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ABSTRACT

Many physical systems have underlying safety or capacity considerations that require that the
control policy employed ensures the satisfaction of a set of constraints. For instance, in a data
network, in addition to maximizing the utility of the users, the controller has to maintain necessary
link capacities constraints. Such systems can often be modeled as a constrained Markov Decision
Process (CMDP), but the model itself might have unknown or rapidly changing system parameters,
which calls for a learning-based solution approach.

Our goal in this thesis is to develop Reinforcement Learning (RL) algorithms to learn a generic
CMDP problem, and explore applicatiosn to communication networks. Here, our goal is to char-
acterize the relationship between constraints and the number of samples needed to ensure a desired
level of accuracy. We explore two classes of algorithms, (i) algorithms based on Linear Program-
ming (LP), (i1) algorithms based on a Lagrangian approach. Each of these classes is divided into
two sub-classes according to sample collection process. On the one hand, we may collect samples
uniformly across state-action pairs, and then develop a control policy based on these samples—
called the generative model based approach. On the other hand, we may collect samples in an
online manner by applying a policy on the system, and then continually refining the policy as
more samples become available—called the online learning approach. We characterize the sample
complexity of the algorithms following both these approaches to obtain near-optimal policies.

We then consider the question of CMDPs in the context of data networks. We desire to solve
the problem of serving real-time flows over a multi-hop wireless network. Each flow is composed
of packets that have strict deadlines, and the goal is to maximize the weighted timely throughput
of the system. Consistent with recent developments using mm-wave communications, we assume
that the links are directional, but are lossy, and have unknown probabilities of successful packet
transmission. An average link utilization budget constrains the system. The problem thus takes the
form of a CMDP with an unknown transition kernel, and we develop new algorithms well suited

for data network problems using the insights of RL algorithms for generic CMDPs.
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1. INTRODUCTION

Many physical systems have underlying safety considerations that require that the control pol-
icy employed ensures the satisfaction of a set of constraints. These constraints might take range
from per-packet deadline guarantees in a communication system, to the need to ensure that cars do
not hit each other in an autonomous platoon. Often, the system of interest can be modeled as a con-
strained Markov Decision Process (CMDP), but the model itself might have unknown or rapidly
changing system parameters. Thus, conventional control approaches are not attractive and rein-
forcement learning (RL) is called for. In other cases, the model might be well defined, but many
interacting systems, such as autonomous vehicles might render the system complex. Our focus in
this thesis is to develop control algorithms for networked systems that require the satisfaction of
constraints for their safe and efficient operation.

In chapters 2, 3 and 4, we focus on the case where the CMDP is unknown, and RL algorithms
obtain samples to discover the model and compute an optimal constrained policy. Our goal is
to characterize the relationship between safety constraints and the number of samples needed to
ensure a desired level of accuracy—both objective maximization and constraint satisfaction—in
a PAC sense. We explore two classes of RL algorithms, namely, (i) a generative model based
approach, wherein samples are taken initially to estimate a model, and (ii) an online approach,
wherein the model is updated as samples are obtained. In chapter 2 and 3 we solely focus on
reducing the sample complexity for infinite-horizon and finite-horizon CMDPs respectively. How-
ever, in chapter 4 we concentrate on computationally efficient algorithms with cost of sample
complexity. Our main finding in these chapters is that compared to the best known bounds of the
unconstrained regime, the sample complexity of constrained RL algorithms are increased by a fac-
tor that is logarithmic in the number of constraints, which suggests that the approach may be easily
utilized in real systems.

We next take up the problem of constrained decision making in data networks. In chapter 5,

we study the problem of broadcasting real-time flows in multi-hop wireless networks. We consider



that each packet has a stringent deadline, and each node in the network obtains some utility based
on the number of packets delivered to it on time for each flow. We propose a distributed protocol,
the delegated-set routing (DSR) protocol, that incurs virtually no overhead of coordination among
nodes. We also develop distributed algorithms that aim to maximize the total system utility under
DSR. The utility of our DSR protocol and distributed algorithms are demonstrated by both theoret-
ical analysis and simulation results, where we show that our algorithms achieve better performance
even when compared against centralized throughput optimal policies.

Finally, in chapter 6, we bring together the constrained network optimization and constrained
RL approaches in the context of serving real-time flows over a multi-hop wireless network. Each
flow is composed of packets that have strict deadlines, and the goal is to maximize the weighted
timely throughput of the system. Consistent with recent developments using mm-wave communi-
cations, we assume that the links are directional, but are lossy, and have unknown probabilities of
successful packet transmission. An average link utilization budget (similar to a power constraint)
constrains the system. We pose the problem in the form of a CMDP with an unknown transition
kernel. We use a duality approach to decompose the problem into an inner unconstrained MDP
with link usage costs, and an outer link-cost update step. For the inner MDP, we develop model-
based reinforcement learning algorithms that sample links by sending packets to learn the link
statistics. While the first algorithm type samples links at will at the beginning and constructs the
model, the second type is an online approach that can only use packets from flows to sample links
that they traverse. The approach to the outer problem follows gradient descent. We characterize
the sample complexity (number of packets transmitted) to obtain near-optimal policies, to show
that a basic online approach has a poorer sample complexity bound, it can be modified to obtain

an online algorithm that has excellent empirical performance.



2. LEARNING WITH SAFETY CONSTRAINTS: SAMPLE COMPLEXITY OF
REINFORCEMENT LEARNING FOR CONSTRAINED MDPs*

2.1 Introduction

Markov Decision Processes (MDPs) are used to model a variety of systems for which stationary
control policies are appropriate. In many cyber-physical systems (algorithmically controlled phys-
ical systems) restrictions may be placed on functions of the probability with which states may be
visited. For example, in power systems, the frequency must be kept within tolerable limits, and al-
lowing it to go outside these tolerances often might be unsafe. Similarly, in communication systems
the number of transmissions that may be made in a time interval is limited by an average radiated
power constraint due to interference and human safety considerations. The number of constraints
can be large, since they can represent physical limitations (e.g., communication or transmission
link capacities), performance requirements (per-flow packet delays, tolerable frequencies) and so
on. The Constrained-MDP (CMDP) framework is used to model such circumstances [4].

In this chapter, our objective is to design simple algorithms to solve CMDP problems under
an unknown model. Whereas the goal of a typical model-based RL approach would take as few
samples as possible to quickly determine the optimal policy, minimizing the number of samples
taken is even more important in the CMDP setting. This because constraints are violated during
the learning process, and it might be critical to keep the number of such violations as low as
possible due to safety considerations mentioned earlier, and yet ensure that the system objectives
are maximized. Hence, determining how the joint metrics of objective maximization and safety
violation evolve over time as the model becomes more and more accurate is crucial to understand
the efficacy of a proposed RL algorithm for CMDPs.

Main Contributions: Our goal is to analyze the sample complexity of solving CMDPs to a
desired accuracy with a high probability in both objective and constraints in the context of finite

horizon (episodic) problems. We focus on two figures of merit pertaining to objective maximiza-

*Reprinted with permission from [1].



tion and constraint satisfaction in a probably-approximately-correct (PAC) sense.

Our main contributions are as follows:

(i) We develop two model-based algorithms, namely, (i) a generative approach that obtains samples
initially then creates a model, and (i1) an online approach in which the model is updated as time
proceeds. In both cases, the estimated model might have no solution, and we utilize a confidence-
ball around the estimate to ensure that a solution may be found with high probability (assuming

that the real model has a solution).

(i1) The algorithms follow the general pattern of model construction or update, followed by a so-
lution using linear programming (LP) of the CMDP generated in this manner, with the addendum
that the LP is extended to account for the fact that a search is made over the entire ball of models
given the current samples. This procedure not only contributes to optimism as [5], but also guar-

antees feasibility of the solution.

(ii1) We develop PAC-type sample complexity bounds for both algorithms, accounting for both ob-
jective maximization and constraint satisfaction. The general intuition is that the model accuracy
should be higher than in the unconstrained case and, our main finding agrees with this intuition.
Furthermore, comparing our main results with lower bounds on sample complexity of MDPs [6, 7],
we discover that the increase in the sample complexity is by a logarithmic factor in the number of
constraints and a size of state space. However, there are no lower bound results for CMDPs to the
best of our knowledge.

As mentioned above, the number of constraints in cyber-physical systems can be large. Our
result indicating logarithmic scaling with the number of constraints indicates that the number of
constraints is not a major concern in solving unknown CMDPs via RL, hence indicating that the
practicality of applying the constrained RL approach to cyber-physical systems applications.

Related Work: Much work in the space of CMDP has been driven by problems of control,
and many of the algorithmic approaches and applications have taken a control-theoretic view [4,
8,9, 10, 11, 12]. The approach taken is to study the problem under a known model, and showing

asymptotic convergence of the solution method proposed. There are also studies on constrained



partially observable MDPs such as [13, 14]. Both of these works propose algorithms based on
value iteration requiring solving linear program or constrained quadratic program.

Extending CMDP approaches to the context on an unknown model has also mostly focused on
asymptotic convergence [15, 16, 17, 18] under Lagrangian methods to show zero eventual duality
gap. [19] also proposes an algorithm based on Lagrangian method, but proves that this algorithm
achieves a small eventual gap. On the other hand empirical works built on Lagrangian method has
also been proposed [20].

A parallel theme has been related to the constrained bandit case, wherein the the underlying
problem, while not directly being an MDP, bears a strong relation to it. Work such as [21, 22, 23]
consider such constraints, either in a knapsack sense, or on the type of controls that may be applied
in a linear bandit context.

Closest to our theme are parallel works on CMDPs. For instance, [24] and [25] present re-
sults in the context of unknown reward functions, with either a known stochastic or deterministic
transition kernel. Other work [26] focuses on asymptotic convergence, and so does not provide
an estimate on the learning rate. Finally, [5] explores algorithms and themes similar to ours, but
focuses on characterizing objective and constrained regret under different flavors of online algo-
rithms, which can be seen as complementary to or work. Since there is no direct relation between
regret and sample complexity [27], applying their regret approach to our setting gives relatively
weak sample complexity bounds. Our discovery of a general principle of logarithmic increase in

sample complexity with the number of constraints also distinguishes our work.
2.2 Notation and Problem Formulation

Notation and Setup: We consider a general finite-horizon CMDP formulation. There are
a set of states S and set of actions A. The reward matrix is denoted by r, under which (s, a)
is the reward for any state-action pair (s, a). We assume that there are N constraints. We use ¢
to denote the cost matrix, where (i, s, a) is the immediate cost incurred by the i*" constraint in
(s,a) where i € {1,...,N}. Also, the vector C'is used to denote the value of the constraints

(i.e., the bound that must be satisfied). The probability of reaching another state s’ while being at



state s and taking action a is determined by transition kernel P(s’|s, a). At the beginning of each
horizon, we begin from a fixed initial state s;. As the CMDP has a finite horizon, the length of
each horizon, or episode, is considered to be a fixed value H. Hence, the CMDP is defined by the

tuple M = (S, A, P,r,c,C, so, H).

Assumption 1. We assume S and A are finite sets with cardinalities |S| and |A|. Further, we
assume that the immediate reward r(s,a) is taken from the interval [0,1] and immediate cost
lies in [0,1]. We also make an assumption that there are N constraints which for each i €

{1,...,N},C; € [0, Crax)-

Next, to choose an action from A at time-step h, we define a policy 7 as a mapping from state-
action space S x A to set of probability vectors defined over action space, i.e. 7 : Sx A — [0, 1]/,
So 7(s, -, h) is a probability vector over A at time-step h. Also, a ~ 7(s, -, h) means that action a
is chosen according to policy 7 while being at state s at time-step h.

When policy 7 is fixed, the underlying Markov Decision Process turns into a Markov chain.
The transition kernel of this Markov chain is P, which can be viewed as an operator. The operator
P.f(s) = E[f(snt1)|sn = s] = > _yeq Pr(s'|5)f(s') takes any function f : .S — R and returns
the expected value of f in the next time step. For convenience, we define the multi-step version
Phf(s) = PP, ...P.f, which is repeated h times. Further, we define P! and P? as the identity
operator.

We consider cumulative finite horizon criteria for both the objective function and the constraint
functions with identical horizon H. We define the value function of state s at time-step ¢ under
policy 7 as

H-1

‘/tﬂ(s) :E[Z T(Smah);ah ~ W(Shfah)vst = SL (21)

h=t
where action ay, is chosen according to policy 7 and expectation E|.] is taken w.r.t transition kernel

P. Then, the local variance of the value function at time step h under policy 7 is

2

on (5) = E[(Vif1(sn1) — PrViT(9))%]. (2.2)



Similar to the definition of the value function (3.1), the i*" constraint function at time ¢ under

policy 7 is formulated as

T

-1
Cri(s) =E[ )Y c(i,sn an);a; ~ (s, h), s = s]. (2.3)

t

>
Il

Again, the local variance of i** constraint function at time-step h under policy 7, i.e. O'Z»i is defined
similar to local variance of value function (4.2).

Finally, the general finite-horizon CMDP problem is
max Vi (so) s.t. Cly(so) < Ci, Vie{l,...,N}. (2.4)

Assumption 2. We assume that there exists some policy m that satisfies the constraints in (3.4).
Hence, this CMDP problem is feasible with optimal policy ™ and optimal solution Vj(sg) =

Vi (s0)-

Note that we only consider learning feasible CMDPs, since otherwise no algorithm would be
able to discover an optimal policy satisfying constraints.

Constrained-RL Problem: The Constrained RL problem formulation is identical to the CMDP
optimization problem of (3.4), but without being aware of values of transition kernel P.T Our goal
is to provide model-based algorithms and determine the sample complexity results in a PAC sense,

which is defined as follows:

Definition 1. For an algorithm A, sample complexity is the number of samples that A requires to

achieve

IP’(VOA(SO) > Vi (s0) — € and

0;})<so)ga+evie{1,...,1v}) >1-4

"We only assume that transition kernel is unknown and the extension to unknown reward and cost matrices is
straightforward, and does not require additional methodology.



for a given € and 6.

Note that this definition includes both objective maximization and constraint violations, as

opposed to a traditional definition that only considers the objective [28].
2.3 Sample Complexity Result of Generative Model Based Learning

In this section, we introduce a generative model based CMDP learning algorithm called Opti-
mistic Generative Model Based Learning, or Optimistic-GMBL. According to Optimistic-GMBL,
we sample each state-action pair n number of times uniformly across all state-action pairs, count
the number of times each transition occurs n(s’, s, a) for each next state s’, and construct an empir-
ical model of transition kernel denoted by P(s'|s, a) = @ V(s', s,a). Then Optimistic-GMBL
creates a class of CMDPs using the empirical model. This class is denoted by M, and contains
CMDPs with identical reward, cost matrices, C, initial state s, and horizon of the true CMDP, but

with transition kernels close to true model. This class of CMDPs is defined as

M, = {M' :r'(s,a) =r(s,a), (2.5)

C,(i,S,(l) = C(i787a)7H/ == H, 86 = Sp

|P'(s']s,a) — P(s']s,a)| < (2.6)
D( ot Dl
min( 2P(s|s,a)(1 — P(s'|s,a)) logi—l—ilogi,
n 513 3n 5}3
log 4
%2—7{(513>Vs,a, s’ i},

where §p is defined in Algorithm 1. For any M’ € M, objective function V7 (s,) and cost func-
tions C;f{)(so) are computed w.r.t. the corresponding transition kernel P’ according to equations
(3.1) and (3.3) respectively.

Finally, Optimistic-GMBL maximizes the objective function among all possible transition ker-

nels, while satisfying constraints (if feasible). More specifically, it solves the optimistic planning



problem below

’ /
max V" (sg) s.t. C;
W,M’EM(SP

H(s0) < G Vi. (2.7)

Optimistic-GMBL uses Extended Linear Programming, or ELP, to solve the problem of (6.33).
This method inputs M, and outputs 7 for the optimal solution. The description of ELP is provided

in supplementary materials. Algorithm 1 describes Optimistic-GMBL.

Algorithm 1 Optimistic-GMBL

. Input: accuracy € and failure tolerance 6.

: Set (SP = m

: Setn(s',s,a) =0V(s,a,s).

. for each (s,a) € S x Ado

Sample (s, a),n = 23%|S|H? log w and update n(s', s, a).
ﬁ(s’|s,a) = w Vs’

: Construct M, according to (4.21).

. Output # = ELP(Ms,,).

I T N ¥ N U N e

2.3.1 PAC Analysis of Optimistic-GMBL

Here, we present the sample complexity result of Optimistic-GMBL. Time complexity result

and analysis will be provided in Supplementary materials.

Theorem 1. Consider any finite-horizon CMDP M = (S, A, P,r,c,C, sy, H) satisfying assump-
tions 3 and 4, and CMDP problem formulation of (3.4). Then, for any ¢ € (0, %, /%) and
d € (0,1), algorithm 1 creates a model CMDP M = (S, A, P,r,c,C, so, H) and outputs pol-

icy T such that

P(Vy(s0) > Vi (s0) — € and

Clo(s0) < Ci+eVie{l,2,...,N}) >1-9,



with at least total sampling budget of

256 12(N + 2)|S||A|H

The proof of Theorem 12 differs from the traditional analysis framework of unconstrained
RL [6] in the following manner. First, is the role played by optimism in model construction.
The notion of optimism is not required for learning unconstrained MDPs with generative models,
because any estimated model is always feasible [29]. However, there is no such guarantee for any
general CMDP problem formulation [4]. Specifically, simply substituting the true kernel P by
the estimated one P is not appropriate, since there is no assurance of feasibility of that problem.
Hence, Optimistic-GMBL converts the CMDP problem under the estimated transition kernel to an
optimistic planning problem (6.33) and an ELP-based solution.

Second, the core of the analysis of every unconstrained MDP is based on being able to charac-
terize the optimal policy via the Bellman operator. This technique enables one to obtain a sample
complexity that scales with the size of the state space as O(|S|). However, we cannot use this ap-
proach to characterize the optimal policy in a CMDP [4]. We require a uniform PAC result over
set of all policies and set of value and constraint functions, which in turn leads to O(|S|*log|S])

sample complexity in the size of state space.

Corollary 1. In case of N = 0, the problem would become regular unconstrained MDP. And, the

sample complexity result with N = 0 would also hold for unconstrained case.

Now, we present some of the lemmas that are essential to prove Theorem 12. Then we sketch
the proof of this theorem. The detailed proofs are provided in supplementary materials.

First, we show that true CMDP lies inside the M, with high probability, w.h.p. So, the prob-
lem (6.33) would be feasible w.h.p., since the original CMDP problem is assumed to be feasible

according to Assumption 4.

10



Lemma 1.

P(M € Ms,) >1—|S|*|Alop.

Proof Sketch: Fix a state-action pair (s, a) and next state s’. Then, according to combination
of Hoefding’s inequality [30] and empirical Bernstein’s inequality [31], we get that each P(s'|s, a)
is inside the confidence set defined by (6.32) with probability at least 1 — dp. Applying the union
bound yields the result. U

Now, we present the core lemma required for proving Theorem 12 and its proof sketch. Using
this lemma, we bound the mismatch in objective and constraint functions when we have n number
of samples from each (s, a). This bound applies uniformly over the set of policies and set of value
and constraint functions. The result also enables us to bound the objective and constraint functions
individually. Then we apply union bound on all objective and constraint functions. This process is

the reason why the number of constraints appear logarithmically in the sample complexity result.

Lemma 2. Let §p € (0,1). Then, if n > 2592|S|? H? log 4/8p, under any policy T

128[S|H? log 4/5p

n

VF — Vil </

w.p. at least 1 — 3|S|*|A|Hdp, and for any i € {1,..., N},

128|S|H3log4/dp
n

5 Cralle

w.p. at least 1 — 3|S|?|A|Hdp.

Proof Sketch: We first show that | P(s'|s,a) — P(s'|s,a)| < O(\/P(qu’a)(l_P(s/‘s’a))) for each

s', s, a. Then, we show that at each time-step h, (P, — P;)V;"(s) < O(y/ %O’Z(S)). Applying this
NIGIE

bound to |V (s¢) — Vi (s0)| and from the fact that o7 (s) is close to 7 (s) by ~-T77—, We obtain

the result. This procedure is also applicable to each constraint function . U
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Proof Sketch of Theorem 12: From Lemma 6, we know that the optimistic planning problem
(6.33) is feasible w.h.p. Hence, we can obtain an optimistic policy 7. The rest of this proof consists
of two major parts.

First, we prove e—optimality of objective function w.h.p. Considering policy 7" we obtain
Vi (s0) = Vi (s0)] < O(\/W) w.h.p. by means of Lemma 28. Similarly, |V (so) — Vi (s0)| <
O(\/W) w.h.p. Next, we use the fact that V" (sq) < V{7 (so) and obtain

|S|H?

Vi (s0) > Vi (s0) — O( -

).

Next, we show that each constraint is violated at most by € w.h.p. Here, we use the second part
of Lemma 28 to bound constraint violation. Thus, for each i € {1,..., N} we have |C](s) —
éffo(soﬂ < O(\/W) w.h.p. Also, we know that C’ o(s0) < Ci, since 7 is solution of the ELP.
Hence, we obtain

|[S|H?
n

Clo(s0) < Ci + O( )

w.h.p. Finally, we obtain the end result by applying the union bound, and obtaining n by solving

e = O(\/BUE), 0

2.4 Sample Complexity Result of Online Learning

The Optimistic-GMBL approach requires that every state-action pair in the system be sampled
a certain number of times before a policy is computed. However, many applications may not be
able to utilize this approach since it may not be possible to reach those states without the application
of some policy, or they might be unsafe and so should not be sampled often. Hence, we need an
approach that can collect samples from the environment by means of an online algorithm.

Online Constrained-RL, or Online-CRL described in Algorithm 8, is an online method pro-
ceeding in episodes with length H. At the beginning of each episode k, Online-CRL constructs

n(s’,s,a)

an empirical model P according to state-action visitation frequencies, i.e., P(s'|s,a) = =722
’ n(s,a) ’

12



where n(s’, s,a) and n(s,a) are visitation frequencies. This empirical model P induces a set of
finite-horizon CMDPs M, which any CMDP M’ € M, has identical horizon and reward and cost
matrices. However, for any (s,a) € S x Aand s’ € S, P'(s|s, a) lies inside a confidence interval
induced by P. To construct a confidence interval for any element of P'(s'|s,a), we use identical
concentration inequalities to Optimistic GMBL as defined by (6.32). The only difference is the use

of n(s, a) instead of n. Thus the class of CMPDs is defined as below at each episode & :

My = {M' :7'(s,a) =r(s,a),
d(iys,a) = c(i,s,a), H = H, sy = so
|P'(s']s,a) — P(s']s,a)| <

g _ 2.8)
min<\/2P(3/|s,a)(1 —P(slsa) 4

n(s,a) 01

4 [log4/d

1
* 3n(s,a) 5 2n(s,a)

/ .
>Vs,s,a,z},

where 0, is defined in Algorithm 8.
Next, we use ELP to obtain an optimistic policy 7x, which is the solution of optimistic CMDP
problem below:

,Dax Vo (s0) s.t. Cif(so) < C; Vi

This problem is exactly the same as problem of (6.33), except for substituting M, with Mj,.
Here, for any M' € My, Vi™(so) and C}7(so) are computed according to (3.1) and (3.3) w.r.t.
underlying transition kernel P’ respectively.

This algorithm draws inspiration from the infinite-horizon algorithm UCRL—~ [32] and its
finite-horizon counterpart UCFH [7] with several differences. Unlike UCRL-y and UCFH, Al-
gorithm 8 updates the model at the beginning of each episode, which allows for faster model
construction. Also, since we desire a policy that pertains to a CMDP using an linear programming

approach [4], we must ensure that all constraints are linear. Hence, unlike UCFH, Algorithm 8

13



Algorithm 2 Online-CRL

Input: accuracy € and failure tolerance ¢.
Set k = 1, Wmin = 15757, Umax = |SI2|Alm, 6 = m.
Set m according to (6.35) and (6.36).
Set n(s,a) =n(s,s,a) =0 Vs,s' € S,a € A.
while there is (s, a) with n(s,a) < |S|mH do
P(|s,a) = nr(ilssa?) V(s,a) withn(s,a) > 0and s’ € S.
Construct M}, according to (6.31).
7 = ELP(My).
fort=1,...,Hdo
ap ~ Tx(81), Se11 ~ P81, ar), (s, ar) + +,n(ser, st, ar) + +.
k++

—_—

R A A S

—_ =
- O

utilizes a combination of the empirical Bernstein’s and Hoeffding’s inequalities, which allows us
to ensure linearity of constraints (i.e., we can indeed use an extended linear program to solve for
the constrained optimistic policy). However, the constraints of UCFH are non-linear and require
the use of extended value iteration coupled with a complex sub-routine, which cannot be utilized in
the constrained RL case. Thus, we are able to obtain strong bounds on sample complexity similar

to UCFH, but yet ensure that the solution approach only uses a linear program.
2.4.1 PAC Analysis of Online-CRL
We now present the PAC bound of Algorithm 8.

Theorem 2. Consider CMDP M = (S, A,r,c,C, sy, H) satisfying assumptions 3 and 4. For any

0 < €,0 < 1, under Online-CRL we have:

]P)(‘/Oﬁk(é‘o) > VO“*(SO) —€ and

CTi(s0) < Ci+eVie {1,2,...,N}) > 134,

for all but at most

|S|?|A|H? o N+1

O3 g——)

14



episodes.

To prove Theorem 13, we follow an approach motivated by [32] and its finite-horizon version
[7]. However, there are several differences in our technique. As mentioned above, one of the
differences is with regard to restricting ourselves to only linear concentration inequalities. We will
show that excluding non-linear concentration inequalities pertaining to variance does not increase
the sample complexity, and utilizing the fact that the number of successor states is less that |5
leads to matching sample complexity in terms of |S| with the UCFH algorithm. Furthermore, we
are able to show that, unlike existing approaches, we can update the model at each episode, again
without increasing the sample complexity. Thus, we are able to obtain PAC bounds that match the
unconstrained case, and only increase by logarithmic factor with the number of constraints.

There are also recent results on characterizing the regret of constrained-RL [5] while using an
algorithm reminiscent of Algorithm 8, and the question arises as to whether one can immediately
translate these regret results into sample complexity bounds? However, regret and sample com-
plexity results do not directly follow from one another [27], and following the [5] approach gives
a PAC result O~(‘S|2|€—§”H4), which is looser than our result by a factor of H2. Thus, this alternative
option does not provide the strong bounds that we are able to obtain to match existing PAC results
of the unconstrained case.

Now, we introduce the notions of knownness and importance for state-action pairs and base our
proof on these notions. Then we present the key lemmas required to prove Theorem 13. Finally,
we sketch the proof of Theorem 13. The detailed analysis is provided in supplementary materials.

Let the weight of (s, a)—pair in an episode k under policy 7, be its expected frequency in that

episode
H-1
wi(s,a) = Y Plsn = 5,0 ~ Fu(on, 1))
h=0
H-1
= P;‘k_l]l{s = a~Tk(s,-, h)}H(so).
h=0
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Then, the importance 1, of (s,a) at episode k is defined as its relative weight compared to

Winin = 4H|S| on a log-scale

wk(s,a)}

te(s,a) :=min{z; : z; >
Wmin

where z; =0and 2; =277 Vj =2,3,....

Note that ¢x(s,a) € {0,1,2,4,8,16,...} is an integer indicating the influence of the state-

action pair on the value function of 7. Similarly, we define knownness as

(s, a)

Kir(s,a) := max{z; : z; < k(5. 0)

—————}€{0,1,2,4,...},

which indicates how often (s, @) has been observed relative to its importance. Value of m is defined

in Algorithm 8. Now, we can categorize (s, a)—pairs into subsets

Xiw, =A{(s,a) € Xy : ki(s,a) = K, u(s,a) =t}

and X, =S x A\ X,

where X, = {(s,a) : tx(s,a) > 0} is the active set and X}, is the set of (s, a)—pairs that are very
unlikely under policy 7. We will show that if | X}, . ,| < & is satisfied, then the model of Online-
CRL would achieve near-optimality while violating constraints at most by ¢ w.h.p. This condition
indicates that important state-action pairs under policy 7, are visited a sufficiently large number of
times. Hence, the model of Online-CRL will be accurate enough to obtain PAC bounds.

Now, first we show that true model belongs to M, for every episode k£ w.h.p.

Lemma 3. M € M, for all episodes k with probability at least 1 — SNTD) +1)

Proof Sketch: Fix a (s,a), next state s’ and an episode k. Then, P(s|s,a) lies inside the
confidence set constructed by the combined Bernstein’s and Hoeffding’s inequalities. Taking the

union bound over maximum number of model updates, U,,.., and next states would yield the result.
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Next, we bound the number of episodes that the condition | Xy . ,| <  is violated w.h.p.

Lemma 4. Suppose E is the number of episodes k for which there are k and v with | Xy, ..| > K,

ie. E =502 I{3(k,t) 1 [ Xypy,| > £} and let

(2.9)

where Ep. = log, wi log, |S|. Then, P(E < 6|S||AlmEpax) > 1 — m.

Proof sketch: The proof of this lemma is divided into two stages. First, we provide a bound
on the total number of times a fixed (s, a) could be observed in a particular X}, ., in all episodes.
Then, we present a high probability bound on the number of episodes that | Xy .. ,| > « for a fixed

(K, ¢). Finally, we obtain the result by means of martingale concentration and union bound. [

Finally, the next lemma provides a bound on the mismatch between objective and constraint
functions of the optimistic model and true model. The role of this lemma is similar to Lemma 28 for
Optimistic-GMBL. It provides a PAC result, which is uniform over value and constraint functions.
Hence, it is possible to have individual PAC results for any objective and constraint functions. As
discussed in the context of Optimistic-GMBL, this process is responsible for a log /V increase in

the sample complexity result.

Lemma 5. Assume M € M. If | Xy .,| < & forall (k,t) and 0 < e < 1 and

m = 1280 (log, log, H)?*log; og — (2.10)

6y’

|5512 2(8\S|2H2>1 4

then \%ﬁk(so) — Voﬁ’“(so)| < e and for any 1, |C~(Z~:—6€<SU) — C:(; (so)| <e.

Proof Sketch: We first use algebraic operations to obtain | P(s'|s, a) — P(s'|s,a)| <

O(\/P(S'"S’a)(l_P(S/‘S’a)) ) for each s', s, a. Then we show that at each time-step h, (P, — P, )V/"(s) <

n

O(y/ %0}{(5)). Then we divide the state-action based on knownness, i.e., whether they belong to
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Xy, or not. By applying all bounds and using the fact that o7, (s) is close to 67 (s) by —Vﬁ)ip, we
obtain a bound on |V (s¢) — Vi (so)|. Eventually, we use the definition of weights to get the final

result. This procedure is also applicable to each constraint function %. 0

Proof Sketch of Theorem 13: First, we apply Lemma 30 and show that M € M, for every

k w.p. at least 1 — . Therefore, the optimistic planning problem would be feasible and an

_0
2(N+1)
optimistic policy 7 exists w.h.p. Furthermore, we bound the number of episodes where | Xy ,;,| >
x w.h.p. by means of Lemma 33. Thus, for other episodes where | X}, ,| < x, we show that

objective function is e—optimal and all constraint functions are violated by € by applying Lemma

35. Eventually, taking union bound yields the result. [
2.5 Experimental Results

We conduct experiments on CMDPs akin to a grid world MDP, wherein each square indicates
the location of the agent. The goal of the is to start at the fixed start state and reach the final state
in H steps. The agent obtains a reward of 1 when reaching the goal. Transitions are stochastic, and
given any action, there is probability of self and other transitions, as well as transitioning to other
state as intended by the action. We consider two classes of CMDPs under this setting, namely,
(i) state occupancy constraints, and (ii) action frequency constraints, which represent the types of
constraints that might appear in real systems.

For the first scenario class, we augment the unconstrained MDP by an action budget constraint.
We restrict the number of moves to the right, while ensuring that a feasible path to the goal exists.
Here, we consider a 3 x 3 and 5 x 5 grid as examples, with 9 state states and 25 states respectively,
and with 4 actions. The 3 x 3 and 5 x 5 examples are labeled as scenario 1a and scenario 1b.

In the second scenario class, we consider a 3 x 3 grid world with a particular state is “bad”
for the CMDP, so the agent must avoid entering it frequently or at all. The bad state has higher
probability of transitioning out of itself compared to the rest of the states. But, if the agent enters
this state, a cost is levied. Thus, the constraint is to limit the probability of entering the bad state,

and to set the constraint threshold to 0. This means that the optimal policy for CMDP is to avoid
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Value Difference for Action constrained CMDP
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Figure 2.2: Constraint Violation for Sce-
nario la. Reprinted with permission from

[1]

Figure 2.1: Value Difference for Scenario
la. Reprinted with permission from [1]

the bad state altogether. This process is equivalent to incurring an immediate cost of 1 when the
agent finds itself in the bad state.
We simulate Optimistic-GMBL and Online-CRL for these scenarios. Here, we consider two

performance metrics. One, difference in value function calculated by

Vi (s0) — Vi (s0)-

where 7’ is whether Optimistic-GMBL or Online-CRL. The second performance metric is con-

straint violation which is calculated by

max(CT (so) — C,0).

since we have one constraint in each scenario. Further, we average each data point on every figure
over 25 runs.

As seen in the Figures 2.1, 2.3 and 2.5, both Optimistic-GMBL and Online-CRL reach the
optimal values in both scenarios. We observe that the Online-CRL algorithm, despite having fewer
number of samples, does consistently better than the Optimistic-GMBL algorithm in both the sce-

narios. Similar behavior appears in Figures 2.2, 2.4, and 2.6, which illustrates constraint violation.
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Intuitively, Online-CRL outperforms Optimistic-GMBL empirically because it samples the impor-

tant state-action pairs often, and hence resolves uncertainty quickly.

2.6 Conclusion

In this chapter, we studied the problem of learning stationary policies for finite-horizon CMDPs
using Linear programming. We developed two types of algorithms and analyzed their sample com-

plexity results—Optimistic-GMBL and online-CRL. Our most prominent result states a logarith-
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mic increase in sample complexity compared to unconstrained regime. In the next chapter, we will

study the case of infinite horizon CMDPs.
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3. MODEL-BASED REINFORCEMENT LEARNING FOR INFINITE-HORIZON
DISCOUNTED CONSTRAINED MARKOV DECISION PROCESSES*

3.1 Introduction

The previous chapter focuses on learning finite horizon (episodic) Constrained Markov De-
cision Processes (CMDPs). However, there are many physical systems that are consistent with a
discounted infinite horizon reward. Therefore, in this chapter, we aim to develop simple algorithms
to learn near-optimal policies for an infinite horizon CMDP without knowing the system parame-
ters. Although, a regular model-based RL algorithm attempts to collect as few samples as possible
to quickly solve for the optimal policy, minimizing the number of samples taken is even more es-
sential in the CMDP setting. This requirement is due to the existence of constraints in the CMDP
setting, and it might be important to violate them as few times as possible while maximizing the
objective of the system. Therefore, the behavior of a system with respect to (w.r.t) both objective
maximization and safety violation over time is a crucial performance metric for a proposed RL
algorithm for CMDPs.

Main Contributions: Our goal is to upper bound the number of samples required to learn a
near-optimal policy while nearly satisfying the constraints with high probability (w.h.p.) in the
context of the discounted infinite-horizon setting.

Our contributions are mainly threefold:

(1) We design and analyze two model-based RL algorithms for CMDPs. One of them pursues a
generative model based approach that obtains samples initially and creates a model. The other
one is based on an online approach in which the model is updated over time-steps. With both
algorithms, the estimated model might lead to infeasible situation. Thus, we utilize the idea of
a confidence-ball around the estimated model such that the true model would belong to that ball

w.h.p. This ensures that a solution may be found w.h.p. under the assumption that the real model

*Reprinted with permission from [2]

22



has a solution.

(i1) Both algorithms follow a two-stage pattern of model construction and a CMDP solution. The
algorithms use linear programming (LP) to solve the CMDP problem with additional linear con-

straints to incorporate the confidence-ball.

(111) We characterize PAC-type sample complexity bounds for both algorithms, accounting for
both objective maximization and constraint satisfaction.

Intuitively, the model constructed by these algorithms must be more accurate than models
created by unconstrained counterparts, which conjecture our main results are consistent with. Fur-
thermore, a comparison of our main findings with lower bounds on sample complexity of MDPs
[6, 7] shows an increase in our results by a logarithmic factor in the number of constraints and the
size of the state space. However, there is no earlier work on lower bound of sample complexity of
learning CMDPs to our best knowledge.

As mentioned above, cyber-physical systems might have a large number of constraints. How-
ever, our results indicate that the number of constraints should not be a major concern in imple-
mentation, since our bounds scale logarithmically with number of constraints. Hence, the results
suggest that the constrained RL approach is likely applicable in a straightforward manner to cyber-
physical systems.

Related Work: There are many articles studying the problem of controlling CMDPs with an
algorithmic approach and control-theoretic view [4, 8, 9, 10, 11, 12]. The results take the form
of proving asymptotic convergence of their proposed methods under the assumption of the known
model. There are also extensions of this approach to the context of an unknown model, where
the focus is still on asymptotic behavior [15, 16, 17, 18]. These studies use Lagrangian method
to show zero duality gap asymptotically. Further, [19] also develops an algorithm based on the
Lagrangian method, but with small eventual duality gap. Finally, empirical studies based on the
Lagrangian method have also been presented [20].

There are also studies on the constrained bandit case. Although bandits are not MDPs per se,
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they are strongly related to them. Articles such as [21, 22, 23] consider such constraints, either in
a knapsack sense, or on the type of controls that may be applied in a linear bandit context.

