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ABSTRACT

Modifications to a Two-Control-Volume, Frequency Dependent, Transfer-Function
Analysis of Hole-Pattern Gas Annular Seals. (December 2005)
Yoon Shik Shin, B.S., Yonsei University
Chair of Advisory Committee: Dr. Dara W. Childs

A rotordynamic analysis of hole-pattern gas annular seals using a two-control-
volume model, Ha and Childs and frequency dependent transfer-function model,
Kleynhans and Childs is modified with four features. The energy equation is added, and
real gas properties are used instead of the ideal gas equation of state. The depth of the
hole-pattern is made variable with the axial distance along the seal. And last, the
addition of deep grooves to hole-pattern seals is analyzed, and the code’s predictions for

the influence of a groove are compared with test data.



DEDICATION

To my wife, Seung-Yeon

v



TABLE OF CONTENTS

Page
ABSTRACT ...ttt et sttt et e st e bt e e e s e beentesneenseenseeneenseenee iii
DEDICATION ...ttt et sttt ettt et sbe e bt et e b enees v
TABLE OF CONTENTS ..ottt v
LIST OF FIGURES . ......ootiiiiiitee ettt st vi
LIST OF TABLES ...ttt sttt ettt et e nees X
NOMENCLATURE ...ttt ettt st X
1. INTRODUCTION ...ttt ettt sttt et sttt et te s teeneesseeseeneesseensesneenne 1
2. OBIECTIVES ...ttt ettt ettt st sbe et s nbe et 3
3. GOVERNING EQUATIONS .....oiiiieeeeeeee ettt 4
4. EFFECT OF THE ENERGY EQUATION.......ccctiitiiiniiiienieniteiesteieee st 10
4.1, Static SOIULION c...eeiiiiiiiiie e e 10
4.2. DYNAMIC SOIULION. ...ceutieiieiiieiieeieeeie ettt ettt steeste et e st e esaaeebeesseeenbeees 12
5. EFFECT OF REAL GAS PROPERTIES ......cccoooiiiiiieeeeeeeeeee e 24
6. EFFECT OF STATOR-HOLE-DEPTH VARIATION .....ccoceeiiiiiniiiinieieieeene 32
7. EFFECT OF DEEP ANNULAR GROOVE ......cccooiiiiiieiieeeeeseeeee e 37
7.1 Optimal Groove POSTHION.........c.ceiiieiieiiicieeeie ettt e 39
7.2 Grooved Seal ANAlYSIS.....cuieiiiieeiiieeiiiecie ettt e e e e saee e 40
9. SUMMARY ..ottt sttt ettt sttt et sttt sb et 44
REFERENCES ... .ottt ettt ettt ettt e sneeteensesneeaeenes 45
APPENDIX A SOLUTION OF GOVERNING EQUATIONS .....ccccoociiniriinieiennn 47
APPENDIX B MATRIX AND VECTOR ELEMENTS FOR FIRST ORDER
SOLUTION ...ttt ettt ettt s 60



vi

LIST OF FIGURES

FIGURE Page
1  Hole-pattern seal and TOLOT .........cccuvieiiiieiiieeciie ettt e e e e sreeeeeveeeas 1
2 Cross-sectional view of hole-pattern seal/smooth rotor............ccceecvvevierciierienieennen. 4
3 Flow in and out through control volume surface ............ccccoevveiviiieniiieniiiccie e, 5
4 Direct stiffness K(f) vs. non-dimensional frequency f for smooth seal.................... 13
5 Cross-coupled stiffness k(f) vs. non-dimensional frequency for smooth seal.......... 14
6 Direct damping C(f) vs. non-dimensional frequency ffor smooth seal ................... 14
7 Cross-coupled damping c(f) vs. non-dimensional frequency f for smooth seal........ 15
8 Effective stiffness K.4(f) vs. non-dimensional frequency f for smooth seal............. 15
9 Effective damping C(f) vs. non-dimensional frequency f for smooth seal............ 16
10 Effective damping C4(f) vs. non-dimensional frequency ffor smooth seal

(6 1< T SRR 16
11 Direct stiffness K(f) vs. non-dimensional frequency f for hole-pattern seal ............ 18
12 Direct stiffness K(f) vs. non-dimensional frequency f for hole-pattern seal

(AELALLY ettt e e e e e e e e e eareeeeareas 18
13 Cross-coupled stiffness k(f) vs. non-dimensional frequency f for hole-pattern

SCALL ettt sttt sttt et st e bt et 19
14 Cross-coupled stiffness k(f) vs. non-dimensional frequency f for hole-pattern

SCAL (AELAIL) ..eevviieeiiieeeiee ettt e e e eareas 19
15 Direct damping C(f) vs. non-dimensional frequency f for hole-pattern seal............ 20
16 Direct damping C(f) vs. non-dimensional frequency f for hole-pattern seal

(6 1< T TP 20
17 Cross-coupled damping c(f) vs. non-dimensional frequency f for hole-pattern



Vil

FIGURE Page
18 Cross-coupled damping c(f) vs. non-dimensional frequency f for hole-pattern

Y] (4[5 7251 ) PR 21
19 Effective stiffness K 4(f) vs. non-dimensional frequency f for hole-pattern seal...... 22
20 Effective stiffness K.4(f) vs. non-dimensional frequency f for hole-pattern seal

(AELALLY ettt et e et e et e e e e e e e e e b e e e e e e e abeeenareeenneas 22
21 Effective damping C4(f) vs. non-dimensional frequency f for hole-pattern seal .... 23
22 Effective damping C4(f) vs. non-dimensional frequency f for hole-pattern seal

(AELAIL) 1.ttt ettt ettt et e et e et e et e b e enteeenreenraeennas 23
23 Direct stiffness K(f) vs. non-dimensional frequency f for through flow

APPLICALION ..ottt ettt ettt et e et e et e e e eaeeteeeabeesseessseenseeesseesseessseenseensseenns 25
24 Cross-coupled stiffness &(f) vs. non-dimensional frequency f for through flow

APPLICALION ..ottt ettt ettt e et e et e e ebeeteeesbeesbeessseensaeesseesseessseenseessseenns 25
25 Direct damping C(f) vs. non-dimensional frequency f for through flow

APPLICALION ..ottt ettt ettt et ettt e st e et e e s eaeeteeesbeesseessseenseeesseesseeesseenseennseenns 26
26 Cross-coupled damping c(f) vs. non-dimensional frequency f for through flow

APPLICALION ..ottt ettt et ettt e et e et e e s eaeetaeesbeesseessbeenseessseesseessseenseensseenns 26
27 Effective stiffness K.4(f) vs. non-dimensional frequency f for through flow

APPLICALION ...ttt ettt et ettt e et e et eeesbeetaeeabeesbeeesseenseeesseesseessseenseensseenns 27
28 Effective damping C4(f) vs. non-dimensional frequency f for through flow

APPLICALION ...ttt ettt ettt et e et e e bt esebeeteeesbeesbeessseessaeesbeesseessseenseennseenns 27
29 Direct stiffness K(f) vs. non-dimensional frequency f for back-to-back

APPLICALION ..ottt ettt ettt et ettt e et e et e e st e ebeeesbeesbeessbeenseessbeesseessseenseessseenns 28
30 Cross-coupled stiffness k(f) vs. non-dimensional frequency f for back-to-back

APPLICALION ..ottt ettt ettt et e st e et e e e eaeeteeeabeesseessseenseeesseesseessseenseensseenns 28
31 Direct damping C(f) vs. non-dimensional frequency f for back-to-back

