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ABSTRACT

This thesis presents an equation-based approach to steady state building energy
modeling using constrained optimization. Models using this approach can be built from
algebraic equations that describe a building and its HVAC equipment and knowledge of
the system’s overall control strategy. The equation-based nature of this approach allows
arbitrary systems to be represented, and simple rules can be followed to construct
models that produce a valid energy balance overall operating conditions, including
atypical scenarios such as temperatures drifting above or below their desired set points.

The theory behind constrained optimization modeling of steady state HVAC
systems is presented, and methods for constructing typical HVAC systems are given.
Mathematical methods for integrating dynamic effects such as thermal mass into these
models are also presented. To efficiently solve these models, a prototype program
named Beryl is presented along with a performance analysis of the computer resources
required for different types of modeling. Finally, future areas of research are given such
as modeling improvements and improvements to numerical solvers for the specialized
problems being solved.

The solver developed in this work was able to perform yearly building energy
simulations on single AHU in 0.5 to 5.0 seconds using hourly time steps on a single
thread. Factors that affect simulation runtime were also analyzed. Based on these
results and the robustness of the simulations, constrained optimization based building

energy modeling was shown to be a valid and potentially useful approach.
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NOMENCLATURE

A Fraction that Varies from0to1 (0 — 1)
Percentage (%)

A Coefficient or Conversion Factor (Varies)
Efficiency (0 — 1)

Length, Width (ft)

Area (ft?)

Occupancy (ft?/Person)

Volume (ft3)

Time, Time Constant, Time Step Period (h)

Air Changes per Hour (Air Changes/h)
Density (lbm/ft3)

Temperature, Temperature Rise (°F)

Humidity Ratio (Ib,,/1bg,)

Pressure (inches H,0, psi)

Air Volume Flow Rate per ft? of Floor Area (CFM /ft?)
Specific Heat (Btu/(lbm - °F))

R-Value ((h- ft?-°F)/Btu)

Thermal Capacitance (Btu/(ft? - °F))
UA-Value per ft? of Floor Area (Btu/(h - °F))

Electric Usage per ft? of Floor Area (W /ft?)
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Heating Energy Flow (Btu/(h - ft?))

Fan Horsepower per 1000 CFM (Hp/kCFM)
Horsepower per ft? of Floor Area (Hp/ft?)

Brake Horsepower per ft? of Floor Area (Hp/ft?)

Price of an Energy Source ($/kWh or $/MMBtu)
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CHAPTER |
INTRODUCTION

Background

Building engineers, operators, and architects analyze building energy flows to
minimizing energy usage and costs while maintaining thermal comfort. Modeling is
often used to aid this process. Over the past 50 years hundreds of building energy
programs have been developed, enhanced, and are in use [1]. The simulations they
perform involve multiple domains, such as thermodynamics, fluid dynamics, heat and
mass transfer, electrical systems, control systems and communication systems.
Describing these areas can require a wide variety of math, including algebraic equations,
differential equations, partial differential equations, and constrained optimizations.

Most modern building simulation programs are large, monolithic, and require
developers to add extensions in order to simulate new technologies [2]. The algorithms
used to solve problems are usually for a specific domain, such as partial differential
equation solving or whole building simulation. Modeling with aspects of multiple
domains or performing optimizations can require coupling multiple pieces of software
together.

The protocols used in whole building energy simulators like EnergyPlus treat
HVAC systems as a set of interacting modules [3]. This limits the simplifications that
can be applied when solving models and makes a mathematical analysis of a model as a
whole difficult. For instance, calibrating or optimizing building energy models can
involve the use of derivatives, but these can be difficult to calculate. Errors in the
convergence of internal algorithms can result in large changes in output values for small
changes in inputs. Also, gradient calculations can require a separate calculation for each
variable’s derivative.

Differential-algebraic equation solvers such as Modelica express models in terms
of mathematical equations instead of algorithms. This allows users to model new

equipment while at the same time allowing models to be build based on libraries of



HVAC components [4]. Modelica’s equation solving approach also allows for
optimizations by simplifying models before solving them with a numerical solver.
Models are limited by the type of math that the solver can handle. Optimica extends the
Modelica language to handle constrained optimizations [5]. This allows for the direct
coupling of models in multiple domains in one tool.

The complexity of building energy systems is rapidly increasing and dealing with
this complexity is likely to be a driving force for future building simulation programs
[2]. Equation-based modeling aid in dealing with complexity by allowing for new
models to be created in a modular way without black box algorithms. It also separates
the domains of modeling and mathematical solving, which allows for tools to be created
that handle problems that cross multiple domains.

Objectives and Scope

This thesis presents a technique to unify existing building simulation methods
under a single equation-based approach. By formulating steady state building energy
models as constrained optimizations model variables can be mathematically coupled
with equations from other types of modeling approaches. Ultimately the ability to
successfully simulate different modeling methods depends on the speed, and robustness
of the numerical solver used and the diversity of the mathematical procedures it
implements.

Steady state models were implemented to demonstrate using constrained
optimization for steady state modeling. Models were developed for three common types
of air handling units for a hypothetical office building with three zones and contain
approximately 50 to 100 equations and constraints. An analytical treatment for
integrating dynamic calculations into a steady state simulation and the theoretical
implications of this are given.

A numerical solver named Beryl was created to demonstrate the performance and
robustness that can be achieved in solving the developed models. Beryl uses a
decomposition algorithm to simplify and decompose models into a sequence of smaller

problems before writing a program to solve each problem. These performance results



are then combined with theoretical results on the algorithms used to solve them to
estimate the runtime performance of larger models.

Organization of the Thesis

The literature review of Chapter 11 covers topics related to HVAC simulation and
constrained optimization. These topics serve as the basis for the mathematical methods
and solver that are presented. Chapter Il presents a method for performing steady state
building energy use calculations using constrained optimization. Next, a method of
integrating passive dynamics such as thermal mass into these calculations is presented in
Chapter IV. Chapter V gives examples of models of three common air handler types. In
Chapter VI an algorithm for decomposing and simplifying constrained optimization
problems is presented. A program for performing building energy calculations is
presented in Chapter VII. This program implements the algorithm presented in Chapter
VI and provides an upper bound on what’s achievable in building energy simulations
based on this approach. Finally, in Chapter VIII future topics and extensions of this

method are discussed.



CHAPTER II
LITERATURE REVIEW

This literature review is divided into four sections: Building Energy Modeling,
Constrained Optimization, previous usage of constrained optimization in HVAC, and
computer science. Figure 1 shows how these three sections relate to the methods
developed in this thesis and the prototype solver developed to demonstrate them. The
two sections on building related topics give background for the methods developed,
while the section on constrained optimization theory covers non-HVAC topics used in
the modeling approach and the prototype solver. Definitions of key terms used in the

rest of the thesis appear in bold.

Building
Energy

Constrained
Optimization

in HVAC Modeling

Constrained ~ Prototype

Optimization Based Automatic
Building Energy Solver

Modeling

\

Constrained
Optimization

Theory

Figure 1 — Relationship between Literature Review Areas and Thesis Areas

Building Energy Modeling

Building models describe the behavior of buildings and their HVAC systems. A
building energy flow model might describe a building’s structure and systems. Inputs



such as outside air temperatures and internal loads allow outputs such as energy use to
be calculated in a simulation. [6]

Most system disturbances that are relevant to a building’s overall energy usage
occur at a daily or hourly level [7]. These include changes in occupancy, internal loads,
and weather. Table 1 gives definitions of terms related to how a simulation progresses
over time. Over a short time period, typically an hour or less, building energy flows can
be approximated as steady state. Steady state models describe average energy flows
over time periods without any dependency on previous times. HVAC control systems
that operate with time constants on the order of minutes or faster require dynamic

models that simulate the system continuously over time.

Table 1 — Modeling Time Domains
Time Domain Description

Steady State Models equilibrium conditions without time dependence

Dynamic Models a system over time

Quasi-Dynamic | Using a series of steady state models to model a system’s
behavior over time

Quasi-Steady State | Building dynamic calculations into a steady state model

When system dynamics can be ignored, a series of steady state models can be
solved to simulate a model over time. This is known as quasi-dynamic modeling since
time steps of the model don’t depend on each other. Also, slow but important system
dynamics can be built into a steady state model, resulting in a quasi-steady model.

Early Building Energy Analysis

Degree-day methods [8] were developed before computer simulations became
available. They provide a way to estimate a building’s thermal energy requirements by
looking at the integrated outside air dry-bulb temperatures above or below a balance
point temperature. Later, bin methods [9] provided a way to take building part load
conditions, structure, and component level features of the HVAC system into account

without having to duplicate simulations over similar operating conditions. ASEAM [10,
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11] used ASHRAE’s bin calculation method so that building energy analysis could be
performed on early microcomputers. Simplified energy analysis methods continue to
find use in applications such as building model calibration even after more
comprehensive simulation tools became available because of their speed and ability to
represent key system parameters [12].

Knebel’s Modified Bin Method [9] provided a way to take part load conditions,
structure, and component level features of an HVAC system into account. Algorithms in
this method consist of a series of steps where variables are fixed or iterated on until the
correct operating conditions are found. For instance, Figure 2 shows a Dual Duct
Constant Air Volume (DDCAYV) system with two zones. The algorithm of Figure 3
shows how to calculate zone temperatures in the style that Knebel presented. This
algorithm is valid when the heating and cooling coils are both being used and the
resulting supply fan leaving air temperature falls at or below the heating coil set point
and at or above the cooling coil set point. Calculating other operating conditions

requires extra steps, and algorithms based on this style are manually developed.
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Figure 2 — Temperature Parameters for a Dual Duct Constant Air Volume System



Assume the hot and cold deck temperatures,
Trp and Typ, are at their setpoints.

}

Calculate the required and achieved zone
supply air temperatures, Tsp and Ts;

}

Calculate the actual zone temperatures, 75
and T,

v

Calculate the return air temperature, T 4

v

Calculate the mixed air temperature, Ty, 4

v

Calculate the supply fan leaving air
temperature, I's;

Figure 3 — Knebel’s Algorithm to Solve Temperatures in the DDCAV System

Steady State and Quasi-Steady State Simulators

In the late 1960s to early 1970s, the U.S. Postal Service in cooperation with
ASHRAE began developing algorithms and software to simulate the energy usage of
multi-zoned buildings to take into account weather, solar gains, and thermal mass [13].
Many other building energy simulation programs existed in this era, but they were
typically proprietary, poorly supported, and expensive to process [14]. Later, Lawrence
Berkeley National Laboratory released DOE-2 in 1978 to perform whole building energy
simulations using methods developed previously in the public and private sectors [15].
DOE-2 performs hourly simulations with 4 sub-modules for sequentially calculating
loads, systems, plants, and economics. Its calculations use a steady state energy balance
with the addition of the weighting factor method used to calculate building thermal mass
effects [16].



From the early 1970s to 1995, the US ARMY Construction Engineering
Research Laboratories developed the program BLAST [17]. Like DOE-2, BLAST uses
a collection of sub-models to perform hourly whole building energy use calculations
with three sequentially executed subprograms that compute hourly space loads, plant
demands, and fuel and electric consumption [18]. Unlike DOE-2, BLAST uses a heat
balance approach for zone thermal load calculations based on the first law of
thermodynamics [19].

Beginning in 1994, efforts to merge BLAST and DOE-2 into a single program
resulted in a whole building energy use simulator known as EnergyPlus [17]. The
developers of EnergyPlus sought to merge the best capabilities of DOE-2 and BLAST
while rewriting the code base in a modular style. For zone load calculations EnergyPlus
uses a derivation of the heat balance approach used in IBLAST, a research version of
BLAST [20]. In EnergyPlus, a high-level manager oversees the convergence of iterative
sub-system calculations. By treating sub-systems independently of one another,
different system-based and component-based calculations can be integrated together in
an overall simulation [3]. A thorough review of the history of building energy analysis
methods leading to modern methods was presented in a M.S. thesis by Oh [12].

Airflow networks consist of a set of nodes connected by airflow elements such as
ducts, fans, doorways, and construction cracks [21]. Developed in 1986, COMIS [22]
performs quasi-steady state pressure, air flow, and pollutant transport simulations of
buildings using the airflow network method. It can be used as a stand-alone air flow
model or as an infiltration module for thermal building simulation programs [23]. In
1988 AIRNET [21] was developed to model building airflow analysis and
smoke/contaminant transport. The methods of AIRNET were later integrated into
CONTAM [24], which can model mass accumulation and reduction processes such as

humidity removal in addition air network calculations.



Dynamic, Equation-Based Modeling

In 1981, Silverman, Jurovics, Low and Sowell [25] developed a concept of
modeling HVAC systems as networks of interconnected components. Unlike traditional
simulation programs at the time that simulated a fixed “menu” of systems, their
component-based approach interconnects component equations to solve with a nonlinear
optimization algorithm. Later, using methods of solving nonlinear algebraic equations
developed in other industries [26], Sowell, Taghavi, Levy and Low [27] developed a
program known as ENET that automatically generated source code for a particular
HVAC system configuration.

To facilitate the reuse of building models developed by separate teams, a joint
European/US research group created a component-based software architecture known as
the Energy Kernel System, or EKS [28]. The US version of EKS, the Simulation
Problem ANalysis Kernel (SPANK), evolved into the Simulation Problem Analysis
Research Kernel (SPARK). Systems in SPARK consist of interconnected modules
containing nonlinear differential and algebraic equations [29]. During a simulation,
SPARK decomposes modular systems into a single list of equations before using graph
data structures to determine the most efficient solution strategy. For systems of
equations with a low level of interconnectivity, SPARK outperforms simulation
programs that use sparse matrix techniques or that treat systems as interconnected
modules instead of decomposing them into a single set of flattened equations. However,
systems with a high degree of connectivity, like discrete 2D heat transfer, are inefficient
with SPARK’s approach [30, 31].

First released in 1997, the Modelica language models large, complex, and
heterogeneous systems using nonlinear differential-algebraic equations [32]. To support
rapid prototyping, design, and operation of building energy and control systems,
Lawrence Berkeley National Laboratory released a library of building components
implemented in Modelica [4]. While being a rich language in terms of modeling
complex dynamic systems, Modelica is unable to handle many concepts used in

optimization such as cost functions, constraints, variable bounds, and initial guesses [5].



Other commercial component-based HVAC simulation programs also exist.
HVACSIM+ [33] uses a hierarchal concept of interconnected components. Components
themselves are represented with algebraic and differential equations that are solved using
a nonlinear equation solver. Similarly, TRNSY'S [34] simulates the dynamics of HVAC
systems using component based models.

Spawn of EnergyPlus

A prototype to the successor of EnergyPlus known as Spawn-of-EnergyPlus
(SOEP) is currently under development [35]. The SOEP team broke EnergyPlus into a
set of component models for simulating in a discrete event simulator. These component
models are decoupled from the numerical solver and can be co-simulated with models
from other tools or component models generated from Modelica. This modular structure
of SOEP is designed to allow the scope of building energy modeling to evolve more
rapidly and robustly than its current form in EnergyPlus.

SOEP uses the Functional Mockup Interface (FMI) standard [36] to couple
component models together. This standard was developed as a collaboration between
simulation tool vendors and research institutes. It describes models in terms of
differential, algebraic, and discrete equations with time, state, and step events. This
enables C-Code to be generated in the form of an input/output block for a model.
Simulations using the FMI standard couple multiple FMI components into a single
simulation using master algorithms that synchronize and control the data exchange
between the components.

EnergyPlus currently uses rule-base supervisory control sequences based on
calculated loads. SOEP’s modular structure allows models to be simulated with control
schemes based on predefined and user defined control sequences. FMI components for
these control functions are generated from Modelica based models. Modelica based
models can also be used for new HVAC modeling while keeping existing EnergyPlus
models for envelope heat transfer, lighting, and airflow.

Recently developed guantized-state system (QSS) methods are used to integrate
ordinary differential equations (ODESs) [37] in SOEP. QSS methods discretize system

10



states and keep time as the calculated output, which allows control events to be explicitly
scheduled [35]. In contrast, a classical ODE simulator that uses a constant time step size
there can be uncertainty when event transitions occur.

Model Optimization

GenOpt [38, 39] couples simulation programs that have a text-based input and
output with mathematical optimization algorithms. It was developed for optimization
problems where calculating cost functions are computationally expensive and derivatives
may not exist. Available algorithms include pattern searches, particle swarm
optimization, and the simplex algorithm of Nelder and Mead.

While Modelica simulates differential-algebraic equations, Optimica [5, 40]
extends the Modelica language to handle steady state and dynamic optimization
problems. For steady state optimizations, derivatives of dynamic Modelica models can
be set to zero. For dynamic optimizations, Optimica automatically transcribes
continuous variables into discrete problems for solving with a steady state nonlinear
programming algorithm.

Constrained Optimization Theory

This thesis demonstrates a method of performing steady state building energy
modeling using constrained optimization as well as a prototype simulation engine. Both
depend on constrained optimization solvers and theory for their performance. This
section discusses the constrained optimization theory, its history, as well as minor
subfields that have use in building energy modeling.

Optimization Overview
Unconstrained and Constrained Optimization

Unconstrained optimization finds a minimum or maximum of a function. Figure
4 shows an unconstrained optimization, where contour lines show the level curves of a

function and the red dot marks the optimal value.
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Figure 4 — An unconstrained optimization

Constrained optimization optimizes a function subject to constraints on the
variables. Figure 5 shows a constrained optimization with the same optimization goal

contours as Figure 4 except that the variables are constrained to lie within the blue

polygon.
/ —

Figure 5 — A constrained optimization

Linear and Nonlinear Programming

Constrained optimization can be divided into linear and nonlinear programming
based on the type of objective function and constraints used. Linear programs, with a

standard form shown in Figure 6, optimize a linear function subject to linear constraints.
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Nonlinear programs, with a form of Figure 7, can have any functions for the objective or
constraints. Figure 8 gives an alternate form of nonlinear program that any problem in
the form of Figure 7 can be reformulated into. Solvers such as IPOPT [41] use the form
of Figure 8 as inputs. Nonlinear programs are parametric when a sequence of nonlinear
problems is solved with parameters that vary on each simultion. Sensitivity analysis
[42] can be used in parametric nonlinear programming to estimate the solution on one

time step from the solution of the previous time step.

minimize: | ¢Tx

subjectto:|Ax < b
x>0
Figure 6 — Canonical Form of Linear Programs

minimize:| f(x)

subject to:| g(x) <0
h(x)=0
Figure 7 — Form of a Nonlinear Program

minimize: f(x)

subject to: h(x)=0

Xmin = X = Xmax
Figure 8 — Box-Bound Form of a Nonlinear Program

Convex and Non-Convex Optimization

Convex optimization problems [43] minimize convex functions over convex sets,
shown in Figure 9. The properties of convex functions and sets guarantee that all local
minima to a convex optimization problem are also global minima, which makes them

easier to solve in general than non-convex optimizations. Formulating an HVAC system
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model with convexity in mind helps ensure the model’s robustness and accuracy when
it’s simulated in a numerical solver.

Specialized branches of convex optimization with well-developed theory and
algorithms also exist. For instance, piecewise linear programming [44] extends linear
programming by optimizing a piecewise linear function. Quadratic programming [45]
finds the optimal value of a quadratic function subject to linear inequality constraints
These branches can be used to efficiently approximate more complex problems or as

sub-problems in non-convex optimization algorithms.

Convex Function Non-Convex Function

Convex Set Non-Convex Set
Figure 9 — Convex and Non-Convex Functions and Sets

Research History

Pierre de Fermat first developed a method to find minima and maxima of
functions [46]. He found that local minima of an unconstrained function occur where
the gradient equals zero. In 1788 Joseph-Louis Lagrange extended this to functions

constrained by equality constraints with the theory of Lagrange multipliers [47]. In 1939
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William Karush extended this to inequality constraints [48], which was rediscovered in
1951 by Harold Kuhn and Albert Tucker [49]. These conditions are known as the
Karush-Kuhn-Tucker conditions, or KKT conditions. Table 2 summarizes the
solvability conditions for these different types of problems.

Table 2 — Local Minima for Different Problem Types

Problem Local Minima Conditions Discovered
minimize:| f(x) Vi(x)=10 1636
(Fermat)
minimize:| f(x) - 1788
VF(x) + z AV (x) = 0 (Lagrange)
subject to: h(x) =0 =
hj(x) =0, forallj=1,..,1
L m n 1938
minimize: X
) s Vi(x) + z uiVgi(x) + z AjVh;j(x) =0| (Karush)
subject to: | g(x) < 0 = = and 1951
h(x) =0 9i(x) <0, foralli=1,..,m (Kuhn/Tucker)

hj(x) =0,forallj=1,..,1
Ui =0, foralli=1,..,m
uigi(x) =0, foralli=1,..,m

In 1939 Leonid Kantorovitch of the USSR began researching the use of linear
programming for economics. This resulted in him winning 1975 Nobel Prize in
Economics [50]. At the time, economic planning decisions were made based on ad-hoc
rules and people manually working to find solutions. The first algorithm to solve these
problems effectively, the simplex method for linear programming, was developed in
1947 by Dantzig [51]. The simplex method allowed for economic decisions with
thousands of variables to be calculated exactly instead of using ad-hoc rules.

Initially, research into linear and nonlinear programming developed along
different paths [52]. Then, in 1984, Karmarkar [53] introduced a class of algorithms

known as interior point methods. Since the 1990s, interior point methods have been
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competitive for solving linear programs as well as more general problems such as
convex optimizations.

Specialized Branches of Optimization
Multi-Objective and Lexicographic Optimization

Multi-objective optimization problems involve optimizing multiple, competing
objectives at the same time. Pareto optimal solutions are points where all objectives
cannot be made better without one being made worse, and preferences of which
objectives to maximize over others dictate which Pareto optimal solution to take as the
final overall solution [54]. Goal programming [55] extends linear programing for
multiple, usually conflicting objectives.

Nonlinear programs in the form of Figure 7 optimize a single objective function
subject to constraints. However, HVAC control systems often have a hierarchy of
objectives. For instance, a control system might first seek to maintain a zone’s
temperature and as a lower priority keep the relative humidity below a certain
percentage. Lexicographic optimization problems, seen in Figure 10, minimize a

sequence of objective functions f; (x), f,(x), ..., fir (x) subject to constraints. [56]

i ordeny| £ = (GO, .00, filOT!
subject to: gx)<o0

h(x)=0
Figure 10 — A Lexicographic Optimization Problem

Lexicographic optimization problems can be decomposed into a sequence of
single-objective optimizations where the minimized objective of a higher goal becomes a
constraint to later goals [57]. Figure 11 shows this process, where a new optimal value
is calculated for each objective. After performing an optimization for one stage, the
optimized objective value and function constrains later stages. The solution to the last
stage is taken to be the overall result.
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Stage 1 minimize f1(x1)

subjectto| g(x1) <0

h(x;) =0

Stage 2 minimize f2(x2)
subjectto| g(xz) <0
h(x;) =0

fi(x2) = fi(x1)

Stage k minimize fre(x)
subject to g(x) <0
h(x;) =0

fi(xx) = f1(x1)

fre-1(x1) = fre—1(Xp-1)

Figure 11 — Lexicographic Decomposition

Non-Convex Optimization

In an HVAC model, a single nonlinear fan curve or VAV zone temperature
balance makes the optimization problem non-convex. This requires the use of non-
convex solution algorithms. In one class of non-convex solution algorithms, penalty and
interior point methods, constrained problems are converted to unconstrained problems
by modifying the cost function [58]. In the context of an HVAC simulation, penalty
methods start out by allowing variables like VAV flow rates to hold any value, but
gradually ensure that constraints hold as the simulation goes on. Conversely, in interior
point methods all variables hold valid values in the beginning, but as the calculation goes
on the solution is allowed to get closer to the constraint boundary.

Solvers may also use convex approximations of non-convex problems to take

advantage of convex optimization algorithms [43]. Sequential quadratic programming
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(SQP), used in Ma et al. [59], iteratively finds a solution to nonlinear and non-convex
optimization problems. On each iteration it approximates the optimization problem as a
quadratic program around the current best solution. Then it uses this quadratic program
to calculate a more optimal solution [60].

Integer and Global Optimization

Integer programming and mixed integer programming [61] refer to the cases
when all or some parameters must be integers. For example, in the area of HVAC
modeling a control sequence that turns multiple chillers on or off can be formulated as a
mixed integer program. To find a known global optimal solution to integer programs,
branch and bound algorithms [62] divide up a search space, find upper and lower bounds
of these subspaces, and prune spaces with than cannot contain the optimal solution from
further consideration.

Constrained Optimization in HVAC
Control Optimization

Constrained optimization finds use in optimizing HVAC control set points.
Zheng and Zaheer-Uddin [63] modeled a chilled water loop connected to a variable air
volume AHU using steady state nonlinear equations with nonlinear constraints. With 10
control variables and discrete intervals of 10 minutes, they were able to show the
benefits of humidity control and optimizing outside air usage in terms of air quality and
efficiency. Later, Zheng [64] developed a strategy for constructing dynamic HVAC
models for use in control optimization. Models created with this strategy were used to
investigate the global optimal operation of CAV and VAV AHUSs.

Model Predictive Control

Model predictive control (MPC) uses a plant model and an optimization routine
to choose an optimal control strategy based on predicted future conditions.
Mathematically, the optimization routines it performs are very similar to the type of
simulation proposed for this thesis since both use constrained optimization applied to

HVAC models. Where examples in this thesis use constrained optimization to solve for
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instantaneous steady state control conditions, MPC optimizes a control cost function as a
system operates over time to select an immediate control strategy.

Ma et al. Ma, Borrelli, Hencey, Packard and Bortoff [65] applied MPC to a
cooling thermal energy storage system. In their MPC control strategy, every hour
command signals change based on an optimal control problem that looks 24 hours into
the future. Later, [66] Ma et al. refined their method by expanding the system model to
incorporate a model of the buildings that the cooling system serves that includes thermal
mass modeling, solar modeling, and a fan coil unit model. After testing their control
method in a real central plant, operators manually applied the calculated optimal strategy
to the plant to improve its COP by 11.9%.

In addition, this approach was tailored by Ma et al. to control a single duct VAV
AHU [59]. The system model neglected dynamics for the AHU components while using
a RC network model for zonal thermal capacitance. Discretizing the system dynamics
over a 24-hour time period combined with constraints on operating parameters resulted
in a nonlinear program. This was solved using a sequential quadratic programming
algorithm. In Ma et al. [67] statistical distributions of parameter uncertainties and
allowable violations of constraints results were taken into account, resulting in a
stochastic model predictive control problem. This problem was solved using a
customized interior point method that took advantage of the problem’s overall
sparseness. The analysis of Kelman et al [68] on the optimization algorithms used for
the single duct VAV system as well as a dual duct CAV system showed that local
minima occur that correspond to different system control strategies. As system
complexity grows, the number of local minima increase making global optimizations

more difficult.

19



CHAPTER Il
STEADY STATE MODELING

Steady state building energy modeling directly represents building and HVAC
operating conditions under static equilibrium. These models can be useful in estimating
building energy usage, since energy usage depends on fluid flows and equipment
operation that varies slowly over time more than control dynamics. Also, ignoring the
effects of control dynamics allows time steps of an hour or longer to be used. However,
steady state algorithms used in commercial software are complex, monolithic, and can’t
take advantage of symbolic simplifications, making an equation-based approach
desirable.

This chapter presents a method of formulating steady state building energy
models using constrained optimization. Models can be created by piecing together
algebraic equipment models and defining functions to optimize so that the system
behaves identically to a dynamic model that has reached steady state. Optimization
functions can be created from a qualitative description of the control system, so detailed
descriptions of control system dynamics aren’t required.

