (6.2.16)

where v, is the (isothermal) Poisson’s ratio at constant m, . It is defined in terms of the symbols
used here by the formula

Ag+ 205 + Ay
VvV _ = — — —
" 2(A+ 244 + A +pu)

(6.2.17)
The symbol B in (6.2.16) is the Skempton coefficient defined by (5.1.31).) Equations (6.2.15) and
(6.2.16) are easily shown to be the isothermal versions of (6.1.18) and (6.1.19), respectively.

Biot and Willis, wrote their constitutive equations in yet a different form [Ref. 4]. Their

formulation adopted a notation used earlier by Biot [Ref. 5]. In any case, they wrote their
isothermal constitutive equations as

T, + 9Pl = A(trE,) +2NE, -Q((p; - p{)/ p}) (6.2.18)
and
~¢iP =QUE,~R((p, - p7)/p}) (6.2.19)

The reader is cautioned that the property R in (6.2.19) is not he same as the R introduced in
(6.2.2). Inany case, if (6.2.18) and (6.2.19) are compared with the isothermal versions of (4.2.9)
and (4.2.5), respectively, we see that

A=1, (6.2.20)
N = u, (6.2.21)
Q=4 (6.2.22)

! Rice and Cleary actually used the symbol v for what we are calling v, and the symbol v, for
what we are calling v,, .
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and

R=1, (6.2.23)

A fundamental part of reference 4 is to relate the four constants A,N,Q and R to four
constants the authors label x,x,6 and y. The advantage of the constants u,x,o and y, as

explained by the authors, is that they are measurable coefficients. In terms of the notation being
used here, the coefficients u,x,0 and y are given by

p= s, (6.2.24)

K= (6.2.25)

+ j_’sf
1-¢; 1+Z—
5= ! (6.2.26)

and

7= - —o! T (6.2.27)

1
S=—o 6.2.28
<. ( )
and
1 1
=—@| —+— 6.2.29
Ve (‘x (Ks " J ( )

Rice and Cleary have summarized material properties for six rock like porous materials
[Ref. 3]. Their Table 1 contains the following numerical values
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Table 1 Typical Rock Properties
Property Ruhr Tennessee Char(_:oal Berea West_erly Weber
Sandstone Marble Granite Sandstone | Granite Sandstone

Hq; (Kbar) 133 240 187 60 160 122

Ve A2 .25 27 .20 .25 A5

v, 31 27 .30 .33 34 .29

B .88 51 .55 .62 .85 73

?¢ .02 .02 .02 19 .01 .06

K, (cm/sec) 2(10)7 (10)™*° (10)7*° 2(10) 4(10)™ (10)°°

The quantity x,, in Table 1 is a permeability measure for water which relates to the permeability in

(6.2.7) by the formula

k ¢+2
Ky :_ng :_fj/wg
Hy, 4

(6.2.30)

where, y,, is the true density of water, ., is the viscosity of water and g is the gravitational
constant. Given the information in this table, we can first calculate 1,4, and A by solving

equations (5.131), (6.2.3) and (6.2.17). The result of this elimination is

2 s Vi Ve
1-2v, 1-2v,
1
— Bo? m + =
o . v 1 (”f(l—zm 3}
=By > 5111
2 1-2v, 3 Vo Ve
1-2v, 1-2v,
and
2
1%
_ By m_ 4=
As Ve VY B (pf[l—Zm 3} Ve
2u, \1-2v, 1-2v,

(6.2.31)

(6.2.32)

(6.2.33)
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Next, we can calculate the drag coefficient £ from (6.2.30). In this last calculation we use
u,, =.01poise and ¥, =1 gm/cm® for the properties of water. These formulas, and the tabulated
values above, yield the following numerical values

Table 2 Calculated Rock Properties-Fluid Mixture Properties

Propert Ruhr Tennessee | Charcoal | Berea Westerly | Weber
perty Sandstone Marble Granite Sandstone | Granite Sandstone
A« (Kbar) .165 486 .326 4.44 .075 1.03
/Tsf (kbar) 5.21 4.02 4.13 13.99 3.48 9.91
A, (Kbar) 206.41 273.21 271.91 84.05 311.71 147.62
£ (kbar-sec/cm?) 1.9(10)°® 3.92 3.92 1.77(10)"* .245 .353(10)°

In the remainder of this work, we shall adopt the numerical values above as typical and utilize them
for the purposes of illustration. It needs to be stressed that the numerical values for the drag
coefficient do presume the fluid is water with the properties given above. The drag coefficients for
other fluids can be derived from the above formulas if needed so long as one knows the true density
and the viscosity of the fluids. The numerical values adopted from the Rice and Cleary article and
their use to calculate the information in Table 2 follows the work of Bowen and Lockett [Ref. 6].

The literature on the poroelastic properties of porous materials is extensive. It is too
extensive to be treated properly here. References 7 through 11 might be of interest to the reader.
Proelastic properties can also be found in references 12 and 13.
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Singular Surfaces and Acceleration Waves

In this chapter we shall look at an elementary application of certain of the partial differential
equations introduced in Chapter 6. The objective is to create a better understanding of the physical
phenomena characterized by the linear poroelasticity models we have been considering. The
application in this chapter is the examination of the propagation of acceleration waves. This
information is useful when one tries to understand the properties of the underlying partial
differential equations. It is also useful when studying more complicated applications.

7.1 Singular Surfaces

It is possible to gain insight into the equations of linear poroelasticity by examining whether or not
they will support solutions with various types of discontinuities such as shock waves and, as we
shall define below, acceleration waves. The formalism required to study these kinds of
discontinuities can be somewhat complicated. Here, we shall keep the formulism to a minimum
and make generous use of reference material. The approach in this section depends heavily on the
work of Truesdell and Toupin [Ref. 1] and to a certain extent on the work of Friedlander [Ref. 2].

Our first task is to introduce some of the kinematics of singular surfaces. If Z(t) is a three
dimensional surface, it can be represented by the equation

f(x,t)=0 (7.1.1)
then it is true that
n=grad f (x,t)/|grad f (x.t)| (7.1.2)
is the unit normal to 3 (t), and
u, = —af(a)t(’t)ﬂ‘grad f(x.t) (7.1.3)

is the normal speed of 3 (t).

It is convenient to consider a family of surfaces defined by

99
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f(x.t)=a (7.1.4)
where o =0 defines the surface Y (t). Without loss of generality we can regard n to be directed
from the surface « =0 towards surfaces with « >0. We assume that (7.1.4) can be inverted to

yield

t=t(x,a) (7.1.5)

Given (7.1.5), a function ¢ of (x,t) can be replaced by a function ¢ of (x,«) by the rule

P(x,a) :(p(x,f(x,a)) (7.1.6)
It follows from (7.1.6) that
. dp(x,t) -
grad ¢ (X, o) =grad o (x,t) + gradt (X, «) (7.1.7)
Likewise it follows from (7.1.4) and (7.1.5) that
gradi (x,a)=—grad f (x,t)/af (1) (7.1.8)
By formulas like (7.1.2) and (7.1.3), (7.1.8) can be written
R n
gradt (X, a) =u(—“) (7.1.9)

where n . is the unit normal to the surface (7.1.4) and Une) is its normal speed. The special

()
surface o =0 has its normal and normal speed denoted by n and u,, respectively. Given (7.1.9),

equation (7.1.7) becomes

N dp(x.t)
ot

grad ¢ (x,ar) = grade(x,t)+ (7.1.10)

n(a)

The displacement derivative of ¢(x,t), following a particular surface « =0, is defined by

Sp(x,1)

= (grad ¢ (x, )|, )-nu, (7.1.12)
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Physically, the displacement derivative represents the time rate of change of the quantity go(x,t)

seen by an observer moving with speed u, along a curve whose tangent is n. This curve is called
the normal trajectory. It follows from (7.1.10) that the displacement derivative can be written

Sp(x.t) _ op(x,t)
ot

5 +grade(x,t)-nu, (7.1.12)

If we continue to single out a particular moving surface, « =0, at the time t, this surface
can be regarded as the common boundary between two regions ¥ and ¥ . Let go(x,t), for each

t, be continuous in ¥ and ¥~ and approach limits ¢* and ¢~ as x approaches a point x, on

the surface while remaining in ¥ and ¥, respectively. The jump of ¢ across the surface a =0
is defined by

[o]l=¢ -0 (7.1.13)
where, formally,
¢ =limo(x.a) (7.1.14)
and
o' =limo(xa) (7.1.15)

The jump [(p] is a function of position on the surface as well as the time. As a matter of
convention, we regard the unit normal nas directed into 7.

Because differentiation at constant &« commutes with the jump operation, the jump of (7.1.10)
yields

(X, t)]

n

grad[go] [gradgo xt] [ (7.1.16)

The projection of (7.1.16) tangential to the surface is a result known as the geometrical condition
of compatibility [Ref. 1, Sec. 174]. If, as a special case, the jump of [go] IS zero, (7.1.16) yields

(X, t)]

n

[grad p(x,t)]= [~ (7.1.17)
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Equation (7.1.17) is known as Maxwell's theorem [Ref. 1, Sec. 175]. It yields the interesting
kinematic result that the jump [grad (p(x,t)] is necessarily normal to the surface in the case where

[¢] is zero. Returning to the case where [¢] = 0, it follows from (7.1.11) that

sp(xt)y_ ole(xt)]
[(pét 1= (pat

(7.1.18)

and, from (7.1.12) and (7.1.18),

5[(0 xt] [ago (x,t)

gradgo X, t ‘nu, (7.1.19)
ot

Equation (7.1.19) is known as the kinematic condition of compatibility [Ref. 1, Sec. 180]. In the
special case where [¢] is zero, (7.1.19) yields

[%] =-[grade(x.1)]-nu, (7.1.20)

which also follows from (7.1.17).

7.2 Acceleration Waves

Next, we shall utilize the above kinematic results to study various types of singular
surfaces propagating in porous materials defined by equations (4.2.14) through (4.2.22). In
particular, we are interested in a binary mixture with pore pressure consisting of a compressible
isotropic linear elastic solid and a compressible linear elastic fluid. As in Chapter 4, the mixture is
assumed to have pore pressure. In particular, the porous material is governed by the following
partial differential equations:

2
P, aat"‘z’ — (J. + 4.) GRAD(Divw,) + 4, Div(GRADW, )
(7.2.1)
_ _ ow, oW,
+ 7, GRAD(DivW, ) + (t, — 7, + 7)) GRAD @ — 5( = J
LOW, _ - : _
ol ?:Aﬁ GRAD(Divw,)+ 44, GRAD(Divw, )+ (a; —7; —y) GRAD &
(7.2.2)

{5

and
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q%w* ((ﬁ ~a,+¢/0) Div%Jr(ff ~a, —¢/6")Div a‘a":f j (7.23)
= k DiV(GRAD 6)
where
k>0 (7.2.4)
and
k[0 2 1 +/0°) (7.25)
As indicated in Chapter 4, it follows from (7.2.5) that
£>0 (7.2.6)

Also as indicated in Chapter 4, we shall require that the inequalities (4.3.4) through (4.3.8) be
satisfied. These formulas, repeated here, are

c,>0 (7.2.7)

- 2
Ass +§,uss >0 (7.2.8)

_ 2 B,
(A, +3 U ) Ay > A (7.2.9)
u, >0 (7.2.10)
and

Ag >0 (7.2.11)

In addition to the field equations (7.2.1), (7.2.2) and (7.2.3), there are jump balance
equations which hold across the surface of discontinuity. We have not developed these equations
in this textbook. A careful development of these equations at this point would take us too deeply
into the details of Continuum Mechanics. A quick and somewhat inelegant way of deriving the
jump balance equations involves the integration of (7.2.1), (7.2.2) and (7.2.3) over a volume that
moves with and contains the singular surface. The results of this calculation turn out to be

! The basic material that would allow for the derivation of (7.2.12) through (7.2.14) from the foundations of
Continuum Mechanics can be found reference 1, pages 525-529. Reference 4 also contains sufficient material to be
helpful in understanding the jump balance equations. A careful examination of the analysis leading to equations
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oW,
p ==+
[7. (Divw,)1 + ,uSS(GRADWS +(GRADwW, )T )+ 7, (Divw, )1]n (7.2.12)

Ha, -7+ y)0ln =0
pf*un[%] +[ 4 (Divw,) + 2, (Divw, )]n+ (o, -7, = )[0]n=0 (7.2.13)

and

u,[c,0+67 (7, - o, ) Divw, + 6’+(?f -a, )Divwf]

ow j (7.2.14)
s ]-n

ot

f —_—

=|-xGRAD® -
[-+erADO-<[ %

By definition, an acceleration wave in the porous material defined by (7.2.1) through
(7.2.6) is a moving singular surface across which?

[w,]=[w.]=0 (7.2.15)
W, row
= *|1=0 7.2.16
== (7.2.16)
[6]=0 (7.2.17)
2 2
but [5atV\;f ]. [5atV\2’s] and [(Zt—e] are not necessarily zero. If we select ¢ in (7.1.17) to be w,,w_,

oW
0, atf and agtvs , respectfully, then equations (7.2.15), (7.2.16) and (7.2.17) yield

(7.2.1) through (7.2.14) will reveal that the jump balance equations do include terms arising from the momentum
supplies introduced in equation (2.2.2). When the constitutive equations for the momentum supplies depend upon
density gradients, deformation gradients, temperature gradients and other gradients, one cannot automatically assume
they are sufficiently smooth to yield zero contribution to the jump balance of linear momentum equation. Indeed, they
do contribute a terms to the jump balance of linear momentum. These terms are in (7.2.12) and (7.2.13). The
contribution from the momentum supplies has been treated incorrectly in some of the historical literature. Examples
can be found in the articles written by Bowen [Ref. 5, 6].

2 If we had included a proof of the results (7.2.12), (7.2.13) and (7.2.14), it would have been seen that we had already
assumed (7.2.15).
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[GRADW,]=0 (7.2.18)
[GRADW ]=0 (7.2.19)
[GRAD(a\aAif j] - _[aatvzf ]®uﬂ (7.2.20)
[GRAD(a;tVS j] - —[a;tvl’8]®u1 (7.2.21)
and
[GRAD Y] = —[(gt—@ uﬂ (7.2.22)

n

Because of (7.2.18), we can take ¢ in (7.1.20) to be gradw, and the result can be written

82
u?[GRAD(GRADwW, )] =[ a\’\;f]®n®n (7.2.23)
after (7.2.21) is used. An identical calculation yields
2 o'w,
u’[GRAD(GRADw, )] =[ pre ]lon®n (7.2.24)
It follows from (7.2.23) that
2 . 82Wf
u?[GRAD (Divw, )] = [W]-n n (7.2.25)
Likewise, it follows from (7.2.24) that
2 - o'w,
u[GRAD (Divw, )] = [8t2 ]nin (7.2.26)

and

] (7.2.27)

2
u?[Div(GRADW, )] = [aat"‘z’s
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Given the definition of an acceleration wave, equations (7.2.12) and (7.2.13) are identically
satisfied. Equation (7.2.14), which represents the jump balance of energy across the acceleration
wave, reduces to

x[GRADA]-n=0 (7.2.28)

Equation (7.2.28) provides a point of departure for two important special cases. The first
case is that of a conductor, where we rule out the case x =0. In this case, (7.2.4) is replaced by

k>0 (7.2.29)
and (7.2.28) forces
[GRAD#]-n=0 (7.2.30)
which, in turn, from (7.1.20) yields
[% =0 (7.2.31)
Finally, this last result and (7.1.17) yield
[GRADO]=0 (7.2.32)

The second case we shall examine is for a nonconductor, i.e., when x =0. In this case, which we
shall examine below, we cannot utilize the results (7.2.31) and (7.2.32).

Consider first, the case of a conductor. On the assumption that an acceleration wave, as we
have defined it, exists, the balance equations (7.2.1), (7.2.2) and (7.2.3) can be used to computer
necessary conditions that must be satisfied. 1f we form the jump of these equations across the
acceleration wave, it follows from (7.2.16), (7.2.25), (7.2.26), (7.2.27) and (7.2.32) that (7.2.1)
reduces to

o°w - o°w n w1l = (0w n
psR[ atzs]:(ﬂ“ss—i_/uss)[[ atzs].n]u_z—i_‘u%u; atzs]u—z'i'lsf [[at—zf]n]E (7233)

n n

A similar calculation yields from (7.2.2)

o'W,y = (8 — [{0°wW
p?[at—zf]%[[%]‘”ju%”ﬁ[[ f]‘n]% (7.2:34)

An entirely similar calculation yields, from (7.2.3),
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n

_ o (. WOW N AW
[Dlv(GRADH)]Z—?((TS—as+§/9 )[?]-U—Hﬁ ~a, ~¢/0")] o ]'un}(7.2.35)

n

Equations (7.2.33) and (7.2.34), that do not involve the jumps in derivatives of the temperature,
can be rearranged to yield

(2_’35 +luss)(as ’ n)n +/Ussas +2_’sf (af ’ n)n = psRur?as (7236)
and
Zs (a,-n)n+ 2, (a, -n)n=pjula, (7.2.37)
where
a, = [azwf ] (7.2.38)
b et -
and
a, =[2%] (7.2.39)
G

are the respective amplitudes of the acceleration wave. For a given direction n, equations (7.2.36)
and (7.2.37) determine the possible squared speeds and the direction of the two amplitudes, a, and

a

s

The analysis of (7.2.36) and (7.2.37) is straightforward. If we form the cross product of
each equation with the unit normal n, the two equations yield

u2—£= la xn=0 (7.2.40)
P,
and
a, xn=0 (7.2.41)

Equation (7.2.41) shows that the amplitude for the fluid is necessarily parallel to the unit normal.

In other words the acceleration wave in the fluid is longitudinal. Equation (7.2.40) shows that
when u’ —Hs , the amplitude of the acceleration wave in the solid has components perpendicular
Ps,

to the unit normal. This transverse wave has multiplicity of two since the plane perpendicular to
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the unit normal is two dimensional. In the following, we shall designate the squared speed for the
transverse wave by uj(a). Equation (7.2.40) shows that

ILlSS

Equation (7.2.10) shows that the squared wave speed uj(s) is, indeed, positive.
If we next project (7.2.36) and (7.2.37) in the direction of the unit normal, the results are
(A + 24 — P, U2) (3, -n) + Ay (3, -n) =0 (7.2.43)
and
A4 (a,-n)+ (24 — pju?)(a, -n)=0 (7.2.44)

It is useful to rewrite (7.2.43) and (7.2.44) as the matrix equation

S
(Q-uM)a=0 (7.2.45)
where
A A,
Q=% - (7.2.46)
j’sf j’ss + 2:uss
0
M = {/’f } (7.2.47)
0 A,
and
a. -n
a { ! } (7.2.48)
a;-n

Equation (7.2.45) shows that in order that the normal components of the two amplitudes be
nonzero, the normal wave speeds must be solutions of

det(Q-u:M)=0 (7.2.49)
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If the determinant (7.2.49), which is a quadratic in the squared normal speed, is expanded and
solved for these squared speeds, the results are

2 — — _ 2
Uy 21 ﬂ_ﬁ A + 21 + ﬂ_ﬁ_ A + 211 N
Gyl 2P e e e,

Because of the inequality (7.2.9), the symmetric matrix Q is positive definite. The diagonal
matrix M is also positive definite. Therefore, the two squared wave speeds given by (7.2.50) are
the positive eigenvalues of the matrix Q with respect to the inner product induced by M. The
matrix a, defined by (7.2.48), is the eigenvector for the eigenvalue problem (7.2.45).

42;
P Ps,

(7.2.50)

The numerical values in Table 2 of Section 6.2 can be used to calculate the wave speeds
from equations (7.2.50) and (7.2.42). In order to proceed with these calculations, we need
numerical values for the true densities of the solid and the fluid. As with the tables in Section 6.2,
we shall take the fluid to be water and use y, =y, =1 gm/cm®. The true densities for the solids

are taken from Farmer [Ref. 7]. These values and the resulting acceleration wave speeds are
shown in the table below.

Table 1 Calculated Acceleration Wave Speeds

Propert Ruhr Tennessee | Charcoal | Berea Westerly | Weber
perty Sandstone Marble Granite Sandstone | Granite Sandstone

7., (glem’) 2.6 2.7 2.7 2.6 2.7 2.6

U, (M/sec) 4340 5346 4955 3210 4805 4059

Uy (M/seC) 728 1522 1220 1313 740 1124

Uy ) (M/seC) 2285 3012 2658 1688 2369 2234

As reflected in this table, in the following we shall always assume that the eigenvalues urf(l) and

2 - -
U, are distinct.

Since the three wave speeds Uy, Uy, and uy; are constant, a wave of a given initial

shape retains that shape as the wave propagates, i.e., the waves form a family of parallel surfaces.
For example, an initially plane wave remains plane. As an illustration of the effect of diffusion on
the growth and decay of acceleration, we shall next investigate the growth and decay of plane

acceleration waves. As a consequence of this assumption the unit normal, n, is a constant. This
2

oW
calculation requires that we utilize (7.1.19) with the choice ¢ = 6t2f . Therefore,

”Wf][

(7.2.51)
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oW
t J]-nun (7.2.52)

The term in (7.2.52) can be eliminated in favor of [ hd ] if we use (7.2.20). The

result of this elimination can be used to eliminate the term

step in this elimination yields

5 oW, oW, ¢ _5(n 0w
2~ = ]J{[ 19 o nu, =[—"1-u{| [6RAD

An expansion of the second term yields,

a\’\;f j]](n,n) (7.2.53)

5 rO°w, o’w, 5n o°w 5u
2— + -
R e
\ w (7.2.54)
o'W
=[ atsf]—uﬁ([GRAD( atf J]J(n,n)
Because n-n=1, %-n =0. Therefore, (7.2.54) reduces to
5 0°W, 5u
21— ==t
5t[ ot ] un[
S o (7.2.55)
I at;]—us([eRAD( w1y
In our case, since n and u_ are constants, (7.2.54) and (7.2.55) both reduce to
0° 0° OW
5 a\t’\:f] [ Wf] u ([GRAD( = ]]](n,n) (7.2.56)

An identical calculation yields
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S 0w rdwey
2 2 (T[] -t [eman

atS

a‘a’l’s j]j(n, n) (7.2.57)

In equations (7.2.56) and (7.2.57) the last terms are, in Cartesian components,

ow,
([GRAD( ~ ]]J(n,n [ax X at] N, (7.2.58)
and
oW, 1 O°w,
([GRAD[ . j]](n,n)_[—8)(k(,»(10t]nknj (7.2.59)

respectively.

