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ABSTRACT

In this work, we build upon the previously established foundations of Delaunay Lofts, which

are a new class of shapes inspired by biological phenomena known as scutoids. Delaunay Lofts

naturally provides edge collapse and vertex split processes, which make them highly complex in

terms of topological structure. Delaunay lofts are obtained by layer-by-layer Voronoi decompo-

sition of points. Therefore, any cross-section of a Delaunay Loft is always a convex polygon.

Moreover, the only topology change from one layer to another is the change in the number of sides

of cross-section polygons.

Through our methodology, we obtain woven tiles as the union of Delaunay Lofts. This exten-

sion provides two advantages over the original Delaunay Lofts that can lead to woven tiles: (1)

Each cross-section polygon can be non-convex, and (2) we can connect and disconnect polygons.

To create woven tiles, we use unions of a linear pattern of points that can produce patterns similar

to woven textiles. We have only investigated two widely used woven patterns: plain and twill.

Plain woven tiles provide an approach to construct generalized Abeille’s flat vaults, which was

introduced by French engineer and architect Joseph Abeille. Twill patterns provide even further

generalizations of Abeille’s vaults, thus demonstrating the existence of a general class of woven

tiles.

By taking the union of several individual Delaunay Lofts, woven tiles appear in the resulting

structure. Using this method, we are able to create non-convex polygons, as well as connecting

and disconnecting the polygons in any manner we desire. Additionally, we can design the result-

ing shapes on each layer since we have control of the Voronoi Site locations. In developing this

approach, we created a procedural framework that allows for the manipulation of rules and guide-

lines for the creation of the Delaunay Loft. As a result, we are able to generate a wide variety of

Woven Structures based on Delaunay Lofts from tweaking various parameters. Using this method,

we 3D printed some Woven Structures in order to help analyze symmetrical, structural, and tiling
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properties.
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1. INTRODUCTION AND MOTIVATION

Throughout history, architects have experimented with structural forms that were innovative

while maintaining aesthetic integrity. Basic bricks (or rectangular blocks) are within the family of

regular prisms, which are simple to manufacture and easily accessible. However, an over reliance

on regular prisms severely limits the design for obtaining other structures, which can potentially

be even more dependable while even more visually fascinating [50, 13, 51, 44, 34]. Currently,

architects are searching for other space filling elements, but their processes are usually not system-

atic and are limited to the building blocks they investigate [16]. Therefore, there arises a need for

conceptualizing approaches that enables the design and control of a wide variety of modular and

tileable building elements.

In terms of energy consumption in developed countries, the global contribution from both res-

idential and commercial buildings has increased to figures between 20% - 40%, which bypassed

other sectors such as industrial and transportation [38]. Therefore, there is a need to direct ef-

forts towards discovering opportunities that will help buildings reduce their energy consumption.

Non-woven fabrics are materials made up of fibres that are bonded together through chemical and

mechanical treatment, and have been around since the 1930’s. Various patents [5, 39, 10, 22, 14, 2]

have focused on the engineering to construct non-woven textile structures. As a result of compara-

tive analysis of non-woven fabrics [6, 40], non-woven fabrics have steadily been replacing woven

materials in many industrial applications ranging from engineering to medicine as they provide

more ideal behavior and reliability [11, 4]. However, these findings are not meant to discount

the potential of woven fabrics. Grunbaum and Shephard were the first to formally investigate the

mathematics behind 2-way, 2-fold woven fabrics - such as the plain, twill, and satin patterns [26].

An important concept that the pair introduced was the idea of "hang-together" or "fall-apart". If

the fabric is woven, certain patterns are considered to fall-apart if some interlaced warp and weft

threads are not completely interlaced with the rest of the fabric. As a result, such a fabric would

come apart in pieces. Conversely, woven patterns that hang-together keep their layout integrity

1



and are therefore self-supporting. This important characteristic can be desirable when considering

static loading or structural equilibrium.

Groundbreaking work occurred recently in the biological community through the discovery

of “scutoids” — shapes that frequently occur in epithelial cells [21]. Previously, the cells were

thought to pack together in order to reduce the amount of surface energy by forming in prism-

like shapes. Epithelial cells typically cover the surface of several human organs, allowing them to

curve, bend, and fold as they form and develop into various shapes. As the cell layers grow, each

individual cells adapts its shape in accordance with the whole organ, as efficiently as possible.

Now, the scutoid structures are shown to display a topology change through edge-collapse and

vertex-split operations between quadrilateral, pentagonal, and hexagonal faces of any tessellation.
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2. BACKGROUND AND LITERATURE REVIEW

2.1 Architecture

Joseph Abeille was a French engineer and architect whose work includes his designs for the

Lullin Hotel, Thunstetten Castle, and various projects centered around canal/hydraulic applica-

tions. However, his most noted contribution in the field of architecture may be his flat vault - an

interlocking woven-like design pattern used for structural applications in covering a space.