Constrained Optimization Based Modeling

Formulating a steady state building energy model requires knowledge of the
building, HVAC system equipment, and control strategy. Figure 12 shows where this
information fits in the equality constraints, inequality constraints, and objectives of a
nonlinear program. Equality constraints in this approach describe the relations between
state variables from components such as fans, zones, and cooling coils. Inequality
constraints describe limitations on the controlled variables. Finally, the optimization
objective describes control system goals, where minimizing the objective results in the

steady state operating conditions of the system.
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Control System Goals

minimize:
(in order)

subjectto:[g(x) <0

|
! Control Variable Ranges
|
|

System Components

Figure 12 — Using Lexicographic Nonlinear Programming for Steady State HVAC

Modeling
This approach focuses on the goals that a control system seeks to achieve and

ignores details of the control system’s mechanical operation and control algorithms.
Examples of common control system goals include zone temperature control, humidity
control, and minimizing air flow or energy costs. The mathematical functions to use can
be derived from a description of the system’s operation, as shown in the models of
Chapter V. These models are useful for estimating building energy usage, since energy
usage depends on fluid flows and equipment operation that varies slowly over time more
than control dynamics.

A Simple System

Figure 13 shows a Single-Zoned Single Duct Constant Air Volume (SZCAV)
system with reheat and a single zone. This system controls the zone temperature to its
set point by reheating a constant flow of supply air, where the supply air is cooled by a
cooling coil with a fixed temperature set point. The simplified model of this system
used here assumes a constant temperature rise across the fan, infinite cooling and reheat
coil capacities, and that the zone has no thermal mass. Table 3 gives the parameters
used in modeling this system, with volume flow rates, the UA value, and loads
normalized to the zone’s floor area. Variables normalized to floor area are written with

an overbar.
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Figure 13 — A Single-Zoned Single Duct Constant Air Volume System

Table 3 — Parameters for the SZCAV Example

Parameter Symbol | Value Unit
Zone Set Point .
Temperature Tzasp 70 F
Outside Air Flow per ft2 7 0.2 CFM
of Floor Area 04 ' ft2
Supply Fan Delta-T AT 2.0 °F
Cooling Coil Set Point .
Temperature Tecsp 55 F
Air Density Times Btu
Specific Heat Pep 1.08 h-°F-CFM
Wall UA Value per f2of | — Btu
Floor Area va 06 h-ft?-°F
Zone Load per ft2 of Floor 0 6.0 Btu
Area s ' h- ft?
Supply Air Flow per ft2 of 7 10 CFM
Floor Area sA ' ft2
Outside Air Temperature Toa 50 °F

22



Equality Constraints Alone

Equations 3.1-3.5 below give the energy balance equations for calculating
temperatures in the model. Equation 3.1 gives the mixed air temperature balance,
equation 3.2 gives the supply fan leaving air temperature, equation 3.3 gives the cooling
coil leaving air temperature, equation 3.4 gives the supply air temperature from the
cooling coil leaving air temperature and the amount of reheat used, and equation 3.5
gives the zone energy balance. These five equations have six unknown variables: the
mixed air temperature T4, the supply fan leaving air temperature T, the cooling coil
leaving air temperature T, the reheat coil energy usage Qry, the supply air temperature

Ts4, and the zone temperature Ty ,.

Ta = VoaToa + (Vsa = Voa)Tza 3.1

Tsp = Tya + ATk 3.2

Tee = Min(Tsg, Tee,sp) 3.3

Qry = pCpVSA(TSA —Tee) 3.4
pCpVsa(Tsa — Tza) + UA(Top — Tz4) + Qs = 0 3.5

The five equations and six unknown variables of the example model result in an
underdefined set of equations because they don’t take the control system’s actions into
account. These equations can be reduced to describe any variable in terms of another.
Figure 14 shows the supply air temperatures required to achieve different zone
temperatures for the given operating conditions. The leftmost point on the ray represents
the system state at the lowest achievable supply air temperature, 55°F, which occurs
when no reheat is used. As the supply air temperature increases the zone temperature

increases.
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Figure 14 — SZCAV Zone Temperature vs. the Required Supply Air Temperature

A Constrained Optimization Model

The SZCAV example system reheats air to control zone temperature by

controlling the reheat coil’s set point temperature. This can be represented

mathematically using constrained optimization by adding an inequality constraint and an

objective function to equations 3.1-3.5 above, resulting in the model of Figure 15. The

inequality constraint in equation 3.12 of this model limits the reheat coil set point when

insufficient cooling exists. The objective function of equation 3.6 ensures that the used

reheat coil set point achieves the zone temperature set point to the highest degree

possible.

minimize: |TZA - TZA,SPl 3.6
subject to: VsaTma = VouToa + (Vea — Vou)Tza 3.7
Tsp = Tya + ATgp 3.8

Tee = Min(Tsp, Tee,sp) 3.9

Qru = pCpVSA(TSA —Tec) 3.10

pCpVsa(Tsa — Tz4) + l_]_A(TOA —Tz4) +Qs =0 3.11

Qry =0 3.12

Figure 15 — Model of Single-Zoned Single Duct Constant Air Volume Temperatures
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Figure 16 shows the zone temperature versus supply temperature for the same
operating conditions used in Figure 14. The equality and inequality constraints define
the 1D ray of operating points that the system can achieve. The leftmost point on the ray
gives the zone and supply air temperature when no reheat is used, and the dotted red line
marks the zone temperature set point of 70°F. The intersection of the ray and the dotted
line gives the zone and supply air temperatures when reheat is used to control the space

at an outside air temperature of 50°F.
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Figure 16 — SDVAV Zone Temperature vs. Supply Air Temperature

Atypical Operating Conditions

Manually developed building energy modeling algorithms often assume that
systems operate under typical operating conditions. For instance, DOE-2 assumes that
zone temperatures operate at their set point for load calculations. Applying this
assumption to equations 3.1-3.5 results in a model with an equal number of equations
and unknown variables, but this is only valid when the system has enough cooling
capacity. This model would be incomplete since it’s possible for the initial assumptions

of the model to be violated. For instance, a system without enough cooling capacity may
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have zones that rise above their set point temperatures. A complete model would
correctly represent atypical operating conditions as well as normal operating conditions.

Having complete models that represent atypical operating conditions is important
because the process of developing, calibrating, and optimizing a model can easily result
in atypical simulations that need to be refined. Even if a building never experiences
atypical operating conditions in real life, invalid inputs or bad guesses for calibrations
and optimizations can cause a simulation where a system is unable to handle zone loads
or equipment is operated outside of its valid operating range. Complete models can also
be debugged more easily by getting rid of the need to manually account for a model’s
faulty assumptions. For instance, if the model of Figure 15 has too little cooling
capacity and a zone temperature of 85°F, a complete model would show the hot zone
while an incomplete model that assumes the zone is at the correct set point would not
balance out.

Constrained optimization based models provide a natural way to describe the
complete operation of a system. This is because systems minimize their optimization
goals, but only as far as the constraints of the system allows. For example, the model of
Figure 15 correctly models situations when the zone temperature setpoint cannot be
achieved. Figure 17 shows this system for an outside air temperature of 100°F. In this
case the system cannot achieve the zone set temperature point. However, the
constrained optimization problem takes this into account by cooling the zone as much as

it can, resulting in the leftmost point on the ray as the solution.

26



120

110

100

90

=
~ 80 Conditions
il with No
70 Reheat
60 J
50
40
50 55 60 65 70 75 80 85 90
Tza (°F)

Figure 17 — A SDCAYV System That Can’t be Controlled

Modeling with Lexicographic Objectives

The SZCAV system of the previous section can be modified into a Single-Zoned
Single Duct Variable Air Volume (SZVAYV) system by changing the controls and using a
variable speed drive. Figure 18 shows a constrained optimization formulation of this
model with objectives that have a priority. This lexicographic optimization uses the
parameters from the SDCAV example in Table 3 as well as new parameters given in
Table 4. Loads in this model are constant, but quasi-dynamic simulations can be
performed by treating loads as time dependent inputs and repeating calculations for each

time step.
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minimize: Max(O, TZA,HeatingSP - TZA ) + Max(or TZA - TZA,CoolingSP ) 3.13
(in order) Vsa 3.14
Qry 3.15
subject to: VsaTua = VouToa + Wsa — Vou)Tza 3.16
Vsa :
Tsp = Tua + ATsp max <I7 > 3.17
SA,Max
Tee = Min(Tsr, Tee,sp) 3.18
Qrit = PoVsa(Tsa—Tec) 3.19
pCpVsa(Tsq — TZA_) + UA(TQA —Tz4)+0Qs=0 3.20
Vsamin = Vsa 3.21
VSA_S Vsamax 3.22
Qry =0 3.23

Figure 18 — Single-Zoned Variable Air Volume Temperature Balance Equations

Table 4 — Additional Parameters for the SZVAV Example

Parameter Symbol Value Unit
Zone Heating Set Point Temperature |Tz4 geatingsp 68 °F
Zone Cooling Set Point Temperature | Tz cootingsp 74 °F
Maximum Supply Fan Delta-T ATsp pax 2.0 °F

.. . — CFM
Minimum Supply Air Flow Vs min 0.4 iz

. . _ CFM
Maximum Supply Air Flow Vsamax 1.0 2

Three changes are made to the constraints. First, the supply air flow is allowed
to vary between min and max values instead of being held at a constant value. The
inequalities of equations 3.21 and 3.22 represents this. Second, a variable speed drive
causes the temperature rise across the supply fan to vary as a function of its flow, which
is reflected in equation 3.17. Finally, reheat usage is explicitly written into equations
3.19 and 3.23, and negative reheat usage isn’t allowed. This lets the supply air
temperature float above the cooling coil leaving air temperature to provide zone

temperature control.
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The system controls the fan and reheat coil to use as little electricity and heating
as possible while keeping the zone temperature as close as possible to the zone
heating/cooling setpoint range. This involves three lexicographic objective functions:
equation 3.13 for the zone temperature error and, equation 3.14 to minimize the air flow
rate, and equation 3.15 to minimize the amount of reheat use. Figure 19 shows a graph
of the zone temperature error function from the objective in equation 3.13. It has a value
of zero between the heating and cooling set points and increases linearly away from
them.

A powerful feature of this lexicographic formulation is that the problem can be
described verbally based on a description of what the control system needs to achieve.
The control system’s priorities determine the ordering of lexicographic objectives. For
this model minimizing the zone temperature error in equation 3.13 is prioritized over
minimizing the air flow rate in equation 3.14 and reheat usage in equation 3.15 since the
purpose of the system is temperature control. After that, equations 3.14 and 3.15 can be

ordered either way since both result in the same answer.

Zone Temperature Error

(=]

=y

Zone Temperature Error (°F)

62 64 66 68 70 72 74 76 78 80
Actual Zone Temperature (°F)

Figure 19 — Zone Temperature Error as a Function of Heating and Cooling Set
Points
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This lexicographic model can be solved in three stages, one for each objective
[57]. Figure 20, Figure 21, and Figure 22 show the problems solved for each stage. The
first stage minimizes the zone temperature error, the second stage minimizes the supply
air flow rate subject to the minimized temperature error from the previous stage, and the
third stage minimizes reheat usage subject to the minimized zone temperature error and
supply air flow. The ordering of these objectives causes the model to prioritize
temperature control first, supply air flow second, and reheat usage third. Temperature
control has the highest priority since controlling zone conditions is the main purpose of
HVAC systems. This system uses as little air flow and reheat as possible, but never at

the expense of a zone that’s too hot or cold.

minimize: | f; = Max(O, TZA,IieatingSP __TZA ) + Mflx(o' TZA — T74,coolingsp ) 3.24
subject to: VsaTma = VoaToa + Vsa —Voa)Tza 3.25
Vsa
Tsp = Tua + ATsp max <I7—> 3.26
SAMax
Tec=M irl(TSF' Tec,sp) 3.27
Qry = pCpVS_A(TSA —Tee) B 3.28
pcpVsa(Tsa — TZA_) + UA(TQA —Tz4) +Qs=0 3.29
Vsamin < Vsa 3.30
Vsa < Vsapax 3.31
Qry =0 3.32

Figure 20 — Stage 1 of the SZVAV Model
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minimize: fo = Vs, 3.33
subject to: VeaTma = VouToa + Vsa — Vou)Tza 3.34
Vsa \’
Tsp = Tya + ATsp,max <I7—> 3.35
SA,Max
Tec=M irl(TSF' Tec.sp) 3.36
_ Qru = PCp@(TSA — Tee) B 3.37
pCpVsa(Tss — TZA_) + UA(TQA —Tz4) +Qs=0 3.38
Vsamin = Vsa 3.39
Vsa < Vsamax 3.40
Qru 20 3.41
Max(O, TzaHeatingsp — Tza ) + Max(O, Tz4 — Tza,coolingsp ) = f13.42
Figure 21 — Stage 2 of the SZVAV Model
minimize: Qry 3.43
subject to: VsaTua = VouToa + (Vsg — Vou)Tza 3.44
Vsa
Tsp = Tya + ATsg pax <[7 ) 3.45
SA,Max
_TCC =M irl(TSF' TCC,SP) 3.46
~ Qrr = PCpVsa(Tsa —Tee) 3.47
pCpVsa(Tsy — TZA_) + UA(TQA —Tz4) +Qs=0 3.48
Vsamin < Vsa 3.49
Vs < Vsamax 3.50
Qrn 20 3.51

Max(O, TzaHeatingsp — Tza ) +_Max(0, Tz4 = Tza,coolingsp ) = f13.52

Vsa = fz

3.53

These calculations can be shown visually in terms of the two controlled

Figure 22 — Stage 3 of the SZVAV Model

parameters: the supply air temperature and the amount of reheat performed. Fixing both

parameters results in a set of equations that can be solved for a unique solution. Figure

23 shows all possible states that satisfy the three stages of the solution from Figure 20.

The non-convex polytope that ranges from 0.2 % to 1.0

CF
ft

'Z gives the range of all valid

supply air flows and reheat usages that ensure temperature control of the space. The

solution of the stage 1 problem can lie anywhere within this space. The stage 2
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algorithm minimizes the supply air flow while only considering points that are valid

solutions to stage 1. This solves for the supply air flow rate that’s used. Finally, stage 3

minimizes the reheat usage subject to the solutions of stages 1 and 2. This reduces the

solution to a single point and gives the steady state solution to the overall problem.

Reheat Usage (Btu/(h-ft?)
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Figure 23 — Supply Air Flow and Reheat Usages that Meet Zone Temperature Set

Points for the SZVAV Model

Temperature control can only be achieved for the SZVAV system when the

outside air temperature is less than 100°F. In this case the solution to stage 1 of the

model is a single point that achieves a zone temperature of 74.6 °F. Stages 2 and 3 reach

the same solution since stage 1 reduces space of possible solutions to a single point.
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Figure 24 — Solution to Stages 1, 2, and 3, for when the Outside Air Temperature is
100°F
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CHAPTER IV
INTEGRATING DYNAMIC MODELING

Dynamic processes in a building can have a large effect on its energy use. For
example, thermal mass dampens and delays the impact of outside air conditions, which
can reduce cooling and heating loads by 20% [69]. In this case steady state assumptions
can’t be made for an entire system. However, modeling steady state and dynamic parts
of a system together can give the speed benefits of steady state building energy use
modeling without having to use small time steps. The following process describes how
to create hybrid steady state/dynamic models by embedding dynamic modeling within a
steady state constrained optimization model.

Dynamic Building Processes

Processes in buildings take place over a wide range of time scales. Weather
follows a daily cycle, walls have time constants on the order of minutes hours, and
HVAC controls can have time constants on the order of seconds to minutes. Figure 25

shows approximate time scales that different HVAC processes act on.

Sensor
> < —
Dynamics Occupancy
Control Thermal  Daily Seasonal
Dynamics Mass  Weather Weather
0.0001 0.001 0.01 0:1 1 10 100 1,000 10,000
T T ¢ Time T T T
1 second 1 minute (hOUFS) 1 day 1 month 1year

Figure 25 — Time Scales of HVAC Processes
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Ignoring control dynamics allows steady state building energy models to use time
steps of an hour or more. This reduces the time required to perform simulations over an
entire year of weather and operating conditions. However, thermal mass dynamics take
place on a larger time scale and may be too important to ignore.

Figure 26 shows the effect of thermal mass on the internal and external surfaces
of an exterior wall. A wall’s outside surface temperature cycles over a 24-hour period
because of outside air conditions, and thermal mass causes the internal surface
temperature to lag. The time frame of this lag can be on the order of hours. This
reduces the temperature variation of the interior wall, which tends to reduce the energy

required to condition the interior space.

Time
— —
Lag (h) i
Temperature
Reduction (°F)
E 1 Internal | External
v Wall Wall
=3
g / \
v
o
£
@
Time (h)
Figure 26 — Temperature Lag and Dampening due to Thermal Mass on an Exterior
Wall
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Hybrid Steady State/Dynamic Modeling

Steady state models directly represent average conditions over time step periods
while the states of dynamic models states change continuously with time. Dynamic and
steady state models can be coupled together by balancing energy and mass flows over
each steady state time step period. This results in a hybrid steady state/dynamic model.

Figure 27 shows this process.

Dynamic Average Time Average of
States over Time Dynamic States

x t Step x .
pyn(t) Dyn Hybrid Model

Xgvar X

Static Avg~Dyn
States
xAvg

Figure 27 — Constructing a Hybrid Model from Static and Dynamic States

Mathematically, hybrid models can be represented as parametric, lexicographic,
constrained optimizations that include systems of differential-algebraic equations and
conservation equations, as seen in Figure 28. In this form the x,,,, vector represents the
average states of the steady state part of the model over time step period §. For system
dynamics, the x,,,, vector represents dynamic energy and mass flows that change over
time, and the Xp,,, vector represents the average of xp,,, variables over the time step
period. The y vector represents input parameters such as loads and outside air
temperatures that remain constant over a time step. However, these inputs can change

from time step to time step to represent varying weather and loads.
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minimize: _
(in order) f(X4vg Xoyn, ¥) 4.1
subject to: g(xAug,nyn, y) <0 4.9
h(X 4vg, pyn, ¥) = 0 4.3
j(xAvy' nyn (t)’ nyn, (t); y) =0 4.4

1 S5
Xpyn = 5 f Xpyn(T)dT 4.5

0

Figure 28 — Mathematical Form for Hybrid Problems

Equations 4.1-4.3 of Figure 28 cover steady state aspects of the model, while
equation 4.4 covers dynamic aspects of the model. These differential-algebraic

equations must have a unique solution for xp,,, (t) to be valid. Equation 4.5 connects

the steady state and dynamic aspects of the model by calculating the average of each
dynamic variable over a time step.

Hybrid models in the form of Figure 28 can be solved by eliminating dynamic
variables and solving the resulting constrained optimization. Figure 29 below shows this
process. First, time-average variables are solved for as a function of time from their
differential equations. Exact analytical solutions or approximate numerical solutions can
be used. Next, functions for time averages are calculated. Finally, the time-average
solutions are used as equality constraints in the final formulation.

Starting conditions for the dynamic variables are required for running a model
since they usually appear in the dynamic variable’s time averaged equations. At the end
of each time step the final dynamic states are calculated for use as the initial conditions
on the next time step. The tracking of the initial and final states of dynamic variables
creates a dependence on each time step to the previous time step. These initial and final
conditions or the state of a dynamic variable in between them can also be explicitly
added as variables to a model for outputting within a solver. This enables visualizing the

time-average of the dynamic states as well as the dynamic states themselves versus time.
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minimize: —_
(in order) f(xA"g’ny"' y)
subject to: g(xA,;g,EDyn. y) =0
Original Hybrid Model h(%aug. %oyn,¥) = 0
j(xAvgu nyn.(t)rnyn.(t)ny) =0
1 8§
EDyn = EJ’ nyn(T)dT
0
r(T[I_In(IJrrT::;Z:) f(xAvglEDyn. y)
subject to: g(xA,jg,nyn. y) <0
Solve for xp,,(t) Ko 2o )= 0
nyn(t) = k(xAvgny' t)
1 8
Xpyn = E[ nyn(T)dT
0

\

. . 1 (9
Find Time Averages pyn =7 f Xpyn(T)dT
0

\

f(xm:grnyn. y)

minimize:
(in order)
Final Hybrid Model |swiecto:|  g(xavg %oy ) <0
h(xAvgrnyn. y) =0
fﬂyn = l(xAvg'y)

Figure 29 — Converting a Hybrid Model to a Solvable Constrained Optimization

A Simple Hybrid Model

Figure 30 shows a model for a zone where the only thermal contact with the
outside is a brick wall modeled as an RC network with a single thermal capacitance.
The wall temperature in this model varies continuously while the zone temperature and
supply air flow are assumed to be constant over a time step. For zone temperature

control the supply air flow is varied to keep the zone at a constant set point.

38



Wall Zone

sy i35 ot PCyp Vsa(Tsa — Tra)

—  Twau(t) —
Toa \_\/\/\/\_ Tz,
o—/\/\/\— —o

o Gy

/A

Figure 30 — A Steady State Zone Model with Thermal Mass in the Wall

Table 5 shows input parameter values for the model of Figure 30. The wall’s
thermal parameters and thickness are set to typical values for a brick structure with no
insulation. These fundamental parameters are translated to the wall resistance, thermal
capacitance, time constant, and UA value parameters used in the RC circuit model and

zone temperature balance using equations 4.1-4.4. Table 6 lists their values.
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Table 5 — Input Parameters for the Example Hybrid Model

Parameter Symbol | Value Unit
. lbm
Wall Density Pwail 120 f?
Wall Thermal Btu
Conductivity Kwau 042 h-ft-°F
Btu
Wall Specific Heat c 0.20
P pivalt lbm - °F
Wall Thickness lwan 0.36 ft
Wall Area Awau | 5,600 ft?
Floor Area Aroor | 10,000 ft?
Zone Set Point o
Temperature Tzasp 70 F
Supply Air Temperature Tsa 55 °F
Air Density Times Btu
Specific Heat PCp 1.08 h-°F-CFM
Time Step Period 6 1.0 h
Min Supply Air Flow | 5 0.3 CFM
Normalized to Floor Area | ~S4Mn ' ft2
Max Supply Air Flow | 10 CFM
Normalized to Floor Area | “$4Max ' ft2
Zone Load Normalizedto | = 10.0 Btu
Floor Area Qs ' h- ft?
lWall
Rypqu = 22&
Wall kWall

Cwau = pWalle,WalllWall

Twau = RwauClwan
UA _ AWall _ kWallAWall
Wall“1z Walls1z
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Table 6 — Calculated Parameters for the Example Hybrid Model

Parameter Symbol | Value Unit
. h-ft-°F
Wall Thermal Resistance | Ry qu 0.86 f—
Btu
Wall Thermal c 8.6 Btu
Capacitance wall ' ft2-°F
Wall Time Constant Twall 7.4 h
Wall UA Value — Btu
Normalized to Floor Area | UAwau | 065 | 77 ft2-°F

Figure 31 shows a mathematical formulation of the zone/wall model of Figure 30
using constrained optimization. Equations 4.10-4.12 cover the steady state zone model.
Equation 4.10 describes the control objective of maintaining the zone temperature set
point, equation 4.11 describes the zone temperature balance, and equation 4.12 describes
the allowable range of supply air flow rates. Equations 4.13 and 4.14 cover the dynamic
wall model. The differential equation of equation 4.13 describes the wall temperature
change over time. Equation 4.14 is the formula for calculating the average wall
temperature over a time step period &. This couples the steady state and dynamic parts
of the model by ensuring that the energy transferred from the wall over a time step
equals the load in the zone temperature balance equation 4.11.

minimize |TZA - TZA,5P| 4.10

SUbject to pCpVSA(TSA — TZA) ‘_|' szall_(TWallLAvg — TZA) + QS =0 4.11

_ Vsamin < Vsa < Vsamax 4.12
Twanlwan(t) = _4TWaél(t) + 2Tp4 + 2T 24 4.13
1
Twatang =5 | Twaun(Ode 414
0

Figure 31 — Mathematical Formulation of the Zone Model

Figure 32 shows how the continuous wall temperature Ty, 4;; (t) in the hybrid

model changes over a time step and its average value Ty, ;. At the beginning of a time
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step the wall temperature is known to be Ty,4;;(0). Also, equation 4.13 controls how the
Twau (t) changes over time. Equation 4.13 is a linear differential equation over each
time step period because of the assumption that its steady state variables are constant
over a time step. This causes Ty, ; (t) to exponentially converge to the wall temperature
at the end of the time step Ty 41 (6).

Wall Temperatures over a Time Step
Twap(O) e === == e e e e e e m === =

Twan(t)

0 Time )

Figure 32 — Average and Continuous Wall Temperatures over a Time Step

Equations 4.15-4.27 show the calculation of average wall temperatures from the
differential equation in equation 4.13 and the definition of the average wall temperature
over a time step in equation 4.14. First, equation 4.13 is solved for wall temperature

Twan (t) over time, as shown in equations 4.15-4.20.

. 4 2
Twau(t) = — T—TWall(t) + Toa+ Tza 4.15

Wall Twaul Twaul

4 t 4 2
Twau(t) = e TW“”tTWau(O) +J e Twar" P (Toa + Tzp)dr 4.16
0 Twall

4 t 4 4 2
Twau(t) = e TW“”tTWau(O) + f e TW“l’tBTW’”lTT (Toa + Tza)dz 4.17
0 Wall
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_ 4 2 _ 4 t 4
TWall(t) =e€ Twa”tTWall(O) + T (TOA + TZA)e Twa”t.l- eTWalle‘[ 418
Wall 0

4

_— Tog +T. 42
Twau(t) = e TW“”tTWau(O) + %(1 ¢ TWallt> 4.19

T, T __4
OA'Z*‘ ZA)e v 4.20

TWall(t) = TZ + (TWall(O) -

Next, the solution for Ty, 4; (t) is substituted into equation 4.14 to calculate the
average wall temperature Ty g1 41, @S Shown in equations 4.21 and 4.22. Equations
4.23-4.27 show the evaluation of the integral and the simplification process. Equation
4.27 expresses the average wall temperature in terms of the initial condition and steady
state variables. It can be coupled with the steady state part of the problem to construct

the quasi-steady state model of Figure 33.

1 1)
Twai,avg = E_I Twau(t)dr 4.21
0

1 (8Tou+ Tya Toa + Tya\ -2
Twau,avg = gf — + (TWa”(O) — T) e Twau'dr 4.22
0

4

1 (8T, , +T 19 Tos+T _
TWall,Avg = —f Md‘r + —f (TWa”(O) - M) e TWalle‘[ 423
6 J, 2 5J, 2

1T+ Tyu (° 1 T . +T & 4
Twai,avg = _¥j dr + 5 (TWau(O) - u)J e Twai' dt 4.24
0 0

9 2
Toa+Tza 1 Toa+ Tza\ [ -2
Twai,avg = 2 + 5 (TWall(O) - T)f e twau'dr 4.25
0

ToatTza 1 Toa + Tz4\ Twau S L
TWall,Avg = T + g (TWall(O) - 2 > 4a 1—e ™wau 4.26

Toa+Tza  Twau Toa+ Tza __48
Twai,avg = > + 4§ (TWau(O) - T) 1—e ™wau 4.27
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In the formulation of Figure 33 equations 4.13 and 4.14 of Figure 31 are replaced
by equation 4.27 to solve for the average wall temperature as it varies over time on a
time step. The initial wall temperature Ty, 4;;(0) is given at the beginning of a time step,
and this value is updated for the next time step. To do this, equation 4.20 is evaluated at
the end of the time step, resulting in equation 4.32. eliminating all differential equations
and calculus from the model. The model of Figure 33 is solvable using nonlinear

programming since it no longer contains any differential equations or calculus.

minimize: |TZA - TZA,5P| 4.28
subject to: pCpVsa(Tsa — Tz4) + ZmWall_(TWallLAvg ~Tza)+Qs=0  4.29
Vsamin < Vsa < Vsamax 4.30
Toa+Tza  Twau Toa+ T4 48 .
TWall,Avg = 2 4((;, (TWall(O) - T) 1—e ™wall | 4.3

TOA + TZA TOA + TZA _i
Twau(8) = — 5 + (TWau(O) — T) e ™wall 4.32

Figure 33 — Solvable Hybrid Model of a Zone with Thermal Mass

The SZVAV model was simulated with the outside air temperature data shown in
Figure 34A. This outside air temperature data symmetrically rises and lowers over a
seven-hour period, staying constant over each hour. A single quasi-steady state
simulation is performed for each hour, with dynamics embedded within the model. The
initial wall temperature node is set to the average of the zone temperature set point and
the initial outside air temperature. Figure 34B shows the average wall temperatures
from the steady state simulation and how the wall temperature changes continuously
over time.

