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ABSTRACT
Reliable Low Latency I/O in Torus Based
Interconnection Networks. (December 2005)
Babatunde Azeez, B.Sc., Obafemi Awolowo University, Nigeria
Chair of Advisory Committee: Dr. Eun Jung Kim
In today’s high performance computing environment I/O remains the main bottleneck in
achieving the optimal performance expected of the ever improving processor and
memory technologies. Interconnection networks therefore combines processing units,
system I/O and high speed switch network fabric into a new paradigm of I/O based
network. It decouples the system into computational and I/O interconnections each
allowing “any-to-any” communications among processors and I/O devices unlike the
shared model in bus architecture. The computational interconnection, a network of
processing units (compute-nodes), is used for inter-processor communication in carrying
out computation tasks, while the I/O interconnection manages the transfer of I/O requests
between the compute-nodes and the I/O or storage media through some dedicated I/O
processing units (I /O-nodes). Considering the special functions performed by the I/O
nodes, their placement and reliability become important issues in improving the overall
performance of the interconnection system.
This thesis focuses on design and topological placement of I/O-nodes in torus based
interconnection networks, with the aim of reducing I/O communication latency between
compute-nodes and I/O-nodes even in the presence of faulty I/O-nodes. We propose an
efficient and scalable relaxed quasi-perfect placement scheme using Lee distance error
correction code such that compute-nodes are at distance-t or at most distance-t+1 from an
I/O-node for a given t. This scheme provides a better and optimal alternative placement
than quasi perfect placement when perfect placement cannot be found for a particular
torus. Furthermore, in the occurrence of faulty I/O-nodes, the placement scheme is also
used in determining other alternative I/O-nodes for rerouting I/O traffic from affected
compute-nodes with minimal slowdown. In order to guarantee the quality of service
required of inter-processor communication, a scheduling algorithm was developed at the

iv
router level to prioritize message forwarding according to inter-process and I/O messages
with the former given higher priority.
Our simulation results show that relaxed quasi-perfect outperforms quasi-perfect and the
conventional I/O placement (where I/O nodes are concentrated at the base of the torus
interconnection) with little degradation in inter-process communication performance.
Also the fault tolerant redirection scheme provides a minimal slowdown, especially when
the number of faulty I/O nodes is less than half of the initial available I/O nodes.
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1.

INTRODUCTION

It is a known fact in today’s high performance computing environment that I/O remains
the main bottleneck in achieving the optimal performance expected of the ever improving
processor and memory technologies. Traditional I/O uses bus architecture that allows
processing units to communicate with memory or I/O devices using low latency
load/store semantic across a shared bandwidth. This shared bandwidth can only support
limited devices over a short distance with poor scalability, poor availability and minimal
fault tolerance.
Interconnection networks combines processing units, system I/O and high speed switch
network fabric into a new paradigm of I/O based network. In such high performance
computers, the system decouples into computational and I/O interconnections each
allowing “any-to-any” communications among processors and I/O devices unlike the
shared model in bus architecture. It permits a large array of devices to be connected in a
manner that provides high scalability, topological flexibility, fault tolerance and high
availability. Communications can be processor-to-processor or processor-to-I/O devices.
It is characterized by topologies such as mesh, torus, tree and butterfly as found in
systems such as massively parallel processors or parallel computers, and clusters. 1
1.1.

Problem Statement

As we enter a new era of high performance computing, where system-on-chip technology
is taking over interconnection design by integrating all server components on a single
chip, the effect is a sporadic increase in the computing power with interconnection of
ten’s of thousands of compute nodes unlike before. Direct communication between
compute nodes and I/O devices becomes impracticable with high peak-to-average
bandwidth ratio of I/O. Thus, I/O nodes are usually embedded to act as a proxy for
compute-nodes in communicating with the I/O subsystems for transfer of I/O messages.
In many parallel and cluster computers such as IBM BlueGene [1, 22], Cray3T [21], MIT
J-Machine [18], torus based interconnection network has become the widely accepted.
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The design of the interconnection in compute and I/O nodes in such systems falls
basically into two classes. I/O nodes are either placed within the computational torus
network as found in [18,21] or interconnected as a separate I/O communication network
[1,22]. While integrating the I/O nodes within the networks might affect the
computational performance due to link sharing, creating separate I/O nodes
interconnection will lead to performance degradation of I/O traffic due to longer path and
single point of failure for the I/O nodes. However, careful placement of I/O nodes within
a torus network can drastically improve I/O performance and reduce the effect on
computation performance while providing cost-effective and energy efficient system [11,
14]. This challenge can otherwise be referred to as I/O embedding or placement problem
[20].
Furthermore, as the interconnection size grows in computation and I/O communication,
the system becomes more complex and the probability of node failure also becomes very
high. Thus, to sustain its level of performance and reliability, it is important for the
system to be able to withstand a substantial number of faults with less alteration of the
computational and I/O communication design. Most researches have focused on
providing fault tolerant computational system with little regards to I/O communication
reliability [4,7,13]. The general approach involves either using redundant processing
nodes to replace the faulty nodes or bypass faulty processing nodes without adding extra
redundant processing nodes. Although I/O nodes ratio is small compared to the compute
nodes but failure of any of them may affect the performance of the system as a whole
since I/O messages needed for computation are either lost or become unavailable. To
provide fault tolerant I/O nodes communication, addition of redundant I/O nodes may not
be applicable as in the case of processing nodes since there is a constrain on the number
of I/O nodes, making the bypass of faulty I/O node a more practical solution. Thus
providing an efficient low latency I/O messages redirection scheme with little
performance slowdown in lieu of faulty I/O nodes becomes a crucial challenge. This will
be otherwise referred to as I/O reliability problem.

3
1.2.

Objectives

In this thesis we investigate four intertwined issues for I/O nodes embedding and
reliability in torus interconnection networks.
1. Analyze and show that though embedding I/O nodes within torus interconnection,
may affect the computational performance due to link sharing between process
and I/O traffic, the performance degradation is little compared to the improvement
in I/O performance if the placement of I/O nodes is efficiently done.
2. Present relaxed quasi-perfect placement, an efficient and flexible scheme for I/O
nodes placement in torus interconnection using Lee-error correction codes. Lee
codes had been applied in perfect distance-t and quasi perfect distance-t for in
certain torus interconnection [5,2,19]. The goals are to provide a flexible optimal
alternative placement when perfect distance-t is not possible and when available
I/O nodes are below the minimum bound required for perfect placement in any
two or three dimensional torus network.
3. Implement priority scheduler at the router level. This is to reduce the performance
degradation that may occur when sharing links between process-to-process and
I/O communication. The scheduling algorithm uses the pipeline router and virtual
channel concept to prioritize between process-to-process and process-to-I/O
traffic, with the former given higher priority. Thus the highly latency sensitive
process-to-process messages is guaranteed quality of service similar to having
separate dedicated links.
4. Provide I/O reliability in terms of maintaining system I/O communication in event
of I/O nodes failure. The scheme applied here further makes use of the unique
properties of I/O placement using Lee-error correction codes in providing all
affected compute-nodes with uniformly distributed minimal alternative paths to
other healthy IO-nodes.
1.3.