Researchers have investigated the importance of the Abeille Flat Vault’s interlocking properties

in terms of geometric constraints as an application towards non-planar assemblies [37]. The results

indicate that Abeille-like structures demonstrate potential understanding for how geometric rela-

tionships help interact within an overall assembly, and how individual elements help handle "the

transfer of structural principles between different construction typologies which in turn helps to

delimit system boundaries and opens up the possibility of a more fluid understanding of structures

in architecture" [37].

Stereotomy is the art and science of cutting three-dimensional solids into particular shapes.

During the process, materials are cut and assembled into complex shapes. Miadragovivc applied

this process to Abeille’s Flat Vault to discover its’ limits for construction purposes [36]. This helps

provide an understanding of the composition of the entire structural capacity of an entire system

based on its individual elements.

2.2 Tilable and Space Filling Shapes

A space filling shape is one that, when replicated and repeated, can completely fill a given

space - that is, without having any voids between elements [35]. As an extension of this, a space

filling shape is therefore a structure that is tileable so as to form a tessellation in a given space [30].

A prominently known example is the cube, which is the only space filling Platonic solid [17].

Further investigation into space filling polyhedia, or polygons "whose replications can be packed

to fill three-space completely" was conducted by Goldberg [18, 19, 20]. Work by Williams found
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that further examples of space-filling polyhedra were related to occurrences in nature through soap

bubbles and plant cells, and that even some of them had regular faces [52, 53]. Furthermore,

the Johnson solid gyrobifastigium provided evidence of convex polyhedra that was even linked to

molecular structure in chemistry applications [32, 3].

As fabrication technology has improved in terms of precision and cost effectiveness, as well

as advancement in materials science, there has been a growing interest in the mechanical charac-

terization of 3D printed 2D tilings in the context of “sheet materials”[43]. Within this scenario,

the sheet material can be seen as a thin extrusion of a 2D tiling. Kaplan and Rao demonstrate

two interesting cases of designing 2D tilings - Kaplan uses artistic patterns by carefully selecting

the position of Voronoi Site locations [33] and Rao uses a systematic approach to generate 2D

pentagonal tilings [41].

2.3 Woven Structures

In addition to classifying woven structures as hang-together or fall-apart, Grunbaum and Shep-

hard also coined the word, isonemal fabrics, to describe fabrics that have a transitive symmetry

group on the strands of the fabric [29]. They also provided images of all non-twill isonemal fab-

rics (i.e. hanging-together weaves) of periods up to 17 [27, 28]. As a result, other researchers

began to develop algorithms to determine whether or not a fabric is considered to hang-together

[25, 8, 9, 15, 12]. Furthermore, other researchers such as Roth [42], Thomas [49, 48, 47], Zelinka

[54, 55], and Griswold [23, 24] primarily studied the theoretical and practical symmetry properties

of isonemal fabrics, as well as other properties. Chen et al. expressed an alternative notation, [a,

b, s], to express patterns because it is useful to show the initial row pattern, with fall-apart and

hang-together being easily identifiable if the combination of variables are relatively prime or not

[7].

2.4 Biology

Previous research determined that in skin cells, the top (apical) and bottom (basal) surfaces

of the cellular structure are Voronoi patterns (as these occur frequently due to physical con-
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straints) [31]. Research led by Gómez-Gálvez et al.[21], observed that simple polyhedral form,

called "scutoids", that commonly exist in epithelial cells in the formation of skin cells. Inspired by

this newly discovered scutoid shape, work by Subramanian et.al introduced an approach to "design

a new class of tilings in 3D space" by taking the "Voronoi tessellations based on some distribution

of points" on a plane and then interpolating the tilings between several planes called Delaunay

Lofts. [46]. The work established an algorithm that was driven by controlling the Voronoi Sites

as input in order to generate a series of complex shapes. Interestingly, the scutoid was a natural

result of their Delaunay Loft algorithm. Initial mechanical strength tests provided through FEA

(Finite Element Analysis) provide evidence that suggests Delaunay Lofts carry characteristics that

are ideal from a structural perspective as "the stress distribution decreases around the critical points

where the topology changes." [46]. As an extension of this work, using focused knowledge about

designing the Voronoi Site points could potentially lead to mechanically superior designed shapes.

2.5 Putting it All Together

We seek to accomplish this by proposing an approach and algorithm that expands on Delaunay

Lofts by harnessing the power of specific Voronoi site configurations in order to generate mechan-

ically capable structures that are inspired and exhibit geometric symmetry by the woven structure

patterns based on Joseph Abeille’s flat vault.

5



3. PROCESS

3.1 Introduction

In this chapter, we provide the basic steps of our process that is used to develop several Delau-

nay Lofts. Our process consists of the following 8 steps as described in this chapter.