At the beginning of the simulation the wall has a temperature of 68°F, as seen in
Figure 34B. No change in wall temperature occurs during the first hour since this is
balanced between the outside air temperature of 66°F and the zone temperature of 70°F.
Later in the simulation the wall temperature rise from the outside air is delayed by the

thermal mass. Figure 34C shows steady state supply air flows for each hour of the
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simulation. In a purely steady state model supply air flows would only depend on the
outside air temperature, but the thermal mass in this model causes a delay in when

supply air is required.

86\ - Outside Air Temperature (°F) 80 B - Wall Temperature (°F) ] C - Supply Air Flow (CFM/ft?)

—Average

8 8 ——Dynamic 0.9
76 76 08
74 [

72 J \—‘ z — o ’7 j

~ T 06 —
70 70 — = |
68 B8+ 051 |
66 [ 66 0.4
64 64 0.3
0 1 2 3 4 5 6 7 0 1 2 3 4 5 6 7 0 1 2 3 4 5 6 7
Time (h) Time (h) Time (h)

Figure 34 — Example Hybrid Model Simulation
Integrating Linear Differential Equations to Steady State Models

Dynamic states in hybrid models change over time during a time step while
averaged states are assumed to remain constant. Systems of linear differential equations
within a hybrid model that are coupled to the steady state part of the model can be
written in the form of equation 4.33. In this equation the x vector represents dynamic
states that vary continuously, the y vector represents averaged states that vary once on

each time step, and the A matrix is square.

x(t) = A(Y)x(t) + b(y) 433

Elements of A(y), and b(y) can be constants or functions of the averaged states.
Since averaged states stay constant on a time step, even if elements of A(y), and b(y)
depend nonlinearly on y the dynamic part of the model is always a set of linear
differential equations. The calculations below show how to integrate systems of
equations in the form of equation 4.33 into a constrained optimization model. This

formulation contains some steady state variables and some quasi-steady state variables.
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Linear differential equations in the form of equation 4.33 are applicable for
modeling one dimensional heat transfer [70]. In RC thermal network calculations A(y)
represents thermal resistances and thermal mass and is usually constant, while b(y)
represents temperatures such as outside air temperature that drive heat flow. Appendix
B shows a derivation of RC thermal networks with equally spaced nodes.

In the following equations the time variable t represents the time over an
individual time step, where t = 0 at the beginning of a time step. Equation 4.44 gives
the overall solution to equation 4.33 over a time step. Evaluating the integral results in
equation 4.35. Equation 4.36 gives the time average of a function over a time step.
Substituting equation 4.35 into equation 4.36 and evaluating results in equation 4.37,
which is a linear function of the initial conditions of the dynamic states at the beginning
of a time step and the b(y) vector. Appendix A shows the derivation of equations 4.35

and 4.37 over a time step.

t
x(t) = eAMtx(0) +f eANE=Dp(y)dr 4.34
ti
x(t) = eA0tx(0) + (eA¥t — 1)A(y)"*b(y) 4.35
1 1)
xX= —j x(7)dt 4.36
5Jo

¥ = %(e,q(y)s _ I)A(y)‘lx(O) _ %(eA(y)S — I)A(y)_l _ I)A(y)—lb(y) 4.37

/N

Calculations for the averaged dynamic variables x include the initial conditions
for the dynamic states, x(0). For calculations after the first time step x(0) is equal to
x(6) at the end of the previous time step. Equation 4.38 gives the formula for x(&),

which is equation 4.35 evaluated at t = 4.

x(8) = e49x(0) + (A% — NA(y)1b(y) 4.38
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Whenever the A matrix is independent of the averaged states y all equations from
this section reduce to linear functions that don’t change over a simulation. This allows
thermal mass model variables to be presolved out of the actual model that’s solved by a
nonlinear programming solver. Since solving the remaining linear equations with
known variables is trivial compared to constrained optimization, this allows large
thermal mass models with hundreds of variables to be solved in almost the same amount
of time as a resistance only model with no thermal mass.

Hybrid Wall Models with Multiple Nodes

Thermal mass of a wall can also be modeled by dividing a wall into multiple layers
and using an RC circuit for each layer. This more accurately models one dimensional heat
transfer through a wall since it tracks temperatures at different levels instead of assuming
that the wall’s thermal mass is at a single temperature. Figure 35 shows a network for a

wall made of a single substance divided into n equal sections that are assumed to each be

at a uniform temperature. Each section has a capacitance of % where Cy 4 1S the total

thermal capacitance of the wall. Resistances at the wall surfaces have a resistance of —= Rwan

were Ry, 41 1S the total thermal resistance of the wall. Interior resistances have a value of

Bwatt gince they’re made up of two “%4L resistances joined together.
Rwau Rwau Ryau Rwan
2n n n 2n
Ta(t) A A AT‘Wall,l(t)A A ATWall,Z(t) TWall,n—l(t)A A ATWall,n(t)A A A T74(t)
Cwan Cwau Cwau Cwan

L L L

Figure 35— An RC Network for Modelin, ng Thermal M

L

ss of a Wall

The model of Figure 36 shows the wall/zone model of Figure 31 with a dynamic
wall model that can use any number of nodes. Appendix B shows the derivation of this

equation. This linear system can be solved using the equations of the previous section.



minimize: |TZA - TZA,SPl 4.39
SubjeCt to: pCpVSA(TSA - TZA) :l‘ anngl(TWc_zll,n - TZA) + QS = 0 4‘40
_ Vsamin < Vsa < Vsamax 4.41
- 7 . ] ]
Wall1 ~—3 1 0 - 0 0 041 Twaus
TWall,Z 1 =2 1 - 0 0 ol Twauz
- Twaus 0 1 -2 - 0 0 0] Twaus
Wall . — N . . . . . . .
2 . . . . . .
" Nywaunz| [0 0 0 —2 1 0 ||Twawn-2
T ~ 0 0 0 1 -2 1 Twain-1
vetntl lo 0 o o 1 =371,
L Twain | amn
2 07
0 0
0 0
+|: TOA] 4.42
0 0 Tza
0 0
2
_ 19
Twani = 5_]- Twaui(t)dt for each wall node i 4.43
0

Figure 36 — Hybrid Model with the Wall Divided into Multiple Layers

Figure 37 shows outside air temperatures and resulting supply air flows for the
models of Figure 31 and Figure 36 simulated with different numbers of wall temperature
nodes. Initial wall temperature nodes were set to their steady state value with the zone at
its setpoint temperature and the outside air temperature at the first hour’s value. As the
number of nodes increase the magnitude of the heating load passed increases, and this
results in higher supply air flows. Higher loads with more nodes are due to the smaller
discrete thermal masses. More nodes allow heat to flow deeper inside instead of having
to heat a larger thermal mass first. This effect is limited, however, which can be seen by

comparing the 100 node simulation with the other models.
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Figure 37 — Air Flow Rates using Different Numbers of Wall Temperature Nodes
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CHAPTER V
EXAMPLE HVAC MODELS FOR COMMON AIR HANDLER TYPES

Commercial buildings and their HVAC system designs vary by design
requirements, region, when they were built, and the personal preferences of the
architects and engineers involved in a project. This variety makes it challenging to
develop flexible building energy use modeling methods than can correctly represent a
variety of systems in one tool. This chapter gives examples of constrained optimization
models for a variety of HVAC systems and components for an example building.
Modifications are made to these models to highlight how different system variations can
be represented without a major reworking of source code.

Building Description

Dimensions and Layout

Figure 38 shows the layout of the simple, hypothetical office space that’s
modeled in this chapter. For modeling purposes this building is divided into a perimeter
zone of office space, an interior zone of office space, and an interior zone for a computer

room. Table 7 gives the input parameters that define the building and zone dimensions.

|« 160’ |
|« 80’ | 40" —
| -: |
I I
| Zone 2 I Zone 3 [
80’ 40'| Interior Office I Computer Lab I
I (3,200 ft2) | (1,600 ft?) I
| : |
Il o e e e e e e e e e e e e e e e o o Iq_ 20" —|
Zonel t
Perimeter Office 20
(8,000 ft?) l

Figure 38 — Example Building Floor Layout
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Table 7 — Example Building Dimensions

Parameter Symbol Value Unit
Building Length lBuitding 160 ft
Building Width Wpyilding 80 ft
Building Height hpuitding 15 ft
Zone 2 Length Ly, 80 ft

Zone 2 Width Wy, 40 ft
Zone 3 Length ly5 40 ft
Zone 3 Width W3 40 ft

Equations 5.1 and 5.2 give the interior zone areas in terms of their inputted

widths and heights. Equation 5.3 gives the perimeter zone area as the overall building

area minus the interior zone areas. Since the example building is a single floor the roof

areas of each zone equal their zone areas, as given in equations 5.4-5.6. Table 8 lists

these calculated values.

Azz = lzoWz 5.1
Azz = lzzwyzs 5.2
Az1 = lbuitdingWhouitding — Azz — Azs 5.3
ARoofl = Az 5.4
ARoon = Az, 5.5
ARoof3 = Ays 5.6
Table 8 — Building Zone Parameters
Symbol Zo_ne 1 Zone_2 Zone 3 _
Parameter (Zone i) (Perlr_neter (Inte_rlor (Computer Unit
Office) Office) Lab)
Floor Area Ay 8,000 3,200 1,600 ft?
Roof Area Agoofi 8,000 3,200 1,600 ft?
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Equation 5.7 gives the total zone area as the sum of the three individual zone

areas. Equations 5.8-5.10 give the total window and wall areas for the perimeter zone.

Table 9 lists their calculated values.

Ay = Az + Az + Az

AWall,Total = z(lBuilding + WBuilding)hBuilding

Awindow = O-OlAWall,TotalPCtWindow

Awan = AWall,Total — Awindow

Table 9 — Calculated Building Areas

Parameter Symbol Value Unit
Total Floor Area Ay 12,800 ft?
Total Wall Area 2

(Windows and Walls) Awati Total 7,200 ft
Window Area Awindow 2,880 ft?
Wall Area Awau 4,320 ft?

Thermal Properties

5.7
5.8
5.9
5.10

Table 10 gives thermal property inputs for the building. The perimeter walls are

made of concrete with a thickness of 0.66 ft, with windows covering 40% of the

perimeter surface. The wall’s density and specific heat are only used in the DDVAV

model with dynamics. All other models treat exterior heat conduction as steady state.
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Table 10 — Building Thermal Property Inputs

Parameter Symbol Value Unit
Wall Thermal Btu
Conductivity Kwau 042 h-ft-°F

Wall Thickness lwau 0.66 ft
. Ilbm
Wall Density Pwall 120 F
Btu
Wall Specific Heat c 0.20
P pvait lbm - °F
. 2.0
Window R-Value Ryingow | 20 | MSECF
Btu
. 2.0
Roof R-Value Rroof 20 hft—F
Btu
Window Percentage Pctyindow 40 %

Equations 5.11 and 5.12 give the overall wall resistance and thermal capacitance.

Multiplying these two parameters together gives the overall wall time constant, shown in
equation 5.13. Equations 5.14 and 5.15 give the wall and window/roof UA values for

the perimeter zone normalized to the perimeter zone area. Table 11 shows the calculated

values of these parameters.

lWall

R =
Wall
kWall

Cwau = pWalle,WalllWall

Twau = RwauCwaun

m _ AWall
Zl,Wall - R A
Wall41z1

AWindow ARoofl

UAzwi =
Z1,Window/Roof Ry indowAz1 RRoofAZl
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Table 11 — Calculated Wall Parameters

Parameter Symbol Value Unit
. 2,0
Wall R-Value Rua 157 | RS0
Btu
Wall Thermal Btu
Capacitance Cwau 158 ft2-°F
Wall Time Constant Twall 24.9 h
Perimeter Zone Wall UA — Btu
Value UAz wau 034 | 1 ft2-°F
Perimeter Zone Window |7z 0.23 Btu
and Roof UA Value Z1Window/Roof | - % h-ft?-°F

Equation 5.16 gives the overall floor area normalized UA value for the perimeter
zone. The two interior zones only have roof area, so their floor area normalized UA
values can be calculated from the roof component alone. This is shown in equations
5.17 and 5.18. Equation 5.19 gives the overall air volume of each zone as the zone floor

area times the building height. Table 12 shows these calculated zone parameters.

mZl = le,Wall + mZl,Window/Roof 5.16
— ARoon
Udy,y = ——— 5.17
z RRoofAZZ
— ARoof3
Udy; = ——— 5.18
7 RRoofAZ3
Vzi = Azihguitaing 5.19
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Table 12 — Calculated Zone Parameters

Svmbol Zone 2 Zone 3
Parameter (Zyone i (Perimeter | (Interior | (Computer Unit
Office) Office) Lab)
Total Zone UA Btu
Value per ft? of UAy; 0.57 0.05 0.05 —
Floor Area h-ft2-°F
Zone Air Volume Vi 120,000 48,000 24,000 ft3
Zone Loads

Table 13 gives the sensible and latent loads per person used in the models of this
chapter as well as the symbols and units used for the lighting and plug load ratios. Table

14 gives the peak lighting and plug usages and peak occupancies of each zone.

Table 13 — Lighting, Plug and People Load Inputs

Parameter Symbol Value Unit
. ~ Bt
Sensible Load per Person | Qs perperson | 300 _ o
' h - Person
~ Btu
Latent Load per Person | Q; perperson | 250 —_—
' h - Person
Lighting and Plug Load :
Ratio Xiap Varies 0-1
People Load Ratio Xpeople Varies 0-1
Table 14 — Zone Load Inputs
Svmbol Zone 1l Zone 2 Zone 3
Parameter (Zyone i (Perimeter | (Interior | (Computer Unit
Office) Office) Lab)
Peak Lightingand | w
Plug Load per Square | Ejgpi max 1.3 1.3 2.0 )
Foot f
2
Peak Occupancy per 02C; o 150 150 20 ft
Person ' Person
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Plug and occupancy loads are assumed to change depending on the time of day
and whether the day is a weekday or weekend. Figure 39 shows the schedules for plug
loads and occupancy as a fraction of their maximum value for weekdays and weekends.
When the building is unoccupied at night or on a weekend plug loads are 30% of the
peak value. The workday begins at 7:30 AM, reaches peak occupancy at 9:30 AM,
continues until 4:30 PM, and ramps down until it reaches its final unoccupied state at
6:30 PM.

Weekday Weekend
1 1
0.9 0.9
o
_:'_,—u 0.8 0.8
. 0.7
@ o 0.6
- 0.6 .
(© 0.5 0.5
ARy 0.4
030 0.3 0.3
—_ 0.2 0.2
[« 1
0.1 0.1
0 0
12:00 AM 4:00 AM 8:00AM 12:00PM 4:00PM 8:00 PM 12:00 AM 12:00 AM 4:00AM 8:00AM 12:00PM 4:00PM 8:00PM 12:00 AM
1 1
o | 09 0.9
S o ‘
=4 0.8 0.8
o | 07 0.7
> 06
o) 0.6
c 0.5 0.5
3 o4 0.4
> 0.3 0.3
Q
Q 0.2 0.2
O 0.1 0.1
0 0
12:00AM 4:00AM 8:00AM 12:00PM 4:00PM 8:00 PM 12:00 AM 12:00 AM 4:00 AM 8:00AM 12:00PM 4:00PM 8:00PM 12:00 AM

Figure 39 — Plug and Occupancy Load Ratios for the Example Building

Steady state building energy models assume that loads don’t change over time.
Averaging the continuous plug and occupancy load ratios over a time step give the fixed
values that are used in the steady state model. Figure 40 shows the weekday plug ratio
values used for a time step period of one hour. Hourly schedule values don’t all fall on
the continuous schedule since ramp up and ramp down times start on the 30 minute mark

while time steps occur on the hour itself.
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Weekday Plug Load Schedule vs. Hourly Integrated Values
1
09
08
07
06
05
04
03 = — — — — — — . ——p——a—a
02

Weekday Plug Load Ratio (0-1)

01

0
12:00AM 3:00 AM 6:00 AM 9:00 AM 12:00PM 3:00 PM 6:00 PM 9:00 PM 12:00AM

Time of Day

m— Continuous Schedule 1 Hour Time Step

Figure 40 — Hourly Weekday Plug Load Schedule Values

Energy Sources and Prices

All cooling and heating is supplied using chilled and hot water. Electric usages
consist of fans, lights, and plug loads. Table 15 gives the default energy prices used in
models.

Table 15 — Energy Price Inputs

Parameter Symbol Value Unit
- . . $
Electricity Price Price i 0.12 —
y Electric kWh
Chilled Water Price Pricecpy 15 $
MMBtu
Hot Water Price Priceyy 12 $
MMBtu

Energy and cost variables in models are normalized to zone square footages and

time for readability and to make variable scaling for the robustness of the numerical
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methods easier. For instance, typical fan energy usages in terms of in % fall within a

known range, where fan energy usages in W varies depending on the size of the
building. Actual total energy usages or costs can be obtained by multiplying the usage
by the normalizing floor area Ag;,,, and the time step period &, as shown in equations
5.20-5.22.

E, = ExAFloor6 5.20
Qx = éxAFloorS 5.21
Cost, = CoStyAr;oor0 5.22

Weather Data for Simulations

Simulations in this chapter are performed using weather data for Houston TX in
2007. Figure 41 shows the hourly dry bulb and dew point temperatures used. The

hourly data was created by linearly interpolating raw NOAA weather station data [71].

Simulation Weather Data

110
100
90
80
70
60
50
40

Temperature (°F)

30 *
20

10
1/1/2007 3/15/2007 5/27/2007 8/8/2007 10/20/2007 1/1/2008

+ Dry-Bulb Temperature (°F) x Dew-Point Temperature (°F)

Figure 41 — Weather Data Used in Simulations
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Constants and Conversion Factors

Table 16 lists physical constants and conversion factors used in this modeling.

Properties of air are assumed to be constant for all temperatures and pressures, and the

atmospheric pressure is assumed to be a typical sea level pressure. Model equations use

variables for conversion factors instead of writing out numbers for readability and

consistency.

Table 16 — Physical Constants and Conversion Factors Used in Modeling

Parameter Symbol Value Unit
X . . Bt
Density of Air times Specific Heat of pc, 108 u
Air h-°F-CFM
Density of Water times the Latent Heat Btu
of Vaporization of Water Phyg 4840.0 h-CFM
i kg/Mol
The ratio of the molecula_r masses of M, gy, 0.621945 9/Molyater
water and dry air kg/Molgry air
Outside Air Pressure Py, 14.696 psi
. kw
Watts to kW Conversion Factor AW attsToKw 0.001 W
. MMBt
Btu to MMBtu Conversion Factor Agturommpen | 0-000001 B ¢
u
. kW
Horsepower to Watt Conversion Factor |  Quprowatts 1341.02 H_p
. Btu
kW to Btu/h Conversion Factor Axwropturern | 3412.142 W
. Btu
kW to Btu/h Conversion Factor AuproBtupern | 4575.69 o Hp
: kCFM
CFM to 1000 CFM Conversion Factor | @crmrokcsm 0.001 YT

Hourly Zone Loads

Equation 5.23 gives the heating load for each zone in terms of the lighting and

plug electric usage. Models assume that all electric energy used in a zone results in a
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load. Equation 5.24 and 5.25 give peak sensible and latent people loads per square foot

of zone floor area. Table 17 gives the calculated values of these parameters for each

Zone.
éL&Pi,Max = EL&Pi,MaxaKwToBtuPerHour 5.23
_ Qs,
QSi,People,Max = w 5.24
OCCi,Max
= QL,P P
QLi,People,Max = 5.25
Occi,Max
Table 17 — Calculated Zone Peak Loads
svmbol Zonel Zone 2 Zone 3
Parameter (Zyone i (Perimeter | (Interior | (Computer Unit
Office) Office) Lab)
Peak Lightingand | = Btu
Plug Lon Quapimar | 444 4.44 6.82 e
Peak Sensible | = Btu
Occupancy Load QSi,People,Max 2-0 2.0 3.75 —h : ftz
Peak Latent ~ Btu
Occupancy Load Qi people,Max 1.67 1.67 3125 h-ft2

Zone electric usages and loads on a particular time step of a simulation equal the
peak load scaled by the current lighting and plug load or people load ratio. Equations
5.26 and 5.27 gives the effective lighting and plug electric usage for each zone and the

overall building in f% Equations 5.28 and 5.29 give the total effective sensible and

latent loads of a zone on in 22%.
h.ftZ
Erepi = X1apELapimax 5.26
_ Erep1Ays + ErgprAyy + ErgpaA
EL&pz L&P1417Z1 L&II;Z Z2 L&P341Z3 527
A
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Qsi = XL&PQL&Pi,Max + XPeopleQSi,People,Max 5.28

QL = XPeople QLi,People,Max 5.29

Single Duct Constant Air Volume (SDCAV) Systems

Single duct constant air volume systems control zone temperatures by reheating a
constant flow of conditioned supply air [72]. Figure 42 shows the schematic of a single

duct constant air volume air handler with terminal reheat for the three zoned building.

C
OA —> {O I C
RHC RHC RHC
I I I
Perimeter Interior Interior
Zone Zone 1 Zone 2

EA *— ' | '

Figure 42 — SDCAV System Layout

SDCAV Input Parameters
Table 18 and
Table 19 give values of system wide and zone parameters that are specific to the

SDCAV system. The system has a constant outside air flow rate of 0.3 C;TI:I and a

constant fan usage of 0.8 %. The tilde over the fan usage parameter indicates that it’s

normalized but not to floor area. The cooling coil set point is kept at a constant 55°F
over the entire year. The zones themselves have different control parameters, with the

computer lab having both a lower set point and a higher flow rate.
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Table 18 — SDCAYV System Parameters

Parameter Symbol | Value Unit
Outside Air Flow 7 0.3 CFM
(Normalized) 04 ' ft2
Fan Power per 1000 CFM | A 0.8 Hp
P Pran ' kCFM
Cooling Coil Set Point .
Temperature Tec.sp 55 F
Table 19 — SDCAYV Zone Parameters
Svmbol Zonel Zone 2 Zone 3
Parameter (Zyone i (Perimeter | (Interior | (Computer Unit
Office) Office) Lab)
Zone Temperature o
Set Point Tzaise 10 70 68 F
Supply Air Flow - CFM
(Normalized) Vsai 10 1.0 2.0 ft2

Precalculated SDCAV Parameters

Equations 5.30-5.32 give the equations for the total supply air flow rate, the fan

horsepower per square foot of floor area, and the temperature rise across the supply fan.

These values can be precalculated before simulating the constrained optimization part of

the SDCAV model. Table 20 gives the values of these parameters.

_ VsarAzi +VsarAzz + VsazAzs

SA —

H—pfan = %fanVSAaCfmToKCfm

ATSF ==

Az

HpFan aHpToBtuPerHour

PCp I7SA
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Table 20 — Precalculated SDCAV Parameters

Parameter Symbol | Value Unit
spprarton | g, s | SN
Fan Povl\:/;agoﬁltxgzlized to Hbjan | 0.0009 %
el | an, | om |

The SDCAV Model

Figure gives a constrained optimization model for the SDCAV system. SDCAV
systems operate to control zone temperatures to a fixed set point, so the objective
function is set to the sum of zone temperature errors. The constraints in this model
describe how equipment in the system operates, define the zone temperature errors, and

give definitions for overall energy usages over a time step period.

minimize: Erza 5.33

subject to: AHU Temperature Balance
VsaTua = VoaToa + (Vsa — Voa)Tra 5.34
Tsp = Tyy + ATsg 5.35
) _ Tec= Mir_z(TSF, Tec.sp) ) 5.36
VsaAzTra = Vsa14z1Tza1 + VsazAz2Tza2 + VsazAz3Tzas  5.37

AHU Humidity Balance
VsaWua = VoaWoa + (Vsa = Voa)Wra 5.38
Wee,satPoa = (Mratio + Wee,sat) Pws (Tec) 5.39
) _ Wee = Min(Wya, Weesar) 5.40
VeaAzWra = Vsa1A71Wza1 + Vsao AzoWz a2 + VsazAzzsWyas 5.41
Zone 1

Tsp1 = Tec 5.42
pCpVSAl(TSAl —Tza1) + mZ1(TOA —Tza1) + 651 =0 543
phrgVsas Wee = Waza1) + Q1 =0 5.44

Figure 43 — Model of a Single Duct Constant Air Volume System
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subject to: Zone 1

Tsa1 = Tec 5.42
pCpVSAl(TSAl - T_ZAl) + mZ1(TOA - TZ_Al) +0s1 =0 543
PhsgVoar(Wee — Wzaq) + Qpp =0 5.44
Zone 2
Tsap = Tec 5.45
pCpVSAZ (Tsaz — T_ZAZ) + mZz (Toa — TZ_AZ) + 05, =0 546
PhsgVoar(Wee — Wzaz) + Q2 =0 5.47
Zone 3
Tspz 2 Tec 5.48
pCpVsaz(Tsaz — T_ZA3) + UAz3(Tos — TZ_A3) +Qs3=0 5.49
PhegVoas(Wee — Wza3) + Q3 = 0 5.50
Zone Temperature Errors
Erza1 2 Tza1,5p — Tza1 5.51
Erzar 2 Tza1 — Tzan,sp 5.52
Erzaz 2 Tza2,5p — Tza2 5.53
Erzaz 2 Tza2 — Tza2,sp 5.54
Erzaz 2 Tza3sp — Tza3 5.55
Erzaz = Tza3 — Tza3,5p 5.56
Erzasum = Erza1 + Erzaz + Erza3 5.57
Energy Usage
EFim = H_pf_anaHpTQWatts 5.58
_ Erotar = €L&P + Eran 5.59
Qces = pcpVsa (Tee — Tsr) 5.60
Qcc_,L = thgVSf(ch - Wa) 5.61
_Qccrotar = Qccs + Qecyt 5.62
QRHl = pCpKSAl(TSAl — Tee) 5.63
QRHZ = pCpKSAZ (Tsaz — Tee) 5.64
B Qru3z = Pcz_aVSA3 (T§A3 - Tc_c) 5.65
QRH,Total = Qru1 + Qruz + Qrus 5.66

Figure 43 Continued

This model was formulated to represent normal operating conditions in addition

to scenarios where all zone temperature setpoints can’t be achieved. Factors that limit
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the model’s validity are all assumptions that can be modified if desired. For instance,
functions for air and water properties can be used instead of constant values. Also, water
saturation in places other than the cooling coil can be modeled by limiting humidity
ratios throughout a system to the local saturation humidity ratio.

SDCAYV Simulation Results

Figure 44 shows the total cooling and reheat usages for the SDCAV system with
a time step period of one hour. The system performs cooling for the entire simulation
year, with less cooling required during a lower outside air temperature. In cool
temperatures with no latent cooling the total cooling usage trend forms a straight line.
However, at higher temperatures the totals cooling trend forms a cloud due to the
different levels of humidity in the air that must be removed by the cooling coil.

Total reheat usage from the building’s 3 zones decreases with the outside air
temperature until the perimeter zone uses no reheat. With a constant chilled air flow and
no reheat the system loses the ability to keep the perimeter zone’s temperature at its set
point at high outside air temperatures. Figure 45 shows the actual perimeter zone
temperature versus the outside air temperature. Perimeter zone temperatures above 70°F
are time steps where the zone set point cannot be met.

Bands that appear in the perimeter zone temperature and total reheat usage plots
are due to the discretization of load schedules. Discretizing the load schedules on one
hour increments results in five possible values. Figure 40 shows the hourly values used
for the weekday lighting and plug load schedule. Using a smaller time step periods

would result in more bands since a larger range of loads would be simulated.
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Figure 44 — SDCAV Heating and Cooling Usages
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Figure 45 — Loss of Perimeter Zone Temperature Control in the SDCAV
Simulation
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Modifying the Air Handler Equipment

Modifying source code for building energy simulation tools to handle new
equipment or equipment configurations can be difficult. With a model based on
constrained optimization modifying the objectives and constraints can account for
different system behaviors.