APPLICALION ..ottt ettt ettt ettt e et e et e e e eaeebeeeabeesseessbeenseeesseesseessseenseensseenns 29
32 Cross-coupled damping c(f) vs. non-dimensional frequency f for back-to-back

APPLICALION ..ottt ettt ettt ettt e et e et e e e ebeeteeeabeesseessseenseessbeesseessseenseensseenns 29



viii

FIGURE Page
33 Effective stiffness K.4(f) vs. non-dimensional frequency f for back-to-back
APPLICALION ..ottt ettt ettt e st e ebe e e b e etaeeabeesbeessseenseeesseesseessseenseessseenns 30
34 Effective damping C4(f) vs. non-dimensional frequency f for back-to-back
APPLICALION ...ttt ettt ettt et ettt e st e et e eeeaeeteeesbeesbeessseensaeesseesseessseenseesnseenns 30
35 Effective damping Ce4(f) vs. non-dimensional frequency ffor various hole-
1415011 T2 g E2 1 8 o) 1 1SRRI 34
36 Direct stiffness K(f) vs. non-dimensional frequency f for various hole-depth
VATTALIONS ...ttt ettt ettt ettt ettt st sa e et st e be et e b e sbeeae e sbeeneeanenaee 35
37 Grooved hole-pattern SEal .........cocueviiiiiiiriiiieiereeeeeeee e 38

38 Effective stiffness at zero precessional frequency vs. non-dimensional groove
POSTEION 1.ttt ettt ettt e et e st e et e s et e e bt e saeeenbeesaeeenbeesateenbeesnneenseans 39

39 Direct stiffness K(f) vs. non-dimensional frequency f for un-grooved and
grooved seals (0 =336.67 HZ)....ooooooiiiiiiiiieee e 41

40 Effective stiffness K.(f) vs. non-dimensional frequency ffor un-grooved and
grooved seals (0 =336.67 HZ)....oooooeviiiiiiiieeeee e 41

41 Direct damping C(f) vs. non-dimensional frequency f for un-grooved and
grooved seals (0 =336.67 HZ)....ooooooiiiiiiiiieee e 42

42 Effective damping C,y (f) vs. non-dimensional frequency f for un-grooved and
grooved seals (0 =336.67 HZ)....oooooiiiiiiiiiiee e 42

43 Flow coefficient ®@ vs. AP for un-grooved and grooved seals ...........ccceeeveerirennnnnn. 43



X

LIST OF TABLES
TABLE Page
1 Temperature drop and leakage comparison - using default values for Blasius
CORTIICTENES ...ttt ettt sttt et e b e 11
2 Leakage comparison using new values for Blasius coefficients (n; = 0.035,
Mg = =0.1T0T) ittt 12

Temperature drop and leakage comparison using new values for Blasius
coefficients (72, = 0.03, 753 = =0.1101) .cueiieiiiiiiiieee e e 12

Trial configurations of Hy Variation ..........cc.eeeeuveeeiieeeiieeeiieeciie e eeveeeevee e 33



9

)
)

T EmEREES 5SS SO
N

;11 ;11
B

NOMENCLATURE

Direct and cross-coupled damping coefficient, [FT/L]

Effective damping coefficient introduced in Eq. (31), [FT/L]
Seal radial clearance, [L]

Non-dimensional seal radial clearance introduced in Eq. (A7), [-]
Specific heat at constant volume, [L*/(T?®)]

Seal diameter, [L]

Direct force impedance due to displacement, [F/L]

Direct force impedance due to tilting, [F]

Direct moment impedance due to displacement, [F]

Direct moment impedance due to tilting, [FL]

Internal energy introduced in Eq. (12), [L%/T°]

Cross-coupled force impedance due to displacement, [F/L]
Cross-coupled force impedance due to tilting, [F]

Cross-coupled moment impedance due to displacement, [F]
Cross-coupled moment impedance due to tilting, [FL]
Non-dimensional frequency introduced in Eq. (A78), [-]

Friction factor of stator and rotor introduced in Egs. (20)-(21), [-]

Components of seal reaction force introduced in Egs. (A97)-(A98), [F]

Non-dimensional components of seal reaction force introduced in Egs.
(A93)-(A94), [-]

Local clearance [L]

Non-dimensional local clearance introduced in Eq. (A5), [-]

Hole depth, [L]

Non-dimensional hole depth introduced in Eq. (A6), [-]

J-1

Direct and cross-coupled stiffness coefficient, [F/L]



xi

Ko Effective stiffness coefficient introduced in Eq. (30), [F/L]

L Seal length, [L]

/ Non-dimensional seal length introduced in Eq. (AS8), [-]

M Direct added mass coefficient, [M]

M,, M, Components of seal reaction moment introduced in Egs. (A99)-(A100),
[FL]

M,, M, Non-dimensional components of seal reaction moment introduced in Egs.
(A95)-(A96), [-]

Ma Mach number, [-]

n Blasius friction factor coefficient, [-]

m Blasius friction factor exponent, [-]

m Mass flow rate, [M/T]

i Non-dimensional mass flow rate introduced in Eq. (A50), [-]

P Pressure, [F/L?]

p Non-dimensional pressure introduced in Eq. (A2), [-]

P. Pressure coefficient introduced in Eq. (A19), [-]

R Seal radius, [L]

Re Reynolds number, [-]

T Temperature, [O]

t Time, [T]

U Circumferential bulk fluid velocity, [L/T]

u Non-dimensional circumferential bulk fluid velocity introduced in Eq.
(A3), [-]

u Internal energy introduced in Eq. (13), [LYT?]

i Non-dimensional internal energy introduced in Eq. (A12), [-]

u, Internal energy coefficient introduced in Eq. (A20), [-]

V Radial bulk fluid velocity, [L/T]

v Volume, [L’]
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Subscripts
in, ex

R S

r, s

z, 0

Axial bulk fluid velocity, [L/T]

Non-dimensional axial bulk fluid velocity introduced in Eq. (A1), [-]
Relative displacement between stator and rotor, [L]
Non-dimensional relative displacement between stator and rotor, [-]
Axial coordinate, [L]

Non-dimensional axial coordinate introduced in Eq. (A9), [-]
Non-dimensional center-position of tilting motion, [-]

Compressibility factor, [-]

Relative seal rotations about transverse X, Y axes, [-]

Specific heat ratio, [-]

Ratio of hole-pattern area to total stator surface area, [-]
Perturbation eccentricity ratio, [-]

Viscosity power law exponent, [-]

Fluid viscosity, [FT/L’]

Fluid density, [M/L’]

Non-dimensional fluid density introduced in Eq. (A4), [-]
Non-dimensional time introduced in Eq. (A10), [-]
Shear stress introduced in Eqgs. (14)-(17), [F/L?]

Rotor precessional frequency, [1/T]

Flow coefficient introduced in Eq. (33), [-]

Rotor rotational frequency, [1/T]

Inlet and exit, respectively
Denotes reservoir and sump, respectively
Denotes rotor and stator, respectively

Axial and circumferential, respectively

Xii



e

Eo

0, 1

xiii

Moment component due to tilting motion

Moment component due to displacement motion

Force component due to tilting motion

Zeroth-order and first-order perturbations in the dependent variables,

respectively



1. INTRODUCTION

The function of annular seal is leakage control between different pressure regions
in turbomachinery. Figure 1 shows a hole-pattern seal and a smooth rotor. Seals can also
affect rotordynamic performance significantly. Historically, labyrinth seals are used
widely because of lower cost and good leakage control. However, labyrinth seals have
relatively low effective damping which can cause instability in high performance
turbomachinery. Childs and Moyer [1] discussed the replacement of labyrinth seals with
honeycomb seals in the HPOTP (High Pressure Oxygen Turbopump) of the SSME
(Space Shuttle Main Engine) to resolve synchronous and subsynchronous vibration
problems. Recently, hole-pattern seals are more widely used because of close

performance to honeycomb seals and even lower cost, Yu and Childs [2].

