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ABSTRACT 
 
 

Aquitard Control of Stream-Aquifer Interaction and Flow to a Horizontal Well in 

Coastal Aquifers. (December 2005)  

Dongmin Sun, B.S., Daqing Petroleum Institute, China; 

M.S., Research Institute of Petroleum Exploration & Development, China 

 Chair of Advisory Committee: Dr. Hongbin Zhan 
 
 
 

This dissertation is composed of three parts of major contributions: 
 

In Chapter II, we developed a new conceptual model and derived a new semi-

analytical model for flow to a horizontal well beneath a water reservoir.   Instead of 

treating the leakage from aquitard as a source term inside the aquifer which is called 

Hantush’s assumption (1964), we linked flows in aquitard and aquifer by the idea of 

continuity of flux and drawdown.   The result in this chapter is compared with that of 

Zhan and Park in 2003 which Hantush’s assumption is adopted at various hydraulic and 

well configurations.   It shows that Hantush’s assumption becomes inaccurate in regions 

where vertical velocity components are significant.  

In Chapter III, we deal with the interaction of an aquifer with two parallel surface 

water bodies such as two streams or canals. In this chapter, new closed-form analytical 

and semi-analytical solutions are acquired for the pumping induced dynamic interaction 

between two streams and ground water for two different cases. In the first case, the 

sediment layers separating the streams from the aquifer ground water do not exist.   In 

the second case, the two low permeable layers are considered.  The effect of aquitard and 
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water right competition is addressed in this chapter.  This model can be used for 

interpreting and deriving hydrologic parameters of aquitard and aquifer when pumping 

occurs between two channels.  It can also be used to predict stream depletion which is 

essential for water management and ecology conservation.  

In Chapter IV, we investigated the three dimensional upconing due to a finite-length 

of horizontal well and its critical conditions. The results are compared with those of 

vertical wells. The critical condition which includes the critical rise and the critical time 

at a certain pumping rate depends on the well length, the initial interface location, the 

well location, and the pumping rate.   Our results show that horizontal well might be a 

better tool for coastal groundwater resources development. In real field applications, 

installing long wells as shallow as possible is always desirable for sustaining long 

periods of pumping with significant rates. 
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CHAPTER I 

INTRODUCTION 

With the increase of population, the demand for water is steadily escalating.   

Surface water is easily accessible, yet often depleted, and furthermore, contaminated. 

Ground water resources are the most possible sources to meet the water demand.   

Despite its abundance, over extraction of groundwater and daily human activity can 

easily cause localized problems such as deterioration of water quality, land subsidence, 

reduced discharge to surface water, and sea water intrusion in coastal regions. 

One critical issue is to develop good quality and greater quantity of groundwater 

resources to satisfy human being’s needs both in coastal and inland regions.  

Hydrologists have been fighting for these by taking advantage of current technologies.  

Aquifers sometimes are bounded by low permeable layers, so called aquitards from 

above and or/bottom.  Flow and transport inside aquifer has been a very active research 

field among hydrologists and environmental scientists for several decades.  However, the 

effect of aquitard is neglected and simplified in previous researches regarding flow and 

transport in aquifer and aquitard system even though aquitards have been proven to play 

important roles in many hydrological situations.    First, the aquitards (low permeable 

sediment layers) often control the hydraulic connection between surface water and 

groundwater (e.g. Hunt, 1999, 2003; Butler et al., 2001).    

____________________ 

This dissertation follows the style of Journal of Hydrology. 
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Aquitards control how much flux leaking from surface water to groundwater and the 

length of transient flow period, hence control the stream-depletion which is very 

important for surface water management and ecology conservation for wildlife. Second, 

aquitards could be very thick sometimes, such as 610 m in northwest of the Kansas state 

of Dakota aquifer.   Aquitards are often less permeable, but have great porosity which 

enables them great capacity to store water and contaminants.  When pumping starts 

inside the aquifer, the hydraulic gradient between aquifer and aquitard caused by 

pumping will drive water out of aquitard to aquifer, resulting in the dewatering of the 

aquitards.  The loss of water and compaction of silty and clay materials which are 

composed of aquitards may cause subsidence.   Land subsidence is one of the most 

challenging issues in many countries including Australia, China, India, Iran, Japan, 

Mexico, Poland, Sweden, Netherlands, UK, USA.   It was reported that in 1995 there are 

more than 150 major cities in the world where subsidence were substantial (Barends et 

al., 1995).   It will be critical to predict the degree of dewatering inside of aquitard which 

controls the degree of land subsidence.   

Third, although water movement across the boundary of aquitard-aquifer is difficult, 

solute diffusion across the boundary is possible due to the concentration gradient across 

the boundary.  Although field and laboratory results show that aquitard controls the 

retardation and tailing of the transport, effect of aquitard on solute transport is often 

ignored for the sake of mathematic simplification. It is of great importance to have a 

better understanding of the roles which aquitards play in solute transport in aquitard-

aquifer system to provide guidance for field contaminant remediation.       



 3

In this study, we derived a series of conceptual, physical, and mathematical models 

which demonstrate the effects of aquitards in aquitard-aquifer system and stream-aquifer 

interaction system for both vertical and horizontal well scenarios.   Different from 

previous studies which simplified aquitard effect, aquitards are treated as different flow 

systems and their influence on flow inside the aquifer and stream-aquifer interaction are 

thoroughly investigated by systematically analyzing the hydraulic parameters of 

aquitards.  The degree of dewatering of aquitard is also acquired as well as the 

drawdown generated inside the aquifer, thus this study could be easily extended into 

subsidence prediction.  In a similar way, this conceptual model could be easily modified 

for solute transport in aquitard-aquifer system.  In Chapter II, flow to a horizontal well 

under a water reservoir is investigated.  We have provided a new approach for solving 

drawdown and flux from aquitard to aquifer.    In Chapter III, an analytical solution is 

obtained for a pumping induced interaction among two streams and groundwater. This 

study involves flows in aquifer and two low permeable layers which separate surface 

water from ground water.  A fully penetrating well is positioned between two fully 

penetrating streams. This model could be used for the water management and water 

supply when pumping occurs between two channels of the same river, two different 

streams, or two canals.   

In coastal zones, intensive extraction of groundwater will break the long established 

balance between fresh water and sea water, causing the so- called sea water intrusion 

problem.  Coastal margins are one of the world’s greatest natural resources and 

economics assets. To satisfy the escalating demand of water resources in coastal margins 
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due to the increasing human settlements and economic activities, it is critical to find 

better technologies to manage groundwater resources for coastal aquifers.  The screen of 

a horizontal well is parallel to the horizontal directions. Because of their larger contact 

area with aquifers, horizontal wells have significant advantages over vertical wells in 

most well applications such as pumping and treat exercise, contaminant remediation,  

land stabilization, and many others.  A horizontal well might generate much less 

drawdown than that of a vertical well because pumping strength is distributed along a 

longer screen,  thus generates much less upconing of the fresh/sea water interface and 

has less chance to be invaded by the underneath saline water. Therefore, a horizontal 

well might be a better means for coastal aquifer development. 

In Chapter IV, we proposed to use a horizontal well instead of vertical wells to pump 

near coastal aquifers.  A three dimensional profile of sea-fresh water interface is 

investigated at various hydraulic conditions and well configurations.  We also examine 

the critical conditions which include critical rise, critical time, and critical pumping rate.  

The result shows that horizontal well is a better tool in coastal aquifer water resources 

management.  
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CHAPTER II 

FLOW TO A HORIZONTAL WELL IN AN AQUITARD-AQUIFER SYSTEM 

A horizontal well is sometime installed in an aquifer beneath a water reservoir to get 

significant amount of groundwater with better quality. An aquitard often separates the 

surface water body from the underneath aquifer. Previous studies in vertical wells related 

to this subject treated leakage from the aquitard as a volumetric source term in the 

governing equation of flow in the main aquifer, a hypothesis termed “Hantush’s 

assumption”.  In this study, flow in the aquitard and aquifer is treated as two systems 

which are linked through the continuity of flux and head at the aquitard-aquifer 

boundary. In particular, we treat leakage as a boundary at the aquitard-aquifer interface, 

not as a volumetric source.  The leakage induced by the pumping horizontal well 

depends on several parameters such as the aquitard thickness, the vertical hydraulic 

conductivity of the aquitard, the aquitard specific storage, the well location, and the well 

length. In general, we find that the Hantush’s assumption does not offer correct 

prediction of flux and drawdown during the transient flow condition, particularly at the 

early time. For steady-state flow, the Hantush’s assumption works reasonably well under 

realistic conditions of aquitard thickness and hydraulic conductivity as long as the 

aquitard thickness is not too thin (aquitard-aquifer ratio less than 0.001). This 

assumption also works reasonably well under realistic horizontal well lengths and well 

locations as long as the well is not too close to the aquitard-aquifer boundary. 
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2.1 Introduction 

Groundwater is commonly withdrawn near a surface water body such as a river, a 

stream, a lake, or a water reservoir because the quality is expected to be better than that 

of surface water.  An aquitard often separates the surface water body from the 

underneath aquifer.  Hydraulic connection between surface water and groundwater has 

long been recognized as a crucial factor in the management of water resources, ecologic 

conservation, irrigation and drainage, and many others subjects. Therefore, there are 

extensive studies about pumping induced stream-aquifer interaction (e.g. Theis, 1941; 

Glover and Balmer 1954; Hantush, 1965; Barlow and Moench, 1998; Hunt, 1999; 

Zlotnik and Huang, 1999; Barlow et al., 2000; Moench and Barlow, 2000; Butler et al., 

2001; Lal, 2001; Chen et al., 2003;  Kollet and Zlotnik, 2003). At present, most of these 

studies are focused on vertical wells.   

Another way of withdrawing groundwater near a surface water body is to install a 

horizontal well whose axis is parallel to the horizontal directions. The advantages of 

using horizontal wells over the vertical wells have been addressed in an original work of 

Hantush and Papadopulos (1962), and in recent studies of Zhan (1999), Zhan et al. 

(2001), and Zhan and Zlotnik (2002). One of those advantages is that a horizontal well 

can have a great length of screen, thus can withdraw a significant amount of 

groundwater. In recent years, horizontal wells have gained increasing interests in the 

field of water resources management and environmental engineering, and a great deal of 

research can be found from Morgan (1992), Tarshish (1992), Cleveland (1994), 

Murdoch (1994), Falta (1995), Sawyer and Lieuallen-Dulam (1998), Zhan (1999), Zhan 
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and Cao (2000), Streward and Jin (2001), Zhan et al. (2001), Park and Zhan (2002, 

2003), Zhan and Zlotnik (2002), Chen et al. (2003), Zhan and Park (2003), and others.  

A horizontal well can be positioned in an aquifer underneath or along a surface water 

body. This study will focus on the former case. A different study will address the later 

case elsewhere. Between the surface water body and the underneath aquifer, there often 

exists a semi-permeable aquitard serving as a leakage layer. Therefore, study of flow to a 

horizontal well under a surface water body involves flow in an aquitard-aquifer system. 

Such a system is often called a leaky aquifer which has been extensively studied when 

vertical wells are used (Hantush, 1964; Neuman and Witherspoon, 1969a, b; Bear, 1979).  

Hantush (1964) had proposed an important assumption in simplifying the problem of 

flow in a leaky aquifer. The essence of this assumption is to replace the leakage effect by 

a source term in the governing equation of flow in the aquifer. This is a necessary 

simplification to make the mathematical models amendable in many cases. As a result, 

this simplification is widely adopted in many studies related to leaky aquifers and 

stream-aquifer interaction (e.g. Jenkins, 1968; Hunt, 1999; Moench and Barlow, 2000; 

Butler et al., 2001; Lal, 2001). Zhan and Park (2003) have applied the Hantush’s 

assumption to study flow to a horizontal well in a leaky aquifer. However, the aquitard 

leakage really should be a boundary effect that occurs at the aquitard-aquifer interface 

rather than a volumetric source term in the aquifer. Therefore, it is unclear how much 

derivation from the true solution will be resulted from the adoption of this assumption.  

The purpose of this investigation is to study flow to a horizontal well in an aquitard-

aquifer system based on the mass conservation law without using the Hantush’s 
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assumption. In this study, flow in the aquitard and aquifer is treated as two systems 

which are linked through the continuity of flux and head at the aquitard-aquifer 

boundary. In particular, leakage is not treated as a volumetric source.  We will 

investigate both steady-state and transient flow scenarios and compare the results with 

Zhan and Park (2003) to assess the validity of the Hantush’s assumption for horizontal 

well cases. The physically based model developed in this study can be employed for 

water supply, contaminant remediation under a reservoir, and other applications. 

2.2 Mathematical Model and Solutions 

We first explain the conceptual model. A horizontal well is positioned under a water 

reservoir, which is treated as a constant-head boundary.  An aquitard at the bottom of 

the water reservoir separates the water reservoir from the underneath aquifer. Both the 

aquitard and aquifer are horizontal with finite-thickness. The bottom of the aquifer is 

impermeable. The hydraulic conductivity of the aquitard is at least two orders of 

magnitude smaller than that of the aquifer, thus flow in the aquitard is nearly vertical. 

Horizontal well is treated as a line sink and flux distribution along the well axis is 

assumed uniform.  The validity of this assumption has been carefully addressed by Zhan 

and Zlotnik (2002). The aquitard and aquifer are homogeneous, but anisotropic, and the 

lateral boundaries are infinitely far. 

Figure 2.1 is a schematic diagram of the problem and the coordinate system setup.  

The x- and y- axes are in the horizontal directions and the z- axis is in the vertical 

direction. The origin is at the bottom of the aquifer. The well is positioned along the x-

axis with its center at (0, 0, zw), where zw is the distance from the well to the lower 
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impermeable boundary.  Before solving flow to the horizontal well, we first solve the 

problem of flow to a point sink. After that, we integrate point source solutions along the 

horizontal well axis to get the horizontal well solutions.  

2. 2.1 Transient flow solution 

The governing equation and the associated initial and boundary conditions for the 

flow in the aquitard and the flow to a point sink in the aquifer are given as follows: 

For flow in the aquitard: 

t
hS

z
hK sz ∂

′∂′=
∂

′∂′
2

2

  ,                      B<z<B+B´, (2.1) 

0)0,,,( hzyxh =′ , (2.2) 
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Figure 2.1 A schematic cross-sectional diagram of a finite-length pumping horizontal 

well beneath a water reservoir. 
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For flow to a point sink in the aquifer:  

)()()( 0002
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00=∂
∂

=zz
h , (2.10) 

where h , h´ are the hydraulic heads of the aquifer and aquitard respectively, h0 is the 

initial hydraulic head in both the aquifer and the aquitard, Kz´ and Ss´ represent the 

vertical hydraulic conductivity and the aquitard specific storage, respectively, Kx, Ky, Kz 

are the principal hydraulic conductivities in the x, y, z axes  respectively, is the aquifer 

specific storage, B´ and  B are the thickness of the aquitard and aquifer respectively, Q is 

the pumping rate of the point sink,  x

sS

0, y0, and z0 are the coordinates of the point sink, 

and t is time. 