Related Work

The family of torus interconnection such as k-ary n-cube and mixed radix have been used
for the design of several high performance especially the parallel computers. These
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include the MIT J-Machine [18], Cray T3-D/T3E/XT3 [21], and IBM Blue Gene [22]. In
Cray systems, the compute-nodes and I/O nodes are interconnected using the 3-D-torus
network. The network is used for both inter-processor communication and for process-toI/O communication. An interconnection of I/O nodes is concentrated along one edge of
the 3-D-torus. Any compute node can send message to any I/O nodes for connecting I/O
nodes while all other planes are used for interconnecting the compute-nodes. Only the
compute-nodes in the plane adjacent to the I/O nodes have links that are directly
connected to the I/O nodes. All other compute-nodes take several links or hop counts to
communicate with the I/O nodes.
MIT J-machine system, uses a 3-D mesh having unconnected links at the edges of the
interconnection. The compute-nodes and I/O nodes are also embedded in the 3-D-mesh in
a similar manner with Cray system. However, the I/O nodes are made up of I/O cards
which use bus architecture for direct access to the I/O devices such as array of disk
instead of I/O interconnection. Thus compute-nodes do not have uniform access to the
IO-nodes and incur high latency due to absence of the wrap around link in torus.
IBM Bluegene [1, 22], a massive parallel system of 64K nodes based on a new
architecture that exploits system-on-a-chip technology to deliver high processing power
uses different interconnection for the compute-nodes and the I/O nodes. The computenodes are connected using a point-to-point 3-D torus network while global tree
interconnection for collective operations, form a separate network that connects the
compute nodes and the I/O-nodes. A group of process nodes called a p-set is logically
assigned to an I/O-node for external I/O communication. Thus process-to-I/O
communication traffic uses an entirely different interconnection. The I/O nodes use a
Gigabit Ethernet network to communicate to the external storage system. A major design
concern with Bluegene is the single centralized access to the storage system through the
I/O nodes which can lead to performance degradation and single point of I/O failure.
A symmetric hypernet was proposed in [12], addressing the I/O performance in
hypercube interconnection by creating separate links for data communication and I/O
communication with the aim of preventing any conflict between I/O messages and
process messages and any possible congestion at the link level. All compute-nodes in
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cube were connected to an I/O node in such a way that each compute-node is adjacent to
the I/O node.
Reddy et al. [20], proposed architecture for embedding I/O in hypercube interconnection
using Hamming error correcting codes to obtain a perfect adjacency placement of I/O
nodes. A perfect adjacency will allow each compute node to be adjacent to an I/O node
for efficient communication between the I/O nodes and compute-nodes. It was also
shown that the links can be shared efficiently between the processor and I/O traffic with
little performance degradation. However, hamming error correction code is a binary code
that shares similar properties with hypercube interconnection rather than torus. The
existence and construction of perfect d-dominating set for 2-dimensional torus graph
using minimum number of vertex was described [17] . A dominating set of a graph is
perfect if each vertex of the set is dominated by exactly one vertex in the set.
Several topological properties of torus network have been defined using Lee distance
error correcting codes [6], making it a natural metric to use in resource placement and
fault tolerance routing algorithm in such interconnection. A perfect distance-t placement
of resources in torus network where a non resource node is at exactly distance-t to a
resource node was described in [5] using Lee distance error code. Furthermore, they
proved that perfect distance-t is not possible in all torus network especially 2D and 3D
torus [2] and proposed a quasi-perfect distance-t placement where a non-resource node is
at most a distance-t+1 to a resource node. However, quasi-perfect cannot also be
generalized as an alternative for all torus and it is non-optimal with number of resource
node less than the minimum bound required due to some conditions in its definition. In
this thesis, we propose relaxed quasi-perfect placement strategies by relaxing some
conditions in formulating a generalize algorithm for I/O nodes placement in torus
configuration using the known perfect placement configurations.
Fault tolerance embedding in torus based systems has been extensively researched [4, 13,
7] with main focus on compute-nodes and links failure. The approaches used in providing
fault-tolerance generally fall into two categories. The first approach tries to maintain
system capability by bypassing any faulty resources with a reasonable slowdown while
the second approach uses redundant resource as a replacement for any failed resource. A
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solution to spare processor nodes placement problem for torus based network was
presented in [4] using Lee distance error codes. Spare processors are placed such that
they are at distance-t to the non-spare processor. It provided an optimal 1-hop spare
processor node placement in multi-dimensional torus and t-hop placement for 2D torus.
Also, a strongly fault-tolerant design for k-ary n-cube torus was described in [13] using
(k/j)n spare nodes, where each spare processor node is connected to a regular processor
node and each spare processor node are again interconnected in (k/j)-ary n-cube or an ndimensional hypercube. Joshua et. al. [11] used the concept of creating subcube in ndimensional hypercube interconnection to show that with certain number of faulty
processor nodes, the system can still carryout its computation with constant slowdown
without additional redundant nodes. In this thesis we consider the issue of maintain fault
tolerance with respect to I/O nodes failure. Our approach maintains the system I/O
communication capabilities by bypassing faulty I/O nodes with constant slowdown. We
apply the unique properties of perfect and relaxed quasi perfect I/O placement in
redirection and routing of messages evenly to other alternative I/O nodes thereby
avoiding possible link congestion with minimal additional latencies.
1.4.

Organization of Thesis

The rest of the thesis is organized as follows. In section 2, we provide a brief background
on I/O interconnection design and I/O nodes placement. Topology properties of torus
interconnection and Lee error correction codes and how Lee code can be applied to I/O
nodes placement is also described in this section. We propose relaxed quasi-perfect I/O
node placement as a flexible and efficient alternative scheme when no perfect placement
can be found in certain torus in section 3. Furthermore, in this section, a priority
scheduling schemes implemented at the router level is described to reduce the effect of
sharing links between I/O and process traffic on computational performance. Section 4
introduces some inherent properties of perfect and relaxed quasi perfect placement that
can be used in redirecting I/O traffic with minimal slowdown when some I/O nodes
becomes faulty. In section 5, we described our simulation environment with analysis of
performance results obtained. Finally, we present conclusion and recommended future
work in section 6.
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2.
2.1.

BACKGROUND

I/O Interconnection Architecture

I/O interconnection manages the communication between processing units and I/O or
storage media. It is characterized by high ratio of peak-to-average bandwidth [9]. Thus
high level parallelization has been exploited to increase the throughput of I/O traffic by
concentrating I/O requests from compute nodes to some dedicated I/O nodes, each with
an I/O processor and memory to form an internal I/O subsystem. Internal I/O subsystem
can be viewed as a collection of I/O nodes each managing and providing I/O access to a
storage media [11] while they connect to other compute nodes within the interconnection.
They allow parallel data transfer between compute-nodes and I/O nodes and handle
request with lower latency using low-latency message passing protocols. In other words
the concept of internal I/O further breaks the I/O interconnection into two levels. The first
level of I/O occur across the computational interconnection through dedicated I/O nodes
while the second occur by taking the whole interconnection as a whole and connecting it
to an external storage network [14,10] as shown in Figure 1.
Our focus is on the internal I/O interconnection rather than the external I/O or storage
network. Internal I/O interconnection architectural design basically falls into two main
disparate ends according to how they connect to the computational interconnection. They
are the integrated and separate I/O interconnections.

2.1.1. Separate I/O Interconnection
In this I/O interconnection design, I/O network is separated completely from the
computational network to avoid link sharing between I/O traffic and process traffic. The
rationale is to prevent any performance degradation that may occur during execution of
application due to overlapping of process and I/O traffic. It is believed in such situations
inter I/O traffic may adversely affect the latency sensitive process traffic performance.
Generally, each I/O node in the separate network is dedicated to a particular subset of
compute nodes in the computational interconnection as found in systems such as NCUBE
[11] and Bluegene [22].
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Figure 1. Integrated I/O interconnection with base I/O node placement.

Some major problems with this design include high cost/performance, power
consumption due to additional hardware such as extra routers required for creating
separate network. Also depending on the interconnection used for the I/O, the average
hop count of compute nodes to the I/O node may increase affecting the overall I/O
performance. Since each I/O node is dedicated to a subset of compute nodes, it becomes
the limiting factor due to single point of failure.
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2.1.2. Integrated I/O Interconnection
Here, I/O nodes are embedded within the computational interconnection networks,
allowing the physical links to be shared between the process traffic and I/O traffic. A
reason for this is that overlapping does not usually occur between the two traffics when
running an application and in cases where they do, the performance degradation of
process traffic is minimal [20]. Furthermore, integrating the two traffics in the same
network reduces the complexity in design and management. Also it provides a relatively
low cost/performance since it does not require additional interconnection hardware such
has extra router for creating a new network. Fault tolerant schemes can be easily
implemented since the failure of any I/O nodes only requires the compute node I/O traffic
to be redirected to other I/O nodes all within the same network without substantial effect
on the performance. Besides, as power dissipation in interconnection networks is
becoming a big concern, creating another separate level of interconnection just for I/O
traffic will increase the overall power dissipation in the system due to additional
hardware components for separate network. However, one major concern for better I/O
performance in this interconnection is the placement of I/O nodes among the compute
nodes.

2.1.3. I/O Nodes Placement
Communication latency, bandwidth and contention often depend on the relative position
of the end point communication in integrated I/O interconnection [14]. Therefore the
relative position of I/O nodes in the interconnection can have a significant impact on the
performance of the I/O subsystem. Generally in most commercially available systems,
I/O nodes are usually placed or clustered at the base or end plane of the interconnection
especially in torus based interconnection similar to one in Figure 1. We refer to this kind
of placement the base-I/O placement. The problem with this arrangement is that all
compute nodes do not have relatively short distance or hop count to the I/O nodes. Only
those compute nodes adjacent to I/O nodes have shortest path with the other compute
nodes having several hop counts to access I/O nodes depending on their location.
Moreover, random movement of I/O traffic across the whole interconnection adds to the
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degradation of the process traffic since contention is likely to occur at every channel in
the network.
However, careful embedding of the I/O nodes within the computational interconnection
can greatly reduce the I/O latency by allowing all compute nodes have almost the same
shortest distance or hop count to I/O nodes. A direct implication is that many I/O traffic
will be directed towards some channels associated with the I/O nodes while several other
physical links not used for I/O traffic are made available to process traffic thereby
reducing contention that may occur due to sharing links between the I/O and process
traffic.
2.2.

Torus Interconnection

Torus is a class of regular network that is strictly orthogonal as it can be arranged in such
a way that it produces a displacement in a single dimension and every node has at least
one link across each dimension. Torus network can be referred to as a k-ary n-cube Qkn or
a mixed radix ( Tk1k 2 ...k n ). A k-ary n-cube has equal number of nodes radix k in each n
dimension as shown in Figure 2. In a mixed radix torus, at least one or more of the radix
for n dimension are not the same. Figure 2(a) and 2(b) show a 4-ary 2-cube ( Q42 ) with
equal radix on the x and y dimension and a mixed radix ( T4,4,3 ) in which the radix along
the x and y dimension are of equal radix 4 but the z dimension as a different radix of 3.
A 2-dimensional torus is a k-ary 2-cube ( Qk2 ) or a mixed radix ( Tk1k 2 ) while 3D torus is a
3-dimensional ( Tk1k 2 k3 ) mixed radix k or a k-ary 3-cube ( Qk3 ). Here we assume k ≥ 3 . In
terms of performance, the throughput of torus interconnect is usually limited by the
bisection bandwidth B that cut the network into half, B =

4N
.
k

It has a small average minimum hop count between two nodes of the network given by

H av

⎧ nk
⎪
4
⎪
= ⎨
⎪ ⎛k⎞ 1
⎪n⎜ ⎟ −
⎩ ⎝4⎠ 4

k − even
k − odd
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(a) 4-ary 2-cube.

(b) 4X4X3 Mixed Torus.

Figure 2. Various torus interconnections.

