TR- 103
1980

4

Texas Water
Resources Institute

make every drop count

Optimal Use of Groundwater and Surface Water to
Reduce Land Subsidence

G. Acosta-Gonzalez
D.L. Reddell

Texas Water Resources Institute

Texas A&M University



RESEARCH PROJECT COMPLETION REPORT

Project Number A-038-TEX

(July 1, 1976 - December 31, 1978)

Agreement Numbers

14-34-0001-7091
14-34-0001-7092
14-34-0001-8046
14-34-0001-9046

OPTIMAL USE CF GROUNDWATER AND SURFACE WATER
TO REDUCE LAND SUBSIDENCE

Gilberto Acosta-Gonzalez

Donald L. Reddell

The work on which this publication is based was
supported in part by funds provided by the 0Office of
Water Research and Technology {Project A-038-TEX),
U. S. Department of the Interior, Washington, D.C.,
as authorized by the Water Research and Development
Act of 1978.

Technical Report No. 103
Texas Water Resources Institute
Texas A&M Unilversity

August 1980

Contents of this publication do not necessarily
reflect the views and policies of the Office of Water
Research and Technology, U. S. Department of the Imterior,
nor does mention of trade names or commercial products
constitute their endorsement or recommendation for use by
the U. §. Government.



ii

ABSTRACT

Optimizing Water Resource Development to Reduce
Land-Surface Subsidence
by
Gilberto E. Acosta-Gonzalez
and

Donald L. Reddell

An optimization model was developed to allocate surface and
groundwater resources under various water management policies
which might be implemented to control land-surface subsidence.
This model allocated the water resources of a region so that the
overall cost of water development and land-surface subsidence
was minimized. To use this model, a hydrologic model was devel-
oped to predict the piezometric heads in sand and clay layers
caused by groundwater pumpage. A compaction, or subsidence model,
used the resulting piezometric heads from the hydrologic model to
predict land-surface subsidence. A linear programming model was
then developed to optimally allecate ground and surface water
resources within a region so that the cost of water and land subsi-
dence was minimized.

Using data from the land-subsidence area at Houston, Texas,

a conceptual two-dimensional, vertical geologic profile was devel-
oped to describe the aquifer-aquitard system in the Houston area,
This conceptual geologic profile was composed of a constant head
boundary at the top, three layers of clay, two layers of sand,

three layers of clay, two layers of sand, and one no-flow layer at



the bottom., TField values for hydraulic conductivity, specific
storage coefficient, pumpage rate, and initial piezometric head
were used in the hydrologic model.

Successive applications of the hydrologic and compaction
models were made over a 10 year period for varying groundwater
withdrawal rates. This information was used to develop a series
of subsidence-pumpage curves for each of 15 surface grid points.

The optimization model was independent of the hydrologic and
compaction models, and independent of the grid dimensions and shape.
Because the resulting subsidence-pumpage curves were non-linear,
separable programming was used to approximate the subsidence-
pumpage curves as the sum of a set of linear functions. Thus, a
linear programming formulation of the optimization problem could
be used.

Three basic water use policies were evaluated and compared.
Water-Use Policy I allowed groundwater pumpage to occur at each
point in the model. Water-Use Policy II imposed a social constraint
that no groundwater could be withdrawn from three of the grids.
Water-Use Policy II-A was similar to Policy IT, except that the
maximum volume of groundwater that could be pumped from an area
with a low subsidence cost was greatly increased.

Within the restrictions established for water demand, water
availability, water cost, subsidence cost, and the social cost of
subsidence, the optimization model allocated the surface and ground-
water resources to various sections of the region. Other water
management policies, besides those considered in this study, can be

easily evaluated using this model.
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Parametric analysis was used to study the effects on the op-
timal allocation when the coefficients in the objective function
or the right hand side of the constraints were changed individually
or simultaneously. This procedure allowed a systematic analysis
to be made of the changes in the optimal scolution caused by increased
water cost, increased water demands, the volume of the surface water

reserve, and the groundwater avallability throughout the region.
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OPTIMAL USE OF GROUNDWATER AND SURFACE WATER
TO REDUCE LAND SUBSIDENCE

Gilberto Acosta-Gonzalez and Donald L. Reddell

CHAPTER T
INTRODUCTION

To obtain an adequate supply of water, many regions of the world
have continually increased their use of groundwater. In several of these
areas, increased groundwater pumpage has caused land-surface subsidence.
In a few select areas, such as Houston, Texas, land surface subsidence
caused by groundwater withdrawals has become a critical economic, social,
and political issue.

Groundwater pumpage reduces water levels and water pressures in an
aquifer. The reduction in water pressure causes a corresponding increase
in the effective pressure on the porous media matrix. A coarse-grained
matrix such as a sand or sandstone will respond to this pressure shift
immediately, and water is released from storage in the aquifer without
any notable compaction. A fine-grained matrix, such as clay or shale,
will react more slowly to the pressure shift and will undergo compaction.
When the clay compresses, water is expelled from the clay pores and
drained either upward or downward from the clay layer. As the clay under-
goes the consolidation process, the thickness of the clay layer is reduced.
The reduction in clay thickness is reflected at the land surface as land
subsidence. Two related problems of interest also occur: (1) in a fine
grained rock, the total volume of subsidence corresponds closely to the

total volume of water removed from the rock and (2) the time rate of land

subsidence corresponds to the time rate of flow of the rocks [Domenico, 1976].



In many areas, land subsidence has caused enormous physical and
economic damage to public and private property. In particular, many
sea coast communities, once safe, are now subject to flooding from
high tides and hurricanes. 1In Houston, Texas, an entire residential
community is being abandoned because land subsidence has literally
made the area part of a hay.

To prevent land-subsidence, groundwater pumpage must be halted.
However, if groundwater pumpage is halted, then alternate sources of
water such as surface water must be made available to the community.
Another alternative is to transport groundwater from areas with a small
land subsidence cost to areas with a large land subsidence cost. The
objective would be to optimally allocate the water resources available
to a regicn so that the cost of land subsidence is minimized for the
entire region.

Using a basic equation for the flow of fluids through a porous
media and Terzaghi's theory of one-dimensional consolidation, land sub-
sidence can be simulated and predicted using numerical techniques,
Results from the land-subsidence simulation can then be utilized in an
optimization model, and the water resources of a region allocated to
assure a minimum water cost to the region, Use of the combined numerical
and optimization models, will allow various groundwater management alter-

natives for controlling land subsidence to be fully evaluated.



Objectives

The overall objective of this research was to develop an optimi-
zation model which would allocate surface and groundwater resources
under various management techniques so that the regional cost of land
subsidence is minimized. Specifically, the research had the following
objectives:

(1) Develop a numerical model for evaluating water pressure

distributions in a multiaquifer system;

(2) Develop a numerical model for predicting land-surface

subsidence using water pressure distributions obtained
from objective 1; and

(3) Develop an optimization scheme to allocate the surface

and groundwater resources of a region so that the cost

of land-surface subsidence is minimized.

Methods of Investigation

The techniques of this investigation were aimed at using the computer
as a model simulator. The differential equation describing one-phase fluid
flow in a saturated porous media was developed and written in an implicit
finite difference form and solved using Gauss elimination to give a distri-
bution of the piezometric water heads at any time caused by various ground-
water management programs,

Using the water pressure distributions to calculate effective pressure,
the compaction of the various clay layers was calculated using Terzaghi's

theory of consolidation, The consolidation model keeps a record of the



consolidation history, and evaluates the amount of consolidation occur-
ring at any time under various pumpage conditions. Using cost coeffi-
cients (dollars per meter of subsidence), the resulting clay compaction
was transformed into a dollar value and a curve of subsidence cost ver-
sus pumpage was prepared. These curves were then approximated using
linear functions so that the objective function could be minimized by
linear programming techniques. Water demands and surface water reserves
were used as constraints. To analyze the changes in optimality and the
feasibility of solutions, parametric analysis was performed.

Field data from Houston, Texas were used to prepare a semi-hypothe-
tical land subsidence region. The region was a two-dimensional, verti-
cal strip which was divided into alternating layers of sand and clay.
Field wvalues of hydraulic conductivity and the coefficient of storage
were smoothed considerably for use in the model, The utility of using
the cptimization model to allocate surface water and groundwater was

illustrated using this semi-hypothetical region.



CHAPTER I1I

LITERATURE REVIEW

The literature concerning this research covers many topics. For
purposes of presenting a summary of the available knowledge, the liter-
ature search was divided into 5 topics: (1) theoretical analysis,

(2) mathematical modeling and simulation, (3) optimization techniques,
(4) economic impact of land surface subsidence, and (5) legislation on

land subsidence.

Theoretical Analysis

Early in this century, confined aquifers were believed to be rigid,
imcompressible bodies. Consequently, changes in water pressure were not
accompanied by changes in pore volume. While studying the effects of the
discharge of flowing wells on the piezometric head in the Dakota sandstone,
Meinzer [1928] concluded that the water discharged from wells was largely
derived locally from storage within the aquifer. He found that the volume
of water pumped from the aquifer could not be accounted for by the com-
pressibility of water alone; but that it might be accounted for by consid-
ering the sandstone itself to be compressible. Meinzer [1928] suggested
that the properties of compressibility and elasticity are very important
considerations in aquifers with low permeabilities, slow recharge rates,
and large piezometric heads.

Theis [1935] extended Meinzer's concepts of aquifer compressibility.
Using an analogy between the laminar flow of water through the interstices
of a porous material and the flow of heat through a solid media, Theis [1935]

derived a relationship between the lowering of the piezometric surface and



the rate and duration of discharge from a well. 1In this relationship,
the concept of an aquifer storage coefficient was first introduced.

The aquifer storage coefficient implies that a specific volume of water
is instantaneously released from storage in the aquifer for each meter of
decline in the piezometric water level. This water is derived from the
elastic compression of the water-bearing beds and the expansion of the
water confined in the pores of the rock.

In addition to Theis' {1935] observations, Jacob [1940] noted that
the chief source of water derived from storage in an artesian aquifer is
the contiguous clay or shale beds within a sandstone aquifer. Because of
the low permeability of clays or shales, there is a time lag between the
lowering of the piezometric head within an aquifer and the appearance of
the water released from storage within the clays or shales. Assuming
that the stored water is released immediately following a decline in
the piezometric head and that the rate of water release is directly pro-
portional to the rate of decline in the piezometriec head, Jacob [1940]
derived what he called the fundamental differential equation for the flow
of a compressihle viscous liquid to a well in an elastic artesian aquifer.

This equation is of the form

dhy . _2.8%h, _ x?S 3h
TG G = T G @
where
r = radius from well (L)},
h = piezometric head (L),
§ = coefficient of storage (-),

K = hydraulic conductivity (LT !),



g
1l

aquifer thickness (L}, and

t
H

time (T).

A major contribution to understanding the behavior of aquifer-
aquitard systems was incorporating the concept of the release of water
from compressible confining layers into the equations describing unsteady
flow of groundwater to a discharging well [Hantush, 1960; 1964]. 1In these
works, Hantush defined and analyzed the concepts of storativity and coeffi-
cient of storage for aquifers.

Lohman [1961] reviewed the concepts of an elastic artesian aquifer
and analyzed the equation developed by Jacob [1940] which defined the

coefficient of storage, i.e.,

s = v¢m{%+¢%] (2)
W 8
where
S = coefficient of storage (*),
m = aquifer thickness (L),
¢ = porosity (),
y = specific weight of water (FL™3)
EW = bulk modulus of elasticity for water (FL_Z),
ES = bulk modulus of elasticity for the aquifer
(FL_Z), and
b = the fraction of the aquifer area that responds

elastically (+).

Combining Hooke's law of elasticity with equation (2), Lohman [1961]
proposed an equation for determining the amount of elastic subsidence

or compression.



where

Am

Ap

Equation (3) only

it

Am = Ap(%— $mB) (3)

1 231
= (L°F™4)

s
the reduction in aquifer thickness or the amount
of elastic subsidence (L), and

a given decline in artesian pressure (FL72).

gives the elastic subsidence, and this is small in

many areas when compared to the greater subsidence caused by the plas-

tic deformation of the associated clays.

Poland [1961] also reviewed Jacob's [1940] work and agreed that,

due to the presence of clays, equation (2) should be written as:

where E

i b

[
w “

modulus of compression for clay beds (FL™2), and
a dimensionless number that depends largely on
the thickness, configuration, and distribution

of the intercalculated clay beds (+).

Equation 4 takes care of the time-lag between the lowering of

the water pressure within the aquifer-aquitard system and the appear-

ance of that part of the water which is derived from storage in the

aquitards. Poland applied the equation to the Los Banos-Kettleman city

area in California, and calculated wvalues for the three components in

the brackets of equation (4). He found that the stored water released

by compaction from clay beds was about 50 times greater than the volume



of water released by elastic expansion of the water and elastic compres—
sion of the aquifer. Poland also noted that the volume of stored water
yvielded by the clays was only large during the initial decline in arte-
slan pressure when the clays were not preconsolidated.

A major contribution to the understanding of the consolidation
process was made by Terzaghi [1925], and is referred to as the one-
dimensional theory of consolidation. The theory was based on the fol-
lowing assumptions: (1) homogeneous soil; (2) complete saturation;

(3) negligible conpressibility of the soil grains and water; (4) one-
dimensional compression; (5) Darcy's Law is wvalid; (6) one-dimensional
fluid flow; (7) constant coefficient of compressibility; (8) constant
hydraulic conductivity; (9) constant layer thickness; (10) at all times

p = p' + u, where p = total pressure, p'

= grain or effective pressure,
and u = hydrostatic water pressure; and (11) the idealized relationship
between effective pressure and voids ratio shown in Figure 1 is wvalid.
These assumptions are not fully met in nature, but are correct in
many laboratory analysis., The first three assumptions are commonly used
when analyzing most groundwater problems., The validity of the fourth and
sixth assumption 1s questionable under most natural conditions. The fifth
assumption is accepted with little question for most groundwater flow
fields. Assumptions seven, eight, and nine introduce some errors, but it
is believed that in most instances these errors are of minor importance.
Assumption ten is of primary importance for understanding the consolidation
process. Assumption eleven is a major limitation of the theory. It is

highly idealized, but a more correct relationship would make the analysis

excessively complex, expecially when studying natural problems.
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Figure 1. Idealized relationship between effective
pressure and voild ratio.

According to the Terzaghi Theory [Terzaghi, 1948], immediately upon
applying an increment of load, p' - pé (see Figure 1), the entire incre-
ment is registered as a hydrostatic pressure (uo) in the pore water of
the soil, The soil structure cannot take any of the load until it has
experienced some compression, and the soil structure cannot experience any
compression until some water has been squeezed from the soil.

An interesting mechanical analogy, shown in Figure 2, was proposed by
Taylor [1948] for a better understanding of the consolidation process. In
this analogy, a spring represents the compressible soil skeleton for a

mass of saturated soil, and water in a cylinder represents the water im

in the soil pores. A similar analogy could also be applied to the



*[8%67 ‘aoTLe1] STTes pojeinies uyl ssoooxd
UoT1EPITOSUCD 3yl jo LFo[BUBR TEOTUERYIDW 8,10TAe], 7 2an31g

11

NOILYO IT0SNOD 40 3IOVINIOH3Id
%001 %62, %05 %52 %0 . %0

878 Ry > Ho2>T BNk IS
. : M A7 el s o S22 2
* 4 .. .”...ﬂ% .... T ”“ .. l.-t - = M. .||“ ll IH ‘._ == l...i...“
g M A B 7 . I e |- P
AL RE SIEUN O T Ny Y St A5 e
<] toz} | A RS _WK = w\ 4 N S

0z 5t | . . O} " s - - 0 . 0 0
ON 1¥ds 9N tdds ON 1YdS ON1ddS. ONIHdS ‘ONIHdS ONIHds

0 g _ oL S1 0z 0% 0
HI LY M HILYM HILVYM L H3LVYM BILVYM HILVM I LV M

A9 A3 1YY4V¥D SgNnod



12

expansion process.

Lowe [1974] modified the unique relationship between void ratio
and intergranular pressure presented in Terzaghi's theory of consolid-
ation, and presented a third variable (the rate of strain) to describe
the consolidation process. Instead of the single curve of void ratio
versus intergranular pressure given by Terzaghi's theory, Lowe's modi-
fication gives a family of curves; one for each value of the rate of
strain.

The differential equation describing the comnsolidation process
resulting from linear drainage has been presented many times [Jumiskis,

1962]. Based on Darcy's Law and the continuity condition, the equation

is
Ju 52u
3t cv 3z 2 (5)
where
u = water pressure (FL—Z),
c, = coefficient of comsolidation (L2T"1),
z = depth coordinate (L), and
t = time {(T).

Domenico and Mifflin [1965] emphasized that the concept of effective
stress is essential for an understanding of natural consolidation process
such as land-surface subsidence. The Terzaghi theory of consolidation
notes that two stresses exist in porous water-filled sediment: (1) pres-
sures in the solid phase (points of contact of individual grains) and

{(2) pressures in the water contained in the pores of the soil. The for-

mer are referred to as intergranular pressures or effective stresses and
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the latter are referred to as pore-water pressures or natural stresses.
Natural stresses act on all sides of granular particles, but do not
cause the particles to press against each other nor to appreciably deform.
Thus, all measurable compaction is primarily due to changes in effective
stress.

The = differential equation describing effective stress as a function

of time and space is [Helm, 1974]

1 2.1
where
p' = effective stress (ML_IT_Z),
t = elapsed time (T},
K = hydraulic conductivity (Lt 1Y,
SS = coefficient of specific storage (L !}, and
z = depth into the aquifer (L)}.

In one-dimensional consolidation theory, the z coordinate is measured
downward from the surface of the clay. The total thickness of the clay
layer is designated as 2H. The boundary conditions for the case of one-
dimensional consolidation are as follows: (1)} there is complete drainage
from the top of the layer, (2) there is complete drainage from the bottom
of the layer, and (3) the initial neutral pressure is equal to the inter-
granular pressure increment (Figure 3). Mathematically, these can be expressed

as;

p'(2H,t) 0,

| v

Py @t

p'(0,t) Py @t >0, and
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. Py7Py
p'(t,0) = o Az + P, @t=20

The solution of equation (6) subject to these boundary conditions
determines the degree of consolidation. As expressed by Terzaghi and
Peck [1948],

a(® = £(T) (7)
where

Tv = a dimensionless time factor = N (8)

For every open clay of thickness 2H, the relationship between u(Z) and

Tv is determined by a curve which changes for different conditions of
loading and drainage. Domenico [1972] pointed out the importance of the
one-dimensional flow equation for analysis of land subsidence problems.
For additional information on the consolidation process the reader is
referred to Jumiskis [1962], who presented a very complete analysis of the

consolidation process,

Mathematical Modeling and Simulation

During the past decade, two symposiums on land-surface subsidence
were held; one in 1970 at Tokyo, Japan, the other in 1976 at Anaheim,
California, U.S.A. These two events greatly expanded the existing liter-
ature on land-surface subsidence, especially in the areas of mathematical
modeling and simulation. Many approaches have been taken to model the
phenomenon of land-surface subsidence, including analog models, numerical
models, statistical models, and others. At this time, almost all of the
mathematical models deseribing land-surface subsidence are direct appli-

cations of the Terzaghi conmsolidation theory, and are based on a solution
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of the one-dimensional flow equation. Only the models and examples
relevant to this research are presented in this section.

Predicting land subsidence from groundwater withdrawal rates
requires that a two or three dimensional hydrologic model based on stan-
dard groundwater flow equations be coupled with a consolidation model,
The hydrologic model predicts the change in piezometric head in time
and space caused by groundwater withdrawals., The changes in piezometric
head are then used to calculate the time dependent consolidation curve
at any point in the system [Gambolati and Freeze, 1973]. This approach
links the fluid flow field {(two or three dimensional)with a one dimen-—
sional vertical deformation model., A necessary assumption for one dimen-
sional vertical deformation is that horizontal deformation is absent.

A complete analysis of land subsidence requires an evaluation of
the three-dimensional deformation field which accompanies the three
dimensional flow field., Biot [1941, 1955] presented such an approach.
The rigor of Biot's model, the number of parameters required for its use
in a realistic geologic configuration, and the limitations in computer
storage capacity and time have reduced the usefulness of Biot's model
in applied problems [Gambolati and Freeze, 1973].

An alternative to Biot's rigorous three-dimensional stress field is
the use of a pseudo-three dimensional approach. This approach assumes
that displacements only occur in the vertical direction, and that total
stresses do not change in the vertical direction. Bredehoeft and Pinder
[1970] successfully used such an approach to analyze the response of an

aquifer to various hydrologic stresses. They used an implicit finite
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difference technique, in which several aquifers were coupled through
intervening aquitards with a leakage term. Fluid flow was horizontal
in the aquifers and vertical in the aquitards., Pinder and Gray [1977]
proposed a solution using finite element techniques. Sandhu and Wilson
[1969] and Neuman and Witherspoon [1970] also developed models using
finite element techniques. Previously, Neuman and Witherspoon [1969]
presented an analytical solution for a two-aquifer, one-aquitard system.
However, real field problems are so complex that most analytical solutions
are not feasible.

