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ABSTRACT

This article considers efficient estimation of and inference on counterfactual distributions in

a discrete (binary or multivalued) treatment. The counterfactual distributions are estimated by

weighted sample averages and the distributional effects are tested by the Mann-Whitney statistics.

The difference between this study and other studies in the literature is the way to estimate the

weighting functings. While other studies estimate the weighting functions either parametrically

or semiparametrically or nonparametrically without incoporating the restrictions on the weighting

functions, we estimate the weighting functions by imposing those restrictions. As a result, our esti-

mated counterfactual distribution functions and the Mann-Whitney statistics are efficient, attaining

the semiparametric efficiency bounds which are also derived in the paper. A small scale simulation

study and an application to the job training program illustrate the practical value of the proposed

approach.
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1. INTRODUCTION AND LITERATURE RIVIEW

1.1 Introduction

Evaluating the effect of the exposure of a set of units to a program, or treatment, on some

outcome, is the central problem studied in the literature on the causal effect of programs. The

object of interest of this literature is a comparison of the two outcomes for the same unit when

exposed and when not exposed to the treatment, and a key feature is the accommodation of general

heterogeneity in the outcomes. Most of this literature focus on the comparison of the two average

outcomes over the whole population (e.g., the so-called average treatment effect (ATE)) or the

treated subpopulation (e.g., the so-called average treatment effect on the treated (ATT)). Example

studies of this sort include [1], [2], [3], [4], [5], [6], [7], and [8] among others. Few studies

focus on the comparison of the quantiles of the outcomes (e.g., the so-called quantile treatment

effect (QTE) or quantile treatment effect on the treated (QTT)). See [9]) for an example, [10] for a

general methodology, [11] and [12] for an extensive literature survey.

Despite simplicity of the average and quantile treatment effects, these parameters do not tell the

whole story. It is possible that, on average, there does not exist the treatment effect when some units

experience positive treament effects while other units experience negative treatment effects. Thus,

focusing on the average treatment effect may miss out the treatment effects on subgroups. It is also

possible that some quantile treatment effects are positive while other quantile treatment effects are

negative. Again, focusing on some quantiles may miss out the treatment effects on other quantiles.

Ideally, one would like to compare the outcome distributions, not just some moments. For example,

one may be interested in the comparison of the two outcome distributions for the whole population

when exposed and when not exposed to the treatment. These distribution could reveal not just

the magnitude of the effects (if any) but also the proportion of the population benefitted from (or

harmed by) the treatment. One may also be interested in the comparison of the two outcome

distributions for a subpopulation (e.g., treated or untreated population) when exposed and when
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not exposed to the treatment. These distributions may help decision makers developing targeted

programs or treaments. In light of the importance of the distribution comparison, the literature call

the distribution difference as the distributional effect.

Clearly, to detect and analyze the distributional effects, one must have consistent distribution

estimates available. Since we only observe each unit either exposed or not exposed to the treat-

ment, participation selection, common in observational data, could complicate the estimation. Un-

der the condition of selection on observables, [13] and [14] propose some consistent estimates of

the marginal distributions of outcomes and establish their asymptotic distributions. [14] also sug-

gest some stochastic dominance statistics for detecting the distributional effects. [15] allows for

selection on unobservables but requires a special instrument to identify the marginal distributions

of outcomes for the complier subpopulation. He also proposes a stochastic dominance statistic

for detecting the distributional effects. In a slightly different setting, [16], [17] and [18] propose

Mann-Whitney statistics to detect the distributional effects. Their focus, however, is not on estima-

tion of the outcome distributions. Moreover, their estimation of Mann-Whitney type parameters

are based on parametric models, hence they suffer from the model misspecification problems. In a

missing data setting where two samples are generated independently from two distributions, [19],

[20], [21] and [22] propose Mann-Whitney statistics to test the difference of the two distributions.

Again, estimation of the distribution functions is not their focus. [22] also derive the semiparamet-

ric efficiency bound of the Mann-Whitney statistics for the two-samples problem and show that

their Mann-Whitney statistics attain the semiparametric efficiency bound under some additional

index restrictions. We note that the treatment effect problem is not the same as the two-samples

problem. For example, condition 5 of [22] is not satisfied by the treatment effect model. Even if

we can create two artificial samples from the treatment effect data using the approach suggested

in [21] and [22], the two samples are not independent. Therefore, the semiparametric efficiency

bound derived in [22] for the two-samples problem may not be the semiparametric efficiency bound

for the treatment model.

To summarize, efficient estimation of the outcome distributions for the whole or target pop-
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ulation and efficient inference on the distributional effects have not received any attention from

the treatment effects literature. The main objective of this paper is to fill in this gap. Specifically,

we shall derive the semiparametric efficiency bounds of all counterfactual distributions as well as

the Mann-Whitney indicators of distributional effects for the treatment effect models under the

condition of selection on observables. We shall then propose estimation of the counterfactual dis-

tributions and Mann-Whitney statistics, derive their asymptotic distributions and show that they

attain the semiparametric efficiency bounds.

The remainder of the paper is organized as follows: Section 2.1 describes the counterfactuals

and the Mann-Whitney indicators in the discrete treatment model, Section 2.2 derives the effi-

ciency bounds for the counterfactual distributions and the the Mann-Whitney indicators in Section

2.1, Section 2.3 presents an estimation of the counterfactual distributions and the Mann-Whitney

indicators in Section 2.1, Section 2.4 derives large sample properties of the proposed estimators

in Section 2.3, Section 2.5 provides a data-driven approach to select the smoothing parameter and

some consistent covariance matrices for the proposed estimators, Section 3.1 reports on a small

scale simulation study, Section 3.2 reports on an empirical application, followed by some con-

cluding remarks in Section 4.1. Detailed proofs of the main results are contained in Appendix

A.
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2. MODEL AND THEOREM

2.1 Model Setup

Consider a multivalued treatment (J-valued treatment with J ≥ 1). Let (Y (0), Y (1), ..., Y (J))

denote the potential outcomes for the same unit when not exposed and when exposed to various

treatment levels respectively and let T ∈ {0, 1, ..., J} denote the treatment assignment variable.

For any y ∈ R and 0 ≤ s ≤ J , let Fs(y) = P(Y (s) ≤ y) denote the marginal distribution. A com-

parison of Fs(y) and Ft(y) can reveal the distributional effect of treatment t relative to treatment

s. Similarly, let Fst(y) = P(Y (s) ≤ y|T = t) for s, t ∈ {0, 1, ..., J} denote the counterfactual dis-

tribution of treatment s for those receiving treatment t. Then the comparison of Fst(y) and Ftt(y)

can reveal the distributional effect of those receiving treatment t if they instead receive treatment

s. Our primary interest is the efficient estimation of the distributions (Fs(y), Fst(y); s, t ∈ {0, 1})

and efficient inference on the distributional effects.

To detect the difference of any two distributions, say F (y) and G(y), we shall use the Mann-

Whitney indicator θ =
∫∞
−∞ F (y)dG(y). It is easy to show that θ = 1/2 if and only if F (y) = G(y)

for all y ∈ R, θ > 1
2

if F (y) > G(y) for all y ∈ R and θ < 1
2

if F (y) < G(y) for all y ∈ R.

Thus, the deviation of θ from 1/2 can be used to test the null hypothesis of H0 : F (y) = G(y)

for all y ∈ R against the alternative H1 : F (y) 6= G(y) for some y ∈ R or against the alternative

hypothesis H1 : F (y) > G(y) for all y ∈ R or against the alternative H1 : F (y) < G(y) for all

y ∈ R. Applying this indicator to our distribution functions, we obtain:

θst =

∫ ∞
−∞

Fs(y)dFt(y) and θstt =

∫ ∞
−∞

Fst(y)dFtt(y) for any 0 ≤ s, t ≤ J .

We shall estimate the indicators

θ0 = ((θst; for all 0 ≤ s 6= t ≤ J), (θstt; for all 0 ≤ s 6= t ≤ J))>

4



by plugging in the estimates of the distributions

F(·) = (Fs(·), Fst(·); for all 0 ≤ s, t ≤ J)>.

Notice that Ftt(·) can be estimated directly by the empirical distribution using observations from

treatment t. However, since there are no observations drawn from the counterfactual distributions,

the counteractual distributions are not identified unless some restrictions are imposed. To identify

the counterfactual distributions, we follow the lead of the literature by imposing “selection on

observables" (e.g., [1, 2, 23, 6, 7]). Specifically, let X denote a vector of observed covariates. The

following condition shall be maintained throughout the paper.

Assumption 2.1.1. Given X , T is independent of (Y (s); s ∈ {0, 1}), namely T ⊥ (Y (s); 0 ≤ s ≤

J)|X .

Denote the observed outcome by Y =
∑J

s=0 1 (T = s)Y (s). Assumption 2.1.1 implies that,

for any 0 ≤ s ≤ J , the counterfactual distribution Fs(y) is identified as:

Fs(y) = E [1{T = s}πs(X)1(Y ≤ y)] ,

where πs(X) = 1/P(T = s|X) is the inverse weighting probability, and that, for any s 6= t, the

counterfactual distribution Fst(y) is identified as

Fst(y) = E [πst(X)1(Y ≤ y)|T = s] ,

where πst(X) = fX|T (X|T = t)/fX|T (X|T = s) is the ratio of conditional densities.

2.2 Efficiency Bound

Since testing the significance of the distributional effects is the key task of the treatment effect

literature, it is important to use the most powerful tests. The power of the tests depends on the

accuracy of the estimated distributions and the Mann-Whitney indicators. In order to evaluate the
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accuracy of these estimates, we derive the semiparametric efficiency bounds for the distribution

functions and the indicators. Specifically, with Ds = 1(T = s) and ps = E(Ds) , we denote:

SFs = πs(X)
[
1(Y ≤ y)Ds − FY (s)|X(y|X)Ds

]
+ FY (s)|X(y|X)− Fs(y);

SFst =
1(Y ≤ y)Dsπst(X)

ps
−
{
Dsπst(X)

ps
− Dt

pt

}
FY (s)|X(y|X)− DtFst(y)

pt
;

and the efficient scores of θ0 by

Sθst = Dsπs(X)

{
1− Ft(Y )−

∫
FY (s)|X(y|X)dFt(y)

}
+Dtπt(X)

{
Fs(Y )− 1 +

∫
FY (t)|X(y|X)dFs(y)

}
+

(
1−

∫
FY (t)|X(y|X)dFs(y)

)
− θst +

∫
FY (s)|X(y|X)dFt(y)− θst;

Sθstt =
Ds

ps

{
(1− Ftt(Y ))πst(X)− πst(X)

∫
FY (s)|X(y|X)dFtt(y)

}
+
Dt

pt

{
Fst(Y )− 2θstt +

∫
FY (s)|X(y|X)dFtt(y)

}
.

The following results are derived in the supplemental material.

Theorem 2.2.1. Under Assumption 2.1.1, we obatin that:

1. for a fixed y ∈ R, the efficient score of F(y) is

SF (T,X, Y, y) = (SFs , SFst ; for all 0 ≤ s, t ≤ J)>

and hence the semiparametric efficiency bound is VF (y) = E[SF (T,X, Y, y)SF (T,X, Y, y)>];

2. the efficient score of θ0 is

Sθ(T,X, Y ) = ((Sθst ; for all 0 ≤ s 6= t ≤ J), (Sθstt ; for all 0 ≤ s 6= t ≤ J))>

and hence the semiparametric efficiency bound is Vθ = E[Sθ(T,X, Y )Sθ(T,X, Y )>].
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It is worth noting that, if we estimate Ftt(y) by the sample average of 1(T = t & Y ≤ y)/pt,

the resulting estimator attains the semiparametric efficiency bound. However, if we estimate Fst(y)

for s 6= t by the sample average of 1(T = s&Y ≤ y)πst(X)/ps with known πst(X), the resulting

estimtor has variance E[S̃2
Fst

] with

S̃Fst = SFst +

{
1(T = s)

ps
πst(X)− 1(T = t)

pt

}
FY (s)|X(y|X).

It can be shown that

E
[
S̃2
Fst

]
> E

[
S2
Fst

]
.

This seems counterintuitive since knowing πst(X) is additional information that should improve,

at least not worsen, the efficiency of Fst(y). The reason for this seemingly counterintuitive result

is that the information contained in the restriction on πst(X),

E [πst(X)u(X)|T = s] = E [u(X)|T = t] holds for any integrable function u(X),

is ignored in the estimation of Fst(y). When this restriction is exploited, the efficiency of Fst(y)

can actually be improved. Similar insight is also noted by [7] in the efficiency of ATE. Here we

show that the same insight holds true for the counterfactual distributions. The insight suggests

that obtaining the most accurate estimates of the weighting functions is not nearly as important as

incorporating the restrictions: for any integrable function u(X),

E [1(T = t)πt(X)u(X)] = E[u(X)] = E [1(T = s)πs(X)u(X)] ; (2.1)

E [πst(X)u(X)|T = s] = E [u(X)|T = t] . (2.2)

We notice that [22] derive the semiparametric efficiency bound of the Mann-Whitney indicator

for the two-samples problem with missing data under the condition that the two samples are in-

dependent of each other. Although the binary treatment model (e.g., J = 1) can be formulated

as a two-samples problem with missing data, the two samples consist of the same units and hence
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are not independent of each other. Failing to recognize the dependence of the two artifical sam-

ples, their semiparametric efficiency bound may not be the semiparametric efficiency bound for

the binary treament model.

2.3 Efficient Estimation

The discussion in the preceding section suggests that, in order to estimate F(·) and θ0 efficiently,

it is vitally important to incorporate the restrictions on the weighting functions into estimation. The

difficulty, however, is that these restrictions hold on an infinite dimmensional functional space and

we only have a finite sample of observations. To overcome this difficulty, we propose to impose

the restrictions on a finite dimensional sieve space that grows with sample sizes. Specifically,

let uK(X) = (uK,1(X), . . . , uK,K(X))> denote known basis functions that can approximate any

suitable function u(X) arbitrarily well (see [24]). For normalization purpose, we always include

constant 1 in uK(X). Restrictions (2.1)-(2.2) imply:

E [1(T = t)πt(X)uK(X)] = E[uK(X)] = E [1(T = s)πs(X)uK(X)] , (2.3)

E [πst(X)uK(X)|T = s] = E [uK(X)|T = t] . (2.4)

Here we use the same smoothing parameter K in the restrictions on all weighting functions to sim-

plify notation. In principle, one could use different smoothing parameters for different weighting

functions. As long as our sufficient conditions below are satisfied by all smoothing parameters, our

main results still hold.

To estimate the weighting functions, let ρ(v) denote a strictly increasing and concave function,

and let ρ′(v) denote the first derivative. For a sample of independent and identically distributed

observations {(Yi, Ti, Xi), i = 1, 2, ..., N}, denote

π̂s(Xi) = ρ′(λ̂>s uK(Xi)) and π̂st(Xi) = ρ′(λ̂>stuK(Xi)),
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where λ̂s,λ̂st ∈ RK maximize respectively the following concave objective functions:

Q̂s(λ) =
1

N

N∑
i=1

[
1(Ti = s)ρ

(
λ>uK(Xi)

)
− λ>uK(Xi)

]
,

Q̂st(λ) =

∑N
i=1 1(Ti = s)ρ(λ>uK(Xi))∑N

i=1 1(Ti = s)
−
∑N

i=1 1(Ti = t)λ>uK(Xi)∑N
i=1 1(Ti = t)

.

It is straightforward to show that the estimates π̂s(X) and π̂st(X) satisfy the sample analogue of

(2.3)-(2.4):

1

N

N∑
i=1

1(Ti = s)π̂s(Xi)uK(Xi) =
1

N

N∑
i=1

uK(Xi),∑N
i=1 1(Ti = s)π̂st(Xi)uK(Xi)∑N

i=1 1(Ti = s)
=

∑N
i=1 1(Ti = t)uK(Xi)∑N

i=1 1(Ti = t)
.

Moreover, these estimates have empirical likelihood interpretations. For example, ρ(v) = − exp(−v)

corresponds to the exponential tilting [25, 26], ρ(v) = log(1+v) corresponds to the empirical like-

lihood [27, 28], ρ(v) = −(1 − v)2/2 corresponds to the continuous updating of the generalized

method of moments [29, 30] and ρ(v) = v− exp(−v) corresponds to the inverse logistic. Regard-

less of the choice of ρ(·), Q̂s(λ) and Q̂st(λ) are all globally concave and hence their maximands

are easy to compute.

With the estimated weighting functions in hand, we now estimate the distribution functions by

F̂s(y) =
1

N

N∑
i=1

π̂s(Xi)1(Ti = s & Yi ≤ y),

F̂st(y) =

∑N
i=1 π̂st(Xi)1(Ti = s & Yi ≤ y)∑N

i=1 1(Ti = s)
,

F̂tt(y) =

∑N
i=1 1(Ti = t & Yi ≤ y)∑N

i=1 1(Ti = t)
.

Notice that, since the basis functions uK(X) include the constant 1, the estimated weighting func-

9



tions satisfy:

N−1

N∑
i=1

1(Ti = s)π̂s(Xi) = 1,

N∑
i=1

1(Ti = s)π̂st(Xi) =
N∑
i=1

1(Ti = s).

Consequently, the estimated distributions are garanteed to be in [0, 1].

It is worth noting that, in the binary treatment case, [14] propose similar estimates of the

distribution functions (i.e., F̂s(y)). The difference is that they estimate the weighting functions

by inverse of the nonparametric estimate of the propensity score P (T = s|X). A disadvantage of

their approach is that their estimated weighting functions are quite sensitive to the extreme small

values of the estimated propensity score (see [31] for further commets). In contrast, we estimate

the inverse directly and avoid the small propensity score problem. Moreover, we estimate other

distributions as well as the Mann-Whitney indicators.

By pluging in the estimated distributions, we estimate θ0 by the following Mann-Whitney

statistics:

θ̂st =
1

N2

N∑
i=1

N∑
j=1

1(Ti = s & Tj = t)π̂s(Xi)π̂t(Xj)1(Yi ≤ Yj), (2.5)

θ̂stt =

∑N
j=1

∑N
i=1 1(Ti = s & Tj = t)π̂st(Xi)1(Yi ≤ Yj)∑N

j=1

∑N
i=1 1(Ti = s & Tj = t)

. (2.6)

The Mann-Whitney statistic θ̂st is similar to the one constructed in [20], [21] and [22] for the two-

samples missing data problem. [20] requires a parametric modeling of the weighting functions

and his approach is not robust to the risk of misspecification. Moreover, he does not incorporate

the restrictions on the weighting functions and hence his statistic is unlikely efficient. [21] first

construct a conditional version (conditional on covariates or the propensity score) of the Mann-

Whitney statistic and then average it over the population. The conditional version is estimated

either nonparametrically or semiparametrically if the propensity score function is specified. Again,

10



since restrictions on the weighting functions are not imposed, their statistics are unlikely efficient.

[22] is essentially an improved version of [21]. Instead of assuming parametric propensity score,

[21] assume the propensity score function is an index function and estimate the index from the

data. Although they show that their statistic attains their semiparametric efficiency bound for the

two-samples problem, provided an index assumption is satisfied, we argue that the treatment effect

problem is not the same as the two-samples missing data problem. Therefore their statistic is

unlikely to attain our bound.

