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ABSTRACT

Approximation of Linear Partial Differential Equations on Spheres. (August 2003)
Quoc Thong Le Gia, B.S., University of New South Wales;
M.S., Texas A&M University
Co—Chairs of Advisory Committee: Dr. Joseph D. Ward
Dr. Francis J. Narcowich

The theory of interpolation and approximation of solutions to differential and
integral equations on spheres has attracted considerable interest in recent years; it
has also been applied fruitfully in fields such as physical geodesy, potential theory,
oceanography, and meteorology. In this dissertation we study the approximation
of linear partial differential equations on spheres, namely a class of elliptic partial
differential equations and the heat equation on the unit sphere. The shifts of a
spherical basis function are used to construct the approximate solution. In the elliptic
case, both the finite element method and the collocation method are discussed. In
the heat equation, only the collocation method is considered. FError estimates in
the supremum norms and the Sobolev norms are obtained when certain regularity

conditions are imposed on the spherical basis functions.
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CHAPTER 1

INTRODUCTION

The theory of interpolation and approximation of solutions to differential and
integral equations on spheres has attracted considerable interest in recent years; it
has also been applied fruitfully in fields such as physical geodesy, potential theory,
oceanography, and meteorology [11, 12, 23]. As more satellites are being launched
into space, the acquisition of global data is becoming more important, and there is a
growing demand for the processing and mathematical modeling of such data.

Differential or, more generally, pseudo-differential equations arise in many areas
of earth sciences. Pseudo-differential operators of order ¢ on spheres are operators
that have eigenvalues A(¢) : ¢ = 0,1,..., which are asymptotic to (¢ + 1/2)". A
detailed discussion on pseudo-differential operators with their applications can be
found in [5, 12, 16, 42].

Given a pseudo-differential operator £ and a continuous function f defined on
the unit sphere S™ C R™"!, we shall discuss the approximation of solutions of the
equation

Lu= fonS".

The approximate solution will be constructed as a linear combination of spherical

basis functions that are derived from zonal kernels ® : S™ x ™ — R of the form

q)(x’y):¢(xy)7 ZE,yGSn,

where ¢ is a univariate function defined on [—1,1], and z - y is the Euclidean dot

product of the position vectors of the points xz,y € S™. For a fixed x the value of
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®(x,y) depends only on the geodesic distance from x to y, so the function ®(z, ) is
radially symmetric with respect to the point x, and is called a spherical basis function
(SBF).

The theory of interpolation of continuous functions by SBFs is well understood,
see [9, 17, 29, 30], while the implications of the results to approximation for partial
differential equations (PDEs) on spheres remain unexplored. In this dissertation we
aim to explore the use of various types of SBF's in approximation of elliptic PDEs

and parabolic PDEs on spheres.

A.  Spherical harmonics

First, we need some background on the space of square integrable functions on the
unit sphere, L?(S™). An important orthonormal basis for L?(S™) is constructed from
the set of all spherical harmonics, which are polynomials Y (z) satisfying A,Y (x) =0

and are restricted to S™, where A, is the Laplacian operator in R"*!, i.e.,

d\> o \°
A, = -— .
: <59€1) i Jr(axnﬂ)

A more detailed discussion on spherical harmonics can be found in [25, 26]. The space

of all spherical harmonics of degree ¢ on S™, denoted by V;, has an orthonormal basis
{Yo(z): k=1,...,N(n,0)},
where

(20+n—-1I'(l+n—1)
L'+ 1)C'(n)

N(n,0) =1 and N(n,{) = for ¢ > 1.

To describe spherical harmonics intrinsically, we first define the Laplace-Beltrami
operator. If we introduce local coordinates {6, ...,0,} for a coordinate patch on

S™. then the corresponding patch embedded in R will have the parametrization



v = fi(01,...,0,), i = 1,...,n 4+ 1. The metric gjr on S™ is then induced via

restricting ds® = Y1 da? to S”; that is,

n n+1 8f

k=1 i=1

We follow standard conventions in letting ¢g/* be the matrix inverse of g;; and g =
det g;i. The Laplace-Beltrami operator on S™ is given by
_1/222 g2gt 2 9
04, 00y,
7j=1 k=1
The eigenfunctions of the Laplace-Beltrami operator are the spherical harmonics Yy;

more precisely,

—A}/g )\ng, )\g = f(g +n — 1)

Every function f € L?(S™) can be expanded in terms of spherical harmonics

o Ytk For = (f, V) = fYydS,

=0 k=1 sn

—
I
WE
=H)

where dS is the surface measure of the unit sphere. The L?(S™) norm of f, given by

1/2
Il = ( [ 1rras)

and can also be expressed, via Parseval’s identity, as follows:

the familiar formula

1Al =1 Z | fex?

(=0 k=1

Given any nonnegative integer ¢, we define

N(n,t)

Pfoi="Y" faYu:

k=1



since the set {Yu : k=1,...,N(n, ()} is orthonormal, we find that

1/2

N(n,t)
1Pfll = [ 2 17l
k=1
The Sobolev space H® := H*(S™) on the unit sphere is defined as

H* = {f I =D (A IPfl; < OO} :

=0

For more details on Sobolev space with real parameters s we refer to [20, §1.7].

B. Positive definite bizonal functions

Second, we introduce a class of bizonal functions on spheres used in approxi-
mation methods. Bizonal functions on S™ are bivariate functions ®(z,y) that can
be represented as ¢(z - y) for all z,y € S™ where ¢(t) is a continuous function over

[—1,1]. We shall be concerned exclusively with bizonal kernels of the type

(I)($,y):¢(.fy) :Zang(n+1,xy), CL@ZO, Za,g<00, (11)
£=0 =0

where {Py(n+ 1;t)}72, is the sequence of (n + 1)-dimensional Legendre polynomials.
Recall from [25] that
1
/ Py(n+ 1;8)Py(n + 1;)(1 — £3)"=2/2qt = 0 for £ # k,
-1

and

1 Sn|
P, LOP(1 = 2)22q = B o T
JRGICRSRONERS e

where |S™| is the surface area of S™ and |S™!| is the surface area of S"!.
Thanks to the seminal work of Schoenberg [39], we know that such a ® is positive

definite on S”, that is, the matrix A := [®(z;, 7;)]{-, is positive semidefinite for



every set of distinct points {x1,...,z,} on S™ and every positive integer m. When
the coefficients a, are positive for every ¢, we say that ® is strictly positive definite.
In this case the matrix A becomes positive definite, hence invertible, for every set of
distinct points {z1, ..., 2, } on S™ and every m (see [52]).

Using the addition theorem for spherical harmonics (see, for example, [25, page

18]), we can write

O(w,y) = dlr-y) =) 0)Ye(x)Yei(y), where ¢(¢) = a.  (1.2)

Spherical basis functions (SBFs) are constructed from the above class of strictly
positive definite bizonal kernels. The smoothness of the kernels depends on how fast
the coefficients a(é) decay.

The native space induced by ® is defined to be the closure of the set

N(n,0)

Noi=3 FeD(s™): 115 =3" 3 Ful/d(0) ,

(=0 k=1

where D’(S™) denotes the set of all tempered distributions defined on S™. Note that
® is the reproducing kernel in Ng in the sense that for every f € Ng and for any

fixed x € S™,

0o N(n,t
<<1><-,x>,f>¢:22 g Iy,

/=0

C. Interpolation on spheres by SBF's

Let X = {z1,...,2,} be a set of scattered distinct points on S™. The density

of the scattered points is measured by the mesh norm

hx = supdist(y, X),
yeX



where dist(y, X) = inf,cx 0(y,x). Here 0 is the geodesic distance on S™ which is
defined as 0(x,y) = cos™!(z - y), where x and y are represented as two unit vectors
in R"™!. The separation radius is defined via

= —minf(x; .
qx I]I;l]? (%,xk)

It is easy to see that hx > qx; equality can hold only for a uniform distribution of

points on the circle St. The mesh ratio

px =hx/qx >1

provides a measure of how uniformly points in X are distributed on S™.

As pointed out in the previous section, with a class of strictly positive definite
bizonal kernels, the matrix A = [®(z;, z;)]; j=1..m Is positive definite, hence invertible,
for any set X of distinct m points on S™, where m is an arbitrary positive integer.
This special property has been used in the interpolation problem on spheres.

Given a continuous function f on S", a positive integer m, and a set of distinct
points {z1,...,7,} on S", there uniquely exists a sequence of numbers {c;}7., such

that the function

m

Ixf:= chfb(x,xj) (1.3)

=1

satisfies the interpolating condition
Ix f(zr) = f(zp), 1<k<m.

The functions ¢;(x) := ®(x,x;) are called spherical basis functions (SBFs).
Let Ix be the interpolation operator Iy : C(S™) — Vy such that Ix f(z;) = f(z;)

for all x; € X. The operator Iy is well-defined for every function f € C(S™) since



the matrix
(D (s, xj)]z‘,j:l...m
is positive definite, hence invertible, for every configuration of the set X.

If the sampling function f is in the native space Ng, we have the following error

estimates, as in [17, 23]:

Theorem 1.1 Assume that f € Ng and the set X has mesh norm hx. Let L be
a positive integer so that 1/(2L + 2) < hx < 1/(2L), then there exists a positive

constant C' so that

1/2
If = Ixflle =C (Z E(K)N(n,€)> 1f]le-

>L

If the spherical harmonic coefficients a(ﬁ) decay algebraically, i.e. q§(€) ~ (14 X)°

for some o > n/2 then by the fact that N(n, ) ~ "~ we have:

Corollary 1.1 Assume that f € Ng and the set X has mesh norm hx. Let ¢ be an

SBF satisfying qg(ﬁ) ~ (14 \¢)~7, then there exists a positive constant C' so that

1f = Ixfllo < CRE ™| flla-

In fact, f can be in a larger space than Ng, as pointed out in [30, Theorem 3.2]. We

introduce the following norm in C%(S"):

1 1l2e := max{[| flloc, 1A flloc}, — f € C*(S™).

Theorem 1.2 Let ¢ be an SBF satisfying a(f) ~ (14 X)) foro>2k>n/2. If
f € C?*(S™) and Ixf is defined as in (1.3) then there exists a positive constant C

independent of f and X such that

1f = Ix flloo < Co% 2221 £k



In the following we will outline an error estimate in the || - || norm, which has

proven to be useful in the error analysis of the parabolic differential equation on S™.

Lemma 1.1 For every f € Ng, we have

1 1x flle +11f = Ix fllz = [1f1l3-

Proof. Since ® is the reproducing kernel in the reproducing Hilbert space Ng, the

interpolating condition Ix f(x;) = f(x;) for all z; € X is equivalent to
(Ixf—f,®(xj,) =0 V€ X.
Since Ix f is a linear combination of ®(z;,-)’s, we have the orthogonal property
(Ixf—=f.Ixf)e =0.

Hence the desired relation follows from the Pythagorean theorem. 0

We define the convolution kernel of ¢ by

O x D(x,y) = /n O(x, 2)P(z,y)dS(z), x,ye "

In terms of Fourier expansions we have

[e's) N(n,t)
O D(z,y) = Z ZYU{ Yo (y)
=0 k=1

This observation allows us to define a convolution native space by

oo N(n/t 9
Nowo = f € LX(S") : | fll3ne = Z Z |f£k|

(=0 k=1

If the kernel ® satisfies the condition ¢(¢) ~ (1 + A,)~" then

Nawp & H*(S™) C H7(S™) & Ng.



Based on [24, Theorem 4.7], we have the following theorem:

Theorem 1.3 Let ® be a positive definite kernel with &5(6) ~ 1+ XN)7 and f €

H??(S™). Then there exists a constant C, independent of hx, such that

1f = Ix flle < Ch%|f | sr2e-

Proof.

If = Ixflls = (f.f—Ixf)e
= fek(fek—fxfzk)

=0 k=1 a0
o Ning) = |2 V2 0 N 1/2
| for N
< Z Z o SN (Fu—Ixtfn)
(= =1 ¢ =0 k=1
< ||f||<1>*<1>||f — Ix flla- (1.4)
Then by using [24, Theorem 4.4] with p = 2, it follows that
I f = Ixflls < CRK|f — Ixflo- (1.5)

Combining inequalities (1.4) and (1.5) and noting that Ng.e = H?*?(S™), we obtain

1f = Ix flle < Ch%|f| a2e-

O
In [48] Wendland introduced a class of locally supported positive definite radial
basis function defined on R™*!. These functions ¢)(z) are rotation invariant and thus

are functions of |z| only. So, the corresponding convolution kernel ¢ (z —y), x,y € S™,

is a function of |z — y| = /2 — 2z - y. We may therefore define a function

O(z,y) = d(x-y) =(r—y), z,y€es" (1.6)
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Note that ®(z,y) inherits the property of positive definiteness from v, and (E(ﬁ) ~
(1+Xy) 9 for some o > 0 (see Section 4 in [30]). Theorem I.1 and Theorem 1.2 provide
error estimates for SBFs as in (1.6) which have fixed support. In this dissertation
we will investigate error estimates when these SBFs are scaled or dilated. The scaled
SBFs enable the interpolation matrix [®(x;, z;)]i j=1..m to be band-limited, facilitate

the use of iterative algorithms in solving large linear systems.

D. Approximation of elliptic PDEs on spheres

When dealing with elliptic PDEs on spheres, we restrict our concern to a class

of elliptic equations of the form:
—Au(r) + wu(z) = f(z), re S,

where A is the Laplace-Beltrami operator and w is some real non-zero constant. Other
classes of elliptic PDEs are deferred for future research. We investigate and analyze
error estimates only for two common methods of approximation: the finite element
method and the collocation method.

1. Finite element method

The mathematics of the finite element method on R™ can be found in [3]. Here
we attempt to give a version similar to it for S™. To begin, we set up the weak

formulation for the PDE: find w such that
(—Au+w’u,v) = (f,v), Yve H'(S"),
where for any functions u,v € C(S™),

(u,v) = /n uvdS.
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The bilinear form a(u,v) := (—Au + w?u,v) is bounded and coercive, so by the Lax-
Milgram theorem, the weak formulation has a unique solution. Then we approximate
the weak formulation by using a sequence of finite dimensional subspaces of H'(S™).

For a set of points X = {xy,...,2,,} C S™, a possible finite dimensional subspace of

H'(S™) can be defined as
Vx := span {¢;(x) : z; € X},

where ¢;(x) := ®(x,z;) = ¢(x - ;). Assume that the SBFs used in the construction
of the approximate solution are required to have the Fourier coefficients algebraically
decaying:

O ~(1+X)7, o>n/2+2.

It is easy to see that ¢;(x) := ®(x, ;) is in H'(S™) since we require ¢ > n/2+2. The

Ritz Galerkin approximation problem is:
Find u;, € Vx such that a(un, x) = (f,x), Vx € Vx.

In this dissertation we will derive an error estimate in the Sobolev norm of the approx-
imate solution. The strategy is that ||u — up|| g will be estimated via ||u — Ixu| g1,

where [xyu is the SBF interpolant of w.

2. Collocation method

In a collocation method one seeks an approximate solution of a differential equa-
tion in a finite dimensional space of sufficient regular functions by requiring that the
equation is satisfied exactly at a finite number of points. Such a procedure for a two-
point boundary problem in one space variable was analyzed by de Boor and Swartz

[6], and for parabolic equations in one space variable was studied by Douglas and
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Dupont [8].
In this dissertation we discuss a collocation method for a more general class of

elliptic differential operators, namely
Lu = f,

in which the differential operator £ has eigenvalues asymptotic to (1 + \)?2. In

other words, for spherical harmonics of order ¢, where £ = 0,1, ..., there are numbers
ag~ (1+ )\4)5/2 such that LY; = a,Y}.

