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ABSTRACT

In many scientific studies and real life scenes, one of the essential questions is “Are there
any signals in the datasets?”. For example in genetics, scientists are interested in genes that are
differentially expressed with respected to certain diseases. In fund investment, we want to identify
funds administered by skilled instead of just “lucky" managers. These and many other applications
could be formulated as a multiple hypothesis testing problem, where we consider a set of statistical
inferences simultaneously. Motivated by those real world applications, many research problems
arise in multiple testing and remain to be addressed.

This dissertation contains two projects addressing different challenges arising from bioinfor-
matics.

The first project considers a covariate adaptive family-wise error rate (FWER)-controlling pro-
cedure for genome-wide association studies. With the increasing availability of functional ge-
nomics data, it is possible to increase the detection power by leveraging these genomic func-
tional annotations in genome-wide association studies. Previous efforts to accommodate covari-
ates in multiple testing focus on the false discovery rate control while covariate-adaptive FWER-
controlling procedures remain under-developed. Here we propose a novel covariate-adaptive FWER-
controlling procedure that incorporates external covariates which are potentially informative of
either the statistical power or the prior null probability. An efficient algorithm is developed to im-
plement the proposed method. We prove its asymptotic validity and obtain the rate of convergence
through a perturbation-type argument. Our numerical studies show that the new procedure is more
powerful than competing methods and maintains robustness across different settings. We apply the
proposed approach to the UK Biobank data and analyze 27 traits with 9 million single-nucleotide
polymorphisms tested for associations. Seventy-five genomic annotations are used as covariates.
Our approach detects more genome-wide significant loci than other methods in 21 out of the 27
traits.

One fundamental statistical task in microbiome data analysis is differential abundance analysis,
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which aims to identify microbial taxa whose abundance covaries with a variable of interest. Al-
though the main interest is on the change in the absolute abundance, i.e., the number of microbial
cells per unit area/volume at the ecological site such as the human gut, the data from a sequenc-
ing experiment reflects only the taxa relative abundances in a sample. Thus, microbiome data are
compositional in nature. Analysis of such compositional data is challenging since the change in
the absolute abundance of one taxon will lead to changes in the relative abundances of other taxa,
making false positive control difficult. In the second project, we present a simple, yet robust and
highly scalable approach to tackle the compositional effects in differential abundance analysis.
The method only requires the application of established statistical tools. It fits linear regression
models on the centered log-ratio transformed data, identifies a bias term due to the transforma-
tion and compositional effect, and corrects the bias using the mode of the regression coefficients.
Due to the algorithmic simplicity, our method is 100-1000 times faster than the state-of-the-art
method ANCOM-BC. Under mild assumptions, we prove its asymptotic FDR control property,
making it the first differential abundance method that enjoys a theoretical FDR control guarantee.
The proposed method is very flexible and can be extended to mixed-effect models for the analy-
sis of correlated microbiome data. Using comprehensive simulations and real data applications,
we demonstrate that our method has overall the best performance in terms of FDR control and
power among the competitors. We implemented the proposed method in the R package LinDA

(https://github.com/zhouhj1994/LinDA).
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1. INTRODUCTION

1.1 Multiple hypothesis testing'

Multiple testing arises when we face a large number of hypotheses and aim to discover sig-
nals while controlling specific error measures. Table 1.1 lists the possible outcomes when testing
multiple hypotheses. For a single hypothesis test, we usually control the type I error rate, i.e., the
probability of rejecting a true null hypothesis. When the number of hypotheses is large, controlling
the type I error rate for each hypothesis at the usual nominal level (say 5%) could lead to a large
number of false positives. For example, if there are 10000 true null hypotheses, then around 500
p-values will be smaller than 0.05 according to the law of large numbers. Therefore, we need more
stringent error measures. The family-wise error rate (FWER) and the false discovery rate (FDR)
are two commonly used error measures employed in a wide range of scientific studies. The FWER
is the probability of making one false discovery, while the FDR is the expected proportion of false

positives:

FWER: P(V > 1) FDR:E{V/(RV 1)}.

The FWER provides stringent control of type I errors and is preferable if (i) the overall conclusion
from various individual inferences is likely to be erroneous when at least one of them is, or (ii)
the existence of a single false claim would cause significant loss. In contrast, the FDR control
procedure provides less stringent control of type I errors, and it generally delivers higher power at
the cost of an increased number of type I errors. Consider the problem of simultaneously testing
m hypotheses. We reject the hypotheses whose p-values are less than a cutoff ¢*. For many FWER

and FDR controlling procedures, the ¢t* that controls either one of them at level « is obtained by

'Reprinted with permission from “Covariate Adaptive Family-wise Error Rate Control for Genome-Wide Associ-
ation Studies” by Huijuan Zhou, et al., 2020. Biometrika forthcoming, Copyright 2020 by Oxford University Press.



Table 1.1: Possible outcomes when testing multiple hypotheses.

Not rejected Rejected Total
True nulls U \% mg
True alternatives T S my
Total m—R R m

solving the following constraint optimization problem

maximize,cp  R(t) st M(t) < a, (1.1)

where R(t) denotes the total number of rejections given the threshold ¢ and M (¢) is a (conservative)
estimate of the FWER or FDR. The most fundamental procedure for controlling the FWER is the
Bonferroni method. It corresponds to the choice of M (t) = mt, which is the union bound on the
FWER under the assumption that the null p-values are uniformly distributed (or super-uniform) on

[0, 1]:

P(V > 1) =P{U(p < 1)} <>t < mt,

i=1

t* = max{t: mt < a} = a/m,

where without loss of generality, we assume the first m( null hypotheses are true. The classical
Benjamini—-Hochberg (BH) procedure for controlling the FDR can also be formulated using (1.1)

with M (t) = mt/R(t) being a conservative estimate of the FDR (Benjamini and Hochberg, 1995):

where p(1) < ... < pn) are the order statistics of py, ..., pp,.

Formulation (1.1) assumes that the hypotheses for different features are exchangeable. How-



ever, in many scientific applications, there are informative covariates for each hypothesis that could
provide information on prior null probabilities or distributional characteristics of signals. In Chap-
ter 2, we will introduce a novel covariate adaptive FWER controlling procedure which could in-

corporate multi-dimensional covariates so as to improve the statistical power.
1.2 Real world applications of multiple testing

Multiple testing plays an important role in many scientific studies and real world problems.
For example in finance, we want to identify skilled fund managers by testing alphas of all funds in
the population (Barras et al., 2010; Lan and Du, 2019). In brain imaging studies, we want to find
areas of the brain that differ between two groups of subjects with respect to a special characteristic
of interest such as the diffusion of water molecules (Schwartzman et al., 2008; Leek and Storey,
2008). In astronomy, a recurrent statistical problem is to decide whether the observed astrophysical
data (e.g., an observed power spectrum of of galaxies or clusters) are consistent with the predictions
of a theoretical model (Miller et al., 2001). Similar example can be found in climatology (Ventura
et al., 2004).

In genomic studies, a central and persistent problem is identifying genomic features associ-
ated with clinical outcomes, which was discussed in great many multiple testing literatures (Reiner
et al., 2003; Roeder and Wasserman, 2009; Fan et al., 2012; Zhang and Chen, 2020). It often
involves simultaneously testing a large number of hypotheses, each associated with a particular
genomic feature. Examples include testing the association between single-nucleotide polymor-
phisms (SNPs) and heritable diseases in genome-wide association studies (GWASSs), examining the
association between epigenetic variations and phenotypes in epigenome-wide association studies,
detecting the relationship between human microbiome abundances and diseases in microbiome-
wide association studies. In these applications, the number of genomic features often ranges from
hundreds to tens of thousands, which calls for multiple testing procedures to account for the multi-
plicity. The two projects discussed in this dissertation were motivated by two specific applications
arising in bioinformatics. The first project is about adaptive multiple testing with side information,

which focuses on leveraging different types of covariates (prior) information to improve statisti-



cal power in GWASs while controlling the FWER. The second project addresses a fundamental
statistical problem for microbiome data analysis: differential abundance analysis of compositional
data. The difficulty lies in that the observed data reflects only the relative abundances thus careful

treatments for the data are needed to avoid type I error inflation.
1.3 Opverall structure

We developed a novel multiple hypothesis testing method for each of the two projects. Chapter
2 and 3 are devoted to the detailed discussions on the two methods respectively and both include
the descriptions of the asymptotic properties, simulations and real data analyses. Chapter 4 sum-
marizes the two projects. Lemmas and proofs of the theorems, and additional results of simulations

and real data applications are provided in the appendices.



2. COVARIATE ADAPTIVE FAMILY-WISE ERROR RATE CONTROL FOR
GENOME-WIDE ASSOCIATION STUDIES

2.1 Introduction

As mentioned in Section 1.1 , the classical multiple testing procedures, such as BH procedure
and Bonferroni procedure, assume that the hypotheses for different features are exchangeable.
However, in many scientific applications, there are informative covariates for each hypothesis that
could reflect the group structure among the hypotheses, or provide information on prior null prob-
abilities or distributional characteristics of signals. These covariates can be roughly divided into
two classes: statistical covariates and external covariates (Ignatiadis et al., 2016). Statistical co-
variates are derived from the data itself and could reflect the power or null probability. For exam-
ple, in meta-analyses where samples are pooled across studies, the loci-specific sample sizes and
population-level frequency can be informative for association analyses by influencing the sampling
variability (Boca and Leek, 2018). External covariates are derived from external sources and are
usually informative of the prior null probability. For example in GWASs, the SNPs in active chro-
matin state are more likely to be significantly associated with the phenotype (GTEx Consortium,
2017). P-values from previous or related studies is also considered useful prior information. It is
thus promising to incorporate these covariates to improve the detection power in GWAS.

Multiple testing procedures that leverage different types of covariates (prior) information have
received considerable attention in the literature especially for the FDR control. Genovese et al.
(2006) pioneered multiple testing procedures with prior information using weighted p-values and
demonstrated that their weighted procedure controls the FWER and FDR while improving power.
Roeder and Wasserman (2009) further explored their p-value weighting procedure by introducing
an optimal weighting scheme for the FWER control. Inspired by the above works, Hu et al. (2010)
developed a group BH procedure by estimating the proportions of null hypotheses for each group

separately. Bourgon et al. (2010) developed a particular weighting method called independent



filtering, which first filters hypotheses by a criterion independent of the p-values and only tests
hypotheses passing the filter. Ignatiadis et al. (2016) proposed the independent hypothesis weight-
ing for multiple testing with covariate information. The idea is to bin the covariate into several
groups and then apply the weighted BH procedure with piecewise constant weights. A similar
idea has been used in the structure-adaptive BH algorithm introduced in Li and Barber (2019),
where the weight assigned for each p-value is the reciprocal of the estimated null probability of
the corresponding hypothesis. The null probabilities were estimated by utilizing censored p-values
and structural information believed to be present among the hypotheses. Boca and Leek (2018)
employed a similar approach by using the censored p-values and a regression approach to estimate
null probabilities based on informative covariates. The above procedures can all be viewed to some
extent as different variants of the weighted BH or Bonferroni procedure. On the other hand, there
are FDR-controlling procedures designed to find an optimal decision threshold by taking into ac-
count the p-value distribution under the alternatives, mostly based on the local FDR framework.
For example, Sun et al. (2015) developed an local-FDR-based procedure to incorporate spatial
information. Scott et al. (2015) and Tansey et al. (2018) proposed EM-type algorithms to esti-
mate the local FDR by taking into account covariate and spatial information, respectively. Lei and
Fithian (2018) proposed the AdaPT procedure, which iteratively estimates the p-value thresholds
based on a two-group mixture model using the partially masked p-values together with the co-
variates. Zhang and Chen (2020) proposed a more computationally efficient procedure to assign
each p-value a covariate-adaptive threshold. Another related method AdaFDR addressed the local
“bump" and global “slope" structures delivered through the covariates in what they called “enrich-
ment" pattern by modeling a mixture of the generalized linear model and Gaussian mixture for a
threshold function (Zhang et al., 2019). Other relevant works include Ferkingstad et al. (2008),
Zablocki et al. (2014), Dobriban et al. (2015), Wen (2016), Stephens (2017), Xiao et al. (2017),
Lei et al. (2017) and Li and Barber (2017).

Recent developments on covariate-adaptive multiple testing focus on the FDR control, while

methods for the FWER control lag behind. Existing FWER-controlling methods can all be thought



to be variants of the weighted Bonferroni method, with the weights reflecting only the prior null
probabilities. It has been demonstrated clearly in the FDR literature that incorporating the al-
ternative p-value distribution leads to the optimal rejection region in theory and more power in
practice, see, e.g., Efron (2010). Given the popularity of the FWER control in GWAS, we intro-
duce a new covariate-adaptive FWER-controlling procedure, which takes into account the prior
null probabilities as well as the alternative p-value distribution, making it distinct from the existing
FWER-controlling procedures. To illustrate the idea, suppose we are given a set of p-values p;

together with the external covariates x;. Our method is motivated by the two-group mixture model

pi | @i~ (@) fol) + {1 = m(z:) } i ()

with 7(z;) and f;(-) reflecting the heterogeneity of the probabilities of being null and the distri-
butional characteristics of signals. We construct an objective function to control a conservative
estimate of FWER while maximizing the expected number of true rejections. Specifically, we

formulate the following constrained optimization problem

max Z{l —7(z;) }Fi(t iﬂ (x;)Fo(t;) < a,
=1

where Fjy and F are the cumulative distribution functions of fj and f; respectively. To establish the
asymptotic FWER control, and the rate of convergence, new theoretical developments are needed.
Existing theoretical analysis techniques developed for the FDR-controlling procedures are not ap-
plicable to the FWER-controlling procedure, since we aim to control a sum instead of a proportion
encountered in the FDR control. The arguments based on the Rademacher complexity in Li and
Barber (2019) do not provide a meaningful bound on the FWER. Employing a perturbation-type
argument, we develop a more delicate analysis for each of the summands, which leads to a useful

bound on the sum and thus the FWER. The main contributions of this project are two-fold:

e We propose a powerful covariate-adaptive FWER-controlling procedure that can incorporate

multi-dimensional covariates and exploit the information from both the null probability and

7



the alternative distribution. We prove the asymptotic FWER control of the proposed proce-
dure when the pairs of covariate and p-value across different hypotheses are independent and
derive the exact rate of convergence based on a novel perturbation technique. We emphasize

that our proofs do not rely on the correct specification of the two-group mixture model.

e We develop an efficient algorithm to implement the proposed method and demonstrate its
usefulness in handling big datasets arising from GWAS. In the application to the GWAS
of about 9 million SNPs and 75 covariates, we could complete the analysis in hours. The

proposed method is implemented in the R package CAMT.

The rest of this chapter is organized as follows. Section 2.2 derives the optimal rejection rule
based on the two-group mixture model and introduces a feasible procedure to implement the pro-
posed method, while Section 2.3 discusses the theoretical results on the asymptotic FWER control
of the new method. In Sections 2.4, we evaluate the finite-sample performance of the proposed
method via simulation studies. In Section 2.5, we apply the proposed procedure to the GWAS of
the UK Biobank data. Section 2.6 points out a few future research directions. Technical details
including intermediate lemmas and proofs of the theorems, and additional results of simulations

and real data applications are presented in Appendix A.
2.2 Methodology
2.2.1 The setup

Denote by ||v|| the Euclidean norm of a vector v. With some abuse of notation, let || A|| be the
spectral norm of a matrix A. For two symmetric matrices A and B, A < B means that B — A is
positive semidefinite. For a,b € R, write a V b = max(a, b) and a A b = min(a,b). Throughout
the chapter, we use c to denote a positive constant which can be different from line to line. The
notations in this chapter are consistent with the notations in Appendix A.

We consider the problem of covariate-adaptive multiple testing to control the FWER. Suppose
we are given m hypotheses, among which my are true nulls. For each hypothesis, we observe a

p-value p; as well as a covariate x; lying in some space X C R? which encodes potentially useful



external information concerning the presence of a signal. Let H; = 0 if the ith null hypothesis is
true and H; = 1 otherwise. Denote by M the set of all true null hypotheses. We transform the :th
p-value based on amap 7; : [0,1] — R, that will be estimated from the covariates and p-values.
The larger T;(p;) is, the more likely the ith hypothesis is from the alternative. The motivation for
such a transformation will be discussed in the next section. In a nutshell, the optimal 7; is the

likelihood ratio between the ith p-value distributions under the alternative and the null.
2.2.2 Optimal rejection rule

Let fo(-) be the null p-value distribution and f;(-) denote the alternative p-value distribution.
Denote by Fy(-) and Fi(-) the corresponding cumulative distribution functions. Suppose we reject
the ¢th hypothesis if p; < ¢; for some cutoff ¢;. Before presenting the procedure that inspires
the choice of 73, it is worth clarifying the definition of the FWER from both the frequentist and
Bayesian perspectives. The key difference between these two viewpoints lies on whether we treat
the indicators { H;} as fixed or random quantities. From the frequentist perspective, the indicators

{H;} are deterministic and we have by the union bound,
FWERfq =P(p; < t; for some i € M) <> I(H; = 0)Fy(t;).
i=1

From a Bayesian’s point of view, it is natural to posit the two-group mixture model

pi | i~ (@) fo(-) + {1 —m(xi) Hfa (o).

In this case, conditional on x;, H; is assumed to be a Bernoulli random variable with the success

probability 1 — 7(z;). The Bayesian FWER can be bounded as follows

FWERBay :P(pz S tz for some i € ./\/l()) S Z]P)(pz S ti, Hz = 0) = ZE {7'('((131)} F()(tz)
=1

=1

2.1)



To motivate our procedure, it is more convenient to adopt the Bayesian viewpoint. But we empha-
size that the proposed procedure indeed provides asymptotic FWER control in the usual frequentist
sense, as shown in Section 2.3.

We aim to find {¢;} to maximize the expected number of true rejections given by

E {ZH(Hi =1,p < tz)} = ZE[{l — () Y F1(t:)

while controlling the FWER at a desired level . To achieve both goals, we formulate the following

constraint optimization problem

maXZ{l —7(z;) }Fi(t;) s.t. Zﬂ' (x;)Fo(t;) < a, (2.2)
=1

where > " w(x;)Fy(t;) serves as a conservative estimate of the Bayesian FWER based on the

derivations in (2.1). The Lagrangian for problem (2.2) is

L(ty,...,t Z{l — 7(z;) }F1 (1 {zm: (@) Fo(t; a}

with A > 0. Differentiating the Lagrangian with respect to ¢; and setting the derivative to be zero

(at the optimal value t}), we obtain

{1—m@)bht) _ |
(i) fo(t}) .