A major limitation of torus interconnection is the high diameter. The diameter of a
network is the maximum number of nodes that must be transversed to send a message to
1

any node along a shortest path. For a 2-dimensional torus the diameter is N 2 where N is
the total number of nodes in the torus while a 3-dimensional torus has it as

nk
2

. However,

under realistic packaging, it has been shown that low dimensional torus such as 3dimensional torus outperforms other types of interconnection such as hypercube [9], with
better cost/performance trade off and a more scalable structure. Thus two and three
dimensional torus has been the de facto in today’s high performance computing as
employed in [22, 21,18].
2.3.

Lee Distance Error Correction Codes

Error detection and correction codes are used mainly in preserving information bits sent
over a communication channel. Information bits are encoded using some metrics for
adding redundant bits to the information to form a code or codewords with capability of
detecting or correcting t-errors at the decoding end of the information transmission. A
major metric used in such encoding and decoding is the Hamming metric especially for
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binary finite set. Lee-metric [16], on the other hand is more applicable when the set of
information digits are non-binary finite set.

2.3.1. Lee Metric
Lee Metric [6, 16] defines two set of metric that can is applicable for finite fields >2, the
Lee distance and Lee weight.
Lee Weight
Consider a vector space over V kn , where Vˆ a subspace in V kn is represented as
Vˆ = vn −1vn − 2 ...v0 for 0 < i < n − 1 .
The Lee weight of an integer vi

Wlee (vi ) = min(vi , k − vi )
Then Lee weight of the vector space is
n −1

Wlee (Vˆ ) = ∑ Wlee (vi )
i =0

n −1

=

∑ min(v , k − v )
i

i =0

i

.

(2.1)

Lee Distance

Just as in Hamming Distance, Lee distance between two codes or vector points in a
vector space over V kn , is the Lee weight of their digit-wise difference modulo k of a
particular finite field set k.
Let Vˆ and Û be two vector points over the vector space V kn
Where Vˆ = (vn −1vn − 2 ...v0 ) and Uˆ = (u n −1u n − 2 ...u0 ) ∋ vi , ui ∈ {0,1,2,..., k − 1} .

Then the Lee distance between Vˆ and Û is
Dlee (Vˆ , Uˆ ) = Wlee (Vˆ , Uˆ )
n −1

= ∑ min(vi − ui, ui − vi) mod k
i =0

n −1

= ∑ min((vi − ui )(mod k ), (ui − vi )(mod k )) .
i =0

(2.2)
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2.3.2. Lee Metric and Torus Interconnection
A k-ary n-cube, ( Q kn ), is defined as an n-dimensional vector space with equal radix of
length k. It can be constructed as a cross product of k-ary cycle Qk such that,

Qkn = Qk ⊗ Qk ⊗ ... ⊗ Qk .


(2.3)

n

Each node X̂ in the vector space Q kn can be represented as an n-digit radix k vector with,
Xˆ = ( xn −1 xn − 2 ,..., x0 ) ∀ xi ∈ {0,1,2,..., k − 1}

and the total number of nodes is K n .
A mixed radix torus Tk1k2 ...kn can also be defined in vector notation as an n-dimensional
vector space with mixed radix ki for each dimension where 0 ≤ i ≤ n − 1 and all ki are not
of the same length. The construction is also similar to but with different values of ki such
that,
Tk1 ,k 2 ,...,k n = Qk1 ⊗ Qk n ⊗ ... ⊗ Qk n .

(2.4)

The vector space contains k1 × k 2 × ... × k n nodes. Each node is represented as an n-digit

mixed radix ki with address
Xˆ = ( xn −1 xn − 2 ,..., x0 ) ∀ xi ∈ {0,1,2,..., k i − 1} .

Furthermore, two nodes in n-dimensional torus Q kn or Tk1k2 ...kn are directly connected or
have an edge between them if their addresses differ by ± 1(mod k ) or ± 1(mod ki )
respectively in exactly one digit. Using Lee metric, we can define an edge between two
nodes X̂ and Ŷ in a Q kn torus interconnection as,
n −1

Dlee ( Xˆ , Yˆ ) = ∑ min(( xi − yi )(mod k ), ( xi − yi )(mod k )) = ±1(mod k ) = 1
i =0

and for Tk1k 2 ...k n torus as
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n −1

Dlee ( Xˆ , Yˆ ) = ∑ min(( xi − yi )(mod ki ), ( xi − yi )(mod ki )) = ± 1(mod ki ) =1.
i =0

Thus n − dimensional torus each node shares an edge with two other nodes on each
dimensional axis for a total of 2n node degree incidental on any node.

2.3.3. Lee Distance Codes Generation
The linear code using Lee metric can be defined as a 3-tuple (n, k , d min ) s
where,
n = length of the codewords

k = number of information digits
d min = minimum Lee distance between codewords
s = finite field set Fs where s > 2

n − k = length of the check digit

With this, a set of codewords C can be generated each of length n where all codewords
are closed under addition and multiplication operation such that for any ci , c j , ck ∈ C ,

ck = ci + c j and − ci ,−c j ,−c k ∈ C

Also, the minimum Lee distance among the codewords for detecting and correcting terrors is
Dlee (ci , c j ) =

smallest Wlee (c) of any non-zero codewords

= d min = 2t + 1
Linear block code can be constructed using a k × n generator matrix G as the basis for
generating the codewords such that there are k rows of information digit and n column of
codewords with

c = kˆ ⋅ G
In order to correct any information digit with t-errors, an (n − k ) × n parity check matrix H
is used such that

c ⋅ H T = 0 iff c is a codeword
since
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H = (P I n − k )

and G = (I k − P T )

where P is (n − k ) × k matrix and I an identity matrix
However, if a transmitted code c ⋅ H T ≠ 0 then the code is in error and can be corrected by
selecting a codeword at Lee distance-t to it.
2.3.4. Lee Codes and I/O Node Placement in Torus

An important application of Lee code is that a set of codewords of length n represented in
radix form can be generated over a linear vector space Qkn such that the minimum
distance between them is d and the distance between the non codewords and codeword is
the error capability t of the generated code. In other word, by representing a torus
interconnection network in a vector space and generating set of codewords in such vector
space with error capability t, we can make the codewords the location of I/O nodes and
the non-codewords the location of compute nodes so that any compute node is at least a
distance-t to an I/O node. It is worth noting that though we have restricted ourselves to
I/O, the concept is generally applicable to any other resource node in a torus network.
With this concept, several efficient I/O nodes placement can be developed in a torus
network. I/O nodes placement can be a perfect distance-t, quasi-perfect distance-t, jadjacency or j-adjacency-distance-t as defined below.
Definition 1. A placement is said to be perfect distance-t when each compute node is

exactly at a distance-t to an I/O node and no two I/O nodes are adjacent to each other.
Definition 2. A placement is quasi-perfect (QP) distance-t if a compute node is at exactly

distance-t or at most distance t+1 from an I/O node [3,12].
Definition 3. In a j-adjacency placement, a compute node is adjacent to j-I/O nodes. It is

also said to be perfect if each compute node is adjacent to j-I/O nodes with no I/O nodes
adjacent to each other.
Definition 4. A placement can also be constructed by a combination of j-adjacency and

distance-t so that a computes node is at a distance-t and adjacent to j-I/O nodes.
Even though these placement are efficient, it as be shown [5, 2] that they are only
possible in certain torus configuration and thus can not be generalized for all types of n-
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dimensional torus. Table 1 gives a summary of some known perfect placement for I/O
node placement. Note that these are the tiling block size and multiple blocks can be used
to build perfect distance-t placement in larger torus.

TABLE 1
Summary of known Perfect distance-t Placement.
Dimension Distance Distance Distance Distance Distance
(n)

(t = 1)

(t = 2)

(t = 3)

(t = 4)

(t )

1

T3

T5

T7

T9

T2t +1

2

T5,5

T13,13

T25, 25

T41, 41

T2t 2 + 2t +1

3

T7 ,7 , 7

-

-

-

-
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3.

RELAXED QUASI-PERFECT (RQP) I/O PLACEMENT IN TORUS

Perfect distance placement is by far the most efficient I/O placement strategy for
distributing I/O nodes among compute nodes, since each compute node is guaranteed
uniform and constant hop-count to I/O nodes for sending their I/O traffic in torus based
interconnection networks. However, depending on the value of t, such perfect placements
are only possible in certain torus network. For example there exists a perfect distance-1 in
Q102 but not in Q82 . Quasi-perfect on the other hand suffer two main limitations

1. It can not be generalized for all torus interconnection without perfect distance
placement.
2. It is non optimal due to lower number of I/O nodes than in perfect placement.
Consider for example a perfect distance-1 placement in Q102 (100 nodes) requiring a
lower bound of (20 I/O nodes) using equation 3.1, and a quasi-perfect distance-1
placement in Q82 (64 nodes) with lower bound of (8 I/O nodes) as shown in Figure 3.
Clearly, the placement in Q82 is not optimal because if a perfect distance-1 was to exist
for Q82 then its minimal bound should have been, 13 I/O nodes. The reason for this is that
a necessary condition for quasi-perfect requires no compute node to be at a distance-t or
less to more than one I/O node. In essence, if a and b are two I/O nodes, and S a and Sb
are the set of compute nodes at distance-t or less to a and b respectively,
then S a ∩ S b = φ . So even though it might be an alternative, because of this constrain, the
number of I/O nodes are reduced below the minimum bound.
Therefore, for practical implementation of these theories in designing a low latency I/O
with minimal hop-count in torus based networks, where other factors determines the size
of the network to be used rather an I/O placement strategy, it becomes imperative to be
relaxed about some of the conditions without loss of generality.
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(a) Perfect distance-1 in Q102 .