Eq. (2.1) is the governing equation for vertical flow in the aquitard, Eq. (2.2) is the 

initial condition in the aquitard, Eq. (2.3) is the lateral boundary at infinity, Eq. (2.4) is 

the constant-head boundary condition at the surface water-aquitard boundary, and Eqs. 

(2.5) and (2.6) refer to the continuity of head and vertical flux at the aquitard-aquifer 

interface, respectively. Eq. (2.7) is the governing equation for three-dimensional flow to 

a point sink in the aquifer, Eq. (2.8) is the initial condition in the aquifer, Eqs. (2.9) and 

(2.10) are the lateral and bottom boundaries of the aquifer, respectively. Above equation 
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groups must be solved together to obtain the hydraulic heads at the aquitard and aquifer 

simultaneously. The procedure of problem-solving is illustrated as follows.  

First, we change the hydraulic head to drawdown, thus the initial head h0 can be 

removed and the initial and boundary conditions are simplified. After this, we transform 

all the terms into their dimensionless forms. This is not a required process; however, it 

could simplify the mathematical formats. In addition, it will reveal some lumped 

dimensionless parameters that otherwise will not appear in dimensional formats.  

Second, we apply the Laplace transform to remove the t-dependent terms; this is a 

necessary step because of the difficulty of directly solving the problem in real-time 

domain.  

Third, only vertical flow is considered in the aquitard, thus we first solve the 

governing equation of the aquitard considering the upper constant-head boundary and 

continuity of head at the lower aquitard-aquifer boundary. This step links the drawdown 

of the aquitard with the drawdown at the aquitard-aquifer boundary.  

Fourth, a Fourier transform solution with a summation of a series of cosine functions 

is proposed for the aquifer considering the boundary conditions at z=0 and B. The 

frequency used in the cosine functions of the proposed solution is determined via the 

continuity of head and flux at the aquitard-aquifer boundary.   

After that, the drawdowns in the aquifer and aquitard with a point-sink in the aquifer 

are derived in Laplace domain. Finally, integration of the point-sink solutions will yield 

the horizontal well solutions in Laplace domain, which will be subsequently inverted to 

yield the solutions in real time domain. 



 13

We define the following dimensionless parameters after changing hydraulic head h 

to drawdown s=h0-h and s´= h0-h : 
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where L is the length of the horizontal well. Conducting Laplace transform to Eqs.(2.1)-

(2.10) results in: 
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00=∂
∂

=Dz
D

D

z
s , (2.19) 

where overbar means the parameter in Laplace domain, and p is the Laplace transform 

parameter. 

2. 2.1.1 Point-sink solution in Laplace domain  

Following the similar procedures outlined by Zhan and Park (2003), the proposed 

solution of Eq. (2.17) in Laplace domain is a Fourier transform of cosine functions:  

)cos(),,(
0

DDDD
zpyxHs n

n
n ω∑

∞

=

= , (2.20) 

where Hn is a function only depends on the horizontal coordinates and p, and nω is the 

frequency that will be determined via boundary condition. The details of solving Eqs. 

(2.12)-(2.19) are presented in Appendix A. The aquifer drawdown in Laplace domain for 

a point-sink is: 

)(
)(

)cos()cos(4 2
0

0
Dn

n n

DnwDn
D rpK

f
zz

p
s +∑=

∞

=
ω

ω
ωω , (2.21) 

where nω  is determined by Eq. (A6),  K0 is the second-kind, zero-order, modified Bessel 

function, and 

n

n
nf

ω
ω

ω
2

)2sin(
1)( += , . (2.22)   ( ) 2/122

DDD yxr +=

Substituting Eq. (2.21) into (A5) will result in the aquitard drawdown in Laplace 

domain for a point-sink as: 

)sinh(
))1(sinh()(

)(
)cos()cos(4 2

0
0 D
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n n

nwDn
D Bp

zBprpK
f
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p
s

α
α

ω
ω

ωω −+
×+=′ ∑

∞

=

. (2.23) 
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2.2.1.2 Horizontal well solution in Laplace domain 

Integration of Eq. (2.21) along the horizontal well axis will yield the solution of a 

horizontal well in Laplace domain.  

D
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zz
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∫

∑
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∞
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⎤
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⎡ +−+

=

ω

ω
ωω

, (2.24) 

where DHs is the aquifer drawdown in Laplace domain for a horizontal well. is 

defined in the same way as  in Eq. (2.11).  

DHs

Ds

As a consequence, the aquitard drawdown in Laplace domain induced by a pumping 

horizontal well in the aquifer, DHs′ , becomes: 

[ ] D
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∫∑ −

∞

=

+−+

×
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ω
ω

ωω

α
α

, (2.25) 

where is defined in the same way as .  DHs′ DHs

2.2.2 Steady-state flow solution 

The transient flow discussed above might approach the steady-state condition rather 

rapidly if the thickness of the aquitard is relatively thin. Meanwhile, drawdowns in the 

aquitard-aquifer system after the long-term pumping could provide important 

information about water management.  Therefore, it is worthwhile to discuss the steady-

state solution. The steady-state solution can be obtained in two ways. One way is to 

directly solve the steady-state flow governing equations together with the boundary 
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conditions and continuity of head and flux at the aquitard-aquifer interface. Another 

way is to get the solution from the transient solution by letting , which is 

equivalent to . We will proceed with the latter method. 

0→p

∞→t

When , Eq. (A6) is simplified to 0→p

Dnn B/1)tan( =ωβω . (2.26) 

This equation will determine the frequency nω . The point-sink solution in the 

aquifer in real-time domain can be obtained from Eq. (2.21) by allowing and 

noticing that , where denotes the inverse Laplace transform: 

0→p

1]/1[1 =− pL 1−L

)(
)(

)cos()cos(4 0
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n n
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D rK

f
zzs ω
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ωω∑

∞

=

=  (2.27) 

The steady-state point-sink solution in the aquitard can also been obtained from Eq. 

(2.23) as: 
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The steady-state drawdowns in the aquifer and aquitard induced by a horizontal well 

can be accordingly obtained as: 
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2.2.3 Numerical computation 

Inverse Laplace transform is required to obtain the drawdowns in real-time for the 

transient flow problem. Integrations are needed to compute drawdowns for both transient 

and steady-state cases. It would be difficult to analytically invert the Laplace transform 

for this problem because nω is related to p. We propose to use Stehfest (1970) algorithm 

to numerically calculate the inverse Laplace transform based on a few considerations. 

First, Stehfest (1970) algorithm is a simple one that can be easily programmed. Second, 

this algorithm has been found quite robust and accurate in similar problems of studying 

flow to a horizontal well in previous studies (Zhan and Zlotnik, 2002). It is notable that 

Stehfest (1970) algorithm might not always converge for some problems, and alternative 

inverse Laplace transform algorithms might be needed (Talbot, 1979; de Hoog et al., 

1982; Hollenbeck, 1998). However, our numerical experiments confirmed that the 

Stehfest (1970) algorithm is free of numerical oscillations or other problems at times of 

interests for this study. 

The integrations are calculated using Gaussian Quadrature method (Abramowitz and 

Stegun, 1972, p.916; Press et al., 1989). ωn is calculated using Newton-Raphson method 

(Press et al., 1989).   The computer program is available from the authors free of charge 

upon request. The solutions of the mathematical models for both transient and steady-

state flow will be employed to address a few key problems. 
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2.3. Analysis of Flux and Drawdown and Test of the Hantush’s Assumption 

2.3.1 A physical interpretation of the Hantush’s assumption 

Leakage from aquitard should be treated as a boundary condition at the aquitard-

aquifer interface, an idea used in this study. However, it is traditionally treated as a 

source term in the governing equation of flow in the aquifer, namely the Hantush’s 

assumption (Hantush, 1964). The essence of the Hantush’s assumption is to replace the 

areal source at the aquitard-aquifer interface by a volumetric source inside the aquifer. 

The flux and drawdown calculated in this paper will be compared with those presented 

by Zhan and Park (2003) who adopted the Hantush’s assumption.  The difference might 

be related to well location, well length, thickness and hydraulic parameters of the 

aquitard.  The dimensionless flux along the boundary is defined as 
D

D

z
s
∂
∂

=Γ =
D

D

z
s

∂
′∂

β
1 at 

zD=1.   

From the definition of the dimensionless terms in Eq. (2.11), we can identify a few 

lumped parameters that control the dimensionless drawdown and flux. Those are 

aquitard-aquifer thickness ratio (BD), aquifer-aquitard vertical diffusivity ratio (α ), 

aquifer-aquitard vertical hydraulic conductivity ratio (β ), dimensionless location of the 

well (zwD), dimensionless length of the well (LD), and dimensionless coordinates of the 

observation point xD, yD, zD. These parameters can be classified into two categories: BD, 

α , and β  belong to the aquitard-aquifer properties, and zwD, LD, and xD, yD, zD belong to 

the horizontal well configuration and observation parameters. Notice 

that )/( ss SS′×= βα , thus discussion of α can be separated as discussion of β and the 
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aquitard/aquifer specific storage ratio. We will first discuss the control of the 

aquitard/aquifer properties, followed by the discussion of the control of the horizontal 

well configuration and observation parameters. 

The default parameters used in all the following figures are defined in Table 2.1. 

2.3.2 Control of aquitard/aquifer properties on flux and drawdown 

We will first discuss the results of the transient solution in which the aquitard storage 

has played an important role. After that, we will discuss the steady-state results where 

aquitard thickness and hydraulic conductivity appear to be the controlling factors. Notice 

that the key difference of this work and Zhan and Park (2003) is the treatment of flux at 

the aquitard-aquifer boundary. Therefore, we will focus on the characteristics of flux and 

drawdown along this boundary. 

2.3.2.1 Aquitard-aquifer specific storage ratio ( ss SS /′ ) 

We like to see the transient characteristics of flux under different aquitard-aquifer 

specific storage ratios. To do so, we choose one representative observation point at xD=0, 

yD=0, and zD=1. Figure 2.2 shows the flux at this point for three different specific 

storage ratios as functions of dimensionless time in a semi-log scale.  Negative sign of 

flux means that flow is downward. Considering the fact that most aquitards are clayey 

materials that have much greater specific storages than those of the aquifers which are 

mostly sandy, we only concern the specific ratios that are greater than unity. 
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Table 2.1: The default values used in aquitard-aquifer system 

Parameter Default value 

B 10m 

B  1m 

Kx, Ky, Kz 1×10-4m/s 

Kz  1×10-6m/s 

Ss 2×10-5m-1

L 100m 

Zw 5m  

Q 0.001m3/s 

Ss  1×10-3m-1

 

Note: When different aquitard/aquifer thickness ratios, specific storage ratios or 

hydraulic conductivity ratios are used, the properties of the aquifer are fixed and only the 

corresponding aquitard parameters are changed.  
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After the start of pumping, the hydraulic head in the aquifer will drop rapidly. 

However, the hydraulic head in the aquitard will not change immediately due to the 

relatively low permeability there. Such a head difference between the aquifer and the 

aquitard will drive water out of the aquitard slowly, a process called “dewatering”. 

Water leaked from the aquitard first comes from the storage, and one might see a 

continuous increase of flux across the aquitard-aquifer boundary, until reaching a 

maximal value. After that, the flux will gradually decrease to approach the steady-state 

where the leaked water comes entirely from the upper surface water reservoir. This 

argument has been exhibited in Figure 2.2 which shows an initial increase of flux to a 

maximum then a decrease of flux until reaching a common steady-state value (-0.162). 

It is also interesting to see that an aquitard with a higher specific storage will 

generate a larger maximal flux due to the greater amount of water that can be dewatered. 

For example, the absolute values of dimensionless maximal flux for specific storage 

ratios of 500 and 50 are 0.25 and 0.47.  
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Figure 2.2 The effect of aquitard/aquifer specific storage ratio on the flux across the 

aquitard-aquifer boundary for a given aquitard/aquifer thickness ratio at point (xD, yD, 

zD)=(0, 0, 1).  
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We also notice that when the thickness of the aquitard is too small, the aquitard 

storage effect will become negligible and one might only observe a monotonic increase 

of flux until reaching steady-state (see the case of ss SS /′ = 5 in Figure 2.2). 

If plotting the transient flux versus time in a semi-log scale for two specific storage 

ratios of 500 and 50 at two different aquitard thickness ratios of 0.1 and 0.01, one will 

observe some interesting finding in Figure 2.3.  

First, for the same specific storage ratio but different aquitard thickness, the curves 

of flux are identical at early time, then separate at certain later times to approach 

different asymptotic steady-state values. For instance, the curves start to separate at 

dimensionless time 1 and 0.45 or dimensional time 20 seconds and 9 seconds for the 

specific ratios of 500, 50 respectively. Second, separation of the flux curves occurs 

earlier for a smaller specific storage. That is due to the shorter influence time of an 

aquitard with a smaller specific storage.  As expected, a thinner aquitard will approach a 

greater steady-state flux, as shown in Figure 2.3.   

Still using the representative point (xD, yD, zD)=(0, 0, 1) as an example, if comparing 

the flux calculated from this article with that from Zhan and Park (2003) in a semi-log 

scale, one will observe some differences at the early time, reflected in Figure 2.4(A)-(B). 

In general, the method with the usage of the Hantush’s assumption overestimates the 

flux at the early time. However, the difference becomes less obvious when time gets 

longer. In addition, the higher the specific storage of the aquitard, the greater difference 

between the flux obtained from this paper and that from Zhan and Park (2003) will be 

observed. 
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Figure 2.3 Comparison of the effect of aquitard/aquifer specific storage ratio on the flux 

across the aquitard-aquifer boundary for two different aquitard/aquifer thickness ratios at 

point (xD, yD, zD)=(0, 0, 1). 
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Figure 2.4 Comparison of the flux calculated in this paper and that in Zhan and Park 

(2003) with the Hantush’s assumption at point (xD, yD, zD)=(0, 0, 1) . (A) =50; (B) 
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Figure 2.4 Continued     
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If observing the drawdowns at the point (xD, yD, zD)=(0, 0, 1) with three different 

specific storage ratios 5, 50, and 500 for the same aquitard thickness, the one with a 

higher specific storage ratio will take a longer time to approach the steady-state 

condition, because of the larger amount of water that can be released from aquitard 

storage. This finding is shown in the semi-log scale diagram of Figure 2.5.  