A two-dimensional vertical subsidence model was developed to simu-
late subsidence in Venice, Italy [Gambolati and Freeze, 1973; Gambolati
et al,, 1974], 1In this model, a two-dimensional, radial flow equation
(hydrological model) was solved by finite element techniques to obtain
water table (piezometric) drawdowns caused by groundwater pumping. The
subsidence model, based on a one-dimensional form of the flow equation,
was solved using an implicit finite difference technique. In the sub-
sidence model, the upper and lower boundary conditions consisted of an
annual stepwise representation of the changes in hydraulic head determined
from the hydrologic model, Since Gambolati's model coupled the variatioms
in hydraulic head in space and time with a one-dimensional consolidation
model, he stated that his model was more complete than models entirely
based on Terzaghi's theory of consolidation. From a mathematical point of
view, some limitations to Gambolati's approach were suggested by Smith
[1971]. 1In his solution, Gambolati neglected the nonlinearity of com-

pressibility over small pressure changes. To handle the irreversibility
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of the compaction process, Gambolati introduced two values of compress—
ibility; one for compaction and the other for expansion. This model was
successfully verified against field data from Venice, Italy. Due to
decreases in groundwater pumpage, the piezometric heads in the area
have increased and the land surface has rebounded slightly,

A simpler approach than Gambolati's was made by Helm [1974, 1975a,
1975b]. Helm's model essentially used Terzaghi's theory of consoli~
dation. The one-dimensional equation of flow was solved using finite
difference techniques to get successive new water pressure in the aqui-
tards., Two models were studied by Helm; one is stress-dependent, (i.e.,
non-linear coefficients) and the other independent of stress (i.e.,
linear coefficients). In both models, the concept of preconsolidation
pressure in fine-grained beds was applied to distinguish between present
effective stress and past maximum effective stress. Helm concluded that
the linear model was less time consuming, easier to work with, and nearly
as accurate as the non~linear model, An important feature of Helm's
approach was the concept of equivalent bed thickness, Under a given
applied stress, thin beds reach 100 percent consolidation sooner than
thick beds. Thus, the thickness of the various clay beds is important
for an analysis of land subsidence. To calculate the cumulative compac-
tion from a large number of clay beds would require excessive computer
time. Using Helm's equivalent bed thickness, a single idealized clay
bed can be used in place of the several real clay beds, and the calcu-
lated compaction would be proportional to that obtained by summing the

compactions obtained from a number of actual beds. This saves computer

time and makes the model more efficient. The formula for calculating
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an equivalent bed thickness is:

N o, 1/2
b' equiv. = 24 I|— I/N (9)
o . 2
i=1
where
= i R .th .
b0 = 1dinitial thickness of the i~ aquitard,
i
N = the number of aquitards, and
bé equiv. = the equivalent thickness of the aquitard.

Both of Helm's models (the linear and nonlinear) were calibrated
with data from the San Joaquin Valley in California. A mean error of
less than two percent was obtained between predicted and observed values
of subsidence, while a maximum deviation of less than seven percent was
observed between individual values of subsidence.

Although several models describing land subsidence are available,
attempts to forecast the subsidence resulting from different rates of water
withdrawal are virtually nil. Consequently, no attempts have been made to
determine the optimal amounts of water withdrawal to reduce subsidence;
even though this has been suggested as a matter for further research by
many people, Another problem which has been suggested for further researxch
is to analyze the compaction resulting from seasonal variations in piezo-
metric head. It has been suggested that subsidence would progress because

of such fluctuations.

Optimization Techniques

No direct applications of optimization techniques te land-surface sub-

sidence were found in the literature. However, numerous applications of



optimization techniques to other water resource development problems
have been used, and they are available for developing an optimization
procedure for land subsidence problems. Linear programming, non-linear
programming, dynamic programming and other mathematical techniques have
been extensively applied to water development problems,

During the last decade, many water problems have been studied
using a systems analysis approach. One of the first treatises on water-
resource systems [Mass et al. 1966] noted the necessity of a systematic
and economical approach to the analysis of water problems. Mass et al.
{1966] gave a detailed description of the applicability of dynamic pro-
gramming in analyzing the conjunctive use of surface water reservoirs
and groundwater. Dracup [1966] applied parametric linear programming
to obain an optimum use for a groundwater and surface water system,
Burt [1967] used quadratic criterion functions to solve groundwater man-
agement problems.

A complete analysis of water resource problems from a systems point
of view was presented by Hall and Dracup [1970]. They defined briefly,
but precisely, all the concepts required to understand mest of the
methods and approaches used in water resource systems engineering. Excel-
lent example problems and references were given.

Haimes [1970] presented an overall picture of system analysis, and
then discussed the mathematical programming methods avaiiable. Buras
{19721 provided a detailed discussion of the methodologies available for
optimally allocating water resources. Buras [1972] also presented exam-
ples of the use of linear programming as applied to optimization problems

on water quality management, aquifer management, and the design and
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operation of reservoirs. In addition, Buras [1972] illustrated the use of
dynamic programming, monte carlo simulation, generation of synthetic hydro-
logical data, and the use of stochastic techniques in water resource inves-
tigations. |
Domenico [1972] analyzed many of the previously used concepts, and
showed how and when the mathematical programming methods (linear program-
ming and dynamic programming) should be used. Domenico [1972] stressed that
a close relationship with economic concepts must be maintained and that clear
objectives are an absolute necessity for the success of systems analysis.
Aguado and Remson [1974] used groundwater variables directly as decision
variables in a linear-programming management model, TFinite difference appro-
¥imations of the governing differential equations were used as constraints
in the linear programming formulation. Aguado et al. [1974] applied the
same model to obtain optimal pumping rates for dewatering a construction site.
Stochastic programming [Chow, 1970; Curry, Helm and Clark 1972} and
game theory [Clyde, 1970] have also been used to study water allocation pro-
blems. Also, parametric programming and quadratic programming have been
used to formulate water management problems [Meier, Helm and Curry, 1973].
An extensive analysis of the applicability of geometric programming to water
resource system optimization was made by Meier, Shih, and Wray [1971].
Separable programming was used to optimize and forecast alternatives for
water supply allocation in extensive areas of Venezuela [Dérédec et al.,
1975]. Howe [1976] made a valuable introduction to economic modeling by
suggesting some approaches for evaluating the social aspects of water
resource development.

Taha [1971] described several methods of operation research which are
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available. 1In particular, Taha [1971] described the procedures and
advantages of parametric linear programming, a technique which was

used extensively in this research.

Economic Impact of Land-Surface Subsidence

The economic impact of land-surface subsidence has been given some
consideration, but detailed economic analysis of land subsidence is
lacking. The economic impact depends on the characteristics of the
subsidence area and property values. The threat to human life may be
a consideration in some cases, Literature on the economics of land sub-
sidence is notably lacking. Only one paper on economics [Jones, 1976] was
presented at the last International Symposium on Land-Surface Subsidence
in December of 1976,

Dramatic cases of land subsidence caused by groundwater with-
drawals have been reported in Long Beach Harbor, California [Poland and
Davis, 1956; Poland, 1961; IASH, 1976]; the Texas Gulf Ccast [Winslow
and Wood, 195%; TASH, 1976]; Savannah, Georgia [Davis et al., 1963;

TASH, 1976]}; Las Vegas, Nevada [Domenico et al., 1965]; and the San
Joaquin Valley in California [Helm, 1974]. Arocund the world, the most
prominent land subsidences sites are Tokyo, Japan [IASH, 1970; IASH, 1976];
Venice, Italy [IASH, 1976}; and Mexico City, Mexico [Cuevas, 1936; IASH,
1976].

In the Houston, Texas area, several valuable studies of land subsi-
dence have been made. Gabrysch and Bonnet [1975] described in detail
the land subsidence problem in the Houston region, and located the most
critical areas of subsidence., Previously, Winslow and Wood [1959] ana-

lyzed the subsidence problem caused by excessive groundwater pumpage in
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the Houston area.

Warren et al. [1974] surveyed a 300 square mile subarea within the
3000 square mile area affected by land subsidence around Houston, Texas.
Using a questionnaire method, they estimated that land subsidence caused
an estimated $113 million in damages between 1943 and 1973. They also
estimated that $53 million in damages were caused by a six feoot tide which
occurred during tropical storm Delia in 1973. A projection of their esti-
mates indicated that similar tides would cause a loss of $27 million every
five years for each foot of subsidence, and that non-tidal damages would
add an additional $13 million every five years per foot of subsidence.

Jones and Larson [1975] used the method of Warren et al. [1974] in
more detail, and estimated an annual cost and property value loss of over
$32 million per year in a 945 square mile subsidence area near Houston,
Texas. They confirmed that losses would be greater in the waterfront areas
along the bays. Finally, they used a break-even analysis to estimate the
public needs for dimportation of surface water, which would reduce the total
water cost to the Houston area,

No attempts to forecast the long-term economical effects of different
groundwater management alternatives have been made. Also, social factors
have not been included in the economic evaluations of land-surface subsi-
dence. However, Warren et al, [1974] and Jones and Larson [1975] classi-
fied data on volumes of water comsumption per area and per type of user.
This information is indispensable before attempting any consideration of
social problems associated with land subsidence. Andrews [1970) made an
interesting analysis of social issues in water resource development, and

gave enlightening ideas for a socio-economic approach to the problem. New
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estimates of economic losses caused by land subsidence in the Houston
area are expected after a programmed releveling survey by the National

Geodetic Survey is completed [Spencer, 1977].

Legislation on Land Subsidence

Legislation to control subsidence is a much discussed topic. 1In
both surface water and groundwater management, existing laws create con-
flicting situations. Biswas [1976] analyzed groundwater rights all over
the United States, and noted the many problems which exist with ground-
water development. Two contrasting doctrines of law were found: (1) the
common law which has the basic premise that groundwater is the absolute
property of the underlying land owner, in perpetuity; and (2) the doctrine
of prior appropriation which has the basic premise that groundwater is the
absolute property of the state and the individual appropriates a right
to use for beneficial purposes a specified quantity of groundwater in
perpetuity. Texas uses the common law doctrine.

Froma legislative point of view, Radosevich and Sabey [1977]
explored the conflict created by a reallocation of water from some users
to others. They emphasized the case of the public trust doctrine, which
limits private property rights and protects and strengthens social rights.

Using the San Joaquin Valley, California as a model, Singer [1976]
presented the following views: (1) subsidence related to man's activities
should be subject to regulation of some kind, including pecuniary liabi-
lity for causing damage to another's property and the injunctive process;
(2) land subsidence creates an environmental impact and should be recog-

nized as a form of pollution so that state and federal governments could
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require preparation of environmental impact statements prior to under-
taking any groundwater development; and (3) the federal congress and state
legislatures should be made aware of the extent of the damage caused by
subsidence, both physical and monetary.

In 1975, the Harris—Galveston County Subsidence District was created
to study subsidence and develop rules and regulatioms concerning with-
drawals of groundwater to control land subsidence in Harris and Galveston
counties, Texas [Spencer, 1977)]. This district has had a great impact
on groundwater management in the Houston area. Brah and Jones [1978]
working on the Upper Galveston Bay Region of Texas, made a detailed analysis
of alternative arrangements of legal, economiec, and political institutions
with the capacity and ability to manage water resources to abate and control

land subsidence.
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Conclusions

From the preceding literature review on land-surface subsidence

caused by groundwater withdrawals, the following facts were revealed:

1.

The present knowledge on land subsidence, from a theoretical
point of view, is greatly advanced and detailed, so that
applied studies are feasible and should constitute the main
core of any work presently being done on land subsidence.
Mathematical modeling has been developed from many points

of view, and the prediction of land subsidence is possible
with a considerable degree of accuracy.

Because of the lack of detailed economic information in

areas affected by land-subsidence, the application of
operation research techniques is difficult. More work on
evaluating the economic impact of land subsidence is needed.
Good legislation on land-surface subsidence as a water manage-
ment problem is impossible without a solid basis for decision
making. This basis should be provided by studies of the sub-
sidence problem using system analysis.

With sufficient economic and hydrologic information, the land
subsidence problem can be mathematically formulated and simu-
lated. Different policies of water management can then be

tested, economically studied, and an optimum policy obtained.
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Chapter ITI
MATHEMATTCAL AND NUMERICAL MODELS

The formulation of an optimization scheme to reduce land-surface
subsidence requires that values of piezometric head (or water pressure)
and land subsidence be predicted as functions of space, time, and
amount of groundwater withdrawn. Consequently, three different models
must be solved successively. First, a hydrologic model is used to
predict the piezometric head (water pressure) within the aquifer-
aquitard system. In the present study, a two-dimensional vertical
hydrological model is used. Second, a compaction model is used to
evaluate the amount of subsidence caused by the changes in water
pressure. Third, an optimization model 1s used to transform the
subsidence data into dollar values, feed information inte a linear
programming formulation, and determine the optimal mix of surface
water and groundwater which will minimize the overall water cost for

a region.

Hydrologic Model

The general flow equation for predicting the piezometric head in
a groundwater aquifer is derived by combining the equation of mass
conservation and Darcy's Law [Domenico, 1972: Reddell and Sunada,
1970; Remson at al,, 1971]. The resulting equation involves piezometric
head as a dependent variable, as shown in Appendix II. The resulting
vertical, two-dimensional flow equation is

d oH ] oH JH
& aon o 2Ry o8
N (Az Kx . ax) Ax + Yy (Ax Kz 52 ) pg Ax Az(o+dB) ot Q,

(10)
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Oor in vector notation

H

V(K VH) - pg(¢f+a) o = 0, (11)
given that

o = Ae 1

AST T+e (12)
and
=&

¢ = 1+e ? (13)

where

X = horizontal coordinate (L),

z = vertical coordinate (L),
Ax = incremental horizontal distance (L),
Az = incremental vertical distance (L),

H = piezometric head (L),
K_ = hydraulic conductivity in horizontal direction (LT_l),
K_ = hydraulic conductivity in vertical direction (LT 1},
p = fluid density (ML 3)

g = gravitational acceleration (LT 2),

o = formation compressibility factor (LZF !l)

$ = porosity (+),

B = compressibility of the fluid (L2F 1),

Q = fluid production term (L3L7iT 1),

e = void ratio (-),
Ae = change in void ratio (-),

§1 = effective stress (FL 2), and

rt
I

time (T).
Considering that the relationship

S5_ = pglat+dB) (14)

S

defines the specific storage coefficient (L™ 1), equation (10) becomes
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N Hy L LD My, o
o (Az KX Bx) Ax + e (Ax Kz az) Az = Ax Az SS SE-i Q. (15)

Equation (15) can be written with water pressure as the dependent

variable by using the following relationship,

H=E+z, (16)
where
B = the piezometric head at a point (L),
u = the water pressure at a point (FL 2), and
z = the elevation of the point above an arbitrary datum (L).

Equation (15) was used in this study to calculate changes in piezometric
head caused by groundwater withdrawals. The changes in piezometric
head were then related to changes in water pressure using equation (16),
and the changes in water pressure were used to calculate compaction.

An implicit finite difference form of equation (15) was used to
calculate the changes in piezometric head. The finite difference

equation had the form:

+ tHAL - t+At +  t+At - t+At
H
N Bygen Mo By g0 PN, By 5 FN, By g
+ - + - t+AL t
-(N +N_ +N +N +MH, . =Mi, , =0, an
X b4 z z i,] 1,73

+ - o+ -
where N , N, N, and N are terms of the form:
x° "x’ Tz z

2K K
+ X, ., X, .
N = i,] i,j+l - Az
x K o eAx, K “AX i,3+1/2 (18)
i,j o7 i,j4¢1
and
(SS Ax)isj

Ms —-— (A (19)

+ ..
2 At hz

24,441/2 i,9-1/2)
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The development of equations (17), (18), and (19) is given in
Appendix IIT and IV and a detailed derivation of each can be found in
Reddell and Sunada [1970] and Remson et al, [1971]. The finite dif-
ference form of the flow equation as defined in equation (17) was
used to calculate the distribution of piezometric heads in a flow field
which was divided into a m x n grid system (Figure 4). The equation
was written for the center of each grid, and resulted in a set of mn
algebraic equations with mn unknown values of H. This set of equa~

tions was written in matrix form as

t+AtL

(Al {H b = {rhs} , (20)

where

[A] = a mn x mn matrix containing the coefficients of unknown
piezometric heads,

{Ht+At

} = a mn column vector containing the unknown piezometric
heads at time (t+At), and
{rhs} = a mn column vector containing the piezometric heads
at time (t) and production term (Q).
Equation (20) was solved implicitly using Gauss elimination. A solu-
tion of equation (20) at each time step gave values for the piezo-

metric head at the center of each grid in Figure 4; sand layers as

well as clay layers were included.

Compaction Model

To compute the compaction in a double draining aquitard caused by
a known change in applied stress at the aquitard boundary, the follow-
ing concepts are used:

(1) The applied stress at the boundaries of the aquitard is

caused by changes in water pressure within the groundwater
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(2)

(3)

flow field. The water pressures calculated using equation
(16) are converted to effective stress by using the follow-
relationship,

P =p-u (21)
where

p = total pressure (F/LZ2),

p' = effective pressure (F/L2?), and

u = water pressure (F/L2).
The total pressure, p, is constant with time and is deter-
mined from the initial conditions in the aquifer-aquitard
system.
A relationship exists between effective pressure and mean
strain. Figure 5 shows the relationship between contrac-
tion (expressed as mean strain) and effective pressure for
a saturated volume element of clay undergoing compaction.
The solid curve in Figure 5 represents the real comsolida-
tion cycle from the virgin compression stage (i.e., compac-
tion of a non-preconsolidated clay) to a decompression or
rebound stage caused by decreasing effective pressures. A
recompression stage can occur because of increasing effec-
tive pressures. In the present study the real cycle shown
by the solid line in Figure 5 was represented by the linear
approximation shown by the dashed line. In using these
linear approximations, the hysteresis cycle between decom—
pression and recompression is neglected.
A relationship exists between compaction and the changing
effective pressures. The model keeps a history of the con-
solidation and checks the situation at any time step. By

comparing the current effective pressure with the maximum
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PIEZOMETRIC HEADS

H¥ . - at grid centers
HN® at boundaries
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g ————— o HN2 T — T — — — —
Azzs = _—_ — _— W3 — —_— - — -~ CLAY 3
____________ -
Bza — _— — = Hgwa—_—_~_—_—_- CLAY 4
_____ 4—— = = - — — -
Azs - M H5 SAND 5

Fig. 7. Interpolation scheme used to obtain effective stresses at the
boundaries of the clay layers.
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The effective stress

as

P'N

P, - UN

and
1 = —
P N3 P3 UN3
where P is the total

conditions.
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at the clay boundaries is then defined

(26)

; (27)

pressure obtained from the initial

Each clay layer undergoes compaction due to the effective

pressure gradient between its boundaries. Equation (28)

was written to calculate the compaction of the clay layer

at each time step, based on the concepts described above:

1

T T T

Ab = b[sskv(P t max - P © max) - Sske(P b max - P t)]
(28)
where
Ab = compaction of a single clay laver (L),
b = thickness of clay layer (z4 - 2, etc.) (L},
SSkv = virgin storage coefficient (L2/m,
S ke = elastic storage coefficient (L2/F),
P'tmax = maximum effective pressure at time t (F/L?),
P'Omax = maximum effective pressure prior to time t
(F/L?), and
P't = the current effective pressure,

At each time step equation (28) is evaluated for each

clay layer and summed to obtain the total compaction after

that time step. The

total compaction at each time step



38

can be written as

1-1
_1 . .
Az = 3 121 (Azi+1/2+Azi—l/2) [Sskvi (P max P maxi)
't |t
- Sske(P max;-P; )1, (29)
where
Az = compaction or land subsidence over several

clay layers (L),
B2i4172 T %1 T P41,

- z. and

A Zi-1 7 %1

Zi-1/2

[47]
Il

Skv. the virgin storage coefficient at node i,
i
considered to be constant throughout the layer,
In this study the elastic storage coefficient was considered
equal and constant for all the clay layers. The theoretical develop-

ment of equation (29) can be found in Helm [1974]. Equation {29)

was written in the following form for use in the compaction model.

1L ¥y + ) (s APV s APE, .)
Bz =75 L U Zigy0 T %9720 Oy, |- i, “ske” "TTi,i7?
i=1 1,]
(30)
where
't 'o -
APV, ., =P max, , - P “ max, , (FL 2) , and
1,] 1,] 1,]
t ' _
APE, . = P ‘max, , - P,C. (FL72)
1,3 1,] 1,
Equation (30) is subject to the following constraints:
(a) 1Ifi=1, Azi—l/z = 0, (31)
(b) Ifi=N, 8z, ., =0 (32)
't 't
(c) If P, ., >p  max, , then APE, . = 0, and
i,] — 1,3 1,]
't 'o
APV, , =P - P max., . , (33)

1,] i,] 1,]
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"t 't 't

(d) If P, , <P, , <P max, . then
1,] 1,] — 1,]
Ve 1
APV, . =0, and APE, ., = P.5t - p.F | (34)
1,] 1,] 1,3 1,7
1. t 1
(e) 1If P.t,1 < P.t_ > P tmax. . then
1] 1,3 1,3
' ' Ve '
apy, . =p,% -p*t , and APE, =P 't _p ¢
i,j ij max, . i,] i, ] max, ., (35a)
i, i,]
't 't 't
(fy If P, , <P, ., <P "max, , then
1,1] 1,] 1,]
LI L}
APV, . =0, and APE, , =P.5 0 -p F | (35b)
1,] 1,] 1,] 1,1

(g) It was assumed that sands do not undergoe compaction
because of changes in effective stress.

OPTIMIZATION MODEL

In an area affected by land-surface subsidence, two principal
sources of water supply are considered: groundwater and surface
water. Croundwater withdrawal causes land subsidence, but it has a
low direct cost (pumping and delivering) along with the possibly
higher indirect cost of subsidence.

Surface water (at a reservoir) has a higher direct cost than
groundwater, but it has no indirect cost for subsidence.

The breakeven value between the two water sources {(the maximum
amount of groundwater which can be pumped without the groundwater
cost exceeding the surface water cost) can be determined by simulating
subsidence at different pumping rates and transforming the subsidence
values into dollar values by using local subsidence costs. The point
where the cost of groundwater equals the cost of surface water
determines the maximum rate of groundwater pumpage allowed at that

point (breakeven point).
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Formulation of the Problem

The following scheme of linear programming will be used:

Max Z = - CX
such that
[AlX <P,
and
x>0,
where
C = vector of cost coefficients of the objective function

($/cubic meters),

E
IF

vector of variables (cubic meters),
[A] = matrix of constant coefficients (0 or 1), and

P,= vector of right hand side values (cubic meters).
This is equivalent to

Min Z = C X (36)
such that

[AIX < B,
and

x>0.

The objective function, Z, is a linear approximation of a sum
of nonlinear functions representing the cost of total subsidence at
the surface by varying the amount of water pumped through a fixed
period of time. Consequently, the vector C contains the total cost
per volume of water pumped (see Appendix V); including transportation

costs and pumping costs. The vector X contains the volumes of water

pumped and delivered from one point to another. Surface water is
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treated as an additicnal water source with a particular set of
associated cost coefficients,

The matrix [A] is a coefficient matrix containing ones for
active variables, and zeroes for non-active variables. The matrix
[A]l contains two types of constraints. The first type corresponds to
the water needs at every point of the simulation grid. The second
type corresponds to the breakeven points obtained from the linear
approximation of the objective function. The vector 20 contains
the values on the right hand side of the comstraint equation. The
solution scheme requires that the vector X have only positive or
zero components.