(b) Quasi Perfect distance-1 in Q82 .

Figure 3: Perfect and quasi-perfect placements.

In this section, we present a relaxed-quasi perfect (RQP) distance-t placement as an
alternative where there exist no perfect distance placements in Qkn or Tk1k2 ...kn and applied
it to situations when distance-t placement is required but not available. We also
considered how to efficiently place I/O nodes when the number of available I/O nodes is
below the minimum bound for perfect placement. Finally, we present a priority
scheduling algorithm to be implemented at the router level to reduce the effect of sharing
links between I/O and processor traffic in the event of an overlap.
3.1.

Relaxed Quasi-Perfect (RQP)

Definition 5.

Relaxed quasi-perfect (RQP) distance-t can be defined as an I/O placement
strategy with the maximum numbers of compute nodes at a distance-t to one or
more I/O nodes while the remaining compute nodes are at most distance-t+1 to

some other I/O nodes. In other word let a and b be two I/O nodes, and S a and Sb
be the set of computes nodes at distance-t or less from each I/O node but not more
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than distance t+1 to a and b, then S a ∩ S b ≠ φ , with some compute nodes at
distance-t or less to both a and b.
The idea is to build RQP for any given k-size torus from already known perfect-distance-t
placement in an n-dimensional torus. Thus a necessary condition for the existence of
RQP is that there must exist at least a perfect distance-t for any integer value of t in an ndimensional torus. A RQP can then be constructed for a torus T1 by building a perfect
distance-t placement in a torus T2 larger than T1 but with the same n-dimension and by
eliminating appropriate radix positions in each dimension of T2 the required torus T1 is
formed. The RQP placement in T1 will then have a maximum number of compute nodes
at distance-t or less to I/O nodes and the remaining computes nodes can be assigned to
any of the I/O nodes with distance-t+1. The advantages of this approach are
1) The number of I/O nodes required is either equal to the minimum bound M for
such perfect distance-t, to be shown by Theorem 1.
2) Since some compute nodes are at distance-t or less to more than one I/O node, it
will be very useful for fault tolerant I/O nodes placement and when there are
limited number of I/O nodes.
In the following subsections we give an analytical model for constructing RQP placement
for a k-ary n-cube and a mixed radix torus interconnection. The analysis is with respect to
2 and 3-dimensional torus though we generalized it into an n-dimensional some cases
where there exist perfect placements.
3.1.1. Perfect Distance-t K-ary n-cube and Mixed Radix-k Torus Network

Here we first give a general analysis for construction of a perfect distance-t, a necessary
condition for RQP in k-ary n-cube and mixed radix-k torus.
Let Qkn be an n-dimensional vector space with each node address represented as
Xˆ = xn −1 xn − 2 ...x0 where 0 ≤ xi ≤ k − 1 .

Also the minimum bound M necessary for distance-t placement [6] be
M ≥

N
p

(3.1)
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⎛ min(t ,n ) ⎛ n ⎞⎛ t ⎞ ⎞
where p = ⎜⎜1 + ∑ 2 i ⎜⎜ ⎟⎟⎜⎜ ⎟⎟ ⎟⎟
i =1
⎝ i ⎠⎝ i ⎠ ⎠
⎝

and

(3.2)

N = K n or k1 × k 2 × ... × k n

The value p is otherwise known as the volume of a packing sphere with radius t. A
radius-t packing sphere is the set of compute node within a distance t or less from an I/O
node. For a 2-dimensional torus, equation (3.2) is reducible to p = 2t 2 + 2t + 1 [5] and for
3-dimensional torus, p =

(2t )(2t + 1)(t + 1)
+ 2t + 1 [2].
3

K-ary n-cube

In a k-ary n-cube Qkn there exists a perfect distance-t placement if k is divisible by p.
Furthermore, if k=p, then Qkn is the tiling or smallest size for which a perfect distance-t
can be generated and any other Qkn2 for which k2 > k but divisible by k or p can also be
formed by replicating the Qkn ,

k2
times along each dimension 1 ≤ i ≤ n to form a perfect
k

distance-t placement from the definition of Qkn in equation 2.1.
We can generate the I/O node locations for perfect distance-t in Qkn by using a check

(

matrix H (for 2-dimensional torus, H = 2t 2

)

t [5] ) such that set C of all nodes X̂ for

which;
Xˆ ⋅ H T ≡ 0 mod k

are considered I/O nodes. Also for Qkn2 , the set C2 of all nodes X̂ with Xˆ ⋅ H T ≡ 0 mod k1 ,
forms the I/O node placement where X̂ are node orthogonal to the placements in Qkn .
Mixed radix Tk1k2 ...k n Torus

It is clear from section 2 that a mixed radix Tk1k2 ...kn can be formed by cross product of all
Qki where ( 1 ≤ i ≤ n ). Therefore, there exist perfect distance-t placements also in a mixed
radix torus if each ki is divisible by p. Assuming k=p for a particular perfect distance-t,
then we can obtain a perfect distance-t placement in Tk1k2 ...k n , by constructing a perfect
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distance-t in Qkn and replicating the placement

ki
times along each dimension I of the
k

torus network. The result is a set of I/O nodes location C2 for all X̂ nodes orthogonal to
the placement in Qkn that is Xˆ ⋅ H T ≡ 0 mod ki .
3.1.2. Relaxed Quasi-Perfect Distance-t Placement in K-ary n-cube
Now we consider a torus Qkn1 where k1 is not divisible by p. Also let Qkn2 be another k2-ary
n-cube torus where
⎛⎡k ⎤
⎞
k2 = ⎜ ⎢ 1 ⎥ × p ⎟ is
⎝⎢ p⎥
⎠

greater than k1.

We show how a relaxed quasi perfect placement can be formed from the perfect distancet placement in Qkn2 .
1) First we construct a perfect-distance-t in Qkn2 such that k2 is divisible by p as
described in the previous subsection. C2 is the set of all I/O nodes X̂ for
which Xˆ ⋅ H T ≡ 0(mod k2 ) , where H is a check matrix.
2) By eliminating each i th − radix for all i ≥ k1 along each dimension of Qkn2 , a Qkn1
relaxed quasi perfect distance-t is formed with a set of I/O nodes C1 such that for
each Xˆ = ( xn −1 xn − 2 ...x0 ) ∈ C1 , there is no xi greater than k1 .
3) In set C1 of I/O nodes, a maximum number of compute nodes are at distance-t
from some I/O nodes.
4) The remaining compute-nodes are then reassigned to some I/O nodes in set C1
with distance-t+1.

Some of the properties of RQP are summarized in the following theorems and corollary.
Theorem 1: In a Relaxed quasi-perfect placement the minimum bound for the number of

I/O nodes is M where M is the minimum the minimum bound in a perfect distance-t.
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Proof.

This is obvious from equation 3.1 and 3.2.
Theorem 2: In a relaxed quasi-perfect distance-t placement, there exist some I/O nodes

with distance r<d between them where, d= 2t +1 is the minimum distance for perfect
distance-t placement.
Proof.

Consider a relaxed quasi-perfect distance-1 placement in a torus-A network. This is
constructed by first building a perfect distance-1 torus network larger torus-T and
eliminating some radix positions greater than the radix of torus-T along each dimension.
This means that some I/O nodes in the placement will have some of their corresponding
compute nodes in the larger torus network eliminated from torus-T network. Similarly,
some compute nodes in the torus-T will have their I/O nodes with distance-t removed.
This is especially true for all I/O and compute nodes at the edges of torus-T. Due to the
wrap-around edges, the minimum distance between some two I/O nodes will be reduced
by 1. □
Corollary. In a relaxed quasi perfect distance-t placement, there exist some compute

nodes at a distance t to more than one I/O node.
Proof.

This is implied from Theorem 2 since the minimum distance between some I/O nodes
will become less than d. □
3.1.3.

RQP in Mixed Radix Torus Tk1k 2 ...k n

As in the case of a perfect distance-t placement in Tk1k2 ...k n , there exists no perfect distancet in Tk1k2 ...kn when at least one of radix k1 , k 2 ,..., k n is not divisible by p. We can construct a
RQP in Tk1k2 ...k n by forming a perfect distance-t in torus Tq1q2 ...qn
⎛

⎞

⎡k ⎤
where qi = ⎜⎜ ⎢ i ⎥ × k ⎟⎟ for 1 ≤ i ≤ n .
⎝⎢ k ⎥ ⎠

and Cq the set of I/O nodes placement. Following the same procedure as k-ary n-cube,
quasi perfect distance-t I/O placement is generated by forming a set C j with all
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Xˆ = ( xn −1 xn − 2 ...x0 ) ∈ C q having xi ≥ ki along dimension- i in Tk1k2 ...kn are eliminated. All other

analysis remains the same as k-ary n-cube.
3.1.4. Analysis with RQP Distance-1 in 8 ary -2 cube (2D)
In a 2-dimensional torus network, it as been shown that the only existing perfect distance1 placement are in a configuration with all radix divisible by k = p = 5 [5] with Q52 (5ary2-cube), being the smallest from which all other perfect-one placement can be
constructed. Therefore there exist no perfect-one placement in Q82 (8-ary 2-cube), since 8
is not divisible by 5. We therefore can construct an optimal relaxed perfect-distance-1 I/O
nodes placement as described earlier. Using Lee error correction scheme, a perfect
distance-1
HT

is

generated

over

Q52

with

I/O

node

locations

orthogonal

to

where H = (1 3) . The I/O nodes locations are the set C = {21, 00, 42, 31, 12} as

shown in Figure 4-(a). The blue circle represents the I/O nodes.

