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ABSTRACT

On the Cohomology of Joins of Operator Algebras. (May 2004 )
Ali-Amir Husain, B.Sc., University of Alberta;
M.S., Texas A&M University

Co—Chairs of Advisory Committee: Dr. Carl M. Pearcy
Dr. Roger R. Smith

Let 21 be an abelian von Neumann algebra acting on a Hilbert space H. Then
M, (%) is a Hilbert C*-module over A® C1,,. C*-modules were originally defined and
studied by Kaplansky and we outline the foundations of the theory and particular
properties of M, (2(). Furthermore, we prove a structure theorem for ultraweakly
closed submodules of M, (), using techniques from the theory of type I finite von
Neumann algebras.

By analogy with the classical join in topology, the join Ax* B for operator algebras
A and B acting on Hilbert spaces H and IC, respectively, was defined by Gilfeather
and Smith. Assuming that K is finite dimensional, Gilfeather and Smith calculated
the Hochschild cohomology groups for A x B with coefficients in L(C" @ K).

We assume that 2 is a maximal abelian von Neumann algebra acting on H, A
is a subalgebra of A® L(K), and B is an ultraweakly closed subalgebra of M,, ()
containing 2 ® C1,,. In this new context, we redefine the join A x B and generalize
the calculations of Gilfeather and Smith to multilinear maps on A * B with values in

AR L(C"® K). We then calculate H™(A x B,A® L(C" @ K)), for all m > 0.
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CHAPTER I

INTRODUCTION

Homology theory has its origins in the study of topological spaces. A sequence of
modules {C},}22, and module homomorphisms 9 : C,1; — C, such that 9> = 0,
called a chain complex, is assigned to a topological space in such a way that if two
topological spaces are isomorphic, then the homologies of their corresponding chain
complexes are as well. In the 1940s, Cartan, Eilenberg, Mac Lane, et al. began
to study properties of chain complexes independently of any underlying topological
space. The resulting theory can be applied to a variety of mathematical objects in
the same way that it is used to study topological spaces.

Hochschild [16, 17, 18] applied homological techniques to the study of an asso-
ciative algebra A over a field. He constructed a cochain complex whose constituent
modules are the sets of multilinear maps from A to a bimodule M over A. Its coho-
mology groups are called the Hochschild cohomology groups of A with coefficients in
M, denoted H"(A, M).

Hochschild’s theory was adapted by Johnson [21], Kadison, and Ringrose [22, 23],
in the early 1970s, to examine a Banach algebra A acting continuously on a Banach
space M. However, to accommodate the topological structure of A and M, the
new theory was based on the subcomplex of continuous or, equivalently, bounded
multilinear maps.

Given topological spaces X and Y, their join, X % Y, is the space obtained
from X x I x Y, where [ is the unit interval in R, by making the identifications

(z,0,y) ~ («/,0,y) and (z,1,y) ~ (x,1,y'). Gilfeather and Smith [14] investigated

The journal model is American Journal of Mathematics.



an analogue for operator algebras and calculated its cohomology. Given operator
algebras A and B acting on Hilbert spaces H and K respectively, their join A x B was

defined as

B 0
AxB= cAe AUe LIK,H),BeB
U A

in LIK®H). When K is finite dimensional, they were able to express the cohomology

of the join in terms of the cohomologies of A and B through the formula

m—1

H™Ax B, LK ®H)) = @D HY (A, L(H)) @ H™ (B, L(K)).

k=0

Although Gilfeather and Smith demonstrated that a formula for the cohomology of
the join of two arbitrary operator algebras .4 and B in terms of the cohomologies of
A and B alone is not possible, we extend their formula to a new class of operator
algebras.

Let 2 be an abelian von Neumann algebra acting on H and let M, () be the
algebra of matrices with entries from 2. Suppose A is a norm closed subalgebra of
A® L(K) and B is an norm closed subalgebra of M, (2(). We define the join of A and
B to be subalgebra A x B of A® L(C™ & K) given by

B 0
AxB= cAe AU eAR, L(C'K),BeB
U A

Note that the definitions coincide when 2 = C.
Matrix subalgebras of M,,(2l) are a natural infinite-dimensional analogue to the
subalgebras of M, (C) studied by Gilfeather and Smith and we calculate the coho-

mology groups of the join in this new setting.



CHAPTER II

NOTATION AND PRELIMINARIES
Before proving the main results of this dissertation, we will define the basic termi-
nology, establish notation, and recall some of the fundamental elements of functional
analysis and the theory of operator algebras that will be used throughout. Unless
otherwise stated, all vector spaces will be assumed to be over the complex numbers.
Since duality will play an important role in the sequel, we begin by reviewing

some basic definitions and theorems regarding the weak* topology.

A. The Weak* Topology

Let X be a normed space. For every z € X, let & € X™ be defined by z : f — f(z).
Recall that the map = +— 2 is an isometric linear embedding of X into X**, by the
Hahn-Banach theorem, called the canonical embedding. We say that X reflexive, if
this embedding is surjective. Note that X may be isometrically isomorphic to X**
without being reflexive [19].

Every subspace 2* of X* induces a topology on X which we will denote o(X,2*).
In particular, the topology induced on X* by the image of X in X** under the canonical
embedding is called the weak™ topology and X* with its weak™ topology is denoted
(X*,w*). The property of the weak™ topology that is most frequently useful is a

consequence of Tychonov’s theorem in topology.

Theorem 2.1 (Alaoglu). Let X be a normed space. Then the unit ball of X* is

weak* compact.

Although weak* convergent nets need not be bounded in norm, the next theorem

[5, Theorem 5.12.1] often allows us to assume that our nets are bounded.



Theorem 2.2 (Krein—gmulian). If X is a Banach space and A is a convex subset
of X* such that AN{f e X*:|fl| <r} is weak™ closed for every r > 0, then A is

weak™ closed.

The weak™ topology is neither metrizable nor first countable, in general. How-
ever, when X is a separable normed space, the unit ball X7 of X* is metrizable and,

furthermore, we have the following theorem [4, Theorem 2.3].

Theorem 2.3. Let X and ) be Banach spaces and let X be separable. A linear
mapping S : (X*,w*) — (P*,w*) is continuous if and only if whenever a sequence

{en}e, converges to 0 in (X*,w*), then {T'p,}52, converges to 0 in (P*, w*).

B. Algebras and Involutions

An algebra A is a vector space with an associative bilinear multiplication. We will
assume that all algebras have a multiplicative unit 14 such that ||[14|| = 1. If an
algebra B is contained in A and has the same unit as A, we call B a subalgebra of
A. A linear subspace I of A is called a left ideal of A, if AI C I, for every A € A.
We define right ideals similarly and if [ is both a left and right ideal of A, it is called
a two-sided ideal or simply an ideal of A. A proper left ideal M is called mazimal,
if whenever it is contained in another proper left ideal I, then M = I. By Zorn’s
lemma, every proper left ideal is contained in a maximal left ideal.

An involution on an algebra A is a conjugate linear map * : 4 — A such that
a™ = a, for all a € A and (ab)* = b*a*, for all a,b € A. An algebra A with an
involution is called a x-algebra, but we shall encounter other classes of algebras in
the sequel. An algebra A with a complete, submultiplicative norm such that ||1]| = 1
is called a Banach algebra. If there exists an isometric involution on A, then we call

A a Banach x-algebra and if, additionally, its norm satisfies ||aa*|| = ||a||*, for every



a € A, Ais called a C*-algebra.

In a Banach algebra A, we define the spectrum of a € A, denoted o(a), to be the
set of all A € C such that A —a is not invertible. The spectrum is always a non-empty
compact set and when A is finite dimensional, o(a) is the set of eigenvalues of a.
The spectral radius r(a) is defined by r(a) = supyc,(,) |Al. Note that (A —a)™" =
Yoo pa™ /A for |A| > ||all, so that r(a) < ||a||. Furthermore, the spectral radius
formula r(a) = lim,, . ||a™||*/" [28, Theorem 1.2.7] implies that if A is a C*-algebra
and || - ||" is another C*-norm on A, then || - ||’ = || - ||. We say that C*-algebras have
uniqueness of norm.

We distinguish several subsets of a C*-algebra A related to its involution. We
call a € A normal, if aa® = a*a, an isometry, if a*a = 1, a co-isometry, if aa* = 1,
and an element a that is both an isometry and a co-isometry is called unitary. We say
that a is self-adjoint, if a = a* and, similarly, a subset S of A is called self-adjoint, if
S*={a*:a€ S8} =3S8. Finally, a € A is called positive if a = z*x, for some = € A.

Every positive element a € A has a unique positive square root denoted a'/2.
Given an arbitrary a € A, however, we let |a| denote the square root of a*a. The set
of positive elements of A, is closed and forms a positive cone in A, which means that
a+be Ay and da € A, for all a,b € A, and A > 0. We use A, to define a partial
order < on the set of all self-adjoint elements A, by writing a < b, if a,b € A,, and
b—a>0.

A bounded linear map ® between Banach algebras A and B is called a homomor-
phism if ®(ab) = ®(a)®(b) for all a,b € A and &(1) = 1. If A and B are *-algebras
and ®(a*) = ®(a)" for all a € A, we say that ® is a *-homomorphism. We call a
bijective homomorphism an isomorphism. If ® : A — B is an isomorphism, then
A and B are said to be isomorphic, denoted A = B. In particular, if A and B are

C*-algebras, then injective *-homomorphisms are isometric [28, Theorem 3.1.5].



Let A be an abelian Banach algebra. A linear functional f € A* satisfying
f(ab) = f(a)f(b) for all a,b € A is called a multiplicative functional. The set of
multiplicative functionals €2 forms a weak® compact subset of A*. Since f +— ker f is
a bijection from €2 to the set of maximal ideals in A, €2 is also called the mazimal ideal
space of A. We denote the C*-algebra of continuous, complex-valued functions on §2
by C(2). The Gelfand transformation I' : A — C(Q2) defined by I'(a) = a : f — f(a)
is a contractive homomorphism. When A is a C*-algebra, the Gelfand-Naimark
theorem [11, Theorem 4.29]asserts that the Gelfand transformation is an isometric

x-isomorphism.

C. Bounded Operators on Banach Spaces

Let X and %) be Banach spaces. The space of bounded linear operators from X to
2 will be denoted £(X%,2)). When X = ), we abbreviate £(X,9)) by £(X) and we
will abbreviate the notation for other spaces of operators similarly. Unless otherwise
specified, £(X,92)) will be endowed with its usual norm topology.

The closed subspace of compact operators and the subspace of finite rank oper-
ators in £(%,9)) will be denoted C(X,2)) and F(X,92)), respectively. The finite rank
operators are linearly spanned by the operators of rank one and F(X,9)) =29 ® X*,
where ® denotes the algebraic tensor product. Hence, we let y ® ¢ denote the rank
one operator x — ¢(x)y, where z € X, y € ), and ¢ € X*. In particular, C(X) and
F(X) are ideals in £(X), the algebra of bounded linear operators on X, and F(X) is
contained in every non-zero ideal of L(X).

The space of m x n matrices with entries in £(X,9)) is denoted M,, ,(L(X,9)).
We consider matrices in M, ,(L£(%X,9)) to be linear operators from n copies of X

to m copies of 9 and endow M,,,(L(X,9))) with the corresponding operator norm.



Note that M, ,(L(X,D)) = L(X,)) @ My, »(C). We let {Ej;}7,_, denote the set of

canonical matrix units in M,, ,(C) and identify A = (A;;)7";_, with Y31 Aj; ® Ey;.

D. Tensor Products of Banach Spaces

Let (X, - ||x) and (9, ] - [ly) be Banach spaces. There are several norms on their
algebraic tensor product X ® 2) such that X ® ) is a dense linear submanifold of a
Banach space 3. A norm || - ||, on X ® 9 that satisfies ||z @ y|lo = ||z| x/lyl|ly, for
all z € X and y € 9, is called a cross norm. The largest of the cross norms [32,

Proposition 2.1] on X ® Q) is defined by

HZHTI' - lnf { Z szHf{HyZH@ X1y, Tn S %7 Yi,-- - Yn S Q.j’ z = Z'Il ®y2 }
i=1 =1

and called the projective tensor norm on X ® ). The completion of (X ®2), | - ||x) is
denoted X ®, Q) and called the projective tensor product of X and 2). The projective
tensor product has several important properties. We begin by describing the property
from which its name is derived.

A bounded operator T : X — 3 between Banach spaces is called a quotient
map, if T is surjective and ||z||3 = inf{||z]|x : € X, Tz = z}, for all z € 3.
In this case, T factors through the canonical projection 7 : X — X/ker(T) and
X/ker(T) = 3 isometrically. Let S : 20 — 2 and T : X — 3 be quotient maps.
Then there exists a unique bounded operator S @, T € L(2V ®, X, @, 3) such that
(S@,T)(w® ) = (Sw) @ (Tx), for all w € W and x € X. Furthermore, S ®, T is
also a quotient map [32, Proposition 2.5] — that is, the projective tensor product of
quotient maps is a quotient map.

A bilinear operator S : X x ) — 3 is said to be bounded, if there exists M > 0

such that ||S(z,y)||s < M|z|x||y|ly, for all z € X and y € 2. The set of all



bounded bilinear operators S : X x P — 3 is denoted B(X x ), 3) and, with the
norm defined by ||S]| = inf{ ||S(z,y)||5 : = € X1,y € D1}, it is a Banach space.
Ifr:Xx9 — X®,:2 is the canonical bilinear map (x,y) — r ® y, then there
is an isometric isomorphism ¢ : B(X x 9),3) — L(X®,2),3) making the following

diagram commute [32, Theorem 2.9].

XY —"=%X0,9

|

3
An element of X ® P may also be identified with a bounded bilinear form on
X* xP* [32, Proposition 1.2] by letting (x®@y)(f,9) = f(x)g(y), forallz € X, y € .

From this perspective, there is a canonical cross norm on X ® ) defined by

|2[le = sup {

> f)g(y:)

:fe%Lge@j},

forall z =" 2, ®y; € X®9), called the injective tensor norm on X ® . The
completion of (X®9), || - ||.) is denoted X ®. Q) and called the injective tensor product
of X and Q. Its name arises from the fact that if € and § are arbitrary closed
subspaces of X and ), respectively, then & ®. § embeds isometrically into X ®. ) as

a closed subspace.