In the collocation method, we require that the differential equation to be exact on
the set of points X. In effect, we would like to find ux which lies in some finite

dimensional space Vx such that
Lux|p—a; = f(z5), Vz;€X.

We have to go back to the original framework set out by Golomb and Weinberger [13]

to obtain error estimates.

E. Approximation of parabolic PDEs on spheres

Evolution equations on spherical geometry such as shallow water equations have
been studied in weather forecasting services [14, 50]. Error estimates of pseudo-
differential operator (which are time-independent) were studied in [12, 23] but error
estimates for the evolution equations remain unexplored.

In this dissertation we only consider the following parabolic partial differential
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equation

%u(m,t) — Au(z,t) = F(z,t), )

u(z,0) = f(x), feH(S™).

It is known that the PDE describes the heat diffusion process on the surface of the unit
sphere with external heat source F'(x,t). We shall study methods of approximation in
two steps: First, we shall approximate u(z,t) by means of a function ux (x,t) which,
for each fixed ¢, belongs to a finite dimensional linear space Vx spanned by the SBF's.
This function will be a solution of a finite system of ordinary differential equations and
is referred to as a semi-discrete solution. Second, we discretize (1.7) also in the time

variable so as to produce a completely discrete scheme for the approximate solution

of our problem.

1. Semi-discrete problem

We seek the approximate solution uy € Vx such that

Sux(wj,t) — Aux(zj,t) = F(z;t), Vo; € X

ux(z,0) = Ixf(x).

(1.8)

We can express ux(z,t) as ux(z,t) = > ", ¢(t)¢;(z). In the homogeneous case, i.e.
when F' = 0, equation (1.8) is reduced to the following system of ordinary differential

equations:

d -1
ﬁc(t) = A" Bc(t),

subject to the initial condition

Ac(0) = [f ()]},
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where c(t) = [e1(t)...cm(@)]T, A = [¢i(2))]ij=1..m, and B = [A)i(7) =2, )i, j=1...m-

The solution for the homogeneous semi-discrete problem is
ux (1) = [61(2) ... b(x)] exp(A7 Bt)e(0), where ¢(0) = A~ flx.

In this dissertation we will investigate error estimates between uwx and the exact

solution wu.

2. Backward Euler method

Let us discretize the time derivative using backward Euler method with time-step

u(z,t) — u(z,t —
T

") 4 o(1) = Au(a, ) = Fla,b).

By neglecting the term o(1), we seek the approximate solution ux € Vx which satisfies

the following collocation equation
ux(xj,t) —ux(xj,t —7) — TAux(x;,t) = 7F(x;,t), Vz;€ X, (1.9)
subject to the initial condition

ux(z,0) = Ix f(z).

Let us define ty := N7 and Uy := ux(x,ty). The collocation equation (1.9) can be
rewritten as

UN—TAUN:UN_l‘f'TF([Ej,tN), VCL’]‘ e X. (110)

With Uy = Ix f, equation (1.10) defines an iterative algorithm to obtain an approxi-
mate solution as any given time ¢y. In this dissertation we will derive error estimates

u — ux in the Sobolev norm. Some numerical experiments will be presented.
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3. Crank-Nicolson method

In Crank-Nicolson method, the semi-discrete equation is discretized in a sym-
metric fashion around the point tx_1/o := (N — 1/2)7, which will produce second

accuracy in time. More precisely, Uy can be defined recursively by

Uv —Un-1

T

—A(UN<LU]')+UN71(JZ‘j))/2:F(Sl,’j,t]v_l/g), VLU]' EX.

Here, we also set Uy = Ix f. In this dissertation we aim to obtain error estimates and

to implement the algorithm.
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CHAPTER II

INTERPOLATION ON SPHERES BY DILATED SBFs
The theory of interpolation on spheres using SBFs has been outlined in Sec-
tion A of the introduction chapter. In effect, we have to invert the matrix A =
positive definite kernel ®, the matrix A is positive definite, so we can employ itera-
tive algorithms to invert A. It is more efficient for the algorithms if the matrix A is
band-limited, which can be achieved by rescaling the support of the spherical basis
functions. In this chapter we shall prove a new result on interpolation using locally

supported SBFs with support scaled by a factor of «, for a > 0.

A. Approximation theorems

We first state several results concerning approximation of functions on S™ by
spherical harmonics in Pr, where P, denotes the space of all spherical harmonics of
degree at most L. These results, obtained by Pawelke [34, 35], involve the notions
of spherical mean and spherical modulus of continuity (see below). We shall use
Pawelke’s results later in the chapter.

Let f € C(S™), x € S™, and 0 < h < w. The spherical mean of f over the

spherical cap of radius h centered at z is defined as follows:

1
T )= [ e L @),

where do, is the volume element corresponding to = -y = cos(h) and |S™7!| is the

surface area of S"~!. The spherical modulus of continuity of f is defined to be

w(f;e) = sup |[Thf — flloo, €>0.

0<h<e
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Given f € C(S™), we define the distance from f to the polynomial space Py in the

usual manner:

dist(f,P1) = ot |1 = Pl

Theorem I1.1 (/34, Satz 5.1], [35]) Suppose f € C**(S™) and L € Z*. Then there

s a positive constant M, independent of both f and L, for which
dist(f,Pr) < Mw(f;1/L),

and for which
dist(f,Pr) < MFL™2*||A* f|loe, k € Z7.

The remaining approximation theorems that we will use in the proofs are dealing

with the norm of iterates of A applied to the best and near-best approximants from

Pr.

Proposition I1.1 /35, Satz 4.4] Suppose f € C*(S™) and let P; be the best approz-
imation to f from Py, i.e., ||f — Pjllc = dist(f,Pr). Then there exists a positive

constant C', independent of f and L, for which
[A*Pr oo < Ol A" flloo-

The preceding theorem has been extended in [30] to a class of near-best approximants

from Py,.

Corollary I1.1 /30, Corollary 2.5] Let f € C**(S™) and let P, € P, L =1,2,..., be
a sequence of polynomials satisfying ||f — Prlleo < Kdist(f, Pr), with K independent

of f and L. Then there is a constant C7, independent of f and L, such that

IA* Pl < CLIAYf|oo.



18

In the proof, we need to construct, for every f € C'(S™), spherical harmonics that are
both near-best approximants to f from Py, and also interpolate f on the point set X.

This is precisely the content of the following theorem:

Theorem I1.2 /30, Theorem 3.1] Let X C S™ be a finite set of distinct points and let

G >1. If we set L = [é‘i((gtll)ﬂ, where M as in Theorem I1.1, then for any f € C(S™)

there exists a spherical harmonic P € Pr which interpolates f on X and satisfies

If = Prlloc < (14 B)dist(f,PL).

B. Locally supported basis functions on R**! and S™

We then review the locally supported spherical basis functions constructed via a
class of compactly supported radial basis functions proposed in [48, 49]. The dilated
strictly positive definite radial basis functions and the corresponding dilated SBF
shall be analyzed. The Fourier transform in R"*! and Bessel functions play a crucial

role in the analysis.

1. Compactly supported strictly positive definite functions on R™**

We investigate a class of radial basis functions ¥(z) = ¢ (||z]]), * € R"™, where

¥(t) is of the following form:
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with a univariate polynomial p(t) = Zjvzl ¢;t!, ey # 0. The Fourier transform of

U(x) in R""! is

B =00) = @0 [ e
Rn+1
= r_("_l)/2/ ()R T 1) o (rt)dt
0

p(+1D) / p(t/r)t T2 g0 o (t)dt.
0

Here J, denotes the Bessel function of the first kind. Bochner’s theorem establishes
the fact that W, which is compactly supported, is strictly positive definite if and only
if U is nonnegative and positive at least on an open set.

The a-dilation (for av > 0) of # is defined as

at) 0<t<1/a,
sy =4 M O=EEY
0 t>1/a.

The Fourier transform of the a-dilation of v is
/\ 1/a
Yo(r) = 7"_(”_1)/2/0 p(at)t(”“)/QJ(n,l)/Q(rt)dt
r/a
= - (nFD) / plat/r)t "2 Ty (t)dt
0

p
= @ [y (0t = ra,
0

= a " (p) = =V (r/a).

Suppose that there are positive constants ¢ and C' such that

c1+r) <) < CL+12)"°, s> (n+1)/2,

then there are positive constants ¢; and C such that

0™ (14 (r/0)) ™ < da(r) < Cra™ (14 (r/a)?)
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2. Locally supported strictly positive definite functions on S™

If the function ¥(z) is restricted on the unit sphere S™ C R"™!, then ¥(z —y) on
S™ is a function of |z —y| = /2 — 2z - y. Consequently, the restriction ¥(z —y)|, yesn

is a function of x - y. We define the function
O(z,y) =V(r—y), z,yecsm

In the spherical harmonics expansion

the coefficients (E(ﬁ), as in [30, Theorem 4.1], are given as

50 = [ 00 )

0
Now we will follow a framework set out in [30] in order to investigate the behavior of
@(6) For Q/ﬂ; ~ "1+ (r/a)?) 7%, we need to consider the following integral

o J2(r) n—1 n+1
%) = "“/ ) where v = ( d .21
X)) =a i (1+(r/a)2)5rw ere v + 5 and s > — (2.1)

It is noted that Y ~ 55; We need the hyper-geometric functions

);(a2)
);(b2)

o (ap)jzj

00 (CLl
F sy b bay b z) = Y
pFalan, az o apibiba, . by 2) 2 (b)) ;(ba) - - (bg) ;5!

Jj=0

where Pochammer’s symbol (A); := A(A+1)--- (A+j—1) when 7 > 1 and (\)g := 1.
Lemma II.1

A~

1 1
X(E):A1F2(V+§;V+2—8,2V—|—1;042)—|—B1F2(3_§;8+V7S_V;a2)7



where

A Oén+3721/7451‘\(8 1= V) B an+172511(y +1— S)F(S _ %)
2D (p 4 1DI(s) B 270 (s)T(v + s) '

Proof. As in [46, Eq. (1), §5.43], we express J2(r) as
92 w/2
= —/ J2,, (27 cos 0)d6,
T Jo

then insert in (2.1) and use Fubini’s theorem to interchange integrals to get

2qnt1=2s /”/2/ rJoy 2rcos@)d "

(a4 r?)

By [46, §13.6, Eq. (1)] with our parameters, it has the form

/°° 7 Jo, (21 cos §) g — C(v+ 1D (s — 1 — v)a?—2s+2 cos? (0)
o (a2+r?)s 2U'(s)I'(2v + 1)
x1Fy(v+ 1,0+ 2 — 5,20+ 1; 0% cos*(6))
'v+1-5s)

2I'(s +v)

We now consider the integral of the following form
w/2
/ cost(0)1 Fa(ay; by, by; a® cos?(6))db.
0

Let u = cos?(0) then such integrals transform to

1 1
5/ u(“_lw(l — u)_l/Qng(al;bl,bg;aQu)du.
0

Using formula [15, §7.512, #12], we have

1
/ V(1 — )TV Fy(ag; by, by; oPu)du =
0

+1
)2F3 (MZ a171+ blab27 )

21

cos 2(0), Fy(s; s + v, 5 — v;a* cos*(0)).



22

Using this result, we have that

1
X() = A2F3(V+§,V+1;V+1,V+2—8,2V+1;Oz2)

1
+B 2F3(S—§,S;S,S—|—I/,S—I/;CJ{2),

where A and B are the accumulated factors that are given by

A an+3—2u—4sr(s — 1= Z/)F(V + %) B an+3—2y—4sF(S —1—= V)
= 2\/7_TF(S)F(2V+ 1) - 21+21/F(V + 1)F(8) ;

and
BT (v +1— 5)0(s — 1)

2y/7L(s)I(v + s)

Using the cancellation property for the hyper-geometric functions, we arrive at

B =

~

1 1
X(é):A1F2(V+§?V+2_S’2V+1?042)+B1F2(8—§;S—{—1/,s—y;a2),

O
For a class of compactly supported positive definite radial functions introduced by

Wendland in [48, 49], we have s = "T“ +k+ %, where k is a positive integer, and so

1
V—Szf—k—gandy—i—s:ﬁ—i—n—i—k—i—i.

We now investigate the behavior of X(¢) as £ — oo.
Lemma I1.2 For fized values of n and k, the asymptotic behavior of X(¢) is
o?
10=0 (100 (%)),
Proof.
1 1 3
nt +kl+k+ntd S k—L04 ;a7

2 2 2

= % a?
j:

1
1Fo(s — §§S +v,5— V§CY2) = 15y
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and

1
1F2(1/+§;1/+2—s,21/+1;a2) = 1FQ(€+ 0 — k+—2£+na)

IN
Q
()¢
S
)
S
IA
Q
@
o]
i
PR
RIS,
~—

The coefficients A and B become

2—n—22&—22—2n F(k —/ + %)
F(2+k+1) D0+ )
9222 mese(n(l—k+ 1))

— 2 =0 2—71—2( —20—2n /) -2
D5 +k+1) T(0—k+ DD+ ( “ ()™)

A:

In above equation, we use the relation I'(1 — 2)I'(2) = wcsce(mz). For B,

A D - k- )
VAT (PR +k+ DT+ n+k+ 1)

— O(g—n—2k—1>‘

C. Interpolation on spheres using dilated locally supported SBFs

As pointed out in the previous section, the dilated positive definite function ¥,
on R™*! induces the corresponding dilated ®, on the unit sphere S™. The asymptotic
behavior of the spherical harmonics coefficients g/b: as ¢ — oo was given in Lemma

I1.2. To avoid singularity at ¢ = 0, we assume that

Da(l) ~ (14 Ag) ™7 exp (115) . (2.2)

For a function f € C(S™), the interpolant I f of f is defined as

ZCJ(DO‘ xj,x) such that I f( k) = f(zy) for all z;, € X.

Jj=1



24

The reproducing kernel Hilbert space induced by the kernel ®,(x,y) is defined as

Na, ={ Fe L2 fl3, =3 Z

=0 k=

|f€k|2

(2.3)

Theorem I1.3 Assume that f € N, and there is a positive integer L that satisfies
1/(2L+2) < hx < (1/2L). Then there is a positive constant C' such that the following
holds:

1f = 1 Flloe < O™ exp(a®h) [ £l
Proof. By [17, Corollary 2] with an improvement pointed out in [23], we have
1/2
If =L fll < C (Z qsa(é)zv(n,f)) 1£lle..
>L
Since N(n, £) ~ "1 and ¢ (€) ~ (1 + £)"27*/(+D) we have

Z q/b;(ﬁ)]\/(n,é) < / (1+ x>*20+n716a2/(f+1)dx < O [-20+n 02 /(L41).
L

(>L
Since hy is of order 1/2L we obtain the result. O
Now by adopting the same strategy as in [30], we first construct a spherical harmonic

P that satisfies:

(A) Pp interpolates f on X, where L = [2M /qx| with M independent of X, as in
Theorem II.1.

(B) [If = Prllec <4 dist(f, Py).
The existence of Py, is guaranteed by Theorem II1.2.

