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ABSTRACT

Development of a Branch and Price Approach Involving Vertex Cloning to Solve the
Maximum Weighted Independent Set Problem. (December 2004)
Sandeep Sachdeva, B.Tech., Indian Institute of Technology, Delhi, India

Chair of Advisory Committee: Dr. Wilbert E. Wilhelm

We propose a novel branch-and-price (B&P) approach to solve the maximum
weighted independent set problem (MWISP). Our approach uses clones of vertices to
create edge-disjoint partitions from vertex-disjoint partitions. We solve the MWISP on
sub-problems based on these edge-disjoint partitions using a B&P framework, which
coordinates sub-problem solutions by involving an equivalence relationship between a
vertex and each of its clones. We present test results for standard instances and
randomly generated graphs for comparison. We show analytically and computationally
that our approach gives tight bounds and it solves both dense and sparse graphs quite

quickly.
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CHAPTER |

INTRODUCTION

1.1 Overview

Given a graph, G = (V,E) where V represents the set of vertices; and E, the set of
edges, a subset of vertices | cV such that no two vertices in | are adjacent to each other
constitutes an independent set (IS). The problem of finding the independent set of largest
cardinality in a graph is known as the maximum independent set problem (MISP). The
cardinality of the maximum independent set is known as the independence number or the
stability number of the graph. Extending the MISP to vertex-weighted graphs, the

MWISP is to find the independent set of maximum weight. Letting w, represent the
weight associated with vertex v for veV , the MWISP is to find the independent set |

such that ZVEI w, is maximized. Both MISP and MWISP are known to be NP-Hard

[12]. Even though the MWISP can be solved in polynomial time on some specialized
graph structures ([1], [11]); the problem remains NP-Hard on arbitrary graphs.

MISP and MWISP are among the most researched problems in the field of graph
theory. They have large numbers of practical applications in diverse fields, including
protein structure realignment [8], coding theory [7], computer vision [2], experimental

design [2], signal transmission [2], and information retrieval [2].

This thesis follows the style and format of the European Journal of Operational Research.



1.2 Motivation and Objectives

The approach explored in this study involves solving the integer programming

formulation of the MWISP (in edge inequality form) which may be stated as

Z e = Max{ZWVXV:XGQ}, where Q={xeBV:x, +x, <1V (u,v)eE |, (1)

veV
where X, =1 if vertex V is included in the independent set, and X, =0 otherwise.

Warrier et al [25] developed a branch-and-price (B&P) approach to solve the
MWISP and showed that their approach gives competitive results for sparse graphs.
However, their approach suffers from two major drawbacks: their restricted master
problem (RMP) gives bounds that are not tight and comprises a large number of
constraints, requiring lengthy run times. This study contributes a new B&P approach,
which is directed towards overcoming these shortcomings. This new approach, which we
call Vertex Cloning, is designed to facilitate solution by yielding a RMP with fewer
constraints. We also show that Vertex Cloning provides a tighter formulation, improving
bounds in the branch-and-bound (B&B) tree.

The primary objectives of this study are:

(1) Formulation of the Vertex Cloning approach,

(2) Analysis showing that Vertex Cloning yields a tighter formulation,

(3) Effective methods to implement Vertex Cloning, and

(4) Analysis of the computational efficacy of Vertex Cloning.



1.3 Basic Notations

We consider only simple, undirected, and finite graphs. Most of the notation we use
in this thesis is the same as that used by Warrier et al [25]. We represent an edge as

e € E or, alternatively, by denoting its end vertices as (u,v)eE where u,veV,u=v.
We use G'=(V',E’) to denote the complement graph of G, where V'=V and
E':{(u,v)eE:u,VeV,u ;tv}. We use N(v)to denote the set of V’s neighbors,
{u:(u,v)eE}.

We decompose graph G into |P| sets of vertex-induced partitions. We use

G,=(,,E,) for peP to denote the sub-graph (partition) p, where V, and Ej

A

denote the set of vertices and edges in partition p, respectively. Furthermore, we use E
to represent the set of edges that connect vertices in different sub-graphs,

E=E\U pep Ep> and similarly, V to denote the set of vertices at the ends of edges in

A

E. For veV, we use 7z, to identify the partition into which v is assigned. We use
N, (V) to denote the neighbors of Vv in partition peP . Vertex Cloning may duplicate
certain vertices into partition peP . We use an “over bar” to denote the vertex and edge

sets in partition p after duplication (i.e.,\7p and Ep forpeP ).

1.4  Organization of Thesis

The remainder of this thesis is organized in six chapters. Chapter II presents a review

of the literature on MWISP, including a detailed discussion of the B&P approach



developed by Warrier et al [25]. Chapter III introduces concepts that underlie Vertex
Cloning and gives a detailed mathematical formulation (objective 1). Chapter IV
discusses properties of polyhedra formed by various B&P formulations (objective 2).
Chapter V discusses implementation issues (objective 3) and Chapter VI analyzes
computational results (objective 4), comparing the performance of several algorithms for
solving the MWISP. Finally, Chapter VII gives summary and recommendations for

future research.



CHAPTER Il

LITERATURE REVIEW

A solution to the MWISP can be obtained as the solution to the maximum weighted
clique problem on the complementary graph and the literature describes extensive study
of both problems. The solution methods presented in the literature use variety of
approaches for solving the MWISP, which includes B&B [2, 3, 7, 21], implicit
enumeration [9] and standard heuristic methods like genetic algorithms [13] and greedy
random adaptive search procedures [10]. Bomze et al [6] gave an extensive survey of
algorithms, complexity and applications of maximum clique problem. Recently, Carr et
al [8] described a branch-and-cut approach for the MWISP.

Bazaara et al [5] gave a good description of Dantzig-Wolfe decomposition (DWD)
for linear programming problems. DWD may be applied to the linear relaxation of an
integer programming problem to obtain a bound at each node in the B&B tree in an
approach known as B&P. Over the last twenty years, B&P has been successfully applied
in a wide range of integer programming problems [4, 18, 20, 23, 24, 26]. To apply B&P,
integer programming problems must be decomposed into two sets of constraints; those
that form sub-problem(s) and those that are relegated to the RMP. Barnhart et al [4] and
Wilhelm [26] provided extensive overviews of B&P and gave descriptions of
decomposition methods, and associated implementation issues.

Mehrotra and Trick [18] used B&P to solve the minimum coloring problem, another

important graph problem. The minimum coloring problem is to find the minimum



number of colors that allows each vertex to be colored so that the endpoints of each edge
have different colors. They used a set covering formulation of the coloring problem with
the objective of finding the minimum number of maximal independent sets such that the
union of these sets includes all vertices of the graph. Their RMP consisted of set
covering constraints and their (single) sub-problem involved finding the maximal
independent set.