More related to our work theme are parallel studies on CMDPs. For example, [24] and [25]
provide results with the assumption of unknown reward functions, with either a known or deter-
ministic transition kernel. There are other works [26] focusing on proving asymptotic convergence
without providing a bound on learning rate. Finally, closest related work to this article is [5] which
explores algorithms similar to ours in finite-horizon setting, but concentrating on characterizing ob-
jective and constrained regret bounds. Now, regret and sample complexity bounds are not directly
translatable [27], and converting their regret bounds to our setting gives relatively weak sample
complexity bounds. Specifically, our main results with logarithmic increase in sample complexity

with the number of constraints differentiates our work.
3.2 Notation and Problem Formulation

Notation and Setup: Our focus is on an infinite-horizon CMDP defined by a tuple M =
(S, A, P,r,c, C, s, 7). S and A represent the sets of states and actions respectively. Additionally,
P(s'|s,a) is used to indicate the probability of reaching state s’ by taking action a while being at
state s. We define (s, a) as the reward for each state-action pair (s, a). We assume that there are
N constraints. We use ¢ to denote the cost matrix, where ¢(i, s, a) is the immediate cost incurred
by the i'" constraint in (s,a) where i € {1,..., N'}. Further, the value of the constraints (i.e. the
bound that must be satisfied) are determined by the vector C'. Also, initial state is specified by s.
Finally, we use ~ for discount factor. In this study, the discount factor is unique for both objective

function and constraint functions where they shall be defined later.

Assumption 3. State and action sets S and A are assumed to be finite with cardinalities | S| and
|A|. In addition, the immediate cost and immediate reward r (s, a) are assumed to be taken from the
interval [0, 1]. Number of constraints is also assumed to be N which for eachi € {1,... ,N},C; €

[07 Cmax] .

Now, we define a stationary policy 7 : S x A — [0, 1] as a mapping from state-action space
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S x A to set of probability vectors defined over action space in order to choose an action at any
time-step ¢. Henceforth, (s, a) represents the probability of choosing the action a when the system
is at state s. Also, a ~ 7(s, -) means that action a is chosen according to stationary policy = while
being at state s.

Fixing a policy 7 transforms the underlying MDP to a Markov chain. The transition ker-
nel of this Markov chain is P, which can be viewed as an operator. The operator P, f(s) =
E[f(st41)|st = 8] = >_gcg Pr(s'|s) f(s") takes any function f : S — R and returns the expected
value of f in the next time-step. For convenience, we define the multi-step version P! f(s) =
P, P, ... P.f, which is repeated ¢ times. Further, we define P? as the identity operator.

For the objective and constraint functions, we consider discounted infinite-horizon criteria with

identical discount factor . We define the value function of state s under policy 7 as
V7™(s) = E[Z Yr(se, ar);ar ~ m(s¢, ), Si=0 = So), (3.1
t=0

where expectation E[-] is taken w.r.t transition kernel P. Next, the local variance of the value

function at time step ¢ under policy 7 is

o, (s) = VE[(V (s011) — PV (s))’] (3.2)

= VP [(VT = PVT)(s).

Analogous to the definition of the value function (3.1), the i** constraint function under policy

7 1s defined as
o0

CT(s) =E[> _~'eli, sp, ar); ap ~ 7(s1, ), s1=0 = o). (3.3)

t=0
Again, the local variance of i constraint function under policy 7, i.e. 02 is defined similar to

local variance of value function (4.2).
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Eventually, the general infinite-horizon CMDP problem is
max V7" (sg) s.t. Cl(sg) <Cy, Vie{l,...,N}. (3.4)

Assumption 4. We assume that the CMDP problem of (3.4) is feasible with optimal policy ©* and

optimal solution V*(s) = V™ (s).

Note that we only consider learning feasible CMDPs by this assumption.

Constrained-RL Problem: The Constrained RL problem formulation is identical to the CMDP
optimization problem of (3.4) with one difference. Here, we are not aware of the values of the
transition kernel P.T We desire to provide model-based algorithms and determine the sample com-

plexity results in a PAC sense, which is defined as follows:

Definition 2. For an algorithm A, sample complexity is the number of samples that A requires to

achieve

IP’(VA(SO) > V™ (s0) — ¢ and

CA(s0) < i+€Vi€{1,...,N}> >1-4§

)

for a given € and 6.

Note that with this definition, we include both objective maximization and constraint violations

as opposed to the traditional definition that only considers the objective [28].
3.3 Sample Complexity Result of Generative Model Based Learning

Generative model based learning is a well known approach to learn an optimal policy for an
MDP. However, naive application of this approach to CMDPs may not end with a feasible solu-
tion. Hence, we explore the generative model based approach for CMDPs, and propose a genera-

tive model based CMDP learning algorithm called Generative Model-Constrained RL (GM-CRL).

"We only assume that transition kernel is unknown and the extension to unknown reward and cost matrices is
straightforward, and does not require additional methodology.

26



According to GM-CRL, each state-action pair is sampled n number of times uniformly across all
state-action pairs, the number of times each transition occurs n(s’, s, a) for each next state s is
counted, and an empirical model of transition kernel denoted by P(s'|s, a) = w V(s',s,a)is
constructed.

Unlike MDP problem formulation, there is no guarantee such that CMDP problem formulation
w.r.t. P is feasible. In order to resolve the feasibility concern, we expand the space of transition
kernels to include the true transition kernel P, noting that the CMDP problem w.r.t. P is feasible
from Assumption 4. The algorithmic layout of this approach is as follows. GM-CRL creates a
class of CMDPs using the empirical model. This class is denoted by M, and contains CMDPs
with identical reward, cost matrices, C, initial state s, and discount factor of the true CMDP, but

with transition kernels close to true model. This class of CMDPs is defined as

M, = {M' :r'(s,a) =r(s,a),d (i,s,a) = c(i,s,a),7 =, (3.5)

|P'(s|s,a) = P(s']s,a)| <

_( [2P(s']s,a)(1 = P(s'|s,a)), 4 2. 4 [log4/dp .
mm(\/ - 10g$+3_nl()gg’ T)VS,G,S,Z}, (3.6)

where 6p is defined in Algorithm 3. Note that for any M’ € M, objective function V'7(s,) and
cost functions C’;”(so) are computed w.r.t. the corresponding transition kernel P’ according to
equations (3.1) and (3.3) respectively.

At the end, GM-CRL maximizes the objective function among all possible transition kernels,
while satisfying constraints (if feasible). More specifically, it solves the optimistic planning prob-
lem below

max V' ™(sg) s.t. C;"(se) < C; Vi (3.7)

™M eEM;sp,

To solve the problem of (6.33), GM-CRL uses Extended Linear Programming, or ELP. This

method takes M, as input and gives 7 for the optimal solution. The description of ELP is pro-
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vided in supplementary materials. Algorithm 3 describes GM-CRL.

Algorithm 3 GM-CRL

: Input: accuracy ¢ and failure tolerance .
. Set 0p = —ocar-
P = 5(N+2)|S[F[4]
: Setn(s',s,a) =0V(s,a,s).
: for each (s,a) € S x Ado

Sample (s,a),n = %wﬂ/ﬂ log 5~ and update n(s', s, ).

P(s|s,a) = @ Vs
: Construct M, according to (3.5).
. Output 7 = ELP(Ms,,).

I T NV U N VR S

3.3.1 PAC Analysis of GM-CRL

Here, we present the sample complexity result of GM-CRL.

Theorem 3. Consider any infinite-horizon CMDP M = (S, A, P,r, c, C, s, 7) satisfying assump-
tions 3 and 4, and CMDP probl lati 3.4). Then, € (0, 222 and
ions 3 an an problem formulation of (3.4) en, for any € € ( |5|(1*“f)> an

0 € (0,1), algorithm 3 creates a model CMDP M= (S, A, f’, r,c,C, s, ) and outputs policy T

such that

P(V™(sq) > V™ (s9) — € and

Cl(so) <Ci+eVie{l,2,...,N}) >1-,

with at least total sampling budget of

1152(log 2)2

O(N +2)[S]3|A]
(1 —7)? '

J

2
¥ 2
|51%|A[ log

The proof of Theorem 12 is different from the traditional analysis framework of unconstrained
RL [6] in the following manner. First, consider the role played by optimism in model construc-

tion. The notion of optimism is not required for learning unconstrained MDPs with generative
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models, because any estimated model is always feasible [29]. However, there is no such guarantee
for a general CMDP problem formulation [4]. Specifically, simply substituting the true kernel P
by the estimated one P is not appropriate, since there is no assurance of feasibility of that prob-
lem. Hence, GM-CRL converts the CMDP problem under the estimated transition kernel to an
optimistic planning problem (6.33) and an ELP-based solution.

Second, the core of the analysis of every unconstrained MDP is based on being able to charac-
terize the optimal policy via the Bellman operator. This technique enables one to obtain a sample
complexity that scales with the size of the state space as O(|S|). However, we cannot use this ap-
proach to characterize the optimal policy in a CMDP [4]. We require a uniform PAC result over
set of all policies and set of value and constraint functions, which in turn leads to quadratic sample

complexity in the size of state space; i.e., a scaling of O(|S|?).

Corollary 2. In case of N = 0, the problem would become regular unconstrained MDP. And, the

sample complexity result with N = 0 would also hold for unconstrained case.

Now, we present some of the lemmas that are essential to prove Theorem 12. Then we sketch
the proof of this theorem. The detailed proofs are provided in supplementary materials.

First, we show that true CMDP lies inside the M, with high probability, w.h.p. Hence, the
problem (6.33) is feasible w.h.p., since the original CMDP problem is assumed to be feasible

according to Assumption 4.

Lemma 6.
P(M e Ms,) >1— ]S\2|A\5p.

Proof Sketch: Fix a state-action pair (s, a) and next state s’. Then, according to combination of
Hoefding’s inequality [30] and empirical Bernstein’s inequality [31], we obtain that each P(s|s, a)
is inside the confidence set defined by (6.32) with probability at least 1 — dp. Applying the union

bound yields the result. 0
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Now, we present the core lemma required for proving Theorem 12 and its proof sketch. Using
this lemma, we bound the mismatch in objective and constraint functions when we have n number
of samples from each (s, a). This bound applies uniformly over the set of policies and set of value
and constraint functions. The result also enables us to bound the objective and constraint functions
individually. Then we apply the union bound on all objective and constraint functions. This process

is the reason why the number of constraints appear logarithmically in the sample complexity result.

Lemma 7. Let 6p € (0,1). Then, if n > 11819‘5‘?11(:—%14513, under any policy ©

32| 5] log 4/

7r_~7roo< log 2
Ve -7 _SWOg\/ Sl &

w.p. at least 1 — 5|S|3|A|dp, and for anyi € {1,..., N},

32|S|log4/op

C™ — O™, < 3vlog?2
H 7 ’LH > o7y log \/ (1_7)371

w.p. at least 1 — 5|S|?| A|dp.

n

Proof Sketch: We first show that | P(s'|s,a) — P(s'|s,a)| < O(\/P(qu’a)(lfp(sl‘s’a))) for each
s', 5, a. Then, we show that (P, — P,)V™(s) < O(\/@aw (s)). Applying this bound to |V ™ (s¢) —
V™ (s0)| and from the fact that oy« (s) is close to gy« (s) by O(%), we obtain the result. This
procedure is also applicable to each constraint function . 0
Proof Sketch of Theorem 12: From Lemma 6, we know that the optimistic planning problem
(6.33) is feasible w.h.p. Hence, we can obtain an optimistic policy 7. The rest of this proof consists

of two major parts.

First, we prove e—optimality of objective function w.h.p. Considering policy 7" we obtain

V™ (s0) — V™ (s0)] < O (17‘5‘)%) w.h.p. by means of Lemma 28. Similarly, |V™(sy) —
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V7 (s0)| < Of (lliggn) w.h.p. Next, we use the fact that V™" (s9) < V7 (o) and obtain

151

V(s0) > V™ (s0) — O( m).

Next, we show that each constraint is violated at most by € w.h.p. Here, we use the second part

of Lemma 28 to bound constraint violation. Thus, for each i € {1,..., N} we have |C](sy) —

C7(s0)| < Of (1_‘“:‘)3”) w.h.p. Also, we know that C7(sy) < C;, since 7 is solution of the ELP.

Hence, we obtain

Bl

)

w.h.p. Finally, we obtain the end result by applying the union bound, and obtaining n by solving

e=0(/72). O

(1=7)

3.4 Sample Complexity Result of Online Learning

The GM-CRL approach operates in a way that every state-action pair in the system is sampled
a certain number of times before a policy is computed. However, there are applications that are
not capable of utilizing this approach, since it may not be possible to reach those states without the
employment of some policy, or they might be unsafe, and so should not be sampled often. Hence,
we have to find an approach that can collect samples from the environment by means of an online
algorithm.

Upper Confidence Constrained-RL, or UC-CRL described in Algorithm 4, is an online method

proceeding over time-steps. At each time-step ¢, UC-CRL constructs an empirical model P using

n(sl 7S7a)

n(s,a) where n(s', s,a) and n(s, a) are visi-

state-action visitation frequencies, i.e., ]3(3’ |s,a) =
tation frequencies. Then, we use P to create a confidence interval around each element P (s'|s,a)
using same concentration inequalities of GM-CRL defined by (6.32). Next, UC-CRL constructs
set of infinite-horizon CMDPs M, which any CMDP M’ € M, has identical discount factor and

reward and cost matrices to the true CMDP M, but different transition kernels from the concentra-
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tion inequalities. M, is identical to M, except for the use of n(s, a) instead of n. Thus the class

of CMPDs is defined as below at each time-step ¢ :

M, :={M'":7'(s,a) = r(s,a),d(i,s,a) = c(i,s,a),y =,
|P'(5]s,a) — P(s']s,a)| <

mjﬂ(\/2ﬁ(s’|s,a)(1—]3(S’|8,a)) 4 2 4

log —
n(s,a) ©8 91 *

3n(s,a) 5

where ¢, is defined in Algorithm 4.

! .
) Vs, s’ a,i},

(3.8)

Subsequently, UC-CRL uses ELP to solve the optimistic CMDP problem below and get the

optimistic policy 7 :

max V' ™(s) s.t. C;"(s0) < C; Vi

T, M'EMy

This problem is identical to the problem of (6.33), except for substituting M, with M,. Here,

for any M’ € M,, V'™(s¢) and C!™(s¢) are computed according to (3.1) and (3.3) w.r.t. underlying

transition kernel P’, respectively.

Algorithm 4 UC-CRL

—_— = =
T

R AN A R s

Input: accuracy e and failure tolerance 9.
Set m according to (6.35) and (6.36).
Sett = 1, Winin = Y%, Unax = [S2[Alm, 6 = g7
Setn(s,a) =n(s,s,a) =0 Vs, s € S,a € A.
while there is (s, a) with n(s,a) < % do

P(s|s,a) = ”7(:(;5&31) V(s,a) withn(s,a) > 0and s’ € S.

Construct M, according to (3.8).

7 = ELP(M,).

ay ~ T(S¢), Ser1 ~ P(+|s¢, ay)

ifn(sy,a) < % then

n(se, ap) + +,n(se11, S, ar) + +.
t++

N“!‘l)‘S‘Umax :
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UC-CRL is inspired by the infinite-horizon algorithm UCRL—+ [32] and its finite-horizon
equivalent UCFH [7] with differences. Similar to UCRL—~y, Algorithm 4 uses a combination of
the empirical Bernstein’s and Hoeftding’s inequalities. These concentration inequalities allow us
to ensure linearity of constraints (i.e., we can indeed use an extended linear program to solve for
the constrained optimistic policy). However, the constraints of UCFH contain non-linear expres-
sions preventing us from employing ELP. Furthermore, unlike UCRL—+~ and UCFH, Algorithm 4
updates the model at each time-step rather than at the beginning of long phases. This procedure
allows for faster model construction. Finally, since we are solving a CMDP, this algorithm utilizes

ELP instead of Extended Value Iteration which is used by UCRL—7.
3.4.1 PAC Analysis of UC-CRL

We now present the PAC bound of Algorithm 4.

Theorem 4. Consider CMDP M = (S, A, P,r,c,C, s0,v) satisfying assumptions 3 and 4. For

any 0 < €,6 < 1, under UC-CRL we have:

P(V™(s0) > V™ (s9) — € and

Clt(so) < Ci+eVie{1,2,....N}) > 13,

for all but at most

5 _ISPIA|

(N +1)
Gy

5

log

time-steps.

We follow an approach motivated by [32] and its finite-horizon version [7] to prove Theorem 4.
However, there are several differences in our technique, and we need to accommodate the frequent
model update in our proof. We will show that, unlike existing approaches, we can update the
model at each time-step, without increasing the sample complexity. Thus, we are able to obtain

PAC bounds that match the unconstrained case, and only increase by logarithmic factor with the
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number of constraints.

There are also recent works on characterizing the regret of constrained-RL in a finite-horizon
setting [5] with an algorithm similar to Algorithm 4. An important emerging question is whether
one can immediately convert these regret results into sample complexity bounds? A naive trans-

lation of the regret bounds of [5] would give us a PAC result O('SFL—’;“W)

. For comparing finite-
horizon setting with infinite-horizon one, we can replace /1 with ﬁ to obtain a PAC result for the
equivalent infinite-horizon algorithm. Considering this, the approach followed by [5] gives a PAC
bound which is looser than our result by a factor of (1_%)2 Therefore, this alternative option does
not lead to the strong bounds that we are able to obtain, and matches existing PAC results of the
unconstrained case.

Now, we present the notions of knownness and importance for state-action pairs and base our
proof on these notions. Then we present the key lemmas needed for proving Theorem 4. Finally,
we provide a proof sketch for Theorem 4. The detailed analysis is provided in supplementary

materials.

Let the weight of (s, a)—pair under any policy 7 be its discounted expected frequency

w” (s, als’)

=T{(s,7m(s") = (s,a)} +~ Z P.(s"[sw™ (s, als").
Using this general definition, we define the weight of (s, a) under policy 7; as
wt(57 CL) = wﬁ—t(57 CL’St)-

Then, the importance 1, of (s, a) at time-step ¢ is defined as its relative weight compared to w,,;, :=
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e(1—y)
4]S]

on a log-scale

wy(s,a)

}

where zleandzj:2j_2 Vi=2,3,....

te(s,a) == min{z; : z; >
Wmin

Note that 1,(s,a) € {0,1,2,4,8,16,...} is an integer indicating the influence of the state-

action pair on the value function of 7;. Similarly, we define knownness as

ny(s,a)

}€{0,1,2,4,...},

I€t<8,a) = max{zz- Lz S W

which indicates how often (s, @) has been observed relative to its importance. Value of m is defined

in Algorithm 4. Now, we can categorize (s, a)—pairs into subsets

Xin, ={(s,a) € Xy : ki(s,a) = K, u(s,a) =1}

and X, =S x A\ Xy,

where X; = {(s,a) : 1;(s,a) > 0} is the active set and X; is the set of (s, a)—pairs that are very
unlikely under policy 7;. We will show that if the criteria |.X; . ,| < & is met, then the model of UC-
CRL would achieve near-optimal policies where these policies would violate constraints at most
by € w.h.p. This condition specifies that important state-action pairs under policy 7; are visited a
sufficiently large number of times. Thus, the model of UC-CRL will be accurate enough to obtain
PAC bounds.

Now, we first show that the true model lies in M, for every time-step ¢ w.h.p.

Lemma 8. M € M, for all time-steps t with probability at least 1 — 2(NL+1)'

Proof Sketch: Let consider a fixed (s, a), next state s’ and a time-step ¢. Then, P(s'|s, a) be-
longs to the confidence set constructed by the combined Bernstein’s and Hoeffding’s inequalities.

By taking the union bound over maximum number of model updates, U,.x, and next states we
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obtain the result. [l

Next, we bound the number of time-steps in which the condition | X; . ,| < & is violated w.h.p.

Lemma 9. Suppose E is the number of time-steps t for which there are x and v with | X, ,.,| > K,

ie. E =572 T{3(k, ) : | Xip,| > K} and let

4 2(N 4+ 1) Epnax

T e(l=9)?

(3.9)

where B, = log, ———log, |S|. Then, P(E < 6|S||A|/mEnax) > 1 — S R
2 Wipin(1—7) 792 2(N+1)

Proof sketch: This lemma is proven in two stages. First, we bound the total number of times
a fixed (s, a) could be observed in a particular X, , over all time-steps. Then, we provide a high
probability bound on the number of time-steps that | X; . ,| > & for a fixed (k,¢). Finally, we get

the result using of martingale concentration and union bound. [

Finally, the next lemma bounds the mismatch between objective and constraint functions of
the optimistic model and true model. This lemma functions similarly to Lemma 28 for GM-CRL.
It provides a uniform PAC result over value and constraint functions. Hence, it enables us to
have individual PAC results for any objective and constraint functions. As discussed in GM-CRL

section, this process is responsible for a log NV increase in the PAC result.

Lemma 10. Assume M € M. If | X, .| < kforall (k,.) and 0 < € < 1 and

g2 )

4
x log 5 (3.10)
1

5] 1

then |V (s0) — V7 (s0)| < € and for any i,|C™ (so) — C™(s0)| < €.

Proof Sketch: First, we show |P(s'|s,a) — P(s'|s,a)|] < O(\/P(sqs’a)(lgp(sl‘s’“))) for each

s',s,a. Then we prove that at each time-step t, (P, — P;)V7"(s) < O(\/%Jw(s)). Next we

partition the state-action based on knownness, i.e., whether they belong to X; or not. By using all
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Figure 3.1: Value Difference. Reprinted Figure 3.2: Constraint Violation. Reprinted
with permission from [2] with permission from [2]

bounds and sequence of CMDPs, we obtain a bound on |V (sq) — V7 (s)|. Eventually, we use
the definition of weights to get the final result. This procedure is also applicable to each constraint

function . 0

Proof Sketch of Theorem 4: We first use Lemma 30 and show that true CMDP is admissible

jd.e. M € M, for every time-step, w.p. at least 1 — m. Hence, the optimistic planning problem
becomes feasible and an optimistic policy 7, exists w.h.p. Further, we use Lemma 33 to bound
the number of time-steps where | X} . ,| > x w.h.p. Thus, for other time-steps where | X; .| < &,
we apply Lemma 35 we show that objective function is e—optimal and all constraint functions are

violated by €. Eventually, we obtain the result by means of union bound. 0
3.5 Experimental Results

We conduct experiments on CMDPs similar to a grid world MDP, wherein each square is the
location of the agent. Here, we consider a 5 x 5 with 25 states and 4 actions. The goal of the
agent is to reach a final state starting from a fixed initial state in least number of steps possible.
When the agent arrives at the final state, it receives a reward of 1. It is then transitioned to initial
state at the next time-step. Transitions are stochastic, and given any action, there is probability of
self and other transitions, as well as transitioning to other state as intended by the action. In this

experiment, we consider restricting the number of moves to the right.
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We simulate GM-CRL and UC-CRL. In order to compare them, we consider two performance

metrics. The first is the difference in value function calculated by

V™ (50) — V™ (s0).
where 7’ is whether GM-CRL or UC-CRL. The second performance metric is of constraint viola-

tion, which is calculated by

max(C™ (so) — C,0).

since we have one constraint in each scenario. Further, we average each data point on every figure
over 10 runs.

As seen in the Figure 3.1 both GM-CRL and UC-CRL reach the optimal value simultaneously,
although UC-CRL incurs higher error with smaller number of samples. We discover that both
algorithms performance is almost indistinguishable w.r.t. value difference metric. Similar behavior
appears in Figure 3.2, which illustrates constraint violation. These results match our theoretical

findings where the PAC results of both algorithms are much the same.
3.6 Conclusion

This chapter covers the learning problem of infinite horizon CMDPs. Similar to previous chap-
ter, we designed two algorithms based on LP approach to learn an infinite horizon CMDP. Further,
we showed that there is also a logarithmic increase in sample complexity result compared to un-
constrained MDPs.

However, the RL algorithms presented in previous and current chapters are computationally
expensive due to the need for solving an LP at each policy update. In the next chapter, we focus

on developing more efficient RL algorithms for CMDPs in terms of computational complexity.
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4. MODEL-BASED COMPUTATIONALLY EFFICIENT REINFORCEMENT LEARNING
FOR FINITE-HORIZON CONSTRAINED MARKOV DECISION PROCESSES

4.1 Introduction

Prior to this chapter, we concentrated on analyzing the sample complexity of learning algo-
rithms for CMDPs using LP approach. However, solving an LP requires high amount of computa-
tion power. Hence in this chapter, our objective is to design computationally efficient algorithms
to solve CMDP problems where the dynamics are not known. RL algorithms with provable sam-
ple complexity results have been proposed to solve this class of problems in prior work [33].
However, those algorithms are based on a Linear programming (LP) approach, which is computa-
tionally expensive, particularly in the CMDP scenario. Here, we design different algorithms based
on Lagrangian approach [4] that much reduces the cost of computation. Further, we analyze the
sample complexity of the proposed algorithms in a probably-approximately-correct (PAC) sense.

Main Contributions: Our main contributions are as follows:

(1) We present two model-based RL algorithms with two different settings, (i) a generative setting
where we initially collect samples from the environment and create a model, and (ii) an online

setting where the samples are collected by interacting with the environment.

(i1) Both of the algorithms follow the Lagrangian approach which transforms the CMDP problem
to a min-max problem. This process contributes to reduction in computational complexity of the
algorithms compared to their LP-based counterparts [33]. Here, we guarantee the transformation

of the CMDP problem to min-max problem yields an identical solution.

(ii1)) We provide PAC-type sample complexity results for both algorithms accounting for the dif-
ferences in the corresponding Lagrangian functions. Comparing the presented sample complex-
ity result with the LP-based algorithms [33] shows that Lagrangian-based algorithms suffer from
higher sample complexity, while being computationally efficient. This is because the Lagrangian

approach introduces new variables, causing enlargement of the reward space.
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Related Work: There is extensive work in the space of CMDP focusing on problems of
control, and many of the algorithmic approaches and applications have taken a control-theoretic
view [4, 8, 9, 10, 11, 12]. These articles assume that the dynamics of the environment is known,
and show the asymptotic convergence of their proposed solutions

Asymptotic convergence of algorithms for solving CMDPs under unknown model is also stud-
ied by [15, 16, 17, 18] under Lagrangian methods to show zero eventual duality gap. Another work
[19] also proposes an algorithm based on Lagrangian method with small eventual duality-gap.

Closest to our approach are parallel works on CMDPs. For example, [24] and [25] present
results for CMDP problems with unknown reward functions. Other work [5] presents similar
methods to ours but with a focus on bounding the regret, instead of sample complexity that is our
focus of our work. Because the nature of the metric [5] considers for regret and our metric for
sample complexity are different, we cannot directly translate their regret bound to a sample com-
plexity bound that we desire. Further, [27] shows that there is only a loose relation between regret
and sample complexity, which means that a separate analysis on sample complexity is needed.
Finally, [33] designs and analyzes similar algorithms to learn CMDP problems. However, their ap-
proach is basically different since they are using LP-based algorithms that have high computational

complexity.
4.2 Problem Formulation and Notation

Notation and Setup: We consider a general finite-horizon CMDP formulation. There are a
set of states S and set of actions A. The reward matrix is denoted by r, under which (s, a) is the
reward for any state-action pair (s, a). We assume that there are N constraints. We use ¢ to denote
the cost matrix, where c(i, s, a) is the immediate cost incurred by the " constraint in (s, a) where
i € {1,...,N}. Also, the vector C is used to denote the value of the constraints (i.e., the bound
that must be satisfied). The probability of reaching another state s’ while being at state s and taking
action a is determined by transition kernel P(s'|s, a). As the CMDP has a finite horizon, the length
of each horizon, or episode, is considered to be a fixed value H. Hence, the CMDP is defined by

the tuple M = (S, A, P,r,c,s,C, H).
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Assumption 5. We assume S and A are finite sets with cardinalities |S| and |A|. Further, we
assume that the immediate reward r(s,a) is taken from the interval [0, 1] and immediate cost

lies in [0,1]. We also make an assumption that there are N constraints which for each i €

{17 R N}7 CZ S [émina émax]‘

Next, to choose an action from A at time-step h, we define a policy 7 as a mapping from state-
action space S x A to set of probability vectors defined over action space, i.e. 7 : S x A — [0, 1]/,
So 7(s, -, h) is a probability vector over A at time-step h. Also, a ~ 7(s, -, h) means that action a
is chosen according to stationary* policy 7 while being at state s at time-step h.

When policy 7 is fixed, the underlying Markov Decision Process turns into a Markov chain.
The transition kernel of this Markov chain is P, which can be viewed as an operator. The operator
P f(s) = E[f(snt1)|sn = s] = > _yeq Pr(s'|5) f(s') takes any function f : .S — R and returns
the expected value of f in the next time step. For convenience, we define the multi-step version
Phf(s) = PP, ...P.f, which is repeated h times. Further, we define P! and P? as the identity
operator.

We consider cumulative finite horizon criteria for both the objective function and the constraint
functions with identical horizon H. We define the value function of state s at time-step ¢ under
policy 7 as

H-1

V7 (s) =B r(sn, an);an ~ w(sn, -, h), s = s, 4.1)

h=t
where action ay, is chosen according to policy 7 and expectation E|.] is taken w.r.t transition kernel

P. Then, the local variance of the value function at time step h under policy 7 is
or (s) = B[Vl (sne1) — PVl (5))°] (4.2)

Similar to the definition of the value function (4.1), the i*” constraint function at time ¢ under

*Here, stationary means that the policy does not change over episodes. However, it can be a function of the
time-step within the episode.
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policy 7 is formulated as

T

Cri(s) =E[ )Y c(i,sn,an);a; ~ (s, h), s = s]. 4.3)
0

>
Il

Again, the local variance of i*" constraint function at time-step h under policy 7, i.e. agfz is defined
similar to local variance of value function (4.2).

Finally, the general finite-horizon CMDP problem is
max Vi (so) s.t. Cly(so) < C;, Vie{l,...,N}. (4.4)

Assumption 6. We assume that there exists some policy 7 that satisfies the constraints in (4.4).
Hence, this CMDP problem is feasible with optimal policy 7 and optimal solution Vj(sg) =

Vi (s0).

Note that we only consider learning feasible CMDPs, since otherwise no algorithm would be

able to discover an optimal policy satisfying constraints. We also make the following assumption.

Assumption 7. Let assume there exists a policy m incurring zero return and cost, i.e.
Vo(s0) =0 and Ci5(so) =0 Vi

for every transition kernel.

One of the ways to solve the optimization problem (4.4) is via Dual Decomposition technique
as stated in [4]. Thus, we introduce an N —dimensional Lagrange multiplier vector A where the
i'" element \; corresponds to the i*" constraint and it is non-negative, \; > 0. So, the Lagrangian

function is
N

L(m, A) = Vi (so) = > Xi(Cly(s0) — Ci). (4.5)

i=1
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Rearranging the above equation yields

N
L(m, ) = Vi) + Y MG, (4.6)
i=1
where Voﬂ(’\) (A) is the value function defined as
H-1 N
VT (\) = Vi (s0) Z AiCio(s0) = E[ > (r(sn,an) — Z Xic(i, sp, ap)); ap ~ w(sp, -, h)].
h=0 i=1
4.7
So, we can create a new reward matrix r.(\, s, a) as
N
re(A, s,a) =r(s,a) — Z Aic(i, s, a). (4.8)
i=1
Then, the dual function is
D()\) = max L(m, \), 4.9)
and dual problem would be
min D(N), (4.10)

A>0

where A > 0 means every element being non-negative.

We denote the optimal solution of (4.10) by A\*. Here, we consider CMDP problems where there
is no duality-gap i.e. D(\*) = V™ (s0). Assumption 6 guarantees that we obtain 0 duality-gap
according to Slater’s condition [4].

To solve the dual problem of (4.10), [4] applies gradient descent method. In this method, the
vector A is initialized by an arbitrary value. The CMDP problem would turn to an MDP problem
when the ) is fixed. Hence, a policy w.r.t fixed A\, 7*(\), is computed. Next, the gradient w.r.t.
() is calculated. Finally, the new A is calculated and this procedure is carried on until D(\)

converges to D(\*).
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Constrained-RL Problem: The Constrained RL problem formulation is identical to the CMDP
optimization problem of (4.4), but without being aware of values of transition kernel P.T Our goal
is to provide model-based algorithms and determine the sample complexity results in a PAC sense,

which is defined as follows:

Definition 3. For an algorithm A, sample complexity is the number of samples that A requires to

achieve
IP’(L(W(.A), AMA)) < L(x*, \) + e) >1-6

for a given € and 6 where (. A) and \(A) are outcomes of the algorithm.

4.3 GMBL-Dual

In this section, we introduce a generative model based CMDP learning algorithm called Gen-
erative Model Based Learning-Dual, or GMBL-Dual. According to GMBL-Dual, we sample each
state-action pair n number of times uniformly across all state-action pairs, count the number of
times each transition occurs n(s’, s, a) for each next state s’, and construct an empirical model of
transition kernel denoted by P(s'|s, a) = M V(s s, a).

We now consider a different constrained MDP that is identical to the CMDP defined in Section
4.2 except that its transition kernel is P instead of P. The expectation w.r.t. P is denoted by
I@[] We define the quantities 170“(50, A) and 5;0(50) in the same way as in (4.7) and (4.3) but by
replacing E by E. The quantities Z(w, A), ZA)()\) can also now be defined in a similar way as in
(4.6) and (4.9) by replacing V" (sg, A) with ‘A/O”(so, A). The optimal dual variable \* is defined as

~

A\* = arg min, D()\). We also define
F(A) = argmax VT (A), V(A = Vi (). 4.11)

Note that 7(\) and XA/O* (\) can be computed by standard finite horizon dynamic programming [34],

"We only assume that transition kernel is unknown and the extension to unknown reward and cost matrices is
straightforward, and does not require additional methodology.
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and we omit the details.

The GMBL-Dual algorithm is summarized in Algorithm

Algorithm 5§ GMBL-Dual

—_— = = =
w N = O

N A A e

Input: accuracy e and failure tolerance o.
Set 0p = W.
Initialize \;(0) = \; = OVi € [1, N].
Setn(s',s,a) = 0V(s,a,s'), Kanda according to (4.13)
for each (s,a) € S x Ado
Sample (s,a),n = 2|S|H*(1 + NB))?log w and update n(s', s, a).
P(s'|s,a) = @ Vs’
for k=0,1,..., K do
7 = BackwardInduction(M (\)).
Ailk +1) = A (Ni(k) — (C; — 6?,5(30))) i
M= Ak)

; /):/ =K
. Output 7 = BackwardInduction(M (\))

We next present the sample complexity of GMBL-Dual.

Theorem 5. Forany 6 € (0,1) and € € (0, 2(1 + NB,), /), GMBL-Dual algorithm with

|5

12 H3(1+ NB))%1 2|S|2|A|H
) 5 LZBISIHA L+ N B log (T2STALH/)

(4.12)

€

and parameters

_ 3VNH(H 4 Coa)\2 ¢
K= () a- SN(H + Co)” (+-13)

achieves a \ and 7 such that

P (\L(%,X) —L(rt, N < e) >1-6.
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The proof requires the use of multiple smaller results that we first present below, followed by

their integration to yield the proof of the main theorem.

Proposition 1. Let \,.x = max; \}. Then under Assumption 7, Apax < By = CH_ )

Proof. The proof is provided in Appendix C. 0
Lemma 11. With the parameters K and « given by (4.13), we obtain |13(X) — 13(5\*)| <e€/3

This follows from the standard rate of convergence analysis of projected subgradient descent
algorithm for convex functions and proposition 1. For completeness we first reproduce that result.

We use the following result.

Theorem 6. [35] Let g : X — R? be a convex function with ||Vg|| < By where Vg is the
subgradient of g. Also, assume that the domain of g(-) is bounded, i.e. |z| < By,Vr € X.
Consider the projected gradient descent algorithm xy1 = x|z — aVg(xy)] where Iy is the

projection operator. Then, with « = By /(B1V K),

Proof of Lemma 11: We first show that the subgradient of D(-) at A, denoted by VD()) is

given by



and hence the claim follows by the definition of subgradient.

In order to bound |[VD())]||, first note that a:{;(k)(so) < H. Also, C; < Cpax. Hence,
IVD)|| = VN(H + Cryax)-

Now, considering Proposition 1, we project A(k) to set [0, B,]. Using Theorem 15, we get the

desired result. [l

Lemma 12. Let 6p € (0,1). Then, if n > 2592|S|?H?log 4/dp, for a given \ € [0, B,] under any

policy ©

128|S|H3(1 + NB))?log4/dp
n

V) = Tl </

w.p. at least 1 — 3|S|*| A|Hdp.

Proof. The proof procedure is identical to proof of Lemma 2 of [33] with adjustment of ||V (\) —

ViMoo < H(14 NBy). O

Lemma 13. Let 6p € (0,1). Then, if n > 2592|S|>H?log4/dp, for a given X € [0, By]

128|S|H3(1 4+ NBy)?log4/ép
n

@W—MWSJ

w.p. at least 1 — 6|S|?|A|Hdp.