2.4 Asymptotic Properties

To establish the large sample properties of the proposed estimators

F̂(·) = (F̂s(·), F̂st(·); for all 0 ≤ s, t ≤ J)>

and

θ̂ = ((θ̂st; for all 0 ≤ s 6= t ≤ J), (θ̂stt; for all 0 ≤ s 6= t ≤ J))>,

we impose the following sufficient conditions.

Assumption 2.4.1. (i) The support of r-dimensional covariates X , denoted by X , is Cartesian

product of r compact intervals; (ii) For all x ∈ X , π0(x), π1(x), π01(x) and π10(x) are bounded

and bounded away from 0.

Assumption 2.4.2. For all 0 ≤ s, t ≤ 1, there exist λsK and λstK and α > 0 such that

sup
x∈X

∣∣(ρ′−1 (πs(x))− λ>sKuK(x)
∣∣ = O(K−α) holds uniformly in K;

sup
x∈X

∣∣(ρ′−1 (πst(x))− λ>stKuK(x)
∣∣ = O(K−α) holds uniformly in K.

Assumption 2.4.3. For any t ∈ {0, 1}, the conditional distribution FY (t)|X(y|x) := P (Yi(t) ≤

y|Xi = x) is continuously differentiable in x and is Lipschitz continuous in y.

Assumption 2.4.4. (i) For every K, the smallest eigenvalue of E
[
uK(X)uK(X)>

]
is bounded
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away from zero uniformly in K. (ii) There exists a sequence of constants ζ(K) satisfying

supx∈X ‖uK(x)‖ ≤ ζ(K) such that ζ(K)K−α → 0 and ζ(K)
√
K/N → 0 as N →∞.

Assumption 2.4.5. For all i, ρ(·) is a strictly concave function defined on R and ρ′(·) is bounded.

Assumption 2.4.1 (i) restricts the covariates to be bounded. This condition is restrictive but

familiar in the nonparametric regression literature. It can be relaxed, however, if the tail distribu-

tion of X is restricted. Assumption 2.4.1 (ii) requires that each type of individuals (denoted by X)

must present in both groups. This restriction allows us to match individuals in one group with sta-

tistical counterparts in the other group. Assumption 2.4.2 requires the sieve approximation error of

ρ′−1 (πs(x)) and ρ′−1 (πst(x)) to shrink at a polynomial rate. This condition is satisfied for a variety

of sieve basis functions. For example, if X is discrete, then the approximation error is zero for suf-

ficient large K and in this case Assumption 2.4.2 is satisfied with α = +∞. If some components

of X are continuous, the polynomial rate depends positively on the smoothness of ρ′−1 (πs(x))

and ρ′−1 (πst(x)) and negatively on the number of the continuous covariates. Assumption 2.4.3 is

needed for ensuring the stochastic equicontinuity that is used for weak convergence. Assumption

2.4.4 (i) rules out the near multicollinearity of the basis functions. This condition is commonly

imposed in the sieve regression literature (see [32, 33]). Assumption 2.4.4 (ii) restricts the growth

rate of the smoothing parameter K. K must grow not too fast and not too slow. Assumption 2.4.5

is a mild restriction on ρ and it is satisfied by all important special cases that have been considered

in the literature.

Under these conditions, we first establish the consistency of the estimated weighting functions

under the L2-norm.

Theorem 2.4.6. Suppose that Assumptions 2.4.1-2.4.5 hold. Then, for any 0 ≤ s 6= t ≤ J , we

12



have:

∫
X
|π̂s(x)− πs(x)|2dFX(x) = Op

(
max

{
K−2α,

K

N

})
,∫

X
|π̂st(x)− πst(x)|2dFX(x) = Op

(
max

{
K−2α,

K

N

})
,

1

N

N∑
i=1

|π̂s(Xi)− πs(Xi)|2 = Op

(
max

{
K−2α,

K

N

})
,

1

N

N∑
i=1

|π̂st(Xi)− πst(Xi)|2 = Op

(
max

{
K−2α,

K

N

})
.

The convergence rates in Theorem 2.4.6 are quite similar to the convergence rates of regres-

sion functions in the nonparametric literature (e.g., [33]), and these rates will be used to regulate

the growing rate of the smoothing parameter K so that the estimated Mann-Whitney statistics and

distribution functions are consistent and asymptotically normally distributed. Under the follow-

ing under-smoothing condition, we now establish the asymptotic normality of the Mann-Whitney

statistics.

Assumption 2.4.7.
√
NK−α → 0 as N →∞.

Theorem 2.4.8. Under Assumption 2.1.1 and Assumptions 2.4.1-2.4.7, we have

√
N(θ̂ − θ0)

d−→ N (0, Vθ) ,

where Vθ is the semiparametric efficiency bound of θ0.

The asymptotic normality of the Mann-Whitney statistics can be used for detecting evidence

of distributional effects. For instance, with v11θ denoting the first main diagonal element of Vθ, the

above theorem shows that
√
N(θ̂01 − θ01)/

√
v11θ asymptotically has standard normal distribution.

Under the null hypothesis of no distributional effect H0 : F0(·) = F1(·),
√
N(θ̂01 − 1/2)/

√
v11θ

is asymptotically standard normal. At significance level α = 0.05, we conclude no evidence of

distributional effects if
∣∣∣√N(θ̂01 − 1/2)/

√
v11θ

∣∣∣ < 1.96, strong evidence of positive distributional
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effects if
√
N(θ̂01 − 1/2)/

√
v11θ > 1.96 and strong evidence of negative effects if

√
N(θ̂01 −

1/2)/
√
v11θ < −1.96. The fact that the Mann-Whitney statistics attain the semiparametric effi-

ciency bound implies that these inferences are also efficient. If strong evidences of distributional

effects are detected in the whole population or target populations, we might be interested in which

outcome levels are benefited from (or harmed by) the treatment. But to do so, we need the asymp-

totic distribution of the estimated distribution functions, which are established in the following

theorem.

Theorem 2.4.9. Under Assumption 2.1.1 and Assumptions 2.4.1-2.4.7, we have, for any fixed

y0 ∈ R,
√
N{F̂(y0)− F(y0)} d−→ N (0, VF (y0)),

where VF (y0) is the semiparametric efficiency bound of F(y0). Furthermore, we have

√
N{F̂(·)− F(·)} ⇒ G(·, ·),

where “⇒ ” denotes the weak convergence and G(·, ·) is a Gaussian process with kernel function

Ω(y1, y2) = E [SF (T,X, Y ; y1)SF (T,X, Y ; y2)] .

The asymptotic results above allow us to construct the confidence band for the distributional

differences. For example, with vFsFt(y0) as the variance of F̂s(y0) − F̂t(y0), the 5% confidence

band is given by

[
F̂s(·)− F̂t(·)− 1.96

vFsFt(·)√
N

, F̂s(·)− F̂t(·) + 1.96
vFsFt(·)√

N

]
,

which can be graphed and show which segments of population (defined by outcome levels) are

benefited from (or harmed by) the treatment. Similar procedure can be applied to the treated or un-

treated population. The fact that these estimated distributions attain the semiparametric efficiency

bound implies that these inferences are efficient.
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2.5 Smoothing Parameter and Consistent Covariance

In order to carry out the statistical inferences discussed in the previous section, we must provide

a data-driven smoothing parameter K so that the estimated distributions and the Mann-Whitney

statistics can be computed, and provide some consistent covariance matrices so that the confidence

bands can be constructed. In theory, the smoothing parameter K is required to satisfy Assumption

2.4.4 and Assumption 2.4.7, which unfortunately do not determine a unique value of K. This

presents a dilemma for applied researchers who only have a finite sample of observations.

2.5.1 Selection of K

We shall select K to minimize the penalized loss function. Notice that the weighting functions

satisfy the following moment conditions:

E [Dsπs(X) exp(X)] = E[exp(X)] and E [πst(X) exp(X)|T = s] = E[exp(X)|T = t].

We propose to select K to minimize the following penalized loss function:

K̂s = arg min

∥∥∥∥∥∥
{

1

N

N∑
i=1

Disπ̂s(Xi) exp(Xi)−
1

N

N∑
i=1

exp(Xi)

}2
∥∥∥∥∥∥

1

/(1−K/N)2,

K̂st = arg min

∥∥∥∥∥∥
{∑N

i=1Disπ̂st(Xi) exp(Xi)∑N
j=1 Djs

−
∑N

i=1 Dit exp(Xi)∑N
j=1Djt

}2
∥∥∥∥∥∥

1

/(1−K/N)2.

Evidently, we allow different smoothing parameter values to be used in estimation of different

weighting functions, though a single smoothing parameter is used in theory. As long as these

smoothing parameters satisfy the sufficient conditions on the smoothing parameter, all large sample

properties still hold. Allowing for different smoohting parameter values, however, may improve

finite sample performance.
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2.5.2 Covariance

In this subsection, we estimate the asymptotic covariances by estimating the efficient scores.

Notice that the estimated counterfactual distributions and the Mann-Whitney statistics depend on

the estimated weighting functions. These estimated weighting functions contribute to the efficient

scores through the following term:

− ∂π̃s(X)

∂λ>

(
∂2Q̂s(λ̃s)

∂λ∂λ>

)−1
∂Q̂s(λ

∗
s)

∂λ
, (2.7)

− ∂π̃st(X)

∂λ>

(
∂2Q̂st(λ̃st)

∂λ∂λ>

)−1
∂Q̂st(λ

∗
st)

∂λ
, (2.8)

where λ̃s (resp. λ̃st) lies between λ̂s (resp. λ̂st) and λ∗s (resp. λ∗st), and ∂π̃s(X)/∂λ> = ρ′′(λ̃>s uK(X))u>K(X)

and ∂π̃st(X)/∂λ> = ρ′′(λ̃>stuK(X))u>K(X), see Appendix A for more detailed explanation.

Denote

∆̂s = − 1

N

N∑
i=1

1(Ti = s & Yi ≤ y) · ρ′′(λ̂>s uK(Xi)) · uK(Xi)
>

(
∂2Q̂s(λ̂s)

∂λ∂λ>

)−1

,

∆̂st = −

∑N
i=1 1(Ti = s & Yi ≤ y) · ρ′′(λ̂>stuK(Xi)) · uK(Xi)

>
(
∂2Q̂st(λ̂st)
∂λ∂λ>

)−1

∑N
i=1 1(Ti = s)

.

The efficient scores of the counterfactual distributions are estimated by

ŜiFs(y) = π̂s(Xi)1(Ti = s & Yi ≤ y)− F̂s(y) + ∆̂suK(Xi) [1(Ti = s)π̂s(Xi)− 1] ,

ŜiFst(y) =
π̂st(Xi)1(Ti = s & Yi ≤ y)

N−1
∑N

i=1 1(Ti = s)
− F̂st(y)

+ ∆̂stuK(Xi)

[
1(Ti = s)π̂st(Xi)

N−1
∑N

i=1 1(Ti = s)
− 1(Ti = t)

N−1
∑N

i=1 1(Ti = t)

]
,

ŜiFtt(y) =
1(Ti = t & Yi ≤ y)

N−1
∑N

i=1 1(Ti = t)
− 1(Ti = t)

N−1
∑N

i=1 1(Ti = t)
F̂tt(y).
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With

ŜiF = (ŜiFs , ŜiFst ; for all 0 ≤ s, t ≤ J)>,

the asymptotic covariance of the estimated distributions is estimated by

V̂F (y) =
1

N

N∑
i=1

ŜiF Ŝ>iF .

To estimate the asymptotic covariance of the Mann-Whitney statistics, we denote

δ̂st1 = − 1

N2

N∑
i=1

N∑
j=1

1(Ti = s & Tj = t & Yi ≤ Yj)ρ
′′(λ̂>s uK(Xi))π̂t(Xj)uK(Xi)

>

(
∂2Q̂s(λ̂s)

∂λ∂λ>

)−1

,

δ̂st2 = − 1

N2

N∑
i=1

N∑
j=1

1(Ti = s & Tj = t & Yi ≤ Yj)π̂s(Xi)ρ
′′(λ̂>t uK(Xj))uK(Xj)

>

(
∂2Q̂t(λ̂t)

∂λ∂λ>

)−1

,

δ̂stt = −
∑N

j=1

∑N
i=1 1(Ti = s & Tj = t & Yi ≤ Yj)ρ

′′(λ̂>stuK(Xi))uK(Xi)
>∑N

j=1

∑N
i=1 1(Ti = s & Tj = t)

(
∂2Q̂st(λ̂st)

∂λ∂λ>

)−1

.

The efficient score of the Mann-Whitney statistics is estimated by

Ŝiθst =
1

N

N∑
j=1

π̂s(Xi)π̂t(Xj)1(Ti = s & Tj = t & Yi ≤ Yj)− θ̂st

+
1

N

N∑
j=1

π̂s(Xj)π̂t(Xi)1(Tj = s & Ti = t & Yj ≤ Yi)− θ̂st

+ δ̂st1uK(Xi) [1(Ti = s)π̂s(Xi)− 1] + δ̂st2uK(Xi) [1(Ti = t)π̂t(Xi)− 1] ,

and

Ŝiθstt =

∑N
j=1 π̂st(Xi)1(Ti = s&Tj = t&Yi ≤ Yj)

N−1
∑N

j=1

∑N
i=1 1(Ti = s&Tj = t)

− 1(Ti = s)

N−1
∑N

j=1 1(Ti = s)
θ̂stt

+

∑N
j=1 π̂st(Xj)1(Tj = s&Ti = t&Yj ≤ Yi)

N−1
∑N

j=1

∑N
i=1 1(Ti = s&Tj = t)

− 1(Ti = t)

N−1
∑N

j=1 1(Ti = t)
θ̂stt

+ δ̂sttuK(Xi)

[
1(Ti = s)π̂st(Xi)

N−1
∑N

i=1 1(Ti = s)
− 1(Ti = t)

N−1
∑N

i=1 1(Ti = t)

]
.
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With

Ŝiθ = ((Ŝiθst ; 0 ≤ s < t ≤ J), (Ŝiθstt ; 0 ≤ s 6= t ≤ J))>,

we estimate the asymptotic covariance of the Mann-Whitney statistics by

V̂θ =
1

N

N∑
i=1

ŜiθŜ>iθ.

The following theorem shows that the estimated covariances are consistent.

Theorem 2.5.1. Under Assumption 2.1.1 and Assumptions 2.4.1-2.4.5, V̂F (y) is a consistent esti-

mator of VF (y) for any fixed y and V̂θ is a consistent estimator of Vθ.
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3. SIMULATION AND EMPIRICAL APPLICATIONS

3.1 Simulation Studies

To evaluate the finite sample performance of the Mann-Whitney statistic θ̂011 and the distribu-

tional difference F̂01 − F̂11, we conduct a small scale simulation study on a binary treatment. We

consider three scenarios for DGPs. In all scenarios, we set X = (X1, X2), X1 = exp(Z1/2) and

X2 = Z2/(1+exp(Z1)), where Z1, Z2 are independently drawn from the uniform distribution over

[−2, 2].

• Scenario I: P(T = 1 | X) = 1/(1 + exp(Z1 − 0.05Z2), Y (0) = 200 − b(Z) and Y (1) =

200− b(Z), where b(Z) = 10Z1 + 7.5Z2. The true value is θ011 = 0.500.

• Scenario II: P(T = 1 | X) = 1/(1 + exp(0.6Z1 − 0.5Z2), Y (0) = 200− 0.5b(Z) +N and

Y (1) = 212 + b(Z) +N , where b(Z) = 10Z1 + 7.5Z2 and N is the standard normal random

variable. The true value is θ011 = 0.719.

• Scenario III: P(T = 1 | X) = 1/(1 + exp(0.5Z1 − 0.5Z2), Y (0) = 210 + b(Z) + N and

Y (1) = 200 − 0.6b(Z) + N , where b(Z) = 10.5Z1 + 9.5Z2 and N is a standard normal

random variable. The true value is θ011 = 0.318.

In each Monte Carlo run, we generate a sample of data from DGPs of two sample sizes: 600 and

800. The Monte Carlo runs are repeated for 500 times. We compare our covariate balancing esti-

mator (CBE), the inverse probability weighting (IPW) estimator of [14], and the kernel estimator

of [21]. Details of calculations are given below:

1. our covariate balancing estimator (CBE) is computed using the proposed approach with

ρ(v) = − exp(−v). The data-driven K is computed from the following basis functions:

u1(X) = 1, u2(X) = [1, X1, X2], u3(X) = [first and second order polynomials of X],

u4(X) = [first, second and third order polynomials of X].
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2. the inverse probability weighting (IPW) estimator of [14] is constructed with Logit propen-

sity score function proposed by [7].

3. the kernel estimator of [21] is constructed with the Gaussian kernel and bandwith h = 0.5.

Table 3.1 reports the bias, standard deviation (stdev), and the root mean square error (rmse) of

θ̂011. Glancing at Table 3.1, we have the following observations:

Table 3.1: Results of Estimation of θ011

Sample Size Scenario CBE IPW Kernel Method
bias, stdev, rmse bias, stdev, rmse bias, stdev, rmse

I 0.005, 0.005, 0.007 0.069, 0.015, 0.070 0.100, 0.013, 0.101
N=600 II 0.002, 0.027, 0.027 -0.088, 0.029, 0.092 0.012, 0.024, 0.027

III -0.007, 0.028, 0.029 -0.035, 0.028, 0.044 -0.017, 0.025, 0.030
I 0.005, 0.005, 0.007 0.069, 0.013, 0.070 0.079, 0.035, 0.086

N=800 II 0.004, 0.023, 0.024 -0.087, 0.024, 0.091 -0.030, 0.023, 0.037
III -0.007, 0.026, 0.027 -0.034, 0.025, 0.042 0.013, 0.022, 0.025

Table 3.2: Rejection Rates

Sample Size Scenario Rejection Rate
I 0

N=600 II 0.680
III 0.988
I 0

N=800 II 0.972
III 0.996

1. CBE is unbiased in all scenarios and has the smallest standard deviation.
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2. IPW estimator and kernel estimator have large bias in all scenarios. The bias does not shrink

to zero as the sample size increases.

Table 3.2 reports the rejection rates (power) of the Mann-Whitney test for H0 : F01 = F11.

Figure 3.1 plots F01(y)− F11(y), F̂01(y)− F̂11(y) and the confidence band. Glancing at Table 3.2

and Figure 3.1, we have the following observations:

1. In all scenarios, the confidence band contains the true curve F01(y)− F11(y).

2. In scenario I, F01(y) = F11(y) for all y. The null hypothesis is rejected with probability

less than 0.05. In scenario II, the null hypothesis is false and there exists a positive distribu-

tional effect. Our test rejects the null with probability tending to one quickly as sample size

increases. Moreover, the graph shows significant positive distributional effect. In scenario

III, the null hypothesis is false and there exists a negative distributional effect. Our test re-

jects the null with pprobability tending to one as sample size increases, and the graph shows

negative distributional effect.

Overall, the proposed estimators and tests perform better relative to the other alternatives.