1. Establishment of a 3D Domain for Designing Woven Tiles

2. Creation of Control Lines

3. Sampling the Control Lines

4. Creation of Control Curves

5. Subdivision of each Layer into Convex Polygons Using Voronoi Decomposition

6. Constructing Non-convex or Disconnected 2D as the Union of Convex Voronoi Polygons

7. Obtain Extruded Polygons

8. Union of Extruded Voronoi polygons

In the rest of this chapter, we provide details of each step.

3.2 Establishment of a 3D Domain for Designing Woven Tiles

We start with a volumetric cubic domain S = x, y, z|max(x, y, z) < 1. The initial step of

our process is to provide a 2D square domain S = x, z|max(x, z) < 1 with a rectangular grid

consisting of N number of columns and rows as shown in Figure 3.1a. We make M copies of this

2D square domain along y starting from y = 1 to y = −1. We call the two 2D square domains

with associated rectangular grids in the planes y = 1 and y = −1“, the Top and Bottom Layers”,

as shown in Figure 3.1b. This process provides a stack of layers along the y-axis, considered as the

height, as shown in Figure3.1c. The grid associated with each 2D square domain is used to model
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the corresponding patterns of 2-way, 2-fold fabrics in the top and bottom layers [1]. Our goal is

to obtain tiles that can logically connect 2-way, 2-fold fabric patterns in the top and bottom layers.

Intermediate layers are used between the top and bottom layers in order to compute the shape of

woven tiles.

(a) Defining the 2D Grid Space. (b) Visualizing the Top and Bot-
tom Grid Layers Only.

(c) Visualizing Grids Stacked on
top of each other as Layers.

Figure 3.1: Step 1: Establishment of a 3D Domain for Designing Woven Tiles.

3.3 Creation of Control Lines

The second step is to construct the corresponding woven patterns of 2-way, 2-fold fabrics in

the top and bottom layers. The woven patterns in our case are described as lines closed under a

set of symmetry operations [27]. This process can create lines that are laid out in a formation that

correspond to a specific 2-way, 2-fold Fabric pattern. For instance, Figure 3.2 shows a formation

that corresponds to the plain weaving pattern. The top layer is shown in Figure 3.2 (a), and the

bottom layer is shown in Figure 3.2 (b). We use the lines as controls in order to create guides for

the position of Voronoi Sites. Therefore, we call these lines as control lines.

3.4 Sampling the Control Lines

The third step is to sample each control line with a set of points that are used as Voronoi Sites.

This sampling process is mainly used to direct control of the Voronoi polygon shapes. As we

7



(a) Plain Weave Pattern Applied to the Top
Layer.

(b) Plain Weave Pattern Applied to the Bottom
Layer.

Figure 3.2: Step 2: An example of control line creation whose formation correspond to the plain
woven patterns at the top and bottom layers.

demonstrate in Chapter 5, both the number and distribution of Voronoi points on each control line

effects the geometry and topology of polygons in each layer. In other words, sampling is essential

to control the final shapes of Woven tiles.

Figure 3.3 shows examples of sampling uniformly distributed points on each of the control

lines at the top layer for the plain weave pattern. Figure 3.3 provides 3, 5, 10 and 20 uniformly

sampled points. To construct Delaunay Lofts, the number of samples has to be the same for each

of the corresponding pairs of control lines in the top and bottom layers (see Section 3.5 for the

definition of corresponding pairs of control lines).

3.5 Creation of Control Curves

The fourth step is really a standard Delaunay lofting process. We first identify corresponding

pairs of control lines in the top and bottom layers. Let LTi and LBi denote two corresponding pairs

of control lines at the top and bottom respectively. Then, we connect each Voronoi point obtained

by sampling LTi with another Voronoi point obtained by sampling LBi with a curve as shown in
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(a) Example of Sampling 3 Points on the top
layer for the Plain Weave Pattern

(b) Example of Sampling 5 Points on the top
layer for the Plain Weave Pattern

(c) Example of Sampling 10 Points on the top
layer for the Plain Weave Pattern.

(d) Example of Sampling 20 Points on the top
layer for the Plain Weave Pattern.

Figure 3.3: Step 3: Sampling the control lines with 3, 5, 10 and 20 Uniformly Distributed Points.
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Figure 3.4. The shape of the curve also directly impacts the geometry and topology of woven tiles

as discussed in Chapter 5.

Figure 3.4 shows an example of the control curve profile after creating control curves. In this

example, the curves are obtained by rotating the control lines along the y-axis, such that 90 degrees

of rotation occurs between the top and bottom layers and that the center of the rotation is the center

of the axis that connects the two control lines. It should be noted that the control curves in the

example shown in Figure 3.4 are not single curves, but rather a bundle of curves that when stitched

together forms an overall control curve profile. In fact, we can view this bundle of curves not so

much as a curve, but rather a surface.

