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ABSTRACT
Fatigue Behavior of α-Zirconium Phosphate/Epoxy Nanocomposites. (December 2005)
Balaji R.Varadharajan, B.E., Birla Institute of Technology and Science, Pilani
Chair of Advisory Committee: Dr. Nguyen P. Hung

Fatigue crack growth in α-Zirconium phosphate/epoxy nanocomposites was
investigated. A new fatigue testing technique was implemented for miniature samples.
Two different methods –strength of materials and Rayleigh-Ritz - were used in
determining the bending stress. The fatigue stress and fatigue life of different
nanocomposite specimens were plotted in a traditional stress-life (S-N) curve. It was
inferred from the S-N plot that the values obtained from both the methods compare well.
The experimental results showed that fatigue life of filled epoxy nanocomposite is more
than that of the unfilled epoxy composite. A model for bending stresses, ultimate
strength and the number of cycles to failure was obtained to predict a component service
life without conducting elaborate tests. Scanning electron examination of the fractured
surfaces revealed that the crack takes a tortuous path during its propagation course,
indicating crack blunting and crack deflection roles of ZrP and CSR nanofillers, which
consequently improve the fracture resistance. In case of the M-ZrP-epoxy systems,
delamination of ZrP platelets from surrounding epoxy matrix was proposed as the reason
behind crack growth. The improved fracture resistance of these nanocomposites was
attributed to the delamination of ZrP platelets and deflection of crack direction. The
superior behavior of CSR-ZrP-epoxy composites was attributed to the cavitation process
and void coalescence due to CSR particles delamination.
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CHAPTER I
INTRODUCTION

For decades, mineral fillers, metals and fibers have been added to thermoplastics
and thermosets to form composites. Compared to neat resins, these materials have
improved mechanical properties like tensile strength, heat distortion temperature and
modulus. This has made them suitable for structural applications and composites are sold
in billion-pound quantities, as a result. The fact that volume of fillers sold is roughly
equal to the volume of neat thermoplastics sold, clearly indicates that the inclination
towards reinforcing plastics with fillers to improve properties and in some cases to
reduce costs have been gaining popularity.
The definition of nanocomposites has broadened significantly to encompass a large
variety of systems such as one-dimensional, two-dimensional, three-dimensional and
amorphous materials, made of distinctly dissimilar components and mixed at the
nanometer scale. Polymer nanocomposites combine polymer materials and nanometer
sized molecules. Thermoplastics filled with nanoparticles have properties different from
those filled with conventional filler materials. Some of these properties like increased
tensile strength can be achieved at a higher concentration of fillers at the expense of
increased weight and decreased gloss. Other properties like clarity or improved barrier
properties cannot be duplicated by filler resins at any loading.
The properties of nanocomposites depend not only on the individual components
but also on the manner in which they are distributed within the matrix. Good exfoliation
of nanofillers will help in obtaining composites with better properties. It was the
inability to obtain complete exfoliation of clay based nanocomposites that lead to the
synthesis of epoxy nanocomposites based on synthetic α-ZrP structure.

This thesis follows the style and format of International Journal of Fatigue.
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Better exfoliation of these platelets helped in working towards gaining an
improved understanding of structure-property relationships. Though extensive work had
been carried out in studying the tensile behavior of these nanocomposites, fracture
behavior of such materials under fatigue loading had not been studied yet. Since any
potential material for structural applications should be tested for fatigue failure,
researching on the fatigue fracture behavior of α-ZrP based epoxy nanocomposites
became our motivation.
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CHAPTER II
OBJECTIVE AND SCOPE

The objectives of this study are to determine the response of α-ZrP based epoxy
nanocomposites to cyclic fatigue loading and to propose a crack propagation mechanism
and the roles of ZrP and CSR nanofillers based on the fracture behavior analysis.
The scope of this study lies in the following:
1. Novel fatigue testing technique
Due to the specimen size and material constraints, it is proposed to develop a
simple yet novel fatigue testing technique for miniature samples that is comparable with
the ASTM testing methods.
2. Stress-Life modeling
The fatigue stress-life of the nanocomposite materials studied will be modeled in
the form of traditional stress-life (S-N) fatigue curves. A model between the bending
stress, number of cycles and the material ultimate strength will be obtained which will be
helpful in predicting the component service life without conducting elaborate tests.
3. Crack propagation mechanism
A crack propagation mechanism will be proposed that will consider the effect of
ZrP and CSR nanofillers on the fatigue failure. Optical microscopic (OM) and scanning
electron microscopic (SEM) analysis will be used more like a correlation tool between
the experimental results and the proposed mechanism.
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CHAPTER III
LITERATURE REVIEW

The general class of organic/inorganic nanocomposites is a fast growing area of
research. Significant efforts have been focused on controlling the nano structures via
some innovative synthesizing approaches. The properties of nanocomposite materials
not only depend upon that of the individual parents but also on the morphology and
interfacial characteristics.
Due to the lack of research study on the fatigue behavior of polymer
nanocomposites (PNC), we start by reviewing the research work carried out on metal
matrix composites (MMC) as numerous studies have been conducted on the behavior of
these composites under different loading conditions. This also serves the purpose of
initially understanding the fatigue behavior of composites, in general, before studying
the limited research done on PNCs.
Metal Matrix Composites
The MMCs are a class of composites in which metal matrix is reinforced by
particulates of micrometer size. The reinforcing constituent is normally ceramic although
occasionally a refractory material is preferred. The MMCs gained significant importance
over polymer matrix composites (PMC) because of improved mechanical properties that
they offer. One of the most popular class of MMCs is the aluminum alloy MMC with
SiC filler particles. Extensive research has been done on these composites to study their
mechanical behavior in tension and under fatigue.
The effect of microstrucrture of an aluminum alloy MMC reinforced with silicon
particles, under controlled conditions, on fatigue crack initiation was studied [1].
Particles of two different sizes (4μm and 8μm) and varying volume fractions (10%, 15%
and 20%) were considered in the study. It was observed that the composite with smaller
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particles took more time to fail for a given volume fraction and there appeared to be
more scatter in the fatigue lives of 4μm particles compared to that of unreinforced
material. The microstructural photographs for both the samples showed that there were
two different crack propagation mechanism involved. For the composites with small
particles, the initiation area was one of highly localized deformation, with crack
initiation occurring in the matrix ligament between the matrix surface and subsurface
particle. Also once started, the crack propagated around the particle than through it. In
the other case (i.e.composites with 8 μm particles), the analysis showed that crack
initiated from a cracked particle and, in some cases, propagated through Si particles.
Based on the microstructural analysis it was proposed that near the particle/matrix
interface there is a thermally induced stress state characterized by hoop as well as shear
stresses. The result is a locally high stress state which leads to localized deformation as
in the first case. When the particle is more near the surface it experiences the same stress
state which cracks the particle and initiates crack propagation.
The effect of particle size and heat treatment on the axial fatigue behavior and
fracture toughness was investigated [2]. It was observed that there was no marked
improvement in fatigue resistance of the particulate composites when compared to the
matrix (Fig. 1). It was seen that the low cycle fatigue data followed the Coffin-Mason’s
equation and that the difference in resistance is more distinct in high cycle fatigue
region. Three different fracture modes – particle fracture, particle delamination at
interface and void formation – were proposed as the crack propagation mechanisms
based on the SEM analysis.
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Fig. 1. Low cycle fatigue of the cast-then-extruded 6061/Al2O3p [2].

A study on the effect of SiC particles on fatigue crack propagation in SiC/Al
composites was carried out [3]. Two different matrix materials, LY12 and 5083 Al
alloys, were heat treated by two different processes, aging and annealing, with volume
fractions of 6%, 9% and 15%. The results showed that the crack propagation rate
remained the same irrespective of the heat treatment process. As expected, the reinforced
composite had a lesser propagation rate compared to the unfilled alloy. Analysis of
fatigue crack path showed evidence of crack shielding effect and the crack taking a more
tortuous path, probably around the Si particles because of high Si/matrix interface
strength. This being the case, as the volume fraction of SiC particle increases, the
possibility of crack meeting the SiC particles increases. Thus the fatigue crack
propagation rate decreases with increase in the volume fraction of the particles.
A similar study was conducted on the fatigue behavior of aluminum 2124 alloy
reinforced with SiC particulates at room and elevated temperatures [4]. Cyclic stress
controlled axial fatigue testing of double edge notched specimen was conducted to
obtain the S-N curve (Fig. 2). As explained earlier, here too it was observed that increase
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in volume fraction of particulates increased the fatigue resistance. Also at high
temperatures the effect of particulates on fatigue resistance was reduced. Fractographic
studies indicated that the observed behavior was due to the difference in crack
propagation. While at low temperatures the particulates played a significant role in crack

Fig. 2. Stress-life curve for SiC reinforced aluminum 2124 alloy [4].

closure and deflection, at high temperatures the effect of these particulates was
insignificant as they broke down.
Fatigue crack propagation was also microscopically analyzed [5] in SiC particulate
reinforced cast MMC, A356 and Al2O3 particulate reinforced Al6061 composite. Three
point bending tests were performed with single notched samples. Concepts of actual
crack length and nominal crack length were introduced. The difference in values
between these lengths increased with increase in the number of cycles. From the da/dN –
ΔK curves, it was found that the crack propagation rate increases steeply for A356
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compared to A356 MMC, in the stage III regime. Microscopic surface analysis revealed
that, as stated earlier, the crack took a more tortuous path at higher number of cycles.
However the tortuosity of fatigue crack path was more severe in A356 than the
corresponding MMC. In both cases the fatigue crack tended to propagate along the
aluminum matrix grain boundaries. Specifically, in the MMC, fatigue crack tended to
develop along the matrix-particle interface and its direction of propagation changed with
the interface orientation. The presence of particle clusters in the crack path was decided
to be the cause for reduced crack propagation rate of this composite. Analysis on Al6061
MMC clearly indicated that the intrinsically introduced Si-Al matrix interface is weaker
than the extrinsically introduced interface between the SiC-Al matrix. This explained
why the Al6061 composite did not demonstrate an improved property of fatigue crack
propagation.
Polymer Nanocomposites
Inspite of the obvious advantages that the MMCs offer, the materials resulting
from mixing micrometer-sized particulates with metal matrix should be seen only as
filled composites since there is no or little interaction between the two mixed
components. These filled materials mostly lack from an intense interaction at the
interface between the two partners. In general, macroscopic reinforced elements have
imperfections. Structural perfections are however much more reached when the size of
filler materials becomes smaller and smaller. The ultimate properties of composites can
be expected if the constituent size reaches atomic or molecular levels.
The PNCs combine these two concepts, i.e., composites and nanometer-size
materials. Thermoplastics filled with nanometer-size materials have different properties
than thermoplastics filled with conventional materials. Some of the properties of
nanocomposites, such as increased tensile strength, may be achieved by using higher
conventional filler loading at the expense of increased weight and decreased gloss. Other
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properties of nanocomposites such as clarity or improved barrier properties cannot be
duplicated by filled resins at any loading.
Organic/Clay Nanocomposites
One of the popular types of PNCs is the organic/clay nanocomposites in which
smectite layers of thickness 1mm and aspect ratio of 100-1000 are dispersed uniformly
in an organic matrix. The resulting nanocomposite properties are intimately related to the
microstructure of the material. The crystalline structure of smectite clays is layered and
amenable to form organic/clay nanocomposites due to the weak Van der Waals bonding
between the layers. Smectite clays can be broken down into submicron size disc-like
particles of approximately 10:1 aspect ratio consisting of a stack of nanometer thick
layers of very high stiffness and strength. These clay particles are incorporated into a
polymer matrix and they are dispersed as uniformly as possible in the matrix with the
help of a block copolymer (surfactant). The surfactant chains are made of two distinct
blocks, a clay compatible block and a matrix compatible block. These block copolymers
provide a better compatibilisation and consequently a better polymer-surface interaction
that is important for a complete and stable dispersion. Ion exchange reaction between the
copolymer and clay layers disperses the layers uniformly in the matrix. This reactive
process by which the nanoparticles are distributed in the matrix is called exfoliation
(Fig. 3).
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Fig. 3. Schematic illustration of exfoliation [6].