For example, it takes dimensionless time tD about 1000, 100, and 46.42 or 

dimensional time t about 2.0×104 seconds, 2.0×103 seconds,  and 928.4 seconds for the 

cases of specific storage ratio of 500, 50, and 5 to reach steady-state, respectively. 

Similar conclusion has been drawn by Zhan and Park (2003).   

During the transient flow period, a higher flux across the aquitard-aquifer boundary 

will result in a less pumping stress imposed on the main aquifer, thus leads to a smaller 

drawdown in the aquifer. This point is noticed in Figure 2.5 which shows that the 

drawdown is smaller for a higher specific storage ratio, given the same time during the 

transient flow.  Obviously, the steady-state drawdown will be independent of the specific 

storage of the aquitard, as seen in Figure 2.5. 

The finding in this section suggests that the Hantush’s assumption does not offer the 

correct flux and drawdown during the transient period of flow, particularly at the early 

time. 
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Figure 2.5 The effect of aquitard/aquifer specific storage ratio on drawdown at point (xD, 

yD, zD)=(0, 0, 1). 
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In the following sections 2.3.2.2 and 2.3.2.3, we will discuss the influence of the 

aquitard-aquifer thickness ratio and the vertical hydraulic conductivity ratio. As an 

example, we select an observation line along the y-axis at the aquitard-aquifer boundary.  

Under steady-state condition, water pumped from the horizontal well comes entirely 

from the surface water leaked through the aquitard, and the flux at the aquitard-aquifer 

boundary is proportional to the hydraulic head difference across the aquitard according 

to Darcy’s law. Because a constant-head is used at the upper boundary of the aquitard, a 

higher flux will result in a lower hydraulic head at the aquitard-aquifer boundary.  We 

only discuss the flux in the following; the drawdown can be easily extracted from the 

flux using Darcy’s law if needed. 

2.3.2.2 Aquitard-aquifer thickness ratio (BD) 

At steady-state, the distribution of flux across the aquitard-aquifer boundary shows 

some special characteristics.   

First, the flux is localized around a region right above the center of the well with the 

maximum flux at the point of xD=0 and yD=0.  That is because the greatest drawdown 

generated by the pumping horizontal well along the aquitard-aquifer boundary is at that 

point.  

Second, the distribution of flux and the maximum value of the flux are closely 

related to the thickness of the aquitard, as shown in Figure 2.6.  
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Figure 2.6 The effect of aquitard/aquifer thickness ratio along the line of y0D=-5.0 to 5.0 

with x0D=0 and zD=1 under steady-state condition.   
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The one with a thinner aquitard will have a higher maximum value of flux at the 

center because water is easier to flow across that aquitard. For instance, the absolute 

values of the dimensionless maximal fluxes are 0.162, 0.462, and 0.772 in Figure 2.6 for 

aquitard-aquifer thickness ratios of 0.1, 0.01, and 0.001, respectively. Notice that we 

only test the case where the thickness of the aquitard is less than that of the aquifer.  

Third, it is interesting to see from Figure 2.6 that the thinner the aquitard, the degree 

of flux localization is higher. Considering the symmetry of flux, we consider the flux 

distribution along xD=0, 50 ≤≤ Dy , and zD=1 for three different BD of 0.1, 0.01, 0.001. 

We notice that the difference of result from this article and that from Zhan and Park 

(2003) is small when the aquitard-aquifer thickness ratio is relatively large (BD = 0.1), as 

seen in Figure 2.7A. The only detectable difference for the case of BD = 0.1 is near the 

point of xD=0 and yD=0. However, when the thickness is relatively thin, one can observe 

considerable difference, as shown in Figure 2.7B-2.7C.. 
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Figure 2.7 Comparison of the steady-state flux calculated in this paper and that in Zhan 

and Park (2003) with the Hantush’s assumption along the line of y0D=0 to 5.0 with x0D=0 

and zD=1 for different aquitard/aquifer thickness ratios. (A) BD=0.1; (B) BD=0.01; (C) 

BD=0.001. 
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Figure 2.7 Con
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Figure 2.7 Continued  
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This suggests that the Hantush’s assumption works reasonably well for a relatively 

thick aquitard under steady-state flow condition. When the aquitard is very thin, for 

instance, with an aquitard-aquifer thickness ratio of less than 0.001, the Hantush’s 

assumption does not offer the correct value of flux. 

2.3.2.3 Aquitard-aquifer vertical hydraulic conductivity ratio ( β ) 

For an aquitard-aquifer thickness ratio of 0.1, we have tested the differences of flux 

derived by this paper and that by Zhan and Park (2003) for two different vertical 

hydraulic conductivity ratios of 0.001 and 0.01. Considering the fact that most aquitards 

have hydraulic conductivities that are a few orders of magnitude smaller than those of 

the aquifers, this choice of hydraulic conductivity ratios is reasonable. Except for the 

minor difference near the point of xD=0 and yD=0 for the case of 0.01, there is almost no 

distinguishable difference between the two solutions for the rest regions, as seen in 

Figures 2.8A-2.8B. This suggests that the Hantush’s assumption works well for different 

ranges of aquitard-aquifer hydraulic conductivity ratios under steady-state flow 

condition.  
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2.3.3 Control of horizontal well configuration on flux 

2.3.3.1. Well location 

We use two different well locations zwD=0.2 (a lower well), and 0.9 (an upper well) 

to test the influence of well location on flux distribution under steady-state condition. As 

shown in Figure 2.9, a well closer to the upper aquitard-aquifer boundary will induce a 

larger flux around the point xD=0 and yD=0. For example, the absolute values of the 

dimensionless maximal flux are 0.15 and 0.19 for the cases of zwD=0.2 and 0.9, 

respectively. But the influence in general is limited within a relatively small region 

around that point.  If comparing the result of this article with that of Zhan and Park 

(2003) for a given well location, we do not observe noticeable difference for the case of 

a lower well (zwD=0.2), as shown in Figure 2.10A. We do observe noticeably small 

difference for the upper well location in Figure 2.10B (zwD= 0.9). This finding indicates 

that the Hantush’s assumption works reasonably well when the location of the horizontal 

well is not too close to the aquitard-aquifer boundary under steady-state condition. 
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Figure 2.9 The effect of well location on the flux along the line of y0D=0 to 5.0 with 

x0D=0 and zD=1. 
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Figure 2.10 Comparison of the steady-state flux calculated in this paper and that in Zhan 

and Park (2003) with the Hantush’s assumption along the line of y0D=0 to 5.0 with x0D=0 

and zD=1 for two different well locations. (A) zwD=0.2;(B) zwD=0.9. 
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Figure 2.10 Continued  
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2.3.3.2 Well length  

We use different well lengths LD=0.5, 5, and 50 to observe the change of flux 

distribution under steady-state condition in Figure 2.11. The usage of the probably 

unrealistic case of LD=0.5 is for the purpose of comparison. The cases of LD=5 and 50 

are probably more realistic for field applications. Given the same pumping rate, a shorter 

well means that the pumping strength is concentrated over a shorter distance, thus will 

induce higher flux around a small region right above the well.  A longer well will 

distribute the pumping rate over a greater distance, thus will induce a broader flux 

distribution. For example, the values of dimensionless flux are -0.37, -0.23, and -0.034 

for the cases of LD=0.5, 5, and 50 respectively in Figure 2.11 at (xD, yD, zD)=(0, 0, 1). If 

comparing the result of this article with that of Zhan and Park (2003), we only notice a 

small difference around the point of xD=0 and yD=0 for a very short, and probably 

unrealistic well length (LD=0.5). For more realistic cases of LD=5 and 50, there are no 

distinguishable differences. This supports the statement that the Hantush’s assumption 

works reasonably well for typical lengths of horizontal wells used in the field. 
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Figure 2.11 Comparison of the steady-state flux calculated in this paper and that in Zhan 

and Park (2003) with the Hantush’s assumption along the line of y0D=0 to 5.0 with x0D=0 

and zD=1 for different well length. 
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2.4. Summary and Conclusions  

We have provided new solutions of flow to a horizontal well in an aquitard-aquifer 

system based on the mass conservation law. Flow in the aquitard and aquifer is treated as 

two flow systems that are connected via the continuity of flux and head at the aquitard-

aquifer boundary.  We do not adopt the Hantush’s assumption that was commonly used 

in previous studies, including Zhan and Park (2003). The leakage induced by the 

pumping horizontal well under different aquitard hydraulic conditions and a variety of 

well configurations is analyzed. The flux and the drawdown calculated in this paper are 

compared with that of Zhan and Park (2003) and the validity of the Hantush’s 

assumption is tested for both transient and steady-state flow conditions.  In particular, we 

draw the following conclusions from this study: 

1. The leakage induced by the pumping horizontal well depends on several 

parameters such as the aquitard thickness, the vertical hydraulic conductivity of 

the aquitard, the aquitard storage, the well location, and the well length.    

2. For transient flow, a continuous increase of flux will generally be observed 

across the aquitard-aquifer interface at early time until reaching a maximal value. 

After that, the flux will gradually decrease to approach the steady-state where the 

leaked water comes entirely from the upper surface water reservoir.  The 

maximal value of the induced flux is a function of the aquitard specific storage.  

However, when the aquitard is relatively thin, one can only observe a monotonic 

increase of flux to approach the steady-state. 
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3. In general, we find that the Hantush’s assumption does not offer correct 

prediction of flux and drawdown during the transient flow condition, particularly 

at the early time. For steady-state flow, the Hantush’s assumption works 

reasonably well under realistic conditions of aquitard thickness and hydraulic 

conductivity as long as the aquitard thickness is not too thin (aquitard-aquifer 

ratio less than 0.001). This assumption also works reasonably well under realistic 

horizontal well lengths and well locations as long as the well is not too close to 

the aquitard-aquifer boundary.    
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CHAPTER III 

PUMPING INDUCED INTERACTION AMONG GROUNDWATER AND TWO 

STREAMS 

This study deals with the interaction of an aquifer with two parallel surface water 

bodies such as two streams or canals.   Previous studies focus on one stream and aquifer 

system and treat leakage from the surface water body as a volumetric source term in the 

governing equation, a hypothesis termed “Hantush’s assumption”.   In this paper, new 

closed-form analytical and semi-analytical solutions are acquired for the pumping 

induced dynamic interaction among two streams and ground water for two different 

cases. In the first case, the sediment layers separating the streams from the aquifer 

ground water do not exist.   In the second case, the two low permeable layers are 

considered. We solve the problem based on rigorous mass conservation requirement by 

maintaining continuity of flux and head along the aquitard-aquifer boundaries.  

Aquitards properties control the competition of stream depletion when a pumping well is 

positioned between two streams. The aquitard hydraulic conductivity is the most 

important factor controlling the stream depletion, followed by the aquitard thickness 

which greatly influences the drawdown at observation points that are not too close to the 

pumping well.  Aquitard storages do not play significant roles unless the two streams are 

very close to each other or the well is very close to either stream.  When the two 

aquitards are identical, the so called “equal flux point” is located right at the center 

between the two aquitards.  The equal flux point will move off the center when the 

aquitard thickness ratio and/or the aquitard hydraulic conductivity ratio are different than 
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unity.  The results in this paper could provide guidance for well design and water 

management.   

3.1 Introduction 

Groundwater and stream interaction has become an active research area in hydrology 

because of the need of watershed management and water rights distribution (Bouwer and 

Maddock, 1997). There is a consensus among hydrologists that groundwater pumping 

near a stream will inevitably affect the stream flow, thus water rights related to 

groundwater and surface water must be considered together.  Although sophisticated 

numerical models might be needed to deal with realistic situations, the requirement of 

many input parameters needed in those models might not always be available. Thus, 

analytical models are still commonly used by hydrologists and water managers to deal 

with stream-aquifer interaction (Hunt, 1999; Zlotnik and Huang, 1999; Butler et al., 

2001). Theis (1941) was probably the first who analytically studied pumping induced 

groundwater-stream interaction for a fully penetrating stream perfectly connected with 

the adjacent aquifer. His work was later generalized by Glover and Balmer (1954) and 

Jenkins (1968), which have become standard tools for water management and water 

rights distribution, despite of serious limitations for many realistic problems (Zlotnik and 

Huang, 1999). Hantush (1965) considered pumping near a fully penetrating stream but 

considered a low-permeability streambed separating the stream from the aquifer.   

In recent years, several investigators have considered pumping induced interaction of 

groundwater with partially penetrating streams. For instance, Hunt (1999) has developed 

a model for studying interaction between groundwater and a zero-penetrating, narrow 
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stream. Zlotnik and Huang (1999) developed a model that considered a finite-width of 

stream and their work is later extended by Butler et al. (2001) to consider the lateral 

boundaries.  Moench and Barlow (2000) and Barlow et al. (2000) have considered 

interaction between a fully penetrating stream and groundwater but they did not consider 

any pumping wells there.  Chen and Chen (2003a,b) and Kollet and Zlotnik (2003) have 

analyzed data of pumping tests conducted near streams to find out the parameters of the 

aquifers and stream-bed conductance.  

Most of the research mentioned above only concerned interaction of groundwater 

with a single stream. As far as we know, there are still no researches that concern 

groundwater interaction with two streams which might be parallel to each other. This 

situation can occur when two channels or two tributaries are closely spaced. It can also 

occur in some engineered structures such as two closely spaced parallel water canals. 

For instance, as shown in Chen and Chen (2003b, Figure 7), in certain areas of the high 

plain of United States, two streams can be parallel and the distance between them could 

be as close as 270m. Therefore, pumping in an aquifer between these two streams will 

deplete flows from both streams. Competition of stream depletion from two streams 

could be an important issue in water rights adjudication. In fact, inadequately application 

of the single stream model to deal with the two streams might lead to significant errors 

(Kollet, 2005). 

The purpose of this study is to develop an analytical model of interaction of 

groundwater with two parallels streams. We deal with two different kinds of stream-

aquifer interfaces. One has a perfect hydraulic connection between the stream and the 
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aquifer. This condition commonly occurs in Northwest States of the United States such 

as Montana where streambed has the similar sediments as the adjacent aquifer (Wossner, 

2000). The other has low-permeability streambed sediments separating the stream from 

the aquifer. Field evidences have shown that the values of streambed permeability could 

be much smaller than that of the aquifer in some situations (Larkin and Sharp, 1992; 

Conrad and Beljin, 1996). The thickness of the lower-permeability layer can vary 

between 0.5m-5m.  The conceptual and mathematical models are presented in the 

following. 