Motivated by the above observation, we set

{1 - nl@)}i(p)

L) = i)
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We note that 7;(p) is related to the local FDR as follows

1 _ (i) fo(p) =P(H; =0 | p,z:).
Ti(p) + 1 m(z:) fo(p) + {1 — m(z:) } f1(p)
In the following discussions, we suppose fj is the uniform distribution on [0, 1] and f; is strictly
decreasing, which is a common assumption in the literature, e.g., Sun and Cai (2007) and Cao et al.
(2013). As T; is strictly decreasing in this case, we may reduce our attention to the rejection rule
pi < tfasTi(p;) > T;(tF) := 7*. The cutoff can then be expressed as

tr = f1_1 {M}7

1-— 7T(IE1)

where f; ' denotes the inversion of f;. Notice that the expected number of true rejections and
the conservative estimate of the Bayesian FWER in (2.1) are both monotonically decreasing in 7.

Therefore, the solution to (2.2) satisfies that

T*:min{7>0:gﬂ(wi)ffl{%} ga}. (2.3)

In practice, both 7 and f; are unknown and need to be replaced by estimates from the data. We

provide detailed discussions about estimating the unknowns in the next section.
2.2.3 A feasible procedure

We describe a feasible procedure based on suitable estimates of 7 and f;. To avoid overfitting
and facilitate the theoretical analysis, we adopt the idea of censoring p-values as in Storey (2002),
Li and Barber (2019) and Boca and Leek (2018). Under the two-group mixture model, for a

prespecified 0 < v < 1, we have

I(pi > ) [ 2 ~ m(z;)Bern(1 — ) + {1 — m(x;) }Bern{1 — F1(7)},

11



where Bern(1 — ) denotes the Bernoulli distribution with success probability 1 — . We model f;
using the beta distribution f;(p) = kp*~! for 0 < k < 1 as it provides reasonably well approxima-
tion to a wide range of alternative distributions as demonstrated in Zhang and Chen (2020). Here
we treat £ as fixed and will discuss the choice of data-driven k in Section 2.2.4.

Before presenting our method, it is worth clarifying the rationale behind our procedure. Notice
that 7(z;) appears both inside and outside the function f; ' in (2.3). To achieve asymptotic FWER
control, we need a conservative estimate for 7(z;) outside the function f; ', while for the one
inside f; !, we require it to depend on the covariates to reflect the heterogeneity among signals
while retaining certain form of stability (see more details in Section 2.3). The reason will become

clear by inspecting the proof of Proposition 1. We first observe that

E {w \ azl} =m(x;) + {1 — 7T(5l7z)}1_1fFlW(7> > ().

Therefore, we suggest replacing the 7(z;) outside f;* by I(p; > v)/(1 — 7). To estimate 7(x;)

inside f; ', we consider the logistic model

s 1251 s

The quasi log-likelihood function is then
L, (8) = Zlog [ (@) (1 = )Yy ¥+ {1 — () } (1 — Pyk)y“yk(l’yi)] ,
i=1

where 7(z;) = (1 + e % %)~'and y; = I(p; > ). Define the corresponding quasi-maximum

likelihood estimator (MLE) as

f = arg max Ln(B), (2.4)

12



where B is some compact subset of R?. Let
ﬁ'(ZEl) = {ﬁ(x,) V 81} N €,

where 7(z;) = (1 + efg”iTB)*1 and 0 < €; < g9 < 1. We have used winsorization to prevent 7(z;)

from being too close to zero and one. Further denote

o . . 1p: = ol
T:mm{TZE:; (11)_>77)f1 {1_(7%()%)}304}

for some £ > 0. It is straightforward to show that 7 = 7 V ¢ with

>

k

- " Wy > ) [1— a(a) | VO]
T:klzau—v){ #(w) } ] '

i=1

Finally, we set

7

i {M} 1/(1-k)

I

and reject the sth hypothesis if

Di <t Ny

Remark 1 (Connection to the weighted Bonferroni procedure). Suppose ey =€ = 0and g5 = 1.

Then we have

= QWy,

i= {M} 1/(1-k)

where

We reject the :th hypothesis if

pi < aw; N.
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In this sense, our procedure can be viewed as a particular type of weighted Bonferroni procedure.
However, different from existing methods, our weight incorporates the information regarding the
alternative p-value distribution, which often leads to more rejections and thus higher power, as

observed in our numerical studies.

2.2.4 EM algorithm
Algorithm 1 below provides the details of our iterative algorithm to solve problem (2.4).

Algorithm 1. EM algorithm for problem (2.4).

Input: {x;,y; Y"1, v, k; initializer: 3.

Output: B
Notation: by; = (1 — 7)Yy 7%i; by = (1 — 4F)ink =) pol: tolerance level.
Iteration:
E step:
Q" = E{I(H; = 0) | s, 2:, 8O} = m" b/ {m{ b0 + (1 — ) )ous},
where 7T§t) = (1 + e = A,
M step:
B = argmaxges S {Q1 log(m) + (1= Q1) log(1 — m)},
where w; = (14 e~ #)~1,
Until: | L (BYY) = Lin(BO)|/| Lin(B®)] < tol.

Return: BV after a sufficient number of iterations.

The theory in Section 2.3 below shows that our procedure controls FWER asymptotically for
any fixed k. However, a suitable choice of k, which produces a beta-distribution closer to the
true f (especially on the small p-value region), will improve the statistical power. In practice,
an EM algorithm can be used to estimate the £ and 3 jointly. To be precise, we define the quasi

log-likelihood function,
Lan(B,k) =Y log [m(as) (1 = 7)¥y" 7 4+ {1 = m(2:) }(1 = AF)a )]
=1

14



Then we estimate (3, k) jointly by the quasi-MLE defined as

A A

k) = Lo (B, k). 25
(B, k) = arg seinax | (B, k) (2.5)

We summarize the algorithm for solving problem (2.5) in Algorithm 2.
Algorithm 2. EM algorithm for problem (2.5).

Input: {x;,y; Y7, ~y; initializer: 3 k©).
Output: B , k.
Notation: by; = (1 — v)¥in'=¥i: tol: tolerance level.
Iteration:
E step:
Qi = B{I(H; = 0) | yi, 2, 8, KO} = 7 bou/ {mbos + (1= w0y},
where 7T§t) = (1+ e*””?ﬁ(”)*l, bgti) =(1- vk(”)ywk(”(lfyi)_
M step:
B = argmaxges Y1 {QV log(m) + (1 — Q") log(1 — m;)},
where T; = (1 + e~ 9)~1;
kY = arg maxgeo1) orey (1 — QN {y; log(1 — +*) + k(1 — y;) log(7)}.
Until: | L, (B4, kDY — L (BD k)| /| L, (B, k®)| < tol.

Return: Y kO after a sufficient number of iterations.

2.3 Asymptotic FWER control

In this section, we prove the asymptotic FWER control for the procedure proposed in Section
2.2.3. Throughout this section, we shall adopt the frequentist viewpoint, i.e., we view the indicators
{H,} as a deterministic sequence.

Let piya = (P15---,Pj=1,@,Dj41,---,Pm)" € R™ for a = 0,1. We define B(pj_m) and
t; (pj—a) by setting the jth p-value to be equal to @ when estimating the corresponding quantities.

We make the following assumption.
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Assumption 1. Denote by Fy; the cumulative distribution function for p; with H; = 0. Suppose

that {p; }ie m, are super-uniform, i.e., Fy;(t) <t forallt € [0,1] and i € M.

Assumption 1 is standard in the literature, see e.g., Benjamini and Yekutieli (2001).
Proposition 1. If {p;} € M, are mutually independent and are independent with the non-null
p-values, then under Assumption 1, we have

FWER < Jp, + a < (1 + Jma) + a,

where

T =Y E{|t;(pjs0) — £i(pjm)| }
j=1
o = i E (27 {B(ps—0) = Blps—1)}]
j=1 _{COﬁl > iz Lpi > fy)} \V gl/(1=k)

Jma = Zm:IE @' 3 iy Ui > 7)|x3{5(pj—>0) - B(pj_n)}2| + ol
Jj=1 Hcorl Zi;éj ]I(pi > ry)} V; 51/(171@)}

and € has been defined in Section 2.2.3.

The above proposition shows that the validity of the asymptotic FWER control relies on the
stability of i, i.e., the smallness of |£;(p;_0) — £;(pj—1)| which in turn depends on ||3(p;_0) —

~

B(pj=1)- Set z; = (4, y;), where y; = I{p; > v}. Define

1 e~ P

Kﬁx%)zlm;{ (1_”ﬂMVLﬁi+'___fﬁguf_7%%7mkﬂ”}a

1+ e b 1+e

and P,,1(8) = m™ ' 32" 1(B; 2). To ensure ||3(pj—0) — B(pj—1)]|| to be small, we impose the

following assumptions.

Assumption 2. Suppose z; € R4 are independent and possibly non-identically distributed.
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Assumption 2 is not uncommon in the multiple testing literature, see e.g., Ignatiadis et al.
(2016). We suspect that the results still hold when z; is a sequence of weakly dependent variables

although a rigorous proof is left for future investigation.

Assumption 3. There exists a continuous function of 3, denoted by L([3), such that

lim_supE {P,l(8)} — £(8)| = 0.

m——+00 BeEB

Assumption 4. Suppose L(() has a unique global maximizer 3* over the compact space B.

Assumption 4 is needed in our perturbation argument. If the maximizer is not unique, there

seems no guarantee that the difference between 3(p;_0) and 3(p;_,1) will be small.

Proposition 2. Suppose Assumptions 2—4 are satisfied and further assume sup,;,, E (||z;|*) <

00. Then we have

B(pj—m) — B(pj—u) = (S + Aj)_l(Uf +11),
where S; and U; are the leading terms such that S} = — .. V?I(B*; z;) and sup, <<, |U7 || =
Op(1), and A; and 11; are the remainder terms satisfying that

sup 1A, = ox(m) and_sup [IL;| = oz(1).

1<5<m j<m

Given Propositions 1 and 2, we have the following theorem of asymptotic FWER control.

Theorem 1. Suppose the following conditions are satisfied:

(i) Assumptions 14 hold;

(ii) for some q > 2 and € > 0, we have sup, ., E (||;||*7"¢) < oo;
(iii) we have supgep [E{Pn1(8)} — L(8)| = O(m~*/?);

(iv) the function L(() is twice continuously differentiable;

(v) the global maximizer 5* is not on the boundary of B;
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(vi) for some ¢ > 0, we have V2L(3*) <X —cl, where I denotes the identity matrix;
(vii) for large enough m and some c > 0, we have E {V*P,,l(3*)} < —cI; and
(viii) the number of true null hypotheses my satisfies that lim inf mq/m > 0.

Then

o(am%)—i-oz, if2<q<2+4++5,
FWER < J,, +a —

O(amﬁqq) +a, ifqg>2+5.

Theorem 1 derives the bound and its exact order on the FWER. Interestingly, the order of the
bound depends crucially on the tail behavior of the covariates. And it shows an interesting phase
transition depending on the value of q. We briefly explain this result as follows. From Proposition
1, we can see that the FWER is upper bounded by an expression of the form o + > r; with
r; > 0. Our argument optimizes the summation ) ", r; in the upper bound. Depending on the
value of ¢, the dominant term in this summation will change, which eventually leads to different
convergence rates. When the covariates have exponential tails, the rate of convergence can be

as close to m™!

as possible. The details of the proof are provided in the appendices. As we
discussed earlier, Assumptions 1-4 enable us to show that the upper bound on the FWER relies
on the smallness of ||5A(pj_>0) — B(p;_1)| and to get the expression for 3(p,_0) — B(pj_ﬂ). As
our goal is to quantify the exact rate of convergence of the FWER upper bound to the nominal
level «, we further need to quantify the exact difference between B(pj_m) and B(pj_ﬂ). Through
Conditions (iii)—(v) and the strong-concavity Condition (vi), we obtain the concentration inequality
for || 3(p;a) — *||. Conditions (ii) and (vii) are used for controlling the inverse (S *+A;) " in
the expression of 3(p,_0) — B(pj_ﬂ). Condition (viii) requires the number of true null hypotheses

to be at least some positive proportion of all hypotheses, which is fairly mild. We give one toy

example where all the conditions are satisfied.

Example 1. Suppose all hypotheses are true nulls and (xz;, p;) are i.i.d.with x; being 1-dimensional,

x; L p; and p; ~ Unif([0, 1)), i.e., the uniform distribution on [0,1]. Then L(5) = E{P,,l(8)} =
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E{l(B;21)}. If x; follows a distribution symmetric about zero and P(x; # 0) > 0, it can be
shown that L'(B) = 0if B =0, L'(B) > 0if B <0, L(B) <0ifB >0, and L'(B) =
—L'(=p). Thus * = 0 is the unique maximizer. We can further prove that L"(0) < —c as
long as B(x?) >  for some ¢ > 0. Other conditions are naturally satisfied. When x; follows a
non-symmetric distribution, we also illustrate its obedience to these conditions. One mandatory
requirement for the distribution of x; is that P(x; > 0) > 0 and P(z; < 0) > 0. In practice, we
could always achieve this by shifting the covariate via subtracting the median (or by standardizing

the covariate). See more details in the appendices.

2.4 Numerical studies
2.4.1 Simulation setups

We conduct comprehensive simulations to evaluate the finite-sample performance of the pro-
posed method and compare it to competing methods. For genome-scale multiple testing, the num-
bers of hypotheses could range from thousands to millions. For demonstration purpose, we start
with m = 10, 000 hypotheses. To study the impact of signal density and strength, we simulate three
levels of signal density (sparse, medium and dense signals) and six levels of signal strength (from
very weak to very strong). To demonstrate the power improvement by using external covariates,
we simulate covariates of varying informativeness (non-informative, moderately informative and
strongly informative). For simplicity, we simulate one covariate z; ~ N(0,1) fori = 1,--- ,m.

Given x;, we denote 7(z;) by 7; and let

exp(n;)

i = —————, 1 = o + kqT;,
1+ exp(n;) = o d

where 7 and k; determine the baseline signal density and the informativeness of the covariate,
respectively. We set 1y = 3.5, 2.5 and 1.5, which achieves a signal density of around 3%, 8%, and
18% respectively at the baseline (i.e., no covariate effect), representing sparse, medium and dense

signals. Here kg is set to be 0, 1 and 1.5, representing a non-informative, moderately informative
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and strongly informative covariate. Based on 7;, the underlying truth H; is simulated from

H; ~ Bern(1 — m;).

Finally, we simulate independent z-scores using

Zi ~ N(ksH“ 1),

where k; controls the signal strength (effect size), and we use six values equally spaced on [2,
2.8] and we label them as {1, 2, ...,6}. Z- scores are converted into p-values using the one-sided
formula 1 — ®(z;). P-values together with z; are used as the input for the proposed method.

In addition to the basic setting (denoted as SO), we investigate other settings to study the ro-

bustness of the proposed method. Specifically, we study

e Setup S1. Additional f, distribution. Instead of simulating normal z-scores under f;, we
simulate z-scores from a non-central gamma distribution with the shape parameter 2. The
scale/non-centrality parameters of the non-central gamma distribution are chosen to match

the variance and mean of the normal distribution under SO.

e Setup S2. Correlated hypotheses. We further investigate the effect of dependency among
hypotheses by simulating correlated multivariate normal z-scores. Four correlation struc-
tures, including two block correlation structures and two AR(1) correlation structures, are
investigated. For the block correlation structure, we divide the 10,000 hypotheses into 500
equal-sized blocks. Within each block, we simulate equal positive correlations (p = 0.5)
(S2.1). On top of S2.1, we divide the block into 2 by 2 sub-blocks, and simulate nega-
tive correlations (p = —0.5) between the two sub-blocks (S2.2). For AR(1) structure, we

investigate both p = 0.75/771 (52.3) and p = (—0.75)I"~7! (S2.4).

We present the simulation result for the Setup SO in the main text and the results for the Setups S1

and S2 in the appendices.

20



24.2 Competing methods

We compared the proposed covariate-adaptive FWER-controlling procedure (denoted by
CAMT.fwer) to IHW-Bonferroni, weighted Bonferroni and Holm’s step-down methods (Holm,
1979). The covariate-adaptive FWER-controlling procedure, implemented using the CAMT.fwer
function in the R package CAMT, used the model log[m(z;) /{1 —7(x;)}] = 27, set fi(p) = kp*~!
and estimated [ and k jointly using Algorithm 2. The weighted Bonferroni method rejected the ith
hypothesis if p; < a/(mm;), where 7;’s were estimated from CAMT.fwer. The IHW-Bonferroni
method was implemented using the R package THW, and Holm’s step-down method using the holm
function from the R package mutoss. We also implemented an oracle procedure based on the
proposed optimal rejection rule, where 7;’s and f; were the true null probabilities and alternative
density that generated the data.

Storey et al. (2004) proposed the bootstrap method to estimate the overall null probability T,
which is implemented in the R package gvalue. The method uses censored p-values I{p; > A}
with A = 0.05,0.1,...,0.95 to obtain the corresponding estimates of the null probability, 7, and
returns the best 5. We set v = A. We evaluated the performance based on the FWER control
(probability of making at least one false positive) and power (true positive rate) with a target FWER
level of 5%. Results were averaged over 1000 simulation runs. In addition, we investigated the
FWER control across different target levels, o = 0.01,0.05,0.1,0.15, 0.2, for cases where there
are no signals and under the Setup SO with moderate signal density (1, = 2.5), signal strength

(ks = 2.4) and covariate informativeness (k; = 1).
2.4.3 Simulation results

We showcase the simulation results of Setup SO in Figure 2.1 and Setups S1-S2 in the ap-
pendices as well as the FWER control across different target levels (see Figures A.4-A.11 in the
appendices). All methods control the FWER around the 5% target level (Figure 2.1A). We addi-
tionally draw the 95% confidence intervals (CIs) of the proposed method CAMT.fwer and observe

that almost all the intervals cover the 5% target level (dashed line) (Figure 2.1A), which sug-
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gests adequate FWER control of CAMT.fwer under finite samples. In terms of power (Figure
2.1B), generally, the five competing methods from the best to the worst are oracle, CAMT.fwer,
IHW-Bonferroni and weighted Bonferroni (the performance of these two methods depends on the
cases), Holm’s step-down methods. The oracle procedure represents the performance upper bound
and dominates other methods.