Figure 46 shows the system of Figure 42 modified to include outside air preheat
and the effect of infiltration and exfiltration in the perimeter zone. Table 21 gives the

two additional parameters used in this model: a preheat coil set point of 45°F and a

Air Changes

maximum perimeter zone outside air exchange rate of 1.2 . The energy source

of the preheat coil is assumed to be hot water, the same as the reheat coils. Infiltration

and exfiltration rates are assumed to be equal, due to badly placed supply and return

ducts.
p C
OA— — {O j C
) ) RHC RHC RHC
Infiltration | | I
and <t
Exfiltration Zonel Zone 2 Zone 3
Perimeter Interior Computer
Office Office Lab
EA <« I I |

Figure 46 — The SDCAV Model of Figure 42 with Outside Air Preheat and
Perimeter Zone Infiltration

Table 21 — Added Parameters for SDCAV Model Changes

Parameter Symbol Value Unit
Preheat Coil Set Point Tpy sp 45 °F
Outside Air Changes per Air Changes
Hour for Zone 1 ACHz1 Max 12 A
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Equation 5.67 gives the maximum perimeter zone outside air exchange volume
flow rate in terms of the air changes per hour, zone volume, and zone floor area. Table
22 gives the calculated maximum value for this parameter. The exchange rate
experienced at a given moment is assumed to scale with the occupancy of the building.

Equation 5.68 gives the actual air exchange rate to use on a time step of a simulation.

= ACHz1 maxV21
Ving/Exf,z1,Mmax = # 5.67
z1

Table 22 — Calculated Parameters for SDCAV Model Changes

Parameter Symbol Value Unit

Infiltration/Exfiltration 7 0.3 CFM

Flow Rate of Zone 1 Inf/Exf,z1,Max ' ft2
VInf/Exf,Zl = XPeopleVInf/Exf,Zl,Max 5.68

Modifying the SDCAV model to include infiltration and exfiltration involves
adding terms to the perimeter zone’s sensible and latent heat balance equations. For
balancing air flows it’s assumed that the perimeter zone has equal infiltration and
exfiltration rates. Equation 5.43 of the original SDCAV model is modified into equation
5.69 and equation 5.44 of the SDCAV model is modified into equation 5.70.

pCpVSAl (Tsar — Tza1) + pCpVInf/Exf,Zl (Toa — Tza1)
+UAz1(Toa — Tz41) + Q51 =0 5.69

PhegVsar(Wee — Wzar) + phegVing /pxr,z1(Woa — Wza1) + Qrq = 0 5.70

Modifying the SDCAV model to reflect the preheat equipment change involves
adding two equations and modifying a third. Equation 5.71 is added gives the preheat
coil leaving air temperature, taking the preheat coil set point into account, and equation
5.72 gives the preheat coil hot water usage. Equation 5.34 of the original SDCAV
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model is modified into equation 5.73 to account for outside air passing through a preheat

coil before being replaced with return air.

TPH = MaX(TOA, TPH,SP) 571
Qpy = pcpVoa(Tey — Toa) 5.72
VsaTua = VoaTpu + (Vsa — Voa)Tra 5.73

Figure 47 shows preheat coil leaving air temperatures versus outside air
temperature for the modified and unmodified SDVAV models. Below the preheat coil

setpoint of 45°F preheat is used to raise outside air to that temperature.
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Figure 47 — Preheat Coil Leaving Air Temperature for the Modified SDCAV Model

Figure 48 shows cooling coil chilled water usages for the modified and
unmodified SDVAV models. Cooling occurs year round in both models, so the cooling

coil leaving air temperature stays constant at 55°F. At low outside air temperatures
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preheat usage causes the cooling coil to perform additional cooling. At higher

temperatures extra cooling is necessary due to infiltration and exfiltration.
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Figure 48 — Cooling Coil Chilled Water Usages for the Modified and Unmodified
Systems

Figure 49 shows reheat usages for the modified and unmodified SDVAV models.
At low temperatures less reheat is required due to infiltration and exfiltration. At high
temperatures more reheat is required. Bands in reheat usages are due to the

discretization of the people load profile.
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Figure 49 — Reheat Coil Hot Water Usages for the Modified and Unmodified
Systems

Single Duct Variable Air Volume (SDVAV) Systems

The Single Duct Variable Air Volume system uses the same equipment layout as
the Single Duct Constant Air Volume system of Figure 42. However, a variable speed
drive powers the fan instead of running the fan at a constant speed, as shown in Figure
50. This variable speed drive maintains a static pressure setpoint approximately 2/3 of
the way down the duct. Zone terminal boxes independently control dampers to provide
supply air flow for cooling. Reheat is used if a zone needs heating, which only occurs

when the terminal box is providing the minimum possible amount of flow.
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Figure 50 — A Single Duct Variable Air Volume System with Static Pressure
Control

SDVAV Parameters

Table 23 gives the values of system wide parameters that are specific to the
SDVAV model. The system uses a constant outside air percentage of 20% of the current
supply air flow, which translates to an outside air fraction of 0.2. The cooling coil cools
entering air to a fixed setpoint of 55°F.

The remaining parameters specify the operation of the fan. The motor that drives

the fan has a constant efficiency of 88%. With all zone terminal box dampers fully open

the system has a maximum supply air flow of 1.45

At a design operating fraction

CFM
ftz’

of 0.625 the system has a velocity pressure of 0.25 inches H,0, a total pressure of 6.0

HP
kCFM’

has a static pressure set point of 2.0 inches H,0, but is currently operating with a static

inches H,0, and a total fan horsepower of 1.3

At design conditions the system

pressure set point of 1.5 inches H,0. Figure 51 shows these parameters on the fan and

system curves that they define.
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Table 23 — SDVAYV System Parameters

Parameter Symbol Value Unit
Outside Air Fraction Xoa 0.2 0-1
Cooling Coil Set Point Temperature Tce,sp 55 °F
Fan Motor Efficiency NMotor 0.88 0—-1
Maximum Supply Air Flow at Design | _ 145 CFM
Conditions SAMax,besign ft2
Fan Design Fraction of Maximum Flow | Xran pesign 0.625 0-—-1
Fan Design Velocity Pressure Py panpesign 0.25 inches H,0
Fan Design Total Pressure Pr panpesign 6.0 inches H,0
Fan Design Total Horsepower ﬁfapanpesign 1.3 %
Design Static Pressure Set Point Psp pesign 2.0 inches H,0
Current Static Pressure Set Point Psp curr 15 inches H,0
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SDVAV Fan Model Inputs

Fan Fraction of Maximum Flow (0-1)
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Figure 51 — Fan Curve Inputs for the SDVAV Model

Table 24 gives zone parameters for the SDVAV system. Heating and cooling
setpoints and minimum and maximum supply air flow settings vary by zone. These
minimum and maximum supply air flow settings control how much air terminal boxes
will try to provide. The fan system is modeled separately. The fan and variable speed
drive’s physical characteristics and the static pressure set point ultimately determine how
much air flow the system can provide. This model assumes that the fan can at least

provide enough air flow to meet the minimum terminal box flow rates.
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Table 24 — SDVAV Zone Parameters

Svmbol Zonel Zone 2 Zone 3
Parameter (Zyone i (Perimeter | (Interior | (Computer Unit
Office) Office) Lab)
Zone Heating Set o o
Point Temperature Tz4ineatingsr 68 68 67 F
Zone Cooling Set o
Point Temperature Tzaicootingsr 3 73 7 F
Minimum Supply ~ CFM
Air Flow VSAi,Min 0.3 0.3 0.3 ftz
(Normalized)
Maxirr_lum Supply ~ CFM
Air Flow Vs ai Max 1.5 1.0 2.0 Tz
(Normalized)

Fan Curve Functions

Figure 52 shows the shape of typical static pressure and brake horsepower curves
for a backward curved centrifugal fan [73]. This figure also gives cubic polynomials fit
to this data that can be used in a constrained optimization based SDVAV model. The
curves and equations shown in this figure and equations 5.74 and 5.75 are unitless. They
represent the relative magnitude of the fan static pressure and brake horsepower curves
as the fraction of a fan’s maximum open flow increases and must be scaled by an

appropriate factor in an actual model.
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Normalized Fan Curve Functions
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Figure 52 — Typical Static Pressure and Brake Horsepower Power Curves for a
Backward Curved Centrifugal Fan

Ps pan(Xpan) = —1.3969X 50> + 0.0476Xpgn” + 0.3414 X, + 1 5.74
Bhpran (Xran) = —0.7415Xpg,> + 0.0146X 50, % + 1.4807X 5y, + 0.263  5.75

The typical fan curve shapes used came in the form of static pressure and brake
horsepower curves in terms of a fan’s flow with zero resistance. However, the SDVAV
model uses fan total pressure and brake horsepower in terms of actual supply air flow
rates. Creating these functions involves scaling and converting equations in the form of

equations 5.67 and 5.77 into the form shown in equations 5.78 and 5.79 with units of psi

ﬂ
and e
pS,Fan(XFan) = a3XFan3 + aZXFan2 + a1 Xpan + 4y 5.76
B/EpFan(XFan) = B3XFan3 + BZXFanZ + leFan + BO 5.77
Prran(Vsa) = a3Vsy™ + ayVsy™ + aiVsy + ag 5.78
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Bhpran(Vsa) = b3Vsa™ + byVsy™ + byiVsy + by 5.79

A fan’s total pressure is the sum of the fan’s static and velocity pressures.
Equation 5.80 shows this balance at design conditions. Replacing the values in equation
5.80 for known input variables results in equation 5.81. In equation 5.81 only ap is

known, so it can be solved for to give equation 5.82.

PT,Fan (XFan,Design) = PS,Fan (XFan,Design) + PV,Fan (XFan,Design) 5.80

PT,Fan,Design = aPsPS,Fan (XFan,Design) + PV,Fan,Design 5.81

_ PT,Fan,Design - PV,Fan,Design

Apg = 5.82

ﬁS,Fan (XFan,Design)

Equation 5.83 gives the total pressure drop across a fan in terms of a general a
general Xg,,. Substituting equation 5.74 for the normalized static pressure drop and
adding the equation for fan velocity pressure gives equation 5.84. Rearranging this in

terms of polynomial coefficients of Xz, gives equation 5.85.

PT,Fan (XFan) = aPspS,Fan (XFan) + PV,Fan (XFan) 5.83

P, .
A 3 A 2 A A V,Fan,Design 2
PT,Fan(XFan) = aPs(a3XFan + aZXFan + a1XFan + aO) + —ZXFan 5.84

Fan,Design

P, .
_ A 3 A V,Fan,Design 2
PT,Fan(XFan) - aPsa3XFan + (“Psaz + 2 XFan
Fan,Design

+aps01 Xpan + apsQy 5.85

Equation 5.86 gives the relationship between a fan’s air flow and its fraction of
maximum flow at design conditions. The variable { is defined in equation 5.86 to
reduce the length of other equations. Substituting Xr,,, in equation 5.85 in terms of Vg,

results in equation 5.89, the fan total pressure curve used in the SDVAV models.
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VSA,Max,Design _ XFan,Design

— 5.86

VSA XFan
XFan,Design = =

Xran = V—VSA = (Vs 5.87
SA,Max,Design
X .
( _ > Design 588
SA,Max,Design
_ _ P, ; _
~ 3 ~ V,Fan,Design 2
Prpan(Vsp) = aps@303Vs,™ + <apsa2 + —2> {*Vsa
Fan,Design

Equation 5.90 gives the fan design horsepower normalized to floor area instead

HP
of

P Taking motor efficiency into account gives the brake horsepower in equation

5.91. Equation 5.92 shows how the typical brake horsepower cure of equation 5.75 is
scaled. 5.93 gives the formula for agy, using equation 5.92 and known parameters at
design conditions. Substituting the typical brake horsepower curve of equation 5.75 into
equation 5.92 gives equation 5.94. Substituting Xr,,, in equation 5.94 in terms of Vs,
results in equation 5.95, the fan brake horsepower curve used in the SDVAV models.
Table 25 gives the values of the fan curve coefficients used in the final model, and
equations 5.96 and 5.97 give equations 5.94 and 5.95 with all values substituted.

H_pFan,Design = %Fan,DesignVSA,Max,DesignaCfmToKCfm 5.90
BhpFan,Design = H_pFan,DesignnMotor 5.91
Bhpran(Xpan) = thpB/EpFan(XFan) 5.92

BhpFan,Design
BhpFan (XFan,Design)

Bhpfan(XFan) = OlBhpBBXFan3 + OlBhpBZXFan2 + thpglean + thpBO 5.94

thp = 5.93

- _ ~ _ 3 ~ _ 2 ~ _— ~
Bhpsan(Vsa) = apnpbzl®Vsa™ + apnpba{?Vsa™ + apnpbilVsa + agnpbo 5.95
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Table 25 — Denormalized Fan Curve Coefficients for the SDVAV Model
Coefficient Formula Value

as NG -0.722

P, .
a, <apsaz + %) ZZ 0.176

Fan,Design

a1 aps@q( 0.95
a apsy 6.45
bs thpBB€3 -9.7E-5
b, Apnpba G 4.44E-6
by Apnpbig 1.05E-3
by thpBO 4.31E-4
Prran(Vsa) = —0.722Vs,” + 0.176Vs,” + 0.95Vs, + 6.45 5.96

BRpran(Vsa) = —9.7E~Vs,” + 4.44E~Vg,” + 1.0SE™3Vs, + 431E™*  5.97

The SDVAV Model

Figure gives a model for the SDVAYV system. Like the SDCAV model of Figure
, the constraints describe how equipment in the system operates, define temperature
errors, and give definitions for overall energy usages over a time step period. However,
this model uses lexicographic objectives to describe how the system seeks to control
zone temperatures while minimizing reheat and air flow. Minimizing zone temperature
error, the sum of deviations from the valid set point range serves as the highest objective.
Minimizing air flow as the second objective ensures that the lowest amounts of reheat
and air flow are used while zone temperatures are controlled as close to the

heating/cooling set point range as possible.
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minimize: Erza 5.98
(in order) _ Vsa 5.99
QRH,Total 5.100
subject to: AHU Temperature Balance
Tma = XoaToa + (1 = Xoa)Tra 5.101
pCpVSAATSF = EFan,CurraKwToBtuPerHour 5.102
TSF = TMA + ATSF 5103
TCC = Min(TSF, TCC,SP) 5104‘
VSAAZTRA = VSA_lAZlTZAl + VSAZAZZTZAZ
AHU Humidity Balance
WMA - XOAWOA + (1 - XOA)WRA 5106
Wee satPoa = (Mratio + WCC,Sat)P ws(Tee) 5.107
B WCE = Mln(WMA, Vl/CC,Sat) 5108
VeaAzWia = VSA_1A21WZA1 + Vsa2Az2W7a2
Fan Pressure and Power Calculations
— = 2
PT,Fan (VSA,Max,Design) = PSP,Design + aSysVSA,Max,Design 5.110
PT,Fan (VSA,Max,Curr) = PSP,Curr + aSysVSA,Max,Curr 5.111
= 2
PT,Fan,Curr = PSP,Curr + aSysVSA 5.112
P Via”
T,Fan,Curr =— SA . 5113
PT,Fan,Intersect VSA,Intersect
BhpFan,Intersect = BhpFan(VSA,Intersect) 5.114
—— ~ 3
BhpFan,Curr =— VSA - 5115
BhpFan,Intersect VSA,Intersect
~ AHU Flow Balance
VsaAz = Vsa1Az1 + VsazAzz + VsazAzs 5.116
VSA < VSA,max,curr 5.117
Zone 1
Toar = Tec 5.118
pcpVsar(Tsa1 — TZ_Al) + UAz1(Toa — TZél) +0s1:=0 5119
phfg_VSAl(WCC - WZAI)_+ Q=0 5.120
VSAl,Min S VSAl S VSAl,Max 5121

Figure 53 — Model of a Single Duct Variable Air Volume System
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subject to: Zone 2
Tsaz = Tec 5.122
pCpVSAZ (Tsaz — TZ_AZ) + mZz (Toa — TZéZ) + Qs =0 5123
phfg_VSAZ (Wee - WZAZ)_+ Q=0 5.124
Vsazmin < Vsaz < Vsaz max 5.125
Zone 3

Tsaz = Tec 5.126
ppVsaz(Tsaz — Tzaz) + UAz3(Toa — TZé3) +Qs3=0 5127
thg_VSA3 (Wee - WZA3)_+ Q=0 5.128
Vsaz min < Vsaz < Vsaz max 5.129

Zone Temperature Errors
Erza1 =0 5.130
Erza1 2 Tza1,Heatingsp — Tza1 5.131
Erza1 2 Tza1 — Tza1,co0lingsp 5.132
Erzaz =0 5.133
ETZAZ = TZAZ,HeatingSP - TZAZ 5.134
Erza2 2 Tz42 — Tza2,co0lingsp 5.135
Erza3 =0 5.136
Erz43 2 Tz43 Heatingsp — Tza3 5.137
Erz43 2 Tz43 — Tz43,coolingsp 5.138
Erza = Erza1 + Erzaz + Erza3 5.139

Energy Usage
Epan _ Bhpfan,curraHpTOWatts 5.140
_ _ 77Motor_

_ Erotar = Ergp + Eran 5.141
_Qcc,s = pCpYSA (Tsp — Tec) 5.142
Qcc_,L = thgVSf(WMA - Wee) 5.143

_Qccrrotar = Qccs t Qccyr 5.144
QrH1 = PCp‘fsm(Tsm — Tee) 5.145
QrHz = PCpVsaz (Tsaz — Tee) 5.146
B Qruz = pCBVSA3 (T§A3 - Tc_c) 5.147
Qru,rotat = Qru1 + Qruz + Qras 5.148

Figure 53 Continued
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subject to: Costs
- COStElectric = EFan,_CurrPriceElectric 5.149
Costcpw = @mmpeupersrulcc,rotaPricechw 5.150
_ Costpw = aympruperpeulru,Totat Pricenw 5.151
CoStrorar = COStgioctric + CoStepyw + Costyy, 5.152

Figure 53 Continued

Figure 54 shows zone temperatures for the SDVAV model of Figure . Bands in
this figure are due to the discretization of load schedules. As outside air temperatures
and loads increase each zone transitions from heating mode to cooling mode. Figure 55
shows zone supply air flows for the model. Supply air flows also increase as outside air
temperatures and loads for each zone rise. Figure 56 plots supply air flow versus reheat
usage for each zone, which verifies that reheat is only used when a zone is using its

minimum required air flow.
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Figure 54 — SDVAV Zone Temperatures
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Figure 56 — SDVAYV Supply Air Flow versus Reheat Usage

Optimizing Energy Cost

The original SDVAV model adjusts flow rates so that fan power and reheat are
minimized while achieving zone temperature control. This optimization mimics the
behavior of a variable air volume control system with a fan controlled to maintain a
static pressure setpoint. Other control system behaviors can be simulated by modifying
the model’s objective functions.

A control behavior that optimizes energy cost can be simulated by replacing the
last two objective functions of the original SDVAV model with the total energy cost

Costyorqr- Figure 57 shows the resulting lexicographic objectives.
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minimize: Erza 5.153
(in order) Costrotaq;  5.154
Figure 57 — Lexicographic Objective Functions to Optimize Energy Cost for the
SDVAV Model

Figure 58 shows the monthly energy costs for the cost optimized SDVAV model.
These costs turn out to be the same as the energy costs as the original SDVAYV model.
This shows that the original SDVAV control strategy is an optimal control strategy for

the free variables of this model under the simulated conditions.
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Figure 58 — Monthly Energy Costs for the Cost Optimized SDVAV Model

The original and cost optimization SDVAV models both use the same
lexicographic nonlinear programming structure. This allows both problems to be solved
in a similar amount of time. It also allows any variable that varies on each time step be
optimized with nonlinear programming methods that take advantage of a problem’s

gradients and second derivatives.
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Cooling Coil Setpoint Optimization

The cooling coil set point of the SDVAV model can be optimized on each time
step by replacing its constant value with minimum and maximum bounds. This involves
adding equation 5.155 to the original SDVAV model. During a simulation time step the
cooling coil set point varies freely between the two bounds while the objective functions
force it to a value that optimizes cost while achieving zone temperature control. Table

26 shows the values of the bounds used in simulations.

Teespmin < Teesp < Tec,spmax 5.155

Table 26 — SDVAYV Cooling Coil Setpoint Optimization Additional Parameters
Parameter Symbol Value Unit

Minimum Allowable
Cooling Coil Set Point Tcc spmin 53 °F
Temperature

Maximum Allowable
Cooling Coil Set Point Tcc spmax 65 °F
Temperature

In general, constant variables that vary from time step to time step can be
optimized by removing their constant values. Minimum and maximum bounds can then
be added to constraint parameters within a specified range. This allows optimal
parameter settings to be calculated without having to iterate on multiple simulations.

High cooling coil setpoints reduce the dehumidification abilities of SDVAV
systems. Taking humidity control into account avoids settings that result in high zone
relative humidities. To implement this, first equations 5.156-5.158 are added to the
SDVAV cost optimization model for calculating the relative humidity of each zone.
Next, equations 5.159— 5.165 are added to define the relative humidity control error.
The relative humidity error of each zone is defined as the amount its relative humidity

goes above a maximum allowed value. Finally, the total relative humidity error from
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equation 5.165 is added. This total error is defined as the sum of the individual zone

relative humidity errors. No minimum relative humidity limits are given, and the

equations 5.156-5.165 allow for relative humidities over 100% since saturation isn’t

modeled.

Pus(Tza1)(Wza1 + Myatio)Rhzar = 100Po 4, W4y
Pus(Tza2)(Wza2 + Myatio)Rhzaz = 100P 4 Wy,
Pus(Tza3)(Wzas + Myatio)Rhzas = 100P4 W3
Ernza1 20
Ernzar 2 Rhza1 — Rhyax,z1
Ernzaz 2 0
Ernzaz 2 Rhzaz — Rhyax,z2
Ernzaz 2 0
Ernzaz = Rhza3 — Rhygay z3

Ernza = Ernza1 + Ernzaz + Ernzas

5.156
5.157
5.158
5.159
5.160
5.161
5.162
5.163
5.164
5.165

The objective functions of the original cooling coil setpoint optimization model

ensure that energy costs are minimized while keeping zone temperatures as close as

possible to their set points. Adding relative humidity control so that zones avoid hi

gh

humidity levels involves adding an additional objective function to minimize the overall

zone relative humidity error E,z4. This objective function is placed between the zone

temperature error minimization and cost minimization as shown in Figure 59. This

ordering prioritizes temperature control over humidity control and humidity control is

prioritized over energy cost.

Turning the cooling coil set point from a constant to a variable creates an

additional degree of freedom in the simulation state. With zone temperature setpoint

ranges it’s possible that multiple cooling coil set points will achieve the proper control.

To resolve these ambiguities a fourth objective function is added to use the highest

cooling coil set point that achieves zone temperature and humidity control. Figure

86
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shows this fourth objective of equation 5.169 placed after the first three objectives of
equations 5.166-5.168. This causes a nonlinear programming algorithm to choose the
highest cooling coil set point when multiple set points achieve the same cost

optimization.

minimize: Erza 5.166
(in order) Ernza 5.167
CoStrotal 5.168

—Tccsp 5.169

Figure 59 — New Objective Functions for Achieving Relative Humidity Control
while Optimizing Cooling Coil Setpoints

Figure 60 shows the cooling coil set points that optimize energy costs while
maintaining zone temperature and relative humidity control. At high temperatures a low
cooling coil set point is required, while at lower temperatures a higher value can be used.
Yearly energy costs for the building amount to $30,326 when a cooling coil set point of
55°F is used, and $26,528 when the cooling coil set point is optimized. This yearly
energy savings of 12.5% can serve as an upper bound on the energy savings potential of

using a cooling coil schedule instead of a constant value.
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Figure 60 — Optimal Cooling Coil Set Points for the SDVAV Cost Optimization
Model

Dual Duct Variable Air Volume (DDVAYV) Systems

Dual Duct Variable Air Volume systems supply cooled and heated air to zones
using separate ducts. One duct supplies cool air, the other supplies heated air, and
mixing boxes mixes controlled amounts of air from each duct before supplying the
mixed air to zones. The schematic of Figure 61 shows a version of this system that uses

one fan to pressurize both ducts.

88



C
C
OA— ——FO -
cl 1L r [ ( I
I I I
Zone 1 Zone 2 Zone 3
Perimeter Interior Computer
Office Office Lab
EA < | | |

Figure 61 — DDVAV System Layout

The following DDVAV model uses the same zone cooling and heating setpoints
and minimum and maximum air flow rates as the SDVAV system. These parameters are
given in Table 24. Outside air for DDVAV simulations is kept at a constant rate of 20%
of the supply air flow. The cold deck setpoint is a constant 55°F and the hot deck
setpoint is a constant 120°F. These parameters along with the fan temperature rise and

power at maximum flow are given in Table 27. Equation 5.170 gives the fan power at

. W e
maximum flow translated into 72 which is given in Table 28.

Table 27 — DDVAV System Parameters

Parameter Symbol Value Unit

Outside Air Fraction Xoa 0.2 0—-1
Cold Deck Set Point Temperature Tcp sp 55 °F
Hot Deck Set Point Temperature Tup sp 120 °F
Maximum Fan Delta-T ATsr max 2.0 °F

Fan Maximum Total Horsepower | Hppanpesign| 0.8 AP

kCFM
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EFan = HpFan,DesignVSA,Max,DesignaCfmToKCfmaHpToWatts 5.170

Table 28 — Calculated DDVAYV System Parameters

Parameter Symbol Value Unit
_ w
Fan Maximum Energy Usage Eranmax 1.54 ]?

A constrained optimization based DDVAV model is given in Figure . Airflow
balance, temperature balance, and humidity balance equations are modified from the
SDCAYV and SDVAYV models to account for the new duct layout. Also, the supply fan
temperature rise and energy usage are assumed to be quadratic functions of the current
fraction of supply air flow.