Fluid Swwirl

Hole-Fattern Seal

Faotor

Figure 1 Hole-pattern seal and rotor

This thesis follows the style of the ASME Journal of Tribology.



A full analysis of gas annular seal is first presented by Nelson [3], [4]. Nelson’s
bulk flow, one-control-volume model gave reasonable predictions for smooth
stator/smooth rotor seals. However, for honeycomb stator/smooth rotor seals, the
honeycomb surface was regarded as a ‘rough surface’, and the prediction was poor. The
two-control-volume model is provided by Ha and Childs [5], but no solution is given.
Kleynhans and Childs [6] introduced frequency dependent, transfer-function model,
because the traditional force/motion relationship of Eq. (1) is not valid for two-control-

volume analysis results.

CHE IR el o

Kleynhans and Childs [6] developed a solution code using two-control-volume, constant
temperature model that produced a frequency dependent, transfer-function model. The

solution showed a very good match with test results by Childs and Wade [7].



2. OBJECTIVES

This study starts from the following questions:

(a) Comparing to the isothermal model of Kleynhans and Childs [6], how do property
changes due to temperature distribution affect the zeroth and first order perturbation
solutions?

(b) For high-pressure gas mixtures, how large is the difference between an ideal gas
solution and a solution with real gas properties?

(c) If a hole-pattern seal has varying hole-depth along the axial direction, would it
improve any performance features of the seal? What kind of hole-depth axial
variation is ideal?

(d) Considering a hole-pattern seal with a deep annular groove somewhere along the
surface, what is the best location for the groove? How are characteristics of gas

annular seal affected by a deep annular groove?



3. GOVERNING EQUATIONS

The governing equations start from those presented by Ha and Childs [5]. Figure
2 shows the location of control volumes. Note that the clearance is exaggerated for

clarity.

Hole-pattern
Stator

Figure 2 Cross-sectional view of hole-pattern seal/smooth rotor

The integral forms of bulk-flow governing equations are:

Continuity

0 L -
0= ESBCV pdY + gSCS oV - dA (2)

Axial Momentum

0 -
SE, = 5% PWAY + gSCS PWY - dA 3)

Circumferential Momentum

0 -
>'F, = > gSCV pUdY + % pUY - dA (4)



Energy

. B P\ _ -~
_sza CvepdV+SBCS(e+;jPV'dA- )

The flows shown in Figure 3 are expressed in differential forms:

Control Volume A

172 U 40

Control Volume B

Figure 3 Flow in and out through control volume surface



Continuity Equation for control volume A
0 1 0 0
—(pH)+—=—(pUH )+ —(pWH )+ pV =0 6
o P+ g ag PV )+ 57 (PWH ) p ©

Continuity Equation for control volume B

op
V=yv H 2= 7
p 7/(3 d 8t ( )
Axial momentum equation
o(pHW) o(pHWU) O(pHW?
—Ha—Pzz'vz+Trz+pWV+ ('0 )+ (p )+ ( ) (8)
oz ot ROO oz
Circumferential momentum equation
o(pHU) 0(pHU®) o(pHWU
_Hop =7,+7,+pUV+ (p ) + ( ) + (p ) 9)
R 06 ot Ro6 oz
Energy equation
De Oe O 1 o0
0=pH—+py.H,—+—(PWH)+——(PUH )+ Rot 10
PH py * Prl o (PWH) 4 g (PUH) + Roxg (10
where,
D_o,Ud L0 (an
Dt ot RO (/4
2 2
e:ﬁ+—+W— (12)
2 2
ﬁ:CvT:;E. (13)
Z(r-1)p

The variable V, transient radial velocity from Control Volume A to Control
Volume B, can be eliminated by substituting ¥ from Eq. (7) into Egs. (6), (8) and (9).

For the analysis using general real gas properties, the internal energy # and its
partial derivatives are directly obtained with the code by Huber [8] (NIST
SUPERTRAPP) instead of ideal gas relationship. Following the analyses of Nelson [3],
[4] and Ha and Childs [5], the energy balance is modeled as adiabatic flow; therefore, no

heat flow rate term appears in the energy equation.



The hole-depth H,; appearing in Eq. (7) was treated as constant in prior analyses,
but in Section 6 of this thesis, H; is considered to vary with axial position in the seal.
Accordingly, Hy is function of Z. The functions for H,(Z) are specified in Section 6.

Shear stresses are expressed as:

T, =%pWUSfS (14)
. =5 PWU. S, (15)
1
7y =5 PUUJ, (16)
1
0y =5 U= RO, (17)

where,
U, =NW?+U? (18)

U, =W’ +(U - Ro)* . (19)

D’Souza and Childs [9] compared various friction factor models and concluded that the

Blasius’ model showed good result with the following relatively simple formulas.

f=n (—2" USH] (20)
7

f=n (—2” U’Hj ,. @1
1

Temperature dependent viscosity, u is directly obtained from NIST SUPERTRAPP code.

The viscosity also can be calculated with a common approximation of Eq. (22).

Mo (1] (22)
He Ty
where, x is fluid’s own constant. For air, x = 0.7.

The sudden contraction with loss at the inlet is modeled as

B = PO) =2 p(OF (0, 23)



and an ideal gas isentropic relationship is used between just before and just after the inlet.

m(&} 24
1§ Pr
Exit recovery is modeled as
1- 2
PP =5 o (). (25)

Nelson [3], [4] introduced a gas-dynamic model of Mach number dependent inlet loss
boundary conditions for pressure and density, instead of Egs. (23) and (24). Since,
Nelson’s model showed even less realistic results, Kleynhans and Childs [6] used simple
approximations as Egs. (23) and (25) which is based on liquid seal model, and showed
good predictions.

The solution procedure of zeroth and first order perturbation governing equation
is given in Appendix A. The solution in Appendices is extended to force and moment
coefficients due to displacement and tilting motion. Once the solution is obtained, the
first order perturbation pressure is integrated to get perturbation reaction force. The
general transfer function on two-control-volume is,

B {Fx (jfz)} _{ D(jQ) E(jm} {X(j@)}

F,G| |-EGQ DGO 7(Q)

(26)
where, Q is rotor precession frequency, Fy (jQ2)and Fy (jQQ) are reaction force vector
components, and X(jQ), Y(jQQ) are the components of the relative displacement vector

between stator and rotor. In terms of frequency dependent rotordynamic coefficients, the

model is,
G e el o
F [ |-k K||Y] |-c©@ c@l|y
Therefore,
D(jQ) =K(Q)+ jC(Q) (28)
E(jQ) = k(Q)+ je(Q). (29)

The frequency dependent force effective stiffness and effective damping are calculated

as following:



K, (Q) = K(Q)+c(Q)Q (30)

C,(Q)= C(Q)—%. 31)
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4. EFFECT OF THE ENERGY EQUATION

In this section, the effect of energy equation is examined by performing
numerical experiment with both the new model and the isothermal model of Kleynhans
and Childs [6] in the same conditions. The predictions of two models are compared with

test results by Kerr and Childs [10], and Childs and Wade [7].