The linear programming routine (MPSX/IBM) was used to solve the
problem. This routine allows a parametric analysis of the problem.
Simultaneous changes in the coefficients of the objective function
(C) and in the right hand side of the comstraint equation (EO) will
be made to illustrate the sensitivity and capabilities of the proposed
scheme for evaluating various water management programs in the land

subsidence area.
Optimization Procedure

The results from the hydrologic and compaction models are
summarized as curves [f(x)] of total land surface subsidence costs
versus the volume of water pumped during a fixed period of time (10

years). An example of this type curve is shown in Figure 8. A linear
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approximation of curve [f'(x)] is shown by the dotted lines,
Separable programming is used to obtain wvalues for the coefficients
and break even points in such linear approximations.

N

The expression F(x) = I fi(x) represents the nonlinear
i=1

function obtained from simulating the phenomena, and

; : Ny K 1 1 2 2 N 3'X 3
i(x) ~ fi(x) = CO + Kzl by xi = CO + Py X i + Py Xz Py 1

n_n
+..0.. p X
ii

(37)
is the linear approximation of the curve, where p? are the slopes
of the approximating linear segments, a are the break points of the

approximations, and CO is the value of the approximated function at

the lower value for x. The segment variables Xk

i must satisfy the

following constraints

kK k k-1
0<% za; -3 (38)

The variable Xi must also be segmented into (N) components,
representing the amount of groundwater pumped from point (i) and

delivered to the other (N) points (including point (i) itself). So,
X,. (39)

Combining expressions (37) and (39), the result can be written as

N N X X
fi(x) =C,+I I o X ., (40)
i=1 k=1 J
where expressions (38) results in
N
0 <t x= < O (41)
=1 1ij i i
Finally, dropping constant Co’ the objective function to be minimized

by the linear programming formulation can be written as
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N N K K & N
Z= % & I (C,.+G +pNX,, +% (G +C IX_. , (42)
i=1 j=1 k=1 3 ¥ A1 oy s SIS
where
p? = slopes of the approximating linear segments (§/cubic meter)
14 = cost of transporting groundwater from point (i) to
point (j) ([$/km—cubic meter][distance (km)]),
GW = cost of pumping groundwater ($/cubic meter),
GS = cost of surface water ($/cubic meter),
CSj = cost of transporting surface water to point (i)
[($/km~cubic meter) x distance (km)], and
ij = amount of surface water delivered to point (j) (m3),

The first type of constraint represents the water needs at every

point (i), and may be written as

LI O
T L X..+X . >needs (j). (43)
i=1 k=1 57

In addition, the surface water reserves are expressed as

N

T I X, < reserve. (44)
. 5] —

s j=1

The second type of constraint is those described by expression
(41) and written as

N K
I z Xgni ak - ak_1 R (45)

3=1 k=1 *
and represents the break points to the linear approximation of the
objective function.

The fact that any X?j , for all i,j, and k, must be greater
or equal to zero, satisfies the left hand side requirement of the
inequality of expression (41).

In summary, the problem can be formulated in the following way:
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N N K K K N
MinZ= % L % (G, +G +p)X +I . I, (6 +C IX , (46)
i=1 §=1 k=1 v 383 377s]
subject to
N K Kk
T L X.,.+ X , > needs (j), for all j and s;
i=1 k=1 3 ST
N
) XS. < reserve, for all s
j=1
N K
1 x5 <af- et , for all i,
jel k=t 9T %
and
k .
Xi 3 >0 , for all i, j, and k.
L]

The problem sclved in this study was finally written as

N N K Kk Kk N
Min Z = I E r (c,, + Gw + pi) Xi' + g E (GS + Csj)Xsj {(47)

i=1 j=1 k=1 I J j=1
subject to

(1) N constraints expressed as

N K
T b X%, + Xs. > water needs at point j , (48)
i=1 k=1 *J J

{2) one constraint expressed as

N
I X , < surface water reserve , (49)
. 8] —
i=1
N
(3) N+ 1+ % K(p) constraints expressed as
p=1
Ny
b) Xij < upper bound at point i and segment k . (50)
3-1

The expression (50) is equivalent to expression (45), where Kip) is

the number of segments at point (p)

N
(4) the implicitly assumed N(1 + I K(p)) constraints
p=1
k . .
Xij >0, for all i, j, and k

X , >0 for all s and j.
sj —
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Parametric Analysis

In parametric analysis, a linear programming problem can be
defined as

Min Z = (C + 0AC)X ,
subject to

[A] X < P, + ©4P_ ,

P
Y

| <
| v

where
AC = a variation in the value of the objective function
coefficients, and
APO = a variation in the values of the right hand side of the
coefficients.
The problem is originally solved with ©® = 0. Other values of ©
imply a solution to a new problem. However, the techniques of
parametric analysis allows the solution to the new problem to be
obtained without really solving them, The analysis may be per-
formed on the objective function coefficients, on the right hand
side coefficients of the constraint equations, or on both simulta-
neously. In the later case, O is the same for both the objection
function and right hand side. When using the parametric analysis
routine, an analysis may be performed using as many sets of AC
and AP, as desired; as long as they are defined in the data set.
Examples of the programs used for parametric analysis in this

study are given in Appendix VII.

(51)

(52)
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CHAPTER IV

PROCEDURE

A system analysis approach to natural resource management
includes model building, model calibration, and model validatiomn.
A tendency to focus on model building and to neglect the use of the
resultant model to solve problems was discussed by Biswas [1976].
The usefulness of the model developed in this research depends on
the quality of the calibration (matching historical data with simu-
lated model variables) and validation (comparing future model fore-
casts with actual values) procedures.

To calibrate and validate the model, a conceptual model of
the subsidence region at Houston, Texas was developed. Because this
research was devoted entirely to developing a procedure for analyz-
ing management policies associated with subsidence, the area itself
was greatly simplified and groundwater data were grossly averaged
over the area. Development of the model pointed out the need for
new data collection efforts, such as water transportation costs,
subsidence costs, etc. Lack of this information forced us to assume
realistic values for many of the parameters. These approximations
will be discussed later in this chapter when the model data are

presented.

Model Simulation

A two-dimensional numerical simulator was programmed in WATFIV
for the AMDAHL 470 computer at Texas A&M University. A flow chart

of the program is shown in Appendix VI, and a reprint of the programs
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used to (1) solve the general flow equation for piezometric head,
(2) predict subsidence, and (3) optimize the water distribution and
minimize the overall water cost is given in Appendix VII.

The main program governs the entire sequence of operations.
Subroutine READIN reads in the physical data needed to proceed with
the simulation. It reads values for hydraulic conductivity, stor-
age coefficient, initial piezometric head, current pumpage rate,
total time of simulation, time increment, printout control, specific
storage coefficient for the clays (elastic and virgin), and the ac-
celeration of gravity. READIN also calculates the grid dimensions
as well as the elevations and thicknesses of the grid elements.

Subroutine MATROP controls the printing of all the two-dimen-
sional matrices of physical data (input data) and current values of
the piezometric head and water pressure.

Subroutine MATSOL sets up the coefficient matrix, [A], and the
right hand side column vector, {rhs}, for solving implicitly the
piezometric head wvector, {H}, at time t+At using subroutine BSOLVE.
Subroutine MATSOL, as presently written, calculates the grid-side
dimensions and transfers all initial conditions to the array of
values at the previous time step. By checking the current status
of the boundary-control array, MATSOL calculates the elements of the
coefficient matrix, [A], as well as the right hand side values,
{rhs}, of equation (20).

For the problem used in this work, all boundary conditions are
constant piezometric head boundaries. Subroutine, BSOLVE, solves
equation (15) implicitly for values of the piezometric head at time

t+At using Gauss elimination. Values of water pressure are then
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obtained from the values of piezometric head using equation (16).

Subroutine COMPAC uses values of water pressure from the pre-
vious time step and the present time step to calculate subsidence.
Subroutine CENTRO calculates the water pressures at the centers of
each clay layer by interpolation. Subroutine DELPRE updates the
values of maximum water pressures and calculates the difference in
water pressure during time step At; determining the appropriate
sign and location on the compaction curve. Subroutine SUBSID cal-
culates the compaction within each clay layer, and the total subsi-
dence at the land surface.

Subroutines PLOT1, PLOTZ, PLOT3, and PLOT4 can be used to make
plots of the results. These subroutines were very useful during
calibration of the model.

Successive applications of the simulator described above for
a fixed time and varying values of pumpage will give the total land
surface subsidence (in meters) at every node. These subsidence-
pumpage relationships are non-linear, and are externally approximated
by linear functions where the subsidence data is converted to dollars.

The economic data are then fed into a linear programming rou-
tine (MPSX/IBM) where the overall cost of land surface subsidence is
minimized by redistributing the water resources of the area.

Input data are punched into 80-column cards using a routine
described in Appendix VIII. The linear programming routine MPSX/IBM
allows a parametric analysis to be made of the problem. Parametric
analysis also allows a study to be made of the effects of discrete

linear variations in: (1) the right hand side of the constraint
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equations; (2) the coefficients of the objective function, and (3)
gsimultaneous variations in both the right hand side and objective
function coefficients using programs described in Appendix VIII.

To illustrate the capabilities of the proposed procedure,
pumpage was eliminated at certain grids by assigning extremely large
values to the coefficients in the objective function. The discrete
linear variations in the objective function and the right hand side
of the constraint equations were arbitrarily established. Also, the
water requirements and surface water availability for each node
were arbitrarily established.

The linear programming formulation is independent of the method
of obtaining total compaction, the number of spatial dimensions, and
shape of the grid. Distances between nodes are required to calculate

the transportation,

Conceptual Model of Houston Subsidence Area

To study the response of the piezometric surface to groundwater
withdrawals in the Houston area, the physical characteristics of the
aquitard-aquifer system and associated water withdrawal data must
be known. For purposes of this study, a profile line was drawn
through the area (Figure 9) and a two-dimensional vertical model
was developed along the line. Water wells adjacent to this line
were selected for estimating the vertical lithology of the area.

In general, the area is divided into two water bearing units, which
was determined at each site along the profile. Records of wells

drilled in the study area were used to establish this data base
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[Naftel et al., 1976a, 1976b, 1976c]. The elevations of the top and
base of each of the water bearing units were taken from maps devel-
oped by Jorgensen [1975]. Values of transmissivity (m?/sec.), stor-
age coefficients, initial piezometric (meters) heads, and pumpage
{cubic meter/sec,) were taken from the data used in a model study

of the area by Assaf [1976]. Initial values for the specific stor-
age coefficients (1l/meter) (virgin and elastic) of the clays were
taken from Helm [1974] and Jorgensen [1976].

The collection of economic information was most difficult, and
in some instances was nothing more than good estimates. Data re-
lated to water consumption, areal distribution of the water con-
sumption and the cost of subsidence were obtained from Warren et al.
[1974], Jones and Larsom [1975], AWWA [1970, 1976], and Gabrysch
and Bonnet [1975]. All the information used was obtained by divid-
ing the area into four sub-areas described by Gabrysch and Bonnet
[1975]. In this study, these sub-areas are identified as areas I,
II, III, and IV from west to east (Figure 9). To adhere to the two-
dimensional nature of this model, the economic data were scaled so
that it would be equivalent to a strip one meter wide across the
entire area from west to east.

There is a notable lack of good water consumption and cost data
for this area. Some of the economic data used in this study comes
from estimates made by people in the Houston, Texas area. An exam—
ple of this is the water transportation costs used as coefficients
in the objective function of the linear programming formulation. In

general, the economic data used in this study are believed to be
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realistic.

The model chosen included one dimension in the horizontal plane
and one dimension in the wvertical plane. It was one meter wide in
the other horizontal direction and oriented west to east (Figure 9).
The model was divided into 18 grids in the horizontal direction and
12 grids in the vertical direction (Figure 10}. The simulated area
was larger than the study area so that boundary effects could be
minimized. Thus, only 15 horizontal nodes were actually considered
in the optimization procedure,

The geology of the study area defines two distinct water bear-
ing units. These will be referred to as the upper and lower water
bearing units (aquifer). Both units are very similar lithologically
and are composed of many alternating layers of sand and clay. It
was physically and economically impossible to model each layer of
sand and clay. Thus, for simulation purposes, the geological pro-
file was altered considerably. The following procedure was followed
in developing the conceptual model of the two water-bearing units as
shown in Figure 11:

(1) A study of well logs along the profile provided an
estimate of the percent sand and clay in each water-
bearing unit.

(2) The total thickness of each water-bearing unit was
obtained from maps by Jorgensen [1975].

(3) Both water-bearing units act like confined aquifers.
Therefore, the conceptual model was made to simulate a
confined aquifer system, with some small amounts of

vertical leakage between the two units.
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Top layer Constant head boundary Variable thickness

—————— Top aquitard clays
1/6 of total clay thickness (each one)
= 1/2 total

Top-aquifer sands
1/2 of total sand thickness {each one)

Bottom-aquitard clays

1/6 of total top-aquifer clays plus 1/3 of
total bottom-aquifer clays (each one)

Bottom-aquifer sands
1/2 of total sand thickness (each one)

Impervious layer Constant thickness

Constant head boundary

Fig. 11. Vertical profile design of the grid for simulation
purposes.
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(4)

(5)

(6)

(7)

(8)

(9)

(10)

(1)

(12)

Using the total thickness of the upper unit and the
percent sand in the upper unit, the total sand thickness
in the upper unit was calculated.

The total sand thickness in the upper unit was then
placed into two sand layers (Layers 5 and 6) in the
conceptual model.

Using the percent clay and total thickness of the lower
unit, the total clay thickness in the upper unit was
calculated.

One-half of the total clay thickness of the upper umnit
was then placed into three clay layers (Layers 2, 3, and
4), which overlay the sand.

Using the total thickness, percent sand, and percent clay
for the lower unit, the total thickness of sand and clay
in the lower unit was calculated.

The total sand thickness in the lower unit was then
placed into two sand layers (Layers 10 and 11) in the
conceptual model.

The total clay thickness of the lower unit plus one-half
of the total clay thickness of the upper unit were
combined and placed into three clay layers (Layers 7,

8, and 9) separating the upper and lower sand units.

An impermeable or no-flow boundary layer was placed
along the bottom of the model (Layer 12).

A shallow groundwater aquifer with a constant piezometric

head exists throughout the area. To simulate this, a
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constant piezometric head layer (Layer 1) was used
as a boundary layer at the top of the model.
(13) The grids on the extreme left- and right-hand sides
of the model were several kilometers from the pumpage
centers. Therefore, they were simulated as constant
plezometric heads.
(14) The estimated pumpage from the upper unit was equally
divided between Layers 5 and 6.
(15) The estimated pumpage from the lower unit was assigned
entirely to Layer 10. No pumpage was made from Layer
11 because of its depth in most parts of the region.
The hydraulic characteristics of each layer are shown in Figure 12,
The nodes were numbered from west to east (left to right), and
the extreme nodes, 1 and 18 in Figure 10, correspond to the centers
of the constant head boundary layers. All cells are 5560 meters
long with the exception of cells 1, 2, 17, and 18, which are 8330
meters long. The thickness of the individual layers vary along

the profile.

Linear Programming Model

As previously noted, the number of grid dimensions and their
shape is immaterial to the optimization procedure. The only para-
meter affecting input to the optimization procedure 1is the total
number of nodes (N), because the number of variables and constraints
depends almost exclusively on the number of grids. A second factor

which determines the number of variables in the linear programming
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Fig. 12.

Kx 0; K
Q"= 0 YConstant head boundary
Ky = 05 K3 Q=0
Kx = 0; Ky; =20
Kx = 0; Ky 0=20
Kx=Ky;Q
Ig(=l$;0
Kx =0 i:Ky; =20
K =0 K:;Q=0
% Kys Q
: Kx = Ky’ Q=20
"Ig.‘=lg,';0
Ky = Ky, Q=0

Impervious layer. No flow boundary

KX = 05 Ky =0; Q=20

Characteristics of each layer for simulation purposes.
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model is the number of break points, K(N), used to linearly approx-
imate the curve of subsidence cost versus volume of water pumped
for each node. If no break-points are used in the linear approxi-
mation, the number of linear programming variables will be given by
N(N+1). Otherwise, the number of variables is given by N(1 +pglK(P))'
Similarly, the number of constraints is 2N+l (including the upper
bound constraints) when no break-peints are used. When breakpoints
are used the number of constraints is N+ 1 +pglK(p)' If K(p) = 1
for all values of p , then both cases are the same, Table 1 shows
a comparison between the number of variables and constraints for
the no break-point case, the two break-point case (the average con-
dition for this study), and the three break-point case. The runs
for the most complex cases of parametric analysis were not expen-—
sive, and the inclusion of more nodes, as long as economic data

allows it, is encouraged.
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CHAPTER V

RESULTS AND DISCUSSION

The hydrological and compaction models were tested using his-
torical data from the study area. The predicted total compaction
values along the simulation line were considered realistic and valid
as input to the optimization procedure. Three different water use
policies were evaluated using the optimization procedure. The cap-
abilities of the model and its possibilities for further use are
discussed, as well as its limitations and possible improvements

for more specific applications.

Simulation of Subsidence in the Area

The hydrological and compaction models were checked by observ-
ing their behavior under the following conditions:

(1) The hydrological model was run for a period of 20
years without pumpage. Under this condition, a
steady-state condition was achieved, and the corre-
sponding piezometric heads were used as initial
conditions for subsequent runs.

(2) After the steady-state condition described above was
reached, pumping was initiated from element 9 at the
rate of 305.8 M3/yr. This system was tested by observing
the change in drawdown with distance from element 10.
For the lower layer sand (Layer 10 and 11), the draw-
down versus distance from the pumping center is shown in

Figure 13. The effects of the constant head boundary
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conditions at element 1 and 18 were easily observed.

(3) Finally, pumpage was discontinued and compaction was
calculated for successive 10 year periods. Figures 14
and 15 show compaction in element 6 following periods
with and without pumpage. A near zero value for com-
paction was achieved by the 6th year after shutting down
pumpage (Figure 14). However, when pumpage was continued,
compaction increased dramatically (Figure 15). Ten years
was the simulation period selected, and groundwater pump-
age was varied at every point from zero to 60 percent
increase over the initial pumpage conditions.

(4) Table 2 compares the rates of subsidence (meter/year) for
real data from the Houston area with the simulated rates
of subsidence. The simulated subsidence rates for a
10 year period resemble the subsidence rates for the
11 year period of 1964-1973. The subsidence rates for
the 30 year period (1943-1973) were less than the simu-
lated rates. The differences observed were due to the
fact that the average rates of pumpage used in the simu-
lation were higher than the actual rates of pumpage for
both of the time periods shown. Additional scaling and
calibration of the hydrologic model could probably
improve the output from the model.

The data used were initially held constant throughout each

layer and later modified so that the predicted and observed values

of subsidence were close throughout the modeled area. However,
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TABLE 2. Average Rates of Subsidence (meters/year)

Point 30 Years (43-73) 11 Years (64-73) Simulated (10 years)

2 . 007 .013 .041
3 .009 012 .027
4 .010 .013 .039
5 .012 .020 .037
6 .020 .027 .040
7 .030 .030 .037
8 .033 .048 041
9 .033 .054 .060
10 .040 .054 .070
11 .051 . 054 .084
12 .071 .082 .130
13 . 066 .096 .081
14 .060 .069 .022
15 .051 . 054 .043
16 .030 027 .035

these values were determined from only a small amount of good quality
field data. Additional field data should be obtained if more accur-—
acy in the calibration and validation of the model is to be achieved.
Even though the predicted values of total compaction at every point
were in the expected range, the compaction values obtained from the
upper clays were small, and when pumpage was less than the initial

pumpage rates, land elevations actually increased slightly.

Optimization Procedure

Based on results from the compaction simulator and using avail-

able economic data, linear approximations to the compaction curves
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shown in Appendix X were transformed into total cost vs. pumpage
curves. These curves were used to determine the slopes (p?) used
to calculate the coefficients for the objective function, repre-
gented by equation (25), and for estimating the upper bound values
defined by equatioms (24) and (29). Water needs at each point
(equation 27) and surface water reserves (equation 28) were arbi-
trarily set.

A test run was made to verify that the optimization scheme
was able to allocate groundwater withdrawals and surface water use
to minimize land subsidence and the overall cost of water supply.
A second run was designed to test a specific water use policy; i.e.,
to stop pumpage at designed points and observe the alternatives
chosen to minimize subsidence costs. A third run was designed to
illustrate the effects of varying the right hand side values of the
constraints represented by equation (27). A fourth run analyzed the
effects of varying the values of the coefficients in the objective
function. A fifth run simultaneously varied the right hand side
values of the constraints and the coefficients in the objective
function. A sixth run, similar to the fifth but varying surface
water costs using Policy II, was also made. In a seventh run, the
upper bounds on groundwater pumpage at some points were relaxed, and
in an eighth run the cost of surface water was allowed to increase
with water demands. To understand the results obtained, values for

the parameters used in the runs must be examined.

Coefficients of the Objective Function

(1) Slopes of the linear approximations



68

Previously, the meaning of the slopes (p?) of the approximat-
ing linear segments to the compaction-pumpage curve was explained
in Figure 8. However, for the curves shown in Appendix X to be
useful in calculating the coefficients of the objective ($/M3)
function, the slopes obtained must be multiplied by a subsidence
cost factor, i.e., the cost per meter of subsidence ($/M) at that
point. Values for the factors used in this study are given in
Table 3.

TABLE 3. Cost per Meter of Subsidence Used at Every Point in the
Area of Study

Point Area Cost (S$/M)*
2 1 786
3,4,5 I 525
6,7,8,9,10 II 1394
11,12,13 111 4024
14,15,16 IV 3146

*These values are scaled to a one meter wide strip of land along
the line of simulation, and to a specific grid length for each

grid.

By multiplying the slopes (p?) by the corresponding subsidence cost,
the component of the corresponding objective function coefficients

were obtained.

(2) Groundwater pumpage cost
A basic cost for groundwater pumpage was assumed. It was
identified as Gw in equations (42) and (46). The value used in

this study was 0.01852 $/M3,
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{3) Surface water cost
The cost of treating and obtaining surface water was assumed
constant, and is identified as GS in equations (42) and (46). 1In

this study, G_ has a value of 0.05812 $/M3.