We now study the impact of the external (prior) information , signal density and strength (Fig-
ure 2.1B). First, we note that the power increases with the signal strength (effect size) for all
methods as expected. Second, as the prior informativeness increases, the performance differ-
ence between methods widens. CAMT.fwer is close to the oracle procedure: it is as powerful
as other methods when the prior is not informative and is substantially more powerful when the
prior is highly informative. Both IHW-Bonferroni and weighted Bonferroni methods improve over
Holm’s step-down method when the prior is informative. Third, the proposed method maintains
high power across different signal densities. In contrast, IHW-Bonferroni method performs better
than weighted Bonferroni method when the signal is sparse and performs worse when the signal is
dense.

Figures A.4—A.5 show the weak and strong FWER control of the competing methods across
different target levels. All the methods including CAMT.fwer control the FWER at the target level.
Figure A.6 compares the power across different target levels at moderate signal density, signal
strength and prior informativeness. CAMT.fwer remains more powerful than other methods. In
fact, as the target level increases, the power difference becomes larger.

We next study the robustness of the proposed method under the Setup S1 (additional f; distri-
bution, Figure A.7) and Setup S2 (correlated hypotheses, Figures A.8—A.11). The general trend
remains similar to Setup SO, indicating that CAMT.fwer is robust to different f; distributions and
various correlation structures. Interestingly, as we generate z-scores from non-central gamma dis-
tribution for the alternative in Setup S1, the power of CAMT.fwer is even closer to that of the oracle
procedure (Figure A.7), indicating that the beta distribution can model the alternative p-value dis-

tribution very accurately in this case.
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Figure 2.1: Performance comparison under the basic setting (S0). Family-wise error rates (A)
and true positive rates (B) were averaged over 1000 simulation runs. The dashed gray, solid red,
dotted green, dot-dashed blue and long-dashed orange lines represent the oracle, CAMT.fwer,
IHW-Bonferroni, weighted Bonferroni and Holm’s step-down methods respectively. The error
bars (A) represent the 95% Cls of the method CAMT.fwer and the dashed horizontal line indicates
the target FWER level of 0.05.
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2.5 Application to GWAS of UK Biobank data

To demonstrate the use of the proposed procedure in real world applications, we applied
CAMT.fwer to UK Biobank data (Kichaev et al., 2019). We downloaded the data (p-values and
functional annotations) from https://data.broadinstitute.org/alkesgroup/UKBB/
and https://data.broadinstitute.org/alkesgroup/FINDOR/. The genome-wide
association p-values for 9 million SNPs and 27 traits were calculated using BOLT-LMM (Loh et al.,
2018) based on 459K samples. The annotation data consists of 75 coding, conserved, regulatory,
and linkage-disequilibrium-related annotations that have previously been shown to be enriched for
the disease heritability (Kichaev et al., 2019). We compared our method with IHW-Bonferroni,
weighted Bonferroni and Holm’s step-down methods. For the IHW-Bonferroni method, as it can
only deal with one-dimensional covariate, we chose the covariate that had the maximum Spearman
correlation with the p-values out of the 75 covariates for the 27 traits separately. For the weighted
Bonferroni method, we rejected the ith hypothesis if p; < «/(mm;), where m;’s were estimated
from CAMT.fwer. The details of the use of CAMT.fwer are given below.

Appropriate initial values of (3, k) are important for the algorithm to reach convergence in less
iterations and reduce the computation time significantly. To achieve this end, we estimate those
initial values based on small p-values (so the initial beta distribution fits the small p-value region
more accurately). Let 7° be the estimate of the proportion of the true null hypotheses based on
Storey’s procedure (R package gvalue). We define the “small p-values” as the first m(1 — 7°)

smallest p-values and let u be the maximum value of those small p-values. Note that

T+ (1 —m)kph!
mu+ (1 —muk’

flplp<wu)=

is the conditional density of the mixture model f(p) = 7 + (1 — 7)kp*~! given that the value is
less than u. We estimate 7 and k£ by maximizing the (conditional) log-likelihood function,

7, k) = 1 1—m)kpf=} —nl 1—m)u*
(70, k) argﬂe(()’r&z?é(o’l) Z og {m+ (1 —mkp~'} — nlog{mu + (1 — m)u*},

1:pi<u
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where 7 is the number of p-values that are smaller than u. Let 5 = (log{7 /(1 —7)},0)". Then we
set ({3, k) as the initializer in Algorithm 2.

Due to the linkage disequilibrium between SNPs, after getting the rejected SNPs, we used
PLINK’s linkage-disequilibrium-based clumping algorithm with a 5 Mb window and an r? thresh-
old of 0.01 to form clumps of SNPs. The British population in the 1000 genomes data (1000
Genomes Project Consortium, 2015) was used to calculate the linkage disequilibrium. The re-
jected SNPs belonging to the same clump count for only one significant locus. The numbers of
significant loci at the 5% FWER level detected by the four competing methods are presented in
Table 2.1. We present the numbers of rejections before clumping in the appendices. CAMT.fwer
detected more loci than other methods in 21 out of the 27 traits. Averaged across the traits, our
approach attained 4.20% increase in significant loci detected compared with the Holm’s step-down

method.
2.6 Discussions

To conclude, we point out a few future research directions. First, in the two-group mixture
model, we assume that the success probabilities 7(x;) vary with z; while f; is independent of x;.
This assumption is reasonable in some applications but it can be restrictive when the covariates also
affect the effect sizes. It is thus of interest to develop a procedure by allowing f; to be dependent
on z; in such scenarios. Second, modeling f; and 7 using nonparametric procedures would give
us the flexibility to capture more complicated signal patterns. Finally, extending the method to
accommodate more general structural information such as the phylogenetic tree structure (Xiao

et al., 2017) is an interesting direction.
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Table 2.1: Significant loci detected at the FWER level of 0.05. Improve=(CAMT.fwer —
Holm) /Holm x 100%. The numbers with subscript * are the maximum numbers of rejections
among the four competing methods for the corresponding traits.

Holm IHW weighted Bonferroni CAMT.fwer Improve

Balding Type I 836, 836, 836, 833 -0.4%
BMI 1287 1287 1347 1364, 6%
Heel T Score 2104 2104 2144 2146, 2%
Height 3463 3460 3555, 3550 2.5%
Waist-hip Ratio 909 909 937 952, 4.7%
Eosinophil Count 1750 1750 1817, 1797 2.7%
Mean Corpular Hemoglobin 1913 1913 1953, 1925 0.6%
Red Blood Cell Count 1570 1570 1609 1633, 4%
Red Blood Cell Distribution Width 1470 1470 1493, 1470 0%
White Blood Cell Count 1393 1393 1430 1462, 5%
Auto Immune Traits 179 179 180, 138 -22.9%
Cardiovascular Diseases 512 512 529 540, 5.5%
Eczema 423 423 426 431, 1.9%
Hypothyroidism 373 373 377 424, 13.7%
Respiratory and Ear-nose-throat Diseases 228 228 231 236, 3.5%
Type 2 Diabetes 156 156 158 160, 2.6%
Age at Menarche 634 634 648 652, 2.8%
Age at Menopause 200 200 201 203, 1.5%
FEV1-FVC Ratio 1537 1537 1575 1599, 4%
Forced Vital Capacity (FVC) 867 867 924 947, 9.2%
Hair Color 1606 1606 1616 1629, 1.4%
Morning Person 204 204 217 229, 12.3%
Neuroticism 176 115 189 198, 12.5%
Smoking Status 221 159 232 254, 14.9%
Sunburn Occasion 232 232 232 237, 2.2%
Systolic Blood Pressure 1108 1108 1148 1157, 4.4%
Years of Education 383 383 416 447, 16.7%
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3. LinDA: LINEAR MODELS FOR DIFFERENTIAL ABUNDANCE ANALYSIS OF
MICROBIOME COMPOSITIONAL DATA

3.1 Introduction

The role of the human microbiome in health and disease has been intensively studied over the
past few years, see, e.g., Fan and Pedersen (2021) and Valdes et al. (2018), for several reviews. Po-
tentially pathogenic or probiotic microorganisms can be identified by analyzing their abundances
in a microbial ecosystem (e.g., the human gut) with respect to some variable of interest such as
disease status. Current prevailing technologies for studying the human microbiome use metage-
nomic sequencing, where either the DNA of a taxonomically informative gene (e.g. 16S rRNA) or
all the genomic DNA in the microbial genome is sequenced. After obtaining the raw sequencing
reads, the reads can be clustered into operational taxonomic units (OTUs), denoised into ampli-
con sequence variants (ASVs), or mapped to a microbial reference database (taxa) using existing
bioinformatics pipelines such as UPARSE, DADA2, and MetaPhlAn (Edgar, 2013; Callahan et al.,
2016; Segata et al., 2012). For simplicity, we use the term taxon (pl. taxa) to represent any tax-
onomic unit (OTU/ASV/taxon) from a bioinformatics pipeline. Therefore, after bioinformatics
processing, we have an abundance table recording the frequencies of detected taxa in the samples,
together with a meta data table capturing the sample-level information. Differential abundance
analysis is then carried out based on the abundance and meta data table.

Ideally, we want to measure the absolute abundance of the microorganisms, i.e., the number
of microorganisms per unit area/volume at the microbial ecosystem, and differential abundance
analysis is performed on the absolute abundance data. In practice, the data from a sequencing ex-
periment only captures the relative abundance (compositional) information since the total sequence
read count, also known as sequencing depth or library size, does not reflect the total microbial load
in the specimen due to the complex chemistry involved in sequencing (Gloor et al., 2017; Tsilimi-

gras and Fodor, 2016). Drawing inferences about the changes on the unknown absolute abundance
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based on the measured relative abundance data is challenging due to missing the total microbial
load information. The increase or decrease in the abundance of some taxa with respect to a variable
of interest automatically results in changes in the relative abundances of all other taxa, a statistical
phenomenon known as compositional effects. Therefore, using the standard statistical techniques
such as two-sample t-test, Wilcoxon rank sum test, and linear regression analysis ignoring the
compositional nature of the data could lead to a large number of false discoveries. We consider
an artificial example for illustration. Suppose we have two samples with three detected taxa. The
absolute taxa abundances for the two samples are (10, 20, 70) and (30, 20, 70). Thus, only the first
taxon is differentially abundant. Now suppose, after sequencing (ignoring the sampling variabil-
ity), the read counts for the two samples are (100, 200, 700) and (3, 2, 7), where the first sample is
more deeply sequenced. Since the total read sum is an experimental artifact, we normalize the data
into relative abundances by dividing by the library size, and the corresponding relative abundances
for the two samples become (0.1,0.2,0.7) and (0.25,0.167,0.583). Hence, all three taxa appear
differentially abundant while the truth is that only the first is differential.

Based on the relative abundance data alone, it is impossible to tell whether it is the first taxon
that is differential or all the taxa are differential for the previous example. For the problem to
be well defined, one has to make assumptions. One assumption is that the differential signal is
sparse, i.e., only a small proportion of taxa are associated with the variable of interest. This is
the assumption the proposed method is based on. However, we acknowledge that, although many
studies have supported the sparse signal assumption, there are also studies support dense signal
hypotheses, where a large number of taxa are differential with small effect sizes (Xiao et al.,
2018)(Xiao et al., 2018). Therefore, the validity of a method and the definition of true or false
positive depends on the specific assumption one is willing to accept. Here we do not claim that our
method is “correct": all we want to achieve is to provide a statistical tool that could be potentially
useful for pinpointing top candidate taxa for further biological validation.

To address compositional effects in differential analysis, one popular approach is robust nor-

malization. It involves calculating a normalizing factor (scale factor), which is robust to a small
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number of differential taxa and could well capture the sequencing effort for the non-differential
part. Therefore, dividing by such a normalizing factor will bring the abundance of the non-
differential taxa to the same scale while retaining the differences for those differential ones. In
contrast, the naive total sum scaling (TSS) normalization, which divides the counts by the library
size, is not robust as illustrated in the previous example. An ideal normalizing factor for the pre-
vious example would be 900 and 9, which are the sum of the counts of the two non-differentially
abundant taxa. The corresponding normalized data are then (100/900,200/900,700/900) and
(3/9,2/9,7/9). Thus, only the first taxon is differentially abundant. In reality, however, we do
not know which taxa are non-differential in advance. Assuming the number of differential taxa is
small, different strategies have been used to calculate a robust normalizing factor including TMM,
RLE, CSS, and GMPR (Robinson and Oshlack, 2010; Anders and Huber, 2010; Paulson et al.,
2013; Chen et al., 2018). We list these methods in the Appendix Table B.1.

These normalization techniques can be combined with different statistical procedures in differ-
ential abundance analysis. For example, we can divide the counts by the normalizing factor from
the normalization techniques in Appendix Table B.1 and then apply standard statistical tools based
on the normalized data. The normalizing factor could also be included as an offset in regression
models such as EdgeR (Robinson et al., 2010), DESeq2 (Love et al., 2014), MicrobiomeDDA
(Chen et al., 2018), and MetagenomeSeq (Paulson et al., 2013), where the TMM, RLE, GMPR,
and CSS normalization are the accompanying normalization methods. A variant to the robust nor-
malization approach is to find a reference taxon or a set of reference taxa, which are assumed to be
non-differential with respect to the variable of interest. The data are then normalized by the count
of the reference taxon (or the sum of the counts of the reference taxa). This strategy was used in
RAIDA (Sohn et al., 2015) and DACOMP (Brill et al., 2020).

Another line of methods to tackle the compositional effect uses (log) ratio approach since only
ratios are well defined for compositional data (Aitchison, 1986). The ALDEx2 method by Fernan-
des et al. (2014) uses the centered log-ratio (CLR) transformation, where the counts of a sample

are divided by their geometric mean before taking logarithms. Differential abundance analysis is
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then performed using Wilcoxon rank sum test or t-test based on the CLR transformed data. In
the CLR approach, the geometric mean can also be regarded as a robust normalizing factor. The
ANCOM proposed by Mandal et al. (2015) computes the pairwise ratios of the relative abundances
and identifies the taxa with the most differential ratios. This is based on the observation that the
abundance ratios for those differential taxa to other taxa are all differential assuming distinct ef-
fect sizes while the ratios for those non-differential taxa are mostly non-differential. Therefore,
by analyzing the pattern of the pairwise ratios, one could distinguish the differential taxa from a
background of non-differential taxa with high accuracy. Recently, Lin and Peddada (2020) pro-
posed a bias-corrected version of ANCOM (called ANCOM-BC), which uses a linear regression
framework based on log-transformed taxa count and estimates the unknown bias term due to the
compositional effect through an EM algorithm.

Weiss et al. (2017) and Hawinkel et al. (2019) evaluated several popular methods in differen-
tial abundance analysis (ANCOM-BC not included) and showed that the inflation of the FDR is a
ubiquitous problem, and no method is satisfactory in all aspects. A method that is computationally
efficient, relatively robust and powerful, and flexible enough to allow covariate adjustment and
application to correlated microbiome data is still lacking in the field. In this project, we propose a
linear regression framework for differential abundance analysis (LinDA) to fill the methodological
gap. LinDA involves three simple steps that can be carried out efficiently. First, it runs linear
regressions using the CLR transformed taxa data as the response. Then it identifies a bias term due
to the compositional effect and corrects for the bias using the mode of the regression coefficients
across different taxa. Finally, it computes the p-values based on the bias-corrected regression coef-
ficients and applies the BH procedure to control the FDR. We rigorously prove the asymptotic FDR
control of the proposed method, making it the first procedure that enjoys a theoretical FDR control
guarantee. Our approach is related to ANCOM-BC but differs in several aspects. (i) Our derivation
provides a clear interpretation of the bias term and suggests a simple way to correct it. (i) Our
procedure does not involve the EM-algorithm and can be 100—1000 times faster than ANCOM-BC

in our numerical studies. (ii1) Our method can be directly extended to the mixed-effect models.
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Longitudinal and repeated measurement-based microbiome studies have been increasingly com-
mon (Faust et al., 2015; Lewis et al., 2015) but statistical tools for correlated microbiome data
analysis remain scarce. LinDA can analyze the correlated microbiome data using the classic linear
mixed effects models. Through extensive simulation studies and real data analyses, we show that
the new method outperforms the state-of-the-art approaches in terms of FDR control and power.
The rest of this chapter is organized as follows. Section 3.2 introduces the proposed method,
including the log linear model for differential abundance analysis, its estimation method, and the
testing procedure. The main theoretical result on the asymptotic FDR control of the proposed
method is presented in Section 3.3. The practical performance of the proposed method illustrated
via simulation studies and real data applications can be respectively found in Sections 3.4 and
3.5. The main contributions of this project are summarized in Section 3.6 with some concluding
remarks. Technical details, as well as additional results of simulation and real data applications,

are provided in Appendix B.
3.2 Methodology

3.2.1 Setup

Throughout this chapter, we use C', C', and (' to denote positive constants, which can be dif-
ferent from line to line. The notations in this chapter are consistent with the notations in Appendix
B.

As summarized in the introduction, there are two ways to tackle the compositional effects in
differential abundance analysis, namely normalization and log-ratio transformation. In this project,
we adopt the CLR transformation and develop a bias-correction procedure to address the compo-
sitional effects. Denote the absolute abundance and the observed read count of the :th taxon in
the sth sample by X, and Y, respectively. For the sth sample, the total read count of all taxa,

N =37 Y, is determined by the sequencing depth and DNA materials. Given N, it is natural
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to model the stratified count data over m taxa through a multinomial distribution as

NS ” X; vis
PYs: sa'”aYms: ms :m—s + 3.1
B = Yoo L= is! ]1:[1 (Zi:l Xis) G-

Under (3.1), we have

Yis X;
log =log | =5 | + €is; (3.2)
(Zg 1 JS) (Zj:l st)

where ¢;; denotes the estimation error, which is expected to diminish as N, gets large.
3.2.2 OLS estimation

We consider the log linear model on the absolute abundance
log (Xys) = usa; + (1,¢,)B8; + €5, (3.3)

where ¢; = (Cs1, ..y csd)T is the d-dimensional covariates to be adjusted, u is the variable of
interest, and ¢, is the error term. Our goal is to discover taxa that are differentially abundant with

respect to ug. Statistically, we want to simultaneously test the following m hypotheses
Hy; @ oy =0 versus Hy; = oy # 0.