3.2 Empirical Applications

To illustrate the applicability of the proposed approach, we analyze the evidence of racial dis-

crimination. Let T be the race indicator, i.e T = 1 if the individual is black and T = 0 if the

individual is white. Let Y (1) denote the wage of black man and Y (0) denote the wage of white

man. Let X denote the individual characteristics. Recall that Fst(y) denote the conditional distri-

bution of Y (s) conditional on T = t. Notice that

F11(y)− F00(y) = {F11(y)− F01(y)}+ {F01(y)− F00(y)} ,

where the first term on the right hand side is a measure of race discrimination. If there is no race

discrimination, then F11(y) = F01(y) and θ011 =
∫
F01(y)dF11(y)=0.5.
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Figure 3.1: F01(y)− F11(y)

(a) Scenario I

(b) Scenario II

(c) Scenario III

The red dotted line is our estimated curve; The black solid line is the true curve; The grey solid lines denote the confidence band.

Our sample consists of all males who participated in a training programe from the National

Supported Work Demonstration (see [34]). The data include observations on age, education, His-

panic, marital status, a binary high school degree dummy, and real earning in 1975. The outcome
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variable is real earnings in 1978. For detailed description of the dataset, see [35].

We apply the proposed procedure to compute F̂01(y) and F̂11(y) and θ̂011. We find that θ̂011 =

0.358 with p-value less than 0.05. Thus the null hypothesis of no racial discrimination is rejected at

5% level. Indeed Figure 3.2 shows that White males earned higher wages than Black males when

both earn less than 15000. But for high wage earners, there is no evidence of racial discrimination.

Figure 3.2: Plot of F01(y) and F11(y)

23



4. SUMMARY AND CONCLUSIONS

4.1 Concluding Remarks

We study the distributional treatment effect which is measured by the Mann-Whitney statistics.

The difficulty of our method lies in the estimation for the counterfactual distribution which can

not be observed. We propose covariate balancing estimators for counterfactual distributions and

provide the asymptotic normality of the constructed Mann-Whitney statistics. We also obtained

a consistent estimator of the asymptotic variance. Our procedure assumes all confounders are

observed. The simulation results show that our method performs quite well. Extension of the

proposed methodology to the situation with unmeasured confounders is certainly of great interest.

We consider this an important problem for our future research.
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A. APPENDIX

A.1 Proof of Theorem 2.2.1

This section utilizes the method of [36] to show the efficient influence functions of F01(y0) and

θ011, which are denoted by SF01 and Sθ011 respectively, are

SF01 =
1− T
p0

π01(X)1(Y ≤ y0)−
{

1− T
p0

π01(X)− T

p1

}
FY (0)|X(y0|X)− T

p1

F01(y0); (A.1)

Sθ011 =
1− T
p0

{
F̄11(Y )π01(X)− π01(X)

∫
FY (0)|X(y | X)fY (1)|T=1(y)dy

}
+
T

p1

{
F01(Y )− θ011 +

∫
FY (0)|X(y | X)fY (1)|T=1(y)dy − θ011

}
. (A.2)

By applying the similar argument, it is easy to show that the efficient influence functions of

F1(y0), F0(y0), F10(y0), θ01 and θ10t are SF0 , SF0 , SF10 , and Sθ01 defined in Theorem 1.

Consider a regular parametric submodel {fY,X,T (y, x, t; τ) : τ ∈ R}with fY,X,T (y, x, t; τ)|τ=τ0 =

fY,X,T (y, x, t). The likelihood function of {Y,X, T} is

fY,X,T (y, x, t; τ) =
[
fY |X,T (y|x, T = 1; τ)fX|T (x|T = 1; τ)P (T = 1; τ)

]t
×
[
fY |T,X(y|x, T = 0; τ)fX|T (x|T = 0; τ)P (T = 0; τ)

](1−t)
.

The score function of fY,X,T (y, x, t; τ) is

s(y, t, x; τ) :=
d

dτ
log fY,X,T (y, x, t; τ)

=t · s1(y|x, T = 1; τ)

+ (1− t) · s0(y|x, T = 0; τ) +
t− P(T = 1; τ)

P(T = 1; τ)(1− P(T = 1; τ))
· P′(T = 1; τ)

+ t · h1(x|T = 1; τ) + (1− t) · h0(x|T = 0; τ), (A.3)
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where

s1(y|x, T = 1; τ) =
d

dτ
log fY |X,T (y|x, T = 1; τ),

s0(y|x, T = 0; τ) =
d

dτ
log fY |X,T (y|x, T = 0; τ),

P′(T = 1; τ) =
d

dτ
P(T = 1; τ),

h1(x|T = 1; τ) =
d

dτ
log fX|T (x|T = 1; τ),

h0(x|T = 0; τ) =
d

dτ
log fX|T (x|T = 0; τ).

From (A.3), we obtain the tangent space of this model:

Λ := {t · s1(y|x) + (1− t) · s0(y|x) + a · (t− P(T = 1)) + t · h1(x) + (1− t) · h0(x)} ,

where
∫
sj(y|x)fY |X,T (y|x, T = j)dy = 0,

∫
hj(x)fY |X,T (x|T = j)dx = 0, j ∈ {0, 1}, and

a ∈ R.

The parameters {F01(y0), θ011} under the model fY,X,T (y, x, t; τ) are represented by

F01(y0; τ) =

∫
x∈X

FY (0)|X(y0|x; τ)fX|T=1(x; τ)dx,

θ011(τ) =

∫
y∈Y

E [1(Y (0) ≤ y)|T = 1] fY |T=1(y; τ)dy

=

∫
y∈Y

{∫
x∈X

FY |T=0,X(y|x; τ)fX|T=1(x; τ)dx

}
fY |T=1(y; τ)dy

=

∫
y∈Y

{∫
x∈X

FY |T=0,X(y|x; τ)fX|T=1(x; τ)dx

}{∫
X
fY |X,T=1(y|x; τ)fX|T=1(x; τ)dx

}
dy.

Then

∂F01(y0; τ0)

∂τ
=

∫
x∈X

∂FY (0)|X(y0|x; τ0)

∂τ
fX|T=1(x; τ0)dx

+

∫
x∈X

FY (0)|X(y0|x; τ0)h1(x|T = 1; τ0)fX|T=1(x; τ0)dx,
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and

∂θ011(τ0)

∂τ
=

∫
y∈Y

{∫
x∈X

∂FY |T=0,X(y|x; τ0)

∂τ
fX|T=1(x; τ0)dx

}
fY |T=1(y; τ0)dy

+

∫
y∈Y

{∫
x∈X

FY |T=0,X(y|x; τ0)h1(x|T = 1; τ0)fX|T=1(x; τ0)dx

}
fY |T=1(y; τ0)dy

+

∫
y∈Y

[∫
x∈X

FY |T=0,X(y|x; τ0)fX|T=1(x; τ0)dx

]
[∫

x∈X

{
s1(y|x, T = 1; τ0)fY |X,T=1(y|x; τ0)fX|T=1(x; τ0)

+ fY |X,T=1(y|x; τ0)h1(x|T = 1; τ0)fX|T=1(x; τ0)
}
dx

]
dy.

It is obvious to see that SF01(y0) and Sθ011 are in the tangent space Λ. Hence, to prove SF01(y0) and

Sθ011 are the efficient influence functions of F01(y0) and θ011, it is sufficient to verify the following

equations hold:

∂F01(y0; τ0)

∂τ
= E [SF01(Y, T,X) · s(Y, T,X; τ0)] , (A.4)

∂θ011(τ0)

∂τ
= E [Sθ011(Y, T,X) · s(Y, T,X; τ0)] , (A.5)

where s(Y, T,X; τ0) is defined in (A.3). To prove (A.4), we compute the expectation on the right
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hand side:

E [SF01(Y, T,X) · s(Y, T,X; τ0)]

=E

{[
1− T
p0

π01(X)1(Y ≤ y0)−
{

1− T
p0

π01(X)− T

p1

}
FY (0)|X(y0|X)− T

p1

F01(y0)

]

×

[
T · s1(Y |X,T = 1; τ0) + (1− T ) · s0(Y |X,T = 0; τ0)

+
T − P(T = 1; τ0)

P(T = 1; τ0)(1− P(T = 1; τ0))
· P′(T = 1; τ0)

+ T · h1(X|T = 1; τ0) + (1− T ) · h0(X|T = 0; τ0)

]}

=E
{

1

p0

(1− T )π01(X)1(Y ≤ y0)s0(Y |X,T = 0; τ0)

}
+ E

{
1

p0

(1− T )π01(X)1(Y ≤ y0)h0(X|T = 0; τ0)

}
+

P′(T = 1; τ0)

P(T = 1; τ0)(1− P(T = 1; τ0))
E
{

1

p0

(1− T )π01(X)1(Y ≤ y0)(T − p1)

}
− E

{
1

p0

(1− T )π01(X)FY (0)|X(y0|X)s0(Y |X,T = 0; τ0)

}
− E

{
1

p0

(1− T )π01(X)FY (0)|X(y0|X)h0(X|T = 0; τ0)

}
− P′(T = 1; τ0)

P(T = 1; τ0)(1− P(T = 1; τ0))
E
{

1

p0

(1− T )π01(X)FY (0)|X(y0|X)(T − p1)

}
+ E

{
T

p1

FY (0)|X(y0|X)s1(Y |X,T = 1; τ0)

}
+ E

{
T

p1

FY (0)|X(y0|X)h1(X|T = 1; τ0)

}
+

P′(T = 1; τ0)

P(T = 1; τ0)(1− P(T = 1; τ0))
E
{
T

p1

FY (0)|X(y0|X)(T − p1)

}
− E

{
T

p1

F01(y0)s1(Y |X,T = 1; τ0)

}
− E

{
T

p1

F01(y0)h1(X|T = 1; τ0)

}
− P′(T = 1; τ0)

P(T = 1; τ0)(1− P(T = 1; τ0))
E
{
T

p1

F01(y0)(T − p1)

}
.
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Computing every term in E [SF01(Y, T,X) · s(Y, T,X; τ0)], we have

E
{

1

p0

(1− T )π01(X)1(Y ≤ y0)s0(Y |X,T = 0; τ0)

}
=

∫
x∈X

{∫
y∈Y

π01(x)1(y ≤ y0)s0(y|x, T = 0; τ0)fY |X,T=0(y|x; τ0)dy

}
fX|T=0(x; τ0)dx

=

∫
x∈X

∂FY (0)|X(y0|x; τ0)

∂τ
fX|T=1(x; τ0)dx,

and

E
{

1

p0

(1− T )π01(X)1(Y ≤ y0)h0(X|T = 0; τ0)

}
=

∫
x∈X

{∫
y∈Y

π01(x)1(y ≤ y0)h0(x|T = 0; τ0)fY |X,T=0(y|x; τ0)dy

}
fX|T=0(x; τ0)dx

=

∫
x∈X

FY (0)|X(y0; τ0)π01(x)
∂fX|T=0(x; τ0)

∂τ
dx,
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and

E
{

1

p0

(1− T )π01(X)1(Y ≤ y0)(T − p1)

}
= −p1

∫
x∈X

FY (0)|X(y0|x; τ0)fX|T=1(x; τ0)dx,

E
{

1

p0

(1− T )π01(X)FY (0)|X(y0|X)s0(Y |X,T = 0; τ0)

}
= 0,

E
{

1

p0

(1− T )π01(X)FY (0)|X(y0|X)h0(X|T = 0; τ0)

}
=

∫
x∈X

FY (0)|X(y0|x; τ0)π01(x)
∂fX|T=0(x; τ0)

∂τ
dx,

E
{

1

p0

(1− T )π01(X)FY (0)|X(y0|X)(T − p1)

}
= −p1

∫
x∈X

FY (0)|X(y0|x; τ0)fX|T=1(x; τ0)dx,

E
{
T

p1

FY (0)|X(y0|X)s1(Y |X,T = 1; τ0)

}
= 0,

E
{
T

p1

FY (0)|X(y0|X)h1(X|T = 1; τ0)

}
=

∫
x∈X

FY (0)|X(y0|x; τ0)
∂fX|T=1(x; τ0)

∂τ
dx,

E
{
T

p1

FY (0)|X(y0|X)(T − p1)

}
= (1− p1)

∫
x∈X

FY (0)|X(y0|x)fX|T=1(x; τ0)dx,

E
{
T

p1

F01(y0)s1(Y |X,T = 1; τ0)

}
= 0,

E
{
T

p1

F01(y0)h1(X|T = 1; τ0)

}
= 0,

E
{
T

p1

F01(y0)(T − p1)

}
= (1− p1)

∫
x∈X

FY (0)|X(y0|x)fX|T=1(x; τ0)dx.

34



Then we get

E [SF01(Y, T,X) · s(Y, T,X; τ0)]

=

∫
x∈X

∂FY (0)|X(y0|x; τ0)

∂τ
fX|T=1(x; τ0)dx+

∫
x∈X

FY (0)|X(y0; τ0)π01(x)
∂fX|T=0(x; τ0)

∂τ
dx

− P′(T = 1; τ0)

P(T = 1; τ0)(1− P(T = 1; τ0))
× p1

∫
x∈X

FY (0)|X(y0|x; τ0)fX|T=1(x; τ0)dx

−
∫
x∈X

FY (0)|X(y0|x; τ0)π01(x)
∂fX|T=0(x; τ0)

∂τ
dx

+
P′(T = 1; τ0)

P(T = 1; τ0)(1− P(T = 1; τ0))
× p1

∫
x∈X

FY (0)|X(y0|x; τ0)fX|T=1(x; τ0)dx

+

∫
x∈X

FY (0)|X(y0|x; τ0)
∂fX|T=1(x; τ0)

∂τ
dx

+
P′(T = 1; τ0)

P(T = 1; τ0)(1− P(T = 1; τ0))
× (1− p1)

∫
x∈X

FY (0)|X(y0|x)fX|T=1(x; τ0)dx

− P′(T = 1; τ0)

P(T = 1; τ0)(1− P(T = 1; τ0))
× (1− p1)

∫
x∈X

FY (0)|X(y0|x)fX|T=1(x; τ0)dx

=

∫
x∈X

∂FY (0)|X(y0|x; τ0)

∂τ
fX|T=1(x; τ0)dx

+

∫
x∈X

FY (0)|X(y0|x; τ0)h1(x|T = 1; τ0)fX|T=1(x; τ0)dx

=
∂F01(y0; τ0)

∂τ
.
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We next verify Equation (A.5) holds:

E [Sθ011(Y, T,X) · s(Y, T,X; τ0)]

=E

{[
1− T
p0

{
π01(X)− F11(Y )π01(X)− π01(X)

∫
FY (0)|X(y | X)fY (1)|T=1(y)dy

}

+
T

p1

{
F01(Y )− θ011 +

∫
FY (0)|X(y | X)fY (1)|T=1(y)dy − θ011

}]

×

[
T · s1(Y |X,T = 1; τ0) + (1− T ) · s0(Y |X,T = 0; τ0)

+
T − P(T = 1; τ0)

P(T = 1; τ0)(1− P(T = 1; τ0))
· P′(T = 1; τ0) + T · h1(X|T = 1; τ0) + (1− T ) · h0(X|T = 0; τ0)

]}

=E
{

1

p0
(1− T )π01(X)s0(Y |X,T = 0; τ0)

}
+ E

{
1

p0
(1− T )π01(X)h0(X|T = 0; τ0)

}
+

P′(T = 1; τ0)

P(T = 1; τ0)(1− P(T = 1; τ0))
E
{

1

p0
(1− T )π01(X)(T − p1)

}
− E

{
1

p0
(1− T )π01(X)FY |T=1(Y )s0(Y |X,T = 0; τ0)

}
− E

{
1

p0
(1− T )π01(X)FY |T=1(Y )h0(X|T = 0; τ0)

}
− P′(T = 1; τ0)

P(T = 1; τ0)(1− P(T = 1; τ0))
E
{

1

p0
(1− T )π01(X)FY |T=1(Y )(T − p1)

}
− E

{
1

p0
(1− T )π01(X))

∫
FY (0)|X(y | X)fY (1)|T=1(y)dys0(Y |X,T = 0; τ0)

}
− E

{
1

p0
(1− T )π01(X))

∫
FY (0)|X(y | X)fY (1)|T=1(y)dyh0(X|T = 0; τ0)

}
− P′(T = 1; τ0)

P(T = 1; τ0)(1− P(T = 1; τ0))
E
{

1

p0
(1− T )π01(X))

∫
FY (0)|X(y | X)fY (1)|T=1(y)dy(T − p1)

}
+ E

{
T

p1

∫
FY (0)|X(y | X)fY (1)|T=1(y)dys1(Y |X,T = 0; τ0)

}
+ E

{
T

p1

∫
FY (0)|X(y | X)fY (1)|T=1(y)dyh1(X|T = 0)

}
+

P′(T = 1; τ0)

P(T = 1; τ0)(1− P(T = 1; τ0))
E
{
T

p1

∫
FY (0)|X(y | X)fY (1)|T=1(y)dy(T − p1)

}
+ E

{
T

p1
F01(Y )s1(Y |X,T = 0; τ0)

}
+ E

{
T

p1
F01(Y )h1(X|T = 0; τ0)

}
+

P′(T = 1; τ0)

P(T = 1; τ0)(1− P(T = 1; τ0))
E
{
T

p1
F01(Y )(T − p1)

}
− 2× P′(T = 1; τ0)

P(T = 1; τ0)(1− P(T = 1; τ0))
E
{
T

p1
θ011(T − p1)

}
.
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We compute the expectation terms of above expression, and obtain the following results:

E
{

1

p0

(1− T )π01(X)s0(Y |X,T = 0; τ0)

}
= 0 ,

E
{

1

p0

(1− T )π01(X)h0(X|T = 0; τ0)

}
=

∫
x∈X

h0(x|T = 0; τ0)fX|T=1(x; τ0)dx ,

E
{

1

p0

(1− T )π01(X)(T − p1)

}
= −p1 ,

and

E
{

1

p0

(1− T )π01(X)FY |T=1(Y )s0(Y |X,T = 0; τ0)

}
=

∫
x∈X

∫
y∈Y

FY |T=1(y)
∂fY |X,T=0(y|x; τ0)

∂τ
fX|T=1(x; τ0)dxdy

=

∫
x∈X

∫
y∈Y

[∫ y

−∞
fY |T=1(y′)dy′

]
∂fY |X,T=0(y|x; τ0)

∂τ
fX|T=1(x; τ0)dxdy

=

∫
x∈X

∫
y′∈Y

[∫ +∞

y′

∂fY |X,T=0(y|x; τ0)

∂τ
dy

]
fY |T=1(y′)fX|T=1(x; τ0)dxdy′

=

∫
x∈X

∫
y∈Y

[
∂(1− FY |T=0,X(y|x; τ0))

∂τ

]
fY |T=1(y)fX|T=1(x; τ0)dxdy

=−
∫
x∈X

∫
y∈Y

∂FY |T=0,X(y|x; τ0)

∂τ
fX|T=1(x; τ0)fY |T=1(y)dydx ,

and

E
{

1

p0

(1− T )π01(X)FY |T=1(Y )h0(X|T = 0; τ0)

}
=

∫
x∈X

∫
y∈Y

FY |T=1(y)h0(x|T = 0; τ0)fY |X,T=0(y|x; τ0)fX|T=1(x; τ0)dxdy,
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and

E
{

1

p0

(1− T )π01(X)FY |T=1(Y )(T − p1)