Based on the degree of dispersion of nanoparticles in the organic matrix, the
polymer/clay nanocomposites can be classified as conventional miscible, partially
intercalated and exfoliated, fully intercalated and dispersed and fully exfoliated and
dispersed (Fig. 4).
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Fig. 4. Types of polymer/clay nanocomposites based on the degree of dispersion.
(a) conventionally miscible (b) partially intercalated and exfoliated (c) intercalated and
(d) exfoliated composite [7].

The mechanical behavior of epoxy/clay nanocomposites was characterized and
modeled [7] as a function of various parameters that included exfoliation ratio, matrix
modulus and clay layer aspect ratio. Epoxy clay nanocomposite specimens were tested in
tension and Mori-Tanaka method was used to analytically determine the different
mechanical properties. It was seen that the experimental values matched closely with
those that were obtained by analytical means. The results showed that exfoliation is
preferred over intercalation as higher exfoliation ratios lead to increased composite
modulus. However, the high aspect ratio of the nanoclay layers limits the clay
concentration that one can exfoliate randomly in the matrix. It was also observed that the
more compliant the matrix system is, the better is the composite stiffness enhancement.
This suggests that the matrix should be in a rubbery state for the composite to have
improved modulus. Increase in the clay layer aspect ratio has a proportional impact on
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the material stiffness. This was attributed to the increased surface area per unit volume
which leads to improved interfacial bonding, as a consequence.
The prospect of increased fracture toughness by the addition of very small volume
fraction of nanoparticles interested the researchers. However, the extremely reduced
scale of a fully exfoliated composite does not lend itself to a toughening application due
to limitations in the filler size and aspect ratio. In an intercalated system in which
polymer has entered into the silicate galleries but has not fully delaminated them, there is
considerable interaction between silicate layers which may alleviate the concern over
toughening. This necessitated the study of such intercalated nanocomposites. Limited
work has been done on fatigue and fracture behavior of nanoclay polymers. Most of the
research has been concentrated on exfoliation of clay fillers. Epoxy clay nanocomposite
was tensile tested in an effort to investigate the fracture behavior and its mechanics [8].
It was observed that even with a 10% increase in the clay concentration ratio, the
modulus increased admirably. The ultimate stress and strain at break reduced, though,
resulting in loss of ductility. This was, however, characteristic of materials reinforced
with stiff filler materials. The fracture toughness was seen to increase steeply above
3.5% clay concentration mainly due to the decreased interparticle distance. A
comparison of transmission electron microscopic (TEM) photographs of unfilled and
filled samples showed that the intercalated nanocomposite manifested a crack trajectory
that was extremely tortuous and exhibited evidence of crack branching. It was proposed
that as the clay concentration in the sample increases, the decrease in interparticle
distance probably causes the crack to take a more tortuous path, either around or
between regions of high clay concentration.
The fatigue crack initiation and propagation in Polyamide-6 and in Polyamide-6
nanocomposites with montmorillionite clay were studied [9] using two different
approaches-fatigue life measurements and crack growth monitoring.
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Fig. 5. Stress-Life curve for Polyamide-6 and Polyamide-6 nanocomposite [9].

It was observed from the axial fatigue testing data that the response of polyamide-6
and polyamide-6 nanocomposites can be divided into two regimes (Fig. 5). For the
nanocomposite and neat material, ductile to brittle transition in the manner of fracture
was seen at 75MPa and 60MPa respectively. While the number of cycles to fracture was
higher for the nanocomposite which suggests an increase in intrinsic resistance of the
material to crack propagation, the nanoparticles decreased the resistance to crack
propagation on the contrary.
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Fig. 6. Crack propagation lines emerging from the periphery of a heterogeneity [9].

Fractographic analysis suggested that the nanoparticles act as stress concentrators
as, more often than not, the crack was found to initiate from the particles (Fig. 6). Due to
increased yield stress fibrillated deformation zone was observed very close to the crack
initiation site, which consisted of numerous micro voids. It was proposed that these
voids were responsible for increasing the crack propagation rate. Increase in the modulus
of nanocomposite because of the presence of nanoparticles decreased the displacement
amplitude which resulted in increased fatigue life. It was concluded that most of the
effect of nanoparticles on the fatigue behavior resulted probably from the mechanical
reinforcement of the microsctructure and from the increase in yield stress and modulus.
In another study on fatigue behavior, nanoclay-filled polypropylene [10] was
considered for investigation. Mechanical and fracture properties were reported based on
the tensile tests conducted. Composites with varying volume fractions (neat, 10%, 20%,
30%, 40% and 50%) of clay fillers were compared in results obtained from fracture
mechanics concepts. Similar to results reported previously in literature review, the yield
strength and composite modulus were found to increase with corresponding increase in
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clay concentration. The fracture mechanism transitioned from ductile to brittle as the
volume fraction of clay nanofillers was increased and the resistance to crack propagation
reduced simultaneously, as can be seen in Fig. 7.

Low filler
volume
fraction

High filler
volume
fraction

Fig. 7. J-R curves for nanoclay filled polypropylene containing varying volume fraction
of fillers [10].

Rubber Modified Epoxy Nanocomposites
Increasing the toughness of polymers is important for practical applications. In this
context, the term “toughness” or “fracture toughness” denotes the physical absorption of
energy during a deformation that leads to fracture. The deformation of rubber toughened
polymers involves three stages
(a) Elastic deformation of rubber particles leading to cavitation in some cases
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(b) Plastic strain softening characterized by local matrix yielding
(c) Strain hardening, primarily due to extensive stretching of rubber particles
The role of carboxy-terminated butadiene-acrylonitrile (CTBN) rubber particles and
solid glass spheres reinforced in hybrid epoxy composites in improving its toughness
was studied [11]. In the presence of rubber particles alone, it was observed that there
were three distinct mechanisms by which the crack growth rate was reduced. When the
rubber particles were smaller than the plastic zone they were unaffected by the zone and
the crack surfaces were bridged by rubber particles. However, when the rubber particles
were engulfed in plastic zone, process zone mechanisms takes over in which the
particles cavitate resulting in matrix yielding. Secondly, the matrix ligaments between
the cavities which draws in plastically. The third operative mechanism was
heterogeneous plastic deformation or shear bands that were formed between rubber
particles in the process zone ahead of the crack tip.
It is often assumed that rubber toughening is synonymous with addition of rubber
particles. Significant toughening can also be achieved by using rubber networks. This
method involves small particles of a thermoplastic like PVC being embedded in a rubber
network to form a honeycomb structure with very thin layers of rubber separating the
thermoplastic particles.
Epoxy modified with core shell rubber (CSR) of two different cores – Poly
(butadiene-co-styrene) designated as CSR1 and Poly (butyl acrylate) designated as
CSR2 - was investigated [12] for its fracture behavior. Tensile tests conducted on the
samples showed that the modulus of CSR modified epoxy was, expectedly, reduced.
This can be attributed to the presence of low modulus rubber particles which brings
down the stiffness of the composite. The tests also gave values of yield stresses for the
modified epoxy samples. Fracture toughness measurements were performed at room
temperature which indicated that the KIC of CSR2 was twice that of CSR1 and was
higher than that of neat epoxy. Since the geometric dimensions of both the CSR particles
were approximately the same, the main difference in fracture toughness measurements
was proposed to be due to the cavitational resistance of the core polymers. It was also
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found that the toughening mechanisms under static and dynamic tests were similar for all
the CSR modified epoxy networks. Also, the presence of CSR particles shifted the
fatigue crack propagation (FCP) curve towards high ∆K values and improved the crack
propagation resistance significantly, as is evident from the decrease in fatigue crack
growth rate (see Fig. 8).

Fig. 8. Fatigue crack propagation curves for neat epoxy and CSR filled epoxy [12].

Epoxy/α-Zirconium Phosphate Nanocomposites
It was stated earlier in the review that structural perfections are reached if the
reinforced elements are reduced in size. However, the smaller the reinforcing composite
elements are, the larger is their internal surface and hence their tendency to agglomerate

18

rather than to disperse homogenously in the matrix. Also, the contact surface in such
dispersion between the elements and the matrix material grows dramatically and
consequently the problems in creating intense interface reactions.
The main drawback of clay layers is that they exhibit incomplete exfoliation and
hence many of the claims made on the improved mechanical properties of these
nanocomposites become ambiguous. Also, it is difficult to obtain controlled high aspect
ratio particles and narrow particle size distribution [13]. Thus in order to gain a better
understanding of the fundamental structure-property relationship, developing a model
nanocomposite became a necessity. Hence α-Zirconium phosphate, Zr(HPO4)2.H2O, was
used as the nanofiller in the study of fracture behavior of these nanocomposites in
tension [14]. The composition of epoxy and epoxy nanocomposites studied are given in
Table 1 while their mechanical properties are listed in Table 2.

Table 1
Compositions of epoxy and epoxy nanocomposites [13]

Neat epoxy

α-ZrP

Jeffamine M715

CSR

-

-

-

M-ZrP-epoxy

2.0 vol%

7.8(20mmol)

-

CSR-ZrP-epoxy

2.0 vol%

7.8(20mmol)

3.5 vol%
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Table 2
Tensile properties and fracture toughness of epoxy and epoxy nanocomposites [14]
Neat epoxy
Tg(°C)

M-α-ZrP-Epoxy

CSR-M-α-ZrP-Epoxy

227

124

2.85±0.22

3.97±0.15

Tensile strength (MPa)

69.4

103.4

93.3

Elongation at break (%)

3.5

6.3

6.6

0.76±0.05

0.70±0.04

Modulus (GPa)

KIC (MPa m1/2)

124
3.77±0.20

1.64±0.04

Fig. 9. Stress-strain curve for epoxy and epoxy nanocomposites [13].
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The tensile properties and fracture toughness of these nanocomposites are presented in
Table 2 while Fig. 9 is a plot of Stress-Strain curve for the materials. It can be inferred
from the mechanical properties listed, that the addition of CSR nanofillers has increased
the fracture toughness though the material has become more ductile as can be seen from
the higher value of elongation at break.
Fig. 9 shows the stress-strain curve that was obtained for epoxy and epoxy
nanocomposites in a study conducted on their tensile behavior [13].