E. Bounded Operators on Hilbert Spaces

We denote Hilbert spaces by ‘H and K and define an inner product on their direct
sum H & K by ((h, k), (R, k")) = (h,h') + (k, k'), for all h,h’ € H and k, k" € K.
Similarly, we define an inner product on the algebraic tensor product Hy of H and IC
by (h @k, b @ k') = (h,h'){k, k'), for all h,h' € H and k, k' € K. The completion of

Hy with respect to this inner product will be denoted H ® K.



For every operator T' € L(H, K), there is a unique operator T* € L(IC, H), called
the adjoint of T, that is defined by the equation (T'z,y) = (x, T*y), for every x € H
and y € K. Observe that the adjoint in £(H) is an involution that makes L(H) a
C*-algebra.

The positive and unitary elements of a C*-algebra provide analogues to positive
real numbers and complex numbers of modulus one, respectively. In particular, a
unitary operator is an isometry and we define 7' € L(H) to be a partial isometry, if
T is an isometry when restricted to the orthogonal complement of its kernel, ker(T").
Using this weaker notion of an isometry, we obtain a decomposition of bounded
linear operators [28, Theorem 2.3.4] that is analogous to the polar decomposition of

a complex number and is frequently useful.

Theorem 2.4 (Polar Decomposition). Let T € L(H). There exists a unique
partial isometry U such that T = U|T| and ker(U) = ker(T). Furthermore, U*T =
7.

In addition to the norm topology on L£(H), there are other locally convex topolo-
gies on L(H) that are important. A net of operators {7, }aer in L(H) is said to
converge to T in the strong operator topology (SOT) if | T,z — Tx| — 0 for every
x € H and {T,}aes is said to converge to T in the weak operator topology (WOT)
if (Tyz,y) — (Tz,y) for all x,y € H. It is clear that every norm convergent net or
sequence is SOT convergent and every SOT convergent net, by the Cauchy-Schwartz
inequality, is WOT convergent. Although the strong and weak operator topologies
do not coincide, in general, a convex subset of L(H) is SOT closed if and only if it is
WOT closed [28, Theorem 4.2.7].

For every set of operators S in L(H), we define the commutant of S, denoted

S’ to be the set of all operators commuting with S. The commutant of S is a WOT
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closed subalgebra of £(H) and S is contained in &” = (S8')".

A subalgebra A of L£L(H) is said to have a separating vector x € H if Az = 0
implies that A = 0, for all A € A, and = € H is called a cyclic vector for A if
Ar = { Az : A€ A} is norm dense in H. A cyclic vector x € H for A is a separating
vector for A’. Indeed, if B € A" and Bx = 0, then BAx = ABx = 0, for all A € A
and, hence, B = 0.

We call a WOT closed *-subalgebra of L(H) a von Neumann algebra. There are
two fundamental theorems in the theory of von Neumann algebras that we state for
reference. The first is called the double commutant theorem and was discovered by

von Neumann [40].

Theorem 2.5 (The Double Commutant Theorem). Let A be a *-subalgebra of
L(H). Then A" is the WOT closure of A. In particular, A is a von Neumann algebra
if and only if A= A".

The WOT closure of a C*-subalgebra A of £(H) is apparently a von Neumann
algebra. The next theorem, called the Kaplansky density theorem [25, Theorem 1],
provides additional information about the way that A is embedded in its WOT clo-

sure.

Theorem 2.6 (The Kaplansky Density Theorem). Let A be a C*-subalgebra of
L(H) and B its WOT closure. Then the unit ball Ay of A is WOT dense in the unit
ball By of B and the self-adjoint elements of Ay are WOT dense in the self-adjoint

elements of By.

A bounded linear map ® between C*-algebras A and B is called positive if ®(a) >
0, for all @ > 0. In this case, ® is called normal if A and B are von Neumann algebras
and for every increasing net of positive elements {z,}aca in A with supremum z,

O(z) = sup,eq P(x,). The image of a normal x-homomorphism is a von Neumann
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algebra and every normal map is continuous with respect to the ultraweak topology

[10], which we will describe presently.

F. The Ultraweak Topology on L(H)

Let {eq }acr be an orthonormal basis for H and 7' € L(H). We define the trace of T,
denoted tr(7T), to be

r(T) =Y (Teq, €a).

ael

The trace of T' need not be finite, but is independent of the choice of orthonormal

basis and allows us to define, for 1 < p < 00, a collection of ideals
Co(H) ={T € L(H) : tx(|T[") < oo},

called the Schatten p-classes, all of which are contained in C(H). When endowed with
the norm || - ||, : T — (tr(|T|p))1/p, C,(H) is a Banach x-algebra and if 7' € C;(H)
and 1 <p < g < oo, then ||T| < [T, < [T, [2, Proposition 1.1].

Of particular importance is C;(H), called the algebra of trace-class operators.
When restricted to C;(H), the trace is linear and if T € C,(H) and S € L(H), then
tr(ST) = tr(T'S) and [tr(ST)| < ||S||||T]|,- We regard C;(H) as a subspace of C(H)"
by mapping 7" € C;(H) to the bounded linear functional S — tr(ST') and, similarly,
L(H) can be viewed as a subspace of C;(H)" by mapping S € L(H) to T — tr(ST).
Both maps are isometric isomorphisms [28, Theorems 4.2.1 and 4.2.3]of Banach spaces
and we identify C; (H) and £(H) with the dual spaces of C(H) and C; (H), respectively.

The weak* topology induced by Ci(H) on L(H) is often called the o-weak or
ultraweak topology. A net {Sy}acs in L(H) converges ultraweakly to an operator
S € L(H) precisely when tr(S,7") — tr(ST), for every T" € C;(H). Since tr((h ®

k)T) = (Th, k), for all h, k € H, every ultraweakly convergent net is WOT convergent.
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Furthermore, the WOT is Hausdorff, and, by Alaoglu’s theorem, the unit ball of L(H),
denoted L(H);, is ultraweakly compact. Hence, the identity map from £(H); with
the ultraweak topology to £(H); with the WOT is a homeomorphism and the relative
ultraweak and weak operator topologies coincide on bounded sets.

The Schatten p-classes are seen as non-commutative analogues of the ¢, spaces. If
T € Cy(H) and {\,}52 is the set of eigenvalues of |T'|, then ||T||, = (307 [Aal?) e
Furthermore, in light of the relationships between dual spaces already discussed and
the inclusions F(H) C C,(H) C C(H), 1 < p < oo, we may regard F(H), C(H), and

L(H) as analogues of cgp, ¢o, and £, respectively.

G. States and Representations

A representation of a C*-algebra A on a Hilbert space H is a x-homomorphism
m: A— L(H). An injective representation 7 is called faithful and if 7(A) = C, 7
is called irreducible. A representation 7 is cyclic if w(A) has a cyclic vector and 7 is
non-degenerate if m(A)H is dense in H. All irreducible and cyclic representations are
clearly non-degenerate.

We call a linear functional p € A* positive, if p(a) > 0, for all a € A, or,
equivalently, p(1) = ||p||. A positive functional of norm one is called a state and
the set of states in A* is called the state space of A, denoted S(A). If 7 is a cyclic
representation of A on H and x € H is a unit cyclic vector, then p : a — (7(a)z, )
is a state on A. Conversely, for every state 7 € S(A), there is an associated cyclic
representation 7, that is produced by the following method attributed to Gelfand,
Naimark, and Segal [13, 34] and called the GNS construction.

Following the presentation of Murphy [28], we begin by defining a positive

sesquilinear form on A by (a,b) = 7(b*a) and let N, = {a € A : 7(a*a) = 0}.
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Since T(b*a*ab) < ||la*al|T(b*b) [28, Theorem 3.3.7], N, is a closed left ideal of A4 and
we may define an inner product on A/N; by (a+ N,,b+ N,) = 7(b*a). Let H, denote
the completion of A/N,.

For all a € A, let ¢(a) be the linear map on A/N, defined by p(a)(b+ N,) =
ab+ N.. Then

le(a)(b+ N )[* = 7(b"a"ab) < [la*al[7(b"b) = [|al*]|b+ N-||*

and we may extend ¢(a) continuously to 7, (a) on H,. The resulting map 7, : A —
L(H,) is a representation of A4 on H,. Observe that z, = 1+ N, is a cyclic vector
for 7. and 7(a) = (7, (a)x,,z,), for all a € A. We call 7, the GNS representation
associated with 7.

Now consider the category C of pairs (7w, M(7)), where 7 : A — L(H) is a
representation and M(7) is the WOT closure of 7(A) in £(H). A morphism between
objects (m, M(m)) and (p, M(p)) of C is an ultraweakly continuous *-homomorphism

p such that the following diagram commutes.

A—"— M(7)

M(p)

Let m = €, c5(4) 7 be the direct sum of the GNS representations of A. Then
(m, M(m)) is a universally repelling object in C [39, Theorem 3.2.4]. Since universal
objects are uniquely determined, we call 7 the universal representation of A and call
M(m) the universal enveloping von Neumann algebra of A. For every 0 # a € A,
there exists 7 € S(A) such that 7(a*a) = ||la*a| [28, Theorem 3.3.6], so m,(a) # 0
and, consequently, the universal representation of every C*-algebra is faithful. Fur-

thermore, there is a correspondence between the states on 7(A) and S(.A). Given a
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state p on w(A), T = pr is a state on A and 7(a) = (7,(a)l + N;, 1 + N;) = pr(a).
Consequently, every state on 7(.A) is a vector state.

The ultraweak closure of a x-subalgebra of L(H) is equal to its WOT closure
[10]. In particular, if 7 is the universal representation of a C*-algebra A, then 7(.A) is
ultraweakly dense in its universal enveloping von Neumann algebra M(7) and every
representation of A can be extended to a unique normal representation of M(7) [9].

More precisely, we have the following theorem.

Proposition 2.7. Let A be a C*-algebra, let w be its universal representation, and
let M(7) be the universal enveloping von Neumann algebra of A. Then for every
representation p : A — L(H) of A there is a unique normal representation p :
M(m) — L(H) such that p(n(x)) = p(x), for all x € A. Furthermore, p(M(m)) is

the ultraweak closure of p(A).

H. Continuous Hochschild Cohomology

Let A be a Banach algebra, and let M be a Banach space that is a bimodule over
A. If the left module action (A, m) — Am and right module action (m, A) — mA
are bounded, then M is called a Banach bimodule over A. In this case, we define
LO(A, M) to be M and let £L™(A, M) denote the space of all bounded n-linear maps,
f:Ax---xA— M, for n > 0. Elements of L"(A, M) are called n-cochains. The
coboundary maps O™ : L"(A, M) — LA, M), often abbreviated 9, are defined by

(B"f)(al, e ,Cln+1) :alf(a2, e ,an+1)

n
+ Z(_l)if(alv ey Qi1 Qi 15 Qg2 - A1)
i=1

+ (—1)”+1f(a1, ey Q) Qg1
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We define the subspace of n-coboundaries B"(A, M) to be the image of "' and the
subspace of n-cocycles Z™(A, M) to be the kernel of 9". Since 9* = 0, every cobound-
ary is also a cocycle and we define the Hochschild cohomology groups of A with coef-
ficients in M, denoted H"(A, M), to be the quotient spaces Z"(A, M)/B"(A, M).

A Banach bimodule M over A is said to be a dual bimodule over A, if M is
isometrically isomorphic to the dual space of a Banach space M, and the maps m +—
Am and m — mA on M are weak™ continuous for every A € A. If, additionally,
A is a subalgebra of £(H) and the maps A — Am and A — mA from A to M are
ultraweak to weak™® continuous, then M is called a dual normal bimodule over A. We
then say that p € L"(A, M) is normal, if it is ultraweak to weak® continuous in each
variable and denote the subspace of normal cochains by L7 (A, M). Normal cocycles
2Z"(A, M) and normal coboundaries B} (A, M) are defined as above and because the
boundary of a normal cochain is a normal cocycle, we may similarly define the normal
cohomology groups, H'(A, M).

Let M be a dual Banach bimodule over a Banach algebra A. Johnson [21] ob-
served that £"(A, M) is isometrically isomorphic to the dual space of A @, - - - @, A @, M.

where M, is the predual of M, there are n copies of A, and the duality is defined by
(a1 @ Q@ a, @my, &) = (my,&(a,...,a,))

for all ay,...a, € A, m, € M,, and & € L"(A, M). There are two important dual

bimodule actions [20] of A on L£"(A, M). The first is given by
(apé)(ay, ..., a,) =ap€(ay,. .., a,)
(21) (fao) A1y Z ao,al,...,aj_l,ajaj+1,aj+2,...,an)

1=0

+ (_1)nf(a0, Ay, ... 7an—1)an

*
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for all ag,...,a, € A and £ € L"(A, M), and there is a canonical isometric linear
isomorphism 4, : L"(A, LP(A, M)) — L"P(A, M) defined by (i,€)(a1,- .., ansp) =
E(ar, ... an)(Angt, -y anyp), for all ay,...,an4, € A and n,p > 0. Note that
int+1(0€) = 0(in€) and, hence, H"(A, LP(A, M)) = H"*P(A, M) [16, Theorem 3.1].
Another dual bimodule action [20] of A on L£"(A, M) may be defined by

(apé)(aq, ... a,) =&(ay, ..., anaq)

(Eag)(a, ... an) =&(ay, ..., an)ag
for all ag, ...,a, € A. Then M may be replaced by L”(A, M), where p > 0, with the
action defined in (2.1). Since i, is weak™* bicontinuous, for all n > 0, this new dual
bimodule structure of L™(A, LP(A, M)) may be transferred onto L"*?(A, M) and, in

this case, the bimodule operations are

(apé)(a, ..., anyp) = &(Q1, ..., ana0, Qpg1s - - -5 Qngp)
(€ao)(ar, ..., anip)

=&(a1, ..., Qny Q0Ant1, -« -, Qptp)
p—1

E J
+ (_]—) 5(0’17 <oy ny A0y Apt 1y - - o Qg j—1, A Ant 415 Gntj+2y - - - 7a’n+p)
i=1

+ (_]—)pg(ala <5 Qpy A0y Apy1s - - uan-l—p—l)an-‘rp
for all ag,...,an+p € Aand £ € LP(A, M).
Each of the dual bimodule structures on £"(A, M) defined above plays a valuable

role in the proofs of the averaging theorems contained in the sequel.
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CHAPTER III

SUBMODULES OF MATRIX ALGEBRAS
We begin by proving some important facts about submodules of M, () over A ® 1,
where 2 is an abelian von Neumann algebra, that will be useful in our cohomology

calculations.