(4) Transportation cost

A fourth term in the objective function (equation 46) is the
transportation cost. The transportation cost is a product of the
water delivery distance and the transportation cost (0.000528
$/km*M3). In the case of groundwater, the delivery distance is
the distance between the center of the pumped cell and the center of
the destination cell, 1In the case of surface water, the delivery
distance is the distance between the reservoir and the center of
the destination cell. Only one source of surface water was con-—
sidered in this study. Other surface water reservoirs could

easily be added.

Water Demands and Reserves

The water demands at every point were initially set and re-
mained constant throughout most of this study. To evaluate the
effects of increasing water demands (parametric analysis of the right
hand side of the constraints), a vector of water demand increases
was defined. The values are shown in Table 4.

The surface water reserve was varied between 200,000 cubic
meters and 500,000 cubic meters. These bounds were obtained from

a parametric analysis trial run on the corresponding constraint.
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TABLE 4. Water Demands and Vector of Increases Per Point.

Point Area Demand (M3) Vector (M3)
2 I 15,000 600
3 I 15,000 400
4 I 7,500 400
5 I 15,000 400
6 11 15,000 900
7 II 7,000 200
8 IT 20,000 200
9 11 20,000 900

10 IT 5,000 900
11 11T 10,000 300
12 ITT 11,000 300
13 11T 20,000 300
14 v 20,000 200
15 Iv 20,000 200
16 Iv 20,000 200

Water demands and increases for the ten years of simulation

period,
Upper Bounds

The upper bounds used on the right hand side of the constraints

defined in equation (45) resulted from the selection of break points
which divided the curves of compaction versus pumpage (shown in
Appendix X) into a series of linear approximations to the curves.
These values were arbitrarily picked for this study to minimize
model size and computer time. A more accurate optimization scheme
can be developed by increasing the number of linear approximations
to these curves. The value of the right hand side boundary to the

compaction curves, i.e,, that value indicating the maximum amount
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of water to be pumped (a3 in Figure 8), corresponds to a 60 percent
increase over the initial pumpage value. This value has a special
meaning and effect on the results obtained in this study, and it
will be discussed in detail later in this chapter. Table 5 contains

values of the maximum pumpage and compaction at each grid.

Increases in Coefficients in the Objective Function

The variation of the coefficients in the objective function
were as defined in Table 6. The cost of water extraction was kept
constant while the transportation cost and subsidence cost were

increased by a percentage of the original values.

TABLE 5. Maximum Pumpage, Compaction, and Ratio of Compaction/

Pumpage.
. Pumpage (#*) Compaction Ratio
Point (Area) 3) () (M/M3) « 10-%
2 (1) 7,616 (7.6) .63 .82
3 (1) 9,024 (9.0) .518 .57
4 (1) 3,633 (3.86) .662 1.82
5 (1) 8,720 (8.7) .670 .76
6 (1I1) 17,187 (17.2) . 750 .43
7 (IT) 10,617 (10.6) .730 .68
8 (1II) 18,064 (18.0) .860 A7
9 (1I1) 19,300 (19.3) 1.157 .59
10 (1I1) 4,896 (4.8) 1.35 2.75
11 (I11) 108,352 (108.3) 1.76 .16
12 (I1I) 154,880 (154.8) 2.38 .15
13 (111 21,088 (21,0} 1.38 .65
14 (IV) 15,760 (15.7) .28 .17
15 (IV) 7,968 (7.9) .78 .97
16 (IV) 3,984 (3.9) .50 1.25

(*) In parenthesis the rounded off values (x103M3), as used in
Tables and Figures.

Pumpage and compaction values correspond to a 10 year simulation
period.
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TABLE 6. Increases in the Objective Function Coefficients Used
in the Parametric Analysis.

Point Area Increase {($/M)*
2 I 24
3,4,5 T 16
6,7,8,9,10 1T 70
11,12,13 ITI 80
14,15,16 v 63

%*The transportation cost was increased by 30% to a value of
00686 $/km-M3 .

Discussion of Results

Allocation of Water Resources

The optimization scheme allocates water resources by minimizing
the total water cost to the area while satisfying certain con-
straints. Three water management policies were compared and ana-
lyzed in this study. The first water management policy (POLICY I)
allows groundwater pumpage at all points in the system. The second
water management policy (POLICY II) eliminated groundwater pumpage
at points 14, 15, and 16 by assigning extremely large values to the
corresponding coefficients in the objective function (1000 $/M3).
This large cost can be looked at as a social value for not using
groundwater in critical areas. The third water management policy
(POLICY II-A), in addition to the criteria used in Policy II,
allowed the maximum amounts of groundwater to be pumped from points
2, 3, 4, and 5 to increase to 15,000 M3. 1In all three policies, the

surface water reserve was assumed to be 500,000 cubic meters.



There is enough surface water to satisfy any water demands. Results
of the allocation from these three policies are shown in Figure 16,

and Tables 7 and 8 (which are a representation of the results shown

in Appendix I, Tables I-1, I-2, and I-9, for © = 0).

The fact that large values of pumpage occurred at points where
large values of compaction also occurred was due to the small value
of the ratio of compaction/pumpage at these points. This allowed
the optimization scheme to load them with higher values of pumpage.
Another important factor is the small values of maximum pumpage used
for points 2, 3, 4, and 5 (see Table 5). These values are the
result of current groundwater use in the area and perhaps a larger
maximum pumpage value should be allowed in the area since the sub-
gidence cost in Area I was relatively small. However, the maximum
pumpage values should be developed from the hydraulic properties of
the aquifer in the area. The effect of relaxing these maximum
pumpage values will be analyzed later. The fact that the value of
the objective function varied from $25,691 in Policy I to $26,083
in Policy II indicated that Policy II carried a social benefit as

well as economic benefit for the area.

Increasing Water Demands

Using water use Policy I, water demands were allowed to increase.
The results of a parametric analysis of the right hand side comstraint
values are summarized in Appendix I, Table I-3. For this analysis,
surface water reserves were held constant at 200,000 cubic meters.
The decrease in surface water reserves from 500,000 to 200,000 cubic

meters caused a slight increase in the value of the objective
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function (from $25,5369 for 500,000 cubic meters to $25,977 for
200,000 cubic meters). To improve the solution, surface water
reserves should be a minimum of 308,000 cubic meters as shown in
Table 8.

As O increases, water demands are increased and the number of
source-destined combinations is alsc increased. Thus, the volume
of surface water delivered per point changes. Partial results
showing the volume of groundwater pumped and the volume of surface
water used are shown in Tables 9 and 10, respectively.

Table 11 shows that some points, such as points 5, 7, 8, and 9,
have some pumpage, but the water is exported to other grids {(in this
case to grid 5. All the water demand for points 6, 7, 8, and 9 are
supplied by the surface water source. This situation is potentially
a very grave political and social problem because residents of these
areas must carry some of the burden of subsidence without getting to

use the groundwater in their areas.

Simultaneous Increases in Water Demands and Costs

Simultaneous increases in water demands and water costs is a
very realistic situation caused by simultaneous economic growth,
urban growth, and inflation. The use of parametric analysis on
elements of the objective function in conjunction with water needs
in the right hand side constraint elements allows makers of water
policy to estimate and compare alternatives. Using water use Policy
II, a simultaneous parametric analysis of the objective function and
the right hand side constraints was made with limited surface water

reserves {300,000 M3) and with adequate surface water reserves
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(500,000 M3), Results from these runs are shown in Tables I-2 and
I-4, respectively, in Appendix I. Partial results showing the
groundwater pumped and the surface water per point in this case
(Policy II with 300,000 M3 of surface water reserve) are shown in
Tables 12 and 13, respectively. Similarly, results for the case of
500,000 M3 of surface water reserve are shown in Tables 14 and 15.
TABLE 11. Illustration of Water Resource Allocation in Which

Groundwater is Pumped from One Area and Transported
to Another Area for Use.

Point Point Source Water
Destination 5 6 7 3 9 Surface Needs
5 1.2 4,9 1.3 4,3 2.4 .9 15.0

When surface water is limited, the stxess of increasing future
water needs is placed on groundwater, independent of the growth in
water costs. This is illustrated by the increase in groundwater
pumpage at points 11 and 12 in Table 12, Surface water distribution
is adjusted to meet the total water demands at a minimum cost.

When an excess of surface water is available, the cost of
pumping groundwater can exceed the cost of surface water. Thus, all
the water used will be surface water (Tables 14 and 15). If surface
water reserves do not grow, then groundwater must ultimately be used
again to meet the increased water demands, This situation is dra-

matically illustrated in Tables 14 and 15.

Increase in Surface Water Costs
In the two preceeding examples, the cost of surface water was

held constant. Increased surface water cost will certainly increase
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the total water cost of the area and will alter the distribution of
water throughout the area. The total water cost under Policy II

for the two preceeding examples is shown in Table 16. Note that the
total water cost is substantially less with the large value of sur-
face water reserve when surface water costs are held comstant.

TABLE 16. Values of the Objective Function for Water Use Policy IT
with Different Values of O.

Value of © (500,5831§§ ot SWR) (3oo,ggél;§ o SWR)
0 $26,083 $26,140
$32,699 §44,138
10 $35,739 $69,933
15 $45,238 $103,590
20 $64,833 $145,729

Tables 17 and 18 show the effects of increasing the cost of
surface water under water use Policy II. The increased cost of
surface water was set at 0.02 $/M3, which is less than the ground-
water cost variables. Under these conditions, the use of surface
water increased much slower for the different values of €. However,
the total volume of groundwater used was constant for any value of
@. This situation occurred because surface water costs did not
allow new combinations of source-delivery to take place or for
increases in the present volumes of groundwater pumpage to occur
because it was uneconomical. The values of the objective function
for this case are given in Table 19 and they are considerably higher

than those shown in Table 16 because of the higher water costs.
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TABLE 19. Values of the Objective Function for Water Use Policy II
When Increasing Surface Water Cost for Different Values

of O,
Value of © Policy II
0 $ 26,083
73,972
10 129,658
15 193, 144
20 264,432

Results of these runs are shown in Table I-5, Appendix I.

Relaxation of Upper Bounds on Groundwater Pumpage

Results were finally obtained by relaxing the upper bounds on
groundwater pumpage at points 2, 3, 4, and 5 (Policy II-A). Results
from these runs are shown in Table I-6 of Appendix I, and partial
results are given in Tables 20 and 21. The total surface water
reserve was held at 300,000 cubic meters and should be compared with
the results from Policy II shown in Tables 12 and 13. For the first
two values of ©, points 2 through 5 get their water demand from
pumpage within the grid. This makes more surface water available
for distribution, and consequently, less groundwater pumpage 1is
needed so that subsidence is less at most of the points. For larger
values of @, water needs are much larger and groundwater pumpage is
activated at most of the points, and subsidence is increased to the
same levels as shown in Table 12,

The value of the objective function is lower for Policy II-A
than the one obtained for Policy II, as shown in Table 22. Conse-

quently, the largest upper bound possible on pumpage will provide an
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improvement in the solution.

TABLE 22. Values of the Objective Function for Water Use Policy II
and II-A with Different Values of 8,

Value of © Policy 11 Policy II-A
0 $ 26,140 § 25,569
5 44,138 28,700
10 69,933 69,340
15 103,590 102,958
20 145,729 144,658

Both policies are with 300,000 cubic meters of surface water
reserve,
Effects of the Water Use Policies on Total Subsidence

So far, no mentiom has been made of additional subsidence directly
caused by implementing one of the Water Use Policies. The effects
of the water—use policies on subsidence will be discussed in this
section.

The first relevant fact is that the same volume of groundwater
pumpage kept reoccurring at many of the points, no matter what the
water use policy was. These values of pumpage and the cause of
their persistant reoccurrence are summarized in Table 23.

The points which have upper bound values on groundwater pumpage
are those with the lowest value of the ratio of subsidence/compaction,
as shown in Table 5. Thus, they will enter into the solution at
their upper bounds when the water demands are increased. The rest
of the points consistently had similar values because of the physical

reasons shown in the compaction-pumpage curves of Appendix X. The



TABLE 23. Persistant Values of Pumpage M3x103) Which Frequently
Reoccurred, No Matter What the Water Policy Was.

. Pumpage ,
Point 3x103) Cause of Persistancy
2 7.6 or 15.0 Upper bounds on groundwater
pumpage
3 7.6 or 15.0 Upper bounds on groundwater
pumpage
4 1.0 Low subsidence cost
5 8.7 or 13.8 Upper bound on groundwater
pumpage
6 17.2 Upper bound on groundwater
pumpage
7 1.3 No subsidence cost (rebound)
8 4.3 No subsidence cost (rebound)
2.4 Low subsidence cost
10 .b No subsidence cost
11 20.3 No subsidence cost
12 154.8 Upper bound on groundwater
pumpage
13 5.3 Low subsidence cost
14 15.7 Upper bound on groundwater
pumpage
15 2.5 Low subsidence cost
16 1.3 Low subsidence cost

fact that points 7, 8, 10, and 11 had no compaction at the proposed
levels of groundwater pumpage makes them enter the solution as a
first alternative. The points with a low subsidence cost also
entered the solution before the pumpage was increased at points
with higher ratios of compaction/pumpage. Tables 24, 25, and 26
show the additional subsidence which resulted at each point when
the different water use policies (@ = 0) used in this study were

implemented. These subsidence values were obtained by interpclating
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the curves shown in Appendix X and they are represented in Figure 17.
The following relevant facts are obtained from the analysis of Figure
17.
(1) The final subsidence for points 14, 15, and 16
do not change significantly under different water
policies, but there is an improvement by suspending
pumpage at those points.
{2) Subsidence at point 12 is highly reduced when the
surface water reserves on water policy I are increased.
In fact, given the high ratio of compaction to pumpage
at point 12, when surface water is available to satisfy
the water demands at that point, pumpage is reduced
and sc is subsidence,
(3) A similar case to that in (2) appears 1f the surface
water reserve is relaxed from 300,000 cubic meters to
500,000 cubic meters when using water policy II-A at
® = 0. The total subsidence at each time remains the
gsame in each case, except at point 5 where the surface
water relaxation implies a reduction of 0.22 meters in
final subsidence.
(4) The effects of relaxing the upper bounds of pumpage at
points 2, 3, 4, and 5 increased the land-subsidence
at these points, with lower values at the critical

points 12, 13, 14, 15, and 16.
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CHAPTER VI

CONCLUSIONS AND RECOMMENDATIONS

A two dimensional hydrologic model describing variations of
the flow field in a heterogeneous isotropic porous media was devel-
oped. Also, a compaction model based on the linear consolidation
theory was formulated. Finite difference forms of these two equa-
tions were developed. The two models were linked by the effective
pressures, which were calculated from the piezometric heads at each
time step.

A computer program was written in FORTRAN IV to solve the
hydrologic and compaction equations in a nonhomogeneous isctropic
porous media. The computer program may be used to handle a diver-
sity of boundary conditions; both constant head and no-flow bound-
aries were used. In the hydrologic model, the two dimensional
fluid flow equation was solved implicitly using Gauss elimination.
Water pressures from the hydraulic model were used to solve the
linear compaction equation at each time step. Both equations were
tested independently with success.

An optimization scheme based on linear programming techniques
was independently developed to minimize the total regional water
cost and land-surface subsidence. Because the subsidence-pumpage
relationship is non-linear, separable programming was used to
approximate the subsidence-pumpage relationship as the sum of a set
of linear functions.

Using existing data as the initial conditiomns, the simulater

was used to obtain a "realistic!" relationship between subsidence



and pumpage by varying the volume of water pumped per point from
total shut down to 60 percent of the initial pumpage. The total
subsidence was calculated for a period of ten years for each incre-
ment of pumpage. Curves of subsidence versus pumpage were drawn

for each grid point and successive linear approximations to those
curves were made. Separable programming was used to approximate

the subsidence pumpage curves as the sum of the set of linear approx-
imations which also were used to define a set of constraints stating
the maximum pumpage allowed per point., Water demands and surface

water reserves were used as additional constraints.

CONCLUSIONS

The following specific conclusions can be drawn as a result of

this study:

1. Results from the compaction simulator used in this study
may be improved with a more detailed calibration and
validation of the hydrologic model. However, the time
required for this work is beyond the scope of this
study. Results using the data available at this time
were from currently available field data from Houston,
Texas.

2, The optimization scheme proposed in this study is
independent of the subsidence simulator. Consequently,
any simulator capable of predicting land-surface
subsidence as a function of pumpage rates can be used
to generate the information required in the optimization

model.
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As long as the distance between nodes can be estimated,
the proposed optimization scheme is independent of the
gimulation grid type or size and from the geometric
configuration of the grid. The number of grid nodes

in the simulation is a decisive factor in determining

the number of variables and constraints required in the
optimization scheme.

To investigate the effects of different water-use policies,
three different policies were devised. The first policy
allowed each point in the region to pump groundwater,
receive surface water, receive groundwater from other
points, and export groundwater to other points. The second
policy restricted groundwater pumpage at some points where
subsidence was socially unacceptable, The third policy
used the second policy criteria while relaxing maximum
groundwater pumpage at some other peints. Results from
the three policies were compared. The optimization
procedure establishes and modifies water source-water
destination combinations to achieve a minimum overall
water cost while satisfying local water demands and
minimizing the regional effects of subsidence.

The water-use pclicies can reflect the social value of
water use in critical areas by assigning large subsidence
costs in those areas where subsidence is socially and
politically unacceptable. This prevents these areas

from entering the solution, and keeps land subsidence



at a minimum, Also, additional subsidence costs can be
added in those areas where it is socially desirable to
reduce subsidence.

After a water-use policy has been defined, it is often
desirable to know how the solution would change if
water costs, subsidence costs, or water demands should
increase, Parametric analysis of the objective function
and the right-hand side of the constraints provides
these answers. Examples and illustrations of this
procedure were supplied by this study.

Results from this study showed that some areas consis-
tently reported the same volume of groundwater pumpage,
no matter what the water policy. By relaxing the upper
bounds onr the maximum volume of water to be pumped

from each area, the objective function was appreciably
reduced. As long as these upper bounds do not exceed
the physical limitations of the aquifer to supply water
on a sustained basis, exportation of groundwater from
areas with a low subsidence cost to areas with a high
subsidence cost is feasible.

The optimization scheme adheres to the characteristics
of the subsidence pumpage curves by keeping subsidence
as low as possible in areas. The possibility exists
for establishing a water-use policy where the effects
of aquifer recharge could be defined by including a

rebound-recharge curve, This curve would be similar
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to the subsidence-pumpage curves, and negative values
would be assigned to the coefficients in the objective
function. This water-use policy was mnot evaluated in
this study, but could easily be done.

This model allows a water manager to allocate the
surface water and groundwater resources of a region

to meet economic constraints, increases in taxes,
subsidence, changes in water costs, penalties for
groundwater use, increased subsidence costs, social
constraints, and political constraints. To be
effectively used in Texas, a change in groundwater

and surface water law would be required and institutional

arrangements for administering it would be required.

Recommendations

Further work is recommended in the following areas:

1.

The accuracy of the results from this model depend upon
the quality and quantity of economic data available.
Adequate economic data were not found for use in this
study. The following types of economic data must be
developed:

a. The cost of land-surface subsidence per unit of
land area must be evaluated as a function of time.
This will be a consequence of economic growth in
the area itself.

b. Land-surface subsidence should be monitored through
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more frequent land surveys to determine the actual
subsidence-pumpage curves.

c. An analysis of the water transportation facilities
in the area should be made. As a result of this
study, the cost of transporting water should be
more clearly defined in terms of dollars per distance
per volume of water transported. Also, the cost of
treating water for consumption should be updated.

d. The future water demands should be evaluated for
each of the areas. This would be fundamental in
establishing the necessary constraints related to
water use, delivery, and surface water reserve,

e. The hydrclogic characteristics of each area should
be evaluated from pumping tests to determine the
maximum rates at which groundwater can be withdrawnm
without causing physical damage to the aquifer.

The type of water user should be considered in the model

because the social wvalue of water will vary with the

type of user. The social costs can be adjusted at will,
s0 that equity is achieved by almost any criteria. Even
though this will increase the number of variables in the
model, it would be a solid step toward quantifying the
social constraints,

The present model is static, but it can be solved for

different points in time. Therefore, the average economic

data presently used would need to be modified for the
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time period selected.

The pelitical configuration of the area will be a fun-
damental factor in the feasibility of transporting
groundwater from one point to another. The existance
of several cities within the same metropolitan area is
an example of this situation. The optimization scheme
should be modified to handle this complicating factor.
The present model considers the combined subsidence and
pumpage from both the upper and lower aquifer units.
The operaticon of the model so that groundwater pumpage
from each aquifer and its resulting subsidence would add
to the size of the model, but it would make the model

much more realistic.
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APPENDIX I

RESULTS OF THE OPTIMIZATION MODEL

The results of diverse applications of the optimization model are

provided in table form. For proper interpretation of those tables,

the meaning of the headings in each table have to be explained.

(1)
(2)

(3)

Water volume units: in thousand of cubic meters (M3x70%).

Example No.: vrefers to the number of computer run as
explained in the introductory section of Chapter IV.

Parametric analysis: refers to the type of parametric

analysis performed on such example. PARARIM = parametric
analysis of simultaneous variations of coefficient of the
objective function and right hand side of the constraints;
PARARHS = parametric analysis of the right hand side
e]ement§ of the constraints (water needs and surface water
reservé), and PARAOBJ = parametric ané]ysis of coefficients
of fhe objective function. |
0= vé]ue of the parameter in the parametric analysis.
Activity: value of the objective function at that O value.

Surface water reserve: maximum volume of surface water

available.

Policy: type of policy used;

I = all points allowed to pump groundwater.
IT = alt points, but point 14, 15 and 16, allowed
to pump groundwater.
Ii-A = policy II, relaxing maximum values of pumpage

for points 2, 3, 4 and 5.
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To get informafion from tables, if reading Table I-1, © = 0, the
following poiﬁt should be followed.
Source: are the'points from which water is pumped.
‘Destination: are the points which receive water.
For example: Source #5 pumps water to DESTINATION
#2 (3.3x10°M%), and to DESTINATION #4 (5.3x10%M3}.
Surface: are the volumes of surface water delivered to destination
points.
For example: DESTINATION #3 receives 4.6x10°M3, while
DESTINATION #4 does not use surface water at all.