4.1. Static Solution
The running conditions and geometries are,
e Pr=70 bars
e Pg=34.73 bars
e D=114.74 mm
e [ =86.055 mm
e H;=3.3mm
e v—=0.684
e 1= 1.876E-5 Pa sec
e Preswirl ratio = 0.303
Molecular weight = 28.96
y=14
e my=-0.1101
e n,=0.0785
o m,=-0.217
e n,=0.0586.

Pressure and density distributions along the axial direction decide the temperature
distribution. Exit temperatures are predicted for adiabatic flow. The predictions of exit
temperature and mass flow rate are compared in Table 1 with test results by Childs and
Wade [7]. ‘ISOT’ represents the code developed by Kleynhans and Childs [6], with
constant temperature and ideal gas equation. ‘ENERGY” is the modified code that
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contains the energy equation. However, real gas properties are not considered in this

section. Namely, ‘ENERGY” has the energy equation and the ideal gas equation of state.

Table 1 Temperature drop and leakage comparison - using default values for

Blasius coefficients

G ) Inlet 7 | Exit Temperature ("C) m (Kg/s)

(mm) | (rpm) | (°C) Test ENERGY Test ISOT | ENERGY
0.1 10,200 | 10.34 6.13 14.88 0.197 0.165 0.140
0.1 | 15,200 | 10.08 6.70 28.42 0.190 0.162 0.133
0.1 20,200 | 11.87 6.20 53.72 0.175 0.161 0.124
0.2 | 10,200 | 17.44 15.18 11.70 0.436 0.448 0.409
0.2 | 15,200 | 19.94 15.68 18.93 0.429 0.444 0.400
0.2 1 20,200 | 19.06 15.71 25.70 0.409 0.437 0.389

Exit temperature and leakage predicted with new model is not very close to test
data. The data are saying that the Blasius friction factor coefficients currently used for
the stator are not suitable for this situation. Childs and Fayolle [11] stated that friction
factor is also dependent on running speed, and clearance as well. Namely, there is no
constant Blausius coefficient that can predict for various running speeds and clearances.
To get better results for clearance of 0.1 mm, trial-and-error study is done using
Moody’s pipe friction factor chart, and some constants are found that make prediction
more realistic for each model of ‘ISOT’ and ‘ENERGY"’. The predictions with new
constants are compared to test data again in Table 2 (ISOT) and Table 3 (ENERGY).



12

Table 2 Leakage comparison using new values for Blasius coefficients (n, = 0.035,

my=-0.1101)

Table 3 Temperature drop and leakage comparison using new values for Blasius

C, o |InletT| m (Kg/s)
(mm) | (rpm) | (°C) Test ISOT
0.1 10,200{ 10.34 0.197 0.176
0.1] 15,200{ 10.08 0.19 0.183
0.1] 20,200[ 11.87 0.175 0.175

coefficients (n; = 0.03, m;=-0.1101)

C, @ |Inlet T | Exit Temperature ("C) m - (Kg/s)
(mm) | rpm) | (C) Test ENERGY Test [ENERGY
0.1] 10,200] 10.34 6.13 7.93 0.197 0.197
0.1] 15,200] 10.08 6.7 15.86 0.19 0.19
0.1] 20,200] 11.87 6.2 30.66 0.175 0.18

These choices for Blausius friction factor give better results. Further, providing

running speed dependent Blausius constants will make prediction even better.

4.2. Dynamic Solution

Force coefficients with ‘ISOT’ and ‘ENERGY’ are compared for a smooth seal

and a hole-pattern seals. Seal geometry is same as that of static solution above. Running

conditions are:
e Pr=70 bars
e P¢=32 bars

e Tz =19°C (smooth seal), 10°C (hole-pattern seal)
e »=10,200 rpm

e H;=3.3 mm (hole-pattern seal)

e C.,=0.1 mm



o Preswirl ratio =10

e my;=-0.217 (smooth seal), -0.1101 (hole-pattern seal)

e n,=0.0586 (smooth seal), 0.0785 (hole-pattern seal).

13

The rotordynamic coefficients of direct and cross-coupled stiffness and damping (K(f),

k(f), C(f), c(f)) are plotted with respect to non-dimensional frequency f defined in Eq.

(A78). Effective stiffness K. and effective damping C,y which are defined in Egs. (30),
(31) also plotted.

4.2.1 Smooth Seal
Predictions are performed up to f= 10. The test results by Kerr and Childs [10]

are available up to /= 2. The comparisons of rotordynamic coefficients are shown in

Figure 4 through Figure 10.

2.0E+08
1.8E+08
1.6E+08
1.4E+08
1.2E+08
1.0E+08
8.0E+07
6.0E+07
4.0E+07
2.0E+07
0.0E+00

Direct Stiffness, K [N/m]

—e— TEST
—=— [SOT

A— ENERGY

Nondim. Frequency, f

10

Figure 4 Direct stiffness K(f) vs. non-dimensional frequency f for smooth seal
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Figure S Cross-coupled stiffness k(f) vs. non-dimensional frequency for smooth seal
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Figure 6 Direct damping C(f) vs. non-dimensional frequency f for smooth seal
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Figure 7 Cross-coupled damping c(f) vs. non-dimensional frequency f for smooth
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Figure 8 Effective stiffness K.(f) vs. non-dimensional frequency f for smooth seal
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For smooth seals at this condition, two models works fairly well through 0 <f<1.

The ‘ENERGY’ model predicts slightly better than the ‘ISOT’ model. Direct stiffness is
under-predicted with both models, but the ‘ENERGY’ model shows more realistic
prediction. Effective stiffness is well predicted with the ‘ENERGY’ model at the non-
dimensional frequency range below /= 0.5. At the range of /= 1 and higher frequencies,
the ‘ISOT’ model shows closer prediction of effective damping to the test result. Still,

the differences are very small.

4.2.2 Hole-pattern seal (2,= 3.3mm)

The same seal as the smooth seal of the previous section now has 3.3 mm hole-
pattern and is predicted with two models. In Figure 11 through Figure 22, rotordynamic
coefficients are predicted and compared to test data in the same manner as the previous
section. The test results are from Childs and Wade [7].

The ‘ENERGY’ model also shows better predictions than the ‘ISOT’ model for
hole-pattern seals. However, differences between the two models are not significant for
the non-dimensional frequency range below /= 2, which is the range of interest.

The difference in rotordynamic coefficients between the two models is less for
hole-pattern seals than for smooth seals. This study shows that both the ‘ISOT’ model
and the ‘ENERGY’ model predicts rotordynamic coefficients fairly well for the
frequency range of 0 <f<2, and that the ‘ENERGY’ model gives modestly better

predictions.
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Figure 13 Cross-coupled stiffness k(f) vs. non-dimensional frequency f for hole-

pattern seal
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Figure 14 Cross-coupled stiffness k(f) vs. non-dimensional frequency f for hole-

pattern seal (detail)
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Figure 15 Direct damping C(f) vs. non-dimensional frequency f for hole-pattern
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Figure 16 Direct damping C(f) vs. non-dimensional frequency f for hole-pattern

seal (detail)
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Figure 17 Cross-coupled damping c(f) vs. non-dimensional frequency f for hole-

pattern seal
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Figure 18 Cross-coupled damping c(f) vs. non-dimensional frequency f for hole-

pattern seal (detail)



22

4.5E+07

4.0E+07 ? MAAMaaAAAAAAAAAAAAAAAAAAAAAAAAAAAAAl
3.5E+07 ’ngAAA
3.0E+07

2.5E+07
2.0E+07 |—
1.5E+07
1.0E+07
5.0E+06
0.0E+00

—e— TEST
—a— ISOT
A— ENERGY

Effective Stiffness, Keff [N/m]