A. Orthogonal Complements in Matrix Algebras

Within the class of Banach spaces, Lindenstrauss and Tzafriri [27] characterized
Hilbert spaces by the property that every closed subspace has a closed complement. A
generalization of a Hilbert space called a C*-module can be obtained by replacing the
scalar inner product with an inner product having values in an abelian C*-algebra.
C*-modules were first studied by Kaplansky [26] who defined them in the following

manner.

Definition 3.1. Let A be an abelian C*-algebra and let M be a left module over A.
We call a function (-,-) : M x M — A an inner product on M, if it satisfies
(i) (z,z) >0 for all x € M and (z,z) = 0 implies x = 0,
(i) (z,y) = (y,z)* for all x,y € M,
(iii) (ax +vy,z) = a(z,z) + (y,z) for alla € A and z,y,z € M.

An inner product defines a norm ||| - ||| on M by [[|z]|* = ||{(z,z)||. When ||| - ||| is

complete, we call M a C*-module over A.

Let 2 be an abelian von Neumann algebra acting on H and let {2 be the maximal
ideal space of 2. We then consider M, () = A ® M,(C) to be a von Neumann

algebra acting on H ® C" and let ® : M, () — 2 be the sum of the diagonal entries
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of a matrix in M, (2). We define an A-valued inner product on M, () x M, () by
(A, B) = ®(B*A). Our most important examples of C*-modules will be submodules
of M, (). We now establish some facts about M,,(2) and the inner product we have

defined.

Lemma 3.1. Let C(2, M,,(C)) be the algebra of continuous matriz valued functions
on Q with the supremum norm || Al|o = sup,eq ||A(w)[| and involution A* = (a},)7;-;,
where A = (ai;)i;—1 € C(§2, M, (C)) and || - || denotes the operator norm on M,(C).

Then M, (L) is x-isomorphic to C(Q, M,,(C)) as a C*-algebra.

Proof. First note that C(Q2, M,,(C)) = C(2) ® M, (C) algebraically, by identifying
A= (aij)};1 € C(Q, M, (C)) with 37, ai; ® Eij, where {E;;}7;_; are the canonical
matrix units in M, (C). Then, by choosing appropriate unit vectors in C", we obtain
lar(@)] = llan(w) ® Bull < [(ag @)zl < llag(w) @ Byl = lag(w)l,
ij=1 ij=1
for all 1 <k, <nandw € Q, so the completeness of C(€2) with respect to the supre-
mum norm implies the same for C(Q2, M,,(C)). Furthermore, because the operator

norm is a C*-norm on M, (C) ,

2
|A* Al = sup [|A*(w) A(w)]| = sup [| A(w)||* = (Sup IIA(w)II) = [|A[l2,
weN weN we

for all A € C(Q2, M,,(C)), and we conclude that C(€2, M, (C)) is a C*-algebra.
Recall that the Gelfand transformation I' : 2 — C(2) is a *-isomorphism. Con-
sequently, ' ® 1,, : M, () — C(§2, M,,(C)) defined by (I' ® 1,)(A) = (Ta;;)};,, for
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all A = (a;;)}';—; € M,(2), is bijective,

=T®,)(A)I1,)(B)

for all A = (ay)7;=1, B = (bi)}j=1 € Mu(RA), and (I' ® 1,)(A*) = (Taj,)7,= =
(Tai)*)f iz = (T ®@1,)(A)), for all A= (ai;);;—; € M,(2). Therefore, I' ® 1, is a

x-isomorphism between C*-algebras. O

The identification made in Lemma 3.1 allows us to relate the operator norm on

M,,(20) to the norm ||| - ||| induced by the inner product we have defined.
Lemma 3.2. The operator norm and ||| - ||| are equivalent on M, ().
Proof. Since the operator norm and ||| - ||| are equivalent on M, (C) [5, Theorem 3.3.1],

there are constants a, 3 > 0 such that o||A|| < |||A]|| < B]|4]|, for all A € M,(C). If
[':2A — C(Q) is the Gelfand transformation, then I' ® 1,, : M,, () — C(2, M, (C)) is

a *-isomorphism between C*-algebras. In particular, I' and I' ® 1,, are isometric. For
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all A = (aij)ﬁjzl € Mn(Q’l)a

allAll = af[(T' @ 1n)(ai;)ij= lloo
= sup af|(Tai; (@) |

we

< sup [[|(Tag;(w))i-al
weN

n 1/2
— sup (Z <ra;;><w><raij><w>>

weN ij—1
n 1/2
= sup F( af-ai) w
weQ( z,]zl 7 ( ))
n 1/2
= supF( af-ai-) w
n 1/2
= F(Za;‘kj%‘)
ij=1 o
n 1/2
- Zafj“iz‘
ij=1
= [llAll
and, similarly, [[|A]|| < 8| A]l- O

Suppose M is a norm closed submodule of M, (2() over A ® 1,. Since M is
complete with respect to the operator norm on M, (2), it is also complete with respect
to ||| - ||| and, consequently, M is a C*-module over 2 ® 1,. Kaplansky realized,
however, that the structure of a C*-module was insufficient to mimic all of the main
characteristics of a Hilbert space. He studied a class of C*-modules having properties

analogous to the SOT.

Definition 3.2. Let 2 be a commutative von Neumann algebra. We say that M is a

W*-module over 2 if it is a C*-module over 2 and has the following two properties:
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(1) If {eq}aer is a family of pairwise orthogonal projections in 2 with supremum e

and x is an element of M such that e,z = 0, for all a € I, then ex = 0.

(i) If {eq}aer is a family of pairwise orthogonal projections in 2 with supremum 1
and {z,} is a bounded subset of M, then there exists an element x in M such

that ez, = e x, for all a € 1.

A W*-submodule of M is a norm closed submodule N of M which is also a W*-module

over 2.

Lemma 3.3. Let M be an ultraweakly closed submodule of M, () over A®1,,. Then
M s a W*-module over A ® 1,,.

Proof. Suppose that z € M and {e, }ae; is a family of pairwise orthogonal projections
in A ® 1,, with supremum e such that e,x = 0, for all o € I. Let F be the collection
of all finite subsets of I, partially ordered by inclusion, and let Sp = Y peq < e,
for all FF € F. Then {Sp}rer is a bounded increasing net in 2 ® 1,, and converges
in the SOT to its least upper bound e [28, Theorem 4.1.1]. Since Spx = 0, for all
F € F, and {Spx}per converges to ex in the SOT, ex = 0.

Now let {fs}gecs be a family of pairwise orthogonal projections in A ® 1,, with
supremum 1 = 1o ® 1,, and let {ys}ges be a bounded set in M. First assume that
yg > 0, for all B € J, and B is a uniform bound for {yg}ses. Let G be the collection
of all finite subsets of J, partially ordered by inclusion, and let

To =) foys =Y faysfs < B,
BEG BEG
for all G € G. Then {T¢}geg is a bounded increasing net in M and converges in the
SOT to its least upper bound y. Since the ultraweak topology and the WO'T coincide
on bounded sets and the SOT is stronger than the WOT, {T¢}geg also converges

ultraweakly to y. Because M is ultraweakly closed, y € M. Furthermore, given
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Bo € J, then for all G € G containing {5}, fs,1c = fa,Ys, and, hence, fay = f5,Ys,
as required.

For an arbitrary bounded collection of elements S = {yz}ses C M, we consider
the collections of the real and imaginary parts of each element in S, denoted Re(S) and
Im(S), respectively. Since S is uniformly bounded, we may assume that every element
of Re(S) and Im(S) is positive, by adding a multiple of the identity, if necessary. Then
there are self-adjoint elements Re(y), Im(y) € M, (A) such that fsRe(y) = fsRe(yp)
and fslm(y) = fslm(yg), for all 5 € J. Because y = Re(y) + iIm(y) is a limit of

elements of M in the ultraweak topology, we conclude that y € M. O

Definition 3.3. Let M be a W*-module over 2. We say that x and y are orthogonal,
if (z,y) = 0. The orthogonal complement R* of a subset R of M is the set of all

x € M such that (z, R) = 0.

A sequence or net of matrices in M, (L(H)) is norm convergent entrywise if
and only if it norm convergent in M, (L£(H)). Convergence is equivalent to entry-
wise convergence in all of the weaker topologies on M, (L(H)), as well, and a simple

consequence is stated as the next lemma.

Lemma 3.4. Let S be a subset of M,,(A). Then S* is an ultraweakly closed submodule

of M,,(21) over A® 1,,.

Proof. From the definition of an inner product, it is clear that S* is a submodule of
M, () over A® 1,,. Suppose that A = (ai;)7;—; € S and {B}aes is a net of matrices
in S* converging ultraweakly to B = (b;;)1';_; € M, (). Let B* = (b))7,_;, for all

a € I. Then bf; — b;; ultraweakly, for all 1 <4,7 <n, and

Z aibji = Z aj; lim f; = lim Z aybg; = lim(B*, A) =0,

7,7=1 3,7=1 1,j=1

so that B € S*. O
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Kaplansky [26, Theorem 3] proved that, as in a Hilbert space, a W*-module can

be decomposed into a sum of any W*-submodule and its orthogonal complement.

Theorem 3.5. Let M be a W*-module over A, let N be a W*-submodule of M, and

let N+ be the orthogonal complement of N. Then M = N & N+.

A mapping F : M — 2 is called a linear functional, if F is linear and homoge-
neous with respect to 2. In this case, we say that F'is bounded, if F' is continuous
with respect to the norm ||| - ||| induced by the inner product on M. Continuing the
analogy with Hilbert space, Kaplansky [26, Theorem 5] showed that bounded linear

functionals on M can be identified with elements of M.

Theorem 3.6. Let F': M — 2 be a bounded linear functional. Then there ezists a

unique element y € M such that F(x) = (x,y), for all x € M.

By combining Lemma 3.3 and Theorem 3.6, we show that the projection of a
W*-submodule M of M, () onto M is continuous and M is homeomorphic to the

quotient M, (A)/M~*. Both facts, however, are consequences of the next proposition.

Proposition 3.7. Let M be an ultraweakly closed submodule of M, (2) over A ® 1,

and let F be an ultraweakly closed subset of M. Then F + M* is ultraweakly closed.

Proof. Let Fy : M, () — 2 be the linear functional defined by a = (a;;);;—; = au,
for all 1 < k,I < n. Then F}; is ultraweakly continuous and, by Lemma 3.2, F}; is
bounded. By Theorem 3.6, there exists by, € M such that Fy(a) = (a,by), for all
a€ M and 1 <k,l <n, since M is a W*-module over A ® 1,,.

Suppose that { fo+mt}aes is a net in £+ M+, where f, € F and m: € M+, for
all a € I, and suppose f, +mE — x € M,(). By Theorem 3.5, there exist m € M

and m*t € M~ such that x = m + m=*. Then

Fa(fa) = (far bu) = (fa +my, bu) — (2, bp) = (m+m™, by) = (m, b)) = Fy(m),
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for all 1 < k,l < mn, so f, — m ultraweakly. Since F' is ultraweakly closed, m € F

and z € F+ M+, O

Corollary 3.8. Let M be an ultraweakly closed submodule of M, () over A ® 1,,.
Then the projection E : M,(2A) — M is continuous with respect to the ultraweak

topology.

Proof. Let F be ultraweakly closed in M. Then E~Y(F) = F + M~ is ultraweakly

closed. O

Corollary 3.9. Let M be an ultraweakly closed submodule of M, () over A ® 1,,.
Then the restriction of the quotient map 7 : M,(A) — M, (A)/M~* to M is an

homeomorphism with respect to the ultraweak topology.

Proof. Let (8 denote the restriction of m to M. By Theorem 3.5, 3 is bijective and if

F is ultraweakly closed in M, then 7= Y(3(F)) = F + M+~ is ultraweakly closed. We

conclude that 3 is a closed map and a homeomorphism. O

B. Ultraweakly Closed Submodules

The maximal ideal space §2 of an abelian von Neumann algebra 2 is compact and
extremally disconnected [39, Theorem 3.1.18], or Stonian. In particular, the closure
of every open subset G of €2 is compact and open. This additional structure allows
us to establish some properties of submodules of M, () that are analogous to those
of scalar matrices.

Stone [36, Theorem 17] proved that the algebra of real valued continuous func-
tions Cgr(2) on Q is a boundedly complete lattice — that is to say, every uniformly
bounded subset of Cg(€2) has a least upper bound in Cg(£2). The following lemma is a

consequence that was first noted by Deckard and Pearcy [7, Lemma 2.1] for complex
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valued functions on 2. By Lemma 3.1, the Gelfand transformation I' : 2 — C(2) al-
lows us to identify M, () with C(Q2, M,,(C)), the algebra of continuous matrix valued

functions on 2, and, henceforth, we tacitly use this fact.

Lemma 3.10. Let M be an ultraweakly closed submodule of M, () over A ® 1,.
Suppose that G = {G;}ier is a collection of pairwise disjoint compact open subsets of
Q, and § = {A;}icr € M is a uniformly bounded collection of functions on Q. Then

there is a function A € M such that A(w) = A;(w), for allw € G; and i € 1.

Proof. Let x; be the characteristic function of G; and let p; = (T ®1,) " (x; ®1,,), for
alli € I. Then {p; }ics is a pairwise orthogonal family of projections in A®1,,. We may
assume, without loss of generality, that the supremum p of {p;};c; is 1. Otherwise,
we add 1 — p to the collection and let the corresponding function be identically zero.
By Lemma 3.3, there exists A € M such that p;A = p;A; and, hence, A(w) = A;(w),

for all 2 € I and w € G;. O

Using the notation in the proof of Lemma 3.10, let p be the least upper bound
of {pi}ier and let A € M, (A) and B € M, () satisfy the conclusion of the lemma.
Then pA = pB and we let ), p;A; denote pA. In particular, for the matrix A
constructed in the proof of Lemma 3.10, A = pA.

Although an arbitrary submodule of M, (2() is not free over A @ C1,,, we now
show that, given an ultraweakly closed submodule M of M, () over A ® 1,,, we can
decompose M into a finite direct sum of free modules. We say that a free module is

of finite type over A ® C1,,, if it has a finite basis over A ® C1,,.