Equations (7.2.56) and (7.2.57) provide ordinary differential equations for the amplitudes
(7.2.38) and (7.2.39) after we have evaluated their right hand sides. The time derivatives of (7.2.2)
and (7.2.1) yield the jumps

pf[ f] if[GRAD(Dlv s)]+lﬁ[GRAD(DIVﬂ)]+(af—rf y)[GRAD‘%'
awf S (7.2.60)
{1
and
PSR- (4 ) o
(7.2.61)

7+ nlerap %Y 5[[5W] g ]j

The next formal step is to substitute (7.2.60) and (7.2.61) into (7.2.56) and (7.2.57), respectively.
The results turn out to be

20} 5; [GRAD(Dlv = )+ 2,
il J]](n, n) (7.2.62)

et
00

~&(a, —a,)+ (o, -7, - y)[GRAD&t
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and

ow
ot

oa

ow,
- )]

= (2 + 1) GRAD(DIV—5)] + . [ Div(GRAD =

2p,,
ow,

ot j]j(n’n) (7.2.63)

_ oW, )
+y [GRAD(DIVW)]— p. u:| [GRAD| GRAD

_f(as _a'f)
+(a, — T, + y)[GRADf;t—e

These two complicated looking equations are simplified somewhat if we use the kinematic
formulas

[GRAD(Div a\;f )= [[[GRAD(GRAD a\gtf ]]J(n, n)] n (7.2.64)
[GRAD(DIv a(‘;t"s )= {([GRAD (GRAD a‘é‘t's j]}(n, n)} n (7.2.65)

and
[Div(GRAD a;:s )] = ([GRAD(GRAD ags j]j(n, n) (7.2.66)

These formulas can be derived from (7.1.16). Rather than include their derivations here, it is
convenient to point out that they are special cases of Equation (176.8) of Ref. 1. The reduction of
Equation (178.8) of Ref. 1 to the results (7.2.64) through (7.2.66), does make use of (7.2.15),
(7.2.16), the plane wave assumption, the fact that the speeds are constants, and the fact that all of
the amplitudes are assumed not to vary tangent to the wave front. It simplifies the notation
somewhat if we introduce the symbols

d, :([GRAD(GRAD 821* j]](n,n) (7.2.67)

and

d, =| [GRAD crAD 2t 11(n,n (7.2.68)
fovao{ o T

These symbols along with (7.2.64) through (7.2.66) allow (7.2.62) and (7.2.63) to be written
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o — _
200 20 7. (d;-n)n+ 2 (d,-n)n—p;uld,
ot iy (7.2.69)
_f(af —-a )+(af T - 7)[GRAD ot
and
oa, = T 2
2p, St = Z¢ (dy -n)n+ (g + 1) (dg -n)n+ - p, uld,

(7.2.70)

00
~¢(a,-a, )+ (e, -7, +7)[GRAD—> p

The term [GRAD%] , which appears in both (7.2.69) and (7.2.70), can be related to the two

amplitudes if we utilize (7.2.35) and certain of our kinematic formulas. Equation (7.2.35),
rewritten in terms of the amplitudes (7.2.38) and (7.2.39) is

[DlV(GRADH)]———((T —a,+5/0")a, +(Tf—“f ~5/0a, - J (7.2.71)

The kinematic formula which links [GRAD%] to [DiV(GRAD 6)] is

00

[GRAD— p = —u, [DivV(GRAD 6)]n (7.2.72)

The derivation of this equation is similar to the derivation of some of the other kinematic formulas
used thus far. One begins with (7.1.20) and makes the choice ¢ = GRAD&. The result can be

written

[GRADgt—e =—[GRAD(GRAD#)]nu, (7.2.73)

Given (7.2.32) and the choice ¢ = GRAD, it follows from (7.1.17) and (7.1.20) that
[GRAD(GRAD 9)]=(n-[GRAD(GRAD#)]n)n®n (7.2.74)

This result yields

[GRAD(GRAD#)]n = (n-[GRAD(GRAD9)]n)n (7.2.75)
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Also, since Div(GRAD 6) = tr(GRAD(GRAD6)), it follows from (7.2.74) that
[Div(GRAD 9)] = tr ([GRAD (GRAD 6)]) =n-[GRAD (GRAD #)]n (7.2.76)

Equations (7.2.75) and (7.2.76) allow (7.2.73) to be written in the form (7.2.72). With the result
(7.2.72), it follow from (7.2.71) that

[GRAD% 2%(@ —a,+5/0")a,-n+ (7, —a; —5/0")a, -n)n (7.2.77)

When (7.2.77) is substituted into (7.2.62) and (7.2.63) the results are

2p; 5;; =7y (d; -n)n+ 7 (d, -n)n—pruZd, —£(a, —a,)
—‘9—’:@ —a, +y)(7 —a; —¢/07)(a, -n)n (7.2.78)
—6—’:@ —a; +7)(7, —a,+5/0")(a,-n)n
and
2p, 5;5 = Z (dy -n)n+ (A, + ) (dg -n)n+ pd, - p, uld, - &(a, -2, )
_‘9_;(75 —a, - 7)(7, —«a, _g/é?*)(af -n)n (7.2.79)

+

O (7 —a,- )7 -, +¢/07) (a,-n)n
K

Equations (7.2.78) and (7.2.79) are used to determine the magnitudes of the amplitudes a,

and a,. The directions of these amplitudes are determined by the propagation condition (7.2.36)

and (7.2.37). Utilizing these directions, the approach to the solutions involves projecting (7.2.78)
and (7.2.79) in such a fashion that the jumps d, and d, are eliminated. This approach is best

illustrated by first studying the transverse acceleration wave. In this case, the normal speed
squared is given by (7.2.42) and the amplitude of the acceleration wave in the fluid obeys (7.2.41).
Given these results, the projection of (7.2.78) into the transverse plane is obtained by forming its
cross product with the unit normal, n. The result of this calculation is

nxd, :inxa (7.2.80)

Likewise, the cross product of (7.2.79) with the unit normal yields
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onxa, ___ ¢ hxa, (7.2.81)
ot 2p,

Equation (7.2.81) yields the amplitude of the transverse wave as a function of time to be

— ¢ t
nxa, (t)=nxa,(0)e (7.2.82)

Because of the thermodynamic result (7.2.6), the amplitude of the transverse wave is either
constant or it decays exponentially according to the formula (7.2.82). Given (7.2.82), the
tangential projection nxd, is, from (7.2.80) given by

Sy
nxd, :%nxas(o)e 205 (7.2.83)
Pilne)

For either of the longitudinal waves, we can project (7.2.78) and (7.2.79) in the normal
direction and obtain

da,-n _ _
2p; — =,1ﬁdf.n+/15fds.n—p;un2df.n_é:(af_n_as_n)
0 _ _ X
(@ a4 - ~¢/6)a, n (7.2.84)
0 _ _ X
—— (T, —a, +7)(7 —a, +5/0")a,-n
K
and
Jsa.-n - — ,
ZPSR gt :ledf .n+(/155+2/uss)ds.n_pSRunds'n_g(as'n—af 'n)
0 _ _ X
_?(Ts —a,—y) (T — —g/6’ )(af -n) (7.2.85)
0+

_?(z_-s — _7)(2_-5 — O +g/0+)(as 'n)
These two equations are best analyzed by writing them as the single matrix equation

o8 2 i T T
2M§=(Q—UHM)d—§Ea—?(A—B)(A -D")a (7.2.86)
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where a,M and Q are given be (7.2.48), (7.2.47) and (7.2.45), respectively. In addition, the
matrices E and H are given by

o 7.2.87
B [—1 1 } (7.2.87)
and

A{?_f _“f} (7.2.88)

T, — Qg

-1

B= ;{ ) } (7.2.89)

|1
D= = {_J (7.2.90)

From (7.2.45), the column matrix a is the eigenvector of Q associated with the eigenvalue

u® with respect to the inner product induced by M. Because we have assumed these eigenvalues
are distinct, we can write each eigenvector a in the form

a=ar (7.2.91)
where a is ascalar and r is a normalized column matrix with the properties

(Q-u"M)r=0 (7.2.92)

and
rrMr=1 (7.2.93)

The matrix equation (7.2.86) can be projected in the direction r to yield

oa 0"

2—=r'" (Q-u’M)d—| &r'Er+—r" (A-B)(A" -D")r |a 7.2.94
ot (Q n ) [é K ( )( ) J ( )
after (7.2.93) is utilized. The symmetry of the matrices Q and M allow the term r' (Q—urfM)d

to be written d’ (Q — ufM)r which by (7.2.92) is zero. Therefore, the magnitude of the
acceleration wave with the speed u, is determined by solving the ordinary differential equation



Singular Surfaces And Acceleration Waves 117

+

%a _ —(frTEr + 2
ot K

r' (A-B)(A"-D' )rja (7.2.95)

The behavior of the solution depends upon the sign of the sign of the term
ErTEr O (A—B)(AT —D")r. This coefficient, as we shall see, cannot be negative. As a
K

result, the amplitude of the longitudinal acceleration wave is either a constant of decays
exponentially.

The proof that the term &r' Er + H—rT (A- B)(AT -D' )r cannot be negative is straight
K

forward but somewhat complicated. The first step is to note the identity

(A-B)(AT —DT):(A—%(EH D)—%(B— D)j(A—%(B+D)+%(B—D)jT

= (A—%(B + D))(A—%(B - D))T —%(B -D)(B-D)'  (7.2.96)

1 1

+%(A—%(B+ D)j(B—D)T (B~ D)(A—E(BJFD)JT

It follows from this expression that

" (A-B)(A D)=’ a-jtero)[aiero)] Ge-pye-0] i
+%(A—%(B+ D))(B—D)T —%(B—D)(A—%(BJrD)j

—r (A—%(BJF D))(A—%(BJr D)Nr—%ﬂ (B-D)(B-D) r(7.2.97)

1

1, 1 T !
= ((A—E(B+D)j(B—D) —(B—D)(A—E(B+D)j Jr
1 T i 1 T T
:HA——(BJrD)j rJ L (B-D)B-D)r
2 4
The definitions (7.2.89) and (7.2.90) show that

(B-D)(B-D)' = (7 +%j2 {ﬂ[_l 1] = [7 +%j2 E (7.2.98)
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where the definition (7.2.87) has been used. Equations (7.2.97) and (7.2.98) show that

K K

§rTEr+0—rT (A_B)(AT _DT)r:[g—%%[;w%j ]rTEr+9—[[A—%(B+D)j rJ (7.2.99)

Because we are working with the assumption that « >0, equation (7.2.5) tells us that

. 2
g—%g (7 +§] >0. Also, the definition (7.2.87) shows that r'Er = (rg - rs)2 >0. Because
K

the last term in (7.2.99) is non-negative, we have the result

frTEr+0—rT (A-B)(AT-D")r=0 (7.2.100)
K

Equation (7.2.100) gives the result stated above, i.e., that the amplitude of each longitudinal
acceleration wave cannot increase.

There are further simplifications the formula (7.2.99) that are useful. If we look at the two
cases r=r, and r =r,, it is possible to show that

2 2 2 2
Er, = tr(M7E) 0 Ll ™% (7.2.101)
Uy —Unz) Pt Ps, )Una ~Un
and
2 .2 2 2
T -1 Uy —u (2) 1 1 U, —u (2)
rEr,=tr(M E)ﬁ: el b v (7.2.102)
n@ ~ Yne) Pt Psy JUngy —Unz
where

tr(adj(Q)E) Ay + 24y + A + 24,
tr(adj(M)E) Pt + P,

u2 =

(7.2.103)

The derivation of (7.2.101) and (7.2.102) involves a rather straight forward use of the
spectral representation of Q. Given the eigenvalue problem (7.2.45), it is possible to show that
the spectral representation of Q is

Q=u;,Mr M +u; ,,Mr;r,M (7.2.104)

where
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M = Mr r,M + Mr, r,M
These two equations yield

Q-u’,M
Mr M =——"2
un(l) _un(2)
and
Q-u’,M
Mr, M =9
u

n(2) ~ “n()

Given (7.2.106), it follows that

r/Er, =tr(rr E)=tr(Mry MM™EM ™)

2 2

2
un(l) - Un(z)

= tr{(%] MlEMl] _ tr(M‘lQM—lE) B Uf(z) tI‘(M‘lE)

Because the matrix Q obeys its own characteristic equation, it is true that

(QM?) —tr(QM™)QM™ + det(QM*)1=0

This equation can be rearranged into the form

MQM™ —tr(lerl) M +det(QM‘1)Q‘1 =0

Therefore,

tr(M7QM™E) =tr(QM™*)tr(M'E) - det(QM*)tr(Q'E)
=tr(QM*)tr(M™E)—detM " tr((adjQ)E)

where adjQ denotes the adjoint of the matrix Q. Because tr(QI\/I’l) =U7y + Uy, and

det(QM™) =2, uZ,,, (7.2.111) can be rewritten

tr(M7QM™E) = (uly, + Uz, )tr(M'E) —detM ™ tr((adjQ) E)

Equation (7.2.112) allows (7.2.108) to be written

un(l) - un(2)

119

(7.2.105)

(7.2.106)

(7.2.107)

(7.2.108)

(7.2.109)

(7.2.110)

(7.2.111)

(7.2.112)
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2 _1tr((ade)E)
o ewowe) ey e O
nEn= —— =tr(M™E) E—
ey ™ e Uney ~Unea) (7.2.113)
.2 _tr((ade)ly
n(1) . 2 .2
=tl’(|\/|_lE) - ztr((adJM)E):tr(M—lE) l;ln(l) l;'o
un(l) - un(2) un(l) — Un(z)

where the definition (7.2.103) has been used. The derivation of (7.2.102) follows by an identical
argument.

Clearly the quantity uZ has the physical dimensions of velocity squared. One can show
from (7.2.1) through (7.2.3) that u? is the squared longitudinal wave speed in the limiting case

where £ — o and x — . The case £ — oo corresponds to the case where there is no diffusion,
i.e., the drag is so great that the two constituents move at the same velocity. The case k¥ —
corresponds, with appropriate boundary conditions, to the case where the temperature is a constant.
For this reason, u, is called the frozen isothermal wave speed. This speed first appeared in the
porous media article by Biot [Ref. 8]. If we adopt the numerical values shown in Table 2 of

Section 6.2 and the true density values shown in Table 1 of this Section, the following values for
the frozen isothermal wave speed are obtained.

Table 2 Calculated Frozen Isothermal Wave Speeds

Propert Ruhr Tennessee | Charcoal | Berea Westerly | Weber
perty Sandstone Marble Granite Sandstone | Granite Sandstone

7., (glem’) 2.6 2.7 2.7 2.6 2.7 2.6

U, (m/sec) 4337 5345 4954 3209 4802 4059

This table and Table 1 of this Section show that the frozen isothermal wave speeds are close to the
acceleration wave speeds u, ,,. Itis a theoretical result that one can establish from the spectral

representation (7.2.104) that

n(l) —

>ul>u

(7.2.114)

Tables 1 and 2 show that, to the numerical approximation used here, u, =u,,,, for Weber

Sandstone.

A similar calculation allows the term 9—{(A —-=
K

2(B+ D)jT r]

in (7.2.99) to be written
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‘i{(A_%(m D)T rj ZQ(A_%(EH D)jT o (A—%(B+ D)j

K K

(7.2.115)
_ 5_\,( pﬁm - Us(l) )(Un2<1) - pr?(Z))
K ur?(l) _Uﬁ(z)
and

o' 1 Y e 1 " 1

?((A—E(B + D)j FZJ :?[A—E(B + D)j I’ZI’ZT (A—E(B + D)j
(7.2.116)

— 2 2 2 2
_C ( pn(l) - Un(z))( pn(2) - Un(z))

'S
2 2
K Unay) = Une)

for the two cases r =r, and r =r,, respectively. The quantities p;,, and p;,, are the two roots of
the equation

det(Q +C£(A—%(B + D))(A—%(B n D)jT ~ ng] -0 (7.2.117)

v

These quantities are positive because the symmetric matrix

¥
Q +£(A—%(B + D))(A—%(B + D)j is positive definite. It is possible to use the spectral form
c

v

of this matrix to establish that

prf(l) 2 ur?(l) 2 prf(z) 2 ur?(z) (7.2.118)

If we adopt the formulas (7.2.101) and (7.2.115), it follows from (7.2.99) that

+

§r1TEr1+—9 r/ (A-B)(A"-D")r,
K
2 )2 ) )(7.2.119)

2 2 2 _ 2
|- 16" (]/-i- S j 1 N 1 | Uy — U N C, (pn(l) —Ung J{Uny = Pnez)
- s At Y2 2 — 2 2
4 x 0 Pi Ps, JUng ~Uyey K Uy = Unz)

for the choice r =r,. By an entirely similar calculation,
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+

&rEr, +%r§ (A-B)(A"-D")r,

7.2.120
=(§—l‘9—+(y+ o ﬂ( 1.3 J Ug = Upo) +6_V(pn2(1)—uﬁ(z))(pﬁ(z)—uﬁ(z))( )
4 x

I+ + 2 2 2 2
0 Pi  Ps, JUng ~Uyey K Uny —Unez)

for the choice r =r,.

Equations (7.2.119) and (7.2.120) have the advantage of allowing the calculation of the
coefficient in the amplitude ordinary differential equation, equation (7.2.95), without explicit
knowledge of the eigenvectors r, and r,. In the next chapter we shall investigate the propagation
of plane harmonic waves in the poroelastic mixture adopted in this chapter. We shall see the
expressions (7.2.119) and (7.2.120) arise in one of the limiting cases examined for these types of
waves.

In closing this chapter, it is useful to briefly examine a case omitted in the derivation of the
above results. This case is the one ruled out by the assumption (7.2.29), i.e. x =0. If we allow for

this possibility, then (7.2.28) is satisfied without necessarily having [GRAD H]-n =0. Inthis
case, the inequality (7.2.5) forces

S
=— 7.2.121
V=g ( )
or, from the definitions (7.2.89) and (7.2.90),
B=D (7.2.122)

Logically, if one reaches the result x =0 with the argument that the constitutive equations do not
have a dependence on the temperature gradient, one could conclude from (3.2.24) that y and, from

(7.2.121), ¢ are zero. For our purposes here, the result (7.2.121) is a sufficient specialization.

Rather than repeat the calculations we carried out the case for a conductor, it is convenient
to simply state the key results. It can be shown from (7.2.3), with « =0, that

urc,[GRAD O] =-0" (7, —a, —7)(a, n)n-0" (7, e, +7)(a,-n)n (7.2.123)

Another jump that arises in the derivation of the differential equation for the amplitude is
[GRAD%t—e] . This quantity is also determined by the energy equation and can be shown to take

the form

EV[GRAD(;—H =—0" (7, —a,-y)(d, -n)n-0" (7, —a,+y)(d,-n)n  (7.2.124)
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The results for the nonconductor shall be given without proof. One can formally adopt (7.2.36)
through (7.2.50) with the following changes:

a) Replace 1, with 7, +%(a —a, —;/)2.

b) Replace 4, with 1, +%(a —a,-y)(T.-a, +7)

c) Replace 4, with A_ +%(FS —a,+y).

v

The amplitude equation for transverse waves, equation (7.2.82), can be adopted without formal
change. For the longitudinal waves, the amplitude is given by

oa T
2—=—(&r Er)a 7.2.125
5~ ~(¢T'Er) ( )

rather than (7.2.95). However, in this case the eigenvectors r, and r, are calculated from (7.2.92)
with Q given by

+ +

Ag + (Tf_af_7)2 Zsf_'_f_(z_.f_af_}/)(z_.s_as-'_}/)
Q= o . (7.2.126)
ﬂ_“sf—i_a_(‘?f_af_}/)(z_-s_as—i_y) A_’ss+6_(z_-s_as+7)2+2:uss

rather than by (7.2.46).

The nonconductor case just discussed also provides a framework for the study of the
growth and decay of shock waves in porous materials defined by (7.2.1) through (7.2.3). By
definition, a shock wave in the porous material defined by (7.2.1) through (7.2.6) is a moving
singular surface across which

[w,]=[w,]=0 (7.2.127)
2 2
but [58tV\:f ], [5atV\2/s] and [aat_e] are not necessarily zero. The amplitudes of the shock wave are
defined by
oW ¢
= 7.2.128
a == (7.2128)

and
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:] (7.2.129)

The jump balance equations (7.2.12) through (7.2.14), with « =0, yield the results

pouia, = (A + a1 )(a; -n)n— pa, — Ag (a; -n)n+(a, -7, + p)u,[0]n =0 (7.2.130)
piuia, — A, (a,-n)n— 12, (a, -n)n+(0¢f -7 ~»u,[o]n=0 (7.2.131)

and

uc[0]+0 (a,-7.+7)a, n+0 (o, -7, —y)a, .n=0 (7.2.132)

Equation (7.2.132) gives the jJump in the temperature across the shock wave in terms of the two
shock amplitudes. If this result is substituted into (7.2.130) and (7.2.131) the result is

(7.2.133)

—+

(zﬁ a7 _yy](af -n)n+(zsf a5 p) e 7 _y)](as n)

\

n
(7.2.134)
= p?ur?af

These equations are formally identical to our previous results for acceleration waves (7.2.36) and
(7.2.37) providing that we replace the coefficients according to the rules a), b) and c) above. The
fact that shock waves in a linear theory have the same propagation as that for acceleration waves is
typical. Sometimes such shock waves are called weak shocks. The growth and decay of these
weak shocks in the longitudinal are given by equations formally identical to (7.2.125).
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Plane Harmonic Waves

In this chapter we shall build upon the results in Chapter 7 and look at a more interesting kind of
wave propagation problem. The problem adopts one dimensional versions of the governing partial
differential equations studied in Chapter 7 and examines a certain type of wave solution. The
solution is that of a plane harmonic wave. The one dimensional assumption is made as a matter of
convenience and can be avoided as was done in Chapter 6 by the assumption of a plane wave. For
simplicity here, we shall just adopt the one dimensional formulation. The interest in studying
harmonic waves is that it represents a nontrivial solution of the governing equations that carries a
lot of interesting physical information about the features of the model. It is a solution that lends
itself to analytical analysis as opposed to many other interesting problems that require numerical
solutions. To a significant extent, the results in this chapter are a special case of the work of
Bowen [Ref. 1] and Bowen and Reinicke [Ref. 2]. The earlier works of Biot [Ref. 3] and of
Craine and Johnson [Ref. 4] are also important to the understanding of the material in this Chapter.
This chapter is also influenced by the formalism used by Chadwick [Ref. 5] when he studied plane
harmonic waves in thermoelasticity.

8.1 One Dimensional Governing Equations
If we again adopt the governing partial differential equations (7.2.1) through (7.2.3) and the

restrictions on the properties (7.2.4) through (7.2.11), the one dimensional case corresponds to the
assumptions

w, =(w,(X,t),0,0) (8.1.1)
w, =(w, (X,1),0,0) (8.1.2)

and
0=0(X,t) (8.1.3)

These specializations reduce the governing partial differential equations (7.2.1), (7.2.2) and (7.2.3)
to

o’w, 7 o*w,

o°w, -
ax 2 sf ax 2

F = (ﬂ_”ss + Zluss)

oW
P, o, T, +y)2—f—§[aws W j (8.1.4)

ot ot

127
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Lo'w, - otw, - O'w _ 00 _(ow, ow,
R v TRl O et (815)
and
00 GRY o°w, %0
C,—+0" | (t.—a,+¢/0" *+ (7, —a; —¢/6" = 8.1.6
v at L(Ts as g/ )8X8t (Tf af g/ )8X8t Kaxz ( )
The manipulation of these equations is facilitated if we write them in matrix form as follows:
o°w o*'w 00 ow
M = —(A-B)—-¢E— 8.1.7
o’ Q6X2 ( )ax > ot ( )
and
2 2
EV%+9+(AT—DT)6W —x Y (8.1.8)
ot oX ot oX
where
w, (X,t)
w(X,t)=| ' 8.1.9
0 i) 619
and, as in Chapter 7,
.0
M {p f } (8.1.10)
0 p,
2, A,
Q=" (8.1.11)
ﬂ’sf ﬂ’ss_i_zluss
e-| b (8.1.12)
- _l l . .

and

A{Fj _“f} (8.1.13)
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-1
B :7{ . } (8.1.14)
_s|1
= [_J (8.1.15)

It is perhaps useful to note in passing that one can derive from (8.1.7) and (8.1.8) a single
uncoupled partial differential equation for each of the unknowns. In the case x >0, the result is
three uncoupled partial differential equations of the form

Lw, =Lw, =L&=0 (8.1.16)

where L is the sixth order differential operator defined by
L_a 0° , 02 \o* , & o[ o , 0°
“atllar Peax ar T Pe ok ) el o P ox
k oo , o \o8 , O ofo* , 0
TR\ Mook o e )T alar e
where @, and @, are characteristic frequencies defined by

e ¢ Y |r((adiM)E) (| o Y1, 1
a)o_(é 4K(7+9+j] detM =< 4K(7+0+j ,0R+pf+ (8.1.18)

~ tr((ade)E)_ 1 1
=6 o —f[p—:p?] (8.1.19)

(8.1.17)

and

Note, in passing, that the inequalities (7.2.5) and (7.2.6) insure that the characteristic times o, and
. are non-negative. Also note that the definition (8.1.18) assumes a strengthened version of
(7.2.4) in the form

x>0 (8.1.20)

The quantities urf(l) and uﬁ(z) in (8.1.17) are given by (7.2.50) and u; is given by (7.2.103).
The quantities p,f(l) and p,f'(z) , @s in equation (7.2.117), are the roots of
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det(Q+ 25(’; ((A_%(B + D))(A—%(B + D))T } - pZM] -0 (8.1.21)

v

and p? is given by

Al

Po = ((adJM (8.1.22)
We shall say more about these roots in Section 8.2.
8.2 Plane Progressive Waves: Dispersion Relation
A plane progressive wave is a solution of (8.1.7) and (8.1.8) of the form
w(X,t)=ae* (8.2.1)
and
O(X,t)-6" =he™* (8.2.2)

where the 2x1 matrix a and the scalar b are the amplitudes of the wave. The quantity k is the
wave number and @ is the frequency. The point if view is that the frequency is given and we seek

the relationship k (a)) forced by requiring (8.2.1) and (8.2.2) to be solutions of the partial

differential equations (8.1.7) and (8.1.8). The relationship k() is called the dispersion relation.
Given this relationship, the phase velocity and the attenuation coefficient are defined by

a
and
s=4 (k) (8.2.4)

where % (k) denotes the real part of k(@) and .# (k) its imaginary part.

If (8.2.1) and (8.2.2) are substituted into (8.1.7) and (8.1.8), respectively, the result is

(k*Q-’M-iwfE)a+ik(A-B)b=0 (8.2.5)
and

0" (A" -D")oka+(xk® —iaf, )b=0 (8.2.6)
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In order that equations (8.2.5) and (8.2.6) yield nonzero amplitudes, the 3x3 determinant of
coefficients must vanish, i.e.,*

(xk* —iwC, )det(k*Q - 0°M — i E)

8.2.7
~0'iek? (AT -D' Jadj((k’Q- &’M ~iw¢E))(A-B) =0 (827

This expression can be written

ia)[det(sz - 'M - i0&E) +i—+k2 (A™-D")adj((kQ-&’M - iwEE))(A - B)j
v (8.2.8)
-k det(k*Q - &M ~iw&E) =0
C

\

Next, we shall show that (8.2.8) can be written

Iw(( Prok”® _“)2)( Prok’ _a’z)— i, ( pok? —602))

_E£k2 ((uﬁmkz _a)z)(uﬁ(z)k2 _wz)_ I, (u§k2 _wz)) =0

v

(8.2.9)

The first formula we need is
det(k’Q - &’M - iw&E)

- 8.2.10
= detM (unzmk2—wz)(ug(z)kZ—a)z)—ing(ugw—wz)j (6210

detM

This formula follows from the elementary formula for the determinant of the sum of 2x2
matrices, det(A+B)=detA+tr((adjA)B)+detB and the formulas

det(k’Q - &*M) =det M (K*y — * ) (k*u; - 0*) (8.2.11)
All A12 Bl

“Forthe 3x3 matrix F=| A,, A,, B, |,itisnotdifficult to show that detF = Ddet A —C(adjA)B,
C, C, D

whereA:{Ail AiZ},B:{Bl} and C=[C, C,].
AZl A22 BZ
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u? =M (8.2.12)
tr(adj(M)E)
and
detE=0 (8.2.13)

Equation (8.2.11) follows from (7.2.92), equation (8.2.12) is the definition (7.2.103) repeated, and
(8.2.13) follows from the definition (7.2.87).