0 2 4 6 8 10

Nondim. Frequency, f

Figure 19 Effective stiffness K.4(f) vs. non-dimensional frequency f for hole-pattern

seal

4.5E+07
4.0E+07 —*

A— ENERGY
1.5E+07 |- /
1.0E+07
5.0E+06 M
0.0E+00
0 0.5 1 1.5 2

Nondim. Frequency, f

€ M A

Z 3.5E+07 /‘M'A N

E 3.0E+07 A

@ 2 5E+07 A —TEST
£ 2.0E+07 A SoT
£ 2.0E+

0

[0]

=

B

s

L

Figure 20 Effective stiffness K.4(f) vs. non-dimensional frequency f for hole-pattern

seal (detail)
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Figure 21 Effective damping C.(f) vs. non-dimensional frequency f for hole-

pattern seal
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Figure 22 Effective damping C.(f) vs. non-dimensional frequency f for hole-

pattern seal (detail)
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5. EFFECT OF REAL GAS PROPERTIES

In this section, example predictions are compared for a methane gas compressor
seal with real gas model, ‘REAL’ and ideal gas model, ‘IDEAL’. Here, both models
include the energy equation, but ‘REAL’ uses real gas properties from NIST
SUPERTRAPP, while ‘IDEAL’ gets gas properties from the ideal gas equation of state.
‘IDEAL’ model is the exact same model as ‘ENERGY’ in the previous section but
named differently for clarity. In Figure 23 through Figure 28, and Figure 29 through
Figure 34, comparisons are done with two different AP’s of 150 bars and 100 bars. The
running condition and geometry for this application is:

e Pr =250 bars

e Pg= 100 bars (Through-flow or series application),
150 bars (Back-to-back application)

e Tr=400K

e »=10,000 rpm

e D=250 mm

e L =150 mm

e C.,=0.3mm

e H;,=2mm

e y~=0.684

e 1 =2.0E-5 Pa sec

e Preswirl ratio =0

e Molecular weight = 16.043

e y=1.299

e m,=-0.1101
e n,=0.0785

e m,=-0.217

n,=0.0586.
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Through-flow or series application (Ps = 100 bars, AP = 150 bars)
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Figure 23 Direct stiffness K(f) vs. non-dimensional frequency f for through flow

application
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Figure 24 Cross-coupled stiffness k(f) vs. non-dimensional frequency f for through

flow application
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Figure 25 Direct damping C(f) vs. non-dimensional frequency f for through flow

application

0.0E+00
-5.0E+03
-1.0E+04
-1.5E+04
-2.0E+04
-2.5E+04
-3.0E+04
-3.5E+04

Cross-coupled Damping, ¢ [N.s/m]

-4.0E+04

Nondim. Frequency

—e— IDEAL
—=—REAL

Figure 26 Cross-coupled damping c(f) vs. non-dimensional frequency f for through

flow application
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Figure 27 Effective stiffness K.4(f) vs. non-dimensional frequency f for through

flow application
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Figure 28 Effective damping C.i(f) vs. non-dimensional frequency f for through

flow application
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Back-to-back application (Ps= 150 bars, AP = 100 bars)
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Figure 29 Direct stiffness K(f) vs. non-dimensional frequency f for back-to-back

application
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Figure 30 Cross-coupled stiffness k(f) vs. non-dimensional frequency f for back-to-

back application
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Figure 31 Direct damping C(f) vs. non-dimensional frequency f for back-to-back

application
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Figure 32 Cross-coupled damping c(f) vs. non-dimensional frequency f for back-to-

back application
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Figure 33 Effective stiffness K.4(f) vs. non-dimensional frequency f for back-to-

back application
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back application
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The plots show that predictions for ‘IDEAL’ and ‘REAL’ differ slightly. IDEAL

tends to predict less direct stiffness at running speed and higher frequencies, and predict
less effective damping at the non-dimensional frequency ranges of 0.5 <f<1.5 (through-
flow) and 0.5 <f<2 (back-to-back). The difference of direct damping at zero frequency

is 2-5%. The crossover frequency, which is the frequency that effective damping turns

from negative to positive, does not change much between two models.
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6. EFFECT OF STATOR-HOLE-DEPTH VARIATION

In this section, the effect of varying hole-depth of seal is examined. The purpose
of this study is finding the most helpful configuration of hole-depth variation. For trial
configurations of H,(z), five simple functions are presented for linear, convex, concave,
convex-and-concave, and concave-and-convex curves. Each function will form two
curves in each case of Hy;, < Hj.x and Hy;, > H;.r. The hole-depth equations and
schematics are provided in Table 4. A unique name is assigned to each function, which
appears in the first column of Table 4. The configuration will be named with
combinations of function name and ‘IN’ for increasing or ‘DE’ for decreasing.

Rotordynamic coefficients are predicted with ‘ISOT’ model of section 4,
because ‘ISOT’ gives the nicest curves for frequency dependent rotordynamic
coefficients, and as shown in section 4, hole-pattern seals at frequency of running speed
and below are fairly close to ‘ENERGY’ model. The prediction is performed in the same

condition of section 4 except H; and Running Speed.

Running Speed = 15,200 rpm

e ‘ISOT” H;=3.3mm

o ‘IN’ Hyin=1.65 mm, Hje =4.95 mm

e ‘DE’ H;in=4.95 mm, Hje=1.65 mm
This arrangement for H,;;, and H, ., causes the seals to have approximately the same
average hole depth. Predictions of effective damping and direct stiffness coefficients

with eleven configurations of H,(z) are plotted in Figure 35 and Figure 36 respectively.



Table 4 Trial configurations of H, variation
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Figure 35 and Figure 36 show that varying the hole-depth axially has a dramatic
impact on the frequency dependent rotordynamic coefficients. The crossover frequency
for the best variable-depth seal drops to 0.37 from 0.42 for the constant hole-depth case.
The peak damping increases from 1,200 Ns/m to 3,000 Ns/m, an increase of 125%. The
‘SQRT-DE’ configuration has highest effective damping at wide range of frequency, and
its crossover frequency is one of the lowest. The ‘COS-DE’ configuration has high
effective damping, but direct stiffness is a bit lower than average. The best choice among

given configuration is ‘SQRT-DE".
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7. EFFECT OF DEEP ANNULAR GROOVE

According to Childs [12], as a liquid seal gets longer, its direct stiffness tends to
decrease, and become negative. To resolve this problem, some pump company put a
deep annular groove in the seal to break a long seal into shorter seals.

A deep annular groove makes the pressure not perturbed at the groove; therefore,
a grooved seal can be regarded as two consecutive seals with the same leakage. Figure
37 shows a grooved hole-pattern seal. The grooved-seal analysis is nothing but
successive solutions of two seals, sharing pressure, temperature and circumferential
velocity at the groove, namely, at the exit of seal #1 and the inlet of seal #2. To find
mass flow rate, pressure at the groove is used for comparison. The algorithm for
grooved-seal is as following. Firstly, the zeroth order equation of seal #1 is solved with
APyemp which is an half of given AP, and the mass flow rate is stored. Now the discharge
pressure, exit temperature and exit circumferential velocity of the seal #1 substitute the
reservoir pressure, inlet temperature and preswirl of seal #2 respectively, and the zeroth
order solution of seal #2 is computed. The mass flow rates of seal #1 and seal #2 are
compared to be equal, and this block of calculation is repeated with different APy,’s
until the difference of mass flow rates are within the given tolerance. Finally, both seals
are calculated with the found pressure at the groove, and the rotordynamic coefficients
are summed up for entire grooved seal solution.