Warrier et al’s [25] B&P approach partitions a graph into smaller, vertex-disjoint
sub-graphs and solves a MWISP on each sub-graph (sub-problem) to generate columns
that are coordinated by a RMP to obtain the MWIS for the original graph. Their
approach partitions the inequalities associated with edge constraints in (1) into two sets;

one set, the coordinating set, comprises inequalities associated with edges that connect

vertices in different partitions (i.e., X, +X, <1V (u,v)e Ié); and the other set,

P| sub-
problems, each consisting of inequalities associated with the respective edges included

in a partition (i.e., X, +X, <1 V(u,v)eE,) . They used B&P, forming the RMP (we

duplicate their model here) as:

P .
Zip=Max> > A, (wPxP) 2)
p=l jed,
P .
s.t. DY A, (AxP) <1 3)
p=1 jed,
> A =1 VpeP (4)
jedy

A >0 VpeP, jed, (5)

p



where

J, denotes the set of integer extreme points of conv(Q, N B! ),
x" isa Np‘ - vector that defines extreme point j € J, and

A;, 1s a RMP decision variable that corresponds to extreme point je J,,.

Sub-problem peP is formulated as
Z: = Max{(w’ - ATa)x® : x? eQ, nB""|, (6)
where Q, ={Xp € RE/"‘ X, X, SV (U v)eE, } and «a is an | E |-vector of dual

variables associated with constraint (3).
They tested two different partitioning procedures; one partitioned an original graph

into chordal sub-graphs and the other used METIS [15, 16, 17], a heuristic that seeks to

minimize the number of edges in E, while balancing the number of vertices in different
partitions, given the number of partitions. They solved MWISP on each chordal sub-
graph using Frank’s algorithm [11]. For solving the NP-Hard MWISP posed by each
METIS-partitioned sub-graph, they modified the Carraghan and Pardalos [9] algorithm
to address weights and solve the MWISP in the graph (the original algorithm finds the
maximal clique in a graph). We refer to this modified algorithm using the acronym
MCP. In addition to evaluating these two methods to partition a graph, they tested with
two types of RMP formulation and two methods of branching. They tested their
methodology with DIMACS Challenge Problems [14] and randomly generated p-graphs
and concluded that the combination of METIS partitioning, RMP formulation in terms of

clique inequalities and branching on cliques in B&B tree gave the best results.



Furthermore, they found that their method outperformed the MCP algorithm for sparse
graphs, which are known to be especially challenging. Subsequently, we refer to this as

the Original B&P (OBP) approach to solve the MWISP.



CHAPTER Il

VERTEX CLONING APPROACH

This chapter introduces Vertex Cloning (henceforth referred to as Cloning) and its

mathematical formulation.

3.1 Concept

Cloning extends the partitioning methods employed by Warrier et al [25] by cloning
selected vertices with the goal of eliminating edges in set E . After using METIS to
partition the graph G=(V,E) into |P| disjoint sub-graphs G,,..... ,G‘P‘, each edge
e=(u,v)e E connects vertices in two different partitions (u eV,,veV, where

p,q € P, p #q ) and the associated edge inequality (X, + X, < 1) is included in the RMP.
Cloning can duplicate vertex U (V) into partition ¢ (p) so that edge (u,Vv) lies entirely
in partition q (p) and the edge inequality in the RMP can be replaced by an equality
X, =X, (X,), where W is the clone of U (v). Similarly, edge inequalities in the RMP

can be replaced by relationships equating the decision variables associated with a cloned
vertex and each of its clones.

Cloning is analogous to the cost splitting technique of Lagrange relaxation [19, 22]
through which, depending on the structure of the problem, duplicate variables can be

introduced to improve bounds. We refer to a vertex that is duplicated as the cloned
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(originating) vertex and any duplicate vertex as a clone. We use the term copies to

indicate an original vertex along with its clones.

We illustrate Cloning using Figure 1, which depicts a graph comprising 7 vertices

and 7 edges. The formulation for the MWISP on this graph (as in (1)) can be written as:

MaxZ,, =X, + X, + Xy + X, + X5 + X, + X,

s.t.
X+ X,
X, + X
X, + X
X, + X,
X;+ X,
X5+ Xe

;
X= (X, Xy, X3, Xy, Xs, X, X;)EZ ]

(7)

(8)
©)
10)
(11)
(12)
(13)
(14)

(15)

Figure 2 shows an arbitrary partitioning with P={1,2}, where V, ={v,,v,,V,,V,}

and V,={v,,v,,vs}. Let G, and G, represent the two sub-graphs (partitions),

respectively, and E= {(V, ,Vs), (V5, V), (V,,V5) } be the set of edges that connects vertices

in the partitions. The endpoints of all edges e € E comprise the set v ={V,,V,,V,;, Vs,V }.



Fig. 1 Example graph G.

Partition 1 Partition 2

Fig. 2 Vertex disjoint partitions of G.

11



Partition 1 Partition 2

Fig. 3 Edge disjoint partitioning of G through vertex cloning.

Partition 1 Partition 2

OO ()

Fig. 4 Edge disjoint partitioning of G by cloning different vertices.
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The OBP reformulates model (7)-(15), creating one sub-problem with edge inequalities

associated with G, (i.e., (8) and (11)) and an other sub-problem with edge inequalities
associated with G, (i.e., (12) and (14)). The RMP comprises inequalities corresponding
to edges e eE (i.e., (9), (10) and (13)).

Figure 3 depicts one possible way to clone vertices so that all edge inequalities in the

RMP are replaced with equality constraints. Here, Vv, is duplicated (as V) in partition 1
so that the edges (v,,v;)and (v;,V,) can be included in partition 1 as (v,,Vvy)and
(V4,Vg), respectively. Similarly, Vv, is cloned as Vv, in partition 2 to include edge (v,,V;)
in partition 2 as (Vs,V,). This cloning process results in an edge-disjoint partitioning of
G in which E=@ and equalities X,, = X, and X, = X

,, replace corresponding edge

inequalities ((9), (10) and (13)) to assure that decision variables associated with a cloned
vertex and each of its clones are equal. Cloning results in vertices, instead of edges,
being shared between partitions. Figure 4 demonstrates an alternate way to clone
vertices. In this case, three clones (namely Vv, v, and Vv,,) are formed (as clones of v,,
v, and V,, respectively). This alternate cloning adds more vertices into the partitions,
making the sub-problems more challenging to solve and also resulting in a larger RMP.
Thus, the approach should clone a minimum number of vertices to promote tractability.
Note that, typically, only a subset of vertices in V need be cloned to locate each
edge e € E into some partition. In Figure 3, only two vertices from the set V are cloned

and in Figure 4, three vertices are cloned.
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3.2  Formulation

We now specialize the MWISP to represent Cloning. Let K eV be the set of cloned
vertices and D, denote the set of clones corresponding to vertex ve K € V. Cloning
vertex V (as W) relocates a set of edges (u,v) e E from E to partition 7, (also,
7, =7, ). In partition 7, this relocated edge(s) (u,V) exists as (U, w).

