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ABSTRACT

We study the usage of information-theoretic measures in learning problems.

The first problem considered is the algorithm-dependent generalization error bound. Concep-
tually, the mutual information between the output of the learning algorithm and training samples
captures the amount of information the algorithm learned from the samples, which reflects the
overfitting. This motivated the studies on mutual information-based generalization error bound.
We propose the individually conditional individual mutual information (ICIMI) bound based on
a combination of the error decomposition technique of Bu et al. and the conditional mutual in-
formation (CMI) construction of Steinke and Zakynthinou. It combines the merits of the existing
studies and provides a tighter bound, and in the process of establishing this bound, we introduce
a conditional decoupling lemma, which allows us the view the existing bounds in a unified frame-
work. We further propose a stochastic chaining method, which applies the chaining technique in
conjunction with information-theoretic measures to bound the generalization error. The stochas-
tic chaining method borrowed intuition from successive refinement and is more flexible than the
previous deterministic chaining approach in conjunction with information-theoretic bounds. We
finally provide a new information-theoretic generalization error bound that is exactly tight (i.e.,
matching even the constant) for the canonical quadratic Gaussian mean estimation problem. De-
spite considerable existing efforts in deriving information-theoretic generalization error bounds,
applying them to this simple setting where sample average is used as the estimate of the mean
value of Gaussian data has not yielded satisfying results.

Besides capturing the interplay between learning algorithms and samples, information mea-
sures can also be useful to characterize the complexity of the problems. We study the effect of
reward variance heterogeneity in the approximate top-m arm identification problem. In this prob-
lem, the rewards of pulling each arm are sub-Gaussian but with different variance-proxies, and the
agent needs to incorporate this knowledge to minimize the expected number of arm pulls to iden-

tify m arms with the largest means in probably approximately sense. The worst-case sample com-
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plexity of this problem is characterized by a divide-and-conquer style algorithm and a matching
lower bound. The sample complexity reveals that the effect of the reward variance heterogeneity
is quantified by an Entropy-like function of the variances.

In addition to bounding and characterizing certain performance metrics, information measures
can also facilitate the design of algorithms. We study the policy optimization in multi-objective
reinforcement learning and propose an Anchor-changing Regularized Natural Policy Gradient
(ARNPG) framework, which can systematically incorporate ideas from well-performing first-order
methods into the design of policy optimization algorithms for multi-objective Markov decision
process (MDP) problems. The ARNPG framework introduces Kullback-Leibler divergences with
changing anchors as regularization to the intermediate policy update, which enables acceleration
as well as bridging the analysis between the policy gradient update and the incorporated first-order
methods. Under softmax parameterization with exact gradients, the proposed algorithms inherit the
advantages of the integrated first-order methods and are guaranteed to have 0(1 /T) global con-
vergence without further assumptions on the underlying MDP. Experiments are further provided

to demonstrate that the proposed algorithms provide superior performance.
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1. INTRODUCTION

Information-theoretic methods have been playing important roles in many fields, such as com-
munication, data storage, cryptography, e.c.t., among which machine learning has recently at-
tracted a lot of attention. Lying in the heart of the information-theoretic methods, information-
theoretic measures provide us with the tools for better interpretation, precise characterization, and
constructive intuition. In this dissertation, we study the usage of information-theoretic measures
in some learning problems. Specifically, we study (1) interpreting generalization error by mu-
tual information-based bound, (2) characterizing complexity of top-m arm identification with het-
erogeneous reward variances problem via Shannon’s entropy, and (3) designing policy gradient-
based algorithm for multi-objective Markov decision process based on the idea of anchor changing

Kullback-Leiber divergence regularization.
1.1 Generalization Error Bounded by Mutual Information

The generalization error of a supervised learning algorithm is defined to be the difference be-
tween the empirical risk and the population risk, which is used to quantify the degree to which a
learning algorithm may overfit the training data. Bounding the generalization error of learning al-
gorithms is of fundamental importance in statistical machine learning. The conventional approach
is to bound it using a quantity related to the hypothesis class, such as the VC-dimension [1], and
such bounds are therefore oblivious to the learning algorithm and data distribution. The obtained
results are usually rather conservative, and cannot fully explain the recent success of deep learn-
ing. Recently, information-theoretic approaches that jointly take into consideration the hypothesis
class, the learning algorithm, and the data distribution, have drawn considerable attention [2—11].

The effort of deriving generalization error bounds using information-theoretic approaches was
perhaps first initiated in [2] and [3]. The bound was further tightened in [8], by decomposing the
error, and bounding each term individually. Steinke and Zakynthinou [9] proposed a conditional

mutual information (CMI) based bound, by introducing a dependence structure which resembles



that in the analysis of the Rademacher complexity [1]. Combining the idea of error decomposition
[8] and the CMI bound in [9], Haghifam et al. [10] subsequently provided a sharpened bound based
on conditional individual mutual information (CIMI).

We propose another generalization error bound, which is also based on a combination of the
error decomposition technique and the CMI construction. This bound is motivated by the ob-
servation that in a simple Gaussian setting, the CIMI bound in [10] (as well as the CMI bound
in [9]) is of constant order, while the bound in [8] is of order @(\/Lﬁ), where n is the number of
training samples. The conditioning term in CIMI is the same as CMI, and it tends to reveal too
much information which makes the bounds loose. The proposed bound is thus obtained by mak-
ing the mutual information conditioned on an individual sample (pair), which we refer to as the
individually conditional individual mutual information (ICIMI) bound.

We propose a new approach to applying the chaining technique in conjunction with information-
theoretic measures to bound the generalization error of machine learning algorithms. Different
from the deterministic chaining approach based on hierarchical partitions of a metric space, pre-
viously proposed by Asadi et al., we propose a stochastic chaining approach, which replaces the
hierarchical partitions with an abstracted Markovian model borrowed from successive refinement
source coding. This approach has three benefits over deterministic chaining: 1) the metric space is
not necessarily bounded, 2) facilitation of subsequent analysis to yield a more explicit bound, and
3) further opportunity to optimize the bound by removing the geometric rigidity of the partitions.
The proposed approach includes traditional chaining methods as a special case, and can therefore
also utilize any deterministic chaining construction. We illustrate these benefits using the problem
of estimating the Gaussian mean and that of phase retrieval. For the former, we derive a bound
that provides an order-wise improvement over previous results, and for the latter, we provide a
stochastic chain that allows optimization over the chaining parameter.

We provide a new information-theoretic bound that is exactly tight (i.e., matching even the con-
stant) for the canonical quadratic Gaussian problem. In fact, most existing bounds are order-wise

loose in this setting, which has raised concerns about the fundamental capability of information-



theoretic bounds in reasoning the generalization behavior for machine learning. The proposed new
bound adopts the individual-sample-based approach proposed by Bu et al. [8], but also has sev-
eral key new ingredients. Firstly, instead of applying the change of measure inequality on the loss
function, we apply it to the generalization error function itself; secondly, the bound is derived in
a conditional manner; lastly, a reference distribution, which bears a certain similarity to the prior
distribution in the Bayesian setting, is introduced. The combination of these components produces
a general KL-divergence-based generalization error bound. We further show that although the con-
ditional bounding and the reference distribution can make the bound exactly tight, removing them
does not significantly degrade the bound, which results in a mutual-information-based bound that

is also asymptotically tight in this setting.

1.2 The Sample Complexity of Top-m Arm Identification with Heterogeneous Reward Vari-

ances Measured by Entropy

Approximate top-m arm identification with fixed confidence is a formal Probably Approxi-
mately Correct (PAC)-learning formulation for the best arm identification setting, where the agent
is required to identify the top-m arms, where the expected rewards of the m arms identified are
not less than that of the m-th best arm by ¢, with confidence at least 1 — §. In this setting, the
algorithms will have a performance guarantee in terms of the confidence of success as well as the
precision e. We refer to this setting as (¢, ) top-m arm identification.

In most previous works on multi-armed bandits, an inherent assumption is that the reward
distribution of each arm is sub-Gaussian, and moreover, the variance proxies are known and the
same, i.e., homogeneous among all the arms. Such an assumption may be natural when the rewards
are bounded in a range, or it is reasonable to view the arms as of the same random nature (except
the reward means of the arms). In other applications, this assumption is less suitable, since the
reward distributions are naturally heterogeneous. We consider (¢, d) best m-arm identification
with sub-Gaussian distributed rewards when the variance proxies are heterogeneous and known.

Several well-known algorithms can be straightforwardly adapted to the problem under consid-

eration. We observe that the adapted algorithms only perform well in some respective cases. More



precisely, the adapted naive elimination algorithm performs well when the heterogeneity is more
significant, and the adapted median elimination algorithm performs well when the heterogeneity is
less significant. Given this observation, we seek for a new algorithm that can naturally account for
the heterogeneity, and propose the variance-grouped median elimination algorithm. There is no
need to artificially ascribe an instance as having either high or low heterogeneity in this algorithm,
and its performance adapts naturally. We further establish a matching lower bound by reformulat-
ing it into an optimization problem and considering its dual. Combined with this lower bound, we
show the proposed algorithm is optimal.

We show that the worst-case sample complexity of this problem is

~o; 1 o} o] 2
S 26—21115+ Z = In(m) + Z€—2Ent(JGT) : (1.1)
i=1 ieGm jEG!
where G™, G', G" are certain specific subsets of the overall arm set {1,2,...,n}, and Ent(-) is an

entropy-like function which measures the heterogeneity of the variance proxies. The worst-case
sample complexity is in general proportional to the sum of the reward variances and has three
components. The first component (with In %) reflects the effect of the confidence parameter, the
second component reflects the impact of the more homogeneous subset of the arms, and the last
term (with the Ent(-) function) reflects the impact of the more heterogeneous subset of the arms.
The result naturally degrades if the reward variances are indeed homogeneous, which essentially
has only the first two components. The third component captures the impact of the heterogeneity,
which is not critically related to m, but on the variances 0%  through an entropy-like function.
For highly heterogeneous variances, the second term will disappear, and Ent(c2,.) can be of order

O(1), thus becoming independent of m completely.

1.3 Policy Optimization Regularized by Kullback-Leibler Divergence for Multi-Objective

Markov Decision Process

In many sequential decision-making scenarios, agents usually face multiple objectives simul-

taneously. This motivates the study of reinforcement learning (RL) with multiple reward values
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Vit (p). The agent exploits certain criteria to reflect the system requirement and aims to optimize
the policy such that its values VT (p) satisfies the criteria.

We study policy gradient-based approaches that optimize over parameterized policies II =
{mg : O € O} through policy gradient. In general, the optimization problems above may not be
convex in terms of 0, not even for single-objective MDPs with direct parameterization by 0, , =
mp(als) [12]. Due to the non-convexity, O(1/T") global convergence of policy gradient-based
methods was only established very recently for single-objective MDPs with exact gradients [12,
13]. These breakthrough results have motivated the study of policy optimization for multi-objective
MDPs, e.g., smooth concave scalarization [14], constrained MDPs (CMDPs) [15,16].

However, under the exact gradients scenario, the previous approaches for multi-objective MDPs,
either suffer from slow provable O(1/ VT ) global convergence [15], or require extra assump-
tions [17-19]. The compactness of © is assumed in [17], but this assumption forbids a very com-
mon softmax parameterization, where © = RIS/ The NPG-based methods have been analyzed
in [18, 19] under an ergodicity assumption, but such an assumption is not required for NPG in
single-objective MDPs [12], and therefore appears artificial.

Many criteria for multi-objective MDPs could be viewed as convex optimization problems w.r.t.
a value vector v € V, for which there is a wide array of well-performing first-order methods for
convex optimization problems in general. It is desirable to take full advantage of such efficient first-
order methods in a unified and flexible manner when designing policy gradient-based algorithms
for multi-objective MDPs.

We propose an anchor-changing regularized natural policy gradient (ARNPG) framework that
can exploit and integrate first-order methods for the design of policy gradient-based algorithms for
multi-objective MDPs. We introduce Kullback-Leibler divergences with changing anchors in the
ARNPG framework as regularization to the intermediate policy update. This regularization accel-
erates the policy update due to its local strong convexity, and meanwhile, the changing anchors
reduce the bias caused by introducing regularization to the original problem. Analytically, the

divergences bridge the analysis between policy gradient and the incorporated first-order methods.



We demonstrate the strength of the ARNPG framework by designing algorithms for three gen-
eral criteria: smooth concave scalarization, constrained MDPs, and max-min trade-off. Under
softmax parameterization with exact gradients, the proposed algorithms inherit the advantages of
the integrated first-order methods and are guaranteed to have O(l /T) global convergence without
further assumptions on the underlying MDP. In addition to the theoretical advantages, we provide
the results of extensive experimentation which demonstrate that the ARNPG-guided algorithms
provide superior performance in exact gradient and sample-based tabular scenarios, as well as

actor-critic deep RL scenarios, compared to several existing policy gradient-based approaches.



2. INFORMATION-THEORETIC BOUNDS ON GENERALIZATION ERROR*

In this chapter, we proposed the individually conditional individual mutual information (ICIMI)
bound to upper bound the generalization error. To establish the proposed bound, we introduce a
new conditional decoupling lemma. This lemma allows us to view the bounds in many of the
previous works [3, 8—10] and the proposed bound in a unified manner, which not only yields a
dichotomy of these bounds, but also makes possible a meaningful comparison among them. It also
allows us to take expectation of the conditionals outside of the concave conjugate function, which
may significantly tighten the bound when the Jensen gap is large. Finally, we show that in the
Gaussian setting mentioned earlier, the proposed new bound is also able to provide a bound of the
same order as, but with an improved leading constant than that in [8].

As an application of the proposed ICIMI bound, we apply it on a logistic regression setting
where the mutual information terms need to be estimated from data, and it yields a generalization
bound similar to that in [8]. The CMI bound and the CIMI bound, on the other hand, are much more
difficult to estimate since they involve many more random variables. As another application, we
further analyze the noisy and iterative stochastic gradient Langevin dynamics (SGLD) algorithm,
which includes the Langevin dynamics algorithm as a special case when the full batch is used, and
derive an upper bound on its generalization error, which is more general than previous results (e.g.,

no requirement for the loss function to be bounded).
2.1 Preliminaries

System model. We study the classic supervised learning setting. Denote the data domain as

Z = X x ), where X is the feature domain and ) is the label set. The parametric hypothesis class

*Part of this chapter is reprinted with permissions from “Individually conditional individual mutual information
bound on generalization error," by Ruida Zhou, Chao Tian, and Tie Liu, 2022, I[EEE Transactions on Information The-
ory, vol. 68, no. 5, pp. 3304— 3316, Copyright © 2022 IEEE [20], “Stochastic chaining and strengthened information-
theoretic generalization bounds" by Ruida Zhou, Chao Tian, and Tie Liu, 2023, Journal of the Franklin Institute,
vol.360, no. 6, pp. 4114-4134, Copyright © 2023 The Franklin Institute [21], and “Exactly Tight Information-
Theoretic Generalization Error Bound for the Quadratic Gaussian Problem" by Ruida Zhou, Chao Tian, and Tie Liu,
2023, IEEE International Symposium on Information Theory (ISIT), Copyright © 2023 IEEE [22].



is denoted as Hyy = {hy : W € W} C Y%, where W is the parameter space. During training, the
learning algorithm (learner) has access to a sequence of training samples Zy,,) = (21, Za, . .., Zy),
where each Z; is drawn independently from Z following some unknown probability distribution &.
The learner can be represented by Py, Zy> which is a kernel (channel) that (randomly) maps Z" to
W.

To complete the classification or regression task, the learner in principle would choose a hy-
pothesis w € WV to minimize the following population loss, under a given loss function ¢ :

W x Z— R,
Le(w) = Egnell(w, Z)]. 2.1)

However, since only a training data vector Z,| is available, the empirical loss of w is usually

computed (and minimized during training), which is given as

1 n
Ly (w) =~ ; Uw, Z;). 2.2)
The expected generalization error of the learner Py |z, 18

gen(€, Pwiz,) = E |Le(W) = Lz, (W)], (2.3)

where the expectation is taken over the distribution Pyy,z =~ as the joint distribution implied by
the kernel Pz, and the marginal Pz ~= £". This quantity captures the effect of the learner’s
expected overfitting error due to limited training data, which we shall study in this work.
Formally we write Ex p[f(X)] = [, f(x)dP(x) as the expectation of f(X). When the
distribution of X is clear from the context, we omit P and write it as E x [ f (X)], where the subscript
X means the expectation is taken with respect to the random variable X. When the random variable

X in f(X) is also clear from the context, we simply write it as E[f(X)].



We introduce the following quantity
genZ[n] (57 U)) = L§ (’LU) - LZ[n] (w)7 (24)

which can be viewed as stochastic process indexed by hypothesis w and the expected generalization
error can by written as gen(¢, Piv|z,,) = Elgen o (&, W)]. Generalization error can also be written

in a different form by defining

geniZi (&,w) := Le(w) — U(w, Z;), (2.5)

gen’ (€, Py z,) = E[Le(W) — (W, Z))). (2.6)

Clearly gen(€, Pw|z,,) = » >y gen’(§, Pwz,). It is worth noting that the distribution Py, is
obtained by marginalizing over P(W, Z,)) (and dividing ).

We will then briefly review a few information-theoretic bounds on the generalization error
relevant to this work. A more thorough discussion of their relation is deferred to Section 2.2.4 and
2.2.5, after a unified framework is given.

Mutual information based bounds. Xu and Raginsky, motivated by a previous work by Russo
and Zou [2], provided a mutual information (MI) based bound on the expected generalization

error [3].

Theorem 1 (MI Bound [3]). Suppose ((w, Z) is o*-sub-Gaussian under & for all w € W, then

202
gen(§, Pw)z,,) < \/TI (W5 Zpny)- (2.7)

The generalization can be written in two ways

gen(€, Pwiz,,) = E [LZM (W)} ~E [LZM (W)} 2.8)
= % Z E [(MV VZi) — LW, Z»)} : (2.9)



where W and Z; are independent random variables that have the same marginal distributions as 11/
and Z;, respectively. Instead of bounding the difference (2.8) as in [3], Bu et al. [8] bounded each
individual difference in (2.9) and derived an individual mutual information (IMI) based bound.
Furthermore, the following inverse Fenchel conjugate function was utilized to obtain a tightened

and more general bound. For any random variables [, its cumulant generating function (CGF) is
Ap(X) :==InE [e*] . (2.10)

The CGF Ap(A\) may not exist for some A € R. Define the extended-value centered CGF of F
as Yp(A) := oo for such A that Ap(\) does not exist, and p := Ap(A\) — AE[F] otherwise. The

inverse of its Fenchel conjugate is given as

IS/ Yr(A)

() = Inf ——=—=, € [0,00). .11

The tightened bound is summarized in the following theorem.

Theorem 2 (IMI Bound [8]). Suppose ¢ is an upper bound of V_ i, 7., then

1 n
gen(&, Pviz,) < — z; VU I(W; Z)), (2.12)

where W and Z; are independent random variables that have the same marginal distributions as

W and Z;, respectively.

Conditional mutual information-based bounds. Steinke and Zakynthinou [9] recently intro-

duced a novel bounding approach. In their approach, Z[;—LL] = (ZF, Z5 Z)isa2 xn
table of samples that each Z7, for s = —1,1 and 7 = 1,...,n is independently drawn follow-
ing £&. The training vector (Z{", Z3, ..., ZE") is selected from the table Z[jfl], where R;’s are

independent Rademacher random variables, i.e., I?; takes 1 or —1 equally likely. The vector
Ry = (Ry,...,R,) € {—1,1}" essentially selects one sample from each column in the table,

which partitions Z [;—LL] into a training vector and a testing vector. For simplicity, we shall write Z; *

10



and Z;"! as Z; and Z;", when the meaning is clear from the context.

With the structure given above, the expected generalization error can be written as

gen(g,PW‘Z[n]) =E,: |[E ) (2.13)

[n]

LS R (w2 - o 2) | 2
=1

Steinke and Zakynthinou obtained the following conditional mutual information (CMI) based re-

sult.

Theorem 3 (CMI Bound [9]). Suppose sup,,cy |[0(w, z1) — l(w, z2)| < A(z1, 22) for any zy, zo €
Z, then

2
gen(§, Pw|z,,) < \/EE[A(ZM Zy)?|1 <W; R[n]|Z[;_LL]>7 (2.14)

where Zy, Zy are independent samples distributed as &.

Since R; is binary, the conditional mutual information is always bounded; in contrast, mutual
information-based bounds (i.e., MI and IMI bounds) can be unbounded, particularly when the
random variables W, Z; are both continuous.

Motivated by the results in [8], Haghifam et al. [10] proposed a sharpened bound by similarly
bounding each term in (2.13). Moreover, they provided a conditional individual mutual information
(CIMI) based bound represented by the sample-conditioned mutual information, which is defined

as
L(X:Y) = I(X;Y|U = u). (2.15)

Clearly /;;(X;Y') is a function of the random variable U, thus also a random variable, and E[I;(X;Y)] =

I(X;Y|U). These sharpened bounds are summarized in the following theorem.

11



Theorem 4 (CIMI Bound [10]). Suppose ¢ € [0, 1], then

n

gen(€, Pwz,,) ZIE [, 2l (WiR, )} :LZ \/21 <W R, ]Z[n]) (2.16)

i=1

2.2 The ICIMI Bound and Its Properties

We first introduce a motivating example which shows that the CMI and CIMI bound can be
order-wise worse than the IMI bound. In order to remedy this deficiency, we first introduce an
instrumental (conditional decoupling) lemma, then provide the proposed bound, which we refer to
as individually conditional individual mutual information (ICIMI) bound. The relation between the
proposed bound and the existing bounds is discussed. As a byproduct of the unified view allowed
by the aforementioned conditional decoupling lemma, several more general forms of the existing
bounds are also given. Finally, we return to the motivating example and show that the proposed
bound can indeed provide a bound of the same order as the IMI bound, but with a slightly better

constant factor.
2.2.1 A motivating example

Let us consider the simple setting of estimating the mean from samples generated from a Gaus-
sian distribution N (u, 02), by averaging the 7.i.d. training samples under the squared loss.
Estimating the Gaussian mean The training samples Z,,) are drawn i.i.d. following N (y, o) for
some unknown p. The learner deterministically estimates o by averaging the training samples, i.e.,

1 n .. .
W = =%, Z;, whose empirical error is

(W) = Z(W — 7)), 2.17)

I(W;Zi):%lognn _ >+0<l), (2.18)

12



and obtained the following IMI-based bound

2(n+1)2 n 2 1
2 1 — 2 — . 2.1
O’\/ 3 g —7 =0 n—1+0(\/ﬁ) (2.19)

For this simple setting, the generalization error can in fact be calculated exactly to be % Though
the error bound above does not have the same order as the true generalization error, it is consistent
with the VC dimension-based bound and is the best known for this case. Note that the MI bound
will be unbounded, since I(W; Zp,)) is unbounded.

Next, consider the CMI and CIMI bounds, and let us focus on the mutual information terms in

these bounds, which give
I(W; R[n]|Z[j—;}) =n/log,e, IZ[i] (Wi R;) =1/logye, a.s.. (2.20)

It is seen that they are order-wise worse than (2.18), which suggests that the bounds obtained from
the CMI and CIMI bounds would be order-wise worse than (2.19).

Theorem 3 and Theorem 4 do not apply directly in this setting, since their required conditions
do not hold. In Theorem 3, the function A(z, z5) does not exist (i.e., unbounded); even if it
existed, the term E[A(Z;, Z5)?] would be a constant, thus the CMI bound would be of constant
order. Similarly, if the condition ¢ € [0, 1] holds, the CIMI bound would also be of constant order.
As we shall show shortly, the CMI and CIMI bounds can be generalized and strengthened, yet the
resultant strengthened bounds in this setting still do not diminish as n — oo, and thus would be
order-wise worse than the IMI bound.

A question arises naturally: Is the looseness of the CMI and CIMI bounds here due to the in-
troduction of the conditioning terms? As we shall show next, it is caused by too much information

being revealed in the conditioning terms, and there is indeed a natural way to resolve this issue.

13



2.2.2 A conditional decoupling lemma

Our main result relies on a key lemma. A few more definitions are first introduced to present
this lemma and the main result.
For any random variables /' and U, define the sample-conditioned CGF for any realization

U = u,
AFKAAﬂuzzlnE[e”ﬂUe:u]. 2.21)

Similar to the regular CGF, A (A, u) may not exist for some A\ € R. Define the extended-value
centered sample-conditioned CGF as 1y (A, u) := oo for such A that Apj;y (A, u) does not exist,
and Ypp(\ u) == Apy(X,u) — AE[F|U = u] otherwise. It is straightforward to verify that for
any realization U = u, ¢¥p(0, u) = ¢;(0,u) = 0 and ¢%,,(0, w) > 0. Hence the inverse of its

Fenchel conjugate

wﬁﬂnu%:nﬁ"+¢FﬁNU)

Inf ) , n€|0,00) (2.22)

is concave and non-decreasing; see e.g., [8] and [23]. The unconditioned version of this function

was utilized earlier by Asadi et al. [4] and Bu et al. [8]. When it is clear from context, we will write

which are functions of U, thus random. Next, define the extended-value centered conditional CGF

Vpw =E [Vpu], (2.24)

and similarly its inverse Fenchel conjugate as &;E

For a pair of random variables (X, Y), its decoupled pair conditioned on a third random vari-

14



able U is a pair of random variables (X,Y) , such that
> D - D
X, 0) 2 (x,v), (V.U)2 U, (2.25)

ie., (X,U) and (X,U) are identically distributed, and (Y, U) and (Y,U) are identically dis-

tributed, and moreover
X<UY (2.26)
forms a Markov string. It follows from this definition that
Iy(X;Y) = D(PX7y|U||PXy|U). (2.27)

We next introduce a conditional decoupling (CD) lemma, which serves an instrumental role in

our work. The unconditioned version was presented in [8].

Lemma 1 (The CD lemma). For any three random variables X,Y, U, let X ) Y be the decoupled
pair of X,Y conditioned on U. Let F = f(X,Y) and F = f(X,Y), for some real-valued

measurable function f. The following inequalities hold

E[F] — E[F] <E Wik (Io(X; V)] < 650 (105G YD) (2.28)

2.2.3 The ICIMI bound

For each i = 1,...,n, let (W;, R;) be a decoupled pair of (W, R;) conditioned on Z*. The

bound we propose is presented in Theorem 5.

Theorem 5. (ICIMI Bound) Given an algorithm Py |z, the following bounds on the generaliza-

tion hold

n

1
gen(§, Pviz,,) < — D E [qu:‘lzi (LW Ri))] (2.29)

i
i=1



where G; = R; <€(Wi, Z;7) — g(ﬁ/h Zj))

(2.30)

There are two bounds in this theorem. The stronger bound is in terms of the sample-conditioned

mutual information, which is different from the conventional notion of conditional mutual infor-

mation. The weaker bound is in terms of conventional mutual information.