(a)

(b)

Fig. 10. SEM micrographs of the fracture surfaces. (a) Epoxy/α-ZrP microcomposite and
(b) Epoxy/M-α-ZrP nanocomposite [14].

As stated above, in an effort to increase the toughness of the material while
maintaining the effect of α-ZrP on its stiffness and strength, CSR particles were added to
the matrix. SEM of the single edge notch three point bending (SEN-3PB) fracture
surfaces of epoxy/ZrP nanocomposites wih and without surfactant is shown in Fig. 10. It
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is evident that the fracture surface of surfactant treated composite is much finer. Cracks
were observed under TEM to comprehend the underlying crack propagation mechanism.
It was observed that in the case of Epoxy/M-α-ZrP, the cracks extended by void
coalescence. Careful investigation suggested that these voids were formed due to the
delamination of ZrP platelets from the surrounding epoxy matrix. At the crack wake, it
was also evident that the crack propagated along the weak M-α-ZrP layer structure.
When CSR particles were added to the ZrP nanocomposites, massive plastic deformation
was seen to take place.

Fig. 11. TEM of crack tip damage zone of Epoxy/M-α-ZrP/CSR nanocomposite [14].

At higher magnification, it was observed that CSR particles at the wake of the
crack tip had undergone cavitation due to the residual crack tip stress field (Fig. 11).
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This was suggested to be the reason behind improved fracture toughness of the
nanocomposite.
Though CSR modified epoxy materials exhibit better fracture toughness,
preformed rigid core-shell particles (RCSP) have certain advantages over even CSR
particles. Some of them are improved fractured toughness without any sacrifices in
modulus, creep resistance and yield stress, sustained thermal properties and better
overall processability. Fracture mechanisms of rigid core-shell rubber particle modified
epoxy were investigated [15]. Three point bending experiments were carried out to
determine the fracture toughness of neat and filled epoxy polymers. Double-notch fourpoint bending tests helped in analyzing the fracture surfaces using TEM. It was observed
that, in general, the major fracture mechanisms in these modified epoxies were crack
bifurcation, crack deflection and microcracking which are different from the
mechanisms observed in CSR modified epoxy polymers. It was stated that the shell
copolymer composition plays an important role in the extent of dispersion of the rubber
particles in epoxy matrix. In materials with uniform dispersion of these particles, it was
seen that crack bifurcation and local matrix yielding were the fracture mechanisms
similar to those observed in CSR modified epoxies. However, with a different shell
copolymer composition clusters of RCSP were formed though they were globally well
dispersed. In this case, microcracking was the major fracture mechanism. This difference
was attributed to the brittleness of clusters when compared to the epoxy matrix. In other
words, the crack had a strong tendency to initiate and grow from inside the clustered
particles.
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CHAPTER IV
EXPERIMENTS

Materials
Four different materials – Neat epoxy, M1-ZrP-epoxy, M2-ZrP-epoxy and CSRZrP-epoxy – were considered for fatigue analysis in this study. The method of
preparation of α-ZrP/Epoxy nanocomposites is explained elsewhere in the literature [13].
The chemical composition of each of these materials is listed in Table 1. The importance
of block copolymers as surfactants has already been stressed in the literature review
earlier. It is worth mentioning here, that ‘M’ in the names of nanocomposites refers to
Jeffamine M715 which is a surfactant. The numbers ‘1’ and ‘2’ that follow ‘M’
corresponds to the molar ratio of Jeffamine to ZrP – 1:1 and 2:1 respectively – in the
nanocomposite.
Specimen Preparation
Neat epoxy, M1-ZrP-epoxy, M2-ZrP-epoxy and CSR-ZrP-epoxy nanocomposites
were received as thin slabs of dimension 20x13x3 mm. Buehler ISOMET diamond
cutting saw was used to precisely cut plates of dimension 13 × 3 × 1.5 mm for high cycle
fatigue experiments and 13 × 3 × 1.7 mm for low cycle fatigue. The drawing view of the
test specimen is shown in Fig. 12.
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Fig. 12. Dimensions of a fatigue specimen.

A hole of diameter 1mm was drilled at the center along the breadth of the specimen.
The drilled hole served two purposes.
1. Because of the abrupt change in area, stress concentration would take place at the
hole resulting in faster failure of the specimen.
2. The drilled hole also helped in negating the effect of clamping, on the fatigue
results and fracture, as the specimen was treated as a cantilever beam.
For the hole to nullify the effect of clamping at one end, its location along the
length of the beam became an important dimension. This location was calculated to be
8.5mm as shown in appendix A.
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Equipment
The following equipments were used while conducting the experiments and for
later study on fracture surfaces.
1. Function generator - Tektronix CFG250 2MHz
2. Power Amplifier - Bruel and Kjaer Type 2706
3. Multicounter - Fluke 1900A
4. Oscilloscope - Tektronix TAS475 four channel oscilloscope
5. Minishaker - Bruel and Kjaer Type 4810
6. Optical Microscope - Olympus STM6
7. Optical Microscope with cross polarized light– Olympus BX60
8. Vibrator polisher – Buehler Vibromet 2
9. Scanning Electron Microscope – JEOL JSM 6400
10. Milling machine – Bridgeport Model 8F
11. Buehler Isomet low speed diamond cutting saw
12. Technics Gold-Palladium Hummer Coater
13. Instron 4411 tensile testing machine

Experimental Setup
The test specimen was clamped at one end by a clamping stand while the other end
was guided into a C-clamp with two screw heads which was mounted on a vibrating
table, all of which were designed and fabricated. This vibrating table was attached to a
minishaker (Bruel and Kjaer, Type 4810). In this way, the sample was treated as a
cantilever beam. A schematic representation of the experimental setup is shown in Fig.
13. The distance between the heads can be varied depending on the thickness of the
specimen so that the free end of the specimen is held in place between the heads (Fig.
14a). This arrangement was necessary to avoid a possible vibration lag between the
vibrating table and the cantilever tip. Such a lag would have incorporated errors in the
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experiment output. The table was allowed to vibrate at a frequency supplied by the
frequency generator. In order to determine an optimum frequency at which the
specimens should be allowed to vibrate, few samples were tested at 10Hz and 15Hz
frequencies. The amplitude of vibration was obtained from the oscilloscope as peak-peak
voltage.

Tektronix CFG250
2MHz Function generator

Tektronix TAS475 Four
channel Oscilloscope

Fluke 1900A
Multicounter

Bruel & Kjaer
Type 2706 Power Amplifier

Bruel & Kjaer
Minishaker Type 4810

Cantilever beam

Fig. 13. Schematic representation of the experimental setup.
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Oscilloscope

Microscope
Power
Amplifier
Vibrating
table
Minishaker
Cycles
counter

Frequency
generator
Fig. 14a. Experimental setup
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Clamping
stand

Screw
head

C-clamp

Cantilever
specimen

Fig. 14b. Closeup of the cantilever test specimen.

The specimens were loaded in the setup as shown in Fig. 14b. Before the
experimental runs were conducted, the system was calibrated. Gain control of the power
amplifier was maintained at a constant value throughout the experiments such that the
maximum and minimum peak-peak amplitudes were 0V and 8V respectively. The
corresponding table displacements can be obtained from the calibration graph for the
oscilloscope (Fig. 15) which shows the graph plotted between various values of peakpeak voltages obtained from oscilloscope against the corresponding table displacements
measured using a dial gauge with a resolution of 12.5μm (0.0005in), without mounting
the specimen.
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Fig. 15. Calibration of shaker amplitude.

As a result of constant amplitude excitation by the minishaker, the cantilever tip
experienced alternating bending. The tip displacement was measured while the specimen
was allowed to vibrate till failure. They were observed frequently through a microscope
for crack initiation. Fatigued specimens were examined with the optical microscope.
Selected samples were examined with SEM.
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Sample Preparation for Microscopic Analysis
Preparation for Optical Microscope (OM) Observation

Plane along
which the crack
face is cut

Propagating
crack
Fig. 16. Schematic illustration of sample preparation for OM analysis.

The face along which the crack started propagating was cut using the diamond
cutting saw, Buehler Isomet, along the plane shown in Fig. 16, so that the thickness of
the strip is approximately 100μm. Diamond metallographic compound of 15μm, 9μm,
5μm and 1μm particles were used sequentially and the thin strip was then polished in a
vibratory polisher, Buehler Vibromet 2. The polished strip was then attached to a glass
slide using transparent epoxy for viewing under optical microscope.
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Preparation for SEM Observation

Gold-Palladium
electrode
Vaccum

Fatigue fracture
surface
Carbon
tape
Aluminum
holder
Fig. 17. Schematic illustration of sample preparation for SEM analysis.

The fractured specimens were stuck to aluminum holders with the help of double
sided carbon tapes and were placed in a sputter coating chamber, Technics GoldPalladium Hummer coater, and the pressure was reduced to about 300 millitorr. The
surfaces were then coated with thin layers of Gold-Palladium for about 4 minutes, in
steps of 5 seconds, to avoid overheating of the samples. The process of coating was
necessary to make the composite samples electrically conductive. Fig. 17 shows the
setup for coating a fatigued specimen.
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CHAPTER V
RESULTS AND DISCUSSIONS

Thermal degradation of the specimens was avoided by maintaining the operating
frequency at 10Hz. It was decided to cap the frequency at this value based on
microscopic observation.
As stated in the previous chapter, due to the size and material constraints, a novel
experimental technique that was different from the standards prescribed by the American
Society for Testing and Materials had to be designed. One of the standards for flexural
testing of plastics is given by ASTM (D 671-93) where a fatigue testing machine of the
fixed cantilever, repeated-constant-force type is explained. The suggested experimental
apparatus shown in Fig. 18 would aid in comparison with our setup.
In this machine the specimen, A, shall be held as a cantilever beam in a vise, B, at
one end and bent by a concentrated load applied through a yoke, C, fastened to the
opposite end. The alternating force shall be produced by an unbalanced, variable
eccentric, D, mounted on a shaft. The shaft shall be rotated at constant speed by a motor.
A counter, E, to record the number of cycles and a cut-off switch, F, would complete the
experimental apparatus.
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Fig. 18. Fixed-cantilever, repeated-constant-load type fatigue testing machine [16].