Proof. For a given \, consider two policies 7(A) and (). Then, according to Lemma 38 we have

VI (50, A) < VM (50, A) + € < ViV (s, A) + ¢ (4.14)

w.p. at least 1 — 3|S|?|A|Hdp where ¢’ = \/128|5|H3(1+NBA)21°g4/5P. Please notice that the second

n

inequality is due to the fact 7(\) = arg max__ XA/O”()\). Next, we have

T (50, 0) < Vi (50, A) + ¢ < VD (50, 0) + ¢ (*.15)
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w.p. at least 1 — 3|S|?|A|Hdp. Now, combining the two inequalities (6.49) and (6.50), we get
V™ (50, 0) = Vi (s0, M) < ¢
w.p. at least 1 — 6|S|*|A|Hdp. Using the above inequality, we get
DY) = D) = Vg™ (50, 4) = V™ (s0, )] < ¢

w.p. at least 1 — 6|S|*|A|Hdp. Hence the proof is complete. O

Lemma 14. Let 6p € (0,1). Then, if n > 2592|S|>H?1og4/dp, for a given X € [0, By]

n

B() - D) </

w.p. at least 1 — 12|S|?| A|Hdp.

Proof. Since A* = argmin, D()), then D(A*) < D(\*). Next, we have

~

D(V) < D(V) + ¢ (4.16)
w.p. at least 1 — 6|S|*|A|Hép where ¢ = \/128‘S|H3(1+ZXB*)210g4/5P according to Lemma 39.
Therefore, we have

D) < D) +¢ (4.17)

w.p. at least 1 — 6|S|?| A| Hdp. Taking identical steps, we get
D) < D) + ¢ (4.18)

w.p. at least 1 — 6|S|*|A|Hdp. Finally, combining the inequalities (6.52) and (6.53) yields the

result. [
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Now, we are ready to prove Theorem 14.

Proof of Theorem 14: We expand the result of theorem 14

ILFEA) = L M) = [ D NG+ Vi (s0,A) — DOV

First, we bound ]ﬁ(X) — D()\*)| by and expanding it further

(A

)
>

ID(A) — D(A\)| = |D(X) — D(X*) + D(X*) — D(X)]

A~ o~

D) = DOV)| + |

)

) _
§+ ¢ (4.19)

IN

(A7) = DY)

IN

w.p. at least 1 — 12|S|2|A|H5p where ¢ — \/128|S|H3(1+]XB>\)210g4/5P according to Lemmas 11 and

40.

Next,
IV (50, A) — Vi (s0, N)| < € (4.20)

w.p. at least 1 — 6|S|*|A|Hdp according to Lemma 38.

Eventually, we combine two inequalities (6.54) and (6.55) and get

|L(%7X) - L(ﬂ-*’/\*ﬂ

<. 2\/128|S]H3(1 + NBy)2log4/dp
3

<

n

w.p. atleast 1—18|S|?|A| Hdp. Hence, putting € = 3\/128‘S‘H3(1+]ZB*)21°g4/5P and § = 18|S|?|A|Hdp

completes the proof. 0
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4.4 Online-CRL-Dual

Online Constrained-RL Dual, or Online-CRL-Dual described in Algorithm 6, is an online
method proceeding in episodes with length H. At the beginning of each episode &, Online-CRL-

Dual constructs an empirical model P according to state-action visitation frequencies, i.e., P(s'[s,a) =

n(s’,s,a)

“Ga) where n(s, s, a) and n(s, a) are visitation frequencies. Furthermore, the reward matrix .

is created by equation (4.8) using updated Lagrange multipliers.
For any )\, the empirical model P and reward matrix r. induce a set of finite-horizon MDPs
M, which any MDP M’ € M, has identical horizon and reward matrix. However, for any

(s,a) € Sx Aand s’ € S, P'(s'|s, a) lies inside a confidence interval induced by P. M, is defined

as:
My = {M":r,(\ s,a) = (A s,a), H = H, (4.21)
o ~ , 2P(s|s,a)(1 — P(s'|s,a)) 4 2 4 |logd/dp
P - P < log — 4+ — — =
[P(sls,a) (s'ls, @) < m1n<\/ n(s,a) o8 op * 3n(s,a) o8 op’ 2n(8,a)>

(4.22)

Vs, a,s'},

where & p is defined in Algorithm 6. For any M’ € M, objective function V" (so) and cost func-
tions Cgf{)(so) are computed w.r.t. the corresponding transition kernel P’ according to equations
(4.1) and (4.3) respectively. Accordingly, L'(m, A) and D’(\) are computed via equations (4.6) and

(4.9). The optimistic model among all models in M is denoted using ~ such as f/oﬁ(’\) (s0). Here,
7(A\) = argmax Vy™ (sq, A).

T, M'eM)

Next, at the end of the episode £ Lagrange multipliers are updated according to Stochastic
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Subgradient Descent method as follows:

AFTD — (AW 4 a(CTh(s0) — Ci)) (4.23)

)

where 11, (+) is projection to [0, B,]. B, is the upper bound on each A}.

Sy A0)

Next, Online-CRL-Dual computes Ak — . " and constructs M 5k - Finally, it output 7,

as solution to M5 ). Algorithm 6 briefs Online-CRL-Dual.

Algorithm 6 Online-CRL-Dual

1: Input: accuracy e and failure tolerance .

2: Set m by means of (6.35) and (6.36)

3: Set Wi = gygnpys: Umax = [S1°AIm, 0p = groipr—
4: Set K and « as in (4.24)

s =AY =20 =0 v

6: Setn(s,a) =n(s,a,s') =0 Vs,a,s

7: while there is (s, a) with n(s,a) < |S|mH and k < K do
8§ P(s|s,a) = % V(s,a) withn(s,a) > 0and s’ € S.
9:  Construct M5, using (4.21)

10:  Solve My by EVI and get Tr(AE)

11: fort=1,...,Hdo

12: ap ~ ﬁk(j\(k), St), Sev1 ~ P(+|s¢, ar)

13: if n(sy, a;) < |S|mH : then

14 n(se, ar) + +,n(s¢, ar, Se1) + +

15:  Construct M, using (4.21)

16:  Solve M, by EVI and get 7;,(A(®))

17:  Evaluate C‘f’g(’\(k))(so) Vi.

18:  Update A1) using (4.23)

19: A =+ kD

20 k++

21 AR =2

This algorithm draws inspiration from the infinite-horizon algorithm UCRL—~ [32] and its
finite-horizon counterpart UCFH [7] with several differences. Unlike UCRL-y and UCFH, Al-
gorithm 6 updates the model at the beginning of each episode, which allows for faster model

construction.
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To provide PAC result for sample complexity of Algorithm 6, we make the following assump-

tion as well.
4.4.1 PAC Analysis of Online-CRL-Dual

Here, we present the PAC result of Algorithm 6

Theorem 7. Consider CMDP M = (S, A, P,r,c,C, H) satisfying assumptions 5, 6 and 7. For

any 0 < €,0 < 1 under Algorithm 6 we have

w.p. at least 1 — § after

IS|2|AIN?B2H? 1

max{ K, O( = log 5)}

number of episodes with K and o determined as

K (5\/NH({7max + H)

2
- )  a=—— . (4.24)

The proof pf Theorem 7 consists of two stages. First, we prove that Vf’“(ﬁ(k))(so, A®)) and
Voﬂ*(x(k)) (S0, 5\(’“)) are close to each other w.h.p. for all but except some number of episodes. The
proof of this section is carried out by means of unconstrained MDP analysis techniques, mainly
from [7]. Next, we prove that Dy(A*)) is also close to D(A\*) w.h.p. Here, we focus on em-

ploying stochastic subgradient method. Before explaining each stage, we present the following

proposition which is useful for both stages.
4.4.2 First Stage: Unconstrained MDP Analysis

To prove this stage, we follow an approach motivated by [32] and its finite-horizon version
[7]. However, there are several differences in our technique. As mentioned above, one of the

differences is with regard to restricting ourselves to only linear concentration inequalities. We will
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show that excluding non-linear concentration inequalities pertaining to variance does not increase
the sample complexity, and utilizing the fact that the number of successor states is less that |5
leads to matching sample complexity in terms of |S| with the UCFH algorithm. Furthermore, we
are able to show that, unlike existing approaches, we can update the model at each episode, again
without increasing the sample complexity. Thus, we are able to obtain PAC bounds that match the
unconstrained case, and only increase by logarithmic factor with the number of constraints.

Now, we introduce the notions of knownness and importance for state-action pairs and base
our proof on these notions. Then we present the key lemmas required to prove Theorem 7. Finally,
we sketch the proof of Theorem 7. The detailed analysis is provided in supplementary materials.

Let the weight of (s, a)—pair in an episode k under policy 7 be its expected frequency in that

episode

i
By
I

wg(s,a) = P(sp = s,a ~ T(sp, -, h)) = P2 s = - a ~ @y(s, -, h)}(so).
0 0

>
Il
>
Il

Then, the importance 1, of (s,a) at episode k is defined as its relative weight compared to

. € _
Whnin *= 5577757 ON @ log-scale

wi (s, a)

}

where zlz()andzj:2j_2 Vi=2,3,....

tp(s,a) :=min{z; : z; >

Wmnin

Note that ¢x(s,a) € {0,1,2,4,8,16,...} is an integer indicating the influence of the state-

action pair on the value function of 7. Similarly, we define knownness as

ni(s,a)

€{0,1,2,4,...
mwk(57a)} { Y ) Y Y }7

Ki(s,a) == max{z : z; <

which indicates how often (s, a) has been observed relative to its importance. Value of m is defined
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in Algorithm 6. Now, we can categorize (s, a)—pairs into subsets

Xiwo :=1(s,a) € Xy, : ki(s,a) = k, ,x(s,a) =1}

and Xk:SXA\Xk,

where X, = {(s,a) : 1x(s,a) > 0} is the active set and X, is the set of (s, a)—pairs that are very
unlikely under policy 7. We will show that if | X}, . ,| < & is satisfied, then the model of Online-
CRL would achieve sub-optimality while violating constraints at most by ¢ w.h.p. This condition
indicates that important state-action pairs under policy 7, are visited a sufficiently large number of
times. Hence, the model of Online-CRL will be accurate enough to obtain PAC bounds.

Now, first we show that true model belongs to M, for every episode k w.h.p.
Lemma 15. [7] M € M, for all episodes k with probability at least 1 — g.

Next, we bound the number of episodes that the condition | Xy . ,| < x is violated w.h.p.
Lemma 16. [7] Suppose E is the number of episodes k for which there are k and v with | Xy | >

kyle. =57 T{3(k,¢) : | Xpx,| >k} and let

30H? 8 Emax
m > ,
T € )

(4.25)

where Eyax = logy —2—1log, |S|. Then, P(E < 6|S||A|mEyax) > 1 — .

Finally, the next lemma provides a bound on the mismatch between objective function of the
optimistic model and true model. It provides a PAC result for objective functions with any reward

matrix r.(\) for any A € [0, B,].

Lemma 17. Assume M € M. If | Xy, .| < & forall (k,t) and 0 < e < 1 and

|S|N2B2H?

m > 12800 —;

(log, log, H)?log; log —, (4.26)

2<40\512H2> 6(;

€

~ 7 (N(k) < 7 (NR) N 6
then |VE) k(A )(807)\(19)) N VO k(A )(507)\(k)>| < ..
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Proof. The proof is provided in Appendix C. [l

Lemma 18. Forany 0 < ¢,6 < 1, we have

~ = (X < = (8 < ) - < )
P (50, A9) = VO (s0, M) < ) 2 1= 20 BIDUAY) < DAY+ 2) 21— 5
(4.27)
for all episodes except at most
- /|SI?|A|N?B3 H? 1
O( €2 log 5) ’
and eventually for any \ € |0, B,]
- € o
P(D(X) < D(A) + 5> >1- 1 (4.28)
Proof. The proof is provided in Appendix C. [

4.4.3 Second Stage: Stochastic Subgradient Descent

First, we define good events. For the given accuracy ¢ € (0,1), Algorithm 6 would collect
samples (s, a;); where eventually each state-action pair (s, a) would be visited equal number of
times i.e. |S|mH. Please note that value of m depends on e. Each time the algorithm runs, it
pursues different trajectory. Among all the trajectories with equal number of samples from each

(s,a), we collect the ones in a set denoted by F. /5 that satisfy the following
=7 (N) 7*(\) € ~ €
IO = V)l < £ and [DO) = DO < £ VA€ 0,8 (429)
and call it set of “good events". Later in Lemma 19, we will show that

P(F5) > 1—

>~
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Now, suppose we are given a partial trajectory denoted by 7. /5 7 which consists of observations
up to 7' time-steps of a complete trajectory belonging to F¢ 5. Thus for a fixed episode %, we get

Dy(A) = E[D(A)| Foys).

Lemma 19. For any given A € |0, B,| under algorithm 6 finally we obtain

P(F5) > 1—

>~

Proof. The proof is provided in Appendix C. [

Lemma 20. Let g - X — RY be a convex function with bounded domain, i.e. ||x|| < By,Vr € X.
Also assume that there is § where E[g] € Og and it is bounded, i.e. |G| < Bs. Consider the
projected stochastic subgradient descent algorithm xy1 = x(xp — ag(xy)) where Iy is the

projection operator, for K steps. Then after K iterations with o = BB\}F we have
2

BB,
VK

zp)] —g(a") <

E[g(%

T

Proof. The proof is provided in Appendix C. [

Proposition 2. With parameters K and « determined by (4.24), after k > max{K,

0, (Wﬁ log %)} we get

where \* := arg min, D(\).
Proof. The proof is provided in Appendix C. 0

Lemma 21. Forany 0 < €, < 1, under Algorithm 6 we get

P(DyA®) < D)+ =) >1—-=—.



Proof. The proof is provided in Appendix C. [l

4.4.4 Proof of Theorem 7

Consider the following

L7 (AM), A®) — D) = VO (50, A®) + 3 ANE, - D)
_ %ﬁk(x’“)(% ARy — %ﬁk(ﬂk)(SO’ A®)Y 4 %ﬁk(i’“)(%, ARy 4 Z S\Ek)@ — D(\)

= Vi (50, A9) = T (50, 1) + Du(A®) — D(v)

Now, we consider the two following sections:

e Section 1: We prove |V0’~T’€(X(k>)(so, AR — f/()ﬁ"'(x(k))(so, A®)| is small w.h.p. after certain

number of episodes.
e Section 2: We prove | D (A®)) — D(\*)| is small w.h.p. after certain number of episodes.

Section 1: To prove this part, we apply Lemma 18 and get

PV (30, 309) = VX (59, A0) < £) 21— g (430)
Section 2: Now, we prove the second part. By applying Lemma 21, we get
S 4 30
P(Dy(AW) - D(\) < £) 21— = 4.31)

with parameters /K and « specified by (4.24). Therefore, both inequalities (4.30) and (4.31) are
satisfied after max{ K, 6 Eyax|S||A|m} which is

2| AIN2 B2 H? S H)? 4|1S|H? H?2 2
61440 2 TAIN BV (Con 1 H) (log, log, H)Zlogi( a )log3(8 = )
C2. €2 € €
204854 A| H? L. o (8H?|SJ?
X log< 25 (log, log, H) 10g2<T>>.
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Finally, combining inequalities (4.30) and (4.31) and applying union bound would yield the result.
O

4.5 Conclusion

In this chapter, we developed two algorithms based on Lagrangian approach in order to achieve
computationally efficient learning algorithms. We showed, however, that this efficiency yields in
an increase in sample complexity due to expansion of space of reward matrices.

Our next goal is to tailor the algorithms for specific application scenarios. Specifically, we
desire to study routing and scheduling in multihop wireless networks. First, we study the problem
of routing and scheduling for broadcasting with known parameters in the next chapter. Then, we

present learning algorithms for data networks in the final chapter.
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5. BROADCASTING REAL-TIME FLOWS IN INTEGRATED ACCESS AND BACKHAUL
5G NETWORKS*

5.1 Introduction

Mutli-hop broadcasting in wireless networks, which entails disseminating information to every
device in the system via retransmissions at multiple nodes, is an important mechanism to coordi-
nate devices in networked systems. Furthermore, many applications of broadcast communications
are safety-critical, and timely deliveries of information is crucial to maintain the robustness and
safety of the system. For example, multi-hop broadcasting is needed to disseminate timely safety
information among connected vehicles in vehicular ad hoc networks (VANETS), to announce con-
trol decisions in networked control systems and Internet of Things (IoT), and to exchange locations
and flight paths among unmanned aerial vehicles (UAVs) for Unmanned Aircraft System Traffic
Management (UTM).

The cellular infrastructure that will enable these time-critical broadcast wireless applications
will be 5G networks that are currently being designed to support ultra-low latency, ultra-high
throughput communications. These networks will utilize the highly directional and high bandwidth
mm-wave band, which suffers from high attenuation and sensitively to fading. This requires the
relatively dense deployment of small base stations at spacings of about 250 m. However, providing
fiber backhaul to all of these base stations is prohibitively expensive. An important development
in this context is Integrated Access and Backhaul (1IAB) [36, 37], under which there are a few base
stations with fiber backhaul that act as gateways to many others that are connected via a mm-wave
wireless mesh backhaul. This mm-wave backhaul creates a directional wireless network between
the nodes, but routing across these is highly dynamic and subject to the vagaries of the wireless
channel. The same mm-wave spectrum also is used to provide access to end-users, i.e., both access
and backhaul are integrated over mm-wave.

Motivated by the above features of emerging networks, this chapter studies the problem of

*Reprinted with permission from [3]
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designing algorithms for broadcasting real-time flows with strict per-packet end-to-end deadlines
in directional wireless mesh networks. Here, real-time flow imposes a strict deadline for each of
its packets, and packets that cannot be delivered before their respective deadlines are dropped from
the system. From the IAB perspective, our goal is to ensure that each broadcast packet is delivered
to an appropriate IAB base station before its deadline, at which point it is immediately transmitted
to its respective end user. Each IAB node in the network then obtains some utility based on the
time-average number of on-time packets that it receive from each flow. The goal of this chapter is
to maximize the total timely-utility of the whole network.

There are several important challenges that need to be addressed for broadcasting real-time
flows in such multi-hop mmWave networks. First, since it is difficult to coordinate a large network
in real-time, centralized algorithms that require the instant knowledge of the state of each node and
packet are usually infeasible to implement. Hence, we need distributed algorithms, where each
node makes decisions using its local information. Second, as mentioned above, transmissions in
the mmWave band can be unreliable. Finally, broadcasting algorithms need to explicitly address

the deadline requirement of each flow.
Main Results and Organization

In this chapter, we propose a new protocol for broadcasting in multi-hop mmWave networks,
namely, the delegated-set routing (DSR) protocol. DSR has two important features: First, it is
a distributed protocol where all the required coordination among nodes can be conveyed in the
headers of packets once the topology of the network is known. Hence, there is virtually no overhead
of coordination after topology creation process. Second, DSR allows each node to dynamically
change its transmission strategies based on the deadlines of its packets and random events, such as
transmission failures, it experiences.

Relaxing the link utilization constraint (number of transmissions allowed per time slot) to an
average one, and using dual decomposition techniques, we also propose a distributed algorithm
that aims to maximize the total system-wide utility under DSR. This algorithm only requires min-

imal and infrequent information exchange among nodes. We analytically prove that our algorithm
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achieves the optimal total utility under an average link capacity constraint. The key novelty lies in
a natural decomposition into packet-by-packet and link-by-link updates that need minimal coordi-
nation. These lead to a steepest-ascent-type control associated with each packet, and a sub-gradient
type of update at links. This algorithm also gives rise to a simple index policy when link utilization
constraints of all links need to be satisfied at every instant.

We evaluate our algorithms through simulations on representative network graphs. We com-
pare our algorithms against recent studies on throughput optimal algorithms, including one that
is designed specifically for broadcast, and one that is universal in terms of being able to support
unicast, multicast and broadcast. We show that despite some of these algorithms being centralized
and complex, our algorithm, which is designed specifically for simplicity and delay optimality,
achieves better performance.

The chapter is organized as follows. Section 5.2 reviews existing studies on broadcasting and
multi-hop networks. Section 5.3 describes our system model for multi-hop networks with real-time
broadcast flows. Section 5.4 describes the additional structure imposed by the DSR protocol, as
well as an epoch-wise approach to policy selection. Section 5.5 applies dual-decomposition, which
turns out to be the basis of our distributed algorithm. Section 5.6 proposes distributed algorithms
that optimize DSR, as well as the index policy that can ensure hard capacity constraints are met.

Section 5.7 presents our simulation results.
5.2 Related Work

Broadcasting/multicasting is a fundamental functionality of networks, and has been studied in
a substantial body of literature. One of the earliest policies for broadcasting/multicasting in ad
hoc networks is via flooding [38, 39]. However, such policies can lead to severe packet collision
frequency, and excessive redundant retransmissions, as shown by Ni et al. [40]. Gandhi et al.
[41] and Huang et al. [42] have shown that the problem of minimizing delay in wireless ad hoc
networks is NP-hard, and have proposed approximation algorithms aiming to reduce delay. These
studies rely on centralized algorithms.

There has been much interest in throughput optimal broadcasting/multicasting. For instance,
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Sarkar and Tassiulas [43] proposed a scheduling and routing policy that relies on pre-computed
spanning trees, which might be difficult to maintain and compute in scalable sized networks. Ho
and Viswanathan [44] and Yuan et al. [45] propose network coding based policies in the con-
text, which, however, leads to additional computation complexity. Zhang et al. [46] and Sinha et
al. [47] consider multi-hop broadcasting problems in Directed Acyclic Graphs (DAG), which are
not applicable to networks with arbitrary topology. Sinha et al. [48] also propose a centralized
throughput optimal broadcasting policy for networks with arbitrary topology, which might be dif-
ficult to deploy in a large scale system. Furthermore, the throughput maximization focus of all the
above does not directly allow for meeting stringent deadline guarantees.

Given the rising application of wireless networks to safety-critical and realtime applications,
there has been much recent interest in deadline constrained multi-hop communication. Xiong et
al. [49] proposed a delay-aware throughput optimal policy for multi-hop networks. Their policy,
however, can not provide stringent delay guarantees. Mao et al. [50] propose a hard deadline
guaranteed policy, under the assumption that all routes in the network are fixed. Li and Eryil-
maz [51] consider serving flows with stringent deadlines in a multi-hop system, and their pro-
posed framework can be extended to incorporate routing decisions. However, their policies are
heuristic, and optimality cannot be shown. Singh and Kumar [52] relax the deadline constrained
optimization problem in the manner of the Whittle’s relaxation for multi-armed bandits, and pro-
posed decentralized optimal solutions. However, both it and the above body of work on deadline
constrained communication only considers unicast traffic, and it is not clear how it applies to

broadcasting/multicasting networks.
5.3 System Model

We consider a multi-hop network that consists of N wireless nodes operating in the mmWave
band motivated by the IAB system. Here, the nodes correspond to fixed IAB base stations, and
the network topology is known to all nodes. The available spectrum is divided into multiple half-
duplex channels, and nodes can use these channels to send and receive packets from multiple

nodes simultaneously. Furthermore, these channels are directional in that transmissions on dif-

62



ferent links do not interfere with each other, consistent with empirical observations in IAB test
deployments [37]. These links can have different constraints on the supportable number of trans-
missions in each time slot, as well as their reliabilities.

Time is slotted and numbered as ¢ = 1,2,.... We assume that link [ can transmit 7; packets
in each time slot, and that each transmission will be successfully received by the receiver with
probability F;. At the end of each time slot, the receiver sends an aggregated ACK indicating
which packets it has successfully received in the time slot to the transmitter. Where we need to
indicate the transmitter and the receiver of a link, we use [ = n — m to indicate that link [ has
transmitter n and receiver m.

We consider F' real-time broadcast flows, using s; to indicate the source node of flow f. At
the beginning of each time slot ¢, as(t) packets of flow f arrive at node sy. We assume that
laf(1),ar(2),...] is a sequence of i.i.d. random variables with mean A;. Moreover, each flow f
specifies a per-packet end-to-end deadline of D time slots. Packets from flow f are only useful
for Dy time slots from their respective arrival times at their source nodes, and are dropped from the
network when they expire. Due to communication constraints, it is likely that some nodes cannot
receive all packets from each flow. We therefore measure the performance of node n on flow f
by its timely-throughput, defined as the long-term average number of packets from flow f that are
successfully delivered to node n within the deadline.

Let €2 be a set of stationary packet scheduling policies. Hence, given the state of the system
consisting of the locations and expiry times of all existing packets, a policy w € € is a rule that
decides which packet to transmit on what link, subject to communication constraints. For each
stationary policy w € €2, let x;; ;(t) be the number of packets from f that are delivered to n at time
t under w, i.e., these are the packets that survived the deadline constraint. Also, let ¢’;(t) be the
number of packets from flow f transmitted over link / at time ¢ under w. Since w is a stationary
policy, and all packets that expire are immediately dropped, we can define

T w
“ = liminf —Zt:l x"’f<t>
:U’n,f T T—o0 T
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as the timely-throughput of node n on flow f under w, and

T
N Dt el,f(t)
=l S

as the average number of transmissions for flow f over link [ under w.
Now, finding the optimal total utility with respect to timely-throughputs over all the N nodes
under DSR is equivalent to finding the stationary policy that maximizes the total timely-utility

under link utilization constraints, which can be written as

Relaxed Timely-Utility Maximization (R-TUM)

N F
Max Y > " U p(ps ) (5.1)

n=1 f=1
s.t. w € €, (5.2)
F
> & < T,V (5.3)
f=1

Notice that whereas the R-TUM problem above requires each delivered packet to satisfy its
deadline constraint, it only requires that the long-term average number of transmissions over link
l, Z?:l €’; be no larger than 7;. This link utilization constraint relaxation is in the same manner
as [52]. In a practical system, such a relaxation might be akin to imposing an average transmit
power constraint rather than a hard one. We will first design policies that pertain to this relaxed
link-utilization constraint. Using the insights gained, we will also develop a policy that enforces a

hard link-utilization constraint, 1.e.,

D ety < TV, (5.4)

F
f=1

Solving the R-TUM problem could be posed as a Markov Decision Process (MDP), where
the state of the system at any given point of time consists of the locations and expiry times of

all existing packets. However, such a solution is infeasible to implement in practice. First, it is
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straightforward to show that the number of different system states is at least doubly exponential
in N, and hence standard algorithms for finding the optimal MDP-based solution will result in
prohibitive complexity. Second, even after one finds the optimal MDP-based solution, it may be
impossible to implement it in a distributed fashion, since the complete state needs to be known
at each node. In what follows, we impose additional structure on the policy space to render it

tractable.
5.4 A Structured Approach to Real-Time Broadcasting

We now introduce two elements of structure to the policy space to enable its solution as a

distributed convex optimization problem.
5.4.1 Delegated-Set Routing (DSR)

Ensuring a per-packet deadline guarantee requires that we retain flexibility in routing to dy-
namically choose the next hop node for a packet based on current state. Thus, source routing on
a per-packet basis is not satisfactory. However, for distributed implementation, we also need to
ensure that there is no ambiguity as to which neighboring node is responsible for transmitting a
packet to a given node. We resolve these seemingly opposite requirements via a protocol that we
term delegated-set routing (DSR).

For each node n that possesses a packet ¢ at time ¢, we define the delegated-set of node n
as the subset of nodes that n is responsible for forwarding packets, possibly through multi-hop
transmissions. First, to ensure routing flexibility, whenever a node n decides to forward a packet to
another node m, node n delegates a subset of its own delegated-set to m, and specifies this subset
in the packet header. If the transmission is successful, this subset is removed from the delegated-set
of n, since it is now the responsibility of m to forward the packet to this subset. Second, in order
to avoid duplicate transmissions (ambiguity on which node should transmit a given packet), the
DSR protocol requires that the delegated-sets of different nodes for the same packet are chosen to
be disjoint.

To illustrate how DSR works, consider the network as shown in Fig. 5.1. When a packet
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Figure 5.1: An example illustrating DSR. Reprinted with permission from [3]

arrives at the source node sy, the delegated set of sf is every node in the network, since it is
the responsibility of s; to broadcast the packet to the entire network. Suppose in the first time
slot, s transmits the packet to A, and delegates the subset { A, C, D} to A. If the transmission is
successful, the delegated-set of s¢ becomes {s¢, B, E'}, while the delegated-set of Ais {A, C, D}.
In the next time slot, when s transmits the packet to B, it needs to delegate the subset {B, E} to
B. In particular, s; cannot include node D in the delegated-set for B, since D is already in the
delegated-set of A.

We note that the ability to dynamically adjust routing decisions is an important feature that
distinguishes DSR from many existing studies on multi-hop broadcasting, such as [48] and [43].
These studies adopt source-routing, where the source node determines the routing decision of each
packet, and intermediate nodes cannot change the decision. As sy cannot foresee whether the

transmissions from A to C' will be successful, it cannot take an optimal routing decision.
5.4.2 [Epoch-wise Stationary Policies

Our second aspect of adding structure to the policy space is to expand it from (2, the set of
all stationary policies, to the set of all epoch-wise stationary policies. In an epoch-wise stationary
policy, time is divided into epochs of equal length. The epoch-wise stationary policy adopts a
stationary policy w™[i] in each epoch i. The duration of an epoch is chosen to be large enough
so that the average performance of w™[i] in epoch i is not influenced by the system state at the

beginning of the epoch. Specifically, an epoch-wise stationary policy is defined as follows:

Definition 4. An epoch-wise stationary policy is a sequence of stationary policies w™ = (w[i])2,, w[i] €
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O}, where wli] is used in epoch i. The length of an epoch is chosen so that, under w™,

T wt I wl
“ . — liminf —Zt:l xn’f(t) = lim inf —ZZ 'un[f]
Iun’f ) T—o0 T I—o0 I ’

and ’
T + I i
ot . Zt:1 Eff (t) . Zz 'SJl’jfZ
€y = limsup ———"—— = limsup )
’ T—o00 T I—o00 I

We can now define 27 as the set of all epoch-wise stationary policies. For each epoch-wise
1 1 w+ — w+ _er
stationary policy w™, let 7" = [ ;, 1 <n < N, 1 < f < FJ [, 1 <1< L, 1< f < F]Jbe
the vector of timely-throughputs and average link uses under w. Also, let ' := {7*" |wt € QF}
be the set of attainable vectors of timely-throughputs and average link uses under all epoch-wise
stationary policies. An important advantage of considering the policy space 27 is that I is a convex

set.
Lemma 22. T is convex.

Proof. Consider two epoch-wise stationary policies w;, wy ', and a number 0 < a < 1, we will
show that there exists an epoch-wise stationary policy w; such that 7“3 = ay“f +(1- a)v”%+ .
We construct w as follows: In epoch i, if [ai| > |a(i — 1)], then w, uses w;[|ai]] in epoch
i. Otherwise, w; uses wy[i — |ai]] in epoch i.
It is straightforward to check that, in the first I epochs, w;” consists of the first |a/ | stationary
policies from w" and the first [(1 — a)I] stationary policies from w, . Therefore, il = gyl 4

(1—a)y. O
Since I is a convex set, it is straightforward to verify that the optimization problem (5.1)—(5.3)

subject the policy space I is a convex optimization problem.

5.5 Solution Overview

Although the problem R-TUM, (5.1) — (5.3), is convex, solving it directly remains challenging

because there is no simple characterization of I'. In this section, we present a general framework
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of solving R-TUM through dual decomposition. The exact distributed algorithm will be presented

in the next section.
5.5.1 Dual Problem Formulation

Let \; be the Lagrange multiplier with respect to the constraint Z?Zl ?f; <T;in (5.3), and A

be the vector of all \;, [ = 1,2, ..., L. The Lagrangian of R-TUM is then

£<7w+7 >‘) = Z Z Un,f(:un f Z (Z af ) ’ (55)

and the dual objective function is

D(A) = max L(7y, \). (5.6)

yerl

The dual problem of R-TUM is to find a non-negative vector A that minimizes D(\).

We first show that strong duality holds for R-TUM.

Theorem 8. Let P* be the optimal solution to R-TUM, and D* := miny.\,>ovi D()), then P* =

D~

Proof. Since Relaxed Utility is convex, we only need to check the Slater’s condition:
1. T #0.
2. Constraint (5.3) is a linear inequality.

3. Consider the policy that never transmits any packets. Under this policy, the number of trans-

missions over link [ is 0, which is strictly less than 7;, for all {.
Therefore, Slater’s condition holds, and the proof is complete. 0

Hence, solving R-TUM is equivalent to solving the dual problem, which consists of two steps:
First, given a vector A, we need to find the dual objective function D()). Second, we need to find

the vector \ that minimizes D(\).
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5.5.2 Packet-By-Packet Decomposition for the Dual Objective

We first present an iterative algorithm that finds D(\) = max,cp £(7, A) for a given A using
the steepest ascent algorithm. For each stationary policy w, let v be defined to be the vector
of timely-throughputs and link usages under w. Then the steepest ascent algorithm constructs a
sequence of epoch-wise stationary policies that ultimately converges to the optimal epoch-wise

stationary policy. The algorithm proceeds as follows:

1. Setk <1

2. Letw,' be the round-robin epoch-wise stationary policy that follows the sequence {wy, wo, . . .,

3. Let wyy1 be the stationary policy that maximizes the directional derivative, Vﬁ(fy“’k+ JA) -

Wi+1
tatast

4. Set k <— k + 1 and repeat step 2.

k W,
. + v A + +
Based on our construction of w;", we have v+ = ZJTl Therefore y“r+1 — 4k =

+
w
A s B

1 Effectively, for each k, our steepest ascent algorithm finds W/?;L+1 that maximizes the

directional derivative Vﬁ(»yw}f JA) - (fy”al — R ) among all epoch-wise stationary policies with

step size Following the analysis presented in Boyd et al. [53] Section 9.4.3, it is straightfor-

k+1

ward to show the following:

Theorem 9. Under our steepest ascent algorithm, L(~*% | \) converges to D(X), as k — oo.

WEg, W1, Wa, . ..

Notice that the critical step in our steepest ascent policy is to find wy 1 that maximizes VL(fywif JA)

~y“k+1, We have

VL) -y

wi Wk+1 W41
Ly, A, +Zalf LA

{Z f/~‘nf Frf | ZAZEJIU?Q}.
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This naturally gives us a flow-by-flow decomposition in the sense that Vﬁ(ywlj , A) - y¥R+1 can

be maximized by maximizing

N
NI W 5
n=1

for each flow f individually. Moreover, note that, after normalizing with the average packet arrival

wk+1

rate of flow f, p,"/" is the average delivery per-packet from flow f to node n, and € ; & "+ is the
average number of transmissions per packet over link [ for flow f.

For each packet i from flow f, let ,, s; be a random variable representing the event that packet
¢ 1s successfully delivered to node n within its deadline of d;. Also, let 2 ¢ ; be the random variable
indicating the number times that link [ transmits i. Then E[y, ;] is the success probability that

packet 7 is delivered to node n, while [E[z; ;] is the expected number of times that link [ transmits

i. Therefore, from (5.7), maximizing Vﬁ(fywlj , A) - y¥k+1 can be achieved by maximizing

Z f'unf [n.pa] — Z)\lEsz (5.8)

for each packet 1.
We note that such packet-by-packet decomposition allows distributed algorithms for finding
the optimal solution since, instead of considering the system state as a whole, each packet only

needs to maximize (5.8) on its own, without considering the states of other packets.
5.5.3 Link-by-Link Update for the Dual Problem

After finding D(\), we now proceed to find the solution to the dual problem, min,.,>ov; D(A).

Our solution is based on the subgradient method. We first find the subgradient of D(\).

Theorem 10. Let v(\) = [[pn (M), [€.£(N)]] := argmax,er L£(7y, A), then the L-dimensional
vector [T} — 2?21 €.7(N)] is a subgradient for D(\).
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Proof. For any arbitrary )\

Thus, [T} — Z?Zl €.7(N)] is a subgradient of D(\). O

The subgradient method finds the optimal A that minimizes D(\) iteratively. Starting with an

arbitrary vector A(1), the subgradient method finds A\(k + 1) = [A;(k + 1)] by setting

» +
Mk +1) = [)\z(k) — Bk <Tz - Z l,f()‘(k))>] ; (5.9)

where 7 := max{0, x}.

Theorem 11. If the sequence [y, is chosen so that B, > 0, Vk, Zzozl Br = o0, and limy,_, . B, = 0,

then D(A(k)) — miny.\,>0w D(N), as k — oc.
Proof. This is the direct result of Theorem 8.9.2 in [54]. OJ

Recall that 2?21 € .¢(A(k))) is the average number of transmissions that link / makes. There-
fore, for link [ to update \; by (5.9), link [/ only needs to know its own link constraint and the

number of transmissions it makes. Hence, this subgradient method allows for a distributed update

of /\l'
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5.6 Optimization of DSR

Under DSR, the transmission strategy for a node having a packet 7 consists of two parts: deter-
mining which node to transmit the packet ¢ to, and determining what delegated-set to assign to the
receiver. In this section, we discuss the optimal transmission strategy that maximizes (5.8) under
the design of DSR.

Fix a packet ¢ from flow f. For each subset of nodes 7, let £, be the set of links whose
transmitter and receiver are both in 7. Also, for each node n, subset of nodes 7, and integer

7 € [0,dy], define

We(n,m,m) =

max (Z U,gf(u}ﬁ) Elyr.ri — > ME[, M) (5.10)

kerm lelr

if node n receives the packet 7 and delegated-set 7, and the packet ¢ has 7 time slots before meeting
its deadline.

By the definition of W(n, 7, 7), finding the optimal transmission strategy that maximizes (5.8)
is equivalent to finding the value of Wy(sy, {1,2,..., N}, dy), as well as the transmission strategy
that achieves it.