Theorem I1.4 Assume that f € C*(S™) and the interpolant I f 18 constructed

from the shifts of a positive definite kernel that satisfies condition (2.2). Then there
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are positive constants Cy and Cy so that the following holds:

1 = 1€ Flloe < (Cop> ™ + Cop ™ exp (a®(hx — ax/M)) ) B[ f 1

Proof. We start with the estimate

1f = I Flloe < I = Prolloo + 1P = IO Prlloc + I PL — I flloe (24)

Since Ig?)PL(mj) = ]ﬁ?)f(xj) = f(z;) for all j = 1...m and both functions are in the

finite dimensional space Vx of dimension m, I)(?)

P, = [g?)f. So we have to estimate
only the first two terms on the right hand side of (2.4). The spherical harmonic

polynomial Py, is in any reproducing kernel space Ng_. So
1Py = 1) Prlloc < CHST? exp(@®hx) || P .. (2.5)

From the definition (2.3),

0(2

062
——— ) | Pel|ae < —— (1 72K Pp ok

(2.6)

1Pullo,, < exp <—

From (2.5) and (2.6) we obtain

2L+ 2
< C’exp( (hX—qX/M)) hS n/2(1+/\ )0/2 "1 Pr |2k

«a CYQ o—n —
||PL - ])(()PLHOO S C’exp (Oé2hX - ) hX /2<1 + )\L)U/2 k||PLl|2k

From condition B) we can see that ||Pp||cc < 5||f|loo, and from Corollary II1.1, we also

have ||A*Pp|lo < C1|AF f||so, so that || Pp|lor < max{5, C1}||f|l2x and, consequently,

1P, — I Pl < Cexp (0 (hy — qx/M)) B 20+ M) > 7% fllaw. (2.7)
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From (2.4) and (2.7) and A\, = L(L +n — 1) ~ L? we arrive at this bound on the

interpolation error for f,

If = 19 flle < ddist(f,Pr) + 1P — TPyl

IA

AMFL2| AR floo + Cexp (a®(hx — qx/M)) 2L £l
< (CoL* 4 Cexp (a(hx — ax/M)) L7 |1 £
< (Cohx L) 4+ Cexp (o*(hx — qx/M)) (hx L)7~%) B £l

Since we use L = [2M/qx| = [2Mpx/hx]| from A), then we get

a n k o— k—n
1 = 18 fllow < (Cop* ™™ + Cop ™ exp (a®(hx = qx/M)) ) K21l (2:8)
O
We arrive at some simple corollaries:
Corollary I1.2 If the scaling constant o satisfies o*(hx — qx /M) < v, where 7 is a
positive constant then there exists a positive constant C' so that

1= I Flloo < Cp%2R5| flo

Proof. From inequality (2.8) with the new condition that a?(hy — qx/M) < 7, we
obtain

« n k o— k—n
1 = 1§ flle < (Copl> ™ + Cop ) X1 £l

where C5 := Cye7. Since px > 1 and o > n/2, it follows that

1= I flloo < Co% 205 £l

The following corollary has a more practical meaning.

Corollary I1.3 If the set of points X is quasi-uniform, i.e. px < C' then for every
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f e Cc*(sm),
1f = I Flloo < CI1 4 exp(@®hx ) B3 £l

D. Open problems

As we increase «, the approximation rate will get worse, but the interpolation
matrix is more sparse, and hence the inversion of the matrix is more stable numeri-

cally. What is the optimal « to balance the two effects 7
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CHAPTER III

APPROXIMATION OF ELLIPTIC PDEs ON SPHERES

In [23] a collocation method based on spherical basis functions is used to ap-
proximate the solutions of a class of pseudo-differential equations Lu = f on S™.
The collocation method requires the approximate solution to satisfy the differential
equations at a certain given set of points on the unit sphere. In this chapter we use
the Galerkin method, with the approximate solution being spanned by spherical basis
functions. The operator L is restricted to a class of pseudo-differential operators of
the form —A + w?, where A is the Laplace-Beltrami operator on the unit sphere and
w # 0. We aim to make use of the recent results in [30] to derive error estimates for

the Galerkin approximation on S™ of the following elliptic partial differential equation
—Au(r) + wu(z) = f(z), zeS",

where f € C?*(S") for some k > 1.

The finite dimensional subspace used to approximate the solution of the PDE
will be the space spanned by shifts of a spherical basis function. Such spaces are used
extensively in the interpolation problem on spheres in [9, 29, 30]. Assume that the
exact solution u is in C?*(S™), the main result of this chapter is the following Sobolev

type error estimate
lu =l < € hY 7 max{[lufloe, [|A%u]l oo}

where wuy, is the finite element approximation of u, hy is the mesh norm of the set
of scattered points X used to define the space of SBFs. The SBFs used in the

construction of the approximation space are required to have the Fourier coefficients
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algebraically decaying:
() ~ (1+ X)), o >n/2+2.

For a more general class of elliptic PDE Lu = f, a classical theorem in [13] is
revisited in the context of deriving error estimates for the collocation method. The

pseudo-differential operator £ is assumed to have eigenvalues asymptotic to (1+A g)ﬂ/ 2,

A. Positive definite kernels and the power functions

A conjugate symmetric, complex-valued kernel ® € C'(S™ x S™) N H?$(S™ x S™)
is said to be positive definite if for every finite subset X = {z1,...,2,} C S™ of m
distinct points, the matrix A with entries A;; = ®(x;, x;) is positive semidefinite. In
terms of distribution, the positive definiteness of ® is equivalent to the following |9,

Theorem 2.1]: for every nonzero distribution w in the dual Sobolev space H ~*(S™),

@ w8 = [ w) ([ wmewnsm)dse o

If (W®w,®) >0 for every w # 0, we will call & strictly positive definite. The kernel
® is positive definite (or strictly positive definite) if and only if all of coefficients a, in

the Legendre polynomial expansion (1.1) non-negative (or positive) [29]. We define
O xw(x) = (0, dw,P), zeS"

where 0, is the Dirac point evaluation functional. Let P be a finite dimensional
subspace of functions in C*(S™), and let P+ be a space of all distributions over
C*(S™) such that (w,p) = 0 for all p € P. Given a strictly positive definite kernel @,

we can define an inner product on P+:

v, wle = (T w, @), v,we P
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The interpolation problem can be put into distributional framework in the following
way. Let W = {wy,...,w,} be a linearly independent set of distributions defined on
C*(S™), and let f be a function in C*(S™). Given the data d; = (w;, f),j =1,...,m,
we seek to find w € span{W} NP+ and p € P such that fx = ® * w + p satisfies
(wy, fx) = dj for every 1 < j < m, and if f € P, then fx = p = f. The latter
requirement that the interpolation process reproduces P implies that the set W|p =
{wW1|p, ..., Wn|p} spans P*, the dual of P.

Suppose that the function f generating the data has the form f = ® xv 4 ¢
with ¢ € P and v € PL. Let n be a distribution defined on functions in C*(S™),
for example n = 6,. In order to estimate the error f — fyx, we need to estimate
|(0, f — fx)| for every value of z. For a general 7, in order to estimate |(7, f — fx)|,
we observe that, by construction, (w,, f — fx) =0for j =1,...,m; and so if we can

find ¢;’s such that n — 7™ cjw; is in P+, then
M f=fx) = (=Y cjw;, ®x(v—w)+q—p) (3.1)
J
= (=) cjuw;, ®x (v —w))
J
= [v—w,n— chwj]q).
J

If we set n = w € P+ Nspan{W} in (3.1) then the left hand side of (3.1) is 0 and the
right hand side is [v — w, w]e = 0, since we can take all ¢;’s to be 0. It then follows

that [v]% = v —w]3 + Jw]3, which yields
lwle < [v]e and v — w]e < [v]e. (3.2)

By applying Schwarz’s inequality to the right-hand side of (3.1), and using (3.2), we
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obtain

(@, f— fx)| < [vleln— chwj[l<1>7 where chwjh? =1n|p. (3.3)

J J
We define the power function [38] to be

Py = min{ﬂ??—zcjwjﬂcb Y el =77|P}- (3.4)

J J

Let ®» € P ®P be an appropriate conjugate symmetric kernel that approximates ®.

We define
Ay = (@1, - Dp),
Al = max|(ﬁ®wj,¢—q)7>)|7
J
and
Ay = max|(wy @ w;, ® — Pp)].
]7

Theorem III.1 (/32, §3]) For any set of coefficients satisfying the constraint
Z cjwjlp = nlp,
J
we have the following bound on the power function:

(Pow)® < Do+ 2fcllids + [lel[F A

B. Finite element method

In this section, we set up the weak formulation for the PDE on the unit sphere
and prove a version for Cea’s lemma (see [4] for the version on R™) for our equation

on spheres.
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1. Weak formulation
Let w be a non-zero real constant and consider the following differential equation
—Au(z) + w?u(r) = f(z), xeS"
The weak formulation of this equation is
<—Au+w2u,v> = (f,v), WYveH'

where
(u,v>:/ uvdS.

Defining the bilinear form a(u, v) := (—Au + w?u,v), we find that the weak formula-

tion becomes:

a(u,v) = (f,v), Yve H.

Lemma II1.1 There exist positive constants C' and o such that

a(u,v)| < Cllull g |[vllz and Ja(u, u)| = of|ull3:.

Proof.

N(n,t)

=2
£
=

[
[M]¢

(e + w?)Ugr gk

=0 k=1

s N(n V2 [ o Nup) V2
< Z (A + w?) |t | Z Z (Ao + w?)[oge|”

(=0 k=1 =0 k=1

< max{Lw'Hull g [[v]| -

We also have

oo N(n,f) N(n,0)

a(u,u) = Z Z Ao + w?)|tg]? > min{1, w2}z (A + 1)|Tge|*.

(=0 k=1 /=0

—

i
I
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U
The preceding lemma shows that the bilinear form a(u, v) is bounded and coercive, so
by the Lax-Milgram theorem (cf. [3]) the weak formulation has a unique solution. It
is easy to see that ¢;(z) := ®(x, ;) = ¢(x - ;) is in H' since we require o > n/2 + 2.

We now define a finite dimensional subspace of H!:
Vx :=span{®(z,z;) : z; € X}.
The Ritz Galerkin approximation problem is the following:
find uy, € Vx such that a(up, x) = (f,x), Vx € Vx. (3.5)

The following is a version of Cea’s lemma for unit spheres.

Lemma I11.2 The following holds:
— 1 < 1 — 1.
HU uhHH ~ CvleanXHu ’UHH

Proof. 1t is noted that a(u—uy, x) = 0 for all x € Vx. In particular, a(u—up,v—up) =

0 for any v € Vx. Thus,
a(u —up,u—up) = a(u —up,u—v+v—up) =alu—up,u—0v).
By Lemma III.1, we have
allu —up||F < alu —up,u—up) = alu — up,u —v) < Cllu— up || g ||u — v|| g

Dividing ||u — up|/z1 on both sides and taking infimum over v € Vy, we obtain the
required result. O

Lemma II1.3 Assume that uw € H*, the following inequality holds:

1/2
[l < (|Aul2 + [fufla) 2]y
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Proof.

lullfn = ) Z A+ 1) [

IA
|M8
i’
B
=
+
||M
||M
B
=

= k= =0 k=1
1/2 1/2
< )\2 ~ 12 ~ 2
< 7ok | || + \Uek|
(=0 k=1 =0 k=1 =0 k=1

= [[Aull2lullz + [lul3.

The foregoing lemma enables us to use recent results in [30] to estimate ||u — I xu| g1,

where Ixu € Vx is the interpolant of u on X, i.e. u(z;) = Ixu(z;) for all z; € Vy.

2. The estimate of ||[A%u — A®ITxu||o

We shall estimate the error in two steps: first, u is assumed to be in the native
space Ng and the error will be bounded by a factor of ||u||s; second, we let u escape
to a larger space C?*(S™) and estimate the error in terms of ||u||o.

To estimate the error in terms of ||u||e, we need to estimate the power function,
introduced in part A). Bounding the power function is done via employing norming
sets, the use of which in the context of scattered data interpolation was initiated in
[17].

Let V' be a finite dimensional vector space with norm | - ||y and let Z C V* be a
finite set of cardinality m. We will say that Z is a norming set for V' if the mapping
T:V — T(V) C R™ defined by T(u) = (2(u)).cz is injective. The operator T is
called the sampling operator. The norm of its inverse is given by

T = sup{jvllv : max |2(v)| = 1},

veV
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Proposition II1.1 [22, Proposition 4.1] Let Z be a norming set for V. with T being

the corresponding sampling operator. If X\ € V* with |||y« < A, then there exist real

numbers {a, : z € Z} depending only on X such that for every v € V,

Av) = Zazz(v), and Z la,| < A|T7.

z€Z z€Z
The second result needed is the Markov-Bernstein inequality for spherical harmonics

of order L. A proof of the inequality may be found in [35].
Theorem II1.2 If P, € Py, then
|APL]| oo < DnL?||Prloo,
where the constant D,, depends only on the dimension of the ambient space.

Remark. It is known that Dy =4 (see [32]).

Corollary III.1
|A*Ploc < DRL*|| P|cc-

Next we need to adapt [32, Theorem 6.4] to the case S™.

Proposition II1.2 If the mesh norm of X satisfies hx < 1/(2L), then for any fized

x there exist numbers aj(x), 1 < j < m, such that
Zaj(x)Y(xj) = A*Y (z) for allY € Py,
=1

and

> Jay(z)| < 2D5L*.
j=1

Proof. Let T be the point-sampling operator, namely, T(Y) = (Y(z1),...,Y (zn)),
and let A(Y) = A®Y (). The upper bound for ||A|| is given by Theorem III.2. More-
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over, if the mesh norm hy < 1/(2L) then ||| < 2 (see [17]). The required result
now follows via Proposition III.1. O

Defining the ordinary differential operator

d d d\> d
(1 en)2 Y o2 oy [ a
L=—(1-1) —(L =) = (1 t)(dt> + it

we recall from [26, page 38| that the (n+ 1)-dimensional Legendre polynomials P,(n+

1;¢t) satisfy the differential equation
L’Pg(n + 1; t) = )\ng(n + 1; Zf).

We approximate the kernel ¢ by the truncated kernel ¢y:

L

Sr(r-y) =Y aPn+1;z-y),

=0

which belongs to the space P, ® Pr.
Lemma I11.4 Let ¢ be a kernel as in (1.1). If ¢(t) € CE+2)[—11], then

LFIg(1)
(L+n—-1)%

L¥16 — ¢r](1)
(L+n—1)%

1£¥[¢ — drl(z - y)| <

<
Proof. We have

1L - y) = LoGr(x-y)| < D MaPun + Lz - y)|.

e>L+1
Since the Legendre polynomials satisfy the inequality |Py(n+1;¢t)| < Py(n+1;1) =1

for every ¢ in [—1, 1], (see [26, page 15]), we have

> NaP(n+15t) < > MaPi(n+151)
£>L {>L
< (L4+n—-1)"%> XNaP(n+1;1)
{>L
L5 — ¢r](1)
= (L4+n—-1% "
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The lemma follows by observing that L [¢p — ¢r](1) < LF¢(1). O
We are now in a position to obtain an error estimate for A*(u — Ixu), where Ixu is

the SBF interpolant of u on the set X.

Proposition IT1.3 Suppose that ® is a positive definite function of the form (1.2),
o(t) € C*¥[—1,1], and let X be a finite set of distinct points on S™ with mesh norm
hx < 1/(2L). If u belongs to the native space Ny and Ixu is an interpolant of the

form Z;n:l c;®(z, x;) which interpolates u on the set X, then

o 1/2
1A% = A*lxullo < € (Z ¢(€)N(n7€)kfs) lulle,

£>L

where C' is a constant depending only on n and s.