There are a few other testing techniques like single-end cantilever machine,
double-end cantilever machine and rotating cantilever beam in pure bending but the
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fundamental concept remains the same. Comparing this with our design, it can be
inferred that the effect produced by both the set-ups is the same, which is to subject
fibers in the composite to alternate tension and compression over a period of time. By
this argument, our design of the experimental apparatus is a valid one.
Stress Calculations
From the cantilever beam geometry, it is obvious that the stress acting near the
drilled hole should be more than that acting at any other location in the beam. The tip
displacement, measured using a dial gauge was used in determining the stress acting
near the hole by two different methods, strength of materials and Rayleigh-Ritz. Since
the approach based on the concepts of strength of materials considered only the static
case of applied loading, it became necessary to consider a method that would account for
the dynamic nature of applied loading in the form of sinusoidal signal input. The
Rayleigh-Ritz method and strength of materials method were used to compute and
compare fatigue stresses of the beam.
Stress Calculation Based on Strength of Materials
The following variables were used in determining the stress based on strength of
materials.
b

: breadth of the specimen (mm)

d

: thickness of the specimen (mm)

E

: Young’s modulus of the material in consideration (MPa)

I

: area moment of inertia (mm4)

L

: span of the cantilever beam (mm)

M

: bending moment on the beam

P

: external load applied at the beam tip

x

: distance of any point along the beam in ‘x’ direction
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y

: distance of any point from the neutral axis of the beam in ‘y’ direction

σ hole : stress acting at the hole considering the effect of stress concentration
σ nom : nominal stress at any point considering the reduced cross section

Consider a schematic of the cantilever beam specimen shown in Fig. 19, where
Area moment of Inertia of the section without hole, I=

bd 3 3 × 1.5 3
=
= 0.877 mm 4
12
12

Area moment of Inertia of the section with hole, I(x) =

b( x ) × (1.5)
∫1.5 12 dx
2.5

3

(1)

From Fig. 47 in Appendix B, it is evident that
x = 1.5 + r (1 − cos θ )

⇒ dx = r sin θdθ
Also,
b( x ) = 3 − 2r sin θ = 3 − sin θ

Substituting these values in equation (1) and changing the limits correspondingly, we get
π

I( x ) = ∫

(1.5 − 0.5 sin θ ) (1.5)3 sin θdθ

0

12

= 0.62 mm4

For a cantilever beam, moment at any point along the x direction = P(L − x )
From the concepts of strength of materials,
d2y
EI 2 = M
dx

(2)
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x

1

Drilled Cantilever
hole
beam
P
1.5

1.5

3

8.5mm
L

Fig. 19. Schematic illustration of cantilever beam specimen.

⇒

d2y M
and
=
dx 2 EI

dy
M
= ∫ dx
dx
EI

Thus, for the current problem,
2.5
11
dy 1.5 P(L − x )
P( L − x )
P( L − x )
=∫
dx + ∫
dx + ∫
dx
dx 0
EI
EI
(
x
)
EI
1.5
2.5

=

P
{1.5 × L − 1.125} + P {L − 2} + P {8.5 × L − 57.3}
E × 0.877
E × 0.62
E × 0.877

(3)

Considering M1-ZrP-epoxy nanocomposite, we substitute E = 3.9 × 10 3 MPa [14] in the
equation (3). We get,
dy
= 4.49 × 10 −3 × P + 4.54 × 10 −3 × P + 0.01 × P
dx

= 0.019P
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⇒ y = 0.019Px +constant

We used the following boundary condition to evaluate the constant.
At x = 0, y = 0 . Thus constant = 0.
⇒ y = 0.019Px

To get the tip displacement, we substitute x = 11mm in the above result. Thus
y = 0.209P

(4)

We equate this displacement with the displacement obtained experimentally. For
example, for a measured displacement of 0.0195in = 0.4953mm,

P=

0.4953
= 2.36 N
0.209

This is the force acting at the beam tip. The elastic bending equation is given by

σ=

My
I

(5)

Substituting the force obtained in equation (5) we determine the nominal stress acting at
the hole. Nominal stress is defined as the stress obtained at the point by considering the
reduced cross section due to the presence of drilled hole.

σ nom =

2.36 × 8.5 × 0.75 × 12
= 25.7 MPa
2 × 1 .5 3
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Because of the stress concentration, the actual stress will be greater than the nominal
stress.
With the stress concentration factor of 1.79 calculated in appendix A the stress
acting on the hole edge is
σ hole = 1.79 × σ nom = 1.79 × 25.7 =46.01 MPa

Similarly, the stresses are calculated for different measured tip displacement
corresponding to varying peak-peak amplitude. For low cycle fatigue (LCF) tests, the
corresponding value of specimen thickness and stress concentration factor were used in
calculating the stress. In case of a different material, the modulus of elasticity varies. The
method of calculation, however, remains the same.
Stress Calculation Based on Rayleigh-Ritz Method
The equations used in obtaining the stress with this method are derived in appendix
B. They were used in determining the tip displacement in terms of force ‘a’. For example,
let us consider the case of neat epoxy material.
For neat epoxy,
tan δ = γ = 0.02 at room temperature and

E ′ = 0.968GPa at room temperature
Using these values we calculate the loss modulus which is <<1 and hence
Dynamic modulus ≅ Storage modulus = 0.968GPa
This value of modulus is used along with other parameters to determine the matrices as
given by equations (B.12), (B.14) and (B.15) in the appendix.
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⎛1.203 × 10 −5 1.003 × 10 −5 ⎞
⎟
M = ⎜⎜
−5
−6 ⎟
1
.
003
10
8
.
596
10
×
×
⎠
⎝
⎛ 2.48 3.79 ⎞
⎟⎟
K = ⎜⎜
⎝ 3.79 7.64 ⎠
⎛ 0.052 0.076 ⎞
⎟⎟
C = ⎜⎜
⎝ 0.076 0.153 ⎠
We find the natural frequencies of the system by solving the eigenvalue problem

[K ] − ω 2 [M] = 0
or

(6)

ω = [K ][M ]
2

−1

Solving the above equation, we get

ω12 = 2.23 × 10 5 rad / s; ω 22 = 0.2 × 10 5 rad / s
⇒ ω1 = 472.2rad / s; ω 2 = 141.4rad / s
⇒ ω1 = 75.19Hz; ω 2 = 22.51Hz
We now need to determine the displacement of cantilever tip, for all the frequencies
ranging from 0 to 3000 rad/s specifically at 10Hz ≅ 63 rad/s which is the operating
frequency. The chosen value of frequency range is a random value.
From equation (B.9), we determine the force that is acting at the tip. Since force, F, is
the unknown quantity, we assume it to be ‘a’.
From equation (B.10),
2
⎛x⎞
u ( x, t ) = ∑ ⎜ ⎟
j=1 ⎝ L ⎠

j+1

[

which can also be written as
u ( x , t ) = Re[U( x ) exp(iωt )]

where

]

Re X j exp(iωt )
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j+1

⎛x⎞
U( x ) = ∑ ⎜ ⎟ X j
j=1 ⎝ L ⎠
3

MATLAB was used in writing a program which determined the generalized coordinates
of the system, X j , for varying values of frequencies in the range 0 to 3000rad/s.
These coordinates were used to find out the complex displacements, absolute
values of which are the desired solutions. We obtained these displacements in terms of
force ‘a’. This method was carried out for the neat and nanocomposite systems and the
graph obtained are shown in Fig. 20 to Fig. 23.
In case of neat epoxy, for an operational frequency of10Hz = 62.8rad / s ≅ 63rad / s ,
the displacement was approximately 0.3a (mm) where ‘a’ is the force that had to be
found out.
As CSR particles remain inert to the reaction that takes place between the matrix
and surfactants, the CSR-ZrP-epoxy nanocomposite has the same loss factor, tan δ and
storage modulus as that of M1-ZrP-epoxy. As a result, we get the same displacement as
that of M1-ZrP-epoxy material at high cycle fatigue. This explains the similarity in the
graph obtained for both the materials.

Fig. 20. Variation of tip displacement with operating frequency for neat epoxy.
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Fig. 21. Variation of tip displacement with operating frequency for M1-ZrP-epoxy.
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Fig. 22. Variation of tip displacement with operating frequency for M2-ZrP-epoxy.
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Fig. 23. Variation of tip displacement with operating frequency for CSR-ZrP-epoxy.

Fig. 23. Variation of tip displacement with operating frequency for CSR-ZrP-epoxy.

44

45

Considering neat epoxy material, it was experimentally observed that for a peakpeak amplitude of 1.1V, the tip displacement was 0.1524mm. This value was equated to
the analytically obtained displacement. Thus,
0.3a = 0.1524
⇒ a = 0.508 N

This force was used in determining the dynamic stress acting on the beam.

σ nom =

0.508 × 8.5 × 0.75 × 12
= 5.75MPa
2 × 1 .5 3

σ hole = 1.79 × σ nom = 1.79 × 5.75 = 10.3MPa

In a similar way, for different tip displacements the corresponding dynamic
stresses were calculated and are tabulated in table 4 in which the static bending stress
was calculated by strength of materials and the dynamic stress was calculated by
Rayleigh-Ritz method. For low cycle fatigue, the corresponding material thickness was
used in the calculations. For a different material, the values of loss factor and dynamic
modulus varied which were used in the calculations accordingly. Table 3 gives the tip
displacements that were measured experimentally and the respective stresses obtained by
both the methods discussed previously, for various peak-peak amplitudes.
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Table 3
Cantilever tip displacements with the corresponding bending stresses and number of
cycles to failure
Material
Neat Epoxy

M1-ZrPEpoxy

M2-ZrPEpoxy

CSR-ZrPEpoxy

Tip
Static
Displacement bending
stress (MPa)
(mm)
0.15
10.66
0.27
19.57
0.39
27.87
0.46
31.73
0.53
37.36
0.59
41.4
0.68
48.04

Dynamic
bending
stress (MPa)
10.3
17.75
27.76
31.22
37.2
41.22
47.78

% difference Number
in stresses
cycles

of

3.3
9.3
0.3
1.6
0.4
0.4
0.5

72,350,950
69,400,000
12,208,450
10,975,217
5,968,300
1,010,490
621,031

0.93

41.46

39.39

5.0

6,890,909

0.44
0.48
0.53
0.58
0.55

46.01
59.25
65.58
71.76
68.6

43.89
52.32
57.83
63.2
60.58

4.6
11.7
11.8
11.9
11.6

2,751,867
25,680
6,695
3,274
2,540

0.25

41.82

39.56

5.4

350,000

0.45
0.48
0.50
0.53
0.57

59.59
62.83
66.24
69.52
74.75

59.21
62.49
65.78
69.07
74.01

0.6
0.5
0.6
0.6
0.9

3,600
3,040
1,597
450
296

0.45

43.67

40.51

7.2

18,154,638

0.53
0.58

51.31
56.20

47.26
51.66

7.9
8.0

5,935,053
622,388
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For neat epoxy material, finite element analysis was carried out using ABAQUS in
order to corroborate the results obtained by the two methods discussed (Fig. 24). The
results obtained matched closely-the values differed by approximately 1.2% (see Table
4). The simulation also helped us in identifying the location from where crack would
originate.