}
= −p1

∫
x∈X

∫
y∈Y

FY |T=1(y)fY |X,T=0(y|x; τ0)fX|T=1(x; τ0)dxdy

= −p1(1− θ011),

E
{

1

p0

(1− T )π01(X))

∫
FY (0)|X(y | X)fY (1)|T=1(y)dys0(Y |X,T = 0; τ0)

}
= 0 ,

and

E
{

1

p0

(1− T )π01(X))

∫
FY (0)|X(y | X)fY (1)|T=1(y)dyh0(X|T = 0; τ0)

}
=

∫
x∈X

{∫
y∈Y

FY |T=0,X(y|x)fY |T=1(y)dy

}
h0(x|T = 0; τ0)fX|T=1;τ0(x)dx

=

∫
x∈X

{
1−

∫
y∈Y

FY |T=1(y)fY |T=0,X(y|x)dy

}
h0(x|T = 0; τ0)fX|T=1;τ0(x)dx

=

∫
x∈X

h0(x|T = 0; τ0)fX|T=1(x; τ0)dx

−
∫
x∈X

∫
y∈Y

FY |T=1(y)h0(x|T = 0; τ0)fY |X,T=0(y|x; τ0)fX|T=1(x; τ0)dxdy ,

and

E
{

1

p0

(1− T )π01(X))

∫
FY (0)|X(y | X)fY (1)|T=1(y)dy(T − p1)

}
=− p1

∫
x∈X

{∫
y∈Y

FY |T=0,X(y|x; τ0)fY |T=1(y)dy

}
fX|T=1(x; τ0)dx

=− p1θ011 ,

and

E
{
T

p1

∫
FY (0)|X(y | X)fY (1)|T=1(y)dys1(Y |X,T = 1; τ0)

}
= 0 ,
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and

E
{
T

p1

∫
FY (0)|X(y | X)fY (1)|T=1(y)dyh1(X|T = 1; τ0)

}
=

∫
x∈X ,y∈Y

FY (0)|X(y|x; τ0)fY |T=1(y)h1(x|T = 1; τ0)fX|T=1(x; τ0)dydx ,

and

E
{
T

p1

∫
FY (0)|X(y | X)fY (1)|T=1(y)dy(T − p1)

}
=(1− p1)

∫
X

{∫
Y
FY |X,T=0(y′|x; τ0)fY |T=1(y′)dy′

}
fX|T=1(x; τ0)dx = (1− p1)θ011 ,

and

E
{
T

p1

F01(Y )s1(Y |X,T = 0; τ0)

}
=

∫
x∈X

{∫
y∈Y

[∫
x′∈X

FY (0)|X(y|x′)fX|T=1(x′; τ0)dx′
]
· s1(y|x, T = 0; τ0)fY |X,T=1(y|x; τ0)dy

}
fX|T=1(x; τ0)dx,

and

E
{
T

p1

F01(Y )h1(X|T = 0; τ0)

}
=

∫
x∈X

∫
y∈Y

[∫
x′∈X

FY (0)|X(y|x′; τ0)fX|T=1(x′; τ0)dx′
]
fY |X,T=1(y|x; τ0)h1(x|T = 0; τ0)

fX|T=1(x; τ0)dxdy ,

and

E
{
T

p1

F01(Y )(T − p1)

}
= (1− p1) · E[F01(Y )|T = 1] = (1− p1)θ011 ,

E
{
T

p1

θ011(T − p1)

}
= (1− p1)θ011.
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Then we get

E [Sθ011(Y, T,X) · s(Y, T,X; τ0)]

=

∫
x∈X

h0(x|T = 0; τ0)fX|T=1(x; τ0)dx− P′(T = 1; τ0)

P(T = 1; τ0)(1− P(T = 1; τ0))
p1

+

∫
x∈X

∫
y∈Y

∂FY |T=0,X(y|x; τ0)

∂τ
fX|T=1(x; τ0)fY |T=1(y)dydx

−
∫
x∈X

∫
y∈Y

FY |T=1(y)h0(x|T = 0; τ0)fY |X,T=0(y|x; τ0)fX|T=1(x; τ0)dxdy

+
P′(T = 1; τ0)

P(T = 1; τ0)(1− P(T = 1; τ0))
p1(1− θ011)

−
∫
x∈X

h0(x|T = 0; τ0)fX|T=1(x; τ0)dx

+

∫
x∈X

∫
y∈Y

FY |T=1(y)h0(x|T = 0; τ0)fY |X,T=0(y|x; τ0)fX|T=1(x; τ0)dxdy

+
P′(T = 1; τ0)

P(T = 1; τ0)(1− P(T = 1; τ0))
p1θ011

+

∫
x∈X ,y∈Y

FY (0)|X(y|x)fY |T=1(y|x; τ0)h1(x|T = 1; τ0)fX|T=1(x; τ0)dydx

+
P′(T = 1; τ0)

P(T = 1; τ0)(1− P(T = 1; τ0))
(1− p1)θ011

+

∫
x∈X

{∫
y∈Y

[∫
x′∈X

FY (0)|X(y|x′; τ0)fX|T=1(x′; τ0)dx′
]
· s1(y|x, T = 0; τ0)fY |X,T=1(y|x; τ0)dy

}
fX|T=1(x; τ0)dx

+

∫
x∈X

∫
y∈Y

[∫
x′∈X

FY (0)|X(y|x′; τ0)fX|T=1(x′; τ0)dx′
]
fY |X,T=1(y|x; τ0)h1(x|T = 0; τ0)fX|T=1(x; τ0)dxdy

+
P′(T = 1; τ0)

P(T = 1; τ0)(1− P(T = 1; τ0))
(1− p1)θ011

− 2× P′(T = 1; τ0)

P(T = 1; τ0)(1− P(T = 1; τ0))
(1− p1)θ011

=

∫
y∈Y

∫
x∈X

∂FY |T=0,X(y|x; τ0)

∂τ
fX|T=1(x; τ0)dxfY |T=1(y; τ0)dy

+

∫
y∈Y

∫
x∈X

FY |T=0,X(y|x; τ0)h1(x|T = 1; τ0)fX|T=1(x; τ0)dxfY |T=1(y; τ0)dy

+

∫
y∈Y

[∫
x∈X

FY |T=0,X(y|x; τ0)fX|T=1(x; τ0)dx

] [ ∫
x∈X

{
s1(y|x, T = 1; τ0)fY |X,T=1(y|x; τ0)fX|T=1(x; τ0)

+ fY |X,T=1(y|x; τ0)h1(x|T = 1; τ0)fX|T=1(x; τ0)
}
dx

]
dy

=
∂θ011(τ0)

∂τ
,

which justifies Equation (A.5).
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A.2 Proof of Theorem 2.4.6

This section establishes the convergence rates of π̂0 → π0, π̂1 → π1, π̂01 → π01 and π̂10 → π10.

Because of Assumption 2.4.4 (i), we can assume the sieve basis uK(X) are orthonormalized,

namely

E
[
uK(X)u>K(X)

]
= IK . (A.6)

We introduce some notation which will be used later. Let {Q∗0(λ), Q∗1(λ), Q∗01(λ), Q∗10(λ)} be the

theoretical counterparts of {Q̂0(λ), Q̂1(λ), Q̂01(λ), Q̂10(λ)} respectively:

Q∗0(λ) := E
[
(1− T )ρ(λ>uK(X))− λ>uK(X)

]
,

Q∗1(λ) := E
[
Tρ(λ>uK(X))− λ>uK(X)

]
,

Q∗01(λ) := E
[
ρ(λ>uK(X))|T = 0

]
− E

[
λ>uK(X)|T = 1

]
,

Q∗10(λ) := E
[
ρ(λ>uK(X))|T = 1

]
− E

[
λ>uK(X)|T = 0

]
.

Note thatQ∗0(λ), Q∗1(λ), Q∗01(λ) andQ∗10(λ) are strictly concave functions, and we denote λ∗1, λ
∗
0, λ
∗
01

and λ∗10 to be the unique maximizer of Q∗0(λ), Q∗1(λ), Q∗01(λ) and Q∗10(λ) respectively. Moreover,

we define

π∗0(x) := ρ′
(
(λ∗0)>uK(x)

)
,

π∗1(x) := ρ′
(
(λ∗1)>uK(x)

)
,

π∗01(x) := ρ′
(
(λ∗01)>uK(x)

)
,

π∗10(x) := ρ′
(
(λ∗10)>uK(x)

)
.

Theorem 2.4.6 is a consequence of combining Lemmas A.2.1 and A.2.2 whose proof will be given

in the following two subsections.
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A.2.1 Lemma A.2.1

Lemma A.2.1. Under Assumptions 2.4.1-2.4.5, we have

∫
X
|π1(x)− π∗1(x)|2 dFX(x) = O

(
K−2α

)
,∫

X
|π0(x)− π∗0(x)|2 dFX(x) = O

(
K−2α

)
,∫

X
|π10(x)− π∗10(x)|2 dFX(x) = O

(
K−2α

)
,∫

X
|π01(x)− π∗01(x)|2 dFX(x) = O

(
K−2α

)
,

and

1

N

N∑
i=1

|π1(Xi)− π∗1(Xi)|2 = OP

(
K−2α

)
,

1

N

N∑
i=1

|π0(Xi)− π∗0(Xi)|2 = OP

(
K−2α

)
,

1

N

N∑
i=1

|π10(Xi)− π∗10(Xi)|2 = OP

(
K−2α

)
,

1

N

N∑
i=1

|π01(Xi)− π∗01(Xi)|2 = OP

(
K−2α

)
.

Proof. We prove

∫
X
|π01(x)− π∗01(x)|2 dFX(x) = O

(
K−2α

)
,

1

N

N∑
i=1

|π01(Xi)− π∗01(Xi)|2 = OP

(
K−2α

)
,

and other results can be established by using a similar argument. By Assumption 2.4.1, there exist

two positive constants η1 and η2 such that π01(x) ∈ [η1, η2], ∀x ∈ X . By Assumption 2.4.5, (ρ′)−1
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is strictly decreasing, and we define

γ := sup
x∈X

(ρ′)−1 (π01(x)) ≤ (ρ′)−1(η1) and γ := inf
x∈X

(ρ′)−1 (π01(x)) ≥ (ρ′)−1(η2) ,

which are finite constants. By Assumption 2.4.2, there exist C1 > 0 and λ01K ∈ RK such that

sup
x∈X

∣∣(ρ′)−1 (π01(x))− λ>01KuK(x)
∣∣ < C1K

−α, (A.7)

which implies that for all x ∈ X ,

λ>01KuK(x) ∈
(
(ρ′)−1 (π01(x))− C1K

−α, (ρ′)−1 (π01(x)) + C1K
−α) ⊂ [γ − C1K

−α, γ + C1K
−α],

(A.8)

and

ρ′(λ>01KuK(x) + C1K
−α)− ρ′(λ>01KuK(x)) < π01(x)− ρ′(λ>01KuK(x))

< ρ′(λ>01KuK(x)− C1K
−α)− ρ′(λ>01KuK(x)), ∀x ∈ X .

By Mean Value Theorem, for large enough K, there exist

ξ1(x) ∈ (λ>01KuK(x), λ>01KuK(x) + C1K
−α) ⊂ [γ − C1K

−α, γ + 2C1K
−α] ⊂ Γ1

ξ2(x) ∈ (λ>01KuK(x)− C1K
−α, λ>01KuK(x)) ⊂ [γ − 2C1K

−α, γ + C1K
−α] ⊂ Γ1 ,

where

Γ1 := [γ − 1, γ + 1] ,
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such that for all x ∈ X

ρ′(λ>01KuK(x) + C1K
−α)− ρ′(λ>01KuK(x)) = ρ′′(ξ1(x))C1K

−α ≥ −a1C1K
−α,

ρ′(λ>01KuK(x)− C1K
−α)− ρ′(λ>01KuK(x)) = −ρ′′(ξ2(x))C1K

−α ≤ a2C1K
−α ,

where −a1 := infγ∈Γ1 ρ
′′(γ), a2 := supγ∈Γ1

(−ρ′′(γ)). Note that a := max{a1, a2} is a finite

constant because Γ1 is compact and independent of x. Therefore, we have

sup
x∈X

∣∣π01(x)− ρ′(λ>01KuK(x))
∣∣ < aC1K

−α. (A.9)

For some fixed C2 > 0 (to be chosen later), define

ΛK :=
{
λ ∈ RK : ‖λ− λ01K‖ ≤ C2K

−α} .
For sufficiently large K, by (A.8), Assumption 2.4.4, we have ∀λ ∈ ΛK , ∀x ∈ X ,

|λ>uK(x)− λ>01KuK(x)| = |(λ− λ01K)>uK(x)| ≤ ‖λ− λ01K‖‖uK(x)‖ ≤ C2K
−αζ(K)

⇒λ>uK(x) ∈ (λ>01KuK(x)− C2K
−αζ(K), λ>01KuK(x) + C2K

−αζ(K))

⊂
[
γ − C1K

−α − C2K
−αζ(K), γ + C1K

−α + C2K
−αζ(K)

]
⊂ Γ1 . (A.10)
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By (A.9), (A.10), and E[uK(X)uK(X)>] = IK , we can deduce that

‖(Q∗01)′(λ01K)‖ =
∥∥E [ρ′ (λ>01KuK(X)

)
uK(X)|T = 0

]
− E [uK(X)|T = 1]

∥∥
=
∥∥E [ρ′ (λ>01KuK(X)

)
uK(X)− π01(X)uK(X)|T = 0

]∥∥
=

1

p0

∥∥E [(1− T )
{
ρ′
(
λ>01KuK(X)

)
− π01(X)

}
uK(X)

]∥∥
=

1

p0

√
E
[{

E
[
(1− T )

{
ρ′
(
λ>01KuK(X)

)
− π01(X)

}
uK(X)>

]
· E [uK(X)uK(X)>]−1 uK(X)

}2
]

=
1

p0

∥∥∥E [{(1− T )ρ′
(
λ>01KuK(X)

)
− π01(X)

}
uK(X)>

]
· E
[
uK(X)uK(X)>

]−1
uK(X)

∥∥∥
L2

≤ 1

p0

∥∥(1− T )
{
ρ′
(
λ>01KuK(X)

)
− π01(X)

}∥∥
L2 ≤

a

p0

C1K
−α , (A.11)

where the third equality follows from the definition of Frobenius norm and the fact

E[uK(X)uK(X)>] = IK ; the first inequality follows from the fact that

E
[
(1− T )

{
ρ′
(
λ>01KuK(X)

)
− π01(X)

}
uK(X)>

]
· E
[
uK(X)uK(X)>

]−1
uK(X)

is theL2(dFX)-projection of (1−T )
{
ρ′
(
λ>01KuK(X)

)
− π01(X)

}
on the space spanned by uK(X).

Then for any λ ∈ ∂ΛK , i.e. ‖λ− λ01K‖ = C2K
−α, we can deduce that

Q∗01(λ)−Q∗01(λ01K)

= (λ− λ01K)>(Q∗01)′(λ01K) +
1

2
(λ− λ01K)>(Q∗01)′′(λ̄01)(λ− λ01K)

≤ ‖λ− λ01K‖‖(Q∗01)′(λ01K)‖+
1

2
(λ− λ01K)>E

[
ρ′′
(
λ̄>01uK(X)

)
uK(X)u>K(X)|T = 0

]
(λ− λ01K)

≤ ‖λ− λ01K‖‖(Q∗01)′(λ01K)‖ − a1
2p0

(λ− λ01K)>E[(1− T )uK(X)u>K(X)](λ− λ01K)

= ‖λ− λ01K‖‖(Q∗01)′(λ01K)‖ − a1
2p0

(λ− λ01K)>E[P (T = 0|X)uK(X)u>K(X)](λ− λ01K)

≤ ‖λ− λ01K‖‖(Q∗01)′(λ01K)‖ − a1
2p0
‖λ− λ01K‖2 · inf

x∈X
{P (T = 0|X = x)} · λmin(E[uK(X)u>K(X)])

= ‖λ− λ01K‖
(
‖(Q∗01)′(λ01K)‖ − a1

2p0
‖λ− λ01K‖ · inf

x∈X
{P (T = 0|X = x)}

)
≤ ‖λ− λ01K‖

(
a

p0
C1K

−α − a1
2p0
· C2K

−α · inf
x∈X
{P (T = 0|X = x)}

)
, (A.12)

where a1 = infy∈Γ1{−ρ′′(y)} > 0 is a finite positive constant, and the last inequality follows from

45



(A.11). By choosing

C2 >
2aC1

a1 · infx∈X {P (T = 0|X = x)}
,

we can obtain that

Q∗01(λ) < Q∗01(λ01K) , λ ∈ ∂ΛK .