In the proposed bounds, the mutual information is conditioned on the individual data pair Z:*,

instead of the full data pair set Z[i]. Intuitively, revealing only ZZ-jE makes it more difficult, than

revealing all data pairs Z[fl], to deduce information regarding R; from . As a consequence, the

mutual information I(W; R;|Z) is always smaller or equal to I(WV; RZ-|Z§§]), which is formally

shown in Lemma 2, yielding potentially tighter bound.

Proof of Theorem 5. We can rewrite the generalization error given in (2.13) as

gen(€, Pviz,,) = + S B [E [R (AW, 20) — (9, 2)) 1]

(2.31)

Now apply the CD lemma on each individual term in (2.31) by letting X = W, Y; = R;, U; = Zf,

and F; = R, (((W, Z;) — £(W, Z;")). Since

E[G:] = B[R] = E | & (¢0Wi, 27) - €0V, 2)) | =0,

we have

gen(£7 PW|Z[n]) = n

IN

IN

16

(2.32)

(2.33)



which completes the proof. O

We call this bound the individually conditional individual mutual information (ICIMI) bound,
since it is derived by applying the CD lemma on the individual conditional terms in (2.31). We

note that Theorem 5 implies Proposition 3 in [24], which we state below as a corollary.
Corollary 1. Suppose € [a,b] with a < b, then

b— a —

Y E [ 21+ (W; R,) (2.34)

i=1

b—a — ot
<— > \2A(W; R Z}E). (2.35)

i=1

gen(f, PW\Z[,L]) <

Proof of Corollary 1. When ( € [a,b] and G; € [a—b, b—a), it is straightforward to verify that G, is
(b—a)?-sub-Gaussian. The definition of the sub-Gaussian distribution gives ¥, ,+(\) < @)\2,

and thus \IJ;TZi (n) < (b — a)+/2n, from which the corollary follows. O

2.2.4 Dichotomy and generalizations of existing bounds

The CD lemma allows us to view the existing MI, IMI, CMI, and CIMI bounds in a unified
framework. By applying the CD lemma in different manners, these bounds can be obtained al-
most directly. The technical conditions under which the bound hold can also be generalized, and
the bounds themselves can be strengthened using the inverse Fenchel conjugate. These results
are summarized in Table 2.1. We also provide the bounds for the bounded loss function, which
eliminate the 1)*~! functions and have much simpler forms.

Take the derivation of MI bound [3] as an example: the mutual information I(W; Z [n}) mea-
sures the correlation between W and Zj,. We use the CD lemma to decouple such correla-
tion by letting X = W and Y = Z,), but the conditioning term does not exist. Let function
F=—213"" U(W,Z;) + Le(W) be the generalization error that we aim to study. Its decoupled
version F' = —L 57" (W, Z;)+ L¢(W) has zero mean and the conjugate CGF %' (). The MI
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Table 2.1: A dichotomy of several generalization bounds using the CD Lemma

H Approach ‘ X ‘ Y ‘ U ‘ F ‘ Generalization bound ‘ Special case ¢ € [0, 1] H
MI [3] W | Z) —LS UW, Z) + Le(W) G (W5 Z)) VRV Z)
IMI (8] W Z Fy = —U(W, Z;) Bl R (L (W Zy) » Dim \/ SI(W; Zy)
CMI [9] W | Ry | 25 | L0, R (6W, Z7) = (W, Z]1)) zﬁ};zl[i] (I (I/V;R[V,L]\Z[i]» \/QI (W; Ry Ziyy)
CIMI [10] W R Zhy | R=ROW.Z0) - 0W.20) | FEL 0 (I (W; Ri|z[§])) iy \/ 20(W; Rl Z)
ICIMI (thisand [24])) | W | R, | Zf | Fi=R, (¢(W,2Z7) — (W, ZH)) | 130, &g‘lzi (I(WiRi|ZE)) | 130 V2I(W; Ri|ZF)

bound is then obtained by applying the CD lemma on these assignments, i.e,

=E[F] - E[F] <95 (XY |U) =95t (LW Z)) -

The CD lemma separates the loss geometry captured by ¢*~! from the information acquired by
the algorithm which is represented as a mutual information term, and it allows us to study them
individually.

The CMI and CIMI results can be further strengthened by utilizing the inverse Fenchel con-
jugate function together with the sample-conditioned mutual information. More precisely, let

(R, W) be the decoupled pair of (Ry,;, W) conditioned on Z i]. Further define

. . . . 1 .
Ei:Ri@W,Z.* —éW,Z*), E=-S"E, 2.36
(W, 27) = (W, Z) - ; (2.36)
then we have the strengthened CMI and CIMI bounds:
-1 .
gen (g, szw) <E [\If i (Iz[i”] (W; RM))] , (2.37)
1 - *—1
gen <§,PW|ZM> <Y E {‘I’Eazﬁg} (I (W; Ri))] . (2.38)
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2.2.5 Comparison of the bounds

We first consider the special case where the loss function is bounded, i.e., ¢ € [0, 1]. For this
case, it was shown in [10] that the CIMI bound (2.16) is tighter than the CMI bound (2.14). We

next show that the proposed bound (2.35) is tighter than the CIMI bound (2.16) when ¢ € [0, 1].

Lemma 2. Foranyi=1,...,n, we have

I(W; R,|Z") < I(W; Ri| Zp,)).

MI > CMI
- AN
7 ~
IMI CIMI

QY L
~ ICIMI (this work) 7

Figure 2.1: Relations among generalization bounds, when the inverse Fenchel conjugate functions
are assumed to be the same.

To further understand the relation among these bounds under more general conditions when the
loss function may not be bounded, let us assume the inverse Fenchel conjugate functions, which
roughly capture the geometry induced by the expected loss, are the same (denoted as ¥* ') for all

the five approaches, i.e.,

Then we can focus on the information measure quantities, and compare these bounds as shown in
Fig. 2.1. Here the inequalities given in black were proved previously (see [8] and [10]). Since the
common function 1/* ! is non-decreasing, the inequality "CIMI > ICIMI" follows from Lemma 2.

The inequality "IMI > ICIMI" is implied by the following lemma for the same reason.
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Lemma 3. Foranyi = 1,...,n, we have [(W; R;|ZE) < I(W; Z,).

The inverse Fenchel conjugate functions may indeed be different for different bounds, thus
although the above comparison suggests certain dominant relations, it is not clear for any specific
problem, whether any given bound is tighter than the other. This is particularly true if we use the
bounds based on the inverse Fenchel conjugate, however, even for the special case of ¢ € [0, 1], the
different multiplicative factors and the sum-square-root forms imply that the relation can be less

clear.
2.2.6 Revisiting the example

We now return to the problem of estimating the Gaussian mean, and show that the proposed
ICIMI bound can provide scaling behavior similar to that of IMI, thus order-wise stronger than the
CMI and CIMI bounds. In fact, the bound is also strictly better than the IMI bound given in [8]
asymptotically in this setting.

We first formally establish, as suspected previously, that the CMI and CIMI bounds are at least

of constant order for this setting, the proof of which can be found in the appendix.

Proposition 1. The strengthened CMI and CIMI bounds, i.e., (2.37) and (2.38), are at least m}’liﬁ

in the problem of estimating the Gaussian mean.

The next proposition establishes a generalization error bound based on the ICIMI bound in this

setting.

Proposition 2. For the problem of estimating the mean of the Gaussian distribution, the ICIMI

bound gives

202 [ 1 1
gen (5, PW|Z[7L]> < N +o0 (ﬁ) : (2.39)

Remark: This bound scales as @(\/% ). Compared to the IMI bound in (2.19), the ICIMI-based

bound is asymptotically tighter by a factor of \/g ~ 1.25.
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Proposition 2 is proved by studying separately the sample-conditioned individual mutual in-
formation 7+ (W; R;) and the inverse Fenchel conjugate functions W~ &, | - For the former, since
the algorithm here is averaging the samples without any prior of the Gaussian distribution, without
loss of generality, we can assume the mean of the Gaussian distribution to be 0, i.e., ¢ = 0. There-
fore, given Z* = 2. € R, W is mixed-Gaussian distributed, which follows N (=2 21 0?) when
R; = 1 and follows N(*,2510?) when R; = —1. The term ]Z:l:<W R;) is thus related to the

scaling behavior of the differential entropy of a mixed Gaussian distribution, which the following

lemma makes more precise.
Lemma 4. Let R be a Rademacher random variable and V' be a mixed-Gaussian random variable,

such that V-~ N(v,0%) when R =1, and V ~ N(—v, c?) when R = —1. We have

2 2
ViR =22 4 (’/—) . (2.40)

207 o?
The next lemma gives an upper bound on the inverse Fenchel conjugate functions.

Lemma 5. For the problem of estimating the mean of the Gaussian distribution, and any realiza-

tion of ZF = 2z € R®> with |2,| # |2_|,

P 1

i TRE

where
Bapn(n) = |25 = 22[v/2n+ %\/ﬁ+ e gfi’zz); (2.41)
and for |z, | = |z_|,
R ()= 40\/2;” oy + 2 ffi’ =), (2.42)

With these lemmas, Proposition 2 can be proved as follows.
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2.3 Application of ICIMI Bound
2.3.1 A setting using empirical evaluations

We evaluate the proposed bound and compare it with the previous bounds in a scenario which
does not have an explicit representation to facilitate the calculation of the distribution Pz, or
the corresponding mutual information term. The setup follows that in Section VI of [8], which

is a logistic regression model for binary classification'

. The loss function here is the 0-1 loss,
which essentially measures the probability of prediction error. The logistic regressor itself is an
empirical error minimization (ERM) algorithm that minimizes the empirical logistic loss, which is

a differentiable convex surrogate of the 0-1 loss.

1.0

—— IMI bound
—— ICIMI bound

——- expected generalization error
0.8

0.6

0.4 4

expected generalization error

0.2+

~<i

0.0

T T T T T T
5 10 15 20 25 30
number of samples n

Figure 2.2: Empirical evaluation of the IMI and ICIMI bounds for the expected generalization
error of logistic regression

The training data Zp,,) = {(X;,Y:) }sc[s) are sampled in an i.i.d. fashion following some distri-
bution £ unknown to the algorithm, where X;’s are d-dimensional feature vectors and Y;’s are the

corresponding labels with values +1. The data generating distribution £ is set as follows: for any

'"We would like to thank Dr. Bu for providing the source codes used in [8], which we adapted to perform the
experiments.
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1.0

— IMII(W; Z)
—— ICIMII(W; Ri|Z}%)

0.8 4

o
o
L

°
IS
L

information measure

0.2 4

0.0 = T . — " e
5 10 15 20 25 30
number of samples n

Figure 2.3: Empirical estimation of the information terms in the IMI and ICIMI bounds for logistic
regression

(X;,Y;) ~ &, the label Y; follows the Rademacher distribution; and the feature vector X, condi-
tioned on Y}, follows a Gaussian distribution with a mean vector Y;x and a covariance matrix 2/,
where p is a d-dimensional non-zero vector and /; is the d x d identity matrix.

Given the training data Z,,}, the logistic regressor returns a hypothesis parameterized by W €

R?, which is the minimizer of the empirical logistic loss
Llogistic<w) _ l Xn:ln (1 + efyinXi)
Zin] n '

The hypothesis w € R? predicts that the feature vector 2 € R? is associated with label sign(w’z) €
{#£1}. The information measure terms in the generalization error bounds, such as /(WW; Z;) and
I(W; R;| ZF), are empirically estimated by simulations. We shall refer to the process of generating
n training samples and applying logistic regressor on the training data as one “simulation process".
We can collect a copy of the training data Z,,), the output hypothesis 17 and auxiliary data 12},
and Z, [j;]

In the experiment, we set the feature dimension d = 2, and p = [1, l]T. The IMI bound and

after each simulation process.

the proposed ICIMI bound are evaluated as follows. The individual mutual information, and the
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individual conditional individual mutual information are estimated with the K '-nearest neighbor-
based mutual information estimator [25] with K = 5, based on the data collected by running
20,000 independent simulation processes. We do not include the CMI bound and the CIMI bound
here, since they use conditioning on the whole data table Z=, which involves many more random
variables, and the nearest neighbor-based estimator cannot produce a sufficiently accurate estimate
even within 1, 000, 000 independent simulation processes.

The comparison between the IMI and the ICIMI generalization error bounds is shown in Fig-
ure 2.2. The ICIMI bound is comparable with the IMI bound. Recall that in the logistic regression
problem, the IMI bound is £ 37" \/T(W; Z;)/2, and the ICIMI bound is 2 >"7 | V2I(W; R;| ZF),
and there exists a constant factor of 2 mismatch between the two bounds. In Figure 2.3, we isolate
the mutual information terms in the two bounds, from which it can be seen that I (W; R;| ZF) is sig-
nificantly less than I(W; Z;). The ICIMI bound is tighter than IMI bound when 41(W; R;| Z) <
IW;2Z) = I(W;R;, Z) = I(W;Z5) + I(W; R|Z7), ie, 3SIW; Ri|Z5) < I(W;Z);
see [11,24] for similar discussions.

From this example, we see that the ICIMI bound and the IMI bound have the advantage of being
more amiable for estimation than the bounds that use conditioning on all samples since the latter
group involves more random variables. The performance difference between the ICIMI bound and

the IMI bound is however not significant in this example.
2.3.2 Application on a noisy and iterative algorithm

In this section we consider using the ICIMI bound to analyze the stochastic gradient Langevin
dynamics (SGLD) algorithm discussed in [8]. The (non-stochastic) Langevin dynamic (LD) and
more generally minibatch SGLD were considered in [6,10,24] using a more delicate data-dependent
bounding approach, however, in this work we restrict our attention to the SGLD algorithm.

The SGLD algorithm model: We shall largely adopt the notation in [8], however with the
additional data sample selection random variable R;. Denote the parameter vector at iteration ¢ as
Wy € R%. Let W0y be an arbitrary initial vector for the algorithm. At each iteration ¢ > 1, an

index V(;) € [n] in the data set is randomly selected, and if V{;) = i then the data sample ZiRi is used
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in the algorithm; the sample Z is also denoted as Zy, . The gradient is computed at iteration ¢

as VL(W—1y, Zv(t))- The parameter vector is updated as
Wy = Wiy — 1oy VEWi-rys Zv,,,) + ome, (2.43)

where 7)) is the learning rate parameter, and €() is the independent zero-mean isotropic Gaussian
noise with unit component variance. The parameter o, controls the eventual variance of the
additive Gaussian noise in (2.43).

The algorithm can take multiple iterations for training. If 7" iterations of training are performed,
each sample is utilized 7'/n times in expectation. The eventual parameter obtained is denoted
W ry. The trajectory of the parameter until iteration ¢ is written as Wy = (Woy, Wy, . . ., Ww);
similarly V(i) = (Vi, Va, ..., Vp).

Analysis of SGLD using the ICIMI bound: Let ;) be a (possibly randomized) function
that maps the random variables (W(;_1)), Z;", V{j7})) to the range [0, 1], which can be viewed as an
estimate of the probability of I?; = +1; with a slight abuse of notation, we also use 7; () to denote

the induced random variable. Furthermore, define the following quantity

Ri+1 2
2 7(t)

Note that ©; () is (W(p—1)), Zf, V{r)))-measurable, which reflects the accuracy of the estimate of

@i,(t)<W[t 1),Z V ) =K

W—1), Z5, Vi (2.44)

Ti (1) to the true value of R; given the condition (W([t 1) Z Vi) ). For the purpose of bound-
ing, we could simply use the optimal estimate 7; ) however, 7; ;) can be any function, and by
setting m; ;) = 0.5 (and noticing R; only takes values £1), a trivial upper bound on ©; () can
be obtained as @i,(t)(W([t—l])7 Zijc7 V([T])) < 1/4. When there is no confusion, we shall write
Oit (Wige—1y, Z;°, Vigry) simply as O .

We have the following result for the generalization error of the SGLD algorithm.
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Proposition 3. The generalization error of SGLD is upper-bounded as

gen(¢, Piviz,) < Z E

Loy (Z S”>] : (2.45)

T€T;
na)z@[@i,man)(zma Evem)| o . R
where S; ; = — , T; is the set of iterations for which sample Z." is
7

selected for the random sample path V{ir), the function ¥ £l Zi - with

Fy= B (U0, 27) = (W, Z])) (2.46)
is defined for each V(1) = v(r)) and 7F =2, and

C(T)(Z’Li) = V€<W(Tfl)a Zj_) - VK(W(Tfl)a ZZ_) (2.47)

is the incoherence at iteration T for sample pair Z;-.

The bound is more general than those given in [6, 8, 10,24] in the sense that very few assump-
tions are taken, such as the Lipschitz property or boundedness of the loss function in those results.
This generality is accomplished through the usage of the U*~! function, however, it also makes the
result less explicit. We shall discuss several specifications after the proof to make the bound more
explicit.

We could similarly utilize the bound based on ¢/* ! to obtain an alternative looser bound, and

we omit this derivation for brevity. Let us now specialize our result:

* If the gradients of the loss function are bounded, i.e., sup,cyy .cz ||V{(w, 2)|]o < L for

some L > 0, then || (Z;")||3 < 4L?, and thus

gen(§, Pw|z,,) ZE

27)2_,_ L? +
where SZ/ = #E [@z,(7)|‘/([T])7 Zz }
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« In addition, if the loss function is not bounded, yet conditioned on any (Z:", Vir)) = (23, vyry),

F; is o®-sub-Gaussian, then we have

0277(2)L2
gen(§, Pwiz,) ZE =3 —5 —E[0i Vi, Z7]
=1 T€T; )

Note that this bound cannot be obtained using the bounds in [10,24] since their loss function

must be bounded.

* As a special case, when the loss function is also bounded in [a, b], then by applying Corollary

1, we have

a)L & ne,
gen(éapww[nl)ﬁ E > EZE[ i | Vi ZiF]- (2.48)
=1 T7€T;

This bound is in a similar form as those given in [10, 24] for the same setting, but can be
looser due to the Jensen gap, because more expectation is taken inside the square root instead
of outside. The bound in (2.48) inherently leverages certain data-dependent information: the
variance term ©; ;) will diminish, when the number of epochs is large and the estimate of

R; given the previous iterations becomes more and more accurate.

* Since the term E[©; ;)|V{iz)), Z;'] is bounded by 1, we can obtain the following relaxed
bound for bounded and Lipschitz loss functions

(b—a)L

gen(ga PW|Z[n]) < IE’V([T

which degrades to the same form as those given in [6, 8] for the same setting (with the same

or slightly worse constant factors).

From the discussion above, we see that the tightening effect of the ICIMI bound does not

manifest in this SGLD algorithm setting. We suspect it is due to the specific difficulty in bounding
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the conditional mutual information in this context, particularly under the given assumptions. It is
possible that by taking the data-dependent approach and identifying more specific assumptions as

in [6, 10], the ICIMI can further tighten the result.
2.4 The Stochastic Chaining and Strengthened Bounds
2.4.1 Motivation

[4] introduced the chaining technique, which has traditionally been used in bounding random
processes, into the derivation of information-theoretic generalization bounds. The technique re-
solves the issue that certain unbounded mutual information quantity leads to a vacuous bound, and
may also yield a tighter bound in general. The main idea behind the result in [4] can be summa-
rized as follows. The generalization error can be viewed as a random process { X }+¢)y indexed by
the hypothesis parameters. If (J,d) is a bounded metric space under the metric d, then W can
be divided into finer and finer partitions, with each coarse partition embedded into the next layer
finer partition, and the partition cells having a decreasing radius. The generalization error can then
be represented by a sum of chained quantities, each relating to two adjacent partition layers. Since
the partitions are becoming finer and finer, each of these decomposed quantities can be bounded
more effectively, eventually resulting in an overall tighter bound. This approach is referred to as
chaining mutual information.

Despite the success of the chaining mutual information approach, we observe several difficul-

ties in applying the chaining technique in this manner, which motivated the current work:

* Restriction on the metric space to be bounded: This chaining approach assumes a bounded
metric space (W, d). However, even in some of the simplest settings, the parameter space

may not be bounded (or impractical to assume the bound on (W, d) is known).

* Difficulty in computation: Using these deterministic and hierarchical partitions, the infor-

mation measures involved in the bounds can be difficult to compute or bound analytically.

* Restrictions in the partitions: The hierarchical partitions place certain unnecessary ge-

ometric constraints on the covering radius sequence of the required partitions, which can
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Figure 2.4: Multilevel quantization of a random value WW using quantizers of different stepsize and
the corresponding information-theoretic successive refinement source coding model.

impact the bound.
To make these difficulties more concrete, consider the following two simple examples.

* Example-1: The training samples are drawn ¢.7.d. following a normal distribution with an
unknown mean p, and the algorithm wishes to estimate this mean. Here the parameter
space is YV = R, which is unbounded under any meaningful metric, particularly so for the
natural Euclidean distance. Moreover, since the induced measure on Y will not be uniform,

computing the series sum of mutual information is rather difficult if not impossible.

« Example-2: Let Z := (G, G2) ~ N (0, I5) be standard normal vectors in R?. The learner
needs to identify the phase of the vector through certain means, and the learned result is
modeled as the true phase with certain additive noise. Here )V is the bounded interval of the
angle [0, 27). A natural sequence of partitions is to reduce the stepsize by an integer factor .
However, this would preclude any non-integer ~y values, which potentially makes the bound

looser.

2.4.2 The stochastic chaining methods

The sequence of refining partitions of the metric space associated with the chaining technique
is reminiscent of multilevel quantization in data compression. For example, a scalar source W

distributed on the real line can be quantized with a stepsize of 27* for the k-th level quantization,

29



resulting in its quantized representation W,. As the index k increases, the stepsize reduces and the
accuracy of the quantization improves; see the left side of Fig. 2.4 for an illustration.

The information-theoretic model for multilevel quantization is usually referred to as succes-
sive refinement source coding [26,27]. Particularly useful to us is a stochastic abstraction in this
framework. For example, assume there are a total of K -levels, then one possible stochastic repre-

sentation of the reconstruction Wk is W, that is written as

K+1
Wi = (W + ) N;) , (2.49)

i=k+1
where V/’s are mutually independent random noises, also independent of W, and «’s are certain
fixed scalar coefficients; see the right side of Fig. 2.4. It is seen that the relation among W
and {W},}I*_| is captured by the joint probability distribution among them, and we can measure the
“distance” between W and W, using Ed (W, W},), in contrast to the conventional chaining approach
which uses the covering radius.

The main idea of this work is that these abstracted stochastic versions of {W}}X | can be used
to replace the partition-based quantized versions in bounding the generalization error. This new
approach helps to resolve the difficulties mentioned above: firstly the restriction for the metric
space to be bounded is naturally removed, and secondly, it helps to simplify the computation,
and lastly, the abstract model can remove the geometric constraints in designing the hierarchical
partitions in some cases.

The proposed stochastic chaining approach essentially allows more flexible constructions of the
chains than the more traditional deterministic chaining. One can attempt to further optimize the
construction of stochastic chains based on the existing knowledge regarding the underlying metric
space and the corresponding probability distribution for the given problem setting. On the other
hand, when such knowledge is not available, we can safely fall back to the default construction
of the original deterministic chaining partitions, which is essentially a special case of stochastic

chaining.
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We obtain two generalization bounds using stochastic chaining instead of the deterministic
chaining in [4], built on the mutual information bound given in [3] and the individual sample
mutual information bound given in [8], respectively. We further show that the proposed bound can
reduce to the VC-dimension bound correctly. We then illustrate the benefits of this new approach
in the context of the two examples. For the problem of estimating the Gaussian mean mentioned
above, we can obtain a bound that is order-wise stronger than previously given in the literature. For
the phase retrieval problem considered in [4], the bound can be naturally improved by optimizing
over a continuous parameter.

We define a new notion of the stochastic chain as follows.

Definition 1 (Stochastic chain of random process and random variable pair ). Let (X, W) be a
random process and random variable pair, where W' is a random variable in the set VV. A sequence
of random variables {W}}32,., each distributed in the set W, is called a stochastic chain of the
pair (Xyw, W), if 1) limy_,o. E[Xw, | = E[Xw], 2)]E[ka0] =0,and 3) {X; hhew & W < Wy <

Wi_1 is a Markov chain for every k > k.

We allow kj to take the value of —oo instead of providing another parallel definition to that

effect. We are now ready to present the first main theorem of this work.

Theorem 6. Assume {geny (£, w)}wew is sub-Gaussian on (W, d), and {Wy 132y, is a stochastic

Chain Of({genZ[n] (57 w)}’weW’ W) Then

gen(&, Ariz,) < 3 B [d(Wi, W)y 2D(Pr w1 Pz,,)| (2.50)

k=ko+1

Moreover, we have

gen(&, Pviz,) < Y VEP (Wi, Wimt)] (/21 (Z; Wa). (2.51)

k=ko+1

The following theorem is based on the individual sample mutual information bound of [8].
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Theorem 7. For each i € [n)], assume {gen, (w)}wew is sub-Gaussian on (W, d), and {W; .},

is a stochastic chain of ({gen’; (w)}wew, W). Then

gen(g,PWZ[n])g%Z > E[dWir Wo)\2D(Prwe IP2)| - @52)

i=1 k=ko+1

Moreover, we have

gen(¢, Pirz,,) < Z SRR W 1z W), @5

=1 k=ko+1

These two theorems are given in the context of bounding generalization errors, which are ob-

tained using a more general result on bounding random processes.

Theorem 8. Assume Xyy is sub-Gaussian on (W, d), and {W}}?2, is a stochastic chain for

(Xw, W), then

E[Xw] < Z E [d(Wi, Wi 1)/ 2D(Pyin | [Py (2.54)
k=ko+1

Moreover, we have

E(Xw] < Y VERWi, Wit)]v/2I(Xw:; Wi). (2.55)
k=ko+1
By using a deterministic sequence of partitions to form {W}}7°, we recover the result in [4]

which was obtained for bounded metric space (W, d).

Corollary 2. Let {P,}32,,, be an increasing sequence of partitions of W, where for each k > ky,
Py is a 2~ -partition of the bounded metric space (W, d), and 27% > diam(WW) = max, yew d(z, y).
Let Wy, be the center of the covering ball of the partition cell that W belongs to in the partition

Py, then for separable process Xy on (W, d),

B < Y E[3-2/2D (Pl Pry)|
k=ko+1
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< Y 327K 20(Xw W), (2.56)

k=ko+1
Unlike existing deterministic chaining, expected distance instead of worst-case distance is used.