Location of
maximum bending
stress

Fig. 24. Simulation of bending stress for neat epoxy sample for a maximum cantilever
tip displacement of 0.685 mm.
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Table 4
Comparison of static and simulated stress for different amplitudes of neat epoxy
Tip displacement

Static bending stress

Simulated stress

% difference in

(mm)

(MPa)

(MPa)

stresses

0.2794

19.57

19.45

0.6

0.398

27.87

27.76

0.3

0.462

31.73

32.23

1.5

0.5334

37.36

37.2

0.4

0.591

41.4

43.22

4.2

0.68

48.04

47.75

0.6

Though two different methods were employed in determining the stresses and
finite element analysis was carried out to support the results obtained from those
methods, we consider the dynamic stresses determined by Rayleigh-Ritz method for
plotting the stress-life graphs as this method is more rigorous and complete in
accounting for the damping effect of nanoparticles reinforced in the matrix. It can also
be used in cases where different types of reinforced composites are studied. S-N plots
and analysis of the results in this study would thus pertain to dynamic approach.
Stress – Life (S-N) Plots
The values tabulated were used in plotting the S-N graph for each of the material.
In order to understand the nature of S-N plot and the material behavior better, and also
for the sake of comparison of static and dynamic stresses the graphs for each of the
material are plotted separately first followed by a composite plot for both neat epoxy and
filled nanocomposites considering the dynamic stresses alone. The graph between the
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percentage of maximum dynamic stress to flexural strength and the number of cycles
was plotted considering the flexural strength of each of the materials. It can be seen that
a single line of best fit represents the data points for all the specimens. Different
specimens were subjected to four point bending as guided by ASTM D6272-98 test
procedure [17]. The dimension of specimens used in four point bending tests was
8.5 × 3 × 1.5 mm. The support span was fixed at 7mm while the load span was fixed at
one-third the length of support span, that is, 2.33mm. An Instron 4411 tensile testing
machine, with 2000lb load cell and resolution of 0.01lb, was used in conducting the
experiments. The crosshead rate was maintained at 0.0027 inch/min. The calibration
graph of load cell is shown in Fig. 25.

Fig. 25. Calibration graph of load cell.
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A typical graph between load acting on the specimen and the crosshead displacement,
for neat epoxy material, is shown in Fig. 26. The load at which the specimen failed was
used in determining the flexural strength of the specimen using the following equation
[17].

Sf =

Pmax L
bd 2

(7)

where
Sf = flexural strength (MPa)
Pmax = maximum load acting on the specimen (N)
L = support span (mm)
b = breadth of the specimen (mm)
d = depth of the specimen (mm)
From Fig. 26, Pmax 1 = 91N and Pmax 2 = 119 N . Substituting these values in equation (7),
Sf1 =

91× 7
= 94MPa and
3 × 1 .5 2

Sf 2 =

119 × 7
= 123MPa
3 × 1 .5 2
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Fig. 26. Load-displacement curve for neat epoxy specimen subjected to four point
bending.

Table 5 gives the flexural strength of all the materials tested by four point bending.
In all cases, an average flexural strength value based on the tests conducted on different
specimens of the same material was used in plotting the graph.
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Table 5
Flexural strength of different materials from four point bending tests
Material
Neat epoxy

Max load (N)
88

91

114

119

Average : 101
M1-ZrP-Epoxy

84

96

78
Average : 81

80

83

63

65

66

68

85

88

Average : 73.5
CSR-ZrP-Epoxy

Average : 105

104
Average : 100

M2-ZrP-Epoxy

Flexural strength (MPa)

Average : 76

119

123

141

146

Average : 127

Average : 133

The S-N plot of each of the materials is plotted separately from Fig. 27 to Fig.30.
Fig. 31 gives the composite plot for the sake of comparison. Equation relating the
ultimate strength to the dynamic stress and the number of cycles was derived as follows.
Fig. 32 gives the graph between the percentage of maximum dynamic stress to flexural
strength and the number of cycles. From Fig. 32,
For x = 10 1 , y = 113% = 1.13 =C
Slope of the line
For x 1 = 4 × 10 4 , y 1 = 60 and
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For x 2 = 2 × 10 6 , y 2 = 40
Converting to log,
For log x 1 = 4.6 , log y 1 =1.77 and
For log x 2 = 6.3 , log y 2 = 1.60
Thus, Δ =

1.6 − 1.77
= −0.1
6 .3 − 4 .6

Equation of a line is given by y = mx + C . Since we are dealing with a logarithmic plot,
the equation becomes
log y = m log x + log C

⎛ σ
⇒ log⎜⎜
⎝ Sf

⎞
⎟⎟ = −0.1 log N + log 1.58
⎠

⎛ σ
⇒ log⎜⎜
⎝ Sf
⎛ σ
⇒ log⎜⎜
⎝ Sf

⎞
− 0.1
+ log 1.58
⎟⎟ = log N
⎠
⎞
⎟⎟ = log 1.58 N − 0.1
⎠

Taking antilog on both sides we get the equation of the line.
σ
= 1.58 N − 0.1 for N≥102 and
Sf
σ
=1
Sf

for N ≤ 102

This plot would provide us with a simple way of constructing S-N curve. It will be
possible to predict the product life without conducting elaborate tests.

Fig. 27. S-N plot for neat epoxy material.
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Fig. 28. S-N plot of M1-ZrP-epoxy nanocomposite material.
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Fig. 29. S-N plot of M2-ZrP-epoxy nanocomposite material.
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Fig. 30. S-N plot of CSR-ZrP-epoxy nanocomposite material.
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Fig. 31. S-N plot for neat and filled nanocomposites.
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Fig. 32. Plot showing the percentage of maximum dynamic stress to flexural strength against the number of cycles.
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It was seen from all the graphs that the stresses obtained by both the methods
compared well though dynamic bending stresses were approximately 5% lesser than the
static stresses. This difference can be attributed to the fact that Young’s modulus of the
material was used in calculations based on strength of materials while storage modulus
was considered for determining dynamic stresses. Since the storage modulus is lower
than the Young’s modulus, the dynamic tip displacement was consequently higher than
that of static displacement obtained analytically. This led to reduced dynamic force and
hence reduced dynamic stress. However, the values differed from each other by a
maximum of 5% and by a minimum of 0.4% which validates the experimental work and
the results obtained thereby.
The composite S-N plot gave a better idea of the material behavior in response to
fatigue loading. It was observed that neat epoxy had lower fatigue resistance compared
to other epoxy nanocomposites, which was expected because of the absence of any
reinforcement that would have increased the fatigue resistance. For any stress value, M1ZrP-epoxy and M2-ZrP-epoxy systems underwent almost equal number of cyclic fatigue
loading before failure. This indicated that the surfactant concentration in the material
composition had negligible effect on fatigue life and that the improved fatigue resistance
of the materials compared to that of epoxy systems had to be attributed to the presence
and orientation of ZrP platelets in the polymer matrix. Also the fatigue strength of these
materials were approximately 24% higher than that of neat epoxy.
While the ZrP epoxy systems had intermediate fatigue life, the rubber modified
epoxy nanocomposites had the highest fatigue strength of all the tested materials. This
improvement in behavior was attributed to the combined effect of CSR and ZrP
nanofillers present in epoxy matrix. A detailed fracture mechanism is explained later in
this chapter.
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Optical Microscopic Analysis
In order to corroborate our presumption on the effect of reinforcements on
improved fatigue behavior and to gain a better understanding of the underlying crack
propagation mechanism in the polymer matrix, optical microscopic and scanning
electron microscopic pictures of fractured surfaces were considered for analysis. The
pictures below shows the fractured surfaces of neat epoxy, M1-ZrP-epoxy and CSR-ZrPepoxy materials as observed under optical microscope.

Crack
initiation
point

1

*

2
3

Fig. 33. Fractured surface of neat epoxy sample.
(S=27MPa, N=12x106)
(* indicates the drilled hole)
(1 = initiation zone, 2 = rough zone, 3 = fast fracture zone)
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A typical fractograph of neat epoxy specimen indicates the point of crack initiation
followed by striations and beach marks that map instantaneous positions of crack tip
during fatigue crack propagation. River like patterns follow the striations which clearly
indicate the path and direction of crack growth (shown as arrows in Fig. 33). Such
fractured surfaces are similar to those that were observed in studies conducted earlier
[18]. It was also observed that the surface comprised of three distinct zones. The
initiation zone (1) is the one in which the crack initiates. In our case, it is the point near
the drilled hole as indicated in the figure. This was followed by the rough zone (2) in
which the crack propagates. It is also the region where micromechanisms that hinder
crack propagation may possibly take place. From the concepts of fracture mechanics, it
is known that stress intensity factor near the crack tip is a function of the crack length.
Thus as the crack extends, the stress at its tip increases reaching a point where the crack
starts propagating at its terminal velocity. This is the fast fracture zone (3). The fractured
surface of M1-ZrP-epoxy specimen also showed the origin of crack initiation and it was
characterized by the three zones that were explained earlier. These different zones can
also be seen in the fractured surfaces of M2-ZrP-epoxy and CSR-ZrP-epoxy
nanocomposites.
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Crack
initiation
point

1
2

*

3

Fig. 34. Fractured surface of M1-ZrP-epoxy sample.
(S=87MPa, N=6.2x106)
(* indicates the drilled hole and arrows indicate direction of crack propagation)
(1 = initiation zone, 2 = rough zone, 3 = fast fracture zone)

The crack propagation direction is indicated by arrows in Fig.34. An interesting
feature that was noted is the relatively smooth surface in the fast fracture zone compared
to that of neat epoxy.

*
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3
2

*1
Fig. 35. Fractured surface of M2-ZrP-epoxy sample.
(S=62MPa, N=3040)
(* indicates the drilled hole and arrows indicate direction of crack propagation)
(1 = initiation zone, 2 = rough zone, 3 = fast fracture zone)

From fracture mechanics,
K IC = Fσ O πa c

where KIC : fracture toughness of the material (MPa

(8)
m)

F : the geometry factor
σ o : remote applied stress (MPa) and

2ac : critical crack length (m)
The critical crack length, which is the distance from the crack origin to the boundary of
zone 2, was measured from optical microscopic pictures and was used in the above
equation to determine the stress ratio between neat epoxy and nanocomposites.
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From Figs. 33 and 34, the critical crack lengths of neat epoxy and M-ZrP-Epoxy
were measured as 144.4 μm and 143.5 μm respectively. Since the sample geometry is the
same irrespective of the material studied, the geometry factor, F, has no effect on the
ratio.
Thus,

(σ o )neat
(σ o )ZrP

=

(K IC )neat (a c )ZrP
(K IC )ZrP (a c )neat

=

0.71 143.5
0.74 144.4

(9)

= 0.95
The fracture toughness of each of the material was obtained from published data [14].
From the S-N plot in Fig. 31, the average value of
found to be 0.83.