In light of the continuity of Q∗01, there is a local maximum of Q∗01 in the interior of ΛK . On the

other hand, Q∗01 is a strictly concave function with a unique global maximum point λ∗01, therefore

we can claim

λ∗01 ∈ Λ◦K , i.e. ‖λ∗01 − λ01K‖ ≤ C2K
−α . (A.13)

By Mean Value Theorem, for large enough K, there exists ξ∗(x) in between (λ∗01)>uK(x) and

λ>01KuK(x), i.e. ξ∗(x) ∈ Γ1 such that for any x ∈ X ,

|ρ′(λ>01KuK(x))− ρ′((λ∗01)>uK(x))| = |ρ′′(ξ∗(x))||λ>01KuK(x)− (λ∗01)>uK(x)|. (A.14)

By (A.9), (A.13), (A.14) and the fact E[uK(X)uK(X)>] = IK , we can deduce that

∫
X
|π01(x)− π∗01(x)|2 dFX(x)

≤2

∫
X

∣∣π01(x)− ρ′
(
λ>01KuK(x)

)∣∣2 dFX(x) + 2

∫
X

∣∣ρ′ (λ>01KuK(x)
)
− ρ′

(
(λ∗01)>uK(x)

)∣∣2 dFX(x)

≤2 sup
x∈X

∣∣π01(x)− ρ′
(
λ>01KuK(x)

)∣∣2 + 2 sup
x∈X
|ρ′′(ξ∗(x))|2 · (λ01K − λ∗01)> · E[uK(x)uK(x)>] · (λ01K − λ∗01)

=O(K−2α) +O(1) ·O(K−2α) = O(K−2α).
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We can also obtain that

1

N

N∑
i=1

|π01(Xi)− π∗01(Xi)|2

≤ 2

N

N∑
i=1

∣∣π01(Xi)− ρ′
(
λ>01KuK(Xi)

)∣∣2 +
2

N

N∑
i=1

∣∣ρ′ (λ>01KuK(Xi)
)
− ρ′

(
(λ∗2K)>uK(Xi)

)∣∣2
≤2 sup

x∈X

∣∣π01(x)− ρ′
(
λ>01KuK(x)

)∣∣2
+ 2 sup

x∈X
|ρ′′(ξ∗(x))|2 · (λ01K − λ∗01)> ·

{
1

N

N∑
i=1

uK(Xi)uK(Xi)
>

}
(λ01K − λ∗01)

≤O(K−2α) + 2 sup
x∈X
|ρ′′(ξ∗(x))|2 · ‖λ01K − λ∗01‖2 · λmax

{
1

N

N∑
i=1

uK(Xi)uK(Xi)
>

}

=O(K−2α) +O(1) ·O(K−2α) ·OP (1) = O(K−2α) ,

where λmax(A) denotes the largest eigenvalue of a matrixA; the second equality follows from Chebyshev’s inequality

and the following facts

E

∥∥∥∥∥ 1

N

N∑
i=1

uK(Xi)uK(Xi)
> − E[uK(X)uK(X)>]

∥∥∥∥∥
2
 (A.15)

=
1

N
E
[∥∥uK(X)uK(X)> − E[uK(X)uK(X)>]

∥∥2]
=

1

N
E
[
tr
{
uK(X)uK(X)>uK(X)uK(X)>

}]
− 1

N
tr
{
E[uK(X)uK(X)>] · E[uK(X)uK(X)>]

}
≤ 1

N
· ζ(K)2E

[
‖uK(X)‖2

]
= ζ(K)2

K

N
→ 0 ,

and E
[
uK(X)uK(X)>

]
= IK .
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A.2.2 Lemma A.2.2

Lemma A.2.2. Under Assumptions 2.4.1-2.4.5, we have

‖λ̂0 − λ∗0‖ = OP

(√
K

N

)
,

‖λ̂1 − λ∗1‖ = OP

(√
K

N

)
,

‖λ̂01 − λ∗01‖ = OP

(√
K

N

)
,

‖λ̂10 − λ∗10‖ = OP

(√
K

N

)
,

and

∫
X
|π̂0(x)− π∗0(x)|2dFX(x) = OP

(
K

N

)
,∫

X
|π̂1(x)− π∗1(x)|2dFX(x) = OP

(
K

N

)
,∫

X
|π̂01(x)− π∗01(x)|2dFX(x) = OP

(
K

N

)
,∫

X
|π̂10(x)− π∗10(x)|2dFX(x) = OP

(
K

N

)
,
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and

1

N

N∑
i=1

|π̂0(Xi)− π∗0(Xi)|2 = OP

(
K

N

)
,

1

N

N∑
i=1

|π̂1(Xi)− π∗1(Xi)|2 = OP

(
K

N

)
,

1

N

N∑
i=1

|π̂01(Xi)− π∗01(Xi)|2 = OP

(
K

N

)
,

1

N

N∑
i=1

|π̂10(Xi)− π∗10(Xi)|2 = OP

(
K

N

)
,

Proof. We prove the results:

‖λ̂01 − λ∗01‖ = OP

(√
K

N

)
,∫

X
|π̂01(x)− π∗01(x)|2dFX(x) = OP

(
K

N

)
,

1

N

N∑
i=1

|π̂01(Xi)− π∗01(Xi)|2 = OP

(
K

N

)
,

and other results can be established by using the similar argument. Define

ŜN :=
1

N

N∑
i=1

(1− Ti)uK(Xi)uK(Xi)
>.
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Obviously, ŜN is a symmetric matrix and E[ŜN ] = E
[
P (T = 0|X)uK(X)u>K(X)

]
. We have

E
[∥∥∥ŜN − E

[
(1− T )uK(X)u>K(X)

]∥∥∥2]
= tr

(
E[ŜN ŜN ]− 2E[ŜN ] · E

[
P (T = 0|X)uK(X)u>K(X)

]
+ E

[
P (T = 0|X)uK(X)u>K(X)

]
· E
[
P (T = 0|X)uK(X)u>K(X)

])

= tr

(
E

[
1

N2

N∑
i=1

(1− Ti)2uK(Xi)u
>
K(Xi)uK(Xi)u

>
K(Xi)

]
(A.16)

+ E

 1

N2

N∑
i,j=1,i6=j

(1− Ti)(1− Tj)uK(Xi)u
>
K(Xi)uK(Xj)u

>
K(Xj)

 .
− E

[
P (T = 0|X)uK(X)u>K(X)

]
E[P (T = 0|X)uK(X)u>K(X)]

)

=
1

N
E
[
P (T = 0|X)uK(X)>uK(X)uK(X)>uK(X)

]
− 1

N
tr
(
E
[
P (T = 0|X)uK(X)u>K(X)

]
· E
[
P (T = 0|X)uK(X)u>K(X)

])
≤ζ(K)2

K

N
, (A.17)

where the last inequality follows from the facts supx∈X ‖uK(x)‖ ≤ ζ(K), 0 < P (T = 0|X) < 1,

and E[u>K(X)uK(X)] = K.

Consider the event set

EN :=

{
(λ− λ∗01)>ŜN (λ− λ∗01) > (λ− λ∗01)>

(
E
[
P (T = 0|X)uK(X)u>K(X)

]
− η′1

2
· IK

)
(λ− λ∗01), λ 6= λ∗01

}
,

where η′1 := infx∈X P (T = 0|X = x). By Chebyshev’s inequality, (A.16), and Assumption 2.4.4

we have

P
(∣∣∣(λ− λ∗01)>ŜN (λ− λ∗01)− (λ− λ∗01)>E

[
P (T = 0|X)uK(X)u>K(X)

]
(λ− λ∗01)

∣∣∣ ≥ η′1
2
‖λ− λ∗01‖2, λ 6= λ∗01

)

≤
4 · ‖λ− λ∗01‖4E

[∥∥∥ŜN − E
[
(1− T )uK(X)u>K(X)

]∥∥∥2]
η′1

2 · ‖λ− λ∗01‖4
≤ 4 · ζ(K)2K

η′1
2N

→ 0.

Hence, for any ε > 0, there exists N0(ε) ∈ N such that N > N0(ε) large enough

P ((EN)c) <
ε

2
. (A.18)
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Note that λ∗01 is the unique maximizer of Q∗01(λ), which implies

(Q∗01)′(λ∗01) = E[ρ′((λ∗01)>uK(X))uK(X)|T = 0]− E[uK(X)|T = 1] = 0.

Define

Q̄01(λ) :=
1

Np0

N∑
i=1

(1− Ti)ρ′(λ>uK(Xi))−
1

Np1

N∑
j=1

Tjλ
>uK(Xj),

where p1 = P(T = 1) and p0 = P(T = 0). Note that Q̄01(λ) is a concave function, and denote the

unique maximizer of Q̄01(λ) by λ̄01.

We first compute the order of ‖λ̄01 − λ∗01‖. Note that

Q̄′01(λ∗01) =
1

Np0

N∑
i=1

(1− Ti)ρ′((λ∗01)>uK(Xi))uK(Xi)−
1

Np1

N∑
j=1

TjuK(Xj),

then for K sufficiently large

E[‖Q̄′01(λ∗01)‖2] = E[Q̄′01(λ∗01)>Q̄01(λ∗01)]

=
1

N
E

[∥∥∥∥(1− T )

p0

ρ′((λ∗01)>uK(X))uK(X)− T

p1

uK(X)

∥∥∥∥2
]

=
1

Np0

E
[(
ρ′
(
(λ∗01)>uK(X)

))2
u>K(X)uK(X)|T = 0

]
+

1

Np1

E
[
u>K(X)uK(X)|T = 1

]
=

1

Np0

E
[(
ρ′
(
(λ∗01)>uK(X)

))2
u>K(X)uK(X)|T = 0

]
+

1

Np1

E
[
π01(X)u>K(X)uK(X)|T = 0

]
≤ 1

Np0 ∧Np1

(
η2 + sup

γ∈Γ1

(
ρ′(γ)2

))
· E[u>K(X)uK(X)|T = 0]

=
1

Np0 ∧Np1

(
η2 + sup

γ∈Γ1

(
ρ′(γ)2

))
· 1

p0

· E[P (T = 0|X)u>K(X)uK(X)]

≤C2
4 ·

K

N
, (A.19)

where C2
4 :=

(
η2 + sup

γ∈Γ1

(
ρ′(γ)2

))
· (p0 ∧ p1)−1 · p−1

0 < +∞.

51



Let ε > 0, and fix some C5(ε) > 0 (to be chosen later). Define

Λ̂K(ε) :=

{
λ ∈ RK : ‖λ− λ∗01‖ ≤ C5(ε)C4

√
K

N

}
. (A.20)

For ∀λ ∈ Λ̂K(ε), ∀x ∈ X , when N sufficiently large, by Assumption 2.4.4 and (A.8), we have

|λ>uK(x)− (λ∗01)>uK(x)| ≤ ‖λ− λ∗01‖‖uK(x)‖ ≤ C5(ε)C4

√
K

N
ζ(K)

⇒ λ>uK(x) ∈

[
(λ∗01)>uK(x)− C5(ε)C4ζ(K)

√
K

N
, (λ∗01)>uK(x) + C5(ε)C4ζ(K)

√
K

N

]

⊂

[
γ − C1K

−α − C2K
−αζ(K)− C5(ε)C4ζ(K)

√
K

N
,

γ + C1K
−α + C2K

−αζ(K) + C5(ε)C4ζ(K)

√
K

N

]
⊂ Γ2(ε) , (A.21)

where

Γ2(ε) := [γ − 1− C5(ε), γ + 1 + C5(ε)] ,

is a compact set and independent of x.

By Taylor’s Theorem, for any λ ∈ ∂Λ̂K(ε), there exists λε lying on the line joining λ and λ∗01

such that

Q̄01(λ) = Q̄01(λ∗01) + (λ− λ∗01)>Ḡ′K(λ∗01) +
1

2
(λ− λ∗01)>Q̄′′01(λε)(λ− λ∗01).

For the second order term of above expression, when N is large enough, we have

(λ− λ∗01)>Q̄′′01(λε)(λ− λ∗01) =
1

Np0

N∑
i=1

(1− Ti)ρ′′(λ>ε uK(Xi))(λ− λ∗01)>uK(Xi)uK(Xi)
>(λ− λ∗01)

≤ −b̄(ε) 1

Np0

N∑
i=1

(1− Ti)(λ− λ∗01)>uK(Xi)uK(Xi)
>(λ− λ∗01)

= − b̄(ε)
p0
· (λ− λ∗01)>ŜN (λ− λ∗01) , (A.22)

where −b̄(ε) := sup
γ∈Γ2(ε)

ρ′′(γ) < ∞ because Γ2(ε) is compact and ρ′′ is a continuous function.
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Then on the event EN with large enough N , we can have for any λ ∈ ∂Λ̂K(ε),

Q̄01(λ)− Q̄01(λ∗01)

= (λ− λ∗01)>Q̄′01(λ∗01) +
1

2
(λ− λ∗01)>Q̄′′01(λε)(λ− λ∗01)

≤ ‖λ− λ∗01‖‖Q̄′01(λ∗01)‖ − b̄(ε)

2p0

(λ− λ∗01)>ŜN(λ− λ∗01)

≤ ‖λ− λ∗01‖‖Q̄′01(λ∗01)‖ − b̄(ε)

2p0

(λ− λ∗01)>
(
E
[
P (T = 0|X)uK(X)u>K(X)

]
− η′1

2
IK

)
(λ− λ∗01)

≤ ‖λ− λ∗01‖‖Q̄′01(λ∗01)‖ − b̄(ε)

2p0

(λ− λ∗01)>
(
η′1IK −

η′1
2
IK

)
(λ− λ∗01)

< ‖λ− λ∗01‖
(
‖Q̄′01(λ∗01)‖ − η′1b̄(ε)

4p0

‖λ− λ∗01‖
)
, (A.23)

where the first inequality follows from (A.22) and η′1 = infx∈X P (T = 0|X = x). By Chebyshev’s

inequality and Inequality (A.19), for sufficiently large N , we have

P
{
‖Q̄′01(λ∗01)‖ ≥ η′1b̄(ε)

4p0

‖λ− λ∗01‖
}
≤ 16p2

0

b̄(ε)2C2
5(ε)η′1

2 ≤
ε

2
, (A.24)

where the last inequality holds by choosing C5(ε) ≥ 4p0

η′1b̄(ε)

√
2

ε
. Therefore, for sufficiently large

N , by (A.18) and (A.24) we can derive

P
(

(EN)c or ‖Q̄′01(λ∗01)‖ ≥ η′1b̄(ε)

4p0

‖λ− λ∗01‖
)
≤ ε

2
+
ε

2
= ε

⇒P
(
EN and ‖Q̄′01(λ∗01)‖ < η′1b̄(ε)

4p0

‖λ− λ∗01‖
)
> 1− ε . (A.25)

Then by (A.23) and (A.25), we get

P{Q̄01(λ)− Q̄01(λ∗01) < 0 ∀λ ∈ ∂Λ̂K} ≥ 1− ε ,

for sufficiently large N . Note that the event {Q̄01(λ∗01) > Q̄01(λ), ∀λ ∈ ∂Λ̂K(ε)} implies that

there exists a local maximum point in the interior of Λ̂K(ε). On the other hand, Q̄01 is strictly
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concave function and λ̄K is the unique global maximum point of Q̄01, then we can conclude that

P
(
λ̄01 ∈ Λ̂K(ε)

)
> 1− ε , (A.26)

i.e.

‖λ̄01 − λ∗01‖ = OP

(√
K

N

)
.

Next, we compute the order of ‖λ̄01− λ̂01‖. Note that λ̄01 and λ̂01 are the minimizer of Q̄01(λ)

and Q̂01(λ) respectively, then the first order conditions yield:

1

N

N∑
i=1

(1− Ti)ρ′(λ̂01uK(Xi)uK(Xi) =
1

N

∑N
j=1(1− Tj)∑N

i=1 Ti

N∑
j=1

TjuK(Xj), (A.27)

1

N

N∑
i=1

(1− Ti)ρ′(λ̄01uK(Xi)uK(Xi) =
1

N

p0

p1

N∑
j=1

TjuK(Xj). (A.28)

By substracting Equation (A.27) from Equation (A.28) and using Mean Value Theorem, we can

obtain

(λ̂01 − λ̄01)> × 1

N

N∑
i=1

(1− Ti)ρ′′(λ>ζ uK(Xi))uK(Xi)u
>
K(Xi) =

(∑N
j=1(1− Tj)/N∑N

i=1 Ti/N
− p0
p1

)
1

N

N∑
j=1

Tju
>
K(Xj),

54



where λζ lies on the line joining λ̄01 and λ̂01. Then we have

‖λ̂01 − λ̄01‖

≤

∥∥∥∥∥
(∑N

j=1(1− Tj)/N∑N
i=1 Ti/N

− p0
p1

)∥∥∥∥∥
∥∥∥∥∥
[

1

N

N∑
i=1

(1− Ti)ρ′′(λ>ζ uK(Xi))uK(Xi)u
>
K(Xi)

]−1
1

N

N∑
j=1

TjuK(Xj)

∥∥∥∥∥
=OP

(
1√
N

)
×

√√√√√ 1

N

N∑
j=1

TjuK(Xj)

>{ 1

N

N∑
i=1

(1− Ti)ρ′′(λ>ζ uK(Xi))uK(Xi)u>K(Xi)

}−2
1

N

N∑
j=1

TjuK(Xj)

≤OP
(

1√
N

)
× 1

infx∈X |ρ′′(λ>ζ uK(x))|

×

√√√√√ 1

N

N∑
j=1

TjuK(Xj)

>{ 1

N

N∑
i=1

(1− Ti)uK(Xi)u>K(Xi)

}−2
1

N

N∑
j=1

TjuK(Xj)

≤OP
(

1√
N

)
×Op(1)× λ−1min

(
1

N

N∑
i=1

(1− Ti)uK(Xi)u
>
K(Xi)

)
×

√√√√√ 1

N

N∑
j=1

TjuK(Xj)

>  1

N

N∑
j=1

TjuK(Xj)


=OP

(
1√
N

)
×OP (

√
K) = OP

(√
K

N

)

Therefore,

‖λ̂01 − λ∗01‖ ≤ ‖λ̂01 − λ̄01‖+ ‖λ∗01 − λ̄01‖ = OP

(√
K

N

)
+OP

(√
K

N

)
= OP

(√
K

N

)
.

(A.29)

We next show that
∫
X |π̂01(x)− π∗01(x)|2dFX(x) = OP (K/N). By Mean Value Theorem, we

can have

π̂01(x)− π∗01(x) = ρ′
(
λ̂>01uK(x)

)
− ρ′

(
(λ∗01)>uK(x)

)
= ρ′′

(
λ̃>01uK(x)

)
(λ̂01 − λ∗01)>uK(x) ,

where λ̃01 lies on the line joining λ̂01 and λ∗01. From (A.21) and (A.29), we can have

sup
x∈X

∣∣∣ρ′′ (λ̃>01uK(x)
)∣∣∣ = OP (1). (A.30)
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By Mean Value Theorem, (A.30), and the fact E[‖uK(X)‖2] = K, we can have

∫
X
|π̂01(x)− π∗01(x)|2dFX(x)

≤ sup
x∈X

∣∣∣ρ′′ (λ̃>01uK(x)
)∣∣∣2 · ‖λ̂01 − λ∗01‖2

∫
X
uK(x)uK(x)>dFX(x)

=OP (1) ·OP

(
K

N

)
= OP

(
K

N

)
. (A.31)

Similarly, we can obtain that

1

N

N∑
i=1

|π̂01(Xi)− π∗01(Xi)|2

≤ sup
x∈X

∣∣∣ρ′′ (λ̃>01uK(x)
)∣∣∣2 · (λ̂01 − λ∗01)> ·

{
1

N

N∑
i=1

uK(Xi)uK(Xi)
>

}
(λ̂01 − λ∗01)

= sup
x∈X

∣∣∣ρ′′ (λ̃>01uK(x)
)∣∣∣2 · ‖λ̂01 − λ∗01‖2 · λmax

{
N∑
i=1

uK(Xi)uK(Xi)
>

}

≤OP (1) ·OP

(
K

N

)
·OP (1) = OP

(
K

N

)
. (A.32)

A.3 Proof of Theorem 2.4.8

We provide detailed argument of proving
√
N{θ̂011 − θ011} = N−1/2

∑N
i=1 Sθ011(Ti, Xi, Yi) +

oP (1). A similar argument can be applied to establish other results.
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Note that

√
N
(
θ̂011 − θ011

)
=
√
N

(∫
F̂01(y)dF̂11(y)−

∫
F01(y)dF11(y)

)
=
√
N

∫
{F̂01(y)− F01(y)}dF̂11(y) +

√
N

∫
F01(y)d{F̂11(y)− F11(y)}

=
√
N

∫
{F̂01(y)− F01(y)}dF̂11(y)−

√
N

∫
{F̂11(y)− F11(y)}dF01(y)

By Theorem 2.4.9, F̂01(·) and F̂11(·) have the following representation: for ∀y ∈ R:

√
N{F̂01(y)− F01(y)}

=
1√
N

N∑
i=1

{
1− Ti
p0

π01(Xi)1(Yi ≤ y)−
(

1

p0

(1− Ti)π01(Xi)−
Ti
p1

)
FY (0)|X(y|Xi)−

Ti
p1

F01(y)

}

+ oP (1),

and

√
N{F̂11(y)− F11(y)}

=
1√
N

N∑
i=1

F11(y)

(
1− Ti

p1

)
+

1√
N

N∑
i=1

{
Ti
p1

1(Yi ≤ y)− F11(y)

}
+ oP (1).

