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ABSTRACT

Spin waves are the collective wave excitations in the magnetically ordered system, which have
the frequencies typically ranged from GHz up to even THz. In recent years, the study of spin
waves, which is referred to as “magnonics”, has been significantly advanced; and the low-damping
coherent spin waves are considered as a suitable candidate for performing rapid data processing and
wave computing. The scalability of such spin-wave based computing devices is rather promising
due to the possibilities of exciting spin waves with wavelengths down to the nanometer range.
Magnonic crystals are various forms of spatial modulation of magnetic properties that can be seen
as magnetic metamaterials. The magnonic crystals, as a widely used approch to tailor the spin-
wave band structure and an effective way to control the spin-wave propagation, have been studied
extensively. In this dissertation, we explore the possibilities of utilizing various kinds of magnonic
crystals for the controllable spin-wave dynamics in different magnetic systems.

We first develop a description of spin waves in a 3D quantum XY antiferromagnet (AFM) in
terms of macroscopic variables, magnetization and Néel vector densities. We consider a layered
AFM with spins located on the honeycomb lattice. We show that, in the discussed system, the
spectrum of spin waves consists of four modes, all well captured by our macroscopic description.
The gapless mode of the spin waves, i.e., magnons, is described by a system of equations, which
has a structure general for the Goldstone mode in AFMs. We demonstrate that the parameters in
the spin Hamiltonian can be evaluated by fitting the experimental data with the results obtained
for the four modes using the macroscopic variable approach. The description of AFM in terms of
macroscopic variables can be easily extended to the case when the lattice of the magnetic substance
is deformed by an external strain or acoustic wave.

Next, we study the spin-wave dynamics in such a layered AFM in the presence of a periodic
lattice deformation. We suggest to use spatially modulated strain (a type of magnonic crystals) for
the control of a spin wave propagating inside a bulk AFM. The modulation with the wave vector

q, by virtue of magnetoelasticity, mixes spin waves with wave vectors near ¢/2 and —¢q/2. This
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leads to lifting the degeneracy of the symmetric and antisymmetric eigenstate combinations of
these waves. Therefore, a moving spin wave being subjected to the lattice modulation after some
time alters its propagation direction to the opposite one, and so on. The resulting picture reminds
one of a tunneling particle in a symmetric double-well potential. The effect can be utilized for the
control of the spin-wave propagation that can be useful for magnonic applications. The control
may include a delay line element, filtering, and waveguide of the spin waves in AFM.

For a ferromagnet (FM), we investigate its spin-wave dynamics under a switchable current-
induced magnonic crystal. In this case, we consider a ferromagnetic (FM) sample with a metallic
meander pattern (whose spatial modulation is described by a wave vector ¢) fabricated on its top
surface. The magnonic crystal will be switched on and off by applying a current to the meander
structure. For a conventional magnonic crystal with direct current (DC) supply, the spin waves
around ¢/2 are resonantly coupled to the waves near —q /2, and similar to the periodically deformed
AFM, a band gap is opened at k = +¢/2. We further demonstrate that if instead of the DC current
the magnonic crystal is supplied with an alternating current (AC), then the band gap is shifted to
satisfying |ws(k) —ws(k — ¢)| = wae; here ws(k) is the dispersion of the spin wave, while w,, is the
frequency of the AC modulation. The resulting gap in the case of the AC magnonic crystal is the
half of the one caused by the DC with the same amplitude of modulation. The time evolution of the
resonantly coupled spin waves controlled by properly suited AC pulses can be well interpreted as
the motion on a Bloch sphere. The tunability of the AC magnonic crystal broadens the perspective

of spin-wave computing.
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1. INTRODUCTION*

Classical computers, which are based on electronic circuits, exploit binary digits, known as bits,
to store and process information. Each bit has a value of either 0 or 1, which can be represented by
an electrical signal. Complex calculation tasks are performed via logic gates, which are constructed
using billions of transistors on integrated circuits. The processing speed of a classical computer
is mainly determined by the number of transistors on an integrated circuit; and according to the
prediction of Moore’s Law, this number approximately doubles every two years. Over the past few
decades, the computational capacity of classical computers has grown rapidly. However, it will
become more and more impractical to maintain this exponential growth as the size of transistors
becomes smaller and we approach the limits of classical physics.

Quantum computers, on the other hand, provide a potential solution to these limitations and
have been extensively studied to continue enhancing the computing capabilities. Unlike classical
computers, a quantum computer explores the physics of quantum superposition and entanglement
to perform computations. Instead of bits, quantum computing uses quantum bits, or qubits, which
can be in a superposition of states (i.e., a linear combination of both 0 and 1 states at the same
time). This enables quantum computers to process a large amount of information simultaneously
and execute certain types of calculations much faster than the classical ones. Although quantum
computing shows great promise, its practical implementation in the real world is severely limited
by the intrinsic susceptibility of a quantum system to external perturbations and noises. To build
a truly functional quantum computer, the issue of quantum decoherence in multiple-qubit system
must be addressed.

Classical waves lack the full capacity for quantum entanglement, but they still possess the
superposition property. Lloyd has theoretically shown that, with an extra resource overhead, in-

terference of waves can be exploited for building a computing device that outperform the clas-

*Part of this chapter is reprinted with permission from “Spin-wave dynamics controlled by tunable ac magnonic
crystal” by Ankang Liu and Alexander M. Finkel’stein, 2023. Phys. Rev. B (to be published), Copyright 2023 by
American Physical Society.



sical one on database search [1]. This is accomplished by implementing a specific version of
Grover’s algorithm that does not involve quantum entanglement. In addition, other studies (e.g.,
Refs. [2, 3, 4, 5]) have suggested that quantum speedup may rely more on the parallelism of a
quantum system rather than on the entanglement. In these works the authors also discussed the
possibilities of using classical waves to achieve quantum-like speedup.

Spin waves are the collective wave excitations in the magnetically ordered system, which have
the frequencies typically ranged from GHz up to even THz. In fact, the utilization of spin waves
for the purposes of quantum-information exchange was proposed long ago in Ref. [6]. In recent
years, the study of spin waves, which is referred to as “magnonics”, has been significantly ad-
vanced, see Refs. [7] and [8] for reviews. As it is shown in Refs. [9, 10, 11], the spin waves
excited in the low-damping ferromagnetic (FM) material yttrium iron garnet (YIG) can have both
life time and coherence time longer than 100 ns. As a result, the low-damping coherent spin waves
are now considered as a suitable candidate for performing rapid data processing and wave com-
puting [9, 10, 11, 12, 13, 14, 15]. The scalability of such spin-wave based computing devices
is rather promising due to the possibilities of exciting spin waves with wavelengths down to the
nanometer range [16, 17]. Specifically, as demonstrated in Ref. [13], a computing machine relying
on the spin-wave superposition exhibits faster performance on database searching tasks compared
to a classical digital computer. Futhermore, the authors claim that “classical wave-based devices
can perform some of the quantum algorithms with the same efficiency as quantum computers as
long as quantum entanglement is not required”. The results of this study imply that spin-wave-
based computing devices have the potential to achieve quantum-like speedups on certain tasks,
which provide an alternative avenue to bypass the intractable issue of quantum decoherence when
building a quantum computer.

In the abovementioned work, the qubit state was encoded as a linear superposition of two spin
waves with different phases, with each “qubit” sent through its own waveguide (a thin YIG stripe
that guides spin waves) and controlled by an individual phase shifter (an apparatus that adjusts the

phase of a spin wave). However, scaling up such a spin-wave computing device will be a signif-



icant challenge. To address this challenge, in this dissertation we study the spin-wave dynamics
in various kinds of magnonic crystals for different magnetically ordered systems, and finally we
explore the possibility of using AC magnonic crystals to control different spin-wave pairs. We ex-
pect that distinct spin-wave pairs will be independently manipulated by the AC magnonic crystals
with different modulating frequencies through what we will call the “shifted resonance”. The key
advantage of the proposed scheme is that all pairs of spin waves in the same waveguide can be
simultaneously controlled by a single hardware, which has a fixed spatially modulation.

This dissertation is written based on my three papers on Physical Review B [18, 19, 20]. The
dissertation is organized as the follows: In Chapter 2, we employ simple isotropic exchange spin
models to give an intuitive picture of how long-wavelength spin waves arise in a ferromagnet
(FM) and antiferromagnet (AFM). In Chapter 3, we investigate the spin-wave excitations in van
der Waals layered magnetic material CoTiO3 and develop a quantitatively good description of all
four spin-wave branches in this material using a formalism based on macroscopic variables. The
established formalism can be easily extended to the magnetic system with a lattice deformation and
is applicable to a generic quantum XY AFM. In Chapter 4, we utilize the macroscopic-variable
spin-wave description introduced in Chapter 3 to study the antiferromagnetic (AFM) spin-wave
dynamics under a spatially modulated strain. We demonstrate that the periodic strain acts like
a magnonic crystal on spin waves propagating along the same direction of the modulation; and
switching on the strain modulation leads to a fo-and-fro motion of the spin waves that satisfy the
spatial resonance condition. In Chapter 5, we focus on the spin-wave dynamics under a current-
induced magnonic crystal, which has more tunability than the strain-modulated magnonic crystal.
We discuss the possibility of using a tunable AC magnonic crystal for the purpose of spin-wave
computing. Finally, in Chapter 6, we summarize the dissertation by presenting an overview of the
work and outlining future directions for research. Appendices A, B, and C provide supplemental

information to Chapters 3, 4, and 5, respectively.



2. EXCHANGE MODELS FOR SPIN WAVES*

In this chapter, we employ the exchange Hamiltonian to demonstrate how spin-wave excitations

are formed in magnetically ordered systems such as FMs and AFMs.
2.1 Spin Wave in Ferromagnet

Spin-wave excitation in a FM can arise from various kinds of interactions, e.g., the long-range
magnetic dipole-dipole interactions and the short-range exchange couplings [21]. For readers who
are interested in a full treatment of spin waves that originating from the mixture of the dipole-
dipole and exchange interactions, we refer to papers [22] and [23]. To illustrate the concept of
shifted resonance, which will be introduced in later chapter, we restrict ourselves to the spin waves
purely originating from the short-range exchange couplings. This is sufficient for demonstrating

the idea. To be concrete, we study the isotropic Heisenberg’s spin Hamiltonian
H™ = —]Y " S(t) - 8,(t). 2.1)
(i.9)

Here, J > 0 is the FM exchange coupling between the spin .S;(¢) on the lattice site ¢ and the spin
S;(t) on its nearest neighbors. The summation (¢, j) runs over all pairs of the nearest-neighboring

sites. Using the Heisenberg equation of motion S; = %[Si, HTM] one gets

dS’Lx 4 z
dt :JZ<S§J s — 5 Szy+6)v
s

dsly zZ QX T Qz
dt =J Z(Sz s —5i i+6)7
)

ds:
=/ D (SSY s — SYSE). (2.2)
d

*Part of this chapter is reprinted with permission from “Spin-wave dynamics controlled by tunable ac magnonic
crystal” by Ankang Liu and Alexander M. Finkel’stein, 2023. Phys. Rev. B (to be published), Copyright 2023 by
American Physical Society.



Here we dropped the argument ¢ in S; in Eq. (2.2) for simplicity of notation. In the case where
all spins are located on a cubic lattice with the lattice constant a (as it is shown in Fig. 2.1), the

summation of ¢ runs over a(£1,0,0), a(0, £1,0), and a(0,0, +1).

Figure 2.1: A schematic picture of FM cubic spin lattice with lattice constant a. Spins are indicated
as red arrows on each site, and we assume that all spins are aligned along the z direction in the
equilibrium.

Since only the dynamics of long-wavelength spin waves will be studied, in the continuum
limit one can replace the spin operators S;(¢) by the continuous variable S(r,t) and expand its
coordinate dependence, see e.g., Ref. [24]. S(r, t) is introduced here as a classical variable, which
can be understood as the averaged spin over a small volume around the position 7. As an example,

the term ) 5 S7S7, 5 becomes

dSY(r,t) 1028 (r, t)

z Y N sa 22 Vot sagh N I~

S*(r,t) % (S (r,t) + 5ra ) +2 Grat B 0%6° + )

65%(r, 1) S (7, t) + a*S*(r,t) (V>SY(r,t)). (2.3)

Here, the summations of o and 3 over z, y, and z are indicated explicitly. Eventually, the equations



of motion (2.2) become

as

o = (Ja*)(S x V28), (2.4)

which is nothing else but the Landau-Lifshitz—Gilbert equation without the damping term (cf. Ref.
[25]). We can assume, without loss of generality, that all spins are aligned along the z direction
in the ground state. As a result, the spin variable S(r,t) takes the form (0, 0, Sy) in equilibrium,

where S is the saturated spin value. In the case of a spin-wave excitation, S(r, t) deviates from the

equilibrium value, and becomes S(r,t) = (Sm(r (r,t), 4/ S2 — [S=(r,t)]2 — [Sy(r,t)P).

In the weak-excitation limit [S™Y (7, t)| < Sy, we get a linearized equation in S™¥(r,t):

dS*

= = +iJa?S, V257, (2.5)

where S*(r,t) = S*(r,t) & iSY(r, t). It can be easily checked that this equation is solved by a
plane wave S*(r,t) = (AS)etilkr—wsk)ttes] with w, (k) = Ak?. Here AS is the amplitude of
the spin wave, ¢, is the initial phase, and A = Ja*S,. Note that w,(k) — 0 as k¥ — 0, which

corresponds to the Goldstone gapless mode of the Heisenberg FM.
2.2 Spin Wave in Antiferromagnet

Now let us show how the spin-wave excitation looks like in an AFM. For simplicity, we study

again the isotropic spin Hamiltonian

HAM™M = J3 " S,(t (2.6)

(4,9)
where J > 0 and the summation (i, j) runs over all pairs of the nearest-neighboring sites on a
cubic lattice as well. Note that the opposite sign in this spin Hamiltonian compared with the one
of a FM (cf. Eq. (2.1)). Therefore, as it is schematically depicted in Fig. 2.2, all spins on the A
sublattice are aligned oppositely to the spins on the B sublattice in the thermal equilibrium. This

leads to a vanishing total magnetization for an AFM.
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Figure 2.2: A schematic picture of AFM cubic spin lattice with lattice constant a. Spins on different
sublattices are indicated as red and blue arrows on the corresponding sites. In the ground state,
all spins on the A sublattice are aligned along the positive z direction while the ones on the B
sublattice are along the negative z direction.

Following the same procedure in the last section, namely, calculating the commutation relations
of S;(t) and HAFM  replacing the spin operators with the corresponding continuous variables in

the continuum limit, and making the gradient expansions, we eventually get

dSA(Ta t)

e 6J(Sa x Sg) — (Ja*)(S4 x V2S5) 2.7)
and
dSBd—(tr’t) ~ —6J(Sp x S4) — (Ja?)(Sp x V28,) (2.8)

for the spin dynamics on the A and B sublattices, respectively. To proceed, we introduce the total
magnetization m = S 4 + S and the Néel vector I = S, — Sg. Using Egs. (2.7) and (2.8), one

obtains

d 2 dl
am . ‘%“(l x V1) and -~ 6J(m x1) (2.9)



after neglecting the terms that do not contribute to the lowest-order spin-wave dynamics. Next, we

apply the standard parametrization (see e.g., Refs. [26, 27, 28])

N 2
1 =25p4/1— |_m| (cos 8 cos ¢, cos O sin ¢, sin ) ,
25

m =(—my sin f cos ¢ — my sin ¢, —my sin 0sin ¢ + my, cos ¢, mg cos 0) (2.10)

to the total magnetization and Néel vector. Here, Sy is the saturated spin value on both A- and
B-sublattices. The parameters 6, my, and m,, have the equilibrium values 00 =0, méo) =0, and
mg)) = 0, while gb(o) can be an arbitrary angle. Note that, by the definitions, m - I = 0, and this
orthogonality is automatically fulfilled by the parametrization (2.10).

Finally, we substitute the parametrization (2.10) into Egs. (2.9), keep only the linear terms in

the parameters that deviate from its equilibrium values, and get two decoupled pairs of linearized

equations:
. Ja?
me %(25’0)2(T>V2¢,
& ~6Jmy (2.11)
and
2
Mg~ — (250)2(‘]7“)v29,
0 ~ — 6Jmy. (2.12)

Both pairs of equation lead to the same spin-wave dispersion w,(k) = v/12.JSpa|k|. In contrast to
the quadratic dispersion in a FM, the AFM spin wave has a linear spectrum. It is worth pointing
out that the degeneracy of two pairs will be lifted by an external magnetic field. In the presence of
an external magnetic field B2, the equilibrium value of my becomes finite, which indicates that

a net magnetization along z direction is induced by the external magnetic field. One can easily



check that, in this case, the spin wave described by the pair (mg, ¢) remains gapless, while the
(mg, 8)-pair spin-wave branch acquires a nonzero energy gap which is oc By. The gapless spin-
wave branch (my, ¢) is associated with U(1) symmetry of the system, which is directly related to
the spin-superfluidity transport [28, 29, 30].

At the end of this section, we demonstrate an unconventional way of deriving the AFM La-
grangian density. The standard route to find the the Lagrangian density requires going through the
whole complicated process of constructing the path integral [27, 28]. Here we show that one can
simply restore the Lagrangian density from the equations of motion (2.9), which avoids the mathe-
matical complications of the path-integral formalism. In the continuum limit, the spin Hamiltonian

(2.6) is approximated as
2
HAFM ~ /dg’l"HAFM :/dg’l" {6JSA . SB -+ JTCL [SA (V2SB) -+ SB . (V2SA)}}

~ / ddr [3Jm2 + Ja* > (@ 1)2] (2.13)
T W) :

«

In the above equation, the summation of « runs over all three spatial coordinates z, y, and z. The

action, which describes the dynamics of the system, will generally take the form
AN o / drd*r LM = / drd®r (Lo — 1AM (2.14)

Here E;“,f M is a geometric kinetic term, which appears in the process of constructing the path
integral with the use of the spin coherent states technique. This term is also called the Berry phase
of the spin history [27]. The equations of motion for 1 and [ are obtained by minimizing the
action AAFM By requiring § AAFM /§m = 0, one gets

GL?,CF M

om

— 6Jm = 0. (2.15)



On the other hand, one has

dl
I x o (250)%6Jm (2.16)

from the second equation in (2.9). Therefore, we find that C‘g“,f M = (255)72m - (I x O,1) and

J 2
LAPM — (250)2m - (I x 9,) — 3Jm? — T“ (9.0)%. 2.17)
One can easily check that, with the use of this Lagrangian density, d A4*™M /61 = 0 gives the first

equation in (2.9). In this way, the explicit expression of the Berry-phase term was found, and the

AFM Lagrangian density could be restored without the need for constructing the path integral.
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3. SPIN WAVES IN LAYERED ANTIFERROMAGNETS WITH HONEYCOMB
STRUCTURE*

In this chapter we derive the equations of motion for the system of spins in a quantum XY
AFM in terms of pairs of macroscopic quantities, which are the magnetization and the Néel vector
densities. Compared to other classes, the XY AFMs are relatively limited in occurrence. Usually,
they could be met in systems with a hexagonal symmetry of the crystalline lattice, see Ref. [31].
At the present moment, a number of materials has been confirmed to be the layered AFM with
in-plane spins, including NiPS3 [32], CoPS3 [33], CuMnAs [34], CrCl; [35, 36, 37], etc. Here,
for concreteness, we consider the XY -type layered CoTiOs, although the approach is general and
expected to be applicable to any layered AFM.

We arrive to a relatively simple description of quantum AFM in terms of the gradient expansion
of the pairs of macroscopic variables that in the continuous limit reproduces the main features
of the results obtained for CoTiO3 in Ref. [38]. In particular, this method allows to describe
accurately all four spin-wave modes existing in the discussed system. By comparing their spectrum
calculated here using the macroscopic variables approach with the experimental data of Ref. [38],
we extracted the values of the parameters in the spin Hamiltonian and confirm the XY character
of the intralayer spin exchange in this material.

In a series of papers [39, 40, 41], the magnon backward scattering by a magnonic crystal
was studied experimentally in FMs. The periodic scattering potential (i.e., the magnonic crystal)
was created by a set of current carrying meander wires. The perspective of this experimental
method for bulk AFM samples remains unclear. We, therefore, study here the effect of the lattice
deformation on the spin dynamics. The deformations change distances between spins, and thus
modify exchange coupling constants. The modulation of the coupling constants causes in its turn

scattering of the spin waves. The description in terms of the macroscopic variables developed in

*Reprinted with permission from “Spin waves in layered antiferromagnets with honeycomb structure” by Ankang
Liu and Alexander M. Finkel’stein, 2022. Phys. Rev. B, 105, 214409, Copyright 2022 by American Physical Society.
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this chapter can be easily extended to a system with deformations, and allows one to obtain the

dynamics of the scattering spin waves in the modulated crystal. This is another goal of this chapter.
3.1 Spin Dynamics in the Absence of Lattice Deformations

CoTiOg is a layered AFM material, and is a sort of a magnetic “ABC-stacked graphite".