3.2 Conceptual and Mathematical Models 

3. 2. 1 Conceptual model 

A realistic stream-aquifer interaction system could be very complicated because of 

many issues such as meandering of stream channels, variation of water level in the 

streams, heterogeneity of streambed sediments and aquifer, partially penetrating streams, 

etc.  It is necessary to make reasonable simplification to make the analytical models 

amenable. The primary simplifications used in this study, as well as in many previous 

analytical studies are listed below, followed by the justification. (1) The stream is 

straight and extends to a sufficiently long distance from the domain of interest; (2) the 

streams are fully penetrating; (3) the aquifer and the streambed are homogeneous but 

could be anisotropic; (4) the upper and lower boundaries of the aquifer are horizontal 

and extends to infinity; and (5) the pumping well is fully penetrating. The schematic 

diagrams of an aquifer bounded by two parallel streams are shown in Figure 3.1(A, B 

and C). 
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The first simplification is necessary to make the boundary condition simple enough 

to be handled analytically and is commonly used in previous analytical studies (Hunt, 

1999; Zlotnik and Huang, 1999; Moench and Barlow, 2000; Butler et al., 2001). The 

second simplification is not required but will make the mathematical model easier. 

Partially penetrating two-stream systems will be discussed for a separate study. In fact, 

as shown in Butler et al. (2001, Figure 7), when the distance between the pumping well 

and the nearer bank of the river is greater than five times of the river width, the fully 

penetrating stream approach becomes a very good approximation of even a very shallow 

stream.  Fully penetrating stream approach has also been used by Moench and Barlow 

(2000), Barlow et al. (2000), Chen (2003), etc. The third simplification will render the 

usage of deterministic model. If heterogeneity is considered, more sophisticated models 

such as geostatistic or stochastic models might be needed. The fourth simplification is 

not required but will make the upper and lower boundary condition easier to handle, thus 

is commonly used in many hydrological studies. The fifth simplification will ensure that 

vertical flow near the well will not become an issue. This simplification can be relaxed 

to a partially penetrating well as long as the distance between either streams or the 

observation point to the well is at least 1.5 BKK vh /  to 2 BKK vh / where , , and 

B are the horizontal, vertical hydraulic conductivities, and saturated thickness of the 

aquifer (Hantush, 1964). 

hK vK

We deal with a confined aquifer first, but the model can be extended to an 

unconfined aquifer as long as the drawdown of the water table is much smaller than the 

saturated thickness of the aquifer and the vertical well is fully penetrating. If replacing Ss 



 51

by Sy/H, where Ss is the specific storage of the confined aquifer, and Sy and H are the 

specific yield and the initial saturated thickness of the unconfined aquifer, then the 

confined aquifer solutions are extended to the unconfined aquifer solution. For the 

simplicity of illustration, we assumed that there is no head difference between two 

streams.  In fact, if a head difference exists between two streams, it can be simply 

superposed as a regional flow in the governing equation of the main aquifer. The 

hydrographs of the streams are not considered at present study. If time dependent stream 

stages are considered, time dependent boundary condition is needed. The solution will 

become a little bit more complex but the general methodology of the problem-solving 

will be similar to what presented below for steady stream stages. Influence of the stream 

hydrographs on the flow is out of the scope of this study and will be addressed elsewhere. 

3.2.2 Flow to a fully penetrating vertical well in a perfectly connected stream-

aquifer 

Figure 3.1A is a schematic diagram of the problem and the coordinate system 

setup(planer view). The x- and y- axes are in the horizontal directions and the z- axis is 

in the vertical direction. The origin can be positioned anywhere along the interface of 

the aquifer and the first stream (Figure 3.1A). The center of the vertical well is at x=0 

and y= yw, where yw is the distance from the well to the first stream.  There are several 

different ways of solving this initial-boundary condition problem. For example, we can 

directly solving the two-dimensional horizontal flow equation in the main aquifer by 

treating the fully penetrating well as a vertical line source. The method that will be 

employed here is to first solve flow to a point sink in a vertically infinite domain, then  
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Figure 3.1 A Schematic diagram of pumping between two surface water bodies without 

sediment layers.  
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integrate the point sink solution from ∞− to ∞+ along the vertical direction. This is 

equivalent to flow to a fully penetrating vertical well.  This point sink method is quite 

general and has the advantage of dealing with any arbitrary well types in the future. 

For flow to a point sink in the aquifer, one has  
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0)0,,,( hzyxh = , (3.2) 

0),,,(),,,( htzyxhtzyxh =±∞==±∞= , (3.3) 

0),,,(),,0,( htzByxhtzyxh ==== , (3.4) 

where h is the hydraulic head in the aquifer; h0 is the initial hydraulic head; Kx, Ky, Kz are 

the three principal hydraulic conductivities in the x, y, z axes, respectively; is the 

aquifer specific storage, Q is pumping rate of the point sink, (x

sS

0, y0, z0) are the 

coordinates of the point sink, B is the distance between the two streams, and t is time. Eq. 

(3.1) is the governing equation in the aquifer, Eq. (3.2) is the initial condition in the 

aquifer, Eq. (3.3) is the lateral boundary at infinity, Eq. (3.4) is the constant-head 

boundary condition at the stream -aquifer boundary.  

First, we would like to change the hydraulic head to drawdown, thus the initial head 

h0 can be removed and the initial and boundary conditions are simplified. After this, we 

transform all the terms into their dimensionless forms.  Second, we apply the Laplace 

transform to remove the t-dependent terms; a Fourier transform solution with a 

summation of a series of sine functions is proposed for the aquifer considering the 

boundary conditions at y=0 and B. The frequency used in the sine functions of the 
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proposed solution is determined via the constant head condition at the stream-aquifer 

boundary.  After that, solutions of drawdown in the aquifer with a point-sink will be 

derived in Laplace domain. Finally, integration of the point-sink solution along the z-

axis will yield the vertical well solution in Laplace domain, which will be subsequently 

inverted to yield the solution in real time domain. 

We define drawdown s=h0-h. The dimensionless parameters are defined Table 3.1.  

Conducting Laplace transform to Eqs.(3.1)-(3.4) results in: 
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0),,1,(),,0,( ==== pzyxspzyxs DDDDDDDD , (3.7) 

where overbar means the parameter in Laplace domain, and p is the Laplace transform 

parameter. 

3.2.2.1 Point-sink solution in Laplace domain  

Following the similar procedures outlined by Zhan and Park (2003), the proposed 

solution of Eq. (3.5) in Laplace domain is a Fourier transform of sine functions:  
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Table 3.1: Dimensionless variables 
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where Hn is a function only depends on the horizontal coordinates and p, and 

nω is the frequency that will be determined via Eqs. (3.7) and (3.8).  

Substituting Eq. (3.8) into Eq. (3.7) results in  0)sin( =nω  when 1=Dy , thus 

,πω nn =            (3.9) ,.......3,2,1=n

The details of solving Eqs. (3.5)-(3.8) are shown in Zhan et al. (2001), 

Zhan and Zlotnik (2002) and Zhan and Park (2003). The aquifer drawdown in 

Laplace domain for a point-sink is: 
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where K0 is the second-kind, zero-order, modified Bessel function, and . 

Integration of Eq. (3.10) along the z-axis from 

( ) 2/122
DDD zxr +=

∞− to ∞+ will yield the solution of flow 

to a fully penetrating vertical well in Laplace domain. 
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The integration in Eq. (3.11) is easy to calculate and the final result is:  
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Inverse Laplace transform of Eq. (3.12) can be carried out analytically with more 

details given in Appendix B. The result in real time domain is: 
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where erfc( ) is the complementary error function.  

The total flux along the boundaries of streams and aquifer can be calculated as, 
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Inserting Eq.(3.11) to (3.14) , one gets 
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The real time domain of Eq.(3.15) will be: 
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Where V is the total volume of water from stream to aquifer long time after pumping.  

3.2.3 Flow to fully penetrating vertical well with separating layers 

As shown in Figure 3.1B and Figure 3.1C, two low permeable layers, denoted as 

aquitard 1 and 2 separate the stream 1 and 2 from the aquifer, respectively.  Different 

from section 3.2.2, the origin is at the boundary of the aquifer and aquitard 1.   B now 

represents the length of aquifer in the y-direction between two aquitards.  In this case, 

transient flow in two aquitards is also considered. Instead of using Hantush’s 
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assumption (1964) where the leakage from stream was treated as a volumetric source 

inside the aquifer, flows in the aquitards and aquifer are linked together by the 

continuity of head and flux at the aquitard-aquifer interfaces.  Similar to the procedure 

used in section 3.2.2, we first solve the problem of flow to a point sink, then integrating 

point source solution along the z-axis to get the solution of a vertical well.   

The flow governing equation inside the aquifer is the same as in section 3.2.2.   The 

flow equations in two aquitards and the associated initial and boundary conditions are 

listed below.  The aquitards are often composed of clay or silty materials whose 

permeabilities are much at least two orders of magnitude lower than that of the aquifer, 

thus only the one-dimensional flow along the y-axis is considered in the aquitards.   

Flow in aquitard 1:  
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Figure 3.1.B Schematic diagram of pumping between two surface water bodies with 

sediment layers.  
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Figure 3.1.C Cross section of pumping between two surface water bodies with sediment 

layers.  
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Flow in aquitard 2:  
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where  and are the hydraulic heads in aquitards 1 and 2 respectively, h1h 2h 0 is the initial 

hydraulic head, and represent the hydraulic conductivities in axis of aquitards  1yK 2yK y

1 and 2 respectively;  and  are the specific storages of aquitards 1 and 2,  

and  are the thicknesses of aquitards 1 and 2, respectively. 

1sS 2sS 1B

2B

Eqs. (3.18) and (3.24) are the governing equations for transient flow in y-direction in 

aquitards 1 and 2. Eqs. (3.19) and (3.25) are the initial conditions. Eqs. (3.20) and (3.26) 

are the lateral boundaries at infinity, Eqs. (3.21) and (3.27) are the constant-head 

boundaries condition at the stream-aquitard boundary, Eqs. (3.22) and (3.23) refer to the 

continuity of head and flux at aquitard 1-aquifer interface, and Eqs. (3.28) and (3.29) 

refer to the continuity of head and flux at aquitard 2- aquifer interface. 

Transient flow in the aquitards might be needed if the thickness of the aquitard in 

respect to B is not too small, thus aquitard storage will affect the early stage of flow. If, 

however, the thickness of the aquitard in respect to B is very small, then the aquitard 
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storage can be neglected. This can be done by simply allowing  and to be zeros in 

above equations. Nevertheless, only when a general transient flow model is available, 

can one quantitatively assess if the aquitard storage is negligible or not. That is one 

motive for us to present this general transient flow model here. 

1sS 2sS

Additional dimensionless terms are defined and shown in Table 3.1. Conducting the 

Laplace transform to Eqs. (3.18)-(3.29) results in 
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3.2.3.1 Point sink solution in Laplace domain 

The proposed solution of Eq.(3.6) in Laplace domain is written as: 
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Notice that a phase term nµ is included in the cosine Fourier transformation. If there 

is no aquitards, 2/πµ −=n  and the solution goes back to Eq. (3.8). Similar methodology 

has been applied by Zlotnik and Zhan (2005). The details of solving equations of these 

three flow systems are shown in Appendix C. The drawdown of a point sink is: 
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Here nω and nµ  can be obtained via boundary conditions as shown in Appendix C.  

Solution of flow to a fully penetrating well is: 
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 Total flux along the boundaries of aquitards and aquifer can be calculated as following: 
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3.2.4 Numerical computation 

Inverse Laplace transform is required to obtain the drawdowns in real-time for the 

transient flow problem in section 3.2.3. It would be difficult to analytically invert the 

Laplace transform for this problem because nω and nµ are related to p.  In this article, 

Stehfest (1970) algorithm is used to numerically calculate the inverse Laplace transform. 
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Stehfest (1970) algorithm is a simple algorithm that can be easily programmed. It has 

been found quite robust and accurate in similar problems of studying flow to a horizontal 

well in previous studies (Zhan and Zlotnik, 2002). It is notable that Stehfest (1970) 

algorithm might not always converge for some problems, and alternative inverse Laplace 

transform algorithms might be needed (Talbot, 1979; de Hoog et al., 1982; Hollenbeck, 

1998). However, our numerical experiments confirmed that the Stehfest (1970) 

algorithm is free of numerical oscillations or other problems at times of interests for this 

study. 

ωn and nµ  are calculated using Newton-Raphson method (Press et al., 1989).   The 

computer program is available from the authors free of charge upon request.   We have 

to point out that one needs to be very careful when calculating ωn and nµ using equation 

(C13) and (C12). The first root of ωn, n=1, is probably the most important root in the ωn 

series, and it is a negative number. Our numerical experiment shows that the negative ω1 

might not be found if the initial guess value of ω1 is not adequate. We recommend trying 

several different initial ω1 within the range of [-π , 0] and checking the solution of ωn to 

ensure that ω1 is a negative one.  

There are six dimensionless parameters 1α , 2α , 1β , 2β , , and that will affect the 

solutions.  

1B 2B
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3.3. Analysis of Drawdown and Flux  

3.3.1 Effect of two identical aquitards 

Previous studies indicated that aquitards play important roles in stream-aquifer 

interaction issue (e.g. Hunt, 1999; Kollet and Zlotnik, 2003; Hunt, 2003).  In this section, 

the effect of aquitard is investigated. The solutions without aquitards will be compared 

with those that consider two identical aquitards.  The default parameters used in this 

comparison are listed in Table 3.2.  The flux along the boundary is defined here based on 

Eqs. (3.34) and (3.39) as 
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yD=0.  

When the aquitards are not considered, the relative ratio of stream depletion only 

depends on the well location.  When the aquitards exist, properties of the aquitards and 

aquifer in addition to the well location control the dynamic interaction of stream and 

aquifer.  In this section, the control of the aquitard parameters on the interaction will be 

fully investigated.   The pumping well is positioned at the center between two streams.   