Set €;5 = €;5 + €;5. Under (3.2) and (3.3), the CLR-transformed data satisfies the following linear

model

1
=1 I . = ,
og(Xis) - Z log(Xjs) + eis - Z €js
Jj=1 j=1
= us (0 — @)+ (L,¢)) (B; — B) +eis — &, (3.4)
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wherea =m= 3" o, B=m"1Y" B, and &, =m~ 1 Y &;,. From (3.4), we can see that
the OLS estimator for o based on the CLR transformed data is biased with the bias term being a.
Leta; = a; —a, B; = B; — B, &s = €i5 — &, and G2 = var(&;,). Denote by d;, B3;, and 52 the

OLS estimators of &;, Bi, and 5?, respectively. We then have

(6. B])T = (zn: ZSZZ) - (zn: zSW,~3> . 6= ﬁ zn: {Wiy — (a:.8,) Zs}27

s=1 s=1

(3.5)

where z, = (u,,1,c])". We respectively let var,(-) and cov, (-, -) denote the variance and covari-

ance computed conditional on z4, ..., z, respectively. It can be shown that

var,(a;) = pnte7 = pntm! {(m —2)o7 +m™! Zaf} :
i=1

cov, (G, &) = pntm ! {—(03 + 0]2-) +m™t Zaf} , fori# j,

i=1
where p is the (1, 1)th element of (n=' >0 z,z])~'.
3.2.3 Bias correction

In many applications, it is reasonable to assume that there is only a small portion of differential

taxa, i.e., most o;’s are equal to 0. Under this assumption, as ¢; is an unbiased estimator for

a; = a; — @, the mode of ; is expected to be close to —a. This observation motivates us to

estimate —& by

mode Vi J i Tode Ly —
_g = Mo e({\\;_za }1—1), where mode({v/na;},) = arg ek mh ;K <%) '

(3.6)
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In (3.6), K is a non-negative even function with | fooo K(y)dy = 1, and h is the bandwidth param-

eter. Under some regular conditions, we have

Vn(a — a) = op(1)

as m,n — oo (see the appendices for the proof). Therefore, one can estimate o; by the bias-

corrected estimator ¢&; = &; + .
3.2.4 Testing procedure

To construct a statistic for testing H ;, we need to find a proper estimator for the variance of

&;. To this end, we note that

var,(&;) = var,(&;) + var, (&) + 2cov,(a;, ).

Since var,(&;) = pa?/n, it dominates var, (&) and cov,(d;, &) as n,m — oo under mild condi-
tions. Thus, we estimate the variance of &; by [)&Z-? /n. As shown in the next section, the studentized
statistic T; := /nd;/ \/;Téf is asymptotically normal. However, for small sample, we found that
t distribution provides a better approximation to the sampling distribution of 7;. We define the

p-value for testing H ; as

pi = 2F,_q_2 (—|Tz|) ) (3.7)

where F),_4_o(-) denotes the cumulative distribution function of t distribution with n—d—2 degrees
of freedom. Based on the above p-values, we can use the BH procedure to control the FDR. Our

algorithm is summarized as the following Algorithm 3.

Algorithm 3. Linear model for differential abundance analysis (LinDA).

1. Step 1: Run OLS based on the CLR transformed observations and calculate &; and 6 as in

(3.5).
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2. Step 2: Compute the bias-corrected estimates &v; = &; + & with & defined in (3.6).
3. Step 3: Calculate the p-values as in (3.7) and run the BH procedure.

Remark 2. Built upon the linear regression framework, our method could be easily extended to

the mixed-effect model:

log(Xs) = usay; + (1, cST)ﬂZ- + r;r'y,- + €45,

where ~, is the random effect and r, is the corresponding design. Mixed effects can be used to
analyze correlated microbiome data from studies involving replicates or spatial sampling as well
as family-based and longitudinal microbiome studies. We suggest using the R function 1mer to

estimate the parameters for the CLR-transformed data. Denote by &; imer, &2

i,Imer> and dfi,lmer the esti-

mations for ;, the variance of &; jmer, and the degrees of freedom of &; jmer from the 1mer function.
We compute the bias-corrected estimates &; jmer = & tmer+Qimer, Where dupmer 18 obtained as the same
procedure used in (3.6). Similarly, we let T} imer = Qi imer/ G tmer a0d D imer = 2Ft, e (—| T mer|)-

The BH procedure on p; imer 15 finally used to control the FDR.

Remark 3. Compared to the existing methods based on either normalization or CLR transforma-
tion, our method is computationally much more efficient and can be easily scaled to problems with
tens of thousands of taxa. Table 3.1 compares the computation time of LinDA and ANCOM-BC
based on simulated datasets. We observe that our method is 100-1000 times faster than ANCOM-
BC. We also tested on a massive dataset of the similar scale of the AmericanGut project (McDonald
etal., 2018) (m = 5000 and n = 10000). ANCOM-BC completed the analysis in 85 minutes com-
pared to 28 seconds for our method (see the column of SOCO in Table 3.1). Large-scale microbiome
studies have been increasingly common to overcome the large inter-subject variability, making our

method practically useful for the analysis of big microbiome datasets.
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3.3 Asymptotic FDR control
Suppose the target FDR controlling level is ¢. The BH procedure is equivalent to finding the

smallest t* such that F/D\P(t*) < g, where

Qan_d_Q (—t)

S 1 (Valad /557 > t)

FDP(t) =

To show the asymptotic FDR control as m,n — oo, we take a Bayesian perspective by assuming
that the parameters «;’s are independently generated from a common distribution. The key result

is summarized in the following theorem.

Theorem 2. Let p be the (1,1)th element of {E(z,z. )} 1. Suppose the following conditions are
satisfied.:

(i) z,’s are i.i.d.; ug and ce,a = 1,...,d, are sub-Gaussian; 0,,,{E(z.z.)} > C, where 0,,,(A)
represents the minimum eigenvalue of a matrix A.

(ii) 0;’s are i.i.d. and P(Cy < 0; < Cy) = 1.

(iii) €55 /o5 ~H4 & =4 N(0,1) fori=1,...mand s = 1,...,n.

(iv) o;’s are i.i.d.

(v) Zs,04,€i5/04, and o fori = 1,...,m and s = 1, ..., n are mutually independent.

(vi) Denote by f,(-; a) the density function of \/na; + /ae;s for any a > 0. For large enough n,
the density f,(-;p) has a unique mode at 0, i.e., arg max,cg fn(z; p) = 0; for any € > 0, there
exists a 6 > 0 such that min, infj,~. | fn (x5 p) — fn(0;p)| > 6.

(vii) The Fourier transform k(u) = ffooo e~ K (y)dy is absolutely integrable, where 1 = \/—1 is
the imaginary unit.

(viii) h = o(1) and 1/(mh?) = o(1).

(ix) m = o(e“").

(x) Let Soon(t) = P(|€ + v/noy/\/po?| > t). There exists ty such that for large enough n,

2Fn—d—2<_t0)/500,n<t0) <q
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Let

S iaco L (VRG] /757 > 1)
LV Y T (1ndd //pa? > t)

FDR,, () = E

Under the above conditions, we have

limsup FDR,,,(t") <gq.

m—00,n—00

Conditions (i)—(v) help prove the consistency of the variance estimators and the mode of the re-
gression coefficients. By assuming that the errors follow the normal distributions (Condition (iii)),
we can integrate all the relevant covariate information in a single parameter p, which facilitates the
establishment of the consistency of the kernel density estimation and hence the estimator of mode.
In the simulation studies, we also investigated the scenario of non-normal distribution. We use an
example to illustrate Condition (vi). In particular, we assume that y/nc; follows a discrete distri-
bution with P{\/na; = a,;} = m forl =0, 1, where a,, o = 0, a,1 # 0, 7, > 0, and 7o + m = 1.
To reflect the sparsity, 7 is set to be 0.8. We choose a,; = 2 and 5 representing weak and strong
signals, respectively. We consider two cases for the error variance: (i) o; = 1; (ii) o; ~ IG(a, b),
i.e., o; follows the inverse-gamma distribution with the shape parameter a and scale parameter b.
As seen from Figure 3.1, when the signal strength is weak, the mode of \/na; + /pe;s slightly
deviates from O as the blue curve in the left panel indicates. For strong signals, the mode is exactly
equal to zero. As shown in Parzen (1962), Condition (vii) is fulfilled by many commonly used
kernels such as the Gaussian kernel and the uniform kernel on [—1, 1]. Condition (ix) allows the
number of taxa to be exponentially larger than the sample size. Condition (x) ensures the existence
of a cut-off value to control the FDR at level ¢q. A similar assumption was imposed in Theorem 4

of Storey et al. (2004).
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Figure 3.1: Density of y/na; + ¢;5. The panels on the left and right correspond to o; = 1 and
o; ~ IG(2,1) respectively, where IG denotes the inverse-gamma distribution. The red curve is
the density of the standard normal distribution. The blue and green curves are the densities of
Vna; + ;5 with P(y/na; = 0) = 0.8 and P(y/no; = 2) = 0.2, and P(y/ne; = 0) = 0.8 and
P(y/na; = 5) = 0.2, respectively.

3.4 Numerical studies
3.4.1 Setups

We conducted comprehensive simulations to evaluate the performance of the proposed method
under different setups. We set m = 500 as the baseline for the number of taxa, which is similar to
the number of tests at the species level for a typical microbiome study. We investigated the sample
size n = 50, 200 representing small and large sample size, respectively. More combinations of m
and n were also studied as the variational settings. We simulated two levels of signal density (i.e.,
percentage of differential taxa) v = 5%, 20%, roughly corresponding to sparse and dense signals.
These differential taxa were randomly drawn from the entire set. Let /; = 0 if the ¢th taxon is

differentially abundant and H; = 1 otherwise. The underlying truth /; was simulated from

H; ~"* Bernoulli(7).
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We assume that the baseline absolute abundance X i(so ) follows

o (X0) w5 (49.02).

and generate the absolute abundance X, based on

log(X;s) ~4 N <ﬁi(0) + ugoy; + C;—B;(O)

where 3, © represents the coefficients of the confounders. Let

X;
Z?; st'

Tis =

The observed OTUs data were simulated by

(Yig, ..., Yps) ~¢ Multinomial( N, 7, . .

2
70-1')7

o Tms) -

To create a power curve, we included six effect sizes labeled as {1,2,...,6} in the figures. We

make the effect sizes have the same signs for differential taxa (i.e., the differential taxa have the

same direction of change), creating a relatively strong compositional effect. Since low-abundance

taxa have much less statistical power, we up-weighted their effects so that the power will not be

dominated by those abundant ones. Specifically, for a randomly drawn differential taxon ¢, we set

1
a; = log(2)1 (ﬁ§°) > 0.005) +log {2u (0.005/ﬁ§°>) ’ } I (ﬁgm < 0.005> for n = 50,

a; = log(p)I (@?0) > 0.005> +log {;L <0.005/ﬁ§°>> } i (@?0) < 0.005) for n = 200,

where 4 is equally spaced on [1.05,2], 7.” = " 7'” /n and 7 = Xi(f)/(zzil XJ(S)). We

considered three cases for the covariate and confounders:

CO0. u, ~"4 Bernoulli(1/2) and no confounder.
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Cl. uy ~"4 N(0,1) and no confounder.

C2. us ~ Bernoulli({1 + exp(—0.5¢5; — 0.5¢42)} 1) independently, where c,; and ¢, are con-
founders (c; = (¢, cSQ)T), cs1 independently and identically follows the Rademacher dis-
tribution and ¢, ~¢ N(0,1). Let 3 ~ N(1,I,,) and 8% ~ N (2,1,,), then 8; ¥ =

(ﬁi(l), 5.(2))T, where 51.(1) and 652) are the ith elements of 8 and 3 respectively.

)

The parameters ﬂi(o), o? and N, were estimated based on a real dataset (COMBO) from the study
of the gut microbiota in a general population (Wu et al., 2011), which consists of 98 samples and
6674 taxa. We only used its 500 most abundant taxa. Since /6’2-(0) and o7 were not directly estimable

using the relative abundance data, we estimated 5@(0) — ﬁj(.o) and 02 + 032- based on the pairwise log

ratios, forced some ﬁi(o)’s to be zeros to obtain the estimations of ﬁfo), e ﬁr? ), and derived o from
the values of {o? + a?}i,j. We assume that the library size for each sample follows the negative

binomial distribution
N, ~"4 NB(7645,5.3),

where the mean and dispersion parameters were estimated based on the combo data. The resulting
sparsity (percent of zeros) of the count matrix is around 65%—75%.
In addition to the basic setting (denoted as S0O), we investigated other settings to study the

robustness of the proposed method. Specifically, on top of SO and CO, we studied

S1. Zero inflated absolute abundances. The microbiome data contains excessive zeros and most
of the zeros in the microbiome data can be explained by insufficient sampling (Silverman
et al., 2020) since majority of the taxa are of low-abundance. However, it is also possible
that zeros are due to physical absence of the taxa (Kaul et al., 2017). To study the effect of
zero inflation on differential abundance analysis, we randomly forced 30% of the absolute

abundance data to be 0.

S2. Correlated absolute abundances. Existing differential abundance analysis methods assume

independence among taxa. However, in practice, taxa are interconnected forming networks
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S3.

S4.

S5.

S6.

(Kurtz et al., 2015). It is interesting to see if the methods compared are robust to the corre-
lations among the taxa. We simulated block-correlation structure by dividing the 500 taxa
into 25 equal-sized blocks. Within each block, we further divided the block into 2 by 2
sub-blocks and simulated equal positive correlations (0.5) within each sub-block and equal
negative correlations (—0.5) between the two sub-blocks. This mimics the scenario that there

are mutualistic relationships within the group and competitive relationships between groups.

Gamma abundance distribution. Although the log normal distribution has been widely
used for modeling species abundance data, other models such as gamma distribution are
also possible (Connolly et al., 2014). We thus did additional simulation studies using the

gamma distribution. Let X\* ~'i¢ Gamma(n”, 1) and X;, ~"* Gamma(n” exp(uso; +

c!B; (0)), 1). Similarly, we estimated ni(o) from the COMBO data, where we first esti-

mated the baseline proportion 7r§0) based on the Dirichlet-multinomial distribution using

the R function dirmult and set the over-dispersion parameter 6(”) to be 0.003, then let

n” =m?(1/60 —1).

Smaller m. In microbiome data, each taxon can be assigned a taxonomic lineage and taxa
abundances can be aggregated at different taxonomic ranks. Differential abundance analysis
at higher ranks such as family and genus is also routinely performed. At the higher ranks,
the number of taxa is much smaller. We thus studied a small number of taxa (m = 50) to
see if the proposed method is robust to a small m. We randomly chose 50 elements from
BO = (B9 BT and 02 = (02,...,02,)" in each simulation run. We set N, ~

NB(1500,5.3).

Smaller n. In pilot microbiome studies, the sample sizes are usually small. It is interesting to
study the performance of the methods at a much smaller sample size. We studied n = 20, 30

and used the same effect size as n = 50.

10-fold difference in library size. When the microbiome samples are not fully randomized

in sequencing, it is likely that samples of the two groups end up in two separate sequencing
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S7.

runs leading to very different library sizes for the two groups. Since the presence/absence
of a taxon strongly depends on the library size, the differential library size will confound
the two-sample comparison, especially for those rare taxa (Weiss et al., 2017). To create
differential library sizes, we generated the library size from N, ~ NB(5000,5.3) and Ny ~
NB (50000, 5.3) for the two groups, respectively.

Mixed-effect model. We considered two scenarios: Pre-treatment and post-treatment com-
parison (S7.1) and Replicate sampling (S7.2). Under S7.1, for n = 50 (200), we simulate
25 (100) subjects and each has paired pre-treatment and post-treatment samples. The aim is
to detect taxa affected by treatment. Under S7.2, each subject is subject to multiple measure-
ments. For n = 50 (200), we simulate 25 (50) subjects with each having 2 (4) replicates.

Specifically, we let
log(Xss) ~ 10, + N(B” + ugei + ¢ B, 0?),

where r, has one element equal to 1 and all other elements equal to O indicating the subject
ID of sample s and the elements of ~y, follow N (0, 77) independently, where we let 77 = a;07?

with a; ~ Unif([0, 1]).

3.4.2 Competing methods

We compared our method with ANCOM-BC, ALDEx2, DESeq2, EdgeR, and Metagenome-

Seq. For DESeq?2 and EdgeR, we replaced their native normalization methods with GMPR normal-

ization, which was shown to improve the power and false positive control in differential abundance

analysis (Chen et al., 2018). For MetagenomeSeq, there are two implementations, fitZig and

fitFeatureModel, in the R Bioconductor package metagenomeSeq. Currently,

fitFeatureModel is only applicable to binary covariate case (C0). We use MetagenomeSeq

and MetagenomeSeq-2 to denote the fitFeatureModel and £itZig procedures, respectively.

We also compared to the standard non-parametric methods: Wilcoxon rank sum test for case CO

and Spearman correlation test for case C1, both with the GMPR normalized data.
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For the proposed method, we considered two zero-handling approaches. The first approach
adds a pseudo count of 0.5 to all the counts, which is widely used in microbiome data analysis
on the log scale. However, it has been shown to be problematic under certain situations (Brill
et al., 2020). We thus designed a new imputation-based approach, where we imputed the zeros
by N,/(maxy.y,,—o Ni)(i = 1,--- ,m). In other words, zeros were treated differently according
to the library size of the sample and zeros in the sample with a larger library size were replaced
with larger fractions. The purpose of the imputation approach is to reduce false positives when
the library size is correlated with the variable of interest. As shown in the simulation studies,
the pseudo-count approach worked sufficiently well in most settings except the setting S6, where
the library size between the groups differed by 10 folds. In contrast, the imputation approach re-
duced the false positive rate extensively for the setting S6 (Appendix Figure B.1). However, it was
slightly less powerful than the pseudo-count approach when the library size was a not confounder
(Appendix Figure B.2). Thus, in the implementation, we used an adaptive approach: we first test
the association between the variable of interest and the library size. If the p-value is smaller than
0.1, we use the imputation approach conservatively; otherwise, we use the pseudo-count approach.
Appendix Figures B.1 and B.2 show that the adaptive method controls the false positives when the
library sizes are very different among groups while retaining the power when the library sizes are
similar.