(a) Perfect distance-1 in Q52 .

(b) Elimination some rows and column in
Perfect distance-1 Q102 .

Figure 4. Perfect distance-1 construction in Q52 and Q102 .
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Furthermore since k1 = 8 > 5, perfect distance-1 placement for a larger Q102 (10-ary 2cube) by replicating the I/O node locations in Q52 twice on the x and y dimension as
shown in Figure 4-(b). By eliminating the 8th and 9th radix in Q102 , Q82 with a relaxed
quasi-perfect distance-1 is formed all I/O nodes address (xy) having either x or y ≤ 8 as
shown in Figures 4-(b) and 5. The remaining compute nodes in square are distance-2 to
⎡ 82 ⎤
⎥ = 13 .
⎢5⎥

some other I/O nodes. The lower bound for the required number of I/O nodes is ⎢

Figure 5: Relaxed Quasi Perfect distance-1 in Q82 .

3.1.5. Analysis with RQP Distance-1 in Q43 (4-ary 3-cube)
In a 3-dimensional torus network, the only existing perfect-1 placement are
configurations with all radix divisible p = 7 with Q73 (7-ary 3-cube), being the tiling size
from which all other perfect-1 placement can be constructed. In fact it has been shown
that no other perfect-distance-t placements with t ≥ 2 for any 3-dimensional torus [2].
Thus, we cannot find a perfect distance-1 placement for Q43 . In order to obtain a relaxed
quasi-perfect distance-1 placement therefore, we need only obtain the perfect distance-1
I/O location for Q73 since it is a larger network than Q43 . The perfect distance-1 placement
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is generated using a check matrix H= (1 2 3) [2] with a set of 49 I/O locations as shown
in Figure 6.

Plane 0

Plane 1

Plane 4

Plane 2

Plane 5

Plane 3

Plane 6

Figure 6: Perfect distance-1 in Q73 .

A relaxed quasi-perfect distance-1 placement for Q43 is then constructed by eliminating
the all planes ≥ 4 in each dimension. In each remaining planes, the corresponding radix
positions ≥ 4 is also eliminated. The resulting RQP placement is as shown in Figure 7,
with the remaining computes nodes in rectangular boxes at distance-2 to some other I/O
nodes.

Plane 0

Plane 1

Plane 2

Figure 7. Relaxed quasi perfect distance-1 in Q43 .

Plane 3
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It is worth noting from the definition of RQP that no two I/O nodes are to be adjacent to
each other. This enables a large number of compute nodes to be at distance-t to I/O
nodes. However, this is not the case for torus Qkn1 configuration such that (k1 mod k = 1) . The
last radix will always have the same I/O position as the first radix and due to the wrap
around, the two I/O nodes will be adjacent to each other. In order to conform to our
k ⎞
⎛
definition, RQP can be formed for such Qkn1 by using Qkn3 such that ⎜ k3 = 1 ⎟ . The RQP
2⎠
⎝
constructed for Qkn3 can be replicated twice along each dimension to form Qkn1 . For
example to form a relaxed quasi-perfect distance-1 I/O placement in Q62 , RQP is first
developed for Q32 and replicated twice to form Q62 on each dimension as shown in Figure
8. Note that this method is applicable to other torus configuration without loss of
generality.

Figure 8. Relaxed quasi perfect distance-1 in Q62 .
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Summary of Algorithm for RQP Distance-t Placement in k-ary n-cube Qnk

Let Xˆ = xn −1 xn − 2 ...x0
represents any node in vector notation over Qkn torus, where
0 ≤ xi ≤ k − 1
p = volume of packing sphere for perfect distance-t placement defined in equation 3.2
C1 = { Yˆ | Yˆ is an I/O placement for RQP in Qkn1 }, where k1 is not divisible by p.
C2 = { Ẑ | Ẑ is an I/O placement for perfect distance-1 in Qkn2 }, where k2 is divisible
by p.
H = a check matrix for perfect distance-t placement.
Dlee = Lee distance between two nodes
Input: (k , n, t )

⎡k ⎤
1. Construct a perfect distance-t placement for Qkn2 such that k2 = ⎢ 1 ⎥ × p
⎢ p⎥
if ( Xˆ ⋅ H T ) ≡ 0(mod p ) then X̂ ∈ C2
2. Determine Ŷ ∈ C1
for each Ẑ ∈ C2
for i = 0 to n-1 do
if zi ≥ k1 then Ẑ ∉C1 and break
else continue;
end for
add Ẑ to C1
end for

3. Assign compute-nodes to I/O node
for each Yˆ ∈ C1
if Dlee ( Xˆ , Yˆ ) ≤ t then mark and assign compute node X̂ to Yˆ
end for
for each unmarked compute node X̂
determine Yˆ ∈ C1 such that Dlee ( Xˆ , Yˆ ) ≤ t + 1
if number of Yˆ is greater than 1
then assign X̂ to Yˆ with the minimum number of compute node
assignments
else assign X̂ to Yˆ
end for
4. Return Placement
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Summary of Algorithm for RQP Distance-t I/O Placement in Torus Tk1k2…kn

Let Xˆ = xn −1 xn − 2 ...x0
represents any node in vector notation over Qkn torus, where
0 ≤ xi ≤ k − 1
p = volume of packing sphere for perfect distance-t placement defined in equation 3.2.
C1 = { Yˆ | Yˆ is an I/O placement for RQP in Tk1k2 ...kn }, where ki is not divisible by p.
C2 = { Ẑ | Ẑ is an I/O placement for perfect distance-1 in Tq1q2 ...qn }, where qi is divisible
by p.
H = a check matrix for perfect distance-t placement.
Dlee = Lee distance between two nodes
Input: (k1 , k 2 ,...k n , t )
⎛⎡k ⎤⎞
1. Construct a perfect distance-t placement for Tq1q2 ...qn such that qi = ⎜ ⎢ i ⎥ ⎟ × p
⎝⎢ p ⎥⎠
if ( Xˆ ⋅ H T ) ≡ 0(mod p ) then X̂ ∈ C2

2. Determine Ŷ ∈ C1
for each Ẑ ∈ C2
for i = 0 to n-1 do
if z i ≥ k i then Ẑ ∉C1 and break
else continue;
end for
add Ẑ to C1
end for

3. Assign compute-nodes to I/O node
for each Yˆ ∈ C1
if Dlee ( Xˆ , Yˆ ) ≤ t then mark and assign compute node X̂ to Yˆ
end for
for each unmarked compute node X̂
determine Yˆ ∈ C1 such that Dlee ( Xˆ , Yˆ ) ≤ t + 1
if number of Yˆ is greater than 1
then

assign X̂ to Ŷ with the minimum number of compute node

assignments
else assign X̂ to Yˆ
end for
4. Return Placement
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3.2.

I/O Placement with a Given Number of I/O Nodes

In the previous subsection, we described relaxed quasi perfect distance I/O placement
given a value for t and particular torus network configuration. However, there might be
some situations where there is constrain on the number of available I/O nodes. In
particular we consider the problem of I/O placement in torus when the number of
available I/O nodes is less than the required minimum bound for the size of a torus
network using the relaxed quasi-perfect distance-t placement explained earlier.
Consider a torus configuration T ( Qkn or Tk1k2 ...kn ) with a given number of I/O nodes W.
Also let t be a positive integer such that
M t is the smallest integer greater than or equal to W
and
M t +1 is the largest integer less than or equal to W
where
M t and M t +1 are the minimum bounds on the number of required I/O nodes for a
perfect distance-t or t+1 from equation 2.1 assuming t < k/2 for some radix-k in T.
If M t is closer to W than M t +1 that is
M t − W < M t +1 − W

(3.3)

then we can construct a perfect or relaxed quasi-perfect distance-t placement for T and
remove some I/O node locations to obtain W I/O nodes placement .
Otherwise, if M t +1 is closer to W than M t +1 , with
M t − W > M t +1 − W

(3.4)

a perfect or relaxed quasi-perfect distance-t+1 placement can be constructed for T with
addition of some I/O node locations to obtain W I/O nodes placement .
However, if
M t − W = M t +1 − W

(3.5)
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then either the addition or deletion procedure can be used. In what follows, we describe
the procedures for adding or deleting I/O node locations in a perfect or relaxed quasi
perfect I/O placement.
Case I: Deletion Procedure (When Mt is closer to W)

1) Construct a perfect distance-t if each radix k of the given torus T is divisible by p.
2) Otherwise construct a relaxed quasi-perfect distance-t I/O node placement.
3) In a perfect distance-t placement, delete some I/O node locations starting from the
location with the smallest radix address. For each instance of a deleted I/O node
location, mark all I/O node locations at distance t+1 from the compute nodes at
distance-t to the deleted I/O node as undeletable. This will help to maintain
minimal distance placement.
4) For each unmarked I/O nodes, repeat the same procedure as in (3) until the
remaining number of I/O nodes is equal to W.
5) With a relaxed quasi-perfect placement, there are some pairs of I/O nodes with
distance between them less than d = 2t +1 the minimum distance between two
I/O nodes from Theorem 2. For each pair, delete one of the I/O node locations and
mark all I/O node locations at distance t+1 from the compute nodes at distance-t
to the deleted I/O node as undeletable. Repeat this process until the remaining
number of I/O nodes is equal to W.
6) However, if the number of remaining I/O nodes for both perfect and relaxed quasi
perfect placement is still greater than W, then repeat procedure (3) on the
remaining marked I/O node locations until it is equal to W.
Case II: Addition Procedure (When Mt+1 is closer to W)