Drawdown profile is plotted along the y-axis to demonstrate the effect of aquitards.        
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Table 3.2: The default values used in two river systems 

Parameter Default value 

B 1000m 

B1 1m 

B2 1m 

Kx, Ky 1×10-4m/s 

Ky1, Ky2 1×10-6m/s 

Ss 2×10-5m-1

yw 500m  

Q 0.001m3/s 

Ss1, Ss2 1×10-3m-1

 
Note: When different aquitards thickness ratios, specific storage ratios or hydraulic 
conductivity ratios are used, the properties of the aquitard 2 are fixed and only the 
corresponding aquitard 1 parameters are changed.  
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3.3.1.1 Thickness of the aquitard 

Figure 3.2 shows the drawdown profile along the y-axis for two cases when 

B1=B2=1m and 0.1 m in comparison with the case without aquitard.   The case without 

aquitards means that the stream is directly connected with groundwater system, and 

water in the stream will leak into the groundwater system freely right after pumping 

starts.  As expected, there is no noticeable difference between the case of B1=B2=0.1m 

and the case of without aquitard.  When the thickness of aquitard B1=B2=1m, there is 

considerable difference when the observation point is not too close to the well. The 

maximum drawdown difference is 0.54, at the observation point on the aquitard-aquifer 

boundary. Within the dimensionless distance 0.05 from the well, the aquitard thickness 

effect is indistinguishable in Figure 3.2, drawdown difference is only about 0.01 and 

0.04 for the cases of  B1=B2=0.1m and  B1=B2=1m respectively. 
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Figure 3.2 Effect of aquitard thickness.   
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3.3.1.2 Hydraulic conductivity of the aquitard 

As shown in Figure 3.3, we have tested the effects of aquitard hydraulic conductivity 

on the drawdown profile along the y-axis for two different hydraulic conductivity ratios 

( ) of 0.001 and 0.01.  When the aquitard is not considered, stream 

water is easy to leak into the main aquifer, thus less drawdown is generated in the main 

aquifer because of the surface water supply.  There is almost no distinguishable 

difference between the cases with and without aquitards when equals 

0.01.  A considerable difference has been observed along the y-axis when 

 equals 0.001.  The smallest difference is 2.55 at the well location. 

The difference increases when the observation point moves away from the well.  The 

maximum drawdown difference 3.18 is at the boundary of aquitard-aquifer.   

yyyy KKKK // 21 =

yyyy KKKK // 21 =

yyyy KKKK // 21 =

3.3.1.3 Specific storage ratio 

The specific storage of aquitard is often one or two orders of magnitude greater than 

that of aquifer.  The effect of specific storage ratio is demonstrated by plotting the 

drawdown profile along the y-axis in Figure 3.4A at tD=1 when the system is in transient 

flow state.    There is no noticeable difference when the storage effect is considered 

when B equals 1000m and 500// 221 == ssss SSSS .  Figure 3.4B shows the effect of 

specific storage ratio on the drawdown in the aquifer when the two streams are relatively 

close (100m away) which is possible such as the two channels of the same river or two 

close canals as shown in the field site of Chen and Chen (2003b, Fig. 7).   
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Figure 3.3   Effect of aquitard: hydraulic conductivity.  
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Figure 3.5 Fluxes at points (xD, yD) =(0, 0) and (0, 1) when two aquitards are identical.  
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Different from Figure 3.4A where the well is at the center of the aquifer, a fully 

penetrating well is positioned at 20m away from the stream 1 in Figure 3.4B.  As shown 

in Figure 3.4B, there is noticeable difference around the boundary of aquitard and 

aquifer and the region close to the well.   The maximal dimensionless drawdown 

difference is 1.5 on the boundary of aquitard1 and aquifer.  Besides the observation 

points close to boundary, there is also considerable difference observed as shown in 

Figure 3.4B.   

3.3.2 Competition of stream depletion between two streams 

The sensitivity analysis in section 3.3.1 uses identical parameters for two aquitards. 

In reality, the two aquitards may have different physical parameters.  Under this 

circumstance, stream depletion will greatly depend on the difference of two aquitard 

parameters in addition to the well location. Even for a central well, stream depletion is 

rarely identical from two streams because of the difference of aquitard parameters. In 

this section, the stream depletion or water competition issue is addressed by testing the 

sensitivity of aquitard properties on the fluxes across both aquitard-aquifer boundaries 

when the well is positioned at different locations along the y-axis.   This study will be 

used to guide water management and water supply strategy.  The default parameters are 

the same as that in section 3.3.1 listed in Table 3.2. When the well is positioned between 

two streams, we are always interested to know how much amount of water is depleted 

from one stream in respect to the other stream.  The solution developed in this section 

provides an answer to this question.  
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In this section, we focus on discussing the maximal fluxes along the boundaries of 

streams and aquifer, which occur at points (xD, yD)=(0, 0) and (0, 1).  

For the special case of two identical aquitards, the fluxes at (xD, yD)=(0, 0) and (0, 1) 

versus well location is symmetric about ywD=0.5 (a central well), which is expected in 

Figure 3.5. S1 and S2 in Figures 3.5-3.8A refer to the observation points at (xD, yD)=(0, 0) 

and (0, 1), respectively. An equal flux point refers to the particular well location when 

fluxes at S1 and S2 are equal.   As shown in Figure 3.5, the equal flux point is located at 

ywD=0.5.   In the following discussion, the properties of aquifer and aquitard 2 are fixed 

and that of aquitard 1 is varied to investigate change of the equal flux point under 

different hydraulic properties.  

3.3.2.1 Specific storage ratio (  21 / ss SS )

Figures 3.6A and 3.6B show the fluxes generated from S1 and S2 at tD=1 when 

 equals to 5 and 50 respectively.    Compared with Figure 3.5, there is no 

noticeable difference for the equal flux point position from Figure 3.5.   The equal flux 

location is at 0.51 in Figure 3.6A. This indicates that if the well is positioned at the 

center, 0.5, a slightly greater amount of water will come from S1 than that from 

S2.  The shape of flux distributions for S1 and S2 is approximately symmetric about the 

center. The equal flux point moves to

21 / ss SS

=wDy

=wDy

=wDy 0.52 when  equals 50 in Figure 3.6B.   21 / ss SS
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Figure 3.6   Specific storage control of water competition between two surface water 

bodies. A: =5; B: =50.   21 / ss SS 21 / ss SS
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The shape of flux distributions for S1 and S2 shows some asymmetry about the 

center in Figure 3.6B. Given the same distance from the well to the aquitard, the flux 

generated from S1 is always greater than that from S2. For example, when the 

dimensionless distance between the well and the aquitard is 0.1, the fluxes from S1 and 

S2 are 61 and 55, respectively, with a ratio of 1.1.  That is because an aquitard with a 

greater storage will released more water to the aquifer at a given time.  

In general, the equal flux point is less sensitive to the aquitard storage, because the 

distance between two aquitards are far greater than the thickness of the aquitards 

themselves. When two streams get closer, one expects to see a greater aquitard storage 

effect upon the flow system.  

3.3.2.2 Thickness ratio (B1/B2) 

Figure 3.7A shows the fluxes at S1 and S2 for B1/B2 of 0.1.   As expected, when the 

dimensionless distance between the well and the aquitard is 0.1, the fluxes from S1 and 

S2 are 68, and 37, respectively, with a ratio of 1.84.  This ratio is greater than what has 

been observed in section 3.3.2.1.  The equal flux point moves to 0.53 in Figure 

3.7A. This implies that when the well is positioned between 0 and 0.53, more water is 

withdrawn from stream 1 than that from stream 2.    When B

=wDy

1/B2 decreases to 0.01, the 

equal flux point moves to =wDy 0.55 in Figure 3.7B which shows equal flux point is not 

very strongly dependent on thickness ratio of aquitard.   
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3.3.2.3 Aquitard hydraulic conductivity ratio ( ) 21
/ yy KK

Figure 3.8A shows the control of aquitard hydraulic conductivity ratio on the stream 

depletion competition between two streams for equals 10.    When aquitard 1 is 

more permeable, water is easy to leak through it.  As shown in Figure 3.8A, stream 1 is 

often the major water supplier even the well is relatively far away from that stream.  The 

equal flux point has moved to

21
/ yy KK

=wDy 0.72.  Given the same dimensionless distance 0.1 

from the streams, the flux from S1 and S2 are 78, and 19, with a ratio of 4.1 which is 

much greater than what has been observed in sections 3.2.1-3.2.2.   Different from 

Figures discussed in this section, Figure 3.8B shows the control of aquitard hydraulic 

conductivity ratio on the total fluxes along the aquitard-aquifer boundaries.  It is 

interesting to know that there is a linear relationship between well location and total flux.    

Stream 1 is the major water supplier even when well is positioned < 0.95 which 

indicates that the hydraulic conductivity difference of the aquitard is the most important 

factor in affecting flow dynamics.  

=wDy
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Figure 3.8 Hydraulic conductivity control of water competition between two surface 

water bodies at . A: fluxes at (x10/ 21 =yy KK D, yD) =(0, 0) and (0, 1)  B: total flux along 

the boundaries of aquitard-aquifer.  
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3.4. Summary and Conclusions  

A pumping well is sometimes installed between two surface water bodies, such as 

streams or canals.   Previous studies focus on one stream and aquifer system and treat 

leakage from the surface water body as a volumetric source term in the governing 

equation of flow in the main aquifer, a hypothesis termed “Hantush’s assumption” 

(Hantush, 1964).   In this paper, new analytical and semi-analytical solutions are 

acquired for the pumping induced dynamic interaction between two surface water bodies 

and ground water for two different cases. In the first case, the sediment layer separating 

surface water from ground water is not considered.   In the second case, the two low 

permeable layers are considered. Instead of adopting Hantush’s assumption, the 

solutions are derived based on the mass conservation laws by maintaining continuity of 

flux and head along the aquitard-aquifer boundaries.  Results from these two cases are 

compared to demonstrate the effects of aquitards. The interconnection of two aquitard 

properties such as thickness ratio, hydraulic conductivity ratio, and specific storage ratio 

is tested while well is positioned at difference locations.  The results in this paper could 

provide guidance for well design, water management, and other applications.  In general, 

we draw the following conclusions from this study. 

1. The aquitard hydraulic conductivity is the most important factor controlling the 

stream-aquifer interaction, followed by the aquitard thickness which greatly 

influences the drawdown at observation points that are close to the aquitards. The 

thickness of aquitards does not greatly influence the drawdown at observation 

points that are close to the pumping well.  
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2. Aquitard storages do not play significant roles when the two streams are 

relatively far from each other or the well is not very close to the river.    

3.  Aquitards properties control the competition of stream depletion when a 

pumping well is positioned between two streams.  When the two aquitards are 

identical, the so called “equal flux point” is located right at the center between 

the two aquitards.  The equal flux point will move off the center when the 

aquitard thickness ratio and/or the aquitard hydraulic conductivity ratio are 

different than unity.  
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CHAPTER IV 

SEA WATER UPCONING DUE TO A FINITE HORIZONTAL WELL IN 

CONFINED AQUIFERS 

We have investigated the seawater upconing due to a finite-length pumping 

horizontal well and derived an analytical solution of sharp fresh/sea interface based on 

the solution of Dagan and Bear (1968). The results are compared with those of vertical 

wells. The upconing profile exhibits three stages with time: an early slow increase stage, 

an intermediate rapid increase stage, and a late steady state stage.  The sensitivity of the 

interface rise to the well length, the well location, the aquifer anisotropy, and the 

observation point location is analyzed. We have also investigated the critical condition 

of seawater upconing based on Muskat’s (1982) idea by relating fresh/sea water 

interface upconing to drawdown. The critical condition which includes the critical rise 

and the critical time at a certain pumping rate depends on the well length, the initial 

interface location, the well location, and the pumping rate.  The critical rise and the 

critical time are coupled together at any given pumping rate. The critical rise has an 

inversely linear relationship with the pumping rate and the initial interface location, 

respectively.  The critical rise is more sensitive to a shorter well, while the critical time 

continuously increases with the well length. In real field applications, installing long 

wells as shallow as possible is always desirable for sustaining long periods of pumping 

with significant rates. 
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4.1. Introduction 

Coastal margins are one of the nation’s greatest natural resources and economic 

assets. Due to increasing concentration of human settlements and economic activities in 

the coastal margins, it is critical to find better technologies of managing the coastal 

groundwater resources. Coastal aquifers always have saline water underneath the 

freshwater. This phenomenon substantially limits the groundwater pumping rates using 

traditional vertical wells because of the upconing of the fresh/sea water interfaces and 

the potential of seawater intrusion (Henry, 1959, 1964; Bear and Dagan, 1964, Dagan 

and Bear, 1968; Muskat, 1982; Voss, 1984; Bear et al., 1999. Cheng et al., 2000).  A 

horizontal well often has a much longer screen length than a vertical well, thus can 

intercept a significant amount of freshwater flow in a shallow coastal aquifer; meanwhile, 

a horizontal well distributes its pumping rate over a much longer screen length than a 

vertical well, thus generates much less upconing of the fresh/sea water interface and has 

less chance to be invaded by the underneath saline water. Therefore, a horizontal well 

might be a better means for coastal aquifer development. 

Horizontal wells have been widely used in the petroleum industry in the past two 

decades (Goode and Thambynayagam, 1987; Daviau et al., 1988; Ozkan et al., 1989a,b, 

1991; Kuchuk et al., 1991; Penmatcha et al., 1997).  They have been applied to 

environmental geology and hydrogeology since the pioneering work of collecting wells 

(Hantush and Papadopulos, 1962; Morgan, 1992; Tarshish, 1992; Cleveland, 1994; 

Murdoch, 1994; Falta, 1995; Sawyer and Lieuallen-Dulam, 1998; Zhan, 1999; Zhan and 
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Cao, 2000; Streward, 2001; Zhan et al., 2001; Park and Zhan, 2002, 2003; Zhan and 

Zlotnik, 2002; Chen et al., 2003; Zhan and Park, 2003). 

The analyses of upconing phenomenon have been classified into two groups 

depending on the assumptions made regarding the interface of freshwater and seawater. 

One is sharp interface model, the other is transition zone model. The sharp interface 

model considers freshwater and seawater as immiscible fluids, ignores the mixing zone 

of these two fluids (e.g., Henry, 1959, 1964; Bear and Dagan, 1964, Dagan and Bear, 

1968; Schmorak and Mercado, 1969; Sahni, 1973; Haubold, 1975; Strack, 1976, 1995; 

Taylor and Person, 1998).   This model is valid if mixing zone between the two fluids is 

relatively small compared with the thickness of the aquifer.  The transition zone model 

considers the two fluids as miscible fluids, and a mixing zone exists at the boundary 

where these two fluids are in contact (e.g. Frind, 1982; Volker and Rushton, 1982; Voss 

and Souza, 1987; Diersch, 1988; Galeati et al., 1992).  The basis of the most initial 

works of freshwater and saline water studies, especially the sharp interface model is 

Ghyben- Herzerg model.  Following the Ghyben-Herzerg model, extensive studies have 

been carried out (e.g., Glover, 1959; Strack, 1976, 1984,  1995;  Mercer et al., 1980; Liu 

et al, 1981; Haitjema, 1991; Cheng, et al., 2000; Bakker, 2003).  