Theorem 3.11. Let M be an ultraweakly closed submodule of M, () over A @ 1,,.
Then there are a finite number of pairwise disjoint open subsets {Oy}i_o of Q@ such

that ) = U’,;:O O, and if xi s the characteristic function of O, and pr, = X ® 1,,
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then My = ppM is a free module of finite type over C(Oy ), for all 0 < k < t.

Furthermore, M = @, _, Mj.

Proof. If M = {0}, the statement is trivial, so we assume that M # {0}. Since
M(w) = {A(w) : A € M} is a subspace of M,(C), for all w € Q, M(w) is finite
dimensional. We let d(w) denote the dimension of M(w) and let dy = sup,,cq d(w).
Observe that 0 < dy < n?.

Now define Oy = {w € Q : d(w) = dy }. Given wy € Oy, there is a set of functions
{Az}d, € M such that {A(wo)}?, is a basis for M(wy) over C and || Ay (wo)|| < 1,
for all 1 < k < dy. By appending rows together, for example, we may also consider
{A}% to be continuous functions taking values in C™. Then the set of functions
{Ap} | forms an?® x dy matrix C having a dy x dy submatrix D such that | D(wp)| # 0.
Since the determinant of D is continuous, there exists a compact open neighbourhood
Up of wy such that [D(w)| # 0 and [|[Ag(w)|| < 1, for all w € Uy and 1 < k < dp.
Consequently, {A(w)}% , is a linearly independent set in M,,(C), for all w € Uy, and,
for every B € M, there are unique scalar valued functions { fk}ZO:l on Uy such that
B(w) = 20:1 fr(w)Ap(w), for all w € Uy. Cramer’s rule implies that { f }$°, C C(Uy)
and we conclude, in particular, that Oy is an open subset of (2.

Let F be the collection of all families of pairwise disjoint compact open subsets
of Og, such that for all G, = { G;}icr, € F, there is a set of matrix valued functions

Ao C M supported on G, = G;) such that ||A?]] < 1, for all 1 <
kS k=1 k

icl,
k < dy, and, for all B € M, there are unique functions {f Zﬂzl C C(G,) such that
B(w) = ZO:1 i (w)A¢(w), for all w € G,. Then F is not empty and we define a
partial order on F by writing G, < G if Gy C Gu and A¢(w) = A (w), for all
weGaNGy and 1 <k < dy. If C={G,},er is a chain in F, then, by Lemma 3.10,

g = U'yGF G, is an upper bound for C in F. By Zorn’s lemma, there exists a maximal
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element Gy = { G, }icr, € F.

Let Go = (Uiel0 Gi)_ and assume, to obtain a contradiction, that ¥ = Oy \ Gy
is not empty. Since X is an open subset of €2, given oy € ¥, there is a compact open
neighbourhood Vi C ¥ of 09 and a set of matrix valued functions {Ek}ZO:l C M
supported on Vg such that ||Ey|| < 1, for all 1 < k < dy, and, for all B € M, there
exist unique functions {g;}{, € C(V;) such that B(w) = 3.2 | gi(w)Ex(w), for all
w € Vj. This contradicts the maximality of Gy. Therefore, Oy C Gy and since the
inclusion Oy 2 Gy is obvious, Oy = G.

Now replace 2 with Q' = Q\ Oy. Then ' is a compact open subset of 2 and
let dy = sup,,cq d(w) < dp. If d; = 0, then we are done. Otherwise, let O = {w €
Q' : d(w) = d; } and we construct a set of matrix valued functions {A}}¥, C M
supported on Of such that |AL|| < 1, for 1 < k < dy, and, for all B € M, there
are unique functions {f}}%, C C(O;) such that B(w) = 3% fH(w)AL(w), for all
w € O7. We continue in this manner until we have pairwise disjoint open subsets
{0}t of @ such that Q@ = U;_y Oy = (Uieo Or) + d(w) = di when w € Oy, for
al 0 < k<t and 0<d, < --- <d; <dy <n? Furthermore, for all 0 < k < t,
we construct a set of dj, matrix valued functions {A* }%_ supported on O} such
that ||A% || < 1, for all 1 < m < dy, and, for all B € M, there are unique functions
{fEY5_ e C(OF) such that B(w) = % | f5(w)Ak (), for all w € O;. Hence,
it xx is the characteristic function of O, , pr = xx ® 1,, and M; = pM, for all
0 <k <t then M = @,_, My and M, is a free module of finite type over C(Oy),

forall 0 < k <t. O

Suppose that M and N are ultraweakly closed submodules of M,, () over A® 1,
and N C M. The algorithm in the proof of Theorem 3.11 may be iterated to construct

open sets that decompose €2 for both M and N. More precisely, we have the following
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corollary.

Corollary 3.12. Let M and N be ultraweakly closed submodules of M, () over A®1,,
such that N C M. Then there are a finite number of pairwise disjoint open subsets
{0} _y of Q such that Q = \J,_, Oy and if xy is the characteristic function of O
and pr = X1 ® 1, then My, = ppM and Ny = pi. N are free modules of finite type over
C(Oy). Furthermore, there is a finite basis for My, over C(O, ) containing a basis for

Ny, for all 0 < k < t.

Proof. By using the decomposition of Theorem 3.11 for N, we may assume that N
is a free module of finite type over A ® 1,, and there exists an open set O that is
dense in 2 such that dim N(w) =m > 0, for all w € O. We fix a basis {Ax}j-, for
N over A ® 1,, and, using the technique in the proof of Theorem 3.11, we obtain a
finite number of pairwise disjoint open subsets {Oy};_, of O such that Q = | J;_, Oy,
and if xy is the characteristic function of O, and p, = xx ® 1,,, for all 0 < £ < ¢,
then M) = pyM is a free module of finite type over C(O, ), for all 0 < k < t. Since
{Ag(w)}7, is linearly independent, for all w € Oy, we may extend { Ay}, to a basis

for My, over C(O,, ), for every 0 < k < t. O

Remark 3.13. Note that N need not be ultraweakly closed for the proof of Corollary
3.12 to be valid. It suffices that there exist a set of pairwise orthogonal projections
(Y, in C(Q) such that S5 xi =1 and, for all 1 <i <k, (x;® 1,)N has a basis
{Aij}ﬁi:l over C(€0;), where Q; is open, Q0 is the range of x;, and {A;(w)}, is
linearly independent over C, for all w € ;. Of course, when N is ultraweakly closed,

the proof of Theorem 3.11 shows that these conditions are satisfied.

In later calculations it will not be possible to satisfy the conditions of Corollary
3.12, but we will be able to satisfy the weaker conditions of Remark 3.13. Conse-

quently, we will need to know what linear independence over 2 ® C1,, implies about



29

pointwise linear independence. We use a technique developed by Deckard and Pearcy

[8] to solve systems of linear equations in Stonian spaces.

Lemma 3.14. Let A be a Stonian space and let A = (a;;) € My, (C(A)). Suppose
that D is dense in A and, for all X € D, there is a non-trivial solution to the system

of linear equations

au(/\) cee a1n<)\) T

A1 (A) o Amn(N) T,
Then there exists a set of functions {f;}1-, in C(A), not all of which are identically

zero, such that Z?zl fiai; =0, for all 1 <i < m.

Proof. Let r(\) be the rank of A(\), for all A € A, and let dy = supy¢, (). Assume,
without loss of generality, that dy > 0 and choose A\g € A such that r(A\g) = dy. Then
there exists a dy x dy submatrix S = (s;;) of A such that det(S()\g)) # 0 and, for
notational convenience, we assume that s;; = a;;, for all 1 < 7,5 < dy. Since the
determinant is continuous, there exists an open neighbourhood Uy of Ay such that
det(S(N)) # 0, for all A € U.

Now let \y € DN U, and let U; be a compact open neighbourhood of A\; in Uy
with characteristic function y;. By assumption, there exist scalars {u;}!, not all
of which are zero, such that 7" pja;j(\) = 0, for all 1 <4 < m. In particular,
dy < n and we define f; = p;x1, for all dg +1 < ¢ < n. Then, by Cramer’s
rule, there exists a unique set of functions {f;}%, in C(A) such that f; = fix; and
Z;lozl fisig + 22 _gor fiai; = 0, for all 1 < i < dy. Because the rank of S()) is
maximal, for all A € Uy, Z?Zl fia;; =0, for all 1 <4 < m. Finally, as fi(\) = pu,

for all 1 <14 < n, the proof is complete. O

As stated, Lemma 3.14 is applicable in a variety of situations, but we are only
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concerned with the following one.

Theorem 3.15. Let {A;}5_, be a linearly independent subset of M, () over A2 Cl1,,
and let O be the set of all points w € Q such that {A;(w)}r_, is linearly independent

over C. Then O 1is open and dense in ).

Proof. We may consider {A;}%_, to be the columns of a n? x k matrix A with entries
in C(Q2). For every wy € O, there exists a k x k submatrix S of A such that the rank
of S(wg) = k. Then det(S(w)) # 0 in an open neighbourhood of wy. Hence, O is
open and it remains to show that O is dense in Q.

Let A = Q\ O~ and assume, to obtain a contradiction, that A is not empty. For
all w € A, observe that the columns of A(w) are linearly dependent and, therefore,
ker(A(w)) # {0}. Then, by Lemma 3.14, there exists a set of functions {f;}*,
in C(Q2), not all of which are identically zero, such that Zle( fi®1,)A; =0, a

contradiction. O
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CHAPTER IV

AVERAGING TECHNIQUES IN COHOMOLOGY
In calculations involving continuous cocycles, it is often useful to replace a given
cocycle p € Z"(A, M) with an equivalent one that vanishes whenever one of its
arguments is in a closed subalgebra B of A. This is referred to as averaging in the

theory of continuous cohomology.

A. Averaging over Amenable Algebras

Let G be a locally compact group. There exists a unique left-invariant regular Borel
measure 4 on G called its Haar measure. When G is compact and p(G) = 1, we
call o(f) = [, fdp, where f € L®(G), the average of f over G. In the absence of

compactness, however, there is a weaker notion of averaging attributed to M. Day [6].

Definition 4.1. Let G be a locally compact group. A state ¢ € L*>°(G)*, also known
as a mean on L>®(G), is called left-invariant if ¢(ds * f) = ¢(f), where f € L*(G),
s € G, and (s x f)(t) = f(s7') for all t € G. We say that G is amenable if there

exists a left-invariant mean on L*(G).

Amenable locally compact groups were characterized by Johnson and Ringrose

[21, Theorem 2.5] in the following theorem.

Theorem 4.1. Let G be a locally compact group. Then G is amenable if and only if
HYLY(G), M) = 0, whenever M is a dual Banach bimodule over L*(G).

Johnson used Theorem 4.1 to extend the notion of amenability to Banach alge-
bras. A Banach algebra A is called amenable, if H'(A, M) = 0 whenever M is a

dual Banach bimodule over A. Johnson, Kadison, and Ringrose [20, Theorem 4.1]
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proved that a continuous cocycle p € Z™(A, M) can be averaged over an amenable

subalgebra.

Theorem 4.2. Let A be a Banach algebra, let M be a dual Banach bimodule over
A, and let B be a closed amenable subalgebra of A. Suppose p € L"(A, M) and
dp vanishes whenever any of its entries is in B. Then there exists £ € L" (A, M)

such that p + 0§ vanishes whenever any of its entries lies in B and, in particular,

dp = d(p + 9¢).

A locally compact group G is amenable if and only if there is a left-invariant
mean on Cy(G), the algebra of bounded continuous complex-valued functions on G
[31, Theorem 1.1.9]. We can also extend the definition of amenability to arbitrary
topological groups by calling G amenable, if there is a left-invariant mean on Cy(G).
When a C*-algebra B is the norm closed linear span of a group of unitary operators G
in L(H) that is amenable with respect to the norm topology, Kadison and Ringrose
[23, Theorem 3.3] showed that B is an amenable Banach algebra.

As noted above, all compact groups are amenable, but the unitary group of a
C*-algebra B is not compact in the norm topology unless B is finite dimensional. The
abelian groups form another important class of amenable groups. In applications, it
is always possible to average over an abelian C*-algebra because abelian groups are
amenable with respect to the discrete topology [31, Examples 1.1.5].

The next proposition [29, Lemma 4.1] is a consequence of the definition of the

coboundary map 0 for Hochschild cohomology and is valid in a broad context.

Proposition 4.3. Let A be an algebra, let B be a subalgebra of A, and let M be a
bimodule over A. If p € Z"(A, M) vanishes whenever one its arguments lies in B,

then, for all ai,...,a, € A and b € B,

(1) p(bay,as, ..., a,) =bplay,..., a,),
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(ii) play,...,ak—1,a5b, a1, ..., a,) = play,...,ag bagi1, g .. 0,), 1 <k <n,

(111) p(ay,...,an_1,a,0) = play,,...,a,)b.

Suppose p € Z"(A, M) vanishes whenever any of its first 1 < ¢ < n arguments
lies in a subalgebra B of A. Then p satisfies conditions (i) and (i), for all 1 < k < ¢,
of Proposition 4.3 and is called ¢-multimodular with respect to B. If £ = n, then p is
simply called multimodular with respect to B. Evidently, when A is a Banach algebra
and M is a dual Banach bimodule over A, Theorem 4.2 provides a sufficient condition
for p € Z"(A, M) to be replaced with ( € Z"(A, M) within the same equivalence
class of H"(.A, M) that is multimodular with respect to a closed amenable subalgebra
B of A.

Let A be a subalgebra of £(H), let M be a dual Banach bimodule over A, and
let B be an abelian C*-subalgebra of the center of A. Apparently, if £ € L"(A, M)
is multimodular with respect to B, then 9¢ is also multimodular. We let {£"(A, M :
B),0"},>0 denote the subcomplex of {L"(A, M), 0" },> consisting of multimodular
maps and use similar notation for coboundaries, cocycles and homology groups. In
this case, the scalar field C may be replaced by B in our cohomology calculations.
More generally, Sinclair and Smith [35, Theorem 3.2.7] showed that if B is a C*-
subalgebra of A with an amenable unitary group, then it suffices to consider the

multimodular complex.