The proposed LinDA method can be viewed as a three-step procedure: CLR+OLS+BC (BC
stands for bias correction), which can be easily extended to the linear mixed effects model setting
using CLR+LMM+BC (LMM stands for linear mixed-effect model). In the setting S7 (correlated
microbiome data), we compared CLR+LMM+BC to CLR+OLS+BC, CLR+OLS and CLR+LMM

to demonstrate the utility of LinDA for correlated microbiome data analysis.
3.4.3 Simulation results

First, we found that DESeq2, EdgeR and MetagenomeSeq-2 had severe FDR inflation un-
der most settings (Appendix Figure B.3). We thus did not include them in the main comparison

and focused on the comparison between LinDA, ANCOM-BC, ALDEx2, MetagenomeSeq and
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Wilcoxon. Full results of all methods are available at https://github.com/zhouhj1994/
LinDA-manuscript-result. We use SOCO to denote the setting SO with covariate design CO
and likewise for other setups.

Figure 3.2 and Appendix Figures B.4 and B.5 show the results of the competing methods under
the log-normal distribution with three covariate designs: binary covariate (SOCO0), continuous co-
variate (SOC1), and binary covariate with confounders (SOC2), respectively. Generally speaking,
LinDA and ANCOM-BC outperform other methods in both the FDR control and power. Under CO
and C2 (binary covariate), both methods control the FDR around the target level, and ANCOM-BC
is slightly more powerful than LinDA when the sample size is small. However, under C1 (continu-
ous covariate, Appendix Figure B.4), LinDA controls FDR at the target level at both sample sizes
while ANCOM-BC has slight FDR inflation when the sample size is small. LinDA is also slightly
more powerful than ANCOM-BC at a small sample size. The Wilcoxon rank sum test based on
GMPR normalized data performs well under CO with slightly inflated FDR at larger effect sizes
and reasonable power across settings. In contrast, for a continuous covariate (C1, Appendix Figure
B.4), Spearman rank correlation test has a large FDR inflation when the signal is dense. When there
are confounders (C2, Appendix Figure B.5), Wilcoxon has severe FDR inflation when the sample
size is large due to its inability to adjust for confounders. ALDEX2 is a conservative method, which
offers the strongest FDR control but is much less powerful. MetagenomeSeq performs well when
the signal is sparse but fails to control the FDR when the signal is dense. We also studied the effect
of zero inflation and the correlations among taxa (S1C0 and S2C0, Appendix Figures B.6 and B.7),
we observed similar patterns and LinDA and ANCOM-BC had overall the best performance.

Since LinDA assumes a log normal distribution of the absolute abundance, it is interesting to
evaluate its performance when the log normal assumption is violated. We thus simulated the abso-
lute abundance data using a gamma distribution (S3C0). Figure 3.3 shows the results. LinDA con-
trols the FDR close to the target level and has the highest power. When the signal is dense (20%),
ANCOM-BC has a noticeable FDR inflation while ALDEx2, MetagenomeSeq and Wilcoxon have

severe FDR inflation when the signal is dense.
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Figure 3.2: Performance comparison (SOCO, log normal distribution for absolute abundances with
a binary covariate). False discovery proportions (A) and true positive rates (B) were averaged over
100 simulation runs. Error bars (A) represent the 95% confidence intervals (Cls) of the method
LinDA and the dashed horizontal line indicates the target FDR level of 0.05.
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Figure 3.3: Performance comparison (S3C0, gamma distribution for absolute abundances with a
binary covariate). False discovery proportions (A) and true positive rates (B) were averaged over
100 simulation runs. Error bars (A) represent the 95% Cls of the method LinDA and the dashed
horizontal line indicates the target FDR level of 0.05.

46



With a smaller number of taxa (m = 50, S4C0, Appendix Figure B.8), ANCOM-BC shows
the best FDR and power trade-off. LinDA is the most powerful but it has slight FDR inflation.
MetagenomeSeq and Wilcoxon controls the FDR when the signal is sparse but are less powerful.
When the signal is dense, they could not control the FDR properly. When the sample size is very
small (n = 20, 30, S5C0), LinDA stands out among its competitors: it controls the FDR around
the target level and maintains high power (Appendix Figure B.9). ANCOM-BC and Metagenome-
Seq have large FDR inflation and the inflation seems to increase with a decreasing sample size.
Wilcoxon is much less powerful at small sample sizes and ALDEx?2 has virtually no power. Under
the setting S6, where the sequencing depth differs by 10 folds, all methods, except our method
with adaptive zero-handling approach, fail to control the FDR (Appendix Figure B.10). We point
out here that when we implemented ANCOM-BC, we disabled its zero treatment. To further in-
vestigate whether its zero treatment option improves its performance, we also run the procedure
enabling its zero treatment (zero_cut = 0.9, lib_cut = 1000, struc_zero = TRUE), and found the
results were very similar (S6, Appendix Figure B.11).

Finally, we applied LinDA to correlated microbiome data (S7C0), where the competing meth-
ods are not applicable to correlated data. Appendix Figures B.12 and B.13 compare the methods
CLR+LMM+BC (LinDA-LMM), CLR+OLS+BC (LinDA-OLS), CLR+LMM and CLR+OLS for
correlated data. In the setting comparing the pre-treatment and post-treatment samples (S7.1, Ap-
pendix Figure B.12), we could clearly see that ignoring the bias tremendously increases the FDR
level especially under dense signals (LinDA-LMM vs CLR+LMM). In addition, LinDA-LMM is
more powerful than LinDA-OLS due to its ability to exploit the correlation between pre- and post-
treatment samples. Under the replicate sampling setting (S7.2, Appendix Figure B.13), we see that
the LinDA-OLS has significant FDR inflation by treating the replicate samples as independent. In
contrast, LinDA-LMM controls the FDR at the target level.

We summarize the performance comparison in Table 3.2. We can see that LinDA and ANCOM-
BC have overall the best performance among the methods evaluated. However, ANCOM-BC is

computationally more intensive. As shown in Table 3.1, LinDA could be 100-1000 times faster
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Table 3.1: Runtime (in second) comparison under different settings (R version 4.0.3 (2020-10-10);
Platform: x86_64-pc-linux-gnu (64-bit); CPU: E5-2670 v2 @ 2.50GHz; Memory: 67.7 GB). The
result is based on a one time run. The‘“elapsed” from the R command system.time () was
used.

S0CO S0C1 S0C2
LinDA ANCOM-BC LinDA ANCOM-BC LinDA ANCOM-BC
m =500 n =200 0.454  21.835 0.218  22.057 0.206  64.519
n =10000 6.844  162.218 4.043  163.552 5.073  216.564
m = 5000 n =200 1.598  184.972 1.607  162.611 1.615  599.985

n = 10000 28.253 5,135.393 15.314  5,157.148 15.494  5,506.353

Table 3.2: Performance comparison. Three x represents that the FDR is controlled; two  repre-
sents that the FDR is slightly inflated; one « represents large FDR inflation and no * represents
severe FDR inflation. Three o represents the highest power and no o represents very low or no
power.

LinDA  ANCOM-BC ALDEx2 MetagenomeSeq Wilcoxon

SOCO xx%xo0o00 * % % 0 00 * * %O *x 00 * % 00
SOC1  x% %000 *%x000 * % %0 NA * 0 00
SOC2 x% %000 * % % 0 00 * % K NA 0o
SICO x*%o0o00 * % % 0 00 * % %O *x00 * %% 00
S2C0 x*xxo0o0o0 * % % 0 00 * % %O * 00 * % 00
S3CO0 xx%xoo00 *%000 *x00 *0 *x00
S4C0 x%ooo0 * % % 0 00 * % %O * % *x 00 **x*x 00
S5C0 x%%xo0o00 * 0 00 * % K 00 * % %O
S6C0 * % OO [ eXe) * OO 0] [eeXe)
LinDA-LMM LinDA-OLS CLR+LMM CLR+OLS
S7.1C0O * % % 0 00 * %k %00 o *0
S7.2C0 **k %00 * 0 00 *0 coo

than ANCOM-BC, making LinDA a highly scalable method.
3.5 Real data applications
3.5.1 Datasets

We applied LinDA and the competing methods to three real datasets with independent samples
from the studies of C. difficile infection (CDI) (Schubert et al., 2014), inflammatory bowel disease
(IBD) (Morgan et al., 2012) and rheumatoid arthritis (RA) (Scher et al., 2013). To demonstrate the
use of LinDA to correlated microbiome samples, we applied LinDA to a dataset from the study

of the smoking effect on the human upper respiratory tract (SMOKE) (Charlson et al., 2010). We
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Table 3.3: Characteristics for four real microbiome datasets. NORA represents new-onset un-
treated rheumatoid arthritis. The second and the third columns list the number of taxa and sample
size of each filtered dataset (prevalence > 10%, library size > 1000).

m n u C
CDI 123 183 CDI/Diarrhea control (94 v.s. 89)
IBD 579 81 Crohn’s disease/Healthy (62 v.s. 19)  Antibiotic use (n/y, 48 + 19 v.s. 14 + 0)
RA 438 72 NORA/Healthy (44 v.s. 28)
SMOKE 209 132 Smoke (n/y, 67 v.s. 65) Female/Male (31 + 16 v.s. 36 + 49)

used the microbiome samples from the throat for illustration, where each subject has two samples
from the left and right side of the throat. The CDI and RA datasets were provided by the authors
while the IBD and the SMOKE datasets were downloaded from the Qiita database (Gonzalez
et al., 2018) with the study ID 1460 and 524. All the datasets have binary phenotypes. Antibiotics
use is the confounder for the IBD dataset (p = 0.03 and OR = 0) while sex is the confounder
for the SMOKE dataset (p = 0.02 and OR= 2.26). They will be adjusted in methods that are
capable of covariate adjustment. We excluded samples with less than 1000 read counts, and taxa
which appear in less than 10% samples. The basic characteristics for the four filtered datasets
are summarized in Table 3.3. We compared the detection power as well as their overlap patterns
for LinDA, ANCOM-BC, Aldex2, MetagenomeSeq and Wilcoxon. Specifically, we compared the
number of discoveries at different FDR levels (0.01-0.25) and used Venn diagram to show the
overlap at the target FDR of 0.1. We used winsorization at quantile 0.97 to reduce the impact of

potential outliers as recommended in Chen et al. (2018).
3.5.2 Results

For the CDI dataset, LinDA made the most discoveries at different FDR levels (Figure 3.4).
At 10% FDR, LinDA discovered eight taxa associated with CDI while ANCOM-BC, Aldex2 and
Wilcoxon discovered three and MetagenomeSeq discovered two. As discussed in Schubert et al.
(2014), subjects with CDI were more likely to have the bacterial family Lachnospiraceae and
Erysipelotrichaceae. LinDA found one more taxon belonging to Lachnospiraceae than other meth-

ods. Besides, LinDA and Wilcoxon found one differential taxon belonging to Erysipelotrichaceae
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while the other three methods did not identify any. For the IBD dataset, LinDA detected a similar
number of taxa as ANCOM-BC and more taxa than MetagenomeSeq and Aldex2 at different FDR
levels. Wilcoxon rank sum test detected a large number of taxa associated with the disease status,
but this could be due to the confounding effects of antibiotics use since it could not adjust for co-
variates. From Figure 3.5, we observe that most discoveries by LinDA are shared by ANCOM-BC
or Wilcoxon. For the RA dataset, LinDA detected a similar number of taxa as ANCOM-BC and
more taxa than Wilcoxon, MetegenomeSeq and Aldex2. The differential taxa detected by LinDA
and ANCOM-BC are mostly overlapped. Overall, the results are consistent with the simulation
studies, where LinDA and ANCOM-BC generally performed the best.

Finally, we applied LinDA-LMM to the SMOKE dataset, where each subject has two replicate
samples from the throat. The aim is to identify smoking-associated taxa adjusting for the sex.
To account for the correlation between the replicate samples, we included a subject-level random
intercept in LinDA-LMM. As a comparison, we also applied LinDA-OLS to the right and left
throat samples separately, since LinDA-OLS could not analyze correlated samples. LinDA-OLS
based on the left or right throat samples alone discovered 12 and 15 differential taxa at 10% FDR.
When both left and right samples were used in LinDA-LMM, 21 differential taxa were identified,
covering the majority of the taxa identified based on the left or right throat samples alone (Figure
3.5). In addition, LinDA-LMM detected five taxa, which were missed by analyzing the left or right
samples. Therefore, LinDA-LMM provides a convenient way to analyze correlated microbiome
datasets and enjoys the power improvement by analyzing all samples together.

Our package LinDA provides a function to generate the effect size plot for differential taxa and
volcano plot. Appendix Figures B.15-B.18 display the effect size plots and volcano plots for the
four datasets. At FDR level of 0.1, we observe that, compared to the diarrheal control group, the C.
difficile infection group has two less abundant taxa and six more abundant taxa, while comparing
the Crohn’s disease group with healthy group, and NORA group with healthy group, we find that
most differential taxa are less abundant in the disease group than the healthy group. For SMOKE

dataset, around half differential taxa are less abundant and half are more abundannt in the smkoer
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group compared to the non-smoker group. Therefore, we expect IBD, CDI and RA datasets to have
stronger compositional effects than the SMOKE dataset since the changes are more unbalanced.
Indeed, the effect size plots, where we plot both the debiased and un-debiased coefficients, revealed

larger biases for the IBD, CDI and RA datasets.
3.6 Discussion

Differential abundance analysis is at the core of the statistical analysis of microbiome data.
Microbiome data are compositional in nature and all we know are the relative abundances, mak-
ing the identification of differentially abundant taxa at the ecological site particularly challenging
(Gloor et al., 2017; Tsilimigras and Fodor, 2016). Numerous differential abundance analysis meth-
ods have been proposed focusing on addressing the compositional effects (Robinson et al., 2010;
Love et al., 2014; Chen et al., 2018; Paulson et al., 2013; Sohn et al., 2015; Brill et al., 2020;
Fernandes et al., 2014; Mandal et al., 2015; Lin and Peddada, 2020) through either robust nor-
malization or using ratio approaches. Among all the competing methods, ANCOM-BC is the
state-of-the-art method, it has been demonstrated to be more robust and powerful than the com-
peting methods. However, there are two drawbacks of ANCOM-BC. First, it is computationally
intensive for large-scale microbiome datasets such as the AmericanGut dataset. Due to the huge
inter-subject variation, large-scale microbiome studies have been increasingly popular, resulting in
larger sample sizes. On the other hand, metagenomic sequencing has become increasingly deeper
to have a high resolution view of the microbiome, leading to an unprecedented number of new mi-
crobial features. To meet the analysis need for such large-scale datasets, a computationally efficient
tool is much needed. Secondly, ANCOM-BC is not applicable to correlated/clustered microbiome
datasets such as those from family/longitudinal microbiome studies or studies with paired and re-
peated measurements (Faust et al., 2015; Lewis et al., 2015). Longitudinal microbiome studies,
which enable the study of the trajectory of the microbiome as well as control for potential con-
founders, has been increasingly employed in human microbiome studies. Unfortunately, statistical
tools for longitudinal microbiome studies are scarce. In contrast, LinDA is computationally effi-

cient since it only involves fitting regular linear regression models and could be easily scaled to
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hundreds of thousands of taxa. Moreover, the extension of LinDA to linear mixed effects models
(LMM) is straightforward and we have highly efficient tools such as the R 1me4 package (Bates
et al., 2015) for fitting LMM. Therefore, differential abundance analysis of correlated/clustered
microbiome datasets could be easily performed using LinDA. Our framework also gives more in-
sights into the CLR-based approach, which has been widely used in compositional data analysis
(Aitchison, 1986). However, the bias of CLR regression models has not been formally recognized
to our best knowledge. Our framework justifies the use of CLR regression and provides a solution
to correct the bias associated with CLR regression.

In the simulation, we found that Wilcoxon rank sum test on GMPR normalized data performed
fairly well and the power was reasonable in most settings. However, Wilcoxon rank sum test has
limited ability to adjust covariates and it does not provide interpretable effect size estimates. It also
did not perform well when the abundance data followed a gamma distribution (FDR inflation) or
the sample size was small (very low power). When we simulated even stronger compostional effect
by drawing the differential taxa from the top 25% most abundant taxa, we found Wilcoxon rank
sum test began to break down (Appendix Figure B.14). ANCOM-BC was overall robust and pow-
erful but it had inflated type I error at small sample sizes. MetagenomeSeq did not perform well
when the signal was dense and was generally less powerful than ANCOM-BC and LinDA. Inter-
estingly, its FDR control was better when compositional effect was very strong (Appendix Figure
B.14). ALDEx2 was generally the most conservative and less powerful than the other methods.
Type I error inflation was also noted when the abundance data had a gamma distribution. LinDA
was as competitive as ANCOM-BC in most settings. It showed better FDR control than ANCOM-
BC when the sample size was small or the variable of interest was continuous or the absolute
abundances followed gamma distribution. It had slight FDR inflation while ANCOM-BC con-
trolled the FDR when the number of taxa was small. Under strong compostional effect (Appendix
Figure B.14), LinDA showed some FDR inflation but overall achieved the best performance.

When the library size was associated with the variable of interest, all existing methods had

severe type | error inflation. Fortunately, such association is detectable and if we see a significant
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association, rarefaction should be used for those methods. Although rarefaction controls the effect
of uneven library sizes, it discards a significant portion of the read counts and thus loses a lot of
information in the data. When there are samples with very small sample sizes, the users have to
make a decision as whether to retain more reads or more samples. In LinDA, we implemented a
heuristic imputation method, where the imputed values are proportional to the library sizes. This
procedure makes the imputed data after CLR transformation independent of the library size and
substantially reduces the inflated type I error due to library size confounding.