We use dynamic programming to find Wy (n, 7, 7). Suppose node n receives the packet i and
delegated-set m, and packet ¢ has 7 time slots before meeting its deadline. Also suppose that node
n decides to transmit the packet to m and designates the delegated-set 7™ to m. If the transmission
is successful, then, in the next time slot, node n has a delegated-set of m — 7™, node m has a
delegated-set of 7", and packet ¢ has 7 — 1 time slots before its deadline. By the definition of

We(-), we have, given that the transmission is successful,

UJ+
max <Z U,;f(uk”“f) EYk, i) — Z Al E[Zl,f,i])

ker leLr

=Win,m—7",7—=1)+Wi(m, 7™, 7 — 1) — XNy (5.11)
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On the other hand, if the transmission fails, then, in the next time slot, node n still has the

delegated-set 7 and packet ¢ has 7 — 1 time slots before its deadline. Given that the transmission

fails, we have

wr
max (Z U,;f(,ukff) Elyk.z.i] — Z Y E[Zlfz})

kerm leLr

=Wi(n,m,7—1) = Ay (5.12)

Since each transmission from n to m succeeds with probability P, _,,,, we have, given that n

transmits packet ¢ and assigns delegated-set 7™ to m,

w+
max (Z U,g,f(ukff) Elyk.f.i] — Z Al E[Zlfz})

kerm lELr

= Pyym X 5.11) 4+ (1 — Pyyn) X (5.12). (5.13)
Based on the above analysis, we can write down the following iterative equation:

We(n,m, 7) = max{Wy(n,m,7 — 1),
max [Proosm(We(n,m — 7™, 7 —1)
m,t"men™ T Cw

+We(m, 7™, 7 —1)) + (1 = Posy)) We(n, m, 7 — 1)

with boundary condition

Wi(n,m,0) = 7rin = U, t(tin,g), (5.15)

where the term Wy(n,m, 7 — 1) in (5.14) represents the case when n does not transmit the packet
at all. Eq. (5.14) and (5.15) allows a dynamic programming algorithm to find Wy (n, m, 7) for

all f,n,m, and 7. As we will show in Section 5.7, our algorithm can be easily carried out in
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medium-sized networks.
5.6.1 Index-DSR for Per-Time-Slot Link Constraint

The Dynamic Program in (5.14) can be directly combined with the dual decomposition in Sec-
tion 5.5 to achieve the optimal solution of R-TUM problem under DSR. In this section, we further
propose an index policy that satisfies the per-time-slot link utilization constraint > | iw il (t) <17,
for all ¢, of the original TUM problem. The index-DSR policy would be to transmit the maxi-
mum number of packets among all possible packets to be transmitted so that the per-time-slot link
constraint is not violated.

We make several changes to the dynamic program and the dual decomposition technique. First,

we change the iterative equation (5.14) to

Wi(n,m,7) =

max (P (Wy(n,m — 7™, 7 —1)

m,t"men™, mmCr

+We(m, 7™, 7 —1)) + (1 = Pooy)) We(n, m, 7 — 1)

as long as there is a link from n to another node in 7, and

We(n,m,7) = We(n,m,m—1), (5.17)

otherwise. In other words, we force each node n to find a link to transmit each packet. We also
define m*(n, m, 7) and 7™*(n, w, 7) as the optimal m and 7™ that achieves W(n, w, 7). We note
that, since we now force each node n to find a link to transmit each packet, it is possible that
Wg(n,m, 7) is negative for some (n, 7, 7).

Second, in each time slot ¢ and for each link n — m, we find all packets possessed by n

with delegated-set 7, 7 slots until their respective deadlines, and m*(n,m, 7) = m. We sort these

!/
n—m

packets in descending order of Wy(n,w,7), and let €,_,, (t) be the number of these packets with
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We(n,m,7) > 0. In other words, €, (¢) is the number of packets whose optimal strategy yields

a positive return by transmitting over the link n — m. After sorting these packets, link n — m

simply transmit the first 7},_,,,, packets. Finally, the price of each link is updated by (5.9).
5.7 Simulation Results

In this section, we present simulation results that compare the performance of our policy against
a policy proposed in [55] called Universal Max-Weight (UMW), and a policy proposed by Sinha,
Paschos, and Modiano in [48] that we call SPM. We first provide a brief description of these two

policies, and then present our simulation settings and results.
5.7.1 Overview of UMW and SPM

The UMW policy solves the problem of throughput-optimal packet dissemination in a network
with arbitrary topology with different types of traffic, e.g., unicast, multicast and broadcast. In both
the centralized and distributed versions of UMW, the route of each packet is decided at the origin.
This route is a weighted tree that is constructed using the edge weights at time of decision at the
origin. Hence, if the route of the packet turns to be inappropriate during packet dissemination, it
cannot be modified. Although this policy also has a heuristic version that can be implemented in a
distributed fashion, we consider our comparison against the centralized version, which has better
performance than the distributed one.

The SPM policy is designed specifically for throughput optimal broadcast. SPM is a virtual-
queue based algorithm, where virtual-queues are defined for subsets of nodes. These virtual queues
keep track of a kind of backpressure, while accounting for the fact that packets are duplicated in
the broadcast regime. A feature of this work is that each slot is sub-divided into L minislots, where
L is the number of links in the network, and a random link is activated in each mini-slot. Here,
a packet may be retransmitted multiple times over the mini-slots comprising a slot (i.e., it could
potentially reach all nodes in just one slot). To ensure consistency with the slot model, we modify

this algorithm to only allow packet state updates at each slot, rather than at each mini-slot.
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5.7.2 Simulation Settings and Results

In this study, we consider two different simulation scenarios motivated by designs for IAB
network deployments [36, 37]. Here, we have two kinds of nodes, namely, (i) gateway nodes with
fiber drops (shown in red), and (ii) wireless-only nodes with mm-wave backhaul (shown as blue
nodes). We assume that gateways communicate reliably between each other with zero latency,
since they are connected to the same backend switch (consistent with IAB architecture). The
two scenarios represent different levels of gateway availability. The first scenario is a an 11—node
network with 2 fiber drops as in figure (5.2), while the second scenario is an 18— node IAB network
with 9 fiber drops as shown in figure (5.5). Hence, Scenario 1 is illustrative performance in a
network with multiple wireless hops, whereas Scenario 2 illustrates performance in a more densely
connected network.

In both scenarios, there are two broadcast flows. One of the flows originates at a fiber-connected
gateway node, and the other one from a wireless-only node. For each link /, P, is randomly chosen
from [0.5, 1.0], and 7; is randomly chosen from [1,5]. Each flow generates packets according to
a Poisson random process, where source node of flow 1 has a mean arrival rate of 1.5 packets
per time slot, and source node of second flow has a mean arrival rate of 2 packets per time slot.
Since UWM and SPM only aim to maximize throughput, we first consider a linear utility function
Up,f(ton.f) = tin,r to make a fair comparison. In this case, the total utility of the system is the same
as the total timely-throughputs. In a second case, we also consider a logarithmic utility function
Un,f(ftn,f) = log(pn,s + 1), which models the idea that the utility of the end user might be a
non-negative, concave and increasing function of timely throughput. We assume that the two flows
have the same deadline of D time slots, and vary D from 4 to 10. We test four the optimal DSR
protocol (for the relaxed problem), the Index-DSR protocol, the UWM policy, and the SPM policy.

The simulation results for the linear utility function and the logarithmic utility function for
scenario in figure (5.2) are shown in figures (5.3) and (5.4), respectively. The performance of
DSR is an upper bound, since it is the optimal solution under a relaxed constraint. The Index-

DSR protocol outperforms UWM, possibly because of more dynamic routing of each packet under
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Index-DSR. This also shows that UMW might be providing bursty service to nodes, since deadlines
are often violated and packets are dropped, leading to poor throughput. The Index-DSR policy
outperforms SPM in all cases despite the assumption taht SPM can compute the reachable subgraph
for each packet instantly.

The results for second IAB scenario, depicted in (5.5) shows similar results in terms perfor-
mance of DSR-based algorithms for much the same reasons specified above. However, results
of figures (5.6) and (5.7) shows that UMW has better performance than SPM, unlike the results
obtained in (5.3) and (5.7). This result appears to be due to the density of the network. The
UMW policy manages to deliver more unexpired packets to the destination since it has to traverse
fewer hops. SPM is also handicapped by the fact that we force it to obey a slot-by-slot state update
model like all the other protocols (although we do allow it to utilize its minislot-based transmission

model). Ultimately, these results demonstrate the efficiency and flexibility of the DSR protocol.
5.8 Conclusion

In this chapter, We studied the problem of broadcasting real-time flows with hard per-packet
deadlines in a multi-hop wireless network. We considered the IAB node deployment and proposed
an optimal algorithm—DSR and near-optimal algorithm—index-DSR. These algorithms assume that
the link reliabilities are known. In the next chapter, we disregard this assumption and present

learning algorithms.
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6. REINFORCEMENT LEARNING FOR SCHEDULING AND ROUTING REAL-TIME
FLOWS IN INTEGRATED ACCESS AND BACKHAUL 5G NETWORKS

6.1 Introduction

The previous chapter studied the problem of routing and scheduling when the system param-
eters (link reliabilities) are known. In this chapter, we do not consider this assumption moving
into learning direction. The problem of maximizing timely throughput can be posed in the man-
ner of reinforcement learning (RL) over a Constrained Markov Decision Process (CMDP). Here,
the state of the system is the tuple of location and remaining lifetime of each packet, and a unit
reward is obtained each time that an unexpired packet is delivered successfully to end-user. The
available actions are the choices of links that can be used for forwarding the packet at each node,
and the randomness of the MDP kernel stems from the randomness of the links. The constraints of
this problem are on the number of transmissions permissible per link at each time, while the fact
that the probabilities of success or failure at each link is unknown implies the need for a learning
approach.

Multiple challenges must be addressed to successfully solve the CMDP problem of deadline
constrained flows. First, reinforcement learning must be employed to estimate the link reliabilities
using as few packets as possible. Second, we must ensure that per-packet deadline guarantees are
met. Finally, it is untenable to solve a global MDP that requires state information about every
packet and node in the system, and a simple distributed implementation of the policy is desired.

From RL point of view, our objective is to design simple algorithms to solve CMDP problems
under an unknown model. Whereas the goal of a typical model-based RL approach would take
as few samples as possible to quickly determine the optimal policy, minimizing the number of
samples taken is even more important in the CMDP setting. This because constraints are violated
during the learning process, and it might be critical to keep the number of such violations as low

as possible, and yet ensure that the weighted timely throughput is maximized. Hence, determining
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how the joint metrics of timely throughput maximization and capacity constraint violation evolve
over time as the model becomes more and more accurate is crucial to understand the efficacy of a

proposed RL algorithms for CMDPs.
Main Results

Our main results are based on two general frameworks presented in [4]. First, we formulate an
LP according to CMDP problem [4] and analyze the sample complexity of solving that to a desired
accuracy with a high probability in both objective and constraints in the context of finite horizon
(episodic) problems. We focus on two figures of merit pertaining to objective maximization and
constraint satisfaction in a probably-approximately-correct (PAC) sense. Our main contributions
with the LP framework are as follows:

(i) We develop two model-based algorithms, namely, (i) a generative approach that obtains
samples initially then creates a model, and (ii) an online approach in which the model is updated
as time proceeds.

(i1) The algorithms follow the general pattern of model construction or update, followed by a
solution using linear programming (LP) of the CMDP generated in this manner.

(1i1) We develop PAC-type sample complexity bounds for both algorithms, accounting for both
objective maximization and constraint satisfaction.

Next, we build on a framework of a general solution methodology for CMDPs using a dual de-
composition approach of Altman [4]. Here, the CMDP problem is solved via a two step procedure
of (i) maximizing the objective (solving an MDP) under fixed Lagrange multipliers corresponding
to the constraints, and (ii) a gradient descent step over the Lagrange multipliers. This algorithm
follows a procedure under which each link is sampled a given number of times to determine its
statistics to a desired level of accuracy, and the resulting (noisy) model of the system is used as an
input to the CMDP framework of Altman [4].

Our work is perhaps the first to consider a learning approach towards solving CMDPs in the
context of optimal wireless scheduling design. The main contribution of our work is to design al-

gorithms that explicitly account for the overhead of learning link reliabilities while computing the
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optimal packet and link scheduling policy. We follow the general theme of model-based reinforce-
ment learning, under which the intent is to efficiently determine the transition kernel of the MDP
under study, and explicitly solve it to obtain the optimal policy. This approach is particularly suited
to our problem, as it has a well defined structure under which the unknown sources of randomness
in the system are parametrized by the success probabilities of the links. Our performance analysis
goal is to characterize the so-called sample complexity of our algorithms, i.e., we wish to deter-
mine the number of packet transmissions needed to ensure that the value of the packet transmission
policy differs from that of the optimal policy at most by a parameter € with a high probability.
Our numerical evaluation is over topologies similar to those proposed for IAB trails [37]. We
compare our RL-based algorithms with the optimal solution value assuming that the model (link
success probabilities) are known to show how the accuracy improves with increasing sample com-

plexity.
6.2 Related Work

There has been much work in the past several years on provably throughput optimal scheduling
policies, starting with seminal work of Tassiulas et al. [56], and follow up works [57, 58] leading
to the so-called backpressure type scheduling policies. Recent work in this space has focused on
throughput optimal broadcast under networks with different topologies [59, 55]. With the rise of
real-time streaming applications that require hard delay guarantees, a different approach is needed
as backpressure cannot provide delay optimality. Work in this space focuses on scheduling such
real-time flows, wherein an MDP formulation is avoided due to the emphasis on a single (typically
downlink) wireless hop [60, 61].

The design of scheduling algorithms that can support hard deadline constrains in the multi-
hop context has been the topic of recent study. For instance, Xiong et al. [49] introduce delay-
awareness into the protocol, without, however, enabling hard deadline guarantees. Other work,
such as that by Mao et al. [50] provide such guarantees under fixed routing, while that by Li et al.
[51] is only able to do so in a heuristic manner without optimality guarantees. The fundamental

issue here is the need to solve a global MDP for taking scheduling/routing decisions, and the work
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of Singh et al. [62] is the first to use an average link utilization constraint to enable a simple
and distributed solution. The approach has been further generalized to the broadcast setting by
HasanzadeZonuzy et al. [63].

The use of Al methods in communication networks has recently been the subject of much in-
terest, with most work focusing on bandit-style approaches to learning the sources of randomness
in the system. For example, Krishnasamy et al. [64] use posterior sampling with some additional
learning effort in order to small queuing regret in a system with a single queue and many wireless
channel. Combes et al. [65] and Gupta et al. [66] both use a marginal posterior sampling approach
in the context of power allocation in the context of a system in which channel statistics are un-
known. Talebi et al. [67] also consider a bandit approach to routing over links whose statistics are
unknown.

Unlike the above body of work on learning in wireless networks, our problem of delay con-
strained unicast flows does not admit a bandit-type of solution due to the hard delay constraint that
implies that the state of each packet in the system consists of both a location and a time to live.
Hence, while the source of randomness in our problem lies in unreliable links (like earlier work),
our formulation is very different and takes the form of a constrained MDP that explicitly accounts
for state, rather than the bandit formulation considered earlier.

In addition, much work in the space of CMDP has been driven by problems of control, and
many of the algorithmic approaches and applications have taken a control-theoretic view [4, 8, 9,
10, 11, 12] for solving a general CMDP problem. The approach taken is to study the problem
under a known model, and showing asymptotic convergence of the solution method proposed.
There are also studies on constrained partially observable MDPs such as [13, 14]. Both of these
works propose algorithms based on value iteration requiring solving linear program or constrained
quadratic program.

Extending CMDP approaches to the context on an unknown model has also mostly focused on
asymptotic convergence [15, 16, 17, 18] under Lagrangian methods to show zero eventual duality

gap. [19] also proposes an algorithm based on Lagrangian method, but proves that this algorithm
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achieves a small eventual gap. On the other hand empirical works built on Lagrangian method has
also been proposed [20].

A parallel theme has been related to the constrained bandit case, wherein the the underlying
problem, while not directly being an MDP, bears a strong relation to it. Work such as [21, 22, 23]
consider such constraints, either in a knapsack sense, or on the type of controls that may be applied
in a linear bandit context.

Closest to our theme are parallel works on CMDPs. For instance, [24] and [25] present re-
sults in the context of unknown reward functions, with either a known stochastic or deterministic
transition kernel. Other work [26] focuses on asymptotic convergence, and so does not provide
an estimate on the learning rate. Finally, [5] explores algorithms and themes similar to ours, but
focuses on characterizing objective and constrained regret under different flavors of online algo-
rithms, which can be seen as complementary to or work. Since there is no direct relation between
regret and sample complexity [27], applying their regret approach to our setting gives relatively
weak sample complexity bounds. Our discovery of a general principle of logarithmic increase in

sample complexity with the number of constraints also distinguishes our work.
6.3 Problem Formulation

In this section, we formally describe our model and the constrained MDP (CMDP) formula-
tion for maximizing the weighted timely throughput of the system. The setup of both approaches
are similar to Singh et al. [62], and employs the relaxed transmission constraint and Lagrangian
decomposition technique proposed in that work to obtain simple per-packet MDPs that are con-
ducive to attain decentralized optimal policy. To achieve this goal, we explain briefly two different
approaches to solve a CMDP problem presented in [4] in detail. Finally, we state the problem

formally.
6.3.1 System Model

We consider a communication network described by a directed graph G = (S, £), where S is

the set of nodes and L is the set of links. The cardinality of S, £ are denoted by S, | L| respectively.
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Let £; be set of the outgoing links from node j € S. A directed link [ = (7, k) indicates that node
7 can transmit data packet to node k. We use self loops to indicate the decision not to transmit at
anode, i.e, (j,j) € L; forall j € S. We model unreliability of network links by assuming that a
transmission over link [ is successful with a probability p;. We also assume that the time is slotted,
and one time slot is the time needed to transmit one packet over any link in the network.

We consider a set of finite number of flows F' with size | F'| indexed by f € {1,...,|F|}. s;and
dy indicate the source node and destination node of flow f € F, respectively. Let A;(¢) denotes
the set of packets arriving at node s at time ¢ that are in flow f. The average arrival rate of flow f
is then defined as p; = limg oo 3, |Af(t)|/T. We denote pio = > s ps- Each packet of flow f
has a maximum end-to-end delay 7 associated with it. A packet of flow f that has arrived at s at
time ¢ needs to be delivered to d; before time ¢ 4 7¢, or else it will be discarded. We assume that
MAT fTf = Tmax < O0.

The timely throughput for flow f under a scheduling policy 7, R%, is the expected value of the
number of packets delivered prior to deadline expiry per unit time,

T
1
7 =liminf —E ) "2} (t), (6.1)
t=1

T—oo T

where x}r(t) is the number of packets of flow f successfully delivered to d; under policy 7 at time
t.

The average link utilization for link [ under policy 7, denoted by C7 is defined as

T
™ : 1 vis
C[ := limsup TIE Z Z crs(t), (6.2)

T=ro0 feF t=1

where ¢ ;(t) is the number of packet transmissions for flow f on link / under policy 7 at time
t. This is the relaxation proposed in [62]. In practice, such a relaxation might correspond to an
average transmit power constraint. It is pointed out in [62] that the gap between this approach and
the hard constraint becomes small in the heavy traffic regime. We will also consider such a hard

constraint in the numerical simulations.
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The optimal scheduling problem is to find a policy 7* that solves the following optimization

problem

(OSP] max > BiR}, st CT <CLVIEL (6.3)

fer

6.3.2 Constrained MDP Formulation

We now formulate OSP using the framework of constrained Markov Decision Processes (CMDP).
We first define the per-packet finite-horizon MDP corresponding to each flow as if there is no link
capacity by specifying the states, actions, rewards and transition kernel. Next, we show how the
per-packet MDPs weld together by imposing link capacity constraints. Then, we formulate the
network CMDP using the per-packet MDP definitions, cost matrices and constraints.

State. Let s; ¢(¢) denote the state of the packet ¢ from flow f at time ¢, defined as the node at
which that packet from flow f is located at time ¢. If the packet has been delivered to its destination,
or if it has been discarded from the network by time ¢, then s; ¢(t) is defined as the terminal state
Sterm- The state of the network at time ¢, s(t), is then defined as s(t) = (s; s(t),i € UL Az (t —
7),f € F).

Action. The scheduling action a; ¢() for packet 7 in flow f at time ¢ is defined the link on
which that packet is transmitted at time ¢. Hence, a; ;(t) € Esi, () The scheduling action for the
network at time ¢, a(t), is then defined as a(t) = (a; ;(t),i € U A;(t—7), f € F). A scheduling
policy 7 maps the state of the system s() to the scheduling action a(t), i.e., a(t) = w(s(t)).

Transition Kernel. We denote the transition kernel of the MDP as P(k|j,[), which is the

probability that the s; ;(t + 1) = k given that s; ;(¢t) = j and q; ;(t) = [. Clearly,

P ifl=(j,k)
Pkljl)=<% 1—-p ifj=k (6.4)
0 O.W.

We assume that p; = 1 for | = (j, j) for all j € S. Note that the transition kernel is the same for
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all packets in all the flows.

Furthermore, transition kernel under policy 7 is

P (klj) = Z P(k|j, D (1l).
Reward. Let r;(j) denote the reward for a packet in flow f for being in state j. We define

ry(j) = (6.5)

0 O.W.
Per-Packet MDP. For each flow f, we can denote the per-packet finite-horizon MDP by a tuple
My = (S,L, P,rs,7¢). Here, the horizon is 7. Like any other finite-horizon MDP, we define value

function of state j at time ¢ € [0, 77) under any policy 7 as below:

Tf

V() = B[ re(s(h)la(h) ~ w(s(h), s(t) = j]- (6.6)

h=t

Now, we need to specify the cost matrices and constraint vector to formulate the CMDP. These
definitions are independent from the per-packet MDPs.
Cost Matrices and Constraint Vector. A capacity constraint on each link /[ implies a cost
matrix and a constraint to be satisfied. The cost matrix is defined as
1 ifl € £J’

a(j,l) = (6.7)
0 O.W.

and the constraint is denoted by C;.[C}]; is used to denote the constraint vector.
Then, for each flow f the cost function of state j under policy 7 at time-step ¢t € [0, 7y) is

determined as below
Tf

CTro() = E[Y als(h),a(h))la(h) ~ m(s(h)), s(t) = j]. (6.8)

h=t
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Now, we rewrite term /3 fR}r using definition (6.1)

i S - ol .
By R; = By liminf ; 73(t) = liminf ; Brag(t)

N .
= liminf — E |Af(0)[Vio(sy)
—1

T—o00 T "
. e A .
= Vo(sy) lim inf % = psVio(ss)-

Analogously, we use definition (6.2) and get

CT = prClyo(sy).
7

Now, we use tuple (S, L, P,{ps}s,{ss}i{rs}ts. {cihi,[Cili,{7s}s) to denote the Network-

CMDP and formulate the OSP equivalently as,

[Network-CMDP] (6.9)

max > piVio(sy)
7

s.t prC'fo,o(Sf) <(C;VleL.
f

The network-CMDP problem of (6.9) is quite different from generic CMDP formulations pre-
sented in [4]. Unlike generic CMDPs, network-CMDP consists of multiple decision processes.
One solution could be approaching network-CMDP as one generic CMDP and apply existing meth-
ods. This approach would lead to a solution but in expense of high computation power. Besides,
these decision processes do not have identical horizon length in general which does not align with
existing methods for CMDPs.

Further, network-CMDPs integrate multiple costs caused by different decision processes and
impose them as a constraint. This integration prohibits us from decomposing these decision pro-

cesses. However, we show how we tackle these issues by using existing methods for CMDPs in a
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different way.

Network-CMDP problem formulated by (6.9) could be solved in two ways. First solution
approach is converting the problem to Linear Programming (LP) using occupancy measures. The
other way is solving via Lagrange multipliers. Both of the solution techniques are extensively
discussed in [4]. In this chapter, we utilize both approaches to design and analyze Reinforcement

Learning algorithms.
6.3.3 LP Representation of CMDP

LP is one technique to solve CMDP problem (6.9) [4]. To convert CMDP problem to a linear
programming problem, we introduce occupation measures. The finite-horizon state-action occu-

pation measure at time-step 7 under policy 7 is defined as

M(,j)l)W’T,f) = ]P)(jf,T:jalf,‘r:l)a (610)

where the probability is calculated w.r.t. underlying transition kernel under policy m; P,. It is
shown that both objective function and cost functions could be restated as functions of occupation
measures. Then, the problem would become to find the optimal occupation measures. This pro-
cedure may be accomplished by creating a Linear Program that is equivalent to network-CMDP

problem [4]. Here, we present the equivalent LP formulation of network-CMDP problem (6.9) by
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[5]. Let 1 be any generic occupation measure. Then, the equivalent LP would be

mgXZM(jJ,T, Hpsri(G)

LT

S.t.

Zzpfﬂ(jvlaTa f)Cl(j, l) < Cla
L f

(6.11)
Zu(jal’Tv f) - Zp(j|j,>l,)ﬂ(j,>l/a7_ - 17f)7
l

j/7l/

ZM(val>07f):1v ZN(SfaLva):vaa
l l
M(]’j’7_7f)20'

We can prove that LP (B.3) is equivalent to network-CMDP problem (6.9) by means of tradi-
tional CMDP methods in [4]. However, [68] shows it directly. Finally, the optimal policy 7* would

be

%/ o M(j,l,T,f)
" <.]’l77—7f> B Zl’u(j7l,77—7 f)

6.3.4 Packet-by-Packet Decomposition

We next describe the decomposition approach that reduces the complexity of the problem by
turning it into a per-packet MDP, rather than having to consider a global problem that accounts for
the states of all packets in the system at each transmission decision.

The Lagrange Dual is a usual approach towards the solution of a CMDP [4]. The Lagrangian

can be written as,
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ZAlCl+ lim —EZZ > Z

lel t=1 feF icAs(t) T

(ry(sip(t+7)) Z)\]I{alf t+71)=1}), (6.12)

considering equivalent formulation of OSP, presented by (6.9). Noting that the rewards and tran-

sition probabilities are the same for each packet 7 in a given flow f, we define

Vig(sg, A) =B (rp(s7,(t+ 7)) Z/\I]I{alf t+7)=1})

7=0

|i7f782f(t) :Sf}a (613)

where [ is the expectation w.r.t. to the underlying transition kernel under the policy 7. Then the

Lagrangian (6.12) can be written as

ZAZCZ—F jll_f)go—z Z VfO Sf,

leL t= lzeAf

= Z NCp+ Z hm ™ Z ’Af(t)‘vf%(sfa A)
leL =1

= Z NG+ Z prVio(ss ). (6.14)
leL JeF

The dual function D()) and ‘dual policy’ 7()), and the optimal dual variable are defined as

D(\) =max L(m,\), m(A\) = argmax L(m, \), (6.15)

™

\* = arg Iggl D(\).

Since there is no duality gap [4], the optimal policy 7* for the [CMDP] is the same as 7(\*).
Note that givena A, V7 (sy, A) for a given flow f does not depend on other flows. Hence, rather

than finding an optimal joint policy () for all flows, we can instead find an optimal policy 7¢(\)
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for each flow separately. More precisely,

D(\) = max L(m, \) = Z ANCp + mngprfTO(sf, A)

i
lec feF

= Z NCy+ Z Py H}fix foé(sfa A)

lec feF

= NCI+ D> pViolsy, A,

lec fEF
where,
Vio(A) = Ir}TziX fog(/\), and, 7;(\) = arg H}r?X V;S(A) (6.16)

Now, 7¢(A) and V(A) can be computed by standard finite horizon dynamic programming if we
know the transition kernel P (equivalently, the link probabilities p;).
However, as discussed in the Introduction, p;s are unknown a priori. We thus propose a rein-

forcement learning approach for learning p;s and at the same time solving for the optimal policy.
6.3.5 Constrained RL Formulation

The Constrained RL problem formulation is identical to the CMDP optimization problem of
(6.9), but without being aware of values of transition kernel P.* Our goal is to provide model-based
algorithms and determine the sample complexity results in a PAC sense. As we have two solution
approaches for solving a CMDP, we present two definitions of sample complexity that extends
the notion of sample complexity for unconstrained regime [28] to Constrained-RL. The way these

definitions include the objective maximization and constraint violations differentiates them.

*We only assume that transition kernel is unknown and the extension to unknown reward matrix is straightforward,
and does not require additional methodology.
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6.3.5.1 Sample Complexity of Algorithms based on LP

Definition 5. Let A be an algorithm and 7(A) be the output of this algorithm. Then, sample

complexity for A is the number of packets that A requires to achieve

P( S T orVisV(sr) =Y o Vi (sp) — e
7 7

and Y psCT5y) < Cite W) 216
!

for a given € and 0.

Definition 5 includes satisfaction of both objective maximization and constraint violations in-
dividually. This definition mostly suits the algorithms outputting a policy which have analytical
bounds on sub-optimality and constraint violations. Such algorihtms are usually based on LP ap-

proach.
6.3.5.2 Sample Complexity of Algorithms based on per-packet Decomposition

Definition 6. Let A be an algorithm based on per-packet decomposition and w(.A) and \(A) be the
output of this algorithm. Then, sample complexity for A is the number of packets that A requires

to achieve
]P’(L(W(.A), MA)) < L7, M) + e) >1-4

for a given € and 6.

Definition 6 regards the notion of sample complexity for Constrained-RL in a different manner.
This definition integrates the objective maximization and constraint violation whereas Definition
5 which considers these individually. This integration is made by including Lagrange multipliers.
Therefore, Definition 6 is appropriate for algorithms based on dual decomposition. Please notice
that although we are not able to characterize the objective sub-optimality and constraint violations

individually by Definition 6, but we obtain the luxury of less computational complexity.
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6.4 Reinforcement Learning Solutions

This section consists of two categories of (RL) algorithms. Algorithms based on (i) LP ap-
proach , and (ii) dual decomposition. In each category, we propose two identical subcategories of
model-based RL algorithms for solving the CMDP corresponding to timely throughput maximiza-

tion. In the following we elaborate on each category.
6.4.1 Algorithms based on LP

In this section, we present two algorithms based on LP. These two algorithms employ LP as an
alternate and more precise tool compared to Dual Decomposition. First, we propose and analyze a

generative model-based algorithm. Then, we conclude this section by an online algorithm.
6.4.1.1 GMBL-LP

Here, we introduce a generative model based network learning algorithm called Generative
Model Based Learning-LP, or GMBL-LP. According to GMBL-LP, we sample each link » number
of times uniformly across all links, count the number of times each transition occurs n(k, j, 1) for
each next node £, and construct an empirical model of transition kernel denoted by P (klj,0) =
w V(k, 7,1). Then GMBL-LP substitutes the empirical model with true model and solves the

following optimization problem by means LP

mgxz,oﬂ/}ffo(sf) s.t pr@ff,o(sf) <G VvViecl (6.17)
f f

where the value functions XA/fTO(s ) and cost functions 6}7170(5 ) are calculated w.r.t. to transition
kernel P using equations (6.6) and (6.8) respectively.
Algorithm 7 describes GMBL-LP.

Now, we present the sample complexity result of GMBL-LP.

Theorem 12. GMBL-LP algorithm with

72Sp2 3 B2 Jogd/op

ax/~max

n(e,d) > >
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Algorithm 7 GMBL-LP

1: Input: accuracy € and failure tolerance d.
 Set0p = g rTEr

. Setn(k,j,0) =0V(j,1, k).

: for each j € S do
Sample [ € L;,n =
P(k|j,1) = ME2D

: Output 7 = LP(]\/Z).

723p101731ax512nax 10g 4/61)
2
€

and update n(k, j, ).

Bm ax Prot 2Tmax . =
fore < TSlog 4/37 2ax qchieves a T such that

P (Z PiVis = D piVyj — eand
7 7

> pCl < Cite) 210
f

where dp is defined in Algorithm 7.

The proof of Theorem 12 resembles both traditional analysis frameworks of unconstrained
RL [6] and constrained RL [33]. First, unlike [33], we are not required to apply the notion of
optimism. Because, we are equipped with “do-not-transmit” action at every state (location). This
makes the network-CMDP problem feasible under any transition kernel (6.9). Thus, the problem
of (6.17) is feasible, which allows us to avoid applying optimism. Another benefit is that we are
able design an algorithm for data network purposes with less computational complexity compared
to its counterpart algorithm for general CMDPs [33].

Second, the core of the analysis of every unconstrained MDP is based on being able to charac-
terize the optimal policy via the Bellman operator. This technique enables one to obtain a sample
complexity that scales with the size of the state space as O(S). However, we cannot use this ap-
proach to characterize the optimal policy in a CMDP [4]. We require a uniform PAC result over set
of all policies and set of value and constraint functions, which in turn leads to O(S?log S) sample

complexity in the size of state space.
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Now, we present some of the propositions that are essential to prove Theorem 12. Then we
sketch the proof of this theorem.

Now, we present the lemmas required for proving Theorem 12 and its proof. Using these
propositions, we bound the mismatch in objective and constraint functions when we have n number
of samples from each (s, a). This bound applies uniformly over the set of policies and set of value
and constraint functions. The result also enables us to bound the objective and constraint functions
individually. Then we apply union bound on all objective and constraint functions. This process is

the reason why the number of constraints appear logarithmically in the sample complexity result.

Lemma 23. Suppose there is a network-CMDPs M = (S, L, P, {r;} s, {ci}i, [Cili, {ss} s, {7s} ) Then,

for any flow f, under any policy m

T—2
T O Ph—1 D ™
Vig— Vi = Z PrY(Pr = Pr)Viyy and
h=0
Tf—2
VfT,r() - Vf7,r0 - Z P;l_l(Pﬂ - PW)VfT,rh-s-l)
h=0
and for any [,
Ty—2
T A Ph—1 D T
Cf,l70 - Cf,l,o — Z Pﬂ_ (Pﬂ— - Pﬂ)cf,l,h+1 and
h=0
Ty—2
~ he1 ~ o~
C'}r,z,o - C}r,z,o = Z P (PW - P,r)C}il’hH.
h=0

Proof. We only prove the first statement of value function since the proof procedure for cost is
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identical. For a fixed h and j

V%m—%MFm@+§HWN%M@
—mm+;ﬁwﬂ%¢m

. zk: Pr(k| )V () — Zk: P (kL) Vi (R)

+ Z P (kJ)Vea (k) — Z Pr (k| )V (R)

= Z (klj) — k’]))vfhﬂ(k)

+ 3 Pe(kl) (Vi (k) = Vi (K)).

Because Vi _,(j) = XA/ffo_l( j) = rs(j), if we expand the second term until h = 7, — 1, we get

the result. L]

Lemma 24. Let 0p € (0,1) and
lpr = pil < 1+ /(1 = i)
w.p. at least 1 — dp for each |l € L. Then, for any flow f under any policy

‘Z (k7)) — k|]))vfh+1<k)|

S 261‘|Vf7:h+1 Hoo + 02\/58.7;#(]-)

forany (j,1) € S x Land h € [0, 7f — 2] w.p. at least 1 — 26p, and

‘Z < (kl) — k‘]))CthH(k)‘

< 201H0}7,1,h+1 oo + CQ\/ia}r,l,h(j)
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forany (j,1) € S x L,l € L and h € [0, 7f — 2] wp. at least 1 — 20p.

Proof. We only prove the statement of value function since the proof procedure for cost is identical.
Fix state j and define for this fixed state j the constant function VF (k) = >_,, P, P (K| j)Vf 1 (k)

as the expected value function of the successor states of j. Note that Vf“(k:) is a constant function

and so V7 (k) = Zk/ (K DVE(K) = 30 Pe(K5)VE(K).

|Z (k[7) = Pr(k|7) Via (B)]

= |Z - (k1J) — Pr(k[5)Vaa (k) + VEG) = VEG)]
= |Z (k1J) — Pr(k[5)) (Var (k) — VE(K)))| (6.18)
< | Pe(kl)) = Pelk[) Vs (k) — VF (K)] (6.19)

<3 (e + oy Palhld) — (1= Bulhli)) Vs (k) — VF(R)
k
< Scl||‘7f7,rh+1||oo

2 30 Polkli) (1~ Pr(kli) (Vi (B) = V()2

< SClHVfTh—HHOO

ca\/szﬁﬂ<k|j><1 — P T ) — V7 () (620)

< Seul[ Tl + c2\/sZP (K) (T, 1 (k) — VE(k))?

= Ser Vil + 02\/58%10)'

Inequality (B.7) holds w.p. at least 1 — Sdp, since we used the assumption and applied the triangle
inequality and union bound. Please note that the it is straightforward to show that assumption leads
to the form of inequality (6.18). We then applied the assumed bound on |‘7f7fh 11 (k) = VF(k)| and
bounded it by Hl/}f”h +1llo0 as all value functions are non-negative. In inequality (B.8), we applied

the Cauchy-Schwarz inequality and subsequently used the fact that each term is the sum is non-
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negative and that (1 — ﬁﬂ(k‘| j)) < 1. The final equality follows from the definition of 67, (j). [

Lemma 25. Let 6p € (0,1) and

C3

—nl <
I —pif < NG
foralll € Lw.p. at least 1 — dp. Then, for any flow f under any policy ©

Cngﬂf

K

Vi o1 = Vi il <o < Vi = Vil <
w.p. at least 1 — 2S|L|10p, and for any |

HC}T,Z,Tf—]. - C;I,lﬂ'f—luoo S et
Cngﬁf

NG

- < [CF0 = Cliollee <

w.p. at least 1 — 25|L|70p.