1) Construct a perfect distance-t+1 if each radix k of torus T is divisible by p.
2) Otherwise construct a relaxed quasi-perfect distance-t I/O node placement.
3) For a perfect distance-t+1 placement, first mark all compute nodes locations at
distance-t+1 to an I/O node location. Starting from the compute node with the
lowest node address, make a marked compute node an I/O node location if it is at
distance-t or less to 2n-1other marked compute nodes locations, where n is the
dimension of the torus.
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4) Unmark any marked compute node locations at distance-t to the added I/O node
location.
5) Continue the process until the number of I/O nodes location equal W otherwise,
repeat the process with distance-t.
6) In a relaxed quasi-perfect distance-t+1, there are some compute node at distancet+2 to an I/O node. Mark all such compute nodes.
7) Make any marked compute node an I/O node location if none of the other marked
compute nodes are at distance-t+2 to it.
8) Unmark any marked compute node with at most distance-t+1 to such I/O node
location. Continue procedure (7) and (8) until no compute node can be marked.
9) If the number of I/O node locations is still less than W, then repeat (3) to (5).
Figures 9 and 10 illustrate the deletion and addition procedure using Q102 with W=16 and
W=12 respectively. With t=1 and t=2, the minimum bound are 20 and 8 I/O nodes. The
deletion procedure is used since 16 is closer to 20 . In Figure 9-(a), a perfect distance-1 is
first constructed with 20 I/O nodes. Starting with I/O node (0, 0), all I/O nodes in red
circles are deleted to form the placement in Figure 10-(b).

(a) Perfect-distance-1

(b) RQP for 16 I/O nodes

Figure 9. I/O placement Q102 using deletion procedure with 16 I/O nodes.
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RQP Perfect-distance-2

RQP for 12 I/O nodes

Figure 10. I/O placement Q102 with 12 I/O nodes.

Likewise, the addition procedure is used when W=12 by first constructing relaxed quasiperfect distance-2 with 8 I/O nodes. Some compute nodes locations with distance-3 are
made I/O node locations until no compute node is at distance-3. Afterward, the procedure
is applied to compute nodes with distance-2 to form the final placement. It is worth
noting that only the deletion procedure is applicable for 3-dimensional torus since perfect
distance-1 is the only possible perfect placement that exists.
Summary of Algorithm Placement with Given a Number of I/O Nodes in Torus

Let W = number of available I/O nodes
N = total number of nodes in the given torus.
p = volume of packing sphere for perfect distance-t placement defined in equation 3.2.
Input: (k , n,W )
Procedure:

1. Determine value of t and t+1 for which
N
is the smallest integer greater than W
Mt =
Pt
N
is the largest integer lesser than W
and M t +1 =
Pt +1
2. if

M t − W ≤ M t +1 − W

then call the Deletion procedure

else if M t − W > M t +1 − W then Call the Addition procedure

3. Return Placement
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3.3.

Priority Scheduling

It has been shown that the processor and I/O traffics in general do not usually overlap
especially in scientific computation and in situation where they do such as in transaction
applications the performance degradation is not very much [20]. However, in this
subsection we consider the issue of applying a priority scheduling algorithm at the router
level to reduce the effect of the I/O traffic on the performance of the processor
communication by giving higher priority to processor traffic.
As stated earlier, a node is considered as having a processor and a router for direct
connection in the torus network as shown in Figure 1. The router design and architecture
that we propose here is a 5 stage pipelined router [4]. It uses flit-level flow control in
which messages are broken down into flits. The flits are further classified into header,
middle, and tail flits. The header flit carries the necessary information for routing
decisions. The basic architecture of this router is as shown in Figure 11.
There are n-physical ports in the router with n × n crossbar. Each physical port has m
virtual channels (VC) for deadlock freedom, adaptive routing capabilities and to allow
different message types travel the network at the same time. The operation of this
pipeline router is as follows. The first stage of the pipeline is the functional unit for
synchronization of the incoming flits. The synchronized flits are de-multiplexed and
directed to their respective virtual channels (VC) for decoding. The routing decisions and
arbitration for the correct crossbar are done in the stage 2 and 3. Only the header flits pass
through these stages for the necessary routing decision while the middle and tail flits skip
these stages for the fourth stage. Flits get routed to the correct crossbar outport at the
fourth stage. The fifth stage of the pipeline router performs necessary buffering of flits
from the crossbar and multiplexes the physical channel among multiple VCs and
performs hand-shaking and synchronization with the import of the next router in the
interconnection network.
The priority scheduler is implemented at the inport of the crossbar. At startup, specific
numbers of virtual channels are assigned to the two message types (processor and I/O)
depending on bandwidth requirement and message ratio with process given higher
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Figure 11. A five stage pipeline router with priority scheduler.

bandwidth allocation. At the inport of the crossbar, the priority scheduler first check all
the VCs assigned to process traffic for any incoming messages. Available processor
messages are service on a first come first serve basis. Afterwards, I/O traffic are then
serviced. In order to avoid starvation for I/O messages, they are always serviced after a
predetermined number of process messages using a counter. However, if no process
messages are available in their respective VCs, the I/O messages are automatically
serviced. We can thus guarantee that the process traffic performs is not really affected by
sharing the link with I/O messages.
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4.

FAULT TOLERANT I/O DESIGN

In this section, we concentrate on developing a fault tolerant scheme with respect to I/O
nodes in torus interconnection to minimize additional I/O latencies that may be incurred
as a result of failure. Our aim is to apply perfect and relaxed quasi perfect placement
policies as the case may be in reconfiguring the network so that other healthy I/O nodes
with the shortest distance or hop count can be located for rerouting of I/O traffic from
affected compute nodes. At the same time we try to avoid channel overloading by
distributing the I/O traffic with equal probability across all possible I/O nodes using
deterministic routing.
4.1.

I/O Faulty Model

In the design of the fault model, we presume that some diagnosis techniques had already
been employed in detecting faulty I/O nodes and concentrate on how to reconfigure I/O
communication. A faulty I/O is characterized by the following assumptions;
•

Fault occurs only in the I/O nodes. By this we mean the I/O processor can fail while
the router is still active.

•

No fault in all the links associated with a failed I/O node

•

Fault can be transient or permanent.

•

Perfect or relaxed quasi perfect distance-t is used for I/O placement

Furthermore, we define default I/O nodes as the I/O nodes with compute nodes at a
distance-t or less in a perfect placement or at most distance t+1 in a relaxed quasi-perfect
distance-t. Alternative I/O nodes are I/O nodes with the next shortest distance from a
compute node apart from the default.
4.2.

Determining Alternative I/O Node

We basically exploit on some of the unique properties of perfect distance and relaxed
quasi perfect distance I/O placement, in providing a minimal path to other healthy I/O
nodes within the torus network. In what follows, we analyze some of these properties and
how it can be applied in reconfiguration of I/O in the event of faults. Perfect distance-t
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and RQP, provides some level of redundancies, a key element in the design fault tolerant
system.
Theorem 3. In a perfect distance-t I/O placement, a compute node with the same radix

position as its default I/O node along any dimension and at a distance 0<r<t to it, has a
shortest distance d–r to n alternative I/O nodes, where n is the dimension of the torus,
and d is the minimum lee distance between the I/O nodes.
Proof.
Consider a perfect distance-t placement in a k-ary n-cube or mixed torus with a set of I/O

node locations generated using Lee distance error code. This placement forms a linear
code with t-error capability and a minimum distance d = 2t +1 between two non-zero I/O
node locations. Also we know that each node in a torus network has 2n node degree
incidental on it with two nodes adjacent to it along each dimension. It implies that any
I/O node has 2n other I/O nodes at minimum distance d from itself along each dimension.
Since each dimension has two opposite directions, then we have n I/O nodes in each
direction. Thus any compute node at distance r to an I/O node along the same radix
position will also be at distance-(d-r) to the other n I/O nodes in that direction. The
correctness of the theorem can be demonstrated using a perfect distance-1 placement in
a Q52 . □
Figure 12 shows the five I/O nodes required for this perfect distance-1 placement. Taking
I/O node J (1,2) as a reference point, we notice that each of the four remaining I/O nodes
I, K, L, M has exactly Lee distance 3, the minimum distance for perfect distance-1. J has
two I/O nodes with distance-3 at each side. Compute node X (2, 2) share the same radix
position 2 with its default I/O node-J along the x-dimension and at distance-1 to J
therefore, it also has a distance (3-1=2) to two alternate I/O nodes L (3,1) and K (2,4) as
shown with the arrow.
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I (0,0)

L (3,1)
J (1,2)

X (2,2)

K (2,4)

2
Figure 12. Redundancy in perfect distance-1 for Q5 .

Y
X

Figure 13. RQP distance-1 redundancies in Q43 .

Relaxed Quasi perfect distance-t also exhibits the same redundancy properties as
described in Theorem 3. In addition, RQP also provide extra redundancies using Theorem
2 and Corollary 1 since, two I/O nodes may have a minimum distance d-1 such that a
compute node between such I/O nodes is at a distance-t to more than one I/O node.
Hence if any of the I/O nodes fails, then such compute node can still use the other I/O
available I/O nodes. Figure 13 shows RQP distance-1 in Q43 with a compute node X at
distance-1 or adjacent to two I/O nodes and compute node Y at distance-2 to three other
I/O nodes.
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The algorithm to determine the alternate I/O nodes for each of the affected compute
nodes is given as follows;
Let H = check matrix
Yˆ = ( y n −1 y n − 2 ... y0 ) be the location of an affected compute node

Xˆ = ( xn −1 xn − 2 ...x0 ) be the location of nodes at lee distance-(d-r) i.e. Dlee ( Xˆ , Yˆ ) = d − r

where d is the minimum distance between I/O nodes and
r is the distance of an affected node to its default I/O node
Input ( Yˆ ) Affected compute node
Procedure:
for each X̂ orthogonal to H T ∋ Xˆ ⋅ H T = 0

mark X̂ as a possible alternate I/O node
if X̂ is along the same radix as the faulty I/O node
then the number of such possible X̂ = n.