Our method uses the log linear model, where the coefficients can be interpreted as the log
fold change in response to the one unit change of the covariate. In analysis of biological data,
interpretation is one key factor in selecting relevant tools. As for all model-based approaches,
LinDA has several assumptions. First, LinDA relies on the assumption that there is a mode at O for
the regression coefficients (Condition (vi) in Theorem 2). This assumption is easy to be met if the
signal is sparse. In the simulation, we show that when the signal density is around 20%, LinDA is
still very robust. However, when the signal is extremely dense, LinDA could fail. Second, LinDA
assumes a log linear model on the absolute abundance. Although this is a reasonable assumption,
which has been widely adopted in the analysis of abundance data, the interaction between the host
and the microbiome could be more complex than the simple log linear relationship. Analysis of
the residuals from the CLR regression could provide evidence about whether the assumption is
reasonable. If the model assumption is violated, permutation test or transformation of the variables
may be performed. Finally, although LinDA provides asymptotic FDR control, its finite-sample
FDR control is not guaranteed. Based on numerical simulations, we demonstrate that LinDA
performs well under small sample and feature sizes with slight inflation under certain settings.

LinDA uses the relative abundance data and does not model the sampling variability of the read
counts. This could reduce the statistical power especially for those less abundant taxa, whose sam-
pling variability is larger than those abundant taxa. To remedy the power loss, another multinomial
sampling layer could be imposed on top of LinDA. However, the computational complexity will

be increased significantly and breaking the simplicity of LinDA. Another approach is to perform
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posterior inference of the underlying proportions based on a Bayes approach. Once we obtain the
posterior samples, LinDA can be applied to the posterior samples and results are then aggregated,
similar in the spirit to the multiple imputation method (Carpenter and Kenward, 2012).

Finally, we comment that, besides microbiome data, LinDA could be applied to other sequenc-
ing data such as RNA-Seq data. In fact, there are arguments for treating RNA-Seq data as com-
positional (Quinn et al., 2018). Thus, LinDA could be an alternative for differential expression
analysis if there is strong compositional effect for example, when the highly abundant genes are

differential with the same direction of change.
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4. SUMMARY

Large-scale multiple testing is a fundamental statistical problem in modern biomedical sci-
ences. A powerful multiple testing procedure could tremendously reduce the experimental cost in
the discovery stage. This dissertation has introduced two new multiple testing procedures focusing
on two application areas in bioinformatics.

In Chapter 2, we have discussed a covariate adaptive FWER-controlling procedure, which takes
into account the alternative p-value distribution as well as prior null probabilities simultaneously
to capture as much information from the p-values and covariates as possible. We derive the exact
rate of convergence of the FWER of the proposed method through a novel perturbation-type argu-
ment. Numerical studies show that our procedure controls the FWER in the strong sense and is
more powerful than the competing methods. It maintains the robustness across different settings,
including scenarios of model misspecification and correlated hypotheses. The method is highly
scalable and can be applied to a problem with millions of hypotheses in GWASs.

There are still numbers of open questions in integrating auxiliary data in genomic data anal-
ysis. In our method, we provide a parametric method for incorporating covariates, and a natural
extension is to use more flexible non-parametric models. In addition, we could accommodate
more general structural information such as the phylogenetic tree structure, group structure, order
structure for improving the statistical power.

In Chapter 3, we have presented a new differential abundance analysis method, named LinDA,
as a short for “linear models for differential abundance analysis”, which is surprisingly simple and
only needs to fit regular linear models and linear mixed effects models for independent and cor-
related microbiome data, respectively. With our method, analysis of compositional data becomes
straightforward and highly interpretable. Analysis of independent and correlated microbiome data
are unified in a single framework. Moreover, it is 100-1000 faster than the state-of-the-art method.
We also rigorously prove the asymptotical FDR control of the proposed method, making it the first

method that enjoys theoretical guarantee under some mild assumptions in differential abundance
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analysis. We conduct comprehensive simulations and real data applications to show that LinDA 1is
powerful, robust, flexible and scalable.

Continuing this work, we plan to further develop statistical tools for microbiome data focusing
on imputation for zeros that are widely existing in count tables. Zeros are problematic for micro-
biome data analysis since log transformation is usually applied for taxa abundance data. We shall
propose a Bayesian approach to infer the underlying true composition, upon which LinDA could

be performed.
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APPENDIX A

APPENDIX FOR CHAPTER 2

The appendix is organized as follows. In Section A.1, we provide more technical details for

Example 1. Section A.2 presents Lemmas 1-2 and their proofs that are useful in the proof of

Proposition 2. Section A.3 presents the proofs of Propositions 1-2. In Section A.4, we provide

other intermediate results for the proof of Theorem 1 together with their proofs. In Section A.5, we

prove Theorem 1. Sections A.6 and A.7 present the additional simulation results and the numbers

of rejections before clumping mentioned in Section 2.5 of the main text, respectively.

A.1 More about Example 1

Suppose all hypotheses are true nulls and (x;, p;) are i.i.d.with x; being 1-dimensional, x;_Il p;

and p; ~ Unif([0, 1]). Then
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Thus if 5 = 0 then g(x; 3) + g(—x; 8) = 0, if § > 0 then g(z; 5) + g(—x;5) < 0 (as long as
x # 0), and if 8 < 0 then g(x; 8) + g(—z;B) > 0 (as long as x # 0). Note also that g(0; 5) = 0
and g(x; B) + g(—x; 8) = —{g(x; —B) + g(—x; —F)}. Therefore, if x; follows a distribution that

is symmetric about zero and P(x; # 0) > 0, then we have

L'(B) =(v = ") E{g(xs; B)L(w: > 0) + g(zs; B)I(w: < 0)}
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and hence L'(f) = —L'(—f),and L' (5) = 0if =0, L/(f) > 0if 8 < 0and L'(B) < 0if 5 > 0.
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We study (7, k) numerically. Let v range from 0.05 to 0.95. Then the values of min{u(v, k); k €
0, 1]} are shown in Figure A.1. We point out that the left most point in Figure A.1 is min{«(0.05, k) :
k€ [0,1]} = u(0.05,0.23) = 4.94. Therefore

as long as E(z?) > ¢ for some ¢ > 0. Next, we illustrate the behavior of £'(3) by considering
four cases: (i) z; ~ N(0,1); (ii) x; ~ Gamma(l,0.5), i.e., Gamma distribution with shape 1
and rate 0.5; (iii) z; = w; — median(wy, ..., w,,), where w; ~ Gamma(1,0.5); (iv) z; = w; —

median(wy, ..., wy,), where w; ~ Pois(2), i.e., Poisson distribution with parameter 2. Let v = 0.5,
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Figure A.1: Values of min{u(~y, k); k € [0, 1]} with ~ ranging from 0.05 to 0.95.

k = 0.25. When x; follows the standard normal distribution which is symmetric about zero, the
behavior of £'() as observed in (i) of Figure A.2 is consistent with our theory. As illustrated by
(ii) of Figure A.2, Condition (v) is violated if P(X > 0) = 1 (or P(X < 0) = 1). Nevertheless,
we can resolve this issue by simply subtracting the observations by the sample median. As we
can see from (iii)—(iv) of Figure A.2, the pattern of the curve of £'(3) is similar to that of the
standard normal distribution. In addition, by standardizing the observations, we can obtain the
similar curves as (iii)—(iv) of Figure A.2.

A.2 Intermediate results for Proposition 2

Lemma 1. Assume that sup, ., E(||z;]|*) < co. Then under Assumptions 2 and 3, we have

sup |P,l(B) — L(B)| — 0, in probability.
BeB
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Figure A.2: Curves of £/'(8) with v = 0.5 and k£ = 0.25 under four different cases. (i) z; ~

N(0,1); (ii) x; ~ Gamma(shape = 1,rate = 0.5); (iii) z; = w; — median(wy, ..., w,,), where
w; ~ Gamma(shape = 1, rate = 0.5); (iv) z; = w; — median(wy, ..., w,,), where w; ~ Pois(2).

Proof. Note that

;2 1)} =log [(1+ e 11 =9 + {1 - 1+ ") p (1=
13; (x,0)} =log [(1 + e )Ly {1 1+ efﬂTﬁ)—l} yk} .

Thus [(3; z) is bounded uniformly over 5 and z according to (A.1), thatis, L; < [(f;2) < Lo,

where L; = log(1 — +*) Alog(v) and Ly = log(1 — 7) V log(7*). Note also that for 0 < v < 1,

(V" — ) (1 + e F) 27"y v —
Vi ) 71 = T 5
IVI{3; (z, 1)} e 10| S 1 ,kafCH
(Y =) +e =P 2e o By || Ak —xy
VI{B;(x,0)}| = - .
IVI{3; (x,0)} YT 7 |||
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Thus for any (3, B2 € B, we have

|1(Br; 2) = 1(Ba; 2)| < ellzl[l| 51 = Ball,

which implies that [(3; z) is c||z||-Lipschitz continuous in 3. Let {/3,})_, be an ¢/(2c) covering

of B, that is, for any § € B, there exists n, such that |5 — (3,|| < €/(2¢). Thenfori =1, ...,m, we

have

18 20) = 1(Bu: )| < ellzall] = Bull < Gl
and hence

(B =) = Sllaall < 185 ) < UBui ) + 5 il
and

Prl(8) ~ E{BAl(8)} <Pul(B) + 5= lll| -

E {P,,l(5,)} — %ZE(H%\D]
—Pl(B2) — E{Pul(5.)} + o > Allwill +E (i)}
E [Pnl(8)] — Bul(8) <E {Pnl(8)} + 5 >_E(llzil) - (Pml(ﬂn) = ) Hxi“)

=E {Pul(8.)} — Bul(B) + 5= > {llasll + E (Jlz)}
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Then we have

sup |P,l(8) — E {Pml(ﬁ)H

BeEB
< max [Bl(8) ~E{Pul(B)} 45— > {lleall + E (o))
= max [Pol(8) — E{BAl(BH + 5= > {lledll = B (laul)} + D E(las])) = o (1) + O(e),

where we have used the fact that [(5; z) is bounded, Assumption 2 (which ensures that z;’s are
independent), the assumption that sup, ;,,, E(||;[|*) < co and the Chebyshev’s inequality. As €

can be arbitrarily small, under Assumption 3, we have

sup [P l(8) — L(B)] < sup [Prl(8) — EAPnl(5)} | + sup [E{PI(5)} — L(F)] = op(1).
BeB BeB BeB

]

Lemma 2. Under Assumptions 2—4 and the assumption that sup, <<, E(||z;[|*) < oo, we have
B — [* in probability. Moreover, for a = 0, 1,
sup ,@(pj_m) — (% = 0, in probability.

1<j<m

Proof. By Assumptions 3 and 4, for every ¢ > 0, we know that there exists a 6 > 0 such that

L(B) < L(p*) — 6 for || — *|| > €. Therefore
P18 51> ¢) <PL{e() - L£5) > s}

To prove 3 — (3* in probability, it suffices to show that £(3*) — £() = op(1). To this end, we
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N

note that £(5*) > L(/3) and

A A

L(B7) = L(B) = L(B") = Pul(B") + Pl (67) = Pol(B) + Prl(3) — L(B)

< L(BY) = Pul(B7) + sup PRl(B) — L(B)] = op(1),

where the inequality follows from the fact that /3 is the maximizer of P,,/(3) and hence IP,,,/(3*) —

~

P,.l(5) < 0 and the last equality follows from Lemma 1. To prove the uniform convergence of

~

B(pj—a), let

BLI(8) = 18 7) + - HP: (a5, )} = Bd(8) + — B (x5, )} — 1055 2)],

1
— m
i#]

and L = Ly — Ly with Ly and L, defined in the proof of Lemma 1. We have

S |

sup sup |P}7U(8) — Pl(B)] <

1<j<m BeB

Note that

B(pj—m) - B

> b <P| it L300} < L) 0

P< sup :
1<j<m Isjsm

— (sup [£05) = £13(p-0)] > 6)).

1<j<m

A

Then we only need to prove that sup, <, [£(8%) — L{B(pj—a) }] = op(1). The proof is completed
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by noting that sup, ., ,,,[L(8") — E{B(pj_m)}] > 0 and
swp | £(8°) = L{B(ps)}]
1<j<m

— aup [zw*) CPL(BY) + Pul(5Y) — BIUBY) + BU(6Y) — Bl By}

1<j<m

+ PZ,?”{B(]%—HL)} - Pml{B(pj—m>} + ]P)ml{/@(pj—)a)} - £{B(pj—>a)}

<L) — Pul(5) + 22 4 sup [Pul(8) — L(8)] = op(1),

m peEB

where we have used the fact that 3(p,_,,) is the maximizer of /;>%/(3) and hence

SUP; < j [P 791(B*) — PLU{ B(pj—a)}] < 0 and the result from Lemma 1. O

A.3 Proofs of Propositions 1 and 2

Proof of Proposition 1. We recall some notations defined in the main text and give some new defi-
nitions. Letp; ., = (p1,...,Pj—1,,Djt1,--.,Pm) € R™fora =0,1,andp_; = (p1, ..., pj—1, Dj+1,
ooy D) € R™™L We define B(pj_a), 7 (%45 Djsa)s T (Pjmsa)s 7 (Dj—sa) and £;(pj_,q) by setting the jth
p-value to be equal to a when estimating the corresponding quantities. First, we prove the first

inequality. Observe that

FWER < > P (p; < ;A7)

JEMo
A I(p; > A - I(p; > A
<y E{H(pj < A7) —w@} +ZE{%7)&}
JEMo v =1 v
. I(p; > ) -
<> E{H(pjgtjm)—wtj%ra,
JEMo v

where we have used the fact that " I(p; > 7)t;/(1 — ) < a. Denote by E, and P, the expec-

tation and probability under the null. If {p;} € M, are mutually independent and are independent
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with the non-null p-values, then under Assumption 1, we have

L=v
~ I(p; > ),
=Ko {H(pj <tiAy) - (1%7)%‘ | p—jspj > 7} Po(p; > )

. I(p;
+Eo{ﬂ(pj§tjw)—<1f7>t | p—jp; <7}Po( <7)

o b b - Ay + [RABe 00)o) gy

~

. 1 — Fy;(y
=Foi{ti(pj—o) N} — %;()tj(pjﬁl)

<tj(pj0) A = 1i(Dj1) < Ei(pjs0) — 15 (pj1),
where the first inequality is due to the assumption that F{;(¢) < ¢. Thus, we have

) I(p; > ) ;
FWER < ElEO{H(pjgtjAy)—Mtj|p_j}]+a§Jm+a,
JEMo

where

For the second inequality, note that

tj(pj—0) — t;(pj-1)
k1/(1-k)

{ 1-— 7}<J7j;pj—>0 }1/(1 ") { 1—7 x];p]—ﬂ) Y{=k)
)

7AT(CUj;pj—m) (pj—>0 x_]7p]—>1 pg—>1
{ 1—- 7A.‘—(xj;pj—m }1/(1 ") { 1—7 x];p]—ﬂ) }1/(1_k)
7Ar(xj;pj—m) (pj—>0 xj7p]—>1 pj—)O)
{ 1 — #(xj;pj1) }/“ & _{ 1 — #(x5;pj-1) }”“‘k’
(25 Pj—1)T(Pj=0) (255 pj»1)7 (Pj=1)

c|ft(xs;pj0) — 7255 pj01)] 1 B 1
a F(pjos0) /7R F o) VOR G (p )R |

IN

+

+c
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where the last inequality follows by using the mean-value theorem for the function f(z) = (1/xz —

1)1/(=%) and the fact that 7 is bounded from below by ¢;. Thus we have

Jm S C(Im,l + Im,Z)y

where

. ﬁx],pj_)() — (255 pj-1))|
Iny = {Z o) /0=F) )

3

1

T2 = { —1 pg—>0 k) %(pj—n)l/(l_k) }

Next we derive upper bounds for I,,, ; and I, ». To deal with /,,, 1, we note that forany 1 < 4,5 <

m,

. R 1 1
17t (24; pjm0) — T(xiipjmr)| = — Vepp Aeg — T Verp Aer
j—

]_ + e_fi ﬁ(pj—m) 1 + e_xi B(pj
‘ 1 1

<

1+ e—xiTB(pj—m) 14+ e—ﬂﬁiTB(Pj—n)
< |2f{B(pjm0) — Bpjm1)},

where the first inequality is due to the Lipschitz continuity of the function f(x) = (zVe€;) Aeg, and
the last inequality follows from an application of the mean-value theorem to the function f(z) =
(1+e*)~. For the ease of notation, set b(z;) = [{1 — #(z;)}/#(z:)]/ ™. Ase, < # < &5, we

have b; < b < by for some constants by and b, with 0 < b; < by. It is straightforward to see that

|7 (25 pj—0) = T (a5 pi)| _ |2 {B(pj—0) — B(Pj-1)}]
7(pj—0) /1) B {kl/(l_k)(l =) tat o Ip > W)E(xi;Pj—m)} V el/(1-k)

’%T'{B(pjao) — B(pj—1)}]
{Ca_l D> iy Upi > 7)} vV el/a-k)

<
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For I,,, 2, we notice that

1 ‘%(pj DVAR) _ 7 (p, o) MO k)|
T(Pjmo)VAR F(pi) VAR | = {F(pjse) /AR v el/0- k)}{ (pyo0) /R v 1R}
EYVA=R(1 —4)~ta! > iz Lpi > 7){b(l’i;pjﬁl) b(xl,pjﬁo)} + (}(%7%%1)‘
) {7(pj0) VA v e/OR} {7 (p, 1) VAR v /0T
<Ca_1 Zi;éj I(p; > ’y)|:L’iT{B(ijO) — B(pjﬁl)}‘ +ea?