Figure 3.4: Step 4: Creation of Control Curve Profile Illustrated with 3 Sampled Points per Line
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3.6 Subdivision of each Layer into Convex Polygons Using Voronoi Decomposition

The fifth step is subdivision of each layer into convex polygons. Before we introduce detailed

analysis of this step, an introduction to the Voronoi Decomposition is necessary. Figure 3.5 shows

the Voronoi Decomposition of a set of randomly placed points. The Voronoi algorithm is based on

a distance function, with each site capturing the area that is closest to it relative to its’ neighboring

sites (points). As a result, a property of the Voronoi Decomposition is that we are guaranteed to

generate a convex polygon for each cell.

Figure 3.5: Voronoi Decomposition of Randomly Placed Points

During this step, the Voronoi Decomposition is applied on each layer. By adjusting the number

and sampled position of the points on each line, a variety of convex polygons can be generated.

This is further emphasized in Figure 3.6 for the top and bottom layers of the plain weave pattern.

Figure 3.7 shows the entire visualization of decomposing each grid/plane into its Voronoi parti-

tioning with 5 layers. In this scenario, Item 1 is the top layer, which is also shown in Figure 3.6a.

Item 2 is the 2nd layer. Item 3 is the middle, or 3rd layer. Item 4 is the 4th layer. Finally, Item 5 is

the bottom layer, which is shown in Figure 3.6b.

11



(a) Voronoi Decomposition of a Plain Weave
Pattern at the Top Layer.

(b) Voronoi Decomposition of a Plain Weave
Pattern at the Bottom Layer.

Figure 3.6: Step 5: Voronoi Decomposition Applied to a Single Layer, with 20 Uniformly Dis-
tributed Points per Line.

Figure 3.7: Step 5: Voronoi Decomposition applied to each layer. Item 1 is the top layer, also
shown in Figure 3.6(a). Item 5 is the bottom layer (a 90◦ Rotation of Item 1), also shown in Figure
3.6(b).
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3.7 Constructing Non-convex or Disconnected 2D as the Union of Convex Voronoi Polygons

The sixth step is constructing non-convex or disconnected 2D polygons as a union of the convex

Voronoi polygons.

Before continuing on our process, an introduction to the conceptual process is necessary. First,

let us assume that we have a countable number of 2D Voronoi sites in a given 2D plane. These

sites are denoted by sm, where m = 0, 1, . . . ,M − 1. Second, assume that pm denotes the convex

polygon that is corresponding to sm. Now, let us also assume that the Voronoi sites are decomposed

into N disconnected sets denoted as Gn where n = 0, 1, . . . , N − 1. The sets must satisfy the two

following conditions:

1. Disconnectivity Condition: For the Voronoi polygons in a grouped set, the intersection of

the set must be an empty set. In other words:

Gk ∩Gl = ∅ for all 0 < k, l < N − 1 and k 6= l. (3.1)

2. Curve Condition: For the Voronoi polygons in a grouped set, the valence of shared vertices

in the set is never more than two. In other words;

pk ∩ pl ∩ pj = ∅ for any three different Voronoi points sk, sl, sj ∈ (3.2)

Then, non-convex and/or disconnected polygons are, then, defined as follows:

Pn =
⋃

∀sm∈Gn

pm

The two conditions 3.1 and 3.2 guarantee that the resulting structures approaches to curves.

The area outlined in red in Figure 3.8 demonstrates an example of a valid grouped set by outlining

the union shape in red for that particular set of grouped Voronoi sites grouped in Gn for the 3

Voronoi sites connected by the blue line.
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Figure 3.8: An example of curved grouping used to obtain the union for a subset of Voronoi
polygons for a set of randomly placed points shown in Figure 3.5. In curved grouping, the valence
of shared vertices is never more than two.

Now, we can explain our process of constructing non-convex or disconnected 2D polygons as

a union of convex Voronoi polygons in terms of our plain weave pattern example. In this step,

for each individual Voronoi site, the union of all of the convex polygons corresponding for each

point on each sampled control line is taken and grouped together in a set. As a result, convex, non-

convex, and disconnected polygons can be produced depending upon the layout of the Voronoi

sites.

In Figure 3.9a, the resulting union shape is filled in red for a control line at the top layer, LTi,

because the cells all correspond to a site/point located on that particular control line. The union

shape in blue is for another control line, LTi, in an adjacent rectangular grid cell on the top layer.

In Figure 3.9b, we highlight the resulting union shape filled in their respective colors to match the

corresponding sampled points on LBi at the bottom layer.

Figure 3.10 expands on the entire visualization from Figure 3.7 by using the corresponding

colors to fill in the respective union shapes at each of the intermediate layers that are between the

top and bottom layers using the same concept.
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(a) Union at the Top Layer (b) Union at the Bottom Layer

Figure 3.9: Step 6: An example of 2D polygon construction as the union of Voronoi polygons at
the top and bottom layers, with each Voronoi Cell corresponding to its respective Voronoi Site.