Theorem 4.4. Let A be a subalgebra of L(H), let M be a dual Banach bimodule
over A, and let B be C*-subalgebra of A with an amenable unitary group. Then
H"(A,M:B) = H"(A, M), for alln > 0.

Every finite group of unitary operators GG is amenable and, although Theorem

4.2 does not have a direct analogue for normal cocycles, the technique used in its
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proof is applicable when G is finite. More precisely, the following proposition is true

[20, Lemma 5.3].

Proposition 4.5. Let A be an operator algebra, let B be a C*-subalgebra of A, and
let G be a finite group of unitary operators in the center of A which linearly generate
a C*-algebra D. Suppose M is a dual normal module over A and p € Z!'(A, M)
vanishes whenever any of its arguments lie in B. Then there exists € € LA, M)

such that p + 0§ vanishes whenever any of its arguments is in B or D.

B. Averaging in Normal Cohomology

Averaging a normal cocycle over an amenable algebra proves to be a far greater
challenge than averaging for continuous cocycles. Theorem 4.2 applies to normal
cocycles, but the new cocycle may not be normal. However, for von Neumann al-
gebras, Johnson, Kadison, and Ringrose [20] proved an analogue of Theorem 4.2 for
normal cocycles. An essential element in its proof, is an extension theorem for normal
multilinear maps.

A Banach space X is said to be weakly sequentially complete, if every weakly
Cauchy sequence converges. Grothendieck [15, Théoreme 6] showed that any bounded
linear map on C(K), where K is a compact Hausdorff space, to a weakly sequen-
tially complete Banach space is weakly compact. Akemann [1, Theorem 2.8] applied

Grothendieck’s result in proving the following theorem.

Theorem 4.6. Let X be a Banach space such that X* is weakly sequentially complete
and let A, be the predual of a von Neumann algebra A. Then every bounded linear

map T : X — A, is weakly compact.

Examples of operator algebras having a weakly sequentially complete dual space

abound. As an illustration, following the presentation of Brown, Chevreau, and
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Pearcy [4], we describe a large class of ultraweakly closed operator algebras, called
dual algebras, all of which are generated by a single operator and have a weakly

sequentially complete dual space.

Example 4.2. An operator T' € L(H) is called a contraction, if ||T'|| < 1 and, in this
case, T is called completely non-unitary, if its restriction to any non-zero reducing
subspace is not unitary. For every contraction 7', there exists a unique closed subspace
S of H such that § is reducing for 7', the restriction of 7' to § is unitary, and the
restriction of T' to St is completely non-unitary [37, Theorem 1.3.2].

Assume that T is a completely non-unitary contraction acting on a separable
Hilbert space and let A7 be the dual algebra generated by T'. By the Sz.-Nagy-Foiag
functional calculus [4, Theorem 3.2], there is a homomorphism ¢ : H*(T) — Ag,
where T is the unit circle and H*(T) is the algebra of essentially bounded functions f
in L?(T) such that (f(¢),e”™) =0, for alln € N. For all f € H>*(T), [l¢(/)] < I/~
and we write p(f) = f(T).

Let A*(D) be the algebra of bounded holomorphic functions on the open unit
disc D. By taking pointwise radial limits, there is an isometric algebra isomorphism of
A>(D) onto H>°(T) [30, Theorem 17.10] and we denote the radial limit of h € A>(ID)
by h. Suppose that (T is sufficiently large so that ||h. = SUD\eo (1) |A(A)]; for
all h € A~(D). Because h(\) € a(h(T)), for all A € o(T) ND [12, Corollary 3.1], we

have

oo = lIhlloc = sup [RA)] < IA(T)I| < [1hlloc

A€o (T)ND

and Ar is isometrically isomorphic to H*(T). Since H*>*(T)* is weakly sequentially

complete [3, Corollary 5.4], A% is also weakly sequentially complete.

When A is a C*-algebra, A** is isomorphic, as a Banach space, to its universal en-

veloping von Neumann algebra [38, Theorem 1]. Since the predual of a von Neumann
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algebra is weakly sequentially complete [33, Proposition 1], A* is weakly sequentially
complete. Johnson, Kadison, and Ringrose [20, Theorem 2.3] used Theorem 4.6 to

extend multilinear maps on C*-algebras.

Theorem 4.7. Let Ay,..., A, be C*-algebras acting on Hilbert spaces Hq, ..., H,,
respectively, let M be the dual space of a Banach space M,, and let p : Ay X -+ X
A, — M be a bounded multilinear map that is separately ultraweak-weak™ continuous.
Then p extends uniquely, without increase of norm, to a separately ultraweak-weak™
continuous map p: Ay X ---x A~ — M on the product of the closures of Ay, ..., A,

in the ultraweak topology.

Another key element required for averaging in normal cohomology is a theorem
[24, Theorem 10.1.12] that relates an arbitrary representation of a C*-algebra to its

universal representation.

Theorem 4.8. Let ® be a representation of a C*-algebra A and 7 be its universal
representation. Then there is a projection P in the center of M(m) and an ultraweakly
continuous x-isomorphism o : M(m)P — M(®) such that ®(a) = a(w(a)P), for all
a € A.

The conclusions of Theorem 4.8 are best summarized by the following commu-

tative diagram.
m(A) ——= m(A)P —— M(m)P
A—2 5 B(A) —— M(P)P
Suppose M is a von Neumann algebra, B is a C*-subalgebra of M generated
by an amenable unitary group, and N is a dual normal module over M. Using

Proposition 4.5, Theorem 4.7, and Theorem 4.8, Johnson, Kadison, and Ringrose [20,

Lemma 5.4] proved that if p € Z"(M, N) vanishes whenever any of its arguments
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lies in B, then there exists £ € L"71(M, N) such that p+ ¢ is a normal cocycle that
vanishes whenever any of its arguments is in B. Additionally [20, Lemma 5.5], they
proved that if ¢ € B"(M, N) is a normal cocycle, then there exists n € L1(M, N)
such that 9§ = dn. The combination of these results with Theorem 4.2 yields an

averaging theorem for normal cohomology.

Theorem 4.9. Let M be a von Neumann algebra, let B be a C*-subalgebra of M
generated by an amenable unitary group, and let N be a dual normal module over M.
Then, for all p € Z" (M, N), there exists £ € L1 (M, N) such that p + O& vanishes

whenever any of its arguments lies in B.
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CHAPTER V

MULTILINEAR MAPS ON JOINS
Having established some preliminary results, we follow Gilfeather and Smith [14] and
begin by investigating the structure of the multilinear maps we shall encounter in the

sequel.

A. The Structure of Multilinear Maps

For every pair of operators S € L(H) and T € L(K), there is a unique bounded
operator S® T € L(H ® K) such that (S® T)(h® k) = Sh® Tk, for all h € H and
ke K, and ||S®T| = ||S||||T]| [28, Lemma 6.3.2]. Given subalgebras A and B of
L(H) and L(K), respectively, we regard their algebraic tensor product A ® B as a
subalgebra of L(H ® K). Its norm closure is denoted A ®, B and called the spatial
tensor product of A and B. Furthermore, when A and B are von Neumann algebras,
the von Neumann algebra generated by A ® B is denoted A ® B and called the von
Neumann algebra tensor product of A and B. In this case, the commutation theorem
for tensor products [39, Theorem 4.5.9] states that (A ® B) = A’ ® B’ and the double

commutant theorem furnishes a description of A® L£(K) in terms of matrices.

Lemma 5.1. Let A be a von Neumann algebra acting on H and let S € AR L(K).
If {f+}rer is an orthonormal basis for K and S = (S;,)ruer S the matriz of S with

respect to { f-}rer, then s, € A, for all T,peT.

Proof. Since A’ ®@ Clx C (A® L(K)), 87, = s-px, for all x € A" and 7,0 € T

Then, by the double commutant theorem, s, € A” = A. O

Definition 5.1. Let 2 be an abelian von Neumann algebra acting on H, let A be

a norm closed subalgebra of A® L(K), and let B be a norm closed subalgebra of
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M, (). The join of A and B is the subalgebra of A ® L(C™ & K) defined by

B 0
AxB= Ae A UedAR, LICYK), BeEB
U A

Note that our definition of the join differs from the definition used by Gilfeather and

Smith [14]. However, the two definitions coincide when 2 = C.

Example 5.2. Let 2 be the abelian von Neumann algebra whose maximal ideal space
consists of two points and let A be a proper subalgebra of M3(C). Then A ® A =
A @ A is always an algebra whose linear dimension is even. On the other hand, if D,
and 7, denote the subalgebras of diagonal and upper triangular matrices in Ms(C),
respectively, then Dy @ 75 is a proper subalgebra of A ® Ms(C) = My(C) & M, (C)
of odd linear dimension. Evidently, there are subalgebras of 2 ® M,(C) that are not

unitarily equivalent to 2 ® A, for some proper subalgebra A of M,(C).

Notation 5.3. It will become necessary to distinguish between elements of the tensor
product of Hilbert spaces and rank one operators between Hilbert spaces. Suppose
that hg € H and ky € K. Then hg ® ko denotes a vector in H ® K, while ko ® hy will
denote the rank one operator defined by h — (h, ho)ko, for all h € H.

For the remainder of this chapter, 2 will denote an maximal abelian von Neu-
mann algebra acting on ‘H, A will denote a norm closed subalgebra of A® L(K),
and B will denote an ultraweakly closed subalgebra of M, () containing A ® C1,,.
Furthermore, suppose that By € B, Uy € A ®, L(C",K), and Ay € A. Then X, will
denote the fixed element of A B defined by X, = (53 XO ) and when Uy = 0, we shall

also write Xy = By ® Ap.

Since A * B contains an abelian subalgebra (2 ® C1,,) & Cly, if m > 1 and

pe€Z"AxB,ARL(C" P K)), we may apply Theorem 4.2 to obtain an equivalent
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cocycle ¢ that vanishes whenever any of its arguments belongs to (2 ® C1,,) ® Cl 4.
In particular, ¢ is multimodular with respect to (2 ® C1,) @ Cl4. From now on,
we assume that every cocycle on A x B with coefficients in A® L(C™ @ K) vanishes
whenever any of its entries is in (A ® C1,,) ® Cl4 and the following decomposition,

due to Gilfeather and Smith [14, Proposition 2.4], is a direct consequence.

Proposition 5.2. Let p € Z"™(Ax B,2A® L(C* ® K)). Then p is of the form

(5.1) p(X1, .., X)) =

B(Bi,...By) 0
Z;nzl O'j(Al, e ,Am,j, Umfj+1>Bmfj+27 Ce 7Bm) Oé(Al, Ce 7Am)

I

where X; € Ax B and o; is a bounded m-linear mapping with values in the ultraweak
closure (A @ LIC",K))~ of A @ L(C",K), for all 1 < j < m. Furthermore, a €
ZMAAR LK) and € Z™(B, M,(2)).

Note that the multilinear maps appearing in (5.1) inherit the multimodularity of

p. In particular, for all ¢ € A and 1 < 57 < m, we have

(5.2) 0;(A1,..., A, (@ ® 1) Up—ji1, Bm—jio, - -, Bm)
=0j(A1, .., Ay, Un—jr1(a®1,), By_jia, ..., By)
=0j(A1, . A, Un—ji1, (@ ® 1) Bi_jya, ..., By)
=0j(A1,. ., A, Unji1, Bm—jya(a® 1,.), ..., By,)
= 0;(A1, ., Ay Un i1, Bmjyas -, Bm)(a®1,)
= (a®1x)oj(A1, ..., A, Un—ji1, Bm—jt2, - -, Bm)
and (3 is homogeneous with respect to A ® C1,,.

The multilinear maps appearing in the (2,1) entry of (5.1) may be further de-

composed. Our decomposition is similar to that obtained by Gilfeather and Smith
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[14, Lemma 2.1] and, although the proof is substantially the same, it is included for

completeness.

Lemma 5.3. Let vy : AX -+ - X AXAR, L(C",K)xBx---xB— (ARL(C",K))~ be
a bounded m-linear function satisfying (5.2), where A occurs m —r — 1 times and B
occurs v times. Then v is equal to a finite sum of m-linear functions of the following

forms:

(1) (A1, Am—1,Un) — ¢(Ax, ..., A1) U T, where gt Ax---x A — AR L(K)
is a bounded (m — 1)-linear map and T € M, (), for r = 0.

(”) (Ala s 7Amfr717 Umfry BmfrJrla SR Bm) = (bUmfrw; where ¢ PAX X A=
AR L(K) is a bounded (m — r — 1)-linear map and ¢ : B x --- x B — M, ()
is a bounded r-linear map that is homogeneous with respect to A @ C1,,, for

O<r<m-—1.

(iii) (U1, Ba, ..., By) — SUY(Bs, ..., By,), where S € AR L(K) and ) : B X -+ X
B — M,(2l) is a bounded (m — 1)-linear map that is homogeneous with respect

to A Cl1,, forr=m — 1.

Proof. The proof of (ii) contains all of the essential elements of the argument and we
omit the others.

By Theorem 3.5, B is complemented in M, () and we may, therefore, assume
that B = M, (). Let {Ej;}},—; denote the canonical matrix units for M, (C) and
{ej}7-; be the canonical basis for C". We use boldface to denote multi-indices i =
(t1,...4,) and j = (j1,...7,). Define multilinear functions ¢y, : Mp(2A) x -+ X
M, () — M, () by

Iy®E, ifs=iandt=]
wiqu(1H®Eslt1,---,1H ®Esrtr) =

0 otherwise
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and extend 5, linearly to M, (). Now define ¢yjpq : A X -+ x A — L(H® K) by

Gijpg(A1, ., A1) (R @ k)

= ")/(Al, ce 7Am—r—17 17—{ & (k:@ep), Eiljl? .. 7Eirjr)(h’ (%9 €q).

Since A is maximal, A = 2’ [11, Proposition 4.62] and v takes values in (2 ®
L(C", K))~. By the commutation theorem, ¢ijpq(A1,..., Apm—r_1) € (A ® Clg) =
AR L(K). Then, foralla € A, h e H, k€ K, and 1 < s,t <n, (5.2) implies

(5.3)

D Bipa(Ar s A1) (@ ® (R © ) ) Wispg (1 ® Bgytys - 1re @ By, )(h ® )

ijpq

= Z Gapg(Ar, s A1) (a @ (k@ e;)) (13 @ Epg) (h @ e)
=Y Pap(Ar - Apr )@@ (k@) (h @ ey)

— gbglst(Ala s 7Am—r—l)(a ® ]-IC)(h X k)
=Y(Ay, . A, Iy @ (k®es), Egutyy -+ Egu, ) (a® 1,)(h @ €)
=Y(Ay, .. A1, 0@ (E®es), Eguyy ooy Egu, ) (B ® ey).