For system control objectives the zone temperature error is minimized first so
that supply air flow rates can take whatever values necessary to achieve zone
temperature control. Next, supply air flow is minimized since DDVAV control systems
are designed to use as little flow as possible. Minimizing this objective using heating
and cooling set points at a zone’s minimum flow can result in situations where a variety
of cold and hot deck flows achieve a valid zone temperature. To give a single solution,
the total hot deck flow is minimized as the third objective so that air flow through the
cold deck is preferred.

minimize: ETZA,Sum 5.171
(in order) Vsa 5.172
VHD 5.173

subject to: AHU Air Flow Balance
VsaAz = Vsa1Az1 + VsazAza + VsazAzs 5.174
Vsa =Vep + Vyp 5.175
_ VepAz = Viep1Az1 + VepaAza + VepzAzs 5.176
ViupAz = Vup14z1 + VupaAzz + VipaAzs 5.177

Figure 62 — Model of a Dual Duct Variable Air Volume System (Continued Below)
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subject to:

AHU Temperature Balance

VsaTua = VoaToa + (Vsa = Voa)Tra 5.178
B ( Vsa )
ATep = ATsp pran | =—2— 5.179
’ VSA,Max
Tep = Tys + ATsp 5.180
Tep = Min(Tsp, Tep,sp) 5.181
Tup = Max(Tsg, Tup.sp) 5.182
VsaAzTra = Vsa1Az1Tza1 + VsazAz2Tza2 + Vsa1A4z3T743 5.183
AHU Humidity Balance

VsaWua = VoaWoa + (Vsa — Voa) Wra 5.184
Wep satPoa = (Mratio + Wep,sat) Pws (Tep) 5.185
) Wep = Min(WMA,Vl/CDJSat) 5.186

VsaAzWra = Vsa1AziWza1 + Vsa2 A7 W34z
Vs AzsWyas 5.187

Zone 1
~ Vsa1Tsa1 = VepiTep + Viup1Tup 5.188
pCpVSAl(TSAl__ Tz41) + Ulel(TOA - TZAl) + Q51 =0 5.189
VsaiWsa1 = Vep1Wep + Vipi Wia 5.190
phngSAl(WSAl - WZAl_) +0,=0 5.191
_ Vsa1 = Vep1 + Viupa 5.192
Vsaimin = Vsar < Vsar,max 5.193
Vepy = 0 5.194
Vipy = 0 5.195
Zone 2

~ Vsa2Tsaz = Vep2Tep + VipaTup 5.196
pCpVSAZ(TSAZ__ Tza2) + UAz, (Toa — TZAZ) +0Qs2 =0 5197
VsazWsaz = VepaWep + Vip2Wia 5.198
phngSAE(WSAZ - WZAZ_) +0Q,2=0 5.199
_ Vsaz = Vepz + Vip2 5.200
Vsazmin < Vsaz = Vsaz max 5.201
Veps = 0 5.202
Vipy = 0 5.203

Figure 62 Continued
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subject to: Zone 3

_ VsazTsaz = VepsTep + VipaTup 5.204
PCpV5A3(T5A3_— Tza3) + Uflz3 (Toa — TZAS) + Qs3 =0 5.205
VsasWsaz = VepsWep + VipsWia 5.206
phngSAi(WSA3 - WZA3_) +Q,3=0 5.207
_ Vsaz = Veps + Vips 5.208
Vsasmin < Vsaz = Vsaz max 5.209
Veps = 0 5.210
Vups = 0 5.211

Zone Temperature Errors
Epgar =0 5.212
Erza1 2 Tza1,Heatingsp — Tza1 5213
Erza1 2 Tza1 — Tza1,coolingsp 5.214
Ergaz = 0 5.215
Erzaz 2 Tza2,Heatingsp — Tzaz 5.216
Erza2 2 T742 — Tz42,co0lingsp 5.217
Ergas =0 5.218
Erza3 2 Tza3 Heatingsp — Tz43 5.219
Erzas 2 Tzas — Tza3,coolingsp 5.220
Erzasum = Erza1 + Erzaz + Erza3 5.221

Energy Usage

7 3

EFan = EFan,Max <Vi> 5.222
_ _ SAMax
_ Erotat = Ergp t Epan
Qccs = pCpYSA(TSF — Tep) 5.223
Qcc = PhegVsa(Wya — Wep) 5.224
Qccrotar = Qcc,s t Qccyt 5.225
Quc = ppVsa(Tup — Tsr) 5.226
Costs

COStElectric = EFanaWattsToKwPriceElectric 5.227
Costcpw = Qccrotal@prurommpeuPricecny 5.228
_ Costyw = Qru,rotar@prurommpeuPriceyy 5.229
Costrorar = Costgiectric + Costepyw + Costyy 5.230

Figure 62 Continued

During a yearly simulation of the DDVAV system the cold deck and hot deck
temperatures stayed at their set points. Figure 63 shows cold deck and hot deck air flow
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rates for the perimeter zone. At low outside temperatures the system only performed
heating, at high temperatures the system only performed cooling, and at intermediate
temperatures the system performed heating and cooling to maintain the minimum zone
flow rate of 0.3 Cfif
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Total Flow
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Qutside Air Temperature (°F )

Figure 63 — Perimeter Zone DDV AV Air Flow Rates

Modeling Thermal Mass
A single node wall thermal mass model can be implemented in the DDVAV
model by adding equations 5.232 and 5.233 and replacing equation 5.189 of the model in
Figure with equation 5.234.

TwanTwau(©) = =4Twau () + 2Toa + 2Tza; 5.232

1 1)
TWall,Avg = gf TWall(t)dt 5.233
0

pCpVSAl(TSAl —Tza1) + mZ1,Winalow/Roof(TOA — Tza1)
+2UAz1 wan(Twaiavg — Tza1) + Qs1 = 0 5.234
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Figure 64 shows three days of simulation results for the dynamic DDVAV
model. During this period outside air temperatures peak at approximately 1:00 PM and
the wall temperature peaks at approximately 5:00 PM, which delays the effect of wall
heat conduction on the zone control response. This delay can be seen in the zone air
temperature plot. Dynamic wall temperatures are also plotted along with the average

wall temperature on each time step.

—Toa °F
-Tzal °F

—Twall (Dynamic) °F

Temperature (°F )
4y
(#)]

—Twall (Average) °F

52
10/3112AM 10/3112PM 11/112AM 11/112PM 11/2 12AM 11/2 12PM 11/3 12AM
Date

Figure 64 — Dynamic Wall Temperature for the DDVAV Model

Figure 65 shows monthly total energy costs for the DDVAV model with and
without single node wall dynamics using a time step of one hour. Incorporating wall
dynamics reduced the simulated total yearly energy costs by 3%, with hotter months
having the largest difference. A wall model with six nodes was also run, and its yearly

energy cost difference with the one node model was just 0.08%.
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Figure 65 — Monthly DDVAYV Energy Costs with and without Dynamics

Effect of Time Step Period Length

A building energy use model’s time step period length controls the resolution of
the part load conditions that it considers. For instance, the 15 minute time schedule of
Figure 66 considers 10 separate electric and people load levels while the 1 hour schedule
from Figure 40 considers 5. This improves the simulation’s accuracy while increasing

the simulation time in proportion to the number of time steps used.
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Figure 66 — Weekday Electric and People Load Schedules for a Time Step of 15
Minutes

Figure 67 shows monthly total energy costs for the non-dynamic DDVAYV model
with time steps of 1 minute, 1 hour, 4 hours, 8 hours, 12 hours, and 1 day. The 1 hour
time step results was almost identical to the 1 minute results, with 0.08% of a difference
in their yearly totals. As the time step grew the difference between 1 minute results
grew, with 1% for the 4 hour time step, 2% for the 8 hour time step, 7% for the 12 hour
time step, and 8% for the 1 day time step.
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Figure 67 — Monthly Energy Costs for Different Time Step Sizes for the Steady
State DDVAV Model

On each time step the outside air temperature and perimeter zone air temperature
are assumed to be constant while the wall temperature is allowed to vary over time. An
energy balance assures that energy transfer from or to the wall equals the energy lost or
gained in the zone. This means that dynamic wall temperatures on a time step follow an
exponential curve, as shown in Figure 32.

Figure 68 shows the dynamic wall temperature for the DDVAYV system with a
single wall node for three different time step periods over two days. Shorter time steps
result in smoother, more accurate curves than longer time steps. The exponentially
decaying nature of heat transfer can especially be seen with a time step of 6 hours.

However, despite these differences the total yearly energy cost with a 6 hour time step
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was only 1.4% different than using a 1 hour time step, and the total yearly cost with a 1
hour time step was only 0.06% different than using a 1 minute time step.
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Figure 68 — Dynamic DDVAV Wall Temperatures for Different Time Step Periods
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CHAPTER VI
AN AUTOMATED SOLUTION ALGORITHM

Computers use numerical algorithms to solve systems of algebraic equations,
systems of differential equations, and constrained optimizations. Solving these problems
in a robust and fast way involves manipulating the mathematics and choosing optimal
algorithms and algorithm settings. Handling this manually complicates HVAC modeling
processes by requiring that users be familiar with how many different numerical
algorithms work internally. An automated solution algorithm for converting models to
executable programs simplifies this process.

Overall Algorithm

The solution algorithm presented in this chapter performs a simulation by
manipulating the mathematics and compiling an executable program that’s tailored to
solve each individual problem. Differential-algebraic equation solvers such as
JModelica [74] can use the same approach. However, this algorithm is tailored for
steady state HVAC simulations with embedded dynamic models. Figure 69 shows the
solution algorithm’s breakdown. It first uses a preprocessing algorithm create a set of
solution steps for the model. After preprocessing the solution algorithm generates
source code for the overall solution algorithm, before finally compiling a digital linked
library, or DLL file for execution. Executing this program calculates the model outputs
and writes them to an Excel file.

99



Decomposition,
Presolving, and
Algorithm Selection

minimize:
(in order) F o
Source Compiled
subject to: x)<0
) 8 e e Code Program
h(x)=0 H

Code N
Generation Compiling

Model and Input
Settings

J(x,y@®),¥®) =0
Figure 69 — Automated Compilation Process

Input Models

An equation-based building energy model can be formulated as a set of nonlinear
lexicographic optimization problems with dynamics as in Figure 10. This model paired
with simulation start and stop dates, a time step period, time varying input data such as
weather conditions and loads, optional information on how to override default
preprocessing and numerical algorithm settings, and desired output variables gives
enough information to process a model and perform a simulation. Table 29 lists these

components.

Table 29 — Input Model Components
Component Description

Mathematical Model |An optimization problem in the form of Figure 10

Simulation Start Date | The inclusive date/time that a simulation starts

Simulation End Date | The exclusive date/time that a simulation ends

Time Step Period | A time step length that evenly divides the simulation period

Varying parameters on each time step, like weather conditions

Input Data and loads

User preferences for how models are processed and how

User Settings algorithms are run

Output Variables | The desired outputs of a simulation

100



The preprocessing algorithm described in this chapter cannot always decompose
a system when it’s beneficial to do so. For instance, humidity calculations can be
decoupled from temperature calculations in systems that control temperatures only, but
no algorithm that can detect that situation was discovered. Solving for temperatures and
flows first and then solving for humidity variables allows smaller subproblems to be
solved. This decomposition can increase the speed of calculations by allowing smaller
Mmatrices to be used, and calculations can be more robust since there’s fewer nonlinear
equations being solved simultaneously.

Manually created partitions in mathematical models allow for decompositions
that can’t be identified automatically. Figure 70 shows the SDCAYV system of Figure 15
with humidity calculations. The figure on the left shows the combined model while the

figure on the right shows the humidity calculations partitioned out.

Combined Partitioned
minimize: Eza minimize: Eza
subject to: Tva = XoaToa+ (1 — Xpa)Tz4 subject to: Tra = XoaToa + (1 — Xp)Tzs
Tsp = Tya + ATy Tsp = Tyg + AT
Tee = Min(Tse, Tec sp) Tec = Min(Tse, Tec sp)
QRH = pCpI?SA(TSA = Tee) QRH = pCpI?SA(TSA - Tee)
pepVsa(Tsa —Tza) + UA(Toa — Tza) +Qs = 0 pepVsa(Tsa —Tza) + UA(Toa — Tz4) + Qs = 0
Qry 2 0 Qg 2 0
Eza 2 Tza —Tzase Eza 2 Tza —Tzase
Eza=Tzasp —Tza Eza=Tzasp —Tza
Wec.sacPoa = (Mragio + Wee,sar ) Pvs(Tec)
Wya = XoaWoa + (1 — Xpa)Wza
Ve = Min(ua Wocsec) WecsutPos = (Mratio + Wee sat)Pus (Tec)
PhygVsaWsa = We) ¥ € = 0 Wya = XoaWoa + (1 — Xoa)Wza

Wee = Min(Waya Wee sat)
phngSA(WSA - Wza) + @L =0

Figure 70 — Partitioning a SDCAV Model into Smaller Subproblems

Model Preprocessing

Preprocessing a model simplifies its mathematics, eliminates calculable

variables, decomposes it into multiple subproblems, selects algorithms to use on each
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subproblem, and modifies subproblems so that they run robustly and quickly for the
selected algorithm. These operations make simulations run faster and more robustly for
the numerical algorithms used.

Figure 71 shows pseudo-code for the preprocessing algorithm. First, the user-
partitioned model is translated into subproblems. Next, a series of preprocessing
operations are applied to subproblems to convert a model to its final set of calculation
steps. Each preprocessing operation performs a specific task such as splitting
independent subproblems or solving linear equations. The preprocessing algorithm

terminates when no more operations can be applied.

Starting with the User-Entered Model
Start:
For Each Preprocessing Operation
For Each Subproblem
If Operation Applies to the Subproblem

{
Apply Operation to the Subproblem

Goto Start
}

Figure 71 — Preprocessing Algorithm Pseudocode

Subproblem Graphs

A subproblem graph represents all calculations to perform in a single time step of
a steady state building energy simulation, as shown in Figure 72. Each vertex of a
subproblem graph represents a subproblem to solve with a numerical algorithm. Edges
between vertices define the order that subproblems must be solved in. After a vertex is
calculated the variables it fixes can be used as inputs on child vertices. This gives
subproblem graphs directed and acyclic structure. The preprocessing algorithm
decomposes and simplifies problems by modifying subproblem graphs and the
subproblems stored in their vertices. When these modifications change the inputs or
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outputs of a vertex a topological sorting algorithm such as a depth-first search can be
used to order vertices so that subproblems are calculated in the right order.

The subproblem graph of Figure 72 shows five algebraic equations decomposed
into an optimal solution order. Variables in each subproblem are fixed after being
calculated on each time step, and these fixed variables serve as inputs to child vertex
subproblems. Solving the subproblems of Vertex 1, then Vertex 2, then Vertices 3 and 4

in either order gives the same results as solving all 5 equations simultaneously.

Subproblem Graph

Equations
a=5
a+b+c=2
a—b—-c=3
b+d=1
b+c—e=2

Vertex 3
b+d=1

Figure 72 — A Subproblem Graph for Algebraic Equations

Preprocessing Operations

Preprocessing operations are atomic operations that modify a subproblem graph
based on a detected scenario. For instance, the preprocessing operation of deleting a
vertex looks for vertices with subproblems that have no constraints or optimization
goals. It will only delete the vertex if it meets that criteria. Operations within the

preprocessing algorithm are ordered to look for trivial simplifications and
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decompositions first to make the final subproblems as small as possible. Later
operations process subproblems so that they’re solved efficiently on the particular
numerical solver used on them.

Table summarizes the operations performed by the preprocessing algorithm.
Each operation is described on a single row. The left-hand column describes the type of
subproblem or mathematical function that an operation applies to. When an operation
applies to an entire subproblem the equations and constraints appear in brackets. The
right-hand column describes the operations performed on a subproblem or function.
Operations are applied in the order given in Table in the preprocessing algorithm, and

the preprocessing algorithm terminates when an error is detected or no more operations

apply.

Table 30 — Preprocessing Operations

Applicable Subproblem or Function Operation Performed
fx,y) \ Unused Vertex Deletion
glx,y) <0 } e Delete the unused vertex from the
i h(x,y) =0 subproblem graph
a(y) < x < b(y))

e No solved variables are outputs or used
as inputs later in the simulation
e Can be an empty subproblem

fe)=0o0rf(c)<0 Trivial Constraint Removal
o A trivial equality or inequality with only * ;Ar\fe’zzeur;m; validity of the equality or
known constan'gi(l) e Add an error if the error is above some
e For example, e -1=0 epsilon

e Remove the equality or inequality from
the subproblem

f)=0o0rf(y)<0 Trivial Constant Processing

e Move the equality or equality to a new
vertex

o Assert that functions of input variables
hold during a simulation

e A trivial equality or inequality with input
variables that change on each time step
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Table 30 Continued

Applicable Subproblem or Function

Operation Performed

ax+b=0

e A linear equation with a single solved
variable

Constant Solving

e Delete the equation from the vertex
e Set x to a constant value for the entire

subproblem graph

Assert any constant bounds of x
Remove variable bounds of x to their
own new vertex for asserting during a
simulation

{P1,P2,...,Pn}

e A subproblem with multiple independent
partitions

Independent Problem Partitioning

e Move each independent subproblem to

their own vertex

fO)<x=<f)

e A solved variable with the same
minimum and maximum bounds
e f(y) isafunction of output variables

Removing Forced Bounds
Create a vertex with the equation x =

f

e x becomes an input variable on the

original vertex

Delete the bounds for x on the original
vertex

Reformulate bounds for x on other
vertices

fOx+g@y)=0

e An algebraic linear equation with a
single solved variable

e Coefficients can be functions of y

e The vertex contains more than one
function

Univariate Linear Equality Solving

o Create a new vertex with the equation

IC))
f)

Delete the equation from the original

vertex

Reformulate any bounds on x

Delete the bounds for x on the original

vertex

Reformulate bounds for x on other

vertices
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Table 30 Continued

Applicable Subproblem or Function

Operation Performed

fOx1+gOx,+h(y) =0

e A Dbivariate linear equation

e Equation is linear in terms of x; and x,

e f(y) isnot zero

e The x, coefficient must be constant
(nonzero), positive definite, or negative
definite if bounds exist (use the variable
with constant bounds)

Bivariate Linear Equality Solving
Create a new vertex with the equation
9 h(y)

BETEF T )

e Replace x; on all vertex equations
e Remove x; from the list of solved

variables
Update bounds of x, taking the bounds
of x; into account

fOx+g(y) <0

e An inequality with one solved variable

e g(y) is constant or a function of input
variables

e fM#0

e f(y) is positive semidefinite or negative
semidefinite for all possible input values

Linear Inequality Reformulating

e Reformulate as a bound on x on the

vertex

fx,y) <0
e A general inequality

General Inequality Reformulating
Reformulate the inequality with a slack
variable and a bound on the vertex

f(x,y)—z=0
z<0

dXgqyn
dt
e A vertex containing a linear system of
differential equations
® Xqyn are dynamic variables
® Xgayg are averaged variables

e f(y) is alinear or nonlinear function of
output variables

= Axdyn + Bxavg + ()

Linear ODE Solving
Delete the differential equations

e Add equations for the averages of the

dynamic variables over a time step

X = f(xother' y)

e An algebraic equation

e One solved variable is solvable in terms
of other solved variables

e x does not have any bounds

e x is not in any inequalities

General Algebraic Decomposition
Place the equation to a new vertex

¢ Replace x with the function in the

current subproblem
Remove x variable from the vertex
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Table 30 Continued

Applicable Subproblem or Function

Operation Performed

fx,y)
J glx,y) <0 l
h(x,y) =0
ka(y) <x< b(y)}
An unscaled optimization or algebraic
problem that must use a numerical solver

Optimization and Algebraic Problem
Scaling

Scale the solved variables so they lie
between -1 and 1
Add new variables for the scaled
variables
Add vertices to solve for the unscaled
variables

fx,y)
i gx,y)<0 }
h(x,y) =0
a(y) <x < b))

A constrained optimization with
multiple, lexicographic objectives

Lexicographic Decomposition
Perform lexicographic decomposition to
separate the subproblem into one stage
for each objective.

This process is shown in Figure 11.

fxy)
J gxy) <0 l
h(x,y) =0
ka(y) <x< b(y))
A constrained optimization with a single
objective

Optimization Function Scaling
Scale the optimized functions so they
typically lie between -1 and 1

Any expression with a Min, Max, or
Abs function in it

On a vertex of an unscaled optimization
or algebraic problem that must use a
numerical solver

Equation Smoother
Smooth discontinuous expressions
Replace Max, Min, and Absolute Value
functions with smooth versions described
in Appendix B

h(x)=0

A system of algebraic equations with no
input variables

Algebraic Presolving

e Solve the system of equations
e Set the solved variables as constants

throughout the subproblem graph
Delete the vertex

fx)
gix) <0
h(x)=0
a<x<bh
A constrained optimization with a single
objective and no input variables

Optimization Presolving
Solve the constrained optimization
Set the solved variables as constants
throughout the subproblem graph

e Delete the vertex
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Basic Subproblem Graph Operations

Preprocessing operations make use of a few basic operations that change a
subproblem graph’s structure. Figure 73 shows these basic graph operations. Modifying
a subproblem involves making changes to the equations, constraints, objective functions,
or variables in a vertex’s subproblem. Vertices can be added to split up subproblems or
deleted if a step isn’t required. For instance, a vertex with two equations with
independent variables can split into two vertices with one equation each. If one of those
equations isn’t used that vertex can be deleted. Reordering vertices ensures that edges

describe a valid solution order as vertex modifications are made.

Vertex 1 Vertex1
a?=0 a=0
Modifying a Subproblem @ @ @
.E Adding a Vertex

Reordering Vertices Deleting a Vertex

Figure 73 — Basic Subproblem Graph Operations
Code Generation, Compilation, and Execution

After preprocessing, a model the automated solution algorithm generates
customized source code for the model and compiles it for execution. This allows low
level optimizations to be written into the source code, and third-party numerical libraries
or programs can be linked as well. Next this source code is compiled into an executable
program. Finally, the program is executed, running the simulation and creating outputs

for the model.
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CHAPTER VII
SOLVER PROGRAM IMPLEMENTATION

A prototype solver named Beryl was developed to provide an upper bound on the
efficiency and robustness building energy models based on constrained optimization.
with lexicographic goals and integrated dynamics. Beryl allows models to be entered
and simulated from a text format and returns outputs in an Excel format or displayed as a
chart window. This chapter discusses the internal structure of the program, while
Appendix E describes its input file format and how to run models.

Beryl was primarily written in C# in Visual Studio 2017. Linear algebra
calculations were performed using Intel’s MKL library [75] and compiled using Intel
Parallel Studio XE. The C# language, Visual Studio development environment, and
plugin extensions such as ReSharper were useful in maintaining the code base, which
consists of over 2,000 pages of code. However, most algebraic and constrained
optimization algorithms are centered around intensive linear algebra calculations.

During testing Beryl successfully simulated the models given in Chapter V, with
models taking between 0.5 and 5.0 seconds to perform a yearly calculation with hourly
time steps. Using sensitivity analysis to predict the solution of one time step from the
previous time step’s result allowed the constrained optimization algorithm to converge in
as little as 7 iterations per time step. All models successfully executed on the solver’s
default settings, which solves the Karush-Kuhn-Tucker conditions of models to a
relative error of 10°°,

Program Structure

Figure 69 shows the process used by Beryl in performing a simulation. First,
models are decomposed and simplified using the automated solution algorithm from
Chapter VI. Next, C# source code is generated for the model and linked to external
numerical solvers. Finally, the source code is executed and output Excel files are written

and charts are displayed.
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Beryl’s source code consists of eight major modules, listed in Table 31. Users
interact with the user interface, where models can be created and run from text files.
The simulation manager coordinates the overall simulation process, from parsing an
input text file to compiling a program for a model. The simulation manager itself uses
the text input parser, model preprocessor, the code generation library, and the
compilation module for this process. All of these modules use a custom computer
algebra library for representing mathematical expressions. Also, custom numerical
algorithms are used during model preprocessing and in the executable programs

generated to simulate a model. Figure 74 shows the relationship between these different

modules.
Table 31 — Major Modules of Beryl
Module Function
User Interface Allows users to create and run simulations
Simulation Manager Coordinates the overall simulation process
Text Input Parser Parses text input files to input models
Model Preprocessor Simplifies and reformulates a model for numerical solvers

Code Generation Library |Generating customized source code for a model

Compilation Module Compiles source code into an executable .dll

Computer Algebra Library | Parsing and modifying mathematical expressions

Numerical Algorithms Solves model subproblems during a simulation
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User

Interface
Computer
Algebra Library
(Used by All
except Numerical
Numerical Simulation Algorithms)
Algorithms Manager
Code
Text Input Model . Compilation
Generation
Parser Preprocessor . Module
Library

Figure 74 — Usage Relationships between Beryl’s Modules

User Interface

Beryl’s user interface allows users to create, modify and run building energy
models. Figure 75 shows a screen shot of the user interface. This window contains a
code editor and controls to open and close files, select working directories, and run
simulations. Details of constructing models and running simulations are discussed in

Appendix E.
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B Beryl 1.0 Beta - C:\Medels\SDCAV\SDCAV brl - [m] x

D/ b4 B By X CiModels\SDCAY
1 Hsetup
201
3 // Setup
4 startdate "1/1/20807 12:00 AM"
5 enddate "1/1/2008 12:80 AM"
6 timestep "1:0:0"
8 // Input Sources
9 input weather, "root\Houston2@@7Weather.csv"
108
11 // Outputs
12 chart Tzal, Tza2, Tza3
13 chart Rhma, Rhzl, Rhz2, Rhz3, Rhra
14
15 // Options
16 option SmoothExpressions = false
17 option SmoothExpressions.SmoothingFunction = Sqrt
18 option SmoothExpressions.Epsilon = 1E-12
19 // - IPNLP
20 option IPNLP.MaxAttempts = 10
21 option IPNLP.MaxIterations = 400
22 option IPNLP.EpsilonTolerance = 1E-9
23 option IPNLP.MuInitial = ©.1
24 option IPNLP.KappaMu = 8.2 // (8, [©.2], 1)
25 option IPNLP.ThetaMu = 1.5 // (1, [1.5], 2)
26 option IPNLP.ScaleOptimizationVariables = true
27 option IPNLP.ScaleOptimizationFunctions = true
28
29 // scales
38 scale deltaTScale => [@, 4]
31 scale temperatureScale => [38, 100]
32 scale humidityRatioScale => [@, ©.81]

scale cfmNormalizedScale => [@, 1.4]
scale brakeHorsepowerScale => [0, ©.083]

problem
{

Figure 75 — A Screenshot of Beryl’s User Interface

Simulation Manager

The simulation manager controls the process of parsing, simplifying, and running
a simulation. It interfaces the various code modules that perform each of these tasks and
returns an error message if calculations fail. Having this module independent allows

simulations to be executed from other interfaces besides the current user interface.

Text Input Parser

The text input parser validates text inputs from the Ul and parses them into an
internal model structure. Errors found in a model are displayed to the user through the
user interface, as seen in Figure 76. 1f a model is valid it can be simulated, and to
simulate a model the internal model structure created by the text input parser is sent to
the model preprocessor, which implements the decomposition and simplification

algorithm from Chapter VI.
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// Calculated Building Parameters

// - floor, window, and wall areas

double AFloorTotal, ft2

double AlWallTotal, ft?

double AWindow, ft2

double AWall, ft?

constraint AFloorTot = AFloorl + AFloor2 + AFloor3

constl i not defined @1 = 2%(WBuilding + LBuilding)*HBuilding
constieazrrcAwzroow—= ©.81*AlWallTotal*Pctlindow

constraint AWall = AWallTotal - AWindow

Figure 76 — An Error Message for an Undefined Variable in Beryl

Model Preprocessor

The model preprocessor module implements the preprocessing algorithm from
Chapter VI. This simplifies a model, eliminates unneeded variables, splits the model
into a sequence of subproblems, and selects the numerical solver to use on each
subproblem. A sequence of steps from this process serves as the algorithm used to
simulate one time step of a specific model. After preprocessing this sequence is used to
generate an executable program in C# to simulate a model.

The automated solution process assigns a numerical solver for each subproblem
in a model after they can no longer be decomposed into simpler calculations.
Lexicographic optimizations are decomposed earlier in preprocessing so at the numerical
solver selection stage only problems with one or zero objective functions remain. The
executable .dll that Beryl generates for a model links to external numerical solvers and

generates the required source code for its calculations.

Code Generation Library

A code generation library was created for generating source code that’s
customized for individual problems in a way that’s readable and avoids naming
conflicts. The code generation library allows abstract syntax trees [76] that represent the
calculations performed in a program to be built up. It does this using C# statements that

are structured in the same way as the code they generate for easy debugging. For
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example, the C# code of Figure 77 can be used to generate code that multiplies two
matrices stored as two dimensional arrays. The code generation library generates C#

source code, but it can be extended other programming languages like C++ and Fortran.