In this section, the running condition and seal geometry for tests and predictions
are the same as Section 4 except for following data:

e Pr="70bar

e P¢=18.9 bar

e »=10,200 rpm
e C.,=0.1 mm

e Preswirl=0

Groove width = 5.5 mm
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Figure 37 Grooved hole-pattern seal
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7.1 Optimal Groove Position

The first issue for this study is the optimal groove position. The primary purpose
of putting a groove in an annular seal is elevating stiffness at zero frequency. To
determine the optimal position, the code is run for 10 groove positions that are equally
distributed through seal, then effective stiffness is plotted to determine the optimal
position of groove. Frequency dependent rotordynamic coefficients for grooved seal are
computed and compared with test data. The position of a groove is defined as,

(length of seal #1) _ (length of seal #1)
(length of seal#1)+ (length of seal#2) L —(groove width)

(32)

(groove position) =
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Figure 38 Effective stiffness at zero precessional frequency vs. non-dimensional

groove position

Figure 38 shows that putting a groove at 60% from the inlet of a seal is most helpful.
The comparison between prediction and experiment is done with two seals grooved at

60%.
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7.2 Grooved Seal Analysis
For each case of un-grooved and grooved, frequency-dependent direct stiffness

K(f), effective stiffness Kq4(f), direct damping C(f) and effective damping C(f) are
measured, and predicted with ‘ENERGY’ model of section 4. The plots in Figure 39
through Figure 42 are named as,

e ‘TEST’: test result for normal hole-pattern seal,

e ‘TEST-G’: test result for grooved-seal,

e ‘ENERGY’: predicted data for normal hole-pattern seal with ‘ENERGY”,
‘ENERGY-G’: predicted data for grooved-seal with ‘ENERGY”.

As expected, at zero frequency, direct stiffness of grooved-seal is higher than that
of un-grooved seal, and they cross as increasing frequency. Even though test results do
not show stiffness at zero frequency, they are about to cross each other. Once a seal is
grooved, the seal loses large amount of damping below running speed. ‘ENERGY” is
predicting crossover frequency 40% (un-grooved) and 50% (grooved) lower.

Leakage predictions for un-grooved and grooved seals are compared with test
results in Figure 43. Leakage is normalized to flow coefficient. The flow coefficient is
defined as,

D = ﬂ (33)
7DC AP

Leakage is well predicted with the ‘ENERGY”’ code. Both of “TEST’ and
‘ENERGY’ show that grooved-seal has a bit higher leakage, but the leakage increase

due to a groove is not significant.
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Figure 39 Direct stiffness K(f) vs. non-dimensional frequency f for un-grooved and

grooved seals (w = 336.67 Hz)
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Figure 40 Effective stiffness K.4(f) vs. non-dimensional frequency f for un-grooved

and grooved seals (v = 336.67 Hz)
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9. SUMMARY

Modifications to gas seal analysis of Kleynhans and Childs [6] are presented in
this thesis. This study showed that considering temperature change of seal flow is
important. Static solution and dynamic coefficients are moderately affected by
temperature change. Including real gas properties is also important especially for high
pressure gas application.

The hole-pattern depth variation turned out to be also an influencing parameter of
seal prediction. Effective damping and direct stiffness coefficients are dramatically
changed with different configuration of hole-depth variation, which can cause significant
change of seal performance. There is no explicit relationship found between change of
rotordynamic coefficients and hole-depth variation geometry.

Grooved seal is well predicted with given model through zero to running speed
frequency range. Low stiffness problem can be resolved at low frequency range, but the

seal loses direct stiffness and slightly gains leakage rate.
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APPENDIX A
SOLUTION OF GOVERNING EQUATIONS

A.1. Non-dimensional Governing Equations

Non-dimensionalized parameters are defined as following:

= Al
W= (A1)
P
== A2
p P (A2)
U
= A3
U= (A3)
p=+ (Ad)
Pr
H
h=tl A5
C (A5)
H
hd:?j (A6)
C
¢ =— A7
PSR (A7)
L
== A8
2 (A8)
Z
=z A9
2= (A9)
r=tw (A10)
B
=5 All
DPs P, ( )
h=-2 (A12)
Up

Non-dimensionalized governing equations for the combined control volume is expressed

for



Continuity:
0 0 10
—| o(h h —(puh)+=—(pwh)=0
arhﬂ +76dﬂ+89(pu)+jé%(pw )
Axial Momentum:

_ii&_p: ld (\/u2+w2fs +4/(u -1y +w2ﬂ)+—

Ipoz 2c.h

Circumferential Momentum:

L (T e e 2

,089 2c.h

Energy - Real Gas:

Energy - Ideal Gas:

pOh_ 1 Dp (1 \pDp
hor Z(y-)Dr \Z(r-1) )p

+7“hd L o ;H @a—+£(ua—u+w
h |Z(y-Dor \Z.(y-1 por P\ ot

p [(m) f+(m)3fj

- 2Pc h
where,

D 0 0 wo

Dr ot 00 | oz
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(A13)

(A14)

(A15)

(A16)

(A17)

(A18)

(A19)

(A20)



Non-dimensionalized hole-pattern depth variations are expressed for,

a. linear: h, =h,,, +(hd’ex —hy,, )z

b. square: hy=h,, + (hd,a\: —hy )22

C. Sqrt: hd = hd,in + (hd,ex - hd,in )\/;
h, —h h, +h

d. cos: h, =" cos(7rz) + —H 5 doex
h, —h,.

e. arccos: hy =" cos™ (1-22)+h,,,.

r

Non-dimensional entrance loss and exit recovery equations are:

1- p(0) = %ﬁ(w 0)

c

p(0)=p"(0)

_1-4
p()—pg = op

c

AW (1)

A.2. Perturbation Analysis
Perturbation variables are introduced here,

h=nh,+eh

w=w, +ew,

P=D, t€P
u=u, +ésu,
P =Py +ep
P e

where, ¢is the perturbed eccentricity ratio, which is very small number. With the
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(A21)
(A22)

(A23)

(A24)

(A25)

(A26)

(A27)

(A28)

(A29)
(A30)
(A31)
(A32)
(A33)

(A34)

variables (A29)-(A34), the governing equations are separated into zeroth and first order

perturbation equations.
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A.2.1 Zeroth Order Equations

Zeroth order perturbation equations are given here,

Continuity:
. Oh op, ., oW
0= oy 4wy L0+ oy S0 (A35)
0z 0z 0z
Axial momentum:
P 0 0
e T = T fy 0 frg )+ (A36)
lpy Oz 2c.hy [ oz
Circumferential momentum:
1 w, Ou
= m(”‘o”so oty —Dugfh ) + _06_20 (A37)

Energy - Real Gas:

0 5w, o op, .. ou Po | W 9P, P
0 PoWy OUy OPy 0 0 _fLo (00 0 (3 gy, 3 A38
[ ef7o %, J [ Oz Zchho( w0 Joo ¥ty fro)( )

Energy - Ideal Gas:

0= Wo 2 _ 1 41 PoWo 0Py _ A
IZ(y-1) oz Z.(y -1 lp, 0z 2Pch,

(” 0 fro tibo rO) (A39)

where,

U, = «/uoz + wo2 (A40)

i,y = (1, —1)2 +w,’ (A41)
fro =n,(gPhouy )" (A42)
Sro =1, (2Pohoit )" (A43)
_ 2pR(_7rRa) . (A44)