Two methods are widely used among previous sharp-interface studies. The first 

method is developed by Muskat (1982) based on the Ghyben-Herzerg model, and the 

second method is devised by Dagan and Bear (1968), hereinafter called DB model] 

based the small perturbation of the free interface.  Muskat’s model is capable of 
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calculating the critical rise of the interface while the DB model can find the interface 

profile.     

Most of studies related to seawater intrusion refer to vertical wells (e.g, Dagan and 

Bear, 1968; Schmorak and Mercado, 1969; Sahni, 1973; Haubold, 1975; Chandler and 

Mcwhorter, 1975; Reilly and Goodman, 1985, 1987). Only a few investigations are 

about the upconing under infinitely-long horizontal wells (Zhang and Hocking, 1996, 

1997; Zhang et al. 1997; Butler and Jiang, 1996).  Zhang and Hocking (1996, 1997) used 

boundary integral equation method to find the interface for different pumping rates of 

point sinks, and used hodograph method to obtain the shape of the interface for an 

infinitely long line-sink to solve the critical rate problem. Butler and Jiang (1996) 

considered the effect of gravity to study the movement of the water-oil interface toward 

a horizontal well.    

To the knowledge of the authors, seawater upconing under a finite-length horizontal 

well during transient flow condition has not been studied yet.  This article has two 

primary purposes. The first is to investigate the upconing profile under a finite-length 

horizontal well at different times of pumping.  The second is to derive the critical 

pumping time and the critical rise at any given pumping rate. The results are compared 

with previous vertical well solutions.  The sensitivity of upconing to the well length, the 

initial interface, and the well location has been investigated.  This research is particularly 

useful for guiding the coastal aquifer development. 

 

 



 90

 4.2. Seawater Upconing Profile under a Horizontal-Well in a Thick Aquifer 

 4.2.1 Analytical formulation 

The coordinate system is set up in such a way that the origin is at the lower boundary 

of the aquifer, the x- and y- axes are alone the horizontal directions and the z-axis is 

along the upward vertical direction. The horizontal well is positioned along the x-axis 

with its center at (0, 0, zw), where zw is the distance from the horizontal well to the lower 

aquifer boundary( see Figure 4.1). The length of the well is L.  z0 is the distance from the 

pre-pumping initial horizontal interface to the lower boundary, and d is the distance from 

the horizontal well to the initial interface.  The upper and lower aquifer boundaries are 

impermeable. In consistent with previous studies of Dagan and Bear (1968), we adopt 

the following assumptions in this investigation:  (1) the medium is homogeneous, 

horizontally isotropic but vertically anisotropic; (2) the fresh/sea water mixing zone has 

a negligible width (the so-called sharp interface); (3) the regional flow is not considered; 

(4) the upper and lower aquifer boundaries are far from the well’s intake point and the 

fresh/sea water interface (the so-called thick aquifer in Dagan and Bear’s paper). The 

sharp interface treatment is a mathematical simplification of the problem since the focus 

of this article is to obtain some analytical solutions of the problem to gain physical 

insights.  
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Figure 4.1 A schematic cross-section diagram of a pumping finite-length horizontal well 

above a fresh/sea water interface in a confined aquifer.  
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Dagan and Bear (1968), the so-called DB model, has derived an equation describing 

the upconing of the interface as a function of time and distance from a pumping point in 

a thick aquifer.  Expressed in the notation of this study, the DB model gives: 
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where R′  and 'γ  are respectively the dimensionless distance and the time given by: 
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where Z is the rise of interface above the initial position, Q is the pumping rate of the 

well, γ is the specific density of freshwater, ∆γ/γ is the dimensionless density difference 

between the two fluids, d is the distance between the well’s intake point and the initial 

interface, r is the radial distance from the well, n is the aquifer porosity, Kx and Kz are 

the horizontal and vertical hydraulic conductivities, respectively, and t is the pumping 

time. 

We must emphasize that it is assumed that the aquifer is so thick that the upper and 

lower boundaries will not affect the pumping in using Eq. (4.1).  This assumption is the 

precondition to achieve a possible stable profile of upconing when time becomes very 

large. If the aquifer thickness is limited, the aquifer boundaries will greatly affect the rise 

of the upconing and it will not be possible to achieve a stable upconing profile, even 
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with a small pumping rate. That is because drawdown at a point near the sink will 

continuously increase with time and steady-state flow is not possible near a sink point in 

a finite-thickness confined aquifer. If the thick aquifer assumption cannot be satisfied, 

Eq. (4.1) is at most an approximation of calculating the rise of upconing before reaching 

the critical condition. A rigorous theoretical investigation considering the finite-

thickness aquifer could be challenging.  In this part, we will keep using the thick aquifer 

assumption in order to use Eq. (4.1).  

The DB model deals with transient flow and will serve as the starting point of this 

study. The interface upconing due to a pumping horizontal well can be derived by an 

integration of the point-sink solution along the horizontal well axis. For any point at the 

initial interface (x, y), the rise of interface is                                                                                                     
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where 22)'( yxxr +−= in Eq.(4.2) for the calculation of R′ . The integration can be 

carried out straightforwardly and the result is:         
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 (4.35)                              

4.2.2 Comparison of upconing profiles of vertical and horizontal wells in a thick        

aquifer 

Eq. (4.5) is employed to analyze the upconing profile under a pumping horizontal 

well. Figure 2.2A is a three dimensional view of the upconing profile after pumping the 

horizontal well for t=105s=1.16 days. The following parameters were used in this Figure: 

d=10m, L=40m, Kx=Kz= 0.0001m/s, n=0.1, and Q= 0.01m3/sec. A three-dimensional 

upconing profile due to a vertical pumping well is plotted in Figure 4.2B based on Eq. 

(4.1).  We should point out that this vertical well only withdraws water from a point that 

is at the same vertical location as the horizontal well. For the sake of comparison, we use 

exactly the same aquifer parameters, initial interface, and pumping rate as those used in 

Figure 4.2A. As expected, Figure 4.2A shows a symmetric profile in respect to the y-axis, 

and the largest upconing is at point x=y=0. At time t=105s=1.16 days, the maximal rise 

of interface is 3.31m under a pumping horizontal well. In contrast, the highest rise of 
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interface under a vertical well is 7.07m, which is more than twice of that of the 

horizontal well. This is understandable because the horizontal well distributes its 

pumping stress over a great lateral length, but a vertical well concentrates its pumping 

stress over a small localized volume. In fact, hydrogeologists have recognized the 

importance of using a series of laterally distributed small-rate vertical wells instead of a 

single large-rate vertical well to pump coastal aquifers to prevent seawater upconing a 

long time ago (Hantush, 1964;Dagan and Bear, 1968;Sahni, 1973). The study here 

moves one step further by replacing the series of vertical wells by a single horizontal 

well to reduce the seawater upconing. Figure 4.3A shows the rise of interface versus 

time under both vertical and horizontal wells at point x=y=0 in a semi-log paper. It is 

interesting to observe a three stage interface rise with time. At early time, the interface 

rise is small and the rate of rise is slow; from time between103 to 6×107 seconds, there is 

a rapid interface rising; when time gets further longer, the interface almost reaches a 

steady-state condition. 
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A 

 

Figure 4.2 Three dimensional upconing profiles at x=y=0, L= 40m, d=10m, at 1.16 days. 

A) horizontal-well B) vertical-well. 
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Figure 4.2 continued  
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The three stage interface rise can be explained in the following. When the pumping 

starts, it takes some time (often quite short) for the pumping effect to reach the fresh/sea 

water interface, depending on the pumping rate and the distance to the interface, among 

other hydraulic properties. During this early stage, the fresh/sea water interface will not 

be affected. When the pumping effect propagates to the fresh/sea water interface, the 

interface will start to rise, first rapidly, then gradually slow down until reach a steady-

state, this is the second stage. When the time is long enough, stead-state is reached, that 

is the third stage.  

Another interesting result shown in Figure 4.3B is that the ratio of interface rise 

under a vertical versus horizontal well is almost constant at the early time (before 103 

seconds), while this ratio decreases during 3×104 to 2× 107 seconds, and it is constant at 

1.39 after 2× 107 seconds.  The ratio of 1.39 at the large time can be validated by 

comparing the steady-state simplification of Eqs. (4.1) and (4.5). When time goes to 

infinity, the second term in Eq. (4.1) goes to zero; whereas the first and second terms in 

Eq. (4.5) cancel each other.  Given the parameters of L=40m and d=10m, it can be easily 

proven that the ratio of rises calculated by Eq. (4.1) and (4.5) is approximately 1.39 after 

a few steps of mathematical manipulations.  
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Figure 4.3 A) The interface rises versus time for horizontal and vertical wells; B) The 

ratio of the interface rise of a vertical well over that of a horizontal well. 
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Figure 4.3 Continued 
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4.2.3 Physical analysis of interface rise under a horizontal well 

As shown in Eq. (4.5), the interface rise under a pumping horizontal well is 

controlled by several parameters including the observation location, the well location, 

the well length and the aquifer anisotropy. It is important to find out the response of 

upconing to the variation of those parameters.  The same parameters as that in section 

2.2 were also used here. 

4.2.3.1 Well location 

Figures 4.4A and 4.4B show the interface rises at time t=105s as functions of well 

locations for three observation points at the interface with x=y=0, x=y=20m, x=y=30m, 

where x=y=0 is the point directly below the center of the horizontal well.  This figure 

shows a few interesting aspects. First, for the point directly below the center of the well, 

the interface rise is somewhat inversely proportional to d, reflected by the rapid decrease 

when the well is close to the interface, and then the asymptotic approach to zero when 

the well is away from the interface. This result is directly reflected in Eq. (4.4) which 

shows that Z is approximately inversely proportional to d if excluding the negligible 

contribution of 'γ .  The relationship of the well location and the interface rise can be 

described by a regression function  with a correlation coefficient R= 

0.992.    

3201.1199.61 −×= dZ
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Figure 4.4 A) Effect of the well location on the interface rise at an observation point 

directly below the well center (x=y=0m); B) Effect of the well location on the interface 

rise at two off-center observation points x=y=20m, and 30m. 
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Figure 4.4 Continued  
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Second, for an observation point at the interface that is not directly below the well 

center, the interface rise depends on the interplay of the well location d, denoted as 

factor 1, and the horizontal distance between the observation point and the well center, 

denoted as factor 2. When the horizontal well is close to the interface (small value of d), 

its influence upon the upconing mostly concentrates on a local area below the well. 

When d increases, the interface rise tends to decrease. However, the influence area of the 

pumping also augments and reaches far, causing the increase of interface rises at points 

not directly below the well center. For example, at an off-center point of x=y=20m, when 

d is sufficiently small, the factor 1 dominates over the factor 2, thus one observes smaller 

interface rise at small d in Figure 4.4B; When d reaches a moderate value, the factor 2 

dominates over the factor 1, thus one observes a maximal rise; when d further increases, 

the factor 1 dominates again, and the interface rise decreases. As a result, one observes a 

parabolic type of profile in Figure 4.4B.  

If the observational point is further away, for instance, at x=y=30m, the well has to 

be further away from the initial interface to generate a large enough influence area to let 

the interface rise reaches its maximum at d=26.96m (see Figure 4.4B). One also 

observes that the curve of interface rise over the well location d becomes flatter when the 

horizontal distance from the observational point to the well center becomes greater. 

The maximal upconing is reached when the distance from the well to the initial 

interface is slightly smaller than the horizontal distance from the observation point to the 

well (Figure 4.4B). 
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4.2.3.2 Well length  

Figures 4.5A and 4.5B show the relationship of interface rise with the well length at 

different monitoring points at the interface. For a point directly below the well center, 

x=y=0, the function of the interface rise Z, versus the well length L, can be approximated 

by a regression function   with a correlation coefficient R=0.999. The 

interface rise decreases rapidly when the well length increases, and it gradually 

approaches zero when well is infinitely long.   This is because the pumping rate has been 

distributed over a larger horizontal distance for a longer well, thus the pumping strength 

per unit screen length becomes weaker, causing a smaller interface rise right below the 

well.  Although Figure 4.4A and Figure 4.5A show some similar trend, the rate of 

change in Figure 4.4A is faster than that in Figure 4.5A, indicating that the interface rise 

is more sensitive to the well location than to the well length for the point below the well 

center.  

9685.0122.92 −×= LZ
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Figure 4.5 A) Effect of the well length on the interface rise at an observation point 

directly below the well center (x=y=0m); B) Effect of the well length on the interface 

rise at two off-center observation points at x=y=20m, and 40m.  
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Figure 4.5 Continued  
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For observational points that are not directly below the well center, such as those at 

x=y=20m and 40m, the interface rises depend on the interplay of two controlling factors 

in a fashion similar to that discussed in section 4.2.3.1: the pumping strength (reflected 

by the pumping rate per unit length), and the influence area of the well.   The interface 

rise reaches its maximum at a certain length of the well, as indicated in Figure 4.5B. 

4.2.3.3 Aquifer anisotropy 

Figure 4.6 shows the dependency of the interface rise as a function of the anisotropy 

ratio (Kz/Kx) for a point directly below the well. From an isotropic case of Kz/Kx=1 down 

to an anisotropic case of Kz/Kx=0.3, the interface rise almost linearly decreases from 3.31 

to 1.56. However, when the anisotropic ratio further decreases, the decrease of interface 

rise becomes slightly steeper, until reaches zero when Kz/Kx=0. 

4.3. Analysis of Critical Condition of Seawater Upconing 

The study described above is based on the work of Dagan and Bear (1968). Although 

Dagan and Bear (1968) claimed that the interface will be stable for upconed heights that 

do not exceed one third of the distance between the well bottom and the initial interface, 

they did not directly solve the critical rise problem rigorously. In addition, Dagan and 

Bear (1968) is for an infinitely thick aquifer and it might not be suitable for dealing with 

a finite-thickness aquifer.  In this section, we directly solve the critical rise problem 

using Muskat’s (1982) idea based on the Ghyben-Herzerg model.  The limitation of this 

method is analyzed in the discussion. 
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Figure 4.6 Effect of the aquifer anisotropy on the interface rise. 
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4.3.1 Critical condition 

It is well-known that a stable interface profile is only possible under a certain critical 

condition beyond which seawater will flow into the well (Bear and Dagan, 1964; 

Schmorak and Mercado, 1969; Sahni, 1973; Haubold, 1975; Muskat, 1982; Reilly and 

Goodman, 1985, 1987; Wirojanagud and Charbeneau, 1985; Motz, 1992; Bower and 

Motz, 1999). The critical condition includes the critical pumping rate, the critical 

pumping time, and the critical rise. In a transient flow problem, these three parameters 

are interdependent on each other. The critical pumping rate refers to the maximal 

pumping rate without any seawater extraction at a certain time. The critical rise is the 

maximal interface rise to maintain a stable interface profile, and the critical time refers to 

the time when the critical rise is reached at a given pumping rate.  It is of great 

importance to study the critical condition for managing coastal aquifers.  