Note that not all vertices in V need be cloned (see example in 3.1). If vertex veV is
not cloned, D,= & and if it is cloned, D, gives the set of its clones. Let K eV denote
the set of vertices for which D, # &. Cloning increases the number of vertices in the

graph to ‘\7 ,where V=V U

D, .

veK

Cloning adds vertices and edges to certain partitions, changing G, =(Vp,Ep) to
G, 0 =(\7p , Ep ), where \Tp includes V, and clones that are added in partition p and Ep

includes edges from set E as well as relocated edges. Correspondingly, the vector x”

is changed to X" ={XV Ve \7p } The integer programming formulation of the MWISP

may now be specialized to reflect Cloning:

pePveV,

Zﬁw,spzMax{ZZvav:xw—xv:OVVe K, we D, } (16)

where X" eQP VpeP and (jp={ipEBL\T”‘:Xu+XVS1V(u,V)eEp } The

formulation given in (16) can be rewritten as follows:
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Z puse =Max > wPx? (17)
peP
S.t.
DA =0 (18)
peP
B, X" <1 VpeP (19)
P eB™ vpep (20)

where A denotes the matrix of coefficients of decision variables in equalities (18)
and B, denotes the matrix of coefficients of decision variables in inequalities (19).

Equalities (18) include an equivalence relation between each cloned vertex and each

of its clones; and inequalities (19) include edge inequalities in partition peP.
Inequalities (19) define |P| disjoint blocks of constraints, one for each partition p,

forming a block diagonal structure. Application of DWD to the linear relaxation of (17)-
(20) allows each block to be addressed as an independent sub-problem while relegating

constraint (18) to the RMP:

Zup =Max D" > 2, (WPxP) (1)
peP jed,
s.t.
2 2 Ap(AXP) =0 (22)
peP jed,
> 2, =1 VpeP (23)
jer

A >0 VpeP, jel, (24)

p
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where
J » denotes the set of integer extreme points of conv(Q, o)
x* isa ’\TP‘ - vector that defines extreme point j € J jand
/ij denotes the RMP decision variable that corresponds to extreme point je J .
Sub-Problem p eP is a MWISP of the form:

Z!=Max €,—2, = Max{(w® —aA )X” - §,: xeQ" |, (25)
where « is a vector of dual variables associated with equality constraints (22) and g, is
the dual variable associated with convexity constraint p in (23).

Optimal extreme point j in sub-problem p gives vector X, which is an improving
column if Z: > 0 . At each iteration, we solve all |P| sub-problems and select X* as

arg max (Z p) to enter the RMP basis. If Z; <0 for all peP, the current RMP solution is
pe

optimal.
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CHAPTER IV

ANALYSIS OF BOUNDS

In this chapter we analyze the polytope associated with the OBP (given in (2)-(6))
and Cloning (given in (21)-(25)) models and their linear relaxations to show that Cloning
gives a tighter bound at the root node of B&B tree than that obtained by OBP. Our proof
is based on showing that the polytope associated with Cloning is contained in the
polytope associated with the OBP. To promote simplicity, we present our discussion in

terms of the polytopes associated with decision variables X, .

Let S denote the set of feasible integral solutions to (1); C, the convex hull of S;

and L, the polytope associated with the linear relaxation of (1):
S={xezM:x, +x <1V (UVv)eE, x, e{0,]} VveV |,
C =conv(S) and
L = {XE RM:x, +x,<1V (uv)eE, 0<x,<1VveV }

Relative to the vertex-disjoint partitions formed in the OBP (see Chapter II), let SSF,p
and S, denote the set of integral solutions that are feasible relative to the edge
inequalities in E, (which constitute block-diagonal set p P ) and E (which constitute
the coordinating set), respectively:

Sep = {xeZM i x,+ X, <1V (UV)eE,, X, {01} VveV | and

Ses = {XE ZM:x, + x, <1V (u,v)eE, x,€{0,1} VveV }
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Similarly, let Cg, = cONV(Sgp ) and Ccs =C€ONV(S¢s ). Let Ly, denote the polytope
corresponding to the linear relaxation of SSF,p for peP; and L, the polytope

associated with the linear relaxation of S . Following their respective definitions, we

have Sc Cc L, S = Cqp < Lgp and Ses < Cps < Ls
Noting that E=I§UpeP E,;and E defines S, C and L; E| defines Sgp , Cgp and

Lsp, E defines S., Cos and L ; we have

S=Scs [)Ssp, » C=Coes [|Cop, »and L=Leg [ Lep, - (26)

peP peP peP

Define polytope R, by substituting (tightening) L, replacing LSF,p with CSF,p :

Ro=Les [ Cop, - (27)

peP

Since Sgp = Cp < Lgp and S¢g < Cos < Lg, We may write,

Scs ﬂsspp < Ces ﬂcspp < Les ﬂCSPp < Les ﬂLSPp ,

peP peP peP peP
S c C - Ro c L. (28)

Cloning replaces every edge inequality X,+ X,<1 (where (u,v)e E) in the
coordinating set (of OBP) by an equality X, = X, (vertex V in partition =, is cloned as
W into partition 7, ) and an inequality corresponding to a clone, X, + X, <1 (associated
with edge (u,w) in partition 7). Let L.y denote the polytope that is formed by

replacing all edge inequalities (X, + X, <1) in L. with equalities (X, = X,,) and edge
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<

inequalities (X, + X, < 1). L can be written as intersection of polytopes Lgs and L,
where L denotes the polytope associated with the equality constraints that result from
cloning (x,=X,) and LZ, denotes the polytope comprising edge inequalities
(X, + X,, < 1), each of which includes a decision variable associated with a clone:
L :{Xe RM:x, =x,VveK,weD,,0<X, SI,VE\T},
L :{X eRM:x, +x,<1V (uv)eE, veK, weD, 7, =7,,0 < X, <1,V 6\7} and
Les= Les Lés :

Note that Cloning increases the number of decision variables to |V | so the polytopes
L., Legand LY, are defined in |V |-dimensional space. We now prove that L., and
Lss are equivalent; (i.e., the set of solutions that are feasible with respect to L. in
terms of the decision variables that correspond to the original vertices, X,:VeV , is same
as those associated with L. ). We represent this equivalence by “="".

Proposition 1: L.y = L.
Proof: Let X :{Xv :VeV} be any vector in L, and construct X = {XV ZVE\T}, comprising
a [\/|— sub-vector of variables X, associated with original vertices (which includes all

vertices but clones) and a V\V‘ - sub-vector associated with clones. In particular, for

original vertices VeV, set X, = X,. For each vertex veK c \Y; c V, identify each of its
clones, weD, eV \V and set X,=X,. From the construction, it is clear that X is

feasible with respect to L( .
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It is important to note that L s contains ZveK|DV| more variables (associated with
clones) than L, tending to increase the dimension of polyhedron L. by ZveK|Dv|.

For veK, one equality constraint relates cloned vertex VvV to each of its clones

w(X,=X,) for weD,. Since there are exactly ZV€K|DV| (linearly independent)

equality constraints in L¢g, the dimension of L/ is the same as that of L. . Li

includes more decision variables but solutions are projected onto the set of solutions that

are feasible with respect to L.g by the associated equality constraints. Thus, we
conclude that Ly = L. Q.E.D.