7]

Matrix form of zeroth order perturbation governing equations are as follows:
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Real Gas:
Doy 0 0 Wohy My —PoWo %y
W P oz 1574
— N 0 0 op Wy
l lpO 8—0 _ﬁ(uso s0 + urO rO)
'z
w
0 0 -2 0 ou
[ 8_0 - 2 (”o“so w0 Ty —Du,, rO)
A~ A o~ ~ iz T
U, PyW, 6u0 u.pyw, Oy  p,w, ~ -
0 0 - 0200 11 9p o)
L l 6p0 l ap() 1,00 i a_ZO ﬁ(usfj;o + ur03f;’0 )
cr'o
(A45)
Ideal Gas
Pohy 0 0 Wohtg My —PyW, %y
W P oz Oz
2 - 0 0 op Wo
l 1D, 8_0 i ——(uyo fro + 10 fr0)
7z
0 0 ) 0 ou |
/ 5_0 _E(uouso o Wy —Du,, rO)
z f
W (1+ZC(}/—1))p0w0 - 0~
0 0 - ~ % £ 3 3
L IZ.(y -1 IZ (y =1)p, Py m(%o fo 14,0’ fo)
(A46)
Zeroth order entrance and and exit conditions:
1+& .
- PO =2 5, 0w ) (A47)
P,(0) = p," (0) (A48)
Po)= Py ==, (1) (A49)

c
Non-dimensional mass-flow-rate is expressed with a production of non-dimensional

density, axial velocity and local clearance.
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: m
m=——=pwh A50
#DC.Raop, PoWolty (A50)

The zeroth order solution is solved iteratively by increasing 7 from very small value. If
the calculated exit pressure is equal to sump pressure, or the calculated exit Mach
number is equal to 1.0, whichever comes first, the iteration stops and the flow rate is

saved. The case of exit Mach number being 1.0, is choked condition.

A.2.2 First Order Governing Equations

Continuity
. Oh, op oh . Ou op
0=p0, —+(hy +y.h; )=+ pyity —+ Phy — +uyhy —
£ or (o 7. )az' Polt Py /70069 uooae st
+l a(laowohl)_‘_a(,bowlho)_’_a(lblwoho)
/ Oz Oz Oz

Axial momentum

P (op, B op 1 h
_T(_I_Tl_o - Wllyg | fu =7 fo +(W1us0+w0ué‘1)fé‘°

Ip,\ 6z p, 6z ) 2c.h, h, "
hl
+ 2 b Wk | S _Z ro | T (WlurO + Wy, )fro (A52)
ow, ow, 1 ow, ow,
bty = Wy —+ W,
or 00 | oz oz

Circumferential momentum
F, op, 1
-t ——= u,u - + o F Ul
,50 89 2crh0|: 0 sO[ Of;OJ 0 )f;Oj|
{(u Du {f A j (u u.,+w, —u )f } (A53)
0 r0 h 1770 0 rl r0
€. 1y o

ou, ou, 1 ou, Ou,,
Uy — | W, — W, —>
or 00 1 0z

+



Energy - Real Gas

&%:ﬁﬁ 6_151%4_1/[ 6_151%4_1
hy ot " "lop, or  ‘op, 00 I\ ‘ép, 6z ' op, oz
i 5 ou, op,  0u op 1[ 0d 0p,
“Plopoor Cop oo I\ "op oz ' op, oz
2o, 0P M 0B 0P P, OB Py
P | Ot 00 I Oz 0z p, 0Oz p,
+_7/Chd u ﬁ 8_151%4_ u 15 a_iil_& %4_& u %
hy | opor | "op p,)or P \UCor
L uoz(uo | +3uy 0)"' ﬂ_ﬁ ”03f0
21)CCrh0_ ) s s s s ~0 ho SJ
A | AN
— | u., (u +3u. f, )+ ——— |u
ZPL,CVhO r0 ( r0Jrl rl 10) (,50 hOJ r0 frO_
where,

X aLio(poa/ao)
u, =

p,
Substituting (AS5) into (A54) yields,

+ auO(pi)ﬁpo)ﬁl.
0P,

1
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-~ W —
Py 0Opy Oz

Po ' op, 0Oz

o Oho Oy By 6_@]]

" GAH
Oz
ow, ﬂ
+w, —+
or

(A54)

(A55)
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b, s o N, B
h, ot ap, | o 00 1\ "’ oz oz p, | 0Oz

+ﬁ,58 %P, ua’01+l W0%+w%+& %y
op, | ot 00 I oz Oz Oz

Po
nfob,, (A, O B O
P | Ot 00 I Oz Yoz op, Coz P, | Oz

+]/chd L’zclbo auo ap1+ 126,50%_@ %+&(u0%+W0%j
h, op, Ot op, P, )0t P or or

cr'0 0 hO
A | o A
u +3u +H T |u
2fzcrh0 r0 ( ) (ﬁo ho] r0 f;O

(A56)
Energy - Ideal Gas

nOh_ L, +1(W0 @i, %)
h ot Z(y-1)|or o0 I

oz p, 082 by, | oz

LY 1 %_ ! i po uy Py O
h | Z.(y-1)or \Z.(y- 1 B, 01 *or or

R %_ﬁwﬁﬁoﬂ

(A57)
where,

e B (AS8)
u



and,

oy hy g
f;l_ml 10(@-{_&-{_ IIJ
Py hy uy

Clearance function with tilting motion of rotor is,

h=h, —[x+ay [Cirj(z—zo)}cosﬁ—{y—ax (é}(z—zo)}sine.

Comparing to (A29),

eh, =—{x+ay [éj(z—zo)}cosﬁ—{y—ax (CLVJ(Z_ZO)}HIQ'

Assuming the dependent perturbation variables as,
w,(z,7,0) =w, . (z,7)cos@ +w, (z,7)sin 6
p,(z,7,0) = p,.(z,7)cos @ + p, (z,7)sin b
u,(z,7,0)=u, (z,r)cos@ +u, (z,7)sind
p(z,7,0)=p,.(z,7)cos@+ p, (z,7)sinb .
Complex variables are introduced as following:
W, =w, + Jjw,
Py =D D
u, =u, + ju,
Py =Pt Py
eh =—(r+a)
r=x+jy

a=a, - ja,.
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(A59)

(A60)

(A61)

(A62)

(A63)

(A64)
(A65)
(A66)
(A67)

(A68)
(A69)
(A70)
(A71)
(A72)
(A73)
(A74)
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Assumimg a pressional seal motion of the form, the displacement motion and tilting

motion are expressed as,

r=re’’ (A75)
a=ae’ (A76)
h = hye’” (A77)
where,

= % : (A78)

Introducing the following complex variables:
w, =we’’ (A79)
p, = pe’’ (A80)
u =ue’ (A81)
p, = pe’t. (A82)

The first order governing equations are expressed in matrix form.

W W g(z.f) gs(z, 1)

d | D P _ Ty g(z,f) a, L gs(z, 1)
S P A0 PN e P e P

2] ) g,(z. 1) g(z, /)

The components of matrix 4, B and vector g are given in the Appendix B.
There are four boundary conditions for first order perturbation governing
equations. The first one states that circumferential velocity at the inlet does not perturb.
u,(0)=0 (A84)
The second and third boundary conditions come from inlet pressure loss model and

isentropic relationship between pressure and density at the inlet.

PO = =25 (5,007 (0)+ 27, (01w, 00, (0)) (A8S)

C

pi(0)=75,(0)5"(0) (A86)
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The last one is presented for each case of choked and unchoked condition. For unchoked

situation, the exit pressure recovery model is presented for exit boundary condition.