Proof of Theorem 3. To prove the theorem, we start by writing

k1
Xw = Xw,, + Y Xw, = Xw,_,) + (Xw — Xw,,). (2.57)
k=ko+1
Because { W} }72,, is a stochastic chain for (Xw, W), we have E[Xw, | = 0and lim, o E[Xw, | =
E[Xy ], and it follows that

[e.e]

EXw)= Y E[Xw, - Xw,_,]
k=ko+1

= > E[EXw, — Xw,[Wi, W] - (2.58)

k=ko+1

By the Donsker—Varadhan variational representation of the KL divergence, the expectation of

a function ¢(Y") with respect to the measure P defined on ) can be bounded as
1
<1 _ )‘g(Y)
Ep[g(Y)] < inf + (D(P||Q) + log Egle*™]) | (2.59)

where () is another measure on ).
In our setting, let Y = g(Y) = AXy, oy = Xwp — Xupy» @ = Pax

PAka,wk_1|wk7wk—l = PAka,wk_l|Wk:wk7Wk—1:wk—1’ then we have

EPAXkaqu [whwh—1 [Aka ﬂkal]

i 1 A Xw, —Xw
< }g% X <D(PAX11;k,1uk,1\wk,wk71HPAka’wkil) + log EPAka#wk_l |:€ (X kfl)] >

o] 1, 2
< inf + (D(PAka,wk,lwwk,wkfl||PAka,wk_1) + 5wy, we—1)A )

= d(wp, wi1)y 2D (Pax, oy o 1Paxs, ) (2.60)
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where the second inequality is because the process Xyy is sub-Gaussian on (W, d).

Denote X,y as an independent copy of Xy such that X,y and X,y are independent and have
the same distribution. Denote A, = Xy, — X;_; and Ak = ka — Xk_l. It then follows that
PA Wi =wp, Wi 1=wy, = PAka,wk_1|wk7wk—1 and PAk\Wk:wk,Wk_lzwk = PAka,wk,l- The fact that

{Wi 32y, is a stochastic chain also implies that limy,_,oc E[Xw, ] = E[Xw], and thus

E(Xwl< Y E|dWi, W)\ /2D(Pagwiw | Paywan )] - 26D

k=ko+1

By the data processing inequality for the KL divergence, we have

D<PAk|Wk,Wk71HPAHW;C,W;C,I) < D(Plewk,qu’lPXW\Wk,Wk,l)' (2.62)

Since Px,yjw,,w,_, = Pxyjw,, and Py W, = Pg = Px,,, from which the second inequal-
ity follows.

The mutual information-based bound can be derived by

E [d(Wi, Wi 1) /2D (P | Py )|

< VE[E(Wi, Wi 1)y /E2D(P,y v, || P, )]

= VE[@ (W, Wi_1)]V/ 2T (X; W), (2.63)

where the inequality is Cauchy-Schwartz inequality for random variables and the equality is by the

definition of mutual information. ]

Note that we can also remove the Markov chain assumption in stochastic chaining (Defini-
tion 1). The similar expected generalization upper bounds as in Theorem 3 can be derived by
replacing D(Px,,jw,||Px,,) and I(Xyy; W) by D(Px,,jw,w, ,||Px,,) and I(Xyy; Wi, Wi_1),
respectively.

To obtain Theorem 6 from Theorem 8, we let W := W, and X, := gen(w) for w € W. Due
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to the Markov chain
Xy = {gen(w) ywew <> Zppj <+ W > Wy, (2.64)

for all & > k;, we can apply the data processing inequality for KL divergence [28] and that for

mutual information, respectively, to arrive at

D(PXW|Wk||PXW> < D(PZ[nHWkHPZ[n])?

I(Xow; Wie) < I(Zpy; W), (2.65)

from which Theorem 6 follows immediately. Theorem 7 can be obtained similarly.
When the process is not sub-Gaussian, more general forms of these bounds can also be found

in terms of the cumulant generating function. This result is given in the appendix.
2.4.3 Relations to existing results

Connection to VC theory: For binary classification problems, i.e., |))| = 2 with zero-one
loss {(w, (x,y)) = I(hy(z) # y), the generalization error of any classifier IV is upper bounded as
gen(&, Pz,,) < O( chT(W)), where dy ¢ (V) is the VC-dimension of the classification function
class Hyy (c.f., [1] Ch. 6). The generalization error bound in Theorem 8, or more precisely the
proposed stochastic chaining approach, can naturally recover the VC-dimension based bound, and
we establish this connection in the appendix.

Discussion on the chaining construction: The conventional deterministic chaining places
certain structural constraints on the hierarchical partitions. For example, consider a partition of a
bounded 2-D space using congruent hexagon cells; the next partition at the higher level will be col-
lections of such hexagons. This subsequently implies that hierarchy must follow a certain relation
between consecutive levels, and the analysis of such hierarchical partitions can be complex. The
stochastic chaining technique can remove the geometric constraints in the design of hierarchical

partitions as in Corollary 2 in many cases. In the example above, we can replace the partition using
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either an additive Gaussian noise or additive noise with a uniform distribution on hexagons (see
the second example in the next section where a similar uniform additive noise is used).

Since stochastic chains include conventional partition-based chaining as a special case, it is
not more difficult to construct. The construction can be more straightforward due to its flexibil-
ity. For example, for bounded metric space, we can use the following generic construction: let
p(W._1|Wy) be uniformly distributed on a metric ball of radius 2% centering at W}, If more in-
formation regarding the distribution of W is known, we can further optimize the chain, e.g., by
adjusting the radius such that they are dependent on the density value of W}; more specifically,
we can let the radius be larger for IV, values of lower density, and vice versa. If the metric space
is also a vector space, it can be convenient to let p(1W;_1|W}) be some vector Gaussian distribu-
tion with covariance scaling like 27*. This allows more opportunity for optimization for stronger
bounds in a parametric form. In contrast, it is impossible to design partitions (or deterministic
mappings [29]) to mimic such behaviors, let alone find an analytic bound. This issue has a natural
origin in source coding: deterministic quantization design vs. probabilistic forward test channel
modeling. The latter is used in source coding for mathematically precise characterization, and
analytic optimization.

Comparison to the chaining technique in [29]: The alternative chaining method proposed
by Hafez-Kolahi et al. (Theorem 6 in [29]) used a different chaining construction, which does
not require hierarchical partitions, and to some extent, it helps resolve the difficulty in designing
such hierarchical partitions. However, this simplification came with a heavy price: the learning
algorithm must be deterministic, and the hypothesis space VV still needs to be bounded (since
the core steps rely on [4]), and there is a factor of 2 loss in the bound. The restrictions make it
inapplicable in the two examples we study in the next section. In contrast, the proposed method

applies to unbounded metric space and does not require the learning algorithm to be deterministic.
2.4.4 Illustrative examples

We analyze two simple settings, which demonstrate the effectiveness of the proposed stochastic

chaining technique. The purpose of discussing the following two examples is by no means to liter-
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ally characterize the generalization error, since the generalization error can be calculated directly
due to the simplicity of the examples. We aim to show the effectiveness of the proposed stochastic
chaining technique in these two examples by comparing it with the underlining generalization error

and some previous generalization error bounds.
2.4.4.1 Estimating the Gaussian mean

Consider the case when the training samples Z,,| are drawn i.i.d. following N (4, o) for some
unknown p. Here YV = R, and a natural choice of the metric in this space is the (scaled) Euclidean
distance. The loss function is {(w, Z) = (w — Z)?, and by defining Z,, := = >"" | Z;, the random
process (indexed by w) of interest can be written as
S, 22

geny (&w) =0+ p’ — :Tl +2w(Z, — p). (2.66)

It follows that

geny, (€.w) —geny (€)= 2(w —v) (Zy — 1) (2.67)

which is d?(w,v) sub-Gaussian with d?(w,v) = 4o?(w—v)?

. The learner deterministically esti-
mates . by averaging the training samples, i.e., W = Z,. We shall use Theorem 6 to bound the
generalization error in this case.

To build a stochastic chain, select a sequence of mutually independent Gaussian noise { N/},

which is independent of 1, and N/ ~ N(0, 02), where /> = 2. Define the cumulative noise

2'n*

Ne:= > N/ ~N(0,07), (2.68)

2 . . .
where 0} = . The stochastic chain is designed as

Wk—uzak(W—M+Nk), (269)
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2
where o, = 02‘;n/:ag = g +§_k. We then have

Q-1

Wio1—p = (Wi — ) + a1 N, (2.70)

73

where W), and N, are independent. Under this stochastic chain, we can derive the expression for

VE[d(W},, Wy_1)?] and the mutual information term I (Z,,j; Wy,). Specifically, E[d(Wj, Wj,_1)?] <

o4

% ﬁ which relies on the relations between W, and W;._; in (2.70) and the detailed calculation

is given in the appendix. The mutual information can be upper bounded as
1
I(Zp; Wy) < I(W; W) = 3 In(1 + 2%), (2.71)

where the inequality is due to the data processing inequality over the Markov chain Z},;; <> W <>
Wy, and the equality is by the Gaussian channel nature of the stochastic chain design. The detailed
proof steps are given in the appendix. A bound of the following form can then be obtained

3In(1 + 2F)

2.72

0? &
EXwy] < —

[Xw] =< — k:Zoo
Note that the series sum on the right-hand side of (2.72) converges, and thus the bound is of order

O(c?/n). Bounding the series sum using numerical methods, we can then obtain E[Xyy] < %
Due to the simplicity of the setting, the generalization error can in fact be calculated exactly to
be 27%2 It can be seen that the generalization bound offered by Theorem 6 has the same O(c?/n)
order as the true generalization error. In contrast, [8] derived a generalization error bound of the
order O(c?/+/n) using the individual sample mutual information approach. Thus the proposed
approach results in an order-wise improvement in this example case. More importantly, it can be
seen that the proposed chaining approach allows us to overcome the limitation of bounded metric
space (i.e., the chaining mutual information approach [4] does not even apply in this setting),
and also simplify the calculation due to the introduced dependence structure in the chain. In

the appendix, we further derive an improved bound (with a slightly better constant factor) using
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Table 2.2: Comparison of E[Xyy] bounds

¢ 1/20  1/30 1/40 1/50 1/100 1/200 1/400
Chaining mutual information [4] 1.1013 0.7507 0.5709 0.4612 0.2364 0.1204 0.0610
stochastic chaining (y = 3.75)  0.4951 0.3387 0.2581 0.2088 0.1074 0.0548 0.0278

E[Xy] true value 0.0626 0.0417 0.0313 0.0250 0.0125 0.0062 0.0031

Theorem 7.
2.4.4.2 Phase retrieval

In the phase retrieval example given in [4], the data Z := (G, G3) ~ N(0, I5) is a standard
normal vector in R2. The hypothesis class is YW = [0, 27), and through the transformation ¢ =
(cosw,sinw) for w € W, it is the same as W = {t € R? : ||t||» = 1}; we will use them
interchangeably. Define the loss function ¢(¢, Z) = —(t, Z), which implies that the learner wishes
to estimate an angle for the underlying data, and the generalization error process is a Gaussian
process X; := (t, Z). The metric d is the Euclidean distance, and the process Xy is sub-Gaussian.

where ( is independent of Xy, and has an atom with a mass € on 0, and 1 — ¢ that is uniformly
distributed in [0, 27). Note that arg maxyco,2x) X is exactly the phase of (G'1, Gi2), which will be
the hypothesis learned by an ERM learner, and IV being retrieved here is a noisy version of the
phase.

The stochastic chain can be given as
Wy = (W @ Ni)(mod 27), (2.74)

where N}, = %, | N/, and N}, is uniformly distributed on [—y %7, y*7) for some v > 1 to be

specified later; N, ’s are mutually independent and also independent of the hypothesis parameter
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Ww.

Since W & N_; is independent of Z and uniformly distributed on [0, 27), we have E[ Xy || =
E[(W + N_y,Z)] = 0. It is also clear that W), — W when k — oo a.s., and thus E[Xy/| =
limy_,o E[Xy, ] since the process is Gaussian. Since Wjy_; — Wy, is exactly V], the Euclidean
distance between W), and W;,_; (using their vector representations) is bounded by the length of the

arc, i.e., d(Wy, Wy_1) < v *r. We can now apply Theorem 6, where

I(Wi; Xw) = h(Ny @ W) — h(N;, @ ()

= log 2w — h(Ny & (). (2.75)
The second term can be bounded as

h(NkGBC)Zh(NkGBC

> N]") = h(Ni1 ® Q) (2.76)

k+2

using the fact that more conditioning reduces the differential entropy. Due to the structure of the

distribution of V;_ , and Z, the density of N, & ¢ can be written down explicitly as

(2m)~'(1—¢)

k-1 —k—1
f(Njj1 +0) = [=m =) U ) (2.77)
2m) (Y e 4 (1 =€)

Thus we can bound h(N, @ () and subsequently (Wj; X7) using this density function, which

eventually gives

BlXu] < Var Y77 (1= (1 - =) log(1 —

1—c¢
AR

+ {e - } log [Y"*1e +1 — ¢] )1/2. (2.78)
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When choosing v = 2, this is almost identical to the result given in [4] using the partition-based
chaining, except the slightly better coefficient /27 instead of 61/2. This improved coefficient is
mainly due to the more explicit bound on d(W}, W)._1) inherent in the Euclidean space, instead of
the same distance derived in a generic metric space.

One advantage of the proposed approach is that we can further optimize v over R. Observe
that the series has a faster-decaying tail if y is large, however, the first term, i.e., k = 0, approaches
oo when v — oo. Thus there is an optimal ~ value in between for this bound. The numerical
result suggests v* ~ 3.75, which provides a slight improvement compared to 7 = 2. As noted
in [4], in this toy setting, we can calculate the exact true value E[Xy,| = e‘/TE. A comparison
of several bounds is given in Table. 2.2. To obtain (2.78), we have relaxed this bound in (2.76)
for convenience using a simple property of the entropy function, and therefore loosen the bound to
some extent. Moreover, we have chosen to use the geometric sequence 7" to produce the stochastic
chain, and it is possible other sequences can produce tighter bounds.

The individual sample mutual information bound in [8] requires multiple samples. In this phase

retrieval example, however, there is only one sample G2, and this bound degrades to the mutual

information-based bound in [3], which in this case is vacuous since I(W; X)) is infinite.

2.5 Exactly Tight Information-Theoretic Generalization Error Bound for the Quadratic

Gaussian Problem
2.5.1 Variational representation and Quadratic Gaussian Problem
2.5.1.1 Variational Representation of the KL Divergence

The Donsker-Varadhan variational representation of KL divergence for a random scalar-valued

random function F' = f(X) on a random variable X is given by

P
D(P||Q) = sup {\Ep[F] — InEg[e**]} , where equality achieved when AF* = In j—Q +C,
!
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or in the inequality form
AEp[F] < D(P||Q) + InEg[eM], VA €R. (2.79)

This inequality is sometimes also referred to as the change of measure inequality. Note that P and
() can be the distributions of the underlying random variable X, or more directly, the distributions
of F'. In the context of bounding generalization error, examples are F' = (W, Z) or F' = L (W) —
LW, 7).

The centered cumulant generating function of a random variable F' is
Aro(A) =InEq [e*] — AEg[F). (2.80)
Combining it with the inequality above gives
D(P||Q) + Arg(X) > AEp[F] — AEg[F], X €R. (2.81)

Now if we choose F' = f(W, Z), then for any Z = = the conditional version of the above inequality

is
D(Pw|z:z\|QW\z:z) + AF|Z=2,QW\Z=Z()‘) > NEp[F|Z = 2] = NEg[F|Z =z2], AeR, (2.82)
where

AFlzz'Z:QW\Z:z()\) = IDEQW\Z:Z [ekF’Z = Z} - )‘EQW\z:Z [F|Z = Z]' (2.83)

We will simply replace Z = z in the condition by Z when the exact conditional value realization
is not specified.
With a negative A we therefore obtain

EqlF] - Ep[F] < inf { D(P| |Q)_+A Apo(\) }
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A>0

_ g {D(PHQ) +A-_ro(VN) }’ (2.84)

where equality is achieved if and only if

dP
1n@e{x1F+b;AeR,,beR}. (2.85)

When P is the joint distribution of underlying random variables, and () is the product distribution
of their marginals, then D(P||Q) reduces to a mutual information term. Similarly, with a positive

A, we obtain

(2.86)

EP[F] — EQ[F] S inf {

A>0

D(PJ|Q) +AF,Q(>\)}
< :

To be consistent with past results in the literature, we will sometimes use the following defini-

tion. The Legendre dual function on the interval [0, b) for some 0 < b < oo is

A*(z) == sup (A\x — A(N)). (2.87)
A€[0,b)

A(X) is convex and A(0) = A’(0) = 0. It can be shown that the inverse dual function is

A Hy) = inf <LM) : (2.88)

AE[0,b) A

2.5.1.2 The Quadratic Gaussian Problem

In the canonical Gaussian-mean-estimation problem, data samples are 71, Zs, ..., Z, XS &=
N (1, 0?) and the sample-average algorithm chooses the following hypothesis W = % Yo Z;

Then the expected generalization error is

n

5 1
gen(é, Piz,)) = E [(Z = W) — ;(Zi —W)?
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! iE (®+p* = Z2+2(Z; — W), (2.89)
i=1
where Z[n] are n i.i.d. testing samples, independent of everything else, and the expectation is with
respect to distribution P; Pz» /, where the joint distribution Py» v is induced by the algorithm
W = % Sor . Z;. Itis straightforward to show that the true generalization error is 202 /n.
In this work, we shall consider a slightly more general version of the sample-average algorithm
that W = Z?:l a;Z; + N, where N is a Gaussian noise ~ N (0, 0]2\[), independent of Z,,|, and ;s

are nonnegative weights such that > | a; = 1. It can be shown that the true generalization error

is also 20 /n (see the Appendix).
2.5.2 A New Information-Theoretic Generalization Error Bound

The new information-theoretic generalization error bound is summarized in the following the-

orem.

Theorem 9. Let F; = L (W) — ((W, Z;), then we have

1 n
gen(§, Piviz,,) < - ZEPZi

i=1

1 - *—1
- g ;EPZZ' [AFi\Zi,Q%/V (D(PW‘Zi

A>0 A

inf D(Pw\z]|Qw) + Apz,.qi, (V) u

Q)] . (2.90)

for any Q%,VZZ = QY Pz, i=1,2,...,n, ie., adistribution Q' where W is independent of Z;.

The reference distribution () can be optimized, which would provide the tightest bound for a
fixed learning algorithm. This bears a certain resemblance to those used in [30] which considers

the computation of tight generalization bound using the PAC-Bayesian approach.

Proof. We start from

gen(€, Puiz,,) = — S B [(€0V, Z0) — (W, 2) (2.91)
- Z E[Le(W) — €W, Z))] (2.92)
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and consider each summand on the right-hand side

Eryy, [Le(W) = (W, Z)] = Ep,, [En,,, ((Le(W) - (W, Z)|Z)]

[ D(Pw\z||Qw) + Apyz,.0i (N)
<Ep, |inf 5 LA ((Lg(W)—E(W,Zi) ZZ-)
D(Puiz |1Qi) + Mgz on (A
=Ep,, |inf e QW)A riz iy ) , (2.93)

where the first equality is by the tower rule, the inequality is by (2.82), and the second equality is

due to that for any algorithm Q|7 that is independent of Z,,

gen(§, Qwiz,,) = Eq [Lg(W) — Lz, (W)| =0. (2.94)

Summing over ¢ gives the bound stated in the theorem. 0

As will be shown in the next section, this bound is exactly tight for the quadratic Gaussian
setting, and therefore, it can be viewed as a tight bound in the sense that it cannot be strictly
improved uniformly, either in terms of the constant or in the scaling. This bound can be loosened

in several ways, which are stated in the following corollaries.

Corollary 3. Let F; = L(W) — {(W, Z;), then we have

1. D(Pw\z|1Q%) + Ak gi (M)
< 1 _— (3} W ]
e [n 2_: . 3 , (2.95)

Jorany Qy, ;. = Qi Pz, i1=1,2,...,n

The first inequality is obtained by exchanging expectation and the infimum operation, and the

second is obtained by exchanging the summation and the infimum.
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Corollary 4. Let F; = L(W) — {(W, Z;), then we have

1 n _D( : i Qi
EZ ) -

=1 44

1 Al[e :
“N'E ’ 2.
- Z ) (2.96)

< .
gen(f, PW|Z[,,L]) — E;\I;]g

forany Qy, ;. = Qi Pz, 1=1,2,...,n

The first inequality is obtained by exchanging the expectation and the summation, and the

second by exchanging the infimum and the expectation.

Remark. The second bounds in Corollaries 3 and 4 are the same, while the first bounds are not

directly comparable.
Notice that when Q%M 7, = Py ® Py, i.e., the product of the marginals of Py, z,, we have

E[D(Pyw |z ||Q4 )] = I1(W; Z;). This leads to the following corollary.

Corollary 5. Let F; = L(W) — {(W, Z;), then we have

1
gen<€7 PW|Z[n]) < E Z inf \

(W; ZZ) + AFhPWPZi ()‘>:|

- [J(W : Z;) + EAp, pW(A)}
-

IN
SRS

1 n
==Y Aiher, [(W:2)) (2.97)

where the second inequality is due to the concavity of the In(-) function.

By exchanging the infimum and the summation, we straightforwardly obtain further that

—Z [ (W: Z;) +]EAF pW()\)}

P < inf
gen(é-a W|Z[n]) = }\I;O

(2.98)

(W Z;) +AF Pups (A)] ]

< —Z{
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The second bound in (2.97) is quite similar to the main theorem in [8]. However, there is a
major difference even when we assume the reference distribution () is the same as the product of

the marginals in P: the function [’ we choose to bound is different.
2.5.3 Bounding the Quadratic Gaussian Problem Generalization Error
2.5.3.1 Exactly Tight Bounds for the Quadratic Gaussian Setting

The expected generalization error of interest in the quadratic Gaussian setting is
gen(§, Pviz,,) = E %iE [02 = 77+ 2(Z; — M)W\Zi] . (2.99)
i=1
For any fixed 7, define
Fi = f2,(W) =0 + " = Z} + 2(Z; — p)W.
Note the conditional distribution

Wz, X N (/L—I—ozi(Zi —u),za§0—2+a?v>. (2.100)
J#
We will choose the reference distribution Qi as
W W N (u, S aZo? 4 0%) , (2.101)
JF#i
which is indeed independent of Z;.

Remark. In the reference distribution Q%/V, z,» W and Z; are independent, and the marginal

distribution @Y, is not the same as that marginalized from Py 7,y More specifically, the latter is
Py ~N (u, Za?aQ + 0%,) )
=1
which can be compared with (2.101).
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With these conditional distributions, we can derive (see appendix) that

1
22#2. Oz?o*? +20%’

Apgi, (A) =2(Z (Za o+ UN) A2, (2.102)

JF#i

D i) = aA(Z — p)?

Therefore

| 1
E[D(Pw)z|Qiy)] = a?? ;
[D( WIZZHQWH i0 22],#04]202—1-20]2\,

E[Ag, gi, (A <Z alo? + O—N) (2.103)

J#i

Applying the first bound in Corollary 3, we obtain

1 < D( Qw) + Ar.qi, (V)
<1 .
gen@,PW\Z[n]) = }\I;EE \
_ 13 o [FADPiz 100 + Bl g, (V)
n >0 A
2 2
_w (2.104)
n
where the last equality is by choosing the minimizer A as
Af = i (2.105)

¢ QZ#i aj202+20]2v

In contrast, the second bound in Corollary 3 and the first bound in Corollary 4 are not tight for
general assignments of «;’s, due to the fact that the optimal A} is index-dependent. In the extreme

case, consider setting v; = 1 and o; = 0 for? = 2,3, ..., n. Then the second bound in Corollary
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3 gives

L ff_N +2(n —1)0? (0% + 0%) N + 20703\
gen(&, PW\Z[n]) = n }\20 A
~20° [2(n—1) (02 +0%)+ 0% (2.106)
on 20% 7 |

which is of order O(1/y/n). However, when o; = 1/n, this dependence disappears and the
loosened bounds also become tight. Indeed, consider the second bound in Corollary 3 for this

case, we have

L.
gen(§, Pwyz,,) = - gg

[Z?zl(E[D(sziHQA’W)] +E[AR0, MWD _ 222’ (2.107)

where the last step is obtained by choosing

i n
AF = - = . 2.108
2300507 + 205 2(n—1)o? + 2no%; ( )

2.5.3.2 Looseness of Mutual Information Based Bounds

One remaining question is whether we can obtain a tight or asymptotically tight generalization
error bound in the quadratic Gaussian setting using a mutual-information-based bound. To under-
stand this issue, we consider the bounds in Corollary 5 assuming the coefficients «; = 1/n for
i = 1,2,...,n. Note that in this case, the choice of the reference distribution @}, is fixed as the
marginal of Py .

The various term we need when applying Corollary 5 in this setting can be shown to be (see

the appendix)
1 n
I(W;z,) =<1
(W5 2i) = 5 log —
20t(n —1)
EAFiniW()\) = TA
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1 2)204
) _ 2 2
AFin%v,zi()‘)_)‘U —§log [1—2( " —\o )]

With these quantities, it follows that the first bound in Corollary 5 is

202
gen(§, Piviz,,) < 7\/<1Og

The bound is of order O(1/n); in fact, it is asymptotically optimal in the sense that it approaches

n 1) (n— 1). (2.109)

n —

27%2. Therefore, the first mutual-information-based bound in Corollary 5 does not lose the tightness
in a significant manner compared to the KL.-based bound of those in Corollaries 3 and 4.

The second bound in Corollary 5 has the form

1 n 1 2)\2gt
2 . 2
gen(§, Pviz,,) <o +§2§ ﬁ1ogn_1 — ﬁlog [1 —2 ( — - o )H . (2.110)
for any 6 € (0,1/2], and any € > 0, by choosing A = 1/(2n°c?), it can be seen that for sufficiently

large n, we have gen(¢, Pw|z,,) < (1 + e)nzf,2 5. Therefore, the bound can be also viewed as

asymptotically optimal.

Similarly, we can apply the bounds in (2.98). Since in this case, the optimal choice of A\ does
not depend on the index-7, they are also asymptotically optimal. It should be noted that when the
weight coefficients «; are not chosen to be uniform, then the optimal A becomes dependent on
the index 7, and the bounds in (2.98) will be looser, in a similar manner as that for the KL-based

bounds.
2.6 Conclusion

We proposed an information-theoretic generalization error bound, referred to as the ICIMI
bound, based on a combination of the error decomposition technique and the conditional mutual
information structure. Due to the reduced information content in the conditioning term, the pro-
posed bound can be tighter, and in some cases significantly tighter, than several existing bounds.

Particularly, when the loss function is bounded, it can be shown that the proposed bound is always
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tighter than the CMI and the CIMI bounds. A conditional decoupling lemma is provided which
leads to a unified framework to study and compare these bounds, and it may be of independent in-
terest. As applications, we studied a logistic regression setting where the mutual information value
needs to be estimated from the data and also analyzed the SGLD algorithm and derived an upper
bound on its generalization error with minimum restrictions on the loss function. We also proposed
a new chaining-based approach to bound the generalization error by replacing the hierarchical par-
titions with a stochastic chain. The proposed approach can firstly remove naturally the restriction
for the metric space to be bounded, and secondly, it helps to simplify the computation, and lastly,
it can remove the geometric constraints in designing the hierarchical partitions in some cases. Two
examples are used to illustrate that the proposed approach can overcome some difficulties in ap-
plying the chaining mutual information approach. The roles that chaining can play in bounding
generalization error in conjunction with other information-theoretic approaches, such as the con-
ditional mutual information [9], information density [31], and Wasserstein distance [32], as well

as the possible application in noisy and stochastic learning algorithms, call for further research.
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3. APPROXIMATE TOP-M ARM IDENTIFICATION WITH HETEROGENEOUS
VARIANCES*

Besides capturing the interplay between learning algorithms and samples as illustrated in Chap-
ter 2, information measures can also be useful to characterize the complexity of the problems. In
this chapter, we consider the (e, §) top-m arm identification problem, where the reward variances
are heterogeneous. We propose an optimal divide-and-conquer style algorithm with a matching
lower bound. The characterized worst-case sample complexity, where the variance heterogeneity

is measured by an Entropy-like function.
3.1 Preliminary

System model: We largely follow the canonical sub-Gaussian bandit model, except for the addi-
tional component related to the reward variances. A bandit instance / is represented by a set of arm
indices [n] := {1,2,...,n} and the tuple of reward distributions (1, vs, ..., 1,). For any i € [n],
pulling the ¢-th arm returns a reward observation, which is independently sampled from distribu-
tion v;, where v; is a sub-Gaussian distribution with mean ;; and variance proxy o?. A random
variable X follows some o2-sub-Gaussian distribution, if In E[e*X~EXD] < %, Y\ € R, and
o2 is called the variance proxy. An arm is e-approximate top-m if the mean reward of that arm
is at least Max;e,  fli — € where max;e, indicates the m-th largest (mean reward) value among
the arms in [n]. With the knowledge of variance proxy values 0%, , but without the knowledge of
mean values ji;.,, the agent actively learns the parameters of the sub-Gaussian bandit instance /
by observing independent reward samples. When there is no ambiguity from the context, we omit
“proxy" and simply refer to o7, as the reward variances.

(€¢,9) top-m arm identification: In the (¢, ) top-m arm identification problem, the agent is re-

quired to identify some subset R C [n] with |R| = m, such that, with probability at least 1 — 4,

*Part of this chapter is reprinted with permission from “Approximate top-m arm identification with heteroge-
neous reward variances,” by Rudia Zhou and Chao Tian, 2022, International Conference on Artificial Intelligence and
Statistics, pp. 7483-7504, PMLR, Copyright © Ruida Zhou and Chao Tian [33].
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any arm in [? is e-approximate top-m.

Algorithm class: Taking the parameters (¢, d,m, [n],02,) as input, an algorithm A deployed by
the agent is represented by a tuple (7, p;)¢>1. During the learning process, the function ; selects
an arm in [n] based on the inputs of the algorithm as well as the previous observations before
time step ¢ (i.e., the arms that were pulled). The function p; decides whether to stop based on
the inputs of the algorithm as well as the available observations (the current observation and the
previous observations before time step t). If p, decides to stop, it returns a set of arms R* C [n];
otherwise, the process continues. Let T be the time that the process stops, which is the number of
samples observed by algorithm A. We only study the valid algorithms that solve the (e, §) top-m
arm identification when dealing with any bandit instance.

Worst-case sample complexity: The number of samples observed by the algorithm T is a stop-
ping time, whose expectation the agent aims to minimize. We study the worst-case sample com-
plexity for (¢, 0) top-m arm identification, which is an intrinsic quantity that measures the difficulty
of the problem, and thus independent of the algorithm and p;.,,. Formally, the worst-case sample
complexity of the (¢, §) top-m arm identification problem under algorithm inputs (¢, §, m, [n], o2, )
is

SC(e,6,m, [n],02,) :==inf sup E;[T%, 3.1
A rez(02,)

where the infimum is taken over all valid algorithms, the supremum is taken over the instance class
Z(c%,) containing all the distribution tuples vy.,, with variances o7, , and the subscript I in the
expectation [E;[-] indicates that it is with respect to the bandit model /.

Measure of heterogeneity: For any positive vector a;.,, define the entropy function as Ent(ay.,) :=
- Z?Zl a; In a; with a; = Z{ﬁ It measures the heterogeneity of the vector a;.,, and takes value
within (0, In(n)]. Note that the entropy function is usually defined on the probability simplex, and

we slightly abused the notation by defining it for a positive vector. We study the worst-case sample

complexity, which is gap-independent.
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Related works: Multi-armed bandit problems have been extensively studied in the machine learn-
ing community in the past decades. A canonical setting is to maximize the cumulative reward,
whose asymptotically optimal behavior was first characterized in the seminal work by [34]. Good
tutorials and books [35-37] are readily available.

An alternative setting is to instead identify the best arm. There are in general two lines of
research: minimizing the misidentification probability within a fixed budget of samples [38—40],
and fast identification with a fixed confidence guarantee [41]. The (e, ) best arm identification
problem belongs to the latter and was introduced in [42, 43], where several elimination-based
algorithms, such as naive elimination, successive elimination, and median elimination algorithms,
were proposed. The median elimination algorithm was shown to be worst-case optimal for which
a matching lower bound was derived by [44]. The asymptotic (large number of arms) optimal
elimination algorithm was recently discovered [45], which was inspired by the idea of identifying
the “good arms” [46]. The case of exact best arm identification, i.e., ¢ = 0, motivates algorithms
that adapt to the underlining model which usually perform well in an instance-dependent manner
[47-51].

There are multiple variants of the problem [52-56]. One of the most natural generalizations
of the best arm identification problem is to identify multiple best arms. The (¢, d) top-m arm
identification was studied in [57], in which an algorithm named “halving" was proposed, and it
bears similarity to the median elimination algorithm. It was later shown that the halving algorithm
is indeed worst-case optimal [58]. Though more adaptive algorithms were proposed later, such as
LUCB [57] and UGapE [58,59], they are not worst-case optimal. For the case of exact top-m arm
identification, efforts toward understanding the instance-dependent sample complexity were also
made [60-62].

Gaussian rewards with heterogeneous variances was considered in the earliest work on best
arm identification [63] in the fixed confidence setting, though without a theoretical analysis of the
stopping time. The possible variance heterogeneity among arms gained attention recently in the

fixed budget setting [64], where the confidence bounds are designed based on the central limit
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theorem. Identifying the best arms in multiple bandits with possible heterogeneous variances was
studied in the fixed budget setting [65], where an elimination-based algorithm was proposed to
take variances into designing confidence bound. In addition to the fixed budget setting, most re-
cently [66] studied the best arm identification with unknown heterogeneous variances in the fixed
confidence setting. They assumed the support of reward distribution is bounded, and proposed
an elimination-based algorithm by first estimating the variances (with known upper bound on the
variances) and then utilizing the estimated variances in identifying the unique best arm based on
Bernstein-style confidence bounds. The algorithm achieves near-optimal instance-dependent per-
formance. In comparison, we aim to study the worst-case sample complexity with known variance
proxies as inputs (the support of reward distribution may be unbounded), in the top-m identifica-
tion problem. We propose an optimal algorithm with an exact matching lower bound and studied
the impact of variances transition from the homogeneous setting to the heterogeneous setting in

terms of the parameter m.
3.2 Worst-case Sample Complexity

The main result of this work is the characterization of the worst-case sample complexity
SC(e,6,m, [n],0%,). To present this result, we first introduce some additional notation. Let

0 := minepy) 0y, and partition [n] into k disjoint subsets Gy, . .., G, such that for any j € [k],
Gj:={ien]:27"<ol/a® <27} (3.2)
Define two disjoint sets
G™ :=Ujg,>2mGj, G = Uj g, 1<2mG, (3.3)

where | - | denotes the cardinality of the set. For each j with G; C G', let G, = G; for each j
with G; C G™, select G; C G with |G| = 2m, and denote G" := U;>1G’; as a subset of the

arms, such that Ent (aé,«) is maximized. (The superscripts of G™, G', G" indicate “more", “less"
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and “reduced", respectively).

2
1n

The worst-case sample complexity SC(e, §, m, [n], 07.,,) is summarized in the following theo-

rem.

Theorem 10. Suppose n > 2m, ¢ > 0 and 0 < § < 0.1, then the worst-case sample complexity is

21 2 o2
SC(e,6,m,[n],0%,) =0 | Z_Z I+ ‘:—2 In(m) + Y S Ent(oz,) | . GA)
i€[n] ieGm JjeG!

The following lemma upper bounds the entropy Ent(cZ.) in the third component.
Lemma 6. For any m > 2, Ent(02,) < 8In(m).

This lemma indicates that the worst-case sample complexity in the heterogeneous variance

o}

2
ieln] & In %) in general. In a certain sense, the heterogeneity

setting is upper bounded by O <Z
makes the problem “easier" to solve. To further illustrate this point, let us consider two special

cases:

* When the variances are more homogeneous, e.g., in the extreme case Uf =% Vi € [n],

we have G™ = [n] and G' = (). Theorem 10 naturally degrades to the worst-case sample

complexity in the homogeneous setting characterized in [58], which is © <”E;‘22 In %)

* When the variances are highly heterogeneous, e.g., in the extreme case |G;| = 1,Vj =
1,2,...,k, we have G™ = () and G! = [n]. Theorem 10 shows that the worst-case sample

complexity is © (Zie[n] Z—; In %), which is independent of m.

Comparing the two cases and assuming the sum of the variances remains the same, the latter clearly
has a more desirable sample complexity. The sets G™ and G! describe the transition between the
homogeneous and the heterogeneous. In the rest of this article, we present the optimal algorithm

and the matching lower bound to establish Theorem 10.

56



3.3 Algorithms

We first revisit several existing algorithms designed mostly under the assumption of homoge-
neous variances. By adapting them to the heterogeneous variance case, we analyze their advantages
and disadvantages. As will become clear shortly, these adapted algorithms still perform well in cer-
tain respective cases. Based on this observation, we will propose an optimal divide-and-conquer

style algorithm.
3.3.1 Adapting Existing Algorithms

3.3.1.1 Weighted naive elimination:

2
207

2r

culates the sample mean /i;, and returns the m arms with the largest sample means. We call it

In this adapted algorithm, the agent simply pulls each arm-7 a total of In wi times, cal-
“weighted” because the numbers of pulls for the arms are determined by the reward variances o7,
and the confidence parameters wy.,. The parameters w;., need to be optimized in order to pro-
vide the performance guarantee, and the following lemma provides one such assignment of the

optimized wy .,,.

2
Lemma 7. Let w; = ¢ ﬁ, the weighted naive elimination algorithm takes
i=1j

o? 1 9
8) = (m s+ Ent(alm)) (3.5)

i€[n]
samples, and solves the (€, )) top-m arm identification problem for any ¢ > 0 and 0 < 6 < 1.

We will use WNEIlim(e, 6, m, [n], 0%.) to denote the weighted naive elimination algorithm with
the choices of wy.,, in Lemma 7. The entropy function Ent(c?,) appears naturally as a multiplica-
tive factor in the second item of Equation (3.5), which measures the heterogeneity of the variances.
If the variance heterogeneity is high, the entropy term Ent (0%, ) can be significantly less than log n.
As mentioned earlier, when o2 = 2°, the entropy term is O(1), i.e., no longer a function of n and
m. On the other hand, by the principle of maximum entropy [67], it has the maximum value In(n)

when the variances are homogeneous. Thus the weighted naive elimination algorithm will provide
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good performance when the arm variances are highly heterogeneous but will lose efficiency when

they are more homogeneous.
3.3.1.2 Adapted median elimination:

Median Elimination (“Halving" algorithm in [57]) is known to achieve the worst-case optimal
performance in the homogeneous variance setting. One simple method to adapt it to the heteroge-
neous setting is to ignore the knowledge of the heterogeneity, and simply assume that all the arms
have the largest variance max;c[y) o?. The original median elimination algorithm can be applied
without any change, and the expected number of samples taken is thus O <%§[“02 (ln % +1In m) > ,
as shown in [57].

If the variances are more homogeneous, e.g., o7 /07 < 2,Vi,j € [n], then 3, 07 <
nmax;ep,) 07 < 2 Zie[n] o2 and the expected number of samples is O (Z%S]UQ (In3 +In m))
For the same example, the weighted naive elimination uses O (2%5]02 (ln% +1In n)) samples.

Thus this simple adaptation of the median elimination algorithm is able to perform well for the

highly homogeneous case but will induce a loss of performance for the more heterogeneous cases.
3.3.1.3 Adapting other algorithms:

The adaptation of several instance-dependent algorithms, such as LUCB and UGapE, is straight-
o2 o2
forward. For the problem in consideration, both algorithms require O <zi+§]a (ln % +1In zi#))
number of samples in expectation in the worst case. They are not worst-case optimal in the homo-

geneous variance setting, and certainly not in the heterogeneous variance setting since the latter is

a more general setting.
3.3.2 The Optimal Variance-Grouped MedElim Algorithm

It was shown in the previous subsection that the weighted naive elimination algorithm and
the median elimination algorithm have advantages in the respective cases. In order to retain the
advantages of both algorithms, we take a “divide and conquer" approach. Recall the minimum

variance is ¢ = min;c,| 0;, and the disjoint subsets Gy, . . ., G, form a partition of [n], and for any
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j € [K],
Gi={ien:2"<od}/c* <2}. (3.6)

The largest variance ratio within each subset is at most 2, while the variances among subsets
are well separated. We wish to apply median elimination to each subset and select “good" arms
within that subset, and then apply weighted naive elimination over all the selected “good" arms.
However, the “good" arms within a subset can be “bad" in terms of the overall arm set [n]. To see
this, consider the following example instance: m arms have a mean reward ¢, and the rest of n —m
arms have a mean reward —e. Then any e-approximate top-m arms need to have mean €. Suppose
the subset (G; contains m’ < m arms with mean e and some other arms with mean —e. Ideally, we
would like to apply median elimination to find those top-m’ arms with mean e within GG;. However,
parameter m’ is not known, and we will apply median elimination on (G; by selecting some [ arms.
If [ < m/, then the returned [ arms will not include all the top-m’ arms in (1, and therefore fail to
identify the final top-m arms. On the other hand, if [ > m/, then max)., p; = —e. Any arm in
(71 is ranked in the top-/ within (1, and the problem is trivial to solve. The returned [ arms, even
though are top-/ within (1, are not guaranteed to contain those top-m’ arms with mean reward e.
To successfully apply the divide-and-conquer approach, we need a “blind” algorithm that re-
turns a subset containing the approximate top-m’ arms, ideally with a graceful transition of the

confidence values.

Definition 2. The algorithm A(e, 5, m, [n], 0%, ) is said to satisfy the (¢, 8") top-m/' condition, where

m’ < m, if with probability at least 1 — ¢, maX;.”G/RA i > max%[n} i — €.

The condition is equivalent to the standard (¢, ¢) top-m arm identification requirement, if m’ =
m and ¢’ = §. We first restate the median elimination algorithm presented in Algorithm 1 (the
halving algorithm [57]), with the necessary changes on the constants and the variance values taken
into account (note the input 2m).

The following lemma summarizes the sample complexity of the MedElim algorithm with the
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Algorithm 1: MedElim(e, 6, 2m, [n], 02.)
Initialize S; = [n], £ = 1 and ¢, = (6/3)2—2, 0y = 52/—21
while |S;| > 2m do

2
Pull arm-2 ¢, = (Ej;;é)z In g”—e times and calculate their sample mean /i, , for each 7 € .S,

Update the candidate set as Sy, = arg max, o> 5e/22m) g

ZGSZ
Let/{=/7+1
Return S,
aforementioned transition in the confidence values for m’ = 1,2, ..., m for the 2m return arms.

This algorithm will be used as a building block for the variance-grouped median elimination algo-

rithm given next.

Lemma 8. For any 0%, if max;e|y o2/ min ey O'JQ» < 2, the MedElim algorithm has an expected

stopping time

Zie[n] af 1

Moreover, for any m' < m, the MedElim algorithm satisfies the (e, ﬁlé) top-m/ condition.
m

Now we are in a position to provide the proposed algorithm below, which we refer to as the

variance-grouped median elimination algorithm.

Algorithm 2: V-MedElim(e, 6, m, [n], 03.,)
Partition [n] into groups Gy, . .., G, by (3.6)
forjc1:kdo

L R; = MedElim(¢/2,6/2,2m, Gj,aéj)
Let G = U?:le
R = WNEIlim(e/2,6/2,m, G, 02)
Return R

The performance of the proposed algorithm is summarized in the following theorem.
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Theorem 11. The variance-grouped median elimination algorithm solves the (e,0) top-m arm

identification problem for any ¢ > 0 and 0 < § < 1, and the expected number of samples is

o 1 o o; 2
0] Z St Z = In(m) + Z —Ent(og,) | - (3.8)
i€[n] 1€G@m jeG!
Proof of Theorem 11. Without loss of generality, assume [m] is the set of top-m arms. For any
J with G; N [m] # 0 and i € G; N [m], arm-i must be one of top-|G; N [m]| arms in G;. Let

m’; = |G N [m]| be the number of top-m arms contained in G;. By Lemma 8, with probability at

m'.

.

5
least 1 — 5

9

|

/ /

maxzzjéj,ul > maXZij[m}m —€/2 > max gy — €/2. (3.9

It implies that with probability at least 1 — Z?Zl %;g =1- g, there are at least Zle mj; = m arms
inG = UleRj that are €/2-approximate top-m. In other words, event maxj’ . 1 > Max)e ), f —
€/2 occurs with probability at least 1 — %.

Conditioned on this event occurring, Lemma 7 implies that with probability at least 1 — ¢, the

returned set 1?2 of the weighted naive elimination over G = UleRj satisfies

1lni]£1 [ > max pafy — €/2 > MaxX ¢, i — €. (3.10)
€

Thus with probability at least 1 — 9, all arms in R are e-approximate top-m.

Recall the definition of G, G™, G" in Section 3.2. The total number of samples used in the
median elimination subroutine is O <Zi€Gm :—; (In$ + ln(m))>. The number of samples used in
the weighted naive elimination subroutine is O (Zie[n} :—52 (1n % + Ent(aér))) By Lemma 6, the
expected total number of samples is O (Zie[n] :—22 Ins+> . com Z—j In(m) +3 ;e Z—;Ent(aér))

]

An illustrative example In the following example, we show the number of required samples by
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the variance-grouped median elimination algorithm given in Theorem 11 achieves an order-wise
improvement over Z—(111(1/(5) +Ent(0?,,)) and Z:i+;‘]g7"2(lr1(1/5) +In(m)). Take some integer
k > 2 as an auxiliary parameter in this problem setting, and denote ¢ = [log(k)]|. Let log(m) = k
and log(n) = k2. We aim to approximately identify the top-m arms out of n arms. Among these

n arms, there are 2° arms with the same variance 2% for each i = 0,1,...,¢ — 1, and the rest

n— ZE 191 — 9 _ 2 1 1 arms have the same variance 2+ ¢ /k. Then G™ is the set of arms with

variances 2 (/k, and G' is the set of arms with variances 2% for i = 0,1,...,¢ — 1. It is seen
that
> ot =(2" =2+ 1270 /k = ©(t/k), (3.11)
jeGgm
Y ol = Z 297" = ¢ = O(log(k)), (3.12)
jEG!

which implies ., 07 = O(log(k)). Furthermore, we can calculate that

Ent(cg.) = O(Ent(cZ,)) = O(log(k)). (3.13)

Thus the number of required samples by the variance-grouped median elimination algorithm is of

order

O(In(k) In(1/5) + In(k)?/€?). (3.14)
Since Ent(c?,) = O(k) and In(m) = O(k), it is seen that Zl$(ln(1/5) + Ent(0%,,)) and
Z1'+;”UZ'2(111(1/(5) + In(m)) are of the same order

O(In(k)In(1/8) + kIn(k)/€). (3.15)

The detailed calculation of the entropy values used above is given in the supplementary material.

Fix o > 0 as constant, comparing the numbers of required samples in (3.14) and (3.15), which are
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of order ©(In(k)?/€e?) and ©(k In(k)/€?), respectively, it is seen that the variance-grouped median
elimination algorithm provides an order-wise improvement in this example setting by reducing a
factor k to In(k).

Remark. Our result establishes the theoretical optimality of the proposed algorithm through a
matching lower bound provided in the following section. However, the empirical performance of
the proposed algorithm suffers from large multiplicative factors introduced by the Median Elimi-
nation subroutine. More aggressive elimination-based algorithms, such as the algorithms proposed
in [45], can be used as a subroutine to improve the multiplicative factor while maintaining the same

order.
3.4 The Lower Bound

In the homogeneous variance setting, the previous lower bound [58] on worst-case (¢, §)-PAC
top-m identification leveraged the change-of-measure technique and was proved by contradiction.
The approach leads to a large multiplicative factor and is also difficult to utilize in the hetero-
geneous variance case. The lower bound was later tightened and generalized to the instance-
dependent case in [61] and [62]. Their approach assumed that the algorithms have a uniform
preference over the arms at the beginning, which is reasonable in the homogeneous setting but not
in the heterogeneous setting.

We derive a flexible simple inequality to better take into account the heterogeneous variances,
given in Lemma 9. Applying this lemma, we formulate the lower bound as an optimization prob-
lem, whose dual formulation (Lemma 10) is then studied. The eventual lower bound is given in

the following theorem, obtained by considering several feasible solutions to the dual problem.

Theorem 12. There exists some universal constant ¢ > 0, that for any 0 < ¢, 0 < § < 0.1,
m < n/2, o}, and any valid algorithm, there exists an instance with the given variances such that

the expected number of samples of the algorithm is at least

O'Z-Q 1 aiz o?
c § :6—21n5+ § 6—21n(m)+ § E%Ent(aér) : (3.16)
i€[n] 1EG™ JEG!
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3.4.1 Dual Formulation of the Lower Bound

We first introduce an inequality in the lemma below, which helps us connect the sample com-

plexity with a multi-hypothesis testing problem.
Lemma 9. For any two probability measure P, Q) on the same measurable space (), F), if € € F

with P(E) > 1 -9 > Q(E), we have

D(P[IQ)
-5

Q(E) = B(d)e™ =+, (3.17)

__ Ent(s,1-96)

where D(-||-) is the Kullback-Leibler divergence and B(5) = e~ -5 is a strictly decreasing

function with B(0.1) > 0.69.

Fix any algorithm A with inputs (¢, §, m, [n], o%.,) that solves the (e, §) top-m arm identification
problem. Consider the Gaussian instances where the ¢-th arm has a Gaussian distribution with
variance 2. Denote P; as the probability measure induced by the learning process of applying
algorithm A on Gaussian bandit instance I € Z(c%.,).

Let ¢ > € be some parameter that can be arbitrarily close to e. For any subset M C [n]| with
|M| = m and any index [ € [n]\ M, we first construct an instance I, 5y € Z(c%,,) by specifying
the reward means of each arm as follows: the [-th arm has mean 0, the arms in M have mean €,
and the rest have mean —¢’. The only e-approximate top-m arms of instance [; js are clearly M.
Similarly, for each subset ' C [n] with |F| = m — 1 and any index [ € [n] \ F, we then construct
an instance [, » € Z(0%,,). In instance I, i, the [-th arm has mean 0, the arms in F' have mean ¢,
and the rest arms have mean —¢’. The only e-approximate top-m arm set of instance [; p is clearly
F U {l}. These are the possible hypotheses we will consider.

Given an instance [; 5, if F' = M \ {i} for some i € M, it is clear that instances I; 5, and
I; r differ only at the i-th arm. Denote ?; r; as the expected number of pulls of the ¢-th arm by
algorithm A on instance [; . The KL-divergence can be calculated as D(Py, .|| Py, ,,) = %tl, Fis
see Lemma 5.1 in [37] for more details. Since A solves the (e, §) top-m arm identification problem,

we have Py, . (R*=FU{l})>1—-6 >0 > P, (R* = FU{l}). Applying Lemma 9 on Py, ,

64



Py, ,, and event {R* = F U {l}} gives

2t ;
D(PIl,FHPIl,JW) _ 2e I,F,i

Py (RR*=FU{l}) >B(6)e 15 =B = . (3.18)

This inequality holds for any F' = M\ {i} withi € M. In addition, events { R* = M U{i}\{i}}’s
are disjoint for any i € M U {I}, and they are also disjoint with the event { R* = M}. It follows
that ., Pr,,, (R* =M U{1}\ {i}) <1— Py, (R* = M) < 6. Summing inequality (3.18)

forall © € M gives

12 o
0> Py (RA= MU\ {i}) > B(8)exp (—%%) . (3.19)

, . 1
ieM ieM

In the worst-case, algorithm A takes at least maxp ¢ p > JEFUL) t;,r; samples in expectation.

Any valid algorithm has to satisfy (3.19), and thus the sample complexity SC(e, §, m, [n],0%,,) is

lower bounded by the optimal value of the following optimization problem:

inimize: tirj 3.20
minimize ja— }gl‘rl:an)il’ r Z I,Fj (3.20)
JEFU{l}
subject to: Z exp (_tl,M\{i},i/Qi) <,
ieM
VM C [n],| M| =m, VIl ¢ M, (3.21)
where 0; = (1;20? ,Vi € [n] and ¢’ = %. Though this problem is convex, it is difficult to solve

explicitly. Therefore, we consider its (restricted) dual formulation in the following lemma.

Lemma 10. For e > 0, § < 0.25, m < n/2, (02)icin), SC(€,6,m, [n],02,)) > =20*, where v* is

2¢2

the optimal value of the following optimization problem:

. B()
maximize: Z <Z nM\{l}alQ) X <ln % + Ent({nM\{l}O'ZQ}leM)) (3.22)

McC[n]:|M|=m \leM

subject to: Z ng =1,
FC[n]:|F|=m—1
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np >0, VF C [n],|F|=m— 1. (3.23)

Though the dual formulation is still difficult to solve, by the weak duality, we can derive lower
bounds for the primal problem by assigning specific feasible values to the dual variables ng’s. In
addition, each 7y is a probability mass function and has a clear operational meaning, which is the

worst-case prior distribution of the underlining instance being one of {1, r }i¢r.
3.4.2 Dichotomy of the lower bound

As shown in Theorem 12, the lower bound of the sample complexity consists of three terms

} : 01‘2 1 2 : Uz‘Q 2 : 0]2 2
6_2 hl 5 + 6_2 ln(m) + E_QEnt<O-GT) . (324)
i€[n] 1EG™ jeG!
—— _

-~

I II 11

We will discuss each term from the viewpoint of the dual formulation in Lemma 10. The optimal
value v* of the optimization in Lemma 10 can be lower bounded by the average of the objective
function values vy, v2, v3 when assigning the variables certain feasible values in the dual optimiza-
tion problem, i.e., v* = Q(v; + vy + v3). We construct three sets of feasible dual variables 7p’s,
and the resultant values v;.3 will induce Term I-1II, respectively.

It is straightforward to see that Term I can be obtained by assigning 7z’s uniformly, and thus
we can focus on Term II and Term III. More precisely, we aim to lower bound the optimal value of

the following optimization problem:

maximize: Z (Z nM\{l}ol2> X Ent({nM\{l}a?}leM) (3.25)

McCn]:)|M|=m \leM

subject to: Z ng =1,

nr >0, VE C [n],|F| =m — 1. (3.26)

Firstly, to study the sample complexity induced by oZ.., we specify a feasible assignment of

66



2
[Licro; .
2

ZF’CGm:\F’\zm—l [Tjero;

dual variables n’s as follows. Forany F' C G™ with |F| = m—1,letnp =
and for any F' ¢ G™ with |F| = m — 1, set np = 0. Then Ent({nan (07 hienr) = In(m) for any

M C G™ with |M| = m. Formally, Term II is introduced by the following lemma.
Lemma 11. The optimal value of the optimization (3.25) is lower-bounded by % > icam 0]2- In(m).

Secondly, to study the complexity induced by o2,, we consider the reduced arm set G" O G'.

2
Gl»
Define L C G" with |L| = 2m as the arms with 2m largest variances in G”. We can verify that
> icy 0; dominates 3. 0F. Moreover, Ent(c¢.) and Ent(o7) behave similarly, and thus we

can focus on the arms in L. Rigorously, the following lemma justifies this choice.

Lemma 12. Let np = (TiTl)flfor any F' C Lwith |F| = m—1andng = 0 otherwise. The objec-
tive function of the optimization problem (3.25) is at least 'y, i 07Ent(0¢,) — In(2) 3",; 07,

for some constant ¢ > 0.

The first item in Lemma 12 is exactly Term III, and the second item —In(2) >~._: 07 can be

absorbed into Term 1.
3.5 Conclusion

We studied the worst-case sample complexity of (e, §) top-m arm identification problem with
known heterogeneous reward variances. The heterogeneity of reward variances is measured by
a certain entropy-like function. We propose the variance-grouped median elimination algorithm,
which combines the advantages of the median elimination algorithm and the weighted naive elim-
ination algorithm in a divide-and-conquer manner. Matching the lower bound of the worst-case
sample complexity was devised using a dual formulation and finding suitable feasible solutions.

A natural direction is to study the problem without the knowledge of variance proxies. How-
ever, estimating a good (i.e., a valid sub-Gaussian coefficient as small as possible) variance proxy
for general sub-Gaussian distributions is still an open problem. It is due to that any coefficient in
the feasible set {02 : InE[rX-EXD] < @2 y\ ¢ R} is a valid variance-proxy for the sub-

Gaussian random variable X. Ideally, we would like to estimate the best variance proxy, i.e., the
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minimum value in the feasible set. However, the variance E[(X — E[X])?] of the random variable
is not a valid variance proxy, and canonical variance estimators would not suffice. The study of a

good estimator for the variance proxy is beyond the scope of the draft.

68



4. KL-REGULARIZED POLICY-GRADIENT FOR MULTI-OBJECTIVE
REINFORCEMENT LEARNING

In addition to bounding performance metrics of interest as shown in Chapter 2 and charac-
terizing the complexity of the problems as shown in Chapter 3, information measures can also
facilitate the design of algorithms. In this chapter, we consider policy optimization in single-policy
multi-objective MDPs, where the agent aims to find a policy satisfying certain criteria by policy
gradient-based algorithms. We propose an Anchor-changing Regularized Natural Policy Gradient
(ARNPG) framework, which introduces Kullback-Leibler divergences with changing anchors as

regularization.
4.1 Preliminaries

System model A Markov decision process (MDP) is represented by a tuple (S, A, P, p,v,7),
where S is the state space, .4 the action space, P : S x A — A(S) the transition kernel, p € A(S)
the initial state distribution, v € (0,1) the discount factor, and r : S x A — [0, 1] the reward
function. Given any policy 7 : S — A(.A) and any reward function  : § x A — [0, 1], we define

the state value function V" : & — |0, ﬁ], and the state-action value function Q7 : & x A —

Vi(s) :=ED_y'r(sear) | so = s,7],  QF(s,a) :=E[>_~'r(se,ar) | s0 = 5,09 = a,7],
t=0

t=0

where expectation [E is taken over the random trajectory of the Markov chain induced by the policy
7 and the transition kernel P. With a slight abuse of notation, we denote V,"(p) := E,.,[V,"(s)].
Define the discounted state-action visitation distribution (state-action visitation for short) of policy

7 with initial state distribution p by d(s,a) := (1 — 7)Egp[d g V' P(s: = s,a; = also, 7). It

*Part of this chapter is reprinted with permission from “Anchor-changing regularized natural policy gradient for
multi-objective reinforcement learning,” by Ruida Zhou, Tao Liu, Dileep Kalathil, P. R. Kumar, and Chao Tian, 2022,
Advances in Neural Information Processing Systems, vol. 35, pp. 13584—13596, Copyright © Ruida Zhou, Tao Liu,
Dileep Kalathil, P. R. Kumar, and Chao Tian [68].
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then follows that V™ (p) = ﬁ(dz, 7) by viewing d7 and r as |S||.A|-dimensional vectors indexed

by (s,a) € S x A. When it is clear from the context, we denote the state visitation distribution
by dj(s) 1= Egymp [(1 =) D220 V' P(s: = s|s0)], which is the marginal distribution of the state-

action visitation d7 (s, a), i.e., d7(s) = >, 4 A5 (s, a).

We study an MDP with m objectives represented by (S, A, P, p, 7, r1.m), Where r; : S x A —
[0, 1] is the 4-th reward function for each i € [m]. For simplicity, denote V;"(-) := V,7(-) and

Ve () == (Vi (+),..., V(). We consider parameterized policies in IT = {7y : § € O}, where

1:m

© C R" is the parameter space. For example, the softmax policy is my(als) = % with

© = RISIMI; and neural softmax policy is m(a|s) = <=2&Nol=a) _where NNy is some neural

T Y aexp(NNg(s,a’))’

network parameterized 6. Define V := {V]? (p) : 6§ € O} as the achievable region of value
vectors. The agent wishes to optimize the policy in II for a given specific multi-objective criterion

on value vectors in ). For example,

1. Proportional fairness [69]: Given ay.,, > 0, find v € Vthat ) " a; v < 0, Vo' € V.

U

2. Hard constraints [70]: Given b,.,,,, maximize,cy vy, subject to v; > b;,Vi =2, ... ,m.
3. Max-min trade-off [71]: Given cy.,, > 0, maximize,cy min;epm) (vi/c;).

Mirror ascent As one of the most well-known iterative optimization methods, mirror descent
(actually ascent in the context of our formulation as a maximization problem) [72,73] is a general
class that encompasses many first-order methods in convex optimization. Given a variable x in a
compact convex set X C R" and an ascent direction g € R", the variational representation of the

mirror ascent update is

2" € argmax{(g,y) — aBy(y||z)}, (4.1)
yeX

where By (z||ly) = h(z) — h(y) — (Vh(y),z — y) is some Bregman divergence generated by
a differentiable convex function h : X — R. When analyzing the convergence of first-order

methods, certain fundamental inequalities are usually established to facilitate the proof. One such
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inequality is
(9,2") — aBu(@'||z) = (g.y) — aBu(yllz) + aBu(yll), Vye X, (4.2)

which is a critical step in many previous works, e.g., [74-76].

It is desirable to construct a similar fundamental inequality for multi-objective MDPs that can
facilitate the analysis of convergence. As we will show in the next section, such an inequality can
indeed be established in a new framework, which we refer to as the Anchor-Changing Regularized
Natural Policy Gradient (ARNPG).

Denote KL-divergence between two n-dimensional probability vectors x,y by D(z||ly) :=
> v xilog(x;/y;), which is a widely-used Bregman divergence. For any policies 7, 7’ and state
visitation distribution d, define Dy(r||7’) :== >

ses A(8)D(m(-|s)||7'(+|s)). A uniform policy is one

which chooses actions uniformly at random.
4.2 Anchor-changing Regularized Natural Policy Gradient

Let us consider a hypothetical mirror ascent update on decision value vector vy, € ) according

to (4.1). Given an ascent direction G}, along which to improve vy, the updated value vector is
V' € arg ma\zi{(ék, vy — aBy(v]|vg) }- 4.3)
ve

Suppose the value vector vy, is achieved by a policy 7y, , 1.e., vy = VFZ’; (p). Denote the reward

function in the ascent direction as 7 (s, @) = (G, 1.n(s, a)). It follows that (G, v,) = Vi % (p).

Tk
Note that By, (v||vg) in (4.3) serves the role of a soft constraint on v by keeping v within a vicinity

D ge(ﬂeﬂﬂek,)

of vx. Replacing B(v||vg) by %

will induce a similar soft constraint that prefers the
vicinity of the “anchor"” policy 7y, . Therefore we consider replacing the variational update in (4.3)

by

Do (ol 7a,)

T (4.4)

0 € argmax {V70(0)}, where T7%(p) == V7 (p) —

Tk
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ARNPG Motivated by the intuition above, we propose the Anchor-Changing Regularized
Natural Policy Gradient (ARNPG) framework. At (macro) step k, the ARNPG framework deter-
mines the reward function in the ascent direction 7, and the anchor policy 7y, , which can exploit
well-performed first-order methods in convex optimization literature utilizing the features of the
specific criteria in use. With 7, and 7y, , we wish to solve for (4.4) to improve the value vector.
However the optimal solution 6’ of (4.4) is generally not determinable explicitly. ARNPG there-
fore approaches the optimal solution via a subroutine that executes a natural policy gradient (NPG)
algorithm w.r.t. the KL-regularized value function V;g(p) We refer to this subroutine, given in
Algorithm 3, as InnerLoop(7, 7y, , cv, 1, t1). It iteratively updates the parameter 9,?) for t;, (micro)

steps according to the NPG update rule as in (4.5), where F,(6)' is the Moore-Penrose inverse of

the Fisher information matrix F,(0) := E, ., 4 |Velogmg(als) (Vglog 7T9(CL|S))T] :

Algorithm 3: InnerLoop(7, 7, , o, 1, t1)

Initialize 6" = 0,
fort=0,1,...t, — 1do

D
L 0" 0+ 0F, (0, VVIE () 4.5)

Return G,Etk )

The choice of the number of iterations in InnerLoop (i.e., ;) involves a trade-off between the
variational update precision and the overall efficiency. On the one hand, a larger ¢, leads to a more
accurate approximation of the optimal solution ¢’ to (4.4), but it may cause the algorithm to spend
unnecessary computational resources on the regularized objective Vkﬂg(p), instead of on the true
optimization problem. On the other hand, a smaller ¢; saves inner loop iterations but the update
follows less closely to the underlying mirror-ascent update in improving the value vector. In our
experiments, we choose ¢;, within 10 to strike a balance and empirically observe ¢, > 1 has better
performance.

We note that when ¢, = 1, the gradient VQV,ZZ’“ (p) = VQVFZQ’“ (p), since Do (7|7, ) has
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zero gradient at @ = 6. The update in (4.5) reduces to an NPG update on the unregularized value

function V,,Z" (p). For single-objective MDPs, it reduces to the canonical NPG method.
4.2.1 Theoretical guarantee of ARNPG

We now present the main theoretical tool for the analysis of the ARNPG framework. Recall the
discussion of the fundamental inequality after (4.2). Proposition 4 establishes such a fundamental

inequality with controllable approximation error under the softmax policy parameterization, i.e.,

eXp(gs,a)

mo(a|s) = =—=—2—. We will omit ¢ in 7wy when it is clear from the context, but it should be
>t exp(0s o)

noted that all updates of policies are performed on the parameters.

Proposition 4. Under the softmax parameterization, given e, > 0, for any v, t;, > ﬁ log(%)—i—

L, a>0andn = %, the update i1 < InnerLoop(ry, Tk, ., n, ty,) satisfies

D e (Mg | |m)

5 (p) — a T > Vip) —«a

Dy (7||mi) — Dag (7| |7k11)

— €, Vm. (4.6)
L=y

The inequality (4.6) is critical to the convergence proof. Its right hand side allows telescoping,
which by summing over & can iteratively cancel the terms Dyz (7||7.). Since ¢, = O(log(1/ey)) it
suffices to use very few iterations in InnerLoop for maintaining precision.

Remark. It has been shown that for the entropy-regularized MDP, i.e., KL-regularized with
the uniform policy as the anchor policy, NPG converges linearly (i.e., geometrically fast) to the
regularized optimal policy [77]. It is natural to anticipate that for the KL-regularized MDP Vk”a (p)
with anchor 7, NPG would similarly converge linearly (i.e., Vk”g > f/,:; —efort;, = O(log(1/e€)))
to a corresponding optimal policy, denoted as 7. In contrast, the right hand side of inequality (4.6)
has a positive drift a%&rkﬂ) for any policy m, which is considerably stronger.

Proof sketch of Proposition 4. We can show that InnerLLoop approximately solves the varia-
tional update in (4.4) with linear convergence as anticipated. However to establish (4.6), the diffi-
culty lies in the introduction of positive drift, since V1’ (p) is not concave w.r.t.  and D o (7| |70, )

may not be a Bregman divergence. We tackle this difficulty by showing that optimizing 7y in In-

nerLoop implicitly performs a mirror ascent update for state action visitation d7°. 0
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As demonstrated in the next section, Proposition 4 ensures that the convergence rate of the
algorithms derived from the ARNPG framework is of the same rate as the underlying first-order

methods with only extra logarithmic factors.
4.3 Theoretical Applications

In this section, we apply the ARNPG framework to several important multi-objective MDP sce-
narios and obtain new policy optimization algorithms by integrating first-order methods in convex
optimization. All the theoretical results presented in this section are under the softmax parameteri-
zation with exact gradients. However, the obtained algorithms can be implemented in more general
settings such as neural softmax and sample-based scenarios, as in the next section. We theoreti-
cally establish 0(1 /T") convergence of these algorithms by leveraging the fundamental inequality

in Proposition 4.
4.3.1 Smooth concave scalarization function

We start by considering the following optimization problem
max F (VT (), “.7)

where F'is a concave function, and S-smooth w.r.t. ||-||o norm, i.e., || VF(v) =V F ()|, < Bllv—
v'|| - Since the set of achievable values )V C [O, ﬁ} m, it can be verified that ||V F(v)||; < L for
some factor L > 0.

The proportional fair criterion can be approximated by F'(v) := > " a;log(d + v;), where
d > 0 is some constant introduced to circumvent the pathological case v; = 0 for some i € [m].
Under this criterion, 5 = > /" a;/6*and L = Y_" | a; /4.

When v is viewed as the decision variable, at macro step k with value vector V{’k (p), the as-
cent direction in a typical gradient ascent step is the gradient G, = V,F (V™ (p)). This naturally
determines the reward in the ascent direction as 7(s, a) = (G, r1.m(s, a)). Adapting the ARNPG
framework to this specific context, we present the algorithm for solving the program (4.7) in Al-

gorithm 4. We refer to it as “implicit mirror descent" because the algorithm implicitly employs
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mirror descent.

Algorithm 4: ARNPG Implicit Mirror Descent (ARNPG-IMD)
Input 7y, o, n, to. -1, K€
fork=0,1,..., K —1do
| Update 7y, «InnerLoop(ry, 7, v, 1, t)
Return the policy in {m; }* | with the largest F'(V]™* (p))

Let 7 be the optimal policy for (4.7). Based on Proposition 4, we present the following the-

orem which guarantees the convergence of ARNPG-IMD with appropriately selected parameters
0, O, 1), L.

Theorem 13. Forany K > 1, take uniform policy mo, o > ﬁ, n= %, andt;, = fﬁ log(#{ﬁm)—l—

1]. The optimality gap of ARNPG-IMD (Algorithm 4) satisfies

2aclog(|Al)

FVEL(p) — max F(VEL(p) SF(V(0)) — Y FVi(e) < =k

— 4.8
ke[l:K] : K (4.8)

There are a total of K macro steps, and the total number of iterations is 7" = ,f:_ol t, =

@(% log(K)). The following corollary provides the convergence rate in terms of 7".

Corollary 6. Under the same conditions as in Theorem 13, the ARNPG-IMD algorithm satisfies

PV (o) = & Sh, F(Vih (o) = O (2582,

Remark. In the absence of knowledge of K, we can select time-varying numbers of InnerLoop

iterations, such as ¢, = ©(log(k)), and ARNPG-IMD will still have the same O(1,/T") convergence.
4.3.2 Constrained Markov decision process

Another way of trading off the objectives is to optimize one while setting hard constraints on

the others. This can be formulated as the following constrained MDP (CMDP) problem:

max Vi®(p), st Vi"(p)>b;, Vie[2:m], (4.9)
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where by.,,, € [0, ﬁ]mfl. Let 7 = 7y« be the optimal policy of the CMDP problem in (4.9).

Define the Lagrangian of the CMDP problem as L(mg, A) = V™ (p) + >, (V™ (p) — b;),
where \; is the Lagrange multiplier (dual variable) corresponding to the constraint V;"* > b;, for
each ¢ € [2 : m]. The Lagrange dual function max, £(r, -) is a convex function of dual variables
A > 0. Denote by \* the optimal dual variables that minimize the Lagrange dual function. We
assume \* is finite, which is guaranteed by Slater’s condition, i.e., there is some 7y and £ > 0 with
V7™ (p)—0b; > & forany i € [2 : m]. Note (7*, \*) is a saddle point of the Lagrangian £(7, A). This
motivates the primal-dual approach, which iteratively performs gradient ascent for my and gradient
descent for A. This is suitable for the CMDP setting, since for any fixed A, the Lagrangian £(7, \)
corresponds to an MDP for which policy gradient can be employed.

The canonical primal-dual gradient ascent-descent method for constrained convex optimiza-
tion can only guarantee O(1/ VT ) convergence, and consequently the primal-dual policy gradient-
based approach for CMDPs [15] has the same convergence. Recently, Yu et al. [78] have pro-
posed a primal-dual-based method with O(1/T") convergence under the Euclidean setting, i.e.,
By(zlly) = 3llz — yl|3. Adopting ideas from [78], we next propose the ARNPG with Extra
Primal-Dual (ARNPG-EPD) algorithm (Algorithm 5). To the best of our knowledge, this new
primal-dual update appears in the CMDP-related literature for the first time.

Note that b; — V™ (p) is the amount of constraint violation. There are two key ideas we adopt

from [78]. The first is the design of the reward in the ascent direction

(s, a) = r1(s,a) + 220 (A + 17/ (b = V™ (p))ri(s, a),
where an extra constraint violation term is added to the dual variables. The second idea is that the
update of dual variables should not fall below the negative constraint violation (the first term in
(4.10)), and it can alleviate the overshooting of dual variables. The extra constraint violation terms

in 74 and the dual update work jointly to ensure the O(l /T) convergence.

Theorem 14. For any K > 1 and v/ € (0, 1], take uniform policy mo, o > %, n = 1?77’ and

choose t, = (ﬁ log(#ﬁgfaw) + 1] with Ly = 1+ nl(lmf;l) + > Aki- The average optimality
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Algorithm 5: ARNPG with Extra Primal Dual (ARNPG-EPD)
Input o, T]l, a, T, tO:K—la K
Initialize \o, = max{n'(V,"™(p) — b;),0}, Vi € [2: m]
fork=0,1,..., K —1do
Update 741 <—InnerLoop(my, 7, o, 1, tx)

Update )\k+1,i = max {T]/(‘/iﬂ-kJrl (p) — bl), /\k,i + n/(bl — ‘/;ﬂ-k+l (p))} , Y1 -~ [2 : m]

(4.10)
Return: a policy randomly chosen from {m; }5 |
gap and the average constraint violation of ARNPG-EPD (Algorithm 5) satisfy
1 & 3aclog(|Al)
VI (p) — — Vit (p) < ————+ 4.11
K
1 L (222 alog(]A) :
b — —= V7 (p) < — 3| ———— Vi e [2:m)]. 4.12

Note that the number of micro steps ¢, is chosen according to the dual variables \; in the

previous theorem. Denote by 1" := ZkK;Ol 1, the total number of iterations.

Corollary 7. Under the same conditions as in Theorem 14, the ARNPG-EPD algorithm satisfies

Ve (p) = £ XK, Vit (p) = O(280)), and b, — £ K V7 (p) = O(/2esD)y,

The theorem and corollary establish convergence of the average optimality gap and the aver-
age constraint violation, in the same manner as many previous works [15, 16,79, 80] on CMDPs.
However, a guarantee on the last iterate is more preferable. This drawback is inherited from the
primal-dual algorithm for convex optimization, where the primal-dual algorithm with sublinear
convergence can only be guaranteed on the average solution, as of our knowledge. Last iterate

convergence is still an on-going open research topic.
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4.3.3 Max-min trade-off criteria

Finally, we consider the max-min trade-off criterion defined as

. .
maxmin &(Vy7, (p), A), (4.13)

where A is a subset of the m-dimensional probability simplex A([m]). We assume ®(-, \) is
concave and ®(v, -) is convex. We also assume @ is S-smooth w.r.t. the norm ¥(v, \) = ||v]|« +
|All1. The max-min criterion can be represented by ®(v, \) = >_", v;A;/¢; and A = A([m]). ®
satisfies the concave-convex assumption and is S-smooth w.r.t. the norm ¥ with 8 = O(m).

Denote F'(v) := minyep (v, A), which is concave but not necessarily smooth. Thus we can-
not apply the ARNPG-IMD algorithm (Algorithm 4) due to the non-smoothness of F', and the
subgradient-based method can only guarantee O(1/+/T)) convergence.

We next integrate the optimistic mirror descent ascent (OMDA) method [75] for solving min-
imax optimization in the ARNPG framework. Denote the gradients G} = V,®(V,™* (p), A;,) and
7Y = Vo ®(Vi™ (p), A,). Tt can be verified that ||G?||; < L for some L due to the smoothness of
®. OMDA performs gradient ascent along the direction G’Z w.r.t. the value vector, and therefore
we construct the reward in the ascent direction as 7 (s, a) = (GY, r1.n(s,a)). OMDA performs
mirror descent along direction @2 w.r.t. the dual vector A\. A key ingredient of OMDA is that it
updates twice in each macro step. ARNPG-OMD adopts this idea and update (7, A) from the same
anchor points (7, Ay,), first with ascent direction (7, —G7) € R*™ and then a further step with
direction (7411, —G7,,) € R*™

We present ARNPG-OMDA in Algorithm 6, and establish the following performance guaran-

tees:

Theorem 15. For any K > 1, take uniform policy my, ' < %, a > %, n = 1?77, and
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Algorithm 6: ARNPG with Optimistic Mirror Descent Ascent Update (ARNPG-
OMDA)
Input o, Ao, 7]/, o, n,to.x—1, K
Initialize 7, = 7, and o, \o as uniform distribution on [m]
fork=0,1,..., K —1do
Update 7,1 <InnerLoop(my, 7, &, 1, t), Aks1 < arg min,\eA{(é’g, A) + %}
Update mj11 <—InnerL00p(7rk, Tra1, O, 1, tr)s
Meg1 < argminyea{(Gh,y, A) + 2012}

Return: a policy randomly chosen from {7},

ty = (ﬁ log(#m) + 1]. The ARNPG-OMDA algorithm (Algorithm 6) satisfies

. 7 3alog(|Al) | log(m)
F(ViT,(p) (KZV >_ Tkt K (4.14)

Similar to the discussion after Corollary 7, Theorem 15 provides a performance guarantee on
the average value vector F'(+ Y _, Vi (p)), which is inherited from the OMDA methods. Denote

the total number of iterations by 7" := Z k:_() 2ty,.

Corollary 8. Under the same conditions as in Theorem 15, ARNPG-OMDA satisfies F' (‘Gﬂ;(p)) —
T log(T'
F (3 S 0) =0 (F245).
4.4 Empirical Evaluation and Application

We compare the performance of the proposed ARNPG-EPD algorithm (Algorithm 5) with two
benchmarks: NPG-PD [15] and CRPO [16]. The tabular CMDP, for both exact-gradient scenario
(Chapter 4.4.1) and sample-based scenario (Chapter 4.4.2), follows the same experimental setting
as in [15]. The MDP with m = 2 objectives represented by (S, A, P, p,~y,71.2) (as the system

model in Chapter 4.1) is randomly generated, where |S| =

= 10, p is uniform distribution,
and v = 0.8. For each (s,a) € S x A, P(-|s,a) € A(S) is generated by normalizing a random
vector ~ Unif([0,1]%), and independent rewards 7 (s, a), 72(s,a) ~ Unif([0,1]). Choosing the
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constraint coefficient b, = 3, the experiments are performed on the CMDP

max V. (p) s.t. Vi¥(p) 2 b, (4.15)

with the softmax policy class.

For both the exact-gradient scenario (Chapter 4.4.1) and the sample-based scenario (Chapter
4.4.2), we choose n = 1 and ¥ = 1 for ARNPG-EPD and NPG-PD (following the same hy-
perparameter selection as in [15]), since both rely on a primal-dual framework. Additionally, we
fixty = 1,Vk = 0,1,..., K — 1 and select « = 1_77 = 0.2 for ARNPG-EPD. As for CRPO
with exact gradients, we first fix the tolerance parameter as 0.01 and then choose the best learn-
ing rate 0.4 from the set {0.1,0.2,...,0.9, 1.0}, which enjoys the smallest average optimality gap
after 300 iterations. For sample-based CRPO, we select the best learning rate 1.0 from the set

{0.1,0.5,1,2,5}, which leads to the largest reward value after 300 iterations.
4.4.1 Tabular CMDP with exact gradients

Recall that under softmax policy with exact gradients, Corollary 7 (Theorem 14) guarantees
O~(1 /T) convergence of both performance measures: average optimality gap and average constraint
violation. We compare the proposed ARNPG-EPD with the benchmarks NPG-PD and CRPO
under both performance measures on a randomly generated CMDP with a single constraint, which
are illustrated in Figure 4.1. The horizontal axis is the total number of iterations, i.e., including the
micro steps in InnerLoop of ARNPG-EPD.

Figures 4.1(a) and 4.1(b) show that both the average optimality gap and the average constraint
violation of the ARNPG-EPD algorithm converge faster than those of NPG-PD. Since the CRPO
focuses on the violated constraint, the policy becomes feasible quickly, though at the cost of an
initially slower convergence for the optimality gap. As illustrated in Figures 4.1(c) and 4.1(d), the
slopes of both the optimality gap and the constraint violation of the ARNPG-EPD algorithm in the

log-log plots are approximately between -0.9 and -1, indicating a converge rate of O(l /T).
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Figure 4.1: The average optimality gap and the average constraint violation versus the total number
of iterations, for ARNPG-EPD, NPG-PD, and CRPO on a randomly generated CMDP.

4.4.2 Sample-based tabular CMDP
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Figure 4.2: The reward values and the constraint violation with respect to the total number of
iterations, for sample-based ARNPG-EPD, NPG-PD, and CRPO on a randomly generated CMDP.

We next consider the same tabular CMDP described in Chapter 4.4.1 without exact policy
gradients. Instead, policy gradients are estimated by samples from a generative model that can
generate independent trajectories starting from any state and action pair. The assumption of such a
generative model is common [15, 16, 81].

The performances of CRPO, NPG-PD, and ARNPG-EPD in the sample-based scenario are
shown in Figure 4.2. Figures 4.2(a) and 4.2(b) display the averaged performance, while Figures
4.2(c) and 4.2(d) display the performance of the current iterate (a.k.a. last-iterate in optimization
literature). It shows that in this sample-based scenario, ARNPG-EPD achieves higher reward val-

ues with faster convergence, while all three algorithms satisfy the constraint after a few iterations.
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4.4.3 Acrobot-vl

To demonstrate the efficacy of ARNPG-EPD on complex tasks, we have conducted experi-
ments on the Acrobot-vl environment from OpenAl Gym [82]. We follow the same experiment
setup in [16], where there is a reward value to maximize, and two cost values to be constrained

below some thresholds. The superior performance of ARNPG-EPD is shown in Figure 4.3.

—ARNPG-EPD —ARNPG-EPD
_ 160 —NPG-PD —
(%] 0
%120 g
2 2
g % 80 %
g 80] —ARNPG-EPD|| 3 8
% 40 —NPG-PD || 40
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Figure 4.3: Last-iterate performance for sample-based ARNPG-EPD, NPG-PD, CRPO averaged
over 10 random seeds. The black dashed lines in (b) and (c) represent given thresholds.

Figure 4.3(a) shows that ARNPG-EPD achieves a higher reward value compared to NPG-PD
and CRPO, while Figures 4.3(b) and 4.3(c) demonstrate that the cost values of all three algorithms
are below the thresholds after a few initial iterations. We believe the superiority is due to the new

primal-dual design inspired by [83] (discussed in Chapter 4.3.2) and the flexibility of choosing

in the InnerLoop in the framework.
4.5 Conclusion

We propose an ARNPG framework to systematically integrate well-performing first-order meth-
ods into the design of policy gradient-based algorithms for multi-objective MDPs. The designed
algorithms achieve a global O(l /T) convergence rate under the softmax parameterization with
exact gradients and empirically have satisfactory performance beyond tabular and exact gradient

settings. We believe that ARNPG has potential applications in other scenarios since the general
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and flexible framework allows integration with more advanced first-order methods, currently and
in the future.

Theoretically, a natural future direction is to extend the results in an exact-gradient tabular
setting to more general settings. For example, without having access to the gradient, the policy
gradients are estimated from trajectory data in the sample-based setting. The theoretical results
in the sample-based setting should incorporate the estimation error induced by the gradient esti-
mate and quantify its impact on the convergence. Due to the KL-divergence regularization in the
ARNPG framework, the policy update may not depart too much away from the anchor policy in
the inner loop. The number of samples needed can be reduced by performing off-policy gradient
estimation [84]. In addition, it would further reduce the sample complexity by leveraging variance-
reduced techniques [85, 86]. Besides extending to the sample-based setting, it is also meaningful
to consider the function approximation setting, which can handle the MDP with large state-action

space.
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5. SUMMARY

Information-theoretic methods have been playing important roles in many fields, among which
machine learning has recently attracted a lot of attention. Lying in the heart of the information-
theoretic methods are the information-theoretic measures, such as mutual information, Shannon’s
entropy, KL divergence, etc, and we have witnessed many success stories of utilizing the information-
theoretic measures in communication, data storage, and statistics.

In this dissertation, we delve into the usage of information-theoretic measures in machine learn-
ing problems. Our research showcases the efficacy of information-theoretic measures in three
fundamental aspects: providing insightful interpretations, enabling precise characterizations, and
fostering constructive intuition. Specifically, in Chapter 2, we use information-theoretic measures
to reason and interpret the generalization error in machine learning algorithms by developing gen-
eralization error upper bounds, where the information-theoretic measures depict the relationship
between algorithm, data, and the generalization performance. Moreover, we demonstrate that
information-theoretic measures can be used for the precise characterization of algorithmic behav-
iors and the fundamental limits of sample complexities for estimation problems in Chapter 2.5 and
bandits learning in Chapter 3. Furthermore, in Chapter 4, we illustrate that information-theoretic
measures not only motivate algorithm design but also facilitate the development of effective learn-
ing strategies for addressing the challenges of policy optimization in multi-objective reinforcement
learning.

Broadly speaking, the findings presented in this dissertation emphasize the vital role that infor-
mation theorists can play in pushing the boundaries of machine learning by fostering innovation,
deriving accurate and constructive analysis, and driving the development of more robust and ef-
ficient learning algorithms. By leveraging the power of information-theoretic measures, we can
unlock new possibilities and pave the way for future advancements in the field of machine learn-

ing.
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APPENDIX A

PROOFS FOR CHAPTER 2

Proof of Lemma 1. The definition of conditional CGF implies that
Uip() = InE [eAFyU} —EE|U). (A.1)
By the Donsker—Varadhan variational representation of KL divergence, for any A € R

E\F|U] - InE [e’\ﬁ |U] < D(Pxyiull Piy) (A2)

= Iy(X;Y), (A.3)

where the equality is due to (2.27). It follows that for A > 0

Iy(X5 F) + V()

E[F|U] - E[F|U] < inf X (A.4)
= g (Io(X5Y). (A.5)
Moreover
E[F) — E[F) < E [W5 ] (Iu(X;Y))] (A6)
Ip(X; F) 4+ Us, (A

_E [inf oG E) + P >] (A7)

A>0 A

- I(XFU)+E [\IJFIU(A)]

< inf (A.8)

A>0 A
= U5, [(X: YD), (A9)

where the last inequality is by exchanging the order of expectation and infimum. The proof is thus

complete. [
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Proof of Lemma 2. By the independence of R; and Z,, we have

[n]?

(W3 Ri|Zjyy) = H(R,) — H(R{W, Z)),  T(W; Ri|Z) = H(R;) — H(R,|W, Z7").

It follows that I(W; R;|Z,) — I(W; Ri|Z7) = I(Ri; Ziy|W, ZF) > 0, which concludes the

proof. [

Proof of Lemma 3. First Z; and ZZ-Ri are both the ‘" training sample for the input of the algorithm,

thus I(W; Z;) = I(W; Z*). Then since Z;, ™, R; and W are independent given Z/*,

IW; ZE Ry) = I(W; 2%, Z7 % Ry) = I(W; Z%) + I(W; Z7 % Ry ZF) = T(W; Z[).

(A.10)

It follows that
I(W; Z;) = I(W; Z7, Ri) > I(W; Ri| Z)"), (A.11)
which concludes the proof. [

— ot
Proof of Proposition 2. Note that Iy« (W; R,) = I ;= <W _ Lt RZ-) since Z is known. With-
is assumed to be greater than Z;". Then W — 4t

out loss of generality, Z,

A .
i ——— 1S a mixture of two

Gaussian distributions with the form of V' in Lemma 4 where v = (Z; — Z;")/2. By Lemma 4,

we have

- _ 7H+\2
IZii(W;RZ-):(Zi Z) 11+o(1). (A.12)

Q02 n—

Then Theorem 5 and Lemma 5 imply

gen(€, Pwiz,,) < %ZE [qf*é—i‘lz} <IZZ¢(W; Ri)ﬂ (A.13)

i=1
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n - _ 7H\2| 77— +

P 204/n — 1 %
202 1 1
_ 7 — A.15
ViVn=1"° (ﬁ) | (A1)
which proves the proposition. [

Proof of Proposition 3. Similar to [8], we apply the ICIMI bound conditioned on the random sam-

ple path V(iry), i.e

gen(¢, Pivz,,) Ev(m){ ZEZi Ew.r, [Ri (C(W, Z7) — LW, Z)) | Z, Vi ] Vi)

_ *—1 .
“n ZEZii,V([ ‘I]F |2 Vir) (IZii,V([TD<Wa Rz)) . (A.16)
=1

In order to bound the mutual information term, for any sample path V(7)) = v((r) and any samples
7ZF = 2 consider

(Wi R;) < L, Wiy Ri)

+
Zi U([T])

:Z Z U([T]) (7_)7R7“W([7—_1}))

=1
= > Lt (Wi RIWr-1p), (A.17)
T€Ti(v(r)))
where 7;(v(r))) is the realization of 7; given V(7)) = v(r)) and the last equality is because for
fixed v(;7)) and z , R; 1s independent of W,y given W(,_y)) for the iterations when index i is not
selected. We can then continue to write

L gy Werys RilWiir—1p) = h(Wirs|Wige—y, ZF = 27, Vigyy = vqir)

Z; ’U(

— h(Win| Ri, Wiir—1)), 27 = 2 Viryy = o) (A.18)
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Let us consider the first term for fixed W, 1y = wy-—1)), and for simplicity, denote the condition

+ +
Wi = w1, 4 =2, Vi) = v (A.19)

K3 (2

as Cj (). Thus we have

+ +
AW\ Wiir—1)) = w(r—p), Z;7 = 277, Vi) = o)
= b () VEl(wir—1), 2) + 016 |Ci )

=h (U(ﬂw(ww—lw %) = iy Ve(wir—1y, 77)

— (1 — 7Ti7(7-))77(7-)vg(w(7'71)7 Zz_) + O(r)€(r)

Ci,(r)) . (A.20)
Clearly the term
Vi’(.,-) = VK(ZU(T,D, ZZRZ) — 7T¢7(T)V€(’LU(T,1), Zj_) — (1 — 7T¢7(T))V€(w(.r,1), Zl_) (A.21)

has probability masses only on two elements, and its only source of randomness is due to ;. Its

covariance is thus given by

R, +1 2
T 7 + =\ T
E Vi) VimlCim)] =E ( 5 Wﬂ) ‘Ci,(r) Cry (25)¢m ()
= 04 (m) (1)), 75 V() ) (7)) (7)1 (A.22)

Since €(;) is independent of V; ;) under condition Cj ), the covariance matrix of 7V, () +
O(r)€(r) is thus
2

MmO () (W(ir—1), 2755 0 )Gy (26 () + 0 L, (A.23)

where 1; is the d x d identity matrix. Consequently, the determinant of the conditional covariance
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matrix is

2(d—1
(08 + 18Oy (Wi 255, ) IS (O3) oy . (A.24)

Since Gaussian distributions maximizes the differential entropy for random vectors with a given

covariance matrix, the conditional differential entropy in (A.20) is upper bounded by

1 27-61',7' W([r— azg:?,U CT Z'L:t 3 d
- log (H’?() (0 (W1, 277 V) 16 (20 2 + L1og (2meat,). (A25)

2
()

W%T)E|:®i,(r)|‘<(7—)(zii)“%
2
290

+
Z; ,V<[T1>}

Recall that S; . = . The upper bound holds for any realizations of

condition C; (), and it follows that the first term in (A.18) can be bounded as

AW\ W1y, Zi7 = 27, Vi) = o) (A.26)

d
< Slog (1+E [28,, | 2F = 2, Vi) = vy ] ) + Slog (2mea?y).  (A27)

1
2
The second term in (A.18) can be straightforwardly calculated as g 10g(27T€0'(2T)), and we thus have

Lty Wiy RilWiir—1p))

Zi5v((T))

1
< 5 log <1 +E [251;

ZE = 25, Vi = vy )

)

<E [Sm

ZF = 2, Vary = vy | (A.28)

since log(1 + z) < x. Combining (A.16) and (A.28), we arrive at

*—1
\Ijﬁi\ZfV([TD (Z S”)] '

TET;

1 n
P, < — E

which is the desired result. O]

Proof of Proposition 1. For the special case n = 1, i.e., there is only one training sample, the
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CMI based bound and CIMI based bound, i.e., (2.37), (2.38), are equal. It is straightforward to

verify that conditioned on Zif, E = E and E takes (Z; — Z;")? with probability 1 and takes

—(Zy — Z;)* with probability 1. Then we have

+ (A) =Incosh ((Z7 — Z{)\).

\Ij ~
E|Z[1]

(A.29)

Their inverse Fenchel conjugate functions are equal and by the lower bound of In cosh(-) function

in Lemma 13,

(ZL =22\ (27 —=ZF)*N
2 ) 1

X n+ Vg (V) 7+ min (
*~_ — 1 > .
Va2 3

—win (5.7 (25 - 20

Since I+ (W; R;) = 1/loge, a.s.,, we have

0.2

mv/loge’

E\Z[l]

E {\I/*_li (]Zli (W; Rl))} > g% >
For n > 2, denote the mean of 7, [fb] as Z, from which we have
Z=E [W|Z;;]] .

Foreachi=1,...,n,let A; = ((Z,Z;) — {(Z, Z]"). Tt follows that

A= (7= 20) (7 + 7 - 22)

)

n

~(1-2) (@ - @) - Lol 25 g

Thus
E[A] =E[E [|A]ZF]] 2 E[|E [AilZF] ]
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(A.31)

(A.32)

(A.33)

(A.34)

(A.35)



- (1 _ l) E U (27)" = (7})" \] (A.36)
> 5F

2
127 = ZHE[Z0 + 201 = = (A.37)

where the first inequality is by applying Jensen’s inequality with respect to convex function | - |;
the last inequality is because n > 2 and Z; — Z;" and Z, + Z; are independent; the last equality
is calculated using the fact that | Z;” — Z;"| and |Z; + Z;"| follow the folded Gaussian distribution.

In addition, we can write

E [g(ﬁ/’ 7Y — (W, Z*)]Z[n]} E [(Z; ~Z) <Z{ + 2 2W) VZ[TL]]

—(z7 - z) <Z; + ZF —9E [W|Zﬁ]) = (Z7 —Z) (27 + 2 —22) = A, (A38)

where the last equality is by the representation of Z in (A.33).
We can then lower-bound the CMI based bound (2.37) for this problem. The function ¥ 5, z2, (A)

satisfies

Ugze (A) = mE :exp ()\E . AE[E]) : ] (A.39)
=InE exp( ZR —K(W ZH) ) ‘Z[jg] (A.40)
— InE exp( ZR oY — oW, Z)) ) ’Z[i )Z[n] (A41)
[ A

> InE exp< ZR (W, Z7) — 6(W, Z1)) ‘Zi Rpn )‘Z[n] (A.42)
- N

—E [[exp (—RiAZ) ‘Z;] (A.43)

n

Li=1

=Y hE {exp (%RZAZ-) ’Z[ﬂ (A.44)

=1

& A = A A AA]
= | h{—-A;)> 1, —— . A.45
ZZ:; 11 COS (n ) > me( o > o ( )
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The first equality (A.39) is the definition of ¥z, z2, (A); the second equality (A.40) is by E[E] = 0;
the third equality (A.41) is by the law of total expectation; the first inequality (A.42) is by Jensen’s
inequality with respect to convex function exp(-); the fourth equality (A.43) is by (A.38); the fifth
equality (A.44) is by the independence of R[n] conditioned on Z=; and the last inequality is due to

Lemma 13. Its inverse Fenchel conjugate function can thus be lower bounded as follows.

1 N+ Vg (V) n Ly min (1, 230) 2
* —inf — W T S _
oz, ) =g —— — 2 B2 X (A.40)
1 : AlAil ) A[A]
I, w7 tmin (1» 2n ) 2n - 1A VAlA
>N > =, :
=3 inf . > ;ml < e ) (A.47)
Then since I,+(W; Rj,)) = n/loge, a.s. and U B Zi is non-negative, the CMI based bound satis-
fies
E [0, (1 s (WiR ZE ’ A (A.48)
Bzt \ 7, (m)) " VIogen '
0_2
>N"R : A.49
Z [ logen} — m/loge ( )

where the last equality is by (A.37).
Similarly, we can lower-bound the CIMI based bound (2.38). The function ¥ 5, zt (A) satisfies

g (V) = InE [exp (ARi(f(W, Z7) — oW, Zj))) ‘Z;;]] (A.50)
PYAVIRWIRVAY
= Incosh(A\A;) > min (1, %) % (A.51)
The inverse Fenchel conjugate functions can be lower bounded as
p-+min (1, 25:0) B2
*~71 > 3
Vi, ) 2 1 5 (A2
1A 2 A7
R ASE oA
- (iﬁ% R (A3
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= min (%, \/ﬁ> |A]. (A.54)

Since W% | . (n) is non-negative, and I+ (W; R;) = 1/log e, a.s., the CIMI based bound satisfies

2
o
—>» E W R, . A.55
Z { ( ))] 2yl ogenZ m/loge ( )
We can now conclude that the CMI and CIMI bounds in this setting are both at least #\/%. [

Proof of Lemma 4. By the representation of the differential entropy of mixed Gaussian distribution

n [87], we can write

I(V;R)=h(V) - h(V|R) = o* — I(a), (A.56)

where o = | | and

2
V2T

I(a) = ——=e /2 / e~"/2cosh(at) In(cosh(at))dt.
0

Since for any x € R, by the Taylor expansion,
1
1+ 22/2 < cosh(z) = (& +e) < e /2, (A.57)

it follows that for any o < 1,

2 _g—a?/2 I e ¥/2cosh(at) In(cosh(at))dt

2 —a?/2 [ —t2/2 a?t?/2 a>t?
Tom e fo e e 5 dt

< Vor

- < ~ (A.58)
1 2 > 2 2 1 2
_ —a®/2 2 —t*(1—-a®)/2 34 __ —a®/2
= ——c¢ t°e dt = ———e¢ , A.59
V2 0 2v/1 — a2 ( )
and take the limit of &> — 0 on both side,
_2_=a®/2 [ o=*/2006h(at) ] h(at))dt
e e cosh(at) In(cosh(a 1
g F5 I o) n(coshata 1 oo
a2—0 a 2
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In addition,

\/%—We“w? [2° e /2cosh(at) In(cosh(at))dt

> (A.61)
\/%76*0‘2/2 I e /2 (1 + #) In (1 + 2t2> dt
> 5 (A.62)
a
take the limit of o> — 0 on both side,
—2_e=*/2 [ o="/2cosh(t) In(cosh(at))dt
e e cosh(at) In(cosh(a
N el (o) Infosho) o)
a2—0 o
Lo [ et (14 28 i (14 28 at
e e n
> fim 7 - S (A.64)
a2—0 «@
1 2t2
_ 2 [Tt (H ) . <1+ >dt (A.65)
Ver Jo a?—0 a? '
1 o 2 1
=—— | e V4t ==, A.66
5= /. 5 (A.60)
where the first equality is by exchanging the limit and integral because function w is

monotonically increasing for 2 > 0 and lim,2_,g e~*"/2 = 1. Thus the Taylor expansion of () is

1
I(a) = 50? + o(a?), (A.67)
plugging which in equation (A.56) completes the proof. [

Proof of Lemma 5. Given 7= = 2. € Z?, W; and W are identically distributed. Drop the index i

and write W; as TV for simplicity. With probability 1/2, W~N (— 1y ) and with probability

n’ n?

1/2, W ~ N (=, 2516?). Forany A > 0,

exp (Ve 7., (V) (A.68)
=K [exp ()\R (E(W, Z) = (W, 24 ))] (A.69)
—E [exp (AR (z — 2 42z _)va (A.70)
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1
2
1

2

1
< <§ exp (2)\\z+ —

+
=

DN | —

+

2

=—FE [exp (2/\(z+ —z)

[exp (2)\(2, — 24)

Zf‘z_*|

n

1 1
<exp (20’2)\2(2+ —z_)? (ﬁ - ﬁ))

- exp <2)\|z+ —z_|

2

<exp (202)\2(z+ - z_)21)

- exp <2)\|z+ —z_|

max(|zy [, [z-|)

)

2

n

maX(MHZ\))

)\2
- exp (5(23 — 21)2) ,

where the last inequality is from $(e” 4 %) < e**/2. We have for any 7 > 0,

1
*—1 _ 5
Vit = i {5 (1 9, )

) 1 A 2 _
S

v

2\ 2
)+

It follows that if | Z;"| # | Z;|, take A\ = e

202\
n
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+ 202 (24 — 2_)

W)] exp (A(z2 — 27))

W)] exp (—A(z2 — 23))

on—1 ,
O
n

-1
exp (2)\]z+ — z[% +2X%(z4 — 2)2%02) )

. (1 exp(A(22 — 22)) + %eXp(A(Z'i B Z2>)>

(Gom - )+ Gemr - )

dmax(Z;}, Z;
+

n

>2}.

(A.71)

(A.72)

(A.73)

(A.74)

(A.75)

(A.76)

(A.77)



and if Z;" = Z;, take A — +o0,

vl L(n) < : (A.78)

and if Z = —Z;" # 0, take A = 52 /7,

. 2 4(Z7)?
Ve e (m) < doy [ ZRIZE | + ) (A.79)

n

Lemma 13. The function In cosh(z) is lower bounded as

ol

5 (A.80)

In cosh(x) > min (1, @)

Proof. When |z| > 2, L (e% + ¢7®) > Lel#l = €22l#l/2 5 clal/2_ Take In on both, In cosh(z) >

%‘, |z] € [2,00). When |z| < 2, it is straightforward to verify by calculating derivatives that the

function tanh(x) — 5 for 2 > 0 is increasing then decreasing. Since tanh(0) = 0, In cosh(z) — %,

whose derivative is tanh(z) — 3, for > 0 is increasing (then decreasing but is not needed here).
Since In cosh(0) = 0 and In cosh(2) — 1 > 0, by the fact that In cosh(x) — % is an even function,

we know In cosh(z) > %2 for any |z| € [0,2]. We then conclude the proof by combining both

results. L]
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APPENDIX B

PROOFS FOR CHAPTER 3

B.1 Proofs for Chapter 3.2
We will need the following well known inequality frequently.
Lemma 14 (Hoeffding’s inequality). Let Xi., be n independent random variables follow some

o%-sub-Gaussian distribution with mean 1. Let [i be their sample mean. Then the following in-

equalities hold

P(ii—p>e)<eat, P(h—p<—e) <e 2. (B.1)

Lemma 15 (Restate Lemma 6). For any m > 2, Ent(c2.) < 81In(m).

Proof of Lemma 6. For any choice of ¢,. Let 55 = ZZeG, o? foreach i = 1,...,k. By the

grouping property of entropy, we have

Ent(02,) = Ent(sy.) + Z Ent(o2) (B.2)

< Ent(s1.) + In(2m), (B.3)

where the inequality is due to the principal of maximum entropy.

For j = 1,...,k, if |G| > 0, we have 2071 < s;/0% < 2m27, otherwise s; = 0. Without
loss of generality, assume ¢? = 1 and s;, > 0. Let s1.; be the assignment with the largest entropy
Ent(sq.x). If there are only 2m non-zero si.;, we have Ent(sy.;) < In(2m) and the lemma is

already proved. When there are more than 2m non-zero s;.;, we have

k—2m+1 k—2m+1
Y osp<2m Y Y =4m(2P - 1) < amaberm (B.4)
j=1 Jj=1
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and s, > 281 It follows that

k—2m+1 Zk—Qm—f—l ] k

j=1 Sj
Z S B — k—2m+1 Zsj (B.5)
=1 D ick_omya Si +Z Sj j=1
zk 12m+1 5 k Am2k—2m+1 k
< J Z 5; < Z S5 (B.6)
— k—2m+1 J — —9m J
Sk +Z + 555 k=1 | 4y 2k—2m+1 p=
4m2—2m+2 k
- 1 + A4m2-2m+2 Z 55 (B.7)
j=1
We can then write
k—2m—+1 Zk*Qerl )
Ent(s;.) = Ent( Z Sy Sk—2mt2:k) T %Ent(slzk72m+l> (B.8)
j=1 j=153j
4m2—2m+2
< In(2m) + 71— Ent(s1a), (B.9)

where the equality is by the grouping property of entropy function, and the inequality is by
Ent(s1x_om+1) < Ent(s;y) since si is the optimal assignment in terms of the largest en-
tropy with &k subsets, thus assignment $i.;_o,,+1 has smaller entropy. It implies Ent(s;.;) <

(1 + 4m272+2) In(2m) < 31n(2m). We thus have Ent(c2,.) < 4In(2m) < 81In(m). O

B.2 Proofs for Chapter 3.3
Lemma 16 ( Restate Lemma 7). Let w; = ¢ an 5, the weighted naive elimination algorithm

takes

82 (m— —I—Ent(aln)) (B.10)

ze[n]
samples, and solves the (e, §) top-m arm identification problem for any e > 0 and 0 < § < 1.

Proof of Lemma 7. The stopping time is clearly

n

207 1 2107 1 2
Z (2)? In o= 86—2 (ln 5 + Ent(alzn)> . (B.11)
i=1 !
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After the arms have been pulled and the reward observations collected, by Hoeffding’s inequal-
ity (Lemma 14), we have P(j1; < p; — €/2) < w; forany ¢ € [m] and P(i1; > p; +€/2) < w;
for any j € [n] \ [m]. Since ), w; = 4, the union bound implies that the event & = {fi; >
wi —€/2,Vi € [m)} N {f1; < p; +€/2,Vj € [n] \ [m]} occurs with probability at least 1 — 4.

Suppose event £ occurs. Consider a threshold i, — €/2. Firstly, for any ¢ € [m|, g; >
Wi — €/2 > i, — €/2. In addition, any j € [n]/[m] with {i; > i, — €/2 must satisfy p; +¢/2 >
ftj > iy — €/2, which implies y1; > i, — €, i.e., the j-th arm is e-approximate top-m. In other
words, any arm with a sample mean greater than the threshold i, — €/2 must be e-approximate
top-m. Since there are at least m arms with sample means greater than p,,, — €/2, the m selected

arms must be e-approximate top-m. [

Lemma 17 (Restate Lemma 8). For any 03,,,, if maxcjn) 07/ minjepy 07 < 2, the MedElim algo-

rithm has an expected stopping time

2
o) (ZE#U (m% + 1n(m))> . (B.12)

Moreover, for any m’ < m, the MedElim algorithm satisfies the (e, "—‘/5) top-m’ condition.
m

Proof of Lemma 8. We study the stopping time and accuracy separately.

Stopping time analysis: Recall that 7 = — <[t is clear that the size of the candidate set S

j€ln] 95

decreases as |Sy| < % The sum of variances in the candidate set S, decreases as follows

2 =N 2 =T =5 (B.13)
2iem %5 e € no 2
This implies that

Ziese o7 16° ZiESg o < & Z:‘L:l o}
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The (random) total number of samples is thus upper bounded by

S 22 e, 01, (M
SN = ZTZ)an (57) (B.15)

0=1 i€S, (=1
_144 Z?:l 01'2 = 8¢ 4m
§r€—2;@ £1n(2)+1nT (B.16)
mog2 1
- (FZ:—QIU <1n— +ln(m)>) , (B.17)
€ 0

with probability one. Thus the expected stopping time is of order O (f Z%Q]U% (ln % + 1n(m))> .

Accuracy analysis. Take an arbitrary ¢ > 1 with |S;| > 2m. Fix some m’ < m. Let
14,2y, ..., mj be the indices of the top-m’ arms in S, obtained in iteration-(¢—1). For any i € [m/],
by Hoeffding’s inequality (Lemma 14), we have P(f;, 0 > p;, — €/2) > 1 — =4,. Define the
event & = {Vi € [m'], fu,+ > 1, — €//2}. By applying the union bound over i € [m/], it is
straightforward to verify that P(&,) > 1 — %5g.

Conditioned on event & occurring, consider a threshold p,,, — € /2. Tt is clear that for any
i € [m'], fli,e > pi, — €/2 > ppy, — €/2. Thus any arm in {1,,...,m;} has an empirical mean

greater than the threshold Lol — €1 /2. In iteration-/,

Sy, 1| arms with the largest empirical means

are selected from set S,.

* If the selected arm with the smallest sample mean min{/i; , : i € Sy41} is less than or equal
to the threshold, then all the arms in {1,,...,m;} must be selected and they are still the

top-m’ arms within Sy ;. It implies that Pamly = Hanly > fhan), — €¢.

* On the other hand, if the selected arm with the smallest sample mean is greater than the
threshold, some arms in {1, ..., m,} may not be selected. Define the set of bad arms B, :=
{ieS: < Pty — €¢}. A bad arm will be selected only if its empirical mean is greater
than the threshold. Denote the set of bad arms with such overestimated sample means as
Npwe =4j € B+ fij0 > [, — €¢/2}. Then there are at most |V, 4| bad arms in
Se1- I [Ny ol < |Seq1| — m/, at least m’ good arms remain in Sy, which guarantees

Ponly, 2 Hanfy — €¢-
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These two situations indicate that conditioned on &, | Ny | < |Spp1| — m' implies [l =

o), — €. It follows that

P <Nm2+1 < K, — 62|£E> < P(le’,é| > ‘SE+1’ —m’ + 1|5£)
E[| Ny o] |E]
S| —i+ 1

where the second inequality is due to Markov inequality. The expectation can be bounded by

B[N oll€] = D P ({10 > pr, — €0/21€2)

JE€By

= Z P (e > pmy, — €0/2)
JEBy

<Y P (fije >+ €0/2)
JEBy

NG
< (1Sl = m) %,

where the equality is because & is defined by the samples of arms in [1,, . .., m}] which are inde-
pendent from the samples of arms in By, the first inequality is by p,,, > p; for j € By, and the
last inequality is by applying Hoeffding’s inequality to each ji;,;, 7 € By and |B,| < |Sg| —m/. We

thus have

55 |Sg|—m/

m|Se| —m' + 1

5g |Sg|—m

- E‘Sz+1| —m+1
Op 2|Sg+1| +1—m

- E |Sg+1| —m+1

(Sg m—l
=% (9

m( +|sg+1y—m+1)

¢

m—1
< -2+ — by |S, > 9
< (+2m—m+1> Y [Se1]| > 2m

P (umgﬂ < oy, — €e|5z> <

bym' <m

by |Sg| S 2|Sg+1| +1

m
30,
m
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It follows that

P (Mm;H < Pnly — ee> =PE)P (,umz+1 < fmt, — e£|€> + P(E)P <Mm2+1 < iy, — ee|€c>

<P (,MH < iy — eg|5) +P(E)

35@ m/(Sg 4m’
+ <

< dp.
m

m m

The argument above holds for any ¢ > 1 with |Sy| > 2m. The parameters satisfy

o0

S e= 52(3/4% e, D 46 =0) (1/2) =4
/=1

/=1

The returned arm set is R = Sy« for certain ¢*, and thus with probability at least 1 — %5, the final

returned arm set R satisfies

m’ _ m/
maX;cpHi = MaAX jcg,, Hi

> m’
< MaX ecg,,  Hi — €=—1

> ...
-1
m/
2 MaX jeg Hi — E €¢
=1

> max g, Ui — €.

The proof is thus complete. ]

Calculation in the illustrative example. Recall the illustrative example, where log(m) = k and
log(n) = k* for some integer k > 2 and ¢ = [log(k)]. Among these n arms, there are 2 arms
with the same variance 27 for eachi = 0,1,...,¢ — 1, and the rest n — Zf;é 2l = ok _ ol 1]

arms have the same variance 2~*°¢/k. Then G™ is the set of arms with variances 2-*°¢/k, and G
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is the set of arms with variances 27 fori = 0,1,...,¢ — 1. It is seen that

> o= (2" -2+ 1)27F k= 0(/k),

JjEG™

Y o= Zzlz t = ¢ = O(log(k)),

jEG!
which implies ., o 2 = O(log(k)). Furthermore, we can calculate that
¢

Ent((fél ) =

i

1

Qii_i (@) = 22 (¢~ 1) - o(¢) = O log (k).

I
o

Furthermore, we can calculate that

Y of=2m2 ek + )y of =27 4 0= 6(() = ©(log(k)).

JEGT JEG!
Then the entropy values can be calculated as

2 ject 95

EjeG"/Gl UJQ' ]
Z]EGT ]

2
ZjeGT g;
2
2—Ic +1€

!/
= =——n2m)+ =——
ZjeGT ‘7]2' Zje@ U

—0 (2*21{; + Ent(aél))

Ent(c}.) = Ent(0%, /i) +

= O(Ent(cz.)) = O(log(k)),

and Ent(c%..) = O(k?) implies

2 2
Z]EGm JE t Z

Ent(o? ) = S (02m) + ﬁ]ﬂ t(02,)
o YE e _
e (log(k)k +1 g(k)) o(k).
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(B.27)



B.3 A More Adaptive Median Elimination Algorithm

Let us sort o2, in decreasing order, and denote the sorted variances as 67,,. For each ¢ > 1,
define hy := max{j > m: 37,1167 < 57 e, 07} if the set is not empty, otherwise by = m.
Let /* ;== min{¢ > 1: hy = m}.

Define a ratio

hA
r:= min 2 (B.28)

Algorithm 7: Adapted-MedElim(c?,,, m, [n], €, §)

sInitialize S; = [n], { = 1 and ¢, = (6/3)%’ 5y = g_g
for(=1,2,...,0*—1do

2
Pull arm-¢ ¢, , = (5;42)2 In % times and calculate their sample mean /i; » for each ¢ € S,
Update candidate set Sy = arg maxg:ehséjl flis

Return: S-

In the homogeneous setting, the MedElim algorithm halves the complexity of the problem if
the candidate set is halved. However, it should be noted that in the heterogeneous setting, simply
halving the candidate set may not be efficient since the complexity would depend on the sum of
the variances, instead of the number of the candidate arms. We can instead aim to half the sum of
the variances of the candidate set. This discrepancy is less pronounced when the heterogeneity is

low, and thus the MedElim algorithm performs reasonably well in such cases.

Lemma 18. The algorithm is valid and has an expected stopping time

o? 1 1
o) = (mg +In(m) +In ;> . (B.29)

1€[n]
Proof of Lemma 18. We study the stopping time and accuracy separately.
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Stopping time analysis: First, notice the sum of variances in the candidate set decreases as fol-

lows:

~2

’LES[O- 2 16 hz]a 2 1 - 2
> a7 =S 5 Y 07 < S aiSWZUi. (B.30)

€Sy i€[n] of i ieln] of i€[n] i€[n]

This implies that

2 n
Dies, 01 _ 416 Dies, 01 < 72_86 2in10i
(€0/2)? 9¢ €2 9t €2

(B.31)

The stopping time is thus upper bounded by

ZzESg 01'2 m

(=1 ieS, (=1

€2 9¢ o
S o? 1 1
=0 (—2 (ln 5 + In(m) + In Z)) : (B.34)

€

n Y4
3 %28 (4@ +m 2 ) (B.33)

The expected stopping time is of order O ( L (ln +In(m) + In %) > .

Accuracy analysis. Take an arbitrary ¢ € [¢(* — 1], and it is clear that |S,| = h, > m. Fix
some m' < m. Let 1,,2,...,m; be the indices of the top-m’ arms in Sy, respectively. For any
i € [m/], by Hoeffding’s inequality (Lemma 14), we have P(i;, ¢ > 1;, — €,/2) > 1 — L6,. Define
the event & = {Vi € [m/], [, > pi, — €,/2}. By applying the union bound over i € [m/], it is
straightforward to verify that P(&,) > 1 — %64.

Conditioned on the event & occurring, consider a threshold y,,,, — € /2. Tt is clear that for any
i € [m'], flie > pi, — €/2 > iy, — €/2. Thus any arm in {1, . .., m; } has empirical mean greater
than the threshold j,,,, — € /2. |Se+1| = heyy arms with the largest sample means are selected from

set Sy.

o If the smallest selected sample mean min{/i;, : i € Sy41} is less or equal to the threshold,

all arms in {1,,...,m}} must be selected and they are still top-m’ arms within Sy;;. It
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implies that [l | = Hamly > an), — €e-

* On the other hand, if the smallest selected sample mean is greater than the threshold, some
arms in {1,,...,m}} may not be selected. Define the set of bad arms B, := {i € S; : u; <
oty — €¢}. A bad arm can be selected only if its empirical mean is greater than the threshold.
Define the set of such overestimated bad arms as N,y = {j € B; : i, > [, — €0 /2}.
Then there are at most | N,/ ¢| bad arms in Spy1. If [Ny o| < [Spi1| — m/, at least m' good

arms remain in Sy 1, which guarantees fans, > Yy, — €

These two situations indicate that | N, o| < |Spy1| — m/ implies M), 2 Homl, — € conditioned on

&y. It follows that

P (jumy,, <ty — €0le) <P (Nowsl > [Sesa] = ' +1/87)
E[| Ny o] |E]
T Ser| i+ 1

where the second inequality is by Markov inequality. The expectation can be bounded by

R )
B Now el = D P (i > o, — €0/20E0) < (1Se] =)

JEB:

where the inequality is by Hoeffding’s inequality and | B,| < |S,| — m/. We thus have

5@ |Sg|—m/
P(m/ < o, — 8)<—
oy < oy, = €2l ~ m Sk —m'+1
(54 hg—m/

Eh@rl -—m'+1

(5@ he+1/7”—m/ 1
< - by hy < =h
T mhpg —m' +1 Y é_féﬂ
b (1 (1/r—1)m'—1/)r
==<(>+
m \r hegr —m/ +1
<Xt (U= =) byhes Zmzm
m
m/(Sg
= 1/r—1).
—(1/r=1)
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It follows that

P (Mm;H < Pnly — ee> =PE)P (,umz+1 < fmt, — e£|€> + P(E)P <Mm2+1 < iy, — ee|€c>

<P (,MH < iy — eg|5) +P(E)

/ / 1 /
< MOy gy gy ML
m

m rm

The argument above holds for any ¢ > 1 with |Sy| > 2m. The parameters satisfy

The returned arm set R = Sy« for some ¢*. With probability at least 1 — %5, the final returned arm

set IR satisfies

m/ o m’
maX;cpHi = MaAX jcg,, Hi

> m’

> ...
-1
m/
2 MaX jeg Hi — E €¢
=1

> max g, Ui — €.

B.4 Lower Bound Proofs for Chapter 3.4

Define Z(0%.,,) := {(jt1:n, 0%.,,) © p1.n € R™}. When o7, is obvious in the context, we simply
write Z(o%,) as Z. The sample complexity of the approximate top-m identification problem under

algorithm inputs (e, §, m, [n], 03.,) is

SC(e,8,m,[n],02,) :=inf sup E;[T%, (B.35)
I€T(0?,)

116



where the infimum is taken over all valid algorithms, the supreme is taken over the instance class
Z(o2,) == {(p1n,0%,) : p1.n, € R™}, and the subscript I in the expectation E;[-] indicates that it

is with respect to bandit model 1.

Lemma 19 (Restate Lemma 9). For any two probability measure P, () on the same measurable

space (0, F), if € € Fwith P(£) > 1 -6 > Q(E), we have

_D(Pl|Q)

Q(€) = Bs)e T, (B.36)

_ Ent(8,1-6)

where D(-||-) is the Kullback-Leibler divergence and B(§) = e~ -5 is a strictly decreasing

function with B(0.1) > 0.69.

Proof of Lemma 9. Let Dy(p,q) = pln%” + (1 —p)ln 1%2 be the binary KL-divergence. Since

P(€) > 1 — 4, by the data processing inequality for the KL-divergence, we have

D(P|Q) = Dy(P(£),Q(E)) = Dy(1 —6,Q(E)) (B.37)
>(1—5)1n1_‘5+51n5>(1-5)111@ (B.38)
Q) - Q) '

where the second inequality is due to P(£) > 1 — § > Q(&), and the fact that Dy(p, ¢) is mono-

tonically increasing in p in the range [g, 1] for any fixed ¢. We thus concludes that Q(E) >
D(PIIQ)

B(d)e . O
Lemma 20 (Restate Lemma 10). Fore > 0, 0 < 0.25, m < n/2, (03)iep), SC(e, 6, m, [n], 01.,,) >

1—;267)*, where v* is the optimal value of the following optimization problem:

B(6
maximize: Z (Z UM\{l}UIQ) (ln ((5 ) + Ent({nM\{l}af}leM)) (B.39)

McC[n]:|M|=m \leM

subject to: Z nr=1 np>0,VE CI[n],|F|=m-—1. (B.40)
FCn]:|F|=m—1

Proof of Lemma 10. We have shown in Chapter 3.4 that SC(¢, §, m, [n], 0., is lower bounded by
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the optimal value of the following optimization problem:

inimize: t B.41
minimize FCn): |F| 1, IZF Z I,F.j ( )
J¢FU{l}

subject to: Zexp (—tiangiyi/0i) <0, VM C[n],|M|=m, Vi ¢ M, (B.42)

ieM
where 0; = 1= 5)UZ ,Vi € [n] and &' = . This problem is equivalent to the following convex
optimization.
rrtlin T (B.43)
s.t. > oty <T, YFC\{}:|F|=m—1Vl€ ] (B.44)
JEFU{l}
> exp (g i/0:) <8, VM C ]\ {I} M| =m, Vi€ n]. (B.45)
ieM

For simplicity, we use notation } ; . and »_, ,, to indicate 3 ;.0 D~ p pup (i3 Flmm—1 30 D _1c () 2 n1c ]\ fi: | M| =m>

respectively. The Lagrangian of the optimization problem above is

L(t,7,m,\) =1+ Z m,F Z tipy— 7|+ Z ALm (Z exp (—tiangiyi/0:) — 5/)
LF

JEFU{l} ieM

(B.46)

It 1s straightforward to check the optimization problem satisfies Slater’s condition by assigning
large enough ¢, r; and 7 values. Since the optimization problem is convex, the optimal value
equals to sup, , inf; ; L(t, 7,7, A) according to the strong duality. For the saddle point, we must
have Zl,F m.r = 1, orelse inf, ; L(t, 7,7, \) = —oo. Decision variable 7 can thus be omitted. Let
L(t,n,A) = L(t,7,m, A) by restricting ), . m,# = 1. The derivative can be calculated that

dL(t,n, A ALFus
M = 77l,F — LU exp(—tl7p7i/9i). (B47)
dt; p; 0;
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It implies that when n, > 0 and A, pugiy > 0, tp; = 0;1n L““} Define In(0) = —oo and let

0 - 0o = 0. The extended real valued function g(n, A) for ZLF mr=1,mr>0and N\ >0, is

g, A) = metn, Zmp Z an)\lFu{}—ZmF Z 0; In(ny, ¢0;)

IL,F ¢ FU{l} ILF ¢ FU{l}
+> (Z M\ {iy0i — 5/)\1,M> : (B.48)
LM \ieM

This dual function has two set of variables, however one of them can be eliminated explicitly
as follows. For fixed n’s with Zz, M = 1and n, p > 0, the function is separable with respect
to \’s, and thus we can maximize ¢(7n, \) by optimizing each individual ), separately. It is
straightforward to verify that \; ; = (ZF,i:FU{i}:M 7]1,ng> /.

Since n’s, 0’s and ¢’ are positive, the assignments of \’s are also positive, which satisfy the

constraints in the dual program. Plug it into g(7, A), we have the induced objective as

ZF”F’ ir=rufiy M0
gm) =>_"mr Y. 6in ;;;H o (B.49)

=>.> > mrbiln L rrotey=rogy el (B.50)

Y
F i¢F 1¢Fu{i} m,ri0

and the dual variables 7)’s lie in a probability simplex.

Further constraining the problem by requiring np := (n — m)n, p for all [ ¢ F reduces the
number of dual variables, but does not change the fact that any valid assignment of ng’s will
provide a lower bound to the original primal problem. The following restricted objective will be

considered:

ZF’ gy =rufiy PO
=22 > b —y (B.51)

F gk 1¢Fuli}

A i A . 01
=3 e 1 ®.52)
F igF nr0i0
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The optimal value of the optimization above is lower bounded by

B(o
maximize Z ( (Z nM\{j}0j> (Ent({nM\{j}U?}jeM) +In %) > (B.53)

McC|n],|M|=m JjeM

subject to Y wp=1, np>=0,YF C[n],|F|=m-1. (B.54)
FC[n]:|F|=m—1

The lemma is proved. [

Recall that the optimization in (3.25) is

maximize: > (Z nM\{l}a?> Ent({nan 107 ien) (B.55)

McC[n]:|M|=m \leM

subject to: Y wp=1, np>0,VF C[n],|F|=m-1. (B.56)

FC[n]:|F|=m—1

Lemma 21 (Restate Lemma 11). The optimal value of the optimization (B.55) is lower-bounded

by § 3 icqm o) In(m).

Proof of Lemma 11. The objective function of equation (B.55) can be written as

2
Z Z 77FJ,2 In (ZF’U{j}—FU{i} NF 0 )

FC[n]:|F|l=m—1i¢F Nro;

f N . /0'2.
= Z Z 77F‘7i2 In (ZF ui}=rutiy 1 J) (B.57)

ic[n] FrigF NFEGi

For any F' C G™ with |F| =m — 1, let np = icr o »; and for any F' ¢ G™ with

ZF’CGW|F/|:m71 HjEF i

|F| = m — 1, set np = 0. In the following analysis F' indicates subset of G™ with |F| = m — 1

and E indicates subset of G™ with | E| = m — 2. Items in (B.57) can be lower bounded as follows.

n(m) > o7 > nr (B.58)

ieGm  FugF

> rigr Lier of
=1In(m) ) o2 gl L le (B.59)
Z;};ﬂ > rier ier 07 + X pigr Lier o7
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2 —1
nm 2o > piagr Llier of ( :

it 32 ot (om0 S5 )

i

2
=In(m) Y _ o7 | (m— 1)o7 2pige e +1 (B.62)
ieGm ZE:z‘gE HleE o} (ZjeGm\E\{i} Uf‘)
-1
2
>n(m) Y of | (m—1)o7 2pllier 0 +1 (B.63)
ieGm >pllierof (mmF:iGF ZjeGm\F Uﬂz)
-1
— 1)o?
= In(m) Z o7 2(m )oi S+1 (B.64)
ieGm ZJEG’” 0j — MaXpier ZleF o

where the last inequality is by Y com g\ iy 07 = Milpier Y jcqm p o) for any €. Recall the
definition of G™: there are GGy, groups partitioning [n] and G = Ujg,/>2mGj. Consider the
group Gy C G™ with the largest index &' < k. Since the heterogeneity within group G,/ is at

most 2, we have max;cgm 07 < 207 for any j € Gy Then for any F C G™ and any i € G™,

— 2 — 2 — 2 — _
(m2 1)o; _ (m 1)(712 < (m 1)012 < 2(m —1) < 2(m —1) <2 (B65)
djeem 05 = 2uerOi  Djecm\F 05 ZjeGk/\F o = |Gy \ F| m+1

where the first inequality is by Gj C G™, the second inequality is by 07 < 20]2- for any j € Gy,

and the third inequality is by |G}/| > 2m. It follows that

In(m) 3 o? (2 {m — Do + 1> (B.66)

2
jegm 0f — MaXpier ZleF 0;

1
> In(m) 203 2+1)' = 5 In(m) ;a]?. (B.67)

]

Lemma 22. There exists some constant 0 < ¢ < 1, that for any choices of 0%, Ent(c?) >

dEnt(cg,) — ¢ In(2).
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Proof of Lemma 22. By the grouping property of entropy, we have

Ent(0Z.) = Ent(} o2, Y o) (B.68)
jeL i€GT\L
DicL o} 2 > el o}
+ === Ent(o]) + | 1 — L Ent(ogm ) (B.69)
ZjeGT 0_32 L Z]eGT ) G"\L
2 ZieL 22
<In(2) + Ent(o7) + | 1 - &= | 8In(m) (B.70)
ZJEGT j
< In(2) + 33Ent(07), (B.71)

where the first inequality is due to the principal of maximum entropy and Lemma 6, and the last

inequality is by Lemma 25. U

Lemma 23 (Retate Lemma 12). Let np = (wf’f’l)_lfor any F C Lwith|F|=m — 1andng =0

otherwise. There exists some constant ¢ > 0.005. The objective of optimization (3.25) is at least

> e 07Ent(0g:) —In(2) Y, 07

Proof. Recall L C G" with |L| = 2m is the subset of arms with largest variances within G". For

any M C L with |M| = m, by the grouping property of entropy function we have

2 2
. a; 7 (2
Ent(o7) = Ent( Z o2, Z ~ ZLM;Ent(aﬂ) + Ze$Ent(aL\M) (B.72)
iEM  jeL\M ZJ'GL 9j Z]GL J
D icm 0% ZieL\M o7
<In(2) + LEnt( )+ —=————Ent(c}, ), (B.73)
Z icL 9; ZjeL ‘792‘ ar

where the inequality is by the principal of maximum entropy. Multiply > el O'] on both side, and

we have

Z U?Ent(a?w) + Z O‘Z»QEHt(O‘%\M) > Z a?(Ent(af) —1In(2)). (B.74)

ieM 1€L\M JeL

Since |M| = |L \ M| = m, summing the inequality above for each M C L with |[M| = m and
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2m
m—1

multiplying by 2077 gives us

Z (2}71)203Ent(0§/[)2 (;nm) (Ent(o?) — 1n(2))za§ (B.75)

McCL:|M|=m \m—1/ ieM 2(m—l) i€l
1 s In(2) 2
> 2(Ent o?) ZO’ = —Ent )Zai - TZQ (B.76)
i€l i€l €L
1 ,Ent(c.) —In(2) In(2) 9
=520 33 T Z 7i ®B.77
€L ’LEL
o Ent( JGT 2 In(2) In(2) 5
>~ Z Z —- 20 (B.78)
zEGT ZEL i€l
P 174 > olEnt(og) —In(2) ) o7, (B.79)
ieGr i€l

C)

where the second inequality is by () > 1, the third and forth inequalities are by Lemma 22. []
m—1

B.5 Supporting Lemmas

Lemma 24 (Lemma 5.1 in [37]). Given two bandit instances I = (pi1.,,0%,,) and I' = (i), 072.),
and let P; and Pj: be the probability measure associated with the bandit instances, respectively.
Then for any algorithm A with the number of pulling for each arm-i as T/, which is a random
variable, let T be the bandit process and let P 1.+ and Pp . be the probability measures induced by

74 on instance I and I', respectively. We have

PIAHIEDI' ZEI TA M% z)||N(luz7 g; )) : (B.80)

Lemma 25. For any o2, , we have geﬁL > 1 . In addition,
: JjEGT

(1 — ZE—Lz> In(m) < 4Ent(o7), (B.81)
Z]GG’" J

for some constant ¢ > 0.

Proof of Lemma 25. Suppose the minimum variance in o2 is 62. Let o = 227”&2;2 € (0, 1], which
€L Y
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implies } ., 07 = 2ma?/a. In addition, 3 ;07 < 2ma? 3777 27" = 4ma?. It is straight-

jEGT

forward to verify that

dien 0 2ma? o 2ma? [ 1/
Yicar 00 Yieann 0) +2ma?/a T 4ma? +2mat/a 24 1/a

1
> — B.82
Z 3 (B.82)

which proves the first statement. It follows that

g2 1 2 2
1— ZL% <1- fe _ < ' (B.83)
> jear O 24+1/a 2+1/a 1+1/a
By concavity of entropy function, Ent(c7) > Ent (1 — 221, 2 2 ... .2 Tt implies that
(1+1/a)Ent(0?) (B.84)
2m —1 2m —1 2m —1 2m
> (1+1 —(1— In{1-— In — B.85
_(+/a)(( - a)n< o a)+ Qmana> (B.85)
2m —1 2m—1_ 1 1 2m-—-1 2m —1
> i mem) + 2 T s (T T (1 - (B.86)
2m 2m « « 2m 2m
1 1
> 5 In(2m) — 5 In(a) — (1/ae — 1) In(1 — ) (B.87)
1 1
> §ln(2m) > §1n(m). (B.88)
We thus have
2 Z o2
4Ent(o7) > In(m) > | 1 — &=L ) In(m). (B.89)
L 1+ 1/« ZJEGT ajz
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APPENDIX C

PROOFS FOR CHAPTER 4

C.1 Supporting Lemmas

Before delving into detailed proofs for the proposition and theorems, we introduce some sup-
porting lemmas.

Recall that the Bregman divergence generated by a convex differentiable function A(-) is

Bu(x,y) := h(x) = h(y) = (Vh(y),z —y).
The fundamental inequality (4.2) associated with mirror ascent is formally presented in the follow-
ing lemma.

Lemma 26. Let B, : X x X — R be a Bregman divergence function, X C R" be a compact
convex set, and g € R". Suppose ©' = argmaxyex{(g,y) — aBy(y||x)} for a fixed v € X and

a > 0. Then for any y € X,

(9,2") — aBy(2'||z) > (9,y) — aBu(yl|z) + aBi(yl|z).

Inequalities of the same form have appeared in many previous works, e.g., Lemma 3.4 in [76]
and a case of X" being a probability simplex (Lemma 2.1 in [88]). For completeness, we provide a

proof of Lemma 26.

Proof of Lemma 26. Since h is proper and convex, ' := arg max,ex{(g,y) — aBy(y||z)} exists

and satisfies the first order condition

(9 — aVh(z') +aVh(z), 2" —y) = (g — aVuBy(2'||x), 2" —y) >0, Vye X,
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which implies (g, 2" — y) > a(Vh(z) — Vh(z'), 2’ — y). It can be verified that

(Vh(z) = Vh(2'), 2" = y) = Bu(2'||2) — Br(yllz) + Bu(yl[2').

We can conclude the proof by substituting the equation into the previous inequality. 0

The following lemma draws a connection between the ¢; difference of state-action visitation

distributions and averaged KL-divergence.

Lemma 27. Let d; , d;, be two discounted state-action visitation distributions corresponding to

policies " and . Then

ldz — 5|y < 17_—7 min (D (]|), Dy (rl|), Doy (| |m), D ("))

Proof. Letdy (-, ) be the state-action visitation distribution at step h, which implies 1%ydg(-, ) =
> h>0 vhd; (-, ). Denote 7, as the policy that implements policy 7 for the first & steps and then
commits to policy 7’ thereafter. Denote its corresponding discounted state-action visitation distri-
bution by d7». Tt follows that

1 - @ 1
T LA T

S 7 7 1 & 7 i
Z<dph o dph+1) = :Z Hdph - dthHl

- 1 -7 h=0 1
i Z,Y d7rh i d7"h+1) i i d7rh N d;";Jrl)
h=0 1 h=0 ||t=ht1 1

—
N

[

< Z Z ’Yt”d;rg 7|'h+1||1 < Z Z ~ Hdwh _dwh_HH

h=0 t>h+1 h=0 t>h+1

/y [ee]
= =D 7"Eungy lIn(ls) =7 (13)]h
W/h:O 7

(Zv ) (zmwd;Jw«w) g wf<-|s>||%)

h>0

|/\<h

_ ﬁﬁmguww EETESTE
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Above, (a) holds by telescoping, (b) and (c) hold due to the triangle inequality of ¢;-norm and the
definition of 7, (d) hold owing to the data processing inequality for f-divergence || - ||;, and (e)
holds due to the Cauchy-Schwarz inequality. Due to the symmetry between 7 and 7', it can be

similarly derived

! i Y
45 = d3ll < 17—\ [Bevgg lImCls) = 7Clo)IE

We can conclude the proof by further applying Pinsker’s inequality. 0

An application of Lemma 27 gives an upper bound on the difference between value function

vectors as follows.

Lemma 28. Forany k =0,1,..., K —1,

2

Vi) = VI I € g Dy ()
Proof. Foranyi:=1,2,..., m, we have
VO -V = | X s sa) — 4 (s.a)
(s,a)eSx A
< ﬁ”d;ﬂ“ —d [ < %\/Ddzlﬁ-l (e ||,
where the last inequality is due to Lemma 27. 0

C.2 Proofs for Chapter 4.2

This section presents the formal proof of Proposition 4. We begin by presenting some proper-

ties of InnerLoop. We shall omit # in 7y, since the policies are under softmax parameterization.
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C.2.1 Linear convergence of InnerLoop

InnerLoop(7y, 7k, o, 1, tx) approximately solves the following KL-regularized MDP via natural

policy gradient. Note that

kaa(s) =E Z’yt (Tr(st, ar) — alog mi(ag|sy) + alogm(a|sy)) |so = s, 7|, (C.1)

>0
which can be viewed as an entropy regularized value with reward function 7 (s, a) — o log mx(als).
The entropy-regularized state-action value function is then defined as [77]

Qi o(s,a) = 7i(s,a) — alogmi(als) + YEgp(jsa) [Via(s)]. (C2)
The convergence of NPG in entropy-regularized MDP has been well-studied in [77], with the key
results summarized in the following lemma.

Lemma 29 (Linear convergence of entropy-regularized NPG, Theorem 1 in [77]). For any learning

rate 0 <n < (1—~)/aandany k = 0,1, ..., K — 1, the entropy-regularized NPG updates satisfy

~ - (t+1)

‘ ~7krf€a - QZ?Q < Ck7(1 - 77CY)t7
Hlog 7, — log 7T,(:+1) < 2Cpa (1 — na)t,
B )
‘ Vk,Z - Vk,fy < 3Ck(1 - Uay,

+ 2« (1 — 1—”_%) Hlogﬂ,’; — IOgW,(CO)

HOO
o0

for all t > 0, where C}, satisfies C, > HQZZ — ~Zfa

C (D)

Remark. There is a typographical mistake in the inequality ||V,:g = Vit oo £ 37Ck(1 —
na)t” in [77], and it has been corrected here. It is not hard to verify that the proofs of the inequal-
ities in Lemma 29 [77] hold without the assumption that 0 < r(s,a) < 1.

Denote V,7(s) := VZ(s). For the regularized MDP, its optimal policy is uniformly optimal,
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i.e., for any state s € S,

1 ~ ST ST * L v T
. _7||7“k||oo 2 Vit (8) 2 Vi*(8) = == Dag ("[Ime) = Vios) 2 Via(s) = Vis(s).
It follows that V(s,a) € S X A,
1y (a)7 f oo
Qka(s a) — Q,msa‘—va 'Is,a) ‘V VkZ( 0| < ﬂ—kH’y ;
s'eS

where (a) holds due to the relation in (C.3). It implies ||QZ’“@ — ~”’“ oo < % Since 1—

'Y||7"kHoo

when 7 = ITT”’, we can apply results in Lemma 29 with €}, = -+

, which gives

VT )+

(6% ~ ¥ (0% *
T VDdeH (Tetallme) < =V *(p) + ﬁdez (millme) + 3Ck(1 — na)

C.2.2 Hidden convexity in state-action visitation distribution

(C.3)

no _
— =0

. (C4)

Noting that the class of softmax policies is almost complete in the sense that its closure contains

all stationary policies, we will omit the parameter 6 in my. The set of achievable state-action

visitations is D = {d € A(S x A) : v >, P(s[s',a)d(s',a') + (1 =7)p(s) = >, d(s,a), Vs €

S}, which is a convex compact set.

For any policies 7, 7', define a pseudo KL-divergence between d7, dz € D, by

N , d" (s a)/d”( )
D(dp||dy ) == d;(s,a)lo =
(M%;M ACOICACK

It is not hard to verify that

(C.5)

/ . q dy (s, a) g(s,a)/d;;(s)
D g (m||7") :Zd ZW als) 10g Zd Z dr(s dr'(s,a)/d5 (s)

SES acA seES acA

d”(s,a)/d’r( ) ~ ,
= D dilsa)log ! P = D(dy||dy).
p - = s
(s,0)ESxA dp <3>a)/dp (S)
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This equation bridges the state-action visitation space and the policy space. The following lemma
shows that the pseudo KL-divergence defined in (C.5) is actually a Bregman divergence between

state-action visitation distributions.

Lemma 30. The pseudo KL-divergence D(dngZ/) defined in (C.5) is a Bregman divergence

By (d})| |dzl) generated by the convex function

hdy)= ) di(s,a)logdl(s,a) — > _dr(s)logdy(s
(s,a)eSxA seS

Proof of Lemma 30. 1t can be verified by elementary algebera that
D(dy||dy) = h(dy) = h(dy) = (Vh(dy), dj — d’).

where V(M)h(dg') = log dg'(s, a) —log dg'(s). Hence we only need to show that h(d7) is convex.

The Hessian matrix of function h(d ) can be calculated as diag (H 1, Hy, ..., H |3‘), where H, =

d;;l(s) (diag(dj(s)/dj(s,-)) —117) is an |A| x |.A| matrix corresponding to state s. For each H,,

we know for any x4 € RIMI,

~—

2
1
= s (5 5 (z)

acA p acA

- ((B%9) (Bt o) (2

@ 1

where (a) is due to the Cauchy-Schwarz inequality. Thus the Hessian matrix of h(d}) is positive

semi-definite, which implies that /(d}) is convex. O
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InnerLoop of the ARNPG framework is solving a KL-regularized MDP with value as in (4.4),

D g0 (mo||7,)

Vit (o) = Vi (p) — a——— .

This optimization can be equivalently represented by viewing state-action visitation as the decision

variables:

Dz (7| |mk)

masx Vi ) — a1

& max(i, d) — aD(d||d7"). (C.7)

Here < means that they are equivalent in the sense that the optimal policy solution 7, for the

former optimization and the optimal visitation solution d} for the latter satisfy di = d,". Note that

VT’; (p) = ﬁ (7, d}) is a linear function of d7, D(-||-) is a Bregman divergence, and D is compact.

We can apply Lemma 26 on the latter optimization and have

(Fr, di) — aD(dy||d}*) > (7, d) — aD(d||d}*) + aD(d||d}), Vd € D. (C.8)
Since the policy class and the state-action visitation class are both complete, the inequality above
implies that

D . (nilim) Do el Do (ol
V;rkJrl (p) — dp* > T (P) N ag (WHﬂ-k) ag (T‘-Hﬂ-k)
§ | L=y

. v (C.9)

InnerLoop does not seek to find the precise solution 7}, but approximates it with 7, = W,Ef’“ ) via

1), micro-step iterations. Proposition 4 provides a quantitative bound regarding the approximation

error of 7.
C.2.3 Proof of Proposition 4

Proof of Proposition 4. Combining (C.4) and (C.9) gives

- D rir (Mg | |7 . Dy (7||mk) — Dgr (7||mg11)
~V (p) + a—" < W) +a— — :
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D g (7||m — D g (7||mk
50k (1 — e + o 2TITE) — D)

l1—»v
Note that
Ddﬂ<7TH7Tk+1) - de(ﬂ'”ﬂ';’;) — <d;<,’ '),].OgM>
p ’ Trk-H('u )
<151 g w08 Myl = [l log 7 — log Tl < 2Ck0™" (1 = ),

where the first inequality follows from Cauchy-Schwartz, and the last inequality is due to Lemma

29. We thus have

~ D yrier (T || me) ~ Dz (7||m) = Dag (7|[me1)  5Ck(1 — nar)t*
_V7Tk+1 dp < _Vﬂ' P P k 77 .
w(p) o T <-Vilp) +a T Al p—
We then conclude the proposition, since %}"a)t < €, can be guaranteed by 5, > ﬁ log(%).
]

C.3 Proofs for Chapter 4.3
C.3.1 ARNPG-IMD for smooth scalarization

Proof of Theorem 13. By |7(s,a)| = (G, T1an(5,0))| < [|Gellil|r1m(s, @)|lee < L, we know

~ . alog(]A
|7k]loc < L. Recall v > (1_% Taking €, = (1_“33)]{'), we choose #, = [ log(5257m) + 11
Thus by Proposition 4, for any policy 7, we have the fundamental inequality
D g1 (a1 | k) Dy (7||mg) — Dyr (||
Vi) -t > V() — o DB D) e

1—x 1—7

For the RHS of (C.10), by the concavity of F', we have

VZ(p) = Vi (p) = (G, Vit (p) = Vit (p)) = F(ViL(p)) — F(Vi (p))-
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For the LHS of (C.10), by the fact that /" is 5-smooth, we know

Vi (p) = Vit (p) = (G, Vi (p) — Vi (p)
2

Th41 s 6 T, Tk+1
< PV (o)) = PV (o)) + 5 [Vims (o) = Vi )2,
From Lemma 28 and recalling o > ﬁ,

Ddzkﬂ (Thra]me)

L—x

v*B
(1 =)

By ™
S IV (o) = Vi (o)l < D s (e[ |me) < @

Substituting these three inequalities into the fundamental inequality (C.10), telescoping from k£ = 0

to K — 1, and selecting m = 7*, we can conclude that

1 & . . aDg-(7*[|m0) 1 . 2alog(l.A|)
e D F(Vik(p) = F(Vi(p) — -9k K 2 e = F(Vii,(p)) — -k

]

Proof of Corollary 6. Note that T = 31 "t = O(:£- log(K)). It implies i = O(T/ log(T)).

1=y

Substituting this into Theorem 13 concludes Corollary 6. [l

C.3.2 ARNPG-EPD for CMDP

We first introduce the properties of the Lagrange multiplier updates (4.10) in the following

lemma.

Lemma 31 (Properties of Lagrange multiplier updates). Based on the update of the Lagrange

multipliers Ay, for any i € [2 : m] we have:
1. At any macro step k, \,; > 0.

2. At any macro step k, \.; + 1/ (b; — V™" (p)) > 0.

Aol <7V (p) — b

3. At macro step 0, el = 1|V (p) — byl

; at any macro step k > 0,
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Remark. The first property guarantees the feasibility of the Lagrange multipliers; the second
property ensures that the Lagrangian in the inner loop can indeed maximize the constraint rewards;

and the third property is a key supporting step for the analysis of the constraint violation.

Proof of Lemma 31. Taking any i € [2 : m], we prove each property respectively.

1. Note that \o; = max{0,7(V;"™(p) — b;)} > 0 by initialization. Suppose A,; > 0. The
update is Ap+1,; = max {n’(‘/f’““(p) — b)), A + 1/ (b — Vf’““(p))}.
If b; — V"' (p) < 0, then A1, > 0 by the first component in the max{-, -}.
If b; — V™" (p) > 0, then \;11; > 0 by the second component in the max{-, - }.

Thus, A\y41,; > 0, and property can be proved by induction.

2. Fork =0, Xo; +1/(b; — V™ (p)) = max{n'(b; — V™ (p)),0} > 0.
The update is Ajy1; = max {n'(V;"*"" (p) — b;), A + 0/ (b — V™" (p)) }. Thus for k > 0,

Aot + 1/ (bg — Vi (p) = max {0, Ap; + 20/ (b; — V" (p)) } > 0.

3. For k = 0, the initialization is \o; = max{0, 7 (V;"(p) — b;)}.
If V™ (p) — b; <0, then \o; = 0and || < 7/|Vi™(p) — bil.
If V™ (p) — bi > 0, then Ag; = 7/ (Vi™(p) — bs) and | Ao = n'[V;™(p) — bil.
For k > 0, the update is Apy1,; = max {n/ (V" (p) — b;), Aei + 1/ (bi — V™ (p)) }.
IF V™ (p)=b; < 0, then A1 = it (b= V™" (p)), and [Aepr il = Mot [V (p)—

bi| > 1'|V.;™ " (p) — b;| by the first property that A ; > 0.

£V (0) =by > 0, then Aeyas > 7/ (V™ () —by) > 0. Thus [ Mgyl = o[V (p) = bil.

O]
We now analyze the optimality gap and constraint violation separately.
C.3.2.1 Optimality gap of ARNPG-EPD
Recall the definition of the reward in the ascent direction
Pr(s,a) = ri(s,a) + > [k + 17/ (b = V™ (p))ri(s, a). (C.11)
=2
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Since 7;(s,a) < 1, we can verify that |74 (s,a)] < 1+ ’7/(%;1) + > M =: Ly, which implies

alog(|A[)

|17k |lo < Lg. Taking €, = Tk

we choose #, = [ log(#m) +17.
Since A\i; + n'(b; — V™ (p)) > 0 by the second property in Lemma 31, and V;™ (p) > b; for

any i € [2 : m], taking m = 7* in Proposition 4 gives

D s (Mo |e)

L=y

VT4 0) + 3 s+ (5 = V)] - IV (9) — b] —

D (117) = Dage (x*|[mcs) o
. ar* (|| Tk) — Do (77| |41

Zvlw (p)_a p 1_’7p — €L.

Denote dy; := b; — V;"™"(p) as the constraint violation for the i-th constraint at macro step k.

We thus have
i 0/ (b = Vi ()] - (Vi7" (p) = bi) = =Aidkgri — 1 0k i0k 14

We can then bound this two terms respectively.

. /\kﬂ-ékﬂﬂ-: Note that )‘k-&-l,i = max{—n’5k+1,i, >\k,z' + n/ékﬂ,i}.

If Aey1i = —1'0r41, then

1 /2

1 1
Z)\? — 2)\@ - %5,3“,1- <0 MOk,

2 12 ¢2 _
o Mkt T 2>‘k,i —-n 5k+1,i =

C . A2 =2,
Ji +1,i /52
which 1mplles _)\k,i§k+1,i < oy +n (Sk:—i-l,i'

If Aey1i = Akyi + 7' 0k41, then

/ 1 / s Lo 7" 2 I I 22
N AkiOk41: = 5(/\@' + 1 Oky1)” — 5/\k,¢ - 75k+1,i > 5/\k+1,¢ - 5/\k,¢ — 1 Ojis1

A2 A2
. . . k,i k41,i /$2
which also implies — Ay, ;0x11,; < gt Oy 1.4

. 77/5k,i5k+1,z‘: Note that nlék,iék-&-l,i = %5%71 + %5].;;4,_171' — %(5k72 — 5].34_1,@')2, and %(6/%1 —

/

2./
Orr14)? < #Dd;"lﬁtl (Thta||m). We thus have —n/'d i0k11,; < —%(5,@ + 5,%“,1-) +
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2./
WD({;I@—H <7Tk+1||7Tk;).

Substituting the above upper bounds into (C.12) leads to

Mot A&lZ = IA+all3 | l10kall3 — N10%13 nym o« i

Dz (m*||mx) = Dy (|41
@

I—~

>V (p) —

— €.

Recall o > %, it then follows from telescoping that

Dz (m*]|m0) = Dgg= (7*||7c) =
1—x k=0
o100l = 18l [l — ol

Vi™(p) > KV (p) —

I

5 207 (C.13)
. Dz (m*[|m0) = Dy (7*[|7c) 2
= KV (p) — a—" — -
" k=0
A 2 ) 2 5 2 _ A 2 1/ =1
BT WL S T S TR
@ . Dy (*[|m0) = Dyg= (w'll7ic) = 1)y —of
> KV (p) —« T _ZE’C_TH)‘OH%
v k=0
®) - 3alog(]A
> vy (p) - 2D, €15)

(@) holds due to the third property of Lemma 31, and (b) holds since 7 is the uniformly distributed

poticy. Thus D (+°]|ms) = X, 47" (5) X0 7 (als) log( Al a]s)) < log(|A

alo . . ! oo !/ _ 13 2 / alo
11g_(|;4|)’ and )\ai _ 77/2[5071,]1 implying 1/772 [ Ao ||2 < (n n2)ll5oll < 2(1717)2 < 11g_(|;4|)_ We now

K-1
)s 2 kmo €k =

obtain the bound (4.11), after dividing by K on both sides.
C.3.2.2 Violation gap of ARNPG-EPD

Recall that 05, := b; — V;""(p) is the constraint violation for the i-th constraint at macro step

k. We aim to provide an upper bound on Zszl Jx; to control the constraint violation.
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For any i € [2 : m], since \y; = max{—7'0xi, \k—1,; + 70k} > M1, + 7'0, we have

de —)\Oz PRI [ Ak |2 < [A* ]2 + | A — A2
i = — 7]/ — 77/ — 77/ '

(C.16)

To upper bound the constraint violation, it therefore suffices to bound the dual variables.
Consider the Lagrangian with optimal dual variable £(m, \*) = V" (p) + >, X (V™ (p) — b;),

whose maximum value V™ (p) is achieved by the optimal policy 7*. We know

K K m K
* (a) * o\ * s * us
KV (p) = KL, X) = Y Lmu A7) = > V™ (p) + YA Y (V™ (p) — b)
k=1 k=1 =2 k=1
K m K (b) K
B ST S SLFED SITANEES SO
k=1 =2 k=1 k=1
© . Dgre (m*[|m0) — Dz~ (7*[|7x)  IAgcl2 0 1I0k]> A7, Ak
>K T _ P P _ _ K3 =2 y? _ A
: alog(JAl) | @D (Tllmx) Akl wlloxl3 A 2, Ak
>K s _ 14 _ _ ( 1= ) _A

where Ay := M > e+ 1/" —|| \o||2. Then (a) holds due to complementary slack-
ness A\ (V™ (p) — b;) = 0, (b) follows from (C.16), and (c) follows from (C.14) and the third

property of Lemma 31. It then follows that

All3 A>T, A _ alog(JAl)  aDay (w[lmrc) L 193

Ak. C.17
2n' n - 1-y 11— 2 oK ( )

Denoting 07 := b; — V™ (p) < 0, according to Lemma 28, we have

aDge (*[|Tr) (1= )3 . 1—
P > ( ) ||5 _5 ||2 ( )

Sx — 0F||2. C.18
‘We can also obtain
(1—7)’ o M 2 (W v mn 5
— |6 — O* —||é = =- oF C.19
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2 I (1 —~)3 2 ’ 2
yimn g 7)o S — 6" 4 v m 5
2v*m

i Vmay — (1 =)

Y

(1-7)a
2v2m

by substituting a = b= %, x =0 — 0%,y = ¢ into the binomial equation

2

b b
—alfel + bz + 913 = (b= —)yl3 + (= @)lle + Il

b
. 'm ) 20 —(1—~)3a ' 22
Recalling o > (32—7)3 we can verify that % < Oand § — g t—5s < 7. It
follows that
(1 ) * , 2 M| S* |2
= 0k - I3+ —H5KH2 < ' [|0%]. (C.20)

2v2m

Substituting (C.18) and (C.20) into (C.17) gives

1 § X 1 1 <,
o —[Ax — X3 = ,IIA HZ‘FF”)‘KHZ_WZ)V)‘KJL
1 alog(|.Al)
< /\* 2 bt =N e V4 A 5* 2
—2n'|| I3 + T~ + Ag + 0|07
3alog(|Al)  n'(m—1)
_2,IM 15+ T tq e
v (1—=7)
1. dalog(|.A
<ol + 2 el can)

7(m=1) _ alog(lA)

where the last inequality follows from -~ a . Using the above bound in (C.16), we

- = 1=y
get

K * * * *

Z ||A ||2 A — Al < | A*]l2 N A1 n 8arlog(|.Al)
/ — / /2 /
n n n (1—=)n

_2||)\,||2+3 alog(|A|/)’ (C.22)
n (1—)n

from which we the constraint violation upper bound given in (4.12) follows.

Proof of Theorem 14. We can conclude Theorem 14 from the above discussion on the optimality
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gap and the constraint violation. O

Proof of Corollary 7. Note that the number of iterations in the inner loop depends on the value of
dual variables, i.e., ty = [ﬁ log(#ggfam) + 1] with Ly = 1 + " ) 4 Yoy Aki- Itis easy

to verify that

4alog(|Al)

1 1
- )\ _)\* 2<_ )\* 2
g7l = NI < 5N+ 2

in the same manner as the proof of inequality (C.21). It then follows that

D Mk = Il < vl < Vm(l[ae = X+ A7)
1=2

L2, Sn'madog(lA]) ., mlog(|A])
s\/2m|mrz+ 284D o (v + R

We then have ¢, = © (1% log(K)), and T = Y 't = © (% log(K)>. We conclude the
proof by £~ = O(T'/log(T)). O

C.3.3 ARNPG-OMDA for max-min trade-off

C.3.3.1 Smoothness property

Define X :=V, x A([m]) C R*™. Define a norm ¥ on R?*™ by U(v, \) = ||[v]|eo + [|A]]1- Its
dual norm is ¥*(v, A) = ||v]|1 + ||A||cc-
Define GV (X) = (V,®(X), —V\®(X)) for X € X. Assume the function @ is 3-smooth

w.r.t. the U-norm over its domain X, i.e.,
TG MX) -G MX) < BY(X - X'), VX, X' ex. (C.23)

Define F, which will be an auxiliary term for the convergence analysis, as follows:

D s (T |[me) + Dag (M| [ Taes1)

=(G} = Gy, VI (0) = VI () + —
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‘A Aa R D] |A D(M\es1l|A
+(Gh = Giyrs Mot — Nert) + Qe ’““)njr Quesallhe) (C.24)

Lemma 32 (Technical lemma for smoothness). When o« > % andn' < %, kK;()l Ep > 0.

Proof of Lemma 32. Recall the definition of Ej, (C.24). Let X}, := (V]'E (p), \x) € X and X, =

(VI (p), \r) € X; G0 = G¥ (X)) and GV := G*(X},). We can then rewrite E}, as

oy A . D mor (T l[mr) + Dag (T |[Fes1)
B, =G, =Gy X — Xpgr) +a—>

1 -y
n D1l Mer1) + Dl M)
T],

‘We can obtain

(@)

(G = G0 Xy — X)) < WGP — GO ( Xy — Xipa)

®) ~v,— v,— Y * v,— v, — Y
S\I’*(GIJHA B Gk’ /\)\I’(Xkﬂ - Xk+1) + W (Gk’ * - Gk7 /\)\I/(Xkﬂ - Xk+1)

—~
)
~

SB\P( ~k+1 - Xk)\II(Xk—&-l - Xk+1) + B\I/(Xk - Xk)‘lj(Xk—H - Xk—&-l)

@ 3 . B B . B .

< U(X —X2+<—+—)\IIX — X312+ 20X, — X2
S ( Xk k) VR (Xkt1 k+1) 5 (Xk k)

Inequality (a) follows from the Cauchy-Schwarz inequality for the W-norm; (b) from the triangle

inequality; (c) from the smoothness of function ® defined in (C.23); and (d) from ac + be <

2

a I b2 c?
\/§72+\/§+2+7+3.

Since X, = X, At = 7 and U(v, A)? < 2[juf% + 2[[A]|7, we have
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HIVES () = VI DI + 10kt = M)

Noting that \/25 5 < 30, by Lemma 28 we have

Th+1 T 6’726 ~
——— IV () = Vi (p)|I% < T yi Pz (Fealme).-

\/_ 2 (1 =)

By Pinsker’s inequality, we have

2 ~ -
—2 s = Al < 63D [Aen)
Since o > ( (= andn/ < 2 53> we conclude that ZkK;Ol E, > 0. ]

C.3.3.2 Convergence of ARNPG-OMDA

Proof of Theorem 15. By |7(s,a)] = (G, r1m(s,0))| < [|GYll1]lr1m(s, @)|lso < L, we know
|17]|0o < L. Taking €, = —a&(ﬁg%“?(') we choose t;, = [ﬁ log(—GﬁfOIéﬁAD) + 1].
Then by Proposition 4, for any policy 7, we have two fundamental inequalities for the updates

Tr+1 and 1 respectively:

) D wpr (Trgal|mr) Dy (7||7) = Dar (|| 7pg1)

s B d, Sy B dy k dg k1)

W) et —— 2 V() ~ a 14
D"'klﬂ'klﬂ'k D g (m||m) — Dgn(m||m

V) —a %*(*’|)zvr<m—a oy (rllm) = Dag (mlmuss)

Tht1 1_,}/ k+1 1—7

Note that V7 (p) = (G2, VT (p)). Taking m = 44y in the first inequality, and summing two
inequalities gives
Dy (7||mk11) — Dag (7||m)

(Gias VI () = Vi) 2 a— g — 26 (C.25)

D o (Tl [7k) + Daag (i [[7r1)

-y

+ (G} = G, Vi (0) = Vi (p) +
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We can similarly get the inequality for A that

- D(Xpiq|IN . DA — DO
. DMyl - D(M[M) — DA
(@l ) + 20 <y PO = DOIRe) ()

Taking A = A\, in the first inequality and summing two inequalities gives

D(A[[Xes1) — D(AJ[Ax)
77/

(G A= M) >

D(\ A +D(\ A
(At]| k+1)n/ (Aesa| k> (C.28)

+ <é2 - é2+1a S\k—i—l - )\k+1> +

Recall the definition of E, in (C.24) that

L . - D oo (Trega||mr) + Dag (Th1[[Th11)
B =(G} = Gy, Vi (p) = Vi ' (p)) + a— T

- D (Mg A1) + DO [|A)

+(Gp — éz+17 Ner1 — Mep1) + 7 :

We then have

— OV (p) Ag1) + B(VIE (p), \)

=DV (), Meyr) — POV (0), An) + (VTS (0), A) — ®(VIE (p), Mt

(a)

> (G Vi (0) = Vi (0)) + (G A = M)

0 Dgr(m||m — Dgr (|| D(M||A — D(A||A
o, a (7| k+11) az (7| k)+ (Al k+1), (Al k)_2€k+Ek_
-7 n

Inequality () is by the concavity of ®(-, A1) and convexity of ®(V™(p), -). Inequality (b) is

based on combining (C.25) and (C.28).

142



Taking 7 = 7* and A\ = argminycp @ (% Zle Vi (p), X), we have

i) (i )t e

k=1
K-1
1 Cs D gp+ (7*||Tx) — Dy (7 ||7ro) D(\||Ax) — D(A|| o)
>— (VY A . .
K—1 K—1
2 1
- ? € + E Ek
k=0 k=0
(a . 3alog(lA])  log(m)
>F(VT —
Inequality (a) is due to Dy~ (7*[|mo) < log(|.A[) and Lemma 32. O

Proof of Corollary 8. Note that T' = >, ;. = ©({X- log(K)). It implies £~ = ©(T// log(T)).

Substituting this into Theorem 15 concludes Corollary 8. [
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