By linearity, (5.3) holds for all U,,_, € AR L(C",K), By, ..., B, € B, and z € HRC".

Finally, since v is bounded, (5.3) must also be true for U,,_, € A ®, L(C", ). O

In our subsequent calculations, it is valuable to know when the sums appearing in
Lemma 5.3 are equal to zero. The statement of the next lemma, while resembling [14,
Lemma 2.2], is adapted to the present situation. However, its proof requires additional

work to accomodate the case where both ‘H and K are infinite dimensional.

Lemma 5.4. Let 0 < r < m and p € N. Suppose ¢; : A x -+ x A — AR L(K) is

a (m —r — 1)-linear map and 1; : B x -+ x B — M,(21) is a r-linear map, for all



43

1 <i<p. If {¢;}t_; is linearly independent with respect to A ® C1,, and
p
> iAo Ay ) UGB, ..., B,) =0,
i=1

for all Ay, ..., Apm—r1 € A, U € AR, LI(C",K), and By,...,B, € B, then ¢; = 0,
for all 1 <i < p. A similar statement is true if {¢;}}_; is linearly independent with

respect to A @ Cly.

Proof. We begin with the case where m = 1 and » = 0. Recall that a 0-linear map
taking values in a Banach bimodule M is a fixed element of M. Let ¢; = S; €
AR LK) and ¢; = T; € M, (), for all 1 < ¢ < p, and fix an orthonormal basis
{f+}rer for K.

Every A € A® L(K) has a matrix (a,,),er with respect to {f;},er and, by
Lemma 5.1, a,, € &, for all 7,4 € T. In particular, we let S; = (siu)wegp, for all
1 <i<p. Then, for all hy,hs € H, 7, € T, and 1 < 5,t < n, we have

(e ® (e ® f,)) S (ha ® fr) = D (1n @ (e ® [,))(5,) 2 @ 1)

veT
= (siu)*hz ® ey

= ((57,)" @ L) (hs @ e),

for all 1 <17 < p, and, consequently

p p

Z«Siu ® 1n)Ti(h ® €5), hy @ &) = Z<Ti(h1 ® es), ((s7,,)" @ 1n)(h2 @ 1))
<T;(h1 ® 65)7 (17'[ & (et ® fu))Sz*(hQ ® fT))
<SZ<17—[ ® (fﬂ ® et))j_;;(hl ® 68>7 hy ® fT>

=1
p

i=1
p

i=1

=0.
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Since {T;}}_, is linearly independent with respect to A®Cl,, s, = 0, forall 1 <i <p
and 7,u € T, and, therefore, S; =0, for all 1 <17 < p.

Ifm>1and 0 <r <m, we fix Ay,...,Ap_r_1 € A and let the matrix of
¢i(Ar, ..., A1) with respect to {f;}rer be (sL,)ruer, for all 1 < i < p. The
preceding calculation shows that

p

D ((sh, @ L)ei(By,. .., By) (I @ e5), hy ® e) = 0,

i=1
for all 7,u € T, hy,he € H, 1 < s,t <n, and By,..., B, € B. Because {¢;}}_, are
linearly independent over 2l ® C1,,, we conclude that ¢;(A,..., Ap_r_1) = 0, for all
1 <i<p. Since Ay,..., A1 € A were arbitrary, ¢; = 0, for all 1 < i < p, and

the proof is complete. O

Note that the proof of Lemma 5.4 does not require that 2l be maximal. In certain
calculations, we shall replace 2 by a von Neumann subalgebra of 2l. More precisely,

the following lemma will be applicable.

Lemma 5.5. Let 0 < r < m, lett € N, and let p € 2 be a projection. Suppose
Gi: Ax - x A= AR LK) is a (m—r—1)-linear map and 1; : Bx---x B — M, (2)
is a r-linear map, for all 1 < i <t. If {u;}._, is linearly independent with respect to

(r®1,) (A2 Cl,) and

t
Z (bi(Ah B 7Am—7"—1)Uwi(B1, . 7Br) = O7
=1

forall Ay,...; Ap_r 1 € A, U € AR, L(C", K), and By, ..., B, € B, then (p&1x)¢; =
0, for all 1 < i < t. A similar statement is true if {¢;}i_, is linearly independent

with respect to (p @ 1x) (AR Cly).

By Proposition 5.2 and Lemma 5.3, every p € Z™(A*x B,2AR L(C" & K)) is a
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linear combination of maps of the form
(5.4)

B(By,...,Bn) 0
IO(X17 s 7Xm) =
¢(A1a s Am—r—l)Um—rw(Bm—r-I—la s 7Bm) a(Ah s 7Am)

?

where 0 < r < m and X4,...,X,, € AxB. The coboundaries of the constituent
elements of p were calculated separately by Gilfeather and Smith [14] and recorded
in a table that we reproduce for the sake of reference. Each coboundary in Table I is

evaluated at Xy,..., X,,.1 € AxB.

Table 1. Cochains and Their Coboundaries

p dp
B(Bi,...,Bn) 0 (06)(By,...,Bmi1) 0
0 0 U13(By, ..., Bmy1) 0
0 0 0 0
PUm—rp 0 (0O)Unp—r1t) + (=1)" 71U, (09) 0
0 0 0 0
0 a(Ay,...,Ap) (=)™ (A, ..., Ap)Upi1 Oa

We now demonstrate that every cocycle in Z"(AxB, A ® L(C*"HK)) is equivalent

to a cocycle with zeros on the diagonal.

Proposition 5.6. Let p € Z™( A+« B,AR L(C* & K)). Then there is an equivalent
cocycle ( € Z™(Ax B,AR L(C" & K)) of the form

0 0

Z;n:l ’Yj(Ala Ce ,Am,]’, Um,jJrl, Bm,jJrQ, ey Bm) O

(55) (X1, X)) =

Y
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where Xy, ..., X,, € AxB. Furthermore, y; satisfies (5.2), for all1 < j <m.

Proof. We begin by applying Proposition 5.2 to p and, using the notation in (5.1), we
evaluate (0p)(Xy, ..., Xpmq1), where X; € AsBand B; =0, forall 1 < j <m+1. By
Lemma 5.3, we may assume that oq (A1, ..., Ap_1,Uy) = Zle Gi(Ar, . A1) Uy,
where ¢; : Ax - X A — AR L(K) and ¢»; € M, (), for all 1 < i < ¢. Then, applying
Table I, the (2,1) entry of (0p)(X1,..., Xmi1) is

l
) D (06)(Ar . AUt + (—1)" M a(Ay, - AU (1 @ 1) = 0,

i=1

Now let N be the ultraweakly closed submodule of M,, () over AR C1,, generated
by 13 ®1, and {1;}{_,. By Theorem 3.11, there exist pairwise orthogonal projections
{p;}i=; such that Z;lej = 13 and (p; ® 1,)N is a free module of finite type over
(p;j®1,)(A®CL,), forall 1 <j <t

Choose jy such that 1 < j, < ¢ and multiply (5.6) on the right by (p;, ® 1,).
We may assume, by redefining {¢;}¢_;, if necessary, that {(p;, ® 1,)1;}f_; is a basis
for (pj, ® 1,)N over (pj, ® 1,,)(A ® C1,) and ¥y = pj, ® 1,. Then, by Lemma
5.5, (pj, ® 1x)(0¢1 + (—1)™ ') = 0. Since jo was arbitrary, we conclude that
d¢y + (—1)™a = 0.

Hence, if we let £ = (8 (_1)£+1¢1) and replace p with n = p + 9§, then 7 is an
equivalent cocycle to p for which @ = 0. By Table I, n retains the form of (5.1)
and the maps in the (2,1) entry of n satisfy (5.2). A similar calculation allows us to
replace n with an equivalent cocycle ¢ having the same form as (5.1) and such that

a=p=0. 0
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B. The First Cohomology Groups of A *x B

Notation 5.4. Having chosen B to be a algebra of matrices with entries in 2 rather
than C necessitates corresponding changes to the various coefficient spaces involved
in our calculations. In particular, all multilinear maps on A * B will take values
in A® L(C* @ K), all multilinear maps on A will take values in A® L(K), and all
multilinear maps on B will take values in M, (). The coefficient spaces will be
omitted from future notation, for brevity.

These new coefficient spaces are all bimodules over 2 and type I von Neumann
algebras whose respective centers are x-isomorphic to 2. For example, M, () is a

bimodule over 2, if the module action is defined as
a-A=(a®1,)A=Aa®1,)=A-aqa,

for all a € A and A € M, (). Similarly, the spaces of m-linear maps £™(B) and

cohomology groups H™(B) become bimodules over 2, if we let

(a-p)(B1,...,Bn) =(a®1,)(p(B1,...,Bn))
= (p(B1,...,Bn))(a®1,)

=(p-a)(By,...,Bn),

for alla € A, p € L™(B), and By, ..., B,, € B. This action is well defined on H™(B),
because a - (0p) = d(a - p), for all a € A and p € L™(B).

We shall express the cohomology groups of A x B as the tensor product of 2A-
bimodules which will be denoted ®g in contrast to the tensor product of complex

vector spaces which we continue to denote by ®.

The results of the previous section demonstrate that cocycles on A * B taking

values in A® L(C" @ K) have a particularly simple form. We use it to determine
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the cohomology groups of A * B. While our calculations are based upon those of

Gilfeather and Smith [14], in general, additional work is required.
Theorem 5.7. H'(A*B) =2A® (1, 1) = 2.

Proof. Since A% B contains the abelian algebra (A®C1,)®Cl 4, every Y € H°(AxB)
must have the form Y = T'@ S, where T' € M, () and S € A® L(K). Let {e;}j_,
be the canonical basis for C", let {f,},enm be an orthonormal basis for I, and let

XeAxB, where A=B=0,ke K,z €C" and U =1y ® (k®x). Then

0 0
XY -YX = = 0.

(1H ® (k?@l’))T— S<1H® (k®x)) 0

Let T' = (ti;)7,=; be the matrix of T" with respect to {e;}}_; and let S = (s;.)ruem
be the matrix of S with respect to {f,}.em. In component form, the (2,1) entry of

XY becomes

(In @ (fu®e))T(h1 ®ej),ha @ fr) = (tijh1 @ fu, ha @ fr)

- 5T/J,<tijh17 h2>7
for all hy,ho € H, 7,s € M, and 1 <i,j < n, while the (2,1) entry of Y X is

(S(ly ® (fu ®€i>>(h1 ® ej), ho ® fr) = 0ij Z(b”uphl ® fu,he @ fr)

veM

= 5ij<57-,uh17 h2>-

Apparently, if ¢ # j (respectively, 7 # u), then t;; = 0 (respectively, s, = 0). On the
other hand, when ¢ = jand 7 =y, t;; = sy, =a €A, forall 1 <¢ <nand p € M.

Thus, T=a®1,,S=a® lg,and Y =a® (1, & 1¢). O

A cocycle p € Z1(A x B) is known as a derivation, because the cocycle equation

reads p(X1Xs) = Xip(Xso) + p(X1) X, for all X;, Xy € AxB. In every equivalence
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class of H'(A x B), we now show that there is a derivation defined by an element of

ZY%A) @9 Z°(B).
Lemma 5.8. Every derivation p € Z1(A * B) is equivalent to one of the form

0 0
(5.7) p(X) = ,
P SUT, 0

where X € AxB, S1,...,8, € Z2°%A), and Ty, ..., T, € Z°(B).
Proof. By Proposition 5.6 and Lemma 5.3, we may assume, for all X € A % B, that

0 0
p(X) = :
P SUT;, 0

where Sy,...,5, € AR L(K) and T1,...,T, € M, (). It only remains to show that
St,.... S € A,and Th,...,T, € B.

Assume that both B’ and (B')* are free modules of finite type over 2A® C1,, and
assume there exists 1 < s < p such that {T;}7_, (respectively {T;}}_,.,) is a basis for
B’ (respectively (B')1) over 2l @ C1,.. Clearly, 9T; = 0, for all 1 < i < s. Suppose
that 7 . (a; ® 1,)0T; = 0, where ¢; ® 1, € A® Cl,, for all s+ 1 < i < p. Since
A ® Cl,, C M, (), we have

P p
S (0 @ 1,)0T: = 0 ( 3 (@ o mn) )
i=s+1 i=s+1

so y b (a; ®1,)T; € BN (B)*". Then > (a; ® 1,)T; = 0 and the linear
independence of {T;}?__ ; implies that a; ® 1, = 0, for all s +1 < ¢ < p. Hence,
{0T;}_, . is a linearly independent set over A ® Cl1,,.

We now calculate the coboundary equation for p. For all X7, Xy € A % B, the
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(2,1) entry of (0p)(X1, X2) is

S

65 S @SANLE L S OS)ANT + Y SUOT)(B) =0,

i=1 i=s+1 i=s+1

by Table I. In particular, if Uy = 0, then > 7 ., S;Ui(0T;)(B2) = 0 and Lemma, 5.4
implies that S; = 0, for all s+1 < ¢ < p. Since (5.8) now reduces to > .;_,(95;)(A1)U>T; =
0, another application of Lemma 5.4 demonstrates that 9S; = 0 — that is, S; € A,
forall1 <i<s.

In general, both B’ and (B')* are ultraweakly closed submodules of M,, () over
A2 C1,. By Corollary 3.12, there is the set of pairwise orthogonal projections {p;}i_,
in 2 such that 3°'_ p; = 13 and both (p;® 1,,)B’ and (p; ® 1,,))(B')* are free modules
of finite type over (p; ® 1,)(2 ® C1,,), for all 0 < ¢ < t. Hence, we may assume
that {T;},_, generates M, () over A ® C1,, and, for all 0 < j < ¢, there exist
1 < r(j) < s(j) < psuch that {(p; ® 1,)T1}1Y) (vespectively {(p; @ LT} ;1)
is a basis for (p; ® 1,)B' (respectively (p; ® 1,)(B')*) over (p; ® 1,,)(2 ® C1,,) and
(pj ®1,)T; =0, for all r(j) +1 <i < s(j).