Select a X̂ as alternative I/O node using deterministic routing concept
else
X̂

is the alternate I/O node

end for
Return: alternate I/O node.

4.3.

Selecting among Multiple Alternate I/O Nodes

Careful selection I/O node when multiple alternatives exist is very important for efficient
load balancing at the channels and I/O nodes. We can achieve this by redirecting all I/O
traffic from affected compute nodes to alternate I/O nodes using deterministic routing
algorithm concept. A deterministic routing such as dimension-order, (X-Y) routing in 2dimensional or (e-cube) in 3-dimensional torus usually take a path from the source to the
destination by reducing an offset in one dimension to zero before considering the offset
of the next dimension in increasing or decreasing order.
Whenever, a compute node has more than one alternate I/O nodes, it should select an I/O
node having the same radix position in the lowest dimension (X). Otherwise if none exist,
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the next higher dimension (Y) is checked and so on. When no I/O nodes falls on the same
radix, then another round of comparison is done with the next radix positions adjacent to
the current radix position on which the compute node is located, until a match is found. A
detailed analysis is as shown in Figures 14 and 15 using relaxed quasi-perfect distance-1
for Q82 torus. In Figure 14, a faulty I/O node L (4, 3) in red circle causes all the four
adjacent compute nodes in yellow square to redirect their I/O traffic. Each of the compute
nodes has two possible alternate I/O nodes at distance-2 as described in the previous
subsection. Consider the compute node A (4, 2) with distance-2 to alternate I/O nodes I
(3,1) and J (5,2). Using deterministic routing scheme, we first compare the x-dimension
of the two I/O nodes to see if any one has the same radix with the compute node by
checking the x. coordinate values of the address of the two nodes. J is finally selected as
the next alternate I/O node for A since they are both on radix position 2 of the xdimension. Compute node B (3, 3) also has alternate I/O nodes I (3,1) and K (2,4). On
checking the x-dimension, none of the coordinate values is equal to 3 meaning they are
not on the same radix position along x. However, I/O node-I fall along the same radix-3
on the y-dimension, therefore, I is chosen as the next alternate node for sending its I/O
traffic.
The same procedure is repeated for the remaining compute nodes. When there is only one
available alternative I/O node, an affected compute node simply select the only available
next shortest I/O node. We show such situation in Figure 15. Here, I/O node-J is now
faulty requiring redirection for all the connected compute nodes. First of all, each of the
four adjacent nodes is redirected to the next alternative I/O nodes with distance-2 using
the same procedure as Figure 14. However, compute nodes A (4, 2) and C (6,3) has only
one available alternative I/O node due to the two faulty I/O nodes J and L. Therefore,
compute node A initially assigned to I/O node-J at distance-2 in Figure 15 is now
reassigned to its other available I/O node-I shown with brown arrow still maintain its
distance-2. Also compute-node C should have selected I/O node L (4, 3) using the
deterministic approach but since it is already faulty, it selects the only available I/O node
M (7, 2) at distance-2. More occurrence of I/O node failure may lead to compute nodes
selecting some other I/O nodes at distance-3 or greater depending on the failure rate.
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I (3,1)
A (4,2)

J (6,2)
X

B (3,3)

L (4,3)

K (2,4)

Y

Figure 14. I/O node selection with multiple available alternate I/O nodes.

4.4.

Local I/O Nodes Status Update

Status update information allows the compute nodes to keep track of which I/O nodes are
healthy or faulty. This will prevent sending I/O traffic to unavailable I/O nodes. Status
information updates can be done globally or locally. The global update involves
broadcasting all I/O nodes status update to all compute nodes in the interconnection while
local updates are restricted to computes nodes in a faulty region. We consider using
localized fault information updates to minimize traffic. When an I/O node fails, all the
compute nodes at distance-t or less for perfect distance-t or at most distance-(t+1) in
relaxed quasi perfect is assumed to be aware of the failure.
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A (4,2)
L (4,3)

J (6,2)

C (6,3)
M (7,2)

Figure 15: I/O node selection with more than two faulty I/O nodes.

The compute nodes at the boundary distance-t or t+1 from the faulty I/O node notify their
corresponding adjacent compute nodes assigned to some other I/O nodes of the I/O node
failure. In most cases, these neighboring compute nodes will have the faulty I/O node as
an alternative. A localized fault region is formed around the faulty I/O nodes covering all
directly affected compute nodes and their neighbors.
Figure 16-(a) and (b) illustrate the status update mechanism using a perfect distance-1
in Q102 torus. The red and blue circles represent faulty and healthy I/O nodes. The yellow
diamond nodes are the directly affected I/O nodes while the black rectangle ones are the
neighboring computes nodes. In Figure 16-(a), all the four compute nodes at distance-1 to
the faulty I/O nodes notify their adjacent neighbors of their default I/O node failure. Each
of the adjacent neighbor nodes has the faulty I/O node as an alternate with distance-2,
should their default I/O nodes fails. The computes nodes outside the faulty region are not
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affected and therefore not updated since none of them is at a distance-2 to the faulty I/O
node. With the status update, when any of the neighbors default I/O node becomes faulty
as in Figure 16-(b), their I/O traffic will be forwarded to the other alternate healthy I/O
node and another fault region shown in grey is formed again. The directly affected
computes nodes now use the other alternate I/O nodes with distance-2 rather than the
faulty one in the green region as shown with the red arrow. This cycle continues as more
I/O nodes fails with the faulty region covering more computes nodes and some region
overlapping each other depending on the location of the fault until a stage when very few
I/O nodes are available.

(a) One fault region

(b) Two fault regions

Figure 16. Fault region generation and neighbor update mechanism.

At that point, all computes nodes might have global information about the status of all the
I/O nodes. Note also that the distance to alternate healthy I/O nodes increases too as the
more I/O nodes fail. If any of the faulty I/O nodes ever recover as in transient failure, the
same principle is applied in notifying the neighboring compute nodes of any changes in
the status information.
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5.
5.1.

SIMULATION ENVIRONMENT AND RESULTS

Simulation Setup and Environment

In order to analyze the effect of RQP I/O nodes placement in a torus network, we adapted
a cycle based simulator developed in [15] for our purpose. The simulator provides the
flexibility to simulate any kind of interconnection topology. It is written using CSIM
libraries [8].
The simulator is made up of the message generation, the router, and the interconnection
modules as shown in Figure 17. The message generation module acts like a processor and
basically generates messages. It generates two types of messages, the process and I/O
messages. Both messages are generated at a given inter-arrival times depending on the
message size, message ratio and offered input load and follow the exponential
distribution. The offered input load is the number of messages (flits) delivered per cycle.
The messages are injected into the router module that performs the actual message
forwarding along the path to the destination.

Node 1
Message
Generation

Router
Module

CSIM Processes

Node 2

Node n

Message
Generation

Message
Generation

Router
Module

Router
Module

Interconnection
Module

Figure 17. Simulation setup modules.
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The torus network is implemented in the interconnection module. As a whole the
simulator can be abstracted as in the Figure 1 with the node (compute or I/O) represented
as a collection of processor and router using the processor generation and router module.
Processor message destination is determined using random generation function while I/O
message destination depends on the I/O placement strategy. Messages are passed from
one stage of the interconnection to another using flit flow control mechanism assuming
the unit of transfer is flit/cycle. All the flits belonging to a message are reassembled back
at the destination nodes. The flow control also uses credit based packet switching where
messages are only received at the next stage in the interconnection when there are enough
buffer spaces to accommodate a whole message. In this case, the header flit first checks
for available buffer allocation otherwise, such messages are block until another cycle
with enough buffer spaces. The important output parameter measured in our experiment
is the average network latency for both process and I/O traffic. For each message, latency
is measured from the time the first flit is generated by the source node to the time the last
flit of a message is received at the destination. The average network latency is thus the
overall latency over all messages for each traffic type.
5.2.

Simulation Results and Analysis

The main parameters used in our simulation are as shown in Table 2 below.

TABLE 2
Simulation Parameters.
Network Size
Physical Link Bandwidth
Number of Physical Links
No. of Virtual channels / Physical Link
Flits Size
Process message size
I/O message size
Switching mechanism
Deterministic routing algorithm

8X8, 4X8, 4X4X4 Torus
2.5 Gbps
5 or 7
8
256 bits
32 flits
128 flits
Packet switching
X-Y or e-cube
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5.2.1. Relaxed Quasi Perfect versus Quasi Perfect
In order to measure the effectiveness of our scheme (RQP) compared to quasi-perfect
placement, we simulated a Q82 (8X8) torus for RQP and QP distance-1. Each I/O
placement strategy was simulated at constant 10% and 20% I/O ratio while varying the
offered input load. The result obtained is as shown in Figure 18.
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Figure 18. RQP versus QP distance-1 I/O in Q82 varying input load.