For (order, i, new|[]

{
For (order, j, new[]
{
x.Declare(9.9),
For(order, k,
x.AddTo(arrayl[i, k]*array2[k, j1)),
result[i, j].SetTo(x)
)
})
Figure 77 — Code to Generate an Abstract Syntax Tree to Multiply Two 2D

Matrices

The abstract syntax trees used by the code generation library represents C# code
elements such as classes, variables, and loops in a tree data structure. For example, the
top of Figure 78 shows generation library code for a for loop that adds one array to
another element by element. This generates the abstract syntax tree shown in the
middle, with nodes of the graph representing parts of the C# language structure. This
keeps track of which variables are used where so that any naming conflicts can be
resolved by renaming variables. The code at the bottom of Figure 78 shows what the

abstract syntax tree generates when no naming conflicts exist.
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For(arrayLength, i, array[i].AddTo(toAdd[i]))
Source Code to Generate a For Loop

Integer Variable
name: arrayLength Double Array Cell \ Double Array
Array: mem— name: array
For Loop Index
Iterator:
Number of Iterations: ;
Code to Execute: -~ — Integnzrm\ﬁri\able

\ Add to Doubl
To Add To:

To Add:

° Double Array Cel
Array:
Index

Abstract Syntax Tree to Represent the For Loop

Double Array
name: toAdd

b\

for (int i = 0; i < arraylLength; i++)
array[i] += toAdd[i];

Generated Code from the Abstract Syntax Tree

Figure 78 — Code Generation Library of a For Loop, It’s Abstract Syntax Tree, and
the Generated Code Output

Numerical Algorithms

Beryl uses custom written numerical solvers to solve four fundamental types of
subproblems: solvable variables, systems of algebraic equations, unconstrained
optimizations, and constrained optimizations. Table 32 lists information on these
problems and the numerical algorithms used to solve them. If a solver fails on a time
step or an infeasible constrained optimization is detected variables for the entire time
step are set to not a number (NaN). If a dynamic simulation is being performed this ends

the simulation since no initial conditions can be calculated for the next time step.
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Table 32 — Numerical Algorithms Implemented in the Beryl

Sub_lng’lgglem Applicable Subproblems Numerical Algorithm
x=f(y) e Asingle line of code that
sets x to f(y)
Solvable ¢ Asingle equation. e No iterations are required.
Variable e x is solved.
e y variables are previously calculated
variables or inputs.
fx,y)=0 e Use Newton’s Method
with the Levenberg-
System of e One or more linear or nonlinear Marquardt algorithm
. equations. e Named ALM (Algebraic
Equations

x variables are solved.
y variables are previously calculated
variables or inputs.

Levenberg-Marquardt)

Unconstrained
Optimization

minimize:| f(x,y)

Minimizes a single function.

No constraints.

x variables are solved.

y variables are previously calculated
variables or inputs.

Use a quasi-Newton’s
method based on the
BFGS algorithm

Constrained
Optimization

minimize: f(x,y)

subject to: h(x,y)=0
a(y) <x < b(y)

Minimizes a single function subject
to constraints.

x variables are solved.

y variables are previously calculated
variables or inputs.

Minimum and maximum bounds.
a(y) and b(y) are can be a function
of the problem’s inputs.

Use IPNLP, an interior
point algorithm based on
IPOPT
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Nonlinear Algebraic Equation Solver

Systems of algebraic equations in Beryl are solved using the Levenberg-
Marquardt algorithm [77]. This finds a search direction vector § using 7.1. This
equation uses the current function errors f(x,y) and Jacobian matrix J(x, y) from 7.2 at
the current estimated output x and input parameter vector y, as well as a damping
parameter A. The damping parameter is adjusted during a calculation to switch between
a Gauss-Newton approach and a gradient descent approach. Cholesky factorizations are

used to factor the matrix on the left-hand side of 7.1 when solving for &.

UTJ + A diag(™N)6 = —J7f 71
[dfl(x'y) M]
I(x,y)=[df xy —df(x'y)]=| dicl djscn I 7.2
G T dn Gy R
dx, dxy

Nonlinear Unconstrained Optimization Solver

Unconstrained optimizations minimize the function f(x, y), where the x vector
contains variables to optimize and the y vector contains input parameters that can
change from time step to time step. Newton’s method solves unconstrained
optimizations by finding the solution to the system of equations in equation 7.3 [77]. It
uses the first and second derivatives of f(x,y) to calculate a search direction é for a
time step. The second derivative of f(x,y) is known as the Hessian matrix. The

Hessian matrix has the symbol H(x, y) and its structure is shown in equation 7.4.

H(x,y)6 = —-Vf(x,y) 7.3
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0% f(xy) 0*f(xy)  9*f(x,¥)]
dx2? 0x,0x, 0x,0x,
*fxy) *f(xy)  9*f(xy)
H(x,y) = 9x,0x, 0x2 0x,0x, 7.4
*f(xy) 0*f(xy)  2*f(xy)
| 0x,0x; 0x,0x, 0x2

Beryl solves unconstrained optimizations using the Broyden-Fletcher-Goldfarb-
Shanno (BFGS) algorithm [77]. This algorithm iteratively updates an estimate of the
inverse of the Hessian matrix B~ to avoid the need for matrix factorizations. The
algorithm starts with B~ equal to the identity matrix. On each iteration k a line search
algorithm is used to find a step size s;. This step size and the change in gradient y;, =
Vf(yr+1) — Vf(y,) are used to update the estimate of the inverse Hessian without any
need for temporary matrices. Equation 7.5 shows the inverse Hessian update. This
solver is entirely generated with no calls made to external libraries to demonstrate how

solvers can be customized to specific problems.

(ki + YiBi'yi) (sisp) B Bi'yisi + s, yiBi*

7.5
(SEJ’k)Z S£3’k

Bii1 =By +

Nonlinear Programming Solver

A constrained optimization solver was written in C# to solve single objective
optimization problems with parametric equations and bounds. This solver, named
IPNLP (Interior Point Non-Linear Program Solver), uses the same interior point
algorithm as IPOPT [41] but is structured for the small, parametric models that occur in
simplified building energy simulation models. For instance, it uses dense matrices and
allocates arrays once at the beginning of a simulation since the variables that use bounds
do not change. It also uses first and second derivative information at the end of a time

step and the change in input parameters to initialize the next time step’s calculations.
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IPNLP uses array calculations based on BLAS (Basic Linear Algebra
Subproblems) and dense matrix calculations based on LAPACK (Linear Algebra
PACKage). These two libraries provide a standard way for performing array and linear
algebra calculations [78]. They were compiled using Intel’s Parallel Studio plugin to
Microsoft’s Visual Studio [75]. Parallel Studio includes an implementation of Intel’s
MKL Library (Math Kernel Library) which implements and compiles BLAS and
LAPACK calls optimized for Intel processors.

Dense matrices can be factored more quickly than sparse matrices for low matrix
orders. Figure 79 shows the results of a MATLAB calculation that demonstrates the
relative speed of the two approaches. This calculation factored symmetric band matrices
with random coefficients using a Block LDL factorization for different matrix orders.
This matrix structure is often encountered in HVAC simulations. Below a matrix
dimension of 64 dense matrices factored faster than sparse matrices. However,
limitations in the precision of MATLAB’s timing functions effect accuracy below an
order of 28.
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Figure 79 — Sparse vs. Dense Matrix Factorization Speed

In a building energy simulation, parameters such as outside air conditions and
loads vary from time step to time step. Sensitivity analysis [42] uses matrix
factorizations on a previous simulation time step to estimate the solution on next time
step. Initializing a constrained optimization calculation this way reduces the number of
iterations required to solve the problem and can result in more robust solutions.

Appendix D gives the derivation for the sensitivity analysis equations used.
These equations were derived to handle parametric upper and lower bounds on variables.
The parametric solver sSIPOPT cannot take parametric bounds into account directly since
it was built using the constraints of the IPOPT solver. Parametric bounds can occur in
HVAC simulation problems such as when minimum supply air flow rates are on a time

schedule.
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Compilation

After generating C# source code for a model, the compilation module compiles it
into an executable .dll. This uses Microsoft’s Roslyn compiler, which allows C#
programs to be compiled within other C# programs. Roslyn is part of the .NET
framework, so Beryl doesn’t need any external libraries to compile and execute
generated C# source code. Since Roslyn is the default C# compiler for Visual Studio
2017, programs compiled with it perform the same as programs compiled in Visual
Studio itself.

Computer Algebra Library

Computer algebra systems allow symbolic mathematical operations to be
performed and on computers. A computer algebra library was implemented in C# to
parse, manipulate, differentiate, and simplify mathematical expressions. All modules
except for the numerical algorithms make use of this library.

Expression Trees

The computer algebra library represents mathematical expressions using
expression tree data structures, as seen in Figure 80. In expression trees operators serve
as internal nodes and constants or variables serve as leaf nodes. Evaluating an
expression tree involves fixing variables to constant values and performing a traversal

that evaluates subtrees from the children up to the root.
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Figure 80 — A Linear Function Represented with an Expression Tree

Algebraic Simplification

Automatic simplification of algebraic expressions involves applying
simplification rules to remove extraneous symbols from expressions and transform them
into a standard form. The computer algebra library implements the algebraic
simplification algorithm from [79]. This algorithm recursively applies transformations
to an algebraic expression tree to transform it to a more compact form. Automatic
simplification is used during preprocessing so that expressions don’t grow to an
unnecessary length. Also, constants in expression trees are stored as rational numbers
with an infinite precision so no precision is lost during the simplification process.

Edge cases exist where the rules of auto-simplification can produce different
results for equivalent expressions. For instance, equation 7.6 shows zero raised to the
power of one, which simplifies to zero. However, in equation 7.7 zero raised to the
same power simplifies to undefined since the simplification algorithm can’t simplify the
trigonometric part of the expression. Cases such as this are an inherent part of computer
algebra systems and can require users to understand computer algebra on a deeper level

to ensure that algebraic expressions are processed correctly.
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0l - 0 7.6
02—sin2(x)—6052(x) — Undefined 7.7

Built-In Functions

The computer algebra library includes two special functions and their first and
second derivatives for use in HYAC modeling and optimization problems. First, B, .(T)
gives water saturation pressures in psia are given as a function of temperature in °F.
Appendix B gives the formulas used in this equation. Also, for smoothing discontinuous
functions the library implements the gamma function from Bertsekas [58, 80].

Appendix A discusses this function in more detail.

Running a Simulation

When a user runs a simulation from the user interface the process of parsing an
input, preprocessing a model, compiling the model’s source code, executing a model,
and showing the model’s outputs is shown in Beryl’s Project Runner Window. Figure
81 shows this window. In this window information is given for each of the five
execution stages. When a model executes successfully green check marks show up for
first three stages, and the Running Simulation stage shows a simulation’s progress, failed
iterations, and expected runtime. After a simulation completes output Excel files and
charts are written and opened. Iterations that fail due to algorithms not converging

appear as blank rows in the output Excel file.
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Project Runner n

Task Progress/Info
Input Validation d
|\."iew Presolve Graph5|
Generating Source Code l‘)
Compiling Source Code 1\)

Run Time: 3.54 (=)

lteration 593778760
#Failed 0, 0.00% (sa far)
Expected Time: 5.23

Running Simulation

Writing Qutputs

Cancel

Figure 81 — The Project Runner Window

If an execution stage fails information can be displayed on why this happened. If
input validation, source code generation, or source code compilation fails a list of errors
can be displayed. Uncaught exceptions can also be viewed. This allows Beryl to be
more easily debugged.

Clicking “View Presolve Graphs” in the Project Runner Window displays the
Presolve Graph Window, shown in Figure 82. This window displays time inputs,
constants, and the compilation graph after each action performed by the presolving
algorithm from Chapter VI. Connections between vertices give the dependence between
displayed subproblems. This allows for the preprocessing process to be examined more

closely.
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7 Presolve Graphs - o X
Layout Type | Tree || 69: AlgebraicPresolver: Presalve algebraic system with no y inputs => VsaMaxCurr = 1.506260837974

Time Inputs
Toa, Toadp, XLAndP, XPeople

Constants

L Ll Ll 20-6.45393950089386, a0Bar=1,
a1=0.349730580002229, a1Bar=03414,
2=0.175982372221045, a2Bar=00476,
a3=-0.721981804745374, a3Bar=-1.3969,
AR00f1=8000, ARaof2=3200, ARoof3=1600,
AWall=4320, AWallTotal=7200,
AWindow=2880, Az=12800, Az1=8000,
Az2=3200, Az3=1600,
b0=0.000430618835674868, bOBar=0.263,
b1=0.001045000180254, b1Bar=14807,
b2=4.44134141811665E-06, b2Bar=0.0146,
b3=-9.72264602483909E-05, b3Bar=-0.7415,
BhpFanDesign=0.0016588,
BhpFanDesignBar=1.0131103515625,
BtuToMmbtu=1E-06, CimToKCfm=0.001,
CpWall=0.2, CWall=15.84, delta=1,
ELANdPMax1=1.3, ELANdPMax2=13,
ELAndPMax3=2, HBuilding=15,
ApFanDesign=0.001885,
HpFanDesignNormalized=1.3,
HpToBtuPerHour=4575,694342,
HpToKw=1.34102, HpToWatts=1341.02,
KWall=0.42, KwToBtuPerHour=3412.1,
KwToWatts=1000. LBuilding=160,
Wall=0.66, Lz2=80, Lz3=40,
S E—— E—_—_— E_———— P N N N 0, i, S """ . Em—m" es—m" MRatio=0.621945, OccMax1=150,

T . ] = e = o= = OccMax2=150, OccMax3=80.

Figure 82 — Presolve Graph Window

Clicking “View Source Code” in the Project Runner Window creates and
displays a text file of the source code that was generated to simulate a model. If source
code was generated with errors the compiler generated error messages are displayed
above the line where the error was detected. Clicking “Create Solution” in the Project
Runner Window generates a Visual Studio solution with the generated source code and a
console app that calls the generated source code with the same inputs as the Beryl model
that was ran. This was used to debug generated code by viewing its calculations line by
line.

Model outputs from each time step can be displayed in an output Excel file or a
chart. Excel outputs can be raw data from each time step or an hourly, daily, monthly, or
yearly summation can be performed. For dynamic simulations the instantaneous values
of dynamic variables at different points in a time step can be outputted, as seen in the
dynamic wall temperature of Figure 64. Figure 83 shows an example of a chart window
where three zone air temperatures are plotted against the outside air temperature.
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Figure 83 — An Output Chart Window in Beryl

Validation and Unit Testing

Unit tests are executable pieces of code written to automatically test the
correctness of other code modules [81]. Unit tests allow more in-depth testing of code
than manual tests because of their speed. For instance, in a unit test for the computer
algebra library 50,000 algebraic expressions were randomly generated and tested to
ensure that converting expressions to strings works correctly. This type of testing helps
catch edge cases that a programmer might not realize exist when designing manual tests.
Unit tests can be performed regularly to flag source code changes that break previously
working implementations. This helps uncover bugs that were introduced during
refactoring, maintenance, and when making minor changes.

Unit tests make up over 6,300 lines of Beryl’s source code, which is
approximately 20% of the code base. Unit tests were created at several levels of
resolution to validate functions, classes, projects, and the overall program execution.
Debugging modules from the bottom up was critical to getting the program working by
helping to ensure that bugs were uncovered while modules were being created and

before integrating them together.

126



Performance

Calculation speed and robustness limit the practical applications where models
can be used. This is due to limits on computer resources and the limited amount of work
time that modelers have. These limitations are made worse by the need for multiple
model runs to calibrate or optimize a model. Beryl was able to simulate a single AHU
model from Chapter V for an entire year using hourly time steps in approximately 0.5 to
5.0 seconds. The following analysis uses this baseline to make projections for the speed
of larger and more complex models, including cases where additional model features can
be added at little or no cost.

Limiting Factors in Calculation Speed

Beryl’s numerical solvers for algebraic, unconstrained optimization, and
constrained optimization problems are all based on linear algebra. The main bottlenecks
of these solvers are linear algebra factorization, linear algebra solving, and function and
gradient evaluations. In a CPU usage profile of a typical SDVAV simulation Beryl
spent approximately 60% of its computational effort in linear algebra and approximately
20% of its effort in function evaluations.

Time wise, building energy use simulations in Beryl primarily use the
constrained optimization solver IPNLP. Internally, IPNLP factors and solves square
symmetric indefinite matrices known as KKT matrices [82]. KKT matrices have a
dimension of n + m, where n is the number of variables and m is the number of equality
constraints. Internally they have a 2 x 2 block structure, as shown in 7.8. The upper
left submatrix H is symmetric with a dimension of n x n, and the lower right-hand

submatrix C has a diagonal structure with a dimension of m x m.

i %] 78

The number of operations to factor a KKT matrix is proportional to (n + m)3,

and the number of operations to solve a system of linear equations using a factored KKT
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matrix is (n + m)? [75]. Factoring algorithms that take advantage of symmetry can use
fewer floating point operations than matrix algorithms that don’t, but the number of
floating point operations required is still proportional to (n + m)3. Interior point
algorithms tend to solve convex optimizations in the same number of iterations
regardless of problem size [83]. This was found to be true for building energy
simulations as well, so as the number of variables and equality constraints in a problem
grows the inefficiency matrix factorization can eventually be expected to dominate the
computational effort. Beryl’s other numerical solvers are dominated by matrix
factorization in the same way. However, their matrices scale with n alone instead of n +
m.

Table 33 lists several model additions and their effect on a model’s runtime.
Adding variables and equations that don’t increase the size of the KKT matrix used in
the interior point algorithm don’t increase the runtime at a polynomial rate. Because of
this, adding a variable and equation that can be calculated from outputs of an interior
point model or adding dynamics in the form of linear differential equations with a
constant A matrix can be performed at the cost of calculating a single function. Adding
an inequality to a problem or a zone model typically increases the KKT matrix size
though due to slack variables that are added or equations that aren’t decomposable.
Adding a lexicographic objective creates an additional optimization that has to be
performed, so the runtime is increased proportionally assuming that the complexity of all
optimizations are the same. Similarly, adjusting the time step size proportionally scales
the time required to perform a simulation. Simulating a building as a whole by coupling
multiple air handlers together has the largest effect of these modifications. This is due to
how matrix factorization has a cubic dependence, how combining multiple air handlers
multiplies the KKT matrix’s size, and how problems at this scale can’t take advantage of

using dense matrices in their calculations.
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Table 33 — Effect of Model Additions on Runtime

Feature Typical Effect on Runtime

Adding a linear equation and 1 variable KKT matrix stays the same

Adding a decomposable nonlinear equation

and 1 variable KKT matrix stays the same

Adding dynamics in the form x = Ax + b(y) KKT matrix stays the same

Increases the KKT matrix dimension by

Adding an inequality up to 2

Adding a zone Increases KKT matrix size

Runtime scales linearly with the

Adding a lexicographic objective number of objectives

Adjusting time step size Linearly scales the simulation time
Doubles the KKT matrix size,
Coupling AHUs increasing matrix factorization

operations by a factor of 8

Measured Performance

The runtime performance of the models presented in Chapter 5 were analyzed to
determine the main factors effecting performance. These results were then extrapolated
to determine the limits of where constrained optimization based building energy
simulation can be performed. All simulations were performed on a desktop computer
Intel Core i7-3770 CPU at 3.40 GHz with 6 GB of RAM. All model variables that
change from time step to time step were calculated as outputs over the course of a year
using hourly time steps, and calculations took place on a single thread. When running
the same model multiple times runtimes were found to vary approximately 1%.

Table 34 gives the runtimes of the models from Chapter V where the output
equations of each model was placed in a single initial partition. The decomposition
algorithm from Chapter VI reduced the constrained problems down to the dimension
shown. Default user options for all algorithms were used, which are given in Appendix
E.
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The SDCAYV system ran the fastest due to its smaller problem size, more linear
structure and the way that having one lexicographic objective means that only one
constrained optimization needs to be performed on each time step. The SDVAYV system
ran slowest due to it requiring larger matrix factorizations, having to perform three
constrained optimizations per time step, and its more complex nonlinear structure due to
static pressure modeling. The DDVAYV system ran faster than the SDVAYV system even
though it requires factoring the largest matrices and uses three constrained optimizations
per time step because of its simpler equation structure.

Table 34 — Full Model Runtimes

Nl_meer Of. Reduced Matrix Sizes for Each _Yearly
Lexicographic o Simulation
Model Y Objective .
Objectives (n+m) Runtime
(@) (seconds)
SDCAV 1 16 (11 +5) 0.38
SDVAV 3 39 (24 + 15), 40 (24 + 16), 35 (21 + 14) 4.84
DDVAV 3 51 (30 + 21), 52 (30 + 22), 53 (30 + 23) 4.54

Beryl models can be manually partitioned to take advantage of decompositions
that the simplification algorithm in Chapter VI can’t detect. To test the effectiveness of
this, Temperature and humidity calculations were manually decoupled in the models
from Table 34. Table 35 shows the reduced constrained optimization matrix sizes and
runtimes after making this simplification. Compared to the models that start in a single
partition, the partitioned models ran approximately 30% to 40% faster and used matrices

that were approximately 20% to 30% smaller.
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Table 35 — Partitioned Temperature and Humidity Model Runtimes

NL_meer Of. Reduced Matrix Sizes for Each .Yearly
Lexicographic o= Simulation
Model Y Objective .
Objectives (n+m) Runtime
(@) (seconds)
SDCAV 1 12 (9 +3) 0.26
SDVAV 3 29 (19 + 10), 30 (19 + 11), 27 (17 + 10) 2.86
DDVAV 3 35 (22 + 13), 36 (22 + 14), 37 (22 + 15) 2.97

Adding dynamics based on linear differential equations with a constant A matrix
to a model has a minor impact on the model’s runtime. This is due to how the
decomposition algorithm solves the equations for their average values over a time step
and can remove the resulting linear equations. To demonstrate this, the single-partition
models for each system type were simulated with a six-node dynamic wall model instead
of using a constant R-value. As a result, the SDCAV and SDVAYV systems ran
approximately 25% slower due to more iterations being required time step, while the

DDVAV system ran in approximately the same time.

Table 36 — Full Model Runtimes with Six Node Wall Dynamic Model

Nt_meer Of. Reduced Matrix Sizes for Each .Yearly
Lexicographic o Simulation
Model 9 Objective .
Objectives (n+m) Runtime
(q) (seconds)
SDCAV 1 16 (11 +5) 0.49
SDVAV 3 39 (24 + 15), 40 (24 + 16), 35 (21 + 14) 6.06
DDVAV 3 51 (30 + 21), 52 (30 + 22), 53 (30 + 23) 451

Sensitivity analysis for constrained optimization plays a large role in reducing the
runtime of a model by choosing better starting conditions. This results in fewer
iterations being required to solve constrained optimizations. Table 37 shows runtimes of
the full model without sensitivity analysis. The amount of slowdown from not using

sensitivity analysis was relative to the complexity of the model. The SDCAV model was
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slower by a factor of 2.7 while the SDVAV and DDVAV models were slower by factors
of 26 and 16.

Table 37 — Full Model Runtimes without Sensitivity Analysis

NL_meer Of. Reduced Matrix Sizes for Each .Yearly
Lexicographic S Simulation
Model Y Objective .
Objectives (n+m) Runtime
(@) (seconds)
SDCAV 1 16 (11 + 5) 1.02
SDVAV 3 39 (24 + 15), 40 (24 + 16), 35 (21 + 14) 124.52
DDVAV 3 51 (30 + 21), 52 (30 + 22), 53 (30 + 23) 71.55
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CHAPTER VI
CONCLUSIONS AND FUTURE RESEARCH

Future building energy simulation tools must deal with the increasing complexity
of buildings and their systems. Equation-based modeling aids this by separating the
domains of modeling and solving and allowing for modular approaches. Extending the
math that an equation-based modeling tool can process offers a way to model multiple
domains in the same environment. This thesis presented a way to model steady state
building energy usage using an equation-based approach, an extended the approach to
model wall dynamics, and a solver to investigate the practicality of this approach.

Conclusions

Constrained optimization allows building energy models to be constructed that
are equation-based models and solvable by numerical solvers. These numerical solvers
are based on linear algebra calculations, which makes models scalable in the same way
as models that use algebraic or differential equations.

A strategy for adding dynamic variables to steady state building energy models is
to couple their averages over a time step with the steady state variables. This can be
accomplished by embedding the solutions of differential equations over a time step into
the steady state part of the model. Due to presolving, simulations with added dynamics
perform on the same order of magnitude of time when dynamic variables are described
by linear differential equations with constant coefficients.

Simplified building energy use models for three air handler types were presented.
These models are on the order of complexity as Knebel [9], with additional features such
as additional zones and static pressure setpoint modeling. The techniques used in
constructing these models can be extended to larger models and different types of
equipment.

An algorithm to decompose and simplify lexicographic constrained optimizations
with embedded dynamics was developed to solve simplified building energy models in a

practical way. This algorithm decomposes lexicographic optimizations into a series of
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optimizations and embeds linear differential equations with constant coefficients for the
dynamic variables into the model.

A numerical solver named Beryl was created to test the level of speed and
robustness that could be achieved when solving constrained optimization based building
energy models. Beryl was optimized for the small, parametric problems of simplified
building energy use modeling, since dense matrices calculate faster than sparse matrices.

Beryl contains a user interface where models can be created using a domain
specific language that was created for simplified building energy modeling. When
models are simulated the decomposition algorithm is first executed on it to simplify the
calculations and develop a solution strategy. Next, a custom program is written and
compiled to run the simulation before displaying outputs in an Excel file or chart format.
This program links to external numerical solvers, including a constrained optimization
solver based on the IPOPT and sIPOPT solvers.

Performance wise, Beryl was able to perform yearly simulations using hourly
time steps for the example AHU models in approximately 0.5 to 5.0 seconds on a single
thread. Model runs succeeding on Beryl’s default settings meant that models could be
simulated and modified without having to worry about lowering convergence errors or
tweaking settings to ensure that models calculate. Having a runtime in seconds
combined with the runtime scaling properties of matrices mean that this approach can be
used for larger, more detailed models as well.

Future Research
Modeling Improvements

Models for variations SDCAV, SDVAV, and DDVAYV systems were presented,
and the techniques used in these models can be extended to larger models and different
air handler types. However, modeling different equipment requires taking the features
of nonlinear programming algorithms into account. Formulations of existing equipment
models may need to be modified to run successfully or more efficiently in a nonlinear

programming solver.
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The lexicographic constrained optimization models that were presented use
floating point variables. Integer variables can also be used to model features such as
AHU on/off schedules or staged chillers where one or more can be on at the same time.
In the case of AHU on/off schedules, a binary variable could determine which model to
use over a time step. The value of this variable would be known before a simulation. In
the case of staged chillers binary variables could be used to signify that a chiller is on or
off. Their values would have to be simultaneously calculated with unknown floating
point variables, resulting in a mixed-integer optimization.

Building energy models are often used to optimize a control parameter such as a
temperature setpoint or schedule. Parameter optimizations using the methods presented
optimize parameters on each individual time step but let the optimized value vary across
time steps. Time steps can be calculated simultaneously in order to optimize parameters
across time steps. In this strategy variables and equations are repeated over multiple
time steps and combined into a single problem. However, this creates a very large
problem. It would be ideal to exploit the independence or sequential nature of time steps
within a problem. Sensitivity analysis provides a way to directly calculate gradients for
a model. This could allow optimizations of parameters that stay fixed over the course of
a year to be solvable in the time it takes to perform a few dozen yearly simulations.

Solver Improvements

The overall strength of the numerical solver depends on the algorithms it calls
during a simulation. Beryl uses an interior point method for constrained optimization
calculations and the Levenberg-Marquardt algorithm for algebraic calculations, but this
can be extended to use other solvers that work better for specific problem cases. For
instance, a linear algebra solver can be used to solve linear algebraic problems, or
sequential quadratic programming can be used in addition to interior point methods.
Solvers that provide a global solution or use quad or infinite precision mathematics can
be added as well to be able to calculate more accurate solutions. Also, sparse matrix
calculations can be added in addition to the dense matrix calculations that are used to
more efficiently handle large building simulations.
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Time steps of steady state simulations are typically simulated in order from the
simulation start date to end date. However, the solutions for the time steps of steady
state models don’t depend on one another. This allows multithreading to be used, which
increases the calculation speed proportionally to the number of threads used. However,
the time step solutions for dynamic models depend on each other, so they can’t be
executed out of order. Multithreading can also be used to speed up linear algebra
calculations if a linear algebra library that implements multithreading is used.