Total delivered: 1is the row for total volumes of water pumped at

the sources. Those values are used to Obtain the
total compaction.
Total usedfr is the cé]umn for water demands at each destination
point.
The interception between surface column total defivered row shows

the total volumn of surface water used.

The interceptor between total used column and total delivered row,

shows the total volume demanded in the area.
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APPENDIX II

DERIVATION OF THE GENERAL FLOW EQUATION

The fundamental flow equation is derived for water flowing through
a8 saturated porous media. A mass balance in two dimensions is combined
with Darcy's Law and.some equations of state to obtain the final equa-
tion.

The princfp]é of mass conservation, when applied to a differential
volume element of porous media fixed in space may be stated as:

(Rate of mass inflow) - (Rate of mass outflow) =

Rate of change of mass inside the volume element.

Applying this prinﬁiple to the volume element shown in Figﬁre II-1,

results in the following equation:

(Mx - Ax/Z)j-(Mx + Ax/2)+(Mz - Az/Z)—(Mz + Az/2)= ? g‘;e + Mp
(11-1)

or
3Mx _8Mz . _ 3 Mve -
Tox T b2 st P (11-2)

where Mx- Ax/2 , Mz-pz/2, Mx+px/2, and Mz+az/2 are the rates of mass
inflow and outflow across the faces of the volume element. Mve is the
mass contained inside the volume element and Mp 1is a mass source or

sink term which is negative for a source and positive for a sink. The

terms %¥§Ax L%%EAZ , and Qg%g. represent the changes in mass with

respect to space and time.
Expressing individual mass flow components in terms of the fluid

density, the dimensions of the volume element, and the volume Flux, we
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,get
Mx = p q az(1) ,
Mz = p q, Az(1)
MVE = po ax az(1) , and
Mp = pQ
where

o = fluid density (W/L°)

Ax = vo1ume element's side in the x direction
Az = volume element's side in the z direction
¢ = porosity, and

¢ = source on sink term (L3/T) .
Substituting these relationships into'equation I1-2, we get

2oq, 8201)) &, + 2o qz 8x(1))82 = - Jlo ax 42(1)) + o0

(11-3)
According to Darcy's law,
- gﬁ' = . oH 11-4
qx Kx X and 9 Kz 9z ( )
where
q, = volume flux across z(1) face (L/T),
q, = volume flux across z(1) face (L/T),
KX = hydraulic conductivity in (x) direction (L/T),
Ky = hydraulic condustivity in (z) direction (L/T),
%% = head gradient in (x) direction (.), and
aH

= head gradient in (z) direction {.).

J
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Substituting equétions‘(A-4) into equation (II-3}, we obtain

3 3H 3 -
é-;(p KxAz(l)s—iAx + E(p KzAxU)%;)Az = %—E(p(b Ax Az(1}) + pQ .

(11-5)
The first term on the,right—hand side of equation II-5 can be expanded

as follows:

'l - 3(Ax) a(az) p
at(p¢ Ax Az(]))l pp AZ=Teb + ph AXTREL + p AX Azst

+¢AxAzg% L (11-6)

The resulting four terms deal with the time rate of change of the
volume element's horizontal apd vertical dimensions, porosity, and
fluid density. It is assumed that no horizontal changes occur, so the
first term is neglected. The second and third terms are related to
vertical compression of the porous media. They may be expressed in
terms of 1ntergraﬁu1ar pressure, and ultimately, fluid head. The
fourth term may also be expressed in terms of fluid head by using a
density-pressure relationship. | |

The second term in equation II-6 is related to the vertical

compressibility of the aquifer as follows:

of=

rnl—-

s (11-7)
o

where ol is the forhation compressibility factor, and Es 1is the bulk
moduius of compression of the rock skeleton defined by

[ - Astress . Ao (11-8)
s A strain diaz/azy *

where Ac 1is the change in intergranular pressure, and d{(Az/Az)

is the unit change in the vertical dimension of the volume element.
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Combining equations II-7 and I1-8 yields,
d(az) = -o Az do
or in terms of fhe time derivative,

atAZz) _ . 90 '
ot - oA 5 . (11-9)

The third term of equation II-6 expresses the change in porosity,
which is also related to vertical compression. The volume of solids in

the volume e1ément can be related to the vertical dimension only as

Vs = (1-0)Az , | (11-10)
where

Vs = the volume of solids.

it

Assuming that Vs remains constant with time,
dvs = d((1-¢) 4z) = 0 . o (I1-11)

Carrying out the differentiation,

dVs = -d¢ Az + (1-0)d(AZ) = 0 . (11-12)
Consequently,
9 - {1-¢) 3Az (11-13)

ot Az at

and using equation II-9

3 _ _ 1ayq A0
2= (1t)e gy s
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The fourth term in equation II-6 reters to the changes in fluid density
with respect to time and is related to the fluid compressibility (p) .
where = 1/Ew .  Ew is fhe bulk modulus of compression for water and

is defined as

- dp _ 1 -
Ew = - d(AVY/&V ~ B (11-15)

where dp = the change in fluid pressure, ahd

d{AV)/AV = the change in fluid volume per unit volume.
Rearranging terms in equation I1-15 yields d(aAV) = - RaVdp . (I1-16)
By the conservation of mass principle, |

Py &V = p, AV, or pd(AV) + AV dp =0 . (I1-17)

Substituting equation II-16 into equation II-17 and taking the time

derivative, we get

dp . dp
P gt T W

- Now, substituting equations 1II-18 , II-14 and II-9 into equation

(I1-6) yields

B(DUaﬁxAz(1) = «po AZ AX %%- -ap Ax Az{1-¢) %%-+
+ ¢ ix bz pBTE = RHs . (11-19)
since do= - dp . _ (11-20)

equation II—19~becomes

RHS = 2B{on AZ A%p + ap AX 8Z(1-9) + 6B BX 82) ,
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or

RHS = 32 Ax A7 pla +98)

{11-21)
Since the piezometric head is defined as
Py

H=7pg* 2 (11-22)
then the change in H with respect to time is

8l _9z .1 3p

ot ~ 3t * pg 3t (11-23)
and given that 3Z/3t = 0 | (11-24)
we obtain

RHS = pPannz(arep) 2 (11-25)

where pg{a+¢g) ié the coefficient of specific storage 755 (L/Tz). Thus,

3H |
RHS = pSS Ax Az 3T (11-26)

Assuming that density does not vary in space,

3 oH 3 Hy,. - aH 11-27
5}(Kx Az ax)Ax + az(Kz Ax %z)AZ bx 82 S or+ Q. ( )
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APPENDIX ITI

FINITE DIFFERENCE FORM OF THE GENERAL FLOW EQUATION

The general flow equation 11-27 used to calculate piezometric head-

is written as

3 Sy + & My, = M
 (Ky 8z Z0)ax+ K Ax £08z = Ax ax S_ 5 + Q - (I1I-1)

A centered-in-space finite difference grid system {Figure III-1) is used

to develop a finite difference equation for Equation IIT-1

; 1,
L

Li-1 iy

=11 X

(N

—

z

Fig. III-1 Finite difference grid system.

1
The spatial derivative of H at a point on the boundary between grids

i,j and 1,j+1 may be approximated by

oH - Hi,jf1'Hi,i (111-2)
axf. . Ax. . Ax, . ? )
1,4+1/2 1., i,
2 2

likewise, for a point on the boundary between grids i,j and 1,j-1

ﬁ#) M, Mg . (I11-3)
axf. - A, . Ax. . :
1,j~1/2 1.3 , _i,3-1

2 2

for a point between grids 1i,j and i+1,j
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Eﬁ) S 2 i S R (111-4)
0zt . : Az. . AZ. .
i#1/2,5  Ti,j iRl
’ 2 2
and for a point between grids 1i,j and 1i-1,J
aH) _ ,i_" ”1 1,
2 2

The left-hand _sidé (LHS) of equation (III-1) can be written as

1 H oH
Axi (K Az ax) (K Az BX) Axi 3
»J i,j+1/2 ,i-1/2.

1 aH H
+ I (K Ax az) (K Ax —a—z—) Azi,j
il - 73-1/2,3 i-1/2.j

Substituting equations III-2,

LHS =

(I111-6)

111-3, II1-4 and III-5 into equation III-6

and manipulating terms, we get

i ]
fi,301 7 Hi,5
i,j+1/2 ) Ax, AX,

LHS = (I& AZ).

- (& 82)5 572 3, (111-7)

Hivr,5 - HiLj
Azi . AZ

2J
5 +

* (K )25

i-1,3
2
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Nz H,

= Nt - +
LHS = Nx H. +Nx Hi,j—1+Nz Hi+1,J 21,3

i,J+1
L o (111-13)
- (Nx + Nx + Nz + Nz)Hi -
The time derivative on the right-hand side (RHS) of equation (I11-1)
then be expressed as

tHat ot
H ot - WY .
aH o i, i,
at . . J‘At L, (111-14)

and the factorV(Az)i jas

(82); . - 824,4+172 ;’ 824,3-172 - (I1I-15)
ih]

Thus, the rightfhand side becomes

_ 1 t+At ot _
RIS = ane (M4, 501/2"024 51720 (5 )55 [”i,j ”i,j] te

(III-]é)

We then define

g o 8 Ax)y i RISV A BV (111-17;
and the right hand side may be written as

RHS = M HEY oMt . (111-18)

i, i,

fhee Tanat torm ol equation (10 1) o then weilten oe
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+ ,tH N- t+1

+ o+l -
NX Hi,j+1 X Hi,j—T

+ Nz Hi+T,j + Nz Hi—],j

(111-19)

Blo wut,+q.

+ - + -
- (NX + Nx + Nz + Nz + M) Hi,j = 1,3
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APPENDIX IV

AVERAGE OF CONDUCTIVITIES

The derivation of equation III-8 is based on an application of
the continuity law and Darcy's law to a two-grid system like the one

in Figure IV-1 where values of Az and Ax are not equal.

Let (1) and (0) denote the centers of the two grids.

The flow rate from grid (1) to grid (0) can be expressed
according to Darcy's law as
H-Hyye

. (1v-1)
Ax]/Z ,

Q= Ky - Az1/2 )

Simitarly the flow rate coming to grid {0) from grid {1) must also be
equal to
H H

- 17270
Q=Ko - bz, - Ea (1V-2)

Manipulating both equations IV-T and IV-2, we get

Q.Ax]

H = v g————— + H (IV—B)
and
H =4+ Qb
1/2 T e -
/ TRz, Mo (1v-4)
Substracting IV-3 from IV-4, we can write
AX Ax
- 9 [ 1 Oi] (1V-5)
H "‘H = + L
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since by continuity Q {s the same on both sides of the grid inter-

face. Rearranging and solving for Q we get

2 K, .K
X1 %o
=k T gk, (P72 ) (1v-6)
1 Xg 0 X1
Thus, the first term of equation III-7 can be written as
(kx);
1,J+]/2 [H H ] . .
- - Ll 2% - AZ» - IV"‘I
B0, Mige | ITTTEIT L2 -
2 2
2K K Az, :
X5l X541 1.341/2

. [H, ooq-Hs 4]
(8%;,5 1,507 M50 " 4 I

The other terms of equation III-7 can be written in a similar

fashion, as was éxpressed'in equation (III-8).
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APPENDIX V
ECONOMICAL DATA

The economical data used in this study is shown in Table V-1.
The sources of that data are the following:
(1) Warren et al. [1974]
(2) Jones, L. L. and T. Larson [1975]
(3) AWMA. Statistical Reports [1975, 1977]
To illustrate how to calculate the coefficients of the objective
function, consider a variable X;B for example. This variable coeffici-
ent will indicate how much in costs to pump water from point 2 to point
3; by delivery an amount of water less or equal to the upper bound ofl
the first breakpoint in the linear approximations made to the compaction
pumpage re1atﬁ%nship at ﬁbint 2. The stope of that corresponding to
break point is. p;(M/M3). From Table V-1 the average cost of subsidence
 for ten years'can be obtained as follows:
(1} average iosses ($/year-sq. km) x time (years) x area of
the grid where water is pumped (sq. km) in numbers.
Lets.say it is 109.5 § the total cost
(2) Divide that cost by the average subsidence of the area
and muitiply the result ($/M) by the slope p;(M/Ma)
109.4($) + 0.210(M)x0.0473x1073(M/M®) = 0.0010882 ($/M°)
(3) Calculate transportation cost by multip]ying'the distance
(km) between grid centers 3 and 3 by the transport cost
($/M ~km)
6,945(km)x0.000528($/M?-km) = 0.003667($/M°)
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(4) Add the cost of extracting groundwater to the results
obtained in (2) and (3).
0'01585].+ 0.003667 + 0.0010882 =;0.02067 ($/M3)
The water transport cqst was estimated for data obtained from the
statistical report of the American Water Works Association, 1975 for
the city of Houston; |

Miles of.1ines servicing the city: 81 miles

Total water delivered: 98,144 x 10° galions

Total capitaT expenditure: 11,981 x 10% dollars.

The estimaféd water transport cost is expressed in Table V-1 using
metric units.

Those values shown in Table V-1 were used as a guide to estimate the
values used in the study, and to conclude what kind of economical infor-
mation is necessﬁry to be obtained to have a much better estimate of the
total cost when using the optimization model to analyze water management

policy.
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APPENDIX VI

FLOW CHART OF PROGRAM

START -

Read-data:' node elevations

Calculate grid dimensions and
Tayer thicknesses:

I
CALL PROGR
Y
- Read information for plotting routine
and number of rows and columns

| 1
“~CALL READIN: read initial conditions
- for hydrologic modetl; vertical and horizontal
conductivities, storage coefficients, piezometric
water heads and pumpage rates

!

~ Call MATROP to print initial data

\
Set varifations of water pumpage for

successive iterations

® ~

Print title showing the pumpage (%)

at which the calculations are going

to be performed. Print the matrix
cf pumpage values

!

Update water piezometric head

'
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~ Set Timits of the iterations to be
performed under current pumpage values

Transform water piezometric¢ heads in
pressure values

Initialize pressure in clays and
' interpolate

- 1
1 Increment the number of iterations

Q S

Increment time

. 1 :
Set up matrix for flow equations

using MATSOL

Call BSOLY to solve the flow equation by

‘Gauss Elimination to obtain new
water piezometric heads

- Transform water piezometric heads
in effective pressures

Call COMPAC to calculate
compaction under new effective pressure values

Call CENTRO to interpolate pressure
at the clay boundaries

Call DELPRE to calculate the increment
of pressures and update maximum pressures

l

—
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Call SUBSID to calculate curreﬁt compaction
'  and cumulative compaction

“" Need &
~printout on
current conditions

No
)

Print map of water pressures,. effective pressures in clays,
maximum pressures, effective pressure differences, and
partial and total subsidence

(:E::}: — Wo

finish

(:E:}*_ o time been

exceeded
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Has the
last set
of water pumpages
_been uSed

“Yes
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APPENDIX VII
COMPUTER PROGRAMS

(1) Hydrological and Compact'ion Models
(2) MPSX/IBM Programs
(3) MpSX-Data  Punching Program
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Ct******t*t!t*lﬁhttti*tti*i**tt**ni#tttt*t*tt*tt*ttmt*k*tt***tt*t#*r*t***m*‘
c*ti-****t**t***tntii-*ag*:*****t**t*annu-tt**t*t*ta*tn*ttt#»t#v**«**tﬁb*i*
ctm*iiitt*tltt*wti'tt**t#t*'t*****##**tt
C#*:ﬁ‘i*it'i'*t*****t.tt****tt*m**#tt****ti
' NUMERICAL SIMULATICN OF ONE=PHASE FLUID FLOW AND COMPACTION OF

A SATURATED POROUS MEDIA

sseeaeTHIS PROGRAM STMULATES ONS DIMENSIONAL FLUID FLOW THROUGH A
SATURATED NONHOMOGENECUS, 1SOTROPIC POROUS MEDIAS THE BOUNDARY COMDI=
" TIONS ARE: TMFILTRATING CONSTANTeHEAD UPPRER BOUNDARY; CTONSTANT HEAD
GRIDS OM THE LEFT AND RIGHT HAND SIDES OF THE GRID SYSTEM, AND
IMPERVIOUS CONSTANT HEAD LOWER A0QUNDARYs
THE INITIAL CONOITIONS ARE: NON=UNIFORM PIEZOMETRIC WATER HEADS, NON~
UNIFORM STORAGE COSFFICIENTS, NON=UNIFORM VERTICAL AND HORTZONTAL
HYDRAULIC CONOUCTIVITIES, NCN=UNIFORM PUMPAGE, VARIABLE HORIZONTAL AN
CVERTICAL GRID DIMENSIONS, .

ssessTHE PROGRAM LfSTING THAT FOLLOWS AND THE-DIHENSION STATEMENTS ARE
SPECIFIC TO THE FLCW FRCBLEM,

eaas o NEXT TDO THE WATER PRIESSURE CALCULATIUONS, THE SUBROUTINE COMPAC
CONTROLS THE PROCEDURSE FOR CALCULATING THE CURRENT COMPACTIGN.
TH® NDDS NUMBERS ARS PEDEFINED INTERNALLY TO FACILITATE COMPUTATTONS,
AGAIN THE DIMENSIAN STATSMENTS ARE SPECIFIC TO THE PROBLEM.

sesesTHE PROGRAM WAS WRITTEN IN FOGRTRAN 1V LANGUAGE AND RUN ON
AMDHAL A4T7OV/56 AT TEXAS AEM UNIVERSITY DATA PROCESSING CENTER.

senraeTHE FOLLOWING VARTABLES ARE USED THROUGHOUT THE MAIN PROGRAM
AND SUBROUTINES t

NC = NUMBER OF COLUMNS

NR = NUMBER 0OF ROWS

ELEV = ELEVATION OF NODES{SelLe) (METER)

HC = ELEIVATION OF G2IC CENTER3 (METER)

CX = HOOTZONTAL HYNRAULIC CONNDUCTIVITY (METER/SEC)

cY = VERTICAL HYDRAULIC CONDUCTIVITY (METER/ZEC)

H = INITIAL PIEZOMEYRIC HEAD (METER)

HP = PISZOMEITRIC HEAD AT PREVIOUS TIME STEP (METER)

HT = PIEZOMETRIC HYAL AT PRESENT TIME STEP (METER)

DHT = PISZOMETRIC WATER HEAD DRAWDOWM (METER)

S5 = SPECIFIC STORAGE CNEFFICIENT (1/METER)

D = GRID THICKNESS (METER)

ODELX = HORIZONTAL GRID SPACEMENT (KILOMETERS)

DELZ = VERTICAL GRID SOACEMENT (METER)

a = PUHPAGE RATE (CWHBIC METER/SEC)

ar = PUMPAGE { CUBLIL MEYER)

Lo = INIYTIAL WATEI PRTSSURE {KG~F/ SQ METER)

PD = WATER PRESSURE AT PREVIOUS TIME STEP (KG-F/ 50 METER}

pT = WAYES PRESSURE AT PRESENT TIME STEP (KG~F/ S0 METER)

PN = EFFECTIVE PRESSURE AT PRISENT TIME STEP (KGmF/ 50 METRER})
(3434 = BFFECTIVE DRESSURE AT RRSVIQUS TIME STER (KG=F/5Q MTTER)
PMAX = MAXTMUM EFFECTIVE PRESSURE AT PRESENT TIME STEP (KG=F/ S50 METE

NoOONONOACCONADONADNDADOADOOODNN0ODNDOOOOADO AN OANNONDOONOND

PMAXE= MAXIMUM EFFECTIVE PRESSURE EVER (KG=F/ 50 METER)

“



DRV
DPE
S3
SUSK
SUSE
sTaT
DZZ
ST
DELT
G
FHOQ
VIS
55KV
SSKE
FwrQpP

NANONANONNONNDOOOANOONOD
A
[a]

naw s nl

Hoagwt
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INCREMENT OF VIRGIN CDMﬂACTIﬁG PRESSURE (KG=F/50 METER)
INCRFMENT OF ELASTIC COMSACTING PRESSURE {KG=F/5Q METER)

‘SPECIFIC STOYAGE CCEEFFICIENT (M/ Sa SEC)

PARTIAL COMPRACTION PER LAYER {METER}

TOTAL COMPACTTON AT PRESENT TIME STEP {METER)
TOTAL CUMULATIVE COMPACTION (METER)

CLAY THICKNSESS (METEZR)

TATAL TIME (DAYS)

TIME INCREMENT {DAYS)

ACCELERATION. OF GRAVITY M/ SQ SEC}

FLUID DENSITY (KGs CUBLIC METER)

VIPGIN SPECIFIC STORAGE COEFFICIENT (1/METER}
ELASTIC SPECLFIC STORAGE COEFFICIENT (1/METER}
PRINT COMTROLs TO SE EXACT MULTIPLE OF TIME STEP
COMPACT TON HISTORY CCONTRIOL ARRAY ‘

--n-oXMAX-XMIN.YﬁAX.YMIN-NSCALE;LABELoDEC.LABEO.IMAGE' ARE
VARTIABLES USED IN THE BUILT IN PLOTTING ROUTINE

Ci#tk:I'.il'b‘&'!ulrlti*ttt**t!tt*t*iith*tttttt**t*#*i#*h*ﬂ*#tt#tt#ﬂ**mtt*******ﬁttt
Cttt*\kt*ﬁ*#i*ii***ﬁni**ti***##:li*!l*ttt*t****tt*tt***#t#t***tt*tktti**t*ti*t#
cutn--*-mma*at***a:t**tt**m-mtm***m****
cg:q.s:n:t*****it***t*«*t****t:*m**tﬂrttt*
CherranickMATN PROGRAM
c*:tH****‘kh:&#*vtt*t****t***t‘*#t**«l*#*t
cn*i$ttiit*#it***t***t*#tttt**ititt*t*

c**k*tst*t*#ti**t*t*ut#tt*******at*t*tm****fttht*tt#t*#t*it****i-*ww**ttﬂum

DIMENSION KC{a.+.18)
DOUBLE PRECISION ELEVUIT,19)HE(13,18),CXt12,18),CY{12.,187,

HT{IE.IB).H(IZ.IB).S(lE.IB).DH(!Z.lB);
DELX(12|IH’QDELZ(12|153|0(12.18)'Hp‘12|18}!
SU(I?I-GH(!O)vDHT(lz.lal-SUSK(B.IB).SUSE(Z.IHT.
DZZH’:.U’H-QD(12.18).91'(12.151.PN(S.!B).F’P(S-ls)v
HE(12'15)‘QHAX(5.181-pMAXI(BIIBJQDpE(ayIBI|
DPV(G'IB‘055(3.13'tp(IZ'la,vDELToST:G.RHUoVISIVTF
SEKV+SSKE «FWTOR

DOUBLE PRECISION STOT(1.,18)}

COMMON ELEV.HC.CX,CYpHT.H-S|DH.DELX.DEL230.HP'SU.GH.SSKV.DELT-ST
COMMON G .FwY0P ,RHO

COMMDON/SUBS1/SUSK +SUSE » 3SKE

COMMON/COMPL/ BT 9D, PNLPP

COMMON/COMP2/DMAX , PMAX] JOPV,DRPE,KC

COMMON/COMP3/5S,5TOT

READ NODE ELSVATIONS (FEET)

QEAD(S+1Y (LELEVIT+J) 415141310 0=1,19)

C

C
1
2
3
4
5
&
s

c

c

C

[

c

C

CONVERT T3 METRIC SYSTEM (METHERS)

DN 2 1=1,13
00 2 Jd=1.19
2 SLEVIILJ)= ELEVII +J)%*.3748 + 304,8
DD 12 I=1.13
DO 12 J=1,18
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C

c CALCULATE GRID DIMENSIONS
c .