Figure 3.10: Step 6: Union of Voronoi Decomposition Applied to each Plane. Item 1 is the Top
Layer, also shown in Figure 3.9(a). Item 5 is the Bottom Layer (a 90◦ Rotation of Item 1), also
shown in Figure 3.9(b).
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3.8 Obtain Extruded Polygons

The seventh step is to extrude the 2D polygons resulting from the union of Voronoi polygon

cells. Up to this point, the polygons are only characterized on a grid, and are therefore considered

infinitely thin. In this step, the overall pieces resulting from the union operation are extruded an

amount to add thickness. This allows us to preview the shape of each individual layer.

Figure 3.11: Step 7: Obtaining Extruded Polygons of 2D Voronoi Cells. The Union of 2D Poly-
gons are on the Left, and the Extruded Polygons are on the Right. The Extrusion Depth Amount
Determines the Connectivity of the Entire Structure.

Figure 3.11 shows a detailed exploded view of this step. In Figure 3.11 on the left, the union

of the corresponding cells from the corresponding sampled line are shown. Then, in Figure 3.11

on the right, the 2D polygons are extruded a small amount. In this particular image, it is shown as

an exploded view for clarity.

In order for the structure to transition together between the layers, there are various scenarios

for the extrusion depth amount:
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1. Extrusion depth amount is less than the distance between layers

2. Extrusion depth amount is greater than the distance between layers

3. Extrusion depth amount is equal to the distance between layers

For case 1, if the extrusion depth is less than the distance between layers, each polygon will

become a separate piece, similar to what is shown in Figure 3.11. In case 2, if the extrusion depth is

greater than the distance between each layer, the structure will become a single, connected entity,

but there can potential be unclean modeling errors such as self-intersection within the overall

structure. In case 3, if the extrusion depth amount equals the distance between each layer, the

layers will stack on each other at the touching point and form a connected structure without any

self-intersection.

3.9 Union of Extruded Polygons

The eighth, and final step of our process is to take the union of all extruded polygons. Once

each individual layer is extruded, we will take the union of all extruded polygons in order to close

the entire structure. Figure 3.12 shows this step. This allows us to view the entire, overall Woven

tile structure. With more layers, the higher the resolution and the topology change of the geometry

along the surface will become smoother due to the higher level of detail.

By observing the woven structure pattern, the structures are tilable and fit together. Houdini’s

powerful procedural modeling capabilities allowed us to be efficient with our computing resources

by only having to focus on a single cell to apply the framework, and then repeat the structure

throughout the scene. Houdini’s Mantra renderer was used to render out still images of the struc-

tures.
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Figure 3.12: Step 8: Take the Union of the Extruded Polygons. The Extrusion Depth Amount is
Set Equal to the Distance Between each Layer in order for each Polygon to Touch and Rest on
Other Layers.
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4. IMPLEMENTATION

4.1 Software

We have implemented our procedural framework within SideFX’s Houdini software. Hou-

dini’s node networks allow for the upstream manipulation of parameters. As a result, our frame-

work allows the user to adjust various settings and rules in order to determine the final structure.

Additionally, Houdini also implements the use of VEX code, "a high-performance expression lan-

guage" that can be used in several applications [45]. One of the areas encompasses modeling,

which provides the user with the ability to "manipulat[e] point attributes" [45].

Figure 4.1: Some interfaces from our procedural workflow and examples of parameters used to
modify variables in our control lines.

A powerful concept within Houdini is its customization for organizing and manipulating data,

which allows the user to set procedural rules across the node network. When one value is changed,
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the user can link that value to another parameter in the node network so that the system automati-

cally updates. The end result is a highly flexible system that can adapt to user input.

4.2 Procedural System

4.2.1 Voronoi Site Guide Lines

With respect to the individual Voronoi Site Guide Lines (or control lines referred to in Chapter

3) themselves, our framework offers the following flexibility.

4.2.1.1 Number of Points on the Line

The user can adjust the total number of points on the line. This causes a change to the Voronoi

Decomposition. A notable result is that once the number of points is greater than 8, the shapes

generated are similar to geometric planar tesselation work by Miadragovivc [37].

4.2.1.2 Position of the Points on the Line

By default, the position of the points on the line are evenly divided, resulting in equal spacing

between each individual point. In our workflow, the position of the points along the line can also be

moved throughout the line according to user preferences. This feature is important in controlling

the interaction of where the lines for the woven patterns potentially meet. If designed correctly,

the Voronoi Decompositon can create a gap between the individual pieces/cells when taking the

union. In Figure 4.3 below, part (c), notice how the middle cells are a little bit wider compared to

its counterpart without the offset in Figure 4.2, part (e) above.