(σ o )neat
(σ o )ZrP

obtained experimentally was
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1

*

2

3
Fig. 36. Fractured surface of CSR-ZrP-epoxy sample.
(S=47MPa, N=59.4x106)
(* indicates the drilled hole)
(1 = initiation zone, 2 = rough zone, 3 = fast fracture zone)

Along similar lines, the stress ratio of M-ZrP-Epoxy and CSR-ZrP-Epoxy were
calculated. From Figs. 35 and 36, the critical crack lengths of an M-ZrP-Epoxy sample
and CSR-ZrP-Epoxy sample were determined.
Thus,

(σ o )ZrP
(σ o )CSR

=

(K IC )ZrP (a c )CSR
(K IC )CSR (a c )ZrP

=

0.74 600
1.64 583 .3

= 0.45

(10)
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The averaged value of the ratio obtained experimentally from the S-N plot was found to
be 0.7. The stress ratio of neat epoxy and CSR/ZrP/epoxy nanocomposites was
calculated similarly.
Thus,

(σ o )neat
(σ o )CSR

=

(K IC )neat (a c )CSR
(K IC )CSR (a c )neat

=

0.71 600
1.64 144.4

(11)

= 0.88
The averaged value of the ratio obtained experimentally from the S-N plot was
found to be 0.77. Table 6 shows the comparison in values between the analytical and
experimental results.

Table 6
Comparison of analytical and experimental values of ratio between different stresses
Ratio

Analytical value Experimental value

(σ o )neat
(σ o )ZrP

0.95

0.83

(σ o )ZrP
(σ o )CSR

0.45

0.7

(σ o )neat
(σ o )CSR

0.88

0.77
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In all the cases, the values of the ratios were less than 1 which supports the
experimental result that neat epoxy has the lowest fatigue strength while CSR-ZrP-epoxy
has the highest fatigue strength. While no crack bifurcations were seen in the rough zone
in any of the high cycle fatigue samples discussed previously, it was seen that the rough
zone (2) in a relatively low cycle fatigue M2-ZrP-Epoxy sample (Fig. 35) was
characterized by the presence of a number of crack bifurcations and crack joining. Their
presence in the rough zone is indicative of the fact that the crack had reached its critical
length soon after it was subjected to cyclic loading, when compared to high cycle fatigue.
Beachmarks were clearly seen in the picture from which the crack propagation direction
was inferred. An increased size of rough zone in a CSR-ZrP-Epoxy specimen is due to
the presence of both CSR particles and ZrP nanofillers in the matrix which hinders the
crack propagation more than the presence of ZrP particles alone. This also explains the
reason behind high fatigue strength of these nanocomposites.
Inspite of the interpretation of the results, the optical microscopic analysis was
unable to explain the possible mechanism of crack propagation hindrance. SEM
micrographs were analyzed with more emphasis on CSR-ZrP-Epoxy nanocomposite as
understanding the fracture mechanism of this material would help us in proposing a
mechanism that accounted for the improved fatigue behavior, considering the effect of
ZrP and CSR particles.
Scanning Electron Microscopy Analysis
As explained in the previous section, the purpose of capturing SEM micrographs
was to analyze the crack propagation mechanism more closely. To that end, micrographs
of typical samples of Neat epoxy, M1-ZrP-epoxy and CSR-ZrP-epoxy nanocomposite
materials were taken with emphasis on the area where crack initiated and those
surrounding it.
The crack initiation point was seen in the picture of neat epoxy (Fig. 37). The crack
propagation direction from right to left (indicated by arrow) was inferred from the crack
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front growth. Similarly, the crack origin in M1-ZrP-epoxy material was observed in the
fracture surface micrograph. An interesting feature noted was the relatively tortuous path
taken by the crack till the point it extended.

2

1

*

Fig. 37. SEM micrograph of neat epoxy sample.
(S= 37MPa, N=5.8x106)
(* indicates drilled hole and arrow indicates crack propagation direction)
(1 = initiation zone, 2 = rough zone)
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Though optical microscopic picture of the M1-ZrP-epoxy material indicates a
smooth fracture surface compared to that of neat epoxy (Fig. 38), at higher
magnifications as in SEM both the surfaces were observed to be smooth indicating the
brittle nature of failure mechanism.

1

*

2

Fig. 38. SEM micrograph of M1-ZrP-epoxy sample.
(S=39MPa, N=6.8x106)
(* indicates drilled hole and circle indicates the tortuous path taken by the crack)
(1 = fatigue zone, 2 = fast fracture zone)
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When these micrographs were compared with that of CSR-ZrP-epoxy nanocomposite
(Fig. 39), it was observed that fracture surface of the latter was rougher.

2
*
1

Fig. 39. SEM micrograph of CSR-ZrP-epoxy sample (S=47MPa, N=5.9x106).
(* indicates drilled hole and arrow indicates direction of crack propagation)
(1 = fatigue zone, 2 = fast fracture zone)
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In an effort to correlate this surmise with the results obtained experimentally, it
became necessary to focus on the region close to crack tip and surrounding it. Fig. 40
shows a typical crack tip when observed through a low magnification optical microscope
in the absence of cross polarized light after polishing to 1μm surface smoothness.

Fig. 40. Optical microscopic picture of a crack tip in the absence of cross polarized light.

Microscopic pictures with cross-polarized light helped in identifying regions of
deformation in and around the crack tip. Considerable amount of plastic deformation
near the crack tip characterized by plastic zone was observed, as seen in Fig. 41. An
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interesting feature noted was the angle at which the plastic zones were tilted - 69°- with
respect to an axis along the crack length which is the same as the value that is specified
in literature for fracture in a plane stress problem [19]. This is the angle at which
maximum shear stresses act on the material.

θ

Fig. 41. Optical cross polarized picture of CSR/ZrP/epoxy, showing plastic zone (white
area) ahead of the crack tip. The orientation of plastic zone is 69° as shown.
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Crack
blunting
Crack
restarts

Fig. 42. SEM micrograph of a propagating crack tip in a CSR-ZrP-epoxy sample.
(arrows indicate the tortuous path taken by the crack)

At a greater magnification, evidence of crack blunting and restarting was observed,
as seen in Fig. 42. These observations helped us in proposing a mechanism by which the
crack propagates in M-ZrP-epoxy and CSR-ZrP-epoxy systems.
Proposed Mechanism of Crack Propagation
The optical microscopic and scanning electron microscopic analysis helped us in
proposing a mechanism by which the crack propagated in the matrix and the effect of
such nanofillers like ZrP and core shell rubber on the mechanism. Fig. 43 shows a
schematic representation of the crack propagation mechanism in a typical M-ZrP-epoxy
system.
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Delaminated
ZrP plate

Stress

Crack
tip

Fig. 43. Proposed crack propagation mechanism in M-ZrP-epoxy systems.

In the case of M-ZrP-epoxy system, the crack propagation is impeded by the
presence of ZrP platelets oriented perpendicular to the path of crack. The crack then has
to change its propagation direction as shown in Fig. 43. As the crack changes direction,
its rate of extension is reduced since the present plane of propagation may not be
necessarily the plane which experiences the stress level required for further crack growth.
This results in the material changing its mode of crack propagation and fracture from
mode I. This explains the reason for the crack surface being tortuous as seen in the SEM
micrograph of M-ZrP-epoxy nanocomposite. In cases where the ZrP platelets are aligned
along the direction of crack growth we propose that the crack extends by coalescence of
voids formed due to the delamination of weak α-ZrP layered structure from the
surrounding epoxy matrix. Evidence of this is seen in the study conducted on the same
material by researchers before [14].
Unlike static loading, cyclic loading subjects the material to alternate tension and
compression. It was discussed in the literature review that if CSR particles are smaller in
size compared to the plastic zone, those particles in the zone undergo cavitation. Also, a
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study conducted on the CSR modified epoxy by researches earlier showed that the
particles at the wake of crack tip elongate or cavitate [12]. At this juncture, it is worth
referring Fig. 10 in the literature review section that shows the TEM observation of the
crack tip. Clear evidence of CSR particle elongation can be seen. Thus, in our case,
considering a single cyclic loading when the material is in tension, when CSR particles
are added to the epoxy/M-α-ZrP system, massive plastic deformation occurs as seen in
the optical micrograph with the cross polarized light. Evidently, the plastic zone is
comparatively larger in size to the CSR particles. Hence, those particles inside the plastic
zone elongate and absorb much of the energy that is being applied and consequently
retards the crack growth rate.

Stress

Plastic
zone

Stress

Plastic
zone

Internally
cavitated CSR
particle

Cavitated CSR
particle

(a)

(b)

Fig. 44. Proposed crack propagation mechanism in
CSR-ZrP-epoxy systems. (a) cavitation of CSR particles and (b) internal cavitation
of CSR particles.

From Fig. 41 it is readily seen that plastic zone is present surrounding the crack tip.
Thus, when the load is released, the elastic region surrounding the plastic deformation
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will contract and the plastically deformed zone, which is very large, does not fit any
more in the surroundings. In order to make it fit into the surroundings, the elastic
material exert compressive stresses on the plastic region during the load release cycle.
This result in crack closure and consequently crack blunting (see Fig. 42). However,
with repeated loading, voids are created due to continuous CSR particle cavitation and
the crack grows by void coalescence, as represented schematically in Fig. 44a. Another
possible mechanism by which crack grows is shown in Fig. 44b. The CSR particles
undergo similar elongation process due to repeated loading but cavitates internally
forming voids. These voids result in the crack growing further as indicated in Fig. 44b.
Fatigue Prediction for Different Modes of Testing
There are practical applications such as rotating shafts and axles of automobiles
and aircraft wings where bending fatigue test results will be of particular help. Due to
the improved fracture resistance of CSR-ZrP-epoxy nanocomposites, they can
potentially replace existing materials for manufacture of components in automotive and
aerospace industries, to name a few. In such cases, knowing the number of cycles run by
any component subjected to bending fatigue, the results obtained in this study can be
used in predicting the stress acting on the component. Comparing this stress with the
ultimate strength of the material, a decision on further use of the component can be made.
Conversely, service life of the component can be obtained if the stress acting on it is
known.
In some applications, results from axial fatigue testing of ZrP and CSR filled
nanocomposites may be necessary. It is possible to obtain a correlation between bending
and axial fatigue tests data by applying the concepts of microplastic strain energy
criterion and equivalent strain amplitude which are explained in detail elsewhere [20]. In
the study, it was observed that the fatigue resistance of identical specimens subjected to
alternate or rotating bending is greater than that of the specimen subjected to a push-pull
alternating load. Though the difference in actual area of the specimen that experiences
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fatigue stresses can be given as the reason for such a discrepancy, the microplastic strain
energy criterion was used to consider the fatigue process itself. According to this
criterion, plastic flow occurs in a material by means of small pockets which are
surrounded by elastic matrix, even before the metal reaches its yield limit. The stress at
which these microscopic plastic pockets occur is termed the true elastic limit. The
method divides the fatigued area into macro and micro elements which forms the basis
for deriving formulae and correlating different SN curves.