The next formula we need involves a rather complicated rearrangement of the term
(AT-DT )adj((sz —o*M - icogE))(A —B). First, because the matrix

adj((sz —*M - icocfE)) is symmetric, we can use (7.2.96) and write

(A" -D )adj((k’Q - 0’M - i0éE) (A - B)
= tr((adj(k’Q - ’M —i¢E))(A-B)(A" -D"))

)
:t{(adj(sz—wZM—ia)gE) A- B+Dj

(zeeocseo)
oo teofoono)]
ice-

1 T
_Ztr((adj(k Q- @M —iwéE )(B-D) ))
(8.2.14)
Equation (7.2.98), repeated here, tells us that
ovB-0Y <[y+ ) [t o(,.L)
(B-D)(B-D) ( 9+j L}[ 1] (”w} £ (8.2.15)

This identity along with the definition (8.2.12) allows the last term in (8.2.14) to be written
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—%tr((adj(sz - @M -iogE))((B-D)(B-D)'))= —%(7/ +%j2 tr((adi(k’Q - M —iwzE) ||
_ —%{7 +5T tr((adj(sz - a)ZM))E)

1 P
- _Z(;/ +§j tr (adjM)(ugk? - &°)

(8.2.16)

Given (8.2.14) and (8.2.16), it follows that

det(k’Q - 0’M —ia(E) +§—:k2 (AT-D )adj((kZQ—a)zM - ia)gE))(A— B)

= det(sz - w'M— ia)éE)

+i_*k2 tr[(adj(kZQ—sz - ia)gE))([A—%(B + D)j(A—%(B + D))T J]

\

R ————

4c

A

:det{kz(Q+i—+(A—%(B+ D)j(A—%(B+ D)jTJ—a)ZI\/I —ing}

v

(8.2.17)

0" < ? )
—Ekz(]/'f'?j tr(adJM)(ugkz_a)z)

This formula utilized, again, the identity det(A+B)=detA + tr((ade) B) +detB except this
time to combine terms. This formula also made use of the result

det((A—%(BJrD)j(A—%(B+D)JT]=O.

Given (8.2.17), the result (8.2.8) can be written

iwde{kz [Q +i—+{A—%(B - D)j(A—%(B + D)JTJ—a)ZM _ ingJ

v

(8.2.18)

K : A S ’ :
——Kk?| det(k’Q - o*M —iwéE = | tr(adjM)(u’k* -@?) |=0
- ( et(k’Q - o’M —iwé )+|a)4x(y+9+j r(adiM)(usk’ - @ )J

Given (8.2.10), the last factor in (8.2.18) can be written
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+ 2
det(sz—a)ZM—ia)éE)+ia)f—K(7+ gj tr (adjM)(uk? - &°)

o

(8.2.19)
=detM ((uﬁ(l)k2 - a)z)(us(z)k2 -’ ) —low, (u§k2 ~-a’ ))
where the definition of the characteristic frequency a,, given by (8.1.18), has been used.
Equation (8.2.18) reduces to the result (8.2.9) if we use the identity
) 0 1 1 LR I
det| k| Q+—| A-=(B+D) || A-=(B+D)| |-o°'M-iwlE
C, 2 2 (8.2.20)

=detM (( Pawk’ —a)z)( Piok’ —a)z)—ia)a)é ( P2k —a)z))

Equation (8.2.20) is derived by the same calculation that produced (8.2.10) with the exception that

. T
now the symmetric matrix Q +9—(A —%(B + D))(A —%(B + D)j is in the formula. The
c

"

definition (8.1.19) has also been used.

A few words or explanation need to be given about the parameters pﬁ(l), pnz(z) and p?
defined by (8.1.21) and (8.1.22). Because the symmetric matrix
N T
Q+ Q—(A —%(B + D))(A —%(B + D)) is also positive definite, the roots of (8.1.21) are
c

\

positive. Thus, p,, and p,, . like u,, and u,, , are characteristic speeds. The same is true for
P, . The same kind of argument that yielded (7.2.114) can be used to establish

pﬁ(l) > py > pﬁ(z) (8.2.21)

As was mentioned in Section 7.2 in equation (7.2.118), another set of inequalities on can establish
are
pr?(l) 2 ur?(l) 2 prf(z) 2 U§(2) (8.2.22)

and
pe >l (8.2.23)

These inequalities follow from the definitions (7.2.50), (7.2.51), (8.1.21) and (8.1.22). It is useful
to note in passing that the definition (8.1.22) of p; can be replaced by
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tr([Q+§:AAT}EJ

po = (G (8.2.24)

The dispersion relation (8.2.9) gives the wave number k() in terms of the frequency, o,

six characteristic wave speeds squared, P, Pz P+ UnqUsezy @nd UG , two characteristic

frequencies w, and @, and the dimensional ratio _£ It is useful to isolate a third characteristic
c

"

frequency o, defined by

1 K

E—
w Cvun(z)

K

(8.2.25)

The velocity squared uﬁ(z) in (8.2.25) can be replaced by any of the other characteristic velocities.
Given the definition (8.2.25), the dispersion relation (8.2.9) takes the form

U§(2)k2((u§(l)k2 =0 )(Urpk® — ") ~ i, (ugk® - 602))

—iow (( P2 k? _a)Z)( p?._ K2 —a)z)— o0 ( 02k’ —a)z)) o (8.2.26)
K n(1) n(2) - o

It is this third order polynomial in the wave number squared. This equation determines the wave
number k (a)) in terms of the frequency, @, the six characteristic wave speeds squared,

Paw: Py PorUrgy:Uny and ug and the three characteristic frequencies @, @, and o, .

8.3 High Frequency Approximation

It is possible to gain insight into the behavior of the plane harmonic waves as defined by
(8.2.1) and (8.2.2) by examining high and low frequency approximations to the dispersion relation.
In the high frequency case, we look for approximations of the form

k? 1 1 1
E:a0+alg+a2;+0(gj (831)
where the coefficients «,,, and «, are to be determined. The calculation of these coefficients

can be tedious if done by hand.? Essentially what one does is to write the dispersion relationship
(8.2.26) in the form

2 The calculations of the coefficients a,,a, and a, are greatly facilitated by use of a symbolic manipulator such as
that found in Matlab or in Maple.
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i P k? k’ OF k?
';[( pr?(l) ;_]J( pr?(z) E_lj—lz( p2 E_l
k’ k? k? . @ k?
Uy ;HUE(D ;_1](U§(2) ;_q | ;O[Ug ;—1]} =0

and then utilize the approximation (8.3.1) to derive the equations satisfied by «,,, and «,. The
results of this calculation turn out to be

(8.3.2)

2

+2( Py *+ p§<1))u:(l>u:<2) _( Pry * Py )”§(2>“§ o Uy + 2y U Us =3 U (“’Ow’(j
w
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22 2 2 22
k(zz) 1 L (pn(l) un(z))(pn(Z) Un(z)) O, U ~Uhe) |0y
o ui, U 4 o Ui |ui —ui o

n2)  “n(2) Un2) \Un) ~Uniz) n(2) \ “n@) " Un(2)
2 2 2 2
(un(l) uo)(“o Un(z))(a)o jz
i Y
U2 )
n(l) n

“n(l)“ ( Pay Py )(“fm Uiy = 2“5)

)“n2<1>“§<2> (piy

+p ) u +u( +2u§(l)u§(2)u§—3u§(1)u:(2) [

a)Oa)K
) , \° e
n(2) (Unm - un(Z))

u

3
4 2 2 w W
Un( >(“n<1> u (2))
(8.3.4)
and
2 . 2 2 2 2
Ks) I o |00 000 (pn(l)_un(l))+(pn(2)_un(2)) o’ |1 1
— = | S - > -~ |—=+0|—| (83.5)
@ Uy @ Uy Uy Us2) Uy |@ @

for the three squared wave numbers. For simplicity, we shall confine our discussion to the positive
roots of these squared wave numbers. The negative roots simply correspond to waves propagating
in the negative x direction. Each of these three roots will be referred to as a mode of propagation.

The derivations of (8.3.3) and (8.3.4) have adopted the inequality urf(l) > u,f(z) as a strengthened
version of (8.2.22).

It follows from (8.3.3) that the phase velocity and the attenuation coefficient for the first
mode are
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142 (un(l) —Ug )(uo - un(Z)) Wy ’
Uy
2(ule) ~ i)
2 2 2 2 2 2 2 2 2
—( Poz) + pn(l))un(l)uo _( Pr pn(Z))(un(l) + Uy ) = 2U; )
2 2 2 2 2 2 2 2 6 2 2 2 4 2
, +2( Paz) T P )un(l)un(z) _< Pow) T Paz) )un(Z)UO +Upgy + 207 Up o) Ug = 3Uy Uy o) ooy
+un(l) 2 2 2 3 a)2
Qg = Unq 2un(z) (un(l) - un(Z))
2 Po —Ung D O,
e 2 2 2 >
Uy (U ~Uia )
2( 2 2 )(pz U2 )(pz p2 _(pz 4 p? )uz + 2R Us. —u ) ,
2 pn(Z) n(1) n(1) n(1) n(1) Mn(2) n(1) n(2) ] ~'n(2) n(1) “'n(2) n(1) W,
ey . (2 s o
205 (U ~U7))

and

S =
@
2U,

Likewise, it follows from (8.3.4) that for the second mode

)
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2
) (“n(l)
1+ Us 2y

_ug)(u _

2

0

2(u2

n@ —

_( Prz * pﬁ(l))u

2

n(1)uo -

2

2 2 2
- +2(Ply * Py U

Unz )3

2

( ps(l) Pﬁ(z) )(us(l) + ur?(z)

—2u§)

2 2 6 2
)un(z)uo +Upp) +2UnqUn o)

2
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a)O a)l(

n(2) ~ U —3u§(l)u:(2) (
2 2\ @
U2y = Unay 2(un(1) - un(2))
~ Py — us(z) ((0;(0,« j
2 2 2
2(un(l) _un(z)) @
2 2 2 2 2 2 2 2 2 2 4
(2( Paz —U (2)) P —U (2))( Po@) Poz) _(pn(l) + pn(z))un(l) 2y Uy — u"(2))) (a)_,fJ
2 2 3 o’
2U; ) (un(l) - un(2))
o[ ¥)
(8.3.8)
and
T L N (.
o 1 ( ) (2))( (2) (2))a) n ( ° (2)) w |+0 }/ (8.3.9)
@2 u (u2 —u? ) ) (u2 —u? ) ’
n(2) @Y~ Yn(2) n@)  “n(2)

Equations (8.3.6) through (8.3.9) show that the in the high frequency limit, the two phase

velocities approach constants and the corresponding attenuation coefficients are positive numbers.

The two phase velocities in this limit correspond to the acceleration wave speeds u, ,, and u,,

defined by equation (7.2.50). The attenuation coefficients are positive because of the inequalities
(7.2.114) and (8.2.22) along with the thermodynamic results (7.2.4) through (7.2.6). These latter

results tell us that o_ and «, are positive numbers. If the attenuation coefficient (8.3.7) is

compared to the one in (7.2.119), we see that the term in the bracket of (8.3.7) is the same factor in

(7.2.119). A similar correspondence exists between (8.3.9) and (7.2.120). The high frequency
correspondence acceleration wave speeds and phase velocities and attenuation coefficients is a

standard result. The usual explanation is that the acceleration wave calculation yields a short time
or, equivalently, high frequency solution in the neighborhood of the boundary represented by the

acceleration wave.

The high frequency approximations for the phase velocity and the attenuation coefficient

for the third mode turn out to be

2

)
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20 Uﬁ oo 00 pﬁ()—uf() + Pﬁ()—uf() @ |1 1
Uiy = Ui /; 1- @) b f+( =t + (Pria ~Uhe) of = |+0| —-|(8.3.10)

2 2 2 2 3
20, Uy  Une Us2) Uy | @ (04
and
2 2 2 2 2
1 |oo, Uy | @0, @0, ( Pray — Una ) + ( Przy — un(z)) a),f 1 1
S = > 1— > i - ~|—1|+0O — (8.3.11)
Uy 2 @ Uy Uy Us2) Uyp) | @ w’?

The fact that the phase velocity depends upon the frequency, even in the high frequency limit,
illustrates that the third mode is dispersive.

8.4 Low Frequency Approximation

In the low frequency case, we look for approximations of the form
k? =a, + ,0+ 0,0 + o, 0° +O(a)4) (8.4.1)

where the coefficients «,,,,a, and «, are to be determined. Like the high frequency case, the

calculation details are tedious. They calculations begin with the substitution of (8.4.1) into
(8.2.26). The next step is to solve for the unknown coefficients. The results for the three wave
numbers squared turn out to be®

= ot +£&u§m(p§ —02) (P - P2) (P2~ Pl )J#aﬁ +0(o') (842)

Po @, @ 0

® It is important to note that the result (8.4.2) assumes that o, and @, are nonzero. The case where @, is zero, as

shown in the definition (8.2.25), corresponds to an infinite conductivity x . This case, as equation (8.1.8) shows,
2

forces the temperature to obey o = 0. With suitable boundary conditions, we can conclude that the case @_ =0

=
corresponds to isothermal poroelasticity. In any case, for the case w_ = 0, the results (8.4.2) through (8.4.3) are
replaced by

1 i
2 2 2 2 2 2 3 4
k(l) =—0 +(un(1) —uo)(u0 —un(z))—6 w +O(a) )
U, @, U;
and
2 2 2 2 2,2 2 2 2 2
2 _ .Y (uo _unm)unm Tl -(Unm _uo)(uo —Unm) s .
k(z)zl .0+ o +i o +0(lw"),
ul ud c u?u? u? .U’
n@) “n(2) 0 Yn(1)Yn(2) o

Respectively.
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2 2 2 2 2 2.2 2 2 )2 2 4 2
k(2):2uz 0 (wououn(2)+a)1cpn(l) pn(z)_\/(a)ououn(Z)+a);cpn(1) pn(Z)) —40.0,U; Uy poja’

n@Yn2) (8.4.3)
+O(a)2)
and

2 [ 2 2 2 2 2 2 2 2 \? 2 4 2

Ka) == @UsUnzy + O Pry Py + (wOuOun(2)+a);cpn(l) pn(Z)) — 4,0 U; Uy Py (@

202 u
n@Yn2) (8.4.4)
+O(a)2)

where, in order to avoid long and uninteresting formulas, we have truncated the expansions for the
second and third modes at terms linear in the frequency @ . The first mode has been taken to
higher order terms because it is nondispersive in the low frequency limit. It readily follows from
(8.4.2) that

Uy = Po +O(a)2) (8.4.5)
and the corresponding attenuation coefficient is

o | o, Ur?(z)(pg _Ué) +i( pr?(l) - pg)( Ps — pr?(Z))

2p, | 0,0, N ; N

Sey = +0(o”) (8.4.6)

The corresponding quantities for the second and third mode are

2u, ,,\U>
n(1) n(2)\/5 +O(a)) (8.4.7)

Q) = =
2.2 2 2 2 2 2 2 2 4 2
\/(a’ououn(Z) + @ PrayPri) ~ \/(wououn(z) + @, Py pn(Z)) - 4a)§a)1cun(l)un(2) Po

Jo

Soy =5
2un(l)un(z)

2,2 2 2 2,2 2 2\ 2 4 N2
@ \/[a)ououn(Z) T O Py P2y — \/(a’ououn(Z) T O, Pry pn(Z)) — 400Uy Py |+ O(a))

(8.4.8)

2
2un(1)un(2)\/5

+0(w) (84.9)

U = =
2,2 2 2 2,2 2 2 2 4 2
\/(a)ououn(z) + @ Py Priz) \/(a)ououn(z) L pn(z)) - 40)5‘0Kun(1)un(2) Po

and
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<|

(0

2u_..U>

22 2 2 2 2 2 2 )2 2 4 2
\/(a)ououn(z) + @ Py Prcay +\/(wououn(z) + @ Py pn(Z)) _4a)§a))cun(l)un(2) Po +O(a))
n(1)~n(2)

(8.4.10)

S =

8.5 High and Low Frequency Approximation for Nonconductors
The results summarized in Section 8.3 and 8.4 assume the result (8.1.20), i.e., the thermal

conductivity is positive. In this Section, we shall briefly record the results for the dispersion
relation in the case of a nonconductor, i.e., when

k=0 (8.5.1)
In terms of the characteristic frequencies, the nonconductor case corresponds to

10 (8.5.2)

a))(
and
w, = o, (8.5.3)

The result (8.5.3) follows from the definitions (8.1.18) and (8.1.19) along with the thermodynamic
result (7.2.121). It follows from (8.2.26) that in this limiting case the dispersion relation k (@) is a

solution of
( Prwk’ = 0)2)( Prpk’ = 0)2)_ i, ( Pok” — 0)2) =0 (8.5.4)

The high and low frequency approximations to this quadratic in k* are as follows:

High Frequency

k2 H r? —p? pg _p2 pz_pr? ?
Ko _ 1 N I [ p(l) Fz’o ]%+( @ 2 0)< 20 " (2))(&] +O(a)ij (8.5.5)
n (pn(l) - pn(Z))

2

. 2 2 2
k2, 1 L ( pg_pﬁ(z) J&(pn(l)_pO)(pO_pn(Z))[&j2+o(ij (8.5.6)
. 5.
@ (pr?(l) - ps(z)) @

Low Frequency
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1 i
k(21) =_20)2 +(p§(l) - pg)( pé - ps(z))—Ga)S +O(0)4) (857)
Po @ Py
2 2_n? 2 4 p2p? 2 52 2 _ 12
R T (pi Prc )anmz PP - (Phw = P2 P Pio) 2o (o) @59
Pray Pne2) Po Pr@wy Pz @; Py

Equations (8.5.5), (8.5.6) and (8.5.7) are nondispersive modes in the high and low
frequency range respectively. The phase velocities are Pay: Pocz) and p,, respectively. Itis

possible to confirm that the attenuation coefficients in these cases are positive.

8.6 Phase Velocities

The results in Sections 8.3 through 8.5 allow us to identify the phase velocities associated
with the various high and low frequency approximations. In this way, we gain physical insight

into the meaning of the six constants ug, U7,y ), P+ Pryy and pr ;) that appear in all of our

formulas. The following table shows when these constants correspond to phase velocities for non
dispersive modes of plane progressive waves.

Table of Phase Velocities

High Frequency Low Frequency

Approximation Approximation
0< o, 0,0, <o U,y and u, P,
%)K =0.0<0; a4 <o Poy @A Py Po
o, =00<w.,0,<o U,y and u, Uy

8.7 Numerical Example

It is interesting to examine the solutions to (8.2.26) for a hypothetical porous elastic
material defined by specific numerical values. In this example, we shall make the choices

Poy = 4500 m/sec
U, = 4000 m/sec
P, = 3500 m/sec
U, = 3000 m/sec
Paz) = 2500 m/sec

U, =2000 m/sec

n(2)

(8.7.1)
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These numbers have been selected such that the inequalities (7.2.114), (8.2.21), (8.2.22) and
(8.2.23) are obeyed. In addition, the numbers selected are in the range of values displayed in
Tables 1 and 2 of Chapter 7.

We also need typical numbers for the three characteristic frequencies @,,», and o, . It
follows from the definitions (8.1.18) and (8.1.19) that

;2 @, (8.7.2)

Consistent with this inequality, in our numerical example, we shall initially make the choices
@, =10(10) rad/sec

o, =15(10)" rad/sec (8.7.3)
o_ =40(10)" rad/sec
These numbers reflect the relationship (8.7.2) and are of the order of magnitude that one would get

for the materials shown in Tables 1 and 2 of Section 6.2. We shall also allow the characteristic
frequency @, to be zero (infinite conductivity x ) and infinite (zero conductivity x ).

We shall first look at plots of the phase velocity for the hypothetical poroelastic material
defined by (8.7.1) and (8.7.3). The three modes displayed in the figure below correspond to the
three modes ordered as in Section 8.3. The resulting plot is

Phase Velocity vs. Frequency for Hypothetical Poroelastic Material

0,= 10(10) sec™ 0= 15(10) sec © = 40(10) sec”
K
u,=4000 m/sec u,= 2000 m/sec u,= 3000 m/sec
p,=4500 m/sec p,= 2500 m/sec p,= 3500 m/sec

7000

6000

5000

4000 - /7 -~ —

3000 A R SRR EEEE s em-e-

Phase Velocity (m/sec)

1000 f

,,,,,,,, A

mode 2 = mode 3

2000 —_———— ;
1

20 25 30
) /o)0

Figure 1
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As the approximate results in Sections 8.3 and 8.4 illustrated, Figure 1 shows that the first mode,
for low frequency, has a phase velocity p, which grows, for high frequencies, to the phase

velocity u,. The second mode is dispersive for low frequencies but approaches the nondispersive
phase velocity u, for high frequencies.

The attenuation coefficients for these three modes plot as follows

Attenuation Coefficient vs. Frequency for Hypothetical Poroelastic Material

o = 10(10) sec™ 0= 15(10) sec™ o= 40(10) sec”
u,= 4000 m/sec u,= 2000 m/sec u,= 3000 m/sec
p ,= 4500 m/sec p,= 2500 m/sec p,= 3500 m/sec

N
3

N

=
[

=

o
o

Attenuation Coefficient (meter'l)

) /030

Figure 2

Figure 2 illustrates the analytical results contained in (8.3.7) and (8.3.9) that the attenuation
coefficients for modes 1 and 2 approach constants for large frequencies.

The two limiting cases mentioned in Sections 8.4 and 8.5, namely, the cases of infinite and
zero thermal conductivity, yield the following two results for the phase velocities.
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Phase Velocity vs. Frequency for Hypothetical Poroelastic Material
(Zero Thermal Conductivity)

71 71
®y= 10(10) sec u)CZ 15(10) sec l/coK: 0
u,= 4000 m/sec u,= 2000 m/sec u,= 3000 m/sec
p ,= 4500 m/sec p,= 2500 m/sec p,= 3500 m/sec

5000 [~~~
A4ooo//ﬂ 7777777777777 . e ]
[&) | | | |
2 | | | |
S 1 1 1 1
> 3000 HEE o . 1
8 | | | |
S 2000 Hf -
o 1 1 1 1
& 1 1 1 :
B 1000 -

i mode 13 mode 2 i i
O 1 1 1 |
0 5 10 15 20
o lo,
Figure 3
and
Phase Velocity vs. Frequency for Hypothetical Poroelastic Material
(Infinite Thermal Conductivity)
0,= 10(10) sec” 0= 15(10) sec™ ©=0
u,=4000 m/sec u,=2000 m/sec u,= 3000 m/sec
p ,= 4500 m/sec p,= 2500 m/sec p,= 3500 m/sec

5000 [~~~
~ 4000 -~ -~ - e ‘ f f f
[&) | | | |
2 1 1 1 1
£ 1 1 1 1
P
'6 | | | |
S 1 1 1 :
S 2000 - 1 1 1 1
@ 1 1 1 1
% ( | | | |
= | | | |
B 1000 -

i mode 13 mode 2 i i

O | | | |

0 5 10 15 20
(D/O)O

Figure 4
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These curves reflect the phase velocity results summarized in Section 8.6.
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Boundary Initial Value Problems: Inertia Neglected

In Chapter 5, we examined the field and constitutive equations in the special case where it was
acceptable to neglect the inertia of the fluid and, later, the inertia of the solid. In this chapter, we
shall adopt the field equations where both of these inertias are neglected and, in addition, we
assume the porous elastic material is isothermal. Given these assumptions, we shall formulate
rather simple boundary initial value problems and indicate how they might be solved. One of the
historically important problems is one first solved by Biot [Ref. 1]. We shall generate this solution
and some of its generalizations. The formalism for this chapter is drawn, in part, from the
formulation given by Bowen [Ref. 2].

9.1 Governing Partial Differential Equations

We begin this discussion with the constitutive equations and field equations given in
Section 4.2. Equations (4.2.1) through (4.2.5, repeated here, are

R Y
Z P Ky

]((pf pf)/pf)_go 0-6") (9.1.1)

f f f

V=a(0-07) -5 200" ~E(0- 0 WE) +7,0-0) (o, - )] i
Iss(tr Es)2 _ﬂ_“sf (tr Es)(pf _p;r)/lof+ (912)

+%Iﬁ ((pf _p;r)/p?)z +/uss tr(ESEs)’

P =-a +_(‘9 0")+7,(trEy) -7, (p; - pf)/pf (9.13)

S

p K =—(T, + ;P ) +a(0-6) =1 (trE)l - 24, E

_ (9.1.4)
+ g (o = 7)) POV +T,(0-67)]

and

QP =7,(0-0")— ﬁ‘sf(trE)_l_ﬂ“ff (pr — pf)/pf (9.1.5)

149
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Equation (4.2.9) is
T+ /Pl = A (rEI + 2, E A (o — p7)/ P = (7, — ) (6 - 67)] (9.1.6)

The field equations which follow from these constitutive equations are equations (4.2.14), (4.2.15)
and (4.2.16). These equations, repeated here, are

o*w

P, aTZS = (A + #,,) GRAD(Divw, ) + 1., Div(GRADW,)
o ow (9.1.7)
+ 44 GRAD(Divw, ) + (e, -7, +;/)GRADO—§( e &fJ
+62Wf ry . e . _
i = A, GRAD(Divw,) + 1, GRAD(Divw, ) + (o, — T, — ) GRAD &
(9.1.8)
- oW _aWs
ot ot
and
_ 06 _ ow, e
c,—+6" —a,+¢/07)Div—+ (7, —a; —¢/6")Div
vat ((Ts 0[5 g/ ) 8t (Tf af g/ ) &} (919)

= x DiV(GRAD 0)

The material constants «, &, y and ¢ obey (4.2.20), (4.2.21) and (4.2.22). These equations,
repeated here, are

k>0 (9.1.10)
and
KE]6* Z%(}/+g/9+)2 (9.1.11)
It follows from (9.1.10) and (9.1.11) that
&>0 (9.1.12)

As has been mentioned, the coefficient « is the thermal conductivity. The coefficient  is called
the drag coefficient.