4.2.2 Design of the Control Curves

4.2.2.1 Rotation

By carefully designing the position of the Voronoi Sites, we can create interesting polygons by

applying transformations to the Voronoi Site Guide Lines. One such example is rotating the lines

about their center throughout the structure. Figure 4.4 shows the lines being rotated 90 degrees

between the top and bottom layers. Each layer is evenly rotated using interpolation depending on

the total number of layers. For clarity, only a 5 layer structure is shown.
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(a) 2 Points (b) 3 Points (c) 4 Points

(d) 8 Points (e) 16 Points (f) 32 Points

Figure 4.2: Adjusting the point density on the Voronoi Site Guide Lines.

(a) 4 Points Offset (b) 10 Points Offset (c) 16 Points Offset

Figure 4.3: Adjusting the point position away from the center of the Voronoi Site Guide Lines.
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Figure 4.4: Example of rotating the control lines.

To help visualize how the Voronoi Site Guide Lines transform throughout the structure, Figure

4.5 shows how the Voronoi Site Guide Lines appear from the Top Orthographic viewport for a

single woven pattern cell. The lines are rotated counter-clockwise.

(a) 1 Layer - 0◦

Rotation
(b) 2 Layers -
90◦ Rotation

(c) 3 Layers -
45◦ Rotation

(d) 5 Layers -
22.5◦ Rotation

(e) 11 Layers -
9◦ Rotation

(f) 21 Layers -
4.5◦ Rotation

Figure 4.5: Top orthographic view to see the rotation of control lines of a single plain weave
rectangular grid cell.

Figure 4.6 shows how the Voronoi Site Guide Lines interact with each other as they are rotated

on each layer down the structure. Both sets of Voronoi Site Guide Lines are rotated counter-
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clockwise.

(a) 1 Layer - 0◦

Rotation
(b) 2 Layers -
90◦ Rotation

(c) 3 Layers -
45◦ Rotation

(d) 5 Layers -
22.5◦ Rotation

(e) 11 Layers -
9◦ Rotation

(f) 21 Layers -
4.5◦ Rotation

Figure 4.6: Top orthographic view to see the rotation of control lines of a pair of plain weave
rectuangular grid cells.

Figure 4.7 shows how the Voronoi Site Guide Lines interact when tiled across the entire grid

space. This further emphasizes the unique symmetrical potential of the woven patterns. A notable

characteristic is the negative space they create between the grid cells. Additionally, a cause of

concern is the intersection of potential Voronoi Site Guide Lines depending on the length. This

proposes an unexpected issue when taking the Union of the Voronoi cells per Site Line as the

intersection causes holes in the union structure.

4.2.2.2 Scaling

When working with the basic plain woven pattern, careful attention must be paid to the in-

tersection of the Voronoi Site Guide Lines. Depending upon the length of the Site Lines, as the

counter-clockwise rotation about the center of each grid cells occur, they may intersect with an

adjacent grid cell’s Voronoi Site Line. When taking the union of the pieces, this causes some am-

biguity as to which pieces should belong to which line. To avoid this issue, a solution is to scale

the lines to force no intersection of the Site Lines.

Therefore, Figure 4.8 provides the geometric analysis to determine the intersection length

threshold - the maximum Voronoi Site Line length to guarantee that intersections will not occur.

By applying the Pythagorean Theorem for a square, we see:
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Figure 4.7: Entire grid space with rotated Voronoi Site Guide Lines.

Figure 4.8: Geometry for determining the Intersection Length Threshold.
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IntersectionThresholdLength =
√
2L

where L is the length of a unit grid cell within the rectangular grid space.

As long as the length of the Voronoi Site Guide Lines are less than this value, then no intersec-

tions will occur. If the length of the Voronoi Site Guide Lines are chosen to be greater than this

value, there will be intersections and the user must decide on how to treat the intersections and

union of pieces.

Our node network interface allows the user to customize the tapering of the Control Curve

profile through a ramp interface - shown in Figure 4.9. The left side represents the scale of the

lines at the top layer, and the right side represents the scale of the lines at the bottom layer. In this

example, we are decreasing the scale, and thus length of the Voronoi Site Guide Lines towards the

middle layer.

(a) Entire grid space with rotated and scaled Voronoi
Site Guide Lines.

(b) User-controlled ramp profile to adjust the
Voronoi Site line length scale.

Figure 4.9: Scaling the profile of the control curves.
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Based upon the classification of conditions that may exist, the following two conditions are

established in regards on how to handle the potential intersections of lines:

ControlCurveProfile =


Rotation, if Length <

√
2L

Rotation+ Scaling, if Length ≥
√
2L

(4.1)

Going forward, we will consider Case 1 being the scenario when the Voronoi Site Line Length

is less than the Unit Length of a Grid Cell. Case 2 is when the Voronoi Site Line Length is greater

than or equal to the Unity Length of a Grid Cell.