Then we can have

√
N

∫
{F̂11(y)− F11(y)}dF01(y) =

1√
N

N∑
i=1

Ti
p1

(1− F01(Yi))−
1√
N

N∑
i=1

Ti
p1

(1− θ011) + oP (1).
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and

√
N

∫
{F̂01(y)− F01(y)}dF̂11(y)

=
1√
N

1∑N
i=1 Ti

N∑
i=1

N∑
j=1

{
(1− Ti)Tj

p0
π01(Xi)1(Yi ≤ Yj)−

(
1

p0
(1− Ti)Tjπ01(Xi)−

TiTj
p1

)
FY (0)|X(Yj |Xi)

− TiTj
p1

F01(Yj)

}
+ oP (1)

=

(
1∑N

i=1 Ti/N
− 1

p1

) √
N

N2

N∑
i=1

N∑
j=1

{
(1− Ti)Tj

p0
π01(Xi)1(Yi ≤ Yj)

−
(

1

p0
(1− Ti)Tjπ01(Xi)−

TiTj
p1

)
FY (0)|X(Yj |Xi)−

TiTj
p1

F01(Yj)

}
+ oP (1)

+
1

p1

√
N

N2

N∑
i=1

N∑
j=1

{
(1− Ti)Tj

p0
π01(Xi)1(Yi ≤ Yj)−

(
1

p0
(1− Ti)Tjπ01(Xi)−

TiTj
p1

)
FY (0)|X(Yj |Xi)

− TiTj
p1

F01(Yj)

}
+ oP (1)

=

√
N

N2

N∑
i=1

N∑
j=1

{
(1− Ti)Tj
p1p0

π01(Xi)1(Yi ≤ Yj)−
(1− Ti)Tj
p1p0

π01(Xi)FY (0)|X(Yj |Xi)

+
TiTj
p21

FY (0)|X(Yj |Xi)−
TiTj
p21

F01(Yj)

}
+ oP (1)

=W1N −W2N +W3N −W4N + oP (1), (A.33)

where

W1N =

√
N

N2

N∑
i=1

N∑
j=1

(1− Ti)Tj
p1p0

π01(Xi)1(Yi ≤ Yj) ,

W2N =

√
N

N2

N∑
i=1

N∑
j=1

(1− Ti)Tj
p1p0

π01(Xi)FY (0)|X(Yj|Xi) ,

W3N =

√
N

N2

N∑
i=1

N∑
j=1

TiTj
p2

1

FY (0)|X(Yj|Xi) ,

W4N =

√
N

N2

N∑
i=1

N∑
j=1

TiTj
p2

1

F01(Yj) .

Now we apply the theory of U -statistics to represent (A.33) as a sum of i.i.d. random variables. In

the following, we use (X, Y, T ) denoting an independent copy of {Xi, Yi, Ti}Ni=1.

58



For W1N , define the projection statistics

W̃1N =E[W1N ] +

N∑
i=1

(1− Ti){E[W1N |Xi, Yi, Ti = 0]− E[W1N ]}+

N∑
j=1

Tj{E[W1N |Xj , Yj , Tj = 1]− E[W1N ]}

=

√
NN(N − 1)

N2
θ011 +

N∑
i=1

√
N(1− Ti)

{
N − 1

N2p0
π01(Xi)E [1(Yi ≤ Y )|Yi, T = 1]− 2(N − 1)

N2
θ011

}

+

N∑
j=1

√
NTj

{
N − 1

N2p1
E [π01(X)1(Y ≤ Yj)|T = 0, Yj ]−

2(N − 1)

N2
θ011

}

=

√
N

N

N∑
i=1

{
1− Ti
p0

π01(Xi)
(
1− FY (1)|T=1(Yi)

)
+
Ti
p1

E [π01(X)1(Y ≤ Yi)|T = 0, Yi]− θ011

}

+OP

(
1√
N

)
.

For W2N , define the projection statistics

W̃2N =E[W2N ] +

N∑
i=1

(1− Ti){E[W2N |Xi, Yi, Ti = 0]− E[W2N ]}+

N∑
j=1

Tj{E[W2N |Xj , Yj , Tj = 1]− E[W2N ]}

=

√
NN(N − 1)

N2
θ011 +

N∑
i=1

√
N(1− Ti)

{
N − 1

N2p0
E
[
FY (0)|X(Y |Xi)|Xi, T = 1

]
− 2(N − 1)

N2
θ011

}

+

N∑
j=1

√
NTj

{
N − 1

N2p1
E
[
π01(X)FY (0)|X(Yj |X)|T = 0, Yj

]
− 2(N − 1)

N2
θ011

}

=

√
N

N

N∑
i=1

{
1− Ti
p0

π01(Xi)E
[
FY (0)|X(Y |Xi)|Xi, T = 1

]
+
Ti
p1

E
[
π01(X)FY (0)|X(Yi|X)|T = 0, Yi

]
− θ011

}

+OP

(
1√
N

)
.
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For W3N , define the projection statistics

W̃3N =E[W3N ] +

N∑
i=1

(1− Ti){E[W3N |Xi, Yi, Ti = 0]− E[W3N ]}+

N∑
j=1

Tj{E[W3N |Xj , Yj , Tj = 1]− E[W3N ]}

=

√
NN(N − 1)

N2
θ011 +

√
NN

N2p1
E
[
FY (0)|X(Y |X)|T = 1

]
+

N∑
i=1

√
N(1− Ti)

{
−2(N − 2)

N2
θ011 −

1

N2
· 1

p1
E
[
FY (0)|X(Y |X)|T = 1

]}

+

N∑
j=1

√
NTj

{
1

N2p21
FY (0)|X(Yj |Xj) +

N − 1

N2p1
E
[
FY (0)|X(Y |Xj)|Xj , T = 1

]
+
N − 1

N2p1
E
[
FY (0)|X(Yj |X)|Yj , T = 1

]
− 2(N − 2)

N2
θ011 −

1

N2p1
E
[
FY (0)|X(Y |X)|T = 1

]}

=

√
N

N

N∑
i=1

{
Ti
p1

E
[
FY (0)|X(Y |Xi)|Xi, T = 1

]
+
Ti
p1

E
[
FY (0)|X(Yi|X)|Yi, T = 1

]
− θ011

}
+OP

(
1√
N

)
.

For W4N , define the projection statistics

W̃4N =E[W4N ] +

N∑
i=1

(1− Ti){E[W4N |Xi, Yi, Ti = 0]− E[W4N ]}+

N∑
j=1

Tj{E[W4N |Xj , Yj , Tj = 1]− E[W4N ]}

=

√
NN(N − 1)

N2
θ011 +

√
NN

N2p1
E [F01(Y )|T = 1]

+

N∑
i=1

√
N(1− Ti)

{
−2(N − 2)

N2
θ011 −

1

N2p1
E [F01(Y )|T = 1]

}

+

N∑
j=1

√
NTj

{
1

N2p21
F01(Yj) +

N − 1

N2p1
E [F01(Y )|T = 1]

+
N − 1

N2p1
F01(Yj)−

2(N − 2)

N2
θ011 −

1

N2p1
E [F01(Y )|T = 1]

}

=

√
N

N

N∑
i=1

{
Ti
p1

E [F01(Y )|T = 1] +
Ti
p1
F01(Yi)− θ011

}
+OP

(
1√
N

)
.
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By the theory of U -statistics [37, 38, 39],

W1N − E[W1N ] =
{
W̃1N − E[W̃1N ]

}
(1 + oP (1)),

W2N − E[W2N ] =
{
W̃2N − E[W̃2N ]

}
(1 + oP (1)),

W3N − E[W3N ] =
{
W̃3N − E[W̃3N ]

}
(1 + oP (1)),

W4N − E[W4N ] =
{
W̃4N − E[W̃4N ]

}
(1 + oP (1)).

Then we can obtain that

√
N
(
θ̂011 − θ011

)
=−
√
N

∫
{F̂11(y)− F11(y)}dF01(y) +

{
W̃1N − E[W̃1N ] + E[W1N ]

}
−
{
W̃1N − E[W̃1N ] + E[W2N ]

}
+
{
W̃3N − E[W̃3N ] + E[W3N ]

}
−
{
W̃4N − E[W̃4N ] + E[W4N ]

}
+ oP (1)

=−
√
N

∫
{F̂11(y)− F11(y)}dF01(y) + W̃1N − W̃2N + W̃3N − W̃4N + oP (1)

=

√
N

N

N∑
i=1

{
1− Ti
p0

π01(Xi)
(
1− FY (1)|T=1(Yi)

)
+
Ti
p1

E [π01(X)1(Y ≤ Yi)|T = 0, Yi]− θ011

}

−
√
N

N

N∑
i=1

{
1− Ti
p0

π01(Xi)E
[
FY (0)|X(Y |Xi)|Xi, T = 1

]
+
Ti
p1

E
[
π01(X)FY (0)|X(Yi|X)|T = 0, Yi

]
− θ011

}

+

√
N

N

N∑
i=1

{
Ti
p1

E
[
FY (0)|X(Y |Xi)|Xi, T = 1

]
+
Ti
p1

E
[
FY (0)|X(Yi|X)|Yi, T = 1

]
− θ011

}

−
√
N

N

N∑
i=1

{
Ti
p1

E [F01(Y )|T = 1] +
Ti
p1
F01(Yi)− θ011

}

− 1√
N

N∑
i=1

Ti
p1

(1− F01(Yi)) +
1√
N

N∑
i=1

Ti
p1

(1− θ011) + oP (1)

=
1√
N

N∑
i=1

[
1− Ti
p0

{
(1− FY (1)|T=1(Yi))π01(Xi)− π01(Xi)E

[
FY (0)|X(Y |Xi)|Xi, T = 1

]}
+
Ti
p1

{
E
[
FY (0)|X(Yi|X)|Yi, T = 1

]
− E [F01(Y )|T = 1] + E

[
FY (0)|X(Y |Xi)|Xi, T = 1

]
− θ011

}]
+ oP (1)

=
1√
N

N∑
i=1

[
1− Ti
p0

{
(1− F11(Yi))π01(Xi)− π01(Xi)E

[
FY (0)|X(Y |Xi)|Xi, T = 1

]}
+
Ti
p1

{
F01(Yi)− θ011 + E

[
FY (0)|X(Y |Xi)|Xi, T = 1

]
− θ011

}]
+ oP (1)

=
1√
N

N∑
i=1

Sθ011(Ti, Xi, Yi) + oP (1) .
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A.4 Proof of Theorem 2.4.9

We provide detailed argument of proving
√
N{F̂01(y) − F01(y)} = N−1/2

∑N
i=1 SF01(Ti, Xi, Yi; y) + oP (1). A similar argument can be

applied to establish other results.

Note that

√
N{F̂01(y)− F01(y)}

=
√
N

{∑N
i=1(1− Ti)π̂01(Xi)1(Yi ≤ y)∑N

i=1(1− Ti)
− F01(y)

}

=

{
1

N−1
∑N
i=1(1− Ti)

− 1

p0

}
· 1√

N

N∑
i=1

{
(1− Ti)π̂01(Xi)1(Yi ≤ y)− E[(1− T )π01(X)1(Y ≤ y)]

}

− E[(1− T )π01(X)1(Y ≤ y)] · 1

N−1
∑N
i=1(1− Ti)

· 1

p0
· 1√

N

N∑
i=1

{(1− Ti)− p0}

+
1√
N

N∑
i=1

{
1− Ti
p0

· π̂01(Xi)1(Yi ≤ y)− F01(y)

}
.

We shall show that for all y ∈ R,

1√
N

N∑
i=1

{
1− Ti
p0

· π̂01(Xi)1(Yi ≤ y)− F01(y)

}

=
1√
N

N∑
i=1

{
1− Ti
p0

π01(Xi)I(Yi ≤ y)− 1

p0

(1− Ti)π01(Xi)FY (0)|X(y|Xi) +
Ti
p1

FY (0)|X(y|Xi)

+
1− Ti
p0

F01(y)− Ti
p1

F01(y)− F01(y)

}
+ oP (1). (A.34)

By using Law of Large Number, (A.34) and Central Limit Theorem, we can claim that

{
1

N−1
∑N
i=1(1− Ti)

− 1

p0

}
· 1√

N

N∑
i=1

{
(1− Ti)π̂01(Xi)1(Yi ≤ y)− E[(1− T )π01(X)1(Y ≤ y)]

}
=oP (1) ·OP (1) = oP (1).
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Therefore, we can obtain:

√
N{F̂01(y)− F01(y)}

=oP (1)− F01(y)

p0
· 1√

N

N∑
i=1

{(1− Ti)− p0}+
1√
N

N∑
i=1

{
1− Ti
p0

π01(Xi)1(Yi ≤ y)

− 1

p0
(1− Ti)π01(Xi)FY (0)|X(y|Xi) +

Ti
p1
FY (0)|X(y|Xi) +

1− Ti
p0

F01(y)− Ti
p1
F01(y)− F01(y)

}

=
1√
N

N∑
i=1

{
1− Ti
p0

π01(Xi)1(Yi ≤ y)−
{

1− Ti
p0

π01(Xi)−
Ti
p1

}
FY (0)|X(y|Xi)−

T

p1
F01(y)

}
+ oP (1)

=
1√
N

N∑
i=1

SF01
(Ti, Xi, Yi; y) + oP (1).

By Assumption 2.4.3, it is easy to verify that {SF01(Ti, Xi, Yi; y) : y ∈ R} satisfies the L2-

Lipschitz condition (Condition (5.3) of [40]), i.e., there exists some constant C > 0 such that

E

[
sup

|y1−y2|≤δ
|SF01(T,X, Y ; y1)− SF01(T,X, Y ; y2)|2

]
≤ C · δ2.

Then by Theorem 4 and 5 of [40], the function class {SF01(Ti, Xi, Yi; y) : y ∈ R} is stochastically

equicontinuous. Therefore,
√
N{F̂01(·) − F01(·)} weakly converges to a Gaussian process with

covariance function {E[SF01(Ti, Xi, Yi; y1)SF01(Ti, Xi, Yi; y2)] : y1, y2 ∈ R}, which is our desired

result.

Now it remains to prove (A.34). Before starting the formal proof, we introduce some notation

that will be used later:

ΩK := (Q∗01)′′(λ∗01) = E
[
ρ′′((λ∗01)>uK(X))uK(X)uK(X)>|T = 0

]
,

ΦK(y) := −E
[
FY (0)|X(y|X)ρ′′((λ∗01)>uK(X))|T = 0

]
.

Note that ΨK(y)>Σ−1
K uK(x) can be regarded as a weighted L2-projection (with respect to the

weighting function−ρ′′((λ∗1)>uK(x))dFX|T=0(x)) ofFY (0)|X(y|x) on the space spanned by {uK(x)}.
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We define the empirical version of ΩK and ΦK(y) by

Ω̃K := Q̂′′01(λ̃01) =

∑N
i=1(1− Ti)ρ′′

(
λ̃>01uK(Xi)

)
uK(Xi)u

>
K(Xi)∑N

i=1(1− Ti)
,

Φ̃K(y) := −
∫
X
FY (0)|X(y|x)ρ′′

(
λ̃>01uK(x)

)
uK(x)dFX|T=0(x),

where λ̃01 lies between λ̂01 and λ∗01 satisfying the Mean Value Theorem:

0 = Q̂′01(λ̂01) = Q̂′01(λ∗01) + Q̂′′01(λ̃01)(λ̂01 − λ∗01),

which is also equivalent to

λ̂01 − λ∗01 = −Q̂′′01(λ̃01)−1Q̂′01(λ∗01) = −Ω̃−1
K Q̂′01(λ∗01)

=− Ω̃−1
K ·

{∑N
i=1(1− Ti)ρ′((λ∗01)>uK(Xi))uK(Xi)∑N

j=1(1− Tj)
−
∑N

i=1 TiuK(Xi)∑N
j=1 Tj

}
. (A.35)
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We can decompose N−1/2
∑N

i=1 {(1− Ti) · π̂01(Xi)1(Yi ≤ y)/p0 − F01(y)} as follows:

1√
N

N∑
i=1

{
1− Ti
p0

· π̂01(Xi)1(Yi ≤ y)− F01(y)

}

=
1√
N

N∑
i=1

[
1− Ti
p0

· {π̂01(Xi)− π∗01(Xi)}1(Yi ≤ y)−
∫
X
{π̂01(x)− π∗01(x)}FY (0)|X(y|x)dFX|T=0(x)

]
(A.36)

+
1√
N

N∑
i=1

[
1− Ti
p0

· {π∗01(Xi)− π01(Xi)}1(Yi ≤ y)− 1

p0
E[(1− T ) {π∗01(X)− π01(X)}1(Y ≤ y)]

]
(A.37)

+
√
N · 1

p0
· E[(1− T ) {π∗01(X)− π01(X)}1(Y ≤ y)] (A.38)

+
√
N

{∫
X
{π̂01(x)− π∗01(x)}FY (0)|X(y|x)dFX|T=0(x)− Φ̃K(y)Ω̃−1K Q̂′01(λ∗01)

}
(A.39)

+
√
N ·

[
Φ̃>K(y)Ω̃−1K − Φ>K(y)Ω−1K

]
Q̂′01(λ∗01) (A.40)

+
√
N

{
Φ>K(y)Ω−1K Q̂′01(λ∗01) +

1

N

N∑
i=1

(
1− Ti
p0

π01(Xi)−
Ti
p1

)
FY (0)|X(y|Xi)

− 1

N

N∑
i=1

(
1− Ti
p0

F01(y)− Ti
p1
F01(y)

)}
(A.41)

+
1√
N

N∑
i=1

{
1− Ti
p0

π01(Xi)1(Yi ≤ y)− 1

p0
(1− Ti)π01(Xi)FY (0)|X(y|Xi) +

Ti
p1
FY (0)|X(y|Xi)

+
1− Ti
p0

F01(y)− Ti
p1
F01(y)− F01(y)

}
(A.42)

We shall show the terms (A.36)-(A.41) are of op(1) uniformly in y ∈ R.

For the term (A.36): Note that

(A.36) =
1√
N

N∑
i=1

{
1− Ti
p0

(π̂01(Xi)− π∗01(Xi))1(Yi ≤ y)− P (Ti = 0|Xi)

p0
(π̂01(Xi)− π∗01(Xi))FY (0)|X(y|Xi)

}
(A.43)

+
1√
N

N∑
i=1

{
P (Ti = 0|Xi)

p0
(π̂01(Xi)− π∗01(Xi))FY (0)|X(y|Xi)

−
∫
X

P (Ti = 0|Xi = x)

p0
FY (0)|X(y|x)(π̂01(x)− π∗01(x))dFX(x)

}
. (A.44)

Consider the term (A.43). Given the σ-algebra σ(Xi, i ≥ 1), π̂01(x) is a deterministic function
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of x, and the summands {(π̂01(Xi)− π∗01(Xi)) (1− Ti)1(Yi ≤ y) − (π̂01(Xi)− π∗01(Xi))P (Ti =

0|Xi)FY (0)|X(y|Xi)}Ni=1 are conditionally i.i.d. with conditional mean zero. For any fixed y ∈ R,

by computing the conditional second moment of (A.43) and using Lemma A.2.2, we can obtain

E
[
|(A.43)|2|σ(Xt, t ≥ 1)

]
=

1

p2
0

· 1

N

N∑
i=1

E
[
| (π̂01(Xi)− π∗01(Xi)) (1− Ti)1(Yi ≤ y)

− (π̂01(Xi)− π∗01(Xi))P (Ti = 0|Xi)FY (0)|X(y|Xi)|2|σ(Xt, t ≥ 1)

]
≤ 1

p2
0

· 1

N

N∑
i=1

E
[
| (π̂01(Xi)− π∗01(Xi)) (1− Ti)1(Yi ≤ y)|2|σ(Xt, t ≥ 1)

]
≤ 1

p2
0

· 1

N

N∑
i=1

(π̂01(Xi)− π∗01(Xi))
2 = Op(K/N) = op(1),

then by Chebyshev’s inequality the term (A.43) is of op(1) for fixed y ∈ R. We next show that

(A.43) is of op(1) uniformly in y ∈ R. Denote

f(Xi, Ti, Yi; y)

:= (π̂01(Xi)− π∗01(Xi)) (1− Ti)1(Yi ≤ y)− (π̂01(Xi)− π∗01(Xi))P (Ti = 0|Xi)FY (0)|X(y|Xi).