Proof. Recalling the distributional framework set out in part A), we consider the

following particular linear functional:

n(u) = A’u(x).

For a given point = € S™, we shall use inequality (3.3) in Chapter II to estimate
|Asu(x)— A% Ixu(x)|. Now Theorem III.1 and Proposition IT1.2 provides the following
bound:

(Plw)? < Do+ 4D L¥ Ay + 4DP LY A,

where the A;’s are given by
Ao = |£%¢(1) = L>¢r(1)],
Ay = max |Lo¢(x - x;) — Lo¢L( - x5)],
and

Ay = max|d(zy - 25) — drla - 2j)l.
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Applying Lemma I11.4 to bound these quantities and then using the resulting bounds

in the power-function estimate above, we obtain

D3 L? DL .
PP = (14 o e ) £ - )

< CL[9— L)1),

where C' is a constant that depends only on n and s. The required result follows by

the following relation

L%[p—d1](1) =

| ;n| > AEG(ON (0, 0).

{>L

We now derive a simple consequence for our choice of kernels.

Corollary IIL.2 Suppose that ¢(t) € C*[—1,1], ¢(£) ~ C(1 + X))~ for some o >
n/2 + 2s and the mesh norm hy satisfying 1/(2L +2) < hx < 1/2L. Then

1A% — A Txulloo < CHT"7%uo.

Proof. Since (1+ \;) < C¢? and N(n,l) = O((" 1) we have

Z 5(5)]\7(”,5))\?5 S C/ Jjn_1+45_2adl‘ S CLn+4S_2U,
(=L+1 L

The result follows directly from Proposition I11.3 and the condition
1/(2L+2) < hx < 1/2L.

O
In the proof of the main result, we need to construct for every u € C(S™), spherical
harmonics that are both near-best approximants to v from Py, and also interpolate u

on the point set X. This is precisely the content of the following theorem:
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Theorem II1.3 /30, Theorem 3.1] Let X C S™ be a finite set of distinct points and

let > 1. If we set L = fqz((gi)ﬂ, with M as in Theorem I1.1, then for u € C(S™)

there exists a spherical harmonic Py, € Py, that interpolates u on X and also satisfies

the estimate

lu— Pplloo < (14 ) dist (u, Py).

Lemma IIL.5 Suppose u € C**(S™), where s is a positive integer, and let Py be the
best approximation to u from Pr, i.e., dist (u,Pr) = |[u — Pp|leo. Then there is a

constant C', independent of uw and L, such that
|A%u — A°Pp||eo < C dist (A°u, Pp).

Proof. We prove the lemma by induction on s. We consider the case s = 1. Note that
if () is a spherical harmonic of degree L, for L > 0, then so is AQ), because spherical
harmonics are eigenfunctions of A. Therefore, the space of all spherical harmonics
of degree < L except constants, denote by P \ Vp, is isomorphic to A(Pr \ Vo).
Let @ be a spherical harmonic without constant term in Py, so that AQ is the best

approximation to Au. So,
|Au — AQ)||o = dist (Au, Pr).
Let R € Py, be the best approximation to u — (), so that
IR = (u— Q)| = dist (u— Q,Py) = dist (u, Py).

Since Pp, is unique, we obtain P, = R 4+ (). By the estimate in Theorem II.1 in
Chapter I1,
ARl < C||Au — AQ||o = C'dist (Au, Pyr).
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Thus
|Au — APp||oo < [|Au — AQ||oo + [|AR||s < 2C dist (Au, Pp).

Now let s > 1, and suppose that there is a constant C so that
Aty — AP || < Codist (A u, Pp).
Using the induction hypothesis for Au and AQ), we have
AT Au — A*TAQ|| o0 < Cpdist (Asu, Py).
Using Theorem II.1 in Chapter II once again, we have
|IA°R||oo < C1||A%u — A°Q|00 < Codist (A'u, Pyr),
where Cy = C1Cy. Thus
Ay — A°Ppleo < ||A%u — A%°Q||oo + [|A®R|| 0o < Csdist (A%u, Pr),

with C5 = max(Cy, Cs). 0
We extend the result of the previous lemma to a broader class of near best approxi-

mants to u.

Lemma II1.6 Suppose that u € C?**(S™) and P is a near best approzimation to u

from Pr, in the sense that there is a constant K, independent of L and u, so that
|lu — Plloo < K dist (P, Pr).
Then there exists a positive constant Cy so that for any integer s < k,
A% — APl < CL L7225 || APy 5.

Proof. Let Py, be the best approximation to u from P. The preceding lemma implies
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the estimate

|A%u — A®Pp|| < Cdist (A’u, Py).

By the Markov-Bernstein inequality (Theorem I11.2),

IA*PL — A*Plloe < DL P — Pl

< DyL*(1Pr = ullss + llu = Pllsc)

< DiL*(K +1)dist (u,Pyr).
Combining the two estimates above, we obtain

|A%u — A°Plle < ||A%u — A°Pp||oo + || AP — A°P|

< Cpdist (A®u, Pr) + DL* dist (u, Pr),

where D := D?(K + 1). Now by the second part of Theorem II.1 in Chapter II,
dist (A*u, Pr) < My L7225 || AFyl|
and
dist (u, Pr) < MyL™ || A% o0,

so the required result follows by setting C; = max{CM;, DM,}. O
Now we adapt the proof in [30] to estimate ||u — I'yul|o for u € C?*(S™), which is in

general a larger space of functions than the native space induced by the kernel ®.

Theorem II1.4 Let ® be an SBF satisfying (E(ﬁ) ~ (14 X)~7 and suppose that
o >2k>n/2+2s. Ifue C*(S™) and Ixu € Vx interpolates u on X then for any

integer s < k —n/4,
AU — A Txulloo < CRY 72| AFu| .

Proof. By Theorem II.2 in Chapter II with § = 3, there exists a P, € P that
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interpolates u on X, where L = [2M /qx |, where M is as in Theorem II.1 in Chapter
II, and
|lu — Ppl|loo < 4dist (u, Pp).

Let Px be the interpolant of Py, in the space Vy, then
| AU — AT xu||oo < [|A%Uu—A°Pp|oc + [|A* P — A° Px || oo + ||A°(Px — Ixt) || 0o~ (3.6)

Since Px(z;) = Pr(x;) = u(z;) = Ixu(x;) for all z; € X and both Py and Ixu lie in
the same finite dimensional space Vx, we have Px = Ixu and the final term in the

previous inequality vanishes. By Lemma II1.6, we have the estimate
|A%u — A*Pr|so < CoL 72| AP | oo

By the assumption on éﬁ\(ﬁ), Corollary II1.2 holds and, since the norms || - ||¢ and
|| - ||z- are equivalent, we can estimate the second term in the right hand side of (3.6)

as

1A Py — A* Py |l < LRG| P e

Using the definition of Sobolev norm and the fact that Pp is a polynomial,
[Pullee < (14 AL)727F Prl e < 28|52 (1 4+ AL)™"* " Pr| k.

From the assumption, ||PL|lw < 5||t/|s, so by Theorem II.1 in Chapter II, we also

have ||A*Pp||o < C1||A%u]| oo, so that
[1PLllar < max{5, Cy }|ul|ok.
So, if we set Cy = 2¥|S™|'/2 max{5, R} then

|A* P — A% Py |la < Coh% ™72 (14 AL)7"> 7t . (3.7)
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From (3.6), (3.7) and A\, = L(L +n — 1) < CL?,

1A% — A'Txulloe < (CLL* 72 4 CoL7 RS2 7) lul o

(Can/2+2s—2k + CQLU_2kh§(_n/2_2S) HUHQIC

IA

< [CulhxL) % 4 Calb Ly Y7
If we use L = [2M/qx| = [2Mpx/hx], then we get
|A% = A Lulloe < (Copid ™™ + Capl ™I
Finally, since px > 1 and ¢ > 2s 4+ n/2, it follows that

1A — A*Tullee < Cp% 2B |lul|ar.

U

So, we have all the results to estimate the H' error for the finite element solution.
Theorem II1.5 The finite element solution uy satisfies the following error estimate
= unllm < CRYE k.

Proof. By Theorem I11.4, we have
1Au = Alyully < V/[S"[[|[Au = Alxullso < CrRY ™72t a4
By Theorem I.2 we also have
lu — Ixulls < V]S lu = Ixullo < Coh¥ "2t
So by Lemma III.3, we conclude

e = Ixullm < CRE2\ 1+ Bl
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Now, using Cea’s lemma (Lemma II1.2), we finally have

= unllm < Cllu— Ixullm < CHE™?\/1+ b2 |ul|ax.

C. Collocation method

In this section, we discuss a collocation method for a more general class of elliptic
differential operator, namely

Lu = f, (3.8)

in which the differential operator £ has eigenvalues asymptotic to (1 + A,)?/2. In

other words, for spherical harmonics of order ¢, where ¢ = 0,1, ..., there are numbers
ag ~ (1+ )\5)5/2 such that LY, = a,Y,. (3.9)

In the collocation method, we require that the differential equation to be exact on
the set of points X. In effect, we would like to find ux which lies in some finite

dimensional space Vx such that
Lux|p—a;, = f(z;), Vz;€X. (3.10)

Before outlining the structure of the space Vx, we need to recall a classical framework

set out in [13]:

Theorem II1.6 Let F;;1 < ¢ < m, be m linearly independent continuous linear

functionals of the native space Ng. We define the space

Sy :={w € Ny : Fi(w) =0 for all 1 <i < m},
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and for given data d = (d; : 1 <1 <m) € R™ let
Sy :={w € Ng : Fy(w) =d; for all 1 <i<m}.
Then there exists a unique interpolant v € S,, NSy so that

(i) For any w € Sy,
lwlle = llvlls + lw = vllg.
(1) For another continuous linear functional F' on Ng the value Fv is the best

approzimation to {Fw : w € Sy, |w||e = 1}, meaning that

sup |Fw — Fz| > sup |Fw — Fu|
weC,y weClr

holds for all z € Ng. Here C, := {w € S; : ||w||le = r},r > 0, denotes a

hypercircle.

Furthermore, the hypercircle inequality is satisfied: Ify € S denotes an element with

unit norm for which F|s. attains its least upper bound, then
|Fw — Fol? < |Fyl*(r* — ||v||3) for all w € C,.

Let £* be the dual operator of £ which is defined as (£*d,.)(w) = d,(Lw). In our case
F =/, and F; = L*},,,7=1,...,m. For the sake of simplicity, let us assume that
all the linear functionals £*0,, are linearly independent. Since @ is the reproducing

kernel in Ng, we have
Fl(w) = ‘aw(x”w:l"z = <£w7 (D<'7xi)><b = <w7£*q)('7 xl)><1> :
Hence, the space Si- takes the following form

Sy = {w € Ny : (w, L*®(-,2;))y = 0 for all 1 < i < m}.
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Thus the approximation space is S,,, := span{¢;(z) : i =1,...,m}, where
¢1() = ‘C*q)(axl) - £y®<'7y)|y:mi, Z — 1,...,77],.

So by Theorem III.6, there exists a unique solution for our equation (3.10) provided
that we restrict the problem to a subspace of Ng in which F' = £*), and F; = L*),,
are well-defined. We have to solve the linear system:

L <Z C«z%(l‘))

=1

= f(z;) or Ac =f, (3.11)

where A;; = L(L*®(z;,2;)), ¢ = [c1...cn)” and £ = [f(z1)... f(zn)]T. It is noted
that A is a positive definite matrix since the kernel ® is strictly positive definite and
the operator £ has positive eigenvalues with respect to spherical harmonics of order
L.

In order to estimate the term |F(y)| in the hypercircle inequality we need to
state a few preliminary results.
Markov’s inequality. Let P € Py, we have the following general Markov’s inequal-
ity:

| DrP(p)| < L|| Pl|s,

where Dp denotes any unit tangential derivative at p and the maximum norm is on
S™. This is a simple case of the general Markov inequality for polynomials on compact
smooth algebraic sub-manifolds of R"*! without boundary (see [2]). We will use it

later in its integrated form
|P(p) — P(q)] < LO(p, )Pl p,q € 5™ (3.12)

Lemma II1.7 Suppose that the set of scattered points X has mesh norm hx that
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satisfies hx < 1/2L. We assume further that there is a constant A such that
|ILP|loo > Al|P|lo VP € Py.
Then the following holds:
A
I£Pxlloe = S 1Pllocy VP € Pr.

Proof. We show that [|Q]x|ls > 5[Q|l for all @ € Pr. Without loss of generality,

we can assume that ||Q||. = 1 and Q(zo) = 1 for some 2y € S™. Then for any z; € X,

1= [Q(z0)| < [Q(z0) — Q)| + Q)| < L|Qlocb(0, 1) + |Q(:)]-

The second inequality follows from the intermediate value theorem and the Markov’s
inequality. Since hx < 1/2L, we can choose z; so that 6(xg,z;) < 1/2L and hence
|Q(zi)] = 1/2.

Since L is surjective, given any ) € P, there is a P such that ) = LP and

hence

1

1 A
1£P]xllo0 = Qx> 51QNk = ILPlse > 5 1Pl

O
In our specific choice of differential operators which satisfy condition (3.9), we can

work out the value of the constant A in terms of L as in the following lemma:

Lemma II1.8 For any spherical harmonic P € Py, the following holds:

I£P|low = CLY*™"|| Pl|ce.
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Proof. From [25], we recall that each spherical harmonic in the orthonormal basis can

be bounded by the following inequality:

Walle < [~ gars for k= 1.0 N ) (3.13)
We can express P as
L N(n,0) R
P(x)=3 > PaYal(o)
(=0 k=1
Using the Cauchy-Schwarz inequality and inequality (3.13) together with the fact
that N(n,¢) = O™ 1), we have
L N(ng) 2
P < [ | Pore||Yer ()]
(=0 k=1
L N(nk) L N(n,)
~ N(n,t)
< Pul? :
= Z | Por Z 57|
(=0 k=1 (=0 k=1
L
< OIPEY e <Ol PRL
=0

Thus, we obtain || Pl < C||P||2L" /2, where C' is a constant depending only on
n. On the other hand, ||P|s < [S"|"/?||P||s. Since LYy, ~ (1 + A\¢)?/?Yy (condition
(3.9)), we have

ILP]2 = [ P]l2.

Combining all the inequalities above, the following holds:

CLl/Q—n

1
ILPl2 = oz 1Pz = TS

1P 2 ETlE

1
[S]i2 1P]]oc-

g

Remark The previous lemma gives a lower bound for ||£||. In [41], we can find many

upper bounds for norms of operators of similar type.
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We now prove a proposition, which is a generalized version of [17, Proposition

9.

Proposition IT1.4 Assume that X = {z; : 1 <i < m} is a given set of points on S™
and its mesh norm hx < 1/2L. Let Py, be the space of spherical harmonics of degree

less than or equal L. Then the dual space P} can be identified with the space
span{L*,|p, : x € X}.
Moreover, for any w* € Py with ||w*|| = ||L]|, w* can be identified with some

ZGI£*5$|pL where Z la,| < 2/A.

zeX zeX

Proof. Let T : C*(S™) — C(X) be defined as
T(f)=Lflx
Let 1§ be the restriction of T to Py, i.e.