4.2.3 3D Printing

Aspirations of 3D printing our structures were to provide both a visual aid and physically

tangible product, study the interlocking features, confirm the tiling/space filling capabilities, and

to help facilitate brainstorming ideas from mechanical perspectives such as structural potential and

fluid flow.
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5. RESULTS

5.1 Plain Woven Pattern

By using our subsequent procedural framework within the established rules, we were able

to generate several Woven Structure based Delaunay Lofts. By controleling the parameters, we

are able to quickly investigate how certain parameters affected the final resulting structure. Most

importantly, we are able to control the resulting union shape on each layer by specifying and

designing the Voronoi Decompositon.

In the following sections, our parameters were 20 points on each Voronoi Site Guide Line,

with 41 layers throughout the structure. We believe that this combination of parameters provided

the proper balance between computing time and detail within the results. The renders (created in

Houdini using SideFX’s Mantra renderer) are examples of the Delaunay Lofts resulting from the

Plain Woven Pattern.

5.1.1 Case 1: Voronoi Site Guide Line Length < Intersection Threshold Length

The following is the layout of the Voronoi Site Guide Lines for Plain Woven Pattern, Case 1.

Figure 5.1: Case 1: Voronoi Site Guide Line Length < Intersection Threshold Length
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(a) Plain Woven Pattern Horizontal Line Delaunay
Lofts

(b) Plain Woven Pattern Vertical Line Delaunay Loft

(c) Fitting the Pieces Together (d) Plain Woven Pattern Vertical Delaunay Lofts
Tiled

Figure 5.2: Renders of Case 1: Plain Woven Pattern Delaunay Lofts

The resulting renders of the final structure generated from Case 1 for the Plain Woven Pattern

Delaunay Lofts are shown in Figure 5.2. Overall, our method creates a structure similar to the
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tessellations formed by Miadragovic’s team [37]. Additionally, notice how the each individual

structure fits together in the entire pattern.

5.1.2 Case 2: Voronoi Site Guide Line Length ≥ Intersection Threshold Length

The following is the layout of the Voronoi Site Guide Lines for Plain Woven Pattern, Case 2.

Figure 5.3: Case 2: Voronoi Site Guide Line Length ≥ Intersection Threshold Length

Since the intersection of Voronoi Site Guide Lines occur in Case 2 , a scaling rule was applied

to the length of the Voronoi Site Guide Lines. The profile is similar to the inverted bell curve in

Figure 4.9. As a result, the length of the lines decreases towards the middle layer. This guarantees

that we get a clean quadrilateral at the middle layer. When the lines intersect, we see that when

taking the union, while we get an interesting shape, the resulting unions would collide with each

other when trying to fit together, and therefore the overall structures would not be tileable and

space-filling.

The resulting renders of the final structure generated from Case 2 for the Plain Woven Pattern

Delaunay Lofts are shown in Figure 5.5. Notice how the each individual structure fits together in

the overall structure. Due to the gap, no only do these structures have a more peculiar topology,
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(a) No Scaling of Voronoi Site Guide Line Length (b) Scaling of the Voronoi Site Guide Line Length
towards the Middle Layer

Figure 5.4: Effect of Scaling on the Control Curve Profile
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they also fit in a more unnatural way. Compared to Case 1, the interlocking mechanics of Case 2

create potentially greater mechanical strength.

(a) Plain Woven Pattern Horizontal Line Delaunay
Lofts

(b) Plain Woven Pattern Vertical Line Delaunay Loft

(c) Fitting the Pieces Together (d) Plain Woven Pattern Delaunay Lofts Tiled

Figure 5.5: Renders of Case 2: Plain Woven Pattern Delaunay Lofts

31



5.2 Twill Woven Pattern

5.2.1 Case 1: Voronoi Site Guide Line Length < Intersection Threshold Length

Figure 5.6 shows the layout of the Voronoi Site Guide Lines for the Twill Woven Pattern, Case

1. The Voronoi Site Guide Line length is less than the Intersection Threshold Length. Also, the

entire grid was not filled in with the Twill Line Pattern to a)save on computation cost and b) the

repetitive structure was already captured in fewer grid cells.

Figure 5.6: Case 1: Voronoi Site Guide Line Length < Intersection Threshold Length

The Voronoi Site Guide Lines were rotated a total of 90 degrees counter-clockwise throughout

the layers to produce the resulting renders are shown in Figure 5.7.