Given the σ-algebra σ(Xt, t ≥ 1), for large enoughN and fixed δ > 0, the following L2-continuity
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(conditional version) holds:

{
E

[
sup

|y1−y2|≤δ
|f(Xi, Ti, Yi; y1)− f(Xi, Ti, Yi; y2)|2

∣∣∣∣σ(Xt, t ≥ 1)

]}1/2

=

{
(π̂01(Xi)− π∗01(Xi))

2

×E

[{
(1− Ti)(1(Yi ≤ y1)− 1(Yi ≤ y2))

− P (Ti = 0|Xi)(FY (0)|X(y1|Xi)− FY (0)|X(y2|Xi))

}2∣∣∣∣σ(Xt, t ≥ 1)

]}1/2

= |π̂01(Xi)− π∗01(Xi)|

×
{(

P (Ti = 0|Xi) ·
∣∣FY (0)|X(y1|Xi)− FY (0)|X(y2|Xi)

∣∣
− P (Ti = 0|Xi)

2 ·
∣∣FY (0)|X(y1|Xi)− FY (0)|X(y2|Xi)

∣∣2)}1/2

≤ |π̂01(Xi)− π∗01(Xi)| ×
{
P (Ti = 0|Xi) ·

∣∣FY (0)|X(y1|Xi)− FY (0)|X(y2|Xi)
∣∣ }1/2

≤ sup
x∈X
|π̂01(x)− π∗01(x)| ·

√
L · |y1 − y2|1/2 ≤ |y1 − y2|1/2,

where L denotes the Lipschitz’s coefficient of FY (0)|X(y|x) by Assumption 2.4.3, and the last

inequality follows from Lemma A.2.2. By the law of iterated expectation, the following L2-

continuity (unconditional version) holds for large enough N :

{
E

[
sup

|y1−y2|≤δ
|f(Xi, Ti, Yi; y1)− f(Xi, Ti, Yi; y2)|2

]}1/2

≤ |y1 − y2|1/2 for fixed δ > 0,

therefore, Condition (5.3) of [40] is satisfied. By Theorems 4 and 5 of [40], the function class{
N−1/2

∑N
i=1 f(Xi, Ti, Yi; y); y ∈ R

}
is stochastically equicontinuous. Therefore,

(A.43) = op(1) holds uniformly in y ∈ R.

Next we consider (A.44). Using Mean Value Theorem twice, we can decompose (A.44) as
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follows:

(A.44) =
1

p0

1√
N

N∑
i=1

[
P (Ti = 0|Xi)FY (0)|X(y|Xi)ρ

′′(λ̃>01uK(Xi))uK(Xi)
>

−
∫
X
FY (0)|X(y|x)P (Ti = 0|Xi = x)ρ′′(λ̃>01uK(x))uK(x)>dFX(x)

]
(λ̂01 − λ∗01)

=
1

p0

{
1√
N

N∑
i=1

[
P (Ti = 0|Xi)FY (0)|X(y|Xi)ρ

′′((λ∗01)>uK(Xi))uK(Xi)
>

−
∫
X
FY (0)|X(y|x)P (Ti = 0|Xi = x)ρ′′((λ∗01)>uK(x))uK(x)>dFX(x)

]

+
1√
N

N∑
i=1

P (Ti = 0|Xi)FY (0)|X(y|Xi)ρ
′′′(ξ3(Xi))(λ̃01 − λ∗01)>uK(Xi)uK(Xi)

>

−
√
N

∫
X
FY (0)|X(y|x)P (Ti = 0|Xi = x)ρ′′′(ξ3(x))(λ̃01 − λ∗01)>uK(x)uK(x)>dFX(x)

}
(λ̂1 − λ∗1)

=
1

p0
·
(
W

(1)
K (y) +W

(2)
K (y) +W

(3)
K (y)

)>
(λ̂01 − λ∗01),

where

W
(1)
K (y) :=

1√
N

N∑
i=1

[
P (Ti = 0|Xi)FY (0)|X(y|Xi)ρ

′′((λ∗01)>uK(Xi))uK(Xi)

−
∫
X
FY (0)|X(y|x)P (Ti = 0|Xi = x)ρ′′((λ∗01)>uK(x))uK(x)dFX(x)

]
,

W
(2)
K (y) :=

1√
N

[
N∑
i=1

P (Ti = 0|Xi)FY (0)|X(y|Xi)ρ
′′′(ξ3(Xi))uK(Xi)uK(Xi)

>

]
(λ̃01 − λ∗01) ,

W
(3)
K (y) := −

√
N

∫
X
P (T = 0|X = x)FY (0)|X(y|x)ρ′′′(ξ3(x))uK(x)uK(x)>dFX(x) · (λ̃01 − λ∗01) ,

and λ̃01 lies on the line joining λ∗01 and λ̂01, ξ3(x) lies between λ̃>01uK(x) and (λ∗01)>uK(x).

Consider W (1)
K (y). Noting E[W

(1)
K (y)] = 0 and computing the second moment of W (1)

K (y), we
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have:

E
[
|W (1)

K (y)|2
]

=E[P (Ti = 0|Xi)
2FY (0)|X(y|Xi)

2ρ′′((λ∗01)>uK(Xi))
2uK(Xi)

>uK(Xi)]

− E[FY (0)|X(y|Xi)P (Ti = 0|Xi)ρ
′′((λ∗01)>uK(Xi))u

>
K(Xi)]

× E[FY (0)|X(y|Xi)P (Ti = 0|Xi)ρ
′′((λ∗01)>uK(Xi))u

>
K(Xi)]

≤E[P (Ti = 0|Xi)
2FY (0)|X(y|Xi)

2ρ′′((λ∗01)>uK(Xi))
2uK(Xi)

>uK(Xi)]

≤ O(1) · E[‖uK(X)‖2] = O(K).

Then by Chebyshev’s inequality, we have that for each fixed y ∈ R,

‖W (1)
K (y)‖ = Op(

√
K). (A.45)

We next consider supy∈R ‖W
(3)
jK (y)‖. By Lemma A.2.2, we have that

sup
y∈R
‖W (3)

K (y)‖2

=N · sup
y∈R

{
(λ̃01 − λ∗01)>

∫
X
P (T = 0|X = x)FY (0)|X(y|x)ρ′′′(ξ3(x))uK(x)u>K(x)dFX(x)

×
∫
X
P (T = 0|X = x)FY (0)|X(y|x)ρ′′′(ξ3(x))uK(x)uK(x)>dFX(x)× (λ̃01 − λ∗01)

}
≤N ·

(
sup
x∈X
|ρ′′′(ξ3(x))|

)2

· (λ̃01 − λ∗01)>
{∫
X
uK(x)uK(x)>dFX(x)

}2

(λ̃01 − λ∗01)

≤N ·Op(1) · ‖λ̃01 − λ∗01‖2 = Op(K) ,

where ξ3(x) lies between λ̃>01uK(x) and (λ∗01)>uK(x). From the proof of Lemma A.2.2, we know

that supx∈X |ρ′′′(ξ3(x))| = Op(1). Note λ̃01 lies on the line joining λ̂01 and λ∗01, by Lemma A.2.2,

we have ‖λ̃01 − λ∗01‖ = Op

(√
K/N

)
. Therefore,

sup
y∈R
‖W (3)

K (y)‖ = O(
√
K). (A.46)
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Finally, we compute the probability order of supy∈R ‖W
(2)
K (y)‖.

sup
y∈R
‖W (2)

K (y)‖2 =N · sup
y∈R

{
(λ̃01 − λ∗01)>

[
1

N

N∑
i=1

P (Ti = 0|Xi)FY (0)|X(y|Xi)ρ
′′′(ξ3(Xi))uK(Xi)uK(Xi)

>

]

×

[
1

N

N∑
i=1

P (Ti = 0|Xi)FY (0)|X(y|Xi)ρ
′′′(ξ3(Xi))uK(Xi)uKXi)

>

]
(λ̃01 − λ∗01)

}

≤N · sup
x∈X
|ρ′′′(ξ3(x))|2 ·

{
(λ̃01 − λ∗01)>

[
1

N

N∑
i=1

uK(Xi)uK(Xi)
>

]2
(λ̃01 − λ∗01)

}

≤N · sup
x∈X
|ρ′′′(ξ3(x))|2 · ‖λ̃01 − λ∗01‖2 · λ2max

(
1

N

N∑
i=1

uK(Xi)uK(Xi)
>

)

≤N ·Op(1) ·Op(K/N) ·Op(1) = Op(K),

where λmax

(
N−1

∑N
i=1 uK(Xi)uK(Xi)

>
)

denotes the largest eigenvalue of

N−1
∑N

i=1 uK(Xi)uK(Xi)
>, and it converges to λmax(E[uK(X)uK(X)>]) <∞. Therefore,

sup
y∈R
‖W (2)

K (y)‖ = Op(
√
K). (A.47)

Then in light of Lemma A.2.2 and Assumption 2.4.4, we have that for fixed y ∈ R,

(A.44) ≤
(
‖W (1)

K (y)‖+ ‖W (2)
K (y)‖+ ‖W (3)

K (y)‖
)
· ‖λ̂01 − λ∗01‖

≤
(
Op(
√
K) +Op(

√
K) +Op(

√
K)
)
·Op

(√
K

N

)
= Op

(√
K2

N

)
= op(1).

Using a similar argument of showing (A.43) is of op(1) uniformly in y ∈ R, we can obtain

(A.44) = op(1) holds uniformly in y ∈ R.

Hence,

(A.36) = op(1) holds uniformly in y ∈ R.

For term (A.37): For fixed y ∈ R, by computing the second moment of (A.37) and using Lemma
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A.2.1, we obtain

E
[
|(A.37)|2

]
=

1

p20
E
[{

(π∗01(Xi)− π01(Xi)) (1− Ti)1(Yi ≤ y)− E
[
(π∗01(Xi)− π01(Xi))FY (0)|X(y|Xi)P (Ti = 0|Xi)

]}2]
≤ 1

p20
E
[
(π∗01(Xi)− π01(Xi))

2 · (1− Ti)2 · 1(Yi ≤ y)2
]

≤ 1

p20
E
[
(π∗01(Xi)− π01(Xi))

2
]

= O(K−2α) = o(1),

which implies that for fixed y ∈ R, (A.37) is of op(1). Using a similar argument of showing (A.43)

is of op(1) uniformly in y ∈ R, we can obtain that (A.37) is of op(1) uniformly in y ∈ R.

For term (A.38): By Lemma A.2.1, Assumption 2.4.4, we can derive

sup
y∈R

∣∣∣√NE
[
FY (0)|X(y|X)P (T = 0|X = x) (π∗01(X)− π01(X))

]∣∣∣
≤
√
NE[|π∗01(X)− π01(X)|2]

1
2 =
√
N ·O

(
K−α

)
= o(1).

For term (A.39): Using Mean Value Theorem, we have

√
N

∫
X
FY (0)|X(y|x)(π̂01(x)− π∗01(x))dFX|T=0(x)

=
√
N

∫
X
FY (0)|X(y|x)ρ′′(λ̃>01uK(x))uK(x)>dFX|T=0(x)(λ̂01 − λ∗01)

= −
√
NΦ̃>K(y)(λ̂01 − λ∗01)

= −
√
NΦ̃>K(y)Ω̃−1

K Q̂′01(λ∗01). (using (A.35))

Therefore, the term (A.39) is exactly zero.
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For term (A.40): We can decompose (A.40) as follows:

(A.40) =
{

Φ̃>K(y)Ω̃−1
K − Φ>K(y)Ω−1

K

}√
NQ̂′01(λ∗01)

=
{

Φ̃K(y)− ΦK(y)
}>

Ω̃−1
K

√
NQ̂′01(λ∗01) + Φ>K(y)

{
Ω̃−1
K − Ω−1

K

}√
NQ̂′01(λ∗01). (A.48)

Consider the first term in (A.48). Similar to prove the result ‖Q̄01(λ∗01)‖ = Op(
√
K/N) in (A.19)

, we proved that

‖Q̂01(λ∗01)‖ = Op

(√
K

N

)
. (A.49)

By Mean Value Theorem, we have

Φ̃K(y)− ΦK(y) = −
∫
X
FY (0)|X(y|x)

[
ρ′′(λ̃>01uK(x))− ρ′′((λ∗01)>uK(x))

]
uK(x)dFX|T=0(x)

=− 1

p0

∫
X
P (T = 0|X = x)FY (0)|X(y|x)

[
ρ′′(λ̃>01uK(x))− ρ′′((λ∗01)>uK(x))

]
uK(x)dFX(x)

=
1

p0

· W
(3)
K (y)√
N

.

Note that the matrix Ω̃K is negative definite with probability approaching one, λmin(Ω̃−1
K ) =

λmax(Ω̃K)−1 < 0 and λmax(Ω̃K) is bounded away from zero with probability approaching one,

then |λmin(Ω̃−1
K )| = Op(1). Using (A.46) and (A.49), we have

sup
y∈R
|(Φ̃K(y)− ΦK(y))>Ω̃−1

K

√
NQ̂′01(λ∗01)| (A.50)

≤ 1

p0

· sup
y∈R
‖(W (3)

K (y))>Ω̃−1
K ‖‖Q̂

′
01(λ∗01)‖

=
1

p0

· sup
y∈R

√
(W

(3)
K (y))>

(
Ω̃−1
K

)2

W
(3)
K (y) · ‖Q̂′01(λ∗01)‖

≤ 1

p0

· sup
y∈R

√
λ2

min(Ω̃−1
K )W

(3)
K (y)> · IK ·W (3)

K (y) · ‖Q̂′01(λ∗01)‖

≤ Op(1)Op(K
1
2 )Op

(√
K

N

)
= Op

(√
K2

N

)
.
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For the second term in (A.48),

sup
y∈R
|Φ>K(y)(Ω̃−1K − Ω−1K )

√
NQ̂′01(λ∗01)| (A.51)

= sup
y∈R

√
N |Q̂′01(λ∗01)>Ω̃−1K (ΩK − Ω̃K)Ω−1K ΦK(y)|

≤
√
N‖Q̂′01(λ∗01)‖ · sup

y∈R
‖ΦK(y)‖ · ‖Ω̃−1K (ΩK − Ω̃K)Ω−1K ‖

=
√
N‖Q̂′01(λ∗01)‖ · sup

y∈R
‖ΦK(y)‖ · tr

(
Ω̃−1K (ΩK − Ω̃K)Ω−1K Ω−1K (ΩK − Ω̃K)Ω̃−1K

) 1
2

=
√
N‖Q̂′01(λ∗01)‖ · sup

y∈R
‖ΦK(y)‖ · tr

(
Ω−1K Ω−1K (ΩK − Ω̃jK)Ω̃−1K Ω̃−1K (ΩK − Ω̃K)

) 1
2

≤
√
N‖Q̂′01(λ∗01)‖ · sup

y∈R
‖ΦK(y)‖ ·

∣∣λmax(Ω−1K Ω−1K )
∣∣ 12 · tr((ΩK − Ω̃K)Ω̃−1K Ω̃−1K (ΩK − Ω̃K)

) 1
2

=
√
N‖Q̂′01(λ∗01)‖ · sup

y∈R
‖ΦK(y)‖ ·

∣∣λmax(Ω−1K Ω−1K )
∣∣ 12 · tr(Ω̃−1K Ω̃−1K (ΣK − Ω̃K)(ΩK − Ω̃K)

) 1
2

≤
√
N‖Q̂′01(λ∗01)‖ · sup

y∈R
‖ΦK(y)‖ ·

∣∣λmax(Ω−1K Ω−1K )
∣∣ 12 · ∣∣∣λmax(Ω̃−1K Ω̃−1K )

∣∣∣ 12 · tr((ΩK − Ω̃K)(ΩK − Ω̃K)
) 1

2

=
√
N‖Q̂′01(λ∗01)‖ · sup

y∈R
‖ΦK(y)‖ ·

∣∣λmin(Ω−1K )
∣∣ · ∣∣∣λmin(Ω̃−1K )

∣∣∣ · ∥∥∥ΩK − Ω̃K

∥∥∥ ,
where the second and third inequalities follow from the fact that tr(AB) ≤ λmax(B)tr(A) for any

symmetric B and positive semidefinite matrix A.

We now estimate the probability order of
∥∥∥ΩK − Ω̃K

∥∥∥. Using Mean Value Theorem, triangle

inequality, and Lemma A.2.2, we can deduce that

∥∥∥ΩK − Ω̃K

∥∥∥ (A.52)

=

∥∥∥∥∥ 1

p0
· E
[
(1− T )ρ′′((λ∗01)>uK(X))uK(X)uK(X)>

]
−
∑N
i=1(1− Ti)ρ′′((λ̃01)>uK(Xi))uK(Xi)uK(Xi)

>∑N
j=1(1− Tj)

∥∥∥∥∥
≤

∥∥∥∥∥
{

1

p0
− 1

N−1
∑N
j=1(1− Tj)

}
· E
[
(1− T )ρ′′((λ∗01)>uK(X))uK(X)uK(X)>

]∥∥∥∥∥
+

1

N−1
∑N
j=1(1− Tj)

+×

∥∥∥∥∥E [(1− T )ρ′′((λ∗01)>uK(X))uK(X)uK(X)>
]
− 1

N

N∑
i=1

(1− Ti)ρ′′((λ∗01)>uK(Xi))uK(Xi)uK(Xi)
>

∥∥∥∥∥
+

1

N−1
∑N
j=1(1− Tj)

×

∥∥∥∥∥ 1

N

N∑
i=1

(1− Ti)ρ′′′(ξ3(Xi))uK(Xi)uK(Xi)
> · (λ̃K − λ∗K)>uK(Xi)

∥∥∥∥∥
≤Op(N−1/2) +Op(ζ(K)

√
K/N) +Op(ζ(K)

√
K2/N) = Op(ζ(K)

√
K2/N),
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where ξ3(x) lies between (λ∗01)>uK(x) and λ̃>01uK(x). Note that

sup
y∈R
‖ΦK(y)‖ ≤ E[|ρ′′((λ∗01)>uK(X))| · ‖uK(X)‖|T = 0] ≤ O(1) · E[‖uK(X))‖2|T = 0]

1
2 = O(

√
K). (A.53)

Combining (A.51)-(A.53), we can obtain that

sup
y∈R
‖Φ>jK(y)(Ω̃−1

K − Ω−1
K )
√
NQ̂′01(λ∗01)‖

=
√
NOp

(√
K

N

)
O(
√
K)Op(1)Op(1)Op

(
ζ(K)

√
K2

N

)
= Op

(
ζ(K)

√
K4

N

)
,

then with (A.48), (A.50) and Assumption 2.4.4, we have

(A.40) = Op

(√
K2

N

)
+Op

(
ζ(K)

√
K4

N

)
= op(1) holds uniformly in y ∈ R.