From (27), we have R, = L ﬂ Cep, = Lcs ﬂ conv(Ssp ). Let Sépp denote the set

peP peP

of integral points that is equivalent to the corresponding to set of integral points SSF,p in
|V |-dimensional space (i.e., Sgpp = Sgp, )- Therefore, using Lo = L, R, may be

written as :

Ro = Lis ﬂconv(S ).

peP

Since L{; = Lg N L, Ro=Les N Lgs (1) conv(Sg ). (29)

peP

Relative to the edge-disjoint partitions formed in Cloning, edge inequalities in E

comprise the block-diagonal set p €P. Let S, s, denote the set of integral solutions that

are feasible relative to block-diagonal set Ep for peP:

Sep, = {XEZ'V' X, + X, s1: (v)ek,, xve{O,l}VVG\T} and
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let (_ISPP = Conv(§Sle ). The block diagonal set p €P in Cloning (Ep) incorporates
the inequalities associated with edges in E, as well as those associated with clones.
Lg; denotes the polytope corresponding to the inequalities associated with clones. A
block diagonal set p € P incorporates a set of inequalities corresponding to clones that
are added into p. In other words, block diagonal set p incorporates a subset of
inequalities from the set (of inequalities) that defines Lg (i.e.,X, + X, <1 where weD,
and (u,v)elé) for which p=7,=7,. Let LSCSp denote the polytope associated with
inequalities (corresponding to clones) that are added to partition peP such that

Les =ﬂpep Lésp . §Spp consists of integer points, which are feasible with respect to edge

inequalities E  as well as inequalities corresponding to Eésp . Let Sésp denote the set of

integer solutions that are feasible relative to LSCSp . The feasible integer solutions with
respect to a block-diagonal set p in Cloning may be written as:

S_SPp :Sépp ﬂsésp . (30)

L.s gives the polytope associated with the coordinating set in Cloning as it consists

of equalities, each of which relates a cloned vertex with one of its clones. Let Lg
denote this polytope:

Les ZLZSZ{XERLV':XW=XVVV€K,W€DV,0SXVS1 VVe\T}.

Let R, denote the polytope formed by the intersection of L. and C, 5, -
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€2))

Proposition 2: R. < R,.

Proof: From (30), we have S_SF,p =S¢ s

cs, >
- conv(S_SPp )= conv(Sp, N S&s, )
= conv(S, )= conv(Sg, ) N conv(Sgs ),
=X conv(Sg, Y conv(Sg ) [ L, » (as conv(S)) < Lgs)),
- ﬂpconv(§spp)g ﬂp (conv(Sgpp) N LSCSP),

pe pe

= Neonv(Se )= {ﬂconv(sgpp )]ﬂ (ﬂ Les, ]

peP peP peP

- ﬂconv(§spp = {ﬂconv(s;% )Jﬂ LS, (as Lig= ﬂpep LS, )-

peP peP

From (31), R, =L ﬂ C_lspp =L ﬂ ConV(S_SF,p ) ; and substituting for mconV(S_Spp ),

peP peP peP

Re =Les ﬂ Conv(gspp) c L ﬂ Les ﬂCOﬂV(SéPp) ’

peP peP
= Re  Les [ Les [)eonv(Ss,) (Since L = Lg).
peP
Using (29), Rc. < R, . Q.E.D.

Finally, wusing S cCcRyclLfrom (28) and R.cR,, we have

ScCcR.cR,cL. Let Z; and Z_ denote the optimal solution values obtained by

solving the MWISP objective function (1) on polytopes L and C, respectively.
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Similarly, let Z;c and Z;o denote the optimal solution obtained by solving the

MWISP on polytopes R, and R, , respectively. Thus,

%

Zowsp=Ze < Zn < Zn <Z..

Proposition 3: In B&P search tree, Cloning gives tighter bound at the root node than the
bound obtained by the OBP.

Proof: From (27) and (31), we have

Re =Les m 6spp and Ry = Leg ﬂ Cp, -

peP peP
If we apply DWD to the constraint set of R,, the constraints that form L. are

relegated to form the constraints in the RMP of the OBP model (see (2)-(5)) and those

that form CSpp create the constraint set for the sub-problem (see (6)). Similarly if we
apply DWD to the constraint set of R, the constraints in L., form the constraints in
the RMP of the Cloning model and those in 63Pp creates the constraint set for sub-

problem. Since Z;C < Z,:O , it implies that Cloning gives tighter bound at the root node

than the bound obtained by the OBP model. Q.E.D.
However, should sub-problems exhibit the Integrality Property, (i.e., all extreme

points of LSF,p for peP are integral),

Hence, to obtain a tighter bound, it is imperative that sub-problems avoid the

Integrality Property.
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CHAPTER V

IMPLEMENTATION ISSUES

Cloning involves two key issues: (a) Selecting vertices to be cloned, (b) Assigning
weights to clones. We discuss these issues and propose solutions in this chapter. We
present the overall algorithmic steps involved in solving the MWISP by our B&P
approach and introduce a new concept, Partial Cloning, developed to exploit the

desirable virtues of both OBP and Cloning approaches.

5.1  Selecting Vertices for Cloning

Each vertex that is cloned increases the size of the partition (i.e., sub-problem) into
which it is cloned as well as the number of equality constraints (in the RMP). Especially
in dense graphs, Cloning may add a large number of vertices, resulting in larger sub-
problems that are more difficult to solve. Thus, it is imperative that Cloning duplicate
the minimum number of vertices. For example, in Figure 2, to replace edges (V,,V, ) and
(V4,V;), either v, and Vv, could be cloned into partition 2, increasing its size by two
vertices (and two edges) or v, could be cloned into partition 1, increasing its size by
only one vertex (and, of course, two edges). This issue can be resolved by solving an
appropriate set covering problem. Using binary decision variables y, =1 if vertex v is

cloned into partition p and Yy, =0 otherwise, the set covering problem may be

formulated as follows:



where

Qsc =

25

Z= Min{ZZyvp:yercmBm}, (32)

veV peP

{yeRM:y, +V, 21 VuveE, ueV, andveV, | and m=|V |(|P|-1).

The set covering problem is NP-Hard [12], but a “near optimal” solution would suit

our purpose so we propose a modified version of the greedy set covering heuristic [19]

to quickly obtain a solution. We refer to this heuristic as the modified set covering

heuristic:

Step 1:

Step 2:

Step 3:

Step 4:

Step 5:

Step 6:

i=0,K=0,D,=@ VveV;V,=V, and E =E forall peP.
For every vertex v e V , determine N, (v) from E.
Calculate N o (V') = max {‘N p(V)‘: peP,v E\i,ﬂ'v P } N o (v') identifies

the vertex V' to be cloned as the one adjacent to the largest number of vertices

not in the same partition (i.e., 7,) and the partition p” into which it would be
cloned. Clone vertex V* into partition p~ as vertex W.

Update; D, < D, U{W}, V<V U{w},
E, «E,U{uw:ueN (v)}.K KUy},

E e EV(uv):ue N (v)fand V =V \v if N,() =D ¥ peP,z,#p.