C

k» CALCULATE THICKNESS OF INDIVIDUAL LAYERS
HCUT s J) ={ELEVIT s J+T1+ELEVITLJ) ¥/ 20
12 CONTINUE
D3 29 I=1,12
DO 28 J=1.19
DHI{ T+ J)=HC{ T+ 23 =HC(I+1,4)
23 CONTINUE ’

bR 15 J=1,18
DO 15 I=1,12
DELZL{T +J)=DH{T +J)
15 CONTINUE
DO 17 I=1,12 .
00 16 J=34+15
DELX{I+J)=5,5641000
16 CONTINUE
DELX{1+13=A«33%1000.
DELX{1+2)=8.33%1000s
DELX(T+17)=3,33%1000.
DELXC1,181=8,33%1000,
17 CONTINUE '
call PROGRA
sTopP
1 FORMAT({13F6e0)}
END
C
C ul wa
c*;*t*t*ttt**ttt**tttt********ttm*tt*n**t**t#*ti*t*:*#t*t*t**m*tt*iﬁ*tt*tt*r
cttit***t*#*******t*t*tt***biitt!***t*t***t**tt*tt**#z***t**ttt***ittt*thkm
Ck % & k & ok % * h ok ok ok W ok ¥ o ok ok ok ok ok k k ¥ x4 X %k X ¥ * ok ok W Rk ok 3
Ch & % % & % % & & % % &k & M h % k % k k &k * ¥ k * ¥ Kk k ¥ ¥ % W v N o ok M)

SUBROUTINE PROGRA ,

ONUBLE PRSCISTION ELEVI13419),HC{I3,18),CX{12,18),CY¥(12,18),
HT{12,18)H{12,18}3,:S(12,18):DH{12,18),
DELXC12,18),0FLZ(12,183,0{12,18) .HP{12,181},
SUL19),GHI19) ,DHT(12,18),5USKI{B.i8).SUSE{2418) .,
DZZ{5,18)1+PDI12,18)},PTI12,18),:FN(8,18),PRP{8.18),
HE(12,18),PMAXI8,18),PMAX1{RB,18),DPE{3,+18).,
DPVIB+18)+455(8,18)P(E2,1B8)+DELT+ST,GsRHOSVISWVIF

. SSKYySEKE FWTOP

Nl P W e

DOUBLE PRECISIAON X(123),Y(18),0(18),CL(18),CUC18},CTL18),
9 XMAX o XNIN,YMAX,YMIN

DOYBLE PRECISTION. DELY1,5T1

DOUBLE PRECISION Q2(12,18)

DOUBLE PRECTSION ST3TI1,18)

DoUBLE PRSECISION QI(12,18)

DOUBLE PRECISION PCNT

DIMENSION KC(B-I%!-NSCALE(E)'LABEL{SlvDCD(I3I-LABEO(51.IMAGE({&DD’
COMMON ELEVIHC CXsCY s HT sHySsOH i NELX2DELZ 3 Qe HP 15U, GH» SSKV,OELT,. ST
COMMON G+FWTOR, RMD

COMMON/SUAS1/SUSK + SUSE , SSKE

COMMON/COMPL/PT PD4PN.BF

v COMMON/COMP2/PMAX s PMAXTWERVDREWKC
COMMON/COMPIZSS,STAOT

c READ INFORIMATION FOR PLOTS

e



[+ Nala)

nonn

ann

ann

Nnon

200

70

READ(S-?OG)(LABEL(T)-I=l'€1o(OCD(K)-K=1-13);(LABED(J}.J=1-5)

FORMAT{SA4,13A1,544)
READ NUMBER OF ROWS ANC CCLUMNS

READ{S5+12) ‘NI ,NC

MNA=(NR=2 ) *(NC=2)

NB=(2%NR} =3

WRITE(G, 1) -

READ INITIAL DATA

CALL READIM(NRNCoNANE)
READ{S,13} VIF,S5KV,SSKE

PRINT INITIAL DATA

WRITE(SE+31)VIF+SSKVSSKE
WRATTE(S,11)

WRITE(A .20}

LALL MATROP{NRLNC,CX)
WRITE(6411)

WRITE(5.+21)

CALL MATROPINRZNCCY)
WRITE(S,11)

WRTITE(6,221}

CALL MATROPINR,NC,.5)
WRITE(G6.11)

WRITE(S5,273) .

CALL MATPROPINR.NCsH}
WRAITE(H,11)

WRITE(S65+24)

CALL MATROP{NR,NC.DELX)
WRlTE(H+11}

WRITE{64+25}

CALL MATAROP{NR.NC.DELZ)
WRTTELS5,11)

WRITE(S5.26)

CALLL. MATROP{NR,NC,Q)
WRITE(6411)

CALCULATE ELSVATIONS COF GRID CENTERS

D0 70 (=1.12
DO 79 J=1.19
HE(T»J¥={HCL U, J)+HC(T+1,4)1)72,

CONVERT UNITS OF SDECIFIC STARAGE COEFFICIENTS OF CLAYS

D3 79 J=1.18 *
SS{1,J)=5{2,J1/(RHD*G)
53{2,J1=5(2+J}/{RHO%XG)
5S¢ 3, J)=5(3,J)/{THO=G)
SS{a,d)1=5(4+d) /7 {RHO*GY
85{S5,J1=5(7+J)/{RHO*G)
SS{6:J)=5(7,J}/(RHNKG)
S8{7+J)=8(8.J)/7{RHO*G)
535{BsJ)=5(94+J} 7 (RHO*G)
CONTINUE

173
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SSKE=SSKE/{RHOKG)

CONVERT TIME CONTRNL VARILABLES TQ SECONDS

aO6an

DELT=DELT*864920
ST=5T+*86400

DEF IME NUMBER OF INCREASTS IN PUMPAGE TO BE PERFORMED

0O onN

DQ 997 1=1,12
DO 997 J=1,1A
997 QI{1,=0(1.+J)
DO 998 KK=5.,6
INCRS=KK*20=3)
DO 995 1:1,8
00 995 J=1,18
995 KC(I,J)=0
WRITE(5.218)
WRITEL6.217) INCRS
WRITE(6.,11)

INITIALIZE SUBSIOENCE ARRAYS
bo 75 J=1,18
na 74 [=1,8
74 SUSK{TL+J)=0s
DA ?5 I=1.2
75 SUSE(T,J1=0,
Caxd  VARY PUMPAGE RATE kdvkkdwkk
00 999 I=1,12
DO 999 J=1,1A
QLT+ 2I=CI(T s JI%(100+INCRS)*,01
999  CONTINUE . )
L R A I A R A N O R EE EEEEEE

Nnon

s XsEaNal

CALCULATE TOTAL PUMPAGE FGR2 THE TOTAL SIMULATIDN TIME

DN 8389 I=1,12

DD 889 J=1,138

ARI1+J) =001 +J}RB58004%36Sak1 0,
889 CONTINUE

WRITE(S6,11)

WRITE{6,29}

CALL MATROP(NRR«NC.QR)

DEL T1=DELT

STLI=5T

DI 27 T=1,12

WRITE(H,11)

CO 27 J=1,18
27 HT{I s J¥=H{TI,J)}

D0 300 J=1,18

D3 300 I=i,8
393 KC{l+J)=0

NEFINE NUMBER OF I1TERATIONS TO BE PERFOAMED AT THE CURRENT
PUMPAGE

aonon

LOOPUL=STLI/DELT1 % .5
PCNT=140
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DN 7Y 1=1,.12

CALCULATE WATER PRESSURES

s Nalsl

D23 77 J=1.18
PULpJISCHIT R 2)=HE( T+ J) ) RRHOXG
PT(I s J)=P(I.,4)
PO(TJ)I=P{T )

77 CONTINUE

INITIALIZE MAXIMUM FEFECTIVE PRESSURES

0O0n

CALL CENTRO

DO 78 [=1,.8
DD 78 J=1,18 .
PMAX{T+J)=NeD
PAAXI{I +J) =00
789 COMNTIMNUE
I R ERE R E R E E E R E N E E T N E T Y

"INITIATE ITERATIONS

oo n

TIME=0.0
DD B8 TLAST=1,L00PUL
TIMExTIME + DELT1

c ¥
< SET MATRIX AND VECTORS TG SOLVE FLOW EQUATION
C
CALL MATSOL {NP .NCsNANBE)
C
c CALCULATE EFFECTIVE PRESSURES
c
DO 71 I=1.12
N 7E J=1.18
PO(TsJ}=P{ T, J)=(HP (I, )=HZ({ 1,4 9))*RHO%G
BTl =P{I V= {HT( T, 1=HE{L,J)) *RHO*G
7t CONTINUE
C
c CALCULATE COMPACTION
C
CALL COMPAC
C
IPCNT=PCNT + 45
IFWTOP=FUTOP ¢ &5
C -
[ ASK TIF A PRINTOUT [S DESIRRED
c
IF(IPCNT« Qs TFWTORP)Y GC TO 23
G0 TO 9
3 TIMZX=TIME/B86400
c
c CALCULATE WATER DRAWDUOWNS
C

0O 100 I=t.12
DO 100 J=1.18
109 DHT(T + JI=SHT(T 4 J)=H{T ,J)

fals]

PRINT CURRENT INFORMATICN

.t



176

s Mals}

aoon

anon

53

52

WRITE(S5.91)
WRITE(S6,.10) TIMEX

CALL MATROP{NR sNC,HT)
WOITE(S,11}

CALL MATROP(NR ,NC,DHT}
WRTTE(G,11)
WRITE{G6475)

CALL MATROP{NR,NCPT)
WRITE(S,11}
WRITE(6.2101}

CALL MATROP{8,18,PN)
WRITE(6.,11)
WRITE{6,211)

CALL MATRIP(B,18,PMAX)
WRITE(S.11} .
WRITE(A,213)

CALL MATROP{3,18,0PV)
WRITE(6,11)
WRITE(S5,214)

CALL MATROP{8,18,00F)
WRITE(6.,11)
WRITE(6.215)

CALL MATRID(H,138,S5USK)
WRITE(S,11%)
WRITE(S5,13) TIMEX

CALL MATRAP(N2,NC.SUSE)
WRITE(6,216)

CALL MATROP(1,18,57T0T)
WRITS{6,11)
WRITE(S,11) .

ASK IF IT 15 TIME TO PLOQT

IFCTIMELSG=45T)Y GO T2 53
GO TO 52

CONT INUE

NSCALE{? =1

NSCALE{2) =0

NSCALE(3) =3

NSCALE(4) =0

NSCALE(S) =0

- NHL=10

NVL=13 -
NSAiH=4

NSBV=5

YHMAX=360s

YMIN=Q+0

AMAX=1#7

XMIN=1

aCD=DCD{ 5}

WRITE(G6.91)

CONTINUE

ASK IF COUNTER CAN BE SET AT {1} AGAIN

[FUIPCNTAEQIFWTOP) GO TG 6
GO TO A :

INCREMENT COUNTER
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5 - PCNT=040

B  PCNT=PCNT + 1.0

398 CONTINUE.
RITURN

10 FORMAT{1HY,47X."NEW WATER HEADS ¢ METERS)AFTERT 42X,EBa0ys* DAYS')

11 FORMAT{ 1)

12 FORMAT(214)

13 FORMAT(3DIZ2,5)

18 FORMAT{1H2.47X, "CUPRENT COMPACTIONIMETERS) AFTER? sFBe0+" DAYS*)

20 FORMAT({1HO:49X,'"HORTZONTAL CONGUCTIVITIES (MZITER/SEC) *)

21  FORMAT(1HO,40X,*' VERTICAL CHONDUCTIVITIES (METER/SEC) ")

22 FORMATULIHD,480X,'SPECIFIC STYORAGE COEFFICIENTS (1/METERY")

23 FORMAT(1IHO, 30X *HYDRAULTC WATSR HEADS (MSTER) = 305 METER BsSL )

24 FORMAT(1HO,40X, "HORIZANTAL GRID SPACEMENT (METERS)')

25 FORMAT(IHO,40X.* VERTICAL GRID SPACEMENT (METERS)')

26 FORMAT(IHN,4NX," PUMPAGE (CUBILC METERS/SEC) *)

29 FOQMAT(LIHI+A7X.¢TOTAL PUMPAGE {(CUBIC METERS) 1IN TEN YEARS *)

31 FORMATI1HO." VEATICAL INFLOW = 742X .010e3+2X+*METERS/SEC Y 3//7,
1" SPECIFIC $STORAGS COEFFICIENT NOF CLAYS ='.2X,0%9e3,2X,
2' 1/METERY,///y* ELASTIC STOTAGE COEFFICIENT OF CLAYS =4,
12%XsD99 342X, "1 /METER )

76 FORMAT(1HO.47X,:* CORIESPONDING PRESSUREST')

91 FOAMAT(*17)

210 FORMAT{1HO+47X,*PRESSURES TN CLAYS®)

211 FORMAT{IHO+47 X, "MAXIMUN PRESSUPTSY)

213 FOAIMATLIH/ W A7X 'WIRGIN PRESSURTS DIFFERENCES')

214 FOIMAT(IHO47Xe'CLASTIC PRESSURTS DIFFERENCES?)

215 FORMAT(IMO+A7X, "PARTIAL COMFPACTION VALUES®)

215 FORMAT{1HD,47X," TOTAL SUBSIDENCE AT THE SURFACE *)

217 FORMAT(IHD 4ATX s VANALY SIS FOR AY,///4S55X2184//7,20X, "PERCENT INCREA
155 0OF THE PUMPAGE RATE AT EVERY POINTI}

2YS FORMAT SIS LIS ISP PF PSPPI LSS PP PP PRI PP I I PP 777

. END . '

onon
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SUBROUTINE READININR.NC,NA,ND)

THIS ROUTINE READS INITIAL DATA

o600

DIMENSION KC{8,18)

DOUBLE PRECISION ELSV{13,19),HC{13,18),CX(12,18),CvI{12,18),
HT(12,18),H{12,18)+5(12,181,0H(12,18},
DELX(12,18).080L2(12,18),0012,18).HPC12,18),
SUCTII).GHIIG) 4DHT(12,13),SUSK(E,18),5USE(2,18),
DZZU64181sPD(12,18)4PT{12,18}.,£N(8,18),PP{(3,187,
HE(12418),PMAX(3,18)},PMAX1(8,18),DPE(8,13),
DPVIEB,18).S5(8,183+P{12418)DELT+S5T+GsRHO,VIS,VIF

’ S5KV 4 SSKE ,FWTQORP

N e e

COMMON ELEV;HCoCX.CYuHToH-S-DH.ﬂELX.DELZ.Q.Hp.SU.GH.SSKV.DFLT'ST
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COMMGON G FWTOP,RHO
COMMON/SURS1/SUSK +SUSE s SSKE
COMMON/COMBL/PT +PD,PN,RP
COMMON/COMP2/PMAX, PMAX L 2OPV DPE L KC

C
C
READ(S,1) DELT,ST.FWTQOP
READ(S5,2) GIBETA,RHO
WRITE{6:41)G,BETA.QHOD
WRITELG40) DELT.ST,FNTORP
READ(SBI{{CXIT+J) e J=14NC) s I=1,NR)
READ({S,:8)({CY{T+J)}aJ=14NC)}sI=14NR)
READ(S+4) ([ S{TsJYadzloeNC)I=1,NR)
READIS A ({ H‘IQJ3'J=1‘NC’-_!=I'NR’
READ(S+3)(L QLT 4JYsJ=1sNC)I=1,NR)
0T 990 T=1,N]
DO 990 J=1.NC
990 H{1.JI=H({T,J)*1000,
RETURN
1 FORMAT(3D1043)
2  FQAIMAT(ID10.3)
4 FORMAT(ED13.7)

40 FOAMATOIHO, *TIME [NCREMENT =0 ,F19.3,2X+"'DAYST,//,
TIX,'TOTAL TIME = *,F10a2s 2X+"DAYS",//,

Z1Xs "PRINTOU™ CONTRDL =*,F10s3://7)

41 FOAMAT({IH ,"ACCELERATION OF GRAVITY =*,F10.3.*METER/SC SEC* 4/
11Xy *FLULID COMPRESSIBILITY=?,F10+3," SO METEB/KG '/,
21X 'DENSETY OF THE FLUID =%4F10e342X:+" KG/CUBIC CM®,/)

END
<
<
c
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SUBROUTINE MATAROP{NR,NC,B}
Caxx THIS ROUTINE PRINTS INITIAL DATA AND CURRENT STATE INFORMATIOM

DOUBLE PRECISION BINRNC) A(12)
OIMINSTON LC(18)
WRITELS6,173)
KONT=1
KL=9
KF=1
00 30 J=1.12
LCCIY=0

30 CONTINUE
DO 11 TI=1.NC.9
IN=I/9
DO 9 J=1,.NR
IF{JsEOa.1) GO TO 14
KKT=0
GO TO I35

14 KkT=1}

15 IFTUINFII*T4GE«NC) GO TO 3

, 1 OO 2 JI=1,9
JII=TNZG+ 3
2 Al 20y =800,0J00)

- r



C
C

22

71

70
29

Gd TO 5

LE=NC=] N¥9

KF=KL+1

KL=KL +9

IFTA4,EQal) KKTmm2

DO 4 JI=1.+9

JII=INEGEID
A(JIY=BCI,,JJI0)

LL=LL+)

IF{LL«GEs9) GO TO & -
0O 5 JJ=LL,.9
A{JJ)=999299999%99999,
CONTINUE

DD 22 11=1,9

CONTINUE -

IFIKKTY 71,70,71
WRITE(G;IZI)(K.K KngL'
WRITE(H,24)

IFIKONT) 20.,20.,20
WRITE(S,35) LCLU}+CA{TT)aT1=1,9),J)
GO TO 9

KONT=1

WRITELS,213)

11

13
23
24
35
121

CONTINUE

RETURM

FORMATL{1HO, 27 /7)

FOQMAT{* Q")

FORMAT(® *)

FORMATOLIH 229X +02+47X42{D10a342X)48X%,12)
FORMAT(IH +BXs"LAYER/PCINT " 44X,12,8{10X,12))
EMND ’
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C

Chxx

C
1
2
1
2
3
a
5
5
7

C

C

C

c

c

SUBQOUTINE MATSOLINR.NCNA,NB)Y
THES ROUT!NE SOLVES THE FLOW SQUATIDN BY GAUSS ELIMINATION

DIUELE PRCCIaInN CHMATRX{160.21).CRULB0)BBC12,18),DZ{12,19),

DX{174319),PARAM, TIMAM, AK 1, AK2,051,:052:053,
. DT14AS51,EXC(12,18).D0Z2C(12,18)

DOUBLE PRECISION FLEV13,123).HG(13,18),Cx(12,18},C2(12,18),
HT(T12:18)H{12,19},5{12,18),0H(12+18),
DELX{12:+1A8),25L.Z{12,18),Q0(12,18),HP{12,18},
SUC19),5H{19).DHT(12,18),5USK(B,18),5UsSE{2,1"},
DZZ(5,18),PD{12,18)}+PT(12,17),PN(B,18),PP{R,18),
HE{12,19).PMAN{B,18).PMAX1I{H,18).,.DPE(B,18).,

DOV{3,18)455(8,18})+P(12418)+DELT ST GAHOLVIS,VIF

. SSKV:SSKE,FWTOR

COMMON ELEV 1HG 2 CX 4 CZyHT oH, S 3BHOXC 2 DZC e D+ HP . SULGH.SSKV.DELT ST
COMMAN G FWTQP ,RHO

HT= HEAD @ CENTER AT PARESENT TIME STEP

H9= HEAD ® CFNTER AT PREVIQUS TIME STEP

H= HEAD AT INITIAL TIME STEPR

DZ= VERTICAL DIMENSION @ GRID IMTERTACES

DZC= VSERTICAL DIMENSINN 2 GRID CENTER
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aoOnNnonnNnNnnDn

(1Rl

23

24

20

21

2R

CZ= VERTICAL CONDUCTIVITY

CxX= HORIZANTAL CONDUCTIVITY

S= STORAGE COEFFICIENT

B3= ARRAY 0OF VALUES TO INDICATE BOUNDARY CONDITIONS
€Y= VECTOR QOF KMOWN VALUES

CMATRX= MATRX OF COSFFICIENTS

PARAM(AKI.AKZ.DS\.052|DS3)=(2oO*AK!*AK2*DSll/((AKl*DS;)+{hK2*DS§)3
TEMAM{AS] +DS1+D52,053,DT1I=({eSkASIROS1)R{(14/DTL}*(DS2+D5I))

SST BOUNDARY CONTROL ARRKAY
D0 23 I=1412

DO 23 2=1,18

BAH(TI,J)=15.

DO 24 1=2,11 .