Proof. We prove the statement of value function since the proof procedure for cost is identical. Let
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Ay = max; |VF, (j) — V7, (j)|- Then

A = V() = VI = s () + D Pk Vng ()

Z (kl7) th+1 (k)]

k

= |Zpﬂ(k|j)vf7,rh+1 Z < (kl7) th+1 (k)
k

k

+ 3 Pe(kl) Vi (k) = > Pe(kls)VFy (K)]
k

e

= | Z (4, f, h, l)(prfTh-i-l(j/) + (1 - pl)VfTh-i-l(j)
lel:j

_@vah—&-l(j/) (1 pl)vfh+1( )iplvfhﬂ( )
+ (L =p)Viha ()]

= | Z (g, £ b D((p — ﬁl)VfTh—&-l(j/) + (i _pl)vfﬁhﬂ-l(j)
leﬁj

+ (Vi (') — th+1( )
+ (1= D) (Vua (5) = Vi )

<> w1 £ h D) (o= BBy + Dnir)
leL

C35f

7

<

+ App

Here, [ = (7, 7). Thus,

Csﬁf

NG

Ay < + Apta

w.p. at least 1 — 2|£|dp by applying union bound over all current state, action and next state. If we

expand this recursively, we get

Cngﬁf

9
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since A, 1 = max; |ry(j) —r7(j)| = 0. By taking union bound over time-steps, we get the result

holds w.p. at least 1 — 2S|L|7;p. Hence the proof is complete. O

Lemma 26. Ler 0p € (0, 1) and

~ C3
_ < —
’pz pz\ = \/ﬁ

w.p. at least 1 — ép foralll € L. Then ifn > 3652,]‘01” any flow f, at any time-step h € [0, 75 — 1]

and under any policy

< 2\/ GCgsTfﬁf

||O-}r,h_o-}r,h||00 = nl/4 )

w.p. at least 1 — 252 L7¢0p, and similarly for any | € L

o~ 2\/6635'7']0,8]0

||U}r,lh Ufzh”oo = s

w.p. at least 1 — 252|L|140p.

Proof. We prove the statement of value function since the proof procedure for cost is identical. Fix

a state 7. Then,

oTn(3) = 0Fn () = El(VFh1 Gnsr) — PV aa (5)7]
+ E[(Vii1 Una) — Pﬂvffh+1<j))2]

<Y (Pelklf) = Pr(k]) Vi (k)
k

Z (k) th+1 ZP (kl7) th+1(k5)>2]
k

k

T ¢E[<V;rhﬂ<jh+1> ~ VG = PV — V) G2

+ \/E[(‘/}fTthl(jh—&-l) n (Vi) ()2

“U>

where we applied triangular inequality in the last line. And, please note that E means expectation
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w.rt. transition kernel Py. It is straightforward to show that Var, p . (Vin(k) = XA/f”h(k)) <

va,rh - vatho implying

OTn(d) < 3 (Pelklg) = Palkli) Vi (k)

k

— D (Pr(k]j) = Pr(Kl) Vi (8)]

k

X [ (Prlkls) + Pr(k[))Via ()]

k

+ Vi = Vinlleo + /U\}r,h<j))2‘

Now, if we use Lemma 53, we get

2 w o C3TeB (eiey:
o7 n(d) < BFA0) + djﬁ% ﬁf
cgrfﬁf]Q N 60357}25]2«
Vn Vn
csTiBy n \/6C3STf5f]2
Jn /4
2\/ 60357fﬁf 2

<[o},(j) + T]

< [07,0) +

<[o%,(5) +

Cs 2 .
w.p. at least 1 — 252|L|7;6p.T Next, we multiplied the 0 f/sﬁﬂf by TJ? since 7; > 1. Then, we used
the fact that for any =,y > 0 we have 2* + y* < (x + y)%. And, the assumption on 7, dominates

the term with # over y/n. Eventually, the result follows by taking square root from both sides

2\/60357‘fﬂf D

Y

and union bound on both directions, i.e. 57, (j) < 07, (j) +

Lemma 27. [7] For any flow [, the variance of the value function defined as 37 ,(j) = E[(3_,L, rf (Jn)—
V7o(4))?] satisfies a Bellman equation X7 ,(j) = ( )+ D Pr(Kl§)VE 1 (k) which gives
57.(7) = (Pl )(j) Since 0 < X5 o(j) < (748y)?, it follows that 0 < S l(P,’f 1 f,h)(j> <
(1¢84)* forall j € S.

TPlease note that when the assumption on transition kernel holds, then Y, (P (k[j) — P (k|j ))Vf“Z 4+1(k) and

IV, Vf, 1lloo are dependent. And, we can consider the one with lower probability.
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Corollary 3. The result of Lemma 63 also holds for variance of cost functions.

Lemma 28. Let op € (0,1). Then, if n > 116645777 log 4/6p°, for any flow f under any policy m

N St3821log4/dp
| 7,0 Folloo < \/ o

w.p. at least ..., and for any | € L,

A 57362 10g4/5p
1CF 10 = Chiolles < \/18 f fn ‘

w.p. at least 1 — 35%|L|140p.

Proof. We only prove the statement of value function since the proof procedure for cost is identical.

2 4 2l0g 4/0
¢1 = —log — and ¢, = \/L/P 6.21)
3n op n

First, let
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Now, let fix state 7 :

T2
V() = Vil =1 Y B (Pr = PVl () (6.22)
h=0
T2
<D BE(Pe = PVl ()
h=0
T—2
<Y PN Sel Vil + €2V/S07,) () (6.23)
h=0
Tr—1
< StiBrer+ VS D (PE10T,)()) (6.24)
h=0
< ST]%ﬁfcl
Tf— 1
. 2v/6(log 4/8p)0-2 505
+ VS Z (P"'(57, + V6llog 4/ njf/)4 1) (6.25)
Tr—1
< 87Bper + cay/STpq | D (P1ET) () (6.26)
h=0
2 61 4 5 0.2550,5
- cry /52 BU0R 4/ 0r ) RS o)
2572
_ Bl (6.28)
3n
257} 0% log 4/5P 4 x 3055728, log 4/6p""
* 0.75 (6.29)
n n
S7353%21log4/6

In equation (B.16), we used Lemma 51. Then, we applied Lemma 52 to obtain inequality (B.17).
Next, we bound ||V, |l by 7483y in inequality (B.18). To get inequality (B.19), we use Lemma
54, since we can bound p; — p; by ¢3. And, we applied Cauchy-Scharwz inequality to get in-
equality (B.20). To get inequality (B.21) and (6.28), we applied Lemma 63 and substituting
c; and ¢y according to equations (B.15). Finally, inequality (A.12) follows from the fact that

n > 116645%r log 4/ 6p°. Since the result is true for every j € S, hence the proof is complete. [
Now, we are ready to prove the Theorem 12
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Proof of Theorem 12:Let 6 € (0,1). First, we know that optimization problem (6.17) is

feasible. Now, for each flow f, we have

Vio(sy) — \/18 ! fn < Vio(sy)

. S73321log4/6
gvfﬁo(sf)+\/18 fﬁfng for

w.p. at least 1 — 35%|L|7;dp and

R St32log4/0p  ~.
Vio(sy) — \/18 It - < Vio(sy)

A STt3621o04/6
gvfﬁo(sfw\/m 7Py log4/0r

n

w.p. at least 1 — 352|L|7;dp according to Lemma 28. On the other hand, we know that 17;5 (s) <

IA/EO(S ). Thus, by combining these results we get

Vi (s7) — - <V (sf)
e St30821log4/dp
< Vio(sy) < Vig(sy) + \/ ! fn

. % 7r* ST‘:;,B? 10g4/5p 2 .
Ityields that V7 (sf) > V7 (sy) —24/ 18————— w.p. atleast 1 —65%|L|7;dp by union bound.

Therefore,

T " STl’?laX giax lOg 4 5P
D piViolsy) =Y Viglss) — thot\/18 /
f f

n

w.p. at least 1 — 6S%|F||£|TmaxOp-
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Now, for any flow f and any [ € £ we have

StiB7logd/iop

n

C?,l,o(sf) < ail,o@f) + \/18

w.p. at least 1 — 35?|L|70p according to Lemma 28. Finally,

> psCFro(sy)
7

A7 STr?r)lax r2nax IOg 4 5P
<> psCTio(sp) + p\/ 18 /

n
I

St3. B2 logd/d
§0l+ptot\/18 max mz:;( g /P

w.p. at least 1 — 3S?|F||£|TmaxOp-

By taking union bound, we get that all statements for value and cost functions hold w.p. at

least 1 — 3(|£| +2)S?|F||£|Tmax0p- Hence, putting € = 2ptot\/18573“"’83‘j;1°g4/5” and 6 = 3(|L|+

2)S?| F||£|Tmax0p concludes the proof. Please note that € < lgg‘éxf/tgp 2max would satisfy the

assumption in Lemma 28. U
6.4.1.2 Online-CRL-LP

Online Constrained-RL-LP, or Online-CRL-LP described in Algorithm 8, is an online method
proceeding in episodes with length of 7,,.. At the beginning of each episode e, Online-CRL-LP
constructs an empirical model p according to link visitation frequencies, i.e., ]3(k:| J,l) = %ﬂlf),
where n(k, j,1) and n(j,1) are visitation frequencies. This empirical model P induces a set of
finite-horizon MDPs for each flow. Considering the constraints on link capacities, we get a set
of network-CMDPs M, which any network-CMDP M’ € M, has identical horizon and reward
and cost matrices. However, for any (j,/) € S x Land k € S, P'(k|j,1) lies inside a confidence

interval induced by P. To construct a confidence interval for any element of P'(k|j, 1), we use

concentration inequalities as defined by (6.32). Thus the class of network-CMDPs is defined as
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below at each episode e :

Me = {M":A{rs ()} = {rr() s APt = {ps}s (6.31)
a(j,1) = al(j,1),Cl = Cr,{ts}r = {7¢}s,
|P'(Klj,1) — P(klj, )] < (6.32)
o [2P(K, D= P(klj, D), 42 4
mm(\/ n(j.1) R TR
log4/dp\ ., .
W)V%Z,k,f},

where 9, is defined in Algorithm 8. Here, for any M’ € M., and flow f, V% (ss) and C; o(s¢)

are computed according to (6.6) and (6.8) w.r.t. underlying transition kernel P’, respectively.
Finally, Online-CRL-LP maximizes the objective functions among all possible transition ker-

nels, while satisfying constraints (if feasible). More specifically, it solves the optimistic planning

problem below

T, M'eM,

max pr‘/}f)(sf) s.t. prC’}Z’O(sf) <C Vi (6.33)
f !

Online-CRL-LP uses Extended Linear Programming, or ELP, to solve the problem of (6.33).
This method inputs M, and outputs 7 for the optimal solution. The description of ELP is provided
in supplementary materials.

Algorithm 8 describes Online-CRL-LP.

This algorithm draws inspiration from the constrained-RL algorithm Online-CRL [33] with
several differences. The formulation of network-CMDP differs from generic CMDP definition
in two ways. First, the objective of generic CMDP is defined for one decision process with one
horizon, while the network-CMDP contains multiple decision processes with different horizon
lengths. Second, the constraints imposed on a network-CMDP are integration of multiple decision

processes. This situation does not happen to general CMDPs. In spite of these differences, we
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Algorithm 8 Online-CRL-LP

Input: accuracy € and failure tolerance ¢.

—_—

2: Sete =1, Whin = %,Umax = S|L|m, 6 = m.
3: Set m according to (6.35) and (6.36).

4: Setn(j,l) =n(k,5,1) =0 Vj,d € S,l € L.

5: while there is (7, 1) with n(j, () < SmTyax do

6:  P(klj,1) = "S5 V(j,1) with n(j,1) > O and d; € S.

7:  Construct M, a{ccording to (6.31).

8 &, =ELP(M,).

9:  for Each flow f do

10: fort=1,...,77do
11: I~ e(g, [, 1, 0), Jevr ~ P(|ge, 1e), (e, Ue) + 4,1 (jeg, G, le) + +.
12: e+ +

show that we are able to use existing RL tools for problems defined as network-CMDPs.

We now present the PAC bound of Algorithm 8.

Theorem 13. Forany 0 < €,6 < 1, under Online-CRL-LP we have:

PO " psVis(s) =Y pfVig(sy) — € and
7 7

> piCTig(sy) <CrteVie L) >1—4,
f

for all but at most

S|£|pt20t7—r%1ax 1211ax>

O(

2
episodes.

To prove Theorem 13, we follow an approach motivated by [33]. However, there are several
differences in our technique. As mentioned above, one of the differences is with regard to multiple
decision processes and integration of these processes within constraints. We will show how to
approach this problem and obtain matching sample complexity results.

There are also recent results on characterizing the regret of constrained-RL [5] while using an
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algorithm reminiscent of Algorithm 8, and the question arises as to whether one can immediately
translate these regret results into sample complexity bounds? However, regret and sample com-
plexity results do not directly follow from one another [27], and following the [5] approach gives
a PAC result O(‘SPL—‘;"I#), ! which is looser than our result by a factor of H2. Thus, this alternative
option does not provide the strong bounds that we are able to obtain to match existing PAC results
of the unconstrained case.

Now, we introduce the notions of knownness and importance for links and base our proof on
these notions. Then we present the key lemmas required to prove Theorem 13. Finally, we sketch
the proof of Theorem 13. The detailed analysis is provided in supplementary materials.

Let the weight of (j, ) —pair in an episode e for flow f under policy 7. be its expected frequency

in that episode

Tr—1

wf,e(ja l) = Z ]P(jh = jal ~ 7~Te(jha f7 7h))
h=0
Tr—1

= Pﬁ}-Leil]I{j:'7lNﬁ€(j7fu'7h)}<Sf>‘
h=0

Further, we define the weight of (j,)—pair in an episode e under policy 7. be the cumulative

weights of all flows:
we(ja l) - Z wf,e(.j7 l)
f

Then, the importance t. s of (j,1) at episode e is defined as its relative weight compared to

€

Wiin = 7——5 ona log-scale

we(jvl)}

min

where 2y =0and 2, =22 Vi =2,3,....

te(7,0) ;= min{z; : z; >

Here, |S| and |A| are number state and action spaces respectively and H represents length of horizon.
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Note that ¢.(j,1) € {0, 1,2,4,8,16, ... } is an integer indicating the influence of the link on the
value function of 7.. Similarly, we define knownness as

ne(j7 l)

— 1,2,4,. ..
mwe(j’l)} e {07 Y Y ) }7

Ke(J,1) == max{z; : z; <

which indicates how often (j, ) has been observed relative to its importance. Value of m is defined

in Algorithm 8. Now, we can categorize (j, [)—pairs into subsets

XB,K,L = {(]J) € Xe : Ke(ja l) =K, L€<j7l) = [’}

and X, =8 x A\ X,

where X, = {(j,1) : t(j,1) > 0} is the active set and X, is the set of (j,)—pairs that are
very unlikely under policy 7.. We will show that if | X, ,,| < & is satisfied, then the model of
Online-CRL-LP would achieve near-optimality while violating constraints at most by € w.h.p. This
condition indicates that important state-action pairs under policy 7. are visited a sufficiently large
number of times. Hence, the model of Online-CRL-LP will be accurate enough to obtain PAC
bounds.

Here, we present the lemmas required for proving the Theorem 13
Lemma 29. The total number of updates under algorithm 8 is bounded by Un.x = S|L|m.

Proof. Let fix a link [. Note that n(j, ) is not decreasing and also it increases up to Sm7,ax. And,

since update of model happens at the beginning of each episode, then maximum number of updates

due to a single [ happens at most S number of times. Thus, maximum number of updates due to

all [ is no larger than S|L|m. N
Now, we show that true model belongs to M., for every episode e w.h.p.

Lemma 30. M € M. for all episodes e with probability at least 1 —

)
2[F|([£]+1)
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Proof. At each episode with model update e and for each [, by Hoeffding’s inequality [30] we have

log (4/51)

|P(K|j,1) — P(K|j,1)| < 2n(j,1)

holds w.p. at least 1 — ¢, /2.

By empirical Brenstein’s inequality [31] we have

2P(klj. (1~ PUD) | 4
n(j,1) )

1

|P(k|j,1) — P(k|j,1)] < \/

+ 2 lo 4
3n(.l) ° o

w.p. at least 1 — /2.

Combining above two inequalities and applying union bound, we get

P(|P(kj,1) — P(Kj,1)]

Smin{\/Qﬁ(kU’l)n((l,_ PUlil). 4 2 4

log — log —
) 85 T BnG.0) Ba

Finally, we get the result by applying union bound over all model updates and next states. [

Lemma 31. Total number of observations of (j,1) € X, withk € [1,S — 1] and v > 0 over all

episodes e is at most 3|L|mw, k. w, = min{w.(j,1) : te s(J,1) = ¢}.

Proof. Note that w, 1 = 2w, for . > 0. Consider an episode ¢ and a fixed (j,1) € X, ,,. Since we

assumed ¢.(j,1) = ¢, then w, < w.(7,1) < 2w,. Similarly, from k.(j,1) =  we have ani <

mwy (5,1) —
S Gl

which implies

mw,k < mwe(j, 1)k < ne(j,1) < 2mw(7,1)k < dmuw,k. (6.34)
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Therefore, each (7,1) in {(j,1) € X, ., : e € N} can only be observed 3mw,x. Then, the total

observations is at most 3| £|mw, . O

Lemma 32. Number of episodes E,, , in episodes with | X, .| > k is bounded for o > 3 w.h.p.

nw,(k + 1)N
P EHL > alN) < - - )
(B > al) < exp (220 T
_ _ a(3/a=1)?
where N = |L|m and n = T Ter
Proof. Letv, := ;“;'“3‘_1 I{(jn, ln) € X, } be number of observations of (j, 1) with | X, ., ,| > k.

Wehavee € {1,..., E,,}.

In these episodes | X, . ,| > x + 1 and all (j,{) in partition (k, ¢) have w(j,1) > w,, then

E[velvr, ... Vee1] = (K + Dw,.

Also V[ve|vy, ooy Ver1] S E[Ve|vr, ooy Ve—1]Tmax since Ve € [0, | F|Tmax)-

Now, we define the continuation:

and centralized auxiliary sequence

By construction

E[Te|tn, ..., Uee1] = w (K + 1).
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According to lemma 57, we have I, > a/N if
aN
Zﬂe <3Nw,k < 3Nw,(k +1).

e=1

Now, we define martingale below

B, =E

alN e alN
Zﬂiwl,...,ﬁe] => v+ Y Ewln,....n)
=1 i=e+1

=1

which gives By = aNw,(k + 1) and Byy = 3.

e=1

. Now, since v € [0, | F|Tmax]

|Bet1 — Be| = [Ve — E[Ve|in, . ..., Ver]]
w(s+ D) —ES o, Pen])
E[l/Jr’Vf_a >V:—1]
< "/: —E[v] |, s Uert]| < |F|Tmax
Using
alN
0% = ZV[Be — Be1|By — By, ..., Be_1 — B
e=1
aN

= V[Z|m, ..., Vect] < aN|F|rpaxw, (5 + 1)

e=1

= B0|F|Tmax

We can apply Theorem 22 of [69] and obtain

aN

P(E., > aN) <P (Z D < 3Nw,(k + 1))
e=1

- ]P)(BaN — BQ S 330/01 — BQ)

(3/a = 1)°B3

< _
<exp(—g 57 | F | T (1/3 — 1/a)BO)
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for a > 3. By simplifying it we get

a(3/a)? Nw,(k+ 1).

Elib> N S -
(B, > aN) s exp = =T —

O

Lemma 33. Suppose E is the number of episodes e for which there are r and ¢ with | X. .| > K,

ie. BE =% I{3(k,¢) : | Xep,| > Kk} and let

2 2|F|(|1£] + 1) Emax
s O o AL+ D E 635
€ o
where Ea = logy 722 logy S. Then, P(E < 6[L|mEpax) > 1 — m.

Proof. Since w,(j,1) < |F|Tmax, We have that

and 0 te(7,1) < |F|Tmax/Wmin =

Wmi

we(jvl) < IFITmax
n

Wmin

472 S/e. In addition, | X, .| < |£]| forall e, k,¢ and so | X, . ,| > k can only be true for k < S.
Hence, only F,,., = log, lelTﬂ log, S possible values for (r, ¢) exists that can have | X, ,,| > k.

By union bound over all (x, ¢) and lemma 58, we get

P(E < aN Epax) > IP’(r(na§< E,., < aN)

nw,(k+ 1)N
> 1 - Emax - A
. SIS
>1- Emax T o
. P Pl
77wrnin7n|'c|
=1- Emax T A
P
nem|L|
= 1 — Ehax €Xp (—47_%3)(5).
Bounding the right hand-side by 1 — m and solving for m gives
nem|L|
1 — Eax ———)2>1-0/2
P s =
om> 472 S | 2F ax
m n
— [£lne 6
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Hence, the condition

4T§1ax 2F ax
m > In
ne )
is sufficient for desired result to hold. Plugging in & = 6 and n = a;%f;/lf would obtain the
statement to show. ]

Lemma 34. Let §; € (0,1). Assume p,p, p € [0, 1] satisfy P(p € Ps,) > 1 — 061 and p € Ps, where

. 2p(1 —p
Ps, = {p € [0,1] : |/ — | < mm(\/ % log4/6,

10g4/(5p>}'

2
— log4/§
+3n0g/1’ 2n

Then,

8p(l —p log4/6,\ 1
|p_ﬁ|§\/p( p)10g4/51+2\/§<0g /1>
n n

+ 3\/§—logs/51

w.p. at least 1 — 0.

Proof.
_ U 2p(1—p 4
|p—p\§!p—ﬁl+|p—p|§2\/—<n )10g4/51—|—3—nlog4/61
<9 2log4/51(~+ log4/51)<1 - /10g4/(51)+ 4 log 4/
— — J— — — 0
- n b 2n b 2n 3n 8%/
2logd /oy /. 3 logd/d;  log4d/d 4
e (U ) + 5 logd
\/ (P =p) 5 — ) T 5 log 4/
8p(l —p log4/61\ 1 log4/6
< \/—p( P 1og4/51+2\/§< 084/ 1)“ 13/ 0840
n n n
The first term in the first line is true w.p. at least 1 — 41, hence the proof is complete. 0

Corollary 4. If we substitute the dp with 6, in Lemma 52, the result will pertain.
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Lemma 35. Assume M € M.. If | X, .| < kforall (k,1) and 0 < € < 1 and

S 2 2 2
m = 1280%“5““%(1og2 108, Tanae)? (6.36)
2 2 ,7_2

852 4
10g2< ptot max max) IOg
€

5 —

o’
then for any flow f, |f/f7~fg(sf) — fog(sfﬂ < /fm and for any I, |C~’;7’O(sf) — C’;?O(Sfﬂ < ﬁ”.

Proof. We only prove the statement of value function since the proof procedure for cost is identical.
Consider an individual flow f. Before proceeding, in this lemma we reason about a sequence of

CMDPs M 4 which have the same transition probabilities but different reward matrix r}d) and cost

matrices cl(d). Here, we only present the definition of r}(pd), as definition of cl(d) is identical to r}d).
For d = 0, the reward matrix is the original reward function r of M/ (7’;0) = ry.) The following

. . 2d+2 d),2 d),2 .
reward matrices are then defined recursively as T}(c ™) = max, aj(c })L,T _1» Where o' })L _, 1s local
VT f f’ TF

variance of the value function w.r.t. the rewards r}d). Note that forevery dand h = 0,..., 74 — 1
. d)/ -
and j € S, we have r; '(j) € [0, B474).
In addition, we will drop the notations k, f and policy 7. in the following lemmas, since the
statements are for a fixed episode k and flow f and all value functions, reward matrices and tran-

sition kernels are defined under policy 7.. Please note that s, is the source node of that particular

flow.
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Now,

T—2

= Vo (s0) = Va¥(s0) = | Y_ PP — PYVY, (s0)]
h=0
7—1 o
<3 PP — PV (s0)
h=0

7—1
— § Ph—l
h=0

2 W=t A P PVl | (s0)

;z

(15 = -1 = 7 WP = PV ) (s0)

> e

JES,IEL; h=0

(105 = .1 = 7 WP = PV ()] (50)

The first equality follows from Lemma 51, the second step from the fact that V;,,; > 0 and
P"~! being non-expansive. In the third, we introduce an indicator function which does not change
the value as we sum over all (j,[) pairs. The fourth step relies on the linearity of P operators.
In the fifth step, we realize that I{j = -, ~ 7(j,-,h)}|(P — P)V,fi)l( -)| is a function that takes

nonzero values for input j. We can therefore replace the argument of the second term with j without
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changing the value. The term becomes constant and by linearity of P, we can write

V) - 00l = Ar < Y SR (I = L~ A G U - P (3)) (s0)

JESIEL; h=0

Z Z V(d1||00 Ph_l]l{j = '7l ~ 7?(]’ 7h)})(50)
HlgX

Z Z VLG % (PP = -1~ #(j, - 1)} (s0)

;Z L PR = L~ 7 (G, b)) (s0)

Z Z VLG % (PP = -1~ #(j, - 1)} (s0)

;Z L (PR = L~ 7 (G, 1)) (s0)

Z > [Sea(3, BT + 05, )VSE" (5.1)] x (PG = - 1~ 7(j,- h)})(s0)
;Z L (PR = 1~ 7 (G, h) ] (50)

# 3 3 18a (At P = L 7 DD

Z \/_02 (7,05, (3, 1)] x (P*7'I{j = -, ~ &(j,-,h)})(s0)

=0
Z d+1 a1, 2501 ] 741 ( l)
JlgX lex
T—1
+ 37 VBe(i.l) x Y P (G )PP = - L~ 7 (. )} (s0)
jlex h=0
< wminsﬁd+17—d+1+ Z Scl(j, )ﬁd—H d+1 (]70
glex
r—1
+ 37 VBe(i.l) x Y (G )PP = L~ 7 (. )} (s0)
jlex h=0
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In the second inequality, we split the sum over all (j,/) pairs and used the fact that P and
P are non-expansive. The next step follows from HV,E?IHOO < V)| < BH179+1. We then
apply Lemma 52 and subsequently use that all terms are nonnegative and the definition of w(j, ).

Therefore,

Ay <

F|Birde

DT S Sengung™ e i) + Y V(i)
Prot Jlex Jlex
T—1

<3 DG (PP = L~ 7 (- h) ) (50)

ﬁ
o

Eventually, this step comes from the fact that w(j,1) < wy, for all (j,1) not in the active set.
Besides, please note that we are analyzing under the given policy 7, which implies that there are
only S nonzero w in non-active set.

Using the assumption that M € M and M € M from the fact that ELP chooses the optimistic

CMDP in M, we can apply Lemma 60 and get that

T

‘ 8
and c(j,1) = \/n(j 0 log4/4;.

Plugging definitions above we have

F|Bdrd
A < ULL 2v/253% 7t log 4 /6, Z ‘ 3)/4
Prot leX J,1
+3V255% 7 og 4 /5, S 5 wli, )
I aa)

+ /85 log4/d; N(d gyl
VISR % o

X (Ph_l]l{j = '7l ~ ﬁ(]a ) h)})(SQ)
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Hence, we bound

[F|gire

Ay <
4= 4pt0t

+ Ua(s0) + Ya(so) + Za(s0)
as a sum of three terms which we will consider individually in the following. The first term is

JleX !

, 1) 3/4
< 2V28BH At A 0g 457t N N (w(?’f))
RAEKXT jIEX n(j’ )
d+5/4_d+5/4 3/4 | X .|\ 374
< 2V2SpH A 0 4/5, M N <—>

mr

RLEKXXT

1\3/4
S2ﬂ55d+5/47_d+5/410g4/513/4 Z <_)

m
KLEKXT

1\3/4
< 2V/28 45/ 445/ 10 415,%/4 K x T (—) .
m
In the second line, we used Cauchy-Scharwz. Next, we used the fact that for s, a € X, ,, we have

n(j,1) > mw(j, 1)k, refer to equation (B.22). Finally, we applied the assumption of | X, ,| < &.

Please note that IC x Z is the set of all possible (k, ¢) pairs.
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The next term is

Ya(so) = V/BSI0g 4/ Y ——— " 600, 1) x (PP'1{j = -1 ~ 7(j.~. )} (s0)

jJeX n(]?]) h=0

\/ 8510g4/51 Z l) J Z_:Ph_lﬂ{j = '7l ~ 7}(.]7 '7h>}(50)

h=0

X JZ&}(LCIP(]; l>Ph_1H{J = '7l ~ ﬁ(]? '7h)}(50>

= /85 log4/H, Z J ; ,(Zd) (5, )P{j = -, 1 ~ 7(4,+, h)}(s0)

JleX

= \/8Slog4/5; Y > J Y G\ (GO PI = - L~ 7 (5, -, h) }(s0)

Kyt JlE€EX Kk,

\/8810g4/612<J Xl S ws,a) XJ _ &,(de(j,l)thlﬂ{j:.’lwfr(j,.’h)}(so)>

s,a€Xg,.

S \/8810g4/51ZJ Z ZU .]7 Ph 1]1{.] = aNﬁ-(ja'vh)}(SO)

JIEX ., h=0

- \/8510g4/51|IC x 7|

X J Z Tz&i(ld)2(j7 Z)Philﬂ{] = '7l ~ ﬁ-(]a>h>}(50)

- \/8810g4/61|IC x 7|

m

J 2 Zad)2 (PP = L 70 1)} so)

jeSleL; h=0
85 log 4/6, 1K x T| <= .
\l g /ml| |ZPh—1a§Ld)2(so)

_ \/8862d+372d+3 log4/6,|K x Z|

m

In the forth and fifth line, we applied Cauchy-Scharwz inequality. Then, we used the definition
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of w(s,a) to get to third inequality. Next, we split the sum and applied Cauchy-Scharwz again

to obtain fifth inequality. Furthermore, we applied the assumption of |X,,| < & to get sixth

inequality. Next, we applied Cauchy-Scharwz inequality to obtain seventh inequality. And, the

final inequality follows from the facts that P"~! is non-expansive and ||6,(Ld)||oo

Thus, we have

Ya(ss) < \/8852d+372d+3 log4/6,|K x T|
—_ m .

However, we can improve this bound as follows

m

log4/8 I| <
Yilso) < | S BY O XTI proaiorn
h=0

B \/8810g4/51|IC x 7|

m

T—1
x| S0 PG (s0) — P11 (s9) + Ph1610" (o)
h=0

_ \/8510g4/51|IC xI|

- m

T—1
(62d+27-2d+2 + Z Ph—lr(2d+2)(80) _ Ph—lr(2d+2)(30)>
h=0

B \/8Slog4/61|lC x T

m

o (e V) o) — G )

B \/8810g4/61|IC x 7|

m

- \/SSlog 4/6:|K x | [2d+272d+2
m

N \/8Slog4/51]IC xI| |

(52d+27-2d+2 + A2d+2>

2d+2-
m

In the third step, we used Lemma 63 and definition of r(2¢+2)
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The last term is

Za(so) = 3\/§Sﬁd+17d+1 log4/6, Z w(].,l)
Ao sl
Xl

< 3v28B 4t oo 4 /5 [ X

_3\/_56 T Og/l; —

- 3253 rH  log 4/6,|K x I|
o m

which we used n(7,1) > mw(j,[)x again.

Now, if we put all the pieces together, we have

A
= 4ptot

+ 2\/§Sﬁd+5/47d+5/4 IOg 4/513/4

3/4 N 3v25 B log 4/6,|K x T|

1
m m

N \/85 log 4/:;“C X I|52d+272d+2

N \/8Slog4/(51|IC x 7|

m

><|IC><I|< )

A2d—|—2~

If we choose m sufficiently large which will be shown later, then it is straightforward to show that
Ua(so) < Za(so) and Yy(so) < Za(so). Hence, if we expand the above inequality up to depth

v = [3385] with D = {0,2,6,14, ..., 7}, we get

AO < Z (8510g4/51|IC X I|)dj.2

m
deD\y

o [T 3\/ 55 Tog /61K TP
4prot m

n (8510g4/61|lc X I|)j+2

m

X [M + 3\/8Slog4/(51|]c X I|727+2] %

4pt0t m
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Here, we used inequality (B.23) to bound Z (sy). Finally, the proof completes if we let

562pt20t7—2

852 2.2 .2 6
72— (log, log, 7)* log} (M> log —
€ €

= 1280 .
m 5

O

Proof of Theorem 13: By Lemma 33, we know that number of episodes where | X, ,| > « for

some &, ¢ is bounded by 6 E,,.<| £|m with probability at least 1 — . For all other episodes,

b
2[F|([£]+1)

we have by Lemma 35 that for any flow f and any link [

e Fe € it Fe ¢
‘Vf,o(sf) - Vf,O(Sf)| < Za ’Cf,z,o(sf) - Cf,l,(](sf)‘ < 7 (6.38)
Using Lemma 30, we get that M € M. for any episode e w.p. at least 1 — m Further,
we know that ELP outputs the policy 7. such that
Vis(sy) = Vig(sy), Cliglsy) <Ci VI (6.39)

w.p. at least 1 — J y- Combining the inequalities (C.2) with inequalities (B.25), we get that

2|F|(|£|+1

for all episodes with | X, ,| <  for all &, ¢

7?6 ¥ €
vf,o(sf) > Vf,()(Sf) -
Prot

J

SFZED) - Thus we have

w.p. atleast 1 —

> pVis(s)) = ppVig(sy) — €

f f

w.p. at least 1 — m.
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Next for any [, C']’:rj,o(sf) < ~;r"“‘l’[)(QS‘]c) + 5= So,

> psCliols)) > ppChiglsy) +e< Crte
7 7

w.p. 1, since the optimistic problem of (6.33) is feasible in this context. Applying the union bound

we get the desired result, if m satisfies

S 2 2 2
m > 12802 maxliotTmax 10 100 7 2

2
8 2 2 2 SQ 4
% 10g§( maxptotTmaX ) log - and
€ (51
672, 2F ax
m > log .
€ )
From the definitions, we get
4 4| F|SUax 4|F|S|L|m
log— =log——— =log———.
01 ) )

Thus,

S 2 2 2
m Z 1280%(10& 10g2 Tmax>2

2 2 2 2 41 F
<85 axPiot TinaxY )10g | |S|E|m'
€

m. max
4}

x log3

It is well-known fact that for any constant B > 0,v > 2B In B implies v > B In v. Using this, we

can set

2 2

S 2
m > 25602 maxliomax (164, 1og, 77, )2
€

8 2 2 2 SQ
% 10g§< 6maxptot7—max )
€

2048| F|S|L| 72, (1og, 1085 Tmax)?
o (I, )

2 2
+ log logg (—87—“”"5‘ ))] .
€
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Also,

45 4 §32
Enax = log, S'log, 5maxptot Tmax < log B axPion Tmase

and

2| F| Emax

)
_ Q‘F‘ 10g2 Slog2(4sﬁmaxptot max/e)
)

2|F| 1Og2(4sﬂmaxptot max/€>
5
16| F|S%| L7
€0 '

log

< log

< log

Setting

S r2r1axpt0t r%lax 2
m = 25606—2(10g2 10gs Tmax) (6.40)

2
% log2<86maxptot maxS >

€
2048|F|S|L| 72
X [log( | |€25| 7 (log, 10gy Tmax)?

st () |

is therefore a valid choice for m to ensure that with probability at least 1 —

(6.41)

Tl F| there are at most

SIL18;

max p tot max

2 (log, log, TmaX)2
4532
> logg( axptot rnax)

€
2048|F|S3| L
X [log ( || 25' s (log, 10gs Timax )

)

6 Enax | L|m = 15360

sub-optimal episodes.

125



6.4.2 Algorithms based on Dual Decomposition

In this section, we propose two model-based RL algorithms. Both algorithms operate in a loop
consisting of two steps. First, they solve the per-packet MDP under the current model to obtain
sub-optimal solution of V (\) with high probability. Next, the Lagrange multipliers, A are updated
according to estimated model. The difference between the two algorithms is in how they sample
the system in order to construct the model and update it, using an offline or online approach. We
will show how both algorithms would result in an e—optimal policy with high probability. We also

characterize the sample complexity according to Definition 6.
6.4.2.1 Generative Model-Based Learning-Dual

According to the GMBL-Dual algorithm, we use a traditional channel sounding approach, and
simply send n packets over each link for estimating the reliability of each link p;. For each link
I = (j, k), the transmission of a packet is ‘successful’ if the packet transmitted from node j in
the link [ reaches node j in one time slot. We define the empirical link reliability, p;, as the ratio
of the successful transmission to the total number of transmission. Given p;, we can define the
approximate transmission kernel P as (6.4) by replacing p; with p;. It is straight forward to see that
Py 1s an unbiased estimator of p; and P is an unbiased estimator of P. The expectation w.r.t. to this
approximate transition kernel P is denoted by E[].

We now consider a different constrained MDP that is identical to the CMDP defined in Section
6.3 except that its transition kernel is P instead of P. The expectation w.r.t. P is denoted by I@[]
We define the quantities Vf” () in the same way as in (6.13) but by replacing [E by E. The quantities
L(m, ), D(X) can also now be defined in a similar way as in (6.14) and (6.15) by replacing VE(A)
with Vf“(/\). The optimal dual variable \* is defined as \* = arg min, D()). We also define

7 (V) = argmax V' (V), Vi (\) =1V (). (6.42)

Tf

Note that 7¢(\) and Vf(/\) can be computed by standard finite horizon dynamic programming

[34], and we omit the details.
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We also define the following quantities for describing the GMBL algorithm succinctly.

Tf

Crt =B Mal(t+7) =1}i, f,s75(t) = s, (6.43)
7=0

A Tf

RY =E[) (st +71)i, f.5.5(t) = sy, (6.44)
7=0

Cl = prCﬁ, Rﬂ = pré;f, for m = (ﬂ—f)fefa (645)

f f

Here 7 is the joint policy given by the collection of each individual policy 7¢. Note that from

(6.13), (6.43), (6.44), we can write

Vi) = Ry Z)\l i (6.46)

L(m,A) = R"+> N(C - CT).
l

The GMBL-Dual algorithm is summarized in Algorithm 9.

