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ABSTRACT

Information design in an incomplete information game involves a designer that influences play-
ers’ actions through signals generated from a designed probability distribution to optimize its ob-
jective function. For quadratic objective functions, if players have quadratic payoffs that depend on
players’ actions and an unknown payoff-relevant state, and signals on the state that follow a Gaus-
sian distribution conditional on the state realization (LQG game), the information design problem
is a semi-definite program (SDP). The doctoral research is pursued in three thrusts: analytical
and numerical characterization of optimal information design to maximize social welfare and the
agreement among players’ action in LQG games, analysis of individual information preferences
of agents in LQG network games, and robust optimal information design in LQG games under
perturbed utilities.

Firstly, it is shown that full information disclosure maximizes social welfare under common
payoff state, under homogeneous payoff dependencies, or under public signals. When the objec-
tive is to maximize agreement among players’ actions, no information disclosure is optimal. Under
joint objective, full information optimality condition on weight of agreement is determined for pub-
lic information structures and common payoffs. In the second thrust, conditions for which rational
agents are expected to benefit from full information are characterized in general network games. In
star networks, the central agent benefits more than a peripheral agent from full information unless
the competition is strong and the number of peripheral agents is small enough. Numerical simu-
lations of ex-post preferences showed that a risk-averse central agent may prefer no information
under strong competition. In the third thrust, we consider the setting where the designer has partial
information about players’ payoffs. We develop robust convex programs considering the worst-
case realization of players’ payoffs under general perturbations. We obtain optimality conditions
of no and full information disclosure based on uncertainty set radius and perturbation shifts un-
der ellipsoid uncertainty. Numerical experiments show that the designer is inclined to reveal less

informative signals as its uncertainty about the game increases.
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1. INTRODUCTION AND LITERATURE REVIEW

The chapter starts with the introduction to general information design problem in non-cooperative
incomplete information games. It continues with a section on linear-quadratic-Gaussian (LQG)
games which are the underlying game structure in the research performed. Following these def-
initions, we present the SDP formulation of the information design problem in LQG games. We
conclude the section with an overview of our results in the thesis, and contributions to the litera-

ture!.
1.1 The Information Design Problem

Information design originated from Bayesian persuasion framework which involves a sender,
1.e. information designer and a single receiver, i.e. agent. The goal is to maximize sender’s
objective by persuading a rational agent regarding a payoff state affecting receiver’s utility via
revealing credible information [1]. In multi-agent systems, the information designer optimizes
a system level objective, such as social welfare, by selecting an information structure, and the
corresponding induced rational behavior of multiple agents to overcome undesirable or inefficient
outcomes [2, 3]. In general, the designer’s problem is computationally intractable as it involves
identifying the “best” distribution over the space of distributions that induces desirable rational
behavior [4]. Thus, the current approaches make structural assumptions about the state/action
space, the system designer’s objective, and the game payoffs in order to attain analytical results [5].

To further illustrate the information design problem, we consider an example from pandemic
control (see Fig. 1.1). Consider a public health institute, e.g., Centers for Disease Control and
Prevention (CDC) or a local health department, that determines the fidelity of information revealed
about the unknown risks of an emerging infectious disease, in order to eliminate or reduce the

risks of an outbreak. The agents in the population can be in susceptible, infected, and recovered

'Part of this chapter is reprinted with permission from F. Sezer, H. Khazaei, and C. Eksin, “Maximizing social
welfare and agreement via information design in linear-quadratic-gaussian games,” IEEE Transactions on Automatic
Control, pp. 1-8, 2023, ©2023 IEEE and F. Sezer and C. Eksin, “Information preferences of individual agents in
linear-quadratic-gaussian network games,” IEEE Control Systems Letters, vol. 6, pp. 3235-3240, 2022, ©2022 IEEE.



Figure 1.1: Information designer sends optimally designed signals on the risks of infection from an
emerging infectious disease to the population with individuals who are susceptible (blue), infected
(green) or recovered (magenta), so that they follow the recommended health measures, e.g. social
distancing or masking that reduce the risk of an outbreak. An individual’s infection or disease
transmission risk is determined by its contacts (shown by black edges). For instance agent 1
(susceptible) has one infected neighbor (agent 5) that it can contract the disease from. See also
Example 3.

states. A susceptible agent determines its level of adherence to recommended preventative health
measures based on its assessment of risks of an infection, and costs of the measures. For instance,
both susceptible agents (agent 1 and 4) have a single infected contact (agent 5 and 6) that they can
contract the disease from (shown by black lines in Fig. 1.1). An infectious agent pits the risks
associated with transmitting the disease to other agents against the costs of taking the isolation
measures. For instance, both infected agents (agent 5 and 6) have one susceptible and one recov-
ered contact. The higher is the number of susceptible contacts, the stronger is the risk for disease
transmission. A local health department (designer) has more information about the potential risks
associated with an emerging infectious disease. Its goal is to induce actions that will reduce the
disease transmission in the population by sending signals on infection risk or campaigning for cer-
tain actions, e.g., social distancing, or masking indoors. In this setting, the health department has
to reveal credible information based on the actual (realized) severity of the infectious disease.
Information design assumes at least a single designer under commitment assumption and mul-

tiple agents who play a game with each other. Commitment assumption refers to fixing informa-
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tion structure before realization of payoff state. There are also simpler models where a sender
tries to persuade a single receiver. Based on the commitment assumption, there are two types of
sender-receiver models. The older model called "Cheap Talk" [6,7] does not assume commitment
whereas the newer model called Bayesian persuasion [1] assumes commitment. Information de-
sign is closer in the sense of commitment to Bayesian persuasion. Commitment assumption brings
truthful communication of realized signal from the sender to the receiver. This removes the strate-
gic environment which exists in Cheap Talk i.e the sender and the receiver do not play a game with
each other in Bayesian persuasion. Commitment assumption causes sender’s utility to be weakly
higher under Bayesian persuasion compared to under any other strategic communication games
where commitment does not exist [1].

Information design in operations gained importance recently, see [5] for a detailed review. On
further development of information design methodology, [8] presents equilibrium existence results
when there are competing information designers, and [9] develops approximation algorithms for
persuasion under limited communication. In revenue maximization, [10] studies optimal signalling
mechanism in second price auctions. Value of personalized information provisioning compared to
public information is studied by [11]. [12] presents results on optimal information policy in time-
locked sales. In queuing systems, [13] considers a designer who gives information on state of the
queue to customers to maximize expected revenue. [14] considers information design in queues
where customers make a payment to learn the signal regarding the state of the queue. In public
health management, informing the public about approaching health emergencies such as epidemics
[15] and workplace occupancy control, i.e., in person vs remote via informing about infection
risk parameter [16] is studied. In platform management, nudging suppliers to use platform is
studied by [17]. [18] studies an e-commerce platform as a designer who studies joint promotion
and information policy in e-commerce platforms. In network settings, [19] considers a social
network where it recommends to engage or not to engage with a post to a user with the objective
of minimizing misinformation. This work focuses on public information structures and identifies

which networks are more amenable to persuasion.



Information Designer ()

%1 2 Wn

Player 1 (a1, 71) ‘ Player n (a,, Vn)

‘ Player 2 (as,v2)

Figure 1.2: An information designer sends a signal w; drawn from information structure ¢ (w|7) to
each player 7 who takes action a; in a game with other players under payoff state ;.

In this thesis, we study information design linear-quadratic-Gaussian (LQG) games. In an
LQG game, players have quadratic payoff functions, and the state and the signals come from a
Gaussian distribution. Under certain assumptions, the optimal strategy in LQG games defined
by the Bayesian Nash equilibrium (BNE) is unique and linear in the signals received [20]. The
linearity of BNE strategies allow the information design problem to be a semi-definite program
(SDP) when the information designer’s objective is a quadratic function of the players’ actions and
the payoff-relevant states [21].

Next, we provide the mathematical notation and preliminaries that our results build on.
1.1.1 Mathematical Framework for the Information Design Problem

A non-cooperative incomplete information game involves a set of n players belonging to the
set N, each of which selects actions a; € A; to maximize the expectation of its payoft function
ui(a,y) where a = (a;)ien € A and v = (7;)ien € I' correspond to an action profile and an
unknown payoff state, respectively. Players form expectations about their payoffs based on their
signals/types w; about the state given a common prior ¢. We represent the incomplete information
game by the tuple G := {N, A, {u; }ienr, {wi }ien}-

A strategy of player ¢ maps each possible value of the private signal w; € (; to an action
si(w;) € A;, e, s; 0 Q; — A;. A strategy profile s = (s;);cn is @ BNE with information structure
(, if it satisfies

BEelui(si(wi), s—i,v)|wi] > Eelui(aj, s—i,v)|wi], (L.1)



for all ] € Aj,w; € Qi € N where s_; = (s;(w;)); is the equilibrium strategy of all the
players except 4, and E¢ is the expectation operator with respect to the signal distribution ¢ and the
prior on the payoff state v). The above definition ensures that no player has a unilateral profitable
deviation from a BNE strategy to another action at any signal realization given the information
structure (.

An information designer optimizes the expected value of a design objective f(a, ), e.g., social
welfare, by deciding on an information structure ¢ from a set of signal generating distributions Z,
1.e.,

max B[f(5,7)] (1.2)

where s is a BNE strategy profile for the game G under the information structure of the game
(. The information structure of the game ((w|y) is the conditional distribution of w = (w;)ien
given ~. That is, an information structure comprises signal transmission rules and the probability
distribution from which signals are generated. Signals transmitted to players convey information
about payoff relevant states.

Information design follows the given timeline (Fig. 1.2):
1. Designer selects ¢ € Z and notifies all players.

2. Payoff state + is realized.

3. Players observe signals {w; };cn drawn from ((w|7).
4. Players act according to BNE under (.

The information designer’s problem in (1.2) is intractable for general incomplete information
games with continuous actions because it is a linear program with an infinite number of variables
[21]. We focus on LQG games that admit a tractable SDP formulation for (1.2) when f(-) is

quadratic and signals come from a Gaussian distribution.



1.2 Linear-Quadratic-Gaussian Games

In an LQG game, player ’s payoff function is quadratic,

wi(a,y) = —Hi,ia? -2 Z H; ja;a; + 2v;a; + di(a_;, ), (1.3)

JFi
where H, ; fori € N, j € N are real-valued coefficients with H,; > 0, d;(a_;, y) is an arbitrary
function of the opponents’ actions a_; = {a;};« and state v, and we have a € A = R", and
v € I' = R™. We collect the payoff function coefficients in a matrix H = [H, ;] € R"*". We note
that the function is quadratic in player #’s action but it need not be quadratic in others’ actions and
payoff state as per the term d;(a_;,~y). Indeed, this term cannot be controlled by player i, i.e., it

does not affect its strategy. Here, we focus on scalar actions, i.e., a; € R.

Remark 1. The results in the dissertation can be extended to cover the case where a; € R™ for

m; € N, as long as u;(a,~) remains quadratic in actions.

Payoff state -y follows a normal distribution ¢)(y, ¥2) with mean 1 € R™ and covariance matrix
). Player 7 receives a private signal w; € R. We assume the joint distribution over the random
variables (w, ) is normal; thus, ¢ is assumed to be a normal distribution. Next, we provide three

examples of games with quadratic payoffs.

Example 1 (Cournot competition). Firms determine the production quantities for their goods (a;)
facing a marginal cost of production (;) [22]. The price is a function of the production quantities,
pi(a) =9 —wa; — o) i @ with positive constants ), @ and . The payoff function of the firm i

is its profit given by its revenue a;p;(a) minus the cost of production v;a;,
ui(a,v) = aipi(a) — via;. (1.4)
Example 2 (Beauty Contest Game). Payoff function of player i is given by

ui(a,y) = —(1 = &)(a; —7)* — &(a; — a—y)?, (L.5)

6



where £ € [0,1] and a_; = Z#i a;/(n — 1) represents the average action of other players.
The first term in (1.5) denotes the players’ urge for taking actions close to the payoff state v, i.e
estimation . The second term accounts for players’ tendency towards taking actions in compliance
with the rest of the population i.e consensus. The constant £ gauges the importance between the
two terms. The payoff captures settings where the valuation of a good, e.g., stock, depends not just

on the performance of the company but also on what other players think about its value [23].

Example 3 (Social Distancing Game). Action of agent i, a; € Rt U {0} is the amount of social
distancing the agent exerts to avoid the risk of contracting an infectious disease. The risk of
infection depends on unknown disease specific parameters, e.g., severity, infection rate, and the
social distancing actions individuals in contact with agent i. We define the payoff function of

player i as follows,

ui(a,y) = —Hya; — (1 — 6;a;:)ri(a, ) (1.6)
where the risk of infection is
ri=vy-2» Hja, (1.7)
i#]

0 < &; < 1is the risk reduction coefficient. In the definition of risk r; (1.7), vy denotes the risk rate
of the disease such as infection rate or severity, and H; ; determines the contacts of agent i and the
intensity of the contacts. First term in (1.6) represents cost of social distancing to agent i. Second

term in (1.6) denotes the overall risk of infection that scales with agent i’s social distancing efforts.

We continue with the description of BCE under LQG games. The following result by [20] states
a sufficient condition for having an unique BNE strategy, and provides a set of linear equations to

determine the coefficients of the linear BNE strategy in LQG games.

Proposition 1 (Theorem 5, [20]). Suppose that H + H™ and the variance of the private signals
var(w;) are positive definite for each i € N. Then LQG game has a unique Bayesian Nash equi-
librium given by

si(wi) = a; + b} (w; — Eclwi]) fori € N, (1.8)



where by, ....b,, are determined by the following systems of linear equations:

Z H; jcov(w;,w;j)b; = cov(w;, ;) fori € N, (1.9)

JEN
and cov(-, ) represents the covariance between two random variables.

Assumptions of Proposition 1 guarantee the existence and uniqueness of a linear strategy (1.8)
that satisfy (1.1) with coefficients obtained by solving (1.9). We assume the sufficient conditions
above, i.e., the existence of an unique BNE, throughout the dissertation.