Δx

Δy

(a)

y

(b)

Fatigue area
Element under consideration

Fig. 45. Schematic representation of the sections of fatigue testing specimens. (a) axial
fatigue and (b) bending fatigue.

Fig. 45 shows the cross section areas of axial fatigue testing and bending fatigue
testing specimens that were considered in the theory. Because of the difference in area
subjected to fatigue in different testing methods, it became obvious from the study that
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the energy dissipated by a bending specimen cannot be the same as that of a push-pull
specimen of the same diameter at the same nominal stress amplitude. Consequently, if
the bending stress amplitude at which the equality is satisfied is determined, it would be
possible to correlate the SN curves.
The equivalent stress amplitude, Se, denotes a hypothetical stress acting on all the
elements when the elements contributing to the fatigue process are subjected to different
stresses. It is given by

Se =

∑σ A
∑A
i

i

(12)

i

where
A i : number of macro elements subjected to equal stress amplitude and

σi

: stress acting on the fatigue element

The number of cycles to failure, N, is related to fatigue factor, F, by

N = Ne ×

Ti
∑ Ti

(13)

where
Ne

: number of cycles to failure at an equivalent stress amplitude

Tt
= F : fatigue factor which is the ratio of the total area of the section to the area
∑ Ti
of the elements contributing to the fatigue process.
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Number of cycles

Fig. 46. Method of correlation.

Equations (12) and (13) can be used as follows in determining the axial fatigue
data from bending fatigue curve by following the procedure below.
(i)

Since the fatigue area in axial testing is more than than in bending testing, the
equivalent stress amplitude of axial test specimen, σ ea , will be greater than
the equivalent stress amplitude of bending specimen, σ eb . Hence, σ eb is
calculated first using equation (12) by using any convenient stress amplitude
and respective number of elements.

(ii)

The stress calculated in step (i) in conjunction with the elements experiencing
axial fatigue gives the equivalent stress amplitude in axial loading, Se.

(iii)

Using Se, the equivalent life, Ne, is determined from the S-N plot.
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(iv)

Multiplying Ne with the fatigue factor gives the number of cycles that the
specimen would have run in axial fatigue loading. In case of axial loading,
the fatigue factor, F, is equal to 1 as seen from Fig. 45. Thus N e = N .

(v)

The point, P, defined by S and N is thus the point on axial fatigue diagram as
shown in Fig. 46.

This method of correlating axial and flexural fatigue data should be applied to all
the materials being considered in this study. In this way, it will be possible to obtain
axial fatigue data if the bending fatigue data is provided.
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CHAPTER VI
CONCLUSIONS AND RECOMMENDATIONS

Conclusions
Fatigue behavior of α-ZrP/Epoxy nanocomposites was studied. A novel reverse
bending fatigue testing technique comparable with the standard testing method, ASTM
(D 671-93), was developed due to size and material constraints. Four different materialsneat epoxy, M1-ZrP-epoxy, M2-ZrP-epoxy and CSR-ZrP-epoxy nanocomposites were
used in the study. Two methods – strength of materials and Rayleigh Ritz– were used in
determining the static and dynamic bending stresses respectively. Stress-Life (S-N)
curves were obtained for 102-108 cycles.
Both the M-ZrP-epoxy systems had nearly same fatigue life which indicated that
concentration of surfactants had no effect on the fatigue behavior improvement of these
nanocomposites. Also the fatigue resistance of CSR-ZrP-Epoxy systems is
approximately 25% more than that of neat epoxy material.
It was observed that the fractured surface of neat epoxy was essentially featureless
while the path of crack extending in M-ZrP-Epoxy system had frequently changed
directions.

Also the fracture surface of CSR modified system indicated possible

occurrence of certain micromechanisms. A closer look at the crack tip revealed the
tortuous path taken by the crack and the extensive matrix plastic deformation indicative
of the elongation of CSR particles near the wake of the crack tip.
Based on the micrographic analysis, a crack propagation mechanism was proposed
for each of the nanocomposite materials. In cases where the ZrP platelets were normal to
the crack growth direction, the crack changes its course resulting in possible reduced
propagation rate. If the ZrP fillers are aligned parallel to the crack growth direction, the
the crack is surmised to extend by coalescence of voids which are formed due to
delamination of ZrP platelets from the surrounding matrix. When CSR particles are
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added to the ZrP-Epoxy system, the matrix deformation suggests that the CSR particles
cavitate and absorbs much of the applied stress in tension. During unloading, crack tip
blunting takes place due to a zone of plastic deformation around the tip surrounded by
elastic region. However, as this process repeats itself voids are formed due to CSR
particle cavitation and the crack grows by void coalescence.
Recommendations
1. The fatigue tests were carried out at ambient temperature throughout. It would
be interesting to study the effect of extreme temperatures on the mechanical behavior of
these nanocomposites. Since their storage modulus and loss factor vary appreciably at
extremely low and high temperatures, when compared to room temperature, their
response to cyclic loading may be different.
2. Transmission electron microscopy analysis of the fractured surfaces would
prove very informative and would aid in understanding the method of crack propagation
better. As CSR is proposed to be responsible for improved fatigue resistance of the
nanocomposites, it will be of particular interest to analyze the plastic zone in which the
CSR particles will undergo possible deformation. Also the mechanism of crack
propagation in M-ZrP-Epoxy system is proposed based on the SEM analysis alone. More
concrete evidence, probably with TEM, towards this end will help in stating the effect of
ZrP platelets on the mechanism more precisely.
3. Experiments may be conducted to obtain the fatigue crack propagation rate
⎛ da ⎞
curves ⎜
⎟ as a function of the stress intensity range (ΔK ) . This will help us in
⎝ dN ⎠

understanding the effect of nanofillers in different regimes of crack growth.
4. Fatigue testing data in different modes (e.g., axial, torision etc.,) can be obtained
from the results of this study by following the correlation procedure that has been
outlined in the results and discussions section.
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APPENDIX A
CALCULATION OF STRESS CONCENTRATION AND HOLE LOCATION
ALONG THE BEAM LENGTH

A
B

d

t

A

b

B

L

l

Fig. A1. Schematic model for calculation of hole location along the beam length.

The beam was clamped for a length of 2mm and hence its span is (13-2) mm=11mm.
Consider the schematic shown in Fig. A1, in which
L : span of cantilever beam = 11mm
l : distance of drilled hole from the free end of the beam
b : breadth of the beam = 3mm
t : thickness of the beam = 1.5mm for high cycle fatigue (HCF)
= 1.7mm for low cycle fatigue (LCF)
d : diameter of the drilled hole = 1mm
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AA : section along the fixed end of the beam and
BB : section along the center of drilled hole
From [21], for the case of simple bending,
⎛d⎞
⎛d⎞
Stress concentration factor, K tn = C1 + C 2 ⎜ ⎟ + C 3 ⎜ ⎟
⎝b⎠
⎝b⎠

2

(A.1)

where
⎛t⎞
⎛t⎞
C1 = 1.82 + 0.3901⎜ ⎟ − 0.01659⎜ ⎟
⎝d⎠
⎝d⎠

2

2

⎛t⎞
⎛t⎞
C 2 = −1.9164 − 0.4376⎜ ⎟ − 0.01968⎜ ⎟ and
⎝d⎠
⎝d⎠
⎛t⎞
⎛t⎞
C 3 = 2.0828 + 0.643⎜ ⎟ − 0.03204⎜ ⎟
⎝d⎠
⎝d⎠

2

Substituting the values of all the variables, we get

C1 = 2.338, C 2 = −2.5724 and C 3 = 2.9258
From (A.1), K tn = 1.79

(A.2)

For an LCF sample, by using the same formula (A.1) and by substituting appropriate
thickness we get
K tn = 1.82

(A.3)

From the concepts of strength of materials,
Stress at section AA, σ AA =

My 6PL
= 2 = 6.5P and
I
bt

Stress at section BB, σ BB =

1.79 × 6Pl
where ‘P’ is the loading acting on the beam
(b − d )t 2

Table A1 gives a comparison of stress acting at section AA and that acting at section BB
for various values of ‘l’.
It can be observed that σ BB is greater than σ AA for distance greater than 3mm. Though
any value greater than 3mm could have been chosen, the distance was fixed at 8.5mm in
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order to maximize the difference in the stress levels which would assure a definite
failure at the hole and not anywhere else.

Table A1
Comparison of σ AA and σ BB for different values of ‘l’
l(mm)

σ AA (MPa)

σ BB (MPa)

1

6.5P

2.38P

1.5

3.58P

2

4..77P

2.5

5.96P

3

7.16P

3.5

8.35P

4

9.54P

4.5

10.74P

5

11.93P

5.5

13.12P

6

14.32P

6.5

15.51P

7

16.7P

7.5

17.9P

8

19.09P

8.5

20.28P

9

21.48P
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APPENDIX B
RAYLEIGH-RITZ METHOD

The following variables were used in determining the stress based on the Rayleigh-Ritz
method.
A(x) : area of cross-section of the beam in the region where the notch is present

c

: factor of proportionality for extensional dashpots

cv

: factor of proportionality when air resistance is considered

[C] : damping matrix
E'

: storage modulus (GPa)

E ''

: loss modulus (GPa)

E

: dynamic modulus (GPa)

{Fo } = {Q static } :
I

the forces required to keep the system in static equilibrium

: moment of inertia (mm4)

[K] : stiffness matrix
L

: span of the cantilever beam (mm)

[M] : mass matrix
P

: power input due to forces acting on the system

Pin

: power input by internal forces in the system

Pdis : power loss due to dissipation mechanisms like dashpots
q

: displacement of the system measured from a static equilibrium position (mm)

{Q}

: generalized forces acting on the system (N)

T

: kinetic energy of the system

V

: potential energy of the system

Wnc : work done on the system by non conservative forces
x

: distance of any point along the beam in the ‘x’ direction

xc

: locations along the beam where extensional dashpots are present

xF

: locations along the beam where external forces are being applied
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xχ

: locations along the beam where torsional dashpots are present

Δ

: increment resulting from moving a system from one state to another

ψj

: basis function chosen based on the boundary conditions

The Ritz method is based on the general work-energy principle for any system which
states that the increase in mechanical energy, which is defined as a sum of kinetic energy
T and potential energy V, equals the amount of work done on the system by all non
conservative forces, Wnc. We use the symbol Δ to denote an increment resulting from
moving a system from one state to another. Thus,
ΔT + ΔV = ΔWnc

(B.1)

We now consider the system states to be separated by a small time interval Δt. We
divide the relation by this time increment and take the limit as Δt tends to 0. We thereby
obtain the power from the work energy principle.
•

•

T+ V = P

(B.2)

To obtain the final form of power law, we recognize that the nonconservative
forces contributing to P can be either external excitations or dissipative effects. The
power input by forces external to the system is Pin. Dissipation mechanisms may
conceptually be visualized as dashpot devices. These considerations lead us to the power
balance of vibrating system.
•

•

T + V = Pin − Pdis

(B.3)

We start with deriving separate equations for the terms in the above equation and
finally arrive at the generalized equation [22].
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[M ]⎧⎨q ⎫⎬ + [C]⎧⎨q ⎫⎬ + [K ]{q} = {Q} − {Fo }
..