Now choose jj such that 0 < jo < t. Multiply the (2, 1) entry of the coboundary

equation on the right by p;; ® 1,, to obtain

r(jo) P P
YOS ANLT + > (@S)ANLT + Y SiUIOT)(Bs) | (pjp@1n) = 0.
i=1 i=s(jo)+1 i=s(jo)+1

Then, by Lemma 5.5, the preceding calculations prove that (p;, ® 1x)S; € A’, for all

1 <i < r(jo), and, moreover, (p;, ® 1x)S; = 0, for all s(jo) +1 < i < p. Since

p 7(jo)
Y SiUPn ® )= SiU(pj, ® L)T
i=1 1=1

and U = 25:0 Up: ® 1), for all U € A ®, L(C",K), we may replace S; with

Si — (pj, ® 1k)S;, for all 7(jo) +1 < @ < s(jo), without changing p(X). Because jg
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was arbitrary, we conclude that S; € A" and T; € B/, for all 1 < i < p. O

Lemma 5.8 defines a surjective map from Z°(A) @y Z°(B) onto H'(A % B). The
majority of the work in the proof of the next theorem is in calculating the kernel of

this map.
Theorem 5.9. H'(Ax* B) 2 H(A)/(A ® Clg) @y H*(B)/(2 @ C1,,).

Proof. Tt is clear, by Table I, that any linear map p € L'(A x B) of the form (5.7) is
a derivation on A x B. We define a 2-bilinear map ¢ : Z°(A) ® Z2°(B) — Z(A x B)
by

0 O

¢(5,T)(X) = ,
SUT 0

forall (S,T) € Z°(A)®Z°(B) and X € AxB. If 1 : Z°(A)DZ%(B) — Z°(A)®9Z°(B)
is the canonical map, then, by the universal property of the tensor product, there
exists a unique 2-linear map ¢ : Z°(A) @y Z°(B) — Z'(A * B) making the following

diagram commute.

Z2°(A) @ 2°(B) —— 2°(A) @ 2°(B)

“ﬂ/

ZY A B)

Let 7 : Z' (A B) — H'(A « B) be the canonical projection and let ¢) = 7 o ¢. By
Lemma 5.8, 9 is surjective and we now calculate its kernel.

Recall that every & € BY(A x B) is spacially implemented by an operator Y &
AR L(C" @ L) — that is, {(X) = XY =YX, for all X € A=« B. If, additionally,
£ € )(Z°(A) Ry Z°(B)), then & vanishes on B & A, so Y must be of the form T & S,
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where T' € Z°(B) and S € Z°(A). Then

0 0
§(X) = :
UT - SU 0

for all X € AxB, and £ = ¢(14Q9T—S®qlz). Thus, ¢(Z°(A)@9Z°(B))NB (AxB) C
B(Z°(A) @15+ 14@9 Z°(B)). Since Table I implies the other inclusion, we conclude
that ¢(Z2°(A) @y Z°(B)) N BY A x B) = $(2°(A) Qo 15 + 14 @9 Z°(B)).

Now suppose that D € ker(¢) and D = Zle S; @9 T;, where S; € Z°(A) and
T; € Z°B), for all 1 < i < ¢. By Theorem 3.11, there exist pairwise orthogonal
projections {p;}%_, in A such that Z;:o p; =1 and (p; ® 1,)Z°(B) is a free module
of finite type over (p; ® 1,)(A ® C1,), for all 0 < j < ¢. Consequently, we may
assume that {7;}{_, generates Z°(B) over 2 ® Cl, and there exist {k;}'L; such
that 0 = kg < -+ < kyyy = £ and {T; fg%ﬂ is a basis for (p; ® 1,,)Z°%(B) over

(p; ®1,)(A®Cl,), for all 0 < j <t. Since

- 0 0 0 0
4(D) - 0,
Up;j®1,) 0 Zii;;+1 S;UT; 0

forall 0 < j <tand U € AR, L(C",K), Lemma 5.5 implies that (p; ® 1x)S; = 0,
for all k; +1 <1 < kjy; and 0 < 5 <t. Thus, ¢ is injective and because gzg(ker(w)) =
B(Z°(A) @9 Z2°(B)) N B (A% B), ker(v)) = Z°(A) Qg 15 + 14 Qo Z°(B).

We let 7 : Z9(A) @y Z°(B) — Z°(A) ®@a Z°(B)/ker(¢)) denote the canonical

projection. By the first isomorphism theorem in algebra, there is an isomorphism

) (2°(A) @9 2°(B))/ ker(v)) — H' (A« B) making the following diagram commute.

Z0(A) @ Z°(B) —— Z°(A) @y Z°(B)/ ker(1))

|

H' (A B)
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We use the universal property of the tensor product to define linear maps w :
Z0A) @9 2°(B) — Z2°%(A)/(A @ Clk) @y Z2°(B)/(>A @ C1,) and ¢ : Z°(A)/(A @
Clk) ®a 2°%(B)/(A @ Cl,) — (2°(A) @a 2°(B))/ker(¢)) by a @b — (a + A
Clx) g (b+2A® Cl,) and (a + A ® Clk) @y (b + AR Cl,) — (a @g b) + ker(t)),

respectively. Note that ¢ o w = 7 and our diagram then reads

Z%(A) @y Z2°(B) = (2°(A)/A @ Clx) @2 (2°(B)/2A @ Cly)

‘| |

HY(Ax* B) g Z%(A) @y 2°(B)/ ker(¢)

We complete the proof by showing ¢ is an isomorphism. Since o is clearly linear
and surjective, it only remains to show that ¢ is injective. Suppose oy = 0 for some
y € Z°%A)/ (A @ Clk) @y Z°(B)/( @ C1,). Because w is surjective, there exists
r € Z°%A) @y Z°(B) such that wr = y. Now 7z = (0 ow)x = 0, so z € ker(¢) =

ZY9A) @915 + 14 @9 Z°(B) C ker(w). Then y = wzr = 0. O

There are several key elements in the calculation of H'(Ax*B) that are important
to note. Observe that Z°(B) = B’ is complemented in £°(B) = M,, (). Additionally,
there is a set of pairwise orthogonal projections {p;}!_, in A®C1,, such that S_I_ p; =
1y, and both (p; ® 1,)B and (p; ® 1,)(B')* are free modules of finite type over
(pi ® 1,)(A® Cl1,), for all 1 <i <t. Before proceeding with the calculations of the
higher cohomology groups, we must establish that Z(B) is complemented in £™(B),

for m > 1.

C. Multilinear Maps on B

By Theorem 3.11, there exists a set of pairwise orthogonal projections {p;};_; in

20 such that Zﬁzlpi = 1y and B; = (p; ® 1,)B is a free module of finite type over
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(pi®1,)(ARC1,), forall 1 < i < t. We fix a basis {B;}ﬁzl for B; over (p;®1,,)(A®C1,)
that is annihilated by 1 —p; ® 1,, and commence our study of multilinear maps on B.

We may only consider maps in L™(B, M, () : ), by Theorem 4.4, and we will
identify £™(B, M, () : ) with sums of multilinear arrays with entries from M, ().
from M, () will be denoted Ay, (M, (A)) and we define Ayo(M,(2)) to be M, ().
We identify Ay, (M, (2A)) with the von Neumann algebra @f:l M, (L) of ™ copies of
M,,(20). Then there is a canonical norm topology on Ay, (M,(2)) and convergence
is entrywise in the operator norm on M, (). Furthermore, the weak™ topology on
M, () imposes a weak™ topology on Ay, (M,(2)) and weak™ convergence is also
entrywise.

Recall that £™(B) is the dual space of B&y - - @, B &, M, ()., where there are
m copies of B and M, (), is the predual of M, (). The duality is defined by

(B1® - ®@ B, ®A,p)=(A,p(B1,...,Bn)),

for all By,..., B, € Band A € M,(2),, and L™(B, M,,(2) : A) is weak* closed. We
shall revisit the theory of C*-modules where the weak™ topology plays an important

role.

Lemma 5.10. There is a correspondence L™(B;, M, (piA) = A) = Ay, (M, (pi2L)),
for allm > 0 and 1 <1 < t, that is homogeneous with respect to AR C1,, and a weak*

homeomorphism.

Proof. Let 1 <y <t be fixed and let p € L™(Byy, My, (pi,2A) : A). Define A7, =
p(BL, ... BP), for all 1 < iy,... 0, < {, and let A% = (AL

21

mapping @i, : L™ (Big, Mu(pie) : ) — Ag m(M(pi,2)) defined by p — AP is an
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isomorphism of Banach spaces that is homogeneous with respect to A® C1,,. Because

(BY @ @ B @ Ay, p) = (A, p(BY, ..., BR)) = (A, A2,

217 11 5eeeyim

forall 1 <iy,..., i, < /¥, and A, € M, ()., it is evident that ¢;, is weak™ continuous.

Then ¢, is a weak™ homeomorphism [4, Theorem 2.7]. O

As with the Hilbert spaces on which they are modelled, the direct sum of C*-
modules {M;}?_, over 2 is also a C*-module over 2. The inner product is defined
as the sum of the inner products of the components and, hence, norm convergence in

P_. M; is equivalent to convergence in each component. In particular, Ay, (M, (2))
is a direct sum of C*-modules and, by Lemma 3.2, the operator norm on Ay, (M, (2))
is equivalent to the norm induced by its inner product. The theorems of Chapter 111
remain valid for submodules of Ay, (M, (1)) and we use these theorems to calculate

the remaining cohomology groups of the join.

D. The Higher Cohomology Groups of A x B

As in the previous sections, it will often suffice to consider the case where p is a
projection in 2 and (p®1,)B is a free module of finite type over (p®1,)(ARC1,). We
may also assume that various weak* closed modules of multilinear maps on (p® 1,,)B
are free over (p ® 1,)(A ® C1,,) of finite type. This is possible because only a finite
number of steps are involved in the calculation of any particular cohomology group
and we may refine a given partition of 15 at each step in such a way that every

module involved in our calculation is a free module of finite type.

Notation 5.5. By Theorem 4.4, the cohomology of B is determined by the cochains
that are homogeneous with respect to 2 ® C1,,. Furthermore, by Proposition 5.3,

the multilinear maps on B that will appear in the calculation of H™ (A * B) are also
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homogeneous with respect to A ® C1,,. It will suffice, therefore, to consider cochains
in L™(B, M, () : A) and we let L™(B) = L™(B, M, () : 2A). Analogous notation
will be used for cocycles, coboundaries, and cohomology groups.

Apply Theorem 3.11 to B to obtain a set of pairwise orthogonal projections
{pi}'_; in A such that Zlepi = 1y and B; = (p; ® 1,)B is a free module of finite
type over (p; ® 1,)(A® C1,), for all 1 < i <t. Welet L™(B;) = L™(B;, M, (p;iA) : A)
and we identify £™(B;) with (p; ® 1,,)L™(B), for all 1 < i < t. Observe that L™(B) =
Dt L7 (By).

Now let 1 < 79 < t be fixed. Following the procedure of Gilfeather and Smith
[14], we define a sequence of bases for L™(B,,), for all m > 0.

It is clear from the definition of the coboundary map that Z™(B;,) is a weak*
closed submodule of £™(B;,), for all m > 0. By Lemma 5.10, we identify £™(B;,)
with a W*-module of arrays with entries in p;,2. Then, by Theorem 3.5, Z™(B;,)
has a weak* closed complement Z™(B;,)* in £L™(B;,). We assume that both Z™(B;,)
and Z™(B;,)* are free modules of finite type over (p;, ® 1,,)(2 ® C1,,), for all m > 0,
as discussed above. For m = 0, let {wé?m} be a basis for Z°(B;,) such that %?2’1 =
Pio ® 1, and let {15 ;} be a basis for Z°(B;,)*. If ¥ . = 9y, for all j, then
{41, ;} is a basis for BY(B;,) over (p;, ® 1,)(2® Cl,). By Remark 3.13 and Theorem
3.15, there is a linearly independent set {@D%J} in Z'(B;,) such that {1/1101]} U{Wf,)z,j}
is a basis for Z!(B;,). Similarly, for all m > 1, we construct bases for Z™(B;,)* and
ZmHH(B,,).

Having obtained bases for B™(B;), Z™(B;), and Z™(B;)~, for all m > 0 and
1 < i < t, we combine them to form generating sets for B™(B), Z™(B), and Z™(B)*.

For all 1 < ¢ <3, m >0, and for all j, let 4}, ,

= 0 when

(3
m.e; has not been

defined already and let v, ¢; = 25:1 Note, in particular, that ¥y21 = 15.

i
m7€7j :
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With generating sets of this form in hand, we may further simplify the cocycle in
Proposition 5.6. Our decomposition is the same as that of Gilfeather and Smith [14,

Proposition 4.2] and is the analogue of Lemma 5.8, for m > 2.

Lemma 5.11. Let p € Z™(A* B) and m > 1. Then there is an equivalent cocycle

of the form

0 0
(5.9) (X X)) = [ ,
Zizo Ej ¢i,2,ij7iwi,Q,j 0
where ¢;0; € Z™ Y A), for all 0 <i < m —1 and all j. Moreover, ¢921 = 0 and

(ps ® 1) inj = 0, whenever (ps @ 1,)1;i2; =0, for all1 < s < t.