The critical rise is often expressed in terms of the ratio of the interface rise over the 

distance between the well and the initial interface (d).  The critical rise due to a pumping 

vertical well has been studied by several investigators such as Bear and Dagan (1964), 

Schmorak and Mercado (1969), Sahni (1973), Haubold (1975), Muskat (1982, pp 481-

496), Wirojanagud and Charbeneau (1985), Motz (1992), and Bower and Motz (1999). 

To the best knowledge of the authors, the previous studies of the critical rise are for 

vertical wells, and often focus on steady-state problems (Sahni, 1973; Haubold, 1975; 

Bower and Motz, 1999).  The primary focus of this section is to investigate the transient 

critical rise problem under a pumping horizontal well. 

 



 111

4.3.2 Physical model 

Muskat (1982) proposed an idea to acquire the critical rise for a two-fluid flow 

system. That idea states that: at the critical condition, both the pressure and the pressure 

gradient across the fresh/sea water interface are continuous. This idea has been 

employed in the following studies such as Glover (1959), Sahni (1973), Haubold (1975), 

Motz (1992), and Bower and Motz (1999).  In this work, we will use this idea to study 

the horizontal well problem.  

The assumptions used here are identical to those used in section 2.1 except that the 

aquifer thickness is not necessarily infinite. In addition, Muskat (1982) assumed a small 

perturbation of the interface variation that did not change the hydraulic head distribution 

of freshwater zone. Bear et al. (1968) pointed out that the Muskat’s model was valid for 

less than 20% rise of the cone from the initial position of the interface to the bottom of a 

vertical pumping well. Haubold (1975) applied an empirical factor 1.33 to extend the 

Muskat’s model from 20% to 50% of distance from the initial position of the interface to 

the bottom of a vertical well. Given the same pumping rate, a short-screen vertical well 

generally has a much steeper interface rise profile near the well bottom than a long-

screen horizontal well, as can be seen from Figures 4.2A and 4.2B.  Therefore, the small 

perturbation assumption used by Muskat often results in less error with the use of a 

horizontal well, as compared to the use of a vertical well, given the same pumping rate. 

Nevertheless, when the interface rise is more than 50% of distance from the initial 

position of the interface to the well, greater error will be introduced with the use of such 

an assumption.  
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Continuity of pressure at the interface before pumping results in (Figure 4.1), 

( ) ( Ssf zdzh )γγ 000 −=−    (4.36) 

where γf and γs are the specific weights of seawater and freshwater, respectively; h0 is the 

initial hydraulic head in the aquifer; ds is the depth of mean sea level to the lower aquifer 

boundary;  and z0 is the initial fresh/sea water interface location in relative to the lower 

aquifer boundary.  

4.3.2.1 Equal pressure 

After the start of pumping, the hydraulic head in the aquifer is h = h0-s, where s is 

the drawdown. Denoting ∆ as the distance from the new interface to the lower aquifer 

boundary, the pressure balance at the interface becomes 

( ) ( ) ( ) ffss tzshhd γγγ ∆−−=∆−=∆− ),(0 . (4.37) 

It can be obtained from Eqs. (4.6) and (4.7) that 

01
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+
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δ

 (4.38) 

where fs γγδ /= is the ratio of specific weight of seawater over that of freshwater. 

4.3.2.2 Equal pressure gradient 

At any vertical location z in the freshwater zone, the pressure after certain time of 

pumping, pf, is  

ff zshp γ)( 0 −−=  (4.39) 

If the point is located in the seawater zone, one has 
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sss zdp γ)( −=  (4.40) 

Therefore, their pressure gradients are, 
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At the critical condition, the pressure gradients at the interface are continuous. This 

leads to 

1−=
∂
∂

∆=

δ
czz

s , (4.43) 

where  refers to the distance from the interface to the lower aquifer boundary at the 

critical condition. 

c∆

4.3.3 Application to confined aquifers 

We consider a problem of transient flow to a horizontal pumping well (Figure 4.1). 

Because the interface rise is largest at location x=y=0, thus this point is chosen to 

analyze the critical rises under different circumstances. From Eqs. (4.8) and (4.13) and 

with the knowledge of drawdown in the aquifer, one can obtain the critical position of 

the interface, , and the corresponding critical time, . Eqs. (4.8) and (4.13) are written 

into the following dimensionless formats: 

c∆ ct
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D zts 0, +∆=∆ α , (4.44) 
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with the definition of the dimensionless terms: , Dcc
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, ( ) ,/2 sQDks xD π=  Dzz D /00 = , where D is the aquifer thickness.  

For a confined aquifer, the drawdown at the interface below the center of a pumping 

horizontal well (x = y = 0) was given by Zhan et al. (2001): 
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Eqs. (4.14) and (4.15) can be solved simultaneously for  and .  To do this, 

letting =  in Eq. (4.16), where

c
D∆ c

Dt

Dz D∆ DD /∆=∆ , and substituting Eq. (4.16) into (4.14), 

results in the critical rise  and the critical time  simultaneously.  c
D∆ c

Dt

4.3.4 Discussion of the critical condition 

The critical condition is affected by several parameters such as the pumping rate, the 

well location, the initial interface location, and the well length. The dependency of the 

critical condition on those parameters is discussed below. The following default 

parameters are used in this discussion: horizontal well is located at the center of the 

aquifer (zwD =0.5), the dimensionless well length LD=10, and the dimensionless initial 

fresh/sea water interface z0D is 0.1.  
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4.3.4.1 Pumping rate  

The effect of pumping rate is studied by changing the dimensionless pumping rate α 

from 1 to 3.0. Figures 4.7A and 4.7B show the effect of pumping rate on the critical rise 

and the critical pumping time, respectively.  Several observations are notable from these 

Figures. 

Under the transient flow condition in a confined aquifer, drawdown near the 

horizontal well will continuously increase with time, which will result in a continuously 

rising fresh/sea water interface until to a certain time (so-called critical time in our 

terminology) according to Eqs. (4.14) and (4.15). Thus, a stable interface is only 

possible within that critical time. Beyond the critical time, the interface becomes 

unstable and seawater intrudes the well.   Therefore, a steady-state critical rise is not 

possible in a finite thickness confined aquifer. Under an assumption that the aquifer is 

infinitely thick, the critical time goes to infinity, and the steady-state critical time is 

achieved. Bear and Dagan (1964) have discussed such an infinitely thick aquifer under a 

pumping vertical well and have given estimations of the critical rises up to 0.5.  

Under the transient flow condition, both the critical rise and the critical time decrease 

with pumping rate (see Figures 4.7A and 4.7B), but with different fashions. There is 

almost a perfect linear relationship between the critical rise and the pumping rate. The 

function of the critical rise defined as , versus the 

dimensionless pumping rate,

)/()( 00 DwDD
c
D

c zzzF −−∆=

α , can be approximated by a linear regression function  

 with a correlation coefficient R=0.994.   0.90150.1683 +×−= αcF
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Figure 4.7 A) Effect of the dimensionless pumping rate on the critical rise; B) Effect of 

the dimensionless pumping rate on the critical time. 
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Figure 4.7 Continued  
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The relationship of versus c
Dt α  is nonlinear which can be closely approximated by a 

regression function of  with a correlation coefficient R=0.996.  The 

approximate linear relationship of 

9718.1−c

c

4511.0 ×= αDt

F - α in Figure 4.7A indicates that ( )cc

c

DDD ts ∆,  is 

insensitive to the change of  in Eq. (4.14).  The nonlinear relationship of Figure 4.7B 

shows that the critical time is more sensitive to the change of 

D∆

α when α  is smaller than 

2.2.  

4.3.4.2 Well location 

Figures 4.8A and 4.8B show cF  and  as functions of zc
Dt wD, respectively.  Both cF  

and  increase with zc
Dt wD but respond with different trends. When zwD varies from 0.2 to 

0.45, the critical time is relatively insensitive to the well location change.   When zwD 

varies from 0.5 to 0.9,  versus zc
Dt wD fits into an approximately linear function.   

cF changes from 0.66 to 0.84 when zwD varies from 0.25 to 0.9. Figures 4.8A and 4.8B 

clearly show that the closer the well to the initial interface location, the smaller of the 

critical rise, and the shorter of the critical pumping time. The critical rise is more 

sensitive to the change of well location when the well is closer to the initial interface.  
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Figure 4.8 A) Effect of the well location on the critical rise; B) Effect of the well 

location on the critical time. 
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Figure 4.8 Continued.  
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Figure 4.9 A) Effect of the initial interface on the critical rise; B) Effect of the initial 

interface on the critical time. 
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Figure 4.9 Continued  

 

 

 

 

 

 

 



 123

4.3.4.3 Initial fresh/sea water interface  

Figures 4.9A and 4.9B show the effect of initial interface location. The critical rise is 

linearly dependent on the initial interface location, and this linear relationship can be 

approximated by a regression function cF = -2.3199×z0D + 0.9693 with a correlation 

coefficient R= 0.998.  The critical time also decreases with z0D when the initial interface  

is farther from the lower aquifer boundary.  The case of z0D=0.1 corresponds to cF =0.79 

and =0.5, respectively.   c
Dt

When z0D is at 0.3-0.4 which implies that the initial interface is very close to 

horizontal well (zwD=0.5), the system will reach the critical condition shortly after 

pumping ( =0.003) with a small critical rise of 0.09. c
Dt

4.3.4.4 Well length 

To know the effect of well length on the critical rise and the critical time, and to 

choose an optimized well length to prevent seawater intrusion, the critical rise and the 

critical time are calculated as well length LD varies over a wide range from 1 to 180. 

Figure 4.10A shows that the critical rise is very sensitive to the well length when LD is 

relatively short. When LD changes from 1 to 20, the critical rise increases substantially 

from 0.288 to 0.858. When LD is longer than 20, the critical rise becomes less sensitive 

to the well length and its value changes only slightly while well length gets longer. For 

example, when the well length changes from 50 to 100, the corresponding critical rise 

only increases 0.015. When LD is larger than 50, the critical rise  is nearly unity, 

implying that the interface is close to the horizontal well, but the interface profile could 

still remain stable. This conclusion has important practical application for preventing 
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seawater intrusion. It means that when the horizontal well is sufficiently long (LD >50), 

one can maintain a stable interface profile even when the interface is close to the well.   

For practice of using horizontal well for water supply in coastal aquifers, this indicates 

that one can use a long horizontal well to withdraw significant amount of freshwater 

before the seawater intrudes the well.  Such a scenario is hardly seen when using vertical 

wells in which the critical rises are unlikely above 0.3-0.6 (Muskat, 1982; Bear and 

Dagan, 1964; Schmorak and Mercado, 1969; Wirojangud and Charbeneau, 1985).   

There is an almost perfect correlation between the well length and the critical time 

shown in Figure 10B,  with a correlation coefficient R=0.996. When 

well gets longer, it takes longer time to reach the critical condition. 

1546.20049.0 D
c
D Lt ×=

 This also implies that longer wells would be preferred for practice for pumping 

freshwater in coastal aquifers. 

4.4. Discussion 

Several issues of this study deserve further discussion: 

1. The three dimensional upconing profile under a pumping horizontal well is 

acquired based on Dagan and Bear’s model (1968) of an infinite thick aquifer, therefore, 

the conclusion might not be applicable to thin coastal aquifers. This resulting profile is 

only valid if the interface rise is below one third of the distance from the well to the 

initial interface (Saeed et al., 2002). 
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Figure 4.10 A) Effect of the well length on the critical rise; B) Effect of the well length 

on the critical time 
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Figure 4.10 Continued  
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2. Previous studies of critical condition using vertical wells often claimed that the 

critical rise was around 0.48 (Muskat, 1982), or 0.5 (Bear and Dagan, 1964), or 0.35 

(Wirojanagud and Charbeneau, 1985). A maximum permitted pumping rate without 

seawater intrusion was then given by considering the critical rise (Domenico and 

Schwartz, 1998). However, the critical condition for a horizontal well pumping case in a 

confined aquifer is a dynamic process.  One needs to consider aquifer and well 

properties, instead of simply giving a maximal pumping rate based on a critical rise 

value. This study showed that the critical rise and the critical time are coupled together 

at any given pumping rate in a transient flow problem. If the pumping rate is determined 

a priori, the critical rise will be reached at a certain critical time beyond which the 

interface profile becomes unstable. If the pumping period goes to infinity in a confined 

aquifer, the critical condition will inevitably be reached eventually, no matter how small 

the pumping rate is.  A longer pumping time can be achieved at the expense of smaller 

pumping rate, while a larger pumping rate is only possible when pumping time is short 

to maintain a stable profile.   

3. The critical condition depends on the well location, the well length, the pumping 

rate, and the initial fresh/sea water initial interface, as analyzed above.    How to balance 

the effects of these parameters and economic consideration is a challenge for the water 

management when a horizontal well is applied to a coastal aquifer. As shown in Figures 

4.7A and 4.9A, the critical rise has an inverse linear relationship with the pumping rate 

and the initial interface, respectively.  However, the slope in Figure 4.9A is greater than 

that in Figure 4.7A, indicating that the critical rise is more sensitive to the distance 
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between the well and the initial interface than the pumping rate. If the initial fresh/sea 

water interface is low (close to the lower aquifer boundary), the interface could rise up to 

a position close to the well while is still stable.  If the initial interface is high (far from 

the lower aquifer boundary), the critical rise tends to be small. Therefore, a long 

horizontal well is preferred to keep a sufficiently long critical time. In summary, a 

horizontal well with a longer well screen length with further distance from the initial 

interface is always desirable.  

4.  The critical condition was investigated based on Muskat’s (1982) model which 

assumed that the seawater was stagnant. Neglecting the dynamic process of response in 

the seawater zone could result in unrealistically large interface rise. For instance, the 

Ghyben- Herzerg relationship used by Muskat (1982) deals with static condition which 

showed that one foot drop of freshwater would cause approximately 40 feet of rising of 

seawater. The realistic interface rise under transient, dynamic motion of both freshwater 

and seawater should be smaller than that predicted by the Ghyben- Herzerg relationship. 