.

⎩ ⎭

⎩ ⎭

(B.4)

It is required that ‘q’ be measured from the static equilibrium position. The static
⎧••⎫ ⎧ • ⎫
equilibrium condition is characterized by ⎨q ⎬ , ⎨q ⎬ and {q} being zero. The state of
⎩ ⎭ ⎩ ⎭

static equilibrium corresponds to {Fo } = {Q static } where Q static represents the values of the
generalized forces required to keep the system in static equilibrium position.
Thus equation (B.4) becomes

[M ]⎧⎨q ⎫⎬ + [C]⎧⎨q ⎫⎬ + [K ]{q} = {Q} − {Q static } = ⎧⎨Q⎫⎬
••

•

∗

⎩ ⎭

⎩ ⎭

⎩ ⎭

(B.5)

The above fundamental equation for motion will be used in this method to calculate the
displacement or force, as need be.
For flexural displacement of bars, the expressions for M, K and Q are given as [22]
L

M nj = M jn = ∫ ψ j ψ n ρAdx

(B.6)

0

d2ψ j d2ψn
= ∫ EI
dx 2 dx 2
0
L

K nj = K jn

L
⎛
⎞
d2ψ j d2ψn
dψ j
dψ
(
C jn = C nj = ∫ ⎜ γEI
+ c v ψ j ψ n ⎟dx + ∑ cψ j (x c )ψ n (x c ) + ∑ χ
x χ ) n (x χ )
2
2
⎜
⎟
dx
dx
dx dx
0⎝
⎠
and

Q j = ∑ Fψ(x F )
Considering our case of the cantilever beam with loaded tip, at x = 0, u = 0.
We choose the basis function as [22]
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⎛x⎞
ψj = ⎜ ⎟
⎝L⎠

j+1

(B.7)

Substituting this in the equations for M, K and Q we get
j+1

L

M jn

⎛x⎞ ⎛x⎞
= M nj = ∫ ρA⎜ ⎟ ⎜ ⎟
⎝L⎠ ⎝L⎠
0

K nj = K jn =

EI
L

j+ n + 2

L

n +1

dx; j = 1,2; n = 1,2

∫ j( j + 1)(x )

( j−1)

n (n + 1)(x )

( n −1)

(B.8)

dx

0

L

γE
j+ n − 2
C nj = C jn = j+ n + 2 ∫ I( x ) j.n.( j + 1).(n + 1).(x )
dx
L
0
Q j = F(1)

( j+1)

; j = 1,2

We obtain equation (B.8) from (B.6), because of the absence of torsional and extensional
dashpots and by assuming that the air resistance created due to the vibrating cantilever
beam is negligible at low frequency.
Since the excitation is harmonic, the displacement also follows harmonic motion. Hence,

{q} = Im[{X}e iωt ]
Substituting this into equation (B.4), we get

{X} = [[K ] + iω[C] − ω 2 [M ]]−1 {F}
The Ritz series representation of displacement is given by
N

u (x, t ) = ∑ ψ j (x )q j (t )
j=1

(B.9)
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⎛x⎞
= ∑⎜ ⎟
j=1 ⎝ L ⎠
2

j +!

{

Re X j e iωt

}

(B.10)

By equation (B.10), we are actually selecting a set of basis functions, ψ j (x ) , to represent
the variation of displacement field along the length of the beam. We let q j (t ) denote the
contribution of ψ j (x ) to the overall displacement field.
Considering the beam with a hole, the system can be divided into three parts. To
derive an equation for this system, multipart Ritz function was used. Considering the
beam in Fig. 19, the integral was divided into three parts.
1.5

2.5

11

0

1.5

2.5

M jn = M nj = ∫ ψ j ψ n dx + ∫ ψ j ψ n dx + ∫ ψ j ψ n dx

(

1.5

)

(

= 1.2 × 10 −6 (3 × 1.52) ∫ ψ j ψ n dx + 1.2 × 10 − 6
0

(

+ 1.2 × 10

−6

2.5

) ∫ A(x )ψ ψ
j

n

dx

1.5

11

)(3 × 1.52) ∫ ψ j ψ n dx
2.5

(

= 5.47 × 10

−6

1.5

)

j+1

⎛x⎞ ⎛x⎞
∫0 ⎜⎝ L ⎟⎠ ⎜⎝ L ⎟⎠

n +1

(

dx + 1.2 × 10

(

+ 5.47 × 10 −6

−6

j+1

2.5

)

11

⎛x⎞ ⎛x⎞
∫1.5A(x )⎜⎝ L ⎟⎠ ⎜⎝ L ⎟⎠

) ∫ ⎛⎜ Lx ⎞⎟

j+1

⎛x⎞
⎜ ⎟
⎠ ⎝L⎠
2.5⎝

n +1

dx

n +1

dx

(B.11)

The second term in equation (B.11) corresponds to the region with the hole in the beam.
As a consequence, the change in area of cross section and inertia had to be taken into
consideration.
Now considering only the middle part of the beam with hole as shown in Fig. B1,
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1mm

r
θθ

1.5mm
Fig. B1. Schematic model for determining the dependence of inertia on area of cross
section near the drilled hole.

x = 1.5 + r − r cos θ
= 1.5 + r (1 − cos θ )
A(x ) = 1.52{3 − 2r sin θ}
= 1.52{3 − sin θ}
= 4.56 − 1.52 sin θ
Since x = 1.5 + r (1 − cos θ ), dx = r sin θdθ
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Thus the second term in equation (B.11) becomes
j+1

2.5

(1.2 × 10 )
−6

⎛x⎞ ⎛x⎞
∫1.5⎜⎝ L ⎟⎠ ⎜⎝ L ⎟⎠

n +1

⎛ 1.2 × 10 −6
A(x )dx = ⎜⎜
j+ n + 2
⎝ 11

⎞ 2.5 j+ n + 2
⎟⎟ ∫ (x )
(4.56 − 1.52 sin θ )(0.5 sin θ )dθ
⎠1.5

⎛ 1.2 × 10 −6 ⎞ π
⎟ (1.5 + r (1 − cos θ )) j+ n + 2 (2.28 sin θ − 0.76 sin 2 θ )dθ
= ⎜⎜
j+ n + 2 ⎟ ∫
⎠0
⎝ 11
Substituting this in (B.11),

M

jn

= M

= 5 . 47 × 10

nj

−6

⎧⎪ 1 . 5 ⎛ x ⎞ j + 1 ⎛ x ⎞ n + 1
⎨ ∫ ⎜ ⎟ ⎜ ⎟ dx +
⎪⎩ 0 ⎝ L ⎠ ⎝ L ⎠

11

⎛ x ⎞
∫2 .5 ⎜⎝ L ⎟⎠

j+ 1

⎛ x ⎞
⎜ ⎟
⎝L⎠

n +1

⎫⎪
dx ⎬
⎪⎭

⎛ 1.2 × 10 −6 ⎞ π
⎟ (1.5 + r (1 − cos θ )) j+ n + 2 (2.28 sin θ − 0.76 sin 2 θ )dθ
+ ⎜⎜
j+ n + 2 ⎟ ∫
⎠0
⎝ 11
(B.12)
Considering the stiffness matrix

K jn

d 2ψ j d 2ψn
= K nj = ∫ EI
dx
dx 2 dx 2
0

K jn

2.5
11
d 2ψ j d 2ψ n
d 2ψ j d 2ψ n
d 2ψ j d 2ψ n
= K nj = ∫ EI
dx + ∫ EI( x )
dx + ∫ EI
dx
dx 2 dx 2
dx 2 dx 2
dx 2 dx 2
0
1.5
2.5

L

1.5

From equation (B.7)

dψ j
dx

=

d2ψ j
1
1
j
j−1
(
)(
)
j
+
1
x
⇒
= j+1 ( j)( j + 1)(x )
j+1
2
L
dx
L

The second integral in equation (B.13) becomes

(B.13)
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2
π
d2ψ j d2ψn
0.5E. j.n.( j + 1)(n + 1) (10.53 sin θ − 3.51sin θ ) ×
∫ EI dx 2 dx 2 dx = 12(11) j+ n + 2
∫0 [0.5(1 − cos θ )]j+ n −2 dθ
1.5
2.5

Substituting this in (B.13),

K jn

E × 3 ×1.523
= K nj = j.n.( j + 1).( n + 1)
j+ n + 2
12(11)

1.5

∫x

j+ n − 2

dx

0

π
(
10.53 sin θ − 3.51sin 2 θ)
0.5 × E
+ j.n.( j + 1).( n + 1)
12 × 11 j+ n + 2 ∫0 × [1.5 + 0.5(1 − cos θ)]j+ n −2 dθ

+ j.n.( j + 1).( n + 1) +

E × 3 ×1.523
12 ×11j+ n + 2

11

∫ (x )

j+ n − 2

dx

(B.14)

2.5

Considering the damping matrix,

L

C jn = C nj = ∫ γEI
0

d 2ψ j d 2ψn
dx
dx 2 dx 2

11
2.5
d 2ψ j d 2ψ n
d 2ψ j d 2ψ n
d 2ψ j d 2ψ n
C jn = C nj = ∫ γEI
dx + ∫ γEI( x )
dx + ∫ γEI
dx
dx 2 dx 2
dx 2 dx 2
dx 2 dx 2
0
2.5
1.5
1.5

From equation (B.7)

d2ψ j
1
1
j
j−1
= j+1 ( j + 1)(x ) ⇒
= j+1 ( j)( j + 1)(x )
2
dx
L
dx
L

dψ j
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Thus

C jn

⎧ γE × 3 × 1.52 3
= C nj = j.n.( j + 1).( n + 1) ⎨
j+ n + 2
⎩ 12 (11)

⎫
j+ n − 2
x
dx
⎬
∫0
⎭

1 .5

⎧ 0.5 × γE π
⎫
j+ n − 2
+ j.n.( j + 1).( n + 1) ⎨
10.53 sin θ − 3.51sin 2 θ × [1.5 + 0.5(1 − cos θ)]
dθ ⎬
j+ n + 2 ∫
0
⎩12 × 11
⎭
3 11
⎫
⎧ γE × 3 × 1.52
(x ) j+ n −2 dx ⎬
+ j.n.( j + 1).( n + 1) ⎨
j+ n + 2
∫
2.5
⎭
⎩ 12 × 11

(

)

(B.15)
Since we are dealing with system dynamics, we need to use the dynamic modulus
(bulk modulus) in equations (B.12), (B.14) and (B.15) and not the static modulus that is
normally used in strength of materials. At low frequencies, bulk modulus can be used as
Young’s modulus to the first order of approximation.
Dynamic modulus, E =

(E ′)2 + (E ′′)2

Loss modulus = Storage modulus * loss factor
The loss factor, tan δ = γ and storage modulus for each of these materials were
published [14].
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