Proof. By Proposition 5.3 and Proposition 5.6, every cocycle in Z™ (A * B) is equiv-

alent to a cocycle of the form

0 0
p(le--'aXm): s

S Y 2 ik Um—itin O
where ¢;; € L™ (A), for all 4,7, k. We may assume, without loss of generality,
that (ps ® 1k)¢ik,; = 0, whenever (ps ® 1)1, = 0, for all 1 < s < ¢. By Table I,
the (2,1) entry of (9p)(X1,..., Ximt1) is
(5.10) > 0¢ikiUn-iv1®ing + > (=17 i3 Um_ithis11, = 0.
ik, ij
First let 1 < s¢ < ¢, multiply (5.10) by (ps,®1,) on the right, and let U,,_;+1 = 0,

for all 0 < ¢ < m — 1. Then we have
Z ¢m—1,3,le¢m,1,j<pso 0%y ]-n) =0
J

and, by Lemma 5.5, (ps, ® 1x)@m—13, = 0, for all j. Similarly, if 1 < iy <m —1 and
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Um,iJrl = 0, for all 4 7é io, then
Z a¢i0,k,ij—iO+1¢f£,kJ + Z(_1)m_i0¢io—1,3,ij—io+11/’f§,Lj =0.
k,j J

By Lemma 55, (pSO X 1K)a¢i0727j = 0, (pSO X 1;<;)(9<bi073,j = 0 and (pSO X 1&)(8@51'0717]' +
(=1)™ g, _13;) = 0, for all j. Finally, if U,,—; = 0, for all 0 < ¢ < m — 1, then
(5.10) becomes

Z 000,k,;Um+1%0,1,j(psy ® 1) = 0.

jk
and, by Lemma 5.5, (ps, ® 1x)0¢o,; = 0, for all j, k = 2, and k = 3. Since sy was

arbitrary, we have the following relations.
(i) ¢io;€ Zm 1 A), forall 0 <i<m—1and all j.
(ii) ¢is; € 2™ HA), forall 0 <i<m —1 and all j.
(iii) O¢i1; = (—1)"""*lp; 15, forall 1 <i<m—1and all j.
(iv) ¢m-13, =0, for all j.
The non-zero terms involving ¢; 1 ; and ¢; 3 ; may be subtracted from p by adding

a coboundary, because (iii) and Table I imply that

0 0

(_1)m_i+1(bi,l,ijfiwifl,S,j 0

0

0 0 0 0
(=)™ 9¢; 1 jUpm—iz1ti—13; O Gi1,jUn—i0%i_13; 0
0 0 0 0
_ + :
Gi—13,;Um—iv1%i—135 0 i1, jUn—ivi1; O

for all 1 <4¢ < m —1 and all j. Hence, if we let & ; = (—1)™" (¢ivlﬂij9i¢i_1731j 8),

then ¢ = p+3_, ;0&;; has the required form.
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Now suppose that ¢g21 # 0 and let n = (—1)™* (8 ¢D?271 ) Then, since 0¢p 21 =
0 and Y21 = 1p, Table I shows that ¢ + Jn satisfies all of the conditions in the

statement of the lemma. O

Having defined, in essence, a surjective map from @7";' Z/(A) @y 2™~ (B)

onto H™(A % B), we now calculate its kernel.

Lemma 5.12. Let p € Z™ (A x B), let m > 1, and suppose that p has the form
specified in Lemma 5.11. Then p € B™ (A x B) if and only if ¢p2; € AR Clg and
Gin; € B"(A), for all0<i<m—1 and all j.

Proof. Suppose, forall 0 <7 <m—1andall j, ¢p,2; = a;®@1x and ¢; 2 ; = 9, ;, where
a; € Aand & ; € L™ (A). Thenp =30 ((es®@ln)om25 0 +>:,;0 (U sthia,; 0)-

Conversely, suppose that p = 0¢, where £ € L™(A*B). By Theorem 4.2, we may
assume that £ vanishes whenever any of its entries is in (24 ® C1,,) ® Cl 4. Although
it is stated for cocycles, Proposition 5.2 applies to £ in a weaker form. Combining its

decomposition with Lemma 5.3, we assume that

Bi,.... By 0
£(X1,. . X)) = BB, ) ,

S Y > &k Un-Viks a(Ar,..., Ap)

where a € L™(A), 8 € L™(B), and & ; € L™ A), for all 4, j, k. We also assume
that (ps ® 1x)&k,; = 0, whenever (ps ® 1,)9;; = 0, for all 1 < s < t. Since 9§ = p,
Table I implies that o € Z™(A), € Z™(B), and

(5.11) Y 0%k Unm-is1®ing + (1) aUnsrls + 14018 = D ¢i jUm—iz1tiz.

ikj irj
First let 8 = Zj(ﬁj ® 1,)¥m 2., where 3; € 2, for all j. The coefficients {5;}
are unique, if we insist that ps3; = 0, whenever (ps ® 1), 2,; =0, for all 1 < s <.

We repeat the procedure in the proof of Lemma 5.11. Let 1 < sy < ¢, multiply (5.11)
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on the right by ps, ® 1,,, and let U; = 0, for all 2 < i <m + 1. Then (5.11) reads

J

Z(ﬁ] X 1K>Ul¢m,2,j<pso 0% 1n) - Z ¢m,2,jU1wm,2,j (pso X 1n)
J

By Lemma 5.5, (ps, @ 1) P2 = (Pso @1x)(5;@1k), for all j. Nextlet 1 <ip <m—1

and let U, ;11 = 0, for all 7 # iy. We obtain

Z O&io i Um—io+1%io ki (Pso @ 1n) = Z Dig,2,5Um—io+1%i0,2,(Pso @ 1n)
J

k.3
and Lemma 5.5 implies that, for all j, (ps, ® 1x)0&i,1; = 0, (Ps; ® 1k)0&i3,; = 0,
and (ps, ® 1k)dig2,; = (Dsy ® 1k)0&y 2,5 Finally, let U; = 0, for all 1 < i < m, and
then (5.11) becomes

Z 8ok Um+1¢0% ; + (=)™ alUmi(psy © 1) = Z 00,2,jUm+1903 ;-
k.3 J

Recall that ¢5% ; = ps, ® 1, and ¢g 2,1 = 0. Hence, by Lemma 5.5, (ps, ® 1x) (902,10 +

(=)™ ) =0, (ps, @1k ) P02, = (Psy@1x)0E0.2,5, for all j > 2, and (ps, @ 1 )9035, =

0, for all j. Because sy was arbitrary, the following relations hold.
(1) Pmo; € AR Clg, for all j.
(i) 01 =0, forall 1 <i<m—1and all j.
(ili) 0¢3; =0, forall 0 <i<m —1 and all j.
(iv) 9& 21+ (—1)™"a =0 and ¢ga; = &2, for all j > 2.
(V) ¢ia; =0&2 , forall 1 <i<m—1and all j.

Since (i), (iv), and (v) are precisely the conditions in the statement of the lemma,

the proof is complete. O

The calculation of H™(A % B) is now a formality, as a large majority of the work

is contained in Lemma 5.11 and Lemma 5.12.
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Theorem 5.13. For all m > 2,

H™(AxB) = H"(A) @ H'(B)/(% @ Cl,) & H’(A)/(A ® Cl) @ H" ' (B)

D B (A) @ H(B).

i=1
Proof. Observe that B = Z°(B) is a W*-module over A ® C1,, and % @ C1,, is a
W*-submodule of B. By Theorem 3.5, B//(2 @ C1,) & (A ® C1,)* and we may
choose {1002 };52 such that {1)g2,};>2 generates (A ® C1,)* linearly over 2 ® CL,,.

Define a linear mapping 7o : 2™ 1(A) @9 (A C1,,)* — H™(A* B) by vo(do @
o) (X1, .., Xin) = (pothune 0) and let mp 2 Zm7H(A) Qg (A ® Cl,) — 2™ HA) @y
(A ® C1,)*/ker(yy) be the canonical projection. Then, by the first isomorphism

theorem, there is a unique injective map 4y making the following diagram commute.

(5.12) ZmHA) @ (A ® CL,)t —= 2" A) ®y (A ® CL,)*/ ker(7o)
H™(A % B) h

Since, by Lemma 5.12, ker(yy) = B™1(A) @y (A @ C1,)*, we may define oy :
H™ 1 (A) @a (A ® Cly)t — 2™ '(A) @ (A ® Cl,)"/ ker(v) by oo(do ®@a o) =
(o ®a tho) + ker(70). If 79 : 277 1(A) @9 (A ® CL,)t — H™ H(A) @9 (A ® CL,)" is

the canonical map, then o¢ o 79 = 1 and (5.12) becomes

ZmHA) @y (A Cl,)t —— H™ 1 (A) @y (A® CL,)*

| |

H™ (A% B) «————Z""1(A) ®x (A @ Cl,) "/ ker(10)

We now show that oy is an isomorphism. Since oy is obviously linear and
surjective, it remains to show that oy is injective. Suppose opy = 0. Because

To is surjective, there exists z € Z™1(A) @y (A ® Cl,)* such that oz = y.
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Then oz = (Fo 0 0g)y = 0, so x € ker(y) = B"1(A) @9 (A ® Cl,)*. Hence,
y = Tox = 0 and we note, in particular, the existence of an injective mapping
To: H"HA) @y (2°(B)/2A ® C1,)) — H™(A * B) having the same image as 7.
Suppose that 1 <5 < m — 2. We define a linear mapping ;, : Z™ 1 (A) Qg
Z(B) — H™(A* B) by i, (i @2 0ig) (X1, Xim) = (61U sgtrsy 0) and let m, :
Zm=io=H (A @y Z0(B) — Zm 0 (A) @y Z"(B)/ ker(7;,) be the canonical projection.
Then there exists a unique injective map 7;, making the following diagram commute,

by the first isomorphism theorem.

(5.13) Zm=io=1( A) @y 20 (B) —2s Zm-i0-1(A) @y Z7(B)/ ker(v;, )

Yig —
Yig

H™(Ax B)

Observe that Z°(B) = B(B) & M,,, where M;, is the linear span of {;, 2}
over 2 ® Cl,. By Table I, Zm "1 A) @y B(B) C ker(y;) and, by Lemma
5.12, (Zm~ 0" A) @9 M;,) Nker(qy;,) = B 071 A) ®g M;,. Therefore, ker(vy;,) =
Zm=io=l(A) @y B (B) @ B™" 01 (A) @y M;,.

Let 75, : ZM707HA) @y Z%(B) — H™ 0~ 1(A) @y H(B) be the quotient map
and let oy, : H™ 07 A) @9 HO(B) — Zm 01 (A) @y Z"(B)/ ker(v;,) be defined by

Tio * (Giy R Viy) = (0iy Ra i,) + ker(7;,). Then oy, o 73, = m;, and (5.13) now reads

Zm—z‘o—l(A) ®Q[ Zio (B) Tig Hm—io—l(A) ®Q[ Hio (B)

’Yiol O’ioJ/

H™(A % B) ———— Zm=10-1( A) @y Z(B)/ ker(v;,)

Yig
The same diagram chase used for oy shows that o;, is an isomorphism and, hence,

L'y, = %, © 04, 1s an injective map with the same image as v;,.

Now let vp,—1 @ Z2°%(A) @y Z™HB) — H™(A x B) be defined by v, 1(¢m_1 O

UVm-1)( X1, ..., X0n) = (cbm_onlwm_l 8). If My, is the linear span of {t,,_12,,} over
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A ® Cl,, then 2™ (B) = B"(B) @ M,._,. By Table I, Z°(A) @y B (B) C
ker(7,,—1) and, by Lemma 5.12, (Z°(A) @g M,,_1) Nker(vp_1) = (AR Clx) Q@ M, 1.
Hence, ker(V,_1) = Z°(A) @y B 1 (B) & (A @ Clx) Q@ My, 1.

Let -1 : Z2°(A) @9 2™ 1 (B) — Z°(A) @9 Z™ 1 (B)/ ker(y,,—1) be the canonical
projection. Then, by the first isomorphism theorem, there exists a unique injective

linear map 7,,_; making the following diagram commute.

1

(5.14) Z9(A) @q 2™ H(B) 25 Z0(A) @y 27 1(B)/ ker(Ym_1)

Tm—1 _
TYm—1

H™(Ax B)

We factor 7, 1 through (Z°(A)/2A® Clx) @9 H™(B) by defining 7, 1 : Z°(A) @y
ZmY(B) — (2°%(A)/AClx) @9 H™ 1 (B) as the quotient map and o,,,_; : (Z°(A) /A
Clic) @ H™H(B) — Z°(A) @2 2™ (B)/ ker(Ym-1) by 0(¢m—1 @uthm-1) = ($m-1 @
VYm_1) + ker(vm_1). Then (5.14) becomes

Tm—1
—_—

Z%(A) @u 2" 7(B) (2°(A)/% @ Clx) @y H™H(B)

"/mll O'm_lj(

H™(Ax* B) — Z%A) @9 Z™ 1 (B)/ ker (Ym_1)

The same argument as for oy shows that o,,_; is an isomorphism and we have an
injective map I',,_1 = ¥,,_1 0 0,,_1 With the same image as v,,_1.
To complete the proof, let I' = @::)1 I';, By Lemma 5.11, T" is surjective and,

since I is clearly injective, I' is an isomorphism. O
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CHAPTER VI

CONCLUSION

Let A be an abelian von Neumann algebra acting on a Hilbert space H. An ul-
traweakly closed submodule M of M, () over A ® C1,, exhibits properties that are
similar to a subspace of M, (C). Kaplansky [26] showed that M is complemented
in M, () and that every bounded linear functional on M is defined by an element
of M. We demonstrate in Theorem 3.11 that there are a finite number of pairwise
orthogonal projections {p;}{_, in A such that Y ;_,p; = 1y and (p; ® 1,,)M is a free
module of finite type over (p; ® 1,,)(2 ® C1,), for all 0 < i <t. Furthermore, if N is
an ultraweakly closed submodule of M, we prove that there exists a finite number of
pairwise orthogonal projections {g;}{_, such that >>'_, ¢; = 13, and both (¢; ® 1,,)M
and (¢;®1,)N are free modules of finite type over (¢;®1,)(A®C1,), for all 0 < i <.
In particular, there is a finite basis for (¢; ® 1,,)M containing a basis for (¢; ® 1,,)N
over (¢; ® 1,)(”A® Cl,), for all 0 <i <.

We let 2 be a maximal abelian subalgebra of £(H), let A be a norm closed
subalgebra of A® L(K), and let B be an ultraweakly closed subalgebra of M, ()

containing A ® C1,,. We defined the join of A and B as

B 0
AxB = Ae AU eAR, LIC',K),BeB
U A

Using techniques developed by Gilfeather and Smith [14] and our results on sub-
modules of M, (), we were able to decompose p € Z™(A x B,A® L(C" @ K)) into
products of linear maps on A, operators in 2 ®, £(C", K), and linear maps on B.
This decomposition was successively refined until a particularly simple form for p

was attained. We then established necessary and sufficient conditions for a cocycle of
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this form to be a coboundary. Finally, we calculated H™(A x B,2A® L(C" & K)), for
all m > 0, in terms of H*(A,A® L(K)) and H*(B, M,(2)) and thereby generalized
the theorem of Gilfeather and Smith [14, Theorem 4.1] to infinite dimensional matrix

algebras.
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