The structure of a constrained optimization problem allows any equation-based
model to be coupled together. For instance, partial differential equations and dynamic
control models can be coupled with steady state building energy models by coupling the
equations and embedding dynamic solutions within the steady state model.
Optimizations of these models can also be expressed by adding optimization objectives.
This allows a single simulation environment to be used for a variety of building
modeling types, with the ability to combine different modeling methods together. Such
a solver could also make reusing models easier since inputs could be shared by a variety
of users, such as architects, building retro-commissioners, and HVAC control designers.
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APPENDIX A
TIME AVERAGES OF SOLUTIONS TO LINEAR DIFFERENTIAL EQUATIONS

Variables that vary continuously over time can be coupled to steady state
building energy models by embedding equations for their average value over a time step
period within the model. Equation A.1 shows the form of a linear differential equation
where the A and b matrices are constant over a time period from its start at t = 0 to its
endatt = p. The average value of x(t) over a time step is calculated by first

calculating the time varying solution of x(t) and then averaging it over a time step.

x(t) =Ax(t)+ b Al

Time Varying Solution

Equation A.2 gives the overall solution to the system of linear equations in
equation A.1 starting at t = 0 [84]. The properties of matrix exponential functions are
used to transform equation A.2 into equation A.4 in equations A.2—A.4. The matrix
integral is evaluated in equation A.6 using equation A.5. After this, the properties of
matrix exponentials are used to transform equation A.6 into the solution’s final form in

equation A.8 in equations A.6-A.8.

t
x(t) = e4tx(0) +f eAt=Dpdr A.2
0
t
x(t) = e4tx(0) +f edte=AThdr A.3
0
t
x(t) = e x(0) + e“”f e 4%dr b A4
0
t
f edtdr = (et — DNA™T A.5
0
x(t) = eA'x(0) — et (e 4t — DA™ b A.6
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x(t) = edtx(0) — (I — eA)A™ b A7
x(t) = eAx(0) + (eA* —DA"'D A.8

Average of Time Varying Solution

Equation A.9 is the general equation for the time-average of a function over time
step with a period of p. Equation A.10 shows equation A.9 with the time varying
solution of equation A.8 substituted into it. Equations A.11-A.15 evaluates and
simplifies these integrals. This results in A.15, the average of the dynamic states as

linear functions of the initial conditions and the input vector b.

1 rP
X = —f x(t)dt A.9
pPJo
1 rP
X = . f e x(0) + (e — DA 'hdr A.10
0
1 (P
X= Ef e47x(0) + e4"A"1b — A 'bdr A.11
0

1 (P 1P
xX= —J e’ x(0)dr + —J eA"A 'hdr
P Jo pPJo

1 rP
__J A 'bdr A.12
pPJo

1 (P 1 (P
X = —f ed%dr x(0) + —f edtdt A~ 'h
PJo pPJo

1 P
——f dtA~1b A.13
PJo
1 1
X = B (ed? — DA"x(0) + 5 (eA? — DA A 'b—A"'b A. 14
1 1
xX= ;(e“p — DA 1x(0) + (; (e4? — DA™ — 1) A7'b A.15
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APPENDIX B
HVAC MODELING

Control Error Functions

An HVAC system’s primary purpose iS to control the temperature and humidity
of the spaces they serve. An error function that equals zero when a control objective is
met and increases as the control error increases can be used to describe how much this
occurs. Minimizing such an error function subject to the physical constraints of a system
gives the steady state system states for that the control that’s represented.

Figure 84 shows four basic control error functions: right sided, left sided, two-
sided, and two-sided with a deadband. These four functions can be used in modeling
different HVAC control scenarios. For example, the control error of a system
controlling a zone to a fixed temperature set point can be modeled using a two-sided
error function centered around the set point temperature. If a zone has a deadband the
control error can be modeled using a two-sided error function with deadband. Zone
relative humidity control error can be modeled with a right sided error function, where
any relative humidity above the maximum allowable relative humidity has a positive

error.
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Figure 84 — Basic Control Error Functions

Table 38 shows the error functions of Figure 84 in two equivalent mathematical
forms. The second column shows each error function as a discontinuous mathematical
function. These functions can be used directly as the objective function of a model.
However, nonlinear programming algorithms may not be able to calculate discontinuous
functions, or they might have to be smoothed which can result in less accurate and
reliable results. Another method of implementing a control error function is to integrate
it into the constrained optimization itself. The third column shows each control error

function as a linear program.

148



Table 38 — Basic Error Function Equations

Error As a Mathematical Function | As a Constrained Optimization
Function
minimize: y
Right Sided y = Max(0,x = Xmax) subjectto: | y >0
Y 2 X — Xmax
minimize: y
Left Sided y = Max(0, Xpmin — x) subjectto: | y >0
Y 2 Xmin — X
minimize: y
. y = Max(x; — x,x = xc) subject to: y=>0
28|d8d =|xc—x nyC_x
y=X—X
minimize: y
2 Sided, with | y = Max (0, X — X, X — Xmax) subject to: y=0
Deadband Y 2 Xmin — X

Y 2 X — Xmax
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Static Pressure Control

Many commercial HVAC systems control fan speeds to maintain a static
pressure down a duct. In these systems, terminal boxes adjust dampers to maintain zone
loads while the fan controller adjusts the fan’s speed to maintain a static pressure set
point down the duct. This can be seen in Figure 85. This section presents a simplified
fan static pressure model based on the Darcy-Weisbach equation, fan models, and
HVAC control schemes. It can be used in simplified building energy analysis models
without requiring detailed fan and building pressure modeling such as the methods used
in COMIS [22] or CONTAM [24].

VFD

Variable ¥

Frequency

2/3 down duct
Drive c /

( )
OA — O C

Furthest
Zone Zone Zone
From Fan

Static Pressure Sensor

EA « | | |

Figure 85 — Fan Static Pressure Control in a VAV System

Fan Pressure Curves

The fan pressure model uses three types of curves that relate air flow rate to total
pressure: fan total pressure curves, pressure characteristic curves, and system curves.
Figure 86 gives examples of these three curves. Fan total pressure curves give fan total
pressure as a function of air flow rate at full speed. This function is a property of the fan
used in a system. Pressure characteristic curves describe how the fan total pressure
curve scales at different fan speeds based on the fan laws [72]. They take the form of

equation B.1. Finally, system curves describe how fan total pressure in a system with
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static pressure control changes for different air flow rates. System curves take the form

of equation B.2 due to features of VAV systems with static pressure control, as

explained below.

Static Pressure (in H50)

P_ (MY 51
P, \V, '

Pt,system(V) =Py + asysV2 B.2
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1 Static Pressure Set Point
0
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Fan Static Pressure = ===== System Curve Characteristic Curve

Figure 86 — Fan Pressure Curves

Maintaining a static pressure setpoint with zero flow isn’t possible in a real

system, but it would be if terminal box dampers could completely close and ducts had no

leakage. Under these hypothetical conditions a system would still maintain the static

pressure set point, so the system curve intersects the y axis at the static pressure set

point. At the maximum possible flow all terminal box dampers would be fully open, and

the system curve intersects the fan total pressure curve. If all terminal boxes have the

same loads the dampers open and close together, which would give a single curve that

connects these two points. It’s assumed that a quadratic curve connects these two points
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due to the way pressure changes with flow across ducts and dampers, which

approximates the Darcy-Weisbach equation.

Modeling fan power makes use of two types of curves that relate air flow rate to

brake horsepower, as seen in Figure 87. First, fan brake horsepower curves give fan

power as a function of air flow rate at full speed. This function is a property of the fan

used in a system. Next, fan power characteristic curves describe how the fan total

pressure curve scales at different fan speeds. They take the form of equation B.3.

Brake Horsepower (HP/ft2)
[l R ¥ S B R ¥ B o A I + N o]

=
=]

o

05 1 15 2 25
Fan Flow (CFM/ft?)

Brake Horsepower — ===== BHP Fan Law Curve

Figure 87 — Fan Brake Horsepower Curves
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Fixed Static Pressure Set Point Model

Table 39 gives the required inputs for the fan static pressure model based on the

curves of the previous section. These inputs are the fan total pressure and brake

horsepower curves at full speed, the maximum possible system flow at the static

pressure set point, and the static pressure set point.

Table 39 — Fixed Static Pressure Set Point Model Inputs

Parameter Symbol Unit
Fan Total Pressure vs. Flow Curve at Full Speed Prpan(V) | inches H,0
- _ H
Fan Brake Horsepower vs. Flow Curve at Full Speed | Bhpgg, (V) %

. . _ CFM
Maximum Air Flow Rate Viax 2
Static Pressure Set Point Psp inches H,0

. _ CFM
Current Air Flow Rate Vewrr
ft?
Table 40 — Fixed Static Pressure Set Point Model Outputs
Parameter Symbol Unit
inches H,0
System Curve Quadratic Factor Asys CFM\?
()
Air Flow Rate at the Fan Curve/System Curve Intersect | CFM
Point Intersect ft2
Current Fan Total Pressure Pr curr inches H,0
Fan Total Pressure the Fan Curve/System Curve .
Intersect Point Pr.mtersect | inches H,0
Fan Brake Horsepower at the Fan Curve/System Curve B Hp
Intersect Point Pintersect ft2
N Hp
Current Fan Brake Horsepower Bhpcyrr 7
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Equations B.4-B.8 describe the curves of Figure 86 and Figure 87. Equations
B.4-B.6 describe fan pressure calculations. Equation B.4 describes the intersection of
the fan total pressure curve and the system curve, equation B.5 describes the intersection
of the fan total pressure curve and the current characteristic pressure curve, and equation
B.6 describes the current fan characteristic pressure curve. Equations B.7-B.8 describes
fan brake horsepower calculations. Equation B.7 describes the intersection of the fan
brake horsepower curve and the current fan characteristic brake horsepower curve, and
equation B.8 describes the current fan characteristic brake horsepower curve.

= = 2
Prran (VMax) = Psp + AsysVmax B.4
= 2
PT,Curr = Pgp + aSysVCurr B.5
= 2
PT,Intersect — <V1ntersect> B.6
P T,Curr VCurr
Bhplntersect = BhpFan (‘7Intersect) B.7
= 3
Bh V.
Pntersect — ( Irfersect) B.8
B hpCurr VCurr

Effect of Changing the Static Pressure Set Point

In a system with static pressure control, different damper positions are required
for different static pressure set points to achieve the same air flow rates. At a lower
static pressure set point a higher overall flow is possible with dampers fully open.
However, at zero flow the pressure drop on a fully closed system would still equal the
static pressure set point. This variation defines how the system curve varies for different
static pressure setpoints, as shown in Figure 88.
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System Curve Versus Static Pressure Setpoint

|

o Design Point | | Curr.ent

~ 7 Point
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8 3 Pressure Set Point —1
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51 Design Fan —. | | ,_ Current F:.m

- 5 . Flow Fraction } ! Flow Fraction
o\ 0.2 0.4 0.6 0.8 1

Current Static Fan Flow Fration (0-1)
Pressure Set Point

——Fan Total Pressure Curve Design System Curve Current System Curve

Figure 88 — System Curve Changes versus Static Pressure Setpoint Changes

Pressure changes on a single loop of a Single Duct Variable Air Volume
(SDVAYV) system are used to model how the maximum possible flow changes with the
static pressure set point. Figure 89 shows this loop and breaks it down into 4
components: 1) the pressure rise across the fan, 2) the pressure drop down the ducts, 3)
the static pressure drop across the static pressure sensor, and 4) the pressure drop down

the plenum. The pressure drop is zero across the entire loop.

e Zone 1 Zone 2 Zone 3

AP

plenum+duct

Figure 89 — Pressure Changes in a System with Static Pressure Control
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Equations B.9-B.12 give models for the various pressure drop components.
Equation B.9 holds that the total pressure drop around the loop is zero. Total pressure
drop across the fan in the loop given by the fan total pressure curve. The pressure drop
across ducts and the plenum is assumed to be proportional to the flow squared from the
Darcy-Weisbach equation, as shown in equation B.10. During operation the system
maintains the static pressure set point, so the drop across the sensor is equal to that, as
shown in equation B.11. Equation B.12 gives the overall result that can be solved for the
max flow Vy,, as a function of the static pressure set point Psp when the fan curve and a

system coefficient ag,, calculated from nominal operating conditions are known.

Pr pan + Ppuct + Psensor + Ppienum = 0 B.9
Ppuct + Pprenum = —@sysV? B.10
Psensor = —Psp B.11

Pr ran(Viax) = Psp + tsysVaax” B.12

Variable Static Pressure Set Point Model

Table 41 gives the required inputs for a fan static pressure model that takes
varying static pressures into account. This model uses the same fan curves, current
volume flow rate, and current static pressure setpoints as the constant static pressure set
point model. However, it uses the maximum possible flow and static pressure setpoint
under known, nominal conditions as a reference point for calculating system curves

under other static pressure set points.
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Table 41 — Variable Static Pressure Set Point Model Inputs

Parameter Symbol Unit
Fan Total Pressure vs. Flow at Full Speed Curve Prpan (V) inches H,0
- _ H
Fan Brake Horsepower vs. Flow at Full Speed Curve | Bhpgq, (V) ]%
Maximum Air Flow Rate at the Design Static 7 _ CFM
Pressure Set Point Max,Design ft2
Design Static Pressure Set Point Psp pesign inches H,0
Current Static Pressure Set Point Psp curr inches H,0
. _ CFM
Current Air Flow Rate Vewrr 2

Table 42 — Variable Static Pressure Set Point Model Outputs

Parameter Symbol Unit
inches H,0
System Curve Quadratic Factor Asys (CFM)Z
2
ft
Maximum Flow at the Current Static Pressure Set | CFM
Point Max,Curr ftz
Air Flow Rate at the Fan Curve/System Curve 7 CFM
Intersect Point Intersect ft2
Current Fan Total Pressure Pr curr inches H,0
Fan Total Pressure the Fan Curve/System Curve .
Intersect Point Y Pr.mtersect | inches H,0
Fan Brake Horsepower at the Fan Curve/System B Hp
Curve Intersect Point Pintersect ft2
S Hp
Current Fan Brake Horsepower Bhpcyrr }?
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Equations B.13-B.17 describe the fan pressure curves of Figure 88. Equation
B.13 describes the intersection of the fan total pressure curve and the system curve at a
reference static pressure set point. Equation B.14 describes intersection of the of the fan
total pressure curve and the system curve at the current static pressure set point.
Equation B.15 describes the intersection of the current system curve and the
characteristic curve at the current flow rate and fan total pressure. Equation B.16
describes the intersection of the fan total pressure curve and the characteristic curve.
Finally, equation B.17 describes the characteristic curve. Brake horsepower calculations
of equations B.18 and B.19 are the same as in the constant static pressure set point

equations.

= = 2
PT,Fan(VMax,Nom) = PSP,Nom + aSysVMax,Nom B.13
— — 2
PT,Fan(VMax,Curr) = PSP,Curr + aSysVMax,Curr B.14
= 2
PT,Curr = PSP,Curr + aSysVCurr B.15
= 2
PT,Intersect = PSP,Curr + aSysVIntersect B.16
= 2
P V
T,Intersect — < Iritersect> B.17
I T,Curr VCurr
Bhptersect = BhDran (Vlntersect) B.18
—_— = 3
Bh V,
Pntersect — < Irfersect) B.19
B hpCurr VCurr
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Psychrometrics

M, _ 18.015268

M, qtio = = = 0.621945 B.20
ratio g 28.966

Water Saturation Pressure

Figure 90 shows a plot of water saturation pressure in psia versus temperature in
°F. This equation is based off equations B.21 and B.22 where less than or equal to 32°F
the function uses equation B.21 and above 32°F the function uses equation B.22. The

variable Ty in these equations is the absolute temperature in Rankine. Table 43 shows

the values of the coefficients used in these equations [72].

Water Saturation Pressure vs. Temperature

1000
100

-200 400

Pws(T) (psia)

0.00001
0.000001

0.0000001
Temperature (°F)

Figure 90 — Water Saturation Pressure Equation from ASHRAE

C
Ln(PB,s(Tr)) = T—l + C, + C3Tg + CoTr* + CsTr> + CsTr* + C,Ln(TR) B.21
R

C
Ln(PWS(TR)) = T_8 + Cg + ClOTR + CllTRZ + CIZTR3 + Cl3Ln(TR) B. 22
R
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Table 43 — Coefficients for Saturation Water Pressure Calculations

Coefficient Value

C, -1.0214165E4
C, -4.8932428
Cq -5.3765794E-3
C, 1.9202377E-7
C 3.5575832E-10
Ce -9.0344688E-14
C, 4.1635019
Cq -1.0440397E4
Co -1.1294650E1
C1o -2.7022355E-2
Ciq 1.2890360E-5
Ci, -2.4780681E-9
Ci3 6.5459673

Saturation Humidity Ratio

Mratio Pws (T)
Weyy = —m—mm—— B.23
sat pP— Pws (T)
WsatP = (Mratio + WSat)Pws(T) B.24

Relative Humidity

100PW

Rh =
Pws(T) (W + Mratio)

B.25

RC Networks for Wall Thermal Mass

RC networks can be used to approximate one dimensional heat transfer [70].

Figure 92 shows an RC network in a “Tee” configuration, where each node of the

network is evenly spaced. Table 44 lists parameters that are commonly used in

modeling wall heat transfer. Equations B.26 and B.27 define R-Values and U-Values

based on more fundamental parameters, equation B.28 defines thermal capacitance,

equation B.29 defines a wall’s time constant, and equation B.30 defines a wall’s UA-

Value divided by the floor area connected to the wall. Normalized UA-Values can be

used in building energy calculations to help keep variables within known ranges.
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Table 44 — Parameters Used in Wall Thermal Modeling

Parameter Symbol Unit
_ lbm
Wall Density Pwall f?
o Btu
Wall Thermal Conductivity Kwau h-ft-°F
Btu
Wall Specific Heat c
P pWall 1 Thm - °F
Wall Thickness lwau ft
Wall Surface Area Awau ft?
Wall Volume Vwan ft®
Zone Area Connected to the Wall Ay ft?
. 2.0
Wall R-Value Rwau hft—F
Btu
Btu
Wa” U'Value UWall h . ftz . oF
_ Btu
Wall Thermal Capacitance Cwaul f—t2 oF
Wall Time Constant Twall h
Wall UA-Value Normalized to a TA _ Btu
Zone Area wall | p. ft2.°F
lWall
R =
Wall kWall
1 kwau
Uwan = 5—— =
Y Ryan  lwau

Cwan = pWalle,WalllWall

2
_ _ PwailCpwanlwan
Twau = RwauCwan =

kWall

m _ AWall _ kWallAWall
u= =
Y Ry ands lwauAz
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Modeled with a Single Node

Figure 91 shows an RC network modeled with a single thermal mass node
Twau(t). Equations B.31-B.33 show the derivation and simplification of the differential
equation of equation B.33 that describes this system. Equation B.34 gives the heat

transfer into side B from the wall node in %, and equation B.35 gives the heat transfer

into side A from the wall node in %.

Ryan Rwan
Tat)  p2p A Twan(® p2p p Tp(t)
— Cwan

Figure 91 — RC Network with a Single Node

Z(TWall(t) - TA(t)) + Z(TWall(t) —Tp (t)) —0

CowauT t B.31
wauTwan (t) + Royen Royen

RwauCwanuTwau(®) = —2Twau(t) + 2To(¢) — 2Tyau + 2T5(E) B.32
TwauTwan(t) = —4Tway (t) + 2T, (t) + 2T(t) B.33

2Awan
Qwai-s(®) = ——— (Twau(t) = T(®)) B.34

Wall

2

Qwan-a(t) = R (Twau(®) — Ta(®) B.35

Wall
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Modeled with Multiple Nodes

More detailed wall thermal mass models than the single node model can be
constructed by dividing a wall into n sections. Each section represents a single node and
is represented by an equally divided “Tee” network. Models with multiple nodes can be

more accurate by modeling the temperature distribution within a wall’s depth.

Ryan Ryran Ryran Rwau
2n n n 2n
Ty(t) A A Alwai i (Op A ATWall,Z(t) TWall,n—l(t)A A ATWall,n(t)A A A T80
CWall Cwan Cwan CWall

I n ; n ; n ; n

Figure 92 — An Equally Divided RC Network with Multiple Nodes

Figure 93 shows an RC network for an interior node of the model in Figure 92.
Equations B.36—B.38 show the derivation and simplification of the differential equation

that describes the change in the temperature of Ty, ;. Equation B.39 gives the heat

. . . Bt
transfer from wall node i to wall node i + 1 in T"

Rwan Rwan
n n
TWall,i—l(t)A A ATWall,i(t)A A ATWall,i+1(t)
— Cwan
I

Figure 93 — RC Network for an Interior Node

CWall .

n (TWall,i(t) - TWall,i—l(t)) n (TWall,i(t) - TWall,i+1(t))
Twau,i(t) + +

= 0B.36
Ryan Ryau

RywauCwau
%TWall,i(t) = —Twa,i(®) + Twaii-1(t) — Twaw,i () + Twaw,i+1(t) B.37
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Twall ,;
n—;TWall,i(t) = —2Twaui(®) + Twaw,i-1(®) + Twau,i+1 () B.38

Qwani-waii+1(t) =
Wall

NAwan
R—a (TWall(t) — TWall,i+1(t)) B.39

Figure 94 shows an RC network for an exterior node of the model in Figure 92.

Equations B.40-B.42 show the derivation and simplification of the differential equation

that describes the change in the temperature of Tyy4;; 1. The equation for Ty 4, ,, can

be

derived in a similar way. Equation B.43 gives the heat transfer from wall node 1 to the

exterior node A in %, and equation B.44 gives the heat transfer from wall node 1 to

. . . . B .
wall node 2, which has twice the resistance, in % A matrix form of a “Tee” RC

network in general with n nodes is given in equation B.45.

Rywan Ryan
2
T,(t) Anﬂ ATWau,1(t)AnA ATWaH,Z(t)
— Cwan
1 n

Figure 94 — RC Network for an Exterior Node

Coan » 21 (Twana(®© = Ta®) 1 (Twana (©) = Twan2())
Twaui (£) + +
RWall RWall

RyauCwau ,;
%Twmu (1) = —2Twau,1 () + 2T4(6) — Twau,1 (V) + Twau,2(£)

Twall ;
n_gTWazu(t) = —3Twau1(t) + 2T4(t) + Twau,2(t)

NAwan

2
Qwatrioa(t) = (Twaua (®) = Ta(®))

Ryan
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nA i
Qwai,1-2(t) = R e (TWall,l(t) - TWall,Z(t)) B.44
Wall
[ TWall,l(t) | -3 1 0 0 0 01 [ TWall,l(t) ]
TWall,Z () 1 =2 1 0 0o o1l Twau2(®
Twall TWalf,3 (t) _ (? :!. —'2 '.' . 0 (.) (.) TWal%,B (t)
| : = - : : :
TWall,n—Z (t) 0 0 0 =2 1 0 TWall,n—Z (t)
Twain-1(t) 8 8 8 T =2 1 lTwayn-1(t)
L 7.-'Wall,n(t) . ) 0 1 -3 L TWall,n(t) A
2 0
0 O
0 O
T,(t
0 0|8
0 0
0 2
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Infiltration and Exfiltration Calculations

Equation B.46 shows how air changes per hour can be converted into a flow rate
for zones where infiltration and exfiltration are the same. Table 45 lists the variables

used in equation B.46.

Table 45 — Infiltration/Exfiltration Variables

Parameter Symbol Unit
Zone Air Changes per ACH Air Changes
Hour hn
Zone Air Volume Vzone ft3
Zone Floor Area Azone ft?
Infiltration/Exfiltration 7 CFM
Flow Rate Infiltration ftz
7 ACH " Vzone
Vinfittration = ————— B.46
Infiltration 60 - AZone
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APPENDIX C
CONSTRAINED OPTIMIZATION REFERENCE

Nonlinear Programming Reformulations

Nonlinear programming solvers may not be able to handle certain types of
functions, such as functions with discontinuities. Reformulating problems in these cases
might result in a solvable model. Table 46 gives reformulations that may be useful for
modeling HVAC systems with absolute values.

Table 46 — Nonlinear Programming Reformulations

Situation Original Form Reformulated Form
Absolute value in lf(x)]| <z fx) <z
constraints —f <z

Absolute value in the | minimize |f(x)| + g(y) |Introduce a new variable z,
objective substitute it for x in the objective.

minimize |f (z)| + g(y)
Add 2 new constraints

X<z
—x<z

Discontinuous Function Approximations

Nonlinear programming algorithms such as the one used in IPOPT can fail when
objective functions or equality constraints are not twice continuously differentiable [41].
However, discontinuous functions such as min, max, and absolute values can appear in
HVAC modeling in situations such as cooling coils, heating coils, and optimization
objectives. Smoothing these functions using approximations around discontinuous
points can help make models run more robustly.
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Approximations of the functions |x| or Max(x,0) can be used to smooth
discontinuous functions. Equations C.1-C.4 can be used to approximate Min(x,y),
Max(x,y), and |x| from either of these two approximations. The prototype solver Beryl

contains user options to automatically smooth discontinuous functions based on these

two functions.

Max(x,y) =y + Max(x —y,0) c.1

Min(x,y) = x — Max(x — y,0) C.2
1

Max(x,0) = E(x + |x]|) C.3

|x| =2 -Max(x,0) —x C.4

Equation C.5 shows a smooth approximation for an absolute value that uses a
square root and a positive parameter ¢ to dampen the discontinuity. Figure 95 compares
this approximation with an absolute value and shows that its maximum error occurs at

x = 0 where the error equals .

|x| = Vx% +¢ C.5

168



"]

=
~J
x

L
tn

1.25

—_— x|

0.75 Sqrt(x* +g), £=0.1

o
n

Absolute Value and Approximation
[y

0.25

Figure 95 — Continuous Approximation of an Absolute Value

Equation C.6 shows a piecewise continuous approximation for Max(x, 0)

developed by Bertsekas for optimizing nondifferentiable problems [80]. This function

depends on two scaling parameters, A and c. The first parameter A € [0, 1] controls

which side the function is tight on, while the second parameter ¢ € (0, ) controls the

tightness of the fit. Figure 96 shows Max(x, 0) and this approximation when 1 = 0.5 to

distribute errors evenly on both sides and ¢ = 1.

( _(1;61)2 1—_/1Sx
Max(x,0) = y(x,A,¢) = 4 /’lx+%x2 if—%SxSlzl1
/12
L T3¢ ifxs—z
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Max(x,0) and Approximation

0.8

-1

0.6
04 —Max(x,0)
=y(x,A,c), A=0.5, c=1
0.2
-0.75  -0.5 }-5/0 025 05 075 1
-0.2

Figure 96 — Continuous Approximation of Max(x, 0) by Bertsekas
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APPENDIX D
NONLINEAR PROGRAMMING SENSITIVITY ANALYSIS DERIVATION

Building energy simulations consist of several time steps, where parameters such
as outside air temperature and loads vary over time. To solve these problems using
constrained optimization a sequence of problems must be solved. This is known as a
parametric nonlinear program. Figure 97 shows the box-constrained form of a
parametric nonlinear programming problem used by IPNLP, the constrained

optimization solver developed for Beryl.

minimize: fx,y)

subject to: h(x,y) =0
a(y) <x < b(y)
Figure 97 — A Parametric Nonlinear Programming Problem

Sensitivity analysis uses the KKT matrix factorizations performed in a previous
simulation to estimate the solution for new parameters. Table 47 gives descriptions and
dimensions of some variables used in the derivation of the equations needed to perform

sensitivity analysis calculations.

Table 47 — Parameters Used in Solving Parametric Nonlinear Programming

Problem
Variable Description
x Primal variables
y) Equality constraint dual variables

z Lower bound dual variables

zZy Upper bound dual variables

y Parameters that change on each time step
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The matrices E; and Ey; are used to add or remove rows in vectors or matrices to

change their number of rows between the number of lower or upper bounds and the full

length of the x vector, as seen in equations D.4-D.5. They’re made up of column

vectors for each upper or lower bound with a value of 1 on the bound index. For

instance, if x had a length of 4 and lower bounds existed on indices 1 and 4, E;, z;, and

x would have the values and structure seen in equations D.1-D.3. Multiplying E; by z;

results in a vector with the length of x with z;’s indices placed in the indices of the

lower bounds, as seen in equation D.4. Multiplying the transpose of E; by x results in a

vector with the x values of the used lower bounds, as seen in equation D.5. Z; and Z,

have the same structure as E; and E except they use the dual vector parameters instead

of 1’s, as seen in equation D.6.