An action distribution represents the probability of observing an action profile a € A4 when
agents follow a strategy profile s under (. The action distribution ¢ is defined as a sum over

information structures (:

dlaly) = D Clwly) (1.10)
w:s(w)=a

A Bayesian correlated equilibrium (BCE) is an action distribution in which no individual would
profit by unilaterally deviating from selecting actions according to the given action distribution.

The formal definition follows.

Definition 1. An action distribution ¢ under ( is a BCE if and only if it satisfies

Eylui((ai, a—i), v)|ai] > Eglui((aj, as),7)lai] (1.11)

for all a;,a; € A;andi € N where E4l-|a;] is the conditional expectation with respect to the

action distribution ¢ and information structure ( given action a; € A;.

An equilibrium action distribution ¢, corresponding to a BNE strategy profile s under ¢, i.e.,

P(aly) = 3 u.s(w)=a C(w|7), satisfies (1.11) as stated in the following result.

Proposition 2 (Corollary 2, [2]). An equilibrium action distribution is a BCE under any infor-
mation structure. If a BCE corresponds to an equilibrium action distribution, a corresponding

information structure exists.



Using Propositions 1 and 2, we can derive a necessary and sufficient condition for an action distri-

bution comprised of jointly normally distributed action profile and payoff state.

Proposition 3 (Proposition 3, [21]). An action distribution ¢ comprised of jointly normally dis-

tributed action profile and a payoff state is a BCE if and only if the following conditions hold
Eglal =@ (1.12)
Z H; jcov(ai, a;) = cov(ai, Vi) (1.13)
jeN
Solution of (1.8) and (1.9) by b, = 1 and @; = E;|w;] constitute a necessary and sufficient

condition for a BCE by Proposition 1. Conditions (1.12) and (1.13) correspond to this solution;

thus, Proposition 3 is established.
1.3 A SDP Formulation of Information Design Problem given Quadratic Design Objectives

In this section, we provide preliminary results on the information design problem in LQG

games. The first result represents the problem in (1.2) as a SDP with the decision variable

¥ var(a)  cov(a,”y) (1.14)

cov(y,a)  wvar(vy)

and objective coefficients matrix

F = ’ ’ (1.15)

where [F); ; indicates the n x n block matrix for i, j € {1, 2}.

Proposition 4 (Section 3.2, [21]). If the objective function f(a,~) is quadratic in its arguments,

and the payoff matrix H is such that H + H?' is positive definite, then the information design



problem in (1.2) can be restated as the following SDP,

max F e X (1.16)

Xep2n
st. RpeX =0 Vkel{l,.,n}, (1.17)
My, 0 X =cov(vye,v), VkleNwithk <l (1.18)

where Ry, € P*" and My, € P?" are defined as

Hy . if 1=j=k,

12 if i=kj=n+k
[Rili; = 9
HeJ2 if j=kl1<i<ni#k

~1/2 if j=ki=n+k,

0 otherwise,

and

1/2 ifk<lii=n+k,j=n+l,
1/2 ifk<lii=n+1l,j=n+k,
[Myi]ij =
1 ifk=lLi=n+k j=n+I,

0 otherwise,

\

This result, due to [21], represents the original information design problem (1.2) as the maxi-
mization of a linear function of a positive semi-definite matrix X subject to linear constraints. The
result leverages the fact there is a unique BNE that is a linear function of the signals whose coef-
ficients can be obtained by solving a set of linear equations in an LQG game with payoff matrix
H where H + H" € P? [20]. The linear strategies allow a mapping from strategies to signals,

which then means selecting the best distribution over the signals is equivalent to selecting the best
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distribution over the actions subject to the BNE constraints. Accordingly, the selection of the in-
formation structure in (1.2) reduces to determining the covariance between the realized actions and
payoft states in (1.16). Note that we can assume [F|z 5 is a zero matrix O,,x,, because var(7y) is
given by nature, and cannot be altered by choosing an information structure. Again by leveraging
the linear mapping of strategies from signal space to action space, one can express the BNE equa-
tions with the set of linear constraints in (1.17). The set of constraints in (1.18) assigns the given
covariance matrix of the payoff states to the corresponding sub-matrix in X, i.e., it is equivalent
to [X]22 = var(y). We note that we assume the conditions in Proposition 4 hold throughout all
chapters.

Next, we consider an important special case.

Definition 2 (Public Information Structure). A public information structure has w; = .... = wy,
with probability one. The set of public information structures is a subset of the general information

Structures.

In the public information design problem, all players receive the same signal, and it is common
knowledge that they will receive the same signal. We define two important feasible solutions to

(1.16) - (1.18) (no and full information disclosure), [21].

Definition 3 (No information disclosure). No information disclosure refers to the case when there
is no informative signal sent to the players. In this case, the equilibrium action profile is given by

a = H~'y. The induced decision variable and the objective value is respectively given by

o o0
X = and F e X = 0. (1.19)

O var(y)

Definition 4 (Full information disclosure). The signals sent to the players reveal all elements of

payoff state v under full information disclosure. Equilibrium action profile is given by a = H 1.
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The induced decision variable

. H 'var(y)(H)" H 'var(y) (1.20)

var(y)(H™1)" var(7)

and the objective value is F @ X = Fy o var(y) where Fy = (H )T ([Fl11 + [Fli2H +
HT[F]y)H™!

The information structure is public when all players receive a common signal. Otherwise,
when the players receive individual signals, the signal structure is private. Another distinction
is based on the fidelity of information carried by the signals. A signal can carry no, partial, or
full information. No information disclosure does not improve the prior information of the players
about the payoff relevant state, while signals reveal the payoff relevant state under full information
disclosure. A partial information disclosure is when the signals carry some information, but do not
fully reveal the payoff relevant state to the players.

Next result states the conditions for the optimality of full information disclosure solution when

we consider the set of public information structures.

Proposition 5 (Proposition 6-7, [21]). Let var(y) = DD such that D is an n x k matrix of rank

k where k is the rank of var(vy) and Fy is as given in (4.73).

o Assume DT FyD # O is negative semi-definite. Then, no information disclosure is optimal

in the set of public information structures.

o Assume DT Fy D # O is positive semi-definite. Then, full information disclosure is optimal

in the set of public information structures.

Remark 2. The SDP formulation of the information design problem in (1.2) poses the problem
as the determination of a distribution over actions not signals. A natural question is: how can
the designer use the solution X and ¢ instead of the distribution over signals (? As per the

information design timeline, when X is decided and ~ is realized, the designer can draw the
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suggested actions from ¢(al|y) which has a Gaussian distribution. These suggested actions can be

used as coordinating signals instead of the private signals w;.

In next sections, we continue with a motivation for the models and results in the upcoming

chapters, and an overview of related literature and the results included in this thesis.
1.4 Summary of Chapter 2: Welfare and Agreement Maximization in LQG Games

In this chapter, we focus on the maximization of welfare and agreement. Welfare refers to
sum of all agents’ utilities. Maximization of welfare bring alignment between the designer and
agents, in the sense that information disclosure is optimal. The level of information disclosure
depends on the symmetry between agents. Total symmetry among payoff states, signals or payoff
coefficients of agents make full information optimal disclosure policy. As the symmetry reduces,
partial information becomes optimal solution.

Agreement objective is the sum of squared differences between agent’s actions and mean ac-
tions. This objective is misaligned with agent’s utilities because of the nature of the objective and
utilities as functions. In this case, no information disclosure is optimal in general. The results

appeared in [24].
1.4.1 Contributions

Building on the SDP formulation of the information design problem, we analyze optimal in-
formation structures when the system level objective is to maximize social welfare (Section 2.3),
maximize agreement among players’ actions (Section 2.4), or a weighted combination of these two
objectives (Section 2.5).

In this thrust, we provide analytical and computational insights about the value of information
and optimal information structures by focusing on particular objectives for the designer (social
welfare and agreement). Our contributions are fourfold:

1) Given the social welfare design objective, we show that full information disclosure is optimal
if there is a common payoff state (Proposition 7), when the dependency of payoffs on others’ ac-

tions is homogeneous (Theorem 1), or if we only consider the set of public signals (Proposition
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8). These results follow the intuition that the designer would like to reveal as much information as
possible when the payoffs of players are aligned with the system-level objective [3].

2) When the objective is to maximize the agreement between players’ actions, we show that no in-
formation disclosure is optimal for any LQG game (Proposition 9). That is, by hiding information,
players’ actions are closer to each other.

3) If the information designer maximizes social welfare and agreement, we identify a critical
weight on the agreement term of the objective based on game payoffs below which full infor-
mation disclosure is preferred to no information disclosure (Propositions 10 and 11). That is, the
benefit of revealing information outweighs the increase in disagreement.

4) Numerical solutions to the SDP formulation reveal optimal private signal distributions that out-
perform both full and no information disclosure schemes. These contributions mentioned above
build on the SDP formulation of the information design problem that considers generic quadratic
design objectives in LQG games [21], but are distinct in that they provide specific insights about

the practically-relevant social welfare and agreement design objectives.
1.4.2 Related literature

Other intervention mechanisms, besides information design, include providing financial in-
centives in the form of taxes and rewards [25], system utility design [26], and nudging or player
control during learning dynamics [27-30]. In contrast to these approaches, the information design
framework manages the uncertainties of players so that their expected payoffs align with the ob-
jective of a system designer. That is, the system designer does not control agents directly, rather
it determines the information revealed to the players, so that players’ evaluation of their payoffs
lead to better outcomes from the system designer’s perspective. In this sense, there is a limit to the

system designer’s capability to achieve its goal. This limit determines the value of information.
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Information
Designer

¢(wl)

Figure 1.3: Agents play a network game with individual payoffs that depend on their neighbors’
actions and an unknown payoff state v. An information designer sends a signal w; drawn from
information structure ((w|y) to each agent 7. Agent ¢ takes an equilibrium action a; based on the
received signal w; to maximize its expected utility (©2022 IEEE).

1.5 Summary of Chapter 3: Information Preferences of Individual Agents in LQG Network

Games

In Chapter 2, we show that full information disclosure is the optimal solution to social welfare
maximization under public information structures and/or common payoff states (see Propositions
7-8). While full information disclosure may be optimal from the system designer’s perspective, its
effect on individual player’s payoff is not clear. In Chapter 3, we analyze the effect of such infor-
mation disclosure policy on the payoffs of individual agents and its dependence on the centrality

of the agents in network games. The results appeared in [31].
1.5.1 Contributions

We identify sufficient conditions for the individual preference of informative signals based
on the payoff coefficients prior to realization of the state (ex-ante) in Theorem 2. We leverage
this result, and identify that both central and peripheral agents in a star network structure prefer
information disclosure ex-ante for homogeneous LQG games (Proposition 12). In computing the

benefit of information disclosure to individual agents, we find that a peripheral agent can benefit
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more than the central agent under full information disclosure if competition is strong and number
of agents is small (Proposition 13). In sum, the incentives of the agents and the system designer
are in congruence ex-ante given the conditions considered.

We find that joint incentives of individual agents and the system designer can cease to exist
ex-post, i.e., after the realization of the payoff state. In contrast to Proposition 12, the central agent
prefers no information disclosure ex-post if realization of the payoff state is lower than expected.
In the context of Bertrand competition among firms in networked markets, these results imply
that central firms may not benefit from information disclosure when the competition among firms
is strong. Ex-post analysis is not useful because agents do not observe the realized payoff state
when taking actions, but they observe signals generated by the information designer based on the
realized state. Still, the ex-post analysis of incentives imply that a risk averse central agent can
prefer uninformative signals ex-ante. These results extend prior knowledge on the information
design problem [3, 21] by providing a characterization of the benefit of informative signals on
players’ payoffs and its dependence on centrality of the players in network games with incomplete

information.
1.5.2 Related Literature

Prior studies in network games with quadratic payoffs focus on computation and character-
ization of equilibria, and analyze the changes to the equilibria or social welfare when network
topology is modified via adding/removing links or nodes [32-36]. In contrast, Chapter 3 considers
the effects of information design on individual payoffs when the design objective is to maximize
social welfare.

Among the papers that consider network games, a standard thread of research is on developing
dynamics that reach a Nash equilibrium in complete information network games with quadratic or
other types of utilities—see [37] for a recent extensive review on this topic. Another thread focuses
on characterizing the Nash equilibrium, showing its relation to network centrality metrics in order
to identify key players in the game [32,35]. These research threads are also extended to incomplete

information network games [33,34,38]. There are two sources for uncertainty considered in these
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works: network and utility. Network uncertainty refers to players not knowing their neighbors,
while the payoff uncertainty considers an unknown payoff relevant state, same as the setting in this
chapter. Again the equilibrium computation or characterization is the main focus of these studies.

In terms of design/intervention in network games, studies either focus on seeding, i.e., con-
trolling a given number players, [39, 40], on taxation/subsidy schemes [25], or on changing the
network structure to maximize a system level objective. Orthogonal to these works, the interven-
tion mechanism considered in this thrust is information design [3,5,24]. That is, a designer chooses
the level of information revealed to the players in an incomplete information network game so that
social welfare is maximized. In addition, this chapter analyzes the potential gains of information
design to the players based on their centrality. This thrust tries to answer the question "which play-
ers benefit the most and how much from optimal information design in incomplete information
network games?" We also note that the result in Theorem 2 provides a condition for an agent ¢ to
benefit from full information disclosure for general networks. The ensuing results (Proposition 12

and 13) exemplify some of the consequences of this general result for star networks.
1.6 Summary of Chapter 4: Robust Information Design in LQG Games

In Chapter 4, we propose a robust optimization approach to the information design problem
considering the fact that the designer cannot exactly know the game players are in. Indeed, while
the designer may be knowledgeable about the payoff relevant random state, it may have uncertainty
about the payoff coefficients of the players. For instance, in the pandemic control example above
while the public health department may have near-certain information about the potential risks of
a disease or intervention, it may not know how the society weights the risks and benefits in their
decision-making. Here, we assume the designer has partial knowledge about players’ utilities, and

wants to perform information design over the payoff relevant states. The results appeared in [41].
1.6.1 Contributions

When the payoffs of the players are unknown, the designer cannot be sure of the rational

behavior under a chosen information structure. We formulate this problem as a robust optimization
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problem where the designer chooses the “best” optimal information structure for the worst possible
realization of the payoffs. That is, we do not make any assumptions on the distribution of the
players’ payoff coefficients.

Specifically, we assume the players have linear-quadratic payoffs with coefficients unknown
by the designer. We further assume that the payoff relevant states and signals generated by the
designer come from a Gaussian distribution. In this setting, we show that the robust information
design problem can be formulated as a tractable SDP given ellipsoid (Theorem 4), interval (The-
orem 5) and general cone perturbations (Theorem 6) on the payoff coefficients—see Section 4.4.
Using the tractable SDP formulation under ellipsoid perturbations, we establish the optimality of
canonical information disclosure settings, namely no and full information disclosure, given the set

of general (Theorem 7) and public (Theorem 8 and 9) information structures.
1.6.2 Related Literature

It is worth noting that there are existing works in the framework of Bayesian persuasion and
information design that consider robustness in a different sense than our framework. Both [42]
and [43] consider the Bayesian persuasion setting with a sender and a receiver agents, where the
nature may send additional information to the receiver, and aim to find the sender’s optimal infor-
mation structures. These works assume the receiver’s payoff is known by the sender, but consider
robustness against the side information provided by the nature to the receiver.

In another Bayesian persuasion setting, [44] considers the situation where the sender does not
know the prior distribution on payoff state and the sender learns it over repeated interactions.
The goal of the sender is to minimize regret with respect to the setting where the sender knows
the prior distribution on payoff state. Their main result proves that for any persuasion setting
satisfying certain regularity conditions, their proposed algorithm achieves O (/T log T') regret with
high probability under the horizon length 7. In contrast, here we consider a one-shot (static)
problem, and we assume the prior distribution on the payoff state is known by the designer.

In [45], an adversarial approach is taken for the setting where the sender does not know the

utility of the receiver. That is, the robustness is against the unknown receiver utilities similar to

18



ours. They show that the sender can achieve a low regret under the assumption that it knows the
receiver’s ordinal preferences over the states of nature upon adoption. However, they formulate
the problem as regret minimizing, whereas we formulate the problem using robust optimization.
The difference is that we assume the designer knows the perturbed payoff functions, but it does
not know the amount of perturbation. Lastly, robustness against the receiver’s error prone (non-
Bayesian probabilistic inference over payoff state) calculations is considered in [46]. In our case,
we assume the receiving agents are capable of updating their expected payoffs without error.
Besides the mentioned distinctions between our framework and [42—-46], we focus on the multi-
player setting, i.e., information design, and assume an incomplete information game among the

players.
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2. MAXIMIZING SOCIAL WELFARE AND AGREEMENT VIA INFORMATION
DESIGN IN LINEAR-QUADRATIC-GAUSSIAN GAMES

2.1 Introduction

We focus on identification of optimal solutions for welfare maximization and agreement objec-
tives. We analytically derive optimal information structure to welfare maximization under common
payoff states, homogeneous games and public information structure settings. We numerically study
sensitivity of optimal information structure to asymmetry in payoff states and in interaction terms.

We continue with derivation of analytical optimal solution to information design problem under
agreement objective. We conclude with analysis of joint welfare maximization and agreement
objective under public information structures and common payoff states settings. The results in

this chapter appear in [24] !
2.2 Objectives

We start with formal definitions of social welfare and agreement design objectives.

Definition 5 (Social Welfare). Social welfare is the sum of individual utility functions,

fla,v) = Zui(a,v). 2.1
i=1

Social welfare is a common design objective used in congestion [25,47], global [23] or public

goods games [15].

Definition 6 (Agreement). The information designer would like players to agree by minimizing the

deviation of players’ actions from the mean action, i.e., by maximizing

n

1 n
fla,vy) = E (a; — a)*, where a = " ;Zl a;, (2.2)

i=1

"Part of this chapter is reprinted with permission from F. Sezer, H. Khazaei, and C. Eksin, “Maximizing social
welfare and agreement via information design in linear-quadratic-gaussian games,” IEEE Transactions on Automatic
Control, pp. 1-8, 2023, ©2023 IEEE.
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where we assume a; € A; = R. The objective is suitable in settings where consensus is desir-
able but not exactly attainable. For instance, this objective can be used in reducing consumption

variability in demand response [48], or coordinated autonomous movement [38].

2.2.1 Design objectives in Matrix Form

We focus on two specific quadratic design objectives: social welfare (2.1) and agreement (2.2).
According to Proposition 1, we can express the information design problem in (1.2) for these
objectives as in (1.16). The following are the objective coefficients matrices

-H I 11" -1 0

FV = , and F© = , (2.3)
I 0 0 0

corresponding to (2.1) and (2.2), respectively. We obtain I’V by substituting the quadratic payoffs

(1.3) in (2.1), and taking the expectation. See Lemma 2 in the appendix for the derivation of F'C.
2.3 Results on Social Welfare Maximization

Our first result shows that full information disclosure will be preferred to no information dis-

closure in social welfare maximization.

Proposition 6. Assume H is symmetric. Then, full information disclosure never performs worse

than no information disclosure for maximizing social welfare objective.

Proof. No information disclosure has the objective value /'@ X = 0 regardless of F as per Defini-
tion 3. Objective value of full information disclosure is 'V @ X = [}V e var(7y) as per Definition
4. Given (2.3), F}Y = H~'. We have I}/ = H~' = 0 because eigenvalues of H ! is equal to
reciprocals of eigenvalues of H which are positive because H is positive definite by the assumption
that H + HT = 0 and H is symmetric. The result follows from the fact that £}/ e var(y) > 0

given var(vy) = 0. O

The result implies that no information disclosure cannot be an optimal information structure for

social welfare maximization given symmetric payoff coefficients, since it cannot do better than full
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information disclosure. Next, we show that full information disclosure maximizes social welfare

for some important special cases.
2.3.1 Common Payoff State

We consider a scenario in which the payoff states are identical for all the players.

Proposition 7. Assume H is symmetric and ~y; = vy, V 1, j € N. Then, full information disclosure

(X in (1.20)) is optimal for social welfare maximization.

Proof. The objective function f(-) with coefficients matrix /" in (2.3) is such that FZWn 4+ =0

YV i,7 € N with i # j. Moreover, we have Fﬁl n+j = 0, V4,5 € N. Therefore,

FV e X = ZZFWCOV a;, a;) + 22 B cov(ai, ;). (2.4)

=1 j5=1

Using the BNE condition in (1.17), which is equivalent to

Z H; jcov(a;,a;) = cov(a;,7;), Vi,j € N, (2.5)

JEN

for the corresponding terms in (2.4), we obtain

FVeX = Z Z (EY +2F" . H, )cov(a;, a;). (2.6)
=1 j=1
We can express 'V @ X = F evar(a) where we define E := [FV], |+ [FW]y 10 H+[FW] 20 HT
using (2.6).
Substituting £V (2.3) in I, we get E = HT. Since H is symmetric, we have £ = H.
We have that if £ = xH for some constant x > 0, then full information disclosure is optimal

under common payoff states (Proposition 9 in [21]). In our setting, the condition holds with k =

1. ]

Proposition 7 establishes that full information disclosure is the optimal information structure

among all possible information structures if the payoff state is common and H is symmetric.
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In the following example, we analyze the discrepancy between the optimal objective value
obtained by solving the SDP in (1.16)-(1.18) and full information disclosure, as we gradually relax
the assumptions of Proposition 7. In particular, we allow partially correlated payoff states, and
asymmetric game coefficients /.

Example (Asymmetric payoffs and correlated payoff states):

Figure 2.1 shows that full information disclosure becomes increasingly suboptimal as asym-
metry grows and correlation between payoff states decreases.

Note that when Corr(v;,v;) = 1, there is a common payoff state and full information dis-
closure is optimal for symmetric /. If we consider the beauty contest game with symmetric
and a single stock, full information disclosure on the stock price, i.e, payoff state, is optimal for
maximizing social welfare by Proposition 7. If we deviate from common payoff state assumption,
this means that stock price is not the same for players when they buy the stock. If we deviate from
the symmetry assumption, it means the effect of a player ¢’s action on j;’s payoff is different than
the effect of player j’s action on ¢’s payoff. In these scenarios, full information disclosure is no

longer optimal.
2.3.2 Homogeneous LQG games
We consider the following payoff matrix H:
1 if i=3;,Vei,j€N

H, = 2.7)
h o if i#j;Vi,jEN

in which the off-diagonal terms are identical. For the Cournot competition (1.4), we have a homo-
geneous payoff matrix with & = ;2 when cost is common, i.e., when v; = ; for all i, j € N. For

the beauty contest game (1.5), we have an homogeneous payoff matrix with h = —%.

Theorem 1. Assume H is given in (2.7), and tr(var(y)) > 2331, >~ ic v iy €OV (Vi %)- If—-4 <
h < 1, then full information disclosure is optimal for the social welfare maximization objective

under general information structures.
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c=0.2

Percentage difference

0.5 0.6 0.7 0. 0.9 1
Correlation between payoff states, Corr(vy;, ;)

Figure 2.1: Percentage difference between optimal objective value (1.16) and objective value of
full information disclosure versus correlation between payoff states. We consider a game with
asymmetric payoffs given by H;; = 4fori € N,and H; ; =1+ cU, jfori € N,and j € N\ {i}
where U; ; € [—1,1] is a uniformly distributed random variable‘ for 7,5 € N, and ¢ € [0,1] is
a constant determining the magnitude of the asymmetry. The suboptimality of full information
disclosure increases with growing asymmetry and decreasing correlation (©2023 IEEE).

Proof. See Appendix A.2 for the proof. 0

Theorem 1 shows that full information disclosure is optimal when the effects of others’ actions
on payoffs are homogeneous and belong to the given region. We note that the LQG game is
submodular if 4 > 0, and it is supermodular if 4 < 0. In a submodular game, an increase in a
player’s action reduces the incentive for other players to increase their actions. In a supermodular
game, the effect is reversed, i.e., increasing a player’s action increases the incentive for other
players to increase their actions—see [49] for formal definitions. Accordingly, social welfare
maximization objective is aligned with the incentives of players, when the game is submodular.
In contrast, when we have a supermodular game, the optimality of full information disclosure is
optimal as long as the effect of another players’ actions on a player’s action is small, i.e., h > —11

n—
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Figure 2.2: Comparison of the social welfare values under full information and no information
disclosure. We consider homogeneous games with n_—fl <h <1 Weletvar(y);; =02fori e N
and j € N\ {i} as we vary var(;) foralli € N. As var(~;) increases, the value of full information
disclosure increases compared to no information disclosure (©2023 IEEE).

We note that the condition h > n_—_ll stems from the requirement that // needs to be positive
definite. Considering the beauty contest game in stock markets with h = T;—ﬂ < 0, the information
disclosure is always optimal because S < 1. In Cournot competition, full information disclosure
is optimal as long as 3= < 1 according to Theorem 1.

A sufficient condition for optimality of full information disclosure in Theorem 1 is the diagonal
dominance of the covariance matrix of the payoff state. In the following numerical example, we
identify that the full information disclosure remains optimal even when the diagonal dominance
assumption does not hold in homogeneous LQG games.

Example (Relaxing the diagonal dominance of var()):

We consider a submodular game among n = 4 players with homogeneous payoff coefficients

with / ranging from —0.3 to 0.8 (see Fig. 2.2).

When we compare the social welfare value under full information disclosure solution (1.20)
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with the optimal solution to the information design problem in (1.16)-(1.18), we find that they are
identical for all values of var(~;) € [0.4,0.48]. In this interval of var(;), the diagonal dominance
assumption is not satisfied. This suggests that full information disclosure remains optimal even
when the diagonal assumption is not satisfied. Fig. 2.2 also shows that as the dependence of the
payoffs on other players’ actions, i.e., ||, increases, objective value for full information disclosure

increases. This means the value of revealing information increases as competition increases.
2.3.3 Public information structures
Next, we show that full information disclosure maximizes social welfare under public signals.

Proposition 8. Assume H is symmetric and consider the set of public information structures as

the feasible set. Then, full information disclosure maximizes social welfare (2.1).

Proof. From Definition 4 and I’V in (2.3), we have

FY =HYW(-H+IH+H'YH ' =H"

H™! is positive definite because eigenvalues of H ! are equal to reciprocals of eigenvalues of
H which are positive. Therefore, K7 F}Y K # 0 is positive definite for any matrix K. The result

follows from Proposition 5. [

Together with the previous results in this section, Proposition 8 implies that for full information
disclosure to be suboptimal in welfare maximization, the payoff has to include individual payoff

states or asymmetric payoff matrix, and the designer has to consider private signals.
2.4 Maximizing Agreement
We show that no information disclosure is an optimal information structure that maximizes

agreement objective (2.2).

Proposition 9. No information disclosure is a maximizer of the objective function in (2.2) under

general information structures.
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Proof. The objective coefficients matrix F'“ has n — 1 eigenvalues with value —1 and n + 1
eigenvalues with value of 0. Thus, F'© is negative semi-definite. The decision matrix X is positive
semi-definite. We deduce that F'© e X < (. Objective value of no information disclosure is 0 by

(1.19); thus, no information disclosure is optimal. L]

Proposition 9 implies that the information designer achieves the maximum similarity between
players’ actions by revealing uninformative signals to the players. Broadly, hiding information
from players is optimal when there is a conflict between the utility functions of the players and
the information designer’s objective. We compare this with the objective value attained by full
information disclosure to provide further intuition for this result. Given FC wehave that F€e X =
Ff e var(y) where Ffj = (H™")T[F{}]H~". We know that var(y) is positive definite, and Fj; is
negative semi-definite because [F“]; ; is negative semi-definite as per the proof of the Proposition.
Thus, we have that full information disclosure can never be better than no information disclosure
for the agreement objective.

In the context of Cournot competition, we can envision a market regulator that wants to reduce
the variability in quantities produced by each firm. The result above states that the designer can

achieve minimum variability by not revealing information about the marginal cost of production.

Remark 3. Agreement objective is an example of misaligned objectives between the designer and
agents. In this case, obfuscating information is preferred by the designer [3]. Therefore, optimality
of no information disclosure complies with this insight.

In Cheap Talk [7], obfuscating information corresponds to a meaningless case because the
point is lying and changing receiver’s perception on the private information about the bias the
sender has. When no information is given to the receiver about its type, Cheap Talk does not even
occur. In contrast, information design focuses on selecting the level of information given to agents
so that the designer objective is maximized. In this sense, no information carries a meaning in
information design.

Another insight on optimality of no information disclosure for agreement objective comes from

concavity of the objective function. In Remark 1 and Section 3 of [1], it is indicated that the
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sender does not benefit from persuasion under concave sender utility i.e no disclosure is optimal

for concave sender objectives.

2.5 Maximizing Welfare vs. Agreement

We consider an information design problem in which the designer aims to maximize social
welfare and agreement at the same time by considering a weighted combination of (2.1) and (2.2).
The objective coefficients matrix is given by

P (L P 1 apey_ [P = (A= NH a=01| 08
(1=XN1I o
for weight A € [0, 1].

The constant A quantifies the importance of agreement. On one hand full information disclo-
sure is optimal when the design objective is social welfare under common payoff state, homoge-
neous games, or public signals. On the other hand, no information disclosure is optimal when
the objective is to maximize agreement. In the following results we show that full information
disclosure remains preferred under public information structures and common payoff states given
homogeneous games, if social welfare term gets a large enough weight relative to the agreement

term.

Proposition 10. Assume H has the form in (2.7) with h € (0,1), and common payoff states
i =17, VigeN IfA< %for A € (0,1), full information never performs worse than no

information for information design problem with objective coefficients in (2.8).

Proof. Following identical steps to Proposition 7, we obtain the matrix E = [F|; 1 + [Fa1 0 H +
[F]i2 0o HT that provides ' @ X = F e var(a). Substituting in the coefficients from (2.8), we
simplify E = A[F“]11 + (1 — \)H.
First eigenvalue of F is equal to [(n — 1)k + 1](1 — X). The rest of the eigenvalues of E are
equal to —A+ (1 — \)(1 — h). E is positive definite because both eigenvalues are greater than zero
1-h

when \ < h
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If £ is positive definite, then the objective value F @ X;; = E e var(a) > 0. Thus, full

information performs better or the same compared to no information disclosure. [

Proposition 11. Assume H has the form in (2.7) with h € (0,1). If X < 1= for X € (0, 1), then
full information disclosure is optimal for the information design problem with objective coefficients

given in (2.8) under the feasible set of public information structures.

Proof. We know F e X = Fy e var(y) where Fy is given in Definition 4. Substituting in for the
sub-matrices in (2.8), we have Fy = (H Y)TEH™!, where E = A\[F°];; + (1 — A\)H is as in
Proposition 10. We know from the proof of Proposition 10 that £ is positive definite for A < ﬁ

Thus, full information disclosure is optimal for public information structures by the fact that Fy is

positive semi-definite and by Proposition 5. [
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Figure 2.3: Objective values for optimal, full, no information disclosure under varying weights
A € [0,1]. Optimal information disclosure is obtained by solving (1.16)-(1.18) under general
information structures. The game payoff coefficients H is as in (2.7) with h € {0.25,0.75}. Let
var(y) be such that var(vy);;, = 4 for i € N and var(y);; = 1 fori € N and j € N \ {i}. Full
information disclosure is preferred over no information disclosure for larger weight values A than
the A\ threshold given in Proposition 11 (dashed line) (©2023 IEEE).

Propositions 10 and 11 specify the threshold for A below which social welfare dominates the
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agreement term so that no information disclosure can no longer be optimal. It is worth noting that
the A threshold for the superiority of full information disclosure are identical in both results because
we can reduce the objective function evaluation in Proposition 10 and the optimality condition in
Proposition 11 to positive definiteness evaluation of £. According to the threshold A\ < ﬁ the
region in which no information disclosure is not optimal increases to A € (0,0.5) as h — 0. The
region in which no information disclosure is not optimal shrinks to A = 0 as h — 1.

That is, as the dependence of players’ payoffs on others’ actions increases, no information
disclosure can no longer be ruled out as sub-optimal, unless social welfare maximization is the
objective of the designer, i.e., A = 0.

Next, we assess the tightness of the threshold for A, and the optimality of no and full informa-
tion disclosures for the class of general information structures in a numerical example.
Numerical example: Fig. 2.3 shows that the region for the weight A where full information infor-
mation disclosure is preferable by the information designer over no information disclosure under
public information structures is larger than the region given by the condition A\ < ﬁ The gap
between the analytical threshold (dashed line) and the numerical threshold (shown by x) for A de-
creases as h increases. Fig. 2.3 also shows the optimal value achieved by solving the information
design problem under general information structures. We observe that general information struc-
tures that send partial signals to players perform better than no and full information disclosure for
Ae (0,1).

As mentioned in Section 2.3.2, Cournot competition is submodular. Fig. 2.3 indicates that as

h = % decreases, i.e., the value of information disclosure increases. In other words, in settings

where competition is fierce, hiding information is preferred when agreement is a design factor.
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3. INFORMATION PREFERENCES OF INDIVIDUAL AGENTS IN
LINEAR-QUADRATIC-GAUSSIAN NETWORK GAMES

3.1 Introduction

The information design problem ensures that optimal solutions satisfy equilibrium constraints
so that agents will be in obedience to optimal information structures in expectation. Because
rationality is defined as maximization of expected utility, agents will comply to the proscribed
equilibrium actions to them in any information structure which satisfies equilibrium constraints.

However, agents could obtain different utility values under different information structures.
This raises the question that what affects agents’ preferences towards information structure. In this
chapter, this question is answered in the context of LQG network games under the consideration
of agents’ position in the network for analytical and numerical studies and of their level of risk

aversion in numerical studies. The results in this chapter appear in [31] .
3.2 Information Design in LQG Network Games

We consider LQG network games where the nodes are the players AV, and edges £ determine
the payoff dependencies, i.e., if (i, j) ¢ &£ then H,;; = 0, otherwise H;; € R for (i, j) € £. Next,

we provide an example.

Example 4 (Bertrand Competition in Networked Markets). Firms determine the price for their
goods (a;) facing a marginal cost of production (v;). Firms compete over markets that are con-
nected [50]. The demand is a function of the price of all the firms, q; = ¥ — wa; + o Z#i a; with
positive constants v, w and o.

Firm i’s profit is its revenue q;a; minus the cost of production ;q;,

Ui(aﬁ) = q;Q; — ;4. (3.1)

!Part of this chapter is reprinted with permission from F. Sezer and C. Eksin, “Information preferences of individual
agents in linear-quadratic-gaussian network games,” IEEE Control Systems Letters, vol. 6, pp. 3235-3240, 2022,
©2022 IEEE.
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Nodes of networks correspond to a firm in Bertrand competition. If two nodes share an edge, they
compete over the same market. For a star network, the central node can be a multinational firm

competing with local competitors (peripheral nodes).

3.3 Social Welfare Maximization via Information Design
Social welfare is the sum of agents’ (quadratic) utilities:

n

fla,v) = Z(—Hnﬂ? —2 Z Hija;a; + 2via; + di(a—, 7)) (3.2)
i=1 i

Given quadratic utilities and Gaussian information structure, the information design problem
(1.2) is transformed to the maximization of a linear function of a positive semi-definite covariance
matrix (X = cov(a,~y)) subject to linear constraints stemming from the BNE condition in (1.1).
That is, the information design problem is a semi-definite program (SDP) given in (1.16)-(1.18).

Using this SDP formulation, it is shown in Chapter 2 that full information disclosure, i.e.,
signals that reveal the payoff state, is an optimal strategy for the information designer under com-
mon payoff states (Proposition 7 in chapter 2) and public information structures (Proposition 8 in
chapter 2).

We interpret the results in Propositions 7-8 for network games where H;; = 0 if (,j) ¢ &.
According to Proposition 7, full information disclosure is optimal given a common payoff state
and symmetric /. A common payoff state corresponds to a common marginal cost for firms in
Bertrand competition. This result implies that each firm should receive a fully informed signal on
the marginal cost to maximize the social welfare.

Proposition 8 implies that if / is diagonally dominant, then full information disclosure is
optimal for public signal structures. In the context of Bertrand competition, this result implies that
if firms receive the same signal on the cost of their production, it is preferable to reveal the realized
cost of production.

Next, we analyze the ex-ante information structure preferences of individual agents based on

their position in the network.

32



3.4 Ex-ante Information Structure Preferences of Agents based on Network Structure

When there is a common payoff state v, i.e., 7; = 7, for i € N and public signals w; = @
for i € N, individual equilibrium actions under full and no information disclosure are given by
a; = y[H'1); and a; = u[H'1];, respectively for i € A" where 1 € R is a vector of ones and
[-]; represents the ith element of a vector—see Appendix B.1 for the derivation. In this section, we

treat the actions as random variables where we assume v ~ (1, 02) and p ~ (g, o2).

Theorem 2. Consider an LQG network game with common payoff state vy and public information

structures. Define

Vi(H) := [H™'1]; (2 — Hy[H'1];—2) H,-j[H—11]j). (3.3)
i
If V.(H) > 0, then full information disclosure is preferable by agent i € N over no information

disclosure.

Proof. If agent 7’s expected utility given full information disclosure is larger than its expected
utility at no information disclosure, then full information disclosure is preferable. We start with
computing agent ¢’s expected utility under full information disclosure by plugging in the equilib-

rium action profile @ = vH 1 (see Lemma 3 in appendix B.1) into (1.3):
Elui(a,7)] = E[y*][H'1]; (2 — Hy[H 1), -2 Hy[H ‘11]]-) +Eldi(a_s,7)]  (3.4)
J#

Next, we plug in the equilibrium action profile for no information disclosure a = pH 1 (see

Lemma 3) into (1.3):

Elui(a,~)] = [H~'1]; (E[MQ](—Hz’z’[H_ll]i —2)  Hy[H'1];) + 2E[W]) + Eldi(a—i,7)]
j#i
(3.5)

We subtract (3.5) from (3.4) to obtain the difference between expected utilities under full in-
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formation and no information:

ElAui(a,v)] = [H1]; (E[WQ — ) (=Hg[H'1]; =2 " Hy[H'1];) + 2By — 7#])
J#
(3.6)
= o?[H 1], (2 — Hy[H'1]; - 2) Hj; [H—ll]j). (3.7)
i
To get the second equality, we use E[u?] — ud = 02, E[v*] = 0 + 0p + p2 and E[yu] = o2 + 13
given that v ~ ¥(u,0?) and pu ~ ¥(po, 02). If E[Au;(a,~)] > 0, full information is preferred.

The condition E[Au;(a,v)] > 0is equivalent to V;(H) > 0 by the fact that % > 0. O

3.4.1 Information Structure Preferences under Star Network

We showcase Theorem 2 by applying to LQG games over star networks. A star network is
comprised of a central agent (¢ = 1) and n—1 peripheral agents (j € N'\{1}). We derive conditions
for information structure preferences of both the central and peripheral agents in homogeneous

games.

Definition 7 (Homogeneous LQG games). An LQG network game with a payoff coefficients matrix

where H;; = 1 and H;; = j3, for (i,7) € £, and € R is homogeneous.

Proposition 12. If the LOG game is homogeneous and (n — 1) |B| < 1, then full information
disclosure is preferred over no information disclosure by both the central and peripheral agents in

the star network.

Proof. We can compute [H~'1]; in close form for star networks,

N5 -1

H = o

for i € N, (3.8)

where NV; : {j : (i,j) € £} denotes the neighbors of agent i, and |N;| denotes its cardinality.

We check the condition V;(H) > 0 for the central agent, say « = 1, by substituting in (3.8),
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Vil =n—1and |N;| =1forj e N\ {1},

(n—1)8-1 <2_(n—l)ﬁ—1+2(n—1)5(6—1>)>0' (3.9)

(n—1)p%2—-1 (n—1)p%2 -1
We simplify (3.9) to get (n—1)5—1)((n—1)8—3) > 0. Given that (n — 1) < 1, the inequality
is always true. Thus, full information disclosure is always preferable to no information disclosure
by the central agent.
Now we consider peripheral agents j € N \ {1}. We check the condition V;(H) > 0 for a
peripheral agent by substituting in (3.8), |[NV;| = n — 1, and |N;| = 1 for j € N\ {1}:

-1 (Q_ﬁ(6—1)+2((n—1)5—1)> >0 (3.10)

(n—1)p% -1 (n—1)p* -1
(3.10) simplifies to (8 — 1)*> > 0 which is always satisfied. This means E[Au;(a,~)] is always
positive. Therefore, full information disclosure is always preferable over no information disclosure

by the peripheral agents. 0

This result shows that all agents regardless of their position in the star network are expected

to benefit from information disclosure. We analyze the change in the value of information as a
function of competition and number of players in homogeneous games in Fig. 3.1. We note that
for homogeneous games V;(H) = V;(/3,n), and V;(5, n) is given by (3.9) and (3.10), respectively
for central and peripheral agents. We observe that V;(5,n) is a decreasing function for the central
OVi(B.n)

agent while it is an increasing function for a peripheral agent with respect to 3. Also, —o5

decreases further as 3 decreases or the number of agents increases for the central agent. In contrast,
%g’”) is not affected much by a change in the value of /3 for a peripheral agent.
Next, we identify the region for 8 where the expected benefit of the information disclosure to

a peripheral agent is higher than that of the central agent.
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for central (a) and peripheral (b) agents under homogeneous

B, for (i,j) € £, and 5 € R. %g’”) < 0 for the
central agent and ov: (5 ") > 0 fora peripheral agent (©2022 IEEE).
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Figure 3.2: We plot (3.11) for number of agents from 3 to 20. We also plot positive definiteness
condition we impose on 3, i.e., (n — 1) < 1. Indeed, the positive definiteness line (1/(n — 1))
crosses below the lower bound in (3.11) at n > 9, indicating that the central agent benefits more
than a peripheral agent from information disclosure (©2022 IEEE).
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Proposition 13. If the LOG game is homogeneous and

1) — /v(n) <B< 2(n — 1)+ \/v(n) 3.11)
n—2) '

(n—2 n(n —2)

2(n —
n

where v(n) = n® — 2n + 4, then the gain of a peripheral agent from information disclosure is
higher than the gain of the central agent. For 3 values outside interval (3.11), the gain of the

central agent is higher than that of a peripheral agent.

Proof. We consider the difference between E[Auy(a, )] in (3.9), i.e., central agent’s benefit from
information disclosure, and E[Au;(a,~)] in (3.10) for j € N \ {1}, i.e., a peripheral agent’s

benefit, to get

(n=1)—-1)((n-1)B—-3)— (8- 1)*

EA — EAu; = > 0. 3.12
[Auy(a, )] [Au(a, )] (n—1)32 — 1) ( )

We remove the positive valued denominator, and simplify the numerator to get
n(n —2)8* —4(n—1)B+3 > 0. (3.13)

Solving quadratic inequality (3.13) indicates that when /3 is in the range given in (3.11), E[Auy(a,y)]—
E[Auj(a,7)] < 0. Thus, a peripheral agent benefits more than the central agent from full infor-
mation disclosure. The second part of the result follows from the fact that we have E[Au;(a,y)] —

E[Auj(a,v)] > 0 for 3 values outside the interval (3.11). O

In Fig. 3.2, we plot the upper and lower bound values in (3.11) as a function of n. We observe
the bounds get closer as n increases. When we contrast these bounds with the bound for positive-
definiteness, i.e., f < 1/(n — 1), we observe that the upper bound is not realized for any /3 value.
For n > 9, the positive definiteness condition implies that the lower bound cannot be exceeded.

Thus, the central agent always benefits more than a peripheral agent for n > 9.
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3.5 Ex-post Information Structure Preferences

Depending upon the realizations of o and ~y, agents may prefer no information disclosure ex-
post. We can say an agent prefers full information disclosure over no information disclosure if its
change in the utility function from information disclosure Awu;(a,~y) > 0, upon realization of u

and . We express Au;(a,y) as following by removing the expectation operator in (3.6),

Aui(a,v) = (v — p)[H'1]; ((7 + ) (—Hg[H™'1]; =2 Hy[H 1) + 27) - (B14)
JFi
We estimate (3.14) numerically via Monte Carlo simulation for homogeneous submodular (5 < 0)
and supermodular (8 > 0) games. In submodular games, agents’ actions are strategic substitutes,
i.e., when agent j increases its action agent ¢’s incentive to increase its action decreases (% <
10aj

0). In supermodular games, agents’ actions complement each other, i.e., when agent j increases its

action, agent ¢’s incentive to increase its action increases ( 25& > (0)—see [35, Section 3]. The
10a;

d
Bertrand competition with payoffs in (3.1) is an example of a supermodular game.

We compute Au;(a,~y) for submodular and supermodular games in Figs. 3.3 and 3.4, respec-
tively. In particular, we generate y values from (o = 1,0.3%), and + values from (p, 0.1%)
where 1) denotes the normal distribution. We estimate Aw;(a, ) for every combination of 5 and p
value by averaging over realizations of .

In both types of games, the average change in utility function over realizations of p is positive

indicating that information disclosure is preferable and confirming Proposition 12. The value of

information decreases on average for both central and peripheral agents in both types of games as

L

submodularity parameter 7]

increases. This is reasonable because the dependence of the payoffs
on others’ actions reduces as | /3| decreases. In both of the games, central agent prefers no infor-
mation disclosure ex-post when realized p is less than yy and the absolute value of submodularity
parameter is low (Figs. 3.3(a) and 3.4(a)). Otherwise, the central agent prefers full information

disclosure ex-post. This indicates a risk-averse central agent may prefer no information disclosure

ex-ante. For instance, a multinational company in a Bertrand competition with local firms may
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Figure 3.3: Ex-post information preference estimates of central and peripheral agents in submod-
ular games on a star network with n = 4. Lines show seven realized ;. values generated from
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and 3 value, 1000 ~y values are generated from ) (p, 0.1%). We estimate Aw;(a, ) by averaging the
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prefer that information remains hidden when the production costs are high and competition is stiff.
In contrast, a peripheral agent always prefers full information disclosure regardless of the realized

w values (Figs. 3.3(b) and 3.4(b)).
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4. ROBUST OPTIMIZATION APPROACH TO INFORMATION DESIGN IN
LINEAR-QUADRATIC-GAUSSIAN GAMES

4.1 Introduction

Information design rests on the strong assumption that the designer knows agents’ utilities in
full. This assumption ignores the privacy of and possible errors in utilities. To overcome this issue
in various settings, this chapter develops robust optimization models to perform information design
when there are uncertain utilities. Robust optimization models are built for utilities under ellipsoid,
interval and conic perturbations.

Robust optimality conditions for full and no information disclosures are derived for LQG
games under ellipsoid perturbations. Numerical studies analyze the relation between optimal in-
formation structure and the level of uncertainty for LQG games under ellipsoid perturbations with

welfare design objective. The results in this chapter appear in [41].
4.2 Generic Robust Information Design Problem

An incomplete information game involves a set of n players belonging to the set ' := {1,...,n},
each of which selects actions a; € A; to maximize the expectation of its individual payoff function

u?(a,~) where a = (a;)icn € A is the action profile, ¥ = (7;)ienr € I is the payoff state vector,

and € O is a payoff parameter. Players know the payoff parameter 6, but they do not know the
payoff state v. Player ¢ forms expectation about the payoff state v based on the prior on the state
¥ and its signal/type w; € €2;.

The information designer does not know the payoff parameter 6, but is more informed about
the payoff state -y than the players. Specifically, given ¢ an information designer aims to maximize
a system level objective function f% : A x I' — R, e.g., social welfare, that depends on the actions
of the players (a), and the state realization () by deciding on an information structure ¢ belonging

to the set of probability distributions over the signals Z. That is, ( is a conditional probability on

the signals {w; };,cn given the payoff state vector 7, i.e., (P(w ‘ 7)) belonging to the space of all
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such conditional probability distributions Z. The information structure determines the fidelity of
signals {w; };c that will be revealed to the players given a realization of the payoff state vector ~.
We represent the incomplete information game given # € © and a prior v on the state vy by the
tuple Gy := {N, A, T, {uf }icn, {wi bien, ¢, ¥} We use Gg = {Gy : 0 € O} to refer to the set of
possible games.
A strategy of player ¢ maps each possible value of the private signal w; € (; to an action
si(w;) € Aj, e, s; 0 0 — A;. A strategy profile s = (s;);en is a Bayesian Nash equilibrium

(BNE) with information structure ( of the game Gy, if it satisfies the following inequality
EQ [uze(sl(wl)v S—i, 7) ’wl] > EC [uf(a;, S—i, ’7) |wi]7 (41)

forall a} € A;,w; € Qi € N, and s_; = (s;(wj)); is the equilibrium strategy of all the players
except player ¢, and L is the expectation operator with respect to the distribution ¢ and the prior
1. We denote the set of BNE strategies in a game Gy with BN E(GY).

In this paper, the designer does not make any distributional assumptions on the payoff param-

eter ¢, and aims to select the best signal distribution for the worst case scenario, i.e.,

- 0
g%lélr?eg(Eg[f (s,7)] st. s€ BNE(Gy). 4.2)

The outer optimization problem in (4.2) evaluates to the designer’s objective under the worst possi-
ble payoff parameter realization, and BNE actions given a signal distribution (. The designer wants
to do the best it can to maximize the system objective assuming the realization of the worst-case
scenario.

We denote the optimal solution to (4.2) by (*. Given the robust optimal information structure

¢*, the information design timeline is given in the following:
1. Designer notifies players about (*

2. Realization of the payoff parameter # and payoff state v, and with subsequent draw of signals

w;, Vi € N from ¢*(w, )
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3. Players take action according to BNE strategies under information structure (* in game Gj.

The generic robust information design problem in (4.2) is not tractable in general. We also note
that the information design problem is not a Stackelberg (leader-follower) game, since the players
are not strategic against the designer’s strategy and objective [1].

In the following we make assumptions on the payoff structure and the signal distribution to

attain a tractable formulation.
4.2.1 Linear-Quadratic-Gaussian (LQG) Games

An LQG game corresponds to an incomplete information game with quadratic payoff functions
and Gaussian information structures. Specifically, each player i € N decides on his action a; €

A; = R according to a payoff function

ul(a,y) = —Hja? =2 Hyjai0; + 2via; + di(a_;, ) (4.3)
J#
where A = R” and I' = R” that is a quadratic function of player i’s action, and is bilinear with
respect to a; and a;, and a; and 7. The term d;(a_;,y) is an arbitrary function of the opponents’
actions a_; = (a;);»z and payoff state 7. We collect the coefficients of the quadratic payoff
function in a matrix H = [H; j|,xn. The payoff parameter ¢, unknown to the designer in (4.3), is
the coefficients matrix H, i.e. § = H.

Payoff state v follows a Gaussian distribution, i.e., 7 ~ 1(u, %) where v is a multivariate
normal probability distribution with mean ¢ € R™ and covariance matrix Y. Each player i € N
receives a private signal w; € ; = R. We define the information structure of the game ((w/|7)
as the conditional distribution of w = (w;);en given . We assume the joint distribution over the
random variables (w,7) is Gaussian; thus, { is a Gaussian distribution.

Next we state the main structural assumption on the unknown payoff parameter /1 of the LQG

game.
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Assumption 1. We assume the following affine perturbation structure on the payoff matrix H,
Hij = [Holij + vijeiy, Vi, jeN (4.4)

where H is the nominal payoff matrix, v, ; € R, is an element of the unknown perturbation matrix
v € R™ ™ which covers a given closed and convex perturbation setV such that 0 € V and ¢; j is

the constant shift.

We note that while the actual payoff parameters H are unknown to the designer, they are known
by the players. The designer only knows the nominal payoff matrix H, potentially obtained from

past data.
4.2.2 From signal to action distributions

We will reformulate the problem in (4.2) in order to obtain a tractable formulation. The re-
formulation will first entail changing the design variables from signals to actions. We define the
distribution of actions induced by the information structure under a given strategy profile as fol-

lows.

Definition 8 (Action distribution). An action distribution is the probability of observing an action

profile a € A when players follow a strategy profile s under (, which can be computed as

dlaly) = Y C(wh). (4.5)

w:s(w)=a

According to the definition, the probability of observing the action profile a is the sum of
the conditional probabilities of all signal profiles w under ¢ that induce action profile a given the

strategy profile s.

Definition 9 (Equilibrium action distribution set). The set of equilibrium action distributions in-

duced by BNE strategies under an information structure ( € Z for game Gy is
Cy(C) = {¢ : ¢ satisfies (4.5) for s € BNE(Gy) given ( € Z}. (4.6)
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We begin by stating the BNE condition in (4.1) by a set of linear constraints for LQG games

given the payoff matrix H.

Lemma 1. Define the covariance matrix X € P?" as follows:

var(a) cov(a,?y)

X = . 4.7)
cov(y,a) wvar(y)

For a given payoff matrix H such that H + H? is positive definite, the BNE condition in (4.1) can

be written as the following set of equality constraints,

Z HijXij— Xinyi =0, i€N (4.8)
JEN

where X, j = cov(a;, a;) fori < n, and j <n, and X; ,+; = cov(a;, ;).
Proof. See Appendix C.1. [

The condition in (4.8) ensures that X is a Bayesian correlated equilibrium (BCE)—see [3] for
a definition. When 6 is known, we can state the designer’s maximization problem in (4.2) as the
determination of an action distribution subject to the constraint that actions belong to Cy((), i.e.,
maxyecy,(¢) Folf(a,y)]. Indeed, we can state the design problem as a SDP using X in (4.7) as the
decision variable, subject to the BCE constraints in (4.8)—see [21]. In such a case, the players
would not benefit from deviating from the recommended actions because they would satisfy the
obedience condition as per the revelation principle, see [3, Proposition 1]. However, this principle
does not apply in the setting where 6 is chosen adversarially. Next, we address this issue in the

finite scenario and ellipsoid, interval and conic perturbations settings.
4.3 Robust Information Design under Finite Scenarios

In the following, we express the robust information design problem under a finite set of scenar-

10s as a mixed integer SDP.
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Theorem 3 (Finite-case). Suppose Assumption 1 holds, and assume the design objective coeffi-

cients do not depend on H. Let the design objective f°(a,~) be quadratic in its arguments with

the coefficients stored in matrix F € R*?" j.e., f%(a,v) = [a y|T Fla 7). Consider a finite per-

turbation vector with C' scenarios, and let v. € R™"*" refer to perturbation vectors corresponding

to one of the scenarios ¢ € C = {1,...,C}. We relax the robust information design problem in

(4.2) as the following mixed-integer SDP:

min max FeX
yc€{0,1},ceC XGP_‘Q_"

C
s.t. Zyc =1,
c=1

yc(RO,l o X + Z [vc]i,jei,in,j) = O,Vl € N, ceC
(6.5)€V,

My, 0 X =cov(yk,v), Vk,l €N withk <lI,
where X is defined in (4.7), Ry, € P*",1 € N is given as:

[Hol1 if i=7=I,

[Holij/2 if i=11<j<n,j#lI,
—1/2 if 1=lLj=n+l,
[Ro,li;j =
[Holig/2 if j=01<i<ni#l

~1/2  if j=li=n+l,

0 otherwise,
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and My, € P?" is given as:

172 ifk<lii=n+kj=n+l,
1/2 ifk<lii=n+1l,j=n+k,
[Mg,]ij = (4.14)
1 fk=10li=n+kj=n+Il

0 otherwise,

and ), refer to the elements of the perturbation vector with

Vo={{ijlri=j=IVi=l1<j<nj#IVj=L1<i<ni#l}. (415

Proof. We can express the expected objective using the Frobenius product as follows,

a
Eylf(a,7)] = Ey[ [aT, »VT} F| |]=FeXx (4.16)
Y
Flig [Flie ) . '
where F' = € P?", and note that [F); ; denotes the i, jth n X n submatrix.
[Fli2 [Flaz2

Let c* be the worst-case scenario from the perspective of the designer. The designer chooses
X* that maximizes its objective F' @ X subject to rational behavior of players in the worst case

scenario. As per Lemma 1, we have

Y Hi X! - X[, =0 VieN (4.17)
JEN
> ([Holij + [verlijei) X5 — Xiys = 0,Vi € N. (4.18)
JEN

We rewrite (4.18) in terms of matrices Ry, VI € A as in (4.13) and X as in (4.7) to obtain (4.11).
Minimization over y., {1, 2, .., C'} enforces the constraint ¢* among the set of constraints in (4.11)

to be selected. Constraint (4.12) corresponds to the assignment of var(y) to [X]; 2. Constraint
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(4.12) is not affected by perturbations to H. O

According to the formulation in (4.9)-(4.12), the solution entails finding the covariance matrix
X that maximizes F'e X for the worst possible scenario. That is, the solution X does not necessarily
satisfy the BCE constraints for every scenario. We note that an alternative equivalent formulation
can entail C' covariance matrices, i.e., X1, ..., X¢, and leave out the integer variables {y.}.-1. c.

We use the scenario-based formulation (4.9)-(4.12) to motivate the tractable robust design for-
mulations under ellipsoid uncertainty set. For illustration purposes, consider C' = 2 scenarios.
Assume ¢ = 1 is the worst case scenario, i.e., y; = 1 and yo = 0. In such a case, X* will sat-
isfy the BNE condition (4.18) for ¢ = 1 exactly, while the BCE condition will be approximately

satisfied for ¢ = 2. Specifically, we have

> ([Holij + [valijei ) X7y = Xiys =

JEN

> ([Holij + [valigeig + vr)igeng — 01)igei) X7y = Xins (4.19)

JEN

= Z([Uﬂi,jei,j — [Ul]i,jei,j)X;:j > 0, VieN. (420)
JEN

We can interpret this relation as the optimal solution X* being an approximate BNE for the good

scenario ¢ = 2.

Remark 4. The standard robust optimization problem in (4.2) requires that X* is feasible for every
6 € ©. The formulation for this problem would entail getting rid of the integer variables from the
formulation in (4.9)-(4.12), i.e., y. = 1 for each (4.11) and removing (4.10). This formulation may
restrict the feasibility region drastically, as is often the issue with robust optimization problems

with equality constraints [51].
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4.4 Robust Welfare Maximizing Information Design under Ellipsoid Uncertainty

We assume the following ellipsoidal structural form for the perturbation vectors in (4.4) that

affect the BCE constraints, for [ € N,

Vi =Ball, = {v: [|ull2 < p, v = {[v]i; Higren } (4.21)

where ) is given in (4.15). Under convex continuous uncertainty sets as the one above, the number
of scenarios C' is infinite. Thus, the formulation in Theorem 3 where we enforce BCE constraints
in (4.8) exactly for the worst-case scenario, and annul the other cases using integer variables may
not be viable. Moreover, enforcing the BCE constraints in (4.8) for all perturbations v € V; may
limit the solution space drastically [51]. Instead, here we relax the BCE constraint in (4.8) as

follows
> HijXij— Xippl <a, i€N (4.22)
JEN

where ¢ > 0 is a finite constant. This relaxation guarantees an approximate tractable solution
to the information design problem in which the designer aims to maximize social welfare under

ellipsoidal perturbations.

Theorem 4. Consider the social welfare in (2.1) as the designer’s objective f°(a,~). Assume H
is given by (4.4) and perturbation vectors v,V € N exhibit ellipsoid uncertainty (4.21). Then the

robust information design problem in (1.2) can be approximated by the following convex problem
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fora > 0:

max t (4.23)
XeP2t
st Fye X — n—l ZEU )2 >t (4.24)
i=1 j=1
RojeX+p | > (6;Xij)><a, VIEN (4.25)
(%J)Eyl
—Roge X +p | Y (6;Xi;)?<a, VIEN (4.26)
(1,5)EN
My, 0 X = cov(yk, ), Vk, €N withk <lI, 4.27)
—Hy 1
where Fy = € R?"*?" and the matrices Ry, and My, are as defined in (4.13) and
I O
(4.14), respectively. Moreover, the optimal objective value for (1.2) is equal to (4.23)-(4.27) with
a=0.
. —-H I
Proof. We can express the social welfare objective in (5) in the form ' X with ' = -
I O
see [24]. We start by writing the social welfare objective as a constraint /' @ X > ¢ under ellipsoid
uncertainty:
FeX = FOOX—{—ZZU”E”X >t (4.28)
=1 j5=1

where ¢ represents the designer’s objective value. In the above summation, all elements of the
perturbation matrix v are involved. Given the assumption of ellipsoid perturbations in (4.21), it

is guaranteed that v is within a ball of radius -7, i.e. v €Ball 2, . We can write (4.28) as a

2n—

minimization problem that aims to find the worst case scenario:
n n

min Y > w6, X; < Fye X —t (4.29)

n2p
HH<2n1’L 1 j=1

Solution to (4.29) is the tractable robust constraint given in (4.24) [51, Section 1.3]. Next, we
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substitute / in (4.4) into (4.22) to get,

1> ([Holij + vijei) Xij — Xinsil S Vie NyveW, (4.30)
JEN

We can rewrite (4.30) in terms of matrices Ry, VI € N and X as in (4.7):

|RO,I o X + Z Ui,jei,in,j| S Q, Vi € N (431)
(7/7]) Eyl
We split the absolute value into two linear constraints (positive and negative sides). When we write

the maximization problem over the uncertain constraint (4.31) for the positive side, we have

max vij€ijXi; <a—Ry,eX, VieN (4.32)
v ||<
[[vel|<p (Y

where ) is given by (4.15). Solution to (4.32) give us the tractable constraint (4.25) [51, Section
1.3]. Repeating the same steps for the negative side yields (4.26).
Constraint (4.27) enforces assignment of known covariance matrix of payoff states, cov(7y) to

the respective place in X. [

When o = 0, the formulation in (4.23)-(4.27) is equivalent to (4.2). It is easy to check that no

0 0
information disclosure X,,, = is a feasible solution even when o = 0—see [21] for

O var(y)

the derivation of X,,, derivation. As noted, this formulation may be too restrictive. When o > 0,
the incentive compatibility of the solution X* is compromised, but the set of feasible solutions
increases.

Given an optimal solution X *, the designer can draw actions from a Gaussian distribution with

mean 0 and covariance matrix X*, and send these values to the players as signals.
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4.5 Robust Information Design under Interval and Conic Uncertanties

We consider robust information design problem (4.2) under interval and conic uncertainties.
We develop robust convex programs for the information design problem (4.2). In this section, we
assume that F' does not depend upon H. The extension to that case is similar to welfare maximiza-

tion objective in ellipsoid uncertainty (see Theorem 4).
4.5.1 Robust Model under Interval Uncertainty

Interval uncertainty is defined by the box perturbation sets V;, VI € N:

V,=Box; = {vy e R : ||u]|lsc <1}, VIEWN. (4.33)

Theorem 5. Assume H is given by (4.4) and perturbation vectors v;,¥l € N exhibit interval
uncertainty (4.33) over constraint (4.22) and F does not depend on H. Then robust information

design model is given as the following convex program:

max F e X (4.34)
Xepin

st. Rye X+ > U;<a, VIEN (4.35)

(ivj)eyl
—RyyeX+ > W<a, VIEN (4.36)
(i,j)Gyz
— Ez‘,j S Gi,in,j S Ez‘,j; \V/Z,j < N (437)
My, 0 X = cov(yk, ), Vk,leNwithk <l, (4.38)

where T, j, Vi, j € N denotes bounds on €; ; X; ;,¥i,j € N.

Proof. The proof is the same as the proof of Theorem 4 up to (4.31). Now we write the perturbation

maximization problem over the uncertain constraint (4.31) under interval uncertainty (see Example
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1.3.2in [51]):

i€ Xij < a— Ry e X, Vi 439

_1<v2]r<n1a§(”)eyl Z Vij€ij S 0, ® eN ( )
(1.7)€Xs

e X <a+ Roye X, Vi 4.40

_1<vl]r<%a§”)€yl Zey UJ'EJ < a+ 0, ® c /\/’ ( )
l

Solutions to (4.39)-(4.40) give us the robust constraints which include absolute value terms:

Roje X+ Y e Xijl <o (4.41)
(izj)eyl

~Roye X+ > eXy| <a (4.42)
(17])€yl

We linearize absolute value terms in (4.41)-(4.42) and obtain tractable robust constraints (4.35)-

(4.37). O

4.5.2 Robust Model under Conic Uncertainty

Consider the perturbation sets V;, VI € N given by a conic representation:

V, = {Ul S R2 1. dm e ]RK s Py + Qﬂ(’l +p € Kl}, Vie N 4.43)

where K is a closed convex pointed cone in R with a nonempty interior, P, (); are given matrices
and p; is a given vector. We assume that this representation is strictly feasible if K is not a
polyhedral cone:

(o, ™)« P+ Qi + pi € intK. (4.44)

Theorem 6. Assume H is given by (4.4) and perturbation vectors v;,Vl € N exhibit conic uncer-

tainty (4.43) over constraint (4.22) and F' does not depend on H. Then robust information design
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model is given as the following convex program:

XGP%}%Z{GRN FeX (4.45)
st. ply+Roye X <a, VIeN (4.46)

iy —RoyeX <a, VIeN (4.47)

Qly=0, VIeN (4.48)
(Ply)ij+e,;Xi; =0, V(i) €VVIeEN (4.49)

y € K., VieN (4.50)

My, 0 X = cov(yk, ), Vk,leNwithk <lI, 4.51)

where K, = {y; : lez € K} is the cone dual to K.

Proof. The proof is the same as the proof of Theorem 4 up to (4.31). We will show the equivalency
of (4.31) to (4.46)-(4.50) in robust sense i.e under worst case perturbations (see Theorem 1.3.4
in [51]).

We start with the claim that X is feasible to (4.31). This is equivalent to following:

sup {RO,I o X —« -+ Z Ui,j€i,in,j} S O, Vil e N (452)
v EV) .

(i) €V
Sup{—R(]’l o X —« + Z Uijeinij} S O, Vi € N (453)
v ()EN)

We take unaffected terms in (4.52)-(4.53) out of supremum and put to right hand side:

Sup{ Z Ui,jei,in,j} S _RO,l o X + a, Vi € N (454)
UV (i5)em
sup{ Y wvye;; Xij} < Roye X +a, VIEN (4.55)
neV, 7

(i7) €V
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We substitute conic uncertainty set definition (4.43) into (4.54)-(4.55) for V;,Vl € N :

max{ Z v € Xi; Pu+Quii+pm € K} <—Ry e X +a, VieN (4.56)

' hen
m%x{ Z Uijeinij . ]Dﬂ)l -+ Qlel +pl € Kl} S RQJ o X + «, Vi € N (457)
v,b;
(SN

Conditions (4.56)-(4.57) indicate that X is feasible for (4.31) if and only if the optimal values in

the following conic perturbation maximization problems

max{ Z Ui,jei,in,j . PZ'U[ + Ql:‘il +p € K[}, Vil e N (458)
" g)ed
max{ > v Xy Po+ Qb +p € K}, VIEN (4.59)
v,0
(ij)eN

are less than or equal to — %y ; @ X + o for (4.58) and Ry ® X + « for (4.59). We need to consider
two cases: K is not a polyhedral cone (4.44) and K is a polyhedral cone.

When K is not a polyhedral cone, conic programs (4.58)-(4.59) are strictly feasible. Strong
duality property of conic duality theorem states that if either primal or dual problems is strictly
feasible and bounded, then the other problem is solvable and optimal value of primal objective is
equal to optimal value of dual objective (Theorem A.2.1, [51]).

Strict feasibility of primal problem is satisfied because K is not a polyhedral cone. Bound
property of primal problems is evident in (4.56)-(4.57) . Therefore, via strong duality property of
conic duality, the optimal value in (4.58) is < —Ry; ® X + « and the optimal value in (4.59) is

< Ry; ® X + « if and only if the optimal value in the conic dual program to the (4.58)-(4.59)
Hzl/in{plTyl . QlTyl = 0, (PlTyl)m + Ei,ij' = 0, Y € Kl*,V(Z,]) S yl7Vl S N} (460)
1

is obtained and the optimal value is less than or equal to min{R,; ® X + o, —Ry; ¢ X + a}.
When K is a polyhedral cone, LP duality theorem leads us to the same conclusion: the optimal

value in (4.58) is < — Ry ;@ X +« and the optimal value in (4.59) is < R, ;e X +« if and only if the
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optimal value in (4.60) is attained and is less than or equal to min{ Ry ;e X +a, —Ro ;e X +a}. O
We continue with an example for conic perturbation sets.

Example 5 (Budgeted Uncertainty). We consider the case where V), is the intersection of ||-||co—
and ||-||1— balls:

Vi={v e R vl < 1,|[v|1 €7}, VIEN (4.61)

where p,1 < p < 2n — 1, is a given uncertainty budget.

We now write (4.61) in terms of (4.43):

V, = {Ul e R 1. Pl71’Ul + D€ Kl,l, Pl,zvl +pio € KLQ}, VieN. (4.62)

where

e Poivy = [v,0], pr1 = [Oan_1x1, 1] and K1 = {[v; 1)) € R*™ P xR : ¢ > ||[v]|oo}, from

which K 1. = {v;t)] e R®"I xRt > ||[w|1}, VI e N

* Pou = [0,0], pr2 = [Oan—1x1.0] and Ko = K1, = {v;t)] € R 1 X Rt > |y}
from which K5, = K;1,Vl € N.

Setting y; = [vi, 114, y? = [wy, 2] with one-dimensional 7, and 2n—1-dimensional vy, wy, sys-

tem (4.46)-(4.50) transforms into the following system of constraints in variables 11, T, v, w, X :

T +pry+RyeX <a, VieN (4.63)
T+ e — Roye X <a, VlieN (4.64)
(4 w)i; = —€; X, Yi,jENVIEN (4.65)
vl <71y, VIEN (4.66)
lwilloo < g, VIEN (4.67)
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We can eliminate T variables to obtain a simpler model in variables X, w, v :

> lwligl + ﬁ(m)agg/“wlhjl +RoyeX <a, VIeN (4.68)
(i.4)eY; wE

> iyl +7 max [[w];;| — Roge X <a, VIEN (4.69)
(i)e; Gen
Wiy + [wiliy = —€; X5, Vi,jeN. (4.70)

4.6 Optimality conditions for no and full information disclosures

We aim to obtain optimality conditions for canonical information structures under ellipsoid
perturbations (4.21). We consider two canonical solutions to the information design problem,
namely no and full information disclosure (see [21]). The equilibrium action profile under no
information disclosure is @ = H~'FE[y] . The corresponding solution matrix X and the associated

design objective value is given as follows,

o o0
X = and F e X = 0. 4.71)

O var(7y)

Solution matrix X for no information disclosure given in (4.71) is positive semi-definite and it
satisfies the BCE condition in (4.25)-(4.26) at all times because when we substitute X in (4.71)
into (4.25)-(4.26), we obtain 0 < « which is always true. We have (4.27) satisfied, because
[X]2,2 = var(v). Thus, no information disclosure is a feasible solution.
The equilibrium action profile under full information disclosure is @ = H ~'~. The correspond-
ing solution matrix X and the design objective value is given as follows,
H™var(y)(H™1)T H ™ var(y)

X = and ' ¢ X = Fjy e var(7) 4.72)
var(v)(H™)T var(y)
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where

Fy=(H Y([F)ig+ [FlioH+ H"[Fla)H ™, (4.73)

and [F];; denotes the 7, jth n x n submatrix. We also define the perturbed version of Fjy as
following:

[Fola = (H()_l)T([Fo]1,1 + [Fol12Ho + H[)T[Fo]zl)Ho_l- (4.74)

X in (4.72) is positive semi-definite. We also have that for large enough o, X in (4.72) will
satisfy (4.25)-(4.26). In the following analysis, we assume that we have a large enough « to ensure

feasibility of full information disclosure.
4.6.1 Optimality of no information disclosure under general information structures
We consider general information structures, in which each player can receive private signals

generated from different signal fidelities.

Theorem 7. Let Fyy and F' be symmetric matrices with dimensions 2n x 2n for which we have

[Folii=n©Hy and [Fli1=n0OH (4.75)

where © is the Hadamard product, n is a n X n constant coefficient matrix and H is as given in
(4.4) under ellipsoid perturbations (4.21). Let [\|; and [\]; denote the j*" largest eigenvalues of

Fy and F', respectively. If Fy is negative definite with the largest eigenvalue

n?p

on—1’

[[Ao2n] > max(Tpep, Mo€o) (4.76)

), To = max;£;(|ni;]), €0 = max;—;(e; ;), and €5 =

where we define p = max;—;(|n; ;
max;.; (€ ), then no information disclosure is an optimal solution to the SDP defined by (4.75)

and (4.25)-(4.27) jointly.
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Proof. Consider Frobenius matrix norm ||| ¢ of the difference between Fy and F,

2

[[Fo— Fl|p < (Z(UDGDUM)Q +2 Z Z(TIO—EOUM)2> 4.77)
(N

%
1

< (max«mn—eDﬂ (Mo0)*) (D> _ v + 222@)) (4.78)

%

n?p
)

—. 4.7
2n —1 “4.79)

< max(7pép, To€o

We obtain (4.78) by taking the largest multiplier among 7p€ep and p€eo. We attain (4.79) by using

the ellipsoid perturbations in (4.21). By Lemma 4 in Appendix C and (4.79), we have that

2

n
max |[A}; — [Aol;| < max(m5es, To5) ——
J 2n — 1

(4.80)

Given that all the eigenvalues of Fj are negative, (4.76) and (4.80) together imply that [A]; <
0, ¢ = 1,..,2n. This means F' is negative definite. Thus, no information disclosure is an optimal

solution that achieves the objective value zero. 0

In the above result, we assume that the payoff matrix and perturbations only affect F3;, as is
the case in social welfare maximization (2.3). Given this assumption, we show that no information
disclosure is the optimal solution to the program given by (4.75) and (4.25)-(4.27) jointly, if the
perturbed objective coefficients matrix F{ is symmetric negative definite with the magnitude of the
largest eigenvalue ([Ag]a, < 0) greater than a constant (max(7peép, 7”]]3—60)22%), that depends on
the perturbation set radius p and the maximum of the product between the payoff coefficients and
off-diagonal or diagonal shifts. That is, if the perturbed coefficient matrix is negative definite with
sufficiently negative eigenvalue, then no information disclosure is guaranteed to be optimal. We
note that there can be cases where no information disclosure is optimal even when the conditions
of Theorem 7 are not satisfied. Moreover, if the perturbation radius of H is large enough, F{, can
be indefinite or positive definite even if /' is negative definite. In these cases, one needs to solve

the SDP given by (4.75) and (4.25)-(4.27) jointly to determine the optimal information structure.
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4.6.2 Public information structures

We restrict our attention to public information structures where each player receives the same
signal. In this context, Proposition 5 provides conditions for the optimality of no and full infor-
mation disclosures based on the known perturbed matrix [Fp]g. In the following results, we use
Proposition 5 to find sufficient conditions for the optimality of no and full information disclosures

based on the perturbed matrix Fj and the perturbation set structure.

Theorem 8. Let Fy and F be symmetric matrices with dimensions 2n x 2n for which (4.75)
is valid. Let [\o); and [\); denote the j™ largest eigenvalues of [Fyl11 + 2sHy,s € [0,1] and
[Fli1 + 2¢H,s € [0,1], respectively. Assume [Fyl1o = [Folan = [Fli2 = [Flaa = <I for
¢ € [0,1). If [Fo)11 is negative definite and the largest eigenvalue of [Fy11 + 2<H, is bounded as

follows
2

n2p
on—1’

‘[/\0]27L| > maX((U_D + 2§)6, (7]_0 + 2§)%) A€ [07 1]7 (481)

where €5, €p and o, Np are as defined in Theorem 7, then no information disclosure is the optimal

solution to the SDP defined by (4.75) and (4.25)-(4.27) jointly under public information structures.

Proof. We start with (4.73) to calculate [F|g and [Fy|y. We plug ¢/,¢ € [0, 1] into (4.73) for
[Fol1,2, [F0l21, [Fi,2 and [Fs1. Then,

[Flg = (H DY ([Fliq+2cH)H " and [Fy)g = (Hy )T ([Folig + 26Ho)Hy (4.82)
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It is enough to show that [F']; ; + 2¢H is negative definite. By (4.75) and (4.4),

[[Foli1 + 2¢Ho — [Fliy — 26H || = [|[Fo]ir — [Flig + 25ve|| (4.83)

< (Z((U_D + 26)epv; ;) + 2 Z Z((U_O + 2<)§Ui,j)2> (4.84)

A 7 i
1
2

< (maX((n_D +20)5)%, (76 + 2060 (Y8, +2 30 Y vzn) (4.85)

on—1

< max((7p + 2¢)ép., (Mo + 25)€0) (4.86)

We obtain (4.85) by taking the largest multiplier among 7€ and Np€en. We attain (4.86) by using

the ellipsoid perturbations in (4.21). By Lemma 4 in Appendix C and (4.86), we have that

2

max |[Al; — [Ao];| < max((Mp + 2¢)ep, (o + 29)€o)

. 4.87
J 2n—1 (4.87)

Given that all eigenvalues of [Fp]i1 + 2¢H, are negative, (4.81) and (4.87) together imply that
[Al; <0,i=1,..,2n. This means [F|; 1 + 2¢H is negative definite, and no information disclosure

is optimal via Proposition 5. ]

We continue with a result identifying when full information disclosure is optimal under public

information structures.

Theorem 9. Let Fyy and F' be 2n x 2n symmetric matrices for which (4.75) is valid. Let [\o]; and
[\]; denote the j™ largest eigenvalues of [Fo)11 + 2¢Hy and [F|1 1 + 25H, respectively for some
g € [0,1] Assume [Fo]LQ = [F0]271 = [F}LQ = [F]QJ = q]forg S [0, 1] If[Fo]H is positive

definite, and the smallest eigenvalue of [Fy|1 1 + 2<H is such that

n?p

on—1’

[Xo]1 = max((7p + 2¢)€p, (o + 25)€o) s €[0,1] (4.88)

where €o, €p and No, Np are as defined in Theorem 7, then full information disclosure is the optimal

solution to the SDP defined by (4.75) and (4.25)-(4.27) jointly under public information structures.
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Proof. The proof is similar to Theorem 8’s proof, and thus is omitted. [l

When there is no uncertainty on H, the perturbation set radius p is zero. In such a case,
Theorem 8 and 9 recover the result in Proposition 5. However, if there is uncertainty regarding
H, then (4.81) and (4.88) are sufficient conditions to claim no and full information disclosure,
respectively, are optimal solutions in conjunction with definiteness conditions on F{y. In general,
adding additional constraints on a feasible set makes an optimal solution worse or does not improve
it. This implies that we cannot prove the optimality of no or full information disclosure for some
objective functions for which they can be deemed optimal if there was no uncertainty.

We note that the coefficients of the social welfare objective in (2.3) satisfy the assumed structure
in Theorems 8 and 9 with ¢ = 1, and [Fy|,; = —Hp. So, we can check the eigenvalues of
[Folia + 26Hy = Hj to determine the optimality of no or full information disclosure in welfare
maximization. In the following, we obtain the conditions that the payoff coefficients in Cournot

competition and the beauty contest games need to satisfy.

Example 6 (Welfare maximization during Cournot competition). We seek the condition that guar-
antees full information disclosure is the robust optimal public information structure under welfare
maximization for the Cournot competition with payoffs in (1.4). For n players, with H; ; = 1 for all
i, and H; j = 5% for all i # j, we have the following eigenvalue repeated n—1 times [\]; = 1 — 5%
forj=1,...,n, and [N, = (n —1)5% + 1. The minimum eigenvalue of H is equal to 1 — 5=-. We
also know Np = 1o = 1 for the welfare maximization objective. Then the condition (4.88) reduces

to the following condition on the payoff constants in (1.4),
0 3n’p

£ o<1 -
200 — 2n — 1

max(€p, €o). (4.89)

Since the payoff constants p and w are positive, the optimality condition in (4.89) will only be true

for small enough n and p given o and .

Example 7 (Welfare maximization during the Beauty contest). We look for the condition that

guarantees full information disclosure is the robust optimal public information structure under
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welfare maximization for the beauty contest with payoffs in (1.5). For n players, with H; ; = 1
foralliand H; ; = n_—_él forall i # j, we have the following smallest eigenvalue [\]; = 1 — &,
and the largest eigenvalue repeated n — 1 times [\|; = 1 + % for j =2, ... .n. We also know
np = No = 1 for the welfare maximization objective. Then the condition (4.88) reduces to the

following condition on the payoff constants in (1.5),

3 2
§§1—2”éfmﬁ5£a. (4.90)
Cournot competition is a submodular game (H;; = ;= > 0) while the Beauty contest is
a supermodular game (H,;; = n___£1 < 0). The direction of the competition, i.e., H; ; renders

different optimality conditions for full information disclosure given by (4.89) and (4.90). We can

5’;‘2 max(€p, €o) whereas (4.90) has the form 1 + (n — 1)H;; >

consider (4.89)as 1 — H; ; >
3n2p

5 max(€p, €o). Therefore when |H; ;| = |3%| = |n;_51|, optimality condition for full information

disclosure is more restrictive under the beauty contest than under the Cournot competition.
4.7 Numerical Experiments

We consider a designer that wants to maximize the social welfare of n = 5 players. The

designer knows the perturbed payoff coefficients as follows

5 if i=j;i,7€{1,2, .5}
[Holij = (4.91)

—1 if i#j;4,5€{1,2, .5}

The variance of the unknown payoff state +y is given as follows

5, if i=j;i,j€{1,2,.5}
var(7y); = (4.92)

0.5, if i#7;4,5€{1,2,. 5}

We consider ellipsoid perturbations with p € {0.7,1,1.3, .., 3.4} and let & = 0.1. Given the setup,

we solve the robust convex program (4.23)-(4.27) in order to obtain the robust optimal information
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design Xoptimat-

We analyze the effects of constant shifts ¢; ; by assuming the diagonal elements and off-
diagonal elements of shift matrix are homogeneous, i.e., €;; = € and ¢;; = € for all 7,j =
1,...,n for constants ¢; and €.

In order to systematically analyze the effects of the shifts, we fix the off-diagonal shifts to a
small value e = 0.001, and vary the diagonal shift ¢; € {0.03,0.04,0.05,..,0.12}. Fig. 4.1 (a)
shows that as the uncertainty ball radius p and diagonal shift €; increases, the optimal information
structure remains a partial information disclosure but gets closer to the no information disclosure.
Fig. 4.1 (b) confirms the same result by also showing a decrease in optimal social welfare under

increasing uncertainty.

Uncertainty set radius, p
)
Uncertainty set radius, p
)

0.04 0.06 0.08 0.1 0.12 0.04 0.06 0.08 0.1 0.12

Diagonal shift to payoff matrix, € Diagonal shift to payoff matrix, €
@) || Xoptimar — Xnol| (b) Optimal objective value

Figure 4.1: Contour plots of (a) normalized Frobenius matrix norm distance || Xoptimar — Xnol|p
between optimal covariance matrix and no information disclosure covariance matrix and (b) op-
timal objective value with respect to uncertainty ball radius p and diagonal shift ¢; to coefficient
matrix  under a symmetric supermodular game with social welfare objective. Optimal solution,
that is partial information disclosure, approaches to no information disclosure as p and ¢; increase.

Next, we consider the same setup but with a small diagonal shift e; = 0.001 and larger off-
diagonal shifts eo € {0.03,0.04,0.05,..,0.12}. As expected, we see a similar trend in fig. 4.2(a)

to fig. 4.1 (a) where the optimal information structure approaches no information disclosure as the
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uncertainty in the system increases. This trend toward no information disclosure is faster when e,
increases than when ¢; increases. This is expected as the off-diagonal shifts appear in more of the

terms in (4.23)-(4.27).

o

Lt
o
Lt
o

-

_
ot
-
—
ot
=

Uncertainty set radius, p
)
(=)

Uncertainty set radius, p
no

1 0.07 1
k 0.06 k

0.04 0.06 0.08 0.1 0.12 0.04 0.06 0.08 0.1 0.12
Off-diagonal shift to payoff matrix, e, Off-diagonal shift to payoff matrix, €,
@) || Xoptimar — Xnol| (b) Optimal objective value

Figure 4.2: Contour plots of (a) normalized Frobenius matrix norm distance || X,ptimar — Xnol|
between optimal covariance matrix and no information disclosure covariance matrix and (b) opti-
mal objective value with respect to uncertainty ball radius p and off-diagonal shift €, to coefficient
matrix // under a symmetric supermodular game with social welfare objective. Optimal solution,
that is partial information disclosure, approaches to no information disclosure as p and €5 increase.

We can discuss figures 4.1 and 4.2 in terms of the Beauty contest which is a supermodular
game. If we consider the common goods in the Beauty contest game as a stock, we see that a
social welfare maximizing information designer i.e the company whose stock is traded releases

less information about stock price ¥ when uncertainty about payoff coefficient matrix H increases.
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5. SUMMARY AND CONCLUSIONS

5.1 Summary

The overarching theme in the dissertation was the determination of optimal information struc-
tures for a given objective under equilibrium constraints. The focus was on linear-quadratic-
Gaussian games due to tractability purposes.

Chapter 2 laid out analytical and numerical study of the welfare and agreement maximization
in the various contexts of homogeneous games, public information structures and common payoff
states. Second chapter is concluded with a study of joint maximization problem of the welfare and
agreement.

In Chapter 3, reverse perspective, that is agents’ point of view, is analyzed in comparison
to designer perspective which is welfare maximization. The relation between agents’ preference
towards an information structure and their positions in the network is studied. Numerical studies
are conducted to understand distributional robustness of agents’ preferences.

In Chapter 4, the main topic was perturbation aware information design. Private nature of
agents’ information is encoded via partially known utilities under uncertainty sets over utility pa-
rameters. The designer’s problem under uncertain utilities is addressed with the development of
tractable robust optimization models from intractable semi-infinite programs under ellipsoid, in-
terval and general cone uncertainties. Numerical studies are carried out to understand the effects

of uncertainty level on optimal information structure and optimal welfare.
5.2 Conclusions

The context of research was information design in linear-quadratic-Gaussian games. Analysis
of optimal information structures for the objectives of maximizing social welfare and agreement
formed the first part of research. It was found out that full information disclosure optimizes social
welfare under three configurations: common payoffs, homogeneous games, and public information

structures. The study showed that agreement maximizing information structure is no information
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disclosure. In homogeneous games, a bound on the strategic interaction coefficient is determined
which signifies where full information disclosure becomes sub-optimal in the contexts of public
information structures and common payoff states.

Moreover, agents’ preferences toward given information structures was analyzed in the context
of LQG network games. A full information preference condition based on network information
is provided. Using this general result, it is found that all agents in a star network prefer full
information over no information. A peripheral agent benefits more than the central agent from
full information disclosure if competition is strong and the number of agents is small. The value
of information for the central agent decreases if strategic interaction coefficient increases. In line
with this result, ex-post benefit estimates shows that a risk averse central agent could prefer no
information disclosure ex-ante. In contrast, full information disclosure is distributionally robust
against uncertain payoff mean for peripheral agents.

Furthermore, robust information design problem under perturbed utilities is considered. For
finite scenarios case, a mixed integer SDP is developed. In the harder case of continuous per-
turbation sets, semi-infinite nature of problem is overcome through the development of convex
programs in the cases of ellipsoid, interval and general cone perturbation sets. Incorporation of
perturbed objectives into convex programs as tractable constraints is demonstrated on social wel-
fare objective under ellipsoid perturbations. Perturbation aware full and no information structure
optimality conditions are developed and discussed through the beauty contest and Cournot com-
petition games. Numerical studies showed that increasing uncertainty moves optimal information

structure towards no information disclosure and reduces optimal welfare.
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APPENDIX A

APPENDIX TO MAXIMIZING SOCIAL WELFARE AND AGREEMENT VIA
INFORMATION DESIGN IN LINEAR-QUADRATIC-GAUSSIAN GAMES

A.1 Coefficients matrix of the agreement objective

Lemma 2 (Agreement Objective). The expected value of f(a,~) for (1.16) can be written as
FC o X where FC€ is given in (2.3).

Proof. By expanding and regrouping the terms in (2.2),

m—zxm—@ﬂ:}21;%mﬂ+%§:2pmwﬂ (A.1)

=1 i=1 i=1 j=1

Because Ela;] is constant for all i € N, we can write (A.1) as F'“ e X using the definition of

var(a). O
A.2 Proof of Theorem 1

We verify that the full information disclosure solution satisfies the KKT conditions. We denote
the dual variables associated with constraints (1.17), (1.18) and X € Pﬁ" by 7 € R, i € RMn+1)/2
and T, respectively. Primal feasibility conditions in (1.17)-(1.18) are satisfied by full information
disclosure. Next we respectively state the rest of the KKT conditions, i.e., dual feasibility, first

order optimality and complementary slackness condition,

rep (A.2)
n n k
FV 43 DR+ Y FpenpMig +T =0, (A3)
k=1 k=1 =1
Xeol =0. (A.4)
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Let X € P_%” denote the full information disclosure solution as given in (1.20) to the social welfare
maximization problem (2.1) with coefficients V. We check whether the above KKT conditions
are satisfied by X. We look for a uniform dual variable 7, i.e., 7, = v,V k € N where v €
R, that satisfies (A.3). We define = = — )", Zle Fn—1yk+1 M, in matrix form and assume
= = pl, > 01.e uniformity over ji(,—1)x+1. We can express the dual variable T using (A.3) and

substituting in (2.3) for F'V,

T = 2 (A.5)

We use Schur complement to analyze the positive definiteness of I in (A.5). A strict version
of dual feasibility condition I' = 0 is satisfied if and only if = is positive definite and Schur

complement
(5 -1

T/2=(1-\H - .

(A.6)

of block matrix = of matrix T is positive definite. Sum of each row of I'/= is equal to (1 — v) —
(¥ —1)?/pu+ (n— 1)(1 — v)h. This is the first eigenvalue of I'/Z. Rest of the eigenvalues of I'/=
are equal to (1 —v)(1 + h) — W We have all of the eigenvalues of T'/= positive and = > 0,

when
(5~ 1)
(1—v)(1+h)’

i > max{ 0}. (A.7)

Hence, if 4 satisfies (A.7), then Tis positive definite.
Next, we show that there exists v € R and p as in (A.7) satisfying (A.4). We can express the

inverse of H in (2.7) as follows for n > 3

(n—2)h+1 . L
P o o if 1=75,45€N
—h . . L
Zn—D)h2+(n—2)h+1 if i7#j;16,j€eN

When X = X is given by (1.20) and T is as in (A.5), we obtain the following equation by com-
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puting the Frobenius product terms within (A.4) corresponding to each of the four sub-matrices,

X ol =n*(1—v)** (7 + ho) + 2<I/(;L 2_”322__"():: 21))2 i— ?qb]

+pur =0, (A.9)

where we let 7 = tr(var(y)) and ¢ =23 ", > (i €OV(7i,75) to simplify the exposition.
Next we show that there exists at least one real root of (A.9) v € R and p as in (A.7). If there
is a real root, there exists a v € R satisfying the KKT conditions.

] . Y _1)2
First, we consider the case . = (1(2 )

(B + €, ¢ > 0. In this case, (A.9) becomes

(517

(1—v)(1+h)

2(v —2)[((2 —=n)h — 1)T + hg]
(n—1h>—(n—-2h—-1

X ol =n?(1 —v)* (14 ho) + ( +e)T = 0.

(A.10)

When we equalize the denominators, (A.10) becomes a cubic equation in v. The cubic equation
with real coefficients always has at least one real root.

Secondly, we consider the case ;1 = €, € > 0. In this case, (A.9) is a quadratic function of v
av? +bv+ ¢ =0, (A.11)
where we define the constants a , b and c as

a = n*(T + ho) (A.12)

o (2—n)h — )7 + ho
b= —2n (T+h¢)+2(n_1)h2+(2—n)h—1

(A.13)

B —4((2—=n)h — 1) — 4ho
c=n*(T+he¢) + - DR+ 2—m)h—1 + e (A.14)

We want to show b* —4ac > 0, so that there exists a real root. Note that (n—1)h?*—(n—2)h—1 < 0
for % <h<1

Also, by our assumption 7 > h¢. We can deduce that the discriminant (b*> — 4ac) is positive,
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1.e.,

b2 — dac

B Y I S
N (n—=1)h*+(2—-n)h -1 (h—DR2+(2—n)h—1

+n?(1 + heo)er > 0. (A.15)

Therefore the roots of (A.11) are real. We also need to show at least one of the roots of (A.11) (v,)

is such that v, > 1 so that ;1 = € as per (A.7). We consider the larger root,

_ (2—=n)h—1)T +ho n Vb2 — 4dac
n?(1 + ho)[(n — 1)h2 4+ (2 —n)h — 1] 2a

> 1. (A.16)

Uy =

We know a > 0. Also, it can be deduced that the third term in (A.16) is greater than the absolute

value of the second term in (A.16). Thus, v, > 1.
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APPENDIX B

APPENDIX TO INFORMATION PREFERENCES OF INDIVIDUAL
AGENTS IN LINEAR-QUADRATIC-GAUSSIAN NETWORK GAMES

B.1 BNE under Public Information and Common Value Payoff States

The expectation of the payoff state v given two Gaussian signals (prior x and public signal @)

as follows
Elylwi = @] = (1 = &)p+ & (B.1)

var(y)

var(y) toar(@)» and v is the covariance matrix of the distribution ¢ (w]y).

where §;(v) =

Lemma 3. Bayesian Nash equilibrium of LOG network game given public signals & and common

payoff state vy can be represented by the following function

a; (@) = Ely[@][H 1],  VieN, (B.2)

where 1 € R" is a vector of ones, and [-]; indicates the ith element of a vector:

Proof. First order condition of the expectation of the utility function in (1.3) with respect to a;

yields
OBlullwi =@} _ o or(ey N HyEla{wi =0} + ElH{w = 0)] = 0,Vi € N (B3)
da i#]
We incorporate (B.1) into (B.3):
Hya;(@) = =Y HyElaj|@] + (1 &)p+ &o =0,Vi e N (B.4)
i

We assume agent i € N’s strategy is linear in its information a} () = a;10+ o with coefficients
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a;1 and a2. We substitute linear actions in (B.4) to get

Hij(an® + app) = — Y Hyj(ono + ajpp) + (1 - &)+ &@ = 0,Vi € N (B.5)
i#]
We solve for the action coefficients a; = [aq1, ..., 1] € R" and oy = |2, ..., 2] € R™ :

a; =1 — oy = H ' where £ = [¢,...,&,] and & is as in (B.1). Thus, a*(0) = H €10 +
(I — H')€1u where [ is the identity matrix. (B.2) follows from rearranging terms in a* and using

(B.1). 0
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APPENDIX C

APPENDIX TO ROBUST OPTIMIZATION APPROACH TO
INFORMATION DESIGN IN LINEAR-QUADRATIC-GAUSSIAN GAMES

C.1 Proof of Lemma 1

We start with writing the first order condition equivalent to (4.1) for a given § = H

s,
E; aaluf(s( w), )|wl] = —2H;;si(w; —22 GEc[sjlwi] + 2E¢[vilwi] = (C.1)

i#j

We solve (C.1) for the best response s;(w;), Vi € N

H;isi(w;) = Z GEc[sjlwi] + Eclvilwi], i€N (C.2)
i#]

We look for an equilibrium strategy of the form given below:
si(wi) =a; + bZT(w, — EC [Wi])a Vi € N, (C3)

where @; and b7, Vi € A are constants and constant vectors, respectively. We plug (C.3) into the

first order condition (C.2):

> HiEla; + b (w; — Belwj))lwi = @] = Elyilwi = @], Va; € R,i € N
JEN

Via conditional expectation rule over multivariate normal distribution, we obtain following:

> Hi (6] cov(w, wivar(wi) ™ @ — Eclwi]) +a)
JEN

= Evi] + cov(w;, vi) T var(w;) ™ (@; — E¢|wi)), Vo, € Ri € N. (C4)

79



Vectors b;,i € N and constants a;,i € N are determined by following set equations when we

separate (C.4) into respective parts: For i € N

Z H; ;b5 cov(w;, wi)var(w;) ™" = cov(w;, ) var(w;) ™, (C.5)
JjEN
> Hya;=E[y), VieN. (C.6)
JEN

We divide both sides of (C.5) by var(w;)~! and obtain the following set of equations:

Z H”bj cov(w;,w;) = cov(w;,y;), YieN (C.7
JEN

For scalar signals w; € R, if we let b; = 1 and a; = E¢[w;] for i € N, then we have a; = w; by

(C.3). Moreover, the set of equations in (C.7) is equivalent to (4.8).
C.2 Eigenvalue Bounds for Symmetric Matrices

Lemma 4 (Theorem 8.1, [52]). Let G = g, ;| and G = [Gi ;] be two symmetric matrices with

~

eigenvalues [N, < [N < -+ <[ and [N < [Na < - - [N, respectively. Then,

(C.8)

max |[\;] -
J

where ||-|| - denotes Frobenius matrix norm.
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