5.2.2 Case 2: Voronoi Site Guide Line Length ≥ Intersection Threshold Length

Figure 5.8 shows the layout of the Voronoi Site Guide Lines for the Twill Woven Pattern, Case

2. The lines are noticeably extended towards the neighboring lines.

Without scaling applied, there was intersection at the middle layers. However, due to the

layout of the lines, the overlap was only among the same structures (i.e. the vertical blue lines only

intersected with its neighboring vertical blue line when both were rotated 45 degrees).
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(a) Twill Woven Pattern Horizontal Line Delaunay
Lofts

(b) Twill Woven Pattern Vertical Line Delaunay Loft

(c) Fitting the Pieces Together (d) Twill Woven Pattern Delaunay Lofts Tiled

Figure 5.7: Renders of Case 1: Twill Woven Pattern Delaunay Lofts

33



Figure 5.8: Case 2: Voronoi Site Guide Line Length ≥ Intersection Threshold Length

Therefore, a scaling function was applied to shorten the lines towards the middle. Figure 5.9

displays the renders. Due to the offset in the Twill pattern, we don’t get a quadrilateral, but the

scaling function guarantees that we get a clean convex or non-convex polygon at the middle layer.

5.2.2.1 Case 2 extended: Voronoi Site Guide Line Length ≥ Intersection Threshold Length

As previously mentioned, by finely tuning the point position where lines within the woven

pattern intersect, a gap/hole can be created in the resulting layer when taking the union of the

connected cells. For the Twill woven pattern, Figure 5.10 shows an application of this idea. Our

method provides a way to not only create completely joined pieces, but also provides a design

method to create disconnected pieces within the overall structure. Figure 5.11 displays the renders.
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(a) Twill Woven Pattern Horizontal Line Delaunay
Lofts

(b) Twill Woven Pattern Vertical Line Delaunay Loft

(c) Fitting the Pieces Together (d) Twill Woven Pattern Delaunay Lofts Tiled

Figure 5.9: Renders of Case 2: Twill Woven Pattern Delaunay Lofts
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(a) Case 2 Extended: Voronoi Site Guide Line Lay-
out

(b) Twill Woven Pattern Extended Voronoi Decom-
position of Top Layer

Figure 5.10: Input of Case 2 Extended: Twill Woven Pattern Delaunay Lofts
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(a) Twill Woven Pattern Extended Horizontal Line
Delaunay Lofts

(b) Twill Woven Pattern Extended Vertical Line De-
launay Loft

(c) Fitting the Pieces Together (d) Twill Woven Pattern Extended Delaunay Lofts
Tiled

Figure 5.11: Renders of Case 2 Extended: Twill Woven Pattern Delaunay Lofts
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6. CONCLUSION AND FUTURE WORK

6.1 Conclusion

This paper presents a procedural framework for the creation of Woven Structures as the result

of taking the union of several Delaunay Lofts. As this method can reproduce several iterations of

different structures, it is a powerful and useful algorithm for developing complex structures which

can lead to various mechanical, architectural, and artistic implementations.

6.2 Future Work

While our procedural framework and algorithm is applicable to limitless Voronoi Site inputs,

we focused strictly on a few cases of Woven Structures. Therefore, this work can be extended

upon to include variations on other patterns and symmetrical designs. Further examples of wo-

ven structures include the Satin weave pattern, Japanese Bamboo Weave, or Basket weave pattern.

Graphical designs outside of the textile and architecture industry are also possible sources of in-

spiration and exploration for the Voronoi Site points.

Furthermore, we only investigated constant/uniform transformations when defining the Control

Curve profile. Variations on the rate of transformation applied may yield further complex struc-

tures. For instance, an option is to have non-uniform rotation where the rate of rotation fluctuates.

Or, the directions of rotation can be changed depending on if the Voronoi Site Line is vertical or

horizontal, rather than always being counter-clockwise.

Within Houdini, the structure of the framework could be reworked to incorporate more VEX

code during the process. As VEX is multi-threaded, it typically runs faster and more efficiently

than packaged SOPs, which could allow the process to cook more quickly when working with high

resolution magnitudes of geometry [45]. Additionally, there is some needed manual editing when

sorting the union of the grouped Voronoi Cells. While this is not a difficult task, it is probably

beneficial in terms of turn-around time to have the software group the pieces rather than by the

user manually selecting them, especially as the number of layers exponentially increases.

38



In terms of mechanical properties, further FEA (Finite Element Analysis) should be applied to

the shapes to observe the stress distribution on the structures. The interlocking and tilable proper-

ties already provide promising observations for geometric strength, and optimal material properties

other than 3D resin should be investigated. Furthermore, fluid dynamics and heat transfer studies

could provide additional avenues for mechanical applications.

With respect to 3D printing, as one of the most intriguing characteristics of the Delaunay Loft’s

structure is in it’s tiling capabilities, these pieces would be printed at a relatively small scale, but in

mass quantities. Therefore, minimizing the production costs is a factor in determining 3D printing

settings. One way to reduce costs would be to hollow out the structure in order to reduce the

amount of material required, thus reducing the overall monetary cost. Additionally, the prints

could also be textured or painted in a more creative manner to add visual interest during assembly,

such as a color-coded puzzle.
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