For term (A.41): Note that

√
N · Φ>K(y)Ω−1

K Q̂′01(λ∗01)

=
√
N · Φ>K(y)Ω−1

K

{∑N
i=1(1− Ti)ρ′

(
(λ∗01)>uK(Xi)

)
uK(Xi)∑N

j=1(1− Tj)
−
∑N

i=1 TiuK(Xi)∑N
j=1 Tj

}

=
√
N · Φ>K(y)Ω−1

K

{
1

Np0

N∑
i=1

(1− Ti)ρ′
(
(λ∗01)>uK(Xi)

)
uK(Xi)

}{
p0

N−1
∑N

j=1(1− Tj)
− 1

}

−
√
N · Φ>K(y)Ω−1

K

{
N−1

∑N
i=1 TiuK(Xi)

p1

}{
p1

N−1
∑N

j=1 Tj
− 1

}

+
√
N · Φ>K(y)Ω−1

K

{
1

Np0

N∑
i=1

(1− Ti)ρ′
(
(λ∗01)>uK(Xi)

)
uK(Xi)

}

−
√
N · Φ>K(y)Ω−1

K

{
N−1

∑N
i=1 TiuK(Xi)

p1

}
.
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We claim the following results hold:

√
N · Φ>K(y)Ω−1

K

{
1

Np0

N∑
i=1

(1− Ti)ρ′
(
(λ∗01)>uK(Xi)

)
uK(Xi)

}{
p0

N−1
∑N

j=1(1− Tj)
− 1

}

=F01(y) · 1√
N

N∑
i=1

{
1− Ti
p0

− 1

}
+ oP (1) (A.54)

and

√
N · Φ>K(y)Ω−1

K

{
N−1

∑N
i=1 TiuK(Xi)

p1

}{
p1

N−1
∑N

j=1 Tj
− 1

}

=F01(y) · 1√
N

N∑
i=1

{
Ti
p1

− 1

}
+ oP (1) (A.55)

and

√
N · Φ>K(y)Ω−1

K

{
1

Np0

N∑
i=1

(1− Ti)ρ′
(
(λ∗01)>uK(Xi)

)
uK(Xi)

}

=
1√
N

N∑
i=1

(1− Ti)π01(Xi)FY (0)|X(y|Xi)

p0

+ oP (1) (A.56)

and

√
N · Φ>K(y)Ω−1

K

{
N−1

∑N
i=1 TiuK(Xi)

p1

}
=

1√
N

N∑
i=1

Tiπ01(Xi)FY (0)|X(y|Xi)

p1

+ oP (1).

(A.57)

Combining (A.54)-(A.57), we can have that (A.41) is of oP (1).
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It remains to prove (A.54)-(A.57). For (A.54), by Lemma A.2.1 we can deduce that

√
N · Φ>K(y)Ω−1K

{
1

Np0

N∑
i=1

(1− Ti)ρ′
(
(λ∗01)>uK(Xi)

)
uK(Xi)

}{
p0

N−1
∑N
j=1(1− Tj)

− 1

}

=

{
1

Np0

N∑
i=1

(1− Ti)ρ′
(
(λ∗01)>uK(Xi)

)
·
[
−Φ>K(y)Ω−1K uK(Xi)

]} 1√
N

N∑
j=1

(1− Tj)− p0
N−1

∑N
i=1(1− Ti)

=

{
1

Np0

N∑
i=1

(1− Ti)ρ′
(
(λ∗01)>uK(Xi)

)
FY (0)|X(y|Xi)

}
1√
N

N∑
j=1

{(1− Tj)− p0} ·
1

N−1
∑N
i=1(1− Ti)

+ oP (1)

=
E[(1− T )π01(X)FY (0)|X(y|X)]

E[1− T ]
· 1√

N

N∑
j=1

{
1− Tj
p0

− 1

}

=F01(y) · 1√
N

N∑
j=1

{
1− Tj
p0

− 1

}
+ oP (1),

where the second equality holds by noting the fact that −Φ>K(y)Ω−1
K uK(x) is a weighted least

square projection (with the weighting function −ρ′′((λ∗01)>uK(x))dFX|T=0(x)) of FY (0)|X(y|x)

on the space spanned by {uK(x)}; the third equality holds by Lemma A.2.1 and Law of Large

Number. Using the similar projection argument and Lemma A.2.1, it is easy to show (A.55)-(A.57)

also hold.

Finally, by combining the results that (A.36)-(A.41) are of oP (1), we can claim that (A.34)

holds.

A.5 Proof of Theorem 2.5.1

A.5.1 Variance Estimators

By using Taylor’s expansion and the first order conditions ∂Q̂s(λ̂s)/∂λ = 0 and ∂Q̂st(λ̂st)/∂λ =

0, we have

λ̂s − λ∗s =

(
−∂

2Q̂s(λ̃s)

∂λ∂λ>

)−1
∂Q̂s(λ

∗
s)

∂λ
,

λ̂st − λ∗st =

(
−∂

2Q̂st(λ̃st)

∂λ∂λ>

)−1
∂Q̂st(λ

∗
st)

∂λ
.
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By Taylor’s expansion, Theorems 3 and 4, we have

F̂s(y)− Fs(y) =
1

N

N∑
i=1

Disπ
∗
s(Xi)1(Yi ≤ y)− Fs(y)

+

[
1

N

N∑
i=1

Dis
∂

∂λ
π̃s(Xi)1(Yi ≤ y)u>K(Xi)

]
(λ̂s − λ∗s),

=
1

N

N∑
i=1

SFs(Ti, Xi, Yi; y) + oP (N−1/2),

F̂st(y)− Fst(y) =
1∑N

i=1Dis

N∑
i=1

Disπ
∗
st(Xi)1(Yi ≤ y)− Fst(y)

+

[
1∑N

i=1 Dis

N∑
i=1

Dis
∂

∂λ
π̃st(Xi)1(Yi ≤ y)u>K(Xi)

]
(λ̂st − λ∗st)

=
1

N

N∑
i=1

SFst(Ti, Xi, Yi; y) + oP (N−1/2),

and

θ̂st − θst =
1

N2

N∑
i=1

N∑
j=1

DisDjtπ
∗
s(Xi)π

∗
t (Xj)1(Yi ≤ Yj)− θst

+

[
1

N2

N∑
i=1

N∑
j=1

DisDjt

(
∂

∂λ
π̃s(Xi)

)
π∗t (Xj)1(Yi ≤ Yj)u

>
K(Xi)

]
(λ̂s − λ∗s)

+

[
1

N2

N∑
i=1

N∑
j=1

DisDjt

(
∂

∂λ
π̃t(Xj)

)
π∗s(Xi)1(Yi ≤ Yj)u

>
K(Xj)

]
(λ̂t − λ∗t )

=
1

N

N∑
i=1

Sθst(Ti, Xi, Yi) + oP (N−1/2)

θ̂stt − θstt =
1∑N

i=1

∑N
j=1 DisDjt

N∑
i=1

N∑
j=1

DisDjtπ
∗
st(Xi)1(Yi ≤ Yj)− θstt

+

[
1∑N

i=1

∑N
j=1 DisDjt

N∑
i=1

N∑
j=1

DisDjt

(
∂

∂λ
π̃st(Xi)

)
1(Yi ≤ Yj)u

>
K(Xi)

]

× (λ̂st − λ∗st)

=
1

N

N∑
i=1

Sθstt(Ti, Xi, Yi) + oP (N−1/2).
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For the double summation terms of θ̂st − θst and θ̂stt − θstt, by applying the theory of U -statistics,

we can represent them as sum of i.i.d. random variables:

1

N2

N∑
i=1

N∑
j=1

DisDjtπ
∗
s(Xi)π

∗
t (Xj)1(Yi ≤ Yj)− θst

=
1

N

N∑
i=1

{
Ditπ

∗
t (Xi)E [Dsπ

∗
s(X)1(Y ≤ Yi)|Yi]

+Disπ
∗
s(Xi)E [Dtπ

∗
t (X)1(Yi ≤ Y )|Yi]

}
− 2θst + oP

(
1√
N

)
, (A.58)

and

1∑N
i=1

∑N
j=1DisDjt

N∑
i=1

N∑
j=1

DisDjtπ
∗
st(Xi)1(Yi ≤ y)− θstt

=
1

N

N∑
i=1

{
Dit

ptps
E [Dsπ

∗
st(X)1(Y ≤ Yi)|Yi] +

Dis

ptps
π∗st(Xi)E [Dt1(Yi ≤ Y )|Yi]

− Dis

ps
θstt −

Dit

pt
θstt

}
+ oP

(
1√
N

)
. (A.59)

With π∗s(X), π∗st(X) replaced by their estimators π̂s(X) π̂st(X), and ∂2Q̂s(λ̃s)
∂λ∂λ>

, ∂
2Q̂st(λ̃st)
∂λ∂λ>

are re-

placed by ∂2Q̂s(λ̂s)
∂λ∂λ>

, ∂2Q̂s(λ̂st)
∂λ∂λ>

, and ∂Q̂s(λ∗s)
∂λ

,
∂Q̂st(λ∗st)

∂λ
are replaced by ∂Q̂s(λ̂s)

∂λ
, ∂Q̂s(λ̂st)

∂λ
, and the ex-

pectation terms are replaced by their sample version, we get the estimators for all of the efficient

influence (SFs , SFst , Sθst , Sθstt).
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A.5.2 Consistency

Without loss of generality, we prove V̂θ011
p−→ Vθ011 , other results can be established in a similar

way. Based on the analysis in Section A.5.1, we have

√
N{θ̂011 − θ011}

=
1√
N

N∑
i=1

{
Ti
p1p0

E [(1− T )π∗01(X)1(Y ≤ Yi)|Yi] +
1− Ti
p1p0

π∗01(Xi)E [T1(Yi ≤ Y )|Yi]−
Ti
p1
θ011 −

1− Ti
p0

θ011

}

−

 1∑N
i=1

∑N
j=1(1− Tj)Tj

N∑
i=1

N∑
j=1

(1− Ti)Tj
(
∂

∂λ
π̃01(Xi)

)
1(Yi ≤ Yj)u>K(Xi)

 ∂2Q̂01(λ̃01)

∂λ∂λ>

−1

× 1√
N

N∑
i=1

{
N(1− Ti)π∗01(Xi)uK(Xi)∑N

j=1(1− Tj)
− NTiuK(Xi)∑N

j=1 Tj

}
+ oP (1)

=
1√
N

N∑
i=1

S̃θ011(Ti, Xi, Yi) + oP (1),

where

S̃θ011(Ti, Xi, Yi)

=
Ti
p1p0

E [(1− T )π∗01(X)1(Y ≤ Yi)|Yi] +
1− Ti
p1p0

π∗01(Xi)E [T1(Yi ≤ Y )|Yi]−
Ti
p1

θ011 −
1− Ti
p0

θ011

−

[
1∑N

i=1

∑N
j=1(1− Tj)Tj

N∑
i=1

N∑
j=1

(1− Ti)Tj
(
∂

∂λ
π̃01(Xi)

)
1(Yi ≤ Yj)u

>
K(Xi)

]
∂2Q̂01(λ̃01)

∂λ∂λ>

−1

×

{
N(1− Ti)π∗01(Xi)uK(Xi)∑N

j=1(1− Tj)
− NTiuK(Xi)∑N

j=1 Tj

}
.
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The estimated influence function is defined by

Ŝθ011(Ti, Xi, Yi)

=
N∑N

i=1

∑N
j=1(1− Ti)Tj

N∑
j=1

{(1− Tj)Tiπ̂01(Xj)1(Yj ≤ Yi) + (1− Ti)Tjπ̂01(Xi)1(Yi ≤ Yj)}

−

(
Ti∑N

i=1 Ti/N
− 1− Ti∑N

i=1(1− Ti)/N

)
θ̂011

−

[
1∑N

i=1

∑N
j=1(1− Tj)Tj

N∑
i=1

N∑
j=1

(1− Ti)Tj
(
∂

∂λ
π̂01(Xi)

)
1(Yi ≤ Yj)u

>
K(Xi)

]
∂2Q̂01(λ̂01)

∂λ∂λ>

−1

×

{
N(1− Ti)π̂01(Xi)uK(Xi)∑N

j=1(1− Tj)
− NTiuK(Xi)∑N

j=1 Tj

}
.

The estimator of efficient variance Vθ011 is V̂θ011 = N−1
∑N

i=1 Ŝθ011(Ti, Xi, Yi)
2. By Theorem 4,

we have N−1
∑N

i=1 S̃θ011(Ti, Xi, Yi)
2 p−→ Vθ011 . Therefore, to prove V̂θ011

p−→ Vθ011 , it is sufficient to

prove N−1
∑N

i=1 Ŝθ011(Ti, Xi, Yi)
2 −N−1

∑N
i=1 S̃θ011(Ti, Xi, Yi)

2 → 0.

Note that S̃θ011(Ti, Xi, Yi) can be written as follows:

S̃θ011(Ti, Xi, Yi) =
(
−L̃K , 1

)
b̃Ki,

where

L̃K :=

(
1∑N

i=1(1− Ti)
∑N

j=1 Tj

N∑
i=1

N∑
j=1

(1− Ti)Tjρ′′
(
λ̃>01uK(Xi)

)
1(Yi ≤ Yj)u

>
K(Xi)

)

×

(
1∑N

i=1(1− Ti)

N∑
i=1

(1− Ti)ρ′′
(
λ̃>01uK(Xi)

)
uK(Xi)u

>
K(Xi)

)−1

,

and

b̃Ki :=


N(1−Ti)∑N
i=1(1−Ti)

ρ′
(
(λ∗01)>uK(Xi)

)
uK(Xi)− NTi∑N

j=1 Tj
uK(Xi)

Ti

p1p0
E [(1− T )π∗01(X)1(Y ≤ Yi)|Yi] + 1−Ti

p1p0
π∗01(Xi)E [T1(Yi ≤ Y )|Yi]− Ti

p1
θ011 − 1−Ti

p0
θ011

 .
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Then

1

N

N∑
i=1

S̃θ011(Ti, Xi, Yi)
2 =

(
−L̃K , 1

)
P̃K

(
−L̃K , 1

)>
,

where

P̃K :=
1

N

N∑
i=1

b̃Kib
>
Ki,

Similarly, Ŝθ011(Ti, Xi, Yi) can be written as follows:

Ŝθ011(Ti, Xi, Yi) =
(
−L̂K , 1

)
b̂Ki,

where

L̂K :=

 1∑N
i=1(1− Ti)

∑N
j=1 Tj

N∑
i=1

N∑
j=1

(1− Ti)Tjρ′′
(
λ̂>01uK(Xi)

)
1(Yi ≤ Yj)u>K(Xi)


×

(
1∑N

i=1(1− Ti)

N∑
i=1

(1− Ti)ρ′′
(
λ̂>01uK(Xi)

)
uK(Xi)u

>
K(Xi)

)−1
,

and

b̂Ki =



N(1−Ti)∑N
i=1(1−Ti)

ρ′
(
λ̂>01uK(Xi)

)
uK(Xi)− NTi∑N

j=1 Tj
uK(Xi)

NTi∑N
i=1

∑N
j=1(1−Ti)Tj

∑N
j=1(1− Tj)ρ′

(
λ̂>01uK(Xj)

)
1(Yj ≤ Yi)

+ N(1−Ti)∑N
i=1

∑N
j=1(1−Ti)Tj

ρ′
(
λ̂>01uK(Xi)

)∑N
j=1 Tj1(Yi ≤ Yj)−

(
1−Ti∑N

i=1(1−Ti)/N
+ Ti∑

j=1 Tj/N

)
θ̂011


.

Then

1

N

N∑
i=1

Ŝθ011(Ti, Xi, Yi)
2 =

(
−L̂K , 1

)
P̂K

(
−L̂K , 1

)>
,
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where

P̂K :=
1

N

N∑
i=1

b̂Kib̂
>
Ki,

Therefore, to prove N−1
∑N

i=1 Ŝθ011(Ti, Xi, Yi)
2−N−1

∑N
i=1 S̃θ011(Ti, Xi, Yi)

2 → 0, it suffices

to prove ‖L̃K − L̂K‖ = oP (1) and ‖P̃K − P̂K‖ = oP (1), which is also equavalent to prove

∥∥∥∥∥ 1∑N
i=1(1− Ti)

N∑
i=1

(1− Ti)
(
ρ′′(λ̃01uK(Xi))− ρ′′(λ̂01uK(Xi))

)
uK(Xi)u

>
K(Xi)

∥∥∥∥∥ = oP (1) , (A.60)∥∥∥∥∥ 1∑N
j=1

∑N
i=1(1− Ti)Tj

N∑
i=1

(1− Ti)
(
ρ′′(λ̃01uK(Xi))− ρ′′(λ̂01uK(Xi))

)
1(Yi ≤ Yj)u>K(Xi)

∥∥∥∥∥ = oP (1) ,

(A.61)∥∥∥∥∥ 1

N

N∑
i=1

‖b̂Ki‖2 −
1

N

N∑
i=1

‖b̃Ki‖2
∥∥∥∥∥ = oP (1). (A.62)

For (A.60), we can deduce that

∥∥∥∥∥ 1∑N
i=1(1− Ti)

N∑
i=1

(1− Ti)
(
ρ′′(λ̃01uK(Xi))− ρ′′(λ̂01uK(Xi))

)
uK(Xi)u

>
K(Xi)

∥∥∥∥∥
≤

∥∥∥∥∥ 1∑N
i=1(1− Ti)

N∑
i=1

(1− Ti)ρ′′′ (ξ5(Xi))uK(Xi)u
>
K(Xi) · (λ̃01 − λ̂01)>uK(Xi)

∥∥∥∥∥
≤ 1∑N

i=1(1− Ti)

N∑
i=1

|1− Ti||ρ′′′(ξ5(Xi))| · ‖uK(Xi)‖3 · ‖λ̃01 − λ̂01‖

≤ sup
x∈χ
|ρ′′′(ξ5(x))| · ‖λ̃01 − λ̂01‖2 ·

Np0∑N
i=1(1− Ti)

· 1

Np0

N∑
i=1

‖uK(Xi)‖3

= sup
x∈χ
|ρ′′′(ξ5(x))| · ‖λ̃01 − λ̂01‖2 ·

Np0∑N
i=1(1− Ti)

· 1

p0

{
E
[
‖uK(X)‖3

]
+OP

(
ζ(K)2

√
K

N

)}

≤ sup
x∈χ
|ρ′′′(ξ5(x))| · ‖λ̃01 − λ̂01‖2 ·

Np0∑N
i=1(1− Ti)

· 1

p0

{
ζ(K) · E

[
‖uK(X)‖2

]
+OP

(
ζ(K)2

√
K

N

)}

≤OP (1) · K
N
· ζ(K) ·K = OP

(
ζ(K)

K2

N

)
= oP (1)

where ξ5(Xi) lies between λ̃>01uK(Xi) and λ̂>01uK(Xi). By using the similar argument, we can

easily obtain (A.61) and (A.62).
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