The special case of the above equations we wish to study in this chapter are those that
neglect the inertia of the fluid and the solid and for which the temperature is a constant. The
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isothermal assumption can be formally obtained from (9.1.9) by allowing x — o . In this limit,
the temperature is a solution of

Div(GRAD#) =0 (9.1.13)
With suitable boundary conditions, the solution of this partial differential equation is

0=0(Xt)=6" (9.1.14)

Given (9.1.14) and our assumption to neglect the inertia of the fluid and the solid, the two
equations of motion (9.1.7) and (9.1.8) reduce to

_ _ ow
(A, + 11,) GRAD(Divw,) + 1, DiV(GRADW,) + A, GRAD(Divw, ) — g(a‘a"t’s - 8tf jz 0(9.1.15)

=0 (9.1.16)

- _ ow
7, GRAD(DIVW, ) + 7, GRAD(DiVWf)—g( _ a""s}

ot ot

The constitutive equations appropriate to this isothermal special case are special cases of (9.1.5)
and (9.1.6). We shall write these special cases as

@iP, == trE, — A, trE, (9.1.17)
and
T +¢;P 1 = A (trE) + 24, E, + A, (rE, )1 (9.1.18)
where (3.39) and the identity
trE, =Divw, (9.1.19)

have been used.

9.2 Some Properties of the Space Part Of The Operator

It is helpful when we talk about solutions to boundary initial value problems based upon
the partial differential equations (9.1.15) and (9.1.16) to introduce certain properties of the space
part of the operator that defines these equations. In particular, we can define a formal linear
operator L by the equation
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A, GRAD(Divw,) + A, GRAD(Divw, )

Lw=— _ ) i - i (9.2.1)
(A + 1) GRAD(Divw,) + 1 Div(GRADwW,) + 4, GRAD(Divw, )
where
w
w =[ f} (9.2.2)
WS

The operator L is defined on the set of twice differentiable functions defined on an open subset of
a spatial region 7. The definitions (9.2.1) and (9.2.2) adopt a mixed vector-matrix notation. If it
aids ones thinking, the vectors in these two equations can be thought of as column matrices. This
view allows (9.2.2), for example, to be seen as a column matrix of dimension 6x1. The way this
notation has been adopted will be more or less obvious in the manipulation below.

If we define the inner produce by

<w,v>=_|.(wf V4w, v, )do (9.2.3)

Then it is possible to show from (9.2.1) that

(—44 Divv, — 4y Divv, )w,
(w,Lv) = (ﬁ _ — T ‘ds
ks +(—/15f(Divvf)I—iss(Divvs)|—ﬂSS(GRADVst(GRADVs) ))Ws

= : T~ : : : = (924
Ag Divw, Divv, + A (Dlvwf Divv, +Divw Divv; )+/155 Divw, Divv,

] 1

oy tr((GRADWS +(GRADW,)")(GRADY, + (GRADV, ) ))

Equation (9.2.4) is the first Green’s identity for the operator L. A more convenient form of this
equation is

(w,Lv) = a‘c_]E/(gz)f*Pf (V)w, =(T,(v)+o;P, (v)l)ws)-ds

Ay Divw, Divv, + A, (Divw, Divv, + Divw, DivV, )+ A, Divw, Divv, | (9.2.5)
1

.

+> tr((GRADWS +(GRADW,)' )( GRADV, +(GRADV.)'))
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v
where, from (9.1.17), P, (v) is the pore pressure calculated from the pair v :{ !

S

} and , from

(9.1.18), T, (v) is the stress calculated from the same pair. It follows from (9.2.5) that the second
Green’s identity for the operator L is

[@r P( Wf_Pf( ) f) J'ds
(T, (V) + 2P (V) 1w, + (T, (W) + @i Py (w)1) v,

(w,Lv) —(Lw,Vv) = <j>

o7

(9.2.6)

or, equivalently,

<W’ Lv)—{Lw,v} - i[gofr(;:\f/;\‘l’v)(r’_fr —(\\I/VV)S\)/— P (W)(Vf —Vs))J .ds (9.2.7)

S

Equation (9.2.7) allow us to characterize those circumstances where the operator L is self adjoint,
i.e., when

(w,Lv)={Lw,V) (9.2.8)

The following fives cases yield this result:

) The fluid and solid displacements vanish on 0¥ .
i) The stress vector T,n vanishes on 07  and the fluid and solid displacements are

equal.
i) The stress vector T,n vanishes on 0¥ and the pore pressure Ps vanisheson 0¥ .

iv) The solid displacement vanishes on 0¥  and the pore pressure P vanisheson 07 .
V) Combinations of i) through iv), where the cases are prescribed on different parts of
or .

where n is the outward drawn unit normal to the surface 07 .

From a formal stand point, each of these five choices defines a different operator. The operator is
defined formally by (9.2.1) and by its domain, i.e. by the set of functions in its domain. Each of
the above five choices represent possible different choices of the domain of L.

As explained in Section 4.3, the above list contains the usual traction and displacement
boundary conditions from elasticity. The conditions on the pore pressure and the relative
displacement of the fluid and solid correspond to whether or not the boundary is pervious or
impervious to the flow of fluid across the boundary. If one prescribes the relative displacement to
be zero, as in ii), then the fluid is not allowed to flow across the boundary. If instead, one
prescribes the pore pressure, relative motion is allowed and, thus, fluid can flow across the
boundary.
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Given boundary conditions taken from the list i) through v) above, it follows from (9.2.5)
that

Ay (Divw, )2 + 22, Divw, Divw, + Z_(Divw, )’
(w,Lw) = (9.2.9)

1 7\2
|+ he tr((GRADWSJr(GRADWS) ) j

The inequalities (4.3.5), (4.2.6) and (4.3.7) allow us to conclude that for the operators defined by
the categories of boundary conditions i) through v), the operator L is positive semi definite, i.e.,

(w,Lw)>0 (9.2.10)

As usual, an eigenvalue of the self adjoint positive semi definite operator L is a nonzero
function u that obeys

Lu=Au (9.2.11)
The quantity A is the eigenvalue associated with the eigenfunction u. Because the operator is self
adjoint, the eigenvalues are necessarily real numbers. Because the operator is positive semi
definite, the eigenvalues are nonnegative real numbers. It is also a standard result that when one
has two different eigenvalues, the corresponding eigenvectors are orthogonal with respect to the
inner product defined by (9.2.3).

9.3 Boundary Initial Value Problems

Consider next, a boundary initial value problem for the partial differential equations
(9.1.15) and (9.1.16) as follows:

Boundary Conditions:

T, (w)n=-s(X,t) for (X,t)ed¥ x(0,») (9.3.1)
P (w)=r(X,t) for (X;t)ed# x(0,%) (9.3.2)
W:k(X,t) for (X,t)e@%x(o,oo) (9.3.3)

Initial Condition:

w(X,0)=F(X) for Xev (9.3.4)
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where the boundary 0¥  of the volume ¥~ consists of two parts 0¥, and 0%,. On the part 0¥,
the stress vector T,n and the pore pressure P, are prescribed by the functions s(X,t) and
r(X,t), respectively. On the remainder, 0%, , the displacement is prescribed by the function
k(X,t). The initial condition is given by the function f(X). The four functions s(Xt), r(X,t),
k(X,t) and f(X) represent the data for this problem.

Other categories of boundary initial value problems can be constructed where, instead of
prescribing the pore pressure, one prescribes the relative displacement w, —w, on the boundary

0% . An example of this kind of boundary condition would be one where the boundary 0¥, was

impervious to the flow of the fluid. For the moment, we shall focus our discussion on the
boundary initial value problem defined by (9.3.1) through (9.3.4).

There are conditions on the data that are required by the governing partial differential
equations. It is easily established by summing (9.1.15) and (9.1.16) and making use of (9.1.17)
and (9.1.18) that

DivT, (X,t)=0 (9.3.5)

This result, when forced to hold at t =0 shows that the initial condition (9.3.4) is not fully
arbitrary. The stress calculated from the initial displacement w(X,0)=f(X) from the

constitutive equations (9.1.17) and (9.1.18) must obey (9.3.5). From a physical standpoint, this
restriction on the initial data simply states that the porous elastic material is initially in a state that
obeys the governing balance of linear momentum equations.

For certain boundary conditions, the result (9.3.5) implies a restriction on the surface
traction s(X,t) in (9.3.1). If (9.3.5) is integrated over the region 7~ we obtain the overall

equilibrium result

SET, ds=0 (9.3.6)
oY

For boundary initial value problems like above, but in the special case where 0% =07, the result
(9.3.6) and with the boundary condition (9.3.1) force the requirement

$s(X,t)ds=0 (9.3.7)

oY

on the data. The condition (9.3.7) is no more than the requirement that the data be prescribed such
that. for all t. the porous elastic material is in overall elastic equilibrium.

9.4 A One Dimensional Example



156 Chapter 9

It is instructive to illustrate some of the features of problems governed by (9.1.15) and
(9.1.16) by working a one dimensional example. The example is motivated by one worked by Biot
in a fundamental paper published in 1941 [Ref. 2]. The particular problem is one where the two
displacements are given by the one dimensional representations

w, =(w, (X,1),0,0) (9.4.1)
and
w, =(w, (X,t),0,0) (9.4.2)

In this special case, we can write the partial differential equations (9.1.15) and (9.1.16) as

o*w

oW
S —Q57=0 (9:4.3)
where,
~ W (X,1)
W_W(X’t)_{ws(x,t)} (9.4.4)
i Iy
Q N |:2_’sf ﬂ_“ss + zluss} (945)
and
1 -1
E:{—l 1} (9.4.6)

Of course, the definitions (9.4.4) through (9.4.6) have appeared in earlier chapters. The symbol Q
was introduced in equations (7.2.46) and (8.1.11). The symbol E was first introduced in equation
(7.2.87) and, again, in (8.1.12). The specialization of (9.1.15) and (9.1.16) to the one dimensional
equation is a special case of the derivation of (8.1.7) and (8.1.8) of Chapter 8. The matrix of
displacements (9.4.4) was also introduced in Chapter 8. It should be evident that it is the one
dimensional counterpart of equation (9.2.2) above.

For this one dimensional problem, the constitutive equation (9.1.17) and (9.1.18) can be
written in the matrix form

_ +P
Pt QW 9.4.7)
T 1P, |~ o



Boundary Initial Value Problems: Inertia Neglected 157

The boundary conditions we shall first apply to this one dimensional problem are one dimensional
versions of (9.3.1) through (9.3.4). We are interested in solving a problem in the interval

X e (O, h) where the boundary conditions and initial condition are

T (0,t)=-s(t) (9.4.8)
P (0,t)=r(t) (9.4.9)
w(h,t)=k(t) (9.4.10)
and
w(X,0)=f(X) (9.4.12)

If we adopt the symbol q(t) defined by

Q(t){_s ity } (9.4.12)

(t)+oir(t)

then the two boundary conditions (9.4.8) and (9.4.9) can be combined with (9.4.7) to write the
boundary conditionat X =0 as

ow(0,t)

9.4.13
X (9.4.13)

a(t)=Q

It is instructive to display the partial differential equation, the boundary conditions and the initial
condition on the following schematic

t
ow(0,t ow _o%w
Q(t):Q 5()( ) EZEE_QGX—2=O W(h,t)=k(t)
> wxo=t(x) M X

The one dimensional form of (9.3.5) is
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o

—L= 9.4.14
X (9.4.14)

Thus, the stress cannot depend upon X. This fact can be represented in an equivalent way by
multiplying (9.4.3) by adjE to obtain

o*w

djE =0 9.4.15

(adiE)Q e (9.4.15)

This simple formula can be integrated twice to yield
(adjE)Qw(X,t)=(adjE)Qk(t)+(adiE)q(t)(X —h) (9.4.16)

after the boundary conditions (9.4.10) and (9.4.13) are used. If this formula is evaluated at t =0,
we see that the functions f(X ), k(t) and g(t) are linked by the formula

(adjE)Qf (X ) = (adjE) QK (0) + (adjE)q (0)(X —h) (9.4.17)

Equation is the one dimensional version of the data compatibility issue mentioned in Section 9.3.
In the following, we shall assume that (9.4.17) is obeyed by our choices of the three functions

f(X), k(t) and q(t).

In order to exploit eigenfunction techniques to solve this boundary initial value problem,
we need to change the dependent variable in a manner sufficient to produce homogeneous
boundary conditions. Because the problem is one dimensional, it is not difficult to see that the

function v(X,t) defined by

v(X,t)=w(X,t)-Q7q(t)(X —h)—k(t) (9.4.18)

obeys the partial differential equation

o %
fEE—QaX—ZJFp(t) (9.4.19)
where
p(t)=—CEQ'q(t)(X —h) - EEK(t) (9.4.20)

The boundary conditions and the initial value that the function v( X ,t) must obey follow from
(9.4.18) and the corresponding conditions on w(X,t). These results are
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vOY_, (9.4.21)
ox
v(ht)=0 (9.4.22)
and
v(X,0)=F(X)-Qq(0)(X —h)—k(0) (9.4.23)

The gain with the transformation (9.4.18) is that the function v(X ,t) obeys homogeneous
boundary conditions. The trade off is that the partial differential equation obeyed by v(X,t) is
inhomogeneous and its initial condition is more complicated than that required of w(X,t).

It is useful at this point to note that the definition (9.4.18) and the result (9.4.16) combine
to yield

(adjE)Qv (X, t)=(adiE)Q(w(X,t)-Qq(t)(X —h)—k(t))=0 (9.4.24)

Of course, this result also follows from (9.4.19) and the two boundary conditions, (9.4.21) and
(9.4.22).

The solution technique we shall utilize is to represent the solution as an expansion in the
eigenfunctions of the space part of the operator in (9.4.19). As explained in Section 9.2, the

eigenfunctions are nonzero functions u( X ) that obey

d’u
-Q e =Au on (0,h) (9.4.25)

and the boundary conditions

du(0)
dx

=0 and u(h)=0 (9.4.26)

It is elementary to show that solutions of (9.4.25) that obey (9.4.26) are of the form

(Zn—l)ﬁX

u, =b, cos
2h

for n=12,..,0 (9.4.27)

where, for each n,
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[Q_Zaﬁﬁﬁfangn:o (9.4.28)

The symbol 1 in (9.4.28) denotes the 2x 2 identity matrix

10
| = {0 J (9.4.29)

Equation (9.4.28), which arises from the substitution of (9.4.27) into (9.4.25), shows that the
eigenvalues 4,,4,,...,4,,...and the column matrices b,,b,,...,b,,...are determined by the algebraic

eigenvalue problem for the 2x2 symmetric matrix Q. If Ay and a, are the eigenvalues Q,
then they are the two roots of

det(Q-al)=0 (9.4.30)

Given these two roots, it follows from (9.4.28) that the eigenvalues 4,,4,,...,4,,,... are

(2n - 1)2 7t
=% (9.4.31)
and
(2n-1)° z*
by =g (9.4.32)

The form of (9.4.31) and (9.4.32) show that the column matrices b,,b,,...,b,,...actually do not
depend upon the index n. They are the two nonzero column matrices that obey

(Q-ayt)by =0 (9.4.33)
and
(Qayt)bg =0 (9.4.34)

Given this construction, the solution of our boundary initial value problem for v(X ,t) will
be of the form

© 2n-1)zX & 2n-1)z X
v(X,t)= ZTn(l) (t)b(l) cos% + ZTH(Z) (t)b(z) COS%

n=1

(9.4.35)
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It simplifies the analysis somewhat if we rewrite (9.4.35) as

v(x.)=3T, (t)cos% (9.4.36)

n=1
where T, (t) is a column matrix whose representation with respect to the basis of eigenvectors of
Qis
T, (1) =T, (1)by + T (1) Dy (9.4.37)

As constructed, the proposed solution (9.4.36) obeys the boundary conditions (9.4.21) and
(9.4.22). Our next step is to determine the time dependence of the solution. If (9.4.36) is
substituted into (9.4.19) the result is

dt 4h? 2h

n=1

i(fE dT” (t) + (2n _1)2 * QT, (t)JCOSM — p(t) (9.4.38)

2n-1)zX
The orthogonality of the functions {COS%} allow us to derive from (9.4.38) the result

£ dT, (t) . (2n-1)'7
dt 4h?

QT,(t)=p.(t) (9.4.39)

where

—DﬂX

p, (1) = %fEqu(t) [[(h-x Joos 2" dx —%gEk(t) [/ cos%dx (9.4.40)

After the elementary integrals in (9.4.40) are evaluated, we obtain

8h 4 N

p, (t)=—————CEQq(t) + ————(-1)" EEK(t (9.4.41)
()= o7 59 4O G (U £EKC)

The solution of (9.4.39) requires an initial condition. This condition comes from (9.4.23) and
(9.4.36). These two equations yield

5T, @05 2D _1(x) - a(0)(x 1) -K(0) 0442

n=1
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2n-1)z X
The orthogonality of the functions {COS%} can be used again to derive from (9.4.42)

the result
T,(0)=2["f(x Joos PV X gy
hz i (2n-1)z X 2 (2n-1)z X (0443)
1 h n—-1)x h n—-1)x
+FQ q(O)J'0 (h—X )cosTdX —Fk(O)J'0 cosTdX
The integrals in the second and third terms of (9.4.43) can be evaluated to yield the result
T,(0)=f, +L2Q‘1q(0)+L(—l)” k(0) (9.4.44)
(2n-1)"z° (2n-1)z
where, we have introduced the symbol f, defined by
2 1)z X
= —I cos—n h) dX (9.4.45)

In the manipulations that follow, it is convenient to simply refer to the initial conditionas T, (0)
and to utilize the explicit formula (9.4.44) at the end of the calculation.

In the way of summary, at this point in the solution we must find the solution of the matrix
ordinary differential equation (9.4.39), repeated here,

dT, (1) , (2n-1)° z?

E
d dt 4h?

QT, (t)=p, (1) (9.4.46)

where p, (t) is given by (9.4.41), repeated here,

O EEQ (1) + (1) £EK(1) ©0.4.47)

(2n-1) = (2n-1)x

subject to the initial condition (9.4.44). Because the 2x2 matrix E defined by (9.4.6) is singular,
solutions of (9.4.46) necessarily reflect a certain indeterminacy. If we multiply (9.4.46) by adjE

and use the formula

Pa(t)=

(adjE)E = (detE)1 =0 (9.4.48)

equation (9.4.46) yields
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(adjE)QT, (t)=0 (9.4.49)

after one uses the definition (9.4.47). This result also follows from (9.4.36) and (9.4.24).
There are various ways to solve (9.4.46). Probably the most direct is to calculate its

Laplace transform and use standard methods to solve and invert the result. The Laplace transform
of (9.4.46) is

£S§E+%Q]ﬁ (s) = £ET, (0) +P, (s) (9.4.50)

where T, (s) is the Laplace transform of T, (t) and p, (s) is the Laplace transform of p_ (t).
Equation (9.4.50) yields

2n-1)

Tn(s)zg(sga%(g] ETJO){s@H%Q] p.(s)  (9.451)

The inverse matrix that appears in (9.4.51) can be written

. adj(s§E+(2n;1)7[QJ

2 —l 2 9 h2
RGO (9.4.52)
ah* (2n-1)* 2°
det S§E+TQ
Because we are dealing with 2x 2 matrices, it is true that
2n 1) 72 2n 1) 72
adj(s§E+%QJ _ s.fadjE+(4%ade (9.4.53)

It is also true that

2n 1) 72 2n -1)° 72 _ 2n-1)* z*
det[ng +%QJ = sf%tr((ade)E) +%detQ (9.4.54)

where detE =0 has been used. Given (9.4.53) and (9.4.54), we can write (9.4.52) as
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(2n-1) 7° - s§adjE+7(2n 12)7zade
CETTTe Q) S (2n-1)* 2’ . (2n-1)"z*
n-1)"r _ n-1) r

n—1)27z2

séadjE +(24hzade

B 1

(-1, (2n-1)°7°  detQ
e e
= 2 21 i

(=27 (adjQ)E)

4h?

1 _ detQ ; L
(e - wrage ] RCETR
ah* ctr((adiQ)E)

T 1 adjE
n-1)r :
Ttr((ade)E)
d (9.4.55)
1 . etQ . 1
+| ———— | adjQ ——————adJE
(ftr((adJQ)E)( tr((adjQ)E) D (2n-1)’ 2°
S+—"7—C
4h
where c is the consolidation coefficient defined by equation (5.1.30), repeated here as
- — 2 -
1 ﬂ’ff (ﬂ’ss +§/uss)_ﬂ'sf detQ
C==-""> — = - (9.4.56)
é: ﬂ’ss + /uss + 2ﬂ”sf + ﬂ’ff é:tr((adJQ)E)

w |

If this long formula is substituted into (9.4.51), we must invert
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1

tr((adjQ)E)

adjE

(2n-1)° 72
4h?

ET,(0)
1 . detQ . 1
{ftr«ade)(a“’Qtr«adJQ)E)ad‘Eﬂ[sAanc

4h?

1

tr((adjQ)E)

> adjE
(2n-1) z*
4h?

detQ

1 : :
+[§tr((ade)E) {adJQ ~ tr((adiQ)E) adJEJ][

B 1 (adjQ)E

- tr((adjQ)E) (S L(an ~1)° 2 CJT“ ©

4h?
1 adjQ e
+§tf((ade)E)[s+ G- C}pn( )

4h?

(9.4.57)

where (9.4.48) has been used. We have also used (adjE)p, (s)=0 which follows from (9.4.47)
and (9.4.48). The inverse Laplace transform of (9.4.57) is*

1 (2n-1)°A?

Tn(t)——E)(ade)ETn(O)e an’

ct

~tr((adj
r((adjQ) . (9.4.58)

1 i t —Tc(t—‘r)
+Wadejopn(r)e dr

Next, we shall utilize (9.4.44) and (9.4.47) to write (9.4.58) as

' While we do not need the formula here, it is useful to note that the identity (adjQ)E + (adjE)Q = tr ((adjQ)E) I
and the formula (9.4.49) allow the solution (9.4.58) to be written

(Zn—l)2 7

T(t)=T (0)e *

(anl)2 7

Lol p. (e + " d
+——adj p,(r)e T
ctr((adjQ)E) 0

This form of the solution illustrates that the initial condition is, in fact, satisfied.
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8h
_ N cEok 3
t (2n —1)2 P SEQ q(T) (2n-1)*x (i)

0 + (2n fl)ﬁ(—l)n fEk(z’)

8h
f+— % o0 y
n (Zn_l)z 72_2 Q q( ) _(2n—1) =

4

(2n —1)7;(_1)n k(0)

+

1 . 8h o - -
tl(adio)E) EQ ' ——| ¢ 4n? q
+tr((ade)E)(a jQ)EQ (Zn_l)zﬂzjoq(r)e ;

1 _ .
e Y an-s
(2n-1)? 72

. i BT
_W(adJQ)Efne

(_1)n.[ok(r)e we Tdr

ct

L - i a0 o " (9.4.59)
-y naoE) Y

1 k()

4 n .
(2n _1)7[(—1) W(ade)E

+

If we utilize integration by parts to write

2
(2n-1)°7*  detQ (2n-1) 22

q(o)e 4h2  £tr((adjQ)E) +J‘th(r)e7TC(t7T)dz_

(9.4.60)

(2n-1) 72

o (-2 detQ o R
=q(t) 4h? gtr((ade)E)Lq(r)e dr
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and

2 2
(2n—l) e detQ . (2n—1) e detQ {t—‘r)

k(O)e an2 gtr((ade)E)‘JrJ';k(z_)e an? zu((adiQ)E) dr

0w (9.4.61)
(2!‘]—1)2 7 detQ t . 4r11)2 étr(?actijQQ)E)(tiT)
=k(t)- / =~ k(r)e dr
4h*  £tr((adjQ)E)”
the solution (9.4.59) can be written
1 ~(2n-1) 77
T, (t)=————(adjQ)Ef e "
(®) tr((adJQ)E)( )
i a(t)
8 - 2 2
+ adjQ)EQ! 1) 42 _(n-afa? 9.4.62
an 177 u(agQ)e) OV | Y Qg ey |
4h*  £tr((adjQ)E)
k(t)
+ : (-1) —1 (adjQ)E (2n—1)27z2 detQ { _eny
(2n-1)x tr((adjQ)E) - . : Ik(r)e an’ dr
4h £tr((adjQ)E) 0

If this result is combined with (9.4.36), the solution for v (X ,t) can be written
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v(x,t)ziTn(t)cos%
1 ’ . (anl]);”zct
tr((adJQ)E)(a IQ)ERe
8h 1
djQ)EQ™
+(2n—1)272'2 tr((ade)E)(a JQ) Q
a(t)
=2/% (2n-172*  detQ RS R cos 21D TX
1| | — : - Iq(r)e an” dr 2h
an?  &tr((adjQ)E)
4 n 1 .
+(2n—1)7z(_1) tr((ade)E)(adJQ)E
k(t)
2 (217 #*
| _(n-1'7" detQ [k(c)e = ooy (9.4.63)
an?  &tr((adjQ)E)
Because
8_2°° ", (Zn;:]) X _hox (9.4.64)
:1 n-—
and
4. 1 N (2n-1)zX L
;Z‘((Zn—l)(_l) JCOST— 1 (9.4.65)

(9.4.63) reduces to
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v(X,t)ngn(t)cos%

(2n-1)? 72

(adjQ)Ef e

1
tr((adjQ)E)
2

h&(tr((adiQ)E))

_(_1)n (Znh—zl)ﬂ

- (ade)E(ade){.[;q(r)e

detQ
&(tr((adiQ)E))

(adjQ)EQq(t)(h - X)

L1
tr((adjQ)E)

1 .
W(ade)E(k(t))

This result combines with (9.4.18) to yield

z(ade)E{ [K(z)e =

CcosS

169

(2n—1)7zX

(9.4.66)
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w(X,t)=v(X,t)+Qq(t)(X —h)+k(t)

1 (201
—————(adjQ)Efe "
tr((ade)E)( )

= 2 1 | N U~ i (2n-1)zX
=2 | z(adJQ)E(adJQ)[ Jd(r)e dr} cos~— /77
i N g(tr((adjQ)E)) I 2h

L an(2n-D)z detQ i el
T f(tr((ade)E))Z( dJQ)E{Lk( | d }

1

1 . y .
{tr((T’Q)E)(adJQ)E - IJQ q(t)(h—X) _[tr((ad—jQ)E)(ade)E - I]k(t)
(2n-1)° #?