At constant 10% I/O ratio, the difference in the average I/O network latency for both
schemes is small at low input load. However, as the input load increases, there is a clear
gap between RQP and QP with RQP maintaining lower average latency until it reaches
the saturation point. RQP is also able to achieve higher offered load (60%) than QP with
(45%). At 20% I/O ratio, the difference is clearer with RQP maintaining lower average
latency while QP quickly enters saturation at 25% input load compared to 40% in RQP.
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5.2.2. Relaxed Quasi Perfect and Base I/O Placement.
As mentioned in the introduction, base I/O placement is the conventional I/O node
placement found in commercial high performance computers with I/O node concentrated
at the base radix or plane of torus network as shown in Figure 1.
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Figure 19. RQP versus base distance-1 in Q82 varying input load.

We analyze the performance benefit of careful placement of I/O nodes within the torus
network using RQP especially for those networks without perfect-distance-t placement.
Figure 19 shows the effect of RQP on the average network latency compared to the Base
placement in Q82 (8X8) torus at constant I/O ratio 10% and 20% as the input load is
increased. Clearly, RQP out performs the base placement with substantial lower average
I/O network latency even at low input load. The base placement becomes saturated at
lower 50% and 30% of offered input load at constant 10% and 20% I/O ratio compare to
RQP. Similar comparison was performed for smaller T8X4 (32 nodes) and 3-dimensional
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Q43 (4X4X4)

torus with distance-1 placement as shown in Figures 20 and 21. For the

smaller (8X4) torus in Figure 20, at 5% and 10% I/O ratio, RQP still outperforms base
placement in maintaining lower average I/O latency and sustained input load. However, a
general trend here is that the latency is higher with little performance difference between
RQP and base than in 8X8 torus. A reason for this result is that there are fewer nodes
injecting more messages injected to the network than in 8X8 torus, leading to higher
contention. Hence, it implies that the network size has an effect on the performance with
RQP showing a outperforming base as the size becomes larger.
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Figure 20. RQP versus base distance-1 in T8X4, (8X4) torus varying input load.

Figure 21 with 4X4X4 torus shows similar trend in performance as in 8X8 torus with
RQP maintaining lower average I/O network latency. Also for both RQP and base
placement, the sustained offered input load is generally higher than in 8X8 torus. This is
expected since the degree of the network is higher in 4X4X4 torus.
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Figure 21. RQP versus base distance-1 in Q43 , (4X4X4) torus varying input load.

We also observe the effect of I/O ratio on the performance of RQP, at constant input load
for 8X8 and 4X4X4 torus. Figure 22 shows the results obtained for RQP distance-1 in
8X8 at 15% and 25% input load. Increasing the I/O ratio at 15% input load has little
effect on the average network latency of RQP but the effect is significant for a base
placement especially at high I/O ratio of above 40%. At higher input load 25% there is a
general linear increase in the latency for both schemes with RQP still maintaining lower
latency. A similar result is observed with a 3-dimensional Q43 (64 nodes) torus as shown
in Figure 23. But at higher input load of 25%, the effect of increasing I/O ratio is more
significant than in the two dimensional torus.
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Figure 22. RQPdistance-1versus base in Q82 (8X8) torus varying I/O ratio.
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Figure 23. RQP distance-1 versus base in Q43 (4X4X4) varying I/O ratio.
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5.2.3. Effect of I/O Placement with Given Number of I/O Nodes
When the number of available I/O nodes is less than the required minimum bound for
RQP, then we expect the average latency to increase. However, if the number is within
the minimum bound, RQP can still provide a lower latency placement. In order to
measure the effectiveness of RQP under this condition, we compared the slowdown
obtained in Q43 when the number of 8 and 7 available I/O nodes against the 9 I/O nodes
minimum bound as shown in Figure 24 and 25 respectively. Figure 24 compares these
placements at constant 10% I/O ratio while the input load is varied. RQP with 8 I/O
nodes achieves almost the same performance as with the normal RQP placement but the
difference becomes obvious as with 7 I/O nodes. Both base placement with 7 and 8 I/O
performed worse with higher average latency and saturates at lower input load.
In Figure 25, the average I/O latency for RQP (RQP-8) and Base (Base-8) placement are
compared the normal RQP placement. At different I/O ratio we observe a general linear
increase in the average latency as the I/O ratio increases across all configurations as
explained in previous results. The RQP_8 I/O shows a slightly constant increase in
average latency compared with the normal RQP. On the other hand, there is a significant
increase in the average latency in base_8 I/O placement compared to normal RQP. The
difference between the RQP-8 and Base-8 tend to be smaller as the I/O rate increases
since contention at the I/O node becomes a limiting factor. The figure also shows a
similar result with 7 I/O nodes. While the RQP-7 stills out performs Base-7 in providing
lower average latency compared to the normal RQP, the slowdown tends to be higher
than in RQP-8. This is expected because, the more the number of I/O nodes deviates
from the minimum bound for RQP in distance-1, the more the number of compute nodes
at distance-2 or greater to an I/O node and eventually, at a stage, it becomes a RQP
distance-2 or even distance-3.
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Figure 24. Normal RQP distance-1 against 7 and 8 I/O nodes in Q43 varying input load.
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Figure 25. Normal RQP distance-1 against 7 and 8 I/O nodes in Q43 varying I/O ratio.
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It is worth noting that if the number of available I/O nodes is so small compared to the
minimum bound, the RQP I/O placement strategy or any other placement such as perfect
or quasi-perfect might have the same performance as the base because of contention. In
essence I/O placement becomes insignificant in the overall reduction in the I/O latency.
5.2.4. Effect of Priority Scheduling on Processor Communication Performance
We simulated a Q43 torus using RQP distance-1 placement with and without priority
scheduler at 20 % input load while varying the I/O ratio. The result obtained is as shown
in Figure 26.
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Figure 26: Effect of scheduler on inter-processor performance.

In a separate processor network, processor traffic do not share links with I/O traffic. The
average network latency for this network, show a linear decrease as the I/O ratio
increases. At a very low I/O ratio, processor ratio is very high causing an increase in the
latency due to contention among the processor messages. But the latency decreases with
increase in I/O ratio. Unlike separate processor network, the processor communication
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performance in RQP I/O placement with no priority scheduler (RQP_No_Sch) tends to
maintain the average latency as the I/O ratio increases. At higher I/O ratio, the difference
becomes clearer. With application of a priority scheduler to the RQP placement, the
average processor latency is reduced considerably at higher I/O ratio. It is important to
note that at very low I/O ratio, the scheduler has little or no effect on the performance
since traffic is dominated by processor messages. A general trend that can be observed is
that though sharing links between I/O and process traffic might affect computational
performance only at high I/O messages ratio or extremely highly data intensive
application with substantial overlap which is rare in real implementation. Otherwise,
there is a slight deterioration in performance which can be reduced by giving higher
priority to process traffic whenever there is contention.
5.2.5. I/O Placement and Fault Tolerance
We also analyzed the effect of our fault tolerance scheme based on perfect or relaxed
quasi perfect I/O Placement in minimizing the average I/O network latency in the
presence of faulty I/O nodes. A Q43 torus network was simulated with RQP distance-1
placement while I/O nodes were randomly made faulty or unavailable. We compared the
slowdown obtained with 1, 2, 3, and 4 faulty I/O nodes relative to when there are no
faulty I/O nodes as the I/O ratio increases. The effect of increasing the input load on the
slowdown is shown in Figure 27. Just as the case in Figure 24, with 1, 2 or 3 faulty I/O
nodes, the slowdown is minimal but as it increases to 4 faulty I/O nodes the slowdown
becomes significant. Also when I/O ratio is varied at constant 15% input load, minimal
slowdown is observed with up to 3 faulty I/O nodes as shown in Figure 28. In general, we
can say the fault tolerant redirection scheme provides a minimal slowdown, when the
number of available I/O nodes is greater than half the required minimum lower bound for
a distance-t placement.
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Figure 27. Slowdown effect in RQP for Q43 due to faulty I/O nodes varying input load.
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Figure 28: Slowdown in RQP for Q43 due to faulty I/O nodes varying I/O ratio.
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6.

CONCLUSION

In this thesis we analyze the issue of careful I/O node placement in torus based
interconnection as an important aspect in reducing I/O latency in an I/O interconnection
architecture where both compute nodes and I/O nodes are integrated in the same network
sharing the same links. We proposed relaxed quasi-perfect (RQP) distance-t I/O
placement as an alternative when there exist no perfect distance-t placement for a
particular torus network. We further analyzed the advantage of RQP against the quasiperfect distance-t placement as a better optimal placement. We also showed how to
construct I/O placement in situation where the number of available I/O nodes are less
than the minimal bound required for a perfect distance-t placement. In order to reduce
any performance degradation of processor traffic as a result of sharing links with I/O
traffic, we implemented a priority scheduler with the former given higher priority. An
I/O traffic redirection scheme using RQP or perfect distance-t placement was also
presented to provide minimal slowdown in the event of I/O nodes failure.
Based on our analysis and simulation results RQP out performs both QP and the
conventional I/O placement strategy where I/O nodes are concentrated at the base of the
torus interconnection. In general, the RQP provides a lower I/O network latency with
higher sustainable applied input load as contention due to input load and I/O ratio and
the torus network size increases,. Substantial improvement in processor communication
was also observed with the implementation of a priority scheduler especially when the
ratio of I/O is very high. Finally, the fault tolerant schemes provided a minimal
slowdown especially when the number of faulty I/O nodes is more than half of the lower
bound on the number of required I/O nodes for a particular distance-t placement.
As a future work, further improvement is required for the fault tolerant model by
considering other factors such as links or router failure to provide a more realistic robust
tolerance schemes. In these cases, creating an interconnection with redundant I/O nodes
and links using a j-adjacency distance-t where compute nodes are adjacent to j I/O nodes
and at a distance-t to it may be alternative solution.
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