Algorithm 9 Generative Model-Based Learning-Dual (GMBL-Dual)

Input: accuracy ¢, ¢. Initialize \;(0) = 0,V € L
Send n = n(e, d) packets in each link [ € £
Estimate the link probability p; by transmitting n packets across all links uniformly
Construct the approximate transition kernel P
for m from 1 to M do
For each flow f, compute 7;(m) = @¢(A(m)) according to (6.42). Define 7(m) =
(mp(m)) ser
Compute Cf (™) according to (6.43) and (6.45)
8:  Compute \;(m + 1) for each link / as

SAN AN ey

~

A(m +1) = Iy (\(m) — a(Cr — C7™))8

9: Compute (M) = = M A(m).
10: Compute 77(M + 1) = 7 (A(M))
11: Output: @ = (mp(M + 1)) fep, A= A(M)
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We next present the sample complexity of GMBL-Dual.
Theorem 14. GMBL-Dual algorithm with

162Spt20t7riax<5max + |£’)‘max)2 log %

n(e, ) > 9 (6.47)

2
and parameters

2\2
_ 36’£|(Tmaxpt0t + Cmax) )\max (648)

2 Y

M

€
€

B 3|£| (Tmaxptol + Cmax)Q’

«

where Apax = 'D’”C’ﬁﬂ and C';, = min; Cy, achieves a \ and 7 such that

min

The proof requires the use of multiple smaller results that we first present below, followed by

their integration to yield the proof of the main theorem.

Lemma 36. Let \,,x = max; \. Then, Ayax < '0’”0'5&.

min

Proof. Considering OSP of (6.3) and reward matrix of each flow f (6.5), it is obvious that op-
timal policy for OSP would be transmitting packets rather than no-transmission, so that OSP
would yield positive result. Therefore, it means that each policy m¢(\*) is consisted of transmit-
ting packets. Comparing value of transmission policy with no-transmission and knowing the fact
that no-transmission policy yield 0 reward for each flow, we conclude that V' (A*) must be positive
for each flow f, otherwise no-transmission policy must have been chosen.

On the other hand, optimal policy of the network might utilize some of the links, not all the
links. Due to Complementary Slackness, [70], if link / is not used, then A\; would be 0. And,
chosen links would be utilized such that average utilization would be equal to their constraint, i.e.

P 7C710(s5) = Cy . Hence, we continue with those links that their A} would be positive.
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For any flow f, we know that
0<VIg(\) < B = Aoy,
lqu

where ¢ is the path from s to dy and o; 5 is expected number of times that the packet of flow f is

being transmitted over link /. Therefore,

0< ﬁf — Z)\?U;J.

l€qf

Multiplying above term by p; and summing both sides over f, we get

0< prﬁf = Aoy

flegy

On the other hand, by rearranging summations we get

O<Zﬁf—zz)\lalf<ptotﬁmax Z/\l pralf

flegy leGx

where G is subgraph of the network with all active links.

Further, we can write pyo; 5 using CF, ,, where

szo syp) = lim _Zcfl

T—oo T

So

0<> Br=> > Xpsouy
7

f lEQf

< ptotﬂmax Z )\* prCfZO Sf))

leG*
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Next, ignoring the middle term we get

SN rCFao(55) < Profmax:

leG f

Since all )\ and Cﬁo(s ) are positive, we pick the A\« and the link corresponding to it and get

)\maxczgnax) < ptotﬁmaw

*

max

Now, we find the lower bound for the left-hand-side. We know that C’[E ) > Cuin according to

Complementary Slackness. Hence,

Cmin )\max < ptotﬁmax .

Therefor, proof completes. 0
Lemma 37. With the parameters M and « given by (6.48), we obtain |l§(5\) — 13(5\*)| <e€/3

This follows from the standard rate of convergence analysis of projected subgradient descent
algorithm for convex functions and proposition 36. For completeness we first reproduce that result.

We use the following result.

Theorem 15. [35] Let g : X — R< be a convex function with ||Vg|| < By. Also, assume
that the domain of g(-) is bounded, i.e. ||x|| < Bs,Yx € X. Consider the projected gradient

descent algorithm x,, 1 = llx|x,, — aVg(x,,)] where Iy is the projection operator. Then, with

a = BZ/(Bl\/M),

=

Proof of Lemma 37: We first show that the subgradient of D(-) at A, denoted by VD()) is
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given by

VD) = (G = > ps O (sp)iec
f

Indeed, for any given X' A,

D(XN) = max L(m, X) > L(F(\), N

= BT+ 3 IN(C =3 s (51)
l f

— "™ 4 PREEDY prC0 (1))
l f

30 =M= 3 0 CT (s4)

l f
= D)+ Y =M€ =3 0 CT (54)
l f

and hence the claim follows by the definition of subgradient.
In order to bound ||V D ()|, first note that from (6.43) 6?{,@)(5,0) < Timaz- S0, )¢ pfazgi))(sf) <
TmaxProt- Als0, C < Cryay. Hence, [[VDA)|| = VL (Timaxprior + Cinax)-

Now, considering Lemma 36, we project A(m) to set [0, 2\,ax]. Using Theorem 15, we get the

desired result. [l

Lemma 38. Let 0p € (0,1). Then, if n > 11664577 log 4/8p°, for any flow f and for a given

A € [0, Anax| under any policy

Pt + [£[Amax)? log 4/0p

n

~ 5’7-3(
V(X)) = Vig(W) [lse < \/18 !

w.p. at least 1 — 352|L|140p.

Proof. The proof procedure is identical to proof of Lemma 28 with adjustment of ||V () —

ViMoo < Br + 1£1 A max: 0
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Lemma 39. Let 6p € (0,1). Then, if n > 116645777 log 4/6p°, for a given X € [0, Amax]

St3

N 2
DY) = DI < oy 15 s P+ 1E )l o

n

w.p. at least 1 — 6|F|S?|L|Tmax0p-

Proof. For a given A, consider two policies 7(\) and 7()\). Then for any flow f, according to

Lemma 38 we have

VidW (s, 0) S VI (s, 0) + ¢ < VIV (s,0) + € (6.49)

STH(By+L Amax)2 log 4/0p
n

w.p. at least 1 — 35%|L|7;0p where € = \/ 18 . Please notice that the second

inequality is due to the fact 7¢(\) = arg max Vf’fo()\). Next, we have
Vi (s A) < Vg (s ) + ¢ < VD (s,0) + € (6.50)
w.p. at least 1 — 35%|L|7;0p. Now, combining the two inequalities (6.49) and (6.50), we get
Vi (57,0 = Vi s N < ¢

f70

w.p. at least 1 — 65| L|7;0p. Using the above inequality, we get

A
D) r—\prVf“ =V sl
< pr“/fo Vfo (Sf)| < Prot€
w.p. at least 1 — 6| F|S?|£|Tmaxdp. Hence the proof is complete. O
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Lemma 40. Let 6p € (0,1). Then, if n > 116645777 log 4/6p°, for a given X € [0, Amax]

STHBs 4 | L] Amax)? log 4/6p
n

D) = D(V)| < p\/ 18
w.p. at least 1 — 12|F|S?| L] Tmax0p-

Proof. Since \* = arg min, D()), then lA?(X*) < D(\*). Next, we have

~

D) < D(A*) + ¢ (6.51)

w.p. at least 1 — 6|F|S?|L|Tmaxdp Where ¢ = pmt\/ 18 STmax Bmax 1L Amax)* log 4/9p according to

n

Lemma 39. Therefore, we have

DOV) < D(X*) + ¢ (6.52)
w.p. at least 1 — 6| F|S?|L|Tmaxdp. Taking identical steps, we get

D) < D(X*) + ¢ (6.53)

w.p. at least 1 — 6| F|S?|£|Tmaxdp- Finally, combining the inequalities (6.52) and (6.53) yields the

result. [

Now, we are ready to prove Theorem 14.
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Proof of Theorem 14: We expand the result of theorem 14

|L(7,\) — L(7*, \)]

=13 NG+ Z piVis (s, N) — D(V)|
l

= ‘ZAZCH-ZW S(sp,0) = D(AY)

-~

+> Pf(‘/%(sfy A) - foé(sfa M)l
7

< D) = D)+ D psl Vi (55, 0) = Vi (s, M-
f

First, we bound ]ﬁ(X) — D()\*)| by and expanding it further

ID(A) — D(\)| = |D(X) — D(X*) + D(A*) — D(X)]

)
< [DQY) — DOV)| + DOV — DV < g ¢ (6.54)

w.p. at least 1 — 12|F|S?|L|Tmaxdp Where € = ptot\/18s max ﬁmax+|£T|LAmax)Zl°g4/6P according to

Lemmas 37 and 40.

Next,

ST eV (55 N) = Vid(sp, M) < € (6.55)
f

w.p. at least 1 — 6| F|S?|L|Tmaxdp according to Lemma 38.

Eventually, we combine two inequalities (6.54) and (6.55) and get

|L(F,\) — L(7*, \)]

3 2
% + 2pmt\/ 118 T B + |fl [Amax)? log 4/0p

w.p. at least 1 — 18|F|S?|L|Tmaxdp. Hence, putting € = 3ptot\/185 inax Bm‘""‘+|€|lAm‘""‘)21°g4/6P and
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= 18| F|S?|L|Tmaxdp completes the proof. O

6.5 Simulation Results

GMBL-LP
30 —— GMBL-LP 30 —— GMBL-LP 25
~—— Online-CRL-LP ~—— Online-CRL-LP
25 —— GMBL-Dual —— GMBL-Dual 2.0
% 15 i‘%1 0
0.0 0.0 \ _g -
Figure 6.1: Objective Error-10- Figure  6.2: Constraint Figure 6.3: Duality Gap Error-
Node Network Violation-10-Node Network 10-Node Network
GMBL-LP
30 —— GMBL-LP >0 —— GMBL-LP 30
~— Online-CRL-LP 25 ~—— Online-CRL-LP
25 —— GMBL-Dual s —— GMBL-Dual 25
Figure 6.4: Objective Error-20-  Figure  6.5: Constraint Figure 6.6: Duality Gap Error-
Node Network Violation-20-Node Network  20-Node Network
GMBL-LP
—— GMBL-LP —— GMBL-LP
150 i —— Online-CRL-LP 130 —— Online-CRL-LP
125 —— GMBL-Dual 5 125 —— GMBL-Dual
Figure 6.7: Objective Error-40-  Figure  6.8: Constraint Figure 6.9: Duality Gap Error-
Node Network Violation-40-Node Network  40-Node Network

In this section, we present simulation results to compare the performance of the GMBL-LP,
Online-CRL-LP and GMBL-Dual algorithms with respect to the optimal policy in the context
of attaining high weighted timely throughput in an IAB network. We develop three simulation

scenarios that are motivated by IAB node deployment features such as density of nodes and mm-
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wave communication [36]. The three scenarios represent different node densities. We consider
networks with 10,20 and 40 nodes with 20, 80 and 320 number of links respectively. In every
scenario, for each link /, p; is uniformly randomly chosen from [0.5, 1.0], while C; is chosen from
[1,5]. We have two unicast flows in all scenarios. Packet arrivals to the system follow a Poisson
number of arrivals to each source node in each time slot. In all scenarios, both flows have same
weight of 2.

The performance metrics of interest are the error in the objective function which is the weighted
throughput engendered by the policy that is the outcome of the algorithm and aggregation of ca-
pacity constraint violations. We also consider the error corresponding to duality gap only for

GMBL-Dual algorithm. We define this error as
STAMC ST VIR u) = DO, (6.56)
! f

where Ay and 7¢(\y/) are the Lagrange multipliers and policy that result from the execution of
GMBL-Dual algorithm. The error depends on the number of sub-gradient updates, M, which we
empirically set as 100 for good error performance.

Our graphs relate to sample complexity, reward, constraint violation and duality gap. We set a
packet budget for learning the model, and identify the error for each of our candidate algorithms.
Figures 6.1, 6.4 and 6.7 depict the relation between the error and transmission budget empirically
in the three scenarios. The graphs show that increasing the transmit budget reduces error for
all the algorithms which is inconsistent with Theorems 12, 13 and 14. However, Online-CRL-
LP outperforms both GMBL-LP and GMBL-Dual algorithms. This observation implicates that
Online-CRL-LP mostly concentrates on effective links, while the other two algorithms do not
distinguish between links. Here, we also observe that GMBL-LP and GMBL-Dual algorithms
perform similarly in terms of obtaining true objective. However, the figures show that when the
density of the network increases, GMBL-LP algorithm experiences more deviations compared to

other two algorithms.
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Next, we compare the total amount of capacity constraint violations of output of three algo-
rithms in figures 6.2, 6.5 and 6.8. These figures illustrate Online-CRL-LP also outperforms the
other two algorithms in terms of constraint violation. We also observe that while Online-CRL-LP
and GMBL-LP algorithms show a decrease in constraint violation, GMBL-Dual algorithm incur
an increase in constraint violation. This result happens from implementing deterministic policy
instead of stochastic policies. Because, we do not have access to obtain a stochastic policy for a
given MDP. Resolving this issue needs developing a tool to construct a stochastic policy for a given
MDP, or implementing two time-scale approximation which results in a totally different approach.

Further, we illustrate duality-gap error only for GMBL-Dual algorithm in figures 6.3, 6.6 and
6.9 because this result is only available for this algorithm. All the figures show that the duality gap
error characterized according to equation (6.56) decreases as the transmission budget increases.
These figures also implicate that even though the constraint violation does not decrease, the duality
gap error decreases which is consistent with Theorem 14.

Finally, comparing the graphs of each performance metric under the three network scenarios
indicate that a larger number of sources of randomness causes higher error. For example, the
figures 6.1, 6.4 and 6.7 show that the error is higher for scenario 2 (which has more links) than
scenario 1 for every transmit budget. This phenomenon is also seen in figures 6.2, 6.5 and 6.8, and

6.3, 6.6 and 6.9, which is consistent with Theorems 12, 13 and 14.
6.6 Conclusion

In this chapter, we considered the problem of maximizing the throughput of unicast flows with
strict per-packet deadlines over a multi-hop wireless network, motivated by 5G IAB mm-wave
networks. The problem formulation took the form on a CMDP, and, assuming that the link statistics
are unknown, can be solved using LP and dual-decomposition approaches. We proposed a model-

based RL approaches, and developed three of algorithms, based on offline channel sounding.
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7. SUMMARY AND DIRECTIONS OF FUTURE RESEARCH

In this thesis, we study learning in the face of constraints as applied to networked systems.
In the first three chapters, we introduced two notions of sample complexity for understanding the
performance of RL algorithms for safety-constrained applications. We developed two categories
of algorithms—offline GMBL and online algorithms in first three chapters. The main findings
of chapters 2 and 3 points to a logarithmic factor increase in sample complexity over the uncon-
strained regime suggesting the value of the approach to real systems. However, these algorithms are
based on LP approach which are computationally expensive. Therefore, in chapter 4, we concen-
trate on reducing the computational complexity of the constrained-RL algorithms by considering
dual approach.

In the next chapter, we studied the problem of broadcasting real-time flows with hard per-
packet deadlines in a multi-hop wireless network as a prospective application for our learning
algorithms. This problem is computationally complex due to the need to solve an MDP over the
network graph. We relax the problem using average link utilization constraints, and come up with
a novel decomposition approach that enables its solution in a distributed fashion. We propose the
DSR algorithm that maximizes the total timely-utility. The algorithm has a low complexity, and
has a really low coordination overhead. We also develop a simple index policy based on DSR
that is able to meet hard link utilization constraints. We simulate the variants of the algorithm,
comparing against several recent throughout optimal algorithms . In all cases, DSR and the index
policy have a better performance in terms of total timely-utility. We conclude that throughput and
delay optimality are fundamentally different, but simple near-optimal solutions are possible in the
delay-constrained case.

In final chapter, we considered the problem of maximizing the throughput of unicast flows with
strict per-packet deadlines over a multi-hop wireless network, motivated by 5G IAB mm-wave net-
works. The problem formulation took the form on a CMDP, and, assuming that the link statistics

are unknown, can be solved using LP and dual-decomposition approaches. We proposed a model-
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based RL approaches, and developed three of algorithms, based on offline channel sounding. We
introduced two notions of sample complexity. First notion is defined for objective maximization
and constraint satisfaction individually for understanding the performance of RL algorithms for
networks. With this definition, we developed two types of algorithms—GMBL-LP and online-
CRL-LP. Second notion of sample complexity integrates objective maximization and constraint
violations together. We designed algorithm GMBL-Dual based on this definition. Finally, we
compared the performance of the three algorithms and showed that they have almost similar per-

formance.
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APPENDIX A

APPENDIX OF CHAPTER 2

A.1 Extended-Linear Programming

ELP is a Linear Programming, LP, formulation indeed. So, we first present generic LP which
is used to solve CMDP problem of (3.4) [4], then build the idea of ELP based on that. To solve
CMDP problem (3.4) via LP approach, we convert this problem to a linear programming problem
formulated using new variables occupation measures. Now, consider y as the finite-horizon state-

action occupation measure under policy 7 defined as
p(s,a,m h) :=P(s, = s,a, = alsp—o = So), (A.1)

where the probability is calculated w.r.t. underlying transition kernel under policy m, P,. It is
shown that objective function and constraint functions could be restated as functions of occupation
measures. Then, the problem would become to find the optimal occupation measures.

Now, if we let i be any generic occupation measure defined as (B.1), then the equivalent LP to

CMDP problem (3.4) is

mﬁxz,u(s, a,h)r(s,a)

s,a,h

S.t.

Zu(s,a, h)c(i,s,a) < C; Vi,

s,a,h

Z,u(s, a,h) = ZP(S|S,,CL/)/L(S/,CL/, h—1) Yhe{l,...,H — 1},

(A.2)

> p(s0,a,0) =1, > p(s,a,0) =0 Vs € S\{sp},

wu(s,a,h) >0 Vs,a,h
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It is proved that the LP (B.3) is equivalent to CMDP problem of (3.4), and the optimal policy
computed by this LP is also the solution to CMDP problem in [4]. Eventually, the optimal policy

7* 18 calculated as follows

. _ uls,a,h)
T k) = b )

Now, given the estimated model ]3, we get the ELP formulation if we define new occupancy

measure ¢(s,a, s, h) = P(s|s,a)u(s, a, h). Eventually, the ELP formulation is

/
E h
max q(s,a, s’ h)r(s,a)

S.t.

Z q(s,a,s',h)c(i,s,a) < C; Vie{l,...,N},

s,a,s’ h

Zq(s,a,s’,h) :Zq(s’,a’,s,h—l) Vhe{l,...,H —1},

Zq(so,a, §',0) =1, Zq(s,a, §',0) =0 Vs € S\{so0},

a,s’

q(s,a,s',h) >0 Vs,s € S;ae A,he{0,1,...,H— 1},

a(s,a, ' h) = (P(s]s.a) + B(s.a.8)) 3 als,a,4,h) <0 Vs,a,, b,

Yy
—q(s,a,8, h) + (P(s']s,a) — B(s,a,s)) Zq(s,a,y, h) <0 Vs,a,s' h,
Yy

where (s, a, s") is the radius of the confidence interval around P (s'|s,a) which depends on the
algorithm. The last two conditions in the above formulation include the confidence interval around
P and distinguish ELP from generic LP formulation. At the end, ELP outputs the optimistic
policy, 7 for Optimistic-GMBL and 7, for Online-CRL, using the solution of above LP. Also, we

can calculate an optimistic transition kernel denoted by P by means of optimal q(s,a, s’ h). In
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brief, the optimistic transition kernel and optimistic policy are computed as follows

q(s,a, s’ h,sg) . > g a(s,a,8',h,s0)
s, a T (s,a,h) = == )
( | ) ZbQ(S a, b h SO) ( ) Zb,s’ Q(S,b, Slvh’v 50)

The details of ELP about the time and space complexity is briefed in [5], so we do not present

them here.
A.2 Detailed Proofs for Upper PAC Bounds in Offline Mode

In this section, we assume that we have n samples from each (s, a) in every lemma presented.

Proof of Lemma 6: Fix a state, action and next state, i.e. s,a, s’. Then, according to Hoeffd-

- log 4
P(|P(s|s,a) — P(s']s,a)| < \/0’5";2—71/‘5’3) >1—6p/2.

Now, we apply empirical Bernstein’s inequality [31] and get

ing’s inequality [30]

= 2P(s'|s,a)(1 — P(s' 4 2 4
P(|P(s'|s,a) — P(s'|s,a)|] < \/ (s, a)( - (+]s 2)) 5 5 )>1—0p/2.
P

lg—+—log

By combining these two inequalities and applying union bound, we get

~ 2P(s’ 1—P(s 4 2 4 [loga/s
P(\P(s'rs,w—P(s'rs,a)\Smin{\/ = P 00 Ly 2 pog L[l 10ry

>1—06p.
Finally, we get the result by applying union bound over all state, action and next states. U

Lemma 41. Let 6p € (0,1). Assume p,p,p € [0, 1] satisfy P(p € Ps,) > 1 —dp and p € Py,

where

= : —pl < _ -7 i .
Psp :={p € 10,1] : |p" = [ < mm(\/ - log4/6p + ™ log4/dp, 1/ o >}
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Then,

8p(1 —p log4/6p\ i log4/6
p— 7] < \/w log4/6p + M(OgT/P> L 5y3l084/0p

n

w.p. at least 1 — Jp.

Proof.

i o 2p(1 —p 4
p=pl<Ip—Dpl+p—pl < 2\/¥10g4/5p+%log4/5p

2log4/dp , _ log4/ép _ log4/0p 4
<oy 22T ZS TPy _
< 2\/ 0 )P+ 5, )+ g logd/op

2log4/0 log4/d log4/d
:2\/ OBUOE (1 — p) 4 4 FE 0y OB A

4
—log4
2n 2n >+3n og4/op

< \/—Sp(ln_ D) \og 4/5p + 2\/5(—10g 4/51’) ' gypoed/or i/ép.
n

The first term in the first line is true w.p. at least 1 — Jp, hence the proof is complete. [

Lemma 42. Suppose there are two CMDPs M = (S, A, P,r,c,C, sy, Hyand M' = (S, A, P',r,c,C, s, H)

satisfying assumption 3. Then, under any policy

H-2 H-2
Vi = Vgm =) PN (P = POV and Vi = ViT =Y PrN(Pr = POV,
h=0 h=0

and for any i € {1,..., N},

H-2 H-2
T T 'h—1 / T T T h—1 / I
Ci,O - Ci,O = § P (Pr — Pfr)Ci,thl and Cz',o - C@',O = § P (P = Py) ih+1
h=0 h=0

Proof. We only prove the first statement of value function since the proof procedure for cost is
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identical. For a fixed h and s

Vir(s) = WV” "‘ZP |$) Vi (' +ZP/ Vit (sh)
- ZP (1) Vil (8° ZP/ $)Vira (s) + ZP/ Vi (8 ZPI Vi (s))

=D _(Pr(s'ls) = Pr(s']s)) Vil ( +ZP' $) (Vi (s) = Vil ().

Because V] _,(s) = VI ,(s) = rx(s), if we expand the second term until h = H — 1, we get the

result. [

Lemma 43. Let p € (0,1). Suppose there are two CMDPs M = (S, A, P,r,c,C, sy, H) and

"= (S, A, P r.c, C, s, H) satisfying assumption 3. Further assume

|P(s'|s,a) — P'(s'|s,a)| < c1 4 can/P'(s']s,a) — (1 — P'(s']s,a))
w.p. at least 1 — 0p for each s, s' € S,a € A. Then, under any policy ™
|§:(P7r(8'|8) — Po(s'[s))Vi (5)] < IS]er Vit lloe + c2v/[Slo7 ()
forany (s,a) € S x Aand h € [0, H — 2] w.p. at least 1 — |S|0p, and
|§:(P7r(8’|8) — Pr('19)) i1 ()] < [Slea[|Cilpalloe + 21507, (s)

forany (s,a) € Sx Aji e {1,...,N}and h € [0, H— 2] w.p. at least 1 — |S|dp.

Proof. We only prove the statement of value function since the proof procedure for cost is identical.
Fix state s and define for this fixed state s the constant function V™(s') = >, PL(s"|s)V/7 (s")

s

as the expected value function of the successor states of s. Note that V™ (s) is a constant function
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and 50 V7(s') = Y2, PL(s"|s)V7(s") = . Pa(s"]s) V™ (s").

[ (Pa(s|s) = Pr(s'|s)) Vi (s |—|Z P(s'|s))ViTa(s') + V7 (s) = V7(s)]
=1 (Pr(s']s) = Pr(s'|) (VAT (s") = V7(s))]

< Z |[Pr(s'|s) = Pr(s'Is)] Vil (s)) = V()] (A.3)

< Do+ ea/ BT = (L= BRIV () = 77

< |Sler||[Viiilloo + €2 Z \/P/T(s’|3)(1 — PL(s]s)(Vir i (8') = V7 (s))?

< |Slenl Vil + Cz\/\S\ Y Pusls) (L = Po(s'[s) (Vi (s') = V7 (s))? (A4)

< ISl VT oo + \/ 1SS P 1s) (Vi (57) — Vr(s1)?

= [SlexlViTalloe + c2v/1S]oy,

Inequality (B.7) holds w.p. at least 1 — |S|dp, since we used the assumption and applied the
triangle inequality and union bound. We then applied the assumed bound on [V, (s') — V™ (s')]
and bounded it by ||V}7, || as all value functions are non-negative. In inequality (B.8), we applied
the Cauchy-Schwarz inequality and subsequently used the fact that each term is the sum is non-

negative and that (1 — P.(s'|s)) < 1. The final equality follows from the definition of o} (s). [

Lemma 44. Let p € (0,1). Suppose there are two CMDPs M = (S, A, P,r,¢c,C, so, H) and

M = (S A P rkec, C, s, H) satisfying assumption 3. Further assume

|P(s'|s,a) — P'(s'|s,a)| <

Si=
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forall s,s" € S;a € Aw.p. at least 1 — dp. Then, under any policy

T x - 1

w.p. at least 1 — |S|*|A|Hdp, and forany i € {1,...,N}

1
||CZTH 1 C/H oo <-vv < ||CZfo - Cz{?(r)”oo < |S|H2a—

vn
w.p. at least 1 — |S|?|A|Hdp.

Proof. We prove the statement of value function since the proof procedure for cost is identical. Let

Ay, = max, |V7(s) — V)™ (s)|. Then

Ay = |V7(s) — Vh, ()] = |ra(s) + ZP Vh+1 —|—ZP/ II h+1 ))|

—’ZP [$) Vi ( ZP/ )V (s +ZP, $)Via (s' ZP, Vil (sl
< ST IPy($1s) — PSS + Any

1
S |S|HCL% + Ah—H-
Thus,

1
Ay < |S|HCL% + Apt1

w.p. at least 1 — |S|?| A|dp by applying union bound over all current state, action and next state. If

1 \/ﬁ

since Ay_1 = max; |[r.(s) — rz(s)| = 0. By taking union bound over time-steps, we get the result
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holds w.p. at least 1 — |S|?| A|Hdp. Hence the proof is complete. O

Lemma 45. Let 6p € (0,1). Suppose there are two CMDPs M = (S, A, P,r,c,C, s, H) and

M = (S A P rkec, C, s, H) satisfying assumption 3. Further assume

a

|P(S/|S7a) - P/(S,|87a>| < %

w.p. at least 1 — 6p forall s,s' € S,a € A. Then if n > a|S|H?, at any time-step h € [0, H — 1]

and under any policy

o 21/2|S|H?%a
T loo < ———

ok — nl/4 ’

w.p. at least 1 — 2|S|?|A|Hdp, and similarly for any i € {1,...,N}

< 2./2|S|H?%a

Ho-lh_a- HOO = nl/4

w.p. at least 1 — 2|S|?|A|Hdp.

Proof. We prove the statement of value function since the proof procedure for cost is identical. Fix

a state s. Then,

2 2

op (s) = oy () = B'[(Via(snen) = PVl ()] + E’[(Vh’ll(shﬂ) = PV (s))"]

< S (Pulsls) — P ) Vi (s' ZP [$) Vi o (s’ ZP’ )V (s)’]

BV (1) = V(1) = PV — Vi) ()2 + ¢E/[<v,;11<sh+1> — PV ()P,

where we applied triangular inequality in the last line. And, please note that [E' means expectation

w.r.t. transition kernel P. It is straightforward to show that Varyp:(1s(V;7(s") — V7 (s")) <
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IVir — Vi™||2, implying

or (5) < Y (Pa(s]s) — Pu(s'|s)) Vi1 ()

— D _(Pa(sls) = Pr(s|s))Vira (DI (Pa(s'ls) + Pr(s']5)) Vi ()]

s’ s’

+ (Vi = Vi llss + 077 (5))?

w.p. at least 1 — |S|0p Now, if we use Lemma 53, we get

|S|H?a
Vn
2\/2\S|H2a]2

nl/4

,  2|SlaH? " |S|H?a  +/2|S|H?a,
] + \/ﬁ S [Uh (S> + \/ﬁ + n1/4 ]

w.p. at least 1 — |S|?|A|Hdp.* In the last line, we used the fact that for any =,y > 0 we have
2?4y < (z+y)®. And, the assumption on 7, dominates the term with — over y/n. Eventually,
the result follows by taking square root from both sides and union bound on both directions, i.e.
ofr(s) < o) + DL 0
Lemma 46. [7] The variance of the value function defined as ¥ (s) = E[(321=" r(sn) — Vi (5))?]
satisfies a Bellman equation X7 (s) = of (s) + Y oses Pr(s'|s)Vi1(s") which gives X7 (s) =
S (PP 107 (s). Since 0 < X7(s) < H?, it follows that 0 < "7 (P* o7’ )(s) < H?

forall s € S.
Corollary 5. The result of Lemma 63 also holds for variance of cost functions.

Proof of Lemma 28: We only prove the statement of value function since the proof procedure

for cost is identical. First, we apply Lemma 60 and get

]P(s’]s,a) —]5(5’|8,a)] S \/SP(S |S7a)<1n_ P(S |Sva>) 10g4/6p+2\/§(10gi/5p)4 +3\/§10gi/5p

*Please note that when the assumption on transition kernel holds, then >, (Pr(s'[s) — Pr(s’ |s))Vh’i1(s’ ) and
V7 — V)™ || are dependent. And, we can consider the one with lower probability.
THere, we also know that the high probability bound on |07 (s) — o} (s)| is dependent over all (s, a).
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w.p. atleast 1 — dp. So, let

o — 2\/§<1ogi/5p>4 N 3\/51?54/513 and 0 — /810gn4/(5p A5)

Now, let fix state s :

H-2
Vo' (s) = Vi (s)| = | P (Pr = P Vi |(s) (A.0)
h=0
H-2 ~ ~ H-2 ~
< (P — Pr) Vil l(s) < (ISl Vil lloo + e2v/[So7) (s) (A7)
h=0 h=0
H-1 ~
< |S[H?e; + e2V/[S] Y (Pro7)(s) (A.8)
h=0
H-1
~ ~ 21.25 SO.5H log 4 (5 0.25
< 181826 + eo/18] Y (P o7 + 2B /0n T (A9)
h=0
H-1
5 o 21.25 SO'5H loc4/§ 0.25
< |S|H?er + eo/[SIH | > (PP=167")(s) + caH /]S 15] nﬁ/f /0r) (A.10)
h=0
_ 3V2|S|H?log4/6p N 2v/2|S|H?(log 4/6p)3 N \/8|S]H3 log4/6p N 2275 S| H2(log 4/6p) 3
N n n% n n%
(A.11)
3
< \/128‘S|H log 4/0p. (A.12)
n

In equation (B.16), we used Lemma 51. Then, we applied Lemma 52 to obtain inequality (B.17).
Next, we bound ||V}, ||« by H in inequality (B.18). To get inequality (B.19), we use Lemma
54, since we can bound P(-|s,a) — P(-|s,a) by ¢;. And, we applied Cauchy-Scharwz inequal-
ity to get inequality (B.20). To get inequality (B.21), we applied Lemma 63 and substituting
c; and ¢y according to equations (B.15). Finally, inequality (A.12) follows from the fact that
n > 2592|S|>H?log 4/dp. Since the result is true for every s € S, hence the proof is complete. []

Proof of Theorem 12: Let p € (0, 1). First, we know that optimistic planning problem (6.33)
is feasible w.p. at least 1 — |S|?| A|dp. The following events are dependent on this event. Thus, we

consider the lowest probability of feasibility and following events.
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Now, we have

|S|H3log4/ép
n

. \/128]S]H3 log4/8p
o)+

n

VI (s0) — \/128

w.p. at least 1 — 3|S|*|A|Hdp and

- 128|S|H3log4/6 ~ - 128|S|H3log4/6
%ﬂ(so)_\/ ‘ | g /P S%W(SO)SVE)W<SO)+\/ | ’ g /P

n n

w.p. at least 1 —3|S|?|A|Hdp according to Lemma 28. On the other hand, we know that V™" (s,) <

V{7 (s0). Thus, by combining these results we get

. 128|S|H3log4/4 ~ ~ - . 128|S|H3log4/4
Vi o) — L0800 () < ) < V() 2 s /0

n n

It yields that V7 (so) > V{ (s0) — 2\/128|S|H3+W w.p. at least 1 — 6|S|?|A|Hdp by union

bound.

On the other hand, for any i € {1,..., N} we have

i o 128|S|H?log 4/ _ 128|S|H31log 4/5
C;jo(so)gcgfo(so)Jr\/ |S|H? log /chi—i-\/ |S|H3log4/dp

n n

w.p. at least 1 — 3|S|?|A|Hdp according to Lemma 28. By taking union bound, we get that all

statements for value and cost functions hold w.p. at least 1 — (3N +6)|S|?| A|Hdp. Hence, putting
€ = 24/ w and 0 = 12(N + 2)|S|?|A|Hdp concludes the proof. Please note that

H
|S]

€e<: would satisfy the assumption in Lemma 28. O
A.3 Detailed Proof for Theorem 13

First, we bound total number of model updates in Algorithm 8.
Lemma 47. The total number of updates under algorithm 8 is bounded by Uy, = |S|*|A|m.

Proof. Let fix a (s, a)—pair. Note that n(s, a) is not decreasing and also it increases up to |S|mH.

And, since update of model happens at the beginning of each episode, then maximum number of
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updates due to a single (s, a) happens at most |.S|m number of times. Thus, maximum number of

updates due to all (s, a)—pairs is no larger than |S|?|A|m O

Proof of Lemma 30: At each episode with model update & and for each (s, a), by Hoeffding’s

inequality [30] we have

|P(5/|5;a) — P(S/‘S,a)] < M

2n(s, a)
holds w.p. at least 1 — ¢&; /2.
By empirical Brenstein’s inequality [31] we have
~ 2P(s'|s,a)(1 — P(s'|s,a)) . 4 2 4
P / . P / < ? ) 1 o 1 o
P(s]s,0) <ﬂwm_¢ oo 85t i)

w.p. at least 1 — /2.

Combining above two inequalities and applying union bound, we get

~ , 2P(s'|s,a)(1 — P(s'|s,a)) 4 2 4 [log4/d
P(|P(s' — P(s < ’ "~ log — log —
(IP(')s,a) wmm_mm¢ o 85t a5\ B )V
>1—0d.
Finally, we get the result by applying union bound over all model updates and next states. U

Now, we start proving Lemma 33. But, first we provide some useful lemmas.

Lemma 48. Total number of observations of (s,a) € Xy ., with k € [1,|S| — 1] and v > 0 over

all phases k is at most 3|S x Almw, k. w, = min{w(s, a) : tx(s,a) = ¢}.

Proof. Note that w,;; = 2w, for ¢+ > 0. Consider a phase k and a fixed (s,a) € Xj,,. Since
we assumed ¢ (s,a) = ¢, then w, < wg(s,a) < 2w,. Similarly, from kx(s,a) = k we have

() oo < () which implies

2mwg(s,a) — 7 — mwg(s,a)
mw,k < mwg(s,a)k < ng(s,a) < 2mwg(s,a)rk < dmw,k. (A.13)
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Therefore, each (s,a) in {(s,a) € Xi,, : K € N} can only be observed 3mw,x. Then, the

total observations is at most 3|S5 x A|mw,x. O

Lemma 49. Number of episodes E,; , in phases with | Xy ..,| > r is bounded for o > 3 w.h.p.

pw,(k+1)N

P(E,, > aN) <exp(— i ),

where N = |S x Alm and B = -0‘7(}9’3/,31/13“2‘

Proof. Lety, := Zth_Ol I{(sn, an) € Xy, } be number of observations of (s, a) with | X} . ,| > .
We have k € {1,..., E, ,}.

In these episodes | X}, . ,| > « + 1 and all (s, a) in partition (k, ¢) have wy(s, a) > w,, then
Elvk|lviy oy vk—1] = (k + Dw,.

Also V[vg|vi, .., vk—1] < Elwklva, ..., vk—1] H since v, € [0, H].

Now, we define the continuation:

and centralized auxiliary sequence

CE )

By construction

E[k| 71, .., Ug—1] = w, (K + 1).
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According to lemma 57, we have I, > a/N if

aN

Zﬂk <3Nw,k < 3Nw,(k +1).
k=1

Now, we define martingale below

aN aN
B, :=F Zﬂjwl,... ] Zy] Z Azl
j=1 j=k+1
which gives By = aNw,(k + 1) and By = 3.0, 7. Now, since v, € [0, H]
_ o _ k+1 v U1y ey g
|Bk+1 . Bkl _ |Vlc _E[Vk|V1,-~‘,Vk—1]| _ ‘ ( )( [ k ‘+1 k 1])
Elv | s Vil

S |V2_ —E[V]j|ﬂl, ...,Dk_1]| S H.