(adiQ)EY f.e
n=1

1

B ot COS(Zn—l)sz
B tr((adjiQ)E)

2h

detQ (adjQ) Ei cos

£(r((adiQ)E)) Ty (2n1>_”{ ] tk<r)e‘2”4if”z°<”’df} T e

2
h

adjE (adjE)Q

+tr((ad—jQ)E)q(t)(X —h) +Wk(t)
where the algebraic identity
(adjQ)E +(adjE)Q =tr((adjQ) E) (9.4.68)
has been used to simplify the last two terms.
Equation (9.4.67) is the analytical solution to the boundary initial value problem we have
posed. Because of the relationship (9.4.17) and various identities one can write among the 2 x 2

matrices that appear in the answer, one can write the solution in various other equivalent forms.

It is straight forward to show that the solution (9.4.67) obeys the boundary and initial
conditions (9.4.8) through (9.4.11). Also, we note in passing that the solution (9.4.67) yields the
following formula for the initial velocity.

ow(X,0)  detQ 62f(X)+ adjE 4(0)(X )+ adjE
ot £tr((adjQ)E) ox*  tr((adjQ)E) tr((adjQ)E)

Qk(0)(9.4.69)
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This result, which can be shown to be consistent with (9.4.16), will be useful in Section 9.5
9.5 Biot Problem

The original problem solved by Biot is the special case of the solution (9.4.67)
corresponding to the choices [Ref. 1]

q(t) =R [_OJ (95.1)
k(t)=0 (95.2)

and
£(X) =m(h _X )m (9.5.3)

It follows from (9.4.12) that the choice (9.5.1) corresponds to the assumption that the pore pressure
at the point x =0 is zero and the stress T, at x =0 is the pressure F,. As explained earlier, the

choice P, =0 at a boundary means that the boundary is pervious to the flow of the fluid out of and

into the solid. The choice (9.5.2) corresponds to the assumption that the displacement vanishes at
Xx=h.

The initial condition (9.5.3) arises from the physical assumption that the initial stress T, (0)

equals the imposed pressure P, and that the change in fluid content at t =0 is zero. The change in

content is given by (4.1.46). In terms of the notation we are using, the assumption that at t =0 the
change in fluid content is zero reduces (4.1.46) to

ow, (X.,0) ow,(X,0)

=0 9.54
oX oX ( )

It follows from the one dimensional forms of (9.1.17) and (9.1.18) that

- —\ow, (X,0) - — \ow, (X,0
T,(0)==P, =(4 + 4 )%4/@5 + 20, + Ay )% (9.5.5)
When we use (9.5.4), equation (9.5.5) simplifies to
_ - ow, (X,0 i ow, (X,0
—Py =(Ay + 244 + A, +2ﬂss)%=tr((adjq)5)% (9.5.6)
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We can integrate (9.5.6) and obtain

PO

W (X'O):_tr((ade)E)

(X —h) (9.5.7)

where we have selected the constant of integration such that w; (X,0) vanishesat X =h. This

choice makes the initial displacement at X = h agree with the displacement at X = h initially.
Given (9.5.7), we obtain from (9.5.4)

I:)O

WS(X’O):_tr((ade)E)

(X —h) (9.5.8)

Equations (9.5.7) and (9.5.8) give the specified initial condition (9.5.3). We mentioned in Sections
3 and 4 that the initial condition and the boundary conditions must obey a compatibility condition.
For one dimensional problems, we derived equation (9.4.17), repeated here ,

(adjE)QF (X ) = (adjE)Qk (0) + (adjE)q(0)( X —h) (95.9)

It is easily established that this result is obeyed for our choices (9.5.1) through (9.5.3). In fact, the
initial condition (9.5.3) was constructed such that it obeys (9.5.9).

Given (9.5.1) through (9.5.3), the solution (9.4.67) reduces to

_ 2R 1 . 40 &| g ‘(zn;rl]);”zc(t—f) (2n—1)7zX
w(X,t)== tr((ade)E)(adJQ)EQ L};[Le dT]COS—Zh

; (9.5.10)
+W(adj E)LJ(X ~h)
The integral that appears in (9.5.10) can be evaluated to yield the final form of the answer
0
w(X,t)= 87Fz’%h tr((ad?Q)E)(ade)EQ_lL}
Xg‘{(anl)z [1 e(zn“?jﬂzancos% (9.5.11)

e
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0 1
where the simple formula (adj E)[ J = —[J has also been used.”

It is instructive to plot the solution (9.5.11) for a typical poroelastic solid. If we adopt the
material properties for Ruhr Sandstone as tabulated in Tables 1 and 2 of Chapter 6, then we shall
use the following numerical values:

Q:P A }{165 5.21 }:[.165 5'21}kbar (95.12)

Zg A +2u. | |521 206.41+2(133)| |5.21 472.41
@; =.02 (9.5.13)
and
£=1.9(10)" kbar-sec/cm? (9.5.14)
For purposes of illustration, we shall take
P, =10* kbar (9.5.15)

We shall plot the solution (9.5.11) by first writing it the equivalent dimensionless form

e g RO T

, et .
x> ;[1e 4 (hsz COS[MKJ (9.5.16)

2 It is easily shown from (9.5.11) that as t — o0, the displacement W( X ,t) approaches

w, :po(h_x)le
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(X.t)

. w . . . X . . .
and forming a plot of ™ verses the dimensionless distance Y and the dimensionless time

t©
H2

The resulting plots of the fluid and solid displacements are

Fluid Displacemesnt
Fuhr Sandstone
Zero lnertia

and
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Solid Displacement
Ruhr Sandstone
Zero Inertia

06

04

“ih 0 0
tch?

An examination of these two figures shows that roughly speaking the displacement of the fluid is
negative and that of the solid is positive. Thus, the fluid tends to move out of the solid. This
observation is somewhat easier to see if we plot the displacement of the fluid relative to that of the
solid. The figure in this case is
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Fluid Displacement Relative to Solid
Ruhr Sandstone
Zero Inertia

{Ue-u_3/h

¥h 0
teih?

Except very close to ;—2 =0, this figure shows that the relative displacement of the fluid is

negative.

The plots we have displayed do not need numerical values of h and c¢. However, itis
useful to note that (9.5.12), (9.5.14) and the definition (9.4.56) yield

¢ =.0055 m?* / sec (9.5.17)

. . L tc
for Ruhr Sandstone. Thus, a dimensionless time in the range 0< g <1 corresponds to actual

times of 0 <t <505 hours for a poroelastic solid of length h =100 m. This observation reveals

the slow nature of the diffusion process governed by the poroelasticity equations. The
2

characteristic time — is typically large resulting in slow displacement changes over time.
C

In Section 9.5, the formula (9.4.69) for the initial velocity was given. For the example
being examined in this section, (9.4.69) yields

ow(X,0)

=0 9.5.18
o (9.5.18)

While it is a little difficult to see, the result (9.5.18) is shown in the above figures.
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9.6 Modified Biot Problem: Time Dependent External Pressure

It is interesting to modify the problem discussed in Section 9.5 by allowing the externally
applied pressure to be time dependent. In order to illustrate this point, we replace (9.5.1) through
(9.5.3) by

q(t)="P, cosa)t{_ol} (9.6.1)
k(t) =0 (9.6.2)
and
P, cos wt 1

where o is a prescribed external frequency. The choice (9.6.1) corresponds to the assumption that
the pore pressure at the point x =0 is zero and the stress T, at x =0 is the pressure P,cosaot.
The choice (9.6.2) retains the assumption used in Section 9.5 that vanishes at x =h. The

compatibility requirement between the initial condition and the boundary conditions that we have
mentioned is satisfied by the choices (9.6.1) through (9.6.3).

Given (9.6.1) through (9.6.3), the solution (9.4.67) reduces to

2P.c 1 . 0| ot _en'e (2n-1)7zX
X,t — 0 d E -1 4h? d \ei—4)en
w(X,t) " tr((ade)E)(a jQ)EQ [J;[Lcoswre 7 |cos—

P, cos at adi 0 _
+tr((ade)E)( dJE){—J(X h)

(9.6.4)

After the integral in (9.6.4) is evaluated, the solution (9.6.4) becomes
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1
oG
2P.c 1 ) 0] (2n-1)zX
X,t)= adjQ)EQ™ ., coS—F——
(X.1 h tr((adjQ) )( IQ)EQ MZ;‘ (2n-1)" #* ey 2h
Tc coswt—e 4N
X
+wsin wt

“wlarEa

(9.6.5)
. : . 0 1 : : .
where, again, the simple formula (adj E)[ J = —[J has also been used. This solution, unlike the

solution (9.5.11), displays a long time oscillation with the imposed frequency @. A more compact
version of the solution (9.6.5) is

_8hP, 1

w(x.t)= 7’ tr((ade)E)(
P cosat |1
+—)L}(h—x)

. _(2n—1)2712c _
adjQ)EQ" { }Z 0 gp”) [COS wt—g@,)—cosge " t cos%
:l

tr((adjQ)E
(9.6.6)
where ¢, is the angle defined by
(2n —1)2 7’ .
CoSQ, = 4h® = (9.6.7)
2n-1) ~*
\/w2+( n16h2‘ o
and
sing, = @ 4 (9.6.8)
2n-1) ~*
sz+< n16h)4 7

We shall repeat the plots of Section 9.5 but for the solution (9.6.5) or, equivalently, (9.6.6).
We shall again adopt the numerical values for Ruhr Sandstone displayed in equations (9.5.12)
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through (9.5.15). We shall need to prescribe the external frequency . However, we shall first
display the solution (9.6.5) in dimensionless form as follows:

(9.6.9)

w(X,t)
h

The form of this equation suggests plots of verses the dimensionless time ;—2 and the

2

] ] ) X ] ] ) . wh ] )
dimensionless distance F for various values of the dimensionless ratio . This last ratio,

c
written,

h2

2

oh =4 (9.6.10)
C

is the ratio of the characteristic time of diffusion to the characteristic time of the oscillation of the
external load. As we pointed out in Section 9.5, the characteristic time of diffusion is typically
large. Because it is externally controlled, the characteristic time of the load oscillation can be

w(X,t)
h

small or large relative to the characteristic time of diffusion. We shall form plots of

verses the dimensionless distance % and the dimensionless time t_2 for various values of the
h

2

ratio
c

The resulting plots of the fluid and solid displacements for three different choices of the
ratio (9.6.10) are
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Fluid Displacement Relative to Solid Fluid Displacement Relative to Solid
Ruhr Sandstone Ruhr Sandstone
Zero Inertia ZeroInertia
oh?ic=0 oh%ic=1/10
i ) i )
T s om0 i
> 5] o3 5 :
3 0k ; -0 ) 3 ‘ :
1 ] 1 ]
05 o 05 0.5 g 05
A O em? A O em?
Fluid Displacement Relative to Solid Fluid Displacement Relative to Solid
Fuhr Sandstone Ruhr Sandstone
Zero Inertia ZeroInertia
oh?ic=1 oh%ic=10
il ol
3,
. . . . . wh?
This series of figures suggests that for small values of the dimensionless frequency , the

solution is not unlike that of the zero frequency case. However, when this ratio is large, as
illustrated in the last figure, the solution is fundamentally different as one would expect.

As with the example in Section 9.5, the formula (9.4.69) yields

ow(X,0)

=0 9.6.11
p (9.6.11)

for the initial conditions (9.6.1) through (9.6.3).

9.7 The Use of Green’s Functions

When one encounters inhomogeneous boundary conditions as in Section 9.3, it is often
advantageous to formulate the solution in terms of Green’s Functions. The representation of the
solution to the boundary initial value problem stated in Section 9.3 in terms of Green’s functions is
given in Ref. 2. Basically, one defines the Green’s function as the 6x6 matrix of functions. We

shall use the notation G(X,t;X,,t,). As the notation suggests, the Green’s function depends upon

pairs of points and pairs of times. It is helpful, when dealing with the notation, to represent the
elements of the 6 x6 matrix by six 6x1 column matrices that we can write
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G(x,t;xo,to){

gf(l)(x’t;xo’to) gf(z)(x’t;xo’to) gf(s)(x’t;xo’to) gf(A) (x't;xu’to) gf(s)(x’t;xo’to) gf(ﬁ) (X't;xo'to)
gs(1)(x't;xo’to) gs(z) (x't;xo'to) gs(s) (x’t;xo’to) gs(4)(x’t;xo’to) gs(s)(x’t;xo’to) gs(e)(x’t;xo'to
(9.7.1)

where, for example, g, (X,t;X,,1,), is a three dimensional vector that we have represented by a
3x1 column vector.

The Green’s function is the 6 x6 matrix of functions introduced in (9.7.1) defined such
that, for every pair (X,,t,) € ¥ x (-, ), it obeys the boundary initial value problem

DG(X, ;X t,) = (t=1,)8 (X =X,)I  for  (X,t)e¥ x(-o0,0) (9.7.2)
T,(G)n=0 for (Xt)ed%x(-n,») (9.7.3)
P (G)=0 for (X,t)ed¥ x(—o0,x) (9.7.4)
G=0 for (X,t)ed%x(—0,®) (9.7.5)

and
G(Xt,Xyt,)=0  for Xe7? andt<t, (9.7.6)

where 2 is the formal linear operator defined by

8W _ —
g( - _8‘8’:5]—@ GRAD(Div w,) - 1, GRAD(Div W, )
GW=
W, _ ow, y) GRAD(Di Div(GRAD . GRAD(Di
R (Divw,) - u Div( Wo) = A (Divw,)
_é o, ow, )
ot ot

= +Lw

¢ oW, _ow,
ot ot

(9.7.7)

The notation in (9.7.7) is the same as used in Section 9.2. In particular, the quantity w is
defined by (9.2.2) and can be thought of as a column matrix of dimension 6x1. Given this
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interpretation, the symbol #G is calculated by the rule (9.7.7) applied to each column of the 6 x6
matrix G. The symbol 1 in (9.7.2) represents the 6 x 6 identity matrix. The symbol &(t—t,)

represents the one dimensional delta function, and the symbol 5(X - XO) denotes the three
dimensional delta function.

While it is questionable whether or not our notation should be exploited excessively, there
is a benefit of going the next step and writing

oW, ow,
ot ot ow

=E— (9.7.8)
oW, ow, ot
| ot ot )]
where E is the symmetric 6x6 matrix
1 0 0 -1 0 O]
0O 1 0 0 -1 0
0 01 0 0 -1
E= (9.7.9)
-1 0 0 1 0 O
0O -1 0 0 1 O
0 0 -1 0 0 1]
This formalism allows the operator ¢ to be defined by
Iw= §E%+ Lw (9.7.10)

rather than by (9.7.7).

Given the definition of the Green’s function G(X,t;X,.,t,), the theory of Green’s

functions can be used to write the solution of the boundary initial value problem defined by (9.3.1)
through (9.3.4) in terms of its initial and boundary data. The details of this formalism can be
found in Ref. 2, and the result is
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W(X,t)= &[G (X,t;X,,0)Ef (X, ) do, - ”W[Ze( (X, X4t (Xo,to))Jduodto

—go;j;jw(gea (( (X,t: Xt ) - g (a)(X,t;XO,tO))-nr(Xo,to))jduodtO

(9.7.11)
L S (o ot i (x0t) et
6
+¢f'|- J;’Vz(zea( ( X 6Xo )))(kf (XO'tO)_ks (Xo’to))j'dsodto
where g, (X,t;X,,t;) is the column matrix defined by
Oy (X1 X0t
Oy (Xt X0 t) = ! U )| (9.7.12)
gs(a)(x’t’XO’tO)
K, (Xq:ty) and k,(X,,t,) are obtained from the boundary condition (9.3.3) expressed as the
column matrix
k¢ (Xt)
k(X t)=| ' 9.7.13
(1) {ks(x,t)} (8.7.13)

and e, for «=12,...,6, is the 6x1 column matrix with entries equal to zero except in the «
position where the value is 1

The techniques that can be used to actually calculate the Green’s function are complicated.
One method is, however, straight forward. The method is to represent the solution of the initial
boundary value problem (9.7.2) through (9.7.6) by an expansion in the eigenfunctions of the space
part of the operator .#, i.e., in terms of the eigenfunctions of the operator L. These
eigenfunctions, as defined in Section 9.2 allow us to seek solutions for the Green’s function of the
form

G (Xt X t) = ST, (tty)u, (X)u, (X,)' (9.7.14)

n=1

The solution in terms of eigenfunctions of L will also be complicated. It is helpful at this
point in the discussion to illustrate this kind of solution for the class of one dimensional problems
discussed in Section 9.4. In this case, the initial boundary value problem we are discussing is
defined by (9.4.3) and (9.4.8) through (9.4.11). The Green’s function is the 2x2 matrix of
functions
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gf(l)(X,t; Xo’to) gf(z)(X,t; Xo,to)

(9.7.15)
gs(1)()( 5 Xo0ty) gs(2)(X 6 Xosto)

G(X,t; Xy t)=

that obeys the one dimensional forms of (9.7.2) through (9.7.6). Therefore, the Green’s function is
the solution of

¢E __QGG

S(t—1,)8(X = X,) for  (X,t)e(0,h)x(~o0,0)  (9.7.16)

9G(0,t; Xy,t,)

= ~0 (9.7.17)
G(h,t;X,t,)=0 (9.7.18)

and
G(X,t;%,t)=0 for t<t, (9.7.19)

As in Section (9.4), the eigenfunctions of the space part of the one dimensional operator are
defined by (9.4.25) and (9.4.26) are given by (9.4.27) where the eigenvalues are given by (9.4.31)
and (9.4.32). In the notation adopted in Section 9.4, the representation of the solution (9.7.14)
becomes

o (T o (tit)by bl +T o (B, )by by _ _
n(ll)( o) 0P (12)( o) 0P(2) COS(Zn 1)z X COS(2n 137[X

G(X,t; Xpte) =D

] ) ° (9.7.20)
1 +Ta (tty) b0 + Tz () b,b

Just as when we expressed (9.4.35) in the form (9.4.36), we can simplify the notation somewhat if
we write (9.7.20) as

e 2n-1)z X 2n-1)z X
G(X,t;Xo,t0)=ZKn(t;t0)cos( " 2h)” cos( i 2r)1ﬂ e (9.7.21)
n=1

where, for each n, K, (t;t,) isa 2x2 matrix whose representation with respect to the basis of
eigenvectors of Q is

K, (tt)= Ty (tty) b(l)b(Tl) +T 1) (tty) b(l)b(TZ)

’ ) (9.7.22)
T2 () b, + T (tty) b,b

If (9.7.21) is substituted into (9.7.16), it is easily shown that K (t;t,) must obey
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dKn(t;t0)+(2n—l)2 7
dt 4h’

¢E QKn(t;to):%é(t—to) (9.7.23)
It follows from (9.7.19) and (9.7.21) that the matrix K (t;t,) must obey

K,(tit,)=0 for t<t, (9.7.24)

The same technique used to solve (9.4.46) can be applied to finding the solution of (9.7.23). The
result is

)Zc (adiQ)EQ™ - b’y 8h  adjE 1

Ko () =H (=) tr((adiQ)E) : ol tr((adiQ)E) (2n-1)

—(9.7.25)

where H (t —t,)is the Heaviside step function and, as above, &(t—t,) is the delta function. Given
(9.7.25), equation (9.7.21) can be written®

; 1 & 7(2n71)27r20 - B B
G(X,t; Xy ty)=H (t—to)é—(ade.)EQ de ‘ to)cos(2n H7X cos(2n DX,
h tr((adjQ)E) = ©7.26)
+5(t—t0)8—2 adjE i 1 : COS(Zn—l);rX COS(Zn—l);rXO
7% tr((adjQ)E) 7= (2n-1) 2h 2h

For the one dimensional problem we are discussing, the solution (9.7.11) can be written
w(X,t)=&[G(X,t: X, 0)EF (X, )dX, - [ G (X, t:0,t,)a(t, )ty

t (9.7.27)
J« oG X,t,h'[ k( )

where q(t) is defined by (9.4.12). If (9.7.26) were to be substituted into (9.7.27), a long and
somewhat tedious calculation will again yield the solution (9.4.67).

References

® If convenient, the identity

i (2n—1)7rX COS(Zn—l);zXO_ h-X, for X <X,
= (2n-1)’ 2h 2h  |h=X for X>X,

can be used to simplify further (9.7.26)
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10

Boundary Initial Value Problems: Inertia Included

In this chapter we shall discuss the solution of a certain class of porous elasticity problems but,
unlike Chapter 9, retain the inertia terms. The formalism for this chapter is drawn, in part, from

the formulation given by Bowen and Lockett [Ref. 1].

10.1 Governing Partial Differential Equations

We shall adopt the isothermal constitutive equations listed in Section 9.1 except that we
shall restore the neglected inertia terms. As in Section 9.1, we shall make assumptions sufficient
to treat the temperature as a constant. Thus, the constitutive equations and field equations we shall

utilize are as follows:

@ _w: ﬂ“b ﬂ’ff + +
—=—"—UE +|1-——— ((p; —p7)/ P7)
s P K, ( 9K, f f / f

1 el + +
\PI :Eﬂ“ss(trEs)2 _ﬂ“sf (trEs)(pf _pf )/pf

+%fo ((pf _IO?)/IOf+ )2 + 1 r(EE),

pn=-a+7,(rE) -7, (p; - p7)/ pi

psRKs = _(TI + ¢)f+ Pf I) = _ﬂ_’ss (trEs)I - 2:ussEs
+ 2 (P —p7)/PIT

and

@; Py :_Zf (trEs)+Zﬁ (o4 —p?)/p:

(10.1.1)

(10.1.2)

(10.1.3)

(10.1.4)

(10.1.5)

The field equations which follow from these constitutive equations are the isothermal versions of

equations (4.2.14) and (4.2.15). These equations, repeated here, are

187
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2
P a_vzs = (4, + 1) GRAD(Divw,) + s, Div(GRAD w,)
ot
(10.1.6)
+7, GRAD(Divw,)—¢| e - M
! f o ot
and
o _ _ ow
p?%#ﬁ GRAD(Divw,) + 44 GRAD(Divw/) —5( 8tf _a;:j (10.1.7)

Given the form of (10.1.6) and (10.1.7), the results in Section 9.2 remain valid when the inertia
terms are restored.
10.2 Boundary Initial Value Problems

As a generalization of the boundary initial value problem considered in Chapter 9, we shall
consider the following:

Boundary Conditions:

T, (W)n=-s(X,t) for (X,t)ed%x(0,x) (10.2.1)
P (w)=r(Xt) for (X,t)eo¥ x(0,x) (10.2.2)
w=k(X;t) for (Xt)ed¥;x(0,x) (10.2.3)

Initial Conditions:
w(X,0)=f(X) for Xe” (10.2.4)
%X’O)zg(x) for Xev (10.2.5)

where, as in Section 9.3, the boundary 0¥~ of the volume ¥~ consists of two parts 0% and 0%, .
On the part 0, the stress vector T,n and the pore pressure P, are prescribed by the functions

s(X,t) and r(X,t), respectively. On the remainder, 97, , the displacement is prescribed by the
function k(X,t). The initial displacement given by the function f(X), and the initial velocity is
given by the function g(X). The five functions s(Xt), r(X,t), k(X,t), f(X) and g(X)
represent the data for this problem.
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It is interesting to note that when inertia is restored, we do not have the data compatibility
that originated with (9.3.5). As illustrated in the examples worked in Sections 9.4 through 9.6, this
compatibility condition links the dataat t =0.

10.3 A One Dimensional Example

If we make the same simplification as adopted in Section 9.4, the resulting one dimensional
problem is to find the solution of

8ZW(X,t) 8W(X,t)_ 62w(X,t)
M—> +CE eVt (10.3.1)
where,
~ Clw(Xot)
W—W(X,t)—{WS(XJ)} (10.3.2)
M{p r 0 } (10.3.3)
0 »,
_| A & 10.3.4
Q_ I’sf I’ss+2ﬂss ( . )
and
1 -1
E={_1 1} (10.3.5)

As mentioned in Chapter 9, the above definitions have appeared in earlier chapters. Equation
(10.3.1) is the isothermal version of (8.1.7).