To=T|p, : P, — T(PL)

P - ,CP’X
By Lemma II1.7, Ty is a 1-1 isomorphism and || T; || < 2. Also

is an isomorphism with |[(T3)~!|| < 2. So for any w* € P with [|w*| = ||£| there
is t* € T(Pr)* such that T;(t*) = w* and |[¢t*|| < £|£]|. Using the Hahn-Banach
theorem, we can extend t* € T'(Pp)* to I* € C(X)*,

¥ = Z ax£*51|c(x)

zeX



50

such that t* = I*|pp,) and
* * 2
[0 =11 =10 ) laa| < SIL]-
zeX

Thus Y,y las] < 2. For a fixed w* € Py, let I* = > L*0,|c(x) be the extension
of (Tg) 'w*. Then

(w*, P) = (w*, Ty "o P) = ((Ty) 'w*, TyP)

(Z axﬁ*dcc ’C(X)a T0P>

(Z g L8, |p, P> , VP ePy.

We are ready to state a theorem.

Theorem II1.7 Assume that X has mesh norm hy < 1/(2L), L € Z*, x is a given
point on S™, then there exist ¢;’s, i = 1,...,m such that > |c;| < 2/A and
</;*5$ - Zcic*%> P=0 VPeP,.
i=1
The term |Fy|* in the hypercircle inequality can be bounded by

1/2

N(n,f)
ol < (143 ) max | X d01£vat0

{>L k=1
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Proof. Let ¢y = —1. The existence of {¢; : 1 < i < m} is given by Proposition I11.4.

By orthogonality F;(y) = Ly(x;) =0 for : =1,...,m, so we have

N(n,t) m
[F(y)| = ZZ (F ZC )yékYek

=1

N(n,t) m
= D> <£Yek(az) > CiEYek(ﬂ?i)> Yok

5L k=1
m N(n,f)
< Z|Cz| Z Z Yo LY g (;)
=0 5L k=1
9 N(n,e)
< (1 + K) tef{ﬂxé}%ix ; kz:; Yo LY i (1)

We also have ||y||ls = 1 so by Cauchy-Schwarz’s inequality

2

N(n,0) N(n,) \y |
)OI CON E DID DL N DD Z OILYa(t)
(>L k=1 >L k=1 (>L k=1
< > Z OILYa(t)
>0 k=1
Combine the two above inequalities we have the result. Il

Now we are in a position to give an L?(S™) error estimate between the exact solution

u of (3.8) and the SBF approximate solution of (3.10).

Theorem II1.8 Suppose that ® is an SBF satisfying 5(5) ~ (1+ X))~ and the set

X has mesh norm hyx. The approximate solution ux is constructed from

span {¢;(z) == Lo(z - x;), x; € X}
Then there exists a positive constant Cs such that:

lu —uxllz < Cshly™ 7" |lulq.
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Proof. Choosing an integer L so that 1/(2L 4+ 2) < hx < 1/2L, we can use A =

CL™ 12 a5 in Lemma II1.8 and the estimate in Theorem II1.7 to obtain:

lu = uxlla

<

IN

IN

IN

[1£(u — ux)l|

1/2
9 N(n,Z)A
2
ol (1+ 5 ) ma >3 dolevain

1/2
Ol”“”@(l + 2L1/2_”) (Z(l + )\Z)ﬂ—aN(nvg)>

£>L
Cl|ulla(1 + 2LY/2m) L=V tn/2

Cylullsh'g P72,

D. Implementation of the two methods on S?

In the implementation of the Galerkin method on S? C R3, there are two main

issues to be addressed: the quadrature rule used in approximating the bilinear form

a(u,v) and the construction of spherical basis functions.

Since ®(x,y) is a zonal function, we can reduce the surface integrals in the

bilinear form a(®(z;,-), ®(x;,-)) into one dimensional series of Legendre polynomials

as discussed in Section D.1. For the surface integrals (f, ®(x;,-))’s, we have to derive

a quadrature rule over the surface of the unit sphere as in Section D.2.

Let ¢(t) and (¢), for t € [—1,1], be two zonal functions on S?. We can expand

1.

Inner product of two zonal functions

¢(t) and ¥(t) in terms of series of Legendre polynomials



93

where
C[TlemPdt 2041
a = RO A cb() o(t)dt (3.14)
and »
= L OPOR 2L [ () Pe(t)dt. (3.15)

S P2t 2 Ja
In the approximation of the bilinear form a(u,v) = (—Au+ w?u,v), we need the

following useful lemma:

Lemma II1.9 Let V(x,y) = ¢(z - y) and ®(z,y) = ¢(x - y) be two zonal functions

on S%. For two distinct fized points p,q € S?, the following relation holds:

oo

agbg
Lot pvta-2yise) = 4n >0 GRG0

Proof. We have

l

:c):Zang(p-:c 47TZ 2€+1 Z p)Yoi(z)
=0

and
¢

v) =Y bPilg- ) 47TZ %+1 Z #(@)Yer(x).
=0

Since {Yyx: ¢ =0,1,2,...;k = —(...(} is an orthonormal set, we can use Parseval’s

identity to obtain

V4
o(p- 2)lq- 2)dS(z) = WZ o 3 YTt
=

S2

agbg 26 + 1)
= 167?2 o1 Py(p-q)

[e.e]

agbg
= 4 7P * .
wg(%Jrl) '(p - q)
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For numerical approximation the integration in (3.14) and (3.15) can be approximated

by a Gaussian quadrature formula over the interval [—1, +1].

2. Quadrature formula

We seek a spherical quadrature rule that integrates exactly all polynomials up to
a certain degree L, i.e., we seek a set of points = := {n;,...,ny} and a set of positive

weights {wy, ..., wx} such that

N
/P@wzzwmm, VP Py,
52 g

If all the weights are equal, namely w; = 47 /N for all j = 1... N, then the set =
are called spherical L-design, see [1, 7, 40]. It can be shown that a pair of antipodal
points, the vertexes of a regular tetrahedron, the regular octahedron, and the regular
icosahedron give 1-,2- and 5-designs, respectively. The following existence theorem,

proved in [22], provides a general quadrature formula for S™.

Theorem II1.9 Let L be an integer with L < «/hz, where hz is the mesh norm of
the set = and « is some real constant. Then there exist nonnegative weights {w; : j =

1...N} such that

N
/mezzwmm,wxm,
and the cardinality of the set of weights, N, is comparable to the dimension of Py.

In principle, = can be any set of scattered points on the unit sphere. However, if the
points are uniformly distributed in some sense then the quadrature scheme achieves
higher accuracy, see [5, 18, 37]. Here we shall use the set of points that is constructed

by dividing the surface of the sphere into N cells of roughly equal area (see [18]).
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Let w := {wi,...,wn}, the weights are computed by solving the following

quadratic programming problem:

minw - w’

subject to the following linear constraints:

N
ijy'ﬁk(n]) = 47[_%,05(,07 6207"'7117 _gé k Sga
j=1

w;, > 0, j=1,...,N.

This optimization program can be solved numerically using the subroutine quadprog
in MATLAB 6.0. The strategy is to start with a high value of L, say L = |v/N — 1],
and step it down by 1 until we reach a value of L for which we obtain a solution. Figure
1 shows weights associated with 2500 points calculated according to the previous

algorithm.

3. The spherical basis functions

In [48] Wendland introduced a class of locally supported positive definite radial
basis function defined on R"*!1. These functions ¢(x) are rotation invariant and thus
are functions of |z| only. So the corresponding convolution kernel ¥ (z —y), x,y € S™,

is a function of |z — y| = /2 — 2z - y. We may therefore define a function

Oz, y) =d(z-y) =(x—y), z,yes" (3.16)

Note that ®(z,y) inherits the property of positive definiteness from 1, and q@(ﬁ) ~
(14 Xg)~7 for some o > 0 (see Section 4 in [30]).

For our numerical study, we use the function ¢(r) = (1 — )% (4r + 1), where
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0 500 1000 1500 2000 2500

Fig. 1. Weights associated with 2500 quadrature points. The associated quadrature

rule integrates exactly all polynomials up to degree 45.

r=+2-2x-y.
The set of points that are used in constructing the SBFs is generated according
to an algorithm in [37]. These points are generated uniformly, in the sense that each

point is a center of a cell on the unit sphere of area 47 /N.

4. Stability results for the two methods

The stability of the interpolation matrix [®(x;,7;)]7%—, has been studied in [33],

which can be summarized in the following theorem:

Theorem II1.10 Let ®(x,y) = é(x - y) be a strictly positive definite function on S*
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with gg(ﬁ) ~ (729, Then there is a positive constant v depending on ® but not on

the data, such that the minimal eigenvalue of the interpolation matriz [®(z;, x;)|7 -,
satisfying

20—2
)\min 2 ’YQX?- )

holds for sufficiently dense data sets X and this order is optimal.

The same approach has been used in [19] in proving the stability results when & is a

strictly positive definite function on S™.

m
3,j=1

In our collocation method, the collocation matrix is A = [LL*®(z;,z;)]
can be understood as an interpolation matrix having positive definite kernel with
&(0) ~ (14 A)?~°. Using Theorem I11.10, we conclude that the minimal eigenvalue

of the collocation matrix satisfies
)‘min(A) > 7@?725727

where 7y is a constant depending on ® but not on the data.

In the finite element method, we have to find the inverse of matrix B with entries

By = [ (=A+et)ola 2)ola-a;)aS()

00 4
= Y A+ (0(0) Y Yalw)Yer(z;) (Lemma TIL9)
=0 k=—¢

The matrix B can be viewed as interpolation matrix having positive definite kernel
with ¢(£) ~ (14 A¢)~27*!. Using Theorem III.10, we have the minimal eigenvalue of
A is bounded below as

)\mm(B) Z ,ngl(_ofél’

where 7 is a constant independent from the data.
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5. Numerical results

We aim to solve numerically the following differential equation:
—Au + wu = f,

where f = e*(22+22z+w?—1) and (2,7, 2) satisfying 22 + 9%+ 22 = 1. Note that the
function f depends only on the geodesic distance from a point to the north pole. The
exact solution of the differential equation is u = e*. Table I shows the errors between
the exact solution and the approximate solution obtained via the Galerkin method
using the SBF's as in (3.16). The experiments use various values of w. The errors are
computed over a grid C of 10* points on the sphere. The /¢, errors are computed as

follows: 12
1
ey 1= (@ > lu(©) - UX(§)|2> :
cec

The supremum errors are computed as

Coo 1= HggCXIU(ﬁ) —ux(§)|-



Table I. Numerical errors for different values of w

w m hx €oo €2
0.01 100 0.267187 1.1327189 1.1186866
400  0.128840 0.1239192 0.1233412
800  0.095016 0.0020322 0.0013973
0.1 100 0.267187 0.3375578 0.3177237
400 0.128840 0.0019762 0.0013812
800  0.095016 0.0020748 3.0189262e-04
1600 0.067870 4.2467432e-04 3.4931946e-04
1.0 100 0.267187 0.0258676 0.0074494
400  0.128840 6.863848e-04  1.239210e-04
1600 0.067870  4.596362e-05  1.325570e-05
10 100 0.267187 0.0213299 0.0058496
400  0.128840  7.064579e-04  1.228608e-04
1000 0.084946  6.519814e-04  1.275973e-04
1600 0.067870 4.827265e-04  8.777684e-05

99
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CHAPTER IV

APPROXIMATION OF PARABOLIC PDEs ON SPHERES
In this chapter we consider the following parabolic partial differential equation

defined on the unit sphere S™ C R*:

Du(x,t) — Au(x,t) = F(,t) (4.1)

u(z,0) = f(x),  feH(S"),
where A is the Laplace-Beltrami operator on S™. It is known that equation (4.1)
describes the heat diffusion process on the surface of the sphere with external heat
source F(z,t).

In many applications in geophysics and global weather forecast, it is common
that the functions f and F' are not known analytically everywhere but only at a finite
set of scattered points.

We propose a collocation method in which the spherical basis functions are used
to construct the approximate solution. The approximate solution of the partial dif-

ferential equation will be of the form

m

ux(,t) =Y ei(t)di(o),

=1

subject to the initial condition
ux(z,0) = Ix f(z),

where ¢;(z) = ¢(z;-x) = ®(x;, x)’s are the shifts of a spherical basis function (SBF) ¢
and [y f is the SBF interpolant of the function f. In case the basis function ¢ satisfies
certain regularity conditions, we are able to obtain error estimates in certain Sobolev

norms. Throughout the chapter we make further assumption that ¢(¢) ~ (1 + A¢)~7,
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i.e. there are positive constants ¢ and C' and ¢ > n/2 such that

c(1+ )77 < d(0) < C(1+ )7 (4.2)

A. Semi-discrete problem

The numerical analysis here follows a framework set out in [45], which was used
to analyze the approximation of solutions of the heat equation on a bounded domain
2 C R” for the finite element method. However, the framework of [45] is modified
significantly with the structure of the reproducing kernel Hilbert space Ng for a

collocation method on S™.

1. The homogeneous problem

By the method of separation of variables, see [36, §5.7], the exact solution for

the homogeneous problem:

Su(z,t) = Au(z,t)
u(z,0) = f(z), feL*S"),

is given as the infinite series

N(n,0)

u(z,t) = Z e Mt ﬁkng(x).

=0 k=1
Let the approximate solution be of the following form:

m

ux(z,t) = ci(t)ei(x),

i=1
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where ¢;(z) := ®(x;,2). The homogeneous semi-discrete problem is formulated as

the following: we require the equation (4.1) to be exact on the set X, i.e.

%Ux(l'j,t) = AUX(ZEj,t)7 VZ’J‘EX,

ux(x,0) = Ixf(x),

(4.3)

where Iy f is the interpolant of f in Vx. Equation (4.3) can be rewritten as the

following;:
d m m
g7 Zz: t)pi(x) ;cl (t)A¢i(x;), Vz; € X, (4.4)

subject to the following initial condition:

ZCZ Vpi(x;) = f(z;), Vz; e X.
=1
If we set A := [¢i(x})]ij=1 = then equation (4.4) can be

----------

written as the following system of ordinary differential equations in time:

%c(t) = A™'Be(t), (4.5)
where c(t) = [c1(t),...,cn(t)]". Tt is known that (see, for example, [27]), in order to
solve the system (4.5), we have to compute the distinct eigenvalues 71, ..., 7, of the
matrix A7!B with multiplicities n1, ..., ns. For each eigenvalue r;, we find n; linearly

independent generalized eigenvectors. Each independent solution of (4.5) is of the
form

2

t
exp(A™'Bt)v = ¢€" (V +t(AT'B —rl)v + §(A’1B —rl)?v + .. ) ,

where r is an eigenvalue and v is a corresponding generalized eigenvector. If r has
multiplicity n;, then the above series reduces to the first n; terms. The linearly inde-

pendent solutions form column vectors of a matrix E(t), and then the fundamental
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matrix exp(A~!Bt) is given as
exp(A~'Bt) = E(t)E~(0).
The solution of the homogeneous semi-discrete problem is
ux(x,t) = [¢p1(2) ... pm(x)] exp(A~Bt)c(0) where c(0) = A~ f|x. (4.6)

We shall express the solution ux(z,t) in terms of some evolution operator. Let us

consider the following operator:

Aly : C(S") — span {A¢;(x):i=1,...,m}

fo—= Allxf).
Lemma IV.1 At the set of points X, we have

AATB)" AT [f (2)lfe) = [(ALx)" fla=a, [}

Here and thereafter, the notation [a;]7-, stands for [ay ... ap|" which is a vector in

R™.
Proof. For n =1, we have

AAT'BAT [ f(a))lThy = BAT[f ()] = [ALx flo—a, )i
Now assume that for £ > 1

A(AT B AT [f ()] = [(ALx)" f (27)]7%
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Then
AATI B AT f (2], = A(AT'B)(AT'B) AT f ()],

= BAT'A(AT'B)F AT f(ap))m

j=1

= BAT(ALx)" floms, 71

- [(A]X) (AIX)kf’$:1'j];n=1

- [(AIX)k—i_lﬂx:xj];n:l'

O
Lemma IV.2 For smallt > 0 we have
t? ) t" .
Ux<l’,t) = Ixf+tleIXf—|— EIX(AIX) f‘l‘ + EIX(A]X) f+
Proof. Using equation (4.6) and Lemma IV.1, we have
[ux(z;, )it = Aexp(A_lBt)A_l[f(xj)]?;l
— tn — n — m
= A (I+tA 'B+... H(A 'B)" + .. > AN f ()]
m m tn n m
= [f(xj)]jzl + t[AIXf|x:1’j]j:1 +...+ E[(AIX) f|ac:a:j]j:1 +.
Since uy € Vx, this implies
tn
UX(ZL',t) = ]Xf—i-tlxﬁfxfﬁ— et H]X(AIX)nf‘i‘
[l

Let us define the following evolution operator

tn
Ex(t)=T+tIxA+...+ m(IXA)”JF...
then ux(z,t) = Ex(t)Ix f(x). We can show that Ex(t) is a stable operator in Vy in

the || - || norm by the following lemma:
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Lemma 1V.3 For every v € Vy,

IEx (O)()lla < [lv(2)]e-

Proof. Let 6(z,t) be defined as

m

0(x,t) = Z ci(t)pi().

i=1

We wish to solve the following PDE by a collocation method

0
a@(w, t) = Af(z,t),

subject to the initial condition

0(x,0) = (x).