Figure 3.1: Schematic spin lattice structure of CoTiO3. The period along the z direction comprises
six layers including the ABC stacking and the alternating +x spin ordering in the neighbor layers.
The red and blue spheres represent atoms located on the A and B sublattices, respectively, while
arrows indicate the direction of their spins. CoTiOs is an intralayer FM and simultaneously an
interlayer AFM. The dashed lines display couplings of a selected atom in the middle layer to the
nine next-nearest neighbors in the other two layers. Each of the red atoms on the A sublattice in
the middle layer is coupled with six blue atoms in the top layer and three red atoms in the bottom
layer. A blue atom on the B sublattice in the middle layer is coupled with three blue atoms in the
top layer and six red atoms in the bottom layer.

Namely, in each of the layers, spins are arranged on a honeycomb lattice (xy plane), and different
layers are ABC-stacked along the third direction (2 axis). A schematic structure of the spin lattice
is shown in Fig. 3.1. The exchange coupling .J; within a layer is FM, i.e., J; < 0, while the
exchange coupling constant between layers is AFM, J; > 0. Previous measurements (cf. Ref.

[38], and see also the discussion in Section 3.4) found out that the Hamiltonian describing best the

12



magnetic excitations in CoTiOs is

H=> Ji(SSEs +SYSls) + > JL(SESE s, + SVSY s, + Si87,s) + {87 4 Solvilz).

’L',(Sl i762

(3.1

Notations here are the same as in Ref. [38]; the index 7 runs over all sites of spin, while ¢; and
run over the nearest neighbors within the same layer, and all the next-nearest neighbors between the
layers. In the Hamiltonian (3.1) we have introduced S and S that are the spin operators for the 4-z-
ordered magnetic layers, respectively. Using the Heisenberg equations of motion, S = %[S , HJ,

for each of the spin components of .S;, we find

dse

& =2 NS8O (SISl — S,
51 52
dSZy z T z QT T Qz
a Z J15i S, + Z JL(=5750s, + 5750 s,),
51 52
de Y Qx xr QY Y QT T oY
dt Z J)(57 S5y, — 57 5s,) + Z J1L(S!Sivs, — S7Si1s,)- (3.2)
51 52

The equations of motion for S could be obtained by making the exchange: S <+ S. Although
the period of the spin lattice along the z direction is six layers, there is no need in considering
the dynamics of all six layers. Instead, one just needs to calculate the equations of motion for S
and S, which are the spin operators of two oppositely ordered layers. Suppose we start from the
bottom layer in Fig. 3.1 and move upward. Then each next layer requests for the same operation,
1.e., change in the direction of the spin ordering along with a shift by one unit length along the +z
direction. Hence, each layer is in the same environment and does not feel the periodicity along the
z direction.

Next, in order to get a continuum model, we make an expansion in S with respect to its coor-
dinate dependence (cf. Chapter 2). As an example, let us take the term 5 .J;S7S}, ; and assume

Z+61

that the site 7 is on the A sublattice. We are interested in finding the equation of motion for a spin

13



located on this site. For this, we need to explore its environment. Performing the expansion, we

obtain

i asg 1 sy
ZS i+61 Z B6 +28 aaBﬁélél )
) 02
%351AS§JB 4 zA(a + 8 Q)Sy (33)

Here and further on, the subscription A/ B stands for the A/ B sublattices. There are three nearest
neighbors for the honeycomb lattice, and d; are taken to be §; ; = (1,0,0), 815 = (—1/2,v/3/2,0),
and 6,3 = (—1/2,—+/3/2,0). In Eq. (3.3) the summation over a and 3 is assumed, where
a,f = x,y, z combines the three Cartesian components of the vector d, ; with three coordinate
derivatives. Note that for the convenience of the discussion, lengths are measured in the units of

either intra- or inter-layer lattice constants.

Similarly, for a term describing the interlayer interaction, ) 5 J 1525 '\ 5,» W€ have
5 - - 0S¥, 1,02 02 02 -
z QY ~ Q% y Y z 1B - Y
D 5iSls, 3505l +250) + 35152 + 15 + g T 25,25l + 250 B4

Here we assumed that a site 7 is on one of the A sublattices (i.e., 7 is red), and that d, runs over
nine next-nearest neighbors as indicated by the dashed line in Fig. 3.1.

To derive the equations of motion for the macroscopic quantities, we substitute the leading
expansion terms as shown in Egs. (3.3) and (3.4) back into Eq. (3.2). The calculations are straight-
forward, and details are presented in Appendix A.1. Then, after making a transition from the site
spin operators S;(¢) to the continuous variable S(r,t), we introduce the macroscopic quantities
for each of the two sub-lattices: the total magnetization ma,5(r,t) = Sa/p(r,t) + Sa/p(r,t)
and the Néel vector l4/5(r,t) = Sa/p(r,t) — S'A/B(r, t), which will be used for describing the

long-wavelength spin wave excitation. Finally, for the two spin-wave branches with the lowest
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energy we implement the approximation m4 = mp = m and l4 = lg = [, and as a result get:

dm® 3 9

= S N + TV, (35)
dm¥ 3 z1T 9 T z
o~ ) = gl Vi), (3.0)
dm? 3 9
el —§J||[l x (V2D)], + gml x (V2)]., (3.7)
e 3 o9 .
o = (51 = 9T (IFm7) = LT (V). (33)
dly 3 oo D P
—r X (=59 Em?) + 21 V2m?), (3.9)
and
dlz 3 2 9 2
—r ~9J, (m x 1), — gJ”[l x (Vim)|, — gjl[l X (Vim)].. (3.10)

Here, the short notation V2 = V2 + 9?/92? has ben introduced; the indices z, y, z mark the z, y,
and z component of the vectors, respectively. In the following, we drop the last terms in Egs. (3.8)
and (3.9), because they lead to the terms in dispersion, which are of higher order in k2, while we
are interested in w? only up to the order ~ O(k?).

To proceed further, we will apply the standard parametrization (2.10) to the vectors m and [ by
simply replacing Sy there with S, which is the effective spin in this system. Note that, under this
parametrization, the vectors m and ! are automatically constrained by m - I = 0 and, at the same
time, the lengths of S and S are taken to be a fixed value S. De facto, by the transition from spin

operators to the classical variables m and [, we have implemented the language of the nonlinear
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sigma model (NLSM) for the description of the AFM dynamics.
Keeping only the linear terms in Egs. (3.5)-(3.10), we get two decoupled pairs of equations in

terms of the variables as introduced in Egs. (2.10):

. 3 9
~ (432)(—§J||V2_¢ + gJngr(b),

. 3
¢ ~ (—§J|| + 9.1 )mg; (3.11)
and
~ 3 9
~ (452)(—§J”9 — ghvie),
] 3 2 9 2
0 ~ (_9JJ_ - g:]”v_ - gJJ_V_,'_)mgb. (312)

Note that #©©) = 0, mg)) = 0, and méo) = ( are the equilibrium values for these equations, while
¢ can be arbitrary, because this system has a rotational symmetry along the z direction. In fact the
form of the equations (3.11) and (3.12) does not depend much on the microscopic details of the
Hamiltonian (3.1) and is determined by the symmetry of the system. Only the numerical prefactors
are specific to the model and are determined by the lattice structure.

By taking another time derivative in Egs. (3.11) and (3.12) we obtain closed equations of the

second order. For example, for my and m,, they look as follows

3J|| 3J|| 9 9JJ_
8 3 2 MLIV-+ 8

0 2T 0.7, 3J
~USHG AL+ 5 JHV2 8L(2”

3JH
2

+9J1)Vi]my. (3.13)

~(45%)]- — (== +9JL)Vi]m,

These equations give eigen-frequencies of the two low-energy spin-wave branches

9 81 81 27 81

~ 2 4 g2 2Y7.21%
wa ~(2 S)[(16J|| gL+ gh)(k‘ + k) + (—§J||JL 1 ——J1)kZ]2,
27 9 81 27
W ~(2S)[——J||JL - 16J” (K2 +E)+ (— 2 JI + 16JHJL)(I<;2 + k2 4 2k2))3. (3.14)
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Here, w, and wyy, are the acousticlike and the opticlike branches of the spin waves, respectively. In
fact, the two branches exactly repeat each other after shifting k, on . (This is why we indicate
the “fake" opticlike branch by “sh".)

It remains to obtain the two "true" opticlike branches with higher energies. Since the opticlike
excitations are not related with the rotational symmetry along the 2 directions, we perturb the spins
on A and B sublattices in the anti-phase manner: An ansatz m,p = £(dm*2 + dmy + dm?*z2)
andly/p = 25+ (0l%&+81Yg+ 617 2) is implemented for these eigenmodes. Here, + and — stand
for A and B sublattices, respectively. Note that, without loss of generality, we take the equilibrium
Néel vector to be along the x direction, {j = 25%. As above, m 4/B and l 4/ are subject to the
constraint m g - 4/ = 0. Note that, to fulfill this constraint, one can implement for vectors

my,p and l 4/ p the standard parametrization (cf. Egs. (2.10)):

2
lA/B:2§\/1— <|7";ng) <COS(9A/B) cos(¢A/B),cos<6’A/B) sin(gbA/B),sin(@A/B)) (3.15)

and

M/ =< — (mg)aypsin(0a,5) cos(dasp) — (mg)aspsin(dasp),

— (mg)A/B sin(QA/B) sin(gbA/B) + (md))A/B COS(¢A/B), (WL@)A/B COS(@A/B)>. (316)

Here, 04/p = 0, ¢a/p = £0¢, (mg)ayp = my, and (my)a/p = £my. After linearization, we
get 8l ) p ~ 0,01% = +25¢, 0y p & +256), oms g ~ 0, 0mly 5 ~ xmg, and 6m? 5 ~ Emy,
which are equivalent to the expansions used here. Expanding the magnetization density and Néel

vector around the equilibrium, we get (more details can be found in Appendix A.1)

dom®
~ 3.17
7 0, (3.17)
e 25[(—§J|| +3J.) — gJLV+]5l , (3.18)
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dom* 3 3
dT ~ 25((3J) = 3J1) + S V2 + LIV, (3.19)
sl
~ 3.20
o7 ~0 (3.20)
sty . 3 3
— 2S[(—§JH +6J,)+ ghvi]émi (3.21)
and
stz - 3 3
o~ 25((3J) = 6J.) + gjuvi — g(]LVi]émy. (3.22)

We, thus, get two pairs of equations: Egs. (3.18) and (3.22) for the pair (§m?, 61*), and Egs. (3.19)

and (3.21) for (6m?, §1¥). Consequently, these pairs of equations lead us to two opticlike modes

-9 9 9 1
wor 2(259)[5(J) — 2J1)% - 1—6J||(JH —2J ) (K} + k) — EJL(JH — 2J1) (k3 + K+ 2k2)] 2,
-9 9
Woo z(25)[§(J|| —J)(Jy —4Jy) - 1—6J||(J|| —4J )k + k)
9 \
+ — (4 2J0) (k2 + K 4 2k2)]>. (3.23)

16
The gradient terms in Eqgs. (3.18), (3.22), and in (3.19), (3.21) determine the dispersion of the
opticlike modes.
3.2 Holstein—Primakoff Approach

As a comparison, we introduce an 8x8 model using the Holstein—Primakoff transformation,
which quantitatively describes the spectrum of the spin waves in CoTiO3 with using the Hamilto-

nian given by Eq. (3.1).
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3.2.1 The 8x8 model

For a layer, where the magnetization is ordered along x direction, we introduce the standard

Holstein-Primakoff operators

S4p =5 — (a'a)/(b'D),
St = Y + iS55 = /25 — (ala/bib)(a/b).

Sup =54 — 1545 = (d /b*)\/ 25 — (ata/btb). (3.24)

Here, the subscription A/B indicates the A/B sublattices and, similarly, a'/b" and a /b are creation
and annihilation operators of spin excitations on the A and B sublattices, respectively. In the
discussed system, CoTiOs, the effective spin S=1 /2; see the discussion on this point in Ref. [38].
Finally, for the neighboring layer, where the magnetization is ordered along the —x direction, we

use operators marked with a bar. We have

Si/p = (a'a/b'b) — 5,

S5 = —SY,p + iS5 = /28 — (ata/bib)(a/b),

Tp = =S — iS55 = (al/61)1/28 — (ata/bi). (3.25)

Keeping only the quadratic form in terms of the creation and annihilation operators, one obtains
a Hamiltonian Hgy in the quasi-momentum k space which determines the spectrum of the spin

waves. The Hamiltonian Hgy = S > VIJH & Vx 1s determined as follows:

‘/;f = {akﬂblﬁaT_kubT_k7C_Lk7l_)kac_LT_k7l_)T_k}T (326)
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and

Here, H,;, and Hy;, are 4 X 4 matrices

and

Ak
By,

By,

0
Cr
By

Hy,  Hay

Hop  Hyy,
By, 0

A, B

B, Ay

0 B

0 Ck

0 F
F. 0
C, 0

By,

Fy,
Cr

0
0

(3.27)

(3.28)

(3.29)

The matrix elements here are A, = —3.J) + 9J1, By = 3y, Cr = —J1(e 7y + e*9;),

and F}, = —J e *=~;. The factor ; is determined by summation over the nearest neighbors,

i.e., for the honeycomb lattice v, = Zj=1,2,3 ek91i with 8,1 = (1,0,0), 6,2 = (—1/2, \/5/2, 0),

and 8,3 = (—1/2,—+/3/2,0). In our discussions, we take both in-plane and out-of-plane lattice

constants to be 1 for simplicity. In Ref. [38], the best estimates of .J and .J, which match quanti-

tatively well with the experimental data are found to be J; = —4.41 meV and J; = 0.57 meV. In

the discussions below, we will use for the parameters J| and .J, these values.

In Section 3.4, we get the parameters of the Hamiltonian (3.1) by analyzing the experimental

data from Ref. [38] using our macroscopic description developed above. The extracted values of

parameters, which optimally fit the data, are very close to the ones presented in Ref. [38].

Note that, this 8 x 8 model gives 4 branches of the magnon spectrum. These 4 branches

20



could be divided into 2 groups by the symmetry of the eigenstates. To find the spectrum of
magnons, one needs to solve the eigenvalue problem Hy, 1)) = E}.S3 [¢)) with the diagonal matrix
Sy = diag(1,1,—1,—1,1,1,—1,—1). The eigen vector |¢)) here is an eight-dimensional vector
constructed in the basis Vj, see Eq. (3.26). It could be written as |1)) = {47, 2 }T, where ¢, and
1) are four-dimensional vectors within the subspaces {ay, by, aT_k, bT_k}T and {ay, by, c‘zT_k, BT_k}T,
respectively. For one group of the eigenstates, which has the property v); = 15, the eigenvalue
equation becomes (Hyy, + Hoy)y = Erost)y, where the diagonal o3 = diag(1,1,—1,—1) is a
4 x 4 matrix. For another group of the eigenstates with the property vy = —1,, the eigenvalue
equation reduces to (Hy, — Hoy )ty = Eyost)y. The effective 4 x 4 Hamiltonian Hyy, + Hoy coin-
cides with Egs. (6) and (7) in the Supplemental Material of Ref. [38]. Each of the reduced 4 x 4

Hamiltonians, Hy; + Hoy, describes two branches of the spin waves.

Four branches of magnon spectrum along k; direction with k,=k,=0
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Figure 3.2: Four branches of the magnon spectrum obtained by solving the equations (Hy;, +
Hop )y = Eosyy with Jy = —4.41 meV and J; = 0.57 meV. The eigenvalues are plotted along
the k. direction with &, = k, = 0.
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We plot in Fig. 3.2 the whole magnon spectrum consisting of four branches. The blue and
orange curves are derived from (Hyy, + Ho )11 = Exo31)1, while green and red ones correspond to
(Hi, — Hop )y = Erosihy. Actually, these two pairs of branches are connected through 7 shifting
along the k, direction. This reveals the additional symmetry v); = 41, possessed by a spin system
with the layered structure of CoTiO3.

One of the four branches, the blue curve, touches zero at k = 0. This acousticlike branch
corresponds to the Goldstone mode. It is a direct consequence of the continuous symmetry with
respect to rotation of the Néel vector I in the xy plane. The other branch (the green curve) after

shifting k£, by 7 reproduces the Goldstone mode.
3.2.2 The eigenstates and eigenfrequencies

In principle, the magnon spectrum as well as its eigenstates can be found by solving the eigen-
value equations (Hy, + Hop )ty = E,gi)agi/zl. However, it is very intractable, and therefore we
present an approximation here which allows us to describe the eigenstates and eigenfrequencies
in a simplified but still comprehensive way. As an example, we demonstrate how it works for

H* = Hy, + Hyy.. Under the basis of the subspace {a, aT_k, br, bT_,C}T, H™ becomes

A C. By Gf

N C, A Gf B
Ht = (3.30)

By (GY)r Ap Cy

GY) By G Ay

with G} = B+ Fy. Since the A and B sublattices are equivalent, we are looking for the eigenstate

in the form

eiXa eiXa

- 1 1 -1

bh=a| |+g| | (331)
eiXby a eiXby
eixbg _eixb2
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Here, a, X4, Xs,> and X3, are functions of the wave-vector k that need to be evaluated. The mag-
nitudes of the @—components are all determined by the parameter a, and are equal to a + é. Note
that @El satisfies the standard normalization condition ﬂ(rgzﬂl = 1, where 3 = diag(1, —1,1,—1).
Eq. (3.31) states that the dynamics of spins on the B sublattice is the same as the one on the A
sublattice, except for the phase difference.

Expanding x., X»,> and X3, around 0 (see Appendix A.2), we get the approximate solution of

the equation Hp; = E&3s:

z\/ [Ax + Re(Bi) + Ci 4+ Re(G)][Ax + Re(Bi) — C — Re(G})],

1 Ak + Re(Bk) — Ck — Re( :) i
~ 3.32
¢ 2\/§<Ak+Re(Bk)+C'k+Re( ,j)) (3-32)
and
16a2[Im(G;}) Re(By) — Im(Bk)ReGﬂ} x {Re(Bk)[(64a4 — 1) Re(By)
—1
+ (64a® + 1) Re(G)] + Cyl(64a + 1) Re(By,) + (64a* — 1)Re((;g)]} ,
Re(By)[(64a* — 1) Im(By) + (64a* + 1) Im(G})] + Ci[(64a* + 1) Im(By,)
+ (64" — 1) Im(G+)]} X {Re(Bk)[(64a4 — 1) Re(By) + (64a* + 1) Re(G{)]
-1
+ Cy[(64a" + 1) Re(By) + (64at — 1) Re(G;)]} ,
Xba =Xa + Xby (3.33)
where Re(:--) and Im(- - - ) denote the real and imaginary part of “- --”, respectively. The solu-

tion presented by Eq. (3.33) indicates the smallness of the phases, which is consistent with the
expansion in phases ., X»,, and X3, performed after Eq. (3.31).

As for the higher energy state, we use the same ansatz and repeat the above procedures, but
expand Y, and X, around 7. Eventually we get the results similar to Eqgs. (3.32) and (3.33) but
with the following changes: (i) By — —By; (ii)) Cy — —CY%; and finally (iii) phase 7 has to be

added to x, and xp,.
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Figure 3.3: The acousticlike (first row) and opticlike (second row) branches of the magnon spec-
trum found by the Holstein-Primakoff method. Plot (a) and (d) give the spectrum; (b) and (e) are
phases, while (c) and (f) are magnitudes of each of the components. Here, we plotted the depen-
dence on k. with £, = k, = 0. The solid curves represent the exact solutions for the eigenvalue

equations(Hyy, + Hog )by = Ero3t)y, while the dashed curves stand for the approximated solutions
Egs. (3.32) and (3.33).
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In Fig. 3.3, we compare the results obtained for the acousticlike and opticlike branches of the
magnon spectrum by solving the eigenvalue equation exactly, and using the approximate equations
(3.32) and (3.33). In all six plots, the dashed curves (approximate) almost match the solid ones

(exact). Hence, the approximate Egs. (3.32) and (3.33) work perfectly.
3.3 Results and Discussion

Let us compare the results of the Holstein-Primakoff approach with those obtained using the
magnetization and Néel vector densities. To give a general picture, in Fig. 3.4, we plot four
branches of the magnon spectrum given by two methods. As it is shown, each pair of two branches

obtained through two different approaches is approximately matching with each other at small £..

Four branches of magnon spectrum along k; direction with k,=k,=0

125 _ ]
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Figure 3.4: Four branches of the magnon spectrum obtained by the Holstein-Primakoff approach
(solid curves) and macroscopic description (dashed curves). The eigenvalues are plotted along the
k. direction with k, = k, = 0.
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3.3.1 Comparison of different methods

We now compare, in detail, the results of our description in terms of the macroscopic variables
with those obtained from the exact solution of the 8 x 8 model. In Figs. 3.5, we plot the dis-
persion of the acousticlike and opticlike modes along the k., and k, directions. To quantitatively
compare the results obtained by these two very different approaches, we estimate the spin wave
velocities of the acousticlike branch along the x and z directions; see Figs. 3.5(a) and 3.5(e). We
find Ow,(k)/0k.|k=o ~ 3.81 for the 8 x 8 model and dw,(k)/0k,|k-0 ~ 3.88 for our proposed
macroscopic description. The mismatch is less than 2%. Along = direction, we get an even better
agreement with 0w, (k) /0k, k=0 estimated to be 5.19 for both models. Consequently, we conclude
that our macroscopic description of the acousticlike magnon branch agrees quantitatively well with

the exact spectrum under the long wavelength limit, i.e., & < 0.5.
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Figure 3.5: The fragments of the spectrum of the acousticlike, shifted and two opticlike magnon
modes. The first raw presents the spectrum along the k, direction, while the second row gives
the k, direction. (a) and (e) are acousticlike branch; (b) and (f) are the fragments of the shifted
acousticlike branch, while (c), (g), and (d), (h) are related to the opticlike branches 1, and 2,
respectively. In each subfigure, the solid curve represents the exact solutions for the eigenvalue

equations (Hiy + Hoy )1y = Eyosiq, while the dashed curve is described by the semimacroscopic
equations (3.14) and (3.23).

For completeness, we also compare the results obtained for other three branches of the spin
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waves (see Fig. 3.4). For the shifted acousticlike and two opticlike branches, using the Holstein-
Primakoff method, we obtain for the k. direction 9wy, (k) /0%k. |k=0 ~ —0.41, 0w, (k) /0?k. k=0
~ 0.22, and w5 (k)/0?k. k=0 =~ —0.24 (see Figs. 3.5(b), 3.5(c), and 3.5(d)). At the same time,
our semimacroscopic approach yields, 9%w,(k)/0%k, k=0 ~ —0.33, *wy1 (k) 0%k, |k=0 =~ 0.30,
and 02wy (k) /0%k, k=0 =~ —0.17. On the contrary, for the k, direction (cf. Figs. 3.5(f), 3.5(g), and
3.5(h)), both methods give the same estimates 9?w,y, (k) / 0%k, |k—o ~ 1.71, 0*woy (k) /0%ky|p—0 ~
—1.02, and D?wy2(k)/0?k,|k=o ~ —1.44. Although there is a relatively large mismatch between
the two approaches for the &, direction, the dispersion within (k,, k,) momentum plane is well
captured by our semimacroscopical scheme. We ascribe the discrepancy in the magnon spectrum
along the k, direction to the neglecting of +0/0z-terms in Eqs. (A.4)-(A.9) when deriving the

macroscopic equations of motion, see Appendix A.1 for the details.

3.3.2 Dynamics of four branches in terms of the macroscopic variables

(mg, @) pair (6m?, 81%) pair

(6m?,617) pair

Y

—x-ordered layer

(1 z 2 z

(a) Dynamics of (1, ¢b) pair around (b) Dynamics of (m, &) pair around (c) Dynamics of (6m”, 8I°) pair around (d) Dynamics of (6m?, 81*) pair around
k=0 k=0 k=0 k=0

Figure 3.6: Dynamics of the four spin wave excitations in terms of the macroscopic pairs: (a)
(ma, @); (b) (mg,0); (c) (6mY,617), and (d) (6m?,6lY) at k ~ 0. Spin vectors, magnetization
densities, and Néel vectors on the A and B sublattices are indicated by red and blue colors, re-
spectively. In the lower part of each subfigure, (1), (2), (3), and (4) illustrate the magnitudes and
directions of m 4,5 and l4/p att = 0, T'/4, T'/2, and 3T'/4, respectively; 1" is the period of the
spin wave.
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In this section, to have a better understanding of the four spin-wave branches shown in Fig.
3.4, we give the schematic pictures of their spin dynamics. We start with the acousticlike magnon
branch, i.e., the (my, ¢) pair. As it is shown in Fig. 3.6(a), spins on A and B sublattices are
fully synchronized. The magnetization densities 1 4, alternate along the z direction, while the
Néel vectors [ 4,5 rotate back and forth around the equilibrium position within the xy plane. The
magnon frequency of this mode goes to zero as k — 0, because of the rotational symmetry. Gen-
erally, this mode manifests the possibility of the spin superfluidity in a system with XY symmetry,
see e.g., Refs. [28] and [30]. In contrast to the acousticlike branch, the other branch described by
the (m,, 0) pair is looking like an opticlike branch due to its finite energy at £ = 0 but, in fact, is
the shifted version of the acousticlike branch. This mode has the same dynamics on both A and
B sublattices. It exhibits alternating 1m 4,5 along the y direction and rotating [ 4,5 within the z 2z
plane. Because of absence of the rotational symmetry around the y direction, this mode gets a
finite energy at £ = 0. Note, however, that at k, = 7, the phase difference between two neigh-
boring layers will interchange the picture of spin dynamics presented in Figs. 3.6(a) and 3.6(b).
At k, = m, the discussed branch (looking like the optic one) touches zero, while the acousticlike
magnon acquires the finite frequency. This is the reason why we named this branch as the “shifted
acousticlike"; see Fig. 3.2.

The dynamics of the other two (true) opticlike branches with finite energies along the whole
spectrum are depicted in Figs. 3.6(c) and 3.6(d). The opticlike branch 1 is similar to the shifted
acousticlike branch with m 4,p alternating along the y direction and I, rotating within the zz
plane. The decisive point here is that spins on A and B sublattices change oppositely. Finally, the
opticlike branch 2 is a gapped analogue of acousticlike branch: it has out-of-layer magnetization
densities and in-layer Néel vectors. However, spins on sites A and B evolve oppositely which
makes this mode to be opticlike.

In the next section, we evaluated the parameters of the Hamiltonian (3.1) using results obtained

here for the four spin-wave modes.
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3.4 The XY Model Versus the X X7 Model

In this section, we justify the Hamiltonian (3.1), i.e., the XY -type intralayer exchange coupling
of this model, by exploiting our macroscopic description and comparing it with the experimental
data extracted from Ref. [38]. To do it, we first consider a general spin Hamiltonian of the type

XXZ, 1e.,

H= Z JII(SZE f+51 + Sz?'JS?-Ml + CSzZ f+61> + Z (]L(Sf 72‘1-1-62 + S?SZ-&Q + TISz'Z 71'2-5-52)

1,01 1,62

+ {8z o GulviEy (3.34)

where ( and 7) characterize the anisotropy in the intra- and inter-layer couplings, respectively. Note
that, = 0 and 7 = 1 leads to the XY model we used in this chapter. By following the same steps

of deriving the equations of motion for the macroscopic variables as in Appendix A.1, we get

my ~ (4§2) (—§J||V2 + gJJ_Vi) 0,

. 3(1 — 9(1 +
¢~ (——( 5 C)JH ) 5 77)h) me; (3.35)
and
: sy (31— ¢) 9(1 —n) 3¢ o2 M, oo
m¢%(45) — 9 JH‘I’ 5 JL‘F?JHV_—gJLv_F 0,
) 3 2 9 2
0 (=910 = SHVE = SILVE ) m. (3.36)

for the two lowest spin-wave branches. As for the pairs (dm?, §1%) and (dm?, §1¥) which describe

other two opticlike branches, we find:

domy - ( 31+ 3(3 — 3 3
"L~ (29) (— ( 5 S > n —é]v?_—g(hvi) 517,
ol 3 3
- ~(29) (3J —6J, + gjﬂvi - ghvi) omY; (3.37)
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and

dom? ~ 3 3
dT %(25’) (3‘]” —3J. + §J||V2_ + gJLVi) 5ly7
Al - [ 31+¢) . 3B+n 3¢ 3 .
W z(QS) (_ ( B )JH + %JL - §JHV2_ + gJJ_Vi om?, (3.38)

As the result, using Egs. (3.35)-(3.38), we obtain

Vo = 5::‘ o (%) \/(—(1 —Q)J+3(1+ 77)JJ_) (=J)+3J0),
Vaz = 5(:; o= (3\/—765> \/(—(1 =)y 43+ L) Ju,

wanlk = 0) = (3v68)y/ (~(1 = Oy +3(1 = ) J.) J..

war(k = 0) = (328)(/ (=(1+ Oy + (3 = m)J1) (—J) +27.),

worlk = 0) = (BV28)\/ (~(1+ )y + B+ 1)) (— ) +.7.). (3.39)

We take the effective spin S=1 /2 in Eq. (3.39) and adjust the parameters J, J, ¢, and 7 to
fit the measurement in Ref. [38]. From Figs. 3(a) and 3(e) in Ref. [38], we estimate [w,; (kK —
0) + wea(k — 0)]/2 =~ 11.9 meV, v, =~ 5.1 meV, wg,(k — 0) =~ 5.8 meV, and v,, ~ 3.9
meV (here, the units of spin-wave velocity are indicated in meV, because we use for momenta
dimensionless units). By fitting these data using Eqgs. (3.39), an optimal set of the extracted
parameters is found to be J ~ —4.27 meV, J; ~ 0.59 meV, ¢ ~ 0.02, and  ~ 0.97, which is
very close to the best fitting parameters suggested in Ref. [38]. This confirms the legitimacy of the

XY Hamiltonian of the described system.
3.5 Spin Dynamics in the Presence of Lattice Deformations

The successful description of the acousticlike magnon excitations by the two different methods
encourages us to extend the scheme developed in Section 3.1 to a system with a deformation of
the lattice. Lattice deformations change the equations of motion Eqgs. (3.11) and (3.12) obtained

in Section 3.1. The point is that deformations change distances between spins that in turn modify
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exchange coupling constants .Jj and .J, in Eq. (3.2). The changes of J| and .J; along 4, and 4
directions, denoted accordingly as 9./, |‘|51 and o Jf, are connected with the deformation as follolws:
5J|f1 ~ (1/a)(8J)/9a)é; - (8, - Vu) and 6.J3 ~ (1/¢)(dJ 1 /9c)dy - (82 - Vu). Here, a and c are
the dimensionless intra- and inter-layer distances, and w is the lattice displacement. As a result,
for the in-plane exchange couplings describing an action on a spin located on the A sublattice by

those on the B sublattice, i.e., B — A, we have

61,1
5‘]” ~ J1€zz,

3 V3

1
5J|(|§172 ~ g1<_€mz + €y — TExy)a

4 4 vy
. 1 3 V3
5J|(|5 B 91(16%73 + ZEyy + 765,;3/). (340)

Here, g1 = (1/a)(8.J)/0a), and the strain tensor e,5 = (Jou” + dgu®)/2 with a, 8 = x,y, 2. For
the interlayer exchange couplings, this idea works similarly, and finally, with the use of the standard
parametrization, we find that in the presence of a lattice deformation the linearized equations for

mg, Mg, 0, and ¢ become (c.f. Eqs. (20) and (21), the comprehensive derivation is shown in

Appendix A.3)

. 32 3 2 9 2

rig & (49%) (=2 /| V20 + 2 JIV36),

. 3 . -

¢~ (—§J|| +9JJ_)m0; 3.41)
and

o, 3=, 9

Ty ~ (452)(—§J||9 — §JLV2+9),

: - 3 9

0~ (—9J, — gJ”v'i — ghvi)m(ﬁ. (3.42)
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Here, exchange coefficients are modified by the strain tensor
~ 1
‘]H = ‘]H + 591(63;3; + Eyy) (3.43)
and
~ 1
JJ_ = JJ. + 592(61:90 + €yy + 2Ezz) (344)

with g, = (1/¢)(0J . /0c) to be the out-of-plane magnetoelastic coefficient. The equations (3.41)
and (3.42) are one of the main results of this chapter. In Chapter 4 we will use these equations for

description of scattering of the AFM magnons in the backward direction.
3.6 Additional Remarks

In this chapter, we studied the dynamics of spins in a layered van der Waals crystal CoTiOj.
This system is a 3D quantum XY AFM, with the direction of magnetization alternating between
the neighboring layers. As is well known, the XY AFMs are spin analogues of the superfluid
Helium and superconductors [29, 30]. The angle of orientation of the Néel vector is equivalent
to the superfluid phase. Correspondingly, the long-wavelength magnons are the Goldstone excita-
tions in an XY AFM. We have studied the spectrum of magnons using corresponding pairs of the
macroscopic quantities, which are the magnetization and the Néel vector densities of various kind.
We demonstrate here that for the acousticlike excitations (i.e., for the Goldstone mode), the accu-
racy of the scheme is almost perfect. Besides, we have confirmed the XY type of the intralayer
spin exchange in this material by comparing our macroscopic description of the all four spin-wave
modes with the experimental data.

In addition to the spectrum of magnons, we considered the case when the crystal lattice of the
magnetic substance is deformed by an external strain. One may expect that the spin flow could
be manipulated by applying a spatially modulated strain. The description of the quantum AFM

developed in this chapter provides a simple ready-to-use scheme for studying the spin superfluidity
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in such magnetic systems, as well as the possibility to control the spin dynamics through the lattice
deformation (see Chapter 4 for the details).

We would like to emphasize that at the derivation of the equations of motion for the spin-wave
excitations, 1.e., Egs. (3.5)-(3.10), the route used in this chapter is somewhat different from the one
in the conventional approach (cf. Refs. [26] and [27]). Conventionally, one starts from the spin
Hamiltonian, then constructs the path integral using the spin coherent states and, finally, obtains
the Lagrangian density which can be recognized as the nonlinear sigma model. Eventually, the
equations of motion are found by making the variation of the action to be zero. In the present
chapter, the order of operations was changed. We started with the derivation of the equations of
motion for the quantum spin operators directly from the Hamiltonian. Then, these equations were
treated in terms of the continuous variables with a nonlinear constraint. By performing this step,

we effectively executed the transition to the language of the nonlinear sigma model.
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4. CONTROL OF SPIN WAVES BY SPATIALLY MODULATED STRAIN IN
ANTIFERROMAGNET"

In this chapter, we discuss the possibility of using a spatially modulated strain of the lattice for
the control of spin waves (magnons) propagating inside bulk AFMs through the magnetoelasticity.
Actually, interaction between spin waves and mechanical excitations via magnetoelasticity has
been studied for a long time, starting from the works by Kittel [42]. Both, the generation of the
hypersonic waves by excitation of the spin system in FMs [43] and, conversely, the generation
of spin waves by pumping microwave phonons [44, 45] were discussed. Different aspects of the
magnetoacoustic resonance and parametric excitation of magnetostatic and elastic modes have
been considered [46, 47, 48, 49].

In recent years, parametric pumping of spin waves by acoustic waves has been experimentally
realized [50] as well as elastically driven FM resonance [51, 52]. An enormous increase in the
amplitude of the magnetization precession in a FM layer embedded into a phononic resonator was
observed in Ref. [53] when the frequencies of magnetization precession and phonons were equal.
Next, traveling acoustic waves on the surface of a piezoelectric crystal resonantly excite traveling
surface spin waves in an adjacent thin-film FM. These measurements provide a spectroscopy tech-
nique for the surface spin waves [54]. Recently, a nonreciprocal surface acoustic wave propagation
due to the magneto-rotation coupling was also demonstrated experimentally [55].

Here, unlike most of the works cited above, we exploit not the dynamics of phonons but rather
the spatial modulation of the lattice. The deformation of the lattice modulates the spin exchange
between magnetic atoms, which in turn acts as a scattering potential (i.e., a magnonic crystal)
for the spin waves. The intensity of the spin wave is assumed to be weak, so that magnons are
described by linearized equations, and no interconversion between phonons and magnons [56] will

be considered. The main idea looks as follows: The spin wave is a degenerate excitation, i.e.,

*Reprinted with permission from “Control of spin waves by spatially modulated strain” by Ankang Liu and
Alexander M. Finkel’stein, 2022. Phys. Rev. B, 105, L020404, Copyright 2022 by American Physical Society.
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energies of the symmetric and antisymmetric eigenmodes with wave vectors -k are degenerate.
A spatial modulation caused by either a static strain [57] or a standing acoustic wave [50] with
q = 2k lifts this degeneracy. In the presence of a static 2k modulation, the picture reminds one of

a particle in a symmetric double-well potential, see e.g., Fig. 4.1. Tunneling, as is well known,

_——

| VW W\
7\

Figure 4.1: Tunneling in a symmetric double-well potential as an analogue of the to-and-fro motion
of the spin wave under the strain modulation. The particle which was initially located on the left
starts to tunnel to the right one, and so on. The frequency of these oscillations is given by the energy
split AE. In the case of the spatially modulated strain, the forward- and backward-propagating
spin waves correspond to the particle alternating between the left and right potential wells. The
spin-wave band gap opened by the strain modulation plays the role similar to the energy splitting
AF in the case of tunneling. Asymmetry of the potential (not shown) is equivalent to the energy
mismatch of the spin wave states when 0k # 0.

lifts the degeneracy of the energy levels in the double well. If originally a particle is located in one
of the wells, as a result of tunneling it starts to oscillate between the two wells with a frequency
proportional to the level splitting. Here, the strain leads to a similar effect. Suppose, initially, there
is a free right-moving spin wave in the magnetic system and, then, at a certain moment, a strain
modulation is switched on. (For example, a spin-wave packet runs inside the magnet when a strain
is switched on.) As we will show in this chapter, the originally right-moving spin wave being
subjected to the deformation, after some time, will alter its motion to the left-moving propagation,

and so on. Thus, a direct propagation of the spin wave changes into a to-and-fro motion.
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4.1 Equations of Motion under Static Strain Modulation

We are interested in a layered AFM with the spin wave propagating in the direction across the
layers. For the purpose of simplicity, let us now consider a one-dimensional problem by assuming
that there is a static deformation with only one nonzero strain tensor component €., = €, cos(qz)
(a possible realization of the static strain modulation was proposed in Ref. [57]). Here, €, is the
magnitude of the strain tensor, and the wave vector ¢ describes its spatial modulation along the z
direction. We first explain the idea behind the calculation. The deformation induced by the strain
modulates the spin exchange between magnetic atoms, which in turn acts as a scattering potential
for spin waves. This simple geometry allows to illustrate the main idea. Note, however, that the
method of controlling the propagation of the spin waves proposed in this chapter is general and
applicable to any magnetic system. To be concrete, let us study the dynamics of the low-energy
acousticlike spin waves in the van der Waals layered magnetic systems CoTiOj3 in the presence of
the strain modulation €,, = ¢ cos(gz). The equations of motion for the pair (my, ¢) now take the

form (cf. Egs. (3.41) and (3.44))
2
dz?

¢ = [G1 + Ga cos(qz)|my, 4.1)

9,

meg = J

where G = —3.J)/2+ 9J.. In the discussed geometry, with the strain applied along the direction
perpendicular to the layers, there is a very clear separation of the roles of .Jj and J,. Namely,
in the above pair of equations, J = 952J 1 and Gy = 9¢9¢¢. Here, the magnetoelastic coefficient
g2 = (1/¢)(0J1 /Oc) describes the sensitivity of J; to a modulation of the dimensionless interlayer
distance c.

We proceed with Egs. (4.1) by taking another time derivative in each of them:

m€ = (Dm + Dg))mg,

¢ = (Dy+ D). (4.2)
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Here, we defined the operators D,,, s = JGyd?/dz2, DY) = JGy cos(qz)d?/dz2—2JGaqsin(gz) X
d/dz — JGoq? cos(qz), and Df) = JG;cos(qz)d?/dz*. Note that my and ¢ are not decoupled,

because they are connected through the relation 1y = Jd?¢/dz>.
4.2 Solutions of Spin Wave under Static Strain Modulation

To find eigenstate solutions for ¢ in the presence of the static strain modulation, we assume
that ¢ has a form ¢(z,t) = e**!(z), substitute this ansatz into the second line of Eq. (4.2), and

finally, obtain a time-independent equation for (:
~w?p = (Dy + D). 4.3)
To solve this eigenvalue problem, we look for the solution

o(z) = Z[Sk sin(kz) + Cj cos(kz)]. 4.4)

k>0

In order to find the expansion coefficients Sy and Cy, we calculate the matrix elements

1
[Dglrr k(x) = T /sin(k’z + x)Dgsin(kz + x)dz,

1
DPueatn) = 7 [ sinlks + D sin(ks + )i @)

Here,  is either 0 or 7/2 (introduced for compactness), and L is the size of the system. The reason

to consider only these matrix elements is that [ sin(k’z) D cos(kz)dz = [ cos(k'z) Dy sin(kz)dz =

0 and similarly for Df), i.e., there is no mixture between the basis functions sin(kz) and cos(kz).

After straightforward calculations, we find (recall that both £ and £" > 0):

1 1
[D¢]k/7k<X) = — §JG1]€2<5]€/7]€ — COS(QX)(S]{/,,]{) = —§JG1]€25]€/7]€7
1
[D((z)z)]k’,k(X) = — ZJGQ]CQ [6k’,k—q —f— 5k’,k+q — COS(QX) (6k’,—k—q + 5k’,—k+q)]
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(

5k’,k+q — COS(2X>5k’,—k+q7 0<k<yq,
1
= — ZJGQkQ X < S0+ Opr g — OS(2X)0k 0, k= g, 4.6)
\5k’,k—q + Okt kg5 k>q.

Here, ;- 1, is the Kronecker delta. As a result, we obtain a set of equations for the coefficients Sy,

and Cp:

2w = =S Dol ac = 0) + [DPIa(x = 0)} S,

== > {Dalealx = 5) + DPwalx = 3) JC 4.7)

As a simple check, in the absence of the perturbation, D((;) = 0, i.e., without the deformation in

the system, we have

Sk, k2 Sk,
Sk’z k% O Sk'Q
G| =6 ' . (4.8)
Ckl k% Ckl
Ck‘z O k% CkQ

We find from Eq. (4.8), w? = JG1k?. The corresponding eigenstates are either Sy, = 1 or C, = 1,
i.e., the solutions are ¢ = sin(kz) or ¢ = cos(kz). This is nothing but the solutions for free spin
waves.

Next, we study the solutions of ¢ in the presence of the lattice modulation when the external
perturbation D;Q) # 0. Under the condition 0 < k < ¢q and k # ¢/2, instead of a chain of coupled

equations, we get a finite system of equations, and we have two systems of approximated equations
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for finding Sy, and Cy;:

Si. Si.
W Spug | =M | Siiq | (4.9)
ka+q ka+q
and
C Cr
W Crag | =Mi | Cop | (4.10)
C—k+q C—k—i—q
where

k+q)? 0 . 4.11)

Here, we neglected the terms which couple the coefficients of interest with higher harmonics:
Siktq & Stntog Sthr2g < Singsgs s and Cupig < Cipyogs Cargog < Cakgsgs -+ The
arguments to neglect the higher order harmonics are comprehensively discussed in Appendix B.1.

A special case is when k = ¢/2, which we will define it as the “spatial resonance". In this case,
after further neglecting the higher harmonics such as S/, and Cs, /2, one can treat the z-coordinate
dependencies in the spirit of the parametric resonance theory (however, the resonance discussed
here is for the wave vectors rather than frequencies). As a result, Egs. (4.9) and (4.10) are reduced

to a pair of decoupled equations:

20 _1 % q,o
w 8% = JGq[1 2<G1)]< )°Sq 4.12)
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and

1,.Gy

WCy = JGH[1 + (Gl)]( )*Cq. (4.13)

2

The above equations lead to the split frequencies W‘Qs,q/z = JG1[1—(G2/2G1)](q/2)* and wéq/Q =
JG1[1 + (G2/2G1)](q/2)? for the modes sin(qz/2) and cos(qz/2), respectively.

Now let us focus on a more general case in which the wave vector £ deviates from the exact
resonance condition, but remains not too far from it. Namely, k = ¢/2 + dk with |0k| < ¢/2.
In this situation, the components Sy, and Cj, are excessive, and neglecting them we get the

equations with the components ¢/2 + dk and ¢/2 — §k appeared to be mixed:

Sa 1+ 5k)? —1(&2)(& - 6k)?) [ Su
w2 5 +0k — JG, (2 ) 2( 1)(2 ) 3 +6k ’ (4.14)
Sa_sk —5(E9)(§ + ok)? (- ok)? Sa_sk

and

Ca 94 5k)? LGy (e _ )2 Cq
wg 3+0k — JG, (2 ) 2(G1)<2 ) 3+0k ' (4.15)
Ca s, 5(89)(4 + 0k)? (§ — ok)? Ca s,
Egs. (4.14) and (4.15) lead to the eigenvalues
W(0K) =5 {1GAIL + 6m2 4 (L 5k
2 2
\/JQGQ[( + 0k)? —(%—5/{) |2 +J2G2( + 0k)? (——5k) } (4.16)

The corresponding eigenvectors are u§ = {1, A¢(6k)}* for {S, /2165 Syra—sk}’» and u§ = {1,

— A+ (0k)}" for {Cyjatsk, Coro—si}”, with AL (0k) are defined to be

1

Az(0k) = JGo(L — ok)?

{ GG + k) = (5 — k)"

\/JQGQ[( + ok)? —(g—ék)] +J2G2( + Ok)? (5—(%) } 4.17)
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As a result of the described manipulations, one obtains for the solutions of ¢

go‘i(z)|5k x (sin[(g + 0k)z] + A (0k) Sin[(% — 0k)z]), (4.18)
and

P5(2)] 5, o (cos[(F + 0k)2] — A (3k) cos[(F — ok)2]). (4.19)

Note that A+(0k — 0) = F1, so that non-vanishing solutions become ¢° ~ sin(qz/2) and

goi ~ cos(qz/2), respectively. The corresponding frequencies w+(0k — 0) are given by Egs.

(4.12) and (4.13). In this way, we recovered the results for £ = ¢/2, i.e., at the exact resonance.
With the ansatz ¢ = e !, and keeping in mind the relation 1y = Jd?¢/dz?, we get eight

pairs of the linearly independent solutions (¢, my) for k = ¢/2 + dk.

S, :{ sin[(% +6k)2] + A sin[<g . 5k)z]} cos(wat),

1
msy, = — w—i{J(g + 6k)? sin[(g +ok)2] + AJFJ(g — §k)? sin[(g - 5k)z]} sin(wat); (4.20)

S, :{ sin[(g +0k)2] + As sin[(g - 5l<:)z]} sin(wat),

1 ) .
msy. :E{J(g + 6k)? sm[(% +ok)2] + Aij(% — 6k)? sm[(% - 6k)z]} cos(wat); (421

L :{ cos[(g + 0k)z] — A¢ cos[(g — 5/~c)z]} cos(wxyt),

1 .
ms . =— E{J(g + 0k)? cos[(% + 0k)z] — A:FJ(g — 6k)? Cos[(g — 5k)z]} sin(wxt); (4.22)

and
S, :{ cos[(g +0k)z] — Ax cos[(g - 5]{?)2]} sin(w.t),
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MG :w—li{(](g + 6k)? cos[(g + 0k)z] — A:FJ(g — 6k)? cos[(g - 5k)z]} cos(wyt). (4.23)

4.3 To-and-fro Motion at the Resonance

Let us assume that initially there is a freely propagating spin wave with ¢(z, t) = ¢gsin|[(qz/2)—
QOt + 1], where in the absence of the strain Q = v/JG(q/2) = vs(q/2). Next, at a moment ¢t = 0,
the strain modulation with the wave vector ¢ switches on. In this sense, ¢, is defined as the phase
differences of the freely propagating spin wave and the strain modulation at the moment of switch-
ing on the deformation. The modulation splits the energy of the initially degenerate states. We
demonstrate now that the difference between we 4/2 and ws 4/» leads to a fo-and-fro motion for the
q/2-spin wave, exactly like in the case of a particle in the double-well with the energy levels split
by tunneling. In the following part of this section we discuss this to-and-fro motion in detail.

By matching the spin-wave solutions under the static strain modulation with the initial condi-
tions ¢(z,t = 0) = ¢psin[(gz/2) + ¢1] and my(z,t = 0) = —[J(q/2)*¢0/Q] cos[(qz/2) + 1],

and after neglecting all the small terms, one obtains

0 %¢0{(+1) cos (%Tt) sin[(g)z — Qt + 1]

(=) sin(“%t) cos[(g) L Ot - gpl]}. (4.24)

The resulting combination describes alternation between the two components propagating in the
opposite directions. It works as follows: When |cos(w4t/2)| > |sin(w4t/2)|, see Fig 4.2,
the right-propagating component dominates, and thus the superposition of the right- and left-
propagating waves is moving toward the right, and vice versa. For an observer focused on a
certain point of the wave it will look like fo-and-fro motion of the spin wave. (In the case of the
wave packet of spin waves centered around the wave vector k& = ¢/2, the packet will exhibit an
alternating motion in the opposite directions, see Appendix B.2 for the result of simulations.) As
follows from Eq. (4.24) and Fig. 4.2, the propagation direction of the spin wave alters with the

frequency w = we g2 — Ws,g2 = (G2/2G1)VJG1(q/2) = (G2/2G1)NQ2. For illustration, we plot
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Figure 4.2: The time dependence of the coefficients of the right- and left-propagating wave com-
ponents according to Eq. (4.24).

in Fig. 4.3 the “position of the wave" as a function of time at different G5 by tracking the profile
(e.g., the zero crossing) of the propagating wave. We observe a number of zigzag curves describing
the to-and-fro motion with slopes corresponding to the velocity of free spin waves. The propaga-
tion direction alters with a frequency, which is proportional to the magnitude of the deformation
of the lattice induced by the strain. (From Fig. 4.3 we observe that at G; = 2 the picture works

qualitatively well up to G5 < 0.9 confirming the generality of the explanation.)
4.4 Out-of-resonance Motion of the Spin Wave

When it comes to a slightly-out-of-resonance situation, i.e., k = ¢/2 + 0k with 0k # 0 and
|0k| < q/2, the eight solutions given by Egs. (4.20) - (4.23) allow to look for the general solution
(¢, my) in the form ¢ = af+¢f+ +ai_¢f_+ O‘g+¢§s+ +a5 ¢5 + 0‘(1:+¢§+ +af_¢f + O‘g+¢g+ +
af_¢5_andmg = af+m‘951+ +a‘1s—m(§17+04‘2s+mg2+ +as_ m%f—l—aﬁmgH +af_ m§17+ag+m52+—l—
o mg, .

The coefficients afj/to and a;qf have to be determined from the initial conditions. Suppose

that initially, in the absence of the external perturbation, i.e., in the region where Dg} s = 0,2

free spin wave with a wave vector ¢/2 + dk is running in the system. This free spin wave is
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Motion of the spin wave with q=20x(1%—0"0) and 6k=0 at different G,

1000f
2 2
®© 500 ®©
; = G»=0.1
c c T b2=U
& S G,=0.2
2 0 | 2 G»=0.3
5 5 — G,=0.6
S S —Gz=0.9
8 -500- 38
o o

0 1000 2000 3000 4000 5000 6000
Time

Figure 4.3: Position of spin waves at the spatial resonance condition, k = ¢/2, as a function of
time for different G. Wave vector ¢ = 20 x (27/1000); other parameters are J = 1, G; = 2, and
Y1 = 0.

described by the pair solution ¢(z,t) = ¢g sin[(¢/2+ dk)z — wot + 1] and my(2,t) = —[J(q/2+
6k)2¢o/wo] cos[(q/2 + dk)z — wot + 1] with ¢ to be the amplitude of ¢. The frequency of
this wave is wy = wo(k = ¢/2 + 6k) = VJG1(q/2 + k), and ¢, is an arbitrary phase. Now,
at t = 0, the perturbation term Dg) = 0 is switched on. We are interested in the effect of the
static modulation of the lattice on the propagation of the spin wave. Taking the general solution in
the presence of the external perturbation, and matching the initial conditions, i.e., ¢(z,t = 0) =
Gosin[(q/2 + 0k)z + 1] and my(z,t = 0) = —[J(q/2 + 0k)*Po/wo] cos[(q/2 + dk)z + 1], we

find the coefficients

Ay (0k)
A, (ok) _A_<5k)¢0005(801),
B AL (k) w :
Oégi_:l:AJr((Sk')i— A(dk)w_:g(éOSln(gpl)’
B AL (k) .
afy ==+ A+(5k:)i— A_(5k>¢081n(<ﬂ1)’
c AL (k) w

_ e
e =T R — Aok ) =

44



After some tedious but straightforward calculations, we arrange the solution ¢ in the form

t t
0 :gbo{ﬁl cos(%) sin[(g + 0k)z + Qt + p1] + Po sin(%) cos[(g +0k)z + Qt + 4]
+ 33 cos(wgt> sin[(2 +0k)z — Qt + 1] + B4 sm( gt) cos[(g +0k)z — Qt + 1]
+ [5 cos (%) sm[(2 —0k)z + Qt — 1] + Bs sm( ) cos|[(= — 0k)z + Qt — ]

+ 7 cos (%Tt) sm[(§ — 0k)z — Qt — 1] + Pssin (TT) cos[(= — dk)z — Qt — 901]}

(4.26)
with Q = (w; +w_)/2, w+ = wy — w_, and the coefficients
B =3l (- 2 - - )
b =3l (- )+ - )
o =gl L+ ) - e )
Bi=— gl ) 0+ )
B =gl (L ) - 1 )
o =3l (1 2+ 0 )
b =3l - ) - - )
s = - %[—A’f_ﬁ_ (-0 —AfiAA_ ) (“.27)

We point out that, unlike in the previous section, all parameters presented here as well as in the
remaining part of this chapter, e.g., 2 and w4, are defined at a finite ok, rather than at 0k = 0.

When 6k — 0, one can observe that 5, g

|, 1Bal, 185, 187] = |G2/8G1| < 1, while
B3 — 1, and B — —1. After neglecting all the small terms, i.e., keeping only the 55 and (4 terms,
Eq. (4.26) becomes the approximated solution given by Eq. (4.24) in the previous section.

The approximated ¢-solution (4.26) contains 8 time-dependent components (which consist of
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two different quasimomenta ¢/2 + Jk, two opposite propagating directions, and two basis func-
tions). The resulting motions are presented in Fig. 4.4. First of all, one may notice that the

durations of motion in the opposite directions are not equal anymore. Furthermore, there is a criti-

. . . 2
Motion of the spin wave when k=g+6k with q=20x( T ) at ¢1=0
2 1000
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Figure 4.4: Propagation of spin waves with various dk given in the unit (270/1000) (see boxes on
the right). The parameters used for this simulation are ¢ = 20 x (27/1000), and J = 1, G| = 2,
Go = 0.3, 1 = 0. Inset is plotted for the wave at 0k = 0.1 x (27/1000) with different phases ¢4,
which range from —m to 7.

cal value k., so that for |0k| > 0k, the to-and-fro motion of the spin wave ceases to exist. For the
discussed choice of the parameters, 6k, ~ 0.38 x (27/1000).

The critical value dk. can be determined by comparing the energy difference of the two spin
waves connected through the external perturbation term G5 cos(qz), with the splitting energy w,+.
At 0k = Ok, the energy difference 2v,0k meets the splitting energy w4; see Fig. 4.5 (cf. tunneling
in the slightly asymmetric double-well potential).

Next, in the inset of Fig. 4.4, we study the effect of the phase ¢ in the initial conditions, which

appears to be negligible. This can be explained as follows: As one can notice from Eq. (4.24), the
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Figure 4.5: The energy splitting of the free spin waves with k = ¢/2 4 dk, which are connected
through the perturbation term G5 cos(qz). The orange line is the energy splitting, while the blue
line is w 4.

right- and left-propagating wave components contain ; only in the combination + (2t — ¢1). By
shifting the time with tq = ¢4 /€), the phase is transferred to the arguments in the time-dependent
coefficients. As a result, from w+t/2 they change to w (¢ + t¢)/2, and therefore the effect of the
shift leads only to a change in the moment of the turn of the propagating wave; cf. Fig. 4.2. The
same argument works for 0k # 0 as well; see Eq. (4.26). Furthermore, because of the smallness of
w,+/262, the effect appears to be negligible. Hence ¢, practically does not affect the propagation
of the spin wave.

This observation is of upmost importance. The absence of sensitivity to (o, implies that meeting
of a spin-wave packet with the induced strain modulation can be considered instantaneous. In other

words, the deformation effectively switches on for the whole wave packet simultaneously.
4.5 Evolution of the Coefficients (31, 35, 53, 54, B5, 06, P75 and (g with 0k

To have a better understanding of the dynamics of the scattered spin wave, we plot in Fig.
4.6 the dependence of the coefficients ;-5 on dk. First, we have checked that at 6k = 0 only

Ps = 1 and g = —1 are the only relevant terms, while all other [3-coefficients are negligible.
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Figure 4.6: dk-dependence of the eight coefficients 3;-fs for ¢ = 20 x (27/1000). Parameters of
the system are J = 1, G; = 2, Gy = 0.3. The two dashed black lines intersect at 6k. = G»q/8G1,
which is the critical value of Jk determined through the criterion 2v,0k. = wj+(6k = 0). For
k > ¢k., propagation of a spin wave is unidirectional.

Next, with 0k # 0, the magnitude of [ starts to decrease. As a result, the balance between the
right- and left-propagating components shifts in favor of the (3-term, which is not sensitive to dk
(i.e., remains unchanged). In Eq. (4.26), the time intervals when [3-term dominates over (g-term
exceed the other ones when [ takes over. As a result we observe the imbalance between the wave
propagating in the two opposite directions presented by a number of curves in Fig. 4.4.

At the same time, the magnitude of 3, grows with 0k, while other five S-coefficients remain
to be negligible. At dk. ~ G2q/8G, the magnitude of 3, becomes comparable with Fg. Con-
sequently, according to Eq. (4.26), when 6k > k., [4-term surpasses [s-term. For a spin wave
this leads to ceasing of motion in the backward direction, and as a result the propagation becomes
unidirectional. This observation is consistent with the criterion 2v,0k. ~ w4+(dk = 0) for the
vanishing of the to-and-fro motion (see Fig. 4.5 for illustration of this point). Finally, as 6k — oo,
Bs — 1, By — —1, and Bg — 0, so the leading terms in Eq. (4.26) become (33- and [4-term.
As a consequence, the sum of these two terms, ¢ ~ ¢o{cos(w+t/2)sin[(¢/2 + 0k)z — Qt +
1] — sin(wy4t/2) cos[(q/2 + 0k)z — Qt 4+ 1]} = Posin((q/2 + 6k)z — (L + wir/2)t + 1] —

¢osinf(q/2 4+ dk)z —wot + 1], which is the freely propagating spin wave with k = ¢/2+ §k. This
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result indicates that the spatially modulated strain essentially does not affect the propagation of the
spin waves which are far from the spatial resonance.

Thus, the evolution of the dynamics is fully determined by the interplay of only three terms
with the coefficients (35, 84, and g, while the other terms are non-essential. In particular, the

change of the alternating motion to a straight propagation of the spin wave becomes very clear.
4.6 Additional Remarks

To demonstrate the generality of the idea, we also considered an oblique incidence when the
initial spin wave has a finite momentum component perpendicular to the direction of strain modu-
lation. We observed that in this case the modulated strain acts like a waveguide; see Appendix B.3
for the details. Namely, the to-and-fro motion develops along the direction of modulation, while
in the direction perpendicular to the strain modulation the wave propagates freely.

For the sake of completeness, we further investigated the dynamics of spin wave (see Appendix
B.4) in the presence of a time-dependent strain modulation €,, = ¢ cos(qz) cos(wpnt + @2). This
can be achieved by a standing acoustic wave u = Asin(gz) cos(wynt + p2)2; see, e.g., Ref. [50].
Under the spatial resonance condition, we have observed that the to-and-fro motion can develop
but is limited to the frequencies w,;, S w)+, and its dynamics strongly depend on the phase 5.

In this chapter, we discussed propagation of spin waves across the layered AFM material in the
presence of a static spatially modulated strain. We have found an alternating to-and-fro motion of
the spin wave when its momentum is about half of the wave vector of the strain modulation, i.e.,

~ q/2 (we call it the spatial resonance condition). The frequency of this to-and-fro motion w+
is proportional to the amplitude of the deformation.

As a practical application, this phenomenon can be used for controlling the spin-wave packets.
Suppose a packet of spin waves centered around the wave vector ¢/2 is traveling freely across
the layered magnetic system. Then, at a certain moment, one activates the modulated strain along
the transverse direction with the quasi-momentum ¢. (Alternatively, perhaps more realistically for
experimental realization, the wave packet runs inside the magnet when the deformation is switched

on.) As follows from the discussion of Fig. 4.4, the Fourier components in the packet, which are
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closest to ¢/2, perform the to-and-fro motion, while the components that are more distant from
q/2 pass through the sample. In this regard, the spatial modulation can work as a spin-wave filter

and a delay line element.
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5. SPIN-WAVE DYNAMICS CONTROLLED BY TUNABLE AC MAGNONIC CRYSTAL IN
FERROMAGNET"

As an efficient way to control spin waves, magnonic crystals have been studied extensively
[39, 40, 41, 58]. One of the most effective ways to control the spin-wave propagation in a FM, as

it was demonstrated experimentally, is through a current-induced magnonic crystal [39, 40]. A

(a)

A wg AW,
\ j — N
3 d 7 A Wac
f T f ™
—q/2 q/2 k—q k

Figure 5.1: (a) A schematic setup of the current-induced magnonic crystal, which was used for
studying the spin-wave dynamics in experiments [39] and [40]. The meander structure at the
top of the FM creates a spatially modulated magnetic field, which is o< I(t) cos(qz)Z, along the
z direction. Here, ¢ = 27 /d. In the second row, we sketch the spin-wave spectrum when the
magnonic crystal is switched on (the solid red curves) and when it is not effective (the dashed
blue curves). Subfigure (b) is for the DC magnonic crystal while (c) is for the AC case (the gaps
around the wave vectors ¢ — k and —k are not shown). The band gap A  I,. Note that the band
gap caused by the AC magnonic crystal is the half of the one created by the DC with the same
amplitude /.

“Reprinted with permission from “Spin-wave dynamics controlled by tunable ac magnonic crystal” by Ankang
Liu and Alexander M. Finkel’stein, 2023. Phys. Rev. B (to be published), Copyright 2023 by American Physical
Society.
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prototypical current-induced magnonic crystal for FM is schematically depicted in Fig. 5.1(a). If
a DC current, I(t) = Iy, is supplied through a metallic meander structure with a period d, a spa-
tially modulated static magnetic field generates a magnonic crystal for the spin waves propagating
along the direction of the modulation. The key advantage of the current-induced magnonic crystal
is its ability to be easily switched on and off, which provides a highly controllable manner for
manipulating the propagation of spin waves. For the spin waves with a symmetric spectrum, the
DC magnonic crystal resonantly couples the spin waves with wave vectors around +¢/2, where
q = 2m/d is determined by the period of the spatial modulation. As shown in Fig. 5.1(b), the
coupling of the two degenerate waves opens a band gap A, which is o I [39, 40]. In practice, for
an incident spin-wave packet, after switching on the DC magnonic crystal, the spin-wave compo-
nents that are under the resonant scattering conditions start to alternate between the forward- and
backward-propagating states; while the out-of-resonance spectral components are unaffected by
the perturbation and propagate unidirectionally.

In this chapter, we consider the same experimental setup as was exploited in Ref. [39] or [40],
but extend the discussion to an AC modulated magnonic crystal, i.e., when the current /(t) =
Iy cos(waet + @ac). We show that under the limit w,. > A a spin-wave pair with wave vectors k
and k — ¢ can be controlled by a tunable AC magnonic crystal that satisfies the shifted resonance

condition |w,(k) — ws(k — q)| = wae (cf. Fig. 5.1(c)).
5.1 Spin-wave Scattering Induced by Magnonic Crystals

Suppose that, initially (i.e., at ¢ < 0), there was a free spin wave with wave vector k = kZz
propagating inside the FM sample. We consider a device fabricated from a FM with all spins lo-
cated on a cubic lattice. To present the idea we will restrict ourselves to the spin-wave excitations
originating from the short-range exchange couplings. This is sufficient for illustrating the concept
of the shifted resonance. Note that the scheme proposed in this chapter is general and applicable
to all types of spin waves (e.g., the dipolar spin-wave modes). In the continuum limit, the spin op-
erators become a space- and time-dependent variable S(r, t) (cf. Chapter 2). Before the magnonic

crystal is switched on, the constant external magnetic field B = Bye, aligns all spins along the
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z direction in the ground state. In the case of a spin-wave excitation, S(r,¢) deviates from the
equilibrium and acquires small S*¥(r, t). The linearized equation in S*¥(r,t) can be solved by a
plane wave ST (r,t) = S%(r,t) +iSY(r,t) = (AS)ellFr—ws®)it+es] where AS is the amplitude of
the spin wave, ¢, is its initial phase, and w, (k) = Ak? + B, gives the spin-wave dispersion. The
second term in the dispersion is due to the constant external magnetic field, A > 0 is determined
by the FM exchange coupling between the nearest neighboring spins, and -y is the gyromagnetic
ratio of the spin.

Next, at ¢ = 0, one switches on the AC modulated magnonic crystal, which for ¢ > 0 is
described by A By cos(wact + @ac) cos(qz)z. Here, ABy is the intensity of the magnonic crystal
controlled by Iy, the frequency of the AC modulation is given by w,., while ¢, is the initial
phase determined at the moment ¢ = 0. In the discussed geometry, the spin-wave propagation is
effectively one-dimensional. To find what will be the dynamics of the spin wave after ¢ = 0, one

needs to solve S*(z,t) from the equation

dS+
% =i AVZSt — iy[By + ABy cos(waet + 0ac) cos(q2)]ST, (5.1)

by matching the solution for ¢ > 0 with the free spin-wave solution for ¢ < 0. Equation 5.1, which
describes the spin-wave dynamics under the magnonic crystal, is simply obtained by adding the
magnetic filed terms to Eq. (2.5).

The magnonic crystal term in Eq. (5.1) couples the spin-wave state k to the state k — ¢ as
long as |ws(k) — ws(k — q)| & wae. To better understand the spin-wave dynamics under the AC

magnonic crystal, we look for the solution of Eq. (5.1) in the form

St (2,t) =(AS)[S,(t) sin (ky2) + Sp(t) sin (k_2) + Cp(t) cos (ky2) + Co(t) cos (k—2) ]. (5.2)

Here, we introduced four complex time-dependent coefficients S, /,,,(t) and C,,,(t) in front of the
basis functions sin (k.4 z) and cos(k4 z), respectively. Solution (5.2) describes the mutual scatterings

between a pair of the spin waves with the wave vectors k = k, = ¢/2+ dkand k — g = —k_ =
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—q/2 + dk. Although the scattering occurs between the spin waves with the oppositely directed
wave vectors, the wave vectors ki are defined here as their absolute values and, therefore, are
positive (we assume that —q/2 < dk < ¢/2). Note that, in Eq. (5.2), the contributions from the
spin waves with wave vectors +3¢/2 + Jk and higher are neglected. This is well justified in the

situations we will be interested in (see the discussion on this point later).
5.2 Spin-wave Solution under DC and AC Magnonic Crystals

Here we find explicitly the spin-wave solution after switching on the current-induced magnonic
crystal. To proceed, we substitute the ansatz (5.2) back into Eq. (5.1), and neglecting the higher

harmonics, we obtain for the four complex coefficients:

Cp(t) = —iws(ky)Cp(t) — i (VAQBO) coS(Wact + Pac)Cim(t),
Cm(t) = —iws(k_)Cpn(t) — i (@) c0S(Wact + Pac)Cp(t). (5.3)

By matching Eq. (5.2) with the free spin-wave solution at ¢ = 0, we find the corresponding initial

conditions are
S,(t =0) =ie"*, S,,(t=0) =0, Cpy(t =0) =", C,n(t =0) = 0. (5.4)

We further proceed with the equations of motion for the pair S,/ (¢) in Eq. (5.3) by rewriting

them as i, [s(1)) = Hs(1) [s(t)) with [s(1)) = (S, (1), Su(t))" and

. Aw; . AB .
Hs(t) = Qo + “ 03 — <¥) coS(Wael + Pac)01- (5.5)

Here, 69 = 1s4o is the 2 x 2 identity matrix, while 6; with ¢ = 1,2, 3 are the standard Pauli

matrices. Recall that Q = [w,(ky) + ws(k_)]/2 and Aws = wy(ky) — ws(k_). Note that the
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Hamiltonian (5.5) describes a system that is an analogue of the two-level atom perturbed by a
linearly polarized light. The Hamiltonian that governs the time evolution of the pair C,,,,,(t) is the
same as Eq. (5.5) but with ABy; — —AB,.

The general forms of the time-dependent solution pairs Sy, (t) and C,/,, (t) are govern by Flo-
quet theorem [59, 60]. Notice, however, the important difference between the problem discussed
here and the ones associated with the so-called “Floquet engineering” (cf. Refs. [61] and [62]).
The Floquet engineering utilizes a time-dependent-only perturbation to tailor the effective Hamil-
tonian, which in turn modifies the physical properties of a given system, while in the discussed
AC magnonic crystal the external perturbation is periodic both in time and space. Moreover, we
are interested in the dynamics of the excitation (i.e., the spin wave) driven by the external signal,

rather than how the magnetic system acquires a modified state.
5.2.1 DC magnonic crystal

At wg. = 0 and ¢, = 0, the Hamiltonian (5.5) is time-independent and can be diagonalized by

its eigenstates

1 1

VIHE©O N\ 19

hs) = (5.6)

Here, f+(§) = £ £ /14 &2 and £ = Aw;/vAB,. After diagonalization, the Hamiltonian (5.5)

becomes

Hs = w [U5) (U§] +w-[U5) (v5] (5.7)

where

we =0+ <7AB°> V1t e (5.8)

2
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Therefore, the time-dependent solution of H can be written as

[Ws(t)) = e+ [d) (W [s(t = 0)) + e |5 ) (Vs vs(t = 0)) (5.9)

with |1)s(t = 0)) to be the initial state. After substituting the initial condition |¢s(t = 0)) =

(ie*?=,0)T, we find

Sy(t e~ i(Wit—ps) 1 e~ i(w—t—ps) 1
A) “Tr @ MR S0 (5.10)
Sm(t) B J- (&) * J+ ()
Similarly, for the pair C, ., (t), one gets
Cy(t —i(wyt—ps) 1 —i(w—t—ps) 1
W0 e + 2 (5.11)

ety TFRO \_pg) RO g

Finally, we plug the solutions (5.10) and (5.11) back into Eq. (5.2), and take its real and imaginary

parts. After the straightforward calculations we obtain

S*(z,t) = Re[ST(z,t)] =AS [(1) Ccos (%Tt) cos (kyz — Qt + ;)

t
+ (&) sin(%) sin (kyz — Qt + ¢s)

— p2(&) sin(%ﬂf) sin (k_z + Qt — ¢5) (5.12)

from the real part of Eq. (5.2). As for the imaginary part, we find

SY(z,t) = Im[S*(z,t)] =AS {(1) cos (%Tt) sin (krz — Qt + @)

t
— (€ sin(%) cos (kyz — Qt + 5)

— p2(§) sin(%ﬁ) cos (k_z + Qt — ;) |. (5.13)
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Here, two p functions are

1

R 1
vive PN e

In Egs. (5.12) and (5.13), w;y = w1(§) = (yABy)+/1 + £2. Here ¢ is a dimensionless variable

p(&) = 2(€) = (5.14)

defined as £(0k) = Awy(0k)/vABy with Aw,(0k) = ws(ky) — ws(k_); note that Aw, depends
on 0k critically. The parameter £ describes the level of the energy mismatch of the two spin waves
participating in the scattering induced by the DC magnonic crystal; Q = Q(0k) = |ws(ky) +
ws(k_)]/2 is a sort of “central frequency" which depends on Jk non-critically. We would like to
emphasize that w; and (2 introduced here as well as w.. in Eq. (5.8) are very different from those
defined in Chapter 4.

A further insight for understanding the spin-wave dynamics can be obtained by noticing that
[cos(wirt /2] + [p1(€) sin(wygt/2)]? = S,(D)]2 = Co(1)[2 and [pa(€) sin(wist /2] = S0 =
|Con(£)]2. |Sim(t)|? alternates between 0 and |p(€)|?, while |S,(t)|? is between 1 and |p;(€)|?. Let
us now interpret |S,,(¢)|? (or |C,,(t)[?) as the “probability” of finding the spin wave in the reflected
state (i.e., the left-propagating component), while |S,(¢)|* (or |C,(t)|?) to be the “probability”
for the wave to propagate in the original right direction. Then, the whole picture becomes a wave
version of the Rabi oscillations [63] with the Rabi frequency w)+(€). Note that |S,(¢)|*+|S(¢)|* =
1, which is guaranteed by the unitarity of this system. When |dk| > dk. (this corresponds to || >
1), |p1(&)| surpasses |p2(€)| and the right-propagating wave component starts to fully dominate
over the left-propagating one. As a result, the to-and-fro motion ceases to exist; see Appendix C.1
for further details.

At large §k when & > 1, p; — 1 and p; — 0, so that S¥(z,t) converts into (AS)sin[(q/2 +
dk)z — wlt + p,] and, in this way, the free propagation of the spin wave recovers. In other words,
the two spin-wave states, k& and k£ — ¢, are essentially disconnected when their energy difference is
much greater than YA By. In a similar way, one can safely ignore the spin-wave components with

higher wave vectors in Eq. (2) as long as |ws (£3¢/2 + dk) — ws (£¢/2 + 6k) | > vABy hold,
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which is indeed true in our case.
5.2.2 AC magnonic crystal

Now, we turn to the AC modulated magnonic crystal. As it was pointed out previously, when
Wae 7 0, the general form of the solution pairs Sy, (t) and Cp,, (t) is governed by Floquet theorem,
and the time dependence of the spin-wave dynamics is determined by the quasi-energies of the
system. Here we focus only on an important limit when w,. ~ Aw,; > YAB,. In this limit, one
can implement the rotating wave approximation (RWA) [59]. To demonstrate how the RWA works,

we first transform the pair S,,/,,(t) to a rotating frame through the unitary transformation R(t):

Sp(t> I:f p(t) e,i[(gt)&0+(w)&3] Sp<t)
S (1) Sin(t) S,(t)

I
—~

~
~—

Il

(5.15)

Then, using i< |¢s(t)) = Hs(t)|1hs(t)), one finds in the rotating frame, the equation of motion

for S,/ (t) becomes

d (1) [ (Aws — wac) 5 YAB; . ~vABy
p— ————————— 3 —_— —

0 <cos[2(wact + ©Vac)] 01

— sin[2(wect + Soac)]a-2>:|

_ t
~ K—A“’SQ ““C) b — VALLB%I} W0 (5.16)

In the last line of Eq. (5.16) we dropped the counter-rotating part of the Hamiltonian, which has a
frequency 2w,.. This is justified as long as the condition w,. ~ Aw, > YABj is fulfilled.

After neglecting the counter-rotating part in Eq. (5.16), one can analytically solve it to get
the RWA solution. We first diagonalize the time-independent Hamiltonian given in the last line of

Eq. (5.16) by finding its eigenvalues and eigenvectors. Then we construct the solution for Sp m (1)
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using a proper initial condition (similar to the steps from Eq. (5.6) to (5.10)). Finally, we transform

Sp/m(t) back to Sy, (1), and get

S,(t) ~ie—il(2T58%) =] erionet | emtont
120 1+

Sn(t) ~i _i[<Q_wgc)t—4Ps—<pac] |:f(£)€_iwf+t n f+<€)6_iwft:| | .

o L+ f2(¢) 1+ f2(8) .17

Similarly, for the pair Cp/,,,(t), we have

! L+ f2(6) 1+ f3(6)
Cm t) ~ — 6*$’[(Q—‘*’g¢)tﬂpsﬂpac] [f_ (g)efiwiprt . f.t,_(f)eiwi?t] | .
! 1+ f2(6) 1+ f2(€) (5.18)

Here, wpy = +£(7ABy/4)1/1+ €2 and again, fi(€) = € £ 1/1 + €2, but with £ = 2(Aw, —

Wae) /YA By. Eventually, by putting the above results into the Eq. (5.2), and after simplifications

we find

S7(z,t) = Re[ST(z,1)] zAS{(l) Cos(%Rt) oS [kurz — (Q + w2ac> t+ gps]

)i (34 5)

— po() sin (“TRt> sin [lu + (Q . “2> t— oy — %c] } (5.19)

for the real part, while the imaginary part yields

SY(z,t) = Im[S™(z,1)] %AS{(l) oS <%Rt) sin [l@rz — (Q + w50> t+ (ps}

_ pl(é) sin(%}ﬂ) cos [kurz — (Q + w;c) t+ gos]
(@) sin<°’7’%t) cos [k:_z v (Q . ”2) t— oy — %C} } (5.20)
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Here, wr = wi(§) = (YABy/2)4/1 + &2 while functions p; (€) and po(€) have the same form as
in Eq. (5.14). However, £ is defined differently; £(6k) = 2[Aw,(0k) — wae]/YAB,. Note that,
besides the shift of Aw, on the frequency wy,, there is a factor 2 in é . The reason why we have
vABy/2 in wg (instead of yABy as in w; for the DC case) is that the AC modulation splits into
the rotating and counter-rotating parts, and only the contribution from the rotating component has
to be taken into account within the RWA.

Note that the spin-wave solutions in both DC and AC cases (cf. Egs. (5.13) and (5.20)) possess
the same structure, which contain three time-oscillating terms. The existence of only three terms
can be understood by observing that the time evolution described by the two-level Hamiltonian

(5.5) is equivalent to the rotation of a spin solely around its first and third axes.
5.3 To-and-fro Motion and Shifted Resonance

To better understand the spin-wave dynamics under both DC and AC magnonic crystals, in Fig.
5.2(a) we plot a momentary “position” of the spin wave with wave vector ¢/2 + dk as a function
of time for different 0% after the DC magnonic crystal is switched on at ¢ = 0. The “position” was
determined by tracking numerically the most left zero-crossing point of the imaginary part of the
spin-wave solution (5.2) within a sufficiently large spatial interval (this is similar to how we tracked
the spin-wave position in Fig. 4.3). As one can see from Fig. 5.2(a), at 6k = 0, the dependence
of spin-wave position on time is a zigzag curve around the horizontal axis which indicates the
resulting to-and-fro propagation of the spin wave. The period of this zigzag curve is extracted to
be T4 ~ 6283 ~ 27 /vA By, which indicates that the gap A induced by the DC magnonic crystal
is equal to YA By (cf. Fig. 5.1(b)). Moreover, from Fig. 5.2(a), one may conclude that the to-and-
fro motion exists only for a limited interval of Jk when |0k| < dk. ~ 0.33 in units of (27/1000).
The critical value dk. is roughly determined by the criterion Aw(dk.) = vABy. For the chosen
parameters, we get Aw;(0.33) ~ 0.00104 while YAB, = 0.001.

By properly tuning w,., the resonant spin-wave wave vector can be noticeably shifted from
q/2. As one may observe from Fig. 5.2(b), if wy. is set to be 0.00316, only the spin waves around

k = 11 perform the to-and-fro motion accurately enough. For the chosen parameters, namely,
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Figure 5.2: Time-dependent position of the spin waves with wave vectors ¢/2 + dk after (a) the
DC magnonic crystal and (b) the AC magnonic crystal (w,. = 0.00316) is switched on at ¢ = 0.
On the panels (a) and (b), different 0k (in units of (27/1000)) are indicated by the number in
the rectangular boxes. Other parameters are A = 2, ¢ = 20 x (27/1000), 7By, = 1, A =
vABy = 0.001, and ¢, = ¢,. = 0. In our plots, the length on the vertical axis is in units of the
lattice constant, which is taken to be 1, while the time on the horizontal axis is measured in units
1/vBy. The connection between the scales of the spin-wave dynamics in a real physical system
and those shown in the figures is discussed in Section 5.6 below. (c) and (d) show the Bloch-
sphere trajectories of the spin waves with three different 0k. The trajectories (dashed magenta and
orange curves with arrowheads on the surface of the sphere) are plotted only for the first period of
the to-and-fro motions; the paths of the second half period are indicated by the light colors. The
intermediate positions of each of the waves are shown by the colored 3D arrows at ¢ = 0, 7'/2, and
T, where 7' is the period of the to-and-fro motions.
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A = 2 and g = 20, one has Aw,(ék = 1) ~ 0.00316 and, therefore, the shifted resonance (cf.
Fig. 5.1(b)) indeed happens at é ~ (. Furthermore, in Fig. 5.2(b), the period of the zigzag curves
around the horizontal axis is doubled as compared with the one in Fig. 5.2(a). In addition, the
width of the % intervals at which the to-and-fro motion develops becomes approximately half of
the one in the DC case. For example, in Fig. 5.2(b), the to-and-fro motion can be observed within
the interval 10.85 < k£ < 11.15, while for the DC magnonic crystal presented in Fig. 5.2(a) it
develops when the spin-wave wave vectors are within 9.67 < k£ < 10.33. All these observations
are consistent with our understanding based on the solutions presented by Egs. (5.12) and (5.19).
The DC or AC magnonic crystal created by a metallic meander structure (which is the “hard-
ware" part of the magnonic crystal) with a fixed period d = 27 /q can be utilized for the con-
trol of the spin waves around & = ¢/2 or where k satisfies the shifted resonance condition
lws(k) — ws(k — q)] = wae. As it was presented in Figs. 5.2(a) and 5.2(b), the spin waves,
which are at the resonances (the regular or shifted ones), perform the to-and-fro motion, while the
out-of-resonance spin waves are almost unaffected. The to-and-fro frequency is determined by
the band gap, which is controlled by the amplitude of the supplied DC or AC current. The band
gap is YA By or YABy/2 (notice the factor 1/2 here) in the DC or AC case. The DC spin-wave
dynamics has been demonstrated in Ref. [40] as the oscillatory energy exchange between the wave
and its counter-propagating reflection. However, the AC dynamics still remains to be investigated

experimentally.
5.4 Bloch-sphere Representation

The spin-wave solutions, e.g., the RWA solution (5.19) in the AC case can be written as

SW) = 5% (=, 1) ze—%@){ {cos(%ﬂ) —ipy(&) sin (‘%ﬂt)} k)

. t\ .
+ p2(§) sin(%) e (Wacttpac—m/2) |k — q) } (5.21)

Here, k) = (AS)e'™+2) and |k — ¢) = (AS)e"F-2) are two states associated with the wave

vectors k = k; and k — ¢ = —k_. In the second line, the global phase is given with ¢, (t) =
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Waet /2 + Qt — ps. (For the DC case, one can obtain the same result as in Eq. (5.21) by replacing
wpr with w4 and taking both w,. and ¢, to be 0.)

The state |STV) described by Eq. (5.21) can be represented by a vector, whose ending point is
moving on the surface of a Bloch sphere with |k) and |k — ¢) to be its north and south poles. The
motion of the states with different initial wave vectors k£ on the Bloch spheres, after turning on the
DC and AC magnonic crystal, are shown in Figs. 5.2(c) and 5.2(d), respectively. As demonstrated
by Fig. 5.2(c), at the resonance (i.e., when 6k = 0), during the first period of the to-and-fro motion,
the spin-wave state, which is initially located at the north pole, starts to move to the south pole, and
then, after passing the south pole, returns to the north pole. Note that, the spin wave is propagating
forward when the state is on the north hemisphere, and vice versa. However, at 0k = 0.2, the
trajectory does not pass through the south pole, and its portion below the equator becomes less
than the one above the equator. Finally, when 0k = 0k, ~ 0.33, the full trajectory is on the north
hemisphere only, which indicates the disappearance of the to-and-fro motion.

Figure 5.2(d), plotted for an AC magnonic crystal with w,. = 0.00316, shows a more compli-
cated behavior, which includes a non-trivial precession of the states on the Bloch spheres. In the

presented case, the resonant spin-wave wave vector is shifted to k£ ~ 11 (and 9).
5.5 Spin-wave Computing via AC Magnonic Crystal

At the exact shifted resonance (i.e., ¢ = 0), Eq. (5.21) is reduced to |ISW) = eia®
{cos[0(t)/2] |k) + sin [0(t)/2] ") |k — q) }. Here, 6(t) = wgt and ¢(t) = waet + Poc — 7/2.
This state can be considered as a spin-wave “qubit”, which is characterized by the polar angle 6(¢)
and azimuthal angle ¢(t). Recall that wr (€ = 0) = yAB,/2  I,; therefore, the time evolution of
this “qubit” (i.e., 6(t) and ¢(t)) is fully controlled by the intensity and the AC modulation of the
magnonic crystal. Consequently, one can manipulate this spin-wave based macroscopical “qubit”
using a properly designed AC pulse. For example, Fig. 5.3(a) demonstrates that one can bring the
state from the north pole to the equator on the Bloch sphere utilizing a 7/2-pulse shown in Fig.
5.3(b). It is also possible to flip the spin-wave “qubit” by the 7-pulse, see, e.g., Figs. 5.3(c) and

5.3(d), and more discussions in Appendix. C.3. Note that the spin-wave “qubit” controlled by the
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Figure 5.3: (a) Motion of the spin wave with the initial wave vector £ = 11 on the Bloch sphere
when sending (b) the AC 7 /2-pulse with w,. = 0.00316. The dashed orange curve with arrowheads
is the trajectory during the activation of the 7 /2-pulse, while the dashed black curve on the equator
indicates the motion after ¢3. Subfigure (c) shows the motion when sending (d) the m-pulse. The
widths of the 7 /2- and 7-pulse are 7/2wp and 7 /wg, which are determined by the intensity of the
pulse.

AC magnonic crystal has a nonzero energy mismatch Aw; = w,.. This leads to a time-dependent
¢(t) and, thereby, opens a way to manipulate the azimuthal angle of this “qubit” and makes all
single-qubit operations possible [64].

In principle, any N-qubit state without entanglement can be expressed as

W) =l) @) @ -+ @ |¢h)n

= (pT10)1 +p1|1)1) ® (PF10)2 + p3|1)2) ® - @ (PK10) N + Py 1)) ; (5.22)

and in principle, one can encode it as a spin-wave state

|SW) = (pf k1) + prlkr — @) + (p3|ka) + 5 [k2 — @) + -+ - + (pXlkn) + pylkn — @)
(5.23)

which contains N pairs of waves with different wave vectors. As long as the frequency dif-
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ferences of individual pairs are well separated in the frequency domain, each spin-wave pair
(|k:) , |k; — q)) will be controlled only by an AC pulse with the proper frequency w,.;, which
satisfies the shifted resonance wg.; = |ws(k;) — ws(k; — ¢q)|. Specifically, the time evolution of the
i-th spin wave pair p; (0)|k;) +p; (0)|k; —q) — p; (¢)|k;) +p; (t)|k; — q) under the AC modulation

Iy co8(Wae,it + Pac,i) is described by

+ 0:(t) | Lia.i(t) 0 | ipp(t) T
p; (t , cos[ }e , sm[ }e : p; (0
( ) = ez(pC’,i(t) 2 ' 2 . ( ) (524)
pi (1) — sin [eth)} e~Bil)  cog [01-;75)] e~wai® |\ p=(0)
with
ABy;
0:(t) =(F=5 )t o< Do,
wac,i
pailt) = — (2,
Wac,i ™
7 t) =— =)t ac,i T A
¢B(t) (5 )t— 5
poi(t) = — Qit + ¢4, (5.25)

and Q; = [ws(k;) + ws(k; — q)]/2. Hence, one may anticipate that multiple spin-wave “qubits”
constituted of distinct wave pairs can be manipulated simultaneously by sending the proper AC
pulses with different w,. through a meander structure; one can employ this scheme to do spin-
wave computing by implementing some quantum algorithms that do not require entanglement,

e.g., the sophisticated quantum search discussed in Ref. [3].
5.6 Additional Remarks

Finally, we discuss the feasibility of the proposed scheme. To make the RWA valid, w,,. has to
be much greater than yA By. In addition, to minimize the higher-order effects from the spin-wave
states with wave vectors k + ¢, k + 2g, - - -, the inequalities of the kind st (k+q) —ws (k)| —
Wae| > ¥ABy/2 need to be fulfilled. In particular, one may require |w;(q) — wy(0)| — wae >

~vABy/2. Let us take the experimental parameters in Ref. [40] as an example. In this measurement,
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the value of YA By was 27 x 11 MHz, while |w;(q) —w;(0)| was roughly 27 x 100 MHz. In this case,
an AC modulation with w,. around 27 x 50 MHz would be suitable for the experimental studies of
the shifted resonance. Spin-wave attenuation and decoherence are the two other factors that need
to be considered. Let us estimate the operation time required to bring the spin-wave state from the
north to the south pole. Using the same value of YA By, we find this time to be 27 /vyABy ~ 91
ns, which is shorter than both lifetime and coherence time of spin waves in YIG (cf. Refs. [9],
[10], and [11]). In the end, we estimate the length of the device. In practice, the slopes of the
curves plotted in Figs. 5.2(a) and 5.2(b) are determined by the group velocities of the incident
and reflected spin-wave packets, which may vary dramatically for different magnetic material and
geometries. In the case of the magnetostatic spin waves studied in Ref. [40], the spin-wave group
velocity |v,| was found to be about 27404 m/s. Such a spin-wave packet would perform to-and-
fro motion with maximum displacement |v,| x 27 /vAB, ~ 2.5 mm, and therefore, the meander
structure must have a size of at least 2.5 mm in order to confine this bouncing packet. In principle,
the operating range of w,. can be enlarged to GHz range by fabricating a meander structure with a
shorter period d, and the operation time can be further reduced by applying a bigger /.

We expect that, with the use of the techniques accessible nowadays, the tunable AC magnonic
crystal can be exploited for controlling spin waves with different wave vectors. One can excite
and detect many spin waves with different frequencies in a magnetic sample at the same time
through one antenna setup. The tunability of the AC magnonic crystal allows one to use a single
hardware (the metallic meander pattern) to simultaneously manipulate multiple spin-wave pairs in
one waveguide. Each pair formed by waves with different frequencies is independently operated
by a suitable AC pulse that satisfies the shifted resonance. As a result, the tunable AC magnonic
crystal can serve as a new building block of the computing device studied in Ref. [13] and improve

its scalability. This opens new possibilities for the spin-wave computing.
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6. SUMMARY AND OUTLOOKS

To summarize, we developed a spin-wave model for van der Waals layered magnetic material
CoTiOj3 using a formalism based on the continuous macroscopic variables, i.e., the total magneti-
zation and the Néel vector. The established semimacroscopic spin-wave description gives all four
spin-wave branches in this material and agrees quantitatively well with the experimental measure-
ment at long-wavelength limit. The developed formalism can be easily extended to a deformed
magnetic system and is applicable to a generic quantum XY AFM, which provides a read-to-
use model for studying the spin superfluidity transport in this type of magnetic materials. Then,
we studied the spin-wave dynamics in an AFM while a spatially modulated strain is suddenly
switched on for the system. We demonstrated that the periodic strain, after switching it on, acts
like a magnonic crystal on spin waves propagating along the same direction of the modulation. The
strain-induced magnonic crystal causes a continuous spin-wave scattering and leads to a to-and-fro
motion of the spin waves that satisfy the spatial resonance condition. Finally, we turned our focus
to a current-induced magnonic crystal in FM systems. The key advantages of the current-induced
magnonic crystal include its ability to be easily switched on and off as well as its tunability, which
provide a highly controllable manner for manipulating the propagation of spin waves. We explored
the possibility of using a tunable AC modulated magnonic crystal for the purpose of spin-wave
computing. We proposed to utilize what we called the shifted resonance to manipulate multiple
spin-wave pairs simultaneously through a fixed hardware, namely, the metallic meander structure.
We believe that this study has the potential to open up new avenues in spin-wave computing and to
establish a boundary between wave computing and true quantum computation.

In future, we need to explore practical ways of implementing the proposed scheme for real
computations. In addition, we anticipate that the proposed scheme will work similarly for spin-
wave modes originating from the long-range magnetic dipole-dipole interactions. Therefore, we
need to investigate the possibilities of pushing the limits of classical wave computing, e.g., to what

extent one can use the coupled spin waves in multiple FM films to simulate an entangled qubit
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state.
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APPENDIX A

SUPPLEMENTAL INFORMATION FOR CHAPTER 3*

This appendix is dedicated to providing readers with the additional mathematical details that
were not included in Chapter 3. Here you will find the step-by-step derivations of equations of
motion for m and I with and without a lattice deformation as well as the detailed calculations to

get the solutions (3.32) and (3.33).
A.1 Derivation of Equations of Motion for m and 1 Without Deformation

In this appendix, we show how to derive Egs. (3.5)-(3.10) and (3.17)-(3.22) in Chapter 3.
Similar to what were discussed in Chapter 3, for the case when site ¢ is on the B sublattice, Eqgs.
(3.3) and (3.4) are modified as follows: (i) A <> B; (ii) % — —%. Finally, incorporating the

gradient expansion terms in Eq. (3.2), one obtains the equations of motion for the spin components

SA/BZ
dse . i i ] ]
dt/ ~3J)8/85% 4+ 3TL1Sh/5(S% 4 + 254 5) — S% 5(Sha + 25%/8)]
3 z z agg A 1 Q Q
+ Z‘]HSA/BVQ—‘S%/A + SJL{SA/B[:'ZO—Z/ + ZVi(S%/A + 2531/3)]
0S5, 1., _
— Y gl + V(S0 + 253)] . (A1)
dsh g _ _ _ _
dt/ ~ — 3JySh/pSEa + 3T 5%, 5(SE/a + 254 ,8) — Sa/p(SEja + 255, 5)]
3 . . . 35’% 4 1 . .
- ZLJHSA/BV%SB/A + 3JJ-{SA/B [ia—z/ + Zvi(SB/A +25%,8)]
as’% A 1 Qx QT
— SiyplE—t + VA (S0 + 25%)] . (A2)

“Reprinted with permission from “Spin waves in layered antiferromagnets with honeycomb structure” by Ankang
Liu and Alexander M. Finkel’stein, 2022. Phys. Rev. B, 105, 214409, Copyright 2022 by American Physical Society.
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and

4%, ) ) )
dt ~3J) (5% 5584 — ShypSpa) + 3JL[S,€1/B(SE/A +25%,8) — Shyp(Spa + 254 5)]
3 . v TV - 5
+ _J||(SZ/BV2—SB/A - SA/BV2—S%/A) + 3JL{S§1/B[ —22 —V3 (55,4 +25%5)]
4 0z 4
+05" |
~ Spl—5 2 + Ly 2 (544 + QSA/B)]} (A3)

Here, we eventually dropped the site index ¢ in the spin operators, assuming from now on that
S /B are space- and time-dependent variables Say g(r, t). For the spatial derivatives, we have also
introduced a short notation, Vi =V2+ g—;. The equations of motion for S /B could be obtained
through the exchange S,/5 < S /B in the above equations.

Next, we define the total magnetization m 4,z = Sa/p + S /B and the Néel vector 14,5 =
Sa/B— S /B for the A/B sublattices, see e.g., Ref. [27]. Note that in a simple Néel AFM the
vectors mm and [ are orthogonal, m 4, - L4/ = 0. In the following part of this appendix, m 4,
and [ 4,p will be considered as classical variables rather than the quantum operators. The resulting

equations of motion for m 4 and [ 4 are

th _JH(mAmB + lilp) + §JL[(mAm% —mimy) — (Gl — 41E)]
Ly (m4V2mY, + 5V + §JL{[mZ (V2 +43)my — I5(V? +43)zy
8HAfB AV-'B) T g AUV 4 9z B T ALY + -8B
) 0
+2m3V2imY — 215 V2] — [mY% (V2 + 45) — (V2 +4— 5 )5
+2m4Vims - 24 V3L, (A4)
dmy 3 z x z ] 3 X z z x X Jjz zZ ]
d_tA ~ = §J||(mAmB + 4lE) + §JJ-[(mAmB —mimp) — (Ll — Glp)]
— §J||(mAV2_mB +IEVEIE) + gJL{[mA(Vi + 45) —14(V2 + 4(9 )%
0 )
+2myVimy — 213 VEE] — [m ;(vi+4£) r— 15 (V2 +do- )%,
+2mA VI — 213v11§;}}, (A.5)
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dmz 3 x x 3 x xr xr xr
d_tA %§J||[(mf’4mB + lil ) — (mymy + lAly )]+ —JL[(mmeB —mymi) — (415 — 151%)]

+ gjn[(mfgv?_mjg + I V2E) — (maVEmy + 5 V2IR)] + ng{[ LV + 4(,?2)
0 o)
—15(V% +4a )+ 2m4 Vi — 28 VA ] — [m4 (V3 +4a ym'

—15(V2 +4 8‘9 )Y+ 2mE V2 | — 2zgvizz]}, (A.6)

dlm 3 z z 3 z z z z z z
d_? %§J||(mAl% + amp) + EJL[( amy — mp) + (lgmiy — lpm7) + 4(13my — m3)]
3 z 271y z 2 Yy 3 z 2 8 Yy z 2 a Yy
+ S mAVELY, + V) + gJL{[lA(V+ + Al — i (V3 + 43_)l3
0 0
+215V2mY — 2m3 VALY — 14 (V3 + 4£)m m4 (V2 44— o )5+ 205 V2m
- zmgvil;]}, (A7)
dli 3 z JT z xr 3 x 4 4 x x 4 4 xT x z z x
o e §J||(mAlB + amp) + §JJ-[<lAmB — amp) + (IpmG — lpmiy) + 4(EmG — Gmi)]
_3 (M3 V215 + 13VEmE) + ey {[lx (V2 +43)mz —m% (V2 + 43)12
8||A—B A—B8J-A+ 9. B ALY 4+ 92 B
T 72 ]2 z 2 a 2 a T 2
+ 215V2im5 — 2mAV+lA]—[lA(V++4E)mB m5 (Vi +4a N5 +215Vim
. 2mf4v2+zfg]}, (A.8)
and
dl,ZA 3 x Y 3 Y x x Y Y T T Y
i %5*]\\[( alp + Gmi) — (milp + Bmi)] + §JJ-[<lAmB — lamp) + (lpm — lpm3))
x x 3 T xT xr xr
+ A(ma — Gmd)] + N [(ma V2 + B VEmp) — (mA V2L + 5 V2my)]
3 Y (72 0 2 9\ Y72 Y2 e
+ ng{[lA(m iy — mi (V4 4ol + 214 Vi — 2m4 V)
0 0
[V + 45 )mly = m (V2 4 4l + 25V mly — 2m5 V2 ly]} (A.9)
To get the equations of motion for m g and I, one just needs to apply (i) A <> B and (11) - =
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—Z in Egs. (A4)-(A9).

At this stage, one could argue that only the underlined terms in Eqs. (A.4)-(A.9) have to be
kept when discussing the linearized dynamics of this system. The reason is that in the equilibrium
m, = mp = 0. Hence all terms quadratic in m have to be ignored. Furthermore, the equilibrium
positions of vectors [ 4 and I are limited to the zy plane, i.e., [3 = [5; = 0. Therefore, all terms
containing a product of /* and any component of m have to be ignored. Finally, terms containing
derivatives may coexist only with [*¥, but not with [* or components of 1. All this limits the
linearized dynamics to the underlined terms only.

Next, one could notice that the equations of motion for vectors in the sublattices A and B
differ only by the terms containing i%. To derive the equations which describe the two low-
energy branches of magnons, we ignore the difference in the dynamics of the A and B sublattices,
and will proceed with the approximation when m 4 = mpg = m and l4 = Iz = [. In result, Egs.
(3.5)-(3.10) are obtained.

To derive the equations of motion for the two opticlike branches, we perturb the spins on A
and B lattices oppositely with respect to each other. With this in mind, we adopt the expansions
map = +(6m®3 + dm¥y + dm?2) and layp = 2Si + (61%% + 619 + 6172), where 257 is the
equilibrium Néel vector. Next, we substitute the expansions in ym™¥* and §1*¥" into Eqs. (A.4)
- (A.9), and keep there only the linear terms. We again neglected i%-terms in Egs. (A.4)-(A.9)
and, eventually, arrive to Egs. (3.17)-(3.22).

A.2  Equations for £, a, and X, »,

The procedure here is rather straightforward. We substitute the ansatz Eq. (3.31) into the
eigenvalue equation +1ﬁl == E&gi;l, expand X4, Xs,, and X3, around 0, and take the real parts of

the equation. As a result, we get

o [1I0(Bx) + Re(Be)(xi, — xo)] — Coxa + [In(GY) + Re(G) (i — x)]}

+ (B + Re(B) (i — xa)] + Coxa — (G + Re(G) (s, — xa)]} ~ 0,
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of m(By) + Re(Be)xsa] + Cixa + Im(G) + Re(G x|}

+ - { — m(Be) + Re(Boxia] + Cioxe + [0(GF) + Re(G) ]} 0.

af — [Im(By) + Re(Be) (Xt — xa)] + Celx = Xu,) = [Im(G}) + Re(G{ i) |

- = (B + Re(BO)(x, — xa)] ~ Cel — x0,) + [0(GF) + Re(G x| } 0
of = Im(By) + Re(Bi)xe] = Cilx — o) = [In(GY) + Re(G) ( — xa)]}

+ o {In(Be) + Re(Bo)xia] — Cel — i) — [m(G}) + Re(G) (v, — xa)]} = 0.

8a
(A.10)
As for the imaginary parts, we find
1 1
1 1
alAj + Re(By) + C + Re(G})] — 8—a[Ak + Re(By) — C, — Re(G{)] =~ E(—a + 8—a). (A.11)

Finally, by solving Egs. (A.10) and (A.11), we obtain the solution Egs. (3.32) and (3.33).
A.3 Derivation of Equations of Motion for m and 1 in the Presence of Deformation

In this appendix, we derive Eqgs. (3.41) and (3.42). Following the discussion in Section 3.5 and
considering the change in the exchange coupling constants according to Eq. (3.40), the deformed

term ) ;. ((5J51)S*"Sy in Eq. (3.2) becomes

i Mi4+d1

81\ @z Q¥ z QY 6 5118513 01,2 lasin éaszyB
;(M )SESY. 5. —SZASBZ (6" ST (—g + ay)
01,3 188;48 \/_6sz
+6J| (= 2 0r 2 Oy )+
3 3
o9 (€r + €4y) SiaSip + 79157(d - V) Sip. (A.12)

Here, it was assumed that site ¢ was located on the A sublattice. The vector d = (€,,—€,,, —2€,,0)

describes the vector-type coupling of the deformed honeycomb lattice with the spin-wave excita-
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tions. For the case A — B the following changes should be made: (i) A <+ B; (ii) d — —d.

The out-of-plane exchange interactions could be considered similarly to the in-plane ones.
Like g;, there is a new coefficient go = %% which describes the sensitivity to the inter-plane
deformation. In addition, there appears a new vector e describing the vector coupling of the out-
of-plane deformations with the spin waves. In terms of the strain tensor, components of e could be
found as follows: e = ( — (€xw — €yy) + L€uz, 265y + A€y, 2(€ps + €4y + 2ezz)). Finally, we obtain
a system of equations describing the spin dynamics in the presence of the lattice deformations

A%
at

3 z 3 z Q z Q

(o) + 591(%9: + €yy)Sa/pSg/a + 592(€m + €y +26.2)[(SA,858/4 + 254,85 5)
Qz Qz 3 z 3 z Q

— (848584 + 254 554/8)] + 19154/p(£d V)Spa+ 192154 p(Fe - V)Sg/a

— 84 p(£e - V)Sh 4l (A.13)

dSZ/B 3 z T 3 T Qz T Qz
ar () — 591(63;35 + 6yy)SA/BSB/A + 592(%90 + €y T 2€zz)[(SA/BSB/A + 2SA/BSA/B)
z Qx z QT 3 z x 3 T Qz
— (835584 + 254554 /8)] — 70155 /5(£d - V)SE /4 + ~92[S% p(Ee - V)5 4
4 4

— S4/p(+e- V)55 4], (A.14)

and

de‘/B 3 Y T T Y 3 Y QT
dt ~( )+ Egl(ezx + 6yy)(SA/BSB/A - SA/BSB/A) + 592(6:1:96 + €y + 2622)[(5,4/353/,4

QT x Q x Q 3 x
+25%55%/5) = (S3/5Shya + 255554 5)] + J011S% p(xd - V)SE 0

3 _ _
— S3p(Ed - V)Y + 02lSY p(Fe - VIS — S5 p(e - V)SE, ) (ALS)

Here, (- - - ) represents all the terms on the right hand side of Egs. (A.1), (A.2), and (A.3) without
considering the deformation in the system. Again, the equations of motion for S 4/B could be
obtained through the exchange S4/p <+ S /B in Egs. (A.13)-(A.15).

In terms of the macroscopic quantities ™ 4,5 and 1 4,p, the equations describing the spin dy-
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namics are

dm?”; 3
d—tA ~( )+ a9 (€xz + €yy) (Mimip + %) + 192(69690 + €y + 262.) [(mimy — mim3p)
z z 3 4 4 3 z
— (lalh = 4l) + Sorlmi(d- V)ml + Ly(d - V)i + Sga{ [mis(e - ym}
—m¥ (e V)mi] — [li(e V)il — (e V)], (A.16)
dmy 3 z €T zZJ]x 3 x z z x
th () — a1 (€zz + €yy) (MEME + %) + ZQQ(EM: + €yy + 26..)[(mimy — mimE)
X jz zZ ] 3 z x z xX 3 x 4
— (talh = laly)) = Sorlmis(d - V)mfy + Li(d - Vi) + Sgu{ [ (e - V)
—mi(e V)mi] - [l V)i — (e V)5, (A17)
dmz x x x €T
th () + Zgl(em + €yy) [(mymp — mimy) + (15 — Uilg)]
3 x xr xr x
22 (e + €y + 260 [(mihmy — miml) — (415 — 13l)]
3
s {Imh(d- V)mi — mi(d- V)mp) 4 [4(d- V)i - Bi(d- V)ip)]
3 xT xr x x
+ ggg{[mi(e -V)m% —m%(e- V)mb] — [l (e V)IE — (e V)lyB]}, (A.18)
dlﬁ 3 z 7Y z Yy 3 z Y Y z
It () + 191 (€za + €yy) (M5 + Uimp) + 192(693:2 + €yy + 26.2)[(Limp — ymp)
3
— (il — mily) + 4(mY — mAly)] + Sgilmi(d - V) + 1(d - V)m)
3
+ car{lli(e- Vimly — th(e - V)my] — [mi(e - V)i —m4(e- V)], (A19)
dl;’l{l 3 zZ Jx z x 3 x z z x
5 20) = qai(eas + ey )(MGls + Gimip) + - g2(€as + €y + 2622)[(Tamp — Lami)
3

= (M4l — mlp) +4(lmi — mila)] — corlmi(d - V)ip + l(d - V)mi)]

3
+ coo{llale - Vimi, — (e V)mp] — [mi(e - V)l —mi(e- V)5, (A20)
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and

d? () + 191 (€ze + Eyy)[(mzllB - mAl%) + (lZmB - lAm%)}

3 xT T T xT xT €T
+Zg2(€m + €yy + 2¢..)[(Imp — I3my) — (M4l — milp) + 4(15m3 — m4l%)]

+ Zon{ i@ ) — (- )]+ B V) —ti(d - V)my)}

3
+ g Imh(e - V)mi —mi(e - V)mp] — [mii(e - V)i —mi(e- V)ipl}. (A2D)

Again, (---) is the short notation which represents all the terms on the right hand side of the
unperturbed Egs. (A.4)-(A.9). To obtain the equations of motion for m g and l 5, one just needs to
apply (i) A + B, (ii) % — —%, (iii)) d — —d, and (iv) e — —e to Egs. (A.16)-(A.21).

For linearized dynamics, we may keep in the above equations the underlined terms only. Next,
we drop all the terms containing i%, d, and e. As we have argued previously, under this approxi-
mation, the equations for A and B sublattices coincide, and we will assume that m, = mg = m
and l4 = lp = [. Finally, by applying the standard parametrization, we find the linearized equa-
tions for my, me, 0, and ¢ in the presence of a lattice deformation, i.e., Eqs. (3.41) and (3.42)

written in Chapter 3.
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APPENDIX B

SUPPLEMENTAL INFORMATION FOR CHAPTER 4*

In Chapter 4 we concentrated on the to-and-fro motion of a spin wave (magnon) in the presence
of a spatially modulated static strain. The deformation induced by the strain modulates the spin
exchange between magnetic atoms which in turn acts as a scattering potential for spin waves. A
possible way to impose the static strain modulation was suggested in Ref. [57].

To present the idea in the simplest way, we discussed a layered van der Waals AFM which has
a very clear geometry. For waves propagating in the direction transverse to the layers, it allows to
reduce the problem to a one-dimensional one. Additional simplification is in the magnetic structure
of the substance which consists of FM layers with the direction of magnetization alternating be-
tween the neighboring layers. This allows to use macroscopic classic variables for the description
of spin waves.

We start with presenting the arguments that allowing us to neglect the higher harmonics in the
process of scattering in Section B.1 of this appendix. In Chapter 4, we have studied the dynamics
of the spin wave which propagates freely in the system when at a certain time the static strain is
switched on. The problem has been solved by matching the initial conditions at the moment of
switching on. Here, in Section B.2, we simulate a more practical scenario in which a Gaussian
spin-wave packet is running inside or entering a region where the spatially modulated strain has
been already imposed.

The possibility of controlling magnons by a spatially modulated deformation has a general
character, and is not related neither to the specific geometry nor to the material considered in this
chapter. To demonstrate the generality, we consider in Section B.3 the case of the oblique incidence
of the spin wave, i.e., when the initial spin wave has a finite momentum component perpendicular

to the direction of strain modulation. We showed that in the case of an oblique incidence the

“Reprinted with permission from “Control of spin waves by spatially modulated strain” by Ankang Liu and
Alexander M. Finkel’stein, 2022. Phys. Rev. B, 105, 1L.020404, Copyright 2022 by American Physical Society.
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modulation works as a spin waveguide: the to-and-fro motion of a spin wave across the spatially
deformed region is still preserved, whereas in the direction perpendicular to the strain modulation
the wave propagates unidirectionally.

For the purpose of completeness, in Section B.4, we consider the time-dependent periodic
potential, which is created by a standing acoustic wave (see, e.g., Ref. [50]). (In the case of a two-
dimensional geometry, grating of the lattice can be done using the Surface Acoustic Wave (SAW)
technique [54, 55].) The dynamics is most clear in the adiabatic limit, i.e., when the deformation
of the lattice changes slowly compared to the spin waves. Note in this respect that in the van
der Waals systems, both the speed of sound and of the magnons in the direction transverse to the
layers are rather low, because of smallness of the inter-layer couplings. The widths of the acoustic
and magnon bands are of the order of a few meV. The mutual relation of the speeds depends on a
specific choice of the material [65, 66].

Finally, we discuss the role of the phases ¢; and ¢5. They are the space and time phase
differences of the freely propagating spin wave and the strain modulation defined at the moment
of their meeting. The phase - exists, of course, only in the case of the time-dependent strain
modulation. Unlike ¢4, the time phase difference affects the dynamics of spin waves very strongly.

As an application of the discussed mechanism of the control of magnons, we see magnonics.
B.1 Higher Harmonics

In Section 4.2, we have indicated that after dropping higher harmonics, like S 3 and C 34, ONE
gets Egs. (4.12) and (4.13). These equations yield the frequencies w3 , = JG1[1—§(&*)](4)? and

= JG1[1+ 1(£2)](2). The frequencies are splitted by the interaction G (i.e., magnetoelas-

2
(.UC L

q
2
ticity).

If the term S%q is nevertheless considered, instead of Eq. (4.13), one obtains an extended

equation

s[5 L [1e0r ey e (s @1
Sy 1JGa(%)? JG () ) \Su
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which couples Sg and S 8q. This matrix equation gives two eigenvalues w? = iJ [20G, — Gy £
(256G2 + 32G1 G5 + 37G2)7](%). Obviously, we are interested only in the eigen-frequency, w_.
Under the perturbative condition, i.e., G> < G}, the expansion of w? yields w? = JG;(%)* —
1JGo(2)? — £ JG*(82) + 325 JGatP () + 125 JG2q*(Z2)? + -+ - Keeping only the first
two terms in w?, one gets the approximated frequency w? S = JG1[1 — 2(G2 )](4)?. When even

G

higher harmonics like Ssq or Csq are taken into account, a system of the coupled equation for S%,
2 2

Ssq, and S5, becomes
2 2

Sq JGI(%)2 JGo(2) %JGz %)2 0 S%
W | Su | = 1JGy(9)? JGi(%? LI | | Su (B.2)
Sz 0 LG, (%)? JG1(52—q) Sz
The smallest eigen-frequency of the matrix Eq. (B.2) has the expansion wexp J G’l(%)Q —

1JG(2)? — TGP (82) + 55 JGag? (83)2 — 595 JGag?(Z2) + - - - . To generalize the results

even further, we get the matrix equation

Sy JG1(4)? — 3JG2(4)? LJG, ()2 0 0 o\ [ Sy

Sa 1JGo(2)? JG1(3)? LJGy(%)? 0 Sa

W [ S | = 0 1JGy(30)2 TG (2)2 LGy () Ssy

Sz 0 0 1IGH(3)? JG1(R)? Sz
(B.3)

with all harmonics S%, S3q, Ssq4, S7q, - - -, taken into considerations. One can check that w?g g Isa
2 2 2 ’2
good approximation for the lowest eigenfrequency of this infinite system as long as G, < G;. It

is worth noting that numeric coefficients are in favor of this approximation; the expansion remains

applicable even when G5 ~ G.

The discussion of the harmonics C sa, qu, Crq, - -+ is similar.
2



B.2 Simulations of Spin-wave Packet

In this section, we present the results of simulations of the dynamics of a Gaussian spin-wave
packet propagating inside (or entering into) the region, which is deformed by a static strain modula-
tion along the z direction, i.e., €,, = €y cos(gz). In Fig. B.1, we simulate the influence of the static

strain modulation on the propagation of the Gaussian spin-wave packet. Suppose that, at t = 0,

Wave packet at t = 0 and 3000 in unit time Wave packet at t = 0 and 3000 in unit time
1.0t 11.0 1.0} 11.0
o 0.5 {0.5 4 0.5} 10.5
ge] ©
2 2
T 0.0 0.0 £ 0.0 0.0
(@)] (@)}
© ©
= _ost {-0.5 = —o0.5¢ {-05
—-1.0f 1-1.0 -1.0} 1-1.0
0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000
z-direction z-direction
(a) Lattice deformation is off (b) Lattice deformation is on

Figure B.1: Simulations of a Gaussian wave packet propagating inside a region where the lattice
deformation is (a) off and (b) on. In both figures (a) and (b), blue and red curves represent the
wave packet at ¢ = 0 and 3000 in unit time, respectively. In these simulations, we take ¢g = 1,
2o = 5000, w = 250, and ¢ = 20 x (27r/1000); other parameters are J = 1, G; = 2, and G5 = 0.3.

(z=2)*
there is a Gaussian wave packet ¢(z,t = 0) = ¢pe o2 cos[2(z — 2y)] which consists of spin

waves with momenta centered around £. Here, ¢ is the magnitude of wave packet, 2, indicates
the initial position of the packet, while w describes the packet width. In free system, we expect the
evolution of this Gaussian spin-wave packet leads to ¢(z,t) = %6_(2—2307—2@)2 cos[d(z — 20 —wst)].
This is confirmed by the result shown in Fig. B.1(a) when the deformation in the system is off. As
expected, we observe a straight motion of the wave packet without any change of its shape. How-
ever, when this spin-wave packet is running inside a region with deformation, we observe that,

instead of propagating freely, the wave packet is spreading aside with respect to its initial position.

This is because the wave components with momentum around £ perform the to-and-fro motion as
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has been discussed in Chapter 4 (see Fig. B.1(b)).
Furthermore, we have also simulated the case when a freely propagating Gaussian spin-wave

packet runs on a region with preformed static deformation. From Fig. B.2, we observe that, after a

Wave packet att = 0 and 3700 in unit time Wave packet att = 0 and 3700 in unit time
. . . . . . . . . .
1.0} i 11.0 1.0} i 11.0
] ]
1 1
o 05} : 105 4 0.5} ! 10.5
e} 1 ° 1
B 1 B 1
= 0.0 1 0.0 ¢ 0.0 i 0.0
(o)} 1 ()} 1
© 1 © 1
= _o0.5} | {-0.5 = —0.5} | {-0.5
1 1
1 1
-1.0t ! 1—1.0 -1.0t ! 1—1.0
N N 1 N N N N 1 N N
0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000
z-direction z-direction

Figure B.2: Simulations of a Gaussian wave packet running on a deformed region with (a) G, =
0.3 and (b) Gy = 0.6. In both figures (a) and (b), blue and red curves represent the wave packet
at t = 0 and 3700 in unit time, respectively. The dashed vertical lines indicate the interface
which separates the region with (on the right side of dashed line) and without (on the left side of
dashed line) strain modulation. In these simulations, we take ¢y = 1, 25 = 4000, w = 250, and
q = 20 x (27/1000); other parameters are J = 1 and G = 2.

certain time of evolution, there forms a number of bubble-like envelopes of the wave packet on the
left (undeformed) side of the interface. The width of the bubbles is around vs(f—;). We consider
these bubbles as a signature of the to-and-fro motion which develops inside the deformed region.
These bubbles are pumped backward by the wave-components of the packet on the right side of

the interface which perform an alternating motion with the frequency w ;.
B.3 Oblique Incidence of the Spin Wave

Here we consider the case of an oblique incidence of a spin wave on the strain-modulated
region. In other words, the initial direction of the spin wave propagation and the direction of
strain modulation do not coincide. For simplicity, we restrict ourselves to a modulation along the

z direction, i.e., €,, = €y cos(gz), and will assume that the spatial resonance condition holds along
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this direction. Consequently, the equations of motion for (mg, ¢) in three dimensions become (cf.

Egs. (3.41) and (3.44) in Chapter 3):

~ 0? 0? 9 0?2
~ (452)[(_§JH + = JJ_)(a 3 8_y2)+4_1‘h@
82 82 82
[Jl(ﬁ + @) + J@](ﬁ?

¢ ~ [G1 + G4 cos(qz)]my. (B.4)

Il

Here, we define J; = (45‘2)(—§J|| + 2J.) which describes the propagation of the spin wave in
the directions not influenced by the strain (i.e., perpendicular to the direction of the applied strain
modulation); the other coefficients J, G;, and G5 have been already introduced in Chapter 4 in
connection with Eq. (4.1). From Eq. (B.4), we obtain a second time derivative equation for ¢,
namely,

0? 0? 0?

¢ = [G1 + Gacos(q2)][i(55 + =) + J@]

o o. (B.5)

Note that, when G, = 0, it leads to a free spin wave solution ¢(z, z,t) = ¢o sin[(kjz + 22) — Qt +

1] with the frequency Q2 = \/ Gl[Jlk:lz' + J(2)?]. Here, without losing generality, we take the
in-plane component of the spin-wave momentum k| to be along z direction, and ¢, is an arbitrary
initial phase of the wave. In the presence of GGo-term, we are looking for the solution which has a
form of ¢(z, 2, t) = eF™let ™%y (z). After the substitution, we get
52
—w?p(z) = [Gy + G2 cos(qz)][— Tk + Ja slo(2). (B.6)
Following the procedure developed in Chapter 4, we write ¢(z) ~ S sm( ) +Ca cos( ) Then,

neglecting the higher harmonics, we obtain two decoupled equations

1 Gy

W28y = Gl = 5]

JikE + J(%)Q]Sg (B.7)
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and

1,G q
w?Ca = Gyl + §(G—2)][J1k;ﬁ +J(3)°1Cs- (B.8)

: 1
Now, we get two splitted frequencies w? = [1 — %(G—j)]QZ and w3 = [1 + %(g—f)]QZ with © to be

the frequency of the free spin wave with k = k& + Z2. As a result, we can construct the general

solution of ¢(z, 2, 1), i.e.,

o(x,2,t) = Z[A‘iieﬂwsteﬂk”x sin(%z) + A eFiwetetikye sin(%z)]. (B.9)
£+

Correspondingly, the general solution of my(x, 2, t) is

A ) xS )
mg(l‘, z, t) = — [Jlk‘ﬁ + J(g)Q] X [ielwstelklll’ Sln(gz) + _ZC—:; ezwste_zkl\l’ Sm(g;;)
A, 2

+ e—iwgte’ik’ux Sin (gz> +

_ . . . q
e zwgte Zk”xSIH<§Z

—in —’in

X, q X q
4 T plwet ik cos(—z) 4 = giwet ik cos(—z)
wwe 2 We 2

)\C
—+

—iwc

A

—iwc

eiwet o=k o (gz) ! (B.10)

+ e~ et eIT cog (gz) +

Here, the eight coefficients /\i/f need to be determined through the properly chosen initial condi-
tions. Similarly to Chapter 4, we assume that the static strain modulation is switched on at t = 0,

while a free spin wave with k = k& + %2 is running in the system. Then, the initial conditions to

be matched look as follows:

é(x, 2,0) = o sin[(kyz + gz) + o1l

Jlk:ﬁ + J(%)2
my(z, z,0) = ——————¢ cos[(kjz +

e
Q

5 ) + p1l; (B.11)

90



By matching Egs. (B.9)-(B.10) with Eq. (B.11), we find

1 1 w :
Z<P1 3 —— LS\ Jier
4%( 0 ) A2 4¢0(1 + 0 )er,
1 w - 1 w ,
s _ = LSy i1 (S = _ XSy —ig
)\ — 4¢0(1 + Q )6 ) )\77 4¢0(1 Q )6 9
= _ ier \C = _r we i
gbo( Q ) )\ 4¢0(1 + Q )6 Y
. 1 w .
Aif = 1001+ 2091, X = Zg(1— )i (B.12)

After substituting the determined coefficients )\i/f into Eq. (B.9), we get

é(z, 2, 1) :@{(%) cos<w¢7“) sin[(kyz — gz) — Ot + )]
— (1) sin(%ﬂf cos|(kjz — gz) — Qt + 1]

)
+(1) COS(WTTIS) sinf(kyx + §Z> — Ot + ]

sm[(k:Ha: + gz) + Qt + ]

t
- (%) sin(ww ) cos|(kjz + gz) + Ot + goﬂ} (B.13)
And, finally,

o(z, 2, t) %gbo{ cos <%Tt> sin[(kjx + gz) — Qt + 1]

_ sin(%ﬂf) cos|(kjz — gz) — Ot + gpl]}. (B.14)

Here, we defined w4 = we — ws. As a result, the solution ¢(x, z, ) describes the alternation

between two spin wave states with k = k2 + 22 and k = kjZ — 12 with an alternating frequency
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wy+, provided that w4 < €, i.e., Gy < Gy. In this sense, the strain modulation serves as a spin
waveguide when the propagating direction of the initial wave is not parallel to the one induced by

the strain.
B.4 Solutions of (my, ¢) and Dynamics at Time-dependent Strain Modulation

In this section, we discuss the dynamics of my and ¢ when the lattice deformation is not only
spatial- but also time-dependent. We restrict ourselves to the conditions of the spatial resonance,
ie, k = 1, and assume that there is a standing acoustic wave along the z direction, namely,
u = Asin(qz) cos(wynt + p2)Z., where the unit vector Z indicates the polarization of this wave.
Then, the nonzero component of the strain tensor is €., = €y cos(qz) cos(wpnt + o) with the
magnitude ¢y = Agq. Here, A is the amplitude of the wave, w,, = v,,q is the frequency of the
longitudinal acoustic wave, while vy, is the speed of sound along the z direction (a brief discussion
of v, versus vg was given in Sec. S1). Recall in connection with the phase ¢, that ¢t = 0 is defined
as the moment of meeting of the spin wave with the acoustic deformation. Correspondingly, the
phase ¢, (as well as ¢q; see the discussion of the inset in Fig. 4.4 in Chapter 4) are determined
with respect to this moment. In the discussed case, one needs to solve the time-dependent version

of Egs. (4.1), 1.e.,

. d?
mg = J@Cba

¢ = |G + G cos(qz) cos(wpnt + p2)|my. (B.15)

Next, neglecting the higher harmonics and using the ansatz

my(2,1) = Spy,a(t) sin(%z) + Crnp,a (1) cos(%z) (B.16)
and
6(2,1) = Ssa(1) sm(gz) +Cya(t) cos(%z>, (B.17)
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we obtain a set of equations for the time-dependent coefficients S,,,, (1), Sy,1(t), Cpny,a(t), and

; q
8m97%(t> == J(§>28¢,%(t)7

1
(t) — §G2 cos(wpnt + P2)Spy, 1 (1); (B.18)

S
[ SIS

and

; q
Cmeé(t) = J(§)20¢7%(t)7

: 1
Cd%% (t) :Glcmgvg(t) + §G2 COS(Lupht + 902)Cm@,%<t)' (B19)

Thus, S, ¢ accelerates S,,, ¢, while the time-dependent combination of S,,,, « terms pushes S, q.
(bv 2 0,5 0593 ¢7 2

The same happens with the other pair C¢7% and C,, 0,2- We differentiate the first equation in each of

the pairs, and use the second ones to close the equations for Sme,% and Cme,%. Eventually, instead

of Egs. (7) and (8) in Chapter 4, we get a pair of the Floquet equations:

J(8) = —JG (D211 = (52 cos(wmt + 92)|Sm 4 () (B.20)
0,1 = 1 5 2G, 'ph P2 0,1 .
and

a%gw:—ﬂxéfu+(0)am%¢+¢mc,gw (B21)

2G4

The solutions of S,,,, (t) and Cing,2 (t) can be found in terms of the Mathieu functions:

) QS¢<JG1q JGaq? wpht+soz) R$(Jqu JG2q® wpnt + 2

) ) b
Wop, 4wph 2 Wo, 4wph 2

) (B.22)

1
’2
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and

JG1q? JG2q2 wpnt + @o JG1q? JGgq wpnt + @2
q R
mo.3 (1) QC¢< w2 | dw? 2 )J“ C$< Wl dw? T2 )

(B.23)

Here, (' (a,q,v) and 8 (a,q,v) are the even and odd solutions to the Mathieu differential equation

[67]. The coefficients ()s/c and Rg/c are determined by the initial conditions. We take the same
q\2

initial conditions as in the static case, namely, mg(z,t = 0) = —%(ﬁo cos(2z 4+ ¢1) and ¢(z,t =

0) = ¢ sm( z+ <p1) For arbitrary ¢ and (5, by matching this initial conditions, one obtains a

system of relations for the coefficients ()s/c and Rgc:

QS¢< 71, Go, w> o + Rs$(él, Go, W) T J(é)Q(/ﬁo sin @1,
0s6(6,60 B2 s b(6,6 502 i,

QC¢<G~1> ~Gh, w> o7 Rc$<él, —Gh, w> o <%) Po COS 1,
QC¢<C$1, —Gh, w> . + Rc$<él, —Gs, W) o —J(§)2¢0 siny; (B.24)

with G; = JG1¢? /Wf;h and Gy = JGaq?/ 4“’511- Thus, one needs to solve the matrix equation
(B.24) to determine the coefficients )g/c and Rg/c.

We present first the result of studying the effect of the phase (; on the propagation of the spin
waves. As it is shown in Fig. B.3, similarly to the case of static modulation, motion of the spin
wave does not depend much on ;. By contrast, the motion strongly depends on the other phase,
92, which is the initial phase in the time dependence of the standing acoustic wave.

We start discussion of the phase ¢, with the special case py = 0 for various wy,,. As it could be
observed from Fig. B.4, a decisive factor here is the relation between the frequency of alternation
wyy (determined for the static deformation) and the frequency of the acoustic wave, w,;,. The
characteristics of the spin wave motion in this special case are as follows: (i) In the limit of slowly

varying acoustic wave, when w,;, < w, the adiabatic picture holds. The alternating motion of
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Motion of the spin wave when kzg- with q=20x (2%
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Figure B.3: Zig-zag motion of a spin wave at the spatial resonance condition, k = ¢/2, for different
1. The wave vector ¢ = 20 x (27/1000). Parameters of the system are J = 1, G; = 2, Gy = 0.3.
Frequency of the phonon w,;, = 0.0037, and the phase ¢, = 0.

the spin wave still develops, but for a limited interval of time when the deformation induced by the
acoustic wave is large enough. Next, a window follows when the deformation is weak and, hence,
not effective. Within this window, the spin wave propagates in one direction only. (ii) The motion
is strictly quantized. In the discussed case of 5 = 0, during a half-period of the standing acoustic
wave, changing of the propagation direction occurs always in pairs. The number of pairs decreases
with increasing the frequency: in the interval of frequencies shown in Fig. B.4(b), there are two
pairs of turns during a half-period. For larger frequencies, as one can see from Fig. B.4(c) there
remains only one pair of turns. (iii) Finally, when w,, is comparable with or greater than w,,, the
alternation of the propagating direction ceases to exist. This is due to the rapidness of the acoustic
deformation oscillation. There is simply not enough time for the modulated strain to change the
propagation of the spin wave. As one can see from the top curve in Fig. B.4(c), the spin wave
propagates unidirectionally with the velocity of the free spin waves. (iv) The averaged speed of
the propagation changes non-monotonically with w,,. In this peculiar case, we observe that in the

interval of frequencies presented in Fig. B.4(b), the averaged speed goes down, and even changes
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Figure B.4: Motion of spin waves with k& = ¢/2 at @5 = 0 and ¢; = 0 for different w,,. Wave
vector ¢ = 20 x (27/1000); other parameters are J = 1, G; = 2, G5 = 0.3. For the chosen
parameters, the frequency wj+ ~ 0.0067. At the bottom of the subfigure (a) the dashed lines show
the magnitude of the external perturbation at different wy,,. The phonon frequencies are indicated
in the boxes on the right.

its sign. Then, for larger frequencies, the trend reverses (see Fig. B.4(c)). The speed grows up, so
that eventually the motion becomes unidirectional.

Now, we present our results of studying the propagation of the spin wave at ¢ # 0. In a
number of panels in Fig. B.5, we show how the motion of the spin wave develops with time at
various (9 for different intervals of w,,. Eventually, we demonstrate that the to-and-fro motion is
a robust phenomenon. It exists for any phase s, and even survives the averaging over different
phases. One can notice from Figs. B.5(a), B.5(d), B.5(g), B.5(j), and B.5(m) that for ¢y # 0 the
adiabatic picture still holds when w,;, < wj+. On the contrary, at not too small w,, Figs. B.5(b),
B.5(e), B.5(h), B.5(k), B.5(n) and Figs. B.5(c), B.5(f), B.5(1), B.5(1), B.5(0) demonstrate that for
2 # 0 the motion of the spin wave depends on w,, in a different manner as compared with the
results obtained for the special case ¢, = 0, cf. with Figs. B.4(b) and B.4(c). The main difference
is in the time of periodicity. Instead of a half-period discussed above for ¢o = 0, in the general
case, o # 0, the period of the pattern for the propagation of the spin wave coincides with the (full)
period of the acoustic wave. The results obtained here also confirm that the number of turns during
a period decreases with increasing w,,,. This eventually leads to a unidirectional propagation of the
spin wave when w,,, is comparable with w ;.

One can observe by comparing Fig. B.6 with the corresponding panels in Figs. B.4 and B.5

that the patterns of the to-and-fro motion have a (p,-periodicity that is (roughly) 7. Interestingly,
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Figure B.5: Motion of spin waves with k& = ¢/2 at different w,, (see boxes on the right) for various
©2. (@)-(c): 2 = m/6; (d)-(D): 2 = —7/6; (2)-(): Y2 = 15 ()-D: 2 = —1; (m)-(0): o = 7/2.
At the bottom of (a), (d), (g), (j), and (m) the dashed lines show the magnitude of the external
perturbation at various w,,. Wave vector ¢ = 20 x (27/1000); other parameters are J = 1,
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Figure B.6: Motion of the spin wave with k& = ¢/2 for different frequencies w,;, (see boxes on
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the solution does not coincide with itself when ¢, is changed by 7. But the pattern of propagation
is reproduced. The reason for this is that changing ¢, by 7 is equivalent to changing only the sign

of the scattering amplitude Gs.

i i =4 with g=: 2 — @=0
(a) Motion of the spin wave when k: 3 with g=20x( 1000) :zm (b) Motion of the spin wave when k= with q:20x(120%) at wph=0.0037,
at wpn=0.0037 and ¢=0 for different @,. P, @1=0, and averaging over different @,.
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Figure B.7: (a) Motion of the spin wave with £ = ¢/2 at w,, = 0.0037 for different vy (see
boxes on the right). At the bottom of the figure, the dashed lines show the time-dependence of
magnitude of the external perturbation for different ¢5. (b) The averaged motion of the spin wave
over different positive and negative phases ¢y. Wave vector ¢ = 20 x (27/1000); other parameters
are J =1,G; =2,G5 = 0.3, and p; = 0.

In order to study further the effects of ¢-, we plot (along with the propagation of the spin wave
at different -, Fig. B.7(a)) the motion averaged over both positive and negative values of ¢s. As

one can observe from Fig. B.7(b), the to-and-fro pattern exists despite this averaging.

(a) Fourier analysis of the motion of the spin wave (b) Fourier analysis of the motion of the spin wave (C) Fourier analysis of the motion of the spin wave
With wr=0.0025 and ,=0 With wy=0.0025 and =1 With wpn=0.0025 and ¢,=71/6
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Figure B.8: The Fourier analysis of the spin wave propagation at w,, = 0.0025 with different (.
Other parameters are J = 1, G; = 2, Gy = 0.3, and 1 = 0.
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Finally, we performed the Fourier analysis of the propagation patterns with different , for the
spin wave when the frequency of the acoustic wave is wy,, = 0.0025. As it is shown in Figs. B.8,
there is a major spectral peak at the frequency 0.0025 (at ¢ = 7/6 and 1), i.e., the position of
the peak coincides with the frequency of the acoustic wave, w,,. However, in the special case of
2 = 0 the pattern has a pronounced spectral peak at the frequency equal to 2w,;, = 0.005, which
in this case is the lowest characteristic frequency. As a result, only for the special case @2 = 0,
the propagation pattern repeats every half-period of the acoustic wave. Generally, however, the

patterns repeat themselves in accord with the full period of the acoustic wave.
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APPENDIX C

SUPPLEMENTAL INFORMATION FOR CHAPTER 5*

In this appendix, we present additional numerical results that support the study of AC magnonic
crystal in Chapter 5. The results presented in Figs. C.1 and C.2 as well as in Figs. 5.2(a) and 5.2(b)
in Chapter 5 are obtained through numerically solving Eq. (5.3) with the initial conditions (5.4)
utilizing Mathematica “NDSolve” function [68]; while the simulations in Figs. C.3 and C.4 are

done by the finite difference method based on the algorithm published in Ref. [69].

C.1 To-and-fro Motion
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Figure C.1: Position of the spin waves with initial wave vectors k = ¢/2 + dk (upper panels (a),
(c), and (e)) together with |S,, /., (t)| (lower panels (b), (d), and (f)) as a function of time. Here, we
plot for (a) and (b) the wave with 0k = 0.00; (c) and (d) with 0k = 0.20; while (e) and (f) with
dk = 0.50 in units of (27/1000). Other parameters are A = 2, ¢ = 20 x (27/1000), vBy = 1,
vABy = 0.001, and ¢, = 0. As shown in all three figures, the spin waves are propagating along
the positive z direction when |S,(t)| > |S,,(¢)|, and vice versa.

“Reprinted with permission from “Spin-wave dynamics controlled by tunable ac magnonic crystal” by Ankang
Liu and Alexander M. Finkel’stein, 2023. Phys. Rev. B (to be published), Copyright 2023 by American Physical
Society.
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As an extension of Fig. 5.2(a), in Fig. C.1 we plot the propagation of the spin waves with dif-
ferent wave vectors along with the competition between |S,(¢)| and |S,,,(t)| after the DC magnonic
crystal is switched on at ¢ = 0. As one can conclude with the use of Fig. C.1, the direction of

the propagation is determined by the relation of the amplitudes |S,(¢)| and |S,,(¢)

, which were
introduced in Eq. (5.2). When |S,(t)| > |S,.(t)|, the right-propagating component is dominant,

and the wave is moving towards positive z direction, and vice versa.

C.2 Effect of Changing ¢, and ¢,
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Figure C.2: Time-dependent position of the spin wave with initial wave vector £ = 11 (in units of
(27/1000)) after the AC modulated magnonic crystal with w,. = 0.00316 is switched on at ¢ = 0.
In (a) p; is varying at ¢,. = 0, while in (b) ¢, is changing at s = 0. Other parameters are A = 2,
q =20 x (27/1000), vBy = 1, and YA By = 0.001.

To investigate the influence of different phases ¢, and ¢,. on the spin-wave propagation, we
plot in Fig. C.2(a) the time-dependent positions of the spin waves with different initial phases ¢
when the AC magnonic crystal is activated; while in Fig. C.2(b) the spin-wave propagating curves
with various ¢,. are shown for different AC magnonic crystals. We find from Figs. C.2(a) and
C.2(b) that the effects of changing both ¢ and ¢,. on the spin-wave propagation are negligible.
This can be explained by the strong inequality between YA B and the spin-wave frequency ws.
Note that, although the wave propagation is almost not affected by the changes of two phases; ¢,
which is the phase in the AC modulation, directly enters into the evolution of the azimuthal angle

of the spin-wave “qubit” (cf. Eq. (5.21) in Chapter 5).
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It is worth pointing out that the propagation of the spin waves at the exact shifted resonance
(see all curves in both Figs. C.2(a) and C.2(b) as well as the blue curve in Fig. 5.2(b) of Chapter 5)
acquires a small negative average slope. This is caused by the difference between the velocities of
the right- and left-propagating wave components in Egs. (5.19) and (5.20). Namely, for the given
Wae and 0k, we have (Q + wqe/2)/ky < (Q — wae/2) /K.

C.3 Spin-wave Dynamics under 7-pulse

To study the spin-wave dynamics under the 7w-pulse, we simulate the evolution of the spin wave
while the magnonic crystal is switched on, and then, after completing the half period of the to-and-
fro motion, is turned off. This is done by numerically solving Eq. (5.1) with the free spin-wave
initial condition. The results are presented in Fig. C.3. It demonstrates clearly that after sending
the DC 7-pulse, the initially right-propagating spin wave with £ = 10 (in units of (27/1000)) is
scattered backward to the state £k = —10, while other waves with wave vectors £ = 11 and 12
are still propagating forward (see Fig. C.3(c)). Furthermore, the simulations presented in Figs.
C.3(e) and C.3(g) show that if the frequency of the AC m-pulse is properly tuned, then the spin
wave with the pre-selected wave vector will be scattered by this pulse. For example, in Fig. C.3(e)
we observe that only the spin wave with initial wave vector k = 11 is reflected to £ = —9 by the
AC 7-pulse with w,. = 0.00316. Besides, in Fig. C.3(g), when w,. = 0.00632 is exploited, the
spin wave which initially has k& = 12 is scattered backward to the state with £ = —8. Note that
the complete backward scatterings of the spin waves with different wave vectors (see the magenta,
orange, and cyan waves in Figs. C.3(c), C.3(e), and C.3(g), respectively) are equivalent to the flips
of the corresponding spin-wave “qubits” from the north pole to the south pole by sending 7-pulses

(cf. Figs. C.3(b), C.3(d), and C.3(f)).
C.4 Spin-wave Packet

Up to now, the magnonic dynamics was studied only for the extended states, while in reality,
the spin waves are sent as wave packets. For completeness, we simulated the evolution of a spin-

wave packet when sending an AC 7/2-pulse to the system. In this simulation, we initiate a wave
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Figure C.3: Propagating directions of the spin waves before (subfigure (a)) and after (subfigures
(c), (e) and (g)) sending the 7-pulses as shown in (b), (d), and (f). The initial wave vectors, given in
units of (27/1000), are &k = 10 (magenta), 11 (orange), and 12 (cyan). To indicate the directions of
the wave propagation, the spin-wave solutions S*(z, ¢) are plotted at two consecutive time points
(the dashed ones are shown at the time after the solid ones), see also the colored arrows. From
(a) to (c): a DC pulse, as shown in (b), was activated at £ = 100 and turned off at t = 3241.
The pulse has the duration AT = 7/yAB, = 3141, which is the half period of the to-and-fro
motion under the DC magnonic crystal. From (a) to (e), and (a) to (g): the AC modulated m-pulses
of the duration AT = 6283 ~ 27 /vAB, were applied with the AC frequencies w,. = 0.00316
and 0.00632 (cf. (d) and (f)), respectively. Subfigures (b), (d), and (f) also show the Bloch-sphere
representation (see Eq. (5.21) in Chapter 5) of the time evolution of the resonantly coupled spin
waves while sending the corresponding DC or AC 7-pulse. Two resonantly coupled states |k) and
|k — q) are represented as the north and south poles on the Bloch spheres. In subfigure (b), the
waves with the wave vectors 10 and —10 are resonantly connected; in subfigure (d), the states |11)
and | —9) are coupled; while in subfigure (f), the waves with the wave vectors 12 and —8 are paired.
The trajectories of the states are presented as the dashed curves with the arrowheads on the surface
of each Bloch sphere. The position of the states at three different times ¢4, ¢5, and ¢3 (as indicated
in the lower plots), are shown by the colored 3D arrows. The states initially located at the north
poles is moved to the south poles by the corresponding 7-pulses. The duration of the AC 7-pulse
is twice of the DC one. The parameters used for the simulations are A = 2, ¢ = 20 x (27/1000),
7By = 1, A = yABy = 0.001, ps = 0, and ¢,. = 0. Time is measured in units 1/vBy. Main
observation: Waves satisfying the resonance conditions (the regular or shifted ones) change the
direction of propagation, while those which are out of the resonance preserve their direction.
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(a) Spin-wave packet at t =0 (b) Spin-wave packet at t =2000
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Figure C.4: Time evolution of the Gaussian spin-wave packet under the influence of the AC 7/2-
pulse. The wave packet has an initial form S (z,t = 0) = e~ [(z=20)/vF*¢ikoz; and we plot 5%(z,t)
at (a) t = 0, (b) t = 2000, (c) t = 4000, and (d) t = 10000 (measured in units 1/vBy). The
time-dependent AC 7/2-pulse are shown in the lower part of each subfigure with the red dot to
indicate at which time point the wave is potted. The parameters used in this simulation are A = 2,
g = 20 x (27/1000), vyBy = 1, A = yABy = 0.001, w,. = 0.00316, ¢, = 0, zo = 10000,
w = 2000, and kg = 11 x (27/1000).
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packet, which has the center wave vector kg = 11 x (27/1000) and the wave-vector spreading
Ak ~ 1/w =~ 0.08 x (27/1000). For the chosen parameters, k is at the exact shifted resonance
and the wave-vector spreading is also within the resonant interval (cf. Fig. 5.2(b) in Chapter 5). As
it is shown in Fig. C.4, after sending the 7 /2-pulse, the initial wave packet splits into two counter-
propagating packets. From that, we conclude that the scattering of a spin-wave packet remains
to be observable and the discussed mechanisms of spin-wave control can be functioning as well,
provided that the energy spread (spectral extent) of the packet is within the gap and the meander

structure is long enough to confine the to-and-fro motion of the wave packet.
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