For this one dimensional problem, the constitutive equation (10.1.4) and (10.1.5) can again
be written in the matrix form

_ +P
P (10.3.6)
T +0P, | <oX

The one dimensional form of the boundary initial value problem introduced in Section 9.2 is easily
seen to be
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q(t)E[_S(_t;”f;ffz(t)}czawa(f't) for  te(0,) (10.3.7)
w(ht)=k(t) for — te(0,0) (10.3.8)
w(X,0)=f(X)  for X e(0,h) (10.3.9)
and
O _yx) o xeon) (10310

We can display the partial differential equation, the boundary conditions and the initial condition
on the following schematic

t Mazw(zm)
ot
ow(X,t)
+EE——
oX ot
62W(X,t)
=Q OX 2

w(h,t)=K(t)

w(X,0)=f(X)
KLU

As in Section 9.4, in order to exploit eigenfunction techniques to solve this boundary initial
value problem, we need to change the dependent variable in a manner sufficient to produce
homogeneous boundary conditions. The transformation that achieves this objective is again
achieved by defining a function v(X,t) by

v(X,t)=w(X,t)-Qq(t)(X —h)-Kk(t) (10.3.11)

The partial differential equation that v(X ,t)obeys follows from (10.3.1) and (10.3.11). This
result is

v ov 9%y
M—+EE—= +p(t 10.3.12
e po anz p(t) ( )

where
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p(X,t)=-M(QG(t)(X —h)+k(t))-£E(Qq(t)(X —h)+Kk(t)) (10.3.13)

The boundary conditions and the initial value that the function v(X,t) must obey follow from
(10.3.11) and the corresponding conditions on w(X ,t). These results are

ava(i’t) ~0 (10.3.14)
v(ht)=0 (10.3.15)
v(X,0)=£(X)=Qq(0)(X —h)—k(0) (10.3.16)
and
wzg(x)—qlq(o)(x —h)=k(0) (10.3.17)

As in Section 9.4, we again seek a solution of our boundary initial value problem for
v(X,t) in the form

v(X)=3T, (t)cos% (103.18)

n=1

where T, (t) isa 2x1 column matrix that determines the time dependence of v(X,t). As

constructed, the proposed solution (10.3.18) obeys the boundary conditions (10.3.14) and (10.3.15)
. Our next step is to determine the time dependence of the solution. If (10.3.18) is substituted into
(10.3.12) the result is

i[Mdzgt"z(t)JffE dT&t(t)+(2n ;hlz) % ot (t)]COS%:p(X’t) (10.3.19)

2n-1)z X
The orthogonality of the functions {COS%} allow us to derive from (10.3.19) the result

M d’T, (t) \eE dT, (t) . (2n-1) z°

dt? m 7 QL.()=p. (1) (10.3.20)

where, from (10.3.13),
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2 ¢h 2n—1)72'X

pn(t):ﬁjop(x,t)cos( dXx
=< I( (Q (1) X—h)+ii(t))—.§E(Q‘lq(t)(X—h)+k(t)))cos%dx
_(MQ (1) + 2EQ (1)) 2 ["(h - X )eos P X gx (10.3.21)
( (t) ©) [, (h=X)
—(Mi&(t)+§Ek(t))% johcos%dx
_ (MQ i (1) + £EQ 4 (1 ))8h e 1_1) +(2n4_1)(_1)” (ME(t) + CEK(t))

after the elementary integrals are evaluated.

The solution of (10.3.21) requires an initial condition. These conditions follow from
(10.3.11), (10.3.16) and (10.3.17). These three equations yield

iTn coszn‘z—:])’”(:f(x)-qlq(o)(x ~h)-k(0) (10.3.22)
and

- dT,(0)  (20-1)7X |

Z‘ T =g(X)-Q7q(0)(X —h)-Kk(0) (10.3.23)

2n-1)z X
The orthogonality of the functions {COS%} can be used again to derive from (10.3.22)

and (10.3.23) the results

2n-1)7zX
oS——

_2¢n (
T,(0)=2[ (X )eos T (dx 1) | o
h n—-1)x
+—Q7q( )j (h—X)cos dX ——k(O)I o dX
and
:__[ COS 2n 1)72')( dx
2h ot (n—1)rX (10.3.25)
1. n_ 72- . h n— 72-
+HQ7 Q(O)IO (h—X )cosTdX _ﬁk(o)jo cosde

The integrals in the second and third terms of (10.3.24) can be evaluated to yield the result
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T,(0)=f, +ﬁqlq(o)+ﬁ(—1)” k(0) (10.3.26)

where, we have introduced the symbol f. defined by

(2n-1)zX

:_J' —h

Likewise, the integrals in the second and third terms of (10.3.25) can be evaluated to yield

dX (10.3.27)

dT("jt(O) =g+ (2n _8:-])2 pr Q74(0) +L)(—1)” k(0) (10.3.28)

where, we have introduced the symbol g, defined by

=_J- Coszn—::;)xdx

(10.3.29)

Following the approach in Section 9.4, we shall utilize the Laplace transform method to
solve (10.3.20). The Laplace transform of this equation yields

STM + 55E+%Q]i (5)=(sM +£E) T, (0)+ Q dT;t(o) +P,(s)  (10.3.30)

It is convenient at this point to define the 2x 2 matrix

K, (s) :%{SZM ¥ S§E+%Q} (10.3.31)

Because we are dealing with 2x 2 matrices it is true that
_ ) on-1y 7>
) s®adjM + s adjE +#ade
4h (10.3.32)

h 1P
det(szM +SEE + WQ]

I_(n(s):

Therefore, we need to calculate the inverse Laplace transform of
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T,(5)=0K, (s)((sM +EE)T,(0)+M dT;t(O) +P, (s)J (10.3.33)

If we now use (10.3.21), (10.3.26) and (10.3.28), equation (10.3.33) reduces to

(SM+EE)f, + Mg, +— 0 (Ms? + £5E)Q 7q(s)
_ _ (2n-1)"z*
T,(s)==K,(s) 4 (10.3.34)

er(—l)”(Ms2 + §SE)E(S)( )

This expression can be simplified further by use of (10.3.31) written in the form

h . h(2n-1)"7 _
EKn(s)(s M+S§E):I—E%KH(S)Q (10.3.35)

The result of this substitution is

T,(5)= 2K, s )(sM+.§E)fn+21_(n(s)Mgn—Kn(s)q(s)—%(—l)”I_(n(s)QE(s)
oh N . - (10.3.36)
+(2n—1)27r2Q q(5)+(2”—1)7f(_1) <)
If K, (t) is the inverse Laplace transform of K, (s), then the inverse of (10.3.36) is
h({ oK h t
T, (t) = 2( at( )M +¢K, (VE an+5Kn(t)Mgn—IOKn(t—r)q(T)dT
(2n-1s " . (10.3.37)

Among the elementary properties of the Laplace transform that were used to derive (10.3.37) from
(10.3.36) is the formula

lim(sK, (s))=K,(0)=0 (10.3.38)

S—0

The first part of (10.3.38) is the initial value theorem for Laplace transforms. The fact that
Iim(sl_(n (s)) =0 follows from the definition (10.3.32). Another result that follows from(10.3.32)

S—0

and the initial value theorem is
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!Lrpo(szl_(n(s))z!ijpc(s(sl_(n(s)))z p :%M1 (10.3.39)

Given the formula (10.3.37), we can use (10.3.18) and (10.3.11) to obtain the following
solution for w(X,t)

(2n=D7X | ota(t)(X ~h)+ k()

(2n 1 zX

w(X.t)= YT, (t)cos

2n—1)7zX

5 e

(10.3.40)
Qn—DﬂX

2n —1)7[X

In order to utilize the solution (10.3.40), we must use (10.3.32) to invert

. (2n-1’A?
5 s®adjM + s adjE +(4hz)adJQ

= 10.3.41
. ( )

K,(s)= 7
det[szM +SEE +(2n4_§2)”Q]

Ultimately, the properties of this inverse depend upon the zeros of the fourth order polynomial

dm{ﬂﬁ4+ﬂ§E+£a%%;£iQ]:O (10.3.42)

We shall examine the nature of these zeros in the next Section.

) ) (2n- 1)2 r*
10.4 Properties of the Roots of det| 5°M + S SE + TQ =0

The fourth order polynomial (10.3.42) will have either four real roots, two real and one
complex conjugate pair or two complex conjugate pairs. If we expand the determinant in (10.3.42)
, the polynomial is
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(detM) ¢ + £ tr((adjM)E) g
(2n-1)"z°

. (2n _1)4 72_4 (10.4.1)
4h?

2n-1)° z*
tr((ade)Q)ﬂnz+§Mtr((ade)E),Bn Tohe detQ =0

+
4h?

In parts of this section, it will be convenient to utilize the definitions (7.2.50), (7.2.103) and
(8.1.19) to write the polynomial (10.4.1) in the form

(2n-1)° z*
e g ) (1042)
(n-1y7* ,  (n-1)'z* , B
Ta’éuoﬂn +Tun(l)un(2) =0

Equation (10.4.2) is only valid in the case where detM = 0. The case M =0 formally
corresponds to the inertia free approximation discussed in Chapter 9 and elsewhere in these
Lectures.

Because & >0, and because the symmetric matrix Q defined by (7.2.46) is positive
definite and the symmetric matrix E defined by (7.2.87) is positive semi definite, it is a theorem
that the polynomial (10.3.42) has no roots with positive real parts [Ref. 2, page 246]. In our case,
unless we wish to study the case M =0 mentioned above, the symmetric matrix M is also positive
definite.

It is interesting to characterize the case where the real parts of the roots of (10.4.2) are zero.
In the special case £ =0, it readily follows from (10.4.2) that the four roots are the complex

numbers

i (2n —1)7[
+i Uny
Bl = 2n (10.4.3)
te=o i (2n-1)z o
+i o Uy iz)
Conversely, if one forces the roots of (10.4.2) to have zero real parts, i.e., to be of the form
B =la (10.4.4)

where « is real, it is readily established from (10.4.2) that
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(2n —1)7z
rT————U
2h n()
a= (2n-1) (10.4.5)
=T on o)
and
— 22
a){az —%uj} -0 (10.4.6)

Equation (10.4.6) is obeyed when & =0 or when u, equals Upqyy OF Uy - As was pointed out in
Section 7.2, it is a theoretical result that

u, >u; >u?

(2)

The numerical values in Table 1 of Section 6.2 illustrate that for these example materials u, and
U, are close in their values. To the accuracy of the numerical approximation used in this table,

U, = U, for Weber Sandstone. The summary of the discussion just completed is that when the
real part of the roots of (10.4.8) are zero, then either £ =0 or u, equals either u_, or u,, . Inthe
following, we shall always make the assumption that

E>0 (10.4.9)

We shall not, however, rule out the case where u, equals u,,,

Given what we know about the roots of (10.4.2), in those cases where the real parts of the
roots are less than zero, we can use the final value theorem from Laplace transform theory and
conclude from (10.3.41) that

limK, (t)=lim(sK, (s)) =0 (10.4.10)
K, (1) _ e
!L@O%:EQ(S(SK”(S))):EQ(S K, (s))=0 (10.4.12)
and
lim 'K, (t—7)dz =limK, (s)=20 — 1 @ (10.4.12)

t—>o0J0 s—0 ”2 (2n—1)2
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These results are available without our actually computing the inverse of (10.3.41) and, from
(10.4.9) and the above argument, they hold when u, does not equal either Upwy OF Uy

Analytical solutions to fourth order polynomials such as (10.4.2) are difficult to interpret.
Because of this fact, it is convenient to look at certain analytical approximations. The first is based
upon the observation just made, namely that u, and Uy are close. We shall measure their

closeness by a dimensionless parameter defined by

P (10.4.13)

and look for roots of the form of an asymptotic expansion
B, =8, +ac+0(s) (10.4.14)

While algebraically tedious, it is possible to derive from (10.4.2) the following approximations for
the four roots™?

! The derivation of the solutions (10.4.15) and (10.4.16) is facilitated if one uses a symbolic manipulator such as found
in Maple or Matlab.

2 Equations (10.4.15) and (10.4.16) display a scaling that can also be established from (10.4.2), namely, that the roots
of (10.4.2) will always be expressible as function of the dimensionless ratios of the form

Uy Ung Y (2n-1)7
ha)§ ’ ha)§ ’ hco{s ’ 2

ﬂn =a)§fn(
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+
m-_1 72'2 1 1 2n_127z-2 2n—127l'2
%(U5+U§<z>)( 4h2) 272 ‘\/“’?‘( hz) U (“5‘“§<2>)( 4h2)
1 2n-1)° 7
+O(52)
(10.4.15)
and
ﬂn(S)}_ 1(2n_1)27[2( 2 _ )2 ) i &£
=——= 2 0~ Hn(2) 2
B 2 4h Wy (2n-1)° z? (Ug _Ur?(z))
¢ 4h? us
0
2
~ B 3 3 u2_u2
MG A R Gl K 4 tha) & (10.416)
2h 2 8h (2n-1)"z* 2
2,2 4 ( 2 _ 2 )
Yo 4h? 0 (2
+O(£2)

These approximate expressions obey the theoretical conclusions summarized above. Namely,
since we have assumed (10.4.9), the real part of the roots are negative unless u, equals either

Uyw) O Uy, - Equation (10.4.15) shows that the two roots 5, and £, , are real for all n such
that

0! —— U2, >0 (10.4.17)

It follows from (10.4.17) that the n’s that cause ,Bn(l) and ,Hn(z) to be real obey
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(10.4.18)
As we shall see next, the largest integer allowed by (10.4.18) for six materials introduced in
Chapter 6 is large.

Because we are going to display numerical values for the roots of (10.4.2), it is helpful to
repeat some of the numerical results contained in earlier Chapters. From Table 2 of Section 6.2
and Tables 1 and 2 of Section 7.2

Table 1 Rock Properties-Fluid Mixture Properties

Property Ruhr Tennessee Chargoal Berea Westgrly Weber
Sandstone | Marble Granite Sandstone | Granite Sandstone
7., (glcm’) 2.6 2.7 2.7 2.6 2.7 2.6
o 02 02 02 19 01 .06
A (Kbar) 165 486 326 4.44 075 1.03
A (Kbar) 5.21 4.02 4.13 13.990 3.48 9.91
A, (kbar) 206.41 273.21 271.91 84.05 311.71 147.62
1., (Kbar) 133 240 187 60 160 122
Uy (M/sec) 4340 5346 4955 3210 4805 4059
Uy ;) (M/sec) 728 1522 1220 1313 740 1124
Uy ) (M/sec) 2285 3012 2658 1688 2369 2234
u, (m/sec) 4337 5345 4954 3209 4802 4059
& (kbar-sec/cm?) | 1.9(10)7° 3.92 3.92 1.77(10)™ 245 .353(10)°
. (1/sec) 9.58(10)" | 1.98(10)" | 1.98(10)" | 1.02(10)° | 2.46(10)" | 6.06(10)’
¢ (m?/sec) 005550 | .000011 .000008 | 1.698365 | .000022 | .208487

where numerical values for @, and the consolidation coefficient, ¢, have been added to the table.

If we utilize values from Table 1, we can calculate the factor 1[1+

(10.4.18). The results are

a)fh

ﬂUn(z)

J in equation
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1 a)éh
Table 2 The factor =| 1+ for h=100 m
2 7Z'Un(2)
Ruhr Berea Weber
Sandston Tennessee Charc_:oal Sandston West_erly Sandston
o Marble Granite o Granite e
1 w:h
e PG 2,091,883 2,065,612,19 | 2,576,551,743 12,310 528,983,52 85,833
2 7Z'Un(2) 3 1

The numbers show that ,unless we adopt an h that is especially small, the integer n that would
cause the roots cause £, and /3, , to be complexis large. The smallest n arises for Berea

Sandstone and, in that case, it would take 12,000 terms in our solution (10.3.40) before the two
real roots would need to be replaced by a complex conjugate pair.

In the following, we shall only consider the case where (10.4.2) has two real roots and a
single pair of complex conjugate roots. When we need actual numbers for these roots, we shall
take them from the appendices to this Chapter. These appendices provide the first fifty roots of
(10.4.2) for the six poroelastic materials whose properties are given in the above table. For our
purposes here, it is useful to display, from the information in the appendices, the first ten roots for
Ruhr Sandstone. These values are

Table 3 The First Ten Roots of (10.4.2) for Ruhr Sandstone for h=100 m

n Rooi':rzn(l) Second Root: :Bn(z) Third Root: ﬂn(3) Fourth Root: ﬂn(4)

1 -0.000001 -95745682.888539 68.12334i -68.12334i

2 -0.000012 -95745682.888527 204.37002i -204.37002i

3 -0.000034 -95745682.888504 -0.000001+340.6167i -0.000001-340.6167i

4 -0.000067 -95745682.88847 -0.000002+476.86338i -0.000002-476.86338i

5 -0.000111 -95745682.888423 -0.000003+613.11006i -0.000003-613.11006i

6 -0.000166 -95745682.888366 -0.000004+749.35674i -0.000004-749.35674i

7 -0.000231 -95745682.888297 -0.000006+885.60342i -0.000006-885.60342i

8 -0.000308 -95745682.888216 -0.000008+1021.8501i -0.000008-1021.8501i

9 -0.000396 -95745682.888124 -0.00001+1158.09678i -0.00001-1158.09678i

10 -0.000494 -95745682.88802 -0.000013+1294.34346i -0.000013-1294.34346i

Another useful approximation to the roots of (10.4.2) is when we look for solutions of the

form

B, =a,+asg, +a,e +O(5§)

where ¢, is a dimensionless parameter defined by

(10.4.19)
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£ =T 0 (10.4.20)

Unlike the approximations (10.4.15) and (10.4.16), because &, increases with n, the

approximation given in the following are not useful for all n. However, when we make the choice
h=100 m, ¢, is small for rather large n for the example materials shown in the above table. The

approximations to the roots of the form (10.4.19) turn out to be

u2 2
n(1)~n(2) 2 4
————w.&,+0|¢,
Pl | w7 ) (10.4.21)
Bz ur?(l) + Uﬁ(z) -u; . -
—; + 2 €, + O(gn)
0
and
(uz _uz)(uz _u? )
n(1) 0 0 n(2) 2 . 3
Vi - 0 €, Hlw.eE, +O(5n)
ﬂ”“) - 0 (10.4.22)
n(4) u’, —uc J(us —u?
—( o 0)(40 (2))a)§€f—ia)§en+0(£ﬁ)
2u,

The two sets of approximations, (10.4.15) and (10.4.16) and (10.4.21) and (10.4.22), are self
2n-1
(=17 Uy ¢ Gnallin (10.4.15) and (10.4.16) and,

2h @,

consistent in the sense that if we assume ¢, =

2 2
likewise, assume & = u is small in (10.4.21) and (10.4.22) the resulting two sets of new
u0

approximations yield the same results. Also, if (10.4.21) and (10.4.22) are utilized to calculate the
first ten roots for Ruhr Sandstone, the results are excellent approximations to the numbers in Table
3 above.

10.5 Inversion of K, (s)

Given what we have learned about the roots of (10.3.42), we shall always assume a
factorization of the form

(2n-1)° z?

= Q]=detM(ﬂn+an)(ﬂn+yn)((,b’n+§n)2+a)f) (105.1)

det{ BM + B EE +



Boundary Initial Value Problems: Inertia Included 203

which allows to identify the four roots by®

By (-a,

| |7 , (10.5.2)
ﬂn(3) —¢n Tlo,

ﬂn(4) —Sn — Ia)n

Given (10.5.1), it follows from (10.3.41) that we must compute the inverse Laplace transform of

szade+s§adjE+Wade

K,(s _2 : (10.5.3)
hdetM(s+a,)(s+7,)((s+5) +af)
As the ratio of two polynomials in s, the inverse of (10.5.3) can be shown to be
e ™A, +e"B, —e "' cosat(A, +B,)
2
K, (t)=— _ _ (10.5.4)
(t) h| +e~"sin a)nt(a“ LA LLE +iM‘1}
a)n a)n a)n

where

® The coefficients of the polynomial (10.4.2) and its roots (10.5.2) can be shown to be related by the formulas

@, =By Baiy + Bo) + Boay

=—(a,+7,+2c,)
(2n-1)" 7’
(U ) = BB + (B * Buo ) (Busy + B ) + B

=a,7,+2,(a,+7,)+¢ +@,

2n-1)" 72
( 4h2) @l =
=—((a,+7,)(cl + @)+ 26,2,7,)

(2n —1)4 ™,
60" U )Unz) = BawyPa2)Pais)Prce)

(ﬂnu) + Buz) )ﬂnw)ﬂnu) + (ﬂn@ + Buay )ﬂn(l)ﬂn(Z)

=a,y,(c2+ o))
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B 1
" detM (7, —an)((an —gn)2 +a)§)

2n —1)° 72
A [ag adjM - & adjE+Made] (10.5.5)

4h?
and

1

B =
detM (e, —yn)((yn -5,)

2

2n -1)* z°
(}/ﬁ ade-yngadjm%adeJ (10.5.6)

+a)

Given (10.5.4), the solution (10.3.40) is complete. It is helpful to note in passing that (10.5.4)
obeys the conditions

K,(0)=0 (10.5.7)
. 2
K, (0) :HM (10.5.8)
and, if ¢, #0,
limK, (t)=0 (10.5.9)

to>o

The results (10.5.7), (10.5.8) and (10.5.9) were stated previously in equation (10.3.38), (10.3.39)
and (10.4.10), respectively.

10.6 The Use of Green’s Functions

As in Section 9.7 there are some advantages when dealing with boundary initial value
problems with inhomogeneous boundary conditions to formulate the solution in terms of Green’s
Functions. The formulation is similar to that given in Section 9.7 except that the boundary value
problem is the one formulated in Section 10.2 and the underlying differential operator is the one
defined by (10.1.6) and (10.1.7).

As in Section 9.7, we shall use the notation G(X,t;X,,t,)for the 6x6 matrix of functions

that constitute the Green’s function. As the notation suggests, the Green’s function still depends
upon pairs of points and pairs of times. It is helpful, when we need to display the components of
this matrix to write

G(X,t;X,,t)

=|:gf(1)(X‘t;X0'to) gf(z)(X‘t;Xo’to) gf(a)(X‘t;Xo'to) gf(A)(X't;Xu'tO) gf(s)(X‘t;Xo'to) gf(e)(X’t;Xo'to):|
gs(l)(X't;Xo’to) gs(z) (X’t;Xo’to) gs(s)(X't;Xo’to) gs(A)(X’t;Xo‘to) gs(s)(X't;Xo’to) gs(e)(X't;Xo’to)
(10.6.1)



Boundary Initial Value Problems: Inertia Included 205

where, again each entry is a three dimensional vector that we have represented by a 3x1 column
vector.

The Green’s function is the 6 x 6 matrix of functions introduced in (10.6.1) defined such
that, for every pair (X,,t,) € ¥ x (-, ), it obeys the boundary initial value problem

PG(X, ;X t)=6(t—1,)5 (X=X, )I  for (X,t)e? x(—0,0)  (10.6.2)

T, (G)n=0 for (X,t)ed¥ x(—o0,x) (10.6.3)
P (G)=0 for (X,t)ed¥x(—w,) (10.6.4)
G=0 for (X,t)edx(—w,) (10.6.5)
and
G(X,t,X,,t,)=0  for Xe7 andt<t, (10.6.6)

where 2 is now formal linear operator defined by

L O°w, oW, ow, | = ) - i
Pi 0 [ ~ o — A, GRAD(Divw,) — A, GRAD(Divw,)
Iw= , ow
P, 66::5—5 atf —‘9;5 — (A + p,) GRAD(Div w,) — u,, Div(GRAD w,) — 4, GRAD(Div w,)
-, 0w, ow, ow. )|
+ _ S
Piae Yl Ta a
= +Lw
aZWS awf GWS
psR 2 _QE -
Tt ot ot )]
(10.6.7)
As in Section 9.7, we can write
_(awf aWsJ_
ot ot
_gw (10.6.8)
ow, ow, ot
Lt ot )]
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where E is the symmetric 6x6 matrix

In addition, we can write

where M is the symmetric 6 x6 matrix

This formalism allows the operator % to be defined by

rather than by (10.6.7).

1 0 0 -1 0 0]
01 0 0 -1 0
00 1 0 0 -1
E= (10.6.9)
10 0 1 0 0
0 -1 0 0 1
0 0 -1 0 0 1|
+ 82vvf
Ps 2 2
Y (10.6.10)
o°w, ot
pSR atz
(pi 0 0 0 0 0]
0 pf 0 0 0 0
0 0 pf 0 0 0
0 0 0 p 0 0 (10.6.11)
0 0 0 0 p O
0 0 0 0 0 p
2
gw=m2 l caEY L Lw (10.6.12)
ot ot

Given the definition of the Green’s function G(X,t;X,,t,), the theory of Green’s

functions can be used to write the solution of the boundary initial value problem defined by
(10.2.1) through (10.2.5) in terms of its initial and boundary data. The result is
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w(X,t) = [G(Xt;X,,0)Mg(X,)dy, +§£G(X,t;XO,0)Mf(XO)dUO

v

£[G(X,t:X,,0)Ef (X, )du, - ”M(iea(gs X,t;XO,to)-s(XO,tO))jdvodtO
174 1\ a=1
6

—(pfjjwl(z%(( (Xt X,t) - g(a)(X’t;XO’to))'nr(Xo,tO))deOdto (10.6.13)

15 e ot

gofHWZ(Zea( ( (Xt Xt )))(kf(Xo,to)—ks(XO,to))j-dsodto

where g, (X,t;X,,t;) is the column matrix defined by

(10.6.14)

Zi(a) (X’t;XOJO)}

g, (Xt X)) = _ ,
) " [gs(a)(x’t’XO’tO)

k; (X,.t,) and Kk, (X,.t,) are obtained from the boundary condition (10.2.3) expressed as the
column matrix

k(x,t){kf ( ’t)} (10.6.15)

and e, for «=12,...,6, is the 6x1 column matrix with entries equal to zero except in the «
position where the value is 1

The eigenfunction expansion technique mentioned in Section 9.7 also works in the case
where the inertia terms are present. The eigenfunctions, as defined in Section 9.2 allow us to seek
solutions for the Green’s function of the form.

o0

G(X,t:Xp, )= DT, (it )u, (X)u, (X, ) (10.6.16)

n=1

If we apply this formalism to the one dimensional problem considered in Section 10.3, the Green’s
function is the 2x 2 matrix of functions

gf(1)(X,t; XO’to) gf(z)(X,t; Xovto)

(10.6.17)
950 (X G XO’tO) Ys2) (X G Xo'to)

G(X,t; Xy t)=
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that obeys the one dimensional forms of (10.6.2) through (10.6.6). Therefore, the Green’s function
is the solution of

2 2
MIC L % QTG s(t-t)s(X-X,) for  (X.t)e(0.h)x(—0,0)(10.6.18)

ot ot ox
WGOEXs ) (10.6.19)

X
G(h,t; X,,t,)=0 (10.6.20)
and

G(X,t; %) =0 for t<t, (10.6.21)

As in Section (9.4), the eigenfunctions of the space part of the one dimensional operator are
defined by (9.4.25) and (9.4.26) are given by (9.4.27) where the eigenvalues are given by (9.4.31)
and (9.4.32). In the notation adopted in Section 9.7, the representation of the solution (10.6.16)
becomes

G(X,t; Xy t)= iKn (t;t;)cos (2n _zi)ﬂx cos (2n _Zlgﬂx" (10.6.22)
n=1

where, for each n, K, (t;t,) isa 2x2 matrix whose representation with respect to the basis of
eigenvectors of Q is
K, (tit)= Ty (tty )b(l)b(Tl) T (tty )b(l)b(Tz)

. T . T
+Toay (Lt )b(z)b(l) +T 2 (tty )b(z)b(z)

(10.6.23)

If (10.6.22) is substituted into (10.6.18), it is easily shown that K, (t;t,) must obey

d°K, (tt) g 9K (tt) , (2n ~1)° z*
dt’ dt 4h’

QK, (t;ty) = %5('{ ~t,) (10.6.24)

It follows from (10.6.21) and (10.6.22) that the matrix K, (t;t,) must obey
K, (t:t,)=0 for t<t, (10.6.25)

The same Laplace transform techniques that were used to solve (10.3.20) can be used to establish
that
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2n-1)* 72
szade+s§adjE+(”4hz)”ade

de{szM +SEE + WQ]

K, (t;to):%fl e (10.6.26)

where ¢ denotes the inverse Laplace transform operator. A comparison of (10.6.26) with
(10.3.41) shows that

K, (tt,)=H(t-t)K, (t-t)) (10.6.27)

where H (t —t,) is the Heaviside step function that was introduced in Section 9.7 and K, (t) is

defined by (10.5.4). Thus, without explicit mention, our manipulations in Section 10.3 through
10.5 were, in effect, manipulations equivalent to finding the Green’s function for our boundary
initial value problem. The results in Section 10.3 are equivalent to those here. The one
dimensional form of (10.6.13) is

h O ¢h
w(X,t)= [ G(X,t;X,,0)Mg(X,)dX, +§J0 G (X,t; Xo,0)Mf (X,)dX,

[T G (X, X, 0)EF (X, )dX, — [ G(X,t:0,8 )a(t,)dty (10.6.28)
t0G(X,t;h,t)
_J' S S b i P g

S k(t,)dt,

where q(t) is defined by (10.3.7). If (10.6.22) were to be substituted into (10.6.28) one would
again derive (10.3.40).