1-2;, (B O+ 25, D D) D

c

p)=-

In case the flow is choked at the exit, Mach number will not perturb at the exit.
Ma,(1)=0 (A88)

using the ideal gas mach number,

Ma=w |L =w|-L— (A89)
yP yEp

The zeroth and first perturbation version of Mach is,

Ma, = w, |2 (A90)
Y E.p
Ma, :Mao[ ! +ﬁ—i) (A91)
2p, W, 2p,

These yield the last boundary condition for choked condition.

Ad  wd @ _,
2p,(D)  wy () 2p,(1)

The missing boundary conditions are found by transition matrix approach, Childs [12].

(A92)

Once frequency dependent first order perturbation solutions are found, non-dimensional
reaction force and moment components for each frequency are obtained by integrating

first order pressure through the whole seal length.

Fy =—x[ Re[ p,(/)}tz (A93)
Fy ==z [ Im[p,(/)}dz (A94)
M, =x jol Re[ p,(/)](z —z,)dz (A95)

M, =-n jol m[ p,(1)](z -z, )dz (A96)
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To get frequency dependent 4<4 full rotordynamic coefficients, force and moment of

(A93)-(A96) are calculated for displacement motion without tilting (ﬂ =0), and tilting
&

. . . r . .
motion with no displacement (-~ = 0). Now dimensional force and moment components
£

are found as following:

F, = LD F, (A97)
2C,
F, = LD F, (A98)
2C,
¥ = LD M, (A99)
2C,
M, = LD M, (A100)
2C,
The general transfer function on two-control-volume is,
Fy, () DY)  E(jQ) D, -E,(Q |l X(Q)
I EGY || -EGY) DY) -E,(Q) -D, Q)] YD)
m,(j&)| D, E,(GQ) D, -E, (O || Q)
MX (.]Q) Eag (]Q) _Dag (JQ) Ea (JQ) Da (]Q) aX (.]Q)
(A101)
where,
D(jQ)=K(Q)+ jC(Q) (A102)
E(jQ)=k(Q)+ je(Q) (A103)
D, (j) =K, )+ jC, () (A104)
E.,(jQ) =k (Q)+ je,, () (A105)
D, (j&) =K, (Q)+jC, () (A106)
E,.(jQ) =k, () +jec, () (A107)
D,(jO) =K, (Q)+jC,(©) (A108)

E (jQ) =k, (Q)+ jc, (Q) (A109)
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In terms of frequency dependent rotordynamic coefficients, the model is,

F,) [KQ  kQ) K, (Q -k, @](x
F| | -k@  KQ k(@ -K, Q] Y
M, [Tk @ kL (©Q K@ k@ ||
M| |k, Q) -K,Q k©Q K@ |la
_ (A110)
CQ @ C,@Q -, @]
Q) CQ) ¢, Q) —C, (@]
C.(@ ¢, (@ C©@ - @ ||a
(@ C. Q) @ GO |la,
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APPENDIX B
MATRIX AND VECTOR ELEMENTS FOR FIRST ORDER SOLUTION

B.1 Real Gas
Matrix 4
oN/;

All = Ol ° (B1)
4,=0 (B2)
4,=0 (B3)

w.h
A14 = % (B4)

w,
A21 = TO (BS)

P
A4, =—= (B6)

[P,
A, = (B7)
4, =0 (BS)
4, =0 (B9)
4, =0 (B10)
A, = % (B11)
A, =0 (B12)
4, =0 (B13)
4, =0, St PV (B14)

42 c
op, !

A,=0 (B15)
A, =i Ouy PyWy — PoWo (B16)
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Matrix B
0, Oh, h, Op
B, _FPo 9 T O (B17)
[ oz [ oz
B, =0 (B18)
Bl3 = j[_,boho] (B19)

_ W, Ohy  hy Ow, .
14 —TE"‘TE"']I:J((I% +7chd)_”0hoJ (B20)

_Llow, e ((mvﬂ)fso+(m,+1)f,0J+ 1

(”so s0 Tl r0)+j[f_u0]

> 2¢ h, U, U, 2c.h,
(B21)
B, =0 (B22)
Bz3 — Wo (ms + l)uofso + (mr + 1)(7"0 - 1)];0 (B23)
2¢, h, Uy, u,
P dp, Wo
=——-° + mu +mu B24
24 lﬁoz 82 2crh0[)0 ( s7s0J s0 rro rO) ( )
= 1 ou,, n w, [ (m,+Du,f, n (m, +D(u, —1) 1., (B25)
[ 0z 2c.h, U, U,
| F
B32 :J|:— — :| (B26)
2o
1 (m +1)u02f0 (m, +1)(u, _1)2f0 1 .
B, = > =+ = |+ u +u + —u
33 ZCrhO ( ", “, 20"h0 ( 50J 50 0 r()) J [f 0]
(B27)
(g Sy, Gty =Dt ) (B28)

B
Y2 ho o

r
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B, = ((ms +3uyofoo +(m, +3u,, rO)

op, 0z Op, 0= | 1p, 0z 2Pchy

u,p,
/
{ deWO }
(B29)

B, =_leoapo | fit, %po( +7Chdj_“ %pouo (B30)
Py 0z hy Py

(8”0 P, 6150 8/50}_ Py 9P, _ PoWo

5 | vhipot
B43 = _ﬁ((mv +3)u0us0 s0 +(mr +3)(u0 _I)M’O f0)+]|:f ;h: O:| (B31)

c

B = U W, 850 Py n 650 9Py 4 P op, 1
o1\, &z 9p, 0z ) 1p} 8z 2Pch,

. - o p v.h, . o Dot
+7| S| 4.0, - | T — U, Pyl —L 4222
Py Py hy Py Po

((m, + Dy’ fr + (m, + D’ £,

(B32)
Vector g
PoOWy WoOPy | irpn o~

= Tt 7t = Pt B33
& [ oz [ Oz J[f,OO Po 0] (B33)
8 = = ((m, =D foy +(m, —Duo foy) (B34)

2¢.h,

1
g3 - 2C h 2 ((mv _l)uOMSO s0 + (mr _1)(u0 - l)uro rO) (B35)
r’0
— lb 3 3 . Dy
8 = 2P E ((m —Duy, foo +(m, —Du,, f,,0)+ ]{—fa} (B36)
LW,

8 = Ol : +g1(Z_Zo) (B37)

g =8 (z-z) (B38)
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g, =g (z-z) (B39)

8y = 84 (Z_Zo) (B40)

B.2 Ideal Gas
The rest of components other than those given here are not changed.

Wo

4 =M
Iz (y-)

:_(1+Zc(7_1))P0W0 (B42)

1+Z (y -1 s, .
B, = 1 Py - ( 1% )~) Po 0Py _ Lot ((mv +3)uy, foo +(m, +3)u,, rO)
Z(y-\) o= Z.(r-Vp, 0= 2Pch

(B41)

44

; 7chdﬁ0W0:|
+j|
{ £ hy
(B43)
1+Z.(y—1 5
ez [ oherh ] g
lZc(y_l)p(] Oz Zc(y_l)ho Zc(j/_l)
(1+Z.(-D)pow, 35, 1 3 3
Bu = - +1 +(m, +1
YT 1Z(-1pS 0z 2Pch, ((m + Dy’ g+ (m, + D’ 1)
(B45)

(1+Zc(7_1))(h0 +7chd)po 4 (1+Zc(7_1))pou0}
Z,(y —=Dhyp, Z,(y =D p,
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