- [{004_1 > iz Upi > 7)} N 51/(1_k)]2

)

where we used the fact that |b(z;; pj_1) — b(2i; pj—0)| < clzT{B(pj—0) — B(pj—1)}| which follows

from the mean-value theorem. Summarizing the above results, we have
Jm S C([m,l + [m,2) S C(Jm,l + Jm,2)7

where

s =3 |50 = B
_{COFI Zi;ﬁj I(p; > ’7)} V el/(1=k)

Tma = Zm:E 0! ¥y s > NI {B(Ps0) — B(pm)}J +at
Jj=1 |:{Ca—1 Zi;ﬁj ]I(pZ > fy)} V, 81/(1—k)i|

]

Proof of Proposition 2. We divide the proof into four steps. (i) Calculate the difference between
the two estimating equations (EE) associated with B (pj—1) and B (pj—0); (ii) Perform Taylor ex-
pansions to extract the leading terms in the EEs; (iii) Deduce an expansion for B(pjﬂo) — B(pj%l)

based on the results in steps (i)—(ii); (iv) Derive the order of the remainder terms involved in the

expansion of 3(p;_0) — B(pj_1).
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(1) Recall that we have defined the quasi log-likelihood function

Zlog — )iy 1 — () ML — 7k)ywk(l—yi)} L m(z) = (1+ e—w?ﬁ)—l

For the purpose of analysis, we use the following notation and expression instead

Zlog gi(B)(1 = 1)y ¥+ {1 = q(B) (1 = *)Py ] qu(B) = (14 e P) 7,

The quasi-MLE ﬁ satisfies the estimating equation

f: {(1 =)y 0 — (1= AFpf 0} g (5)
i—1 qZ(B)(l — ’y)yiﬁyl*yi + {1 — qz( )}( k) ,},k(l Yi) ’

where Vg;(3) = x;¢% 7 /(1 + ¢ #)2. Taking the difference between the estimating equations

associated with 3(p;_1) and 3(p,_0), we obtain

3 {(1 =)yt =¥ — (1 — y*)ink =8 Vg { B(pjo) }
= a{Bp)} (1 = 7)ry v 4 1= g B(py1) Y(1 — AR )piyk-w)

-, {(1 =)' — (1= A*)uy 00} Vi { B(pjo) }
= a{B(pj0) (1 =)y ¥+ [1 = g B(pjo0)}](1 — AR )riykC-)

i (v* - V)qu{/g)(l?jjl)} B
2 {B(pj-1) 1 =) + 1 = ¢;{Bpj-1) (L =)

(= v’“)ng-{B(pjjo)} _
4 {1Bpj=0)}v + [1 — ¢;{Bpj=0) }V*

For the ease of notation, let by; = (1 — )% ~'% and by; = (1 — ~*)¥i~*1=v)_ Further define

Qi{B(Pjsa)} = a{B(Pima) boi + [1 — ¢:{B(pj—a)Hbii, fora=0,1andi # j,
Qjo{B(pj—m)} = Qj{B(pj—m)}'V + 11— Qj{B(pHo)}hk,

Qiu{B(p-1)} = 4B L =) + [1 = ¢ {Bp) 11 = 7).
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Then the above equation can be expressed as

(bOi - bu) [V%‘{B(Pjeﬂ}@{ﬁ(pjao)} - in{B(pjﬁ@}Qi{B(pjal)}
Z _ _ +
= Qi{B(Pj-1)}Qi{B(Pj—0)} (A.2)

(F — ) Vi {B(pi=1)}Qio{ BP0} + Vi {B(pim0) Qi1 {B(pj1)}

= - = 0.
Qi{B(pj—1)} Qo1 B(Pi=0)}

(i) We analyze the two terms in (A.2). For the first term, we observe that

Ve {B(p;-1)}Q{B(pi~0)} = Va{B(p;-0)}Qi{B(pj1)}

=Va{ B(pj1)}Q:{B(pi—0)} — Va{ B(pj-1)}Q{B(p-1)} + Vai{B(pj1)}Qi{B(pj-1)}
— Va{B(pj~0)}Qi{B(pj-1)}

Vol Bps)} [QB 1)} — QlBprY] ~ B} [Vad Ao} - Ta(Blps))]

By the Taylor expansion, we have

V%’{B(pjﬁl)} = th(ﬁ*) + V2Qi(31>{5(pjﬁ1) - 5*}7
Qi{B(pj—m)} - Qi{B(pj—ﬂ)} = (b(n‘ - bu) [%{B(Pjao)} - %{B(Pj—n)}]

~(boi = b12) [Va(8)" + {Vai(Bo) = Vau(8)} | {8(pj0) = Ay}
(b — b)) { Ve ()" + (B2 = B)"V20s(B)" } {B(ps0) = Blpsn)},

T 2FB

where V2¢;(3) = z;27e” #(1—e® #) /(1+€% #)3, and By, B> and (s are the corresponding interme-
diate values in the mean value theorem, which may vary with ¢ and j. We suppress the dependence
on ¢ and j for notational simplicity. Note that the mean value theorem does not generally hold for

vector-valued function. Here we are applying the mean value theorem to the scalar-valued function
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"1 /(1 + %' #)2. Using similar technique, we have

Qi{B(pjs1)} = (boi — b1:)a:{B(pj—1)} + bui
=(bos — b13)qi(B") + bui + (bos — b1:) Vs (B1) " {B(pj—1) — B}

=Qi(B*) + (boi — b11) Vi (B1) " {B(pj=1) — B}

Let ¢;(8) = ™ 7(1 — %) /(1 + e #)3. Then V2q;(8) = ¢;(B)a:x} and V() = m;e™ (1 —

4e*i P 4 eQIinB) (1+ e”iTﬂ)A‘. Again by the mean value theorem, we have

Vai{B(pi-0)} — Va{B(pj)}
= [V26(8") + {V2aq:(B2) — V?a:(B°) }] {B(pj=0) — Bpj1)}
= [V24:(8) + {6i(B2) — :(B") } ziaT] {B(pj=0) — Bpj—1)}
= {V?a(8") + Vi(Bs)" (B2 — B7)aix} } {B(pj0) — Bpj-1)},

where f3;, 35 and B35 are the corresponding intermediate values and dependent on i and j. Using

the above expansions, we deduce that

Vel Bpi-)} [Qi{Bws-0)} ~ Qi{Bpi-)}]

=(b0i = bu) [ Vai(8) + Va3 B0i) = 8| { Va8 + (B = 8"V (B)" }
{B(pj-0) = Bpj-1)}

=(bos = b10)Vai(3)Va:(8°) {B(ps~0) — B(pj-1)}
o = 00) [V (07 = BT )+ 9B - )

{Ta0 " + o= 579030} | Bl0so) = B0y

=(boi — b)) V@ (B)VG(B) {B(i—0) — B(j-)} + REHB(Dj—0) — Bpj-n)},
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and

Qi{Bps1)} [Vl Bpi0)} = VailBlpi-)}]
= [QuBY) + (b = 0) Va3 (Blpyn) = Y| {V05) + Vu(B)" (o = )]}
{B(p0) = Bpjn)}
=Qi(B)V2a(8){B(pj0) — Bpj1)}
+ QUG (B~ )i + (o = )V Basn) — )
{V20(8%) + Vou(Ba)* (B — %)t} | {3(ps0) = Blps)}

=Qi(B)V2a:(B){B(pj=0) — Bpjs)} + RI{B(pi0) — Blpi—)},
where

R =(bo; — bis) | Vai(5) (B2 — B°)"Vqi(Bs)"
+ V2B {Bps) = BH{ Va8 + (B — ) Vi) } ] ,
RY =Qi(8)V6i(Bs)" (B — B")wia]
+ (boi = b1) V(B {B(pjn) = B {V?6(B) + Vu(Bs)"(By — B*)wia] } .

To deal with the second term of (A.2), we observe that

Vg {B(p;-1)}Qio{B(pj-0)}
— Vg (8") + V2 (B){B@s1) — 5] [Quo(B) + (v = *)Vas(Be) {B(ps0) — 8}
=Vq;(8)Qs0(87) + (v = ¥ )Va;(8°) Vg (52) {B(pj~0) — B}

+ V24 (B {B(ps-n) = B} |Qio(8") + (7 = 7)Va5(B2) {B(ps0) — 5]
=Vq;(B)Qn (") + Ry,
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and

Vg {B(p-0)}Qin{6(pj-)}
= |Va(8") + Va5 () {B(pso) — B} |Qua(8") + (0 = 1)Va; (B) {B(psn) — 8]
=V (8)Qan(8) + (7F = 1) Va;(8)Vay(B0) {B(ps1) — '}

+ V24, B} {B(ps-0) = 8} [Qn(8") + (0 = Vs (B) {Blpsn) — 8)]

=Vq;(8)Qn (") + R,
where
RY =(v = /")) Vs (5o) {B(pj0) — 57}
+ VQQJ(Bl){B(pj—H) - 5*} :Qjo(ﬁ*) + (7 - 7k>VCIj(B2)T{B(pj—>0) - ﬁ*} )

R =(v" = 9)V;(8)Va;(B:) " {Blp; ) — 5}

+ V24, Bbs0) — B} [Qin(87) + (0 = 1)V (B {Bps) — 87}

and (31, (2, (3, B4 are the corresponding intermediate values in the mean value theorem which vary
with ¢ and j.
(iii) Let v®? = v for a vector v. Plugging the equations we obtain in step (ii) into (A.2), we

get

> (boi — b1s) {(bo; — b1,) V@i (8*)%2 — Qi(8*)V2q:(8)} {B(pjs0) — Blpj—1)}

i#j Qi{B(pjﬂl)}Qi{B(pjﬁO)}
o5 o = bR — B ri0) — B}
i#j Qi{B(pj-1)}Qi{B(pj—0)}
1t = VOB T VG e RPERY
Qi{B(pi-1)}Qj0{B(pj=0)} Qir{B(pj-1)}Qjo{B(pj=0)}

(A.3)
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Let

5 =3 (bos = b1s) {(bo: — b1:) Vai(5)** = Qi(B") V2ai(57)}
> Qi{B(pj-1)}Qi{B(pj~0)}
o 1) p®2)
5-% (boi bii) (R; : R;) |
i#j Qi{B(Pj—1)}Qi{B(Pj—0)}
U = (4 — ) V;(67)Qjo(67) + Vg;(67)Q5(5)
Qi{B(pj—1)}QjotB(Pi=0)}
RY + RV
Q1{B(pj51)}Qs0{B(pis0)}

9

Y

Uj=(*-v)

Then (A.3) can be written compactly as

(Sj + gj){B(pJAO) - B(p]%l)} + Uj + [7]' =0.

Further define
o X (Doi = b1g) {(boi — b10) V@i (8% = Qi(B)V2qi(8) }
55 = ; Qi(5*)? 7
e _n A V3(87)Qj0(87) + V(8@ (67)
i=br=) Qi (B)n(5") '
Note that

Q{B(pj1)} = Qi(B7) + (boi — b1:)Vai(B) ™ {B(pjo1) — 57},
Qi{B(pj—0)} = Qi(B") + (boi — b1:) Vi (Bo) " {B(pj—0) — B},
Qi{B(p-1)} = Qu(B°) + (7 = 1)V (B) {B(pjn) = 5,
Qio{B(Pis0)} = Qio(B) + (v — ¥ ) Vs (B2)"{B(pjm0) — B}

where /3 is the corresponding intermediate value that depends on 7 and j, and 3;, f34, B> have been
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defined before. Thus we obtain

RY =Qi(5")? - Qi{B(pj=1)}Qi{B(pj=0)}
= — Qi(B")(boi — b1:) Vi (Bo) " {B(pj—0) — B} — Qi(B")(boi — b1i) Vai(B1) " {B(pj—n) — B}
— (boi — b11)*Va;(B1) " {B(pj1) — B}V a(Bo) " {B(pjo) — B},

and

R =Q;1(8)Qi0(8") — Qi {B(pj-1)}Qjo{ Bpj0)}
=—Q(B)(y =¥ ) Vg (B)"{B(pjs0) — 87} + Qio(B*) (v = ¥ )V (B) " {B(pjs1) — B}
+ (”Y - ”Yk)2VQJ(B4)T{B(ij1) - ﬁ*}VQj(@)T{B(pjao) - 5*}-

It implies that

9

S5 =% (boi — bui) {(boi — b11) Vai(8*)*2 — Qi(8*)V2qi(8*)} RY)
> QAB(ps-1)}QA B (P -0)}Qu(5)?
V;(87)Qj0(B*) + Va;(5%)Q;1(8") RO

U~ U = (7 — A A ©
(7 7>le*{5(1?j‘—>1)}Qjo{ﬁ(pj—m)}Qm(5*)@;‘0(5*)

J

Combining the above arguments, we obtain
(S5 + AN{B(pjs0) — Bpj1)} + U +11; =0,

where A; = S — S;‘ + §j andII; = U; — U]’-" + ﬁj, and A, I, are smaller order terms.

(iv) Recall that ¢;(8) = (14 e % F)™, by = (1 — y)¥in ¥, by, = (1 — ~F)¥ink0-5) and
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Q:(B) = qi(B)bo; + {1 — q;(8) }b1;. We have uniformly over ¢, j and 8 € B,

|b0i - b1i| = Vk -7
min{1 —~*,7} < Qi(8) < max{1 —~,7"},
v < Qi) =q;(B)y + {1 — ¢;(B) 1 <A,

1—9"<Qu(B) =¢(B)1 -7+ {l-g(B)IA1-7")<1-7,

and
;e P
IVa ()]l = m < cflll,
xw]evi 6(1 — e%Tﬁ)
IV2a:(B) = 7 )3 < cflzi?,
, x?ﬁ(l — 4emi B 4 21‘?6)
e e e
V(B = ‘ (11 ey < ||z

Then we have

(bos — bii) { (bos — b1i) Vi (B*)%2 — Qi(8*)V24i(8*)} R

3 5 c x; 2. Rz@,
QB }Qi (Blpyo) }Qi ()2 < el 1R

i#]

I1S; =S <y

1#£]

and

(boi — biy) (R — RY) H
Ql{ﬁ(pjﬁl)}Q {ﬁ Pj—0 } i#]

(1) (2)
> IR+ 1R1).

HESY

i#]

where

IBD) < ellzill {151) = 5711+ 1Bi0) — 5711} + ellail P13 s — B 11Bps0) — 51
IR < ellaall® {182 = 871+ 18s-1) = 871} + cllzll N2 — M B(ws-) — 51
1B2N < cllzll® {182 — 511+ 18wyon) — B0} + ellzal 13 — BB 011 — 5711
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Similarly, we have
* 6 rr 3 4
1U; = U5 < ella IR and T30 < e (1R + 18]
where

IEON < sl {1Bs-1) = Bl + 18(pi0) = 811} + ellas P18 s1) = B 11B@s0) = B
IRVI < ella® {1Bmsn) = 81+ 1Bs-0) = 81} + cllzs P 1B (ps-1) = B N1 @s0) = A7l
IR < ellal? {1Bwsn) = 811+ 1B(s-0) = 8°11 } + ellasl1B(pi—n) = BN18(s0) — 11

As we assume that sup, ., E(||z;[|¥) < oo, then by Kolmogorov’s strong law of large numbers,

I° =

= Op(m) and SUP1<j<m Zi;ﬁj ||5Uz||4

we know that sup; <<, >, [|%i = Op(m). Combining
the above inequalities with the result from Lemma 2 that sup, ., 1B(pj—a) — 5| = op(1) , we

deduce that

s =% (boi — bui) {(boi — b1a) Vi (B8*)** — Qi(B")V2ai(B)} _ SvR(s

% Qi(")? i
Sup HU | = Sup ('Yk o Vg;(87)Qjo(8") + V%(ﬁ*)@]l(ﬁ*)’ <ec sup ||IJH = Op(1),
1<j<m 1<i<m le( )Q]()( ) 1<j<m

(A.4)
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and

sup 181 sup (1S = S}l +115]) < e sup Z(szn AR+ RPN+ IR

1<j<m

<e sup {18(pi-1) = 8"l + 1B(psmo) = Bl } D il

1<j<m oy

+ ¢ sup 18(pi—1) — BB(pj—s0) — B ||Z||$z||4

1<j<m

i#]
=op(m),
(A.5)
sup [T < sup (105 U711+ 1050) < e sup (Jlas IR0+ 12571+ 1RS)
<j<m <JsSm Sjsm
<c sup {[18(s1) = Bl + 1800) = 711}l
1<j<m (A.6)
e sup [15pn) = B l1A@s-0) — ]
<j<m
:0]117(1).
O

A.4 Other intermediate results

Lemma 3. For a sequence of independent random variables {W;}7* |, if sup;<;<,, E(|Wi|?"€) <

oo for some q > 1 and any € > 0, then we have

1
— sup E{|Wi|“"'I(|W;| <m)} — 0,

m 1<i<m
forany 0 < u <gq.
Proof. Since sup;<;,, E(|W;|?") < oo implies sup;,;,,, E(|W;|*") < oo for any u < ¢, we

only need to show

1
— sup E{|W "' I(|W;| <m)} — 0.

m 1<i<m
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Let F;(w) be the distribution function of W;. It shows that

E{Wi (Wi <m)} = [ ul dE(w)

|lw|<m

|wl
=(qg+1 / / s?ds dF;(w Fmel / / ) s?ds
|w|<m s<|w|<m

=(q + 1)/0 {P(|W;| > s5) =P (|W;| >m)} s?ds
<(g+1) /OmIP’(|WZ| > s)s%ds < (g+1) /OmE <—|I/ije> slds

1—e

e m
—(g+ DE(Wi["9T—,

which directly implies the desired result. 0

Lemma 4. Consider a sequence of independent random variables {W;}" | with E(W;) = 0 and

SUD) < i< (| W3]7T) < 00 for some q > 2 and any € > 0. Then for every t > 0, we have

|

m

>

=1

> mt) =o(m'™9).
Furthermore, we have

Wi

P ( sup Z > mt) = o(m'™9).
1<j<m |

If W’s are not necessarily mean-zero, we get sup; <, Z#j W; = Op(m).

Remark 4. As seen from the proof, we can replace the condition that sup, ., E(|W;|77¢) < oo
for some q > 2 and any € > 0 in Lemma 4 by a weaker condition that sup, <., E(|W;|?) < oo for

some q > 2 and {|W;|7}™ | are uniformly integrable.

Proof. Let W, ; = Will(|Wi| <m)and W) ; = Wy, ; — E(W,,;). Further define T,,, = > ", W;,
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T = Yoy Wingand T, = 7" W) .. Note that

mIP (| T, > mt) = ma~'P <|Tm T+ Ty — T, + T, | > mt)

<! {IF’ <|Tm Tl > mt/3) 4P (|fm T > mt/?)) LT > mt/3)} .

We show the first term in the above inequality converges to O by proving P(7,,, # fm) = o(m!~9).