Repeat Steps 2, 3 and 4 until V=0,

For veK, we D, are the clones of vertex V.
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5.2  Assigning Weights

Appropriate weights must be assigned to a cloned vertex and its clones. To be an
exact copy, a clone should have the same weight as that of its originating vertex but this
would increase the total weight in the graph so that the optimal solution to the MWISP
on the graph with clones would not be the same as that on the original graph. We
implemented two strategies that result in total weights that are the same in both the
original graph and the one that results from cloning. One strategy is to divide the weight
of an originating vertex equally among the set of copies. Another, and in fact the
simplest, strategy is to assign a null-weight to clones. The chapter on computational

evaluation compares the impacts of these strategies on run-time.

53  Solving the MWISP
Cloning may be detailed as follows:

Step 1: Partition an original graph into |P| partitions using METIS [15, 16, 17].

Step 2:  Apply the modified set covering heuristic to select the set of vertices to be
cloned and identify the clones for each. Update the RMP to include equalities
corresponding to equivalence relationships between each originating vertex and
its clones. Update sub-problems to include clones (We D, ) and their associated
edge inequalities.

Step 3: Solve the Cloning formulation utilizing the MCP algorithm to solve sub-

problems. At each iteration, re-optimize RMP over “known” columns and use

the resulting dual variables to define the objective function coefficients of
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decision variables in sub-problems. Use a pool to store the columns generated
by the sub-problems. Maintain previously generated columns in the pool and
optimize over these “known” columns before solving sub-problems in an
attempt to conserve run-time. Branch on clique inequalities as described in

Warrier et al [25].

5.4  Partial Cloning

Warrier et al [25] observed that the OBP results in large | E | so that the RMP may

comprise a large number of constraints and require a lengthy solution time. Cloning
decreases the number of RMP constraints because the modified set covering heuristic
(Section 5.1) seeks the minimum number of vertices to clone. On the other hand, this
approach adds clones to partitions, increasing the size of individual sub-problems and
making them more challenging for the MCP algorithm to solve. Hence, Cloning
introduces a trade off by which problem complexity can be distributed among the RMP
and sub-problems.

The sizes of the partitions (sub-problems) can be controlled to some extent by

specifying the number of partitions that METIS is required to develop. However, the \7p

and Ep depend on the characteristics of partitions created by METIS and the set of

clones prescribed by the modified set covering heuristic.
We propose a new approach to achieve a favorable trade-off between the size

(and tightness) of the RMP and the sizes of the sub-problems. This approach, which we

A

call Partial Cloning, may not clone all vertices in E, perhaps retaining some edge
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inequalities in the RMP. We update step (2) of the modified set covering heuristic
(Section 5.3) to implement Partial Cloning by setting a threshold (PCThreshold) to affect
the vertex selected for cloning. To implement Partial Cloning, Step 2 in the heuristic

given in chapter 5.1 is updated to be:
Step 2 (updated): If max{ ‘ N p(V)‘ peP,v e\7}> PCThreshold , continue to Step 3,
else go to Step 5.

This modification allows the RMP to retain some edge inequalities while including

equalities associated with clones. Henceforth, we use Complete Cloning (CC) to specify
the approach where all the edges in E are relocated by cloning and use Partial Cloning

(PC) to specify the approach in which only a subset of edges in E are relocated. We set

PCThreshold to 1 in our tests so the modified set covering heuristic adds clones
corresponding to those vertices veV and partition peP, for which | N (v)[>1
for 7, # p . If PCThreshold is set to 0, Complete Cloning results, yielding larger, more

sparse sub-problem that are more challenging for MCP algorithm to solve.
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CHAPTER VI

COMPUTATIONAL EVALUATION

We compare CC, PC, OBP and MCP computationally using two types of instances:
(1) DIMACS Instances taken from the Second DIMACS Implementation Challenge

[14], and (2) random p- graphs: These random graphs are generated by specifying the

number of vertices [V| and value p (probability that edge (u,Vv) is included in the graph).

We conducted all tests on a Dell PC with a 3.06 GHz Pentium IV processor and 512 MB
of memory using the Visual C++ environment and CPLEX 7.1.

Preliminary testing of the two Cloning approaches (CC and PC) each using the two
weight-assignment strategies (Chapter 5.2) showed that assigning null weights to clones
performs better than assigning each clone the same weight associated with its originating
vertex. Hence, we presents results that assign null weights to all clones.

We select |P| based on the criterion that the resulting sub-problem, after
partitioning and cloning, should be less challenging for MCP to solve. However, there is
no definite way to ascertain the size of sub-problems that will result from Cloning.
Preliminary tests showed that, for graphs with 100 or more vertices and edge densities

less than 40%, | P | > 6 results in sub-problems that MCP can solve effectively and for

graphs having edge densities greater than 40%, P|:2 or 3 results in sub-problems that

MCP can solve effectively.
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The Partial Cloning parameter, PCThreshold, affects the mix of equalities and

inequalities in the RMP. We set the default value of PCThreshold to 1. On some

instances, a value of 1 leads to as many clones as in CC (because for all veV,

IN,(V)[>1 peP, z,#p). Hence, in these cases, PCThreshold is set to | E|/ M,
where M is equal to zveKl D, .| E |/ M gives the average number of vertices that a

vertex veV is connected by edges (u,v)e E.

Table 1 compares the performances of the three B&P approaches (OBP, CC and PC)
and MCP in application to the DIMACS instances. Performance measures include the
number of constraints in RMP, optimal solution at root node of the B&B tree, and

computational time(in cpu seconds). The first five columns give the name of instance;

; density; Z s ; and number of partitions,

number of vertices, [\/ P|. Columns 6-8

give the number of equality constraints in the RMP for OBP, CC, and PC, respectively
(the number in the braces give the number of inequalities in the RMP corresponding to
edge inequalities). In OBP, RMP comprises only inequalities, and in CC, RMP

comprises only equalities. In PC, RMP comprises a mix of inequality and equality
constraints. Columns 9-11 give Z,, (OBP), Z, (CC) and Z_, (PC), the optimal solution
at the root node (of B&B tree) for OBP, CC and PC, respectively. The optimal solution
at root node gives an upper bound on Z,,,,s» - Computational results confirm that CC and
PC give upper bounds that are tighter than the one that OBP gives and, as expected,