DI 24 J=24.17

5B{lsJ)=0eD

DO 1 J=14NB
Nna 1 I=1+NA
SMATRX(I¢J3=OQO

CALCULATE GRID SIDE DIMENSIONS

07 20 J=1419

073 20 1I=1,12

DZII 4 JY=ELEVII s J)=ELEV{I+1,J)

0o 21 J=1,18

DO 21 f=1.12

DX(T+J)=OXC(T4d) - ’

DO 22 J=1.18

NXC1340)Y=DX(12¢J)

DO 28 I=1,12

DD 28 J=1,18

HE(T o JI=HTI I,

NT=5

NCI=NC=1 3
N1 =NR=1

18=NR~2

ITM=18+1

[C=IM+]

10=2418+1

00 12 4=2,NC)

D7 12 1=2.NR1 '
NTaNT+1

CRUNT)I=0aN

IF(BB{I,J)eGE«l0an) GO TO 11
1F{CXCT,JV1aEOsDeDeANDCX{14+Uw1)4ECu0e01 GO TO 30

CHATRXINT 1 1 =PARAMICKL T s U ) 4 CXUT o d~™1) o024 4DXCLL ) oDXC(IAS=1])
IF(CZATeJ)aFQa0e0sANDSCZ{I=1,J)sEQs0+0) GO TO 31

AMATRXINT YA =P ARAMICZ I T+ e CZUTI=1 s} DX( 14 IV DZCL{T+3)0ZCII™14d))
IFLCZ0T ) sEQu0e0+ANDICZ(l+1,J)e50e0.0) GO TO 32
CMATAX(NT»TCI=PARAMICZL 14 J)+CZOT #1433 DX{I+1,J)1:D2C{T+J),D2CITI+1,
141

IF(CXE T+ 0) aF0e0aDe ANDSCX( T4 +1)eEQe0e0} GO TO 33

CHMATRXINT + 1O} =PARAMECXL T4 J)+CX{T4d+2)0Z{TI.J¢1 )1 4OXCLTI51),0XCLT,
1J+1)}

IF(BBII+J=1)elLT410eD) GC TO &
CRINTISCRINTI=(CMATAXINT, 1Y+HT(T yUm1}}

SMATRXINT s M) SCMATRXINT . IMI=CMATRA(NT 1)

CMATRX(NT+1)=0a.0
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IF(BBL{I=14J)sLTel10s2) GCT TO 6

CRI{NTI=CRINT)={CMATRX{NT, I18)*HT(I=1,J)}

CMATRX{NT ¢ IMI=CMATRX(NT ,IM)=CMATRAX{NT,18)

CMATRX{NT,18)=040

IF{BBL{I+1,J)oLTs10s) GC TO 8
CRINTI=CRI{NTI={CMATRXINT s ICI*HT(TI+1,4)}

CMATAXINT ,TMI=CHMATRX{NT ¢ ITM)I=CMATRX{NT,1C)

CMATRX{NT ,1C)=0,0

IF(BB({l+J+1}sL.Tel0e) GC TCQ 10
CRINTI=CRINT)=({CMATRX (KT, ID)*XHT{I,J+1)}

CMATRXINT s IM)=CMATRX(NT s IM) =CMATAX{NT 1D}

CMATRX{NT ,1D) =040

CMATARXINT M) =CMATRX{NT 4 IM} =(CMATRXENT, 1) +CMATRX{NT ., IB) +CMATRX
TANTLICI+CMATRAINT  IDV4TIMAMIS (T 4 J) s DXC{ T4 J)sD2(1+J)4DZ{T4J+1),
2DELT))
CR{NT)I=CRINT)I=(TIMAMIS(T,J),0XC{L+2),DZ(1,J).0Z(T+J+1),DELT}*
THT(I» J))+00T,0)

GO TO 12

CMATRX({MT+IM}=1,0

CRINTI=HT(L , 3)

CONTINUE

‘CALL BSOLVE{CMATRX sNA,NB,CR)

NT=0

DO 13 J=2.NC1
D0 13 [=2.NR1
NT=NT+1

HT{ I« JY=CR{NT)
ATTURN '
END

ChuwbdkihukirRighkkbahbhhdhhdd ke ke Adhk ekl hr kb ke kb n ke ks
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SUBROUTINE BSOLVE(C,N.V,V)

CALL TRAPSasase CALL A PROTHECTIVE ROUTINE (WATFLIV) TG SKIP
UMDERFLOW AND OVERSLOW SITUATIONS

DOUBLE PRECISION CINsM) VINY TEMP
LR={M=1}/2

CALL. TRAPS{(1l.+1s1,1,»1)
DO 2 L=1,LR

TM=L AL+

20 2 I=1,1IM

0D 1 J=2.M

CAL ¢ J=l b =C{1, ,J)
KN=NmL_

Ki=M=]

ClLLaM) =340

CIKNFL KM+L1)=04 D
LR=LR+]

IM=Nm=1

D0 10 I=1.TM

NP IVl

LS=1+1

00 3 L=LS.LR
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IF{DABS{CIL 1)) eGTsDAES{CINFIV,11)) NPIV=L
3 CONTINUE
IFINPIV.LE.TI} GD TO &
4 DO 5 J=1,M
TEMP=C(1,J)
CLI JI=C{NPIV,J)
5 CI{NPIV,J)}=TEMP
TEMP=V(I)
VEITI=VINPIV])
VINPIV)=TEMP
6 VIII=v{I)/CLlE,.1)
00 7 J=2 .M
TSl d)I=CLI I CLT L)
DO 9 L=LS.LR
TEMRP=C(L ¢1}
VIL)=vIL)}=TEMP®V{ )
DO. 8 J=2,.M °
CALL TRAPS{1,:1+141,1)
ClL =1 )=C(L  J)=TEMP&C{T,J}
CONTINUE
C{LeM)I=0.0
IF(LRWLTeN} LR=LR+1{
10 *CONTINUS
VINI=VIN) /CIN,1)
IM=2
DO 12 I=1,IM
L=N=i
DO 11 J=2,JM
CALL TRAPS(1+l41s1,1)
KM=+ -
11T VL =viL)=Cll e J}RkV{KM=1)
IF{IMeLTaM) IM=JM+1
12 COMTINUE
RE TURN
END
= +
c .
C.#.lt‘t*t*t**i*****t*t*tt****tv*tt**i**ﬂ*‘k*****t*ﬁ*****#*.*t*t**t*tt*t*t**tt**r
CIrt.*!l.k't**t#t****t*:&i"«#*kﬁ******i******ﬁ*t******i**#x******#**;*.&*i*ttkt**#*:
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SUBROUTINE COMPAC

C

Cxax  THIS RKROUTEINZE CONTROLS THE CALCULATIONS OF COMPACTION DUE TQ
Cc CHANGING =ZFFECTIVE SYRESSES

c .

DIMENSION KC(B.18)

DOUBLE PRECISION ELEVI13,19),HC(13,183,CX(12,16}),C¥{12,181),
HTU12,18),H{12,18),5(12,18)+DH(12,18).,
DELXC12418),05L.Z{12,18).Q(12,18),HP(12,181,
SULT9) sGHII9) DHT(12,18) 2SUSK{B,18) ,5USF{2.18),
DZZ{A:18),7D{12,18),PT{12.:18),PN(B8,18),PP{R,18},
HE(1241R)+PMAXI{B,18),PMAXI(A,18),0PE(B.18},
DOVIB4+1R)+S5S(8418).P{12,18)DELT+STIG+RHO,VIS.VIF

» SSKV s SSKTFWTOP

NN W N e

' DOQUBLE PRECISION STOT(1,1A}
COMMON ELEV  HC s CX LY s HT sHeS+D0H DELX 4 DEL Z2 Qs HP s SULGHW SSKV +DELT ST
COMMON GFWTOP ,RHD
COMMON/SURS]1 /SUSK . 5USE . S5KT



C
C
C

COMMON/COMP1/PT ,PD PN FF
COMMON/COMP2/PMAX s PMAX 1 +DRV +DPEKC

COMMON/COMP3/55,.,5T07T
CALL CENTRO
CALL DOELPRE
CALL SuBsSID

RETURN
END

-
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Chhd
C

SUBROUTINE CENTRO
&
THIS ROUTINE SETS EFFECTIVE PRESSURES AT CLAY BOUNDARIES

DIMENSION KC(8.+,183}

DAUBLE PRECTSION CENTRE.f£T1,PT2,0R],0R2

DOUBLE PRECISION FLEV({13.19),HC(13,18),CX(12,18},CY(12,18),
HT{12,18)H{12,18)+5{(12.13),0H(12+,18},
DELX{12418),0FLZ(12,18).Q{12,18).HP{12,13},
SUL19).GH{19),DHT{12,19),5USKk{8.18},5USS(2,1R),
DZZI&6+ 181 /PDI12,41B)}+PT(12418),:PN(8,18B).,.,PP(3,18),
HE(12,18).PMAX(3,18),PMAX1{8,18) . .DPE(BR,18),
DDV(S.IB).SS(%.18).P(12.181.DELT.ST,G.RHO.VIS‘VIF
] SSKV+SSKE,FWTOP

NP N -

COMMON ELEV JHC+CX s CY s HT yHe S+DHDEL X +DELZ Q4 HP+SUsGH.S5KV +DELT ST
COMMON G .FWTOP,RHOD

COMMOM/ SURAST /SUSK ,SUSE 4 SEKE

COMMON/COMPL/PT sPDyPN,PP
COMMON/COMP2/PMAX +PMAXL 40PV ,DP%KC

CENTRE(PT I WPT2,0R1,DR2)=PT1+{DOR1+:{PT2=PY1}} /({DR!+DR2)
DO 1 J=1,18 .
PN, 2)=RT(1,J)

IP(1,)=P0(1,4})

PNL{ 24 J)=CENTRE(PT(24J)3PT(344)DHI{2+J)DH{3,4)1}
PRE{2)J)=CENTRELPD(2:J) +PD(35J):0H{Z2+J)+DH{T,J3))
PN{33 JY=CENTRE(PT(3+J}+FT(4,J)1,DH{3,J) DH(4.J}}
PRAL34JY=CENTRE(RPD( I, JV4FDlA4, ) DH{3,J).0H14,J)}

ON{ G+ JI=CENTRE(PTI 743 J)«FT{8,0),0H(7,J),DH{R,J))
PR{6, ) =CENTRE{RD(7,4}.P0(9,J),0H{7,J},0H(8.J}}
ONL{ 7+ J)=CENTRE{PT(B, L) FT(O9,:d)+DH(S,J)4DH{O,J}}
PP{7,2JY=CENTRE{PD(B,J) 4PO(9,J)+DH{(B+J)DH(G,J))
PH{A ) =PTLS,J)

PP{4,J)=pPD{5,J)

ON{S+J)=PT{A I}

PR{S5,:J)=PD{A.J)

PMNIB, JY=PT{10,J1}

PR{8+J)=PD{10,.J}

CONTINUE

RETURN
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END
C

C
£ 0 e o e e e e e e ol e e e ol e ol e o e e e e ol e ol ol e o e ke ol e ale < e ool ol ke e ol ol e e b ok ol ook o e i e e ok o ki ekl o ek kel

C ok el R el e A ok Rt o ks ok e R R R ek b
Ch % % * % & % k & & & % % % » *k % & k Kk %k *k % kK k x B ¥ X Kk K * %k hk k h ¥
Chk * st % % % M & & ¥ & b % sk % & * 4 * ok o ok k ok ok w ok % * k ok ok Kk ok 3 k ke

SUBROUTINE DTLPRE

Chbkh THIS ROUTINE CALCULATSS VADTATIONS OF EFFECTIVE PRESSURES AT CLAY
ol BOUNDARIES 8Y REVISWING THE CONSOLIOATION HISTORY OF THE CLAYS

DIMENSION KC{8,13)

DNUBLE PRECISION ELEVII2,191,HC{13,18),CX{12,18),C¥(12,18),
HT{12413)+H{12,18),5{(12+18}DH(12,18),
DELX{12.12),DELZ{12,18).G{(12:.18).HP{12,18),
SUL19),GHE19) 4DHTL12,1R)+SUSKI(B,18) sSUSE(2,158),
DZZ(6+18)2PD{12:,18),PT{12,18),PN(8,018).,PP{8B,18),
HE(12,12),9A%{(8,18),PMAX1({B,18).,0PE(8,18),
DPVIB8+12),:SS(R+18)+PU124+18)4+DELT+53T+GePHO VIS, VIF
. SSKVWSSKE,FUTOP

NOAP U

. )

COMMON ELEV  HC s CXsCY+HT 3 H 3 S+DHDELX
COMMON GsFWTOP ,RHO
COMMON/SUBS 1/5USK +SUSE 4 SSKT
COMMON/COMPL/PT 4PD+PN.PF
COMMON/COMP2/PMAX , PMAK] +DPV DS KC
DD 200 1=1,8
DO 200 J=1,18
IF(PN({T +J)aGELPMAX{T+J)) GO TO 201
KGO yJ) =y
IF(PNIT ) eLToPP{L,4)) GO TO 202
DREL{T +J)=PRPIT +J)=PNIT )
DPV(T o+ J =04
G0N To 203

212 DRPVIT,0)=0. .
DPE(TsJ1=0P {1, 3Y=PN{1,.}})

203 PMAXLLT  J)I=PMAXIT D)
G TO 204

291 CONTINU®
IFCKRCLT )Y 205,205,208

206 DES(IJ)=PPIT 1 J)~PMAXIT 40
OMAX(T +JY=PN{I.,J)
PMAX14T4J)=0N{T J)
G TO 204

205 PMAX(I,J)i=0NM{T,)
DRV(I+JF=PN{T ,J)=0D(T,d)
PMAXLLL ¢ JI=PN{T 402
OPELT +11=0.

204 CONTINUE

200 CONTINUE
RETURN
END

+DELZ+QG+HP,SUIGHSSKV ,,DELT,,ST

o

C
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11

10

SUSROUTINE SuBsID

THIS-ROUTINQ CALCULATES PAQTIAL,TOTAL AND CUMULATIVE COMPACTION AT
PRESENT TIME STEP

DOUBLE PRECISIODON DR

DIMENSION KC(8,18)

DOUBL.E PRICISION SUBS+Z14Z24+51.1524R1,R2

DOUBLE PRECISION ELEV(13,15),HC{13,18),CX{12,18),CY{12,18),

) HT{12:181 yH{12,18Y45012,1814DH{12,18},
DELX{12,18),DELZ(12,18),0(12,18),HP(12,18Y,
SU(19)-GH(!9)yDHT(IE-IBf.SUSK(B-IB}-SUSE(2|18)-
DZZI5,18).,PD012,18).PT(12:,18),PN{B,18),PP(a8,18},
HF(I2-!R).PHAX(“le}.PMAKI(S 18).0PE{B8.18),

_ DPV(B.]%)cS%(B-lB)gP(SZs15!vDELT;ST-G-QHD.VlS-VEF
, ' SSKV,SSKE ,FUTQP

N R U N

DOUBLE PRECISION STOT(1,18)

COMMON ELEV sHC 2 CX 2 CY s HT oH 2S5 DH s DELX s DELZ, Qs HP 3 SU GH » SSKV 4DELT, ST
CAMMOM GyFWTOP 4RHT

COMMNMN/SURS 1 /SUSK 4 SUSE , SSKE

COMMON/COMPL/OT ,PD,.ON PR

“COMMON/COMP2/PMAX s PMAX] ,0FV,DOE ,KC

COMMON/COMP 3/55,5T0T
suastzl.zz.s:.sz.ai.nzh-._*{21+22)t(51*91-52*aa)

OR=0e

70 2 J=1,18

DZZI14J)=DH(2,J)

DZZU2+J)=DH( 3, 1)

BZZL3,0)=0H{4,4}

D2ZZLA,J)=DH{T,4) "

DZZISJ)=DHIB,J)

DZZ{S,I=DH{D,J)

CONTINUE

0O & I=1,4

DD 4 J=1,18

IF{1.EQe1) GO TO 7

IF(1+EQs4Y GO TN 7

SUSK( T+ J)=SUBSIDZZ( It ,J)sDZ2CT+3),55(1,J)1SSKE+DPVII+J]), ODFEI,J))
GO To 4

TF(1+EQel) SUSK{I,J}=SUBS(DR.0ZZ1+J),5S(T,J}sSSKE+DPVI{I+d)
*DAE([,4)). .

IF(12FQed) SUSKIT+J)=SUBRSIDZZ{31J)+0ReSS{I U} »SSKELCPVIT4J),
*OPT(T.4))

CONTINUE

DO 10 [=5.8

RO 10 J=1,18

IF(1.EQ.5) GO TO 11

IF{[+EQs8) GT TO 11
SUSK(T+J)=SUBSIDZZ(I=2,J}+0ZZ0I=14J} 45501+ ) +SSKELDPVIL,J) ,0PE(T.J
13}

GO TO 10

IF{T+EQe5) SUSK(I.JI=SUBS(DR,DZZ(84J),55{T+J)sSSKE,DPVII ) DPE{ T,
1J)) -

IF{1+EQeB) SUSK(T,JI=SUBSIDZZ(E+J)+DRsSE5(1+J)eSSKEDPY( 141 ,0PELT,
141) '

CONTINUE

LD 6 J=1,18

03 5 I=1.,4

SUSE(1,J)=SUSE(LsJY+SUSK(T,J}

PO 6 [=5,9

185
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5 SUSE(2,J)}=SUSE(2,0)+SUSK{TI .4}
00 20 J=1,13
STOTL 14+ J)=SUSE{l+JI+SUSEL2,4)
20 CAONTINUE
RETURN
END

//7BDATA
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- MPSX/IBM PROGRAMS

The prograh shown in Appendix VIII is used to prepare the input
data to feed the MPSX/IBM routine used to (1) solve 1ihear programming
problems, and (2) perform parametric analysis. Before getting into
descriptions of MPSX programs, it will be useful to explain how to
set up a MPSX problem. Figure IX-1 shows the general deck set up for
using MPSX/IBM routine. In general the use of accuracy control para-
meters is encduraged when those parameters are required in the program
set up. The use of them will avoid being caught in infinite iterative
do Toops when optimal values of objective function are bounded by
feasible non-optfma] values.

The programs used in“this study were the following:
(1) To solve PRIMAL problems:
PROGRAM
INITIALZ
MOVE ( XDATA, 'MINSUB')
MOVE (XPBNAME, 'PBFILE')
CONVERT (' SUMMARY ")
BCDOUT
SETUP('MAX')
MOVE(XDBJ,'OBJ')
MOVE(XRHS, 'WAT')
CRASH
PRIMAL
SOULTION
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EXIT

PEND

where 0BJ contains the value of the coefficient of the -
objective function and WAT contains the right;hand side vaTue
of the constraints.

(2) To perform PARAOBJ (parametric analysis of variations of the
coefficients of the objective function). Include in the
progrém (1) right after SOLUTION the following instructions:
MOVE( XCHROW, ' ROW50')
where
ROW50 contains the vector of increments of the objective
functiqn coefficients for the parametric analysis.

XPARAM = 0.0

XPARMAX = 20.0

XPARDELT = 5.0

SOLUTION !
where XPARAM, XPARMAX and XPARDELT are the control parametefs
to determfne initial value of 0, final value of ©, and
frequency for solution printouts.

(3) To perform PARARHS (parametric analysis of variations of
right hand side values of the constraints) included in program
(1) right after SOLUTION the following instructions
MOVE (XCHCOL , 'WAT1"')

XPARAM = 0.0
XPARMAX = 20.0
XPARDELT = 5.0
SOLUTION
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where
WATT contains the increments of the right hand side values
of the constraints for the parametric analysis.