To see this, note that

mi— 1P (Tm £ fm) <miP {O(Wz # sz)}

i=1

<m® Y TP (Wi £ Wing) =m® Y P (W] > m)

i=1 i=1

m € i +€
1=1

mate m1+6
To prove m4=P(|T}, — T".| > mt/3) — 0, we note that

sup |E(Wpi)| = Sup [E{WI(|Wi| <m)}| = Sup [E{WI(|Wi| > m)}|

1<i<m
VVz' 1+e€ S i mE VVZ 1ie
< sup E{QH(\WA >m)} < SUPi<ic ([Wi] ') Y
1<i<m me me
and
|fm —T| = ZE(sz) <m sup |E(Wp..)|.
i=1 1<i<m

Hence P(|T,,—T",| > mt/3) = 0 as long as m is large enough. Therefore, to show P (|T},,| > mt) =
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~7), we only need to prove m?~'P (|T”| > mt) — 0. Note that

E(|T,*)

m24a¢2q

S (W) + {ZEUW@P)} ] ,

mi P (|T| > mt) < m??

- mq+1t2q

where the last inequality follows from Rosenthal’s inequality. For the first term, we have

—1

24
§ 2 E +1
qurthq E | | l] = m2t2a (‘ “q )

=1

217" g+1

=1

where we have used the result of Lemma 3 and the fact that sup,,;,, |[E(W,;)| — 0. For the

second term, we deduce that

m q m q
¢ 2 ¢ 2
i {ZE(\W@\ )} S i {ZE(\Wm,i\ )}
=1 =1

q
c
SW {m sup E(\WZ|2)} — 0.

1<i<m

Thus we have proved that P (|T;,,| > mt) = o(m'~?). Furthermore, we have

ZW

P ( sup
1<5<m i2j

>mt> <P (|T,,| >mt/2)—|—IP’< sup |W;| > mt/2)

1<j<m
m
E(Wi|1) 1
)+ o(m ™1
Z (mt/2)1 )
i=1
which indicates that sup; <;<,, > .,.; Wi = op(m). If W;’s are not necessarily mean-zero, then

1<5<m ” 1<5<m itj
< Sup Z{Wz - E(Wz)} + Sup ZE(Wz) < OIP(m) + ZE(|W |) (m)
1<jsm Isjsm iy i=1




O]

Proposition 3. Assume that sup, <;,, E(||z;||77¢) < oo for some ' and any € > 0. Then we have

St St
sup IP’{ 2 —-E (—]) H > t} =o(m'™), ifqd =2,
1<j<m m m
Sup ]P{ Zz;é] || || _F (Zz;&] || || ) > t} _ O(mliq)’ lfq/ _ 3q’
1<j<m m m
sup P{ Zz;é] || || _E <Zz;é] || || ) > t} _ O(mliq)’ lfq/ _ 4q’
1<j<m m m
where ¢ > 2.
Proof. Let ||Al|r be Frobenius norm of a matrix A. Recall that S; = —37, . V(5% 2) =

>izj (B zi)z;x] for some function h, where h(f; z) is uniformly bounded over 3 and z . For

any ¢ > 0,

{

Z2 ()=
St (u,v) _E(s;w,v))

m m

5 g(%
m m

2
-

-1}
F

EEe{ e ()
:ggp [ %;h(ﬁ*;zi)xi(u)xi(v) - %gE{hw*;%)xi(u)xi(v)} > é] ,

where S (u,v) is the (u,v)th element of the matrix Sj. For ¢ > 2 and any ¢ > 0, by Holder

inequality, we have

1 1
sup E{|h(5"; zi)wi(w)a;(v)| "} <e sup B {|a;(w) P} E {|z;(0) 0}
1<i<m

1<i<m
<c sup B {||z[|*7} .
1<i<m

Then proof is completed by applying the result of Lemma 4. [
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Lemma 5. If Assumption 2 holds and sup, <, E(||z;||*) < oo, then

E [sup BAU(B) - E{szw)}@ — O ).

peB

Proof. Let e; be 1.1.d Rademacher variables. By symmetrization argument, we have

sup W21,y 2m o |
BeB

Z 1(B; 2)

E sup[Bi(5) — E (Pol(5 >}|} < =B

Define &, 5 = > vy €:l(B; 2i)/+/m. Then
E [exp{A\(Emp — Emps)} | 21, o 2m] = ﬁ]E (exp [%ei {U(B1; ) — l(ﬁg;zi)}} | 21, ,zm)
i=1 m
Z{l 61721 - B2,Zz)} ]

A
<exp <35 ZCH%HQH& - 52||2> = exp <7||61 — ﬁzllprn) )

=1

<TLewp | o (61520 — 10520 = exp

where p2, = > ¢||z;||?/m. Define

N(B,| - ||,e) = inf {N : there exists a set {3},

such that for any S € B, there exists an 4, s.t. || — ;|| < e}

and diam(B) = sup{||51 — 52| : f1, B2 € B}. By Dudley’s entropy integral, we have

o )

Set u = 2¢/{diam(B)p,,} and note that log N(B, || - ||, €) < dlog{1l + 2diam(B)/e}. We deduce

diam(B) pm

E (supwm,ﬁ\ | m) <avi [
BEB 0

92



that

dlam(B)pm

E {Sup|Pml(ﬁ) —EA{P,l(p )}|] < —E
BeEB

\/1og N (B 15 ba ]
1 o (51,58 (5 i ]
<%§dlam {pm/ \/dlog 1+ } m 2B (py) = O(m™2).

Lemma 6. For two functions f and g defined on the same space VW, we have

sup f(w) — sup g(w)| < sup [f(w) — g(w)].
wew wew wew

Proof. Note that

sup f(w) — sup g(w) = sup inf {f(w)—g(w')}

weW wew wew w'ew
< sup {f(w) — g(w)} < sup [f(w) — g(w)],
weW weW

and similarly,

sup g(w) — sup f(w) < sup |f(w) — g(w)],
weW weW wew

which completes the proof.

Proposition 4. Suppose the following conditions are satisfied:

(i) Assumptions 2—4 hold;

(ii) we have sup, ;. B(||z;]|?) < oo,

(iii) for some v > 0, we have supgp |E{Pn,l(8)} — L(B)] = O(m™);

(iv) the function L(() is twice continuously differentiable;
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(v) the global maximizer[3* is not on the boundary of B; and
(vi) for some c > 0, we have VQE(B*) = —cl, where [ is the identity matrix.

Then fort = O(m=) with0 < w < (v/2) A (1/4), we have for a = 0, 1,

B{ sup 13510~ 57 > £} < expict! +olt

1<j<m

Proof. Under Assumption 4 and Conditions (iv)—(vi), we know that there exists ¢ such that for all
18 — B*|| <6, we have \72L(3) =< —cI for some constant ¢ > 0. Under Condition (v) and by the

Taylor expansion, we have

L(B) =L(5") + (8 = 5" * L(B)(B — 57)/2
<L(B) —cllB ="

Then for small enough ¢ with t < §, we have

L(B*)— sup L(B) =L(p") — max{ sup  L(f), sup C(ﬁ)}
B:llB—p*||>t B:B—p*1 =6 Bit<||B—p*|I<d

>L(B") — max {£(8") — ¢, £L(8") — ot}

>min{c, ct*} = ct*.

For any 3 € Band 21, 20 € R x {0, 1}, |I(B; 21) — 1(B; 22)| < L. Applying the result of Lemma
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6, we have

sup {; (B z:) + 1(B; Z])} —E{Pml(ﬂ)}’

~sup %{; (8: =) -I—lﬁz)} E {P,1(3 }H
<aup [ Sz + 10 (B559) ) ~ B @) | - ‘E{Zl(ﬁ;zi)+l(ﬁ;z§-)}—E{Pml(ﬁ)}"
a2 B L N

BeB m m m

which means that supgc s [P, (8) — E{P,,l(5)}| is L/m-bounded difference function. Note that
P(|6 - 57 > 1)
<Pq  sup  Pul(B) > Pnl(57)
B:llB—pB*|[>¢
SIP’< sup  [Ppl(B) —EA{Pl(8)}] + sup  EA{PnI(5)}
B:l|B—B* 1>t B:lB—B* 1>t

> Pl(5) — E{PI(3 )}+E{Pml(6*)})

=IP’< sup — [Pl(B) = EAPL(B)}] = [Pwl(57) — EA{PnI(5")}]

B:|B—B* 1>t

B:llB—pB* 1>t

> E{P,l(3)}— sup ]E{IP’M(B)})

<P [2sup!Pml(ﬁ)—E{Pml(ﬁ)}!>E{Pml(5*)}— sup  E{PLl(8)} |
BeB B:l|B—B*||>t
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and

E{P,I(8")} — sup E{P,l(B)}

BI85+ 1>t
=E{Pnl(8")} = L(B") + L(5") — sup L(B)+ sup L(F)— sup E{Pnl(B)}
B:l16—5+ 1>t gillg—prI>t G:lI8-p" 1>t
> — [E{Pnl(8")} — L(B7)| + L(B") —  sup  L(B)— sup [E{Pnl(B)} — L(B)]
BilIg—5" 1>t G867 1>t
>L(67) = sup  L(B) = 2sup [E{P,l1(5)} — L(B)]
GlI8-p" 11>t peb

>ct? — 2sup |E{P,,I(8)} — L(B)],
pseB

where we have applied the result of Lemma 6 in the first inequality. We deduce that

P(||3 = 8| > t)

<P [sup Pol(8) — E{Pol(B)}] > cf? — sup [E {P,l(8)} — E(ﬁ)l]
peB BeB

:IP’<SUP [Pl(B) — E{Pnl(F)}] - E {%16112 [Pl (5) — E {Pml(ﬁ)}l}

BeB
> ct? — sup [E{P,l(8)} — L(B)| — E {sup Pnl(8) —E {Pml<5)}‘:| )
BeB BeB

<exp {—2 {ct2 +O0(m™) + O(m_%)}2 m/LQ} = exp[—c{t* + o(t")}m],

where we have used the Condition (iii) that supgc s [E{P,,{(5)} — L(5)] = O(m™"), the result of

Lemma 5, the condition that t = O(m™) with 0 < w < (v/2) A (1/4), and the McDiarmid’s
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inequality. Recall that sup, ., supgep [P, 7*1(5) — Ppl(5)| < L/m. Then we have

P{ sup ||B(pjsa) — B7] >t}

1<j<m
<P| |J { swp  PLous) > BB
1<j<m B:l|B—B*[1>t

1<j<m LPEB

<P ( U | [B100) B {251} | > ot - sup [E {5, "1(5)} - ﬁ(ﬁ)\D
d

U sup [P71(8) = Pul(B) + Pul(8) — E{Pwl(8)} + E{Pul(8)} — E{P}"I(5)}]

_,BEB

= ( U [Sup IPnl(B) — E{Pnl(B8)} + % > ct? —sup [E{P,l(8)} — L(B)] — %D

<j<m LPEB BeB

> ct® —sup [E{P}7"1(8)} — E{Pul(8)} + E{Pul(8)} — L(B)]

BeB

ZIP’(sup [Prml(8) — E{Pml(P)} — E {222 Prl(B) — E {]P’ml(ﬁ)H]

BeB

> ct? —sup |[E{P,.l(B)} — L(B)| — % —E {Sﬂlelg Pnl(B) — E{Pml(ﬁ)}q )

peB

<exp {—2 {ct2 +O0(m™)+0(m™) + O(m_é)}2 m/LQ} = exp[—c{t* + o(t*)}m].

]

Lemma 7. Denote by B(m, p) the binomial distribution with m Bernoulli trials and success proba-
bility p. Consider two sequences of independent Bernoulli random variables {V;}!" | and {U;}I" |,
where V; ~ B(1,p;) independently and U; ~"** B(1,p) with p; > p fori = 1,..,m. Let
Wy = >"  Viand Wy = " U,. Suppose [ is non-decreasing and Wy and W, belong to

the domain of f almost surely. Then we have

E{f(W)} >E{f(W2)}.

Proof. Suppose there are n p;’s such that p; # p. Without loss of generality, we assume p; > p for
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1=1,...,nand p; = pfor: = n + 1,...,m. Then the conclusion is obviously true if n = 0. We
use the induction argument. Suppose the conclusion is true if n = s. Consider the case n = s + 1.
LetT =" B(1l,p;) +B(m — s —1,p), where B(1, p;)’s and B(m — s — 1, p) are independent

with each other. We note that

=E

E{f(Wl)}_E{f(W2)}:E{f (i%)} —]E{

f {ZB(LPZ) +B(1aps+l) +B<m —S5— 17p)

i=1

—E f{iB(l,pi)+B(1,p)+B(m—s—1,p)

i=1

=1

=P 1 E{f(T+ 1)} + (1 = poy ) ) E{f(T)} — pE{ f(

+E

T
} —E[f{B(m,p)}]

f {ZB(l,pi) +B(1,p) + B(m —s—1,p)

=1

= (Pst1 =) [E{S(T+ 1)} —E{F(T)}]

f {ZB(Lp» +B(m — s,p)}

—E[f{B(m,p)}] =0,

where the first term in the last equation is greater or equal to zero as f is non-decreasing and

Ps+1 > D, and the second term is greater or equal to zero by the induction hypothesis. 0

Lemma 8. For a matrix A with ||A|| < oo, let oy (A) = infjy=1 [[Aw]||. For two matrices
A, B € R"*"™ and any € > 0, there exists § such that |0yin(A) — omin(B)| < € as long as

|A =Bl <.

Proof. Let A = UXV™ be the singular value decomposition of the matrix A. Then

inf ||[Aw| = inf ||UZVTw||— mf ||U2w||— 1nf ||Zw||—amm(A).

[[w][=1 [[w][=1

Define the function A(w) = || Aw||, which is continuous. This can be easily proved by noting that
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|| Aws || = |Aws||| < || A[l[|wy — wal|. Thus infj, = [|Aw| = minj,=1 |Aw]|. Let o (A) = a
and o,in(B) = b. Further set w, = arg min,|=1 ||Aw|| and w;, = argminy,, = || Bw||. For any

e >0and ||[A — BJ| <e¢, we have
a < [|[Awp|| = [[(A = B+ Bjwy|| < [[A = Bllfjws]| + [[ Bws|| < €+,

and similarly b < € + a, which leads to |a — b < e. O

A.5 Proof of Theorem 1

Proof. By Proposition 1 and the Cauchy-Schwarz inequality, we have

R |25 {B(pj—s0) — B(pjs1)}
1= ZE {corl S, (s > 7)} v el/(1—k)
<3 (2l

9 1/2
)
7=1

i st [E|80er-0) - B0 ]

1/2

T{B(pjo) — Blpjs)}

{00‘1 > Ipi > ’y)} Ve “’“)] _

i#]

1
1

(SIS

—2
{ca‘l Zﬂ(pi > ’y)} Y 51/(1_k)] :

i#]
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and

Joa =3 E o 30 Ui > N {B(pjm0) — Blpn)} + a7
A [{Ca*l 2 iz 1P > 7)} v 51/(1'“)}2
<a™') {E ( DT > 1)
{coz1 Zﬂ(pi > 7)} V 81/(1k)] _ )
7]
U v i .
<a”tdm {a ZMH%H“)} {E{Hﬁ(pm = Blpi)
{ca‘l Zﬂ(pi > 7)} v 51/(1_k)] _ ) :
i#j

9 1/2
x;r{/@(pj—)O) - B(pj—n)}‘]
i#j
4 1/4
e 1 . .
<a”Yom (E [{g > 1p > wuxm} ] ) E{|30r-0) - B05-)
j=1 '
_4 1/2
{ca_l Z]I(pi > 7)} Y 51/(1_k)]
i#j

4}:| 1/4

i=1
To get the last inequality, we note that for a sequence of random variables {W;}7*, and N > 1,

-

+

®

&=
PR

4 1/2
{m—l > (p; > w} ve”“—’“’] ) }
i£j
+a1i]E (
§
{Co‘_l > Ip; > 7)} v 51/(1—’“)] 7 )
i#j
4 1/2
{ca_l Z]I(pi > 7)} v 51/“"“)] ) }
i#£j
—i—a_lzm:]E (
E { (%Z HW) } <E (%Z HV%HN) — S E(IWIY)
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by Jensen’s inequality. Note that

7 < Hcofl > ps >7)} \/51/(1"“)]

1E€EMo iFj

{coz_1 Z]I(pi > 7)} Vv gl/(=k)

i#]

{0041 > I > 7)} Vv 81/(1k)] _ :

i,je€Mo,i#]

IN

Under Assumption 1, we have P(p; > v) > 1 — v for i € M. Consider mq — 1 independent
random variables u;’s which follow uniform distribution on [0,1]. Set e'/(=%) < ca~!, then
{ca ' S0  (uy > ) > Y00} = {3707 (u; > 4) > 1}. Let p = 1 — +. Then by the

result of Lemma 7, for any positive integer NV, we have

sup E
1<j<m

-N
{ca_l Z]I(pi > 'y)} V 61/(1_k)] <E

i#]

mo—1 -N
{cof1 Z I(w; > 7)} v 51/(1_k)]
i=1
mo—1

—1 . .
=(1 — p)mo~te NOR) 4 e Z <m0 )Ml(l — )TN,
7

=1

‘We notice that

mo—1 mo—2
mo — 1 i m z mo—1—(j . —
O G e Dl A L (P

i=1 j=
mo—2
mog—2\mo—1 . o—2—7 /- _
- ( E )'O—W“(l—u) G

= J J+1
02 my — 2
=(mo — 1)p Y ( Oj )M(l — )"0 (4 1)" Y
j=0

=(mo — DuE {(W +1)"N "} = O(mg ™),

where W ~ B(mg — 2, 1) and we have used the result from Cribari-Neto et al. (2000, A note

on inverse moments of binomial variates). As (1 — )™ = o(a™¥mg?™) and my = cm from
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Condition (viii), it follows that

sup E

1<j<m

{cal Z]I(pi > 7)} % 5”“’“] = 0(amg™) = O(a¥m™).

i#]

~

Since B is compact, ||3(pjq) — || < ¢ fora = 0, 1. Thus we get

)

Bosms0) — Boson) | 1{||Bws=0) — Bl < K/m}]

E{Hﬁ(ﬁj%) —B(pj—n)‘

ZE{

+E|

N
I

B(pj0) — Alps)| 1

B0 = Blor-)] > £/}

o

< (Km_l)N + CP{HB(%—M) - B(pj—ﬂ)H > K/m} :

B(pjao) - B(pjal)

B(pi—0) — B(pj—1)

qumlw+E{ >Km@]

Recall that S7 = — 37, V2I(8%; 2;) = > iz M(B%; zi) i with h(; 2) being uniformly bounded
over (3 and z. Under Condition (vii) , we have o [—E{> 1", V2I(5*;2;)/m}] > