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ABSTRACT

Mesh Independent Convergence of Modified Inexact Newton
Methods for Second Order Nonlinear Problems. (May 2006)
Taejong Kim, B.S., Yonsei University, Korea;

M.S., Yonsei University, Korea

Chair of Advisory Committee: Dr. Joseph E. Pasciak

In this dissertation, we consider modified inexact Newton methods applied to
second order nonlinear problems. In the implementation of Newton’s method applied
to problems with a large number of degrees of freedom, it is often necessary to solve
the linear Jacobian system iteratively. Although a general theory for the convergence
of modified inexact Newton’s methods has been developed, its application to nonlinear
problems from nonlinear PDE’s is far from complete. The case where the nonlinear
operator is a zeroth order perturbation of a fixed linear operator was considered in
the paper written by Brown et al..

The goal of this dissertation is to show that one can develop modified inexact
Newton’s methods which converge at a rate independent of the number of unknowns
for problems with higher order nonlinearities. To do this, we are required to first, set
up the problem on a scale of Hilbert spaces, and second, to devise a special iterative
technique which converges in a higher order Sobolev norm, i.e., H**(Q) N H}(2)
with 0 < @ < 1/2. We show that the linear system solved in Newton’s method can
be replaced with one iterative step provided that the initial iterate is close enough.
The closeness criteria can be taken independent of the mesh size.

In addition, we have the same convergence rates of the method in the norm of

H} () using the discrete Sobolev inequalities.
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CHAPTER I

INTRODUCTION
The purpose of this dissertation is to provide convergence estimates for modified
inexact Newton methods applied to second order nonlinear problems where the non-
linearity appears in the coefficient of the highest order derivatives. Specifically, we

consider the model problem:

—div(k(u, ) Vu) + c(u, x) - Vu+ b(u, z)u = f, = €,
(NP)
u(z) =0, x € 0.

Here k, b, and ¢ are smooth functions of v and 2 on € which is a bounded polygonal
domain in RY, d = 2 or 3. In addition, k is bounded away from zero. In this disser-
tation, we shall not consider discontinuous coefficients. For brevity, in the analysis
to follow we will assume b = 0 and ¢ to be independent of u. It will be clear that
everything we do carries over to the more general form of the problem given in (NP).
Newton’s method is very attractive since its convergence is fast if the initial
guess is sufficiently close to the solution. However, often to obtain the solution to
the linear Jacobian system becomes too expensive when the number of unknowns is
large. Inexact Newton or Newton Krylov methods instead replace the Jacobian solve

by a fixed number of steps in a preconditioned iterative procedure.
For several decades, inexact Newton methods have been commonly used for solv-
ing nonlinear problems. Dembo et al. [22] introduced the inexact Newton method and
obtained local convergence results. Later, the affine invariant conditions for inexact

Newton methods have been considered by several authors (see, e.g., [1, 24, 35, 42]) to

The dissertation model is SIAM Journal on Numerical Analysis.



deal with problems whose Jacobian matrices are ill-conditioned. Also, in [4, 23, 24,
25], the authors presented the applications of globalization techniques of the Newton
method to inexact Newton methods. Recently, several authors have applied inexact
Newton methods in different contexts (see, e.g., [14, 15, 37]).

Estimates which give rise to a uniform rate of iterative convergence for inexact
Newton’s method applied to (NP) in the case when the nonlinearities are restricted to
the zeroth order term were provided in [14] (specifically, k(u,z) = k(x) and ¢ = 0).
This restriction enabled them to use the L?(2)-norm for the residuals. Iterative
methods with residual convergence in L?*(2) can be constructed in the case of full
elliptic regularity by multilevel methods as discussed in [14]. Unfortunately, when
the coefficients of the higher derivatives involve the discrete solution, full elliptic
regularity no longer holds.

We provide a general theorem for the analysis of inexact Newton methods which
is a variant of those given in, e.g., [14, 22, 24]. The application of this theorem re-
quires an iterative scheme which reduces the error in a norm which is related to the
stability properties of the partial differential equation. The natural norms which have
been used in the stability analysis of nonlinear partial differential equations (PDE’s)
typically involve the Sobolev space W, () for p > d and its dual (see, e.g., [13, 17]).
When this is put into our inexact Newton framework, one requires an iterative scheme
which reduces the error in VVO1 P(€)). Unfortunately, to the best of our knowledge, effi-
cient fixed step iterative techniques which guarantee a reduction in this norm are not
known. All of the popular techniques, e.g., multigrid and domain decomposition, for
analyzing the iterative convergence for the discrete systems resulting from approxi-
mations to PDE’s are based on the use Hilbert space and give rise to reductions in
the corresponding energy norm.

To deal with this problem, in Chapter IV we analyze the PDE and inexact



Newton’s method in the scale of Sobolev norms H!™*(Q), for 0 < a < 1/2 (see
Remark B.1 in Chapter II). For two-dimensional problems, this norm coerces the
norm in L*(Q2) by the Sobolev inequality (see Theorem A.4 in Chapter II). To apply
our abstract convergence results for the inexact Newton method, we are required to
analyze both the continuous and discrete nonlinear problems in these norms. We
then get that a uniform convergence rate for the modified inexact Newton method
will be achieved provided that one uses an iterative procedure which is a reduction
operator in a discrete norm equivalent to the norm in H'**(Q) N Hy (). We shall
develop such an iterative method based on the work in [7]. In Appendix A, we shall
see that the W—cycle multigrid method is also an iterative scheme which reduces the
error in a discrete norm equivalent to the norm in H'**(Q) N H{ ().

In three-dimensional cases, we first analyze the continuous nonlinear problems
in the Sobolev space Wy (), not in H'+*(Q) N H} () because the norm in the lat-
ter space does not coerce the norm in L>*({2). Next we obtain mesh independent
convergence rates for the inexact Newton method in the norm of H}(f2) using dis-
crete Sobolev inequalities (see Theorem B.4). Unfortunately, the initial iterate of the
method must be close to the exact solution, and the closeness depends on the mesh
size.

The dissertation is organized as follows. In Chapter II, we first introduce the
Sobolev spaces and several useful inequalities in these spaces. Then the finite element
spaces and properties of projections, such as nodal interpolation, the L? projection,
and the elliptic projection, are presented. Several technical lemmas and the precon-
ditioned conjugate gradient method are also discussed in this chapter. In Chapter
ITI, we describe the modified inexact Newton method and its convergence theorem.
In Chapter IV, we introduce a nonlinear problem and analyze the problem in the

Hilbert space H'™(Q) N HJ (). The existence of a discrete solution to the problem



and an iterative method which reduces the error in a discrete norm equivalent to
the norm in H'™*(Q) N HJ () are also presented in this chapter. In addition, mesh
independent convergence rates and some numerical results for the modified inexact
Newton method with the PCG method are given there. In Chapter V, we analyze the
nonlinear problem in the Hilbert space H}(2) when (2 is the subset of RY, d = 2 or 3.
The uniform convergence rates of the modified inexact Newton method are discussed.

Finally, there are conclusions and future works in Chapter VI.



CHAPTER II

PRELIMINARIES
In these preliminaries, we introduce the basics for Sobolev spaces, finite element
spaces, a few technical lemmas, and the preconditioned conjugate gradient (PCG)
method. First, we present some definitions, notations and embedding theorems for
Sobolev spaces. Then we describe finite element spaces and introduce operators, such
as the Lagrange interpolation operator, the L? projection and elliptic projections,
which map from a Sobolev space to a finite element space. Next, several technical
lemmas which play important roles in this disseration are introduced. In the last
section, the PCG method and its convergence rate are presented. We will apply the

PCG method to find the correction in the inexact Newton method.

A. Sobolev spaces

There are many references which develop Sobolev spaces and their properties (see,
e.g., [13, 19, 27, 28, 43]). For completeness, we shall define Sobolev spaces. Sobolev

embedding theorems and various Sobolev inequalities will be given in this section.

1. Definitions and notations

Let © be a bounded and open subset in R?, for d = 2, 3, whose boundary 95 is
Lipschitz continuous (see, e.g., Definition 1.44 in [13]). To define partial derivatives,
we introduce the multi-index notation. Let a be a multi-index whose components

«a;, t =1,...,d, are non—negative integers. The length of « is defined by

d
la| = Z Q.
i=1



For ¢ € C*(Q)), denote

o= ()" ()"

Here x = (z1,- -+, x4) is the coordinate system in R?. Note that |a/| is called the order
of this derivative.
Now, we shall define the Sobolev spaces. The corresponding norms involve the

weak derivatives of functions.

Definition A.1 (Sobolev spaces). For a given non—negative integer k& and 1 < p <
o0, we define the Sobolev space, W*?(Q), as the set of all functions f € LP(Q2) whose
weak derivatives, D f, are LP({2) for all |a| < k. The corresponding Sobolev norm is

defined by

( 1/p

Z ||Daf||ip(ﬂ) ) lf 1 S p < 0,

o<k

[ fllxp =

Da oo f = .
Iﬁg“ fllze(e), if p= o0

4

Furthermore, we define the Sobolev semi—norm
( 1/p

Z ||Daf||l[],P(Q) ) lf 1 S p < oo,
la|=k

|f|k,p:

max [ D~ @), i p = oo.

g
The Sobolev space WH?(Q) is a Banach space with the Sobolev norm. When
p =2, it is a Hilbert space and is denoted by H*(Q2) = W*2(Q). The corresponding

norm and semi-norm are given by || - ||z and | - [, respectively. For 1 < p < oo, note

that C>(9) is dense in W*P(Q), and the closure of C$°(Q2) in W*P(Q) is denoted by



WEP(Q). Like above, HL(Q) implies W, 2(€2).

It is possible to define the Sobolev space W*P(Q) for non-integer k. For k = m+s
where m is a non—negative integer and 0 < s < 1, the Sobolev norm is given by
( 1/p

Df(x) — Df(y)[?
I+ 3 [ [P  dray ) i<y <oc,

_ y|d+sp

|al=m

1f 1l =

D~ — D>
max } || f|lm.co, max esssup D (=) f®) . if p = 0.
’ lal=m 2 yeq |z —yl®

\ THY

We now introduce Sobolev spaces W*P(€) for k < 0. Let < -,- > be the duality
pairing defined between W, *(Q) and the set of linear functionals on it, i.e., for a

linear functional f
< f.g>=f(g), forall g€ W;y"(Q).

The Sobolev space W*#(1) is defined as the dual space of W, *(€2), where %+% =1.

The corresponding norm is given by

<f¢>
[fllep =" sap  ———.
¢EWO*’€"1(Q) ||¢||—k7q

$#0

2. The Sobolev embedding theorem

In this subsection, we present the Sobolev embedding theorem which describes some
inclusion relations between Sobolev spaces. For example, the inclusion LP(2) C L9(2)

is continuous, i.e.,

||u||Lq(Q) < CHUHLp(Q), for all u € LP(2),



for 1 < ¢ < p < oo when 2 is an open bounded set. This is a simple consequence
of Holder’s inequality. Here and in the remainder of this dissertation, C' is a generic
positive constant which depends on d, p, ¢ and . If needed, the dependence of C'

will be mentioned explicitly.

Theorem A.2 (Theorem 1.4.3.2 in [28]). Let Q be a bounded and open set in R?
with a Lipschitz boundary. If 0 <t < s, then the inclusion of W*P(Q) C W'P(Q) is

compact for 1 < p < 0.

Theorem A.3 (Sobolev Embedding Theorem [19, 28]). Let Q2 be a bounded
and open set in R? with a Lipschitz boundary. Fort < s and p < q < oo such that

s—d/p=t—d/q,the following inclusion holds:
WeP(Q) c Wh(Q).

In nonlinear analysis in later chapters, it is sometimes important to control the
maximum-norm. We introduce the Sobolev’s inequality which represent the Sobolev

embedding theorem when ¢ is infinity.

Theorem A.4 (Sobolev’s Inequality [13]). Let Q be bounded and open in R with

a Lipschitz boundary. Let s > 0 and 1 < p < oo such that

s <d whenp=1,

s> d/p whenp > 1.
Then there exists a constant C' such that
|||y < Cllullsp, for all u e W*P(Q).

We finish this subsection with the Poincaré inequality involving functions which

vanish on the boundary of €.



Proposition A.5 (Poincaré Inequality). Let Q be a bounded and open set in R?.

For all u € WyP(Q) and 1 < p < oo, there exists a constant C such that
[ullop < Clulyp.

The Poincaré inequality implies that the norm in W, ?(Q) is equivalent to the

semi—norm, i.e., there are two constants C; and Cy such that

Cillullrp < ulpy < Collullry, for all u € WyP(Q).

B. Finite element spaces

In this section, we shall introduce finite element spaces (see, e.g., [13, 19, 30]). We
shall give several properties involving operators, such as the Lagrange interpolation
operator, the L? projection and elliptic projections, mapping from a Sobolev space to
a finite space. Finally, inverse and discrete Sobolev inequalities will be given in this
section.

For simplicity, let  be a bounded open polygon (or polyhedron) in R? (for
the curved boundary case, see, e.g., [19, 30]). Let 7, = {K} be the triangulation
of Q. Here K is a triangle if d = 2 or a tetrahedron if d = 3. The mesh size is
defined by h = II?GE% hyi, where hg is the longest side of K. We shall assume that
the triangulation is quasi—uniform, i.e., there are two positive constants, 3, and [

independent of A such that for all K € 7},

6) 2> g,

(ii) Z—i > B,

where pg is the diameter of the largest circle inscribed in K.

In this dissertation, we shall only consider finite element spaces contained in
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C°(Q). Let r be an integer greater than 1 and P,(K) be the set of all polynomials

with the degree less than r defined on K. The finite element space V}, is given by
Vi ={ue %) | ulgx € P.(K)and v =0 on 0Q}.

Then Vj, is a subspace of W,7(Q) for 1 < p < co. For example, if = 1, then V}, is
the piecewise linear finite element space.
Remark B.1. In general, the finite element space V}, is a subspace of H'**(Q)NH}(Q)

for « < 1/2 but not for a > 1/2. However, it is possible to construct a finite element

space which is a subspace of H?(Q2) N H}(2) (see, e.g., [19, 30]).

Let {N;}Y, and {¢;}Y, be the degrees of freedom and the basis for V},, respec-
tively, where N is the dimension of V},. We define the Lagrange interpolation operator
I, : C°(Q) — Vj, such that for a given u € C°(Q)

N

Lu =Y u(N;)é;.

i=1

Then we have the following error estimates for /j:

Theorem B.2. Ford/2 < s<r+1 andu e H*(Q)NH(Q), there exists a constant

C independent of h such that

(1) llu = Iyullo < Ch*uls,

(ii) |u — Iyuly < Ch*uls.

We now introduce the L? projection Q, : L*(Q) — Vj. Given u € L*(Q), Quu

in V}, is the unique function satisfying

(Quu,v) = (u,v), forall v e V.
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Here (-, -) is the L*~inner—product on Q. It is easy to see that ||Qnullo < ||u||o and
o= Qualo = inf e = xlo
By Theorem B.2 and interpolation, we have
lu — Quullo < Ch*|ula, (B.1)

for 0 < a < r+ 1. The elliptic projection P, : H}(Q) — Vj, is defined as follows:

Given u € H}(Q), Pyu in Vj, is the unique function satisfying
(Pyu,v); = (u,v);, forallve V. (B.2)
Here (-,-); is the H! inner product, i.e., for u, v € H}(£2)
(u,v); = / wv dz + / Vu-Vudz. (B.3)
Q Q
The projection P, satisfies || Pyu||; < |Jul|; and
l = Prully = inf flu—x]s.
Furthermore, for 0 < a <r
|lu — Prully < Ch|u|aq1- (B.4)

Note that the L? projection and the elliptic projection are orthogonal projectors,
and so Q% = Qp, and P? = P,
Finally, we mention some inverse inequalities (see, e.g., [13, 19, 26]) and discrete

Sobolev inequalities (see, e.g., [6, 12, 14, 40]).

Theorem B.3 (Inverse Inequalities). Let Vi, |k be the restriction of Vi, onto an

element K of T,. For1 < p, q < oo and 0 < [ < k, there exists a constant C
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independent of h such that
ullpic < CHITFFIP=d ]|, i,

where || - ||1.s.5c denotes the norm in Wh(K).

Theorem B.4 (Discrete Sobolev Inequalities [6, 13]). Let the triangulation T},
be quasi—uniform and let h be the mesh size of the triangulation. For all u € V}, there

is a constant C' independent of h such that

[l o) < C(1 4 |log b))z ||ully when d =2,

] oo ) < Ch™2||ul|; when d = 3.
C. Technical lemmas

In this section, we shall present a few technical lemmas which will be used often in
this dissertation. The first two lemmas bound the integrals of a product of several

functions by Sobolev norms. The others deal with the operators, @), and P.

Lemma C.1. Forp>d, g € W'"(Q), u € H*(Q) and v € Hy"*(Q),

/guvxi dz < C(Q, o, p)llgllpllullalvlli-a;
Q

where v,, € H~*(Q2) denotes the partial derivative of v with respect to x;.

Proof. We have

/ Gy, do = / w(gus,) dz < [lullallgos,
Q Q

To get the desired bound for ||gv,.||—«, we use interpolation between H () and

L?(2) (see, e.g., Appendix A in [11], or [27, 28]). By Theorem A.4,

19020 < 9]l L@l lo < Cligllipllvll- (C.1)



We shall show that

lgve:ll—1 < Cligllpllvllo

and the lemma will follow by interpolation.
Let v be in C§°(£2). Then

< v, (gw)y, >

Hgvfﬂi -1 = Sup

weCE(Q) [[wllx

< C|lvllo  sup
weCEe (Q) Jwll1

Using Holder’s inequality, we have

< Iga:ll e @ l[w]] 2o () + [lgll 2o @) [z o,

2 1
where — 4+ — = 1. Applying Theorem A.3, ||w|| 20 < Cllw]|1, gives
P q

I(gw)a;ll < Cllgllapllwll-

This completes the proof of the lemma.

13

0

The above lemma will be used mainly in Chapter IV and the following lemma in

Chapter V.

Lemma C.2. Let p be greater than d. For k € L®(Q), u € Wy*(Q), w € HL(Q)

and ¢ € HY(Q), we have

/Q(Vu - Vw)kpdr < O[] L@ llullipllwll1 @]l

Proof. For 1/p+1/q =1 and k € L*>°(Q), applying Holder’s inequality gives

/Q(Vu - Vw)ke de < C|k| oo @) | Vul| o) | VW @l La@)-

(C.3)
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Using Holder’s inequality again for 1/r +1/s =1,
IVw ¢llLa@) < [Vwllze@llel e @-

Taking r = 2/q and s = 2/(2 — q), by Theorem A.3:

lpllzes < Cllgl]s-

This completes the proof of the lemma. O

In our analysis, we need a projection onto Vj, which is stable in H'™*(Q)NH} ().

We have the following proposition:

Proposition C.3 (Appendix in [9]). Suppose the triangulation Ty, is quasi—uniform.
Let 0 < a < 1/2 and 11}, be one of the operators, Qp or P,. For allu € H™(Q) N

HJ(Q), there is a constant C independent of h such that
Mhulhira < Clluflita,

i.e., the operator 11}, is stable in H**(Q) N H} ().

To prove the proposition, we introduce the following lemma for the operators,

Q@5 and P,. We skip the proof of the lemma.

Lemma C.4. Suppose the triangulation Ty, is quasi—uniform. For 0 < o < 3/2,

(i) Ju— Qnulla < Cllulla,
(ii) |lu— Quull; < Cho|lulisa-

(iii) |lu — Pyully < Ch*{ulli1a-
Here C' is independent of h.

Proof of Proposition C.3. See Appendix [9]. O
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D. The PCG method

In this section, we shall introduce the PCG method. Its convergence rate also will be
presented (see, e.g., [11, 26, 32, 38]). In subsequent sections, the PCG will be used
to compute the correction in the inexact Newton method.

Let A : V;, — Vj be a linear symmetric and positive definite (SPD) operator
with respect to an inner product (-,-) on V. We shall consider the following linear

problem: For a given f € V}, find u € V}, such that
Au = f. (D.1)

Definition D.1. Let A, and \,,;, be the largest and smallest eigenvalues of A,

respectively. The condition number of A is defined by

R(A) = 2.

Armin
The conjugate gradient (CG) method gives a convergence rate for the problem
(D.1) which can be bounded in terms of the condition number of A. To improve the
convergence rate of the CG method, we introduce preconditioning.
Specifically, let B : V,, — V}, be another SPD operator. Then we solve the

following problem: For a given f € V}, find u € V}, such that
BAu = BYf. (D.2)

Here we introduce the PCG method based on the inner product (B~'-,-). This
inner product makes sense because B! is also SPD. The algorithm behavior is nothing

more than CG applied to (D.2).

Algorithm D.2 (The PCG algorithm). Let u° be an initial iterate. Let r° =

f— Au® and p° = 2° = Br®. The sequence of iterates {u*} C Vj, is generated by
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k .k
(i) uFtt =P + appk, where oy = %,
(Ap*, p*)
(ii) T =" — o ApF,
k+1 k+1
fiii) 41 = Bkl g = R Gk where B = (2.
(r*, 2F)

Let k = k(BA) be the condition number of BA. Since A is SPD, we can define
an “energy’ norm,

|ul[4 = (Au,u)?,  for all u € V.

The next theorem bounds the rate of convergence of the PCG method.

Theorem D.3. Let u be the exact solution to (D.1) and {u*} be the sequence gener-
ated in Algorithm D.2. Then

k
k—1
o= < 2 (E21) = o)
VE+1
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CHAPTER III

INEXACT NEWTON METHODS
In this chapter, we shall introduce the inexact Newton method (see, e.g., [1, 22, 24, 35,
42]) which defines an approximate solution to a nonlinear problem, and an abstract
theorem which can be used to analyze its convergence will be given.

The Newton method is a classical method used to solve nonlinear problems.
However, if the number of unknowns is large then it is often too expensive to find exact
Newton corrections. The inexact Newton method is similar to the Newton method
except for the way the corrections are defined. In the inexact Newton method the
corrections are obtained by defining approximate solutions to the Jacobian systems

by an iterative method, such as the PCG method.

A. The inexact Newton method

In this section, we shall consider an abstract nonlinear problem and define the inexact
Newton method. Also we shall present the modified inexact Newton method which
will be used to define an approximate solution to a nonlinear problem considered in
this dissertation.

Our abstract nonlinear problem is defined in terms of two Banach spaces V and

W (with norms || - ||y and || - ||w). For a bounded linear operator B from V into W,
let || - ||y, w) denote the operator norm,
B
Bl = sup 120,
vey  vlly
v#£0

Let F be a continuous function mapping V into W', the dual space of W. We consider
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the problem: Find u € V satisfying
F(u) =0. (A1)

Let F'(u) denote the Fréchet derivative of F at u.
First of all, we introduce the original inexact Newton method which is developed

in [22].

Algorithm A.1 (Inexact Newton Method). Given an initial iterate u® € V, the

sequence of iterates {uf} C V is generated by
uF = kg
where 5% approzimately solves
F'(uF)sk = —F(ub). (A.2)
Specifically, we assume that 8% satisfies
lls* ="l < B sl (A.3)
for some fized [ in [0,1). Here ||| - ||| is a norm on V which is equivalent to || - ||y .

Let v, and 75 be the constants in the norm equivalence relations between ||| - ||

and || - ||y, that is,

Al < llolly <2 (el (A.4)

Remark A.2. Note that the algorithm requires an iterative scheme which gives rise
to a reduction in a norm ||| - ||| which is equivalent to || - ||y. In general, it is not
possible to construct fixed step iterative methods which are convergent in arbitrary
norms. Indeed, in almost all of the literature on iterative convergence, convergence

reductions are achieved in the L? or energy norms. We shall further address this issue



19

in Chapter IV.

We next present the algorithm which we shall consider in this dissertation. It is

sometimes referred to as the modified inexact Newton method because F' (u°) is used

instead of F (u”) in (A.2).

Algorithm A.3 (Modified Inexact Newton Method). Given an initial iterate

u® €V, the sequence of iterates {u*} C V is generated by
B Y.

where 8 approzimately solves

Specifically, we assume that §* satisfies
lls™ = & < B Il " (A.6)

for some fized 5 in [0,1).

B. A Convergence theorem for the modified inexact Newton method

In this section, the hypotheses under which the sequence generated by Algorithm A.3
converges will be given. The corresponding convergence theorem will be presented.

Minor variations of the algorithms in the previous section have been proposed
and studied, for example, in [14, 22, 24, 35]. Our analysis is also a slight modification
of theirs.

We consider the following hypotheses:

(H.1) F(u) =0 has a solution u* in V.
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(H.2) For given € > 0, there exists § = d(¢) > 0 and M such that for ||u — u*||y, < §

the Fréchet derivative F'(u) exists and satisfies:

(H2.1) [[F(u) = F(u*) = F'(u)(u =)l < eflu—ully

(H.2.2) [|F(u) — F'(u*) ||y < €

(H.2.3) F'(u)~! exists and satisfies || F'(u) " ||y < M.

The above conditions imply the following theorem (compare to Theorem 2.1 in

[14] or Theorem 2.3 in [22]).

Theorem B.1. Assume that (H.1) and (H.2) hold. Lett € (5,1) be given where (3
satisfies (A.6). Then there exists 6 > 0 such that if |[u® —u*||y < 6, then the sequence

of iterates {u*} generated by Algorithm A.3 converges to u*, in fact,
=l < ¢ flfu =t |- (B.1)

Remark B.2. The results of our theorem differ from those of [14] in that we only
require that the initial iterate is close in a natural norm (]| - ||y)) which, in our sub-
sequent applications, is independent of the mesh size. Indeed, although Theorem 5.2
of [14] gives a convergence rate independent of the mesh size, the initial iterate has

to be close in a mesh dependent norm.

Remark B.3. The above theorem can be used to guarantee convergence rates inde-
pendent of the mesh size in PDE applications provided that the functions d(g), M
and bounds for the constants of norm equivalence between ||| - ||| and || - ||y can all be

chosen independently of A.

Proof of Theorem B.1. The proof follows the general steps of similar proofs
found in the literature. For completeness, we provide a proof that matches the as-

sumptions and setting of Algorithm A.3. It clearly suffices to verify (B.1). We start
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by observing that
(B.2)

Thus,
™t =l = (7 = (F () F () (u* = u*) + 5 = s*
— (F ) HF W) = Fu) = F(u)(u —u)) ||

Let e, = u* —u* and § be such that (H.2) holds for a positive ¢ to be determined

later. Then,
11T = (F @) F (w))erlll <A 1EF @)™ w1 (1) = F () [ wownllex v
< Zaee.
Y1

Similarly,
/ — * /(% Y
Il (F () T (F (u") = Fu?) = F(@en)ll < V—TM*E lex Il
Using (A.6) and (B.2) gives

I8 = s™ [l < Bl sl
< B{NF (W) TH(F (W) = Fu') = F (u)er) |l
+I(F (W)~ F (e}

s%wwem%m+ﬁmuww»*fﬁn@m.
Finally,

BINF @) F @)erlll < B{lllex Il + Il (7 = (F ()™ F (w")exlll}

< (B+2MBe) |l ex I -
4!
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Combining the above inequalities gives
et = il < (54 203 4.9) &) ol

and the theorem follows taking ¢ < m(t — 0). O]

It is interesting to note that the continuity constants associated to F and F’
do not come into the proof. This allows Brown et al. [14] to analyze a discrete
problem using the L? norm on the discrete space ¥V even though the discrete Fréchet
derivatives are not uniformly bounded into this space. The conditions (H.2.1) and
(H.2.2) nevertheless hold because the problem considered there only involves linear
higher order terms. This fails for our more general application so we are forced to

use weaker (negative norm) spaces.
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CHAPTER IV

MESH INDEPENDENT CONVERGENCE RESULTS IN H'™* N H(Q)
The main purposes of this chapter are to develop an iterative method which reduces
the error in a discrete norm equivalent to the norm in ()N HJ () and to obtain
the mesh independent convergence rate for the modified inexact Newton method used
to compute an approximate solution to the problem (NP).

In this chapter, we shall consider the model nonlinear partial differential equa-
tion (NP) which has nonlinearities in the higher order derivatives. We restrict our
consideration to problems only when the domain €2 is in R? in this chapter. First, we
shall set up the problem in a Hilbert space and prove the existence of the solution to
the corresponding discrete problem. To define an approximate solution to the prob-
lem, the modified inexact Newton method introduced in the previous chapter will be
used. Next, an iterative method which defines Newton corrections satisfying (A.6)
in Chapter III and the mesh independent convergence rate of the method will be
demonstrated. Finally, the results of numerical experiments will be given to support

the theory.

A. Hilbert space setting of (NP)

We shall ultimately apply Theorem B.1 in Chapter III to finite element approxi-
mations of (NP). Because of the higher order nonlinearity, the hypotheses (H.2.1)
and (H.2.2) in Chapter III cannot hold unless functions in W have two less Sobolev
derivatives than those in V. It is common to use the spaces V = W1?(Q) for p > 2
(see e.g., [13, 17]) for the finite element convergence analysis of (NP). Under cer-
tain hypotheses on the nonlinearities, it is possible to prove (H.1)-(H.2) using these

spaces. To the best of our knowledge, efficient fixed step iterative methods which
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are convergent in any norm which is equivalent (independently of the discretization
parameter) to the norm in W?(Q) are not known. To get around this issue, we shall
analyze our discrete problem in the scale of Sobolev norms in H!'**(Q) N H}(Q) for
0 < a < 1/2. To do this, we start with the analysis of the continuous problem. Most
of this analysis will involve proving the inequalities of (H.2) on the continuous level.

To set up the problem, we let ¢ be in C§°(2). Then we have
(k(u, 2)Vu, Vo) + (e Vu, ) = (f, )
and consider
< F(u),p >= (k(u,x)Vu, Vo) + (c- Vu,p) — (f,¢). (A1)

To keep the notation from becoming too cumbersome, we have dropped the explicit
dependence of u on x above.
We shall use the notation V£ to denote the gradient with respect to the x variable

considering u independently of . We shall assume that the quantities

ok Vok 0’k VOk VOok Pk

o’ Ou 2u 9Pu ' Oz and GE

k. Vk.
are all uniformly bounded independently of u € H'T*(Q) N H} ().

Definition A.1. For a given a € (0, 1), weset V = H*(Q)NHL(Q), W = Hy ()

1
2
and W' = Ho1(Q).

Note that we have denoted the spaces V' and W in contrast to the ¥ and W that
will be their discrete counterparts, i.e., V C V and W C W. The latter pair (V, W)

takes part in the actual inexact Newton iteration used, in practice, to compute the

discrete solution.
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1. The F mapping

In this subsection, we shall check whether the function F' defined in (A.1) is well-

defined.

Lemma A.2. Suppose that f is in W', then F(u) given by (A.1) is a well-defined

map of V into W'.

To prove the above lemma, we shall use Lemma C.1 in Chapter II. We will also
fix p in the interval (2,2/(1 — a)] so that the following two Sobolev inequalities (see

Theorem A.4 and A.3 in Chapter II) hold:
[w|| (@) < Cllw|lry, for all w € WP(9) (A.2)

and

|wllip < Cllw|lisa, for all w e H™T(Q). (A.3)
We shall also use the Sobolev inequality
|w]a@) < Cllw|li—a, for all w e H'™*(Q) (A4)

which holds provided that ¢ < 2/a.

Proof of Lemma A.2. Let v bein V. It suffices to show that
< F(u), >< C(u)|l¢lli—a for all p € W.

Applying Lemma C.1 in Chapter II gives

k(u,z)(Vu-Vy)dr+ /Q

<F(u),g0>:/

V) dr — d
g (c )wx/ﬂfwx

< C{lIk(w, D)1 pllulliva + llully + [ -1va@lli-a-
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We note that in the distributional sense,

Ok(u(x), x)

B = ky(u, ¥)uy, + ks, (u, ) (A.5)

where the second term obviously denotes differentiation of k& with respect to x; (in-
dependent of the u dependence on z). Indeed, (A.5) holds for smooth u and easily

follows for general u € V' from the density of smooth functions in V. Thus,
[k (u, 2)[[1p < Clllullip +1) < C([Julli+a +1). (A.6)

This completes the proof of the lemma. U

Remark A.3. From the above discussion, it is clear that u € V satisfying F(u) = 0
provides a weak solution to (NP). The existence and uniqueness of solutions to
nonlinear problems is always a delicate issue. In [17], existence and uniqueness of
a weak solution to (NP) in W1P(Q) was verified for p > 2 in the case when k only
depends on w. In this case, our theory will also give a unique solution u € V' (which

coincides with that of [17]).

2. The F’" mapping

To study the local behavior of F', we need to introduce the Fréchet derivative F”(u)
(a linear map from V' to W’). As we show in the next proposition, its definition is

given by

< Fl(u)w, ¢ >:/ Oklu, z)

. ou w(Vu-Vo)dzx

(A.7)
+ / k(u,z)(Vw - V) dx + /(C-Vw)goda:,

Q 0
for all w € V and ¢ € W. The next proposition also proves (H.2.1) in the continuous

case.
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Proposition A.4. For u € V, the Fréchet derivative of F' at u is given by (A.7).

Moreover, for a given 6 > 0, there exists a constant C' = C(||u||1+a,0) such that
1F(v) = F(u) = F'(u)(v = u)l|-11a < Cllo = ulli, (A.8)
for all v in the ball B(u,0) ={v eV : |lu—v|i1a <0}.

Proof. Using the assumptions on £ and a similar argument as used in the
proof of Lemma A.2, it follows that for u € V| F'(u) given by (A.7) is a linear map
of V into W'.

To finish the proof, it suffices to verify (A.8). This is equivalent to showing that
for all p € W,

< F(v) = Fu) = F'(u)(v — u), ¢ >< Cllv — ulli ;o [6]1-a-

A simple computation gives

< F(v)— F(u) — F'(u)(v—u),¢ >
= /Q akgﬁ (v = w)(Vv— Vu) - Vo) dx (A.9)

[ (b00) = k) = D)) (90 )

By Lemma C.1 in Chapter II, the first integral of the right hand side of (A.9) is

bounded by

o2

||U - u”l+a“¢>||1—a-
Lp

ou

Using techniques similar to those used in the proof of Lemma A.2 gives

(v—w)|| < Cllullp +1}Hv = ully

1p

< Cllv = ull11a-

Ok(u, x)
ou

We next bound the second integral of the right hand side of (A.9). By Lemma C.1



in Chapter II, it suffices to show that

:‘ /;%(U(I)—s)ds

< Cllo —ull

Lp

We obviously have

Finally, we will bound the semi-norm in (A.10). We have
v 0%k
HV/ ﬂ(v(m) —3s)ds
w Os Lr(Q)

vwvx —8))ds
| T e - ) -

+ va (akg;’ z) _ ak'g;’ fﬁ)) - Vu%(v — )

< Cllo = ull 7
Lr ()

v 0?k(s, )
/u T(v(x} —s)ds

< Cllv = ulliya.

S ‘

Ly (Q).

The first term on the right hand side is bounded analogously to (A.11).

second, we note that

Vo) (8/{;(82;, x) 8]{(81: :z:)) B Vu(x)8 l{;@(;;, x)

(v(z) = u(z))

0s3

v(x) v(z) 93
= V(v —u) / Okls2) 4o 4 Vu/ TkT) () — ) ds.

(z) 85

As above we have

oo [,

< Cllu — vl|?
- < Cllu-vl},,

LP(©)

and

Hvu /(()) %(v(l«) — 5)ds

< Cllu = ol
LP(Q)

28

(A.10)

(A.11)

For the
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This completes the proof of the proposition. O
We can also show that (H.2.2) holds on the continuous level using similar tech-

niques.

Proposition A.5. Let u be in V. For a given 6 > 0, there exists a constant C' =

C(||ull1+a,d) such that, for all v in the ball B(u,d) in V,
£ () = F'(u)[[vwy < Cllv = tfli4a.
Proof. We need to show that for all w in V and ¢ in W,
< (F'(v) = F'(u))w, o >< Cllo = ullisallwllivallolh-a- (A.12)

Now

<8k:(v,:v) ~ Ok(u,2)

< (F'(v) — F'(u))w, g >= / ) (Vv - Vo)wdz

Q ov ou
+ / Ok(u, z) (V(v—u) - Vo)wdz
Q 0u

+ /wa(w ) — k(u,2))(Vw - Vo) da.

The inequality (A.12) can be derived by applying similar techniques as in the proof
of Proposition A.4 to the above identity. This completes the proof of the proposition.
O

3. Existence and uniqueness of solutions

There are no results available to guarantee the existence of solutions to Problem (NP)
in the generality which we have posed it. To proceed with the analysis, we shall need

to make the following additional assumptions.

(B.1) (NP) has a solution u* in V,
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(B.2) F'(u*) satisfies the uniqueness property:
< F'(u*)w,o >=0 for all ¢ € W implies w = 0. (A.13)

Remark A.6. If we take k(u(x),z) = k(u), b = 0, and ¢ to be divergence free, then it
is possible to verify the above assumptions. In this case, (B.2) follows from the proof

of uniqueness in Theorem 5.1 of [17], and (B.1) follows from the analysis there.

Using (B.2), we will show that F’(u*) is an isomorphism (see Proposition A.9
below). This fact will be used to verify the existence of a discrete solution in Section

4. To prove the isomorphism property, we need the following two lemmas.

Lemma A.7. Let D(u, ) = / Vu-Vodr. If uis in HY(Q) and satisfies
Q

D
sup (u, )

< 00, A.14
S Tl (A.14)

then w is also in V. Furthermore (A.14) provides an equivalent norm to ||u||11a on

V.

Proof. Let u satisfy the above conditions and define the functional f in W' by
< fypo>=D(u,p) forall p e W.
Clearly, u is the solution to the Dirichlet problem, u € H} () satisfying
D(u,p) =< f, o> forall p € H(Q). (A.15)
Elliptic regularity for (A.15) implies that u € H'T*(Q) and satisfies

[ullira < Cllfll-11a-

This shows that [|u]/114 is bounded by a multiple of the supremum in (A.14). The

bound in other direction follows from Lemma C.1 in Chapter II. 0J
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Lemma A.8. For a fized uw € V, the map w — k(u,z)w is an isomorphism from V

onto itself.

Proof. We first show that for w € V, k(u,z)w is also in V. Since both w and

w are in V', estimates similar to those in (A.6) give
[E(u, 2)wlly < CA + [Jullira) [w]lira

from which it immediately follows that k(u,z)w € H}(Q). Finally, by Lemma C.1 in
Chapter II,

D(k(u,x)w, p) = /V ) Vpdx

_/Q{akg;x) (Vu-V)+w(Vk(u,x) - V)

+ k(u,z)(Vw - V)| dx
< Cllulliallwlli+all@lli-a-
Applying Lemma A.7 shows that k(u,x)w is in V and satisfies

1k(u, 2)wll14a < Cllwlf1ta-

We note that k(u,z)~! satisfies the same assumptions as k(u, z) so that boundedness
of the inverse map follows by the same reasoning. This completes the proof of the

lemma. ]

The next result shows that F'(u*) is an isomorphism.

Proposition A.9. F'(u*) : V. — W' is an isomorphism, i.e., F'(u*)™! exists, and

there exists a positive constant M such that ||[F'(u*) ™! wv) < M.

Proof. In this proof, we adapt the idea in the proof of Theorem 5.2 in [17].
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Let T : W' — V be the solution operator for
/V u ) )w) - Vodr =< f,o > foral p € W,

that is, T'f = w. Let u € V solve (A.15). Since the map f — w is an isomorphism
from W’ onto V, Lemma A.7 implies that T is also.
We define an operator A; : V. — W' by

< Ajw,p >= — /Q(Vk(u*,x) -Vyp)wdr + /Q(c -Vuw)pdz forall p € W.
Then, for all p € W,
/QV(]{Z(U*, o) TF (u*)w) - Vodr =< F'(u*)w, p >
/V u*, x)w) - Vodr+ < Ajw, p >
/V u*, x)w Vgpd:v+/V u*, )T Ayw) - Vpdr.

Therefore, for w € V,

TF (v )w=w+ TAw. (A.16)

It suffices to show that TF’(u*) is an isomorphism of V' onto V. By Lemma C.1

in Chapter II,
< Aw, ¢ >< CfJwllallelli—a + wlliliello} < Cllwllilelli-a-

Since H'™*(Q) is compactly embedded in H'(2) (see Theorem A.2 in Chapter II),
Aj is a compact operator from V' into W’'. Thus, T'A; is also compact from V into
V. Hence the mapping TF’(u*) is a linear Fredholm operator with index zero (see,
e.g., [43]). Since (B.2) implies F'(u*) is injective, T'F'(u*) is injective and bijective
also. Since it is also continuous, it is an isomorphism. This completes the proof of

the proposition. [l
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To be able to apply finite element duality, we shall need regularity for the adjoint

problem. We consider the adjoint operator (F’(u*))* defined by
< (F'(u")" v, >=< F'(u)p,v > .

Clearly, this is well defined for v € W and ¢ € V. The next proposition shows that

it is also well defined for v € V and ¢ € W and gives rise to an isomorphism.
Proposition A.10. (F'(u*))*: V — W' is an isomorphism.
Proof. By definition,

< (F'(u*))*p,w >:/ Mw(VU* - V) dx

Q au*

—|—/Qk(u*,x)(Vw-Vgo)dm—i—/ﬂ(c-Vw)godx.

Using arguments similar to those above and Lemma C.1 in Chapter II, it is easy to
show that (F'(u*))* is a well defined linear map of V' into W'.
Since F'(u*) is an isomorphism from V onto W', (F'(u*))* is an isomorphism

from W onto V' and
HCCE" (w) ) My = 1CE' @) lwew)-

Thus, by Proposition A.9,

< F'(u*)u, o >
lolli—a < M sup (wu, o> (A.17)
ueV Hqu—i—a
The above inequality implies that (F'(u*))* is injective on V.
Define Ay : V. — W' by
ok (u*
< Asw, >:/ %(VU* -Vuw)pdr + /(c -Vy)wdzx
Q ou Q (A.18)

_ / M(VU* -Vo)wdr — /(Vk(U*ax) - Vy)wdz.
o Ou* &
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Then we have
< (F'(u*)'w, p >= /Q V(k(u*, z)w) - Vo dr+ < Asw, o > .
Thus, as in the proof of Proposition A.9,
T(F'(u"))w = w + T Asw

and it suffices to show that T Ay is compact on V. This, in turn, will follow if we
show that

< Aqw, ¢ >< Cllwllipgllolli-a- (A.19)

for some 3 with 0 < 3 < a.
By Lemma C.1 in Chapter II, the last three terms of (A.18) can be bounded by

the right hand side of (A.19). For example, the third term is bounded by

Ok(u*, x) .
“ar || I hsallelh-a < Cllwllivslelh-a

1,q

CHw

provided that g is taken so that
HYA(Q) c Whi(Q).

For the first term in (A.18), we choose below r = 1/(1 — «) and s = 1/a. Then

IVwllo
0

< Cllwl1[[Vu*||zer @) ¢l 25 (@)
< Cllwllillw[l12r llll 2s

< Cllwllisllelli-a-
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B. Existence of a discrete solution

In this section, we define a finite element approximation of (NP). By applying the
results of [17], we will conclude the existence of a finite element solution which is close
to the solution u*.

Recall that 7, and Vj, are a triangulation of ) with mesh size h and the cor-
responding finite element space, and inverse inequalities are held for finite element
functions.

The discrete counterpart of (NP) reads: Find u} € V}, such that

/Qk:(u};, z)(Vuy - V) dr + /

(c-Vuy)pdr = / fedx forallp eV, (B.1)
0 Q

For u, o € V, let A(u, p) =< F'(u*)u, p >= A(u, ) + D(u, @), where
Alu) = [ K )(Va- Vi) do,
0
A Ok(u*
D(u, ) = / M(VU* -Vo)udr + /(c - Vu)pd.
o Our Q
We will show that the form A(:,-) satisfies a discrete inf-sup condition. To do this,

we need the following few lemmas:

Lemma B.1. There exist two constants C7; > 0 and Cy such that
Chllu|F = Collull?_, < A(u,u)  for allu € V. (B.2)

Proof. By the assumption on k£ and Poincaré’s inequality, there exists C' > 0
satisfying
A(u,u) > C|lul?> for all u € HE(S). (B.3)

By the Schwarz inequality,

< ClIVullollullo < Cllull[lufl-a- (B4)

/Q(c - Vu)udz
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For 1/p+1/q = 1, applying Holder’s inequality gives

Ok(u*, x . .
‘/¥(VU -Vu)udz| < C||Vu'| r)|| Vu ul| Loy (B.5)
0

ou*
Using Holder’s inequality again for 1/r +1/s =1,
IVu ullpa) < [lullper @)Vl o). (B.6)

We take p = 2/(1 — ), ¢ = 2/(1 + «) and r = (1 + a)/a and apply the Sobolev

inequalities (A.3) and (A.4) to get

ok(u*, x . X
[ v uuds| < Claclgalulh o B.)
Q u
Combining ab < (ea®)/2 + b*/(2¢), (B.3), (B.4) and (B.7), we get the result. O

Remark B.2. The proof of the above lemma implies that there exists a constant C'
such that

|A(u, v)| < Clluflilfvlly for all u, v e V.

Lemma B.3. For each u € V', there exists hg > 0 such that for h less than hg, the

problem : Find uy, € Vj, satisfying
Alun, p) = Au, ) for all p €'V, (B.8)

has a unique solution which we denote by Thu. Furthermore,

Ju = Thully < Ch||ulli1a- (B.9)
Proof. The proof immediately follows Lemma B.1 and the finite element
duality argument (see, e.g., [39]) with Proposition A.10. O

Lemma B.4. Let h be less than hg defined in Lemma B.3. Then

[Thulli4a < Cllullisa
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Proof. Let e =wu— Tyu and Qp, : V — V}, be the L*() projection onto V},.

Then, by Proposition C.3 in Chapter II,

lu — Quully < Ch|Jull1+a,
(B.10)

HQhqu—l-a < CHUH1+Q.

By an inverse inequality, (B.10) and (B.9)

lelia < 1 Thu — Quulli o + 1Qnu — ulli,q
< O™ Thu — Quulli + Cllulli,
< Cllull} a0
Hence,

lellia < Cllullita-

The triangle inequality used for Tpu = e + u completes the proof of this lemma. [

Proposition B.5 (Discrete Inf-Sup Condition). Let h be less than hg defined in

Lemma B.3. Then there exists a constant C' such that

A
lolhon < C sup Alin®)
Un€Vh ||uh||1+a

for all ¢ € V. (B.11)

Proof. By (A.17) and Lemma B.4, for all p € V},

A(’U,, 90) — Csu A(Thu7 SO)

l¢lli-a < Csup
ueV ||qu+a ueV Hu”l—l-a
A(T A
< Csup ATW0) oo Al 9)

ueV ||Thu||1+a up €V ||uh||1+0c.
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Remark B.6. Similar to the derivation of (A.17), (B.11) implies

A
lunlla < C sup 2 g al € Vi (B.12)
ety |[@lli-a
Finally, we are ready to prove the existence of the discrete solution for the model

problem by applying a result in [17].

Theorem B.7 (Existence of The Discrete Solution). With assumptions (B.1)
and (B.2), there exist two constants 06 > 0 and hg > 0 such that for h < hq there
exists a unique solution uj for problem (B.1) in the ball B(u*,d). Moreover there

exists a constant C independent of h such that
[u* — uhlli4a < C Inf [u” —€fl14a- (B.13)
§€VR

Proof. Proposition A.4 and A.5 show F”(u) exists for all u € V' and is Lipschitz
continuous in a neighborhood of u*. Moreover, F’(u*) is an isomorphism from V' to
W’ (see Proposition A.9). The theorem follows from the discrete inf-sup condition

(B.12) and Theorem 7.1 in [17]. O

Remark B.8. The results of the previous section show that the solution has regularity,
u* € H'™(Q) N H}(Q) for s < 1/2. Taking s > a and applying the above theorem
gives

[0 = v [[140 < CPZ 0" [|14s,
i.e., u} converges to u* in H7(Q) N H}(Q).
C. The discrete problem in the framework of Chapter 111

In this section, we set up the discrete problem in the framework of Chapter III. We

start by defining ¥V = W = V}, with norms || - |14 on V and || - [[1_o on W. We
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identify W with V}, and define for G € W/,
< G,p>= (G, p) forall p € W.

We then define Fj, : V — W' by

(o)) = [

g k(v,z)(Vv - V) dr + /

Q

(c-Vv)pdr — /Qfgodx, (C.1)

for all v € V and ¢ € W. Clearly, the problem of finding u} € V satisfying Fj,(u}) = 0
coincides with the discrete problem (B.1). Thus, (H.1) is contained in Theorem B.7.
For u € V', we define the linear map F} : V — W' by
(Fi(wv,0) = [ blu,z)(Vo- Vi) do

@ (C.2)

+/M(Vu-Vgp)vdm+/(c-Vv)cpdm,
o Ou Q

for all v € V and ¢ € W. Note that
(F(u)v, @) =< F'(u)v, >, forallveV, o €W,

i.e., Fj(u) is the restriction of F’'(u) to ¥V x W. Because of this, Proposition A.4

immediately implies that for u € V, § > 0 and v € B(u,d) C V,
1Fn(v) = Fu(u) = Fi(w) (v = u)w < Cllulliva, 0)llv — ull3.
Thus we verified (H.2.1). Similarly, by Proposition A.5, for u and v as above,
155 () = Fi(w)llywy < Cllullisa, )[Jo = ully (C.3)

and (H.2.2) follows directly.

Let g be in W’ and extend g to a functional on W by

< g,p>=(g9,p) forall peW.
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Then

gl = sup &P
A P

S C sup (gv thp)

= C||gllwr
oew ||@Qrolli—a

We used the fact that the L? projection Qj is a bounded operator on || - ||;_o. Let
u = (F'(u*))"'g. Using the fact that F’(u*) is an isomorphism and (B.12) gives that

the solution u; € Vj, of
A(up,0) = A(u,8) = (g,0) foralld €V,

satisfies

[unlly < Mlglhw, (C4)

Le., [[(F(u*)) Iy < M. Here M can be chosen independent of h if hy is small
enough.
The final condition (H.2.3) required for the application of the results of Chapter

IIT is contained in the following proposition.

Proposition C.1. There exist hg > 0 and 0 > 0 such that if h is less than hy and

uy, 1s in the ball B(u},d) inV, Fj(up)™' : W — V exists and satisfies
175 (wn) ™ lpwrvy < 2M. (C.5)
Proof. By (C.3) and (C.4), there exists dp such that

1 = (5 () Fp ()l < I )~ w1 () = B (u) [y

S CMHU* - u”l—i—om

for all u in B(u*,dy) C V. If we choose 26 < min{57:7, 0o}, then

1
11 — (F},(u*) " Fy (u) [y < 3 for all u € B(u*,26) C V.
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By the Neumann series argument, Fy(u) is nonsingular and || F},(u) || pyy) < 2M.

By Remark B.8, we can choose hq sufficiently small so that
[0 = uhllipa <0
when A is less than hg. Then for u, € B(uj},0) C V,
[un — w110 <20

and the conclusion of the proposition follows. O

The above results show that (H.1) and (H.2) hold for our discrete framework.
Moreover, the functions d(¢) and M can be chosen independent of h if hg is small
enough. Thus, the modified inexact Newton of the form given in Chapter III will
converge at a uniform rate (independently of mesh size h) if an iteration satisfying

(A.6) in Chapter III is developed (see Section D).

Remark C.2. The above proposition shows that F}(u) is an isomorphism if u, € V,
is close enough to uj, i.e., there are two constants C; and C; independent of h such
that

Cillelliva < 1F5 ()@l <140 < Collpllisa forall o € Vi (C.6)

D. An iteration satisfying (A.6) in Chapter III

In this section, we define an iteration which satisfies (A.6) in Chapter III when V is
defined as in the previous section. We start by defining computable Sobolev norms
by using a variation of the approach from [7, 10]. An iteration satisfying (A.6) in
Chapter III is then constructed in terms of these norms.

We assume that the space V), results from a multilevel sequence of meshes. Specif-

ically, we assume that we have a sequence of nested triangulations, e.g., the triangles
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in 7,4, are formed by subdividing those in 7 into four by connecting the midpoints
of the edges. We require that 7; is of unit size and set V; to be the finite element
space corresponding to 7;. Let h; be the mesh size of Vj, for j = 1,...,J, and let
h = hy. Then V}, = V.

We next define a sequence of approximation operators @j : L*(Q) — V;. Let

{gbgj)}?ijl be the nodal basis for V;. For j > 0, set

~ o (u, ) Gy
Qju = Z TR (D.1)
i=1 (17 qbz(j))
Define
J o~
Ta=>» h;*Qu forall ue V. (D.2)

i=1

Then, there are two constants Cy = Cy(s) and C; = C4(s) not depending on h such

that for —3/2 < s <0,
Collulls < (Tyu,u)Y? < Cy|jul|s for all u € V. (D.3)
We note that if we set @0 = 0 and define T}, by
Ta= hi*(Q;—Qj-1)u forallu eV, (D.4)

then (D.3) still holds (see, e.g., [7]).

Let F=F " (u®) where u® € Vj, is the starting iterate of Algorithm A.3 in Chapter
[T and satisfies ||u® — u}||14a < 9 so that (H.1) and (H.2) hold. In addition, define
a(-,-)on V, x Vyand A: V), =V}, by

a(u,v) = (T aFu, Fv), D.5)

(Au,v) = a(u,v) for all u,v € Vj,.

Then af(-,-) is clearly symmetric and positive definite by Proposition C.1. We define
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a discrete norm ||| - ||| on V}, by

1/2

lunlll = alun, ur) for all uy, € V.

It follows from (C.6) and (D.3) that ||| - ||| is uniformly (independently of h) equivalent
to || - [[1+a on Vi. Recall that this equivalence was required by (A.4) in Chapter III.

We then have the following lemma.

Lemma D.1. There exist two positive constants Co and Cy independent of h such
that
Coa(u,u) < a(T-1_oAu,u) < Cra(u,u) for all u € Vj,. (D.6)

Proof. For all v in V}, using Remark C.2 gives

a(T-1-gAu,u) = (T-1_o Au, Au) > C||Aul,_,

Au,v)? a(u, u)?
e A0 ol
veV ||U||1+a ||u||1+a

> Coalu, ).
On the other hand, by (D.3)

Au. v)2
a(T_1_nAu,u) < Csup ( u,zv)
vev [[V]li4a

2
— CsupM.

veV HU”%—Fa

Using the boundedness of @), on V' gives

2
a(u,v
a(T_1_nAu,u) < C sup (’7;)
vpE€VR ||Uh||1+a

< Cra(u,u).

This completes the proof of the lemma. U
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We consider the following problem: Find s* in V}, satisfying
a(s*, ) = (~T_11aFn(u¥), Fe) for all ¢ € V. (D.7)

The solution to (D.7) and (A.2) in Algorithm A.3 in Chapter III coincide. To define
8 we apply the m step PCG method (see Section D in Chapter II) to (D.7) with
the zero initial iterate. The preconditioner used here is T_;_,. Then

2q™
1+ ¢*m

lls* = s*ll < Il 5™l (D.8)

where ¢ = ﬁ: < 1and &k = cond(T_,_oA) < & = C/Cy. Thus, (A.6) in Chapter
III holds for

_ "
R

<1

g

where ¢ = g: < 1 and independent of h.

Remark D.2. We can apply the one step PCG (which is the steepest descent) method

k—1

also. In this case, (A.6) in Chapter III holds for § = — 1
R

< 1.

We can now conclude with the following theorem.

Theorem D.3. Suppose that we use the iterative method described above for com-

k. There is a positive number hy and a § > 0 such that if

puting the approrimation §
h < hy and ||[u® — u}||11a < 0, then the modified inexact Newton algorithm converges

monotonically with a geometric rate of convergence which is independent of h.

E. Numerical results

In this section, numerical results supporting Theorem D.3 for a model problem will be
given. We shall illustrate uniform and linear convergence rates of the modified inexact
Newton method. Finally, the efficiency of the method will be described comparing

with the Newton method. Here and in the remainder of this dissertation, all numerical
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results are computed using C/C++ code under the system, Pentium 1T with 548.636
MHz CPU and 256M RAM.

We shall present the results for (A.6) in Chapter III defined using the algorithm
of the previous section for the two cases when T is given by (D.2) and (D.4) applied

to the following problem:

—div(k(u,z)Vu) +c-Vu=f, xe€
(E.1)

u(z) =0, x € .
Here, Q = (0,1) x (0,1), k(u,z) = 1/(u> + 1) + e *~%, ¢ = (1,1), and the exact
solution is u* = u(xy,z9) = (r; — 2%)(z2 — 23). The right hand side f is defined by
applying the left hand side to the exact solution.

The discrete problem is obtained by using linear basis functions on triangles of
mesh size h = 1/2", n = 5,6,7,8,9. To define §* in the modified inexact Newton
method, we use the five step PCG method for (D.7), i.e., m = 5 in (D.8). The norm
(or Sobolev space) we use is corresponded to o = 0.05. We stop the algorithm when
the normalized discrete I norm of the nodal values of Fj,(uf) is less than 1075, The
initial nonlinear iterate u) of the method is 0.9 * [,u* in Table E.1 and E.2 where
I u* is the interpolant of the exact solution.

Table E.1 and E.2 illustrate the number of nonlinear iterations required to reach
the above-mentioned convergence criteria. We also report the L? and H' norm errors
between the discrete solution and [,u*. The number of nonlinear iterations increase
slightly as h decreases. The rate of increase decreases for smaller h. Similar behavior
is observed in [7] when T"_; is applied as a preconditioner for the Laplacian, an iterative
procedure which rate of convergence can also be bounded independently of the number
of unknowns. The operator T_;_,A is better conditioned with the choice of T given

by (D.4) and this is in agreement with the fact that the results of Table E.1 are better



than ones of Table E.2.

Table E.1. Nonlinear iteration numbers, Ty = > hj_%(@j — Q1)

h~! | nonlinear iterations | [Juy — Lyu*|lo | |un — ou*|y
32 12 5.50e-05 2.50e-04
64 14 1.38e-05 6.29e-05
128 16 3.49e-06 1.59e-05
256 18 9.00e-07 4.19e-06
512 19 2.61e-07 1.87e-06

Table E.2. Nonlinear iteration numbers, Ty, = > h;zséj

h~! | nonlinear iterations | [Juy — Lyu*|lo | |un — [ou*|y

32 22 5.50e-05 2.50e-04
64 28 1.38e-05 6.27e-05
128 33 3.48e-06 1.58e-05
256 37 9.03e-07 4.37e-06

512 39 3.04e-07 2.54e-06
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To illustrate the linear convergence in Theorem D.3, we set up a problem where
the exact discrete solution was known. To do this, we applied the discrete nonlin-
ear operator to I,u* so that I,u* was the exact discrete solution. Figure 1 shows
the linear convergence with respect to the norm ||| - ||| when A = 1/64 and T, =
> hj_zs(@j — @j_l)z. For these results, we took again m = 5 steps of PCG to define

sk,
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Fig. 1. Linear convergence with five steps of PCG in H'™*(Q) N HJ ()
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Figure 2 illustrates that the algorithm converges even if only one step of the
PCG is taken in the definition of % (Remark D.2). The results correspond to a
problem with 4 = 1/64 and T, = > hj_%(@j — Q;_1)% One step of PCG results in §*
being a fairly crude approximation to s* which leads to a very slow convergence for
the nonlinear problem. Nevertheless, Figure 2 illustrates the monotone convergence

behavior guaranteed in Theorem D.3.

10" ;
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10 "F N
N
~N
~N
> ~
10°F RN
<
107F S
10°F ~
10_6 1 1 1 1
0 50 100 150 200 250

Fig. 2. Linear convergence with one step of PCG in H'**(Q) N H}(Q)
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Next, we present in Table E.3 the dependence of the nonlinear iteration number
on the accuracy in (D.8) given by the (PCQG) iteration number m, for the test problem
with h = 1/64. If the number of linear iterations (PCG iteration number) increases
then the number of nonlinear iterations decreases because [ in Algorithm A.3 in
Chapter III is getting smaller. One notices the significant difference between one and

two PCG iterations.

Table E.3. Various PCG steps in H'T*(Q) N H}(Q)

PCG steps | nonlinear iterations | CPU time

1 281 45.9460s
2 41 8.5467s
3 32 8.1308s
4 21 6.2960s
5 14 4.8063s
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Table E.4 and E.5 compare the total linear (inner) iteration numbers and the
elapsed CPU times between the modified inexact and exact Newton methods when
u) = 0.5 [,u. We can see that the modified inexact Newton method is more efficient

than the exact Newton method if the number of unknowns is large.

Table E.4. Comparison between inexact Newton and Newton - Inner iteration numbers
in H'7(Q) N H}(Q)

h~! | inexact Newton | Newton | ratio (%)
32 70 145 207
64 85 180 218
128 100 219 219
256 105 268 255
512 115 327 284

Table E.5. Comparison between inexact Newton and Newton - Running time in
H*(Q) N Hy ()

h~! | inexact Newton | Newton | ratio (%)

32 0.8329s 1.1848s 142
64 4.1614s 5.9971s 144
128 20.3479s 30.7013s 151

256 89.6894s 159.0548s 177
012 421.0510s 844.0037s 201
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CHAPTER V

MESH INDEPENDENT CONVERGENCE RESULTS IN H}(Q)
In this chapter, we shall provide convergence rates of modified inexact Newton meth-
ods applied to nonlinear second order problems in the Sobolev space HJ (). Specifi-

cally, we shall consider the model problem:

—div(k(u)Vu)+c-Vu=f, €
(NP2)
u(z) =0, x € .
Here k and ¢ are smooth functions on € which is a bounded polygonal (or polyhedral)

domain in RY for d = 2, 3. In addition, k is bounded away from zero, and c is

divergence free. We shall assume that the quantities

ok 0k
k, a—u, and %

are all uniformly bounded independently of u € V. To keep the notation from be-
coming too cumbersome, we have dropped the explicit dependence of u on x in our
notation.

In Chapter IV, we obtained convergence rates of the modified inexact Newton
method applied to the problem in the scale Hilbert spaces H'**(Q) N H}(Q). In this
chapter, we shall establish similar results in H} ().

Recall that in the analysis for nonlinear problems it is important to bound the
norm in L*°(€2). Since the norm in H}(Q) does not coerce the norm in L>(Q), we
shall analyze the problem in Sobolev spaces I/VO1 P(Q)) where p is greater than d. In
discrete spaces, we shall bound the norm in L*(Q) by the norm in H}(f2) using
discrete Sobolev inequalities (see Theorem B.4 in Chapter II).

In Chapter IV, one of the main results was to construct an iterative scheme to
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define Newton corrections satisfying the error reduction (A.6) in Chapter III. Since
the corrections defined in this chapter will satisfy (A.6) in a norm which is equivalent
to the norm in H}(Q), we can use domain decomposition methods (see, e.g., [16]),
multigrid methods (see, e.g., [11]), or the iterative scheme presented in Chapter IV,
setting a = 0.

This chapter is organized as follows. In Section A, we analyze the model problem
in Sobolev spaces W,”(Q) and show existence and uniqueness of the solution to
the corresponding discrete problem. A uniform convergence rate of the modified
inexact Newton method in the norm in HJ () is given in Section B. The numerical
experiments to support the convergence theory are presented in the last section. For
the sake of convenience, we use the iterative scheme which is developed in Chapter

IV to define Newton corrections.

A. Sobolev space setting of (NP2)

In this section, we set up the model problem in Sobolev spaces and present a few
propositions related to the operators corresponding to the model problem. These
propositions are used to verify the assumptions (H.1) and (H.2) in Chapter IIT under
which the modified inexact Newton method converges. Finally, we define a discrete
approximation of the solution to (NP2). Most results in this section are based on
Caloz and Rappaz’s paper, [17].

To set up the problem, we let ¢ be in C§°(€2). Then we have
(E(u)Vu, Vo) + (¢ Vu,0) = (f,¢)-

Recall that for p > d the norm in L>(€) is bounded by the norm in W, ”(Q) by
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the Sobolev embedding, i.e.,
|ulloo < Cllullyp, forall u e Wy (). (A.1)

In this chapter, unless specified, we assume that p is greater than d and 1/p +
1/g=1. Let V. = W, (Q), W = Wy%Q) and W' = W~1?(Q) be the dual space of
Ww.

The nonlinear operator F' corresponding to the problem (NP2) is given by

forallueV, peW.
To study the local behavior of F'; we need to define the Fréchet derivative F'(u)
of F at u € V. It is defined by

< Fllu)w, o >= /

g V(k(u)w) - Vodr + /(c - Vw)pde, (A.3)

Q

where w € V and p € W.

Remark A.1. For d = 2, the authors of [17] showed that F' and F’(u) are well defined
from V to W’. In the same way, we can prove that they are also well defined for

d=3.

We have the following two propositions which verify the first two of the hypothesis
(H.2). The fact that the norm in V' coerces the norm in L*(€2) plays an important

role to obtain these propositions.

Proposition A.2. For a given 6 > 0, there exists a constant C' = C(||ul|1,,9) such
that
1F(v) = Fu) = F'(u)(v = w)]|-15 < Cllv =], (A.4)

for all v in the ball B(u,0) ={veV : |lu—2v|i,<d}.
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Proof. The proof is very similar to the proof of Proposition A.4 in Chapter IV. For
completeness, we provide the proof.

To finish the proof, it suffices to verify that for all ¢ € W,
< F(v) = Fu) = F'(u)(v = u), ¢ >< Cllv — ull{ ||l 1q.
A simple computation gives
< F(w) = F(u) — F'(u)(v —u),¢ >
Ok(u)

= | S =0V = Vu)- Vo) de (A.5)

# [ (40— b - 20— ) ) (90 90)

By Hoélder and Sobolev inequalities, we control the first term in the right hand side
of (A.5) as follows:

g 81;(5) (v—u)((Vv—Vu)-Vo)dx
ak(U) V—U VvV—U
e e ) I

< Cllv = ullp=@llv = ull1plloll1q

< Cllv = ullf,16]l1.4-

Since

v 9%k(s)
952 (v(z) — s)ds

u L)
< Cllv = ufl 7

< Cllv —ulli,,
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the second integral in (A.5) is bounded, i.e.,

| (k(v) () - 2, “)) (Vo-Vg)do
Q ou

< Cllv —ull vl plloll g

< Clullip: O)lv = ull? llelq-

Because of v € B(u,d), we have the last inequality. This completes the proof of the

proposition. ]

Proposition A.3. Let u be in V. For a given 6 > 0, there exists a constant C' =

C(J|ull1,p, 0) such that, for all v in the ball B(u,d) in V,
1 (v) = F'(w)llvw < Cllo = ull1p.

Proof. Like the identity in the proof of Proposition A.5 in Chapter IV, we have the
following identity:

< (F'(v) — F'(u))w,p >= /Q (a];i]” - a’;g“”) (Vo - Vo)wdr

Ok(u)
Q 8U

+ /Q(k:(v) — k(u))(Vw - V) dz.

+ (V(v—u) - Vo)wdx (A.6)

Using the similar techniques as in the proof of Proposition A.2 and the above

identity completes the proof of the proposition. O

Next, we consider the existence of a solution to the model problem. As we
mentioned in Chapter IV, there are no results available to guarantee the existence of
solutions to Problem (NP2) in general. To proceed with the analysis, we shall need

to make the following assumptions.

(S.1) (NP2) has a solution u* in V/,
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(S.2) F'(u*) satisfies the uniqueness property:
< F'(u*)w,p >=0, for all p € Hj(Q) implies w = 0. (A7)

(S.3) (Regularity) For a given f € LP(£2), consider

—Au = fin €,
(A.8)
u = 0 on 0f).
Then there exists a unique solution which satisfies
[ull2p < Clflp- (A.9)

Remark A.4. In [17], (S.1) and (S.2) were verified when the boundary of € is smooth
and d = 2.

Remark A.5. In two dimension, if €2 is a convex polygon then (S.3) holds when
1 <p<2+4cecforace>0(see, e.g., [27]). In three dimension, if Q is a rectangular
parallelepiped then (S.3) is true for g < p < oo (see, e.g, [20, 21]).
Remark A.6. In [21], the author presented that the Laplace operator defined in the
problem (A.8) is an isomorphism from W, (Q) to W~"?(£2) when g—e <p<b6-—d+te
for a e > 0.

Under the above assumptions, we can show that F’(u*) and the adjoint (F’(u*))*

which will be defined below are isomorphisms. This facts will be used to prove the

existence of the discrete solution.

Proposition A.7. Let p satisfy the conditions in Remark A.6. Then F'(u*) : V —

W' is an isomorphism.

Proof. The proof of this proposition is given in [17] when the boundary of 2 is smooth.

In the proof, the authors used the fact that the inverse of the Laplacian operator is



57

an isomorphism from W~12(Q) to Wy(Q) and an compact operator from L?(Q) to

WyP(Q). Thanks to Remark A.6 and (S.3), we complete the proof. O

Next, we consider the adjoint operator (F’(u*))* defined by
< (F'(u"))" v, >=< F'(u)p,v > .

Clearly, this is well defined for v € W and ¢ € V. The next proposition says that
the adjoint operator is also well defined for v € V and ¢ € W. In addition, it gives

rise to an isomorphism.

Proposition A.8. Let p satisfy the conditions in Remark A.6. Then (F'(u*))*: V —
W' is an isomorphism, i.e., (F'(u*)*)~! exists and there is a positive constant M such

that [|((F"(u))") "l < M.

Proof. In this proof, we use the same argument as in the proof of Proposition A.10
in Chapter IV. Since F’(u*) is isomorphism, we have the following inf-sup condition,

(F () )

¢ll,g < Csup
|| qu v Hu”l,p

*

The above inequality implies that (F'(u*))* is injective on V.
Let T be the inverse of the minus Laplacian operator. Then T" : W’ — V is an

isomorphism. We can easily check that for w € V'

(£ (u))”
S

By (S.3) and the fact that W?2?(Q) is compactly embedded in W1P(Q), T is compact

w:w—i-T( ~Vw). (A.10)

F/ * *
from LP(§2) to V. Then T% is a Fredholm operator with index zero.
u

Therefore, since (F'(u*))* is injective and continuous, (F’(u*))

*

is also isomor-

phism. O
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We now define a finite element approximate solution of (NP2). The discrete

counterpart of (NP2) reads: Find uy, € V}, such that
(F(up),p) =0, forall p €V, (A.11)
Then the nonlinear problem has a unique discrete solution.

Theorem A.9 (Existence of the Discrete Solution). With assumptions (S.1),
(S.2) and (S.83), there exist two constants 6 > 0 and hy > 0 such that for h < hg there
exists a unique solution uj to the problem (A.11) in the ball B(u*, ). Moreover there

exists a constant C independent of h such that
" = willip < C inf = €l (A12)

Proof. In [17], the authors proved these results only in R2. Tt is not difficult to extend

the results in R3. O

B. Convergence rates in the norm of H}(2)

In this section, we obtain a uniform convergence result for the modified inexact New-
ton method in the norm of H}(2). The main tools of the analysis are discrete Sobolev
inequalities,

[ul| =) < C(1 4 |logh|)2||ully when d = 2,

(B.1)
[ul| oo () < Ch™2||ul|, when d = 3.
We define a mesh dependent constant,
1+ |logh| when d = 2,
Ry = (B.2)

h~! when d = 3.

We recall that the exact solution u* is in V.
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Under the framework of Chapter III, let ¥V = V), and W = V}, with the norm in
H(Q). Let F = F), and F' = F}, where F}, and F} are defined as in Chapter IV,

Let || - ||+« be a norm in V}, which is equivalent to the norm in H}(2). We assume
that this equivalence is independent of the mesh size. Then we have the following

convergence theorem for the modified inexact Newton method.

Theorem B.1. Suppose that we have an iterative method which defines an approzi-
mation of Newton corrections satisfying the error reduction (A.6) in Chapter I11. Then
there are positive numbers ho and 6(h), such that if h < hy and |[u® — u}|l. < §(h)
then the modified inexact Newton method converges monotonically with a geometric

rate of convergence which is independent of h.

Remark B.2. If we take || - ||, = ||| - ||| with & = 0, the error reduction ||s* — 5|, <
B|s*]|« can be verified with the iterative method introduced in Chapter IV. We will
see numerical results for this norm in the next section. Also we can use multigrid

methods (see, e.g. [2, 11, 18, 41]) to define Newton corrections.

Remark B.3. Unfortunately ¢ in Theorem B.1 depends on the mesh size. It means
that the initial iterate of the modified inexact Newton method should be chosen closer

to the exact solution as the number of unknowns are getting larger.

The proof of the above theorem is same as the proof of Theorem B.1 in Chapter
IIT if the hypotheses (H.1) and (H.2) in Chapter III are valid. In the rest of this
section, we shall verify these hypotheses.

Note that the hypothesis (H.1) of the existence of the discrete solution has been
verified in Theorem A.9.

Using the discrete Sobolev inequalities (B.1), Proposition A.2, A.3 and Lemma

C.2 in Chapter II, the next proposition is obtained. It verifies (H.2.1) and (H.2.2).
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Proposition B.4. For a given § > 0, there exists a constant C = C(||upl|1,0) such

that if ||vy, — uplly < & then
(a) || Fn(vn) — Fu(un) — F}(up)(vn — up)||-1 < CRyllvn — uall3,
(b) || Fy(vn) — Fy(un)llpvy < CRpllvn — upl|1-

Proof. To finish the proof of (a), it is enough to show that
< Fy(vn) — Fa(un) — Fy(un)(vn — un), o >< CRyllon — unlfi[l ol

for all p € W.
By (A.5), we have
< Fy(vn) — Fi(up) — Fy(up)(on — up), ¢ >
< C{llon = unllL=(@llon = unll + [on = un 7o) 2l }-

Applying the discrete Sobolev inequalities completes the proof of (a).
By (A.6) in the proof of Proposition A.3 and the similar arguments as above, (b)

is obtained easily. O
Finally, (H.2.3) follows from the next proposition.

Proposition B.5. If h is less than a small constant hg > 0 then there exist constants

0 dependent on h and M independent of h such that if ||up, — uj||y < 0 then
155 () " lpar vy < M.

Proof. We sketch the proof, step by step.

Step 1: F’(u*) is an isomorphism from HJ(Q2) to H~1(Q):

Using (S.2) and the techniques in the proof of Proposition A.7 verifies Step 1.



Step 2:

Step 3:

Step 4:
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For a given §; > 0, there exists a constant C' = C(dy, ||u*||1,) such that if
[0 — [l < 61 then [[F'(v) = F'(u")||img, -1y < Cllo — w1

It is enough to show that
< (F'(v) = Fl(u")w, o >< Cllv = u*[lipllwlillell,
for all u, ¢ € H}(Q). We can prove this using the equations and the arguments

in the proof of Proposition A.3 and Lemma C.2 in Chapter II.

If h is less than a small constant hy > 0 then there exists a constant M; > 0
independent of h such that || F’(up) ™| (g1 g1y < M

This step follows from Step 1, 2, (A.12) and the Neumann series argument.

There is a mesh-independent constant M, such that || Fy (uj) ™ [y < My if
h is small enough:
We consider the following problem. For a given v € H{ (), find u;, € Vj,

satisfying that
(Fy (uy)up, @) =< F'(uj)u,¢ >, for all ¢ € Vj,. (B.3)

Using Lemma C.2 in Chapter II, we can show that F’(u}) satisfies a Gérding

type inequality, for 1 < ¢ < 3/2,

Cillull} = Collull},, << F'(uj)u,u >, forallueV,
and is bounded, i.e.,

| < F'(uy)u,v > | < Cllu||i]|v]|, forallu, veV.

Furthermore, since the adjoint operator of F’(uj}) is an isomorphism from V' to

W’ if h is small enough then by the duality argument we have ||u — 1, <
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62

ChP||u — up; for a positive 3. By Schatz’s argument (see, e.g., [39]), (B.3) has
a unique solution u; and

[unlly < Cslfulls- (B.4)

Hence, using Step 3 and (B.4), we obtain that F’(u}) satisfies a discrete inf-sup

condition, i.e., there exists a constant My = C,M; satisfying

(F(uh)u, )

lpll1 < My sup
ueVv HU”l

F/ *
B (LA
up€Vh ||uh||1

for all ¢ € V},. The following is also true: For all u;, € V},,

F!(ur
Huh”l < M, sup M
PEVR el

Here M, is independent of h.
Since F'(u}) is an isomorphism from H}(Q) to H~(Q), for all g € V}, there
exists u € H}(Q) such that u = F'(uj)~'g. By (B.3), the solution to the

problem
(Fp(up)un, ¢) =< F'(u)u, ¢ >= (g,¢), forall ¢ €V}

satisfies [lun|ly < Ma|lgllwr, i.e., ([ F5 (up) " Hipwy) < Mo.

There exist two constants § and M
1 F5 (un) " Hlparvy < M, (B.5)

if |lup —up|lL < o:
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By Proposition B.4, Step 4, and the Neumann series argument, we can choose

0 <

1
= 3CMyR, and M = 2M, satisfying (B.5). Here M is independent of h.

C. Numerical results

In this section, we shall present numerical results for the modified inexact Newton
method applied to the problem (E.1) in Chapter IV when k(u, z) = k(u) = 1/(1+u?).
Our experiments will be given only in two dimension. We shall investigate whether the
convergence rates are uniform and linear. In addition, the efficiency of the modified
inexact Newton method will be described.

In the previous section, we obtained mesh independent convergence rates of the
modified inexact Newton method if the distance between each initial iterate and the
exact solution is less than C'R,'. For simplicity, in the numerical experiments, we
choose the initial iterates u) = 0.95 * [u*, where Iu* is the linear interpolation of
u*. We use the same scheme as in Chapter IV taking o = 0. To define the Newton
direction, the five step PCG method is applied with the preconditioner T";.

Table C.1 and C.2 show that the convergence rates are independent of the mesh
size. Here we use two different preconditioners, T 1 = h?(@j — @j_1)2 and T, =

> h?@j. Like in Chapter IV, the former preconditioner is better than the latter.



Table C.1. Nonlinear iteration numbers, 71 = h?(@j - @j_1)2

h~! | nonlinear iterations | [|uy — Iyu*||o | |un — Tnu*|y
32 8 5.30e-05 2.42e-04
64 9 1.33e-05 6.07e-05
128 10 3.39e-06 1.54e-05
256 10 9.36e-07 4.38e-06
512 10 3.82e-07 2.43e-06

Table C.2. Nonlinear iteration numbers, Ty = h?@j

h~! | nonlinear iterations | [|uy — Lyu*|lo | |un — ou*|y

32 13 5.30e-05 2.42e-04
64 15 1.33e-05 6.09e-05
128 17 3.40e-06 1.56e-05
256 18 9.93e-07 4.67e-06

512 19 3.95e-07 2.52e-06
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Figures 3 and 4 describe that the convergence rates are linear when h™! = 64.

In Figures 3 and 4, five step and one step PCG methods are applied, respectively.

Obviously, if we use the one step PCG method, the convergence is slow.

10°
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Fig. 3. Linear convergence with five steps of PCG in H}(Q)
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Fig. 4. Linear convergence with one step of PCG in H{ ()
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Table C.3 presents the dependence of the nonlinear iteration number on the

accuracy in (D.8) given by the (PCQG) iteration number m. We also present the

elapsed CPU time. It is interesting to note that there is a big difference between

m=1and m = 2.
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Table C.3. Various PCG steps in H}(Q)

PCG steps | nonlinear iterations | CPU time
1 136 17.2954s
2 21 3.3345s
3 16 3.0295s
4 12 2.6496s
5 9 2.2747s

Tables C.4 and C.5 compare the total linear (inner) iteration numbers and the
elapsed CPU times between the modified inexact and exact Newton methods when
uy) = 0.5 * Iu*. Like in Chapter IV, we can see that the modified inexact Newton

method is more efficient than the Newton method if the number of unknowns is large.

Table C.4. Comparison between inexact Newton and Newton - Inner iteration numbers
in H}(Q)

h~! | inexact Newton | Newton | ratio (%)

32 50 120 240
64 60 147 245
128 60 184 307
256 65 218 335

012 70 327 284
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Table C.5. Comparison between inexact Newton and Newton - Running time in H} ()

h~! | inexact Newton | Newton | ratio (%)

32 0.6259s 0.9799s 157
64 3.0305s 4.8023s 158
128 12.6671s 25.3851s 200

256 59.8509s 133.8117s 224
012 259.5215s 654.9354s 252
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CHAPTER VI

CONCLUSIONS

A. Conclusions

In this dissertation, we have applied the modified inexact Newton method to compute
approximate solutions to second order nonlinear partial differential equations which
have nonlinearities in the highest order derivatives. There were two mesh independent
convergence rates for the method: the first one was obtained in the norm of the
Sobolev space H'*(Q) N H} () for 0 < a < 1/2, the second one in the norm of

H; ().

B. Summary of contributions

In our analysis, it was important to control the norm in L*°(2). In Chapter IV,
it was bounded by the norm in H'™*(Q) N H}(Q) for 0 < a < 1/2 because the
natural inclusion from H!'™*(Q) N H}(Q) into L>°() is continuous in R? (see Sobolev
embedding theorem). In Chapter V, we used the discrete Sobolev inequalities to
bound the norm in L>(Q) by the norm in H}().

In Chapter IV, we obtained uniform convergence rates of the modified inexact
Newton method in '™ (Q)N HJ(2) when Q is in R?. First of all, we verified that the
nonlinear operator F' corresponding to the model problem and its Fréchet derivative
F’ satisfied the hypotheses, (H.1) and (H.2) in Chapter III. Second, we constructed
an iterative scheme to define Newton corrections satisfying the error reduction (A.6)
in Chapter III.

In Chapter V, mesh—-independent convergence rates of the modified inexact New-

ton method were given in H}(2) when Q is in R%, for d = 2, 3. Since convergence
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results were obtained in the norm of HJ (), we could define Newton corrections using
multigrid methods (see, e.g., [11]) or the iterative scheme presented in Chapter IV,

setting @ = 0.

C. Future works

In Chapter IV, we applied the modified inexact Newton method to two dimensional
problems in H'™*(Q) N H} (). It would be interesting to apply the method to three
dimensional problems.

In recent years, several authors (see, e.g., [31, 33, 34, 36]) applied the mixed finite
element method to nonlinear problems. In [36], the author computed approximate
solutions to mixed problems using Newton’s method. It is a future research direction

to apply the inexact Newton method to mixed problems.
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APPENDIX A

AN ESTIMATE FOR THE RATE OF CONVERGENCE OF THE W-CYCLE
MULTIGRID METHOD IN H*(Q) N H}(Q)

In this appendix, we shall obtain an estimate for the rate of convergence of the W-
cycle multigrid method applied to the discrete problem corresponding to the Jacobian
of the nonlinear PDE introduced in Chapter I. Like in Chapter IV, 2 is a bounded
polygonal domain in R? and V}, is a finite dimensional subspace of H'**(Q) N H}(Q).

We consider the following problem: For a given f € V}, find u € V}, such that
A(u,v) = (f,v), forallveV,, (A.1)

where A(u,v) = (F}(u®)u,v). Here u® € V}, is an initial iterate of the modified inexact
Newton method.
Note that the bilinear form A is nonsymmetric and possibly indefinite. To pro-

ceed with our analysis, let A(u,v) = A(u,v) + D(u,v), where

Au, v) = /Q k(0 2) (Vi - Vo) da,

0
D(u,v) = / M(VUO - Vo)udzr + /(c-Vu)vdm.
o Oul Q

Then A is symmetric and positive definite, and D=A-A.

There are many papers which have estimates for the rate of convergence of
multigrid methods applied to symmetric and positive definite problems (see, e.g.,
[3, 5, 11, 29], and references therein). In contrast, there are a few papers for non-
symmetric and indefinite problems (see, e.g., [2, 8, 11]). For example, in [11], the

authors obtained an estimate for the rate of convergence in the norm of H}(f2) using
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a perturbation argument. In this appendix, we shall obtain estimates in the norm of
H™ Q)N H(Q) for 0 < a < 1/2.

First, we shall obtain an estimate for the rate of convergence in the norm of
H)~*(Q). Then, using the discrete inf-sup condition given in Chapter IV, we shall
get an estimate in the norm of H'™*(Q) N H(Q).

To proceed with our analysis, we assume that ﬁ(u, v) satisfies the following:
(D.1) For given 0 < ¢ < 1, |D(u,v)| < Ch=*¢||uf1—a||v]1—24, for all u,v € Vj,
(D.2) |D(u,v)] < C|lulli—allv]li < ChJulli—alv|i—a, for all u,v € Vj.

Remark A.1. If u® € Vj, is in H'™2*(Q) N H(Q), that is, o < 1/4, then
1D(u,0)] < Clluflipllv’liaallolh-2a < O ulliallolli-2a;

due to Lemma C.1 in Chapter II and inverse inequalities. By (B.2) in Chapter IV,
(D.2) holds.
Vi and Vi, for k =1, ..., J, are defined as in Section D in Chapter IV. We define

operators Ay, A, and Dy, : Vi, — Vi satisfying
(Agu,v) = A(u,v), (Agu,v) = A(u,v) and (Dyu,v) = D(u,v),

for all u, v € Vi. We define smoothing operators Ry : Vi, — Vj, for k=2,...,J, such
that R, = 5\,;11 (the Richardson smoother) where j\k is the largest eigenvalue of flk
Let Q. denote the L?*(Q2) projection onto Vj, for k =1,...,J.

Now we introduce the W-cycle multigrid algorithm. Given f € V;, we shall solve

Ay =f.
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With the initial iterate u°, we will consider the iterative algorithm
u' =u"t+ By(f — Ay,

where B; : V; — Vj is defined by the following multigrid procedure.
Algorithm. Let p = 2 and m be a positive integer. Set B; = A;'. Suppose that
By_1:Vi_1 — Vi_1 has been defined. We define By, : V}, — V}, as follows. Let g € V.

1. (Pre-Smoothing) Set 2z = 0 and define 2!, [ = 1,...,m by

ot =27+ Ri(g — Agat™h).
2. (Correction) y™ = 2™ + ¢°, where ¢° = 0 and ¢’ for i = 1,2 is defined by
¢ =q¢7"+ Bi1[Qi-1(g — Apr™) — Ap_aqd
3. (Post-Smoothing) Define y' for [ = m +1,...,2m by
' = gL+ Re(g — Ay,
4. Brg = y”

Let Ky = I — R, Ay, Kk =1 - kalk, and the error reduction operator Ej =

I — By A, for k=1,...,J. We define an operator P, : V; — V}, satisfying
A(Pyu,v) = A(u,v), forall v e V.
Note that if hy is sufficiently small, then P, is well defined and satisfies
I(I = P)ulli-a < Chillully. (A.2)

This inequality follows from the result in [39].
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For the sake of simplicity, we consider the W-cycle multigrid method without

post-smoothing. Then, the error reduction operator E} is given by
Epu= (I — Po_y)K['u+ Ef_ Po1 K}, (A.3)

where m denotes the number of smoothings.

Since A is symmetric and positive definite, we are able to define discrete norms

as follows: For 0 < s < 3/2,
lull|? = (Afu,u), forall u € V. (A.4)

Let {¢;}%, and {\;}%, be the orthonormal eigenfunctions and eigenvalues for Ay,
di

where d}, is the dimension of V. If u = Z cip; € Vi, then

i=1

dy

(Au,u) = Z)\fcf

i=1
In fact, |||ull|s is equivalent to ||u||s for all w in V. For 0 < s < 1, the equivalence

is given in [3]. For 1 < s < 3/2, since Ay, is an isomorphism from Vj, with the norm

| - ||s to Vi with the norm || - ||s_2, we have
Abu, A7
A ( R, Ay? U)
Jull, < € sup At _ @ gup X
veVy ||U||2—s veVy, ||U||2—s

< Cl|Azull,=Clllulls -

The other inequality follows from
( kuu) — A (u,A;—lu) < Clull, |4, < Clull, (A%, u)/>.

We then have an estimate for Eyu in the norm ||| - |||1—a-
Proposition A.2. Let ¢ be given in (D.1) and hg be sufficiently small. For 0 <

hi < ho, if m is large enough, then we can choose a constant 0 < § = d(m) < 1
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independent of the mesh size hy, such that

Il Brullli-a < {CQ1+6%)(m™2 + g™ (1 + Ch)™ = 1)) + 6*(1 + Ch)"} Il ulll1-a

<0 || ull1—a, for all u € V.

Remark A.3. In fact, we can make § as small as we want increasing m, the number
of smoothings.
The proof of the proposition follows the lemma below.

Lemma A.4. Let € be given in (D.1). For all u € Vi, we have
(1) 1(Kx = Kp)ulli-a < Ch ||| ulli-a,
(2) IIKpullh-a < (14 Ch) [l ullli-a.
(3) (K = Ke)ullls < Cho== [l ulll1-a.
(4) WK ulll < Cm=2h* | ullli-a,
(5) (KR = Kpyulll < Chi{(1+ Ch)™ = 1} [l ullhi—a.
(6) K ullly < {Cm=2h ™ + Chi (1 + Ch)™ = D}l ullli—a.

where C' is a generic constant independent of hy,.

d
Proof. Let u = Z c;¢; € Vi. By (D.2) and the inverse inequality,
i=1
1Dyullo < Chi*lulhi-a- (A.5)
Also we know
A(u, v)

ulll1_s = sup
ell—s = sup 7o s

for all w € Vi, and 0 < s < 1/2. By the above inequality,



. A (Kk—f('k)u,v
(K% = Ki)ulll1-a = sup ( )

veVi lolll1+a
A Al—a
<(Kk — Kk)u, Akz U)
= sup

UGVk ||U||0

A~ Al—a
1
3. (DkU,Akz U)

k

= sup
UGVk H/U”O

< Chig lllu il -

The last inequality follows from (A.5), Ay} < Ch2, and

Ll-a
HAk2 v

o= Mollli-a < OB oo

This completes the proof of (1).

We prove (2) using (1), the triangle inequality, and

. . 1 . 1 .
|||Kku|||%_a = (Al_a (I — X_Ak) u, (I — X_Ak) u)
k k

di \ 2 di
—y A (1 - 4) 2 <3 N = u 2.
i=1 Ak i=1

The proof of (3) is similar to the proof of (1) using (D.1).

To verify (4), we use the fact

a */ oam O\
o] — 2my _ )
:?61[%?%]{:5 (1=} ((2m+a)) <2m+a)

81
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Then,
I ullf = A(KR u, Ki*u)

dy, 2m
i=1 Ak

dy, o 2m
=> (A—) (1 — A—) ML
o1 Ak Ak
< Ol m = iy -
Using (2) and (3), (5) is obtained as follows:
IR = KiYulll < O = Ko) 55"l + I Ke(BGE = K5l
< Chy I B fllaea + I (K = K Yullly
< Chiy = I B ullhi-a

+ O G llama + (G2 = Kl

m—1

< ORI o + I (Kx = Ki)ulll
1=1

m—1

< Oh= Y (L4 Ch) ll ullhi-a

1=0

< Ch A+ Ch)™ = 13 [ fllio -

The triangle inequality completes the proof of (6). O

Proof of Proposition A.2. The proof is given by mathematical induction. Suppose
[ Ex—rullli-a < 0 [l ullli-a;

where 0 will be determined below. Then, using (A.2), (A.3), and the above lemma
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gives

Exullli—a < (I = Pet) K u flli—a + Il ERy Peor K ullli—a
< (148 = Pe) K u - +02 Il K ullli—a
< Chy (14 02) Il Kitu Il +0 [l K3 ullli-a
<{C(1+8)(m ™+ h=((1L+ ChY)™ — 1))

+ 071+ O™ llwllli-a -
If m is sufficiently large and A is small enough, then we can choose 0 < § < 1 such
that
C(1+ 6% (m™ 2 4+ he=((1+ Ch)™ — 1)) + 6*(1 + ChY)™ < 6.

This completes the proof of the proposition. O

Remark A.5. In Proposition A.2, for the sake of simplicity, we proved the result when
Ey is defined without post-smoothing. The result can be extended to the case involving
pre- and post-smoothing.

Let AT satisfy
AT (u,v) = A(v,u), for all u,v € V. (A.6)
We consider the adjoint problem: For a given f, find u € V; such that
AT (u,v) = (f,v), forallve V. (A.7)

Let Ej satisty
A(u, E{v) = A(Epu,v), for all u,v € Vj, (A.8)

where Fj, is the error reduction operator of the W-cycle multigrid method with pre-

and post-smoothing for (A.1), that is,

Eyu=K"(I - P,1)+ E}_ P 1) K"
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Then, E} is the error reduction operator of the W-cycle for the adjoint problem (A.7),

that is,
Epu= (KN)" (I - Pr_y) + (Ei_)*Pr_y) (KD) " u, for k=2,...,J,

where Py satisfies A(Pyu,v) = A(u, Pfv) and Ef = [—B] AT = 0. Furthermore, as in
the above proposition, we can choose a sufficiently small constant 0 < §; = §;(m) < 1

independent of the mesh size such that
WEullli—a < 01 ||| ullli—a, for all u € V. (A.9)

Theorem A.6. Let hy be sufficiently small. For 0 < hy < hg, if m is large enough,

then there exists a constant 0 < § < 1 independent of the mesh size hy such that

NErulllica <0 || wlllisa, for allu € V. (A.10)

Proof. Using the discrete inf-sup condition in Chapter IV and (A.9), the proof is

completed as follows:

A(Eyu,v
Bl e < € sup AL V)
vevic Mol

Alu, B
— C sup (U, kv)
vevi [vllli-a

< e Ml gl
et el

< Coy [l ulll+a

<0 llulllra -

The last inequality is true because we can choose 9; small enough. O
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