(4) To pefform PARARIM (parametric analysis of simultaneous
variations of coefficients of the objective function and
right hand side values of the constraints) inctuded in

- program (1) right after SOLUTION the following instructions.
MOVE (XCHROW, 'ROW50' )
MOVE (XCHCOL , 'WAT1' ')
XPARAM = 0.0
XPARMAX = 20.0
XPARDELT = 5.0
SOLUTION

The names MINSUB, 08J, WAT, ROW50 and WAT1 are specific of the

problem solved in this study and must be defined by the user.
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DIMENSION M(!S).XHEEd(IS!qQHO€1ﬁ-3l-Cf5l.F(5}|UGUND{15.3);KL(15’
DIMENSION TRI1S.:15)+COEFI15.15,31,5UB{5}.DIST(15)
DIMENSIDN APARED(LIS) 4SUBX{S) +RHA(LS.3) yCOEFXIL5,1503)

on

READ SURFACE WATER COST  AND GROUNDWATER COST
READ s SRC o GWC

nr\h

READ COST OF SUBSISENCE (DOLLARS PER METER) PER PPINT
READ{SUB(I}eI=1,5)

c

€ READ WATER USE INCRZASE PER POINT
READ,» { XPARED{ 1Y +151415)

g ]

Nv=1%
READ DISTANCES FROM SURFACE WATER RESERVOIRIPER POINT)

-

READ+(DISTCI) o I=14NV}

NVS=NV+1

non A nn

READ WATER USE PER POINT

READ s (XNEED{J) s d=1 e V)

SUB(1)I=SUBELI*1,S

SUB{2}=5UB(2)%1.5

DO 452 I=1.4

KNEED(T ) =XNEED(1)%1 o5
452 CONTINUE -

READ NUMAER OF BREAKS PER POINT
THIS5 ARE FOR THE LINEAR APPROXIMATIONS OF THE OBJECTIVE FUNCTION
READ SURFACE WATER RESERVE
READ23.(M({1).1=14NV),RESER
B0 21 I=1.NV
MN=M({ 1)

OO0

ann

READ COMPACTIONIMETERS) AND WATER USE BREAKS PER POINT{CUBIC METERS)
READ«(CEI) s J=1 s MNY o (PR IsK=1 4 MN) :

€ CALCULATE SLOPES £DR LINEAR APPROXIMATIONS OF THE OBJECTIVE FUNCYION
KN=MN=1_
KLETI=KN
DO 21 K=1.KN
RHOCT oK 3= (C{K+1 }=CEK} I /(P (K+1I=P(K))
IF(L+EQel) RHOCI KI=RHO(TKI*SUB(TL)
IF{IeGTalsANDeI4LEsa) RHO{TKI=RHO( I .KI*SUB(2)
IF{TeGT o4 ANDeT oLE+D) RHC(ILKI=RKO([+K}IASUBS 3)
IF{1eGTa9eANDeIelEel2) RHO(I+KISRHO(T K)*SUR(E)
IFC1eGTel2} RHOCT +K) =RHOC 14K )I*SUBIS)

€ CALCULATE BOUNHDS OF BREAKS{CUBIC METERS)
BOUND{I +K}=P(K+1)}=P(K)
! 21 CONTINUE

noon



‘€ CALCULATE COEFFICIENT INCREASES FOR PARAMETRIC ANALYSIS(ROWSO! .
[ COMPONENTS IT ARRAY MAY BE READ DIRECTLY -
DO 210 [=14NV
KN=KL (T}
DO 210 K=1.KN

c
IF(IeGEel o ANDoILE+8) RHATL oK IZRHDLL KD #y3%e1
IFCIeGT o e ANDa TalE29) RHA{T JKIZRAU(I sK)I %eS 841
IF(leGYoPuANDeT ol Eal2) HHA{I KIZRHD(I K)ke2 %41
TF{L1eGTel2) RHACI +KITRRO(T 4K)%a2 #al

210 CONTINUE '
DO 451 1=j,.NV
KP=KLET)
DO A4S1 K=1.KP
c

€ PRINT SLOPES AND BOUNDS
PRINT24, RHO{I+K )+ BOUND (! ,4K} -
451 CONTINUE
c
€ READ TRANSPORTAYTION COST AKD DISTANCE CONSTANTS
READ TRANSPDELT1 .OELTY2
C .
c
NV1=Nym]
DO 25 I=1 4NV
25 TRtE+1)=0.0
C
Cc
C CALCULATE DISTANCES BETWEEN POINTS
c
00 26 I=1.NV1
IF{I«NEel) GO TO 35
TR{1+2)=DELT1
DD 28 J=3.NV
28 TR{XI»J)=TR(I+JI=1)4DELT2
G YO 26
35 KTl+}
DO 29 J=K.NV
29 TRIT+JISTRO[+J=L}+DELT2
26  CONTINUE

onNn

PRINT DISTANCES BETWEEN PGINTS
DO 31 I=1.NV
00 3 J=1.NV

31 TREIS I =TR{T . )

PRINT30. ((TRILsJIeI=1 s NV} I=T NV}
DO 27 1=1.NV
DO 27 J=l 4NV

non

CALCULATE TRANSPORTATION COSTS OF GROUNWATER
27 TR +J4I=TR{ 14 JI¥TRANSP

DO 300 I=1sNV

DO 300 J=1laNV

KE=KL(I}

DO 300 K=1l+KN
<
C
C CALCULATE COEFFICIENTS OF THE OBJECTIVE FUNCTION{ROWSD)

151

SUBSIDE!
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C
300
C

COEFX{IsJ+K)IZRHALIKI*TR{T+J)%*1e3 +# GuC

COEF{1sJuK}I=RHO(I+K)+TR{T 4} + GWC

C  PRINT COEFFICIENTS

<

301

*
*
»

oD ONOHON

C

DO 301 Ix1,.NV

DO 301 J=1+NV

KP=KL(I) )
PRINT»{COEF I s JsK ) s K1 4KP)

START PUNCHING QATA *2¥, IF THE INFORMATIOM IS DESIRED TO BE RECORDEC
IN TAPE DR DiSKe PROVISION $HOULD BE TAKEN FOR INCLUDING THE CARDS &
FOR THE USE OF THE MPSX/T168M ROUTINEsI+E ROW CARDS.COLUMN CARD. AND
CARD : .

IF *C1" VALUES ARE PUNCHED POSITIVE, PROVISIONS SHOULD BE TAKEN FOR
SET UP *MAX®* THE MPSX/IBM RROUTINE

NG=0

D 100 Y=1sNV
NG=16

DO 100 J=1.NV
KN=KL (4}

Ni=.J

N2=1

DO 100 K=1,K
N3=K o
C1==COEF{ Jy I,K)

Cxxx IF A BSHUT DOVIN PUMPAGE POLICY IS GOING TO BE TESTEDs THE "Ci1™ COEFFICI
C OF THE POINTS INVOLVED MUST 8E GIVEN 1000 VALUE

10¢

101

IF({JaGEeld) Cl=wl1000,

CALL. PRESSI(N1.N2.N3,C1 N9}
Na=1

Cl=1,

CALL PRESS(NI N2, N3.Na,C1,NT)
NS=NS+1

Clz=1a. . .
CALL PRESS{NI «N2,N3,N5,C1,N9)
N6=50 .

Cl==COEFXt da1 K} .
CALL PRESS{NI+NZ.N3I,N6,C1,N9}
CONTINUE

DO 101 I=leNV
Cl=s{SWCIDIST(1)I*TRANSP }
Niz=16

NI3I=Q

N2=1

CALL PRESSI{NTINZ,N3,C1,M0}
ci=t

N2=T

Na=1 _

CALL PRESSIHL«N2,N3I NaLCleNI}
N4=16

CALL PRESSTHLMN2,N3,N4,C1,N9)
CONTINUE

DO 200 I=1.NV



200

201

203

701

23
24
30

10
11
12
13
14
15
16
17

N1=1 ) '
C1=XNEED(I)

CALL PRESS2(N1.Cl1)

Nl=168

Cl=RESER

CALL. PRESS2(NL.CL}

DO 201 =1l NV

KN=KL[1l)}

DO 201 K=i.KN

NL=N1+1 R

Cl=BOUNDI!I.K)

CALL PRESSZ2{NL.Cl)

DO 203 I=1.,NV

Ni=I

Cl1=XPARED( L}

CALL PRESS3IU(NL.CL)

Ml=13 ‘ .
M2=15 '
NT=16

DD 701 J=1.ML

NT=NT+rKL{J)

FORMATLLST2,F1043)
FORMAT({F10ua6+5X:Fl1le2)}
FORMAT{SIF124242X1})
STOP ’

END

SUBROUT INE PRESS(N[.N?.NH-NA’CX.N91

TF{NLeL T 10 ANDoN2oLl Toal10sANNaNG LT 10} PRIMNTIO NG NI NI, N24NIJNG,C

11

IF(NLGLTe 10 ANDeNZaLTs 100 ANDeNGs GELD) PRINTII (NI s NI NSy H24N3NE4C
11

IF{NLsLTel0sANDeN2eGEs 108 ANDe N LT+ 10) PRINTIZINOsN1 N2, N2 NS C1
TFINLIoLTa kDo ANDNZ2 o GEr 102 ANDe A GEa10) PRINTIZING4NL N2 N3 NALCL
IF(N] s GEa LOsAND N2 o LT s 104 AND N3 oL Tal0) PRINTIA N1 sNOoNZ2. N3, NG, C1 .
IF{NaGEs 100 ANDeNZ2 LT s 103 ANDeNGsGERL20) PRIMTISsNIsNIGsN2NIJNS,CL !
IF{NL cGE 210 eAND SN2 GE L 100 AND e NOLLTa10) PRINTIOINLISNZsNISNG,CL
IF{N]eGEs 109 AND N2+ GE 210 ANDo M4 GE410) PRINTI7 NI NZ2ZJN3, NG C1
IF{ME sl TelO0wANDsMN2aLTa10eANDGNELToI0)} PUNCHIO, N9 NIy NI SN2, NI NS, C
11

IF{NLeL Te 100 ANDoNZ2 ol To 1 Qo AND o HASGEL 10) PUNCHIL s NI NI e NG N2s N3 NGHC
1t

IF{N] ol Ta10aANDsNZ2eGEs 10aANC e NAol.Te10) PUNCHIZ2 4 NP NI s N2+ NT+NE4C 2
IF(NLaL T 104ANDeN2aGE 2 10sANDo NG« GE410) PUNCHIZ «NIF.NL N2, N3 N4LC1
IF{N]«GEn 1 00AND N2l Tl e ANDaNAdat Tal0O} PUNCHLIA NI NI,N2, NI NG,C1
IFCN: sGE 100 AND N2 LY 2 100 ANDeNAaGE 10} PUNCHIS, NI +sNFsN2+N3sNGWC1
IF(NLAGE e I0uANDaNZ,GEs 10 ANDe el TalD) PUNCHIGNL e NZosNI NG C1
IF(N] eGEe 10 ANDWNZ s GE w10 ANDoNS o GER 10} PUNCHIT N1 «NZ2, N3N ,C1
FORMATLAX 4" P2 o511l ,TIS,"AQWTY 4+ I1 + T25:F5e2)

FORMATLAX v *PY ySTI54TIS A0+ 12.T25,F5:,2)

FORMAT(AX s *P® w2l 10124 T1eT1Se"ROW 411 :T25,F5e 2}

FORMAT A X "P 4 211412911 s TLiS s *HOW 21 24T25,F5e2)
FORMATEAXs*P® 31231 14TIS+'RONT11,T25,F5.2}
FORMATIAXs?'P* 2120311 sT1G4'RONW? 41 2eT25,F5a2)

FORMATCAX ¢ "'P " 42121 s T8 ?RCH* 411 4T25.F5e2)

FORMATIAX " P 421241 1eTIS+"RAW? 4I2:T25+FSe2)

RETURN

END

SUBROUT INE PRESSI{NL+N2:NI,C1,NI}

193
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10
11
12
13

1
Lo

‘11
10

IFINT oL To 10 ANDW N2l Tc 20 PRINTIOMND NI NI N2yN3,CL
IFINL AL T 100 ANDSNZAGEAL10) PRINTILIoNGSNL (N2, N3,CL
IFINYIoGE 104 ANDsN2L. T2 101 PRINTIZoNLNIWNZN3,C1L
IFIN] 6GEwl1UaANNMNZ2sGES 10 FRINTYII NI JNZ,NILC2
IF{NLL T 10aAHDeNZ«LTa 10} PUNCHIO«ND N1 4NFJN2yN3,C1L
IF{NI oL T e 10sANDSNZ2+GE10) PUNCHI! NF+NLI N2y N3, Ci
IF(NT 2GR e 10 ANDeNZ2+sLTa 10! PUNCHIZ2,NIWNGN2,N3,CL
IFINL1oGEe 10 ANDsNPaGF 210} PLUNCHI 3 NIsN2,N3,.C1
FORMATI{AX s*P* 3SIL,TI5.CRI" 4 T25,F10a4)

FORMATCAX o *PP 42114124114 T15:¥080%,T25:,F1044)
FORMAT(AX +"P* 412,311, T15,703J +T254F1004}

FORMATOAX »YP " 3 212,114 T15+4°08BJ" e T25,F1024)

RETURN '

END

SUBRDUTINE PRESS2(N1,.C1)

IF{NL«LT»10) PRINTIO,N1. 1 B
IF{N1aGE«10) PRINTI1:K1,C1

IF{NLLTal1lQ) PUNCHIOWNI,.C]

IF{NL.GEW10) PUNCHII.N[;C!_

FORMATI(A X, *WAT?® . TX v "ROW® o I12,T25.F10s2)
FORMAT(AX* WATS ,TX ¢ *RUW* 3 11.T25,F10.2)
RETURN ’

END

SUBROUTINE PRESSIINI.C1})

ITE(NLWLT 10} PRINTI0.,NLCY

IFINLWGEe10) PRINTILIWNILCL

IFINLALTSIO) PUNCHID NELC2

TF{NL+GE10) PUMCHEIL NI LCIL

FORMAT(AXs "WAT10,6X s*RUNT 4 I2.T25.,F1042)
FORMATCAX s "HATL1* 56X 2 ?ROWT+11+T25.F102)
RETURN '

END



APPENDIX VIII

INITIAL DATE TC THE HYDROLOGIC MODEL

ACCELERATIGN OF GRAVITY = 9+ B00METER/S5Q SEC
FLUID COMPRESSIBILITY= 0000 SO -METER/KG
DENSITY OF THE FLUID = 999730 KG/CUBIC M
TIME INCREMENT = 60000 DAYS

TOTAL TIME = 360000 DAYS

PRINTQUT CONTROL = 6000
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APPENDIX IX

HYDROLOGIC AND COMPACTION MODEL OUTPUT
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APPENDIX X
PUMPAGE-COMPACTION CURVES

| Breakpoints for the approximating linear segments.
---- Approximating linear segments when they do not

coincide with the original curve.
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APPENDIX II

. DERIVATION OF THE GENERAL FLOW EQUATION

The fundamental flow equation is derived for water flowing through
a saturated porous media. A mass balance in two dimenﬁions is combined
with Darcy's Law and some equations of state to obtain fhé final equa-
tion. |

The princfplé of mass conservation, when applied to a differential
volume element df'porous media fixed in space may be stated as:

(Rate of mass inflow) - (Rate of mass outflow) =

Rate of change of mass inside the volume element.
Applying this prihéip]e to the volume element shown in Figure II-1,

results in the following equation:

(Mx - Ax/?)j-(Mx + Ax/2)+(Mz - Az/2)-(Mz + Az/2)= ?4;%% + Mp ,

(11-1)
or

m&:w&Az:_mane

ax 3z o st Mo (11-2)

where Mx- Ax/2 , Mz-az/2, Mx+ax/2, and Mz+paz/2 are the rates of mMmass
inflow and outflow across the faces of the volume element. Mve is the
mass contained inside the volume element and Mp 1is a mass source or

sink term which is negative for a source and positive for a sink. The

terms %%&Ax‘hggiﬂz , and Q%%E- represent the changes in mass with

respect to space and time.
Expressing individual mass flow components in terms of the fluid

density., the dimensions of the volume element, and the volume flux, we
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get
Mx = p g, rz(1)
Mz = p qZ.Az(i)
MVE = po Ax Az(1) , and
Mp= oQ |
where

p = fluid deﬁsity (M[Ls)

Ax = volumg eiement's side in the X direétion

Az = volume element's side in fhe z direction
¢ = porosity, and

Q = source on sink term (L3/T) .

Substituting these relationships into'equation 11-2, we get

2 (pa, 82(1)) , + Syfo 0z bx(1)7 = - Floo b1 82(1) + 50

(11-3)
According to Darcy's law, - u
- - .ali‘ <.k o 11-4

9% Kx X and 9 Kz oz ( )
where

q, = volume flux across z(1) face (L/T),

q, = volume flux across z{1) face (L/T),

Kx = hydraulic conductivity in (x) direction (L/T),

Ky = hydraulic condvctivity in (z) direction (L/T),

%%i= head gradient in (x) direction (.), and

M - head gradient in (z) direction (.).

l

(%]
N
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Substituting equétions,(A—4) into equation (II-3), we obtain

] oH ] aHy _4d
gz(p KxAz(1)5;ﬂx + ﬁi{p KZAx(l)sz)Az = 5E{p¢ Ax Az(1)) £ oQ .

_ (11-5)
The first term on ﬁhe-right-hand side of equation 1I-5 can be expanded

as follows:

e } a(ax) a(az) 2
Sgied Ax AZ(1)).— pb AzFTC + pp AxTES * p AX Azgy

¥ . -

+ ¢ AX ézat . , (11-6)

The resulting four terms deal with the time rate of change of the

volume element's horizontal apd vertical dimensions, porosity, and

fluid density. It is assumed that no horizontal changes occur, SO the

first term -is neg1ected. The second and third terms are related to

- vertical compression of the porous media. They may be expressed in

terms of 1ntergrahu1ar pressure, and ultimately, f]ﬁid head. The

fourth term may also be expressed in terms of fluid head by using a

density-pressure re]ationship. | |
The second‘term in equation 1I-6 is related to the vertical

compressibility of the aquifer as follows:
_1 .
h(" Es 3 . (II 7)

where ol is the forhation compressibility factor, and Es is the bulk
modu]ds of compression of the rock skeleton defined by

F - Astress A , (11-8)
s A strain d{Az/Azi ’

where AG is the change in intergranular pressure, and d(az/Az)

is the unit change in the vertical dimension of the volume element.



Combining equations 11-7 and 11-8 yields,
_d(Az) = -0 Az do ,

or in terms of the time derivative,

147

(11-9)

The third term of equation II-b6 expresses the change in porosity,

which is also related to vertical compression.

The volume of solids in

the volume element can be related to the vertical dimension only as

i

Vs = (1-0}Az
where

Vs

the volume of solids.

Assuming that Vs remains constant with time,
dvs = d((]~¢) Az) = 0 .

Carrying out the differentiation,
dvs = -d¢ Az + (1-¢)d(az) = 0 .

Consequently,

29 . (1-0) 8AZ
ot . AZ at

and using equation II-9

3% _ ag
5% = “__“b)“ Y

(11-10)

(11-11)

(11-12)

(I11-13)
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The fourth term.in equation 1I-6 refers to the changes in fluid density
with respect to time and is related to the fluid compressibility (B} .
where [ = 1/Ew . Lw is fhe bulk modulus of compression for water and

is defined as

- dp_ . -
B = - g/ e (11-18)

where dp = the change in fluid pressure, and

[..--l

d(AV)/AV = the change in fluid volume per unit volume.
Rearranging terms in equation I1-15 yields d(AV) = - gAVdp . (11-16)
By the conservation of mass principle, |

Py vy = Py av, or pd{(AV) + AV dp = O . . (11-17)

Substituting equation II-16 into equation I1-17 and taking the time

derivative, we get

dp . do |
PBgr T dt !

. Now, substituting equations 11-18 , 1I1-14 and II-9 into gquation

(11-6) yields

? 2(1 3g 3G
(poaléxbz(_)_ = ~pa AZ AX "B"% -ap Ax Az{1-4) 5% + |

+ ¢ Ax Az pﬁg% = RHS . (11-19)
since do= - dp , _ (11-20)
equation 1I-19 becomes

RHS = %%(pa AZ AXp + ap Ax AZ(1-¢) + ¢pB AX AZ) ,
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or

RHS = %{- Ax AZ pla +¢B)I

(11-21)

Since the piezométric head is defined as

H=pg* 2 (11-22)
then the'chaﬁge in H with respect to time is

oH _ 9z ,1 3p

3t _ 5t © pg at (11-23)
and given that 23Z/3t = 0 | (11-24)
we obtain

RHS = pPgmxaz{ares) 2, (11-25)

where pg{a+¢8) is the coefficient of specific storage S (L/Tz). Thus,

(11-26)

RHS pSs Ax Az Y3

Assuming that density does not vary in space,

3 (¢ A, M 3 My, aH | -
'ax(Kx Az aX)Ax + (K, ax )z = M AL S oyt Q . (11-27)
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APPENDIX III

FINITE DIFFERENCE FORM OF THE GENERAL FLOW EQUATION

The general flow equation 11-27 used to calculate piezometric heads

is written as

< (Kx Az ax)Ax + BZ(KZ AX az)Az Ax Ax S_oF * Q 3 (111-1)

A centered-in-space finite difference grid system (Figure III-1} is used

to develop a finite difference equation for Equation III-1

T
1

1

fuf=1 Li g - Ll

Fig. I1I-1 Finite difference grid system.

: I
The spatial derivative of H at 2 point on the boundary between grids

i,j and 1,j*1 may be approximated by
H

_a_t*_) RUR RN
¥/i,90172 M5 B,
7 5

(111-2)

likewise, for a point on the boundary between grids 1,j and 1i,j-1

!

H B MY B : \ (111-3)
axJ. . Ax. . AX. . '
1,j-1/2 i, 4 i,j-1
2 2

for a point between grids i,j and i+1,]
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: ’ . s = H' >
oH RIA TS IS Mt IS , : (111-4)
2z/. . ANZ. . AZ. .
i+1/2,5  TTiL] 1;1.1,1
2

and for a point between grids 1,j and i-1.,]

gﬂ) g m Mg |
| -

The left-hand side (LHS) of equation (III-1) can be written as

N M ] -
LHS = m, T (Kx Az ax) (Kx Az ax) Mg
»J i,j+1/2 i,j-1/2

1 oM - oM
t 5 (Kz Ax az) - (Kz Ax é'z') bz 5
LENR N c15-172,5 i-1/2,3

Substituting equations 111-2, 111-3, 1I1I-4 and III-5 into equation III-6

(111-6)

and manipulating terms, we get
' _ |

| Mo cuq - Hig |
= . i,j+] i,
LHS = (K 82); a7z | B,

- (Kx AZ) .
i,j-1/2 ,I\i"_ui+ xi_]’, | (111-7}
2

H: - Ha o

i+1,] 1,3

+ (K, M5ay0.5 B2, bzL L .
133 + 1"] ’J
2 2
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: H: = - H; .y 4

- 1,) i-1,]
(K, )i /2,505 5 o
1, ¢ —i=-1,]

4 2

Equation III-7 may be simplified by substituting equivaTent terms of the

following form

(Ky B2); - TR TRTialhi TR TN SO P W PO % i I
XL B 5 B g | K B g
R ;
[Hi.J+i_Hi.j] ; _ (111-8)

The derivation of equations of the same type as equation 111-8 is given

in Appendix IV.
We can then make the following definitions:

PO T M 5 M PO L V-

Nx = . (111-9)
Kxi,5-8%, 301 7% 501 B4
T R 0 B s W RV (111-10)
Koo soAX. & <Ko s o AX:
Xi,§700,3-1 7%,3-1 L)
i = i frin) g Mir1/2.] (I11-11)
KX' AZ . .+Kz.‘ AZ. .
i,J°01-1,3 AL 3T5)
Koo« Ky v 5 A :
Ng = ad Zimdad 121721 (111-12)

Kzi,5 821,57 2i-1,5%4,5

Substituting equations III-8, 111-9, 111-10, I1I-11, and ITI-12 into

I11-7 gives
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+ - 4 _
LHS = Nx Hi J.+]+Nx Hi,j-1+NZ Hi+],j+NZ Hi—],j

2

+ - + -

- (Nx + Nx + Nz + Nz)Hi .

(IT1-13)

The time derivative on the right-hand side (RHS} of equation (I11-1)

then be expressed as

t+at t
- Hi,‘j - H‘i,i
ot . . At ,

and the factor (Az), jas

_ B2y gviye T R 172
2

(82)5 ;5

Thus, the right-hand side becomes

] -
i5]

(111-14)

(IT1-15)

1,]

1 tent  t ,
RHS = I (Azi,j+]/2+Azi,j—]/2)(5‘ Ax)i,j [H Hi .] + Q.

We then define

_ (88 M)y 5 (824 gnya*hi 1)

M "TAL -

and the right hand side may be written as

AL AT

RHS = M Hi,J i,

thee Cinal torm of equation (LIY 1) o0 then wealien o

H

(I11-16)

(IT1-17

(111-18)
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