10.7 Biot Problem with Inertia

In this section we shall resolve the problem introduced in Section 9.5 except that this time
we shall include the inertia terms for the fluid and the solid. As in Section 9.5, the boundary and
initial conditions are

q(t)= P{_OJ (10.7.1)

)=0 (10.7.2)

and
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f(x):m(h-x)m (10.7.3)

The boundary initial value problem for the model with inertia requires that the initial velocity be
prescribed. We shall make the choice

g(X)=0 (10.7.4)

The physical meaning of the boundary conditions (10.7.1) and (10.7.2) and the initial condition
(10.7.3) are explained in Section 9.5. The second initial condition (10.7.4) forces this solution
with inertia to obey the same initial condition, i.e., zero velocity, that is automatically obeyed by
the inertia free solution when the other boundary and initial conditions (10.7.1) through (10.7.3)
are obeyed. The proof of this assertion is given in Section 9.5 where equation (9.5.19) was
established.

Given (10.7.1) through (10.7.4), the solution (10.3.40) reduces to

w(X.t) :gi[%(t)l\’[ +¢K, (t)Ejf" cos%

n=1

(10.7.5)
> I;Kn(t—r)q(r)dr)cosM
n=1
It follows from (10.3.27) and (10.7.3) that
- 1 -
f, =EJ'hf(X)cos(2n DX dX = F?O EJ'h(h— X)costX
hJo 2h tr((adjQ)E)|1|h-° 2h
(10.7.6)
_ P, H 8h
tr((adjQ)E)[1(2n-1)* z*
This result along with (10.7.1) reduce the answer (10.7.5) to
2 0 —
w(Kt) tr&ZdTB)E)Z(an_l)Z 6Kant(t)Mmcos(2n Zi)ﬂx
"~ (10.7.7)

(2n —1)7[X

+Pog(j;Kn (t- r)dr){ﬂ T

11 |0
where E[J = {O} has been used. The analytical solution is essentially complete when one

substitutes (10.5.4) into (10.7.7). It follows from (10.5.4) that
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gal%(t) =-ae A -ye "B, + (gne*gnt cosw t + m e "' sin a)nt)(An +B,)
(10.7.8)
+(—ge " sinat + e COSa)nt){a” LN TS Y +iM1]
a)n a)n a)n
and
h (t 1 1
—| K (t-r)de=—"(1-e ™" )A +—(1-e7"|B
LK o= (e )a s Laoen
1 —cpt =Gt a1
i (gn (1-e " cosat) + w,e " sin a)nt)(An +B,) (10.7.9)
Oh —6hn A
+— L : (a)n (1—e’§nt coswnt)—gne’%‘sin a)nt) “n .
W, + g, +7n_gn Bn+_M—1
a)n a)n

In Section 9.5, it was pointed out that the long time solution of the inertia free Biot

0
problem, i.e. the solution (9.5.12) is w_ =P, (h- X )Q‘1 L} It turns out that the solution (10.7.7)

yields the same result. To see this, we note from (10.7.7) that

2 oK. (t 1 2n-1)z X
w, —!Imw(X t)= o E‘rthQ )Z p— Z(I (;t( )jM[Jcos%
- z-tr((a . —o
: A n( ) (10.7.10)
0 2n-1)z X
+POZ(!|£10 K,(t- r)dr){JcosT
It follows from equations (10.4.11) and (10.4.12) that (10.7.10) reduces to
: sha 1 (2n-1)zX [0
=limw(X,t)=P,— cos 10.7.11
Equation (9.4.64) allows us to write the last result as
limw(X,t h—-X)Q™ 0 10.7.12
w, =limw(X.t) =R, (h-X)Q*|| (10712)

which is identical to the result for the inertia free case. It is important to keep in mind that the key
results (10.4.11) and (10.4.12) assume we are not dealing with a case where u, equals either

Uy OF Uy, - Insuch a case, the real part of the roots S, , =—¢, +iw, and §,, =—¢, —io, is
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zero. As (10.7.8) and (10.7.9) show, if ¢, =0 it is no longer true that (10.4.10) through (10.4.12)
hold.

As in the inertia free solution in Section 9.5, it is useful to plot the solution (10.7.7). We

shall again adopt the material properties for Ruhr Sandstone as tabulated in Tables 1 and 2 of
Chapter 6, and repeated in Table 1 of this chapter. The numerical values we shall adopt are again

Ay Ay 165 5.21 165 5.21
Q=- - = = kbar (10.7.13)
A Ay +2pu, | |521 206.41+2(133)| |5.21 472.41
@; =.02 (10.7.14)
and
£=1.9(10)" kbar-sec/cm? (10.7.15)

Also, it follows from the numbers in Table 1 that

29¢ 0 2 0 3
M[ 0 (1(P?)7J[0 .98(2,6)} g/cm (10.7.16)

We shall again take

P, =10* kbar (10.7.17)

As in Section 9.5, we shall plot the solution (10.7.7) by plotting the dimensionless displacement

w(X,t . ) . X ) . . tc ) .
(T) verses the dimensionless distance F and the dimensionless time —- Unlike the inertia
h

free solution (9.5.17), the solution (10.7.7) is not naturally represented in terms of these
dimensionless groups. Each of the roots (10.5.2) has dimensions of inverse time and could be used
to normalize the time. We have made the choice t—; in order to allow comparisons to be made

h
with the inertia free solution (9.5.17).

The resulting plots of the fluid and solid displacements are
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Fluid Displacement
Ruhr Sandstone
Inertia Included

and

Solid Displacement
Ruhr Sandstone
Inertia Included
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The displacement of the fluid relative to that of the solid is

Fluid Displacement Relative to Solid
Ruhr Sandstone
Inertia Included

fug-u_fh

Xih 0
teih?

The evident conclusion from these three figures is that they appear virtually identical to the
corresponding three figures in Section 9.5. In effect, the problem we have posed for the
poroelastic solid with inertia produces results that, at least to the scale of observation in the above
three figures, are indistinguishable from the corresponding problem without inertia.

One issue that masks the differences in the two models is the initial condition (10.7.4)
which we forced in the inertia case but was a theorem in the inertia free case. The partial
differential equations which define the model without inertia are (9.1.15) and (9.1.16). Because
they are first order in time, they represent singular perturbations of the equations used in this
chapter, equations (10.1.6) and (10.1.7). As singular perturbations, they will not satisfy the same
number of initial conditions as will the more general equations. The problem just solved does not
exploit this difference because we forced the initial condition (10.7.4). A more significant display
of the differences would arise if we selected a different initial velocity. As equation (9.4.68)
displays, the model used in Section 9.5 is such that the initial condition is determined by the data,
i.e., the values of the initial displacement, the imposed load and the displacement at x = h

determines the initial velocity. For the equations with inertia, the initial velocity is a part of the
data.

In the next section, we shall consider the more general problem where the external pressure

oscillates with a prescribed frequency. We considered this problem in Section 9.6 for the case of
zero inertia.
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10.8 Biot Problem with Inertia: Time Dependent External Pressure

As in Section 9.6, we adopt the boundary and initial conditions

q(t)=PR, COSa){_OJ (10.8.1)
k(t) =0 (10.8.2)
and
P, cos ot 1

where o is a prescribed external frequency. We shall continue to adopt (10.7.4) as the initial
condition. Thus, we shall take

g(X)=0 (10.8.4)

Given (10.8.1) through (10.8.4), the solution (10.3.40) reduces to

2h
(2n —l)ﬂX

_i(,ﬁKn (t—T)tl(r)dr)cos,T

n=1

w(X,t)= 2 i(—aKa”t(t) M +¢K, ('[)Ejfn cos—(zn ~1)zX

(10.8.5)

where q(t) is given by (10.8.1) and £, is again given by (10.7.6). If these two results are used,
(10.8.5) reduces to

w(X,t) = 4h?P, i 1 (8Kn(t)M]{l}COSM

7 tr((adjQ)E) #=' (2n-1)° | &t 1 2h

(2n —1)7[X

© /o 0
+P ( K, (t-7 coswrdr){ }cos
0; J‘o ( ) 1 2h

Given the formula (10.5.4), a series of straight forward, but lengthy, integrations yields
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g.[;Kn (t—r)COSa)z'dz'=( - (an (COSa)t—

o +o
+(}/§lez(yn (cos wt—e”")+ wsin cot)jBn

1 {\/cfnz + @’ sin(ot+y,)
\/(a)nz +¢ - )2 + (20, ) \H @) +¢e sin(ot-9,)

+

1 (a; cos(wt - o,)
\/(w§+§n2_a,2) (2a)§ \/a) +§ g ot COS(a)t—¢)

where

¢, (a)2+a)2+§2)

sing, =
J&? +§\/ @+ -0 + (200, )
a)n(a)s+§nz—a)2)
oSy, = 2 2
w/a)f+§f\/(a)§+§n2—a)2) +(2w¢,)
- (a) + @} +4’ )
siny,, =
JE +o \/a) +¢7 - (260{“)2
oo’ -} +¢7)
cosy, =
«/§n2+a)2\/(a)§+§n2—a)2 +(20¢,)
sino, = 2%,

\/(a)ﬁ + (7 —a)z)z +(20¢, )2

and

e ')+ wsin a)t)J A,

Chapter 10

J(AnJan)

|

(10.8.8)

(10.8.9)

(10.8.10)

(10.8.11)

(10.8.12)
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2 2 2
coso, = LSl (10.8.13)

n \/(a)f +¢7 —w2)2 +(2a)§n)2

This solution displays a transient solution, w, , defined by

Tz tr( adJQ E)&
) 0 COS(Zn—l)ﬁX
Transient 1 2h

oK, (1) . . t
where % is given by (10.7.8) and UOKn(t —7)coswrdr

_ CZ
:e“"‘(— ZJA +e”( —27/” ZJBn
Transient a to 7n tow

(e .00
W, +5, —w +206,

(10.8.14)

+Pin;Kn (t—7)coswrdr
n=1

) , from (10.8.7) is given by
Transient

EJ.;K" (t—7)coswrdr

+e§“t\/( - 12)2 ” 4)2 (—mcos(wnt—qﬁn)) +—7/”_§”Bn
o, +¢—0°) + (208,

+iM’1
o, (10.8.15)
Likewise, the steady state solution is given by
e 0 2n-1)z X
w(X,t)= POZU;Kn(t —7)coswrdr j{ }cos(nT)ﬂ (10.8.16)
n=1 Steady

where, from (10.8.7),
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1 .
=———(a,coswt + wsinwt) A,
Stady O, +@

'[OtKn (t—7)coswrdr

—+

(7, coswt + wsinwt)B,

_ Ve +i)2 sin(wt+y,)(A, +B,)
\/(a)f +¢7 —a)z) +(2a)§n)2

7:+ o’

a, =&, A,
a)n
+ “n 2 cos(wt - o) oo B,
\/(a)rf+§nz—a)2) +(20¢,) @n
+iM‘1
(0]

Next, we shall present a series of plots that attempt to show the similarities and the
differences produced by the solution (10.8.6) and the inertia free solution of the same problem,
equation (9.65). As we did in Section 10.7, we shall present the results in dimensionless forms

. ow(X,t . . . tc . . . X
using M as the dimensionless distance, rd as the dimensionless time and ry as the
dimensionless distance. As explained in Section 10.7, the choice of the dimensionless time is
somewhat arbitrary given the many possible choices. The physical problem simply does not

naturally scale with this choice. It is done here so that we can make comparisons of the results

wh?

C
the dimensionless frequency. Its choice is convenient when we compare our results to those in
Section 9.6. Because the consolidation coefficient ¢ for the poroelastic materials listed in Table 1
are small and because we are typically dealing with large values of the length h the dimensionless
frequencies can be large for modest sized imposed frequencies @ . For example, if we select @ to

be the frequency associated with the choice n =1 for the third and fourth roots for Ruhr Sandstone
2

shown in Table 3 above, then @ =68.12334 yields a dimensionless frequency, % of

with inertia free results in Section 9.6. A similar issue arises with our choice of the ratio

as

approximately 1,228(10)°.

(X.t)

. . w . . . X
As in Section 9.6, we shall form plots of ™ verses the dimensionless distance H

2

) . ] t ] ) h
and the dimensionless time —; for various values of the ratio @
h

. The range of values selected
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for the dimensionless frequencies will be large enough to have actual frequencies near the smaller
natural frequencies for Ruhr Sandstone that show in Table 3.

The resulting plots of the fluid and solid displacements for several different choices of the

2
ratio are
c
Fluid Displacement Solid Digplacement Fluid Displacement Relative to Solid
Ruhr Sandstone Ruhr Sandstone Ruhr Sandstone
Inertia Included Inertia Included Ineria Included
whZrc= whZic= whZrc=

0.5 0.5 0.5

h oo terh? 2 oo tedh? e oo tesh?
Fluid Displacement Solid Displacement Fluid Displacement Relative to Salid
Ruhr Sandstone Ruhr Sandstone Ruhr Sandstone
Inertia Included Inertia Included Inertia Included
wh?ic= wh?ic= wh?ic=

0.1 0.1 0.1

teih? #h oo

toih?
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Fluid Displacement
Ruhr Sandstone
Inertia Included

wh?/c=
1

Solid Displacement
Ruhr Sandstone
Inertia Included

wh?/c=
1

Chapter 10

Fluid Displacement Relative to Solid
Ruhr Sandstone
Inertia Included
wh?/c=

1

=ih

teih? e

Fluid Displacement
Ruhr Sandstone
Inertia Included

teih?

Solid Displacement

Ruhr Sandstone
Inertia Included
wh?/c= wh?ic=
10

10

S teih?

Fluid Displacement Relative to Solid
Ruhr Sandstone
Inertia Included
wh?ic=
10

~ 0o to/h? Gl oo toih?
Fluid Displacement Solid Displacement
Ruhr Sandstone Ruhr Sandstone
Inertia Included Inertia Included
mhic= mhic=
20

o o

20

teih?

(u1 -uS) fh

2h 1o’

Fluid Displacement Relative to Solid
Ruhr Sandstone
Inertia Included
wh?ic=
20
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Fluid Displacement Solid Displacement Fluid Displacement Relative to Solid
Ruhr Sandstone Ruhr Sandstone Ruhr Sandstone
Inertia Included Inertia Included Inertia Included
mhZic= mh?ic= ah?ic=

40 40 40

Fluid Displacement Solid Displacement Fluid Displacement Relative to Salid
Ruhr Sandstone Ruhr Sandstone Ruhr Sandstone
Inertia Included Inertia Included Inertia Included
whifc= whifc= wmhiic=

100 100 100

#h 0o tefi? il 0o tefh? & oo tesh?
Fluid Displacement Solid Displacerment Fluid Displacement Relative to Solid
Ruhr Sandstone Ruhr Sandstone Ruhr Sandstone
Inertia Included Inertia Included Inertia Included
mh?ic= mh?ic= wh?ic=

300 300 300
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Fluid Displacerment Solid Displacement Fluid Displacerment Relative to Solid
Ruhr Sandstone Ruhr Sandstone Ruhr Sandstone
Inertia Included Inertia Included Inertia Included
mh?ic= mh?ic= mhZic=

a00 a00 a00

Fluid Displacement Solid Displacement Fluid Displacement Relative to Solid
Ruhr Sandstone Ruhr Sandstone Ruhr Sandstone
Inertia Included Inertia Included Inertia Included
wh?fc= mhZic= whZic=
1200000 1200000 1200000
=

w10

#h 0o tesh? h 0o teih? = 0o tedh?
Fluid Displacement Solid Displacement Fluid Displacement Relative to Solid
Ruhr Sandstone Ruhr Sandstone Ruhr Sandstone
Inertia Included Inertia Included Inertia Included
wh?ic= ah?ic= ahic=
120000000 120000000 120000000
5

2

, the

This series of figures suggests that for small values of the dimensionless frequency

solution is not unlike that of the zero frequency cases shown in Section 9.6 when the inertia is zero
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and in Section 10.8 when the imposed frequency is zero. However as the imposed frequency
increases to near the first natural frequency, o = 68.12334, the two displacements become large.
At frequencies this large, the imposed frequency is near one of the natural frequencies. This
typical resonance phenomena shows a circumstance where the inertia terms in the governing
partial differential equations significantly alter the solution.

In reference 2, Bowen and Lockett look at the zero mass case as an approximation of the
case with inertia included. They establish analytical expressions which, when satisfied, justify
neglecting the inertia. They also show analytically the large displacements illustrated in the
figures above. We shall examine some of these results later. It is interesting to numerically
illustrate the effects of inertia by constructing plots of the solutions with inertia minus the same
solutions without inertia. These difference plots illustrate differences that are not apparent in the
figures above as well as those in Sections 9.6 and 10.7. Because of the physical significance of the
relative displacements between the fluid and the solid, we shall plot these displacements with
inertia, without inertia and then for the difference between these two plots. We shall display these
plots for various external frequencies. The resulting plots are the following:

Fluid Dizplacement Relative to Solid Fluid Displacement Relative to Solid Fluid Displacement Relative to Solid
Ruhr Sandstone Ruhr Sandstone Ruhr Sandstone
Monzero Inertia Zero Inettia Inertia minus Zero Inertia
oh?ic= wh?fc= ohZic=

1] ]

x10

06 ’ 06

A bo tein? *h 0o e/
Fluid Displacement Relative to Solid Fluid Displacement Relative to Solid Fluid Displacement Relative to Solid
Ruhr Sandstone Ruhr Sandstone Ruhr Sandstone
Monzera Inertia Zero Inertia Inertia minus Zero Ineria
ohic= oh?ic= ah?ie=

01 0.1 01

#ih 0o

tesh? tc/h?



224

Chapter 10
Fluid Displacernent Relative to Salid Fluid Displacement Relative to Solid Fluid Displacement Relative to Salid
Ruhr Sandstone Ruhr Sandstone Ruhr Sandstone
Nonzero Inertia Zero Inertia Inettia minus Zero Inertia
ohtic= oh¥e= o=
1 1

1

(uf -uS) ih

(uf -uS) ih

06

05
#h bo 1o A 0o o it o toi?
Fluid Displacement Relative to Solid Fluid Displacement Relative to Solid Fluid Displacement Relative to Solid
Fuhr Sandstone Ruhr Sandstone Ruhr Sandstone
Monzero Inertia Zero Inertia Inertia minus Zero Inertia
mh3/c= mh?ic= whfc=
20 20

20

0.5
h 0o tesm? Hh o0 torh? b oo torh?
Fluid Displacement Relatrve to Solid Fluid Displacement Relative to Solid Fluid Displacement Relative to Solid
Ruhr Sandstone Ruhr Sandstane Ruhr Sandstone
Monzero Inertia Zero Inertia Inertia minus Zera Inertia
wh?fe= ahtie= ah?c=
10 10 10
; fa . e
%10

J/h
S
=
i

(uf -us) /h
(uf -us] /h

wih 0o

o’ 4 b e/’ *h b

e/
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Fluid Displacement Relative to Solid

225
Fluid Displacement Relative ta Solid Fluid Dizplacement Relative ta Solid
Fuhr Sandstone Ruhr Sandstone Ruhr Sandstone
Monzero Inertia Zero Inertia Inertia minus Zero Inertia
mh3/c= mh?ic= whfc=
20 20

20

0.5
h 0o tesm? Hh o0 torh? b oo torh?
Fluid Displacement Relative to Solid Fluid Displacement Relative to Salid Fluid Dizplacement Relative to Solid
Ruhr Sandstone Ruhr Sandstone Ruhr Sandstone
Maonzero Inertia Zero Inertia Inertia minus Zero Inertia
mhic= wh?ic= wh?fc=
40 40

40

(u1 -uS) Fh

Fluid Displacement Relative to Solid
Ruhr Sandstane

Fluid Displacement Relative to Solid
Monzera Inettia

Fluid Displacement Relative to Solid
Ruhr Sandstone Ruhr Sandstone
Zerg Inertia Inertia minus Zero Inertia
b= b= ah?fe=
100 100

100

tesh? uo

tesh?