In our collocation method, it is required that the PDE is exact on the set of given
points X, i.e.

%9(1‘],75) :A0<J]j,t), \V/l’j GX,

subject to the initial condition
Q(ZL‘j,()) :@/J(ZE]‘), Vl’j e X.
Since ® is the reproducing kernel in the Hilbert space Ng,

<%6(~,t},@(~,xj)> — (AO( 1), B(,7;))y, Vo, € X. (4.7)

P

Since Vy is spanned by ®(z,z;), for j = 1,...,m, equation (4.7) implies that for

00
<E,'U>q) = <A9,’U>q> .

every function v € Vy,
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Since 6 € Vx, we can take v = 6 to obtain

19 o 0\
silols = (500) = (@0.6),.

From the definition of (-, ),

N(n,t)

—Ne|Bi|?
(A0, 0)g = AdOul” 0, V6eVy. (4.8)
= = o)

Thus, we obtain the result ||0(xz,t)||¢ < [|#(z,0)||e or in other words

IEx@)¢(@)]le < l¥(2)]le.

2. The non-homogeneous problem

The approximation of the non-homogeneous equation will be tackled via an
elliptic projection from the space of the exact solution u to the finite dimensional space
Vx, which is somehow similar to the Ritz projection in the finite element method. To

begin, let us define the following operator:

P H2<7+2(sn) N VX

u = up,

where
Aup(z;) = Au(zy) V; € X,
fsn updS = fsn udS.

(4.9)

It is noted that A has zero as an eigenvalue, thus the matrix B = [A®(x;, ;)]i j=1..m
is not invertible. The null space of B has dimension 1. We fix the null space problem

by finding up = > 71| a;¢;(x), where a := (ay, . ... ,am) T solves the following system



of linear equations

Ba = [Au(z))]}:
S fo $idS = [g, udS.

7=1
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We notice that up is well-defined since the solution « is unique. It is also from the

definition that

IxAP = IxA.

(4.10)

Lemma IV.4 Let u € H*2(S"), and up € Vx be constructed from a linear combi-

nation of shifts of SBF ® with gg(é) ~ (1 4+ X\)~?. Then there is a positive constant

C, independent of hx, so that
lup — ulle < Chk|lul|g2o+e.
Proof. Since Aup is the interpolation of Au, by Theorem 1.3, we have
[Aup — Aulle < Ch || Aul|p2r < Ch|lull 2o+

Let ¢ = up — u, then from the definition (4.9)

by = /n(uP —u)dS = 0.

Hence,
oo N(n,t) oo N(n,0)
s =>" > [bal?/(0) < o+ N [vu|?/6(0)
(=0 k=1 =1 k=1

IN

1[5
Combining with (4.11), we have

||UP — u“q) S HAUP — Aqu) S Chg(HUHHzo-m.

(4.11)
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The collocation semi-discrete equation (4.3) now takes the following form

%ux(xj,t) — Aux(z;,t) = F(zj,t), Vz; € X, (4.12)

subject to the initial condition
ux(z,0) = Iy f(z).

Theorem IV.1 Let f,u; € H**2(S") and u,ux be the solution for (4.1) and (4.12)
respectively. The approximate solution uy is constructed as a linear combination of
shifts of a spherical basis function ®(x,y) = ¢(x-y) which satisfies 5(6) ~ (14 X)) 7.
Then there is a constant C', independent of hx, so that the following error estimate

holds:

T
lu(T) = ux (T)]le < CHS (IIfHHzo 1l + | ||ut||H2v+2d8) .
0

Proof. Let 6 := ux — up, and let v := up — u. Note that § € Vy. When being

restricted on the set X, using the relation Aup|x = Aulx we have the following

0
(20 )

equations:

or in terms of a PDE in the finite dimensional space VY,

00 B 07
E_M__[XE' (4.13)
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By Duhamel’s principle, see [36, §3.11], we have

O(T) = Ex(T)0(0) — /OT Ex(T - S)IX%ds.

Since ||Ex(T)v|le < ||v||le for all v € Vx (by Lemma IV.3), we have

12

ds.
ot 5

P

16(T)lls < 116(0)]}o + /

Here,

100)lle = lIxf = Pflle < [Ixf = flloa +1Pf—flo

Ch” (| fllze + | llgzese).

IN

We can use Lemma IV.4 to obtain

0
el = H&(“ )| < OB o

P

Using Lemma [.1, we obtain

[Txvelle < velle

< ChXuel 2o+

We know from Lemma V.4 that

V(e = [[w(T) = up(T)e
< Ch&llu(T) | 2o+
T
< Ch% (Hf—l—/o u(s)ds HQHQ)
<

T
Ch’g( <HfHH2‘7+2 +/ Hut||H2a+2d8) .
0



Therefore, after adjusting the constant C, we obtain

lu —uxlle < [0(T)]e +I7(T)lle

T
Ch (Hf”HQL7 + |1 £l g2o+2 +/ Hut||H2a+2dS> .
0

IA

B. Time discretization

1. Backward Euler method

Let us discretize the time derivative using backward Euler method as

u(z,t) —u(z,t — 1)

+o(1) — Au(z,t) = F(x,t).
The collocation equation for ux is
ux(zj,t) —ux(xj,t —7) — TAux(xj,t) = TF(x,t), Vz; € X.

Let us define tiy := N7, Uy(z) := ux(z,ty) and introduce the notation

Uv —Un-1

T

gtUN =
The collocation equation (4.14) can be rewritten as
gtUN(J?j) —AUN(l’j> :F(]?j,tN), ij e X,

subject to the initial condition

U() = Ixf

70

(4.14)

(4.15)

If we write Uy = )", ¢n;i¢(2) then in terms of matrices A and B, defined in Section

3, we have

(A — TB)CN = ACNfl + T[F(.Tj, NT)]m

=1

(4.16)
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with the initial condition
Aco = [f(z))]}L,.

We now estimate the difference between Uy and the exact solution u at the time ty.

Theorem IV.2 Let us assume that uy € HO(S™) and ug, f € H**72(S™) and let Uy
be the solution of (4.15). The approximate solution Uy is constructed from shifts of
a spherical basis function ® with ¢(€) ~ (14 X;)™°. Then there are positive constants

C1 and Cy so that we have the following error estimate:

ty
Uy = u(t) o < CLAST(f, w) + Cor / el ds.
0

where

tN N
L(fyue) = [ fllz2e + [l m2o+2 +/ ae(5) | r2e2ds + 7Y [fuag(t) || a2
0

j=1
Proof.

UN — u(tN) = UN — Pu(t]\[) + PU(tN) — U(tN) = QN + YN -
We already know

[Pu(ty) —ultn)lle = [vlle

< O llu(t)] neos

tn
m&<WMww+/ mmmmmmg.
0

IN

Similar to (4.13), we have
5,50]\7(1']‘) — AQN(J,‘]) = —LLJN([L'J'), ViL’j S X, (417)

where

WN = gtPu(tN) — [Xut(tN).
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We can rewrite equation (4.17) as
(1 — TA)HN(SCJ') = (9]\7,1(56]') — TwN(.Tj), ij e X. (418)

In terms of the inner-product (-, -)4 in the reproducing kernel Hilbert space Ng,

<(9N_7—A9N;(I)(xj;'>>q> = <9N71 —TwN,(I)(Z'j,'»(D, Va:'j e X. (419)
Since Vx is spanned by ®(z;,-)’s, j = 1,...,m, this means for every v € Vy,
<9N—TA(9N,’U>¢ = <9N71 _TWN7U>CI>- (420)

By taking v = 6y, we have

<9N — 7AlN, 9N>¢, = <9N—1 — TWnN, 9N>q>

108113 — 7 (A0, On)e = (On—1,0n)p — T (wn,0N)g -
Since (A, 0n) s < 0 (cf. inequality (4.8)), we can conclude

On117 < (On-1,0n)p + 7] (W, On)g |

< Ov-1llellOnlle + Tllwn|lal[On]le-
Simplifying ||@n]||e on both sides, we obtain
[Onlle < [[0n-1lle + T[lwn]e-

By repeated application,

N
10xlle < ll6olle + 7> llwslle-

J=1
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Here, as before,

1ole = xS —=Pflle
< ChX([fllm2e + 1l z20+2)-
Now for every 1 < j < N,
wj = 0Pulty) — dwulty) + (Dpulty) — Ixu(t;))
=! Wj1+ wje.

We note that

tj tj
wip=(P—-Dr"! / uds = 77" / (P — Duyds,
ti_1 tj—1

whence
N
Y lwialle < Zcm/ [t (8) | pr2o+2ds
j=1
tn
= Chg(/ ||Ut($)||H2a+2d8.
0
Further,
u(t;) — u(t;_
Wijp = ) - ) —ug(ty) +ue(ty) — Ixue(t;)
1 [Y
— —;/ (s — tj—1)un(s)ds + us(t;) — Ixue(t;),
ti—1
so that
N N ¢ N
Y lwialle < > / (s = tj—1)uu(s)ds +TZ||Ut(tj)—fXUt(tj)H<b
=1 j=1 ||/ti—1 =1

IN

tn
T/ Hutth>ds+CThUZHut )| 2
0

7=1
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Therefore, by setting C; := C' and noting || - || ~ || - ||z~, we obtain a constant Cy so

that

N N N
Y lwille < 7Y lwille +7 ) llwialle
j=1 j=1 j=1

tN N
< Cihk (/ ||ut(8)||H2o+2ds+TZ||Ut(tj)||H2a>

tN
+CQT/ | uee ()] ods.
0

Thus
|u(T) = Un(T)lle < lwlle +[10n]e
N
< ywlle + l6olle + 7 llwslle
j=1
tn
< CET(f,ug) + Cor / e (s) -,
0
where

tn N
U(f ue) == (| fll 2o + || f[[ 2o +/ ()| sr2rsads +7 D g ()| 2o
0

Jj=1

2.  Crank-Nicolson method

We now turn to the Crank-Nicolson method in which the semi-discrete equation
is discretized in a symmetric fashion around the point ty_1/5 := (N — 1/2)7, which
will produce a second order in time accurate method. More precisely, Uy in Vx can

be defined recursively by

0Un(x;) — A(Un () + Un—1(x;))/2 = F(zj,tn-12), Va; € X, (4.21)
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given that
Up=Ixf.

In matrix form
1 1 m
(A — 57-B)CN =(A+ §TB)CN_1 + T[F(xja tN—1/2>]j:17
given that
Aco = [f ()7L

Theorem IV.3 Let Uy and u be the solutions of (4.21) and (4.1), respectively. We
assume that f,u; € H?*T2(S™) and wy, Auy € HO(S™). The approzimate solution
Uy is constructed from shifts of a spherical basis function ® with QAS(E) ~ (14 X)) °.

Then there are positive constants Cy and Cy, independent of hx, so that the following

holds:
tN
[0 = utt)lo < () + Cor? ([ ol + I8udneds ).
0
where
tN N
U(fiu) = | fllaee + | fllaoes +/ e ()| mr2rsads + 7Y g (tj—1/2) | 20
Proof. Let

UN — U(tN) = UN — PU(tN) + PU(tN) — U(tN) =. ‘9]\[ +’7N
With the above notation we have

10 () — A(On () + On—1(2))/2 = —nw (), Vaj; € X,
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where now

u(ty) +2u(tN_1))

nN = gtPu(tN) - 8tIXu(tN_1/2) + [XA (u(tN_1/2) —

= (P — I)gtu(t]\/) + @tu(tN) — IXut(tN_l/g)) +

IoA (U(tN—l/Q) _u(ty) +2u(tN_1)>

= NN+ NN2 T NN3

Applying arguments similar to (4.19) and (4.20) we arriving at
T
<9N —On-1 — EA(GN + 9N—1)7X><D =—7{(Nv,X)s, YXEVx.

By taking x = On + Ony_1 and note that (A(On + On_1),0n +On_1)g < O (cf. in-

equality (4.11)), we have
10n115 — [10n-1113 < =7 (v, (On + On-1))e < TlInnllo(10n]lo + [[0n-1]lo)-

Simplifying the common factor (||0y]|o +||@n—-1]/e) on both sides of the inequality, we
obtain

1Oxlle < |0v-1lle + T|Inx]e-

After repeated application this yields

N
1O0xllo < 116ollo + 7> (Injalle + [Inj2lle + Injsle)-

j=1

The term ||6y]|o can be estimated as before. For the latter sum, we have

Inialle = (P = 1owul(t))|e

tj
< CT_lhg(/ ||ws || zr2o+2ds.
tji—1

J



Further,

7.2l2

Let

Then, we have

17.3|®

IA

IN

[0vu(t;) — Ixui(ti-1/2)]

[0vu(t;) — u(tj—12)llo + [lue(tj—12) — Ixue(tj—12)l|o

tj,1/2 tj
/ (5 — ;1) ugn(s)ds + / (5 — £;)Puun(s)ds

1
2T

Hue(tj—1y2) — Ixue(tj—1/2)]e

t;
r/ e llods + CHllue(ty—1 o) oo
ti—1

j—

tj—1 ti_1/2

u(ty) + u(ty—1)
2

u(tj—1/2) —
1
2

tj—1 ti_1/2

tj
= Cﬂ/ |Augl|gads, since || - |l ~ || - |-
tj—1

j—

Altogether, with C := C', we have

N

Y Umalle + lnjzlle + lInisle)

j=1

N

tn
< C1h% (/ el g2oseds + 7Y llue(tj—ay2) || e
0

J=1

tn
+0272/0 (st ()| e + || Avee(s)|| 1o ) ds.

- /tf—l/2 (1 — s)un(s)ds + % /tj (s — tj)us(s)ds.