Using
alN alN
0% = V[By = Bi_1|B1 — By, ... Biot — Bia] = Y _V[oi|py, ... i1] < aNHuw,(k+ 1) = HB,
k=1 k=1
we can apply Theorem 22 of [69] and obtain
alN
P(E,, > aN) <P (Z 7, < 3Nw,(k + 1)) = P(Bay — By < 3By/a — By)
k=1
3/a—1)’B?2
(L (Ba 1B

0T+ HO/3 —1/a) By

for a > 3. By simplifying it we get

a(3/a)? Nw,(k+1)
E..> aN) < exp— .
P(Ex, > al) s exp -z = — g
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min Wmin

Proof of Lemma 33: Since wy(s,a) < H, we have that w < A and so 1(s,a) <
H /Wi = 4H?|S|/e. In addition, | X} .| < |S x A| forall k, x,¢ and so | X} .,| > & can only be
true for k < |S|. Hence, only FE,,,, = log, % log, |\S| possible values for (k,¢) exists that can

have | X} .,| > . By union bound over all (x, ¢) and lemma 58, we get

P(E < aNEpqe.) > P(lﬂ(f}ﬁ?c E., <aN)>1— Ep.exp (—M)
>1— Euz€xp (_me%]\/') =1— Euz€xp (_memrgs s A‘)
=1— Epaq €xp (—%)'
Bounding the right hand-side by 1 — §/2 and solving for m gives
1 — Ehaq €Xp (—%) >1-0/2em> |;€<[2f‘17|ﬁe In QE;MI
Hence, the condition
m > 4—H2 In 2Emaa
— e )
is sufficient for desired result to hold. Plugging in « = 6 and § = 0‘7(;’%;/1;2 would obtain the
statement to show. U

Next, we need the following corollaries to prove Lemma 35.
Corollary 6. If we substitute the p with 6, in Lemma 60, the result will pertain.
Corollary 7. If we substitute the p with 6, in Lemma 52, the result will pertain.

Proof of Lemma 35: We only prove the statement of value function since the proof procedure
for cost is identical.

Before proceeding, in this lemma we reason about a sequence of CMDPs M,; which have the
same transition probabilities but different reward matrix (%) and cost matrices ¢(¥). Here, we only

present the definition of (%, as definition of ¢(% is identical to 7(¥). For d = 0, the reward matrix

162



is the original reward function r of M (r(°) = r.) The following reward matrices are then defined
recursively as 7?42 = max;, a,(ﬂf_l, where a}(ﬁ}f_l is local variance of the value function w.r.t.
the rewards r(?). Note that for every dand h = 0, ..., H — 1 and s € S, we have @ (s) € [0, H).

In addition, we will drop the notations k£ and policy 7, in the following lemmas, since the
statements are for a fixed episode & and all value functions, reward matrices and transition kernels

are defined under policy 7.

Now,

H-2

Aa:= Vi (s0) = Vi (s0)l = | Y- P*1(P = PYVS, (s0)]
hf

H-1
<" PP — PV |(s0)
h=0
H-1
= P( Y Hs=a~a(s, h)}HEP - P>v£i>1)<50>
h=0 s,a€ESXA
H-1
- P (T = - a = 7(s,, (P = P ) (s0)
s,a€SXA h=0
H-1

= P (s = -0 = 7(s, WP = PV ()] (s0)

,a€ESXA h=0

CIJ
2

The first equality follows from Lemma 51, the second step from the fact that V;,,; > 0 and
P"~! being non-expansive. In the third, we introduce an indicator function which does not change
the value as we sum over all (s, a) pairs. The fourth step relies on the linearity of P operators.
In the fifth step, we realize that I{s = .;a ~ 7(s,-, h)}(P — 15)17}51)1()] is a function that takes

nonzero values for input s. We can therefore replace the argument of the second term with s without
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changing the value. The term becomes constant and by linearity of P, we can write

Vi (s0) = Vi (s0) | = A < >0 thl(ﬂ{s— a (s, WP = PV (9)]) (s0)

s,a€SXA h=0
<> Zuv%nw PP s = - a~ (s, h)})(so)
s,a¢ X h=0
H-1 ~
+ 33 (P = DY (9)|(PM s = - a ~ 7 (s, -, h)})(50)
s,a€X h=0
H-1
< Z Z HTY (P s = a~7(s,-,h)})(s0)
s,a¢X h=0
H-1 o
+ 3N (P = P (9)|(PP s = - a ~ 7 (s, -, h)})(50)
s,aeX h=0
<> Z HEY(PY s = - a ~ 7 (s, h)}) (s0)
s,a¢X h=0
H-1
+ 3 S ISler(s, a)H + ea(s,a) /S04 (s, @) [(P" s = -, a ~ #(s, -, h)})(s0)
s,aeX h=0
H
< N S HEYP s = - a ~ 7(s, -, h)})(s0)
s,a¢X h=0
H
+ ) > lISlea(s, a) H (PP = - a ~ 7 (s, -, h) })(s0)
s,a€X h=0
+ Y Z| [Slea(s, a)ay” (s, a)| (P"'I{s = -,a ~ #(s,, ) })(s0)
s,aeX h=0
< Z H"w(s,a) + Z 1S|c1(s, a) H (s, a)
s,a€X s,aeX
H-1
+ 3 VISleals,a) > 61 (s,a) (PP I{s = - a ~ 7 (s, h)})(s0)
s,aeX h=0
< Wi STH 4+ > 7 [S]ea (s, a) H (s, a)
s,aeX
H-1
+ 3 VISlea(s,0) > 510 (s, a) (P s = - a ~ 7 (s, h)})(s0)
s,aceX h=0
= in—i- Z 1S|e1 (s, a) H  w(s, a)
s,aeX

+ Y VISlea(s, a) ia,@(s,a)(zﬂ—lﬂ{s A6da ~ 7(s, -, h)})(s0)

s,aeX



In the second inequality, we split the sum over all (s, a) pairs and used the fact that P and P are
non-expansive. The next step follows from HV(d1 oo < IV |loo < H**'. We then apply Lemma
52 and subsequently use that all terms are nonnegative and the definition of w(s, a). Eventually, the
last two lines come from the fact that w(s, a) < wy,, for all (s, a) not in the active set. Besides,
please note that we are analyzing under the given policy 7, which implies that there are only |S]|
nonzero w in non-active set.

Using the assumption that A/ € M and M € M from the fact that ELP chooses the optimistic

CMDP in M, we can apply Corollary 9 and get that

n(s,a) n(s,a)

log 4/, 3/4 log4/6 8
ci1(s,a) = 2\/5( o84/ 1) +3v2-8 /o and co(s,a) = \/m log4/;.
Plugging definitions above we have

€ w
Ay < —HY 4+ 2v/2|S|H* log 4/5,%/* (5,a)
@< g + \/_’S| og4/0 SGZEX n(s,a)?/A

H—

s aGX

+ 1/8|S|log4/6;
S;X V 1 h=0

(s,a)(P"'I{s = a~ (s, h)})(s0)
Hence, we bound

€
Ay < ZHd + Ua(s0) + Ya(so) + Za(s0)
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as a sum of three terms which we will consider individually in the following. The first term is

(s,a)
n(s, )3/

< 2V2IS|H P og4/5,7 N Y (

KAEKXXT s,a€ Xk,

XHL 3/4
< 2V2IS|H*  log 4/6,%* S (‘—)
mek

KAEKXXT

1\3/4
< V2SI og /5, 3 ()

m

Ua(so) = 2v2|S|H 1 log 4/5,%/ Z

)3/4

KAEKXT

1\ 3/4
< 2V2|S|HM5 4 log 4/8,%/*K x I(—) .
m

In the second line, we used Cauchy-Scharwz. Next, we used the fact that for s, a € X, ,, we have
n(s,a) > mw(s, a)k, refer to equation (B.22). Finally, we applied the assumption of | X, ,| < &.
Please note that IC x Z is the set of all possible (k, ¢) pairs.

The next term is

XKL

Ya(s0) = 3v2|S[H " log4/6; Y n(s %) < 3v2|S|H" 1 log4/6, Z'

s,a€eX ( ’ )
- 3v2|S|H* log 4/6,|K x T|
B m

which we used n(s,a) > mw(s, a)x again.
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The last term is

Zd<80) =

< /8|S]log4/d; Z
n(

s,a€eX 5, a

ME

(s,a)P"1{s ="+ a~7(s, -, h)}(so)
h=0
H-1
= V/8[STlog 4/31 ) 35(()) 51" (5,0) P*1T{s = .0 ~ (s, W)} (s0)
s,aeX ’ h=0

= VBlSTlog4/6, Y > “’(S’“>

Kt s,a€EXk,,

\/8|S|1og4/512\|XH,L| 3 w(s,a)
s,a€Xg,,

¢8|S|1og4/512\% S 3 6 (s, a) P s =

<\ ik

s,aeX h=0

< 8]5]log 4/01 K > 1] Z Z (d)2 (s,a)P'{s =-,a~7(s,-,h)}(s0)

$,a€ESXA h=0

- \ m
8|S|log4/6 |K x Z| i,

_ 1 E ph-15()?

\ m Th (SO)

_ \/8\S|H2d+3 log4/6,|K x |

m

< 8|S|10g4/61|KXI| Z Z~(d S a Ph_IH{S:'7CLN7'%(S,',]’L)}(SO)

In the second line, we applied Cauchy-Scharwz inequality. Then, we used the definition of w(s, a)

to get to third step. Next, we split the sum and applied Cauchy-Scharwz again to obtain fifth step.

Furthermore, we applied the assumption of | X, ,| < « to get sixth step. Next, we applied Cauchy-

Scharwz inequality to obtain seventh step. And, the final step follows from the facts that P~ is
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: _(d
non-expansive and [|5\”[| o < H22. Thus, we have

2d+3
Zulso) < \/8|S|H log 4/8,|K x Z| A1)

m

However, we can improve this bound as follows

Zd(So)

IA

H-1
8|S‘ 10g4/(51|lc X :Z:| Z thl&(dp(so)
h

m
h=0

H-1
85]log 4/on}kc x 1] S P16l (sg) — P16 (s) + P16 (s0)

\
=
\

8|S|log4/d:|K x Z|
m

IN

H-1
<H2d+2 + Z Ph=1p(2442) (50) — ﬁhflr(2d+2)(50))
h=0

log4/6 A -
- \/8|S| 084/0:|K x 7| <H2d+2 + VE)(MH)(SO) - Vo(ZdH)(So))

m
log 4 7
_ \/8|S| 08 gﬂ’c X |(H2d+2+A2d+2)
< \/8|S’ 10g4r/7jl‘lc x 1| H2d+2 4 \/813‘ 10g4r/r?1|lc <2 Ao

In the third step, we used Lemma 63 and definition of r(24+2),

Now, if we put all the pieces together, we have

1\3/4 2 HdJrll 4/6 T
AdgEHd+2\/§|S|Hd+5/410g4/513/4lCxI(—) +3\/_|S| 0g4/0n|K x |
4 m m
N \/8|sy 1og47/7;51|/c X T proes | \/8]5\ log47<jl|lC x I| Asura.

If we choose m sufficiently large which will be shown later, then it is straightforward to show that

Ui(so) < Za(so) and Yy(so) < Zi(so). Hence, if we expand the above inequality up to depth
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pg= uoligh;} with D = {0,2,6, 14, ..., 3}, we get

d 2d+2q 2
A, < Z 8\S|log4/51]IC><I]>d+2 [EHd+3\/8]S]log4/(51\leI\H :|d+2

m 4 m
deD\p

B 2
N <8|S|10g4/51|IC X I|) 1z [EHB N 3\/8|S| log 4/61|K x I|H2/5‘+2] 2

4 m

m

Here, we used inequality (B.23) to bound Z3(s). Finally, the proof completes if we let

|S|H*

8|S|2H2> 6
lo

m = 1280 gé.
1

(1og; log, H)* log} (

€2

0.

Proof of Theorem 13: By Lemma 33, we know that number of episodes where |X,,,| > & for

some £, ¢ is bounded by 6 Ey,y|S||A|m with probability at least 1 — ﬁ. For all other episodes,

we have by Lemma 35 that forany i € {1,..., N}

Vo (s0) = Vi (so)| < &, |C7b(50) = C*(s0)| < e (A.15)

)

Using Lemma 30, we get that M € M, for any episode k w.p. at least 1 — SN Further, we

know that ELP outputs the policy 7, such that

Vbﬁ—k(So) 2 %ﬂ*<80), CNZFS(S()) S él 1 E {1, C. ,N} (A16)

w.p. at least 1 — Combining the inequalities (C.2) with inequalities (B.25), we get that for

J
2(N+1)"

all episodes with | X, ,| < k for all &, ¢
Vot (s0) 2 Vi (s0) =€

w.p. at least 1 — m and for any 1, C’f’g(so) < C; + ew.p. atleast 1 — m Applying the
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union bound we get the desired result, if m satisfies

S|H? 8H?|S|?
m21280| ‘2 (logQIngHflog%(#) logé— and
€ € 1
6 2(N + 1) Bax
m > log (N+1) )
€ 4]
From the definitions, we get
4 4(N +1 max 4(N +1)|S]?|A
o - 1og AN+ DISIUnax _ | AN + ISP Al
01 ) 5
Thus,
’ SH2|S|2\ . 4(N +1)[S2|4
m > 1280] |2 (1og210g2H)210g§( | |>10g (N + )5| [*[Alm
€

It is well-known fact that for any constant B > 0, > 2B In B implies v > B In v. Using this, we

can set

S|H2 8H?|S|?

m > 2560| |2 (log, log, H)? 10g§(#>
B €
2048(N + 1)|S|?| A| H? 8H?|S?
xlog< ( +2(>5| 4] (10g210g2H)210g§< il ))
€
On the other hand,
4|S|H? o 4|S|H?
Emax = 10g2 ’S‘ 10g2 < 10g2
€ €

and

2(N + 1) log, |S|log,(4|S|H?/€) 2(N + 1) log3(4|S|H?/¢)
———— =log <log
) 5 5
16(N + 1)|S[*|A|H?
€ '

< log
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Setting

S|H? 8H?|S|?
m = 2560, ’2 (log, log, H)? 1og§(—|‘) (A.17)
€ €
2048(N + 1)|S|*|A|H? 8H?|S|?
x log < (V+ 2();| CIA] (log, log, H)Qlogg< 151 ))
€
is therefore a valid choice for m to ensure that with probability at least 1 — (N;il), there are at most
S|?|A|H? 4|S|H? 8H?|S|?
6 E | S|| A :15360#(1%2 log, H)? 1og§( 15 ) 1og§< 5] )
€ € €
2048(N + 1)|S|*A|H? 8H?|S|?
x log ( (V+ DIS[TA (log, log, H)ﬁog%( 151 )
€26 €
sub-optimal episodes. U
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APPENDIX B

APPENDIX OF CHAPTER 3

B.1 Solving CMDP and Optimistic CMDP

There does not exists a standard dynamic programming approach (value iteration or policy
iteration) for solving CMDP. Instead, CMDPs are typically solved either using a Lagrangian ap-
proach or a linear programming approach (LP). In this chapter, we focus on the LP approach.
Here, we first briefly discuss the LP based approach for solving CMDP (3.4). We then show that
this approach can be extended to solve the optimistic CMDP problem 6.33.

As shown in [4], we can rewrite the CMDP problem as an LP using occupation measures. The

occupancy measure 4 under policy is defined as

(s, a,m) = (1—7) > 3'Pa(s; = 5,0, = a|s,—0 = so), (B.1)
t=0

where the probability IP(-) is calculated w.r.t. underlying transition kernel under policy 7, P,. It is

easy to check that
(L=NV™=> uls,a,m)r(s,a), (1—3CF =Y uls,a,m)c(i,s,a),¥i.  (B2)

Let 1 be any generic occupation measure defined as (B.1). Now, the CMDP problem can be
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restated as an LP, to find the best occupation measure as follows [4].

max ;,u(s,a)r(s,a) (B.3)
s.t. Z,u(s,a)c(i,s,a) <C;/(1—7), Vie{l,...,N}, (B.4)
> u(s'a)(I(s = ') = vP(s'|s,a) = (1 = 7)(s = s0) Vs € S (B.5)

p(s,a) >0 Vs e S,ae A (B.6)
It is proved that the LP (B.3) is equivalent to CMDP problem of (3.4), and the optimal policy

computed by this LP is also the solution to CMDP problem in [4]. Eventually, the optimal policy

7* 18 calculated as follows

(s, a) = _uls,a)

>y (s, 0)
Now, given the estimated model ]3, we get the ELP formulation if we define new occupancy

measure ¢(s,a, s') = P(s'|s,a)u(s,a). Eventually, the ELP formulation is

max s,a,8)r(s,a
ax 3 gls.a.)r(s.a)

s,a,s’

S.t.

S als,a,8)cli s,0) < Cif(1—7) Vie{l,...,N},

s,a,s’

Z[H(s’ = S)<Z q(s",s',a)) —vq(s',s,a)] = (1 —y)(s = s0) Vs €S

q(s,a,8") >0 Vs, s € S;a € A,

q(s,a,s") — (13(s’|3,a) + B(s,a,s")) Zq(s,a,y) <0 Vs,a,s,

Y

—q(s,a,s) + (ﬁ(s’]s, a) — B(s,a,s)) Zq(s, a,y) <0 Vs,a,s

Y
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where (s, a, s’) is the radius of the confidence interval around ﬁ(s’ |s, @) which depends on the
algorithm. The last two conditions in the above formulation include the confidence interval around
P and distinguish ELP from generic LP formulation. At the end, ELP outputs the optimistic
policy, ™ for GM-CRL and 7; for UC-CRL, using the solution of above LP. Also, we can calculate
an optimistic transition kernel denoted by P by means of optimal q(s,a, s"). In brief, the optimistic

transition kernel and optimistic policy are computed as follows

s, a M 7*(s,a) = Zle(S?d,S/)
P(s'|s, a) = > opa(s,ab)’ (s,a) D s A(s,0,8')

B.2 Detailed Proofs for Sample Complexity of Generative Model Based Learning

In this section, we assume that we have n samples from each (s, a) in every lemma presented.

Proof of Lemma 6: Fix a state, action and next state, i.e. s, a, s’. Then, according to Hoeffd-

P(|P(s]s,a) — B(s']s,a)| < w/bggﬂ) > 1—6p/2.
n

Now, we apply empirical Bernstein’s inequality [31] and get

ing’s inequality [30]

P(|P(s'|s,a) — P(s'|s,a)| < \/QP(S I,0)1 = P(s'ls,a)) |, g(si + —log 54 )>1—dp/2.
n P

By combining these two inequalities and applying union bound, we get

/ = . Qﬁs’s,a 1—?3’5,@ 4 4 log4/4
P<|P<s|s,a>—P<s|s,a>|smm{\/ Al Pt jog Ly Ziog Ly [RE10ry)

>1—dp.

Finally, we get the result by applying union bound over all state, action and next states. U

Lemma 50. Let 6p € (0,1). Assume p,p,p € [0,1] satisfy P(p € Ps,) > 1 —dp and p € Py,
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where

, ’ . 2@\(1 —1/7\) 2 10g4/5p
ép - {p [ s 1] . |p ﬂ) ~ IIllIl(\/ n log 4/5]3 + 3n log /(5]37 n )}

Then,

8p(1—p log4/6p\ i log4/6
p— | < \/M log4/6p + M(OgT/P> +3@%TM

w.p. at least 1 — Jp.

Proof.

. P 2p(1 —p 4
o=l < o=+ 5- 1 < 2 2D iog ajs + Liogass,

log 4
S2\/210g4/5p(]5+ og /(Sp

n 2n

log4/dp 4
o ) + B—nlogél/ép

(L —p+

4

2log4/d log4/d log4/d
:2\/ og/p<ﬁ(1_ﬁ)+ og/p+og/P
n 2n 2n

T : 5
< \/W log4/6p 4_2\/5(%) +3\/§%'

The first term in the first line is true w.p. at least 1 — Jp, hence the proof is complete. [

Lemma 51. Suppose there are two CMDPs M = (S, A, P,r,c,C, 89,7y and M' = (S, A, P',r,c,C, s¢)

satisfying assumption 3. Then, under any policy

VT V'™ =~ —~yP.) Y P, — P)V™ and V™ — V'™ = (I —yP,) (P, — P)V'™,
and for any i € {1,..., N},

CF — O = /(I =P (Pr = PL)CT and CF — CfF = (I = vPy)"\(P, — PL)CY.

Proof. We only prove the first statement of value function since the proof procedure for cost is
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identical. For a fixed s

V7(s) = V' (s) = +vZP +VZP' V()
=13 P lsv(s) - Zp;@f@vr@ + Z,P’“S" )= PV ()
= 2P (19 = PNV +9 3 P (V7 () = V),
So, for vector V™ — V'™ we have
VT — V' = (P — PV +4PL(VT = V'),

Reorganizing the above equation would yield the result. 0

Lemma 52. Let 6p € (0,1). Suppose there are two CMDPs M =< S, A, P,r,c,C,y > and

M' =< S, A, P r,c C,vy > satisfying assumption 3. Further assume

|P(s'|s,a) — P'(s'|s,a)| < c1 4 can/P'(s']s,a) — (1 — P'(s']s,a))
w.p. at least 1 — 0p for each s,s' € S,a € A. Then, under any policy

|Z = Po(s/|s)V'™(s")] < ISled]|V oo + c2V/IS]otn (s)
forany (s,a) € S x Aw.p. atleast 1 — |S||A|dp, and

|Z/(Pw(5/|8) = Pr(s'[9)Ci(s)] < 18]eallCi oo + c2/[Slorgya ()

forany (s,a) € S x Aji e {1,..., N} wp. at least 1 — |S||A|dp.

Proof. We only prove the statement of value function since the proof procedure for cost is identical.

Fix state s and define for this fixed state s the constant function V™ (s') = 3", PL(s"|s)V'"(s") as
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the expected value function of the successor states of s. Note that /™ (s') is a constant function and

S0 VT(s') = 320 Pr(s"[s)V7(s") = 30 Pr(s"|s)V7(s").

[ D (Pa(s|s) = Pr(s|s))V'™(s')] = IZ Pr(|s))V(s) + V7 (s) = V7(s)]
=D (Pr(s']s) = Pr(s'|)(V'™(s) = V7(s))]

< 3 IP(s']s) — PAsI9)[VT(s)) — V()] (B.7)

<Y (e +eaV/Pr(s']s)(1 = Pr(s'])) V(') = V(s)]

< ISler [V loo + 2 Y \/PJT(S’IS)(l — P(s']s)) (V™ (s) = V7 (s'))?

< [S]erl[VT e + Cz\/|5| Y Pilsls) (1 = Pa(s'[s)(V(s) = V(s))? (B.8)

< [S]el[VT e + Cz\/ISI D Pils's)(Vr(s') = V(s))?

= [S]er [V low + 21/ [STo%on.

Inequality (B.7) holds w.p. at least 1 — |S||A|dp, since we used the assumption and applied the
triangle inequality and union bound. Please note that the premise of the Lemma is true w.p. at
least 1 — 0p for every (s, a). Thus, the union bound gives 1 — |S||A|0p. Next, we then applied the
assumed bound on |V'™(s") — V™ (s")| and bounded it by ||V'"||, as all value functions are non-
negative. In inequality (B.8), we applied the Cauchy-Schwarz inequality and subsequently used
the fact that each term is the sum is non-negative and that (1 — P.(s’|s)) < 1. The final equality

follows from the definition of 0‘2/,,7. ]

Lemma 53. Let 6p € (0,1). Suppose there are two CMDPs M = (S, A, P,r,c,C,sy,7) and

= (S, A, P,rc, C, s, ) satisfying assumption 3. Further assume

|P(s'|s,a) — P'(s'|s,a)| <

C3
Jn
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forall s,s" € S;a € Aw.p. at least 1 — dp. Then, under any policy

C3’Y|S’
Ve VMo € ——,
” NG

w.p. at least 1 — |S|*|A|ép, and for anyi € {1,... N}

c37]95|
Cr — O <
7=l = T
w.p. at least 1 — |S|*|A|dp.

Proof. We prove the statement of value function since the proof procedure for cost is identical. Let

A = max, |[V7(s) — V'™(s)|. Then

= V() = V) = )7 P IV () = () 1 3 PV ()
=7 ZPW(3,|5)V7T(S/) — ZP4(8’|3)V”(S/) + Zp;r(sq ZP, V()]
<Y (Pe(sls) = P [8)[[[V [loo + A

_anlSl
S U= + ~YA.

Because, [|V7 || < 7155

. Thus,

c37|S|

SE T

w.p. at least 1 — |S|?|A|6p by applying union bound over all current state, action and next state.
p y applying

Hence the proof is complete. 0

Lemma 54. Let 6p € (0,1). Suppose there are two CMDPs M = (S, A, P,r,c,C,sy,7) and
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M = (S A P r.ec, C, So7y) satisfying assumption 3. Further assume

|P(s']s,a) — P'(s']s,a)| < %

w.p. at least 1 — 6p forall s,s' € S;a € A. Then if n > lngi'%'g, under any policy
oy — oy < 2rv3asls|
v v oo_(l—’y)nl/‘l’

w.p. at least 1 — 4|S|3| A|dp, and similarly for anyi € {1,... N}

2’7\/303|S|

w.p. at least 1 — 4|S|?| A|dp.

Proof. We prove the statement of value function since the proof procedure for cost is identical. Fix

a state s. Then,

0p(5) = 0V (s) = VE[(VT = PLVT)(s)] + "B [(VT = PLVT)(s)]

<Y (Pa(s')s) = Pr(s 1)V (s) = (D Pr(s 1)V () = (Y Pals'ls)V™ ()]

+ VBTV = V) = VT = VAR(s)] + VPRIV = PVAP()

where we applied triangular inequality in the last line. And, please note that [E’ means expectation

w.r.t. transition kernel P.. It is straightforward to show that Vary..p/ (V" (s") — V'"(s")) <
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V™ — V7|2, implying

01+ (5) <7D (Pa(s']s) = Po(s|s))V™ (o) (B.9)

— VD (Pr(s]s) = Pr(s[s)VT (S (Pals'ls) + Po(s|s))V7(s)] (B.10)

s’ s’

+(YIVT = Vloo + 02 (s))? (B.11)
< [oya(s) + (17_2073>|§\!/ﬁ]2 1 131233)25\% (B.12)
< [oyre(s) + (17_26,%;9’% + (;y _3765’7!?/‘4]2 (B.13)
< oy (s) + %]? (B.14)

To obtain inequality (B.12), we did the following. First, we used the premise of the Lemma

on transition kernel and the fact that |V (s")| < ﬁ on lines (B.9) and (B.10). Corresponding

inequality holds w.p. at least 1 — |S||A|dp by taking union bound over all (s, a), because it must

be true for all (s,a). Next, we used Lemma 53 and get |V — V'7||o < (17j;§|2”f}ﬁ w.p. at least

1 — |S|?|A|dp. Further, we used the fact that for any =,y > 0 we have 22 + y* < (z + y)? to get
inequality (B.13) which holds w.p. at least 1 — 2|S|?|A|dp. The final inequality (B.14) is obtained
by considering the assumption on n, which dominates the term with # over /n. Eventually, the

result follows by taking square root from both sides and taking union bound on all states and both

2v4/3c3|S|

directions, i.e. oy (s) < 0™(s) + Tyl

]

Lemma 55. [6] The variance of the value function defined as Sy-(s) = E[(> ., 7'r(s:) —
V™ (s))?] satisfies a Bellman equation Sy =(s) = 0t (8) + 7> yeg Pr(s'|s)Ey=(s) which gives

Yyr = (I —¥*Pr)toir. Since 0 < Xyx(s) < ﬁ, it follows that for every s € S

0< (I =9Pr)opa(s) <

(1—79)?
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and

2log?2
2p \—1

0< (I —=7"P) oy=(s) < m
forall s € S.

Corollary 8. The result of Lemma 63 also holds for variance of cost functions.

Proof of Lemma 28: We only prove the statement of value function since the proof procedure

for cost is identical. First, we apply Lemma 60 and get

P(s']s,a) — P(s'|s,a)] < \/8P(51~|s,a)(1 — P(s']s,a)) log 4/8p -+ 2\/_(10gi/5p) 3\/§log4/(5p

n n

w.p. at least 1 — dp. So, let

log 4/8p 2 log 4/8 log 4/0
(;1:2\@( Ogn/ P) +3f(;g [0r nd cg—\/% (B.15)

Now, let fix state s :

V7(s) = V7(s)] = (I = vPx) " (Pr — P)VT|(s) (B.16)

<A = AP) M (Pr = Po)VT((s) <A1 = 7Pr) 7 (ISler [V oo + e2\/[Sopa)(s)  (B.17)

Sle -
< 0 b e /Bl = 7))o (B.18)
2.2520.5,1 | G[0.5 0.25
< (Z|S| + e /IS = APy Moyn + 23 7(|18_| ngﬁf/ép) 1)(s) (B.19)
y|Sler  2log2cav+/|S] 22 253059241 S| (log 4/6p )% (B.20)
SH- T (1)l '
9225y 10g 2|S|%% log4/0p""  21%4|S|log4/6p" (1 4 22253054)  2053+|S|log4/dp
- (1 — ~)t5n05 (1 —~)2n07 (1—7)%n
229y10g 2|S|*%log 4/6p"°
< 32y log 2|5 log 4/dp (B.21)
(1— )15n05

In equation (B.16), we used Lemma 51. Then, we applied Lemma 52 to obtain inequality (B.17)
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which holds w.p. at least 1 — |S||A|dp. Please note that 1 is a |S|—dimensional vector with
all elements being 1. Next, we bound ||V |, by ﬁ in inequality (B.18). Also note that (I —
yP ) M(s) < ﬁ To get inequality (B.19), we use Lemma 54, since we can bound P(:|s,a) —

P(:|s,a) by 2¢, due to the condition on 7. This inequality holds w.p. at least 1 — 4|S|3|A|dp.

2log2
(I-y)t5

Inequality of line (B.20) is obtained by bounding (I — vP) oy~ (s) by using Lemma 63.
Finally, inequality (B.21) is according to the condition on 7. Since the result must be true for every
s € S, we take union bound over all s. Hence, the proof is complete. 0

Proof of Theorem 12: Let p € (0, 1). First, we know that optimistic planning problem (6.33)
is feasible w.p. at least 1 — |S|?| A|dp. The following events are dependent on this event. Thus, we

consider the lowest probability between feasibility and following events.

Now, we have

32|S|log4/op
(1=7)°n

32|S|log4/op

< V7™ (s0) < V7 (s9) + 3ylog 2\/ A=)

V™ (s9) — 37log 2\/

w.p. at least 1 — 5|S|?| A|dp and

32|S|log4/op
(1—=7)°n

32|S|log4/op

< V7™(sp) < V™(s0) + 37vlog 2\/ 1=)n

V7™(s0) — 3vlog 2\/

w.p. at least 1 — 5|S|3| A|0p according to Lemma 28. On the other hand, we know that V™" (s,) <

f/’?(so). Thus, by combining these results we get

32|S|log4/0p

32|S|log4/op
(1—=7)n '

< V™ (s) < V7(so) < V7(s) + 3y logz\/ (1 —~)n

V™ (s9) — 37log 2\/

It yields that V*(sg) > V™ (s9) — 6vlog2 % w.p. at least 1 — 10|S|*|A|dp by union

bound.
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On the other hand, for any i € {1,..., N} we have

] . 32|S|log4/6p _ - 32[S|log4/dp
Fio) < OF log 2y [ 2208 2/0F 7 | 34 10g 2, [2A2108 /0P
CT(s0) < CT(s9) + 3vlog 2\/ A—pn = Ci; 4+ 3vlog2 1 —9)n

w.p. at least 1 — 5|S|?|A|dp according to Lemma 28. By taking union bound, we get that all

statements for value and cost functions hold w.p. at least 1 — (5N + 10)|S]3| A|dp. Hence, putting

e = 6vlog 2~/% and 6 = (5N + 10)|S]?|A|dp concludes the proof. Please note that

0.22y

s would satisfy the assumption in Lemma 28. O
-

B.3 Detailed Proof for Theorem 4

First, we bound total number of model updates in Algorithm 4.

Lemma 56. The total number of updates under algorithm 4 is bounded by U, = ‘S‘f‘_Jm
Proof. Let fix a (s, a)—pair. Note that n(s, a) is not decreasing and also it increases up to (|f_|72;”).

And, since update of model happens at the beginning of each time-step, then maximum number of

updates due to a single (s, a) happens at most ﬂ% number of times. Thus, maximum number of
. . 2
updates due to all (s, a)—pairs is no larger than W O

Proof of Lemma 30: At each time-step with model update ¢ and for each (s, a), by Hoeffding’s

inequality [30] we have

. log (4/6
|P(s'|s,a) — P(s']s,a)|] < log (4/01)
2n(s, a)
holds w.p. at least 1 — 6§, /2.
By empirical Brenstein’s inequality [31] we have

o 2P(s'|s,a)(1 — P(s'|s,a)), 4 2 4
P !/ _ P !/ < Y ) 1 o 1 o
P(s]s,0) = P(s']s.a)| < \/ o 85t a5,

w.p. at least 1 — 6, /2.
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Combining above two inequalities and applying union bound, we get

~ . [2P(]s,a)(1 — P(s'|s,a)), 4 2 4 [log4/s,
P(|P(s — P(s < ’ —~ log — log —
(1P(s'1s,0) = P(s'ls, )] < mm{\/ e 85t e 5\ aaere]
>1—0;.
Finally, we get the result by applying union bound over all model updates and next states. U

Now, we start proving Lemma 33. But, first we provide some useful lemmas.

Lemma 57. Total number of observations of (s,a) € X, with k € [1,|S]| — 1] and v > 0 over

all time-steps t is at most 3|S x Almw,k. w, = min{w,(s,a) : y(s,a) = ¢}.

Proof. Note that w,4; = 2w, for . > 0. Consider a time-step ¢ and a fixed (s,a) € X, ,,. Since

we assumed 4(s,a) = ¢, then w, < wy(s,a) < 2w,. Similarly, from k;(s,a) = x we have
_ne(s,a) n4(s,a) .
(5.0 =5 < sy Which implies

— muw(s,a

mw,k < mw(s,a)k < ng(s,a) < 2mw(s,a)k < dmw,k. (B.22)

Therefore, each (s,a) in {(s,a) € X;., : k € N} can only be observed 3mw,x. Then, the

total observations is at most 3|S5 x A|mw,x. [l

Lemma 58. Number of time-steps E,,, with | X, ,.,| > k is bounded for o« > 3 w.h.p.
P(E,, > aK) <exp (—pfw,(k+ 1)K(1 —7)?),

where K = |S x Alm and = “7(%31_/22-

Proof. Let v, == >, _ V" I{(sk,ax) € X} be discounted number of observations of (s, a)
with | Xy .,| > k. Wehave t € {1, ..., E,,}.

In these time-steps | X; . ,| > x + 1 and all (s, a) in partition (x, ¢) have w;(s, a) > w,, then

E[v|vr, .. vea] > (K4 Dw,.
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Also V{vg|vy, .. 1] < Elwlvr, - -, 1] /(1 — ) since v € [0, ﬁ]

Now, we define the continuation:

and centralized auxiliary sequence

By construction
Elo|on, . vpq] = w, (k4 1).

According to lemma 57, we have L, , > o/ if

aK
Zﬂt <3Kw,k(1 —7) <3Kw,(k+ 1)(1 —7).

t=1

The factor of (1 — ) is due to fact that 7 is discounted number of visitation. While, E,; , is total
number of visitations. Hence, we normalize that by multiplying the right hand side by (1 — 7).

Now, we define martingale below

aK t aK
B, :=E Zyj|y1,...,yt] => i+ > Epln,...7l,

=1 =1 j=t+1
which gives By = aKw,(r + 1) and Bog = 3.0y 7. Now, since v;" € [0, ﬁ]

_ o _ w,(k+ 1) (v —Ely |, .., 01))
|Bey1 — By| = |0y — B3| 1, ..., ]| =
El |vr ... vy
_ _ 1
S |V;__E[Vt+|yl7"'7yt—l]| S 1_7
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Using

aK
Kw,(k+1 B
= V[Bi = Bi_1|Bi— Bo, ..., By — Bio] = ZVWIM,-- ) <a ( ) _ B
t=1 1-7 1—=v

We can apply Theorem 22 of [69] and obtain

aK

P(E,, > aK) <P (Z by < 3Kw,(k+ 1)(1 — w) = P(Bax — Bo < (3By/a — Bo)(1 — 7))

C (3Ja—12B2(1— )
2024 (1/3 —1/a)By/(1 — )

)

<exp(—

for a > 3. By simplifying it we get

,)? a(3/e)? )

P(E,, > aK) < exp (—KwL(n =Pt o)

]

Proof of Lemma 33: Since w;(s,a) < % we have that 242 < L —5 and 50 ¢(s,a) <

Wmin wm’b’ﬂ(l
1 — _45]
(1_7)wmin 6(1 )

k< |S|.

. In addition, | X}, ,| < |S| forall ¢, x,¢ and so | X}, ,| > & can only be true for

Hence, only E,,,, = log, w-—(l—v) log, |:S| possible values for (x, ¢) exists that can have

| Xt .| > . By union bound over all (x, ¢) and lemma 58, we get

P(E < aKEpe) > P(max < aK) > 1 — Eaexp (—pw,(k + 1)K (1 —7)?)