It is generally accepted that the calculated critical condition tends to be accurate when 

the interface rise is less than 20% of the distance between the well and the initial 

interface (Saeed et al., 2002).  The primary purpose of this study is for gaining the 

physical insights of interface upconing under a pumping horizontal well. We are aware 

that the calculated critical time is short in a thin confined aquifer because of the usage of 

the Ghyben- Herzerg relationship. Therefore, it is not recommended to use the calculated 

critical time for precise prediction in real field applications. On the other hand, we are 

also aware that the pressure gradient (Eq. (4.13)) is almost independent of time after a 
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short period of pumping, which is consistent with previous studies by Rosa and Carvalho 

(1989) and Zhan and Cao (2000, pp 838). In fact, Zhan and Cao (2000, pp 838) have 

illustrated this issue in details and shown that the first spatial derivative of drawdown 

due to a pumping horizontal well in a confined aquifer is independent of time after 

entering the so-called pseudoradial flow stage. Therefore, the calculated critical rise, 

which is derived on the basis of continuity of pressure and pressure gradient, is likely to 

be more reliable than the calculated critical time in this study.  

4.5. Conclusions  

An analytical solution of three dimensional seawater upconing due to a finite-length 

horizontal well is derived by integrating the point sink solution of Dagan and Bear (1968) 

along the horizontal well screen. This study assumes a sharp interface between the 

freshwater and the seawater, neglecting the transition zone between these two fluids.   

The resulting upconing profile is compared with that of a vertical well using the same 

aquifer parameters.  The upconing profile exhibits three stages with time: an early slow 

increase stage, an intermediate rapid increase stage, and a late steady state stage.  Given 

the same pumping rate and the distance from the well bottom to the initial interface, the 

interface rise at a fixed observation point is much smaller due to a horizontal well than to 

a vertical well.   

The sensitivity of the interface rise to the well location, the well length, and the 

aquifer anisotropy has been thoroughly discussed.  In general, the interface rise is very 

sensitive to the well location when the well is close to the initial interface for a point 

right below the well center.  For an off- center point, the interface rise depends on the 
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interplay of the well location and the horizontal distance from the observation point to 

the well.  The maximal upconing is reached when the distance from the well to the initial 

interface is slightly smaller than the horizontal distance from the observation point to the 

well.  The interface rise is less sensitive to the well length than the well location. For a 

point right below the well center, the interface rise decreases when increasing the well 

length.  If the well is not very long (see Figure 4.5A), the interface rise is sensitive to the 

well length. Similar to the influence of the well location, the interface rise also depends 

on the interplay of the well length and the horizontal distance from the observation point 

to the well. 

The critical rise and the critical time are studied by relating the interface rise to the 

drawdown and by employing Muskat’s (1982) idea: pressure and pressure gradient are 

continuous across the sea/fresh water interface.  They are coupled together at any given 

pumping rate in a transient flow problem.  The critical rise depends on the initial 

interface location, the pumping rate, the well location, and the well length.  The critical 

rise has an inversely linear relationship with pumping rate and the initial interface 

location, respectively. However, the critical rise is more sensitive to the distance 

between the well and the initial interface than the pumping rate.  The critical pumping 

time decreases with the increasing pumping rate.  The closer the well to the initial 

interface, the shorter of the critical time is.  The critical condition is also controlled by 

the well screen length.  The critical rise is sensitive to the well length when it is not long 

(LD < 50 in Figure 4.10A), and less sensitive when well gets longer (LD > 50 in Figure 

4.10A), while the critical time continuously increases when well length gets longer. In 



 131

real field applications, installing long wells as shallow as possible is always desirable for 

sustaining long periods of pumping with significant rates. 

The limitations of this study are originated from the assumptions used in Dagan and 

Bear’s (1968) model in investigating the interface profile and the Muskat’s (1982) model 

in studying the critical condition. 
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CHAPTER V 
 

SUMMARY AND FUTURE WORKS 

5.1 Summary 

In this dissertation, we developed a series of conceptual, physical, and mathematical 

models of aquitard control of stream-aquifer interaction. The new conceptual model is 

applied to two cases: the first case is flow to a horizontal well in an aquitard-aquifer 

system; the second case is the pumping induced interaction between two streams and 

aquifer.  We also investigated the three dimensional profile of fresh-sea water interface 

due to a pumping horizontal well at various hydrological conditions and well 

configurations. Meanwhile, we also examined the critical conditions: critical time, 

critical rise and critical pumping rate.  

  In Chapter II, we have provided new solutions of flow to a horizontal well in an 

aquitard-aquifer system based on the mass conservation law. Flow in the aquitard and 

aquifer is treated as two flow systems that are connected via the continuity of flux and 

head at the aquitard-aquifer boundary.  We do not adopt the Hantush’s assumption that 

was commonly used in previous studies, including Zhan and Park (2003). The leakage 

induced by the pumping horizontal well under different aquitard hydraulic conditions 

and a variety of well configurations is analyzed. The flux and the drawdown calculated 

in this paper are compared with that of Zhan and Park (2003) and the validity of the 

Hantush’s assumption is tested for both transient and steady-state flow conditions.  The 

leakage induced by the pumping horizontal well depends on several parameters such as 

the aquitard thickness, the vertical hydraulic conductivity of the aquitard, the aquitard 
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storage, the well location, and the well length.  In general, we find that the Hantush’s 

assumption does not offer correct prediction of flux and drawdown during the transient 

flow condition, particularly at the early time. For steady-state flow, the Hantush’s 

assumption works reasonably well under realistic conditions of aquitard thickness and 

hydraulic conductivity as long as the aquitard thickness is not too thin (aquitard-aquifer 

ratio less than 0.001). This assumption also works reasonably well under realistic 

horizontal well lengths and well locations as long as the well is not too close to the 

aquitard-aquifer boundary.    

 In Chapter III, a pumping well is sometimes installed between two surface water 

bodies, such as streams or canals.   Previous studies focus on one stream and aquifer 

system and treat leakage from the surface water body as a volumetric source term in the 

governing equation of flow in the main aquifer, a hypothesis termed “Hantush’s 

assumption” (Hantush, 1964).   In this chapter, new analytical and semi-analytical 

solutions are acquired for the pumping induced dynamic interaction between two surface 

water bodies and ground water for two different cases. In the first case, the sediment 

layer separating surface water from ground water is not considered.   In the second case, 

the two low permeable layers are considered. Instead of adopting Hantush’s assumption, 

the solutions are derived based on the mass conservation laws by maintaining continuity 

of flux and head along the aquitard-aquifer boundaries.  Results from these two cases are 

compared to demonstrate the effects of aquitards. The interconnection of two aquitard 

properties such as thickness ratio, hydraulic conductivity ratio, and specific storage ratio 

is tested while well is positioned at difference locations.  The results in this chapter 
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could provide guidance for well design, water management, and other applications. We 

find that the aquitard hydraulic conductivity is the most important factor controlling the 

stream-aquifer interaction, followed by the aquitard thickness which greatly influences 

the drawdown at observation points that are close to the aquitards. Aquitards properties 

control the competition of stream depletion when a pumping well is positioned between 

two streams.  When the two aquitards are identical, the so called “equal flux point” is 

located right at the center between the two aquitards.  The equal flux point will move off 

the center when the aquitard thickness ratio and/or the aquitard hydraulic conductivity 

ratio are different than unity.  

In Chapter IV, an analytical solution of three dimensional seawater upconing due to 

a finite-length horizontal well is derived by integrating the point sink solution of Dagan 

and Bear (1968) along the horizontal well screen. This study assumes a sharp interface 

between the freshwater and the seawater, neglecting the transition zone between these 

two fluids.   The resulting upconing profile is compared with that of a vertical well using 

the same aquifer parameters.  Given the same pumping rate and the distance from the 

well bottom to the initial interface, the interface rise at a fixed observation point is much 

smaller due to a horizontal well than to a vertical well.   

The critical rise and the critical time are studied by relating the interface rise to the 

drawdown and by employing Muskat’s (1982) idea: pressure and pressure gradient are 

continuous across the sea/fresh water interface.  They are coupled together at any given 

pumping rate in a transient flow problem.  The critical rise depends on the initial 

interface location, the pumping rate, the well location, and the well length.  The critical 
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rise has an inversely linear relationship with pumping rate and the initial interface 

location, respectively. However, the critical rise is more sensitive to the distance 

between the well and the initial interface than the pumping rate.  The critical pumping 

time decreases with the increasing pumping rate.  The closer the well to the initial 

interface, the shorter of the critical time is.  In real field applications, installing long 

wells as shallow as possible is always desirable for sustaining long periods of pumping 

with significant rates. 

The limitations of this study are originated from the assumptions used in Dagan and 

Bear’s (1968) model in investigating the interface profile and the Muskat’s (1982) model 

in studying the critical condition. 

Finally, the results in this dissertation could be applied to groundwater development 

both for inland and coastal aquifers.  

5.2 Future Works 

      In Chapter II, we only investigated a case that aquifer is bounded by an upper 

aquitard and bottom bedrock.   In fact, aquifer could be bounded by upper and lower 

aquitards by different ways.  It will be very interesting to examine aquitard control of 

flow in different combination of aquitard, aquifer, water table and bedrock for any types 

of wells, such as partially penetrating wells, horizontal wells, and slanted wells. This 

study will provide a general method for aquitard control in aquitard-aquifer-aquitard 

system for arbitrary orientation of wells.  

      In Chapter III, we investigated a dynamic interaction among two fully penetrating 

streams due to a fully penetrating well. Regional flow and hydrograph is not considered 
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in this study. It will be interesting to consider some more realistic cases for stream-

aquifer interaction studies, for example, partial penetrating streams and variation of 

streamflow.  In future, a more general model for arbitrary orientation well pumping 

induced interaction among groundwater and two partial penetrating streams will be 

addressed.  

 In Chapter IV, sea water intrusion is studied only for a confined aquifer. However, 

costal aquifers are often shallow and unconfined aquifer.  It will be very meaningful to 

investigate the three dimensional profile of cone and its critical condition for a water 

table aquifer as well as the effect of regional flow and fresh water recharge.     

 In this study, we only investigated on aquitard effect on flow.  The model we 

derived in this study could be extended to the effect of aquitard on solute transport on 

aquitard-aquifer system and subsidence study.  
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APPENDIX A  

As seen from the detailed derivation of Zhan and Park (2003), and also shown in 

Zhan et al. (2001) and Zhan and Zlotnik (2002), the solution to Eq. (2.17) is  

DnwDn
n

n rpKz
pf

H += 2
0)cos(

)(
4 ωω
ω

 , (A1) 

where K0 is the second-kind, zero-order, modified Bessel function, and  

n

n
nf

ω
ωω

2
)2sin(1)( += , . (A2) ( 2/122

DDD yxr += )

Based on the governing Eq. (2.12) and boundary condition (2.14), the 

solution in the aquitard is:  

[ ])1(sinh),,( DDDDD zBppyxFs −+=′ α , (A3) 

where F is a function that only depends on the horizontal coordinates and will be 

determined later via the continuity of head at the aquitard-aquifer boundary. Hantush 

(1964) also proposed a similar solution in his discussion of aquitard flow.  

 Based on the continuity of head at zD=1 (Eq. (2.15)), one obtains 

)sinh(
)1(),,(
D

DD
DD Bp

zspyxF
α
=

= . (A4) 

Substituting Eq. (A4) into (A3) results in: 

)sinh(
))1(sinh(

)1(
D

D
DD Bp

zBp
zss D

D α
α −+

==′ . (A5) 
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Substituting Eqs. (2.20) and (A5) into the continuity of flux at zD =1 (Eq. (2.16)) 

results in: 

)coth()tan( Dnn Bpp ααωβω = . (A6) 

ωn is determined by Eq. (A6) for any given p. 
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APPENDIX B 

Recall the identity 
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and let ,  then Eq.(3.12 ) becomes: 2)( πna =
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Recall the following identity 
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We define:  

τ
τ
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2

, τ
τ
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t
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20 , and at

t
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20 , (B5) 

Then Eq. (B4) becomes 
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Recall the definition of the complementary error function: 

 ∫
∞ − =
0

0

2

)(2
u

u uerfcdue
π

, (B7) 

Eq. (B6) and be evaluated and Eq. (B2) will become Eq. (3.13).  
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APPENDIX C 

 

As seen from the detailed derivation of Zhan and Park (2003), and also shown in 

Zhan et al. (2001) and Zhan and Zlotnik (2002), the solution to Eq. (3.5) is  

DnwDn
n

n rpKz
pf

H += 2
0)cos(

)(
4 ωω
ω

 , (C1) 

where K0 is the second-kind, zero-order, modified Bessel function, and  

[ ])2sin()22sin(
2

11),( nnn
n

nnf µµω
ω

µω −++= , ( ) 2/122
DDD zxr += . (C2) 

Based on the governing Eq. (3.30) and the boundary condition Eq.(3.32), 

the solution in aquitard 1 is:  

[ ])(sinh),,( 1111 DDDDD yBppyxFs += α , (C3) 

In the same way, based on the governing Eq.(3.35) and the boundary condition 

Eq.(3.39), the solution in aquitard 2 is: 

[ ])1(sinh),,( 2222 DDDDD yBppyxFs −+= α  , (C4)              

where both F1 and F2  only depend on the horizontal coordinates x and y,  and they can 

be determined later via the continuity of head at the aquitard-aquifer boundary. Hantush 

(1960) has also proposed a similar solution in his discussion of aquitard flow.  

 Based on the continuity of head at yD=0 (Eq. (3.33)), one obtains 
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)sinh(
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Substituting Eq. (C5) into (C3) results in: 
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Based on the continuity of head at yD=1 (Eq. (3.38)), one obtains 
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Substituting Eq.(C7) into Eq.(C4) results in: 
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Substituting Eqs. (3.40) and (C6) into the continuity of flux at yD =0 (Eq. (3.34)) 

results in: 

)coth()tan( 1111 Dnn Bpp ααµωβ =− . (C9) 

Substituting Eqs.(3.40) and (C8) into the continuity of flux at yD=1 ( Eq.(3.39)) 

results in: 

)coth()tan( 222 Dnnn Bpp ααµωωβ =+ . (C10)                           

ωn and nµ can be determined by solving Eqs. (C9) and (C10) for any given p. We 

define 

222 /)coth( βαα DBppA = , (C11) 
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111 /)coth( βαα DBppB = , (C12) 

then nn B ωµ /)tan( −= , (C13) 

Putting Eq. (C13) into Eq. (C10), we got 

0)(tan)( 2 =+−− nnn BAAB ωωω . (C14) 
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