1 0
0 0
EL=1y o
0 1
_[?11
ZL_[ZL4]
Xy
X = Xs
| X4
1 0] Z11
10 offzt1 _| O
Eiz, = 0 0 [ZL4- |0
0 1l Z14
Xy
7. _[1 0 0 O1(%2| _[*1
Eix=1y o 1] X3 _[x4]
[ X4
ZLl 0
0 0
ZL=10o o
0 ZL4
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Functions for the distance between x and its used lower and upper bounds are
given in equations D.7 and D.8. Vectors given in capital letters are diagonalized

versions of functions, as in equations D.9 and D.10.

Ax;(y) = E;x — a(y) D.7
Axy(y) = b(y) — Ejx D.8
AX,(y) = diag(Ax,(¥)) D.9
AXy(y) = diag(bxy(y)) D.10

The Lagrangian for the constrained optimization problem of Figure 97 is given in
equation D.11, and it’s gradient in terms of x, Hessian in terms of x, and gradient in

terms of x and y are given in equations D.12-D.14 for later use.

L(x,4,21,2y,y) = f(x,¥) + h(x, y)A — Ax, ()" 2, — Axy(¥)" 2y D.11
Vel(x, 4,21, 2zy,y) = V. f(x,y) + V.h(x,y)A— E;z; + Eyzy D.12
VEL(x, Az, zy,y) = V2f(x,y) + V2h(x,y)A D.13
ViyL(x,A,21,2y,y) = Voo, f(x,y) + Vi yh(x,y)A D.14

The Karush-Kuhn-Tucker conditions of the problem are given in equations
D.13-D.18. These conditions for the solution of Figure 97 can be translated into
equation D.19 using the implicit function theorem [85]. This expresses the change in x,
A, z;, and zy required to maintain the solution to the KKT equations after a small
change in y parameters. Matrix row operations are then used to translate equation D.19
into equation D.22. The block structure of equation D.22 can then be decomposed into
equations D.23-D.25. The matrix on the left-hand side of D.23 is the solution used in
IPNLP’s algorithm. Its factorization can be reused to estimate new values for x, 4, z;,

and zy after a parameter change.
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V.L(x,A,2z;,2zy,y) =V . f(x,y) + V.h(x,y)A— E;z; + Eyzy = 0 D.15

h(x,y)=0 D.16
AX;(¥)z, =0 D.17
AXy(P)zy =0 D.18
[szf(x, y) + V2h(x,y)A V.h(x,y) —E| EU [x
7h(x,y) 0 0 | %A |
[ z] 0 AXL(}’) [Vy LJ
4 0 AXU(y) Vyzy
[Veyf(x, ) + xyh(x YA
| \7 h(x, |
—| (x,y) I D.19
| VyAXL(y)ZL |
| pAXy()zy
[szf(x; y) + szh(x, y)l Vxh(xl y) _EL EU][ ]
| 7. h(x,y) 0 0 0 H |
[ AX [ (y)1ZT 0 I 0 “Vy LJ
—AXy () *Z], 0 1 11%zy
[nyf(x’ y) + nyh(x' y))l]
| vV, h(x, |
= — y_l( ) D.20
AX(y) VyAXL(y)ZL
AXyW) 'V, AXy(¥)zy
[szf(x; y) + VZh(x,y)A+ E.AX () *Z] V.h(x,y) O EU][ Vyx]
v.h(x,y) 0 0 0 | 7,A |
{ AX (y) 1zt 0 I 0 “VyzLJ
—AXy(y)~tZh 0 0 I1Mzy
nyf(x' y) + nyh(x' y)/l + ELAXL(y)_lvyAXL(y)ZL
V.h(x,
=— yh(x.y) D.21

AX, () 'V AX, (0)zy,
AXy(W) 'V, AXy(¥)zy
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[ V2f(x,y) + VZh(x,y)A ;
V.h(x, 0 o|rvx
<+ELAXL(y)_IZ{ + EuAXU(y)_]‘Z{] X (x y) I[ Vyl —i
Veh(x,y) 0 0 0 Vy
—1T yZL
AX; ()™ Z} 0 I 0 [V ZUJ
~AXy ()12, 0 o 11”7
< Veyf(%,¥) + Ve h(x,3) 2 )
+ELAXL (0) T AKX ()2, — EyAXy(3) 7'V, AXy (V) zy
- h(x.) D.22

AX, () 'V AX (V)zy,
AXy(W) 'V AXy(¥)zy

Equations D.23-D.25 are used to calculate the change in x, 4, z;, and zy
required to maintain the solutions to the KKT conditions with an infinitesimal change in
y parameters from a successfully completed simulation. Equation D.23 is calculated
first using the factored matrix of the previous time step. Next, the solution to ,x is used
in equations D.24 and D.25. The amount to adjust x, 4, z;, and zy for a new solution
can be calculated from equation D.26, where y,,.,; IS the parameter value vector for the
next time step. Making this adjustment provides the new solution estimate after an input

parameter change.

V2f(x,¥) + VEh(x,y)A + E,AX (¥) 1 Z] + EyAXy(»)7'Z],  Voh(x, y)] [Vyx
0 V,A

Vxh(x; y)
< nyf(x, y) + nyh(xl y))b )
= — [\+EAX, () 'V AX, 0z, — EyAXy(¥) 'V, AXy (¥) 2y D.23
V,h(x,y)
Uz, = —AX,(») Y (ZIV,x + V,AX,(¥)z,) D.24
Vyzy = AXy(¥) " (ZLV,x — V,AXy(¥)zy) D.25
5| [z, 7]
AR | v, B v,
AZL [VYZLJ Yy = [VyzLJ(ynext_y) D.26
Azy v, zy V,zy
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APPENDIX E
BERYL USERS GUIDE

User Interface

Beryl’s main user interface is shown in Figure 98. Icons in the upper left allow
users to create new models, open an existing model, save models, and run a simulation.
The browse button allows a root directory to be selected for where weather files come
from. The selected root directory appears in the text box by the browse button, and the
open button opens the root directory.

B Beryl 1.0 Beta - C:\Maodels\SDCAV\SDCAV b = [m] x

|Z 4 B f—‘\-] P XK [Erowse] camodeisisocar [open]

1 = setup

{
/I Setup
startdate "1/1/20087 12:886 AM"
enddate "1/1/2088 12:80 AM"
timestep "1:0:0"

[/ Input Sources
input weather, “root\Houston20@7Weather.csv®

/[ Outputs
chart Tzal, Tza2, Tza3
chart Rhma, Rhzl, Rhz2, Rhz3, Rhra

// Options

option SmoothExpressions = false

option SmoothExpressions.SmoothingFunction = Sqrt
option SmoothExpressions.Epsilon = 1E-12

/I - IPNLP

option IPNLP.MaxAttempts = 1@

option IPNLP.MaxIterations = 480

option IPNLP.EpsilonTolerance = 1E-9

23 option IPNLP.MuInitial = @.1

24 option IPNLP.KappaMu = .2 // (@, [@.2], 1)

'5 option IPNLP.ThetaMu = 1.5 // (1, [1.5], 2)
option IPNLP.ScaleOptimizationVariables = true
option IPNLP.ScaleOptimizationFunctions = true

O

[y

29 /f scales
scale deltaTScale => [@8, 4]
scale temperatureScale =» [38, 188]
scale humidityRatioScale => [8, 8.01]
scale cfmNormalizedScale => [@, 1.4]
scale brakeHorsepowerScale => [8, ©.003]

}

17 = problem

{

Figure 98 — Beryl's Main User Interface

Input Model Format

Input models for Beryl are stored as plain text files with an extension of .brl.

Beryl adds color formatting itself, but .brl files can be viewed and edited in any text file
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viewer. Two statements cannot appear on the same line, and keywords are case
sensitive. Optional comments can be added to the end of any line in a file by adding two
backslashes “//”” and the comment text.

Model input files have an overall structure that consists of a setup section
followed by one or more non-nested problem sections, as shown in Figure 99. The setup
section contains overall information for a simulation such as the start date, end date, time
step period, input file locations, outputs, and special compilation options for models.
Problem sections contain mathematical models, where each problem section defines an
initial partition for the preprocessing algorithm. Each section’s keyword (setup or

problem), brackets, and information must appear on a new line as in Figure 99.

setup // Setup Section
{

}

problem // First Problem
{

}

problem // Second Problem

{
}

problem // Last Problem
{

}
Figure 99 — Model Input Structure of Beryl
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The Setup Section

The setup section of a model contains the overall parameters for a simulation
such as the duration, time step period, input file locations, outputs, scales definitions,
and compilation options. As shown in Figure 99, it consists of a line with the keyword
“setup”, a line with an open bracket, lines that define its parameters, and a line with a
closed bracket to end the section.

Setup Section Line Types

Table 48 gives the line types used in the setup section and their formatting.
These line types, blank lines, and comments lines are the only lines allowed in problem

sections. In strings to show a line’s general format items in brackets “[]” are optional.

Table 48 — Setup Section Line Types

Line Type Format

Simulation startdate "1/1/2007 12:00 AM"
Start Date | e The start date of a simulation.
o A single start date is required.
startdate "MM:dd:YYYY hh:mm[:ss] AM/PM"

Item Description
startdate | The keyword for the start date definition
MM Month
dd Day
YYYY Year
hh Hour (1-12)
mm Minutes (0-59)
SS Seconds (0-59) (optional)
AM/PM | AM or PM
Simulation enddate "1/1/2008 12:00 AM"
End Date | e The end date of a simulation.
e A single end date is required.
e The keyword enddate followed by a date in quotes.
e Same format as start dates.
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Table 48 Continued

Line Type Format
Simulation timestep "1:0:0"
Time Step | e The time step period of a simulation.
Period | e A single time step period is required.
e The keyword timestep followed by the time step period in quotes.
timestep "[d.]Jhh:mm:ss[.fffffff]"
Item Description
timestep | The keyword for the time step period definition
d Days

hh Hours (0-23)

mm Minutes (0-59)

SS Seconds (0-59)

FFFfFf Fractional seconds (0-9999999) (optional)
Dynamic substeps 100
Outputs per Gives the number of instantaneous dynamic readings that are taken on
Time Step each time step of a simulation.
The keyword substeps followed by a positive integer.
Only required when dynamic variables are being outputted.
Input input weather, "root\Houston2007Weather.csv"
Source Defines an input data location and a name for it.

Definition

The keyword input followed by a name for the input source, followed
by a comma, followed by a file name.
For the file name and path:
o “root” in the file name above refers to the root directory selected
in the user interface.
o A full path can also be entered.
Must be a CSV (comma separated variable) file.

179




Table 48 Continued

Line Type Format
Excel excel Toa, Tma, Tccla, Tsa, Tza, Eza, "root\output.xlsx: Temps:Yearly"
Output o Defines outputs for a single worksheet of an Excel output spreadsheet.
Worksheet | o« Multiple Excel Output Worksheet Definition lines can be defined to
Definition write multiple worksheets to the same Excel file.
excel Inputs, "OutputLocation:OutputWorksheet[:CollectionType]"
Parameter Description
excel Keyword for an Excel output line.
Inputs Comma separated list of variables to output.
OutputLocation | The name of the new Excel file to write to.
OutputWorksheet | The name of the worksheet to write to.
CollectionType | e How to sum or average output data over time
before writing it.
e Allowable values:
Collection Description
Type
blank Write data from each time step.
Hourly Sum or average data by hour.
Daily Sum or average data by day.
Monthly | Sum or average data by month.
Yearly Sum or average data by year.

e Outputs are only written if full and valid data is
available to sum.

e Inputs such as dollars or energy use are
summed, while temperatures, flow rates,
humidity ratios, and energy usages normalized
to time are averaged.

Chart chart Toa, Tma, Tccla, Tsa, Tza, Eza
Output e The keyword chart followed by a comma delimited list of output
Definition variables to display.
e Charts are initially shown with all variables on the y-axis and the date
as the x-axis.
Scale scale temperatureScale => [30, 100]
Definition | e Defines a scale so it can be reused on multiple variables in a model.

The keyword scale followed by a name for the scale, followed by a
“=>” followed by the min and max values in bracket.
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Table 48 Continued
Line Type Format

Compilation option SmoothExpressions = true
Option e The keyword option followed by the option name, an equals sign, and
Definition the option’s set value.
e Descriptions of the different user options allowed are given in Table
49,

Beryl User Options

Compilation options in the setup section allow the compilation process to be
modified. This is useful for experimenting with different preprocessing steps and
settings for numerical methods to improve the overall solving process. Table 49 lists the
available user options, their allowed values, and their default values. Default values are

used when the user option isn’t defined.

Table 49 — Beryl User Options
Option and Default VValue

MaxPresolvingOperations = 1000
e The maximum number of presolving operations to perform before terminating the
algorithm.
e Must be greater than zero.

IgnoreAssertions = true
e Whether to ignore vertices that only contain previously calculated states
o Allowed values: true/false

DecomposeUnivariateLinearEqualities = true
e Whether to perform univariate linear equality solving from Ch VI
o Allowed values: true/false

DecomposeBivariateLinearEqualities = true
e Whether to perform bivariate linear equality solving from Ch VI
o Allowed values: true/false

DecomposeGeneralLinearEqualities = false
e Whether to perform general algebraic decomposition from Ch V1 on linear
functions.
o Allowed values: true/false
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Table 49 Continued

Option and Default VValue

SmoothExpressions = false
Whether to smooth expressions with discontinuous first derivatives.

e Allowed values: true/false

SmoothExpressions.SmoothingFunction = Sqrt
The function to use to smooth expressions with discontinuous first derivatives.

e Allowable values:

Value Description

Sqrt Smoothes discontinuities based on a square root
approximation of absolute values |x| = Vx? + ¢.
BGamma | Smoothes discontinuities using Bertsekas’s gamma function
Max(x,0) = y(x, 4, c) from Appendix C

SmoothExpressions.Epsilon = 1E-12
The & to use in the square root smoothing function
e=0

SmoothExpressions.Lambda = 0.5
The A to use in Bertsekas’s gamma function

A €]0,1]

SmoothExpressions.C = 1,000
The value of ¢ to use in the Bertsekas’s gamma function.
c=0

IPNLP.MaxAttempts = 4
The maximum number of attempts to successfully use IPNLP algorithm from a
unique starting position before giving up.
Must be greater than zero.

IPNLP.MaxlIterations = 200
The maximum number of iterations for a single attempt of the IPNLP algorithm.
Must be greater than zero.
Corresponds to the “max_iter” option in IPOPT.

IPNLP.EpsilonTolerance = 1E-9
The convergence tolerance for the IPNLP algorithm.
IPNLP terminates successfully when this error value is reached
Must be greater than or equal to zero.
Corresponds to the “tol” option in IPOPT.

IPNLP.EpsilonToleranceAcceptable = 1E-8
Failed calculations in the IPNLP algorithm are accepted if their error is below this.
Must be greater than or equal to zero.
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Table 49 Continued

Option and Default VValue

IPNLP.Mulnitial = 0.1
e The initial value of the barrier parameter in the IPNLP algorithm.
e Must be greater than zero.
e Corresponds to the “mu_init” option in [POPT

IPNLP.MulnitialWithSensitivityAnalysis = 1E-4
e The initial value of the barrier parameter in the IPNLP algorithm when the
calculation was initialized using a previous solution.
e Must be greater than zero.

IPNLP.KappaMu = 0.2
e Controls the linear decrease rate of the barrier parameter in the Fiaco-McCormick
barrier update procedure.
e Must be between 0 and 1.
e Corresponds to the “mu_linear decrease factor” option in [POPT.

IPNLP.ThetaMu = 1.5
e Controls the superlinear decrease rate of the barrier parameter in the Fiaco-
McCormick barrier update procedure.
e Must be between 1 and 2.
e Corresponds to the “mu_superlinear decrease power” option in [IPOPT.

IPNLP.ScaleOptimizationVariables = true
e Whether to scale optimized variables when using the IPNLP algorithm to
constrained optimizations.
o Allowed values: true/false

IPNLP.ScaleOptimizationFunctions = true
e Whether to scale optimization functions when using the IPNLP algorithm to
constrained optimizations.
o Allowed values: true/false

IPNLP.MainLineSearchReductionFactor = 0.5
e The factor to reduce the main line search step size by when searching for a better
solution in the main phase of the IPNLP algorithm.
e Must be between 0 and 1.
e Corresponds to the “alpha red factor” option in IPOPT.

IPNLP.RestorationLineSearchReductionFactor = 0.5
e The factor to reduce the main line search step size by when searching for a better
solution in the restoration phase of the IPNLP algorithm.
e Must be between 0 and 1.
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Table 49 Continued

Option and Default VValue

IPNLP.InitializeWithSensitivityAnalysis = true
e Whether to try to initialize the problem with sensitivity analysis on a first attempt
after a successful previous run.
o Allowed values: true/false

IPNLP.KappaEpsilon = 10
e Mu is decreased when the barrier function error is less than this times mu.
e Must be greater than zero
e Corresponds to the “barrier tol factor” option in IPOPT

IPNLP.EnablePreconditioning = true
e Whether to allow preconditioning in linear algebra calculations.
o Allowed values: true/false

IPNLP.EnableSolutionRefinement = false
e Whether to refine search directions using iterative refinement in linear algebra
calculations.
o Allowed values: true/false

Problem Sections

Problem sections in a file contain all mathematical modeling. As shown in
Figure 99, it consists of a line with the keyword “problem”, a line with an open bracket,
lines that define its parameters, and a line with a closed bracket to end the section.

Problem Section Line Types

Table 50 gives the line types used in the problem section and their formatting.
These line types, blank lines, and comments lines are the only lines allowed in problem

sections.
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Table 50 — Problem Section Line Types

Line Type Format

Constant double Vsa = 1.4 CFM/ft2

Floating Point | e Defines a constant floating point variable.

Variable e The keyword double, followed by the constant’s variable name,
followed by an equals sign, followed by the constant value,
followed by the unit.

o Allowed units are described below.
Averaged double Tsa, °F
Floating Point double Tsa, °F => [40, 100]
Variable double Tsa, °F => temperatureScale

Defines a floating point variable that represents an average value
over a time step.

The keyword double, followed by the variable name, followed by a
comma, followed by the unit, followed by an optional “=>"" and
scale.

Allowed units are described below.

The optional scale can be in the “[min, max]” format or can be a
reference to a pre-defined scale from the setup section.

Input Variable
Definition

dOUblE[] Toa = Wea‘ther["All’ "B", "2"]’ OF
Defines a variable and how it’s derived from an input source.

double[] Variable = InputSource["'DateColumn”, "DataColumn”,
"StartRow"], Unit

Item Description

double[] | The keyword for an input variable definition.

The name of the loaded variable for use in

Variable .
calculations.

The name of the input source to load data from.
InputSource | This comes from an input line in the setup
section.

The column for dates in the input’s CSV file, in

DateColumn Excel’s letter column format.
The column for data in the input’s CSV file, in
DataColumn ,
Excel’s letter column format.
StartRow The row to start getting data from, in Excel’s
numeric row format.
Unit The variable’s unit.
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Table 50 Continued

Line Type Format
Schedule double<> XPeople = <{1/1/2007-1/1/2008: [Weekdays: (12AM, 0),
Definition (7:30AM, 0), (9:30AM, 1), (4:30PM, 1), (6:30PM, 0), (12AM*, 0)],

[Weekends: (12AM, 0), (12AM*, 0)]}>, 0-1

¢ Defines a variable that changes over time.
e The overall schedule is formatted as follows:
double<> Variable = <Schedules >, Unit

Item Description
double<> The keyword for a schedule definition.
Variable The name of the schedule variable.
A comma separated list of schedules, as
described below, placed in round brackets.
Unit The schedule variable’s unit.

Schedules

e Schedules are defined as nested lists with four different levels:
List Level Description

A time of day paired with an
instantaneous value at that time.

A list of time/value pairs that define how
Day Schedule | a value changes on a particular type of
day.

A list of day schedules that define how a
value changes between two dates.

A list of time schedules that define a
Overall Schedule | variable’s value over a complete
simulation.

Time/Value Pair

Time Schedule

e Time/Value Pairs are placed in round brackets:
(TimeOfDay, Value)

Item Description
TimeOfDay | The time of day for the value
Value The value at that time of day

o An asterisk after the time of day means the next day.
o A schedule extending into the next day overrides the normal
existing schedule.
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Table 50 Continued

Line Type Format
Schedule ¢ Day schedules are placed in square brackets:
Definition DayType: ScheduleForDay]

(Continued)

Item Description

DayType The type of day that the time schedule is for.

A list of time/value to define the schedule for

ScheduleForDay the day

o DayType choices are All, Weekdays, Weekends, Sundays,
Mondays, Wednesdays, Thursdays, Fridays, Saturdays,
Sundays.

Time schedules are placed in curly brackets:
{StartDate-EndDate: [DaySchedules]}
Item Description
StartDate When the schedule starts applying.
EndDate When the schedule stops applying.
A list of day schedules that define a
value between the start and end date.

DaySchedules

Dynamic dynamic TWallDyn, TWallAvg, 70.0, °F
Variable Defines a variable that varies over time and an associated variable
Definition to represent its average over a time step.
The keyword dynamic, followed by a comma delimited list with the
continuous variable name, averaged variable name, initial value,
and unit.
Minimization minimize Ezal + Eza2, 0
Obijective The keyword minimize followed by an algebraic expression to
minimize, followed by a comma, followed by the lexicographic
priority.
0 is the highest lexicographic priority, with higher numbers having
a lower priority.
Maximization maximize X1 + X2, 0
Objective The keyword maximize followed by an algebraic expression to

maximize, followed by a comma, followed by the lexicographic
priority.

0 is the highest lexicographic priority, with higher numbers having
a lower priority.
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Table 50 Continued
Line Type Format

Equality or constraint Vsa >= VsaMin

Inequality o Defines an equality or inequality constraint.

Constraint | e The keyword constraint followed by an equality or inequality.

¢ Inequality operators can be less than or equal or greater than or
equal only.

Units

Every variable in a model is required to have a unit associated with it. This helps
keep track of unit consistency in equations. A variable’s unit can be displayed in the
user interface by holding a mouse over it. This displays a tooltip window that shows text
from the variable’s definition line.

Table 51 displays the units available in Beryl. For faster access in the user
interface a list of these units can be displayed by entering pound ‘#’ into the code editor.
These units are typically used in building energy modeling, so not all units are
implemented. If a desired unit is missing the unit None can be used as a placeholder to

run a simulation.
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Table 51 — Units Implemented in Beryl

Type SI Units IP Units
No Unit None,0 —1,%
Length m ft
Area m? ft?
Volume m3 ft3
Velocity m/s ft/s
Flow m3/s CFM
Flow per Unit Area m/s CFM/ft?
Density kg/m3 Ilbm/ft3
Energy Ji Btu, MMBtu, kWh
Power W, kW hp, Btu/h, MMBtu/h
Power Density W/ft? kW /ft?| hp/ft?,Btu/(h- ft*),MMBtu/(h- ft?)
R-Value (m?-K)/W (h- ft?-°F)/Btu
U-Value W/(m?-K) Btu/(h- ft*-°F)
UA-Value W /K Btu/(h-°F)
Thermal Conductivity W/(m-K) Btu/(h- ft-°F)
Heat Capacity J/K Btu/°F
Specific Heat Capacity| J/(kg-K) Btu/(lbm - °F)
Temperature °C,K °F,°R
Pressure Pa Psi,inH,0
Humidity Ratio kgw/k9aa lb,, /by,
Frequency Hz
Cost $
Cost per Unit Area $/m? $/ft?
Cost per Unit Time $/(h-m?) $/(h- ft2)

per Unit Area

189




Scales

Scaling of variables in constrained optimization problems is enabled by
associating variables with a scale. A variable’s scale can be defined as a fixed min and
max value in square brackets or it can be the identifier of a reused scale that’s defined in
the setup section. Scales are not required for all variables, but the preprocessing process
won’t succeed if a constrained optimization that needs to be scaled has unscaled
variables.

Scaling the variables and functions of constrained optimization based building
energy models is important because of the sensitivity of constrained optimization solvers
and the wide variation of variables in these models. For instance, a humidity ratio
balance function may involve humidity ratios on the order of 0.1 kg,,/kg 44, While an
air flow balance in the same model may involve air flows on the order of 100,000 CFM.
Not scaling these functions to the same magnitude could result in a failed calculations or
large humidity errors in calculated humidities that cause large errors in a building’s
calculated energy usage.
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Problem Section Order

Multiple problem sections in an input file serve as the original partitioned
subproblems. This allows problems to be partitioned in ways the automatic
preprocessing algorithm can’t detect. For instance, temperature and humidity
calculations can be decoupled when no relative humidity control is present. However,
but this must be done manually because no algorithm to decouple the problem as
formulated in Chapter V could be found. Multiple problem sections can also serve as
containers for model code so that models are more readable.

Problem sections must be entered in a valid solution order, where no problem
section uses variables solved later as inputs. This means that problem sections can’t
have cyclic dependencies between the variables they solve. Figure 100 shows a model
that’s invalid because of cyclic dependencies. Valid dependencies between problem
sections are shown using green arrows, and the invalid dependency is shown using a red
arrow. The first problem section uses the variable z in its equations but z is calculated in
the third problem section. The dependencies between the first and second problem
sections and the second and third create a cycle of dependence between all three problem

sections.
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Problem Section 1
Solves: x, Uses: z
x+z=3

v

Problem Section 2
Solves: y, Uses: x
x+y=4

'

Problem Section 3
Solves: z, Uses: y
y+z=1

Figure 100 — Problem Sections with a Cyclic Dependency

Running a Model

Models can be run by clicking the “run” button in the upper left-hand corner of
the main window. One of two windows is shown depending on whether the model has
input errors. If input errors exist the Input File Error Window of Figure 101 is shown.
This window lists each error and its position in the file. 1f no input errors exist the
Project Runner Window of Figure 102 is shown. This window gives details on the

processing of a model and running of the simulation.

Input File Has Errors >

Syntax Errors

Line 7, StartOffset: 0, EndOffset: 5, Message: Invalid line

Line 103, StartOffsek 11, EndOifset: 32, Message: Invalid unit

Line 239, StartOffset: 43, EndOffset: 47, Message: Variable not defined

Figure 101 — Input File Error Window
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Project Runner n

Task Progress/Info

Input Validation l,\)

View Presclve Graphs

Generating Source Code 1‘) View Source Code

Create Solution

Compiling Scurce Code l,\)

Run Time: (.80 (=)

Time Step 8760/8760

#Failed 0, 0.00% (so far)

Expected Time: 0.90

IPMLP lterations per Tirme Step: 8.20

Running Simulaticn

Writing Outputs 1‘) View Cutputs

Figure 102 — Project Runner Window

Processing and running a model takes place in five phases: input validation,
source code generation, source code compilation, running the simulation, and writing
and showing simulation outputs. The Project Runner Window displays information
from each of these phases. If a phase fails a red x is shown and an error message may be
viewed. If a phase succeeds it’s given a green check or bar.

When running a model, first the input validation phase validates the internal
model that was made from the text input file. This validation is independent of the Ul
validation and was made so that models can be validated when created from another user
interface.

Next, the source code generation phase runs the automated solution algorithm
from Chapter VI and results in C# source code to compile and execute. The “View

Presolve Graphs” button shows this process in detail by opening the window from
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Figure 82. The “View Source Code” button displays a text file of the generated source
code. Finally, the “Create Solution” button creates and opens a Visual Studio solution
containing the source code and inputs from the simulation. This solution executes the
same code as a simulation, which allows generated code to be debugged line by line.

Next, in the source code compilation phase the generated source code is
compiled. If the compilation fails a button is displayed that displays model errors when
clicked. This is used for debugging the code generation process.

If source code is compiled successfully it’s then executed. A progress bar is
displayed to show how much of a simulation has been completed, and information on the
run time, current time step, failed iterations, expected completion time, and the number
of iterations required for each run of the IPNLP algorithm are given. This information is
used to fine tune the solution algorithms used.

Finally, if a simulation completes successfully its outputs are written and
displayed. Charts and Excel files are displayed automatically and clicking the “View
Outputs” button reopens the Excel files. A “View Exception” button appears if the steps
of the Project Runner Window fail. Clicking this button gives information on what part

of the process has failed.
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