(kst)
> 1 — Epaz exp (—Bwpmin K (1 — 7)2) =1 — Epaz exp (—Bwmimml|S x A|(1 — 7)2)

Bem]s x Al(1 - )?
E

=1— FEpaexp(—

Bounding the right hand-side by 1 — and solving for m gives

D

Bem|S x A|(1 — v)g) oy 0 AlS| 2Emax
45| - '

b= Enaz exp (= 2(N +1) 2 15 % A1 — )78 % 5
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Hence, the condition

4 2(N +1)Ena
m > log (V+1)
Bl — )% 0
is sufficient for desired result to hold. Plugging in « = 6 and 8 = 0‘7(;’%;/1; would obtain the

statement to show. O

Next, we need the following corollaries to prove Lemma 35.
Corollary 9. If we substitute the dp with 6, in Lemma 60, the result will pertain.
Corollary 10. If we substitute the 6 p with 01 in Lemma 52, the result will pertain.

Proof of Lemma 35: We only prove the statement of value function since the proof procedure
for cost is identical.

Before proceeding, in this lemma we reason about a sequence of CMDPs M,; which have the
same transition probabilities but different reward matrix (%) and cost matrices ¢(¥). Here, we only
present the definition of (% as definition of ¢(% is identical to 7(¥). For d = 0, the reward matrix

is the original reward function r of M (r(®) = r.) The following reward matrices are then defined

(d),
y(d),m

. . (2d+2) _ _(d),2
recursively under policy 7 as 75 = 0y/(4..» Where o

is local variance of the value function
w.r.t. the rewards r(?). Note that for every d and s € S, we have @ (s) € [0, ﬁ]
In addition, we will drop the notations ¢ and policy 7; in the following lemmas, since the

statements are for a fixed time-step ¢ and all value functions, reward matrices and transition kernels

are defined under policy 7.
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Now,

Ag = [V (s0) = VO(s0)| = (I = yP)™ (P = P)V I (s0)|
<AL =P) 7P = PV|(s)

=y —~P)"" ( Y. Hs=-a~a(s, )P~ 15)‘7(‘1)|> (s0)

s,a€SXA

= 3 TP (I = a =7 (s, VP = PYV) (50)

$,a€ESXA

= 3 =P (s = = 7 (s, HP = PVO(s)]) (s0)

s,a€ESXA

The first equality follows from Lemma 51, the second step from the fact that all elements os V'
is non-negative and (I — P)~! being non-expansive. In the third line, we introduce an indicator
function which does not change the value as we sum over all (s, a) pairs. The fourth step relies on
the linearity of P operators. In the fifth step, we realize that I{s = ., a ~ 7 (s, -)}|(P — P)V@(.)]
is a function that takes nonzero values for input s. We can therefore replace the argument of the

second term with s without changing the value. The term becomes constant and by linearity of P,
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we can write

VO(s0) = VO(so)| = Ay < 3 (T =aP) " (s =0~ 7 (s, )P = PYWO(s)]) (s0)

$,aESXA

<y STV oolI = 7P) (I = - a ~ (s, )})(s0)

s,a¢X

+7 Z (P = PYVO(s)|(I = yP) ' I{s = -,a ~ 7(s,)})(s0)

<7 Z aoed - YP) T I{s = -;a ~ 7(s,-)})(s0)

o
“;X“S'Cl 50) Ty 17>d+1+c2<s,a> [Slo ()[(1 = yP) ™ (I{s = -, ~ & (s,-)})(50)
< %jx (L= P) 7 (I{s = - a ~ 7(s,-)})(50)

+VS§€:X|IS|01 o) gl = 7P (s = v A5, (50)
+72€:X|\/|?C23a DI =yP) (s = - a ~ 7(s,)})(s0)

+WZ€X [Slea(s, a)o d<><f 1) HI{s = - a ~ 7 (s,)})(s0)

< Winin| S| N Z |S|e1(s, a)w(s, a)

= (1 — )t = (1 — )¢+t

+7 > VISleals, )0l (s)(I — yP) " (I{s = -,a ~ 7(s,)})(s0)

s,a€X
|S|cl s,a)w(s,a)
2 s d+1

s,aeX

+VZ [SJea(s, a)o d’( )(I = yP) ™ (I{s =-,a ~ #(s,)})(s0)

s,aeX
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In the second inequality, we split the sum over all (s, a) pairs and used the fact that P and P
are non-expansive. The next step follows from ||V (@], < W We then apply Lemma 52 and
subsequently use that all terms are nonnegative and the definition of w(s, a). Eventually, the last
two lines come from the fact that w(s, a) < wy,, for all (s, a) not in the active set. Besides, please
note that we are analyzing under the given policy 7, which implies that there are only |S| nonzero
w in non-active set.

Using the assumption that A/ € M and M € M from the fact that ELP chooses the optimistic

CMDP in M, we can apply Corollary 9 and get that

n(s,a) n(s,a)

log 4/6;\3/4 log4/6
cl(s,a):2\/§( °8 /1> +3v28 /o and cg(s,a):\/%logél/él.

Plugging definitions above we have

5 i = _w(s,0) 5 w(s,a)
A gy 2V e s 4/ 2 a3V o/ " 2 e

+/8]S]log 4/5, Z ﬁ o (s)(I —yP) " (I{s = -,a ~ #(s,)})(s0)

Hence, we bound

€
Ad§4

ot Ua(s0) + Ya(s0) + Za(s0)
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as a sum of three terms which we will consider individually in the following. The first term is

Ua(s0) = 2\/_( 5 ’)d+1 log4/0, i Z n(s,a) 3)/4

<2\/_( |)|d+5/410g4/(513/4 Z Z (

KLEKXT s,a€ Xk,

| | 3/4 ’Xn,b 3/4

>3/4

( ) KLEKXT
1\ 3/4
< 2\/_% 10g4/513/4 Z <E>
KLEKXT
| | 3/4 13/

In the second line, we used Cauchy-Scharwz. Next, we used the fact that for s,a € X, ,, we have
n(s,a) > mw(s, a)k, refer to equation (B.22). Finally, we applied the assumption of | X, ,| < &.
Please note that K x Z is the set of all possible (k,¢) pairs.

The next term is

S w(s,a S X,
Ya(so) =3\/§% log4/6, ) (5.0) 3\/5%)“1 log4/0; Y ‘m,%‘

(1 -7 s,a€X ’Tl(S, a)
3v/2|S|log4/6,|K x Z|
m(1l =)+

which we used n(s, a) > mw(s, a)k again.
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The last term is

/wasumywa§j)wﬁ___.z—vpy4 o (s)(I{s = -,a ~ #(s,)})(s0)

s,aeX
< /8|S[log 4/5,
S;X \%

X¢U—7Pf%gﬁﬁﬂszua~ﬁ@JH%)
= 7v/8|5|log4/d Z

s,a€eX

—7v8!5|10g4/512 Z

Kyt s,a€Xk,,

< EEToE 5 Y [1x] 3 w“ﬂ%f—vprly (s = -, ~ 7(5, ) H(50)

s,a€Xk,, n(s, (I)

<%%WW%M§§: LY (T AP ()]s = - a ~ 7 (s, ) (s0)

V(I —yP){s = a~7(s,)}(s0)

(1 P16 D2 ($)I{s = - a ~ #(s,)}(s0)

7

(1 P10 D2 ()15 = - a ~ #(s, )} (s0)

7

SannL
81S|logd/6|IC x T ~
<~ 5] g;ﬂ |Z I —~P)-! ( #(s){s = -,a ~ 7(s,-)}(s0)
\ s,aeX
81S|log4d/|IC x T
o [BSLOBUAITL S 1y s = 505 )
\ m s,a€SXA
8|S|log 4/ | x T
:7\/ S| log 7{nl| ‘(I—’VP)_la‘(;l)’Z(SO)

< 8|S|log4/6 |K x Z|

= m(l — )2+
In the second line, we applied Cauchy-Scharwz inequality. Then, we used the definition of w(s, a)
to get to third step. Next, we split the sum and applied Cauchy-Scharwz again to obtain fifth
step. Furthermore, we applied the assumption of | X, ,| < & to get sixth step. Next, we applied

Cauchy-Scharwz inequality to obtain seventh step. And, the final step follows from the facts that
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¥ <1,(I = vP)"H(s0) < 11 and 01|l < 7=Jzrz. Thus, we have

(1=)
8|S|log4/d:|K x Z|

However, we can improve this bound as follows

8|S|logd /o |IC x T
Zutso) < oy ST gt

SISTlog 4/0,K x Z - N
= ’}/\/ | | 0g / 1| X |<I - fyP)_lo"(;l)Q(SO) — (I — f)/P—l)O.(d),Q(S(J) + (I . ’YP)_IO'(d)Q(So)

- v v
< 7\/8|S| log47/7;51|IC x 7| <(1 - i)zdw + (I — yP)~1r@d+2)(5) — (I — 7]5)7174(2d+2)(80))
8|S|log4/61|K x Z| 1 ~
_ (2d+2) (g ) — 1/ (2d+2)
7\/ m (T + Vo2 o0) = Vo052 )
81S|logd/o|IC x T 1
:’Y\/ 5 74&” |((1_7)2d+2 + Agdra)

A2cl+2-

_ [8IS|log4/5\|K x T| \/8|S| log4/0,|K x Z|
= m(1 — )2d+2 m

2d+2) Tp the last line, we used the fact that

In the third step, we used Lemma 63 and definition of 7
y<1.

Now, if we put all the pieces together, we have

3v2|S|log 4/6:|K x Z|
m(1l =)+

Ag < ‘ + 2v2I8
AT =) (L= y)HHs

\/8\5‘\ log 4/5,|K x | \/gysy log 4/0,|KC x ]|

1\3/4
log4/513/4|lC><I|<E> +

A )
m(1 — ~)2+2 m 2d+2

If we choose m sufficiently large which will be shown later, then it is straightforward to show that

Ua(so) < Za(so) and Yy(sg) < Za(so). Hence, if we expand the above inequality up to depth
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B=1lm

log 7| with D ={0,2,6,14,..., 8}, we get

_d_ o d o
NS <8|S|10g4/51|lC><I|>d+2 [6(1 7) +3\/8|S|10g4/51|IC><I|}d+2

— o \2d+2

Pl m 4 m(1 — )24+
Jr(8|S|10g4/51|IC><I|>ﬁfi2[ € 5 8|S|10g4/51|lC><I|]ﬁi2
m 4(1 —~)8 m(1 — ~)28+2 :

Here, we used inequality (B.23) to bound Z3(s¢). Finally, the proof completes if we let

S 1 8|52 6
ﬁ(logg 10g2((1 — 7)))2108§3<L) log —.

= 1280
" e(1—~)? 0

0.

Proof of Theorem 4: By Lemma 33, we know that number of time-steps where | X, ,| > & for

some K, ¢ is bounded by 6 E',ax|.S|| A|m with probability at least 1 — m. For all other time-steps,
we have by Lemma 35 that for any i € {1,..., N}
V™ (s0) — V™ (s0)| <€, [CT*(s0) — C*(s0)] < e. (B.24)
Using Lemma 30, we get that M € M, for any time-step ¢ w.p. at least 1 — m. Further,
we know that ELP outputs the policy 7; such that
V™ (so) > V™ (s0), C™(s0) <C;ie{l,...,N} (B.25)

w.p. at least 1 — Combining the inequalities (C.2) with inequalities (B.25), we get that for

[
2(N+1)°

all time-steps with | X, ,| < x for all k,¢

Vﬁt<80> Z Vﬂ* (SO) — €

w.p. at least 1 — m and for any i, C7*(sq) < C; 4 € w.p. at least 1 — 2(N+1) Applying the
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union bound we get the desired result, if m satisfies

5] L o o 8ISP 4
> N el B - [l N _
m > 128062(1 — ) (logy 1og2(1 — 7)) 10g2<6(1 — 7)2> log 5, and
4 2(N 4 1) Enax
> 1 .
T R E J
From the definitions, we get
4 4(N +1 hax 4(N + 1)|S|?|A
logé—:log (N + §|S|U = log (V + ?S| | |m
1

Thus,

5] 1

8|SI? 4(N + 1)|S|?|Alm
210g§< ( | |>2>log ( >| H | . (B.26)

o
It is well-known fact that for any constant B > 0, v > 2B log B implies v > B log v. we can use
this sufficiency condition to satisfy (B.26) by setting m as follows:

5] 8|5|” )

1
> 2560 —— = (log, 1 — )2 2(—
m = 62(1 . 7)3( 089 0g2(1 . 7)) 0gy 6(1 - 7)2

5120(N + 1)|S?|A| 1 o 8|S
x 1 ( 25(1= ) (logy 10g2(:)) log; (6—>>

(1—n)?
Also,
Frax = log, |S|log, % < log; %
and
1og 2¥ +51)Emax g 2(N + 1) log, |(;5’| logs (77 5z) < log 2(N +1) h;gi(%)

1oy JBOV + 1)[S]A]
S (R
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Setting

5] L 2y of 8ISP
= 2560 —————(log, | —))°1 (—) B.27
m 62(1 . 7)3( 089 OgQ(l . ’Y)) 089 6(1 o 7)2 ( )
5120(N + 1)|S|*A] 1 o of 8|S)?
g ( g loga(— )7 1oga (< S5L ),
X log 62(5(1 _7>3 (Og2 Og2(1 _7)) 08, 6(1 _7)2
is therefore a valid choice for m to ensure that with probability at least 1 — —>—, there are at most

(N+1)

|S]?|A] 1oy o 4[5 o 8IS
Bunas 11 Al 1536055121 (log, logy (——))? logd (=0 ) logd (-0
6 Emax| S| Alm 536062(1_7)3(0& Og2<1_7)) Og2<e(1—7)2> Og2<6(1—7)2>
5120(N + 1)|S|*|4] 1, ./ 8ISP
1 ( 25(1 — )3 aongOgQ(l—v)) 1Og2<6(1—v)2>>

time-steps which neither are optimal nor near-optimal. 0
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APPENDIX C

APPENDIX OF CHAPTER 4

C.1 GMBL-Dual

Proof of Proposition 1: Considering optimization problem of (4.4) and Assumptions 5 and 6,
it is obvious that optimal policy of the problem (4.4) would yield positive result, i.e. VJ" (so) =
‘/Oﬂ*()\*)(so) > (). Comparing value of 7* with do-nothing policy and knowing the fact that do-
nothing policy yield 0 reward, we conclude that VO”*(’\*)(SO, A*) must be positive, otherwise do-
nothing policy must have been chosen.

On the other hand, optimal policy might satisfy some of constraints tightly, not all of them.
Due to Complementary Slackness, if constraint ¢ is not completely satisfied, then A} would be 0.

First, consider the case where there is no tight satisfaction. Then, all the A} would be 0. So, we

focus on the case where there is at least one positive A;. Thus, we have
0 < V5 N (s0,A) = V7 N (s0) — ZA:@ S H- Z)‘Z‘Cw
Therefore,
0<H-— ZA;@ < H — B\Chin.

The second inequality comes from the fact that A\, must appear, and the worst case is that it

appears at least once with the least C;. Hence the proof completes. U
C.2 Online-CRL-Dual

Before proceeding with Lemma 17, for any A € [0, B,] we reason about a sequence of MDPs
M, » which have the same transition probabilities but different reward matrix réd) (A\). Ford = 0,

the reward matrix is the original reward function r.(\) of M) (7’20)()\) = r.(A).) The following
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. : 2d+2
reward matrices are then defined recursively as r 20 )(A) = maxy o

variance of the value function w.r.t. the rewards 7" (A). Note that forevery dand h =0, ..., H — 1

(d), (d),2

?, where 0,111 18 local
and (s,a) € S x A, we have r” (), s,a) € [0, (HN By)%.

In addition, we will drop the notations £, A®) and policy ﬁk(j\(’“)) in the following lemmas,
since the statements are for a fixed episode £ and all value functions, reward matrices and transition

kernels are defined under policy 7z (A*)).

Now, we present and prove some lemmas required for Lemma 17.

Lemma 59.

H-2
Vo—Vo=Y_ P'"Y(P—P)Vi.

h=0

Proof. For a fixed h and s :

Since we have Vi_1(s) = 7.(s) = Viz_1(s), we can recursively expand the first difference until

h = 0 and get the result. O
Lemma 60. Assume p,p,p € [0, 1] satisfy p € P and p € P where
In 6/513

2n

p—p| < \/M In (6/3p) + %m (6/0p),

(=) = p(1—p)| < 20L6/08)y

P={pel0,1]:p—p| <

n—1
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Then

b5l =y P ) + 5 o)

Proof.

- . 2p(1 —p 2
o=l <o =51+ 15— 51 < 20/ 2D 6157) + 2.2 1 550

n—1

< 2%@ In (65p) + 2% + ?jin In (6/0p)

<22 (30— 7+ 22 OREY b 50y 4 2 os0)

< 2%@ In (60p) + 3(;3 e (6/5p).

Lemma 61. Assume

|[P(s']s,a) — P(s|s,a)| < er(s,a) + es(s, a)\/p(s’ls, a)(1 — P(s'|s,a))
fora =my(s)andall s',s € S. Then
> (P(s'ls) = P(s'|) Vasr (5)] < eals, @) |S][[Viralloo + ea(s, @) v/[S]Gn(s)

forany (s,a) € S x A.

Proof. Let s and a = m,(s) be fixed and define for this fixed s the constant function V(s') =
S P(s"|8") Vi1 (s”) as the expected value function of successor states of s. Note that V(s') is a

constant function and so V(s') = 3, P(s"|s)\V (s") = 3., P(s"|s")V (s").
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IZ (8'))Vira ()] = IZ P(s'[8))Vira (') + V(s) = V(s)]
= 1D (P(s']s) = P(s']5))(Vipr = V)(5)]

< S IP($']s,0) - P(s]s, )| [T (s)) — V()]

<X (ats @ +els )y P(s']s,a)(1 — P(s']s, 0)) ) [Via(s)) — V(")

< ISle1(s, @) [V oo + ea(s,a) Y \/15(3’|s, a)(1 = P(s's,)) (Va1 (s') = V(s"))?

< [Sler(s, a) Vi lloo + ca(s, a)\/!S\ > P(s']s,a)(1 = P(s,a)) (Vi (8') = V(s)?

< [Sle(s, a) Vi lloo + ca(s, a)\/!S\ Y P(s]5,0) (Vi () = V(s))?

< 1S]e1(s, @) [Vigalloo + c2(s, a)V/San(s).

In the first inequality, we wrote the definition of P and P and applied the triangle inequality. We
then applied the assumed bound and bounded |V}, 1(s') — V' (s')| by || Vis1||so as all value functions
are non-negative. In fourth inequality, we applied Cauchy-Schwartz inequality and subsequently
used the fact that each term in the sum is non-negative and that (1 — P(s'|s,a)) < 1. The final

inequality follows from the definition of oy,. [

Lemma 62. Assume M € M. If |X,.,| < k forall (k,), then
Aqi= Vili(s0) = VI (s0)| < Aq+ By min{Cs, € + O/ Do}

where

. 64(HN B+ K x T
A HNB B = 1
d — 20( )\> ? 3m n (6/5P)7
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and

. 1 N . 1
¢ = \/|/c x I|E6(HNBA)2d+2 In (6/6p),Cy = C'\/HNBy, (" = \/|/c X I|£ In (6/5p).

Proof. In this lemma we assume that we are in a fixed phase k, so, we drop the index of k.

H-2
Aq= V3 (s0) = Vo (s0)| = | D PP (P — PYVY (s0)]

h=0

< 3 PP - PYVY (o)

= ~ ph-1 (1{s = - a = m(s)H(P = PYVLI) (s0)
=3 P (s = a = m(HP = PO (5)]) (50

The first equality follows from Lemma 59, the second step from the fact that V},; > 0 and P"~!
being non-expansive. In the third, we introduce an indicator function which does not change the
value as we sum over all (s, a) pairs. The fourth step relies on the linearity of P"~! operators.
In the fifth step, we realize that I{s = -,a = m,(s)}(P — P)V}fi)l(ﬂ is a function that takes

nonzero values for input s. We can therefore replace the argument of the second term with s
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without changing the value. The term becomes constant and by linearity of P"~!, we can write

Vo) = T8 50 = 8 € 303 PP (14 = -0 = (P — PG 6 o

<> ZHV(leoo P s = - a = mu(s)})(s0)
s,a€X h=0
£ 37 ST P = B )IPP s = = m(s) ) (so)

< Z(HNB )PP s = -, a = mu(s)})(s0)

)

il
N O

_|._

N
= 1M

>

>

T3

A($)I(P" s = - a = mi(s)})(s0)

s,aeX
H-2
< (HNB\)*H(P"'I{s = -,a = m(s)})(s0)
s,a¢X h=0
H-2

11S|e1 (s, @) (HN By ™ + co(s, a)\/[5]6\ (s, a)| (P 1{s = -, a = m,(s)}) (s0)

+
" M

< - (HNB))"™ (P" 'I{s = -,a = m(s)})(s0)
s,a€X h=0
+ H5|01(5 a)(HNB)™(P" '{s = -,a = my(s)})(s0)

T
gt

lea(s,a)V/[S[61" (s, ) [(P"'I{s = -, a = m4(s)})(s0)

_1_
iM i aM

h=0
< (HNBy)*w(s,a) + > [Slei(s, a)(HN By w(s, )
s,aeX
H-2
+ Z |S|ea(s, a) Z(}}(Ld)(s,a)(Ph_l]l{s =, a=m(s)})(s0)
s,aeX h=0
< ) (HNBy)"™w(s,a)+ > |Slei(s, a)(HNBy)*  w(s, a)
s,a€X s,aeX
H-2
+ 3 VISleals.a) 3 6,7 (s,a)(P* s = -0 = m(s)}) (s0)
s,aceX h=0

In the second inequality, we split the sum over all (s, a) pairs and used the fact that P and P are
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non-expansive. The next step follows from || V(d1 oo < HVO Hoo < (HN By)*!. We then apply
Lemma 61 and subsequently use that all terms are non-negative and the definition of w(s, a). Using

the assumption that M € M and M € M, we can apply Lemma 60 and get that
8 6 16 6

In — and = In—.
n(s,a) S alsa) 3(n(s,a) —1) N op

62(87 CL) =
Hence, we bound
Ad S A(So) + B(SQ) + O(So)

as a sum of three terms which we will consider individually in the following. The first term is

c(HNB))™S| e

A HNB,)*t! < Wiin|S|(HN Byt < =
(s0) = D (HNB)*"w(s,@) < waial S|(HN B! < =5ria = o5

s,a€X

—(HNB,))* = A,

as w(s,a) < wpy, for all (s,a) not in the active set and that the policy is deterministic, which

implies that there are only |S| nonzero w. The next term is

16 6
YHNB vl 7 | —
=181 > wl ST R

s,aeX

= 2(HNB,)*1 Z > ow %

Kyt s,a€Xg

> o n(s, a)
5 (HNB)) Z Z T

) sanﬁL S, @

For s,a € X,,, we have n(s,a) > muw(s,a)x and so

1
-

<

=
\.CD &
o
S~—
%

203



Further, for all relevant (s, a) pairs, we have n(s,a) > 1 which implies

64(HNBy)™' 6 | Xl
Blso) S ——5——Ing ) o0

Ky

and since, | X, ,| < K

64(HN By) K x I| .
= By
3m 5P

B(So) S

where I x Z is the set of all possible (k, ¢) pairs. The last term is

H-2
=S| Z ca(s,a) }(Ld)(s,a)Ph_I]I{s =-,a=mp(s)}(s0)
s,acX h=0
H-2
< VIS Y eals.a) Pr11{s = - a = my(s)}
s,aeX h=0
H-2

X 52 (s,a) PP '{s = -,a = m5(s) } (s0)

i
o

</|9] Z 8;:2(8’@ 5£ Z )2 (s,a)P"11{s = -, a = m(s)}(s0)

s,a€eX

where we first applied the Cauchy-Schwartz inequality and then used the definition of ¢,(s, a) and
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w(s,a).

Sw(s,a 6 -
s0) < VSIS Y ﬁlnﬁ 5%(s,a) PP = -, a = mu(5)}(s0)
Kt $,a6EX ., ’ h=0
8w(s,a), 6 = ~(d),2 h_1
< V|9 Z | X .| Z n(5.0) lné— g, (s, a)Ph1{s = -, a = m(s) }(s0)
\ 5,a€X . ’ P h=o
g g 2
< VI8 Z\ > gt S a5, a) P = a0 = ms) M)
s,a€Xx,, h=0

A\ SIIK x 71> ln— Z Z 7% (s, ) P = - 0 = m(s)}(s0)

s,a€ESXA h=0

§\|SHIC><I! 1n—P > Za (5,a)PP"M{s = -,a = ma(s)}(s0)

1S]1K x zy—ln— Z Ph=1592(50)

HNB 2d+31 "

m

We first split the sum and applied the Cauchy-Schwartz inequality. Then, we used again the fact

that & “)) < -L and |X,,| < . In the fourth step, we applied Cauchy-Schwartz and the final

n(s

inequality follows from ||6\™?|| < (HNB,)2**2 and the fact that P"~! is non-expansive. Alter-

natively, we can rewrite the bound as:

C(sg) <

d)2 _ ph-15 d)2( )—l—Ph 1= d)Q(SO).

8§ 6 22
SIK X I|=1In— 8 ph-15D2(g
\\ | I %% n o (S0)
H—
S 6

Zln —
|S\|IC><I\mn5 hz

)

Next lemma 63 shows that the variance ié also satisfies the Bellman equation with local variances

5\ This insight allows us to bound Y 5% Ph=15'D2(s0) = S (50) < (HNB,)*+2. Also,
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note that 6,@’2 — ") which gives us

H-2
((HNB)\)QdJ& + Z Ph—lr£2d+2)(so) _ ph—17,£2d+2)(50)>

h=0

Clso) < 1| 1S|IK zy%m 56

P

= \/ 1S|IK x I\% In % ((HNBA)M” + Vo2 (s0) — 170@6’*2)(50))

8 6
< \/|SH]C X I|E1H E((HNB)\>2(1+2 -+ A2d+2)

8 6 8 6 A .
< \/|S||IC X I|E1H E(HNB)\>2d+2 + \/'SHIC X I‘EAQ(H_Q IDE = C& + C,/\/ A2d+2.
0

Lemma 63. [7] The variance of the value function defined as 7 (s) = E[(32 1= 7(sn) — Vi (5))?]
satisfies a Bellman equation Y (s) = o (s) + Y ueg Pr(s'|5)ViL1(s") which gives X7 (s) =
<

S (PP 07")(s). Since 0 < X3(s) < H?, it follows that 0 < S 1= (P* o7’ )(s) < H?

forall s € S.

Proof of Lemma 17: The recursive bound from lemma 62

Ag < Ag+ By + ChtC"/Dois

has the form Ay < Y + Z+/As4. 2. Expanding this form and using the triangle inequality gives

Do < Yo+ Z0g < Yo+ 2\ Yo+ Z\/ N6 < Yo + Z\/Ya + Z°2A¢*

< Yo+ Z\/Ya + 232V 4 27N B <

In H
2In2

and by doing this up to level v = [ 2] we obtain

_2
Mo S zAyF L gEsATH
deD\{~}

where D = {0, 2,6, 14, ...}. Note that the exponent of H compared to m is larger in é’& than in Bd.
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Therefore, for sufficiently large m, C’;l dominates the other term. More precisely, for

256 H 6
m > ==K I|hn = (C.1)
5

we have By < C’é We can therefore consider Z = C"” and Yy = QCA’ZI + Ag. Also, since Cy > C’é,

we can bound A, < fL, + 2CA’,Y. For notational simplicity, we will use auxiliary variable

16K x Z|H* . 6
S L P

1
me> Op

and get
Z=0"= \/mli and
H
Yy = Aq+2C, = (1/4 + 2/m; H% and
A, <A, +2C, = (1/4 4 2/m H)H.
Then

(Z2de2)(2+d)—1 _ (mil€2d+2<1/4+ 2\/m—1)2)(2+d)‘1 _ ( (1/4+ 2\/—) ) (2+4d)~

and

-1

(ZDA,)) 1:( 1214 + 24/mi H) ) <m €1(1/4 + 2y/miH) >(+7
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Putting these pieces together, we obtain

A 1 d+2 1 2
=< N (emy)TE (71 +2\/m1> + (emy) 7 (Z +2 Hm1>

deD\{v}

=i+2\/m_1+ S (am)7a (Z +2\/m_1)

deD\{0,7}

Q“

<R Y fem) [G)H?\/m_)]

deD\{0,7}
2
|1\ 2
+ (6?711)2er [(Z_l) + (2\/ Hml)ﬁr?]
where we used the fact that (a + b)? < a® + b? for a,b > 0 and 0 < ¢ < 1. We now bound the

H'/2+7) by using the definition of +. Since

1 2In2
2+ T A2+ InH

< 2logy 2

and since H > 1, we have H'/?+7) < 4. Therefore,

Loctamt Y (em)e [(}I)“Z“Hz m1>f+2]

deD\{0,7}

1

+ (emy) 7 [(Z) e + 4(2\/m—1)f+2]

<R Y () [G) ; <2¢m—1>d12]
deD\{0} ’
< i+ 2/my ?j(eml)l‘w [G)Q +4(2¢m_1)2i]

W

<! 2\/_1§7m1 2 [G)? +4(2\/m—1)2"'] .

In the first inequality, we used the bound for H'/(>*7) and in the second inequality we simplified

the expression by noting that all terms are non-negative. In the next step, we re-parameterized the
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sum. In the final inequality, we used the assumption that 0 < ¢ < 1 and therefore €27 <1

logy v logy v
AV

1 1 —i _9—i —i—1
T S Z+2\/m1+1 Z(4m1)1_2 +4 Z(ml)l 2 (4m1)2

i=1 i=1

1 1 logy ¥ v logy v g 1—2-i1
< HvmiE g > (m) 16y (5 .
= + my + A ;( ml) + ; A
By requiring that
1
my < 1

and noting that 1 —27% > 1/2and 1 — 27! > 3/4 fori > 1, we can bound the expression by

A 1 1
=< 1 +2y/mq + Z—llog2 vvV4my + 16 log, v (

m1>3/4
c .

4

By requiring that m; < 1/64 and m; < (2log,7)~? and m; < 1/64(log,)~*3, we can

assure that Ay < e. Taking all assumptions on m; we made above together, we realize that

1 ? 1’
< |- <
= (810g2 IngH) B (8108;2 ’Y)

is sufficient for them to hold where we used log 2, = log, ([$log, H|) < log, log, H. This gives

the following condition on m

9 H? 6
m > 1024(log, logy H)*|KC X Z|—In 5
€ 1
which is a stronger condition that one in equation C.1.
By construction of t(s,a), we have i(s,a) < 2 = 8H26|S|2. Also, k(s,a) < lileH =

271752
M . Therefore

I x Z| <log,

4|S|2H2 8H2]S\2 28HQ|S\2
log, <log; ——
€ € €
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which let us conclude that

H? SH?|S|?. 6
m > 1024—-(log, log, H)?log; 8H7ISE In 5
€ 1
is sufficient condition and thus, the statement to show holds. ]

Proof of Lemma 18: By Lemma 16, we know that number of episodes where | X, ,| > « for
some £, ¢ is bounded by 6 E .« |S||A|m with probability at least 1 — g. For all other episodes, we

have by Lemma 17 that

|‘~/07~rk(/\(’“>)(307 S\(k)) _ ‘/OM(A(’“))(SO’ j\(k))| <

€
<z (C.2)

Using Lemma 15, we get that M € M, for any episode k& w.p. at least 1 — g. Hence, we get
the first result by applying the union bound if m satisfies
S|N?B3H?
ISP g, o, 1) Logs
30H? 10Eax
> .

m > 12800 — and

op

8H?|S|? 6
)log

From the definitions, we get

lo S lo —60|S’Umax =lo —60|S’2‘A’m
Thus,
N2B2H2 4 H2 2 QA
m > 512()0|S|—2A(10g2 log, H)Qlogg( 0H?|S| )log 60|S|6\ |m.
€

It is well-known fact that for any constant B > 0, > 2B In B implies v > B In v. Using this, we
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can set

|S|N2B2H?

40H?|S)?
m > 102400 ———=— (log, log, H)’ log; (—)

€
2048|S|3| A|H? 40H2|S|?
x log ( | 2| Al (log, log, H)?logs <#>>
€20 €
On the other hand,
40|S|H? 40|S|H?
Ernax = log, |S]log, A051H7 < log; A0[51H7
€ €
and
2 2 2
log 10F pax ~og 10log, |S|log,(40|S|H?/¢) < log 101og5(40|S|H?/¢)
) o 4]
|SI*|A|H?
<log —————.
€
Setting
S|IN2B2H? 40H?|S|?
m = 10240O||—2)‘(10g2 log, H)?log; <—|‘> (C.3)
€ €
2048|S|*| A|H? 40H2|S|?
x log < | 2|(5’ | (log, log, H)?*log <#>>
€

is therefore a valid choice for m to ensure that with probability at least 1 — g, there are at most

2| A|N? B H? 4|S|H? H?|S|?
15T |62 A 51 >102<8 |S|>

6 Fmax|S||Alm =614400 g5
2048| S| A|H?
X log(

€20

(log, log, H)? log; (
€
8H2|S|2>>

(log, log, H)?log; (

sub-optimal episodes. Finally the proof concludes by the definition of dual function D(\). L.
Proof of Lemma 19: Suppose we have n number of samples from each (s,a) which n >

2592|S|2H?log 4/6;. For a given \ € [0, By], we use Lemma 2 of [33] with adjustment. For any
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s € S, first

- - ~ . 2|S|H3N2B?log4
T (6 0) > V(s 0) > Vs, 2) — \/3 S| 3 logd /o, (C.4)
n
w.p. at least 1 — 3|S|?|A|log 4/6;. Next
. . ~ 32|S|H3N2B2?log4/5
V(5,0 3 V8 = T s ) — SN B og b/

w.p. at least 1 — 3|S|?|A|H log 4/6;. Combining the two inequalities (C.4) and (C.5) leads us to

32|S|H3N?B3log4/0,
n

0 1 Wl <

w.p. at least 1 — 6]S|*|A|Hd,. Now if we put £ = \/32‘S|H3NZB§IOg4/61 and § = 6|S|?|A|Hd,
we get that n << |S|mH, which concludes that if we have |S|mH number of samples from each
(s,a), we get

€

)21—5
5) 4

P(|Vy V) = Vi (Ml <

Finally the proof concludes by the definition of dual function D(\). U
Proof of Lemma 20 : For any k € [0, K]:

Elllzker — 2"[1%|2x] = E[[TLx (2 — ag(r)) — 27| |2
< Elllzx — ag(zx) — @*|*ler] = loe — 2*|* + o*E[l|g]1*|24] — 20E[g" (21) (21, — 27) |

<z — 27[* + o*E[l|g]*| 2] — 2a(g(@r) — g(2"))

First inequality is due to the fact that distance from projection of point x;; to z* is smaller than
the distance from x;,; to #*. And the last inequality yields from the the fact that g is unbiased

noisy subgradient of ¢(-). Now, we take expectation w.r.t. xy:
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Elllzr — 2(1*) < Efax — 27|*] + ”E[[|g11"] — 20E[g(2x) — g(=")]

Now, we apply this procedure recursively from K to 1 and use the facts that ||z|| < B;,Vx € X

and [|g]| < B, :

K
Elllwxs1 —2"*] < Bf + Ka®Bj — 2aE[) _ g(w)) — Kg(a™)]
k=1

Because E[||zx 1 — z*||?] is non-negative

1 . B} + Ko’ B3
E[g > glar) — g(@)] < W-

k=1

Since g(-) is a convex function, then g(+ SE 1) < + SK | g(x). Hence,

. Bi+ Ka’B}

Bly(ge Yom) — gla)] < — 20

K

H
I

By
BaoVvK’

Now, if we choose o« = we get

Proof of Proposition 2 : For any given \" and A from [0, B,]

De(N) = max Li(m, X) = Vi (so) + " X(Ci — TV (s0))

M eMy,

= V" M(s0) + > MG = M (s0) + D (N = A)(C: — CI M (s0))
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It shows that the vector [C’f 5 ) (s0)]; is subgradient of Dy (\). Now, if we take E[-| F,/5] we have:

D(X) 2 DY) + (X = NTE[[C; — C75™ (so)lil Fs),
we get that [C; — C’ZT ’5(’\) (50)]: is stochastic subgradient of D()\) by definition. Hence, we can apply
Lemma 20 and get the result with K and « specified by (4.24). To certify the choice of those

parameters, we provide the bound on \ and [CW’“(A) (50)]:-

First, we bound \ :

N
H
[All2 = ;)\f <VNB) < \/NC

min

Next, we bound [C] ’“(A)(so)]z ;

TN (s0)lill2 = 4| D (CTE™M (50))> < VN(H + Cr)-

l’
=1

Substituting these bounds for B; and Bs in Lemma 20 would get

ID(AW) — D(\")| < (C.7)

ol m

< § + D(A®) — DM + D(A®) — D(A)
< g + g + DOEY — D)

€L € €3

5 5 5

w.p. at least 1 — g. The first inequality is due to Lemma 18. The second is according to inequality
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(4.29) and Lemma 19. Finally, the last line is due to (C.7). Hence, the proof is complete. L]
Proof of Lemma 21: For a given 0 < ¢, < 1, we get that for any A € [0, B,] Algorithm 6

gives

. )
B(IDO) - D < £) > 1- 7. (C.8)
according to Lemma 19.Now, for \* we have
D(V) < DV) < DOV) + £ (C9)

w.p. at least 1 — %. The first inequality is due to the definition of M*, and the second inequality is

true according to (C.8). Finally, consider

D) = D(N) = DA®) = D(V') + D(X) = DY)

< 3€e . € e
-5 5 5
36 . .« . .
w.p. at least 1 — <7 according to proposition 2 and (C.9). Hence, the proof is complete. 0
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