#h

tesh?
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Fluid Displacement Relative to Solid Fluid Displacement Relative to Solid Fluid Displacement Relative to Solid
Ruhr Sandstone Ruhr Sandstone Ruhr Sandstone
Monzero Inertia Zero Inertia Inertia minus Zera Inertia
ahtic= ah?fe= oh?io=

300 300 300

Fluid Displacement Relative to Solid Fluid Displacement Relative to Salid Fluid Displacement Relative to Salid
Ruhr Sandstone Ruhr Sandstaone Ruhr Sandstone
Monzero Inertia Zero Inertia Inertia minus Zero Inertia
oh?fe= whic= whife=

a00 500 a00

Fluid Displacement Relative to Solid Fluid Displacement Relative to Saolid Fluid Displacement Relative to Solid
Ruhr Sandstone Ruhr Sandstone Ruhr Sandstone
Monzero Inertia Zero Inertia Inertia minus Zero Inertia
wh?fe= wh?fe= wh?fc=

1200000 1200000 1200000

o

(uf -uS) Ih

te/h?
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Fluid Displacemant Relative to Salid Fluid Displacemeant Relative to Salid Fluid Displacement Relative to Salid
Ruhr Sandstone Ruhr Sandstone Ruhr Sandstone
Monzero Inertia Zero Inettia Inertia minus Zero Inertia
mh?fo= ah?ic= wh?ic=

120000000 120000000 120000000
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Appendix A

(2n-1) 22

Roots of det| S2M + B,EE + an2

Q|=0
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Ruhr Sandstone

Appendix A

First Root: Second Root: Third Root: ) Fourth Root:
" ﬂn(l) =—Q, ﬂn(z) =7 ﬂn(g) =—¢, 1o, /Bn(4) =—¢, —lo,
1 -0.000001 -95745682.888539 68.12334i -68.12334i
2 -0.000012 -95745682.888527 204.37002i -204.37002i
3 -0.000034 -95745682.888504 -0.000001+340.6167i -0.000001-340.6167i
4 -0.000067 -95745682.88847 -0.000002+476.86338i -0.000002-476.86338i
5 -0.000111 -95745682.888423 -0.000003+613.11006i -0.000003-613.11006i
6 -0.000166 -95745682.888366 -0.000004+749.35674i -0.000004-749.35674i
7 -0.000231 -95745682.888297 -0.000006+885.60342i -0.000006-885.60342i
8 -0.000308 -95745682.888216 -0.000008+1021.8501i -0.000008-1021.8501i
9 -0.000396 -95745682.888124 -0.00001+1158.09678i -0.00001-1158.09678i
10 -0.000494 -95745682.88802 -0.000013+1294.34346i -0.000013-1294.34346i
11 -0.000604 -95745682.887905 -0.000016+1430.59014i -0.000016-1430.59014i
12 -0.000724 -95745682.887778 -0.000019+1566.83682i -0.000019-1566.83682i
13 -0.000856 -95745682.88764 -0.000022+1703.0835i -0.000022-1703.0835i
14 -0.000998 -95745682.88749 -0.000026+1839.33018i -0.000026-1839.33018i
15 -0.001152 -95745682.887329 -0.00003+1975.57686i -0.00003-1975.57686i
16 -0.001316 -95745682.887156 -0.000034+2111.82354i -0.000034-2111.82354i
17 -0.001491 -95745682.886972 -0.000038+2248.07022i -0.000038-2248.07022i
18 -0.001678 -95745682.886776 -0.000043+2384.3169i -0.000043-2384.3169i
19 -0.001875 -95745682.886569 -0.000048+2520.56358i -0.000048-2520.56358i
20 -0.002083 -95745682.88635 -0.000054+2656.81026i -0.000054-2656.81026i
21 -0.002302 -95745682.88612 -0.000059+2793.05694i -0.000059-2793.05694i
22 -0.002532 -95745682.885878 -0.000065+2929.30362i -0.000065-2929.30362i
23 -0.002773 -95745682.885624 -0.000071+3065.5503i -0.000071-3065.5503i
24 -0.003025 -95745682.885359 -0.000078+3201.79698i -0.000078-3201.79698i
25 -0.003288 -95745682.885083 -0.000085+3338.04366i -0.000085-3338.043661
26 -0.003562 -95745682.884795 -0.000092+3474.29034i -0.000092-3474.29034i
27 -0.003847 -95745682.884495 -0.000099+3610.53702i Appendix A
28 -0.004143 -95745682.884184 -0.000106+3746.7837i -0.000106-3746.7837i
29 -0.00445 -95745682.883862 -0.000114+3883.03038i -0.000114-3883.03038i
30 -0.004767 -95745682.883528 -0.000123+4019.27706i -0.000123-4019.27706i
31 -0.005096 -95745682.883182 -0.000131+4155.52374i -0.000131-4155.52374i
32 -0.005436 -95745682.882825 -0.00014+4291.77042i -0.00014-4291.77042i
33 -0.005786 -95745682.882456 -0.000149+4428.0171i -0.000149-4428.0171i
34 -0.006148 -95745682.882076 -0.000158+4564.26378i -0.000158-4564.26378i
35 -0.00652 -95745682.881685 -0.000168+4700.51046i -0.000168-4700.51046i
36 -0.006904 -95745682.881281 -0.000177+4836.75714i -0.000177-4836.75714i
37 -0.007298 -95745682.880867 -0.000188+4973.00382i -0.000188-4973.00382i
38 -0.007704 -95745682.88044 -0.000198+5109.2505i -0.000198-5109.2505i
39 -0.00812 -95745682.880003 -0.000209+5245.49718i -0.000209-5245.49718i
40 -0.008547 -95745682.879554 -0.00022+5381.74386i -0.00022-5381.74386i
41 -0.008986 -95745682.879093 -0.000231+5517.99054i -0.000231-5517.99054i
42 -0.009435 -95745682.87862 -0.000242+5654.23722i -0.000242-5654.23722i
43 -0.009895 -95745682.878137 -0.000254+5790.4839i -0.000254-5790.4839i
44 -0.010366 -95745682.877641 -0.000266+5926.73058i -0.000266-5926.73058i
45 -0.010848 -95745682.877134 -0.000279+6062.97726i -0.000279-6062.97726i
46 -0.011341 -95745682.876616 -0.000291+6199.22394i -0.000291-6199.22394i
47 -0.011845 -95745682.876086 -0.000304+6335.47062i -0.000304-6335.47062i
48 -0.01236 -95745682.875545 -0.000318+6471.7173i -0.000318-6471.7173i
49 -0.012886 -95745682.874992 -0.000331+6607.96398i -0.000331-6607.96398i
50 -0.013423 -95745682.874427 -0.000345+6744.21066i -0.000345-6744.21066i




Roots
Tennessee Marble
First Root: Second Root: Third Root:_ Fourth Root:
" ﬂn(l) =, IBn(Z) =7 ﬂn(S) =6, 710, ﬂnm =—c, —lo,
1 0 -197481481481.481 -83.964i 83.964i
2 -0.00000003 -197481481481.481 -251.8919i 251.8919i
3 -0.00000007 -197481481481.481 -419.8198i 419.8198i
4 -0.00000014 -197481481481.481 -587.7478i 587.7478i
5 -0.00000023 -197481481481.481 -755.6757i 755.6757i
6 -0.00000035 -197481481481.481 -923.6036i 923.6036i
7 -0.00000049 -197481481481.481 -1091.5315i 1091.5315i
8 -0.00000065 -197481481481.481 -1259.4595i 1259.4595i
9 -0.00000084 -197481481481.481 -1427.3874i 1427.3874i
10 -0.00000104 -197481481481.481 -1595.3153i 1595.3153i
11 -0.00000128 -197481481481.481 -1763.2433i 1763.2433i
12 -0.00000153 -197481481481.481 -1931.1712i 1931.1712i
13 -0.00000181 -197481481481.481 -2099.0991i 2099.0991i
14 -0.00000211 -197481481481.481 -2267.027i 2267.027i
15 -0.00000243 -197481481481.481 -2434.955i 2434.955i
16 -0.00000278 -197481481481.481 -2602.8829i 2602.8829i
17 -0.00000315 -197481481481.481 -2770.8108i 2770.8108i
18 -0.00000354 -197481481481.481 -2938.7388i 2938.7388i
19 -0.00000396 -197481481481.481 -3106.6667i 3106.6667i
20 -0.0000044 -197481481481.481 -3274.5946i 3274.5946i
21 -0.00000486 -197481481481.481 -3442.5226i 3442.5226i
22 -0.00000535 -197481481481.481 -3610.4505i 3610.4505i
23 -0.00000586 -197481481481.481 -3778.3784i 3778.3784i
24 -0.00000639 -197481481481.481 -3946.3063i 3946.3063i
25 -0.00000695 -197481481481.481 -4114.2343i 4114.2343i
26 -0.00000753 -197481481481.481 -4282.1622i 4282.1622i
27 -0.00000813 -197481481481.481 -4450.0901i 4450.0901i
28 -0.00000875 -197481481481.481 -4618.0181i 4618.0181i
29 -0.0000094 -197481481481.481 -4785.946i 4785.946i
30 -0.00001007 -197481481481.481 -4953.8739i 4953.8739i
31 -0.00001077 -197481481481.481 -5121.8018i 5121.8018i
32 -0.00001149 -197481481481.481 -5289.7298i 5289.7298i
33 -0.00001223 -197481481481.481 -5457.6577i 5457.6577i
34 -0.00001299 -197481481481.481 -5625.5856i 5625.5856i
35 -0.00001378 -197481481481.481 -5793.5136i 5793.5136i
36 -0.00001459 -197481481481.481 -5961.4415i 5961.4415i
37 -0.00001542 -197481481481.481 -6129.3694i 6129.3694i
38 -0.00001628 -197481481481.481 -6297.2974i 6297.2974i
39 -0.00001716 -197481481481.481 -6465.2253i 6465.2253i
40 -0.00001806 -197481481481.481 -6633.1532i 6633.1532i
41 -0.00001899 -197481481481.481 -6801.0811i 6801.0811i
42 -0.00001994 -197481481481.481 -6969.0091i 6969.0091i
43 -0.00002091 -197481481481.481 -7136.937i 7136.937i
44 -0.0000219 -197481481481.481 -7304.8649i 7304.8649i
45 -0.00002292 -197481481481.481 -7472.7929i 7472.7929i
46 -0.00002396 -197481481481.481 -7640.7208i 7640.7208i
47 -0.00002503 -197481481481.481 -7808.6487i 7808.6487i
48 -0.00002612 -197481481481.481 -7976.5766i 7976.5766i
49 -0.00002723 -197481481481.481 -8144.5046i 8144.5046i
50 -0.00002836 -197481481481.481 -8312.4325i 8312.4325i
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Charcoal Granite

N First Root: Second Root: Third Root: Fourth Root:
ﬂn(ﬂ =—Q, ﬂn(?\ = =7y ﬂn(?\ =G, +Ia)n ﬂn(A\ =G, _Ia)n
1 0 -197481481481.481 -77.8296i 77.8296i
2 -0.00000002 -197481481481.481 -233.4887i 233.4887i
3 -0.00000005 -197481481481.481 -389.1478i 389.1478i
4 -0.00000009 -197481481481.481 -544.807i 544.807i
5 -0.00000015 -197481481481.481 -700.4661i 700.4661i
6 -0.00000022 -197481481481.481 -856.1253i 856.1253i
7 -0.00000031 -197481481481.481 -1011.7844i 1011.7844i
8 -0.00000042 -197481481481.481 -1167.4435i 1167.4435i
9 -0.00000054 -197481481481.481 -1323.1027i 1323.1027i
10 -0.00000067 -197481481481.481 -1478.7618i 1478.7618i
11 -0.00000082 -197481481481.481 -1634.421i 1634.421i
12 -0.00000098 -197481481481.481 -1790.0801i 1790.0801i
13 -0.00000116 -197481481481.481 -1945.7392i 1945.7392i
14 -0.00000136 -197481481481.481 -2101.3984i 2101.3984i
15 -0.00000156 -197481481481.481 -2257.0575i 2257.0575i
16 -0.00000179 -197481481481.481 -2412.7167i 2412.7167i
17 -0.00000202 -197481481481.481 -2568.3758i 2568.3758i
18 -0.00000228 -197481481481.481 -2724.0349i 2724.0349i
19 -0.00000255 -197481481481.481 -2879.6941i 2879.6941i
20 -0.00000283 -197481481481.481 -3035.3532i 3035.3532i
21 -0.00000313 -197481481481.481 -3191.0124i 3191.0124i
22 -0.00000344 -197481481481.481 -3346.6715i 3346.6715i
23 -0.00000377 -197481481481.481 -3502.3306i 3502.3306i
24 -0.00000411 -197481481481.481 -3657.9898i 3657.9898i
25 -0.00000446 -197481481481.481 -3813.6489i 3813.6489i
26 -0.00000484 -197481481481.481 -3969.3081i 3969.3081i
27 -0.00000522 -197481481481.481 -4124.9672i 4124.9672i
28 -0.00000562 -197481481481.481 -4280.6263i 4280.6263i
29 -0.00000604 -197481481481.481 -4436.2855i 4436.2855i
30 -0.00000647 -197481481481.481 -4591.9446i 4591.9446i
31 -0.00000692 -197481481481.481 -4747.6038i 4747.6038i
32 -0.00000738 -197481481481.481 -4903.2629i 4903.2629i
33 -0.00000786 -197481481481.481 -5058.922i 5058.922i
34 -0.00000835 -197481481481.481 -5214.5812i 5214.5812i
35 -0.00000885 -197481481481.481 -5370.2403i 5370.2403i
36 -0.00000937 -197481481481.481 -5525.8995i 5525.8995i
37 -0.00000991 -197481481481.481 -5681.5586i 5681.5586i
38 -0.00001046 -197481481481.481 -5837.2177i 5837.2177i
39 -0.00001102 -197481481481.481 -5992.8769i 5992.8769i
40 -0.0000116 -197481481481.481 -6148.536i 6148.536i
41 -0.0000122 -197481481481.481 -6304.1952i 6304.1952i
42 -0.00001281 -197481481481.481 -6459.8543i 6459.8543i
43 -0.00001343 -197481481481.481 -6615.5134i 6615.5134i
44 -0.00001407 -197481481481.481 -6771.1726i 6771.1726i
45 -0.00001473 -197481481481.481 -6926.8317i 6926.8317i
46 -0.0000154 -197481481481.481 -7082.4909i 7082.4909i
47 -0.00001608 -197481481481.481 -7238.15i 7238.15i
48 -0.00001678 -197481481481.481 -7393.8091i 7393.8091i
49 -0.00001749 -197481481481.481 -7549.4683i 7549.4683i
50 -0.00001822 -197481481481.481 -7705.1274i 7705.1274i

Appendix A



Roots
Berea Sandstone
0 First Root: Second Root: Third Root: ) Fourth Root:
ﬂnm = —U, ﬂn(?\ =) ﬂn(’%\ =—C, + Ia)n ﬂnm =G, — Ia)n
1 -0.00041905 -1015624.531 -50.4107i 50.4107i
2 -0.00377149 -1015624.5276 -151.232i 151.232i
3 -0.01047637 -1015624.5209 -252.0534i 252.0534i
4 -0.02053369 -1015624.5108 -352.8747i 352.8747i
5 -0.03394345 -1015624.4974 -453.6961i 453.6961i
6 -0.05070564 -1015624.4806 -554.5174i 554.5174i
7 -0.07082028 -1015624.4605 -0.0001-655.3388i -0.0001+655.3388i
8 -0.09428736 -1015624.437 -0.0001-756.1601i -0.0001+756.1601i
9 -0.12110688 -1015624.4101 -0.0001-856.9815i -0.0001+856.9815i
10 -0.15127884 -1015624.3799 -0.0001-957.8028i -0.0001+957.8028i
11 -0.18480324 -1015624.3463 -0.0002-1058.6241i -0.0002+1058.6241i
12 -0.22168009 -1015624.3093 -0.0002-1159.4455i -0.0002+1159.4455i
13 -0.26190938 -1015624.269 -0.0002-1260.2668i -0.0002+1260.2668i
14 -0.30549111 -1015624.2254 -0.0003-1361.0882i -0.0003+1361.0882i
15 -0.35242529 -1015624.1783 -0.0003-1461.9095i -0.0003+1461.9095i
16 -0.40271191 -1015624.128 -0.0004-1562.7309i -0.0004+1562.7309i
17 -0.45635099 -1015624.0742 -0.0004-1663.5522i -0.0004+1663.5522i
18 -0.51334251 -1015624.0171 -0.0005-1764.3736i -0.0005+1764.3736i
19 -0.57368648 -1015623.9567 -0.0005-1865.1949i -0.0005+1865.1949i
20 -0.6373829 -1015623.8929 -0.0006-1966.0163i -0.0006+1966.0163i
21 -0.70443177 -1015623.8257 -0.0006-2066.8376i -0.0006+2066.8376i
22 -0.77483309 -1015623.7552 -0.0007-2167.659i -0.0007+2167.659i
23 -0.84858687 -1015623.6813 -0.0008-2268.4803i -0.0008+2268.4803i
24 -0.92569311 -1015623.604 -0.0008-2369.3017i -0.0008+2369.3017i
25 -1.0061518 -1015623.5234 -0.0009-2470.123i -0.0009+2470.123i
26 -1.08996295 -1015623.4395 -0.001-2570.9444i -0.001+2570.9444i
27 -1.17712657 -1015623.3521 -0.0011-2671.7657i -0.0011+2671.7657i
28 -1.26764264 -1015623.2615 -0.0012-2772.5871i -0.0012+2772.5871i
29 -1.36151118 -1015623.1674 -0.0012-2873.4084i -0.0012+2873.4084i
30 -1.45873219 -1015623.07 -0.0013-2974.2297i -0.0013+2974.2297i
31 -1.55930566 -1015622.9693 -0.0014-3075.0511i -0.0014+3075.0511i
32 -1.66323161 -1015622.8652 -0.0015-3175.8724i -0.0015+3175.8724i
33 -1.77051002 -1015622.7577 -0.0016-3276.6938i -0.0016+3276.6938i
34 -1.88114091 -1015622.6469 -0.0017-3377.5151i -0.0017+3377.5151i
35 -1.99512428 -1015622.5327 -0.0018-3478.3365i -0.0018+3478.3365i
36 -2.11246013 -1015622.4151 -0.0019-3579.1578i -0.0019+3579.1578i
37 -2.23314845 -1015622.2942 -0.002-3679.9792i -0.002+3679.9792i
38 -2.35718926 -1015622.1699 -0.0021-3780.8005i -0.0021+3780.8005i
39 -2.48458256 -1015622.0423 -0.0023-3881.6219i -0.0023+3881.6219i
40 -2.61532834 -1015621.9113 -0.0024-3982.4432i -0.0024+3982.4432i
41 -2.74942662 -1015621.777 -0.0025-4083.2646i -0.0025+4083.2646i
42 -2.88687739 -1015621.6393 -0.0026-4184.0859i -0.0026+4184.0859i
43 -3.02768065 -1015621.4982 -0.0027-4284.9073i -0.0027+4284.9073i
44 -3.17183642 -1015621.3538 -0.0029-4385.7286i -0.0029+4385.7286i
45 -3.31934468 -1015621.206 -0.003-4486.55i -0.003+4486.55i
46 -3.47020545 -1015621.0549 -0.0032-4587.3713i -0.0032+4587.3713i
47 -3.62441873 -1015620.9004 -0.0033-4688.1927i -0.0033+4688.1927i
48 -3.78198452 -1015620.7426 -0.0034-4789.014i -0.0034+4789.014i
49 -3.94290283 -1015620.5813 -0.0036-4889.8354i -0.0036+4889.8354i
50 -4.10717365 -1015620.4168 -0.0037-4990.6567i -0.0037+4990.6567i
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Westerly Granite

First Root: Second Root: Third Root: Fourth Root:
n ﬂn(l) =-Qa, /Bn(z) ==7n ﬂn(S) =G, + Ia)n ﬂn(4) =—C, |CUn
1 -0.00000001 -24591657313.8795 -75.434;i 75.434i
2 -0.00000005 -24591657313.8795 -226.302i 226.302i
3 -0.00000014 -24591657313.8795 -377.17i 377.17i
4 -0.00000027 -24591657313.8795 -528.038i 528.038i
5 -0.00000045 -24591657313.8795 -678.906i 678.906i
6 -0.00000067 -24591657313.8795 -829.774i 829.774i
7 -0.00000093 -24591657313.8795 -980.642i 980.642i
8 -0.00000124 -24591657313.8795 -1131.51i 1131.51i
9 -0.00000159 -24591657313.8795 -1282.378i 1282.378i
10 -0.00000199 -24591657313.8795 -1433.246i 1433.246i
11 -0.00000243 -24591657313.8795 -1584.114i 1584.114i
12 -0.00000291 -24591657313.8795 -1734.982i 1734.982i
13 -0.00000344 -24591657313.8795 -1885.85i 1885.85i
14 -0.00000401 -24591657313.8795 -2036.718i 2036.718i
15 -0.00000462 -24591657313.8795 -2187.586i 2187.586i
16 -0.00000528 -24591657313.8795 -2338.454i 2338.454i
17 -0.00000599 -24591657313.8795 -2489.3221i 2489.3221i
18 -0.00000674 -24591657313.8795 -2640.1901i 2640.1901i
19 -0.00000753 -24591657313.8795 -2791.0581i 2791.0581i
20 -0.00000836 -24591657313.8795 -2941.9261i 2941.9261i
21 -0.00000924 -24591657313.8795 -3092.7941i 3092.7941i
22 -0.00001017 -24591657313.8795 -3243.6621i 3243.6621i
23 -0.00001114 -24591657313.8795 -3394.5301i 3394.5301i
24 -0.00001215 -24591657313.8795 -3545.3981i 3545.3981i
25 -0.0000132 -24591657313.8795 -3696.2661i 3696.2661i
26 -0.0000143 -24591657313.8795 -3847.1341i 3847.1341i
27 -0.00001545 -24591657313.8795 -3998.0021i 3998.0021i
28 -0.00001663 -24591657313.8795 -4148.8701i 4148.8701i
29 -0.00001787 -24591657313.8795 -4299.7381i 4299.7381i
30 -0.00001914 -24591657313.8795 -4450.6061i 4450.6061i
31 -0.00002046 -24591657313.8795 -4601.4741i 4601.4741i
32 -0.00002183 -24591657313.8795 -4752.3421i 4752.3421i
33 -0.00002323 -24591657313.8795 -4903.2101i 4903.2101i
34 -0.00002468 -24591657313.8795 -5054.0781i 5054.0781i
35 -0.00002618 -24591657313.8795 -5204.9461i 5204.9461i
36 -0.00002772 -24591657313.8795 -5355.8141i 5355.8141i
37 -0.0000293 -24591657313.8795 -5506.6821i 5506.6821i
38 -0.00003093 -24591657313.8795 -5657.5501i 5657.5501i
39 -0.0000326 -24591657313.8795 -5808.4181i 5808.4181i
40 -0.00003432 -24591657313.8795 -5959.2861i 5959.2861i
41 -0.00003608 -24591657313.8795 -6110.1541i 6110.1541i
42 -0.00003788 -24591657313.8795 -6261.0221i 6261.0221i
43 -0.00003973 -24591657313.8795 -6411.8901i 6411.8901i
44 -0.00004162 -24591657313.8795 -6562.7581i 6562.7581i
45 -0.00004356 -24591657313.8795 -6713.6261i 6713.6261i
46 -0.00004554 -24591657313.8795 -6864.4941i 6864.4941i
47 -0.00004756 -24591657313.8795 -7015.3621i 7015.3621i
48 -0.00004963 -24591657313.8795 -7166.2302i 7166.2302i
49 -0.00005174 -24591657313.8795 -7317.0982i 7317.0982i
50 -0.00005389 -24591657313.8795 -7467.9662i 7467.9662i

Appendix A




Roots
Weber Sandstone
0 First Root: Second Root: Third Root: Fourth Root:
ﬂn(ﬂ =—a, ﬂn(?\ =~ ﬂn(?\ =G, + Ia)n ﬂnm = ¢, — Ia)n
1 -0.00005144 -6061920.3491 -63.7532i 63.7532i
2 -0.00046298 -6061920.3487 -191.2597i 191.2597i
3 -0.00128605 -6061920.3479 -318.7661i 318.7661i
4 -0.00252066 -6061920.3466 -446.2726i 446.2726i
5 -0.00416681 -6061920.345 -573.779i 573.779i
6 -0.0062245 -6061920.3429 -701.2855i 701.2855i
7 -0.00869372 -6061920.3404 -828.7919i 828.7919i
8 -0.01157448 -6061920.3375 -956.2984i 956.2984i
9 -0.01486677 -6061920.3342 -1083.8048i 1083.8048i
10 -0.01857061 -6061920.3305 -1211.3113i 1211.3113i
11 -0.02268598 -6061920.3264 -1338.8177i 1338.8177i
12 -0.02721288 -6061920.3218 -1466.3242i 1466.3242i
13 -0.03215133 -6061920.3169 -0.0001-1593.8306i -0.0001+1593.8306i
14 -0.03750131 -6061920.3115 -0.0001-1721.3371i -0.0001+1721.3371i
15 -0.04326283 -6061920.3057 -0.0001-1848.8435i -0.0001+1848.8435i
16 -0.04943588 -6061920.2995 -0.0001-1976.35i -0.0001+1976.35i
17 -0.05602047 -6061920.2929 -0.0001-2103.8564i -0.0001+2103.8564i
18 -0.0630166 -6061920.2859 -0.0001-2231.3629i -0.0001+2231.3629i
19 -0.07042427 -6061920.2785 -0.0001-2358.8693i -0.0001+2358.8693i
20 -0.07824347 -6061920.2706 -0.0001-2486.3758i -0.0001+2486.3758i
21 -0.08647421 -6061920.2624 -0.0002-2613.8822i -0.0002+2613.8822i
22 -0.09511649 -6061920.2537 -0.0002-2741.3887i -0.0002+2741.3887i
23 -0.10417031 -6061920.2446 -0.0002-2868.8951i -0.0002+2868.8951i
24 -0.11363566 -6061920.2351 -0.0002-2996.4016i -0.0002+2996.4016i
25 -0.12351254 -6061920.2252 -0.0002-3123.908i -0.0002+3123.908i
26 -0.13380097 -6061920.2149 -0.0002-3251.4145i -0.0002+3251.4145i
27 -0.14450093 -6061920.2041 -0.0003-3378.9209i -0.0003+3378.9209i
28 -0.15561243 -6061920.193 -0.0003-3506.4274i -0.0003+3506.4274i
29 -0.16713547 -6061920.1814 -0.0003-3633.9338i -0.0003+3633.9338i
30 -0.17907004 -6061920.1694 -0.0003-3761.4403i -0.0003+3761.4403i
31 -0.19141615 -6061920.157 -0.0004-3888.9467i -0.0004+3888.9467i
32 -0.2041738 -6061920.1442 -0.0004-4016.4532i -0.0004+4016.4532i
33 -0.21734299 -6061920.131 -0.0004-4143.9596i -0.0004+4143.9596i
34 -0.23092371 -6061920.1174 -0.0004-4271.4661i -0.0004+4271.4661i
35 -0.24491597 -6061920.1033 -0.0004-4398.9725i -0.0004+4398.9725i
36 -0.25931976 -6061920.0889 -0.0005-4526.479i -0.0005+4526.479i
37 -0.2741351 -6061920.074 -0.0005-4653.9854;i -0.0005+4653.9854i
38 -0.28936197 -6061920.0587 -0.0005-4781.4919i -0.0005+4781.4919i
39 -0.30500037 -6061920.043 -0.0006-4908.9983i -0.0006+4908.9983i
40 -0.32105032 -6061920.0269 -0.0006-5036.5048i -0.0006+5036.5048i
41 -0.3375118 -6061920.0104 -0.0006-5164.0112i -0.0006+5164.0112i
42 -0.35438482 -6061919.9935 -0.0006-5291.5177i -0.0006+5291.5177i
43 -0.37166938 -6061919.9761 -0.0007-5419.0241i -0.0007+5419.0241i
44 -0.38936547 -6061919.9584 -0.0007-5546.5306i -0.0007+5546.5306i
45 -0.4074731 -6061919.9402 -0.0007-5674.037i -0.0007+5674.037i
46 -0.42599227 -6061919.9216 -0.0008-5801.5435i -0.0008+5801.5435i
47 -0.44492297 -6061919.9026 -0.0008-5929.0499i -0.0008+5929.0499i
48 -0.46426521 -6061919.8832 -0.0009-6056.5564i -0.0009+6056.5564i
49 -0.48401899 -6061919.8634 -0.0009-6184.0628i -0.0009+6184.0628i
50 -0.50418431 -6061919.8431 -0.0009-6311.5693i -0.0009+6311.5693i
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Wave number, 130, 135

Waves, 97, 99, 101-103, 105, 107, 109, 111,
113, 115, 119, 121-123, 125, 127, 130, 135,
137, 139, 143, 145, 147

Weber Sandstone, 96-97, 109, 120, 235
Weighted, 10

INDEX

Well, 1, 63, 78, 101, 223

Westerly Granite, 96-97, 109, 120, 234
Young's modulus, 92

Zero mass, 223
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