= IxAu(ty1y2) ~ 5 (ults) + u(ty ) e

= |[IxA¢|ls < ||AY|le (see Lemma I1.1)

P

)

7
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Thus

tn
1oxllo+ lwlle < CiRZT(fow) + Cor? ( / ||uttt||Ha+||AuttHHads),
0

where

N

tN
I(fw) = HfHH2o+\|fHH2¢+2+/ e ($) || r2oads + 7 ug(tj-12) |l 2o
0

j=1

C. Numerical experiments on S?

Let us consider the following function

G(z):1—21n<1+\/m>.

We can expand G(z) as a series of Legendre polynomials (cf. [21]):

Pg(z)

Q
O
Il
(]
~
=
4|~

1)
The following PDE describes the heat diffusion process from the north pole onto the

surface of the unit sphere:

Ou(z,t) = Au(z,t), z €52
or(.1) (=) (4.22)

u(r,0) = G(z-p), where p=(0,0,1)T.

Since the initial condition w(z,0) is a zonal function which depends only on the
geodesic distance from any given point on the sphere to the north pole, the solution
u(z,t) also depends only on the geodesic distance to the north pole. Equation (4.22)
is thus reduced to

ou 0 Ju
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subject to the following initial condition:
u(z,0) = G(2), z € [-1,1].

We know that the Legendre polynomials are eigenfunctions of the operator

0
1—
82( - )8,2
Thus, by the method of separation of variables, the exact solution of (4.22) is given

as
L(e+1)t

We can approximate u(z,t) by the truncated series of Legendre polynomials:

L(L+1)t

L
Z 00 +1) Fulz

The error u — uy, is estimated by using the tails of the series

00 o(e+1)t
lu = ur o Pi(2)
ot é +1) .
< Lt /Oo _dv since || Py(2)]|oo = 1, (see [25])
= . zr(z+1)

1
< —L(L+1)T 1 1 i
< e n + I

For time-step 7 = 0.00125, in order to obtain the accuracy of order 10716 it is required
that L > 160.

The spherical basis functions used to construct the approximate solution are
derived from a class of locally supported radial basis functions proposed by Wendland
[48]. These functions ¥ (z) are rotation invariant and thus are functions of |z| only.

So the corresponding convolution kernel ¢ (z —y), z,y € S™, is a function of |x —y| =
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V2 — 2x - y. We may therefore define a function

O(z,y) = d(z-y) =v(x—y), zyes"

Note that ®(z,y) inherits the property of positive definiteness from 1, and 5(5) ~
(14 X)~? for some o > 0 (See [30, Section 4]). For our numerical study, we use the
function ¢ (r) = (1 — )4 (4r + 1).

The set of points which are used in constructing the SBF's is generated according
to an algorithm in [37]. These points are generated uniformly, in the sense that each
point is a center of a cell on the unit sphere of area 47 /m.

The iterative equation (4.16) becomes
([ — TA_lB)CN = CN—1,

with the initial equation

Cy — A_lf|X.

Since A is positive definite and B has non-positive eigenvalues, it can be shown that
all the eigenvalues of the matrix (I — 7A™'B) are in the interval (0, 1] (see Section
D). Hence the numerical algorithm is stable.

Table II shows the numerical errors between the iterated solution Uy obtained

by backward Euler method and w49. Here, N = 1.5/7 and

Ewo(7) := max |Uy — ug|.
zeS?
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Table II. Backward Euler method with different sets of points and time-steps
m hx gx Ex(t=0.01) E.(r=0.005) E,(r=0.0025)

200 .1942 .1130 0.0224 0.0225 0.0225
400 1288 .0731 0.0137 0.0138 0.0139
600 .1122 .0675 0.0088 0.0089 0.0090
800 .0950 .0577 0.0060 0.0061 0.0062
1000 .0849 .0516 0.0044 0.0045 0.0046
1200 .0789 .0476 0.0034 0.0036 0.0036

D. Some supplementary results

Lemma IV.5 (c¢f. [51, Chapter 1, §31]) Let A be a symmetric positive definite matriz
and B be a symmetric positive semi-definite (negative semi-definite). Then all of the

eigenvalues of AB are non-negative (non-positive).

Proof. Since A is symmetric positive definite, there is an invertible matrix P such that
A= PTP. Let C = PBP?, then C and AB have the same set of eigenvalues since
(PTYYABPT = PBPT = C. The matrix C is symmetric since C7 = PBTPT =

PBPT = C since B is symmetric. Now since B is positive semi-definite,
(PTx)"B(PTx) > 0 for all x € R™.
Hence C' is symmetric semi-positive definite. Hence all of the eigenvalues of C' are

non-negative, so are the eigenvalues of the matrix AB. Il

Lemma IV.6 Let A be a symmetric positive definite matriz and B be a symmetric
negative semi-definite. Then for any ¢ > 0, all of the eigenvalues of (I — eA™'B)~!

are in the interval (0, 1].

Proof. Let u be an eigenvalue of I—e A~ B, then 1/ is an eigenvalue of (I—eA~'B) ™.
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It is observed that g = 1 — €§ where § is an eigenvalue of A~'B. By Lemma IV.5,
d <0, and therefore, u € [1,00). Thus, 1/u € (0,1]. O
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CHAPTER V

CONCLUSIONS
In this dissertation we have outlined a framework for approximation of elliptic
and parabolic partial differential equations on spheres. Since the theory is relatively
unexplored, there are many open problems to be worked on and many improvements
of the current results can be made.
For the elliptic partial differential equation —Au + w?u = f, we have shown that
the error estimate u — wuy, where uy, is the approximate solution obtained via finite

element method, is of the following form:
| — up|[ g < CRPFM27Y|u| o, for u e C2(S™).

Numerical experiments using MATLAB have shown that the real rate of convergence

can be higher than the theoretical estimates. The error estimates in other norms such
as L?(S™) and L*(S™) remain unknown.

For the heat equation on the unit sphere,

w(z,t) — Au(z,t) = F(x,t),
u(m, O) = f(CC),
we have worked out only error estimates for the collocation method in the || - || ~

H?(S™) norm. The error estimates in other norms such as L?(S™) and L>(S™) are

unknown.
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APPENDIX A

MATLAB CODE FOR APPROXIMATION OF PDES ON SPHERES

T b
% Compute locally supported spherical basis function according %
% to reference [49] yA
e h
function phi = cmp_sbf0(x,y)

% The locally supported SBF of smoothness order 0

% phi(r) = (1-r)"2_+ where r = sqrt(2-2*x’*y)

% x,y are (3:n) matrices representing n points on the unit sphere
r = real(sqrt(2.-2.*%(x’*y)));

mask = (abs(r) < 1);

phi = mask .*x (1-r).~2;

function phi = cmp_sbf2(x,y)

% The locally supported SBF of smoothness of order 2
% phi(r) = (1-1)"4_+ (4r+1)

r = real(sqrt(2.-2.%x’*y));

mask = (abs(r) < 1);

phi = mask .*(1-r)."4.%(4.%r+1);

function phi = cmp_sbféd(x,y)
% The locally supported SBF of smoothness order 4

% phi(r) = (1-r)"6_+ (35*r"2+18%*r+3)
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r = real(sqrt(2-2*x’*y));
mask = (abs(r) < 1);

phi = mask .* (1-r).76.%(35%r. 2+18%r+3);

function phi = cmp_sbf6(x,y)

% The locally supported SBF of smoothness order 6
% phi(r) = (1-1)78_+ (324r"3+25%r"2+8*r+1)

r = real(sqrt(2-2*x’*y));

mask = (abs(r) < 1);

phi = mask .* (1-r).78.%(32%r. 3+25%r. 2+8*r+1);

function phi = poisson(x,y,z)
% The Poisson kernel
% phi = (1-z"2)/(1+z"2-2z cos(x,y)) "~ (3/2)

phi = real((1-z"2)./(1+z"2-2%zxx’*y) . (3/2));

e %
% Generate various types of set of points on the sphere. yA
e %

function [L,hL,qL] = saffpts(N, n)
% Generate points on the sphere according to an algorithm in
% reference [38]

% [L, hL, gL] = saffpts(N,Z)

yA N

% n

number of points

number of zones
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% Return: L is a (3:n) matrix containing Cartesian coordinates
% of the points; hL is the mesh norm; qL is the separate norm
b
if (nargin < 2)

n = floor(sqrt(pix*N)/2)+1;
end
beta = 4/sqrt(N);

step_theta = (pi-beta)/(n-2);

thetal = [0:step_theta:(n-3)*step_thetal] + beta/2;

theta2

[step_theta:step_theta: (n-2)*step_thetal] + beta/2;
mbar = ones(1,n);

mbar(2:n-1) = N*(cos(thetal)-cos(theta2))/2;

alpha = 0;

for i=1:n

if (mbar(i)-floor(mbar(i)+alpha)<0.5)

m(i) = floor(mbar(i)+alpha);

else

m(i) = floor(mbar(i)+alpha) + 1;
end
alpha = alpha + mbar(i) - m(i);

end

L(:,1) = [0,0,1]7;

cur_index = 2;

q = ones(1,n);

for i=2:n-1

% generate points on one partition
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end
L(:
tmp
q(n
gl
h
% n
h
h =

for

t

(i-3/2)*step_theta + beta/2;

r = sin(t); h = cos(t);
alpha = mod((i-2),2)/2;
s = (2xpix[0:m(i)-1]+alpha)/m(i);
L(:,cur_index:cur_index+m(i)-1) =

[r*cos(s); r*xsin(s); h¥ones(1,m(i))];
% compute the separate norm by taking the geodesic distance
% with the previous level
tmp = L(:,cur_index)’* L(:,cur_index-m(i-1):cur_index-1);
q(i) = min(acos([tmp L(:,cur_index)’*L(:,cur_index+1)]));
% advance one more partition

cur_index = cur_index+m(i);

,cur_index)=[0 0 -1]’;

= L(:,cur_index) ’*L(:,cur_index-m(n-1) :cur_index-1);
) = min(acos(tmp));
= min(q)/2.0;

ow we compute the mesh norm

zeros(1l,n);

i=2:n-1
if (i==2)
t = step_theta/4 + beta/2;
else
t = (i-3/2-1/2)*step_theta + beta/2;
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end

r = sin(t); h = cos(t);

alpha = mod((i-2),2)/2;
midpt = [r*cos((alpha+pi)/m(i)); r*sin((alpha+pi)/m(i)); hl;
htmp = midpt’*L(:,cur_index-m(i-1):cur_index-1);
h(i) = min(acos([htmp midpt’*L(:,cur_index)]));
end
hL = max(h);
et b
yA An example of interpolation on spheres using SBF yA
hm—m T 1)

function [hX,qX,err2,errsup] = interp_saff (num,sbftype)
% [bX,qX,err2,errsup] = interp_saff (num, [SBFtypel])

% Choices for SBFtype

% 1 = SBF of C°0 class 2 = SBF of C™2 class
% 3 = SBF of C"4 class 4 = SBF of C°6 class
% 5 = SBF of Poisson kernel class

% The scattered points are generated based on an algorithm
% in reference [38]
[x,hX,qX] = saffpts(num);
% generate E. Saff’s equi-area points
n = length(x);
tic;
if (nargin<2)
sbftype = 2;

end
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% set up the interpolation matrix
A = zeros(n,n);
switch sbftype

case 1

A = sparse(cmp_sbf0(x,x));

A = sparse(cmp_sbf2(x,x));

A = sparse(cmp_sbf4(x,x));

A = sparse(cmp_sbf6(x,x));
case 5
A = poisson(x,x,0.5);
end
figure(1);

imagesc(A);

% interpolate f = (1-r)~2_+ for r=sqrt(2-2*cos(x,p)),
% where p is the north pole

b = cmp_sbf2(x,[0; 0 ;1]1);

% solve the linear system Ax = b by the conjugate

% gradient method

(¢}

= cgs(A,b,1e-10,2500) ;

clear A;
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num = 100;
figure(2);
[Sx, Sy, Sz] = sphere(num-1);
surf (Sx,Sy,Sz,zeros (num,num) ) ; shading flat;
hold on;
plot3(x(1,:),x(2,:),x(3,:),7%’);
hold off;
mS = sparse(zeros(num*num,n)) ;
switch sbftype
case 1
for i=1:num
mS((i-1)*num+1: (i-1) *num+num, :) =
cmp_sbfO([Sx(i,:);Sy(i,:);Sz(i,:)],x);
end
case 2
for i=1:num
mS((i-1)*num+1: (i-1)*num+num, :) =
cmp_sbf2([Sx(i,:);Sy(i,:);8z(i,:)],x);
end
case 3
for i=1:num
mS ((i-1)*num+1: (i-1)*num+num,:) =
cmp_sbf4 ([Sx(i,:);Sy(i,:);Sz(i,:)],x);
end
case 4

for i=1:num



mS((i-1)*num+1: (i-1)*num+num,:) =
cmp_sbf6([Sx(i,:);Sy(i,:);8z(i,:)],x);
end
case 5
for i=1:num
mS((i-1)*num+1: (i-1)*num+num,:) =
poisson([Sx(i,:);Sy(i,:);Sz(i,:)],x,0.5);
end
end
% calculate the results
sV = mSxc;...
V = zeros(num,num) ;...
for k=1:num
V(k,:) = (sV((k-1)*num+1 :(k-1)*num+num))’;...
end
figure(3);
surf (Sx,Sy,Sz,V) ;...
shading interp;
% calculate the errors
err2 = norm(V-exp(Sx));
errsup = max(max(abs(V-exp(Sx))));
err = zeros (num,num) ;
for k=1:num
err(k,:) =
abs (V(k, :)-cmp_sbf2([0;0;1], [Sx(k,:); Sy(k,:); Sz(k,:)1));

end



figure(4);
surf (Sx, Sy, Sz, err);shading flat;
err?2 = norm(err);

errsup = max(max(err));

toc

= m o %
% Generate the spherical basis functions and its derivatives yA
= m %

function phi = s2cmpsbf2(x,y,scale)

% s2cmpsbf2(x,y) returns the locally supported SBF of smoothness
% order 2 with scaling factor s=’scale’

yA phi = (1-s*r)~4_+ (4x*s*r+1), where r = sqrt(2-2*x’x*y)

% x,y are two (3:n) matrices representing the Cartesian

% co-ordinates of n points on S°2

= real (sqrt(2-2x(x’*y)));

-

mask = scalex*xr<i;

phi = mask .* (1-scale*r).”4 .x (4*xscalexr + 1);

function ans = sLcmp_sbf2(h,s,x,y)

% Lcmp_sbf2(h,x,y) returns [1- h*xd/dt ((1-t"2) d/dt psi(t))]

% where t = cos(x,y), X, y on the unit sphere

% and psi(t) = (1-s*r)~4_+ (4*xsxr+l) for r = sqrt(2-2xt)

% %,y are (3:n) matrices representing n points on the unit sphere
% ans is a (n:n) matrix

t = x7*y;

r = real(sqrt(2-2%t));



mask = (s*r<1.0)&(t>1-0.5/8);
dphi = mask.*10%s~2.*(-1+s*r) . 2. % (7*s.*r.*t-4xt+3%s*r) ;
phi = (s*r<1.0).*x(1-s*r). 4.*%(4xs*xr+l);

ans = phi - h*dphi;

% Solve the following PDE on the sphere by the collocation method %

% - h\Deltau +u-=f v
B /
clear all;

num = 100; 7% for plotting only
N = 400; % dimension of SBF approximation space
h = 0.01; % in 1 - h\Delta
X = saffsph(N);
A = sLcmp_sbf2(h,1,X,X);
t = X(3,:)7;
b = exp(t).*(ones(N,1)-h*(ones(N,1)-t. 2-2%t));
c = cgs(A,b,1e-10,100);
YA
[Sx, Sy, Sz] = sphere(num-1);
surf (Sx,Sy,Sz,zeros (num-1,num-1)); shading flat; hold on;
plot3(X(1,:),X(2,:),X(3,:),’*’);
mS = zeros (num*num,N) ;
for i=1:num
mS ((i-1)*num+1: (i-1)*num+num, :) =

s2cmpsbf2([Sx(i,:); Sy(i,:); Sz(i,:)]1,X,1);
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end
% calculate the results
sV = mSxc;...
V = zeros(num,num) ;...
for k=1:num
V(k,:) = (sV((k-1)*num+1 :(k-1)*num+num))’;...
end
figure;
surf (8x,8y,Sz,V) ;...
shading interp; colorbar;
figure;
surf (Sx, Sy, Sz, abs (exp(Sz)-V)) ;
shading interp; colorbar;
max_err = max(max(abs(exp(Sz)-V)))

L2_err = (norm(exp(Sz)-V))/num

T T T b
% Solve the PDE on the sphere %
% - Delta u + omega™2 u = f y
T T b
clear all;

num = 100; 7% for plotting only

omega = 0.1;

n = 800;
X = saffsph(n);
N = length(X);
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tic
% [Z,W] = gauss_legendre(-1,1,6000); % the quadrature rule
load weights6000;
A = saffA2(n,omega,Z,W); % set up the matrix
[b,al,fl] = vectorb(n,omega,Z,W); % set up vector b
c = cgs(A,b,1e-10,5000) ;
YA
[Sx, Sy, Sz] = sphere(num-1);
surf (Sx,S8y,Sz,zeros (num-1,num-1)); shading flat; hold on;
plot3(X(1,:),X(2,:),X(3,:),7 %) ;
mS = zeros(num*num,N) ;
for i=1:num
mS((i-1)*num+1: (i-1)*num+num,:) =
s2cmpsbf2([Sx(i,:); Sy(i,:); Sz(i,:)],X,1);
end
% calculate the results
sV = mSx*c;...
V = zeros(num,num) ;...
for k=1:num
V(k,:) = (sV((k-1)*num+1 :(k-1)*num+num))’;...
end
figure;
surf (8x,S8y,Sz,V) ;...
shading interp;colorbar;
figure;

surf (Sx,Sy, Sz, abs (exp(Sz)-V)) ;



shading interp; colorbar;

m
L

t
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h
h
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h
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ax_err = max(max(abs(exp(Sz)-V)))
2_err = (norm(exp(Sz)-V))/num

ocC

unction [X,W]=gauss_legendre(x1,x2,n)

return the abscissas and the weights of the Gaussian
quadrature on (x1,x2)

= (n+1)/2;

0.5%(x1+x2);

1

0.5%(x2-x1);
or i=1:m

z = cos(pix(i-0.25)/(n+0.25));

% refine the initial guess by Newton’s method
while (abs(z-z1)>10e-11),

pl =1.0; p2 = 0.0;

for j=1:n
p3 = p2; p2 = pl;
pl = ((2.0%j-1.0)*z*p2-(j-1.0)*p3)/j;

end

pp = nx(z*xpl-p2)/(z*z-1.0);

z1

Z;
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z = z1 - pl/pp;

end

X(1) = xm-x1x*z;

X(n+1-1) = xm+xl*z;

W(i) = 2.0%x1/((1.0-z*z)*pp*pp) ;
W(n+1-i) = W(i);

end

=TT b
% Compute the inner-product using symmetries of the points Y%
ittty b
function [A,nv] = saffA2(n,omega,Z,W)

% A is the matrix with

yA A_ij = inner_prod{(-Delta+tomega”2)phi_i}{phi_j},

pA nv is the number of distinct values

[X,m] = saffsphM(n); % m is number of points on each latitude
N = length(X); % actual number of Saff’s points

nL = length(m); % number of distinct latitudes

maxL= floor(N/2);

% number of Legendre coefficients used in the approximation

A = zeros(N,N);

1Z = length(Z);

phiz = phi2(Z);

al = leg_coeffs(phiz,Z,W,maxL);

% start to compute elements of the matrix A using as many

% symmetries as possible
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[Q,V,nv] = saffV(n);
nv % print out number of nonzeros elements in Q
nv = 1;
myA = phi_ij2(al,omega,V);
A(1,1) = myA(1);
% diagonal elements are the same
for j=2:N
AGG,j) = A(L,1);
end
% the north pole
cur = 2; % current starting point
for i=2:floor(nL/2)+1
% for any latitude on the northern hemisphere
q = X(:,1)’*X(:,cur);
if q <= -0.5
A(1,cur) = 0.0;
else
nv = nv + 1
A(1,cur) = myA(av);
end
A(cur,1) = A(1,cur);
for j=cur+l:cur+m(i)-1
A(1,j) = A(1,cur); A(G,1) = A(1,);
end
cur = cur + m(i);

end
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% the south pole
cur = N-1;
for i=nlL-1:-1:floor(nlL/2)-1
% for any latitude on the southern hemisphere
q = X(:,N)?*X(:,cur);
if q <= -0.5
A(N,cur) = 0.0;
else
nv = nv + 1
A(N,cur) = myA(av);
end
A(cur,N) = A(N,cur);
for j=cur-1:-1:cur-m(i)+1
A(N,j) = A(N,cur); A(j,N) = A(N,j);
end
cur = cur - m(i);
end
% on each latitute which contains m_i points
cur = 2;
for i=2:nlL-1
for step=1:floor(m(i)/2)+1
q = X(:,cur)’*X(:,cur+step);
if q <= -0.5
A(cur,cur+step) = 0.0;
else

nv = nv+1



A(cur,cur+step) = myA(av);

end

A(cur+step,cur) = A(cur,cur+step);

for k=cur+l:cur+m(i)-1
ks = k+step;
if ks > cur+m(i)-1

ks = k+step-m(i);

end
A(k,ks) = A(cur,cur+step);
A(ks,k) = A(k,ks);
end
end

cur = cur + m(i);

end

% now for pairs of points on different latitude

for i=2:N-1

for j=i+1:N-1

if A(i,j) == % has not yet been computed

q = X(:,1)7*X(:,3);
if q > -0.5
nv = nv + 1

A(i,j) = myA(av);

%A(i,j) = phi_iji(al,omega,q);

A(j,1) = A(i,7);
end

end
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end
end
=TT A
% Compute each entry of the matrix yA
Sty b

function pz = phi_ij2(al,omega,t)
% Compute

% int_{S"2} (-Deltatomega”2) phi(x_i . x) phi(x_j . x) dS,

% = 4pi sum_{1=0}"L (1(1+1)+omega~2) a"2_1/(21+1) P_1(t)
% where

YA a_l = (2/21+1)int_{-1}"{1} phi(z) P_1(z)dz

b t o= x_i . x_j

L = length(al)-1;
1t = length(t);

v = zeros(L+1,1t);

pz = zeros(1,1t);
pl = ones(1,1t); p2=zeros(1l,1lt);
for i=1:1t

v(1,i) = omega~2*(al(1))"2;
end
for 1=1:L
% v(1+1) = (1x(1+1)+omega”2)*(al(1+1)) "2*mlegendre(l,t)/(2%1+1);

p3 = p2; p2 = pl;

pl = ((2.0%1-1.0) .%t.*p2 - (1-1.0).%p3)/1;

v(1+1,1:1t) = ((1x(1+1) + omega~2)*(al(l+1))"2/(2x1+1)) .*pl;
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end
for i=1:1t

pz(i) = 4xpixsum(v(:,1));

end
= y
% Compute the geodesic distance using symmetries yA

% Q is the matrix, nv is the number of distinct nonzero values Y%

R %

[X,m] = saffsphM(n); % m is number of points on each latitude

N = length(X); % actual number of Saff’s points
nl = length(m); % number of distinct latitudes

Q = zeros(N,N);

V = zeros(1,floor(N*N/2));

Q(1,1) = X(:,1)7*X(:,1);
nv = 1;
V(1) = Q(1,1);
% diagonal elements are the same
for j=2:N
Q(3,3) = Q1,1
end
% the north pole
cur = 2; % current starting point
for i=2:floor(nL/2)+1
% for any latitude on the northern hemisphere

Q(1l,cur) = X(:,1)’*X(:,cur);
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if Q(1,cur) <= -0.5
Q(1,cur) = 0.0;
else
nv = nv + 1;
V(nv) = Q(1,cur);
end
Q(cur,1) = Q(1,cur);
for j=cur+l:cur+m(i)-1
Q(1,3) = Q(1,cur); Q(,1) = Q1,5);
end
cur = cur + m(i);
end
% the south pole
cur = N-1;
for i=nL-1:-1:floor(nL/2)-1
% for any latitude on the southern hemisphere
Q(N,cur) = X(:,N)’*X(:,cur);
if Q(N,cur) <= -0.5
Q(N,cur) = 0.0;
else
nv = nv + 1;
V(nv) = Q(N,cur);
end
Q(cur,N) = Q(N,cur);
for j=cur-1:-1:cur-m(i)+1

QN,j) = QWN,cur); Q(,N) = QWN,j);
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end
cur = cur - m(i);
end
% on each latitute which contains m_i points
cur = 2;
for i=2:nlL-1
for step=1:floor(m(i)/2)+1
Q(cur,cur+step) = X(:,cur)’*X(:,cur+step);
if Q(cur,cur+step) <= -0.5
Q(cur,cur+step) = 0.0;
else
nv = nv+l;
V(nv) = Q(cur,cur+step);
end
Q(cur+step,cur) = Q(cur,cur+step);
for k=cur+l:cur+m(i)-1
ks = k+step;
if ks > cur+m(i)-1

ks = k+step-m(i);

end
Q(k,ks) = Q(cur,cur+step);
Qks,k) = Q(k,ks);
end
end

cur = cur + m(i);

end
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% now for pairs of points on different latitude
for i=2:N-1
for j=i+1:N-1
if Q(i,j) == % has not yet been computed
q = X(:,1)7*%X(:,3);
if q > -0.5
QE,3) = q;
Q(j,1) = q;
nv = nv+i;
Vinv) = Q(@,3);
end
end
end
end
Y
% heat_cmp(d,tau,nframes)
% solve the heat equation on the unit sphere
P2 u_t - Delta_x u =0
b u(x,0) = £(x)
% time discretization scheme is backward Euler method
% space discretization using SBF based on locally supported kernel,
% the points use to construct the SBFs are Saff’s points
% d number of points, tau is the timestep
% nframes is the number of iterations

[

b
h
h
b



112

function [errsup,err2,exact10] = heat_cmp(d,tau,nframes)

x = saffsph(d);

n = length(x);

% A(i,j) = (I - h Delta) cmp_sbf2(x_i, x_j)

A = zeros(n,n);

A = Lcmp_sbf2(tau,x,x);
B = zeros(n,n);

B = cmp_sbf2(x,x);

% £(x) is the point source, concentrated at the north pole
% b = zeros(n,1);
% b(1) = 1000;

% now f(x) = 1 - 2xIn(1+sqrt(0.5-0.5z));

b =1 - 2xlog(1+sqrt(0.5-0.5%x(3,:)));
b=b;
num = 100;

[Sx, Sy, Sz] = sphere(num-1);
surf (Sx,Sy,Sz) ;
plot3(x(1,:),x(2,:),x(3,:),7*’);
mS = zeros(num*num,n) ;
for i=1:num
mS((i-1)*num+1: (i-1)*num+num,:) = ...
cmp_sbf2([Sx(i,:); Sy(i,:); Sz(i,:)]1,x);

end
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% for the animation
% nframes = 300;

% Mv = moviein(nframes);

% compute the almost exact solution at equal separated points
% on the longtitute ...

h

exactl1l0 = magnus(160, (Sz(:,1))’,[tau:tau:nframes*tau]);
fprintf ’Finish intializing ... Press any key’

hpause;

newplot;

c = cgs(A,b,1e-10,500) ;
% next iteration
hb=v(x_j, t)
errsup = zeros(l,nframes);
err2 = zeros(1l,nframes);
for t=1:nframes,...
b = Bxc;
c = cgs(A,b,1e-10,500) ;...
sV = mS*c;...
V = zeros(num,num) ;...
for k=1:num
Vik,:) = (sV((k-1)*num+1 :(k-1)*num+num))’;...
end

surf (Sx,Sy,Sz,V); shading flat; colorbar;
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Mv(:,t) = getframe;...
% compute the supremum error
errsup(t) = max(abs(exact10(t,:) - (V(:,1))°));
err2(t) = norm(exact10(t,:) - V(:,1)’)/sqrt(sqrt(num));
end
fprintf (’Press any key to see the movie ...’);
pause;
% Show movie 10 times 1 frame/sec
movie (Mv)
plot(errsup);
newplot;
plot(err2);

plot([1:num],V(:,1), [1:num],exactlO(nframes,:));

T h
% Lcmp_sbf2(h,x,y) returns [1- hxd/dt ((1-t"2) d/dt psi(t))] %
% where h is the timestep and t = cos(x,y), x, y on the unit sphere %
% and psi(t) = (1-r)~4_+ (4xr+l1) for r = sqrt(2-2%t) . yA
% x,y can be (3:n) matrices representing n points on the unit spherej,
% if x is (3:n) and y(3:m) then the result is a (n:m) matrix pA
T h
function ans = Lcmp_sbf2(h,x,y)

t = x7*y;

r = real(sqrt(2-2%t));
mask = ((t>=0.5) & (r<1));

ans = mask .* ((1-r). 4 .x(4*xr+1) - h*x10%(r-1). 2. % (7*r.*t—4%t+3*r));
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=T h
% cmpsbf2(x,y) returns the Wendland function of smoothness order 2 7
% phi = (1-r)~4_+ (4xr+l1), where r = sqrt(2-2xcos(x,y)) %
% X,y can be two matrices (3:n) representing the Cartesian yA
% coordinates of n points on S°2 yA
=TT h
function phi = cmpsbf2(x,y)

r = real(sqrt(2-2%(x’*y)));

mask = (r<1);

phi = mask .*x (1-r)."4 .x (4*xr + 1);
=T h
% magnus(N,X,T) %
% according to a formula in [p.168,5] and [21] %
% £7(ell) = 1/ [4pi(2 ell+1)ell(ell + 1)] A
% £(x) = 1-2%1n(1+sqrt(0.5-0.5%x)); %
% y = Gaussian(t) convolutes with f(x) yA
% X is a row vector, T is the time row vector, A
% N is the number of terms in the truncated series A
% return: sum_{ell=0}"{infinity} yA
yA exp(-ell(ell+1)t) [1/ell(ell+1)] P_ell(x) A
e h

function y = magnus(N,X,T)
1X = length(X);

tmp = zeros(N+1,1X);



for ell=1:N+1
sp = legendre(ell-1,X,’sch’);
% take only Legendre of order O
tmp(ell,:) = sp(1,:);

end

L = [1:N];

lenT = length(T);

yt = zeros(lenT,N+1);

for kt=1:1lenT

yt(kt,:) = [0 exp(-L.*(L+1)*T(kt))./(L

end

y = ytxtmp;

H(L+H1))];
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