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ABSTRACT

An approach for self-sensing is proposed for voice-coil actuators that have an invertible, position-
dependent inductance. Actuators with these properties are denoted as position-invertible, variable-
inductance (PIV1) actuators. The self-sensing methodology is based on tracking the inductance of
a PIVI actuator from the oscillation frequency of a modified Pierce oscillator. By extension, the
oscillation frequency provides a measurement of the actuator position without an external position

Sensor.

An electrical model for PIV1 voice-coil actuators is first derived to aid in analysis. Oscillator theory
is then introduced and applied to the analysis of a typical Pierce oscillator. The modified Pierce
oscillator is then introduced and analyzed under the assumption of low-frequency actuator motion
and driving current relative to the oscillation frequency. The effects of parasitic capacitance from
the actuator current source are then discussed along with a mitigation method. A test circuit,
including the modified Pierce oscillator and a transconductance amplifier, is then presented. Due
to time constraints, the modified Pierce oscillator was constructed with a variable inductor rather
than an actual PIVI actuator. This was considered acceptable since the variable inductor mimics a
PIVI actuator operating under the low-frequency assumption. Modifications to the
transconductance amplifier were presented that allowed parasitic impedance to be increased by a

minimum factor of three.

The modified Pierce oscillator circuit was tested under conditions that simulated a powered PIVI
actuator. Results showed the oscillation frequency was an invertible function of the core-insertion

distance of the variable inductor. It was also observed that the oscillation frequency varied less



than 3% in the presence of various disturbance currents through the variable inductor. The tested
conditions simulated a powered PIV1 actuator, so it was considered likely that these two behaviors
would also be observed if the modified Pierce oscillator was used with an actual PIVI actuator.
While these results are not definitive, they suggest that the modified Pierce oscillator could be used
as a self-sensing methodology for PIVI type voice-coil actuators. However, more work will be

needed to verify this behavior with an actual PIVI type voice-coil actuator.
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1. INTRODUCTION

1.1 Overview

In many applications, voice-coil actuators offer a simple and compact solution for linear motion.
The footprint of voice-coil actuators often includes a separate position sensor for feedback control.
The elimination of this position sensor, with the application of a self-sensing methodology, can
help to produce an actuator with a smaller footprint and greater mechanical reliability. A particular
subset of voice-coil actuators is of interest for self-sensing applications. This subset is defined by
two primary requirements. First, the inductance of the actuator must vary with position over a
useful range of the actuator’s motion. Second, the functional relationship between inductance and
position must be strictly monotonic over this range of motion. The result of these two requirements
is that the position of a voice-coil actuator in this subset can be uniquely determined from its
inductance. For both simplicity and consistency, voice-coil actuators within this subset are referred

to as position-invertible, variable-inductance (PIVI) actuators.

The self-sensing methodology being presented is based on the behavior of a Pierce oscillator with
a source of variable-inductance. As is discussed in more detail in Section 3, this class of oscillators
has a useful property in that the fundamental oscillation frequency can be controlled by a single
inductor. If the structure of the Pierce oscillator is slightly modified and the inductor is replaced
with a PIVI type actuator, the fundamental frequency of oscillation will theoretically be dependent

on the position of the actuator.



1.2 Literature Review

Many of the current self-sensing methodologies employed with voice-coil or solenoid actuators
are based on measuring the inductance of the actuator since it is, typically, dependent on the
position of the actuator. There are innumerable ways of measuring the inductance of the actuator
during operation, but a couple are reviewed here. Rahman et al. [1] discussed a method by which
the inductance of a solenoid actuator was estimated from the current rise due to an applied pulse-
width-modulation (PWM) voltage. This estimated inductance was then compared to a lookup table
of the solenoid inductance as a function of current and position. As long as the current through the

actuator was known, the position of the actuator could be estimated every PWM cycle.

Wu and Chen [2] presented a solenoid valve actuator which was modified by the addition of an
external capacitor. An excitation signal, near the expected natural frequency of the LC circuit, was
injected during operation. Assuming the external capacitance remained constant, the inductance
was estimated by measuring the phase angle of the capacitor voltage compared to the input voltage.
This estimated inductance was then compared to a position-calibration table for the actuator.
Measurement during powered operation was achieved by using two of these solenoids and

delegating position estimation to the unpowered solenoid.

Moore and Moheimani [3] described a very similar methodology to the one presented in this thesis,
but applied to a micro-electro-mechanical systems (MEMS) comb actuator. The comb actuator
was placed within the resonant circuit of a Pierce oscillator. Because the capacitance of the comb
actuator is position-dependent, the fundamental oscillation frequency of the Pierce oscillator was

dependent on position. Therefore, the position of the actuator could be estimated from the



fundamental oscillation frequency. This methodology is not entirely comparable with the
methodology presented in this thesis since their actuator is capacitive and operates on an entirely
different scale. This allows the oscillator to work in the MHz frequency range, and also allows the
use of a voltage source to power the actuator. However, the range of motion and force output are
necessarily limited by the size of the actuator. By comparison, the modified Pierce oscillator
presented in this thesis is applied to inductive, voice-coil actuators that operate on a much larger
scale. While both the force output and range of motion are larger in these types of actuators, the
modified Pierce oscillator can only operate in the kHz frequency range due to core losses. A current
source, in the form of a transconductance amplifier with modifications for parasitic capacitance
mitigation, is also required to ensure the oscillator is not affected by the impedance of the actuator

power source.

1.3 Contributions of this Thesis

The primary contribution of this thesis is the development of a potential methodology for precision
position self-sensing in voice-coil actuators. Self-sensing is achieved by placing a voice-coil
actuator within the resonant feedback path of a modified Pierce oscillator. The inductance of the
actuator is directly related to the position of the actuator and controls the oscillation frequency of
the modified Pierce oscillator. Therefore, the oscillation frequency can be used to determine the

actuator position.

A secondary contribution of this thesis is the development of a parasitic capacitance compensation
methodology for the transconductance amplifier used in this research. Passive compensation
components are placed between the isolated ground connections of the push-pull stages and allow

the output impedance of the amplifier to be increased in certain frequency-bands. This

3



methodology can be adapted for use in typical transconductance amplifiers by placing the

compensation components in series with the output.



2. ELECTRICAL MODEL FOR PIVI VOICE-COIL ACTUATORS

2.1 Section Overview

Since the position of PIVI actuators can theoretically be determined from the inductance, it is
possible to develop a self-sensing methodology based on measuring the inductance during
operation. However, before a methodology can be considered, a representative electrical model is
needed for PIVI actuators. To this end, an example actuator is analyzed. The resulting electrical

model is then generalized for PIV1 actuators.

2.2 Planar E-Core Actuator

A planar E-core voice-coil actuator, shown in Figure 2.1, is analyzed to find a representative

electrical model for PIV1 actuators. Note that the actuator has depth d into the page.

|
Permanent Magnets -

Windings

Figure 2.1: Diagram of a planar E-core actuator.



The core, shown in green, has permeability u.. The core has a gap on both sides of the center with
length L and thickness g,, + g,. The windings, shown in red, have N evenly distributed turns
that fit within the gap. Note that both the gap and windings have the same length L. An excitation
current I flows through the windings. The windings can only move relative to the core along the
horizontal axis of the diagram. This relative displacement is referred to as the actuator position
and is denoted by x. The permanent magnets, shown in blue, have a magnetization intensity of M
and permeability u,,. The space surrounding the actuator is assumed to have the permeability of

free space p,.

2.2.1 Magnetogquasistatic Approximations

Several assumptions are made in the analysis of this actuator. Primary among these are the
magnetoquasistatic (MQS) approximations [4]. First, it is assumed that the electric fields in the
actuator are negligible, and that the magnetic fields in the actuator are significant. For this actuator,
there are no significant sources of charge or electric field, and the magnetic fields produced by the
permanent magnets and windings are significant. Therefore, the electric fields are ignored, and

only the magnetic fields are modeled in the analysis.

Second, it is assumed that the product of the operating frequency and characteristic length of the
actuator is much smaller than the speed of light [4]

wlL, K ¢ (2.1)

where w is the operating frequency of the actuator in rad/s, L. is the characteristic length of the
actuator in meters, and c is the speed of light in m/s. If the condition of (2.1) is met, then

propagation effects can be ignored. For this actuator, if a maximum operating frequency of 100



kHz (628x102 rad/s) and maximum characteristic length of 10 cm are assumed, then the resulting
product is 62.8x10% m/s. This is much less than the speed of light, so the quasistatic approximation

is valid.

The MQS approximations result in the quasistatic form of Maxwell’s equations for magnetic fields

with an added continuity constraint [4]

jEH-dz=f1-da=1net (2.2)
C S
3€B-da=0 (2.3)
S
jE]-dazO (2.4)

where (2.2) is the static form of Ampere’s law, and (2.3) is Gauss’s law for magnetic fields.
Equation (2.4) requires zero current flux through the surface of a closed volume. This eliminates
the possibility of charge collection within the system and therefore violation of the MQS
approximations. The flux density in (2.3) is defined by (2.5)

B = ppmq(H+ M) (2.5)

where w4 1S the magnetic permeability of the material, H is the magnetic field intensity, and M

is the magnetization of the material.

2.2.2 Additional Assumptions

In addition to the MQS approximations, several other simplifying assumptions are made in this

analysis. The first major assumption is that the core material has an infinite magnetic permeability



compared to vacuum. For materials like ferrite and silicon steel, the relative permeability can be
as much as 5,000, so this assumption is not entirely unrealistic. If the material is magnetically soft,
as is typically the case with highly permeable materials, the magnetization of the material can be
assumed to be negligible. This results in (2.5) simplifying to

B = UmqcH. (2.6)

In the limit of infinite permeability, (2.6) requires that the magnetic field intensity go to zero in
order for the flux density to be finite. Therefore, because the permeability of the core is assumed

to be effectively infinite, the magnetic field intensity inside the core is assumed to be zero.

This infinite permeability leads to several underlying assumptions that must be addressed. Primary
among these is that the core does not saturate. If core saturation does occur, then the permeability
can decrease significantly, and the resulting field intensity inside the core can be non-negligible.
In addition to this, the behavior of the core is assumed to be both frequency-invariant and lossless.
If either of these conditions are violated, it would mean a non-negligible field intensity exists

within the core.

The second major assumption is that the depth d and distance L are much larger than the gap
formed by g, and g,,. If this is the case, the magnetic fields within the gap will be much stronger
than the fringing fields at the edges of the core. Therefore, it is assumed that the magnetic fields

are concentrated within the gap, and that the fringing fields are negligible.

The last major assumption is that the actuator position, x, is always much smaller than L. The

result of this assumption is that the majority of the windings are always concentrated within the



gap. Consequently, these windings will be the most significant contributor to the magnetic field
within the gap and, by extension, both the inductance and force output of the actuator. In contrast,
the windings outside of the gap will not contribute as significantly to the actuator’s characteristic
since the magnetic fields produced by these windings are not as concentrated. Additionally,
modeling the magnetic field outside of the core gap is not a trivial process due to the lack of a
well-defined flux path. Therefore, so long as x « L, the modelling is simplified by assuming that

the windings outside of the core gap have a negligible effect on the characteristics of the actuator.

2.2.3 Magnetic Analysis

An Ampere loop is defined through the actuator core, permanent magnet, and air gap as shown in
Figure 2.2. The left vertical leg of the Ampere loop exists at a horizontal distance x” from the left

end of the core. The remaining legs of the loop reside along the center of the core.

Figure 2.2: Depiction of the Ampere loop through the core.
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Three magnetic field intensities are defined around the loop. H, is the field intensity inside the air
gap, H, is the field intensity inside the permanent magnet, and H, is the field intensity inside the
core. H; and H, are assumed to be constant over their respective vertical distances, and H, is
assumed to be constant over a mean core length L,,.. Applying the static form of Ampere’s law in

(2.2) results in (2.7).

_‘Jg H-dl=H(x,x")gq + Hy(x,x)gm + HcLpme = Let (2.7)
c

The field inside the core is assumed to be zero from the infinite permeability assumption, so (2.7)
simplifies to (2.8).

Hl(x: xl)ga + H, (X, x’)gm = Inet (28)

In order to define I,,,;, the number of windings enclosed by the loop must be known as a function
of x and x’. This winding function is defined in (2.9).
Nr
NGox) =0T (L-x)—x"); 0<x'< (L—x) 2.9)
0; (L-x)<x'<L
where Ny is the total number of tuns in the solenoid. Note that the winding function ignores the
windings outside of the core gap due to the implications of the assumption that x <« L: It is
assumed that the windings outside of the core gap have a negligible effect on the behavior of the
actuator. I,,.; is now redefined in (2.8) as
Hy(x,x)gq + Hy(x,x")gm = N(x,x")I. (2.10)

Gauss’s law is now applied to the volume enclosed by the air gap.

L

L
ng ~da = —,uodf Hy(x,x")dx" + umdf (Hy(x,x") = M)dx' =0 (2.11)
0 0

10



Simplifying (2.11) results in (2.12).

Mo

mJ0

Hl(x x")dx' —f (Hy(x,x") — M)dx'.

The integrands cancel on both sides of (2.12). Solving for H,(x, x") results in

H,(x,x") = &Hl(x,x’) + M.

m

Substituting (2.13) into (2.10) and solving for H, (x, x") yields

N(x,x) — gmM

ga + ‘llj_::lgm

Hy(x,x") =

The flux linkage is defined as

Alx, 1) = fNB-da = ,uodi(x,x’)Hl(x,x’)dx’.
5

Substituting (2.14) into (2.15) yields (2.16).

L

d
A0 1) = —2

Substituting (2.9) into (2.16) results in (2.17).

)l(x,1)=g_ajg_m (j ((L—x)—x)dx + fO dx’

Ho HUm L—x

gmMNT

f ((L—x)—x)dx + f

0 L

11

— e IfNZ(x,x’)dx’ —gmeN(x,x’)dx’

0- dx’)
X

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)



Integrating (2.17) yields (2.18).

Nrd Nzl 1
Alx, D) = U T ((L —x)%x' = (L—x)x"? + —x’3>
I (@ + g_m) L 3
Ho HUm
(2.18)
— gmM (L—x)x’—lx’2 |L—x
mn 2 0
Simplifying (2.18) results in the final equation for the flux linkage
_ Npd Ny . gmM 2)
A1) = (3R -0 -2 -02). (2.19)

Ya , Im

L Ja Jmn
(.Uo * .um)
The terminal voltage is now found by taking the derivative of the flux linkage with respect to time.
_dA(x, D) Npd

dt (92, 9m
L(.u0+,um

Ny o .
) (3_L (3(L — x)21(—x) + (L — x)%])
(2.20)
mM .
- gT (2(L - x)(—x)))

Collecting the like terms of (2.20) results in

Nyd (N . N 27) 4
VZW(B%(L—@W+(gmM(L—x)—TT(L—X) I)x)- (2.21)

Two new terms are now defined from (2.21)

NZd(L — x)3
32 (& + g_m) (2.22)
Ho Um

Ly(x) 2

Nrd(L — x) _Np o
L (G + n) (gt =T @ =01 (2.23)

K.(x, 1) =

where (2.22) defines the inductance of the actuator, and (2.23) defines the back emf of the actuator.

12



It is clear from (2.22) that the E-core actuator has a position-dependent inductance that is strictly
monotonic over the range of actuator motion. Therefore, the E-core actuator meets the PIVI
actuator requirements. If the winding resistance is included, then the full electrical model of this
actuator can be written as

V(x,%,1,1) = RI + Lo (x)I + K, (x, Dx. (2.24)

While (2.22) and (2.23) are specific to the E-core design, (2.24) can be more generally applied to
PIVI actuators. That is to say, the terminal voltage of a PIVI actuator can typically be modelled by
the series combination of a winding resistance, position-varying inductance, and back emf voltage

source.

2.2.4 Challenges for Self-Sensing

Equation (2.24) clearly shows that the terminal voltage of PIVI actuators is not purely described
by a variable-inductance. Indeed, both the series winding resistance and back emf affect the
terminal voltage. While the effect of the series winding resistance can typically be accounted for
or neglected, the back emf can dominate the terminal voltage if the motion of the actuator is fast
enough. A further complication arises when the power source for the actuator is considered. Both
the impedance and signal output of the power source can affect the ability to measure the
inductance. Therefore, a potential self-sensing method needs to measure the inductance while
rejecting the effects of both the back emf and the power source used to drive the actuator. The
following section discusses the theoretical background for a modified Pierce oscillator that meets

these requirements under certain constraints.
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3. ANALYSIS OF A MODIFIED PIERCE OSCILLATOR FOR SELF-SENSING

3.1 Section Overview

As was discussed in the previous section, the strictly monotonic inductance of PIVI actuators
makes it theoretically possible to uniquely determine an actuator’s position by measuring its
inductance. In this section, a modified Pierce oscillator is discussed that can be used for self-
sensing with PIVI1 actuators. The modifications in this circuit allow the effects of the back emf and
a power source to be ignored under certain operating constraints. The result is an oscillator with a

fundamental frequency that depends on the inductance of a PIVI actuator.

Before the modified Pierce oscillator is considered, an overview of oscillator fundamentals is
presented to aid in the analysis. These fundamentals then are applied to the analysis of a typical
Pierce oscillator to show the benefits of this topology. The modified Pierce oscillator is then
discussed and analyzed to show how it can be used for self-sensing. The effect and mitigation of

parasitic capacitance in the modified Pierce oscillator is then discussed.

3.2 Oscillator Fundamentals

A generic oscillator feedback loop is shown in Figure 3.1 [5]. A(jw) is the amplifier voltage gain,
and B(jw) is the feedback gain that describes the transfer function of the feedback network. The
closed-loop transfer function for this positive feedback loop is defined by (3.1).

Vo A(jw)
V, 1-A(w)B(w)

(3.1)

Where the term A(jw)B(jw) is commonly known as the loop gain. For oscillation to occur, the

closed-loop system must have a nonzero output signal with zero input signal.

14



A(jw)

B(jw) ]

Figure 3.1: A generic oscillator feedback loop.

Consequently, if V; = 0, it follows that the denominator must be zero for a finite V, to exist. For
this condition to be met, the loop gain must be unity. This condition is known as the Barkhausen
criterion and is summarized in (3.2) [5].

AGw)B(jw) = 1 (3.2)

Separating (3.2) into real and imaginary parts results in the rectangular form of the Barkhausen

criterion. Equations (3.3) and (3.4) summarize this relationship.

Re(A(jw)B(jw)) =1 (3.3
Im(A(jw)B(jw)) =0 (3.4)

For illustrative purposes, the amplifier voltage gain is assumed to be a real constant. This condition
is typical of an amplifier working well below its maximum output voltage and bandwidth
limitations [5].

A(jw) = Ay, (3.5

The feedback gain is now described as the sum of its real and imaginary parts

B(jw) = B;(w) + jB;(w). (3.6)

15



Substituting (3.5) and (3.6) into (3.3) and (3.4) results in:

3.7)

Equation (3.7) is known as the gain condition [5]. It describes the gain required for the closed-loop
system to oscillate, though it does not predict the stability of the oscillation. A separate stability
test will be required to determine if the closed-loop system will sustain oscillation for a given
amplifier gain. Typically, the amplifier gain will need to be larger than the gain condition in order
for oscillation to be self-starting. This means that the gain will need to be adjusted between starting
and sustaining oscillation in order to avoid saturating behavior in the amplifier [5]. Automatic gain

control can be used to shift the gain dynamically, though it is not pursued here.

Equation (3.8) is known as the frequency of oscillation condition [5]. It predicts the frequency
when the phase shift around the closed-loop is 0° or a multiple of 360°. Since the system poles
cannot be precisely placed on the imaginary axis, the frequency of oscillation will tend to vary as
the poles shift. This will cause the output of the oscillator to have a narrow spectrum of frequencies
centered around the fundamental frequency. The frequency of oscillation condition can be used to

estimate this fundamental frequency.

3.3 Analysis of a Typical Pierce Oscillator

The Barkhausen criterion is now applied to the analysis of a typical Pierce oscillator. Figure 3.2
shows a typical Pierce oscillator based on an op amp [5]. In this circuit, the feedback network of

an inverting amplifier is modified by a capacitive voltage divider and inductor.
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R1

La

Figure 3.2: Circuit diagram of a typical Pierce oscillator.

If the op amp is well within its operating limits, then the inverting amplifier can be replaced with

a voltage-controlled voltage source model [5]. This modification is shown in Figure 3.3.

Ro
+
vf [Rf Avo*Vf
Vo 4
| | 11
1 1
C1
ALALALS
La

Figure 3.3: Depiction of a typical Pierce oscillator circuit using a voltage-controlled voltage
source model for the op amp.
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The amplifier gain from Figure 3.3 is defined by (3.9).

Apo £ — 7 (3-9)

For convenience, the circuit in Figure 3.3 is rearranged in Figure 3.4.

La
RO _._fYYY\_‘
+ +
Avo*Vf Vo——c2 ——C1 | |Rf

% @ @

Figure 3.4: Rearranged circuit from Figure 3.3.

The impedance of Ry is typically much greater than the impedance of C;. Therefore, Ry is treated
as an open circuit and excluded from the analysis [5]. Assuming Ry and C; are directly in parallel,

Vr is redefined as the voltage across C;.

3.3.1 Barkhausen Criterion

The feedback gain is found by analyzing the circuit elements on the right side of C, [5]. These
elements are shown in the circuit in Figure 3.5. The feedback gain of the circuit in Figure 3.5 is

defined by (3.10) [5].

. Ve
B(w) & (3.10)

(o]
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Vo Vi —_—C1

Figure 3.5: Feedback gain elements from Figure 3.4.

The current output from voltage source V, is found by applying Ohm’s law for reactive circuits:

I = Yo 3.11
=7 (311)
where the total impedance of the leg is defined by (3.12).
Zr 27, + Zc, (3.12)
The voltage across C; is found by substituting (3.11) into Ohm’s law for C;.
V,Z
Ve, =12, = = (3.13)
Zr

Since the voltage across C; is equivalent to V., the feedback gain is found by substituting (3.13)

into (3.10).
Vi VoZe, Ze,
W)= —=——21=_1 3.14
B(jw) AR A (3.14)
The amplifier voltage gain for the circuit in Figure 3.4 is defined by (3.15) [5].
|74
A(jw) £ = (3.15)
Vr
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The amplifier output current is found through application of Ohm’s law for reactive circuits.

= AyoVy (3.16)
° R, +Zg

Where the total feedback network impedance is defined by (3.17).

ZrZ,
Tpa— 2 .
5T+ 2, (3.17)

The output voltage V, is found by substituting (3.16) into Ohm’s law for the total feedback
network.
AwViZy | AV

1,725 = =
04“B Ro +ZB &4_ 1 (318)
Zp

Vo

Substituting (3.17) into (3.18) results in:

Ro(Zr + Z¢,) N (3.19)

Rearranging (3.19) results in the amplifier voltage gain. Note that (3.20) collapses to A, if the
output impedance R, is ideally zero.

AUOZTZCZ

A(jw) = 3.20
Ro(Zr + Z¢,) + Z1 Z, (3:20)
The loop gain is found by multiplying (3.14) and (3.20).
ApoZc. Z
A(jw)B(jw) = Al (3.21)

R,(Zr+Z¢) + Zr Z,

It is worth pointing out that the structure of (3.21) will not change if elements are added in series
with the inductor. This means that (3.21) can be adapted for use on modified versions of this

oscillator, so long as only the impedance Z; changes. The impedance of each circuit element is
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now defined as a function of reactance:

Zc, £ JjXc, (3.22)
ZLA éj)(LA (324)

Substituting (3.22)—(3.24) into (3.12) and (3.21) results in (3.25).

ApojiXc. X
AG)B(o) = — ol 6o (3.25)
RO](XLA +XC1 +XC2) +_] (XLA +XC1)XC2
Simplification of (3.25) results in (3.26).
AyoXc, Xc
A(w)B(jw) = — 3.26
(XL, +Xc)Xc, — jRo(Xp, + Xc, + Xc,) (3:26)
The loop gain is separated into its real and imaginary parts.
D = (X, +X¢ )Xc, + jRo(Xy, + Xc, + Xc,) (3.27)
A, X X D
A(jw)B(jw) = e X = (3.28)
(X, +Xc,)Xc, — jRo (X, + Xc, +Xc,) D
Simplification of (3.28) results in the loop gain as a sum of its real and imaginary parts.
AvoXe, Xc, ((Xp, + Xc, )X, +jRo(Xy, + Xc, + X¢,)
A(]a))B(]a)) _ vo“ily 2( A 1 2 o A 1 2 ) (329)

2 2
(o, + Xe)Xe,) + (Ro(Xu, + Xe, + Xc,))
The imaginary part of (3.29) is set to zero to find the frequency of oscillation condition. This is
shown in (3.30).

AVOXC1XC2 (RO (XLA + XC1 + Xcz))

((xo, + Xcl)XCZ)Z + (Ro(Xp, + Xc, + XCZ))Z

Im(A(jw)B(jw)) = =0 (3.30)
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Rearranging (3.30) results in

XLA + XCl +XC2 = 0 (331)

The reactances of the circuit elements are now defined as:

X, 2 wly (3.32)
-1

Xe, = oC, (3.33)
-1

Xc, & oC (3.34)

Substituting (3.32)—(3.34) into (3.31) results in (3.35).

1 1
Ly=—+— .
wli= e+ oo (3.35)

Equation (3.35) is rearranged to solve for the frequency of oscillation condition.

W |GTC (3.36)
LiC.Cy

An important feature of this oscillator is illustrated in (3.36). That is to say, the fundamental

frequency of this oscillator can be changed by varying the inductance of a single inductor.
Additionally, assuming the output of (3.36) is always positive, (3.36) is a strictly monotonic
function of L,. The result of this is that the inductance can be uniquely determined from the
fundamental frequency of the oscillator. This is the primary reason why a modified version of this

oscillator is discussed for self-sensing.
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The real part of (3.29) is set to unity to find the gain condition.

AvoXC1XCz ((XLA + XC1)XC2)

=1
((xo, + Xcl)XCZ)Z + (Ro(Xp, + Xc, + XCZ))Z

Re(A(jw)B(jw)) =

Rearranging (3.37) and Substituting (3.31) results in

AvoXC1XCZ = ((XLA + XC1)XC2)'

Rearranging (3.38) results in

AUOXC1 = XLA + Xcl.

Equation (3.31) can be rewritten as

XL = _Xcl _XCZ'

A

Substituting (3.40) into (3.39) results in

AUOXC1 = _XC .

2

Substituting (3.9), (3.33), and (3.34) results in the gain condition.

R, G
R, G

3.3.2 Stability Analysis

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)

If the transient response of the op amp can be ignored, then the state space dynamics of the typical

Pierce oscillator are described by (3.43).

) 0 1 0
VCl _1 O 1 VCl
X=FX= Vcl =|LaCy LsCy VC1

Ve

2

R,C, C, R,C,
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The characteristic equation for this system is defined by

P(s) £ det(sl — F). (3.44)

Substituting (3.43) into (3.44) results in (3.45).
1 C1+C2> (1—A,,O>
2
ROCZ) st (LAC162 ST\R.LGG, (3.45)

Two factors are defined for convenience.

P(s) =s3+(

C; +C
2 a 1 2
wr = L,C.C, (3.46)
T2 R,C, (3.47)
The characteristic equation is now rewritten by substituting (3.46) and (3.47) into (3.45).
1 1-A4
— 3 ) ) 2 vo
P(s) =5+ (T)s + (a)f)s +< L. ) (3.48)

The roots of (3.48) represent the eigenvalues of this autonomous system. Instead of finding the
roots directly, the stability of the system is analyzed with the Routh-Hurwitz stability criterion [6].

Equation (3.49) shows the completed Routh array for this system

s3 1 wf
L1 1-4,,
ST LG (3.49)
s by 0
1 b, 0

where b, is defined by (3.50) and b, is defined by (3.51).

(3.50)

+A
C

~O(E) @ @) 1 g
by 1 =LA61( ”")
T
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1 1-4,,
b s () O+ (S o _ 1 (1 — Am> (3.51)
2= by L,C;\ R,C,

The first column of the Routh array must have all positive elements for the system to be stable [6].

Since t is positive by definition, only the inequalities in (3.52) and (3.53) need to be satisfied for

stability.
! (Cl +4 ) >0 352
LAcl CZ vo ( . )
1 /1-— Aw)
L,Cy ( R,C, >0 (353)
Equations (3.52) and (3.53) simplify to:
Ci Ry
—>— .
., R, (3.54)
R,
1+—>0 (3.55)
Ry

The left-hand side of (3.55) is greater than zero by definition. Therefore, the deciding factor for
stability of the closed-loop system is (3.54). Since self-sustained oscillation is the desired behavior
of the oscillator, the inverse of (3.54) can be used as a design requirement for the oscillator. This
is combined with the gain condition in (3.42) to yield the gain design constraint for this oscillator.

R LG

2 (3.56)

3.4 Modified Pierce Oscillator

The Barkhausen criterion is now applied to the modified Pierce oscillator shown in Figure 3.6. The

fixed inductor in the typical Pierce oscillator is replaced with the electrical model of a PIV1 voice-
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coil actuator. A current source, I4, is added to simulate a power source for driving the actuator.
Capacitors Cp, and C,, are added to DC isolate the op amp from both the actuator and current

source.

551
l R2
= 2
R1 - .
1
c1 c2
| | | |
il || 7
Y —— Cbd
Ke*dx/dt La
[ Ra ©_\b\§_.

I_A

Figure 3.6: Circuit diagram of a modified Pierce oscillator.

3.4.1 Simplifying Assumptions

Two main assumptions are made to simplify the analysis of the modified Pierce oscillator. First,
the maximum operating frequency of the actuator and current source, Fy pax, 1S assumed to be
much lower than the lowest fundamental frequency of the oscillator F, ;. In other words, the
motion of the actuator is slow enough that the back emf can be treated as DC on the time scale of

the oscillator’s lowest fundamental frequency. The same also goes for the current source. That is
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to say, the current output is at a low enough frequency to be considered DC on the time scale of
the oscillator’s lowest fundamental frequency. Due to the impedance of capacitors Cp; and Cps,
the low-frequency back emf and current source signals will be attenuated relative to the oscillator
feedback signal. Therefore, the back emf and the signal output of the current source can be ignored
in this analysis. The result of this assumption is that the frequency-bands of the actuator and
oscillator are separated by a buffer band. The size of this buffer band, shown in Figure 3.7, is

chosen to ensure that the low-frequency assumption is valid.

Actuator Band Buffer Band Oscillator Band

FA Min FA Max FO Min I:O Max

Figure 3.7: Depiction of the actuator and oscillator frequency-bands. Frequencies Fj yq, and
F, win are chosen such that the buffer band sufficiently separates the two frequency-bands. This
separation ensures that the impedances of capacitors C,; and C,, are much higher at F, 4, than

at FO Min-

Second, the impedance of the current source is assumed to be practically infinite. So, it is assumed
to be an open circuit and is removed from the model. The validity of this assumption will be
revisited when parasitic capacitance from the current source is considered. The result of these two
assumptions is that, in this modified circuit, the PIVI1 actuator behaves as a variable inductor with

series winding resistance. This is shown in Figure 3.8.
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—— Cb2 —— (b1

Figure 3.8: Simplified circuit model of the modified Pierce oscillator.

3.4.2 Barkhausen Criterion

The circuit in Figure 3.8 is modeled in the same manner as the typical Pierce oscillator by replacing
the op amp with a voltage-controlled voltage source. The updated circuit model is shown in Figure
3.9. Note that, again, the input impedance is assumed to be very large, so it is neglected in this

analysis. The amplifier gain was defined previously in (3.9). Repeated here for convenience:

Ay 2 —2 (3.9)

If the circuit in Figure 3.9 is compared with the circuit in Figure 3.4, it can be seen that the modified

Pierce oscillator circuit only differs by the elements in series with the inductor.
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Cb1 La Cb2

Avo*Vf <J_r> Vo —— 2 Vi —c1

Figure 3.9: Updated circuit model of the modified Pierce oscillator. The op amp is replaced with
a voltage-controlled voltage source model, and the circuit diagram is rearranged for clarity.

Therefore, the loop gain of the typical Pierce oscillator can be reused for the modified Pierce
oscillator. Equation (3.21) is repeated here for convenience.

AUOZC]_ZCZ
R,(Zr +Z¢) + 21 Z,

A(jw)B(jw) = (3.21)

Zr 1s redefined for the modified circuit. In the same manner as before, it is defined as the total
impedance for the right half of the feedback network:

Zp &7y, + Zc, + Ze,, + Ze,, (3.57)

The impedance of each circuit element is now defined as a function of reactance and resistance.

Z,, 2 Ry +jXy, (3.58)
Ze, 2 jXe, (3.59)
Zc, = jXc, (3.60)

Zc,, = jXc,, (3.61)
Zc,, = jXc,, (3.62)
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Substituting (3.57)—(3.62) into (3.21) results in (3.63).

jzAvoXC1XC2 (363)
RO(RA+j(XLA +Xc, X, +ch1+ch2))+<RA+j(XLA+XC1 +ch1+ch2))J'Xc2

A(jw)B(jw) = G, =

The term G, is now defined as the loop gain and (3.63) is separated into its real and imaginary

components.

~AvoXcy X, <(R0RA—(XLA+XC1 +Xc,, +XCb2)XC2)—j(RAXCZ +Ro (XL, +Xcy+Xcy+X ey, +ch2))>

(3.64)

GL 2 2
(RORA—(XLA+X¢31+X(;b1+XCb2)X(;2) +(RAXCZ+RO (XLA+XC1 +Xc, +ch1+XCb2))

The imaginary part of (3.64) is set to zero to solve for the frequency of oscillation condition.

AyoXciXc, (RAX02+RO(XLA+XC1 +Xc, +XCb1+XCb2)>

Im(G,) = ;=0 (3.65)

2
RORA—(XLA+XC1+XCb1+ch2)Xcz) +(RAXC2 +R, (XLA+XC1 +Xc, +ch1+ch2))

Simplifying (3.65) results in

RaXc, + Ro(Xy, + Xc, + X, + Xc,, +Xc,,) = 0. (3.66)

The reactances of the circuit elements are now defined as:

XLA = wLA (367)
-1

Xe, = oC, (3.68)
!

Xc, & oC (3.69)
. -1

Xy = C (3.70)
-1

Xy, = e (3.71)
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Substituting (3.67)—(3.71) into (3.66) results in (3.72).

R 1,1 1 1 1
——A+R0 wLA——(—+—+—+—) =0 (3.72)
w\C; C; Cpy Cpy

Solving (3.72) for the frequency yields (3.73).

w=\/ Ra 1 (3.73)

RoLsCy  LaCr

where the total capacitance is defined by (3.74).

(3.74)

. <1 1 1 1 )‘1 _ C1C5Cp1Chy
C1C;Cpy + C1C5Ch5 + C1Cyq Cpp + C3Ch1 Gy

Equation (3.73) shows that this modified circuit behaves in a similar manner to the typical Pierce
oscillator. That is to say, the fundamental frequency of the modified circuit can be changed by
varying the inductance of a single inductor. Additionally, assuming the output of (3.73) is always
positive, (3.73) is a strictly monotonic function of L,. However, in this case, a PIV1 actuator serves
as the inductor in the circuit. Therefore, since the inductance of a PIVI actuator is defined to be a
strictly monotonic function of the position, the fundamental frequency of the modified circuit is
also a strictly monotonic function of the position. The result of this is that the position of the
actuator can be uniquely determined from the fundamental frequency of this modified Pierce

oscillator.

The real part of (3.64) is set to unity to solve for the gain condition.

—AvoXciXcy (RORA_(XLA+XC1 +XCb1+XCb2)XC2)

Re(G,) = z=1 (3.75)

2
(R,,RA—(XLA +X(;1+ch1+X(;b2)) +(RAX(;2+RO (XLA+XC1 +Xc, +ch1+ch2)>
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Substituting (3.66) into (3.75) results in (3.76).

AUOXC1XC2 ES _RORA + (XLA + XC1 + XCbl +ch2)XC2 (376)

Rearranging and substituting (3.67)—(3.71) into (3.76) results in

Ay = 2R, R,4C,C C L 1(1+1+1) (3.77)
vo — W Rohpl10y wWlq | WLy a)Cl Cbl Cbz. '
Rearranging (3.77) results in
1 1 1
AUO = _wzcl (RORACZ + LA) + Cl (_ + D + _) (378)
Ci Cp1 Cpe
Substituting (3.73) and (3.74) into (3.78) yields
_ RACT+ROC2) (1 1)
Ay = ( R.L,C,C. Ci(RoR4Cy + Ly) + Cy GG/ (3.79)

Simplifying and substituting (3.9) into (3.79) results in the gain condition.

R, 1 ROCZ) G (3,30

L TrRG L)

3.4.3 Stability Analysis

Ignoring the transient behavior of the op amp, the state space dynamics of the modified circuit are

described by (3.81).

0 0 0 0 =]
C1
VCl Avo_ -1 0 -1 VC1
VC > RoCy RoC2 Cy VCZ
. . 1
X=FX=>|V, |= 0 0 0 0 Cor Ve, (3.81)
y V
Ve, 0 0 0 0 —|¢e
I' Cbz IA
A -1 1 -1 -1 Ry
L L, La La La Lpy
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The characteristic equation for this system is defined by (3.44). Restated here for convenience

P(s) £ det(sl — F). (3.44)

Substituting (3.81) into (3.44) results in (3.82).

P(s) = 55 +(;+R_A)S4+(R_A+;)S3+(Cb1+cbz+1—Avo) L 52 (3.82)

RoCz  Lg LaRoCz  LaCT Cp,Ch, C1 J LaRoC;

The two zero roots of the characteristic equation are factored out and the reduced order

characteristic equation is used to form the Routh array in (3.83).

R 1
s3 1 ( 44 )
LyRoCy  LyCr
1 Ry (Cp+Cp, 1-A4 1
§2 ( +_A) < b T by vf’) (3.83)
RoCy Ly Cp,Co, €1 ) LaR,Co
s b, 0
1 b, 0

Where:

_(1)<Cb1+cb2+1—14v0> 1 +( R, + 1 )( 1 +&)

- (e ) |
ROCZ LA
_ 1 Ry (Cb1 +Cp, 1- AUO) 1
O (g + )+ 0 (B 02+~ ) Trs (3.85)

b, 2 b1

The first two elements of the Routh array are positive by definition, so (3.86) and (3.87) are the

only inequalities that must be satisfied for stability.

Co. +Cp. 1—A4,\ 1 R, 1 1 R,
—(1)< . Z 4 +( + )( +—>>0 3.86
GG T 6 JorG T \GrG T &G T L, (3.86)
Cp, +Cp, 1-— A,,0>
+ >0 3.87
< Cb1Cb2 Gy ( )
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Substituting (3.9) and simplifying (3.87) results in (3.88).

LR Cp, + C,

Rl > —Clm (388)

The inequality in (3.88) is true by definition, so the deciding factor for stability is (3.86).

Rearranging (3.86) results in

CR(RA+ 1 +R"CZ>+61>C 1+1 +1-4 3.89
R\ YrG e T T A\G e, (3.89)

Substituting (3.74) and (3.9) into (3.89) results in (3.90).

! R"CZ) G R (3.90)

R,
C:R (—+ + >
YL, T R,C,  LuCr) T G Ry

Equation (3.90) is the deciding factor for stability, so the inverse of this equation is used as a design
requirement for the oscillator to sustain oscillation. Combining (3.80) and (3.90) yields the gain

design constraint for this oscillator.

R R, 1 RyCy C
z (A "2)+—1 (3.91)

—= > CRy(—+ +
Ry = A\L, T R,C,  LuCr) G

3.5 Parasitic Capacitance

In reality, most high-power current sources have non-negligible parasitic capacitance in parallel
with their output terminals. This is shown in the modified Pierce oscillator in Figure 3.10. At high
frequencies, this parasitic capacitance violates the high-impedance assumption for the current
source. Therefore, the impedance of the current source will have a non-negligible effect on the
fundamental frequency of the modified Pierce oscillator. Additionally, although it is assumed to
be bounded, the parasitic capacitance need not be constant. This means that the strictly monotonic

relationship between the modified Pierce oscillator’s fundamental frequency and actuator position
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cannot be guaranteed.

;U}
=
N

[

. —_——dhl

Figure 3.10: Circuit diagram of the modified Pierce oscillator with parasitic capacitance from the
current source.

3.5.1 Mitigating Parasitic Capacitance

The effect of the parasitic capacitance can be mitigated if the impedance of the current source is
modified. It can be seen Figure 3.10 that the current source is in parallel with the variable inductor
and series resistance. If the impedance of the current source is increased well above the impedance
of the inductor, then it can be treated as an open circuit, and the effect of the parasitic capacitance
will be negligible. This increase in impedance need only occur within the expected band of

oscillation frequencies, so it should be possible to compensate for the parasitic capacitance with
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the addition of passive components. To this end, further modifications are made to the modified

Pierce oscillator. Shown in Figure 3.11, inductor L, with series resistance R, and capacitor C, are

used to modify the impedance of the current source.

RZ
-
3
i
C1 C2
| | | |
11 1
—— Chbh2 —_— (bl
& Ra || AA——®
La
Cp—— Cf I_D
4 Rq || AL
Lq
| |
|
Cq

Figure 3.11: Circuit diagram of the modified Pierce oscillator with a compensated current source.

Analysis of this circuit with the Barkhausen Criterion is not trivial due to the possibility of multiple
fundamental frequencies. Instead, the impedance of the compensated current source is analyzed.
Figure 3.12 shows the isolated components of the current source. Note that the DC impedance of
the current source is still considered to be practically infinite, so only the parasitic capacitance is

considered.
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= Rq
|| T ’
Cp N i

Figure 3.12: Isolated components of the compensated current source.

The impedance of the compensated current source is defined by (3.92).

. 11\
ZTP=ZCp+ Z-FZ
q q

Rearranging (3.92) results in (3.93).

T = 7. 4 Zrilcq _ Z, (ZLq + ZCQ) + 21,2,
Y Tz, + 2, 7., +Ze,

The impedance of each component is now defined:

1
P = jwCy,

Zo 2 !
Cq:ja)Cq

Zi, 2 Ry +jowl,

(3.92)

(3.93)

(3.94)

(3.95)

(3.96)

Substituting (3.94)—(3.96) into (3.93) results in the total impedance of the compensated current

source.

1 1
]wC (R +jwl, +]a)C)+(R +]qu)]wC

TP —

1
R, +jwL, +]wC
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Equation (3.97) is rearranged into standard Bode form [6].

()2 (2)+1

Zrp = Ko(iw)_l jw 2 jw (3.98)
(w—p> + pr (w—p) +1
Where:
K, & ! (3.99)
0 — Cp .
z 2 ! (3.100)
w; = .
Lq (CP + CQ)
2 Rq(Cp + Cq)
z = (3.101)
2 /Lq(cp +C,)
1
wp &2 —ro (3.102)
Lq q
A Rqu
G = N (3.103)

Equation (3.98) shows that the total impedance of the compensated circuit contains a pole at DC,
complex-conjugate zeros at corner frequency w,, and complex-conjugate poles at corner frequency
w,. Damping ratios ¢, and ¢, control the peak magnitude and bandwidth at the complex-conjugate

zeros and poles. A normalized magnitude plot of the total impedance and the parasitic capacitance

is shown in Figure 3.13.

In the region between w, and w,,, the magnitude of the total impedance is increased significantly

above that of the parasitic capacitance alone. If the oscillator frequency-band is placed within this
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region, then, depending on the selection of components L, and C,, it should be possible to increase
the impedance of the current source well above that of the actuator’s variable-inductance. In this
case, as discussed previously, the effect of the parasitic capacitance on the fundamental frequency
of the oscillator will be reduced significantly. Therefore, this compensation circuit can be used to

mitigate parasitic capacitance in a non-ideal current source.

60 .
40 TP i _

20+ |
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w (rad/s)
Figure 3.13: Comparison of the normalized magnitude of impedance of the compensated current
source and the parasitic capacitance alone. The parasitic capacitance is shown in blue. The

compensated current source is shown in black. A damping ratio of 0.01 is used for both second-
order terms.

While the increase in impedance afforded by this compensation circuit is desirable, two important
caveats should be considered. First, at excitation frequencies near w,, the impedance decreases

significantly. This behavior can be detrimental to the performance of either the current source or
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the oscillator. Therefore, the selection of L, and C, should be done in a manner that places the
complex-conjugate zeros within the buffer band between the actuator and oscillator frequency-
bands. Second, variation in parasitic capacitance will shift the overall impedance of the
compensated current source. This can be seen in (3.99)—(3.101), where the location of the DC pole,
the location of the second-order zero, and the damping ratio of the second order zero are all
dependent on the parasitic capacitance. It is assumed that variations in parasitic capacitance are
bounded. Therefore, the selection of L, and C, should also be based on the worst case parasitic

capacitance within expected bounds.
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4. EXPERIMENTAL VALIDATION OF THE MODIFIED PIERCE OSCILLATOR

4.1 Section Overview

In the previous section, a modified Pierce oscillator was analyzed for use in a self-sensing
application. In this section, an implementation of the modified Pierce oscillator is presented. A test
procedure for this circuit, used to simulate the conditions of a powered PIVI actuator, is then
discussed. The results of this test procedure are then presented along with a brief discussion of

practical limitations for this self-sensing methodology.

4.2 Experimental Apparatus

Figure 4.1 shows an overview of the circuit used to implement and test the performance of the
modified Pierce oscillator. In this circuit, the current source is implemented with a push-pull
transconductance amplifier. The circuit implementation itself is shown in Figure 4.2. Note that the
transconductance amplifier and modified Pierce oscillator are placed on the same circuit board for
manufacturing convenience. Three separate power supplies are used in the test circuit to reduce
capacitive coupling between the oscillator and transconductance amplifier stages. This power

supply arrangement is shown in Figure 4.3.
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Figure 4.1: Diagram of the test circuit. The modified Pierce oscillator is on the right side of the diagram. The current source,
implemented as a transconductance amplifier, is on the left side of the diagram. Power supplies P1, P2, and PS do not share common
rails or a common ground.



Figure 4.2: Implementation of the test circuit in Figure 4.1. The protoboards on the right-hand
side of the picture are current sense amplifiers used for the transconductance amplifier stages.
These elements were placed on separate boards because they were neglected in the original
circuit design.
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Figure 4.3: Power supply arrangement. The open enclosure contains both of the fixed, linear power supplies used for the
transconductance amplifier. The programmable power supply is used to power the modified Pierce oscillator.



4.2.1 Oscillator

Figure 4.4 shows a detailed view of the oscillator portion of the circuit in Figure 4.1. Pins +A and
—A connect to the transconductance amplifier portion of the overall circuit. All component values
in Figure 4.4 are nominal. A Texas Instruments OPA227 was used for the oscillator op amp. Better
choices do exist for this application, but the low-noise performance, high bandwidth, and wide
supply range of the OPA227 make it a reasonable choice for a proof of concept. From the data
sheet, the OPA227 has a nominal output impedance of 27 Q. The implementation of the modified

Pierce oscillator is shown within the red box in Figure 4.5.
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Figure 4.4: Detailed view of the modified Pierce oscillator portion of Figure 4.1. Pins +A and —A
connect to the transconductance amplifier portion of the test circuit.
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Figure 4.5: Implementation of the modified Pierce oscillator. The red boxed area includes the
modified Pierce oscillator components. Note that the potentiometer is on the other side of the
circuit board.

4.2.1.1 Variable Inductor

A variable inductor was used in place of a PIVI actuator. Ideally, an actuator would have also been
used to test the modified Pierce oscillator. However, a significant amount of development time
was spent on mitigating parasitic capacitance in the transconductance amplifier. Because of this,
there was not sufficient time to test the system with an actual actuator as well. The variable

inductor, shown in Figure 4.6, consists of a solenoid with a movable permeable core.

The solenoid is a single-layer, cylindrical winding formed on a paperboard tube. The winding is

made with 237 turns of 30-gauge enamel copper wire and measures 69 mm long and 24 mm in
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diameter. The series resistance of the solenoid was measured at 6.8 0.3 Q.

Figure 4.6: Image of the variable inductor. The core position markings are not visible.

The core is made of a MnZn ferrite rod that is 75 mm long and 12 mm in diameter. This material
was chosen because of its high relative permeability, approximately 600, and low conductivity.
Low conductivity was considered desirable for reducing eddy current losses at high frequencies.
The core is marked at 5 mm increments along its length. The insertion distance of the core is
set/measured by aligning these markings with the left edge of the paperboard tube. The edge of
the paperboard tube is offset from the edge of the solenoid windings by 7 mm, so the 0 mm position
of the core markings is offset by 7 mm in order to align the edges of the solenoid and core. The
result of this is that the position range of the core is from 0 mm to 65 mm. This is shown in Figure
4.7.
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Figure 4.7: Depiction of the core-insertion-distance measurement methodology. The core-
insertion distance markings are shown in white on the core. The paperboard tube is shown in
gray. Top: The core is set at 0 mm insertion distance. This is considered to be the minimum

position because the right edge of the core and the left edge of the solenoid are aligned. Bottom:

The core is set to 65 mm insertion distance. This is considered to be the maximum position

because this is the last mark available with 5 mm spacing.

Unlike the E-core actuator example, this variable inductor cannot be easily modeled primarily due
to the lack of a well-defined magnetic circuit in the design. For simplicity, the inductance was
instead measured experimentally. This was achieved by constructing a low-pass filter with the
variable inductor and studying its frequency response. The methodology used for this process can
be found in Appendix A. The resulting regression equation between inductance and core-insertion
is shown in (4.1). A fourth-order regression equation was used because it was the lowest-order
polynomial regression that offered a reasonable residual error.

La(x) = (=9.127 x 107>)x* + (5.899 x 1073)x3 + (45.56)x + 440.7 (4.1)

where x is the core-insertion distance in millimeters and L, (x) is the inductance in microhenries.

Note that (4.1) is only valid for insertion positions from 0 mm to 65 mm. Figure 4.8 shows a plot
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of (4.1) as a function of core-insertion position. As discussed in Section 3.4.1, under the low-
frequency assumption, a PIVI actuator can be modeled as a variable inductor with a strictly

monotonic relationship between inductance and actuator position.
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Figure 4.8: Plot of inductance vs. core-insertion distance for the variable inductor. This plot is
constructed from (4.1).

From Figure 4.8, it is clear that the constructed variable inductor has a strictly monotonic
relationship between inductance and core-insertion position. Therefore, under the low-frequency
assumption, the constructed variable inductor serves as an analog of a PIVI actuator.
Consequently, while not an ideal test specimen, the variable inductor was considered good enough

for proof of concept tests of the modified Pierce oscillator.

4.2.1.2 Fundamental Freqguency and Gain

The component values for the oscillator circuit are summarized in Table 4.1. The measurement
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uncertainty is derived from the specifications of the Fluke 179 multimeter used to measure the

component values.

Table 4.1: Summary of oscillator component values.

Component | Nominal Measured Unit
R, n/a 6.8 0.3 Q
R, 27 n/a Q
C; 33 34 +2 nF
C, 33 35 +2 nF
Cpy 100 100 +3 nF
Cp> 100 102 £3 nF
R, 1k 0.994k £10 Q
R, 10k 9.47k +86 Q
R, 22k 21.86k £210 | Q

The measured component values in Table 4.1 and (3.73), (3.74), and (4.1) are used to estimate the
predicted fundamental frequency of the oscillator as a function of core position. This relationship
is plotted in Figure 4.9. Figure 4.9 shows that, as expected from Section 3.4.2, the predicted
relationship between fundamental oscillation frequency and core position is strictly monotonic.
From Figure 4.9, the predicted oscillator frequency-band can be estimated to be approximately 30

kHz to 70 kHz over the expected range of inductance.

The gain condition in (3.91) is modified to include the potentiometer resistance. The result is (4.2).

2 A = CiR
R vo 14
1

(RA 1 ROCZ) C1

4.2
LR tna) e (4.2)

The measured component values in Table 4.1 and (3.74) and (4.2) are used to estimate the required

feedback gain. The required gain varies with inductance, but the maximum gain is calculated from
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the minimum inductance as 1.26. This does provide a theoretical estimate for the minimum
required feedback gain. However, in practice, the gain was set to a much higher value: 31.5. Such
a high value was required because oscillations were not found to be self-sustaining at all core
positions when a lower gain was used. It is unknown exactly why such a high gain value was
required to ensure self-sustaining oscillations at all core positions. However, it is possible that the
op amp dynamics, which were not included in the analysis of the modified Pierce oscillator, played
a significant role in the disagreement of between prediction and implementation. Other possible
culprits include the lack of automatic gain control and the capacitive load at the output of the
OPA227. The former likely led to nonlinear behavior in the oscillator while the latter may have

altered the dynamic response of the op amp.
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Figure 4.9: Predicted fundamental oscillation frequency of the modified Pierce oscillator as a
function of core-insertion distance.
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4.2.2 Transconductance Amplifier

Figure 4.10 shows a detailed view of the transconductance amplifier. Pins +A and —A connect to

the oscillator portion of this circuit. The implementation of this circuit is shown in Figure 4.11.
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Figure 4.10: Detailed view of the transconductance amplifier portion of Figure 4.1. Pins +A and
—A connect to the modified Pierce oscillator portion of the test circuit.

The complexity of this design stemmed from the use of the Apex PA12A power op amp. This

particular component was chosen for two primary reasons. First, the use of this component, or
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indeed any power op amp, greatly simplified the design of the transconductance amplifier by
eliminating the design of the power amplifier stage. Second, this particular power op amp was
already available, so it would have been more expensive to order a different power op amp. In
spite of those reasons, the PA12A is not an ideal choice for this application due to the existence of
significant parasitic capacitance between its output pin and power supply rails. When disconnected
from the power supply and the power supply decoupling capacitors, this parasitic capacitance was
measured at 3 £2 nF between the positive rail and OUT and 13 +2 nF between the negative rail

and OUT.

Figure 4.11: Implementation of the transconductance amplifier. The PA12A amplifiers and heat
sinks have been removed to better show the circuit elements. The external circuit boards contain
the current sense amplifiers. Note that the modified Pierce oscillator is located on the opposite
side of the board.
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This capacitance is of a similar order of magnitude to the capacitance of the capacitors used for
the oscillator circuit. So, this parasitic capacitance can affect the fundamental frequency of the
oscillator. This effect is best demonstrated in the conventional transconductance amplifier shown

in Figure 4.12.

— Cp+

— Cp-

Figure 4.12: Depiction of a conventional transconductance amplifier with parasitic capacitance.

Where capacitors Cy,, and C,_ represent the parasitic capacitance of the PA12A, and capacitors

C, are the power supply decoupling capacitors. The power supply decoupling capacitors are
included in this circuit because they are the primary reason the parasitic capacitance is an issue. If
the high-impedance components of the circuit are removed, as shown in Figure 4.13, it can clearly
be seen that the power supply decoupling capacitors provide a link to ground for the parasitic
capacitance. If it is assumed that the capacitance of each power supply decoupling capacitor is
much larger than the parasitic capacitance, then the series capacitance will be dominated by the

parasitic capacitance. As a result, the parasitic capacitance is effectively placed in parallel with the

54



load of the amplifier. It is clear that, if this conventional transconductance amplifier was used with

the modified Pierce oscillator, the parasitic capacitance would affect the fundamental frequency

of the oscillator.

Cp+ Cp-

Cd Cd

é II Rs II <Load—|

Figure 4.13: Parallel circuit elements from Figure 4.12. The sense resistor R, is assumed to have
a resistance less than or equal to 1 Q. This is small enough to be considered negligible when
analyzing the parasitic capacitance.

Additionally, since there is no guarantee that the parasitic capacitance will be constant with varying
amplifier excitation, it is possible that the relationship between the fundamental frequency of the
oscillator and the position of the inductor core would be dependent on the state of the

transconductance amplifier.

Therefore, in order to reduce the effect of this parasitic capacitance, the transconductance amplifier
in Figure 4.10 was constructed with two transconductance amplifiers in a push-pull configuration.
This push-pull configuration uses two separate power supplies, one for each stage, that are

connected through their grounds. The result of this design is that the parasitic capacitance is halved
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to 8 nF in parallel with the load. Further mitigation of parasitic capacitance was achieved by linking
the grounds of the separate push-pull stages through the compensation circuit described in Section
3.5.1. As discussed previously, the impedance of the compensated path, formed by the series
combination of L, C,, and the parasitic capacitance, can be increased above that of the parasitic
capacitance alone within the oscillator frequency-band by proper selection of components. Proper
selection of components also allows the impedance of the compensated path to be increased well
above that of the actuator’s inductance. This behavior is shown in Figure 4.14, where the
magnitude of the theoretical impedance of the parasitic capacitance, compensated path, and

variable inductor are compared.

The magnitude of the theoretical impedance of the parasitic capacitance was computed from the

magnitude of the impedance of a capacitor, i and a nominal parasitic capacitance of 8 nF. Half
of the total parasitic capacitance was used due to the mitigation effect of the push-pull topology.
The magnitude of the theoretical impedance of the compensated path was computed from the
magnitude of (3.98), a nominal value of 15 mH and measured value of 0.15 £0.2 Q for L, a

nominal value of 1 pF for C,, and a nominal parasitic capacitance of 8 nF. The magnitude of the

theoretical impedance of the variable inductor was computed from the magnitude of the impedance

of an inductor and series resistance \/(Ra)z + (wLy)?. A measured value of 6.8 £0.3 Q was used
for R,. Since the inductance of the variable inductor controls the oscillation frequency, and is
therefore not constant, the maximum measured inductance, 2.5 mH, and the minimum measured
inductance, 441 pH, were used to calculate the impedance at the bounds of the oscillator
frequency-band. That is to say, the maximum inductance provides the impedance at 30 kHz and

the minimum inductance provides the impedance at 70 kHz .
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Figure 4.14: Comparison of the magnitude of theoretical impedance of the parasitic capacitance,
compensated path, and variable inductor. The predicted frequency-band of the oscillator is
enclosed between the vertical lines at 30 kHz and 70 kHz. The MATLAB script used to generate
this plot can be found in Appendix B.

It is clear from Figure 4.14 that the theoretical impedance of the compensated path is greatly
increased above that of the parasitic capacitance alone. Additionally, due to the selection of L, and
Cq, the theoretical impedance of the compensated path is increased greatly above that of the
variable inductor within the oscillator frequency-band. This increase in theoretical impedance at
the bounds of the oscillator frequency-band is summarized in Table 4.2. As discussed in Section
3.5.1, the result of this increased impedance is a theoretical reduction of the effect of parasitic

capacitance on the fundamental frequency of the modified Pierce oscillator.
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Table 4.2: Summary of theoretical impedances at the oscillator frequency-band boundaries.

Frequency | Parasitic Capacitance | Compensated | Variable Inductor
Impedance (8 nF) Path Impedance Impedance
30 kHz 663 Q 2.16 kQ 471 Q
70 kHz 285 Q 6.31 kQ 194 Q

A consequence of this amplifier design is the potential for nonuniformity in the amplifier gain due

to component mismatch between the separate transconductance amplifier stages. This issue was

observed in the implementation of the overall circuit. Figure 4.15 shows the measured DC gain

and the 4 A/V design gain.
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Figure 4.15: Comparison of design gain with measured transconductance amplifier gain.

The deadband and offset seen in the third quadrant are likely a result of both amplifiers
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conducting at the same time. This can likely be attributed to the existence of a bias voltage in one
or more of the INA105 differential amplifiers or either of the PA12A amplifiers used in this design.
This distortion could be improved with the addition of trimming components, the use of
proportional-integral (P1) feedback, or even the use of an application-made amplifier. However,
the measured gain is reasonably linear and close to the design gain. Therefore, it was considered

good enough for a proof of concept.

4.3 Experimental Procedure

The overall test setup is shown in Figure 4.16. In order to show the viability of the modified Pierce
oscillator for self-sensing applications, the test circuit was tested under conditions that approximate
an actively powered PIVI voice-coil actuator. This was achieved by using the transconductance
amplifier to apply disturbance currents through the variable inductor in order to simulate a powered
actuator. The relationship between oscillation frequency and core-insertion distance was then
determined over the range of core positions. The primary objective of these disturbance tests was
to show that the oscillator’s fundamental frequency is not affected by disturbance current through
the variable inductor as long as the disturbance current obeys the low-frequency assumption. The
implication of this behavior is that the core-insertion distance of the variable inductor can still be
determined from oscillation frequency even when a disturbance current is applied to the variable

inductor.

4.3.1 Test Conditions

The transconductance amplifier was controlled with input from a function generator. The function
generator was built into the Keysight DSOX1102G digital storage oscilloscope used for data

collection. Four excitation inputs were tested with the transconductance amplifier. The first test
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used a 0-V input to the transconductance amplifier. This quiescent-output test was conducted to
provide a comparison baseline for all other tests since it represents a realistic calibration condition

for the system.

Figure 4.16: View of full test setup.

The remaining disturbance tests were conducted with the following inputs: A DC input of 100 mV,
a 100-mV sine-wave input at 100 Hz, and a 100-mV square-wave input at 100 Hz. These inputs

were chosen to provide a variety of disturbance currents through the variable inductor.
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A special case was also tested with the circuit where the modified Pierce oscillator was separated
from the transconductance amplifier. This was done by removing the PA12A amplifiers from their
sockets, disconnecting the power supplies of the transconductance amplifier stages, and
disconnecting components L, and C,. This test was conducted both to determine the effect of
parasitic capacitance on the oscillation frequency and to provide a more direct comparison with

the theoretical prediction.

4.3.2 Data Collection

The data collection process was the same for every test case. First, the core-insertion position of
the variable inductor was adjusted to the 0-mm position. Then, the output waveform of the
modified Pierce oscillator was recorded with the Keysight DSOX1102G digital storage
oscilloscope. Next, the core-insertion distance was increased by 5 mm, and the output of the
modified Pierce oscillator was recorded again. This process was repeated for every 5 mm step from

0 mm to 65 mm of core-insertion.

The core-insertion distance was manually aligned during each run. With a resolution of one mark
per 5 mm, the position uncertainty during the core position sweep could theoretically be as high
as £2.5 mm. This level of uncertainty is not ideal, but it was considered good enough for a proof
of concept. The digital storage oscilloscope was setup to save 5000 data points for each capture.
This was the maximum data capture size available for the Keysight DSOX1102G. Additionally,
the horizontal scale of the oscilloscope was adjusted to ensure that at least thirteen complete
oscillation cycles were visible before the data was captured. This was done to ensure a constant

number of cycles were available for frequency determination regardless of oscillation frequency.
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The captured oscilloscope data was analyzed in MATLAB. The scripts used to analyze the data
can be found in Appendix C. For each tested position, a zero-crossing detector algorithm was
applied to the captured oscillator waveform. The oscillation frequency was then determined at
every full cycle in the captured waveform. That is to say, the oscillation frequencies were measured
from both the period between every adjacent negative to positive transition and the period between
every adjacent positive to negative transition. This was done because the measured waveform was
not uniform over a full cycle. Therefore, measuring frequency from every half cycle would have
resulted in a bimodal distribution of measured frequencies for a given position. Next, all measured
frequencies outside of a 25 kHz to 75 kHz frequency-band were rejected. This was done to remove
high-frequency spikes from the ends of the oscillator waveform. The 25 kHz to 75 kHz band was
chosen to allow for variations outside of the expected oscillator frequency-band. Finally, the
average was taken from the remaining measured frequencies. This average frequency was
considered to be the oscillation frequency for a given position. The standard error was also

estimated from the remaining measured frequencies using the sample standard deviation.

4.4 Results

4.4.1 Disturbance Rejection

The results of the excitation tests are shown in Figure 4.17. Note that the error bars are computed
from the estimated standard error. As expected, the relationship between oscillation frequency and
core-insertion distance was strictly monotonic in all excitation tests. Additionally, the variation in
oscillation frequency between the excitation tests was quite low. This is quantified in Figure 4.18,
where the percentage error of each excitation test from the quiescent-output test is plotted. At

maximum, the percentage error of any of the excitation tests from the quiescent-output test was
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less than 3%. The consistency between the excitation tests suggests that the disturbance current

through the variable inductor had little effect on the oscillation frequency of the modified Pierce

oscillator.
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Figure 4.17: Comparison of oscillation frequency as a function of core-insertion distance from all
four excitation tests.

Consequently, it should be possible to determine the insertion distance of the core from the
oscillation frequency of the modified Pierce oscillator even in the presence of disturbance currents
through the variable inductor. These conditions simulated a PIVI actuator both under the low-
frequency assumption and powered by a current source. It is therefore considered likely that this
modified Pierce oscillator could be used for self-sensing with a PIVI actuator that is both operated
within the low-frequency assumption and powered by a current source. However, while these
results are promising, they are not definitive. Further tests with an actual PIVI actuator will be
needed to determine the effectiveness of this self-sensing methodology.
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Figure 4.18: Comparison of the percentage error of the DC, sine-wave, and square-wave
excitation tests from the quiescent-output test.

4.4.2 Prediction Accuracy

The results of the free-oscillation and quiescent-output tests are compared with the predicted free-
oscillation frequency in Figure 4.19. It is clear that there was significant disagreement between the
prediction and both the free-oscillation and quiescent-output tests. This is quantified in Figure
4.20, which plots the percentage error of both tests from the predicted oscillation frequency. This
significant discrepancy suggests that the analysis of the modified Pierce oscillator was not detailed
enough to accurately predict the behavior in the free-oscillation test, and that the transconductance
amplifier dynamics had a significant effect on the oscillation frequency in the quiescent-output
test. Prediction accuracy could be further improved with the addition of both the op amp dynamics
and transconductance amplifier dynamics. However, the increased complexity from adding these
dynamics into the modeling process would likely preclude an analytical solution to the Barkhausen

criterion. This is more specifically the case when the transconductance amplifier dynamics are
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considered. A numerical analysis of the circuit may therefore be necessary if a more accurate

prediction is needed.
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Figure 4.19: Comparison of oscillation frequency as a function of core-insertion distance from
the free-oscillation test, quiescent-output test, and predicted fundamental oscillation frequency.

4.5 Practical Limitations

While the modified Pierce oscillator performed well in the tested configuration, it should be
acknowledged that this self-sensing methodology is not without limitations. There are several
issues that can arise when this modified Pierce oscillator, or indeed any derivative of this design,
is used with a real PIV1 voice-coil actuator. One particularly important issue stems from the effect
of core saturation in a real PIV1 voice-coil actuator. That is to say, a high enough current through
the PIVI actuator windings can lead to a decrease in the permeability of the actuator core due to

magnetic saturation. This will affect the inductance relationship of the actuator and, by extension,
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the fundamental frequency of the oscillator. Therefore, use of the modified Pierce oscillator for
self-sensing would likely require a derating factor on the maximum control current applied to the
actuator. This would help prevent saturation of the core and ensure the oscillation frequency is
invariant to the control current. Alternatively, if the current through the actuator is monitored
during operation, a lookup table, like the one discussed in [1], could be developed and used to
account for shifts in the frequency-band due to saturation. The effectiveness of this strategy would

likely depend on the effect of saturation on the resolution of the frequency vs. position relationship.
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Figure 4.20: Comparison of the percentage error of the quiescent-output test and free-oscillation
test from the predicted fundamental oscillation frequency.

Another important issue arises from the frequency-dependent properties of the actuator core. Most
real voice-coil actuators, PIVI or otherwise, have cores that exhibit complex permeability behavior
and experience eddy current losses. Both of these behaviors tend to be more pronounced at higher
frequencies, so they tend to place an upper limit on the oscillation frequency that can be achieved
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with a real actuator. Depending on the type of PIVI voice-coil actuator, this limit may severely
restrict the amount of bandwidth available for the oscillator and actuator. Therefore, use of the
modified Pierce oscillator for self-sensing would likely be restricted to actuators with both low
eddy current losses and fairly constant core permeability in the oscillator frequency-band. Even
with this restriction, the control current and actuator bandwidth would still need to be constrained
by the low-frequency assumption. Both of these limitations, and the issues that require them, are
all the more reason why this self-sensing methodology requires further testing with a real PIVI

voice-coil actuator.
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5. SUMMARY AND CONCLUSIONS

5.1 Summary

A generalized electrical model of PIVI actuators was first derived to motivate the development of
a self-sensing methodology. Basic oscillator theory was then presented and applied to a typical
Pierce oscillator. A modified Pierce oscillator was then introduced for self-sensing applications.
The low-frequency assumption, a constraint on the maximum frequency of motion and current
input, was defined in order to simplify the analysis of the modified Pierce oscillator. The predicted
behavior of this modified Pierce oscillator, a fundamental oscillation frequency that is a strictly
monotonic function of actuator inductance, was presented as the motivating reason for using this
oscillator for self-sensing. The effects of parasitic capacitance in the actuator current source were
then discussed along with a mitigation method. A test circuit, including the modified Pierce
oscillator and a transconductance amplifier, was presented. Due to time constraints, the modified
Pierce oscillator was constructed with a variable inductor rather than an actual PIVI actuator. This
was considered acceptable since the variable inductor mimics a PIVI actuator operating under the
low-frequency assumption. Modifications to the transconductance amplifier were presented that
allowed parasitic impedance to be increased by a minimum factor of three. The test circuit was
tested under conditions that simulated the disturbance currents of a powered PIVI actuator in order
to determine the performance of the modified Pierce oscillator. Finally, some practical limitations

of the modified Pierce oscillator were discussed.

5.2 Conclusions

Experimental validation with the test circuit showed that the oscillation frequency of the modified

Pierce oscillator was a strictly monotonic function of the core-insertion distance of the variable
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inductor. The result of this behavior was that the core-insertion distance could be uniquely
determined from the oscillation frequency of the modified Pierce oscillator. Since the variable
inductor simulated a PIV1 actuator under the slow motion assumption, it was considered likely that
this behavior would also have been observed with a PIVI actuator operating within the low-
frequency assumption. It was also observed that the oscillation frequency of the modified Pierce
oscillator was fairly consistent in the presence of disturbance current through the variable inductor.
In the presence of DC, sine-wave, and square-wave disturbance current, the oscillation frequency
stayed with 3% of the quiescent oscillation frequency over the range of motion of the actuator.
These conditions simulated a powered PIVI actuator, so it is conceivable that the oscillation
frequency would also be fairly consistent if the modified Pierce oscillator was used with an actual
PIVI actuator. While these results are not definitive, they suggest that the modified Pierce
oscillator, or indeed a derivative of it, could be used as a self-sensing methodology for PIVI type
voice-coil actuators. However, more work will be needed to verify this behavior with an actual

PIVI type voice-coil actuator.
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6. FUTURE WORK

In order to validate the performance of the modified Pierce oscillator, the system should be tested
with an actual PIVI voice-coil actuator under power and motion. This will allow the observation
of the effects of back emf and core losses in a more realistic setting. Inversion of the frequency-
position curve should also be pursued with the ultimate goal being full position-feedback control

using the oscillator output.

A simpler transconductance amplifier topology should be developed for a more practical
implementation. This could be achieved by using a single transconductance amplifier stage, rather
than the push-pull design used here, with the parasitic-capacitance-mitigation components in series
with the actuator. This would greatly reduce the complexity of the design, and reduce the required
power supplies to two. A better implementation of the modified Pierce oscillator should also be
pursued. The inclusion of dynamic gain control could significantly improve the predictability and
frequency stability of the oscillator. Additionally, if frequency stability can be improved, then a

much smaller frequency-band could be used for the oscillator without affecting position resolution.
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APPENDIX A: EXPERIMENTAL MEASUREMENT OF INDUCTANCE

A.1 Analysis

The inductance of the variable inductor was estimated from the frequency response of a low-pass

filter. This filter is shown in Figure A.1.

Vin Vout

A

Figure A.1: Circuit diagram of the low-pass filter used to determine inductance.

Where Rq is the series resistance of the inductor and L(x) is the inductance as a function of core
position. The impedance of the loop is defined by (A.1).

ZTéZRS+ZL+ZR = (RS+R)+](I)L(.X) (Al)

The current through the loop due to V;, is found by applying Ohm’s law for reactive circuits.

Vin Vi

| =— =
Zr (Rg+R)+jwL(x)

(A.2)
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The output voltage is described by (A.3).

Vour = 1Z5 = IR.

Substituting (A.2) into (A.3) and solving for the transfer function yields (A.4).

Vour _ . _ R
Vie 7 (Rs+R) +jwL(x)

Equation (A.4) is rearranged into standard Bode form [6].

1
Gf:KO. 1) 1
) w0, @)

where the corner frequency and DC gain are defined by (A.6) and (A.7).

R, +R
L(x)

wp(x)

(A.3)

(A.4)

(A.5)

(A.6)

(A7)

From (A.6), the corner frequency is inversely proportional to the inductance of the variable

inductor. Therefore, if the corner frequency of the filter can be experimentally determined, then

the inductance can be calculated.

The corner frequency of the filter is most easily found by studying the magnitude and phase angle

of the frequency response. To simplify this process, (A.5) is rewritten in terms of its real and

imaginary parts.

1-j 9

Gf — K, wl;(x)
w

((Ub(x)) +1
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The magnitude is now defined as [7]

M2 [Re(G;)’ +Im(G,)’ (A9)

Substituting the real and imaginary parts of (A.8) into (A.9) yields (A.10).

2 w 2
M(w, %) = (e +ﬁ;ﬁ@§1 (A10)
' \ _w \ Lo
(a)b(x)) +1 (wb(x)> +1

Equation (A.10) simplifies to (A.11).

1Kol

M(w,x) =

Applying the field power definition [6] to (A.11) yields (A.12).

|Ko|
Ms(w,x) = 201ogq, (A.12)

(o) +1

The real part of (A.8) is positive by definition, so the phase angle of the frequency response can

be defined in terms of the arctangent function rather than the two-argument arctangent function

[7].

(A.13)
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Substituting the real and imaginary parts of (A.8) into (A.13) yields (A.14).

ot (i) *

¢(w,x) =tan™?! > (A.14)
w Ko
(wb (x)) +1
Equation (A.14) simplifies to (A.15).
b (w, %) = —tan~1 (wb (x)) (A.15)

Equation (A.12) and (A.15) describe the theoretical frequency response of the filter. In the case

where w = wj,(x), (A.12) and (A.15) yield the following identities.

K, R
Mf = 20 IOglo (l_\/;) = 20 10g10 <m> (A16)
¢ = —tan"(1) = —45° (A.17)

If the frequency response of the filter is known experimentally, then the corner frequency can be
estimated from the excitation frequency that satisfies either (A.16) or (A.17). The inductance is

then found by solving (A.6) with the estimated corner frequency.

In reality, a discrete set of excitation frequencies is tested, so the excitation frequency will never
exactly match the corner frequency of the filter. This limits the usefulness of (A.16) and (A.17),
so the experimental frequency response of the filter must be related to (A.12) or (A.15). All things
being equal, the phase angle is a much simpler relationship than the Magnitude. Equation (A.15)

is rewritten as (A.18).

—

tan(qbe (w, x))

wp(x) = (A.18)

where ¢, (w, x) is the experimentally determined phase response. Substituting (A.6) and solving
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for the inductance yields (A.19).

— tan(¢e (we, x)) (Rs + R) - tan(¢,(we, x)) (Rs + R)

We 2nf, (A19)

L(x) =

Equation (A.19) can be used to relate the experimental phase response of the filter to the inductance
of the inductor. It is theoretically possible to find the inductance from the experimental phase
response using an arbitrary excitation frequency. However, on an x-axis, semi-log plot, the phase
angle versus excitation frequency is most sensitive near the point where the condition in (A.15) is
met. It will therefore be better to use (A.19) with excitation frequencies that result in a phase angle

close to —45°.

A.2 Experimental Procedure and Measured Inductance

The low-pass filter in Figure A.1 was constructed with the variable inductor. The series resistance
of the inductor was measured at 6.8 £0.05 Q. The filter resistor was set to a nominal value of 100

Q and had a measured value of 100 +0.05 Q.

The core of the variable inductor was marked at 5 mm increments from 0 mm of insertion to 65
mm of insertion. This was the same marking system shown in Figure 4.7. Starting at 0 mm core-
insertion, the filter was excited with a 0.5-Vpp sine-wave. The phase response of the filter was
then recorded over a frequency sweep from 100 Hz to 10 kHz at 50 points per decade. From the
discrete test points, an excitation frequency was chosen that resulted in a phase angle as close to
—45° as possible. This excitation frequency and phase angle were then used to find the inductance
from (A.19). This process was repeated for each 5 mm increment of core-insertion. The results are

shown in Table A.1.
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The air core inductance was also determined to be 427 uH using the same test procedure with the
core removed. From [8], the self-inductance of a cylindrical, single-layer, air-core solenoid is
described by (A.20).

UoN?A

- (A.20)

L,=K

Where N is the number of turns, A is the cross sectional area of the solenoid, L is the length of the
solenoid, and K is the Nagaoka coefficient. For a diameter to length ratio of 0.348, the Nagaoka
coefficient is approximately 0.866 [8]. This results in an estimated air-core inductance of 401 pH.
The measured value was within 7% of this estimated value, so the experimental results were

considered to be reasonable.

Table A.1: Summary of experimental inductance data.

Core Insertion Excitation Phase Angle Calculated
(mm) Frequency (kHz) (Deg) Inductance (uH)

0 38.0 -44.61 441.0

5 36.3 —44.82 465.2
10 33.1 —44.98 513.0
15 28.8 —-45.02 589.8
20 25.1 —45.58 690.5
25 20.0 —44.78 845.5
30 16.6 —44.84 1018
35 14.5 —45.36 1191
40 12.0 —44.56 1393
45 10.5 —44.89 1617
50 91.2 —45.00 1864
55 79.4 —44.38 2094
60 72.4 —44.51 2307
65 69.2 —45.48 2499

Using the experimental data in Table A.1, a fourth-order polynomial regression was applied to the
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relationship between the calculated inductance, in microhenries, and the core-insertion distance,
in millimeters. The resulting regression equation is shown in (A.21). Note that (A.21) is the same
as (4.1).

Ly(x) = (—9.127 x 107>)x* + (5.899 x 1073)x3 + (45.56)x + 440.7 (A.21)
A polynomial regression was pursued because both the analysis in Section 2 and earlier finite
element analysis indicated that the relationship may be polynomial in nature. A fourth-order
regression was chosen because it was the lowest-order polynomial regression that offered a

reasonable residual error. Figure A.2 shows a comparison plot of the regression equation and the

discrete test data.
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Figure A.2: Comparison of regression equation with test data from Table A.1.
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APPENDIX B: THEORETICAL IMPEDANCE PLOT GENERATION

Q

% Parameters
Cp=8e-9;
g=length (Cp) ;
Lg=15e-3;
Rg=0.15;
Cg=le-12;
b=10000;
£f1=3;

£2=7;
f=logspace (fl,f2,b);
w=2*pi.*f;

% Impedance Calculation
Z Cp=zeros(q,b);

Z TR=zeros (g, b)
Z OL=zeros(q,b);
Z OH=zeros (g, b)

’

’

for k=1l:gq
Z Cp(k,:)=1./(13.*w.*Cp(k));
Z TR(k, :)=((13.*w) ."2.*Lg.* (Cq+Cp (k) ) + (13*w) . *Rg. * (Cq+Cp (k) ) +1) ./ ((1F*w.*

C p(k)).*((1lj*w)."2.*Lg.*Cg+(1lj*w) .*Rg.*Cg+1)) ;
Z OL=6.8+1j.*w.*2.5e-3;
Z OH=6.8+17.*w.*44le-6;

end

% Magnitude Calculation
M Cp=Bode P(Z Cp);
M TR=Bode P(Z TR);
M ZOL=Bode P(Z OL);
M ZOH=Bode P (Z_ OH)

’

% Plotting
close all
semilogx (£,20*1loglO (M Cp), 'Color','k', 'LineStyle','--")
hold on
semilogx (f,20*1logl0 (M TR), 'Color', 'k', 'LineStyle', '-")
semilogx (f,20*1logl0O (M zOL), 'Color','b', 'LineStyle', '-")
semilogx (f,20*1ogl0O (M ZOH), 'Color','r', 'LineStyle', '-")
plot (30e3.*ones(1l,b),linspace (-50,200,b), 'Color', 'b', 'LineStyle','-.")
plot (70e3.*ones(1l,b),linspace (-50,200,b), 'Color','r', 'LineStyle','-.")
xlabel ('Excitation Frequency (Hz)')
ylabel ('|Z] (dB)"'")
y1lim([-50,2001])
legend ({'C p', 'Compensated’', 'Max Inductance', 'Min
Inductance'}, 'location', "northwest')
set (gca, 'Fontsize', 20)
% Magnitude and Phase Angle Function
function [M,P]=Bode P (G)
M=sqgrt (real (G) ."2+imag (G) ."2) ;
P=atan2d (imag (G) ,real (G)) ;
end
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APPENDIX C: MATLAB DATA REDUCTION SCRIPT

Q

% Data Loading
close all
if exist('D', 'var')~=1
clear
load Run_Data.mat
end
%$Data Reduction Loop
g=size (D) ;
Avg=zeros (g (l),14);
err=zeros(qg(l),14);
for p=1l:g9(1)
for i=2:15

%$Zero-Crossing Detector

k=length(D(p,i,:,:))-1;
c=0;

for j=l:length(D(p,1i,:,:))-1
if (D(p,i,j,2)==o) [
(D(p,1i,3,2)<0 && D(p,1i,3+1,2)>0)

c=c+1;

(D(p,1,3,2)>0 && D(p,1,3+1,2)<0)

k(c):D(pliljll);

end
end
k=k(l:c);

$Frequency Determination

A=zeros(c-1,1);

for j=2:c-1

A(J)=1/(1*(

k(j+1)-k(3-1)));

$Frequency calculated between every two zero-crossings

end

$Cutoff Window
Ac=zeros(c-1,1);

cf=0;
for j=1l:c-1

if A(3)<75e3 && A(j)>25e3

cf=cf+1;
Ac (cf) =

end
end

A(J) s

%$Frequency Average and Standard Error

Avg (p,i-1)=sum(Ac)/ (cf);

err (p,i-1)=std(Ac(l:cf)) /sqrt(cf);
%Used for error bars in plots

end
end
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