Z,(CO) =< Z,,(PC) < Z,, (OBP).
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Graph [V | Density | Z» | |P| Number of RMP Zip Time (in sec)
OBP Cl1 C2 OBP Cl1 C2 |OBP (1 C2  WCP
1 2 3 415 6 7 8 9 10 11 12 13 14 15
johnson824comp | 28 44 412 (64) 13 1(56) 5.75 4 5 0.38 0.2 0.27
johnson824comp | 28 44 4 131 (103) 29 25(4) 8 425 4251075 0.13 0.063 0.00
johnson824comp | 28 44 4 141 (100) 39 29(10) 6.5 4 45 1052 0.09 0.094 ’
johnson824comp | 28 44 415 (124) 45 39(6) 9.5 4.5 45 | 138 0.11 0.078
johnson8ddcomp | 70 | 23 |14 |3 | 40) 69 soq0) | 15 14 14 | 102 7833 2287
johnson844comp | 70 23 1415 (374 127 93(34) |21.25 14 14 1947 5297 6.66 14.89
johnson844comp | 70 23 1418 (381) 161 104(57)) 17.5 14 14 ]10.34 1822 1.39
manna9comp 45 7 16 | 2 (10) 9 1(8) 17.67 17.6 17.6 | 9.63 29.83 8.422
manna9comp 45 7 16 | 3 (16) 14 2(12) 18 17.75 17.75) 1.38 4.66 1.187
manna9comp 45 7 16 | 4 (25) 19  6913) 20 17.86 18.5] 3.14 3.67 0.781 620.97
manna9comp 45 7 1615 (26) 21 5916) 19 18 18 1.31 1.53  0.469
manna9comp 45 7 16 ] 6 (29) 23 6(17) 19.5 18 18 | 241 1.36  0.469
cfat200lcomp | 200 92 12121 (@8999) 97 29(6253)] 13.5 12 13 1213 072 2.03 011
cfat200lcomp | 200 92 12 (12137) 196 87(6575)] 15 12 123311044 3.1 8.08 ’
cfat2002comp | 200 84 24 1 2| (7952) 97 30(5404)] 30 24 275 143 544.69 16.13 042
hamming62comp | 64 | 10 |32]4] 64 64 owa) | 32 32 32 |o22 13577 022
hamming62comp | 64 10 32 (101) 67  27(40) 32 32 32 1019 17.05 0.89 7175
hamming62comp | 64 | 10 |32|6| 114y 75 33¢42) | 32 32 32 o042 2166 125
hamming82comp | 256 3 128120 (626) - 95(414) | 128 - 128 1 3.3 - 27.05 -
johnson1624comp | 120 23 8 |10 - - 253(162) - - 8.5 - - 23.74 -
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In fact, Z,, (CC) =Z,,» for most of the instances (giving an integrality gap of

0%). Furthermore, with an increase in |P , the bound gets weaken (integrality gap

increases) for each of the three B&P approaches. Figures 5 and 6 shows variation of
Z,»(OBP), Z,(CC) and Z,,(PC) with increase in |P| for “manna9comp” and

“johnson824comp” respectively.

Columns 12-14 compare the run times (cpu seconds) required by OBP, CC and PC to
solve each instance, excluding the times required for partitioning and cloning, which are
trivial. Column 15 gives the run time required to solve each instance by MCP. A *“-”

indicates that the corresponding instance requires more than 12 hours of run time. We

found that, as |P| increases, the run time required by each B&P approach to solve an

instance varies depending upon whether the instance is dense or sparse. For dense

instances, run time increases with an increase in |P| and, for sparse instances run time
first decreases and then increases as |P| increases, so some value of |P| gives minimum
run-time for sparse graphs. We vary the value of |P| for a few representative instances
(e.g., manna9comp, johnson824 comp) to show the variation in run-time as |P|
increases. For the remaining instances, we tabulate results for those |P| that give

minimum run-time (for e.g., we set |P| = 10 for johnsonl624comp and |P| = 20 for

hamming82comp). PC gives quite competitive results for most of the DIMACS

instances. Figures 7 and 8 shows variation of run time for three B&P approaches with

increase in |P| for “manna9comp” and “johnson824comp” respectively.
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Table 2 reports application of the three B&P approaches to random p-graphs, using
the same column headings. “WO0” in the name of instance indicates an un-weighted
graph and “W1” indicates a weighted graph. Run times reported in columns 12-14 of
Table 2 show that MCP outperforms all three B&P approaches on random instances
having densities greater than 40%. For instances with densities below 20%, all three
B&P approaches perform better than MCP. Comparing run times in columns 12-14
shows that weighted graphs are generally less challenging to solve than un-weighted
graphs. Although CC never gives the best run-time, it gives quite competitive results for
highly dense and highly sparse instances. Furthermore, as observed in DIMACS

instances, for all the random graphs, we have Z,, (CC) < Z,, (PC) < Z,, (OBP).

To gain further insight into the performance of B&P approaches for solving the
MWISP, we compare several additional performance measures in Tables 3 and 4, which

relates to the instances reported in Tables 1 and 2. Columns 1 and 2 in Tables 3 and 4

P

give the name of the instance and the number of partitions, |P|, respectively. Columns 3-

5 give number of RMP iterations required and columns 6-8 give number of nodes
explored in the B&B tree to obtain an optimal integral solution by each of the three B&P

approaches. If the number of nodes explored is zero, the optimal integer solution was

obtained at root node of the B&B search tree (i.e., Z,, (CC) = Z,usp)- PC typically

explores a number of B&B nodes that is between the numbers of nodes required by CC

and OBP.
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Graph [V| | Density | Zip | |P| number of RMP Zip Run time (in sec)
(%) OBP CC PC OBP CC PC OBP cC PC WCP
1 2 3 4 15 6 7 8 9 10 11 12 13 14 15
RG_GV1_W1_Po5] 100 5 481110] (150) 111  32(79) |529.50 496.17 501.70] 20.73  70.33 5.67 -
RG_GV1_W0_P10] 100 10 30 | 10] (349) 222 97(125) | 41.25 34.57 36.52 |283.47 4344.48 463.27 -
RG_GV1_W1_P10] 100 10 |371]10] (349) 222 97(125) |478.00 402.25 422.87] 68.77 2819.42 41.25 -
RG_GV1_Wo0 P20 100 20 19 110] (789) - 234(122) - - 24.88 - - 571.82 566.61
RG_GV1_W1 P20|100] 20 [J246]10] (789) - 234(122)]399.00 - 289.631273.15 - 2549.91 '
RG_GV1_Wo0 _P30]100] 30 15 J10)(1231) - 341(105)] 31.50 - 18.79 | 677.49 - 1434.20 3625
RG_GV1_W1_P30|100] 30 193110 (1231) - 341(105) - - 219.38] - - 583.49 '
RG_GV1_W0 _P40|100] 40 12 (1517) - 254(14) | 21.50 - 12.00 | 139.43 - 891.23 389
RG_GV1_W1 _P40|100] 40 161 (1517) 268 254(14) 1272.50 161.00 161.00] 86.90 935.03 759.63 '
RG_GV1_Wo0 _P50]100] 50 9 (1089) 49 32(320) | 12.75 9.00 11.00 | 19.30 141.14 51.55 0.88
RG_GV1_W1 _P50]100] 50 1200 2 |(1089) 49 32(320) | 170.00 120.00 141.00] 15.34 112.92 34.73 .
RG_GV1_W0_P60|100] 60 7 12 )(1325) 49 32(399) | 10.00 7.00 9.50 | 13.55 11.79 14.41
RG_GV1_W1 _P60|100] 60 52 | 2 1(1325) 49 32(399) | 68.20 52.00 61.00 ] 6.02  29.87 8.55
RG_GV1_W0 P60 | 100] 60 7 |4 ]2067) 150 132(182)] 16.00 7.00 822 | 83.28 27.04 40.75 0.30
RG_GV1_W1 _P60|100] 60 52 | 4 1(2067) 150 132(182)] 98.50 52.00 52.00 | 40.67 103.69 27.21
RG_GV1_wo _P70|100| 70 7 |2 |(1573) 49 37(328) ] 9.00 7.00 7.67 | 1.89 7.34 3.27
RG_GV1_W1 _P70] 100} 70 41 12 1(1573) 49 37(328) | 60.00 41.00 4833 | 5.27 6.56 4.02
RG_GV1_Wwo_P70]100] 70 7 | 4 ](2444) 151 139(148)| 12.00 7.08  7.43 | 24.03 2593 1495 094
RG_GV1_W1_P70] 100} 70 41 ] 4 | (2444) 151 139(148)| 77.00 43.41 46.07 | 31.21 19.14 13.14
RG_GV1_Wo0 _Pso|100] 80 5 12)1(01875) 50 36(478) | 7.67 500 650 | 3.13 1.25 1.22
RG_GV1_W1 _Pgo|100] 80 38| 2 1(1875) 50 36(478) | 51.50 38.00 41.67 | 141 1.15 1.11
RG_GV1_Wo Pgo|100| 80 5 14 ](2878) 152 140(156)] 9.50 5.00 5.67 | 16.47 492 5.70 0.03
RG_GV1_W1 _Pgo|100| 80 38 1 4 |(2878) 152 140(156)| 68.00 38.00 38.00 | 12.03  5.13 225
RG_GV1_W0 P90 | 100} 90 4 | 212159 49 43(235) ] 6.00 4.00 4.85 1.48 1.39 0.44
RG GV1 W1 pooj100] 90 32| 2 1(2159) 49 43(235) | 43.00 32.00 34.60 | 1.02 0.33 0.44
- - 0.02
RG GV1 wo poo|100] 90 4 | 4]3272) 152 118(622)] 8.80 425 555 | 83l 2.85 2.69
RG GV1 W1 Poo| 100} 90 32| 41(3272) 152 118(622)] 63.50 32.00 41.75 | 7.09 0.73 1.72
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Table 3 Additional performance measures for DIMACS instances.

Graph
rap IP| number of RMP number of B&B | % of time to . . % of time to solve
. . % of time to obtain Z;p
iterations nodes clone sub-problems

OBP CC PC OBP CC PC CcC PC | OBP cC PC OBP CC PC

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
johnson824comp 2 320 23 319 34 0 351 401 0.00 | 33.33 91.63 43.08 | 37.33 41.87 45.51
johnson824comp | 3 | 981 409 66 98 0 0.00 4.65 | 2.13 87.20 100.00 | 54.00 49.60 76.19
johnson824comp | 4 | 746 65 67 56 0 1.62  9.01 | 291 84.04 8297 |30.29 67.02 6596
johnson824comp | 5] 1906 116 97 169 0 476 5.83 | 225 86.24 79.48 | 29.67 72.48 0.00
johnson844comp | 3 | 260 407 185 14 0 0.02 027 |13.78 99.98 100.00 | 73.82 98.52 98.69
johnson844comp | 5 | 11172 664 265 399 0.14 156 | 096 99.98 99.78 | 28.93 85.86 83.63
johnson844comp 8| 7648 645 230 231 0.73 6.44 | 0.61 99.71 97.77 } 15.56 58.87 36.30
manna9comp 21 291 623 283 24 21 21 ] 0.00 0.00 |34.10 2687 37.11 | 98.88 99.53 99.07
manna9comp 3] 480 1258 512 24 32 271 0.00 1.11 |2044 1845 2628 |87.49 89.54 83.99
manna9comp 41 3062 1889 591 143 37 22 ] 049 0.00 | 497 16.61 29.96 | 6555 74.13 70.04
manna9comp 51 2260 1603 754 99 30 241093 000 ] 594 921 13.43 | 5240 5291 4051
manna9comp 6 ] 4368 1495 809 168 28 24 | 1.00 0.00 | 2.62 11.55 9.81 |4593 59.16 49.68
cfat2001comp 2 61 24 60 5 0 38.82 15.80]18.40 97.93 23.80 | 579 9793 8.50
cfat2001comp 3 244 114 167 18 0 3583 17.00] 6.43 98.45 39.53 1.63 9239 7.10
cfat2002comp 21 351 101 948 20 0 191050 220 ] 262 9999 2751 |13.99 99.98 43.08
hamming62comp | 4 40 256 40 0.02 0.00 |93.98 99.99 100.00 | 87.97 99.61 85.39
hamming62comp 68 585 90 0.18 1.53 | 91.49 100.00 98.31 |41.49 9031 87.98
hamming62comp | 6 | 111 524 91 022 0.87 |96.21 99.93 98.08 | 55.92 92.79 92.06
hamming82comp |20| 329 - 860.00 0 - 0.00 - 2.40 |99.92 - 93.93 | 1645 - 14.15
johnsonl1624comp | 10 - - 355 - - 0.00 - 2.89 - - 99.82 - - 89.68
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Table 4 Additional performance measures for random p-graphs.

Graph IP| number of number of % of time % of time % of time to

RMP iterations B&B nodes to clone to obtain Z;p solve sub-problems

OBP cC PC |OBP CC PC]J CC PC |OBP CC PC |OBP CC PC

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
RG_GV1_WI1 P05 10] 6516 7339 2646 81 15 25]0.18 1.04]1.73 1290 9.38 | 66.01 49.61 50.39
RG _GV1_WO0 P10 10] 157482 103880 1291752474 132 890] 0.01 0.10]0.13 3.53 0.71 | 11.84 42.63 21.85
RG _GV1_WI1 P10 10] 30271 76771 10661 | 403 78 58] 0.01 045]0.59 3.74 5.61|27.59 3574 30.36
RG_GV1_W0_P20 10 - - 242987 - - 8571 - 0.02 - - 1.52 - - 27.11
RG_GV1_WI P20 10] 91948 - 49898 | 1897 - 145 - 0.08 ] 0.15 - 5.03 ] 8.53 - 31.35
RG_GV1_W0 P30 10] 145002 - 48455 14009 - 83 - 0.05 ] 0.07 - 921 | 6.76 - 39.58
RG GV1_WI P30 10 - - 15702 - - 23 - 0.23 - - 21.17 - - 45.36
RG_GV1_WO0 P40 31227 - 1059 1210 - - 0.06 | 0.17 - 99.99] 7.64 - 97.54
RG_GV1_WI1 P40 18139 1388 1107 | 633 0 0 ] 006 0.07]031 9999 99.99] 7.40 9544 98.28
RG_GV1_W0_P50 2826 528 1355 | 213 3 34] 009 044]510 6722 41.65]53.99 99.51 90.54
RG_GV1_WI P50 21 3026 231 1721 221 0 39)]0.11 024 ]2.85 99.98 30.62]40.12 99.66 93.05
RG _GV1_WO0_P60 21 2405 110 1694 212 0 60) 1.12 1.01 J1.96 99.87 29.17]34.70 98.80 78.53
RG GV1_WI P60 2 947 222 700 77 0 191051 1.53]17.53 99.65 52.11146.55 99.11 85.04
RG_GV1_WO0 P60 41 14120 401 1321 958 0 5| 167 133]021 99.88 58.02]10.83 91.61 84.20
RG_GV1_WI1 P60 41 6434 1029 433 332 0 01043 1.76 | 0.50 99.98 99.94] 9.20 93.66 90.35
RG_GV1_W0_P70 21 318 163 228 27 0 4 213 461 ]6.61 99.79 61.24]30.05 97.67 82.79
RG_GV1_WI P70 21 1012 150 580 97 0 20| 258 425]2.07 99.75 47.06]21.98 97.85 76.66
RG_GV1_W0 P70 41 3673 3064 1385 | 247 8 7 |201 423]0.84 3585 57.26] 489 6132 58.60
RG GV1_WI P70 41 4871 2453 2051 344 7 16271 4641060 37.87 32.87] 489 5922 5048
RG_GV1_WO0 P80 21 573 94 303 60 0 16|10.55 9.72 |2.50 98.72 28.21]13.95 93.76 42.32
RG_GV1_WI1 P80 21 244 90 188 25 0 6 ]10.95 12.03]6.69 98.62 59.09|21.19 90.68 57.47
RG_GV1_W0 P80 41 2266 360 736 185 0 5 J11.12 1094 1.23 79.16 54.51| 435 58.51 44.64
RG_GV1_WI1 P80 41 1638 463 273 128 0 0 |10.32 21.03] 1.43 99.68 97.91]| 3.91 80.34 65.86
RG_GV1_W0 P90 2 178 81 59 12 0 0 J10.64 18.57]|4.18 96.62 96.35]22.04 83.10 56.85
RG _GV1_WI P90 2 174 64 145 20 0 6 ]23.18 23.32]16.10 95.12 42.69] 9.15 61.58 60.73
RG_GV1_WO0 P90 4 1060 315 543 102 0 9 124.08 18.34]3.38 98.35 5290 3.59 31.62 14.99
RG_GV1_WI P90 41 886 260 412 81 0 7 |35.68 26.48]3.09 97.80 33.62] 3.98 48.64 2641
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Columns 9-10 give the percentage of computational time spent in Cloning relative to

the total run time. Columns 11-13 give the percentage of time utilized to obtain optimal
solution at root-node relative to the total time spent in obtaining Z . Results show
that, for CC and PC, more than 90% of run time is spent in obtaining root-node
solutions, Z,, (CC) and Z,, (PC). Columns 14-16 give the percentage of time required

to solve sub-problems using the MCP algorithm relative to the time spent in prescribing
an integral optimal solution.
Results show that OBP spends a smaller percentage of run time to solve sub-

problems than CC and PC. OBP leads to sub-problems that are less challenging for MCP
to solve, but gives a weak Z,, (OBP) bound (see Tables 1 and 2). Because the upper

bound is weak, OBP requires exploration of more nodes in the B&B search tree. (see
Columns 6-8 in Tables 3 and 4) increasing the number of times the RMP is optimized,
and, hence, the total number of RMP iterations (see Columns 3-5 in Tables 3 and 4). As
a result, OBP spends most of the time optimizing the RMP and relatively little time
solving sub-problems. In contrast, both CC and PC spend a considerable percentage of
run time solving sub-problems. Cloning may increase the size of sub-problems

dramatically, making them challenging for MCP but giving tighter bounds. Because
upper bounds Z , (CC) and Z , (PC) are tight, CC and PC both explore fewer B&B
nodes and, thus, require less run time to optimize.

Further, we compare the three B&P approaches in application to random p-graphs

with densities less than 10%. Table 5 gives results for these graphs with the same
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column headings used in Tables 1 and 3. For CC, run time increases rapidly with an
increase in graph density. However, the Z , (CC) bound is better than Z , (PC) and
Z, (OBP) for all the test cases.

We conjecture that Cloning may work better in application to instances for which the
resulting sub-problems are less challenging for MCP to solve. Increasing the value of |P|
may result in desirable sub-problems but weakens the upper bound and increases the

overall run time by increasing the number of B&B nodes (which increases the time spent

in optimizing the RMP).



Table 5 Performance measures for sparse random p-graphs.
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Graph [V| | Density | Zp | [P number of Zip run time (in sec)
RMP constraints
(%) OBP CC PC OBP CC PC | OBP CC PC WCP
1 2 3 4 15 6 7 8 9 10 11 12 13 14 15
RG_GV1 WI1 P0.02 ]100 2 656101 30) 25 5(20) ]656.00 656.00 656.00| 0.25 1.03 0.36 -
RG_GV1_WI1 _P0.03 ]100 3 575 10] (70) 61  6(55) |575.00 575.00 575.00] 0.17 1.63  0.19 -
RG_GV1_WI1_P0.04 | 100 4 521 ] 10](108) 91 17(74) | 534.00 52520 526.67| 3.50 24.19 1.64 -
RG_GV1_W1_P0.05 | 100 5 4811101 (150) 111 32(79) | 529.50 496.17 501.71]17.92 6795 5.16 -
RG _GV1 W1 P _0.06 | 100 6 448110 (179) 136 39(97) | 504.50 469.50 487.50] 9.72 108.12 10.36 -
RG _GV1_WI1_P 0.07 | 100 7 432110] (248) 163 64(99) | 521.50 457.00 469.50]26.05 583.67 26.84 -
RG_GV1_W1_P _0.08 ] 100 8 406 10] (273) 180 70(110)|517.50 429.50 449.33]63.46 349.80 37.90 -
RG_GV1_W1_P_0.09 ] 100 9 386110] (297) - 77(121) | 479.00 - 431.65]61.35 - 36.23 -
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CHAPTER VII

SUMMARY, CONCLUSIONS AND FUTURE RESEARCH

This thesis contributes a new vertex cloning approach to solve the MWISP within a
B&P framework. This thesis achieves its objectives: formulation of the Vertex Cloning
approach, analysis showing that Vertex Cloning yields a tighter formulation, effective
methods to implement Vertex Cloning, and analysis of the computational efficacy of
Vertex Cloning. This thesis also presents a variant of Cloning, Partial Cloning, which
results in a mix of inequalities and equalities in the RMP. We compared the three B&P
approaches on DIMACS instances as well as random p-graphs.

The B&P approach for solving the MWISP is built on the basic idea of decomposing
the graph into smaller sub-graphs that are less challenging to solve. Warrier et al [25]
developed their B&P approach for the MWISP by creating vertex-disjoint sub-graphs.
Cloning enhances this idea by creating clones of vertices to convert a vertex-disjoint
partition into an edge-disjoint partition. Cloning improves the OBP approach by creating
a smaller RMP that gives tighter upper bounds at nodes of the B&B tree.

Cloning provides excellent bounds for the MWISP, but it may require lengthy
runtime because it leads to larger sub-problems that may be more challenging to solve.
In contrast, the RMP associated with OBP gives a weak bound but the approach requires
less total run time because its sub-problems are smaller and can be solved more

effectively. PC results in somewhat less challenging sub-problems than does CC and it
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gives tighter bounds than does the OBP. Consequently, PC solves MWISP effectively on
both dense and sparse graphs.

Future research in this area could be directed towards developing efficient methods
to create smaller edge-disjoint partitions that can be solved effectively. In addition,
developing a more capable algorithm to solve sub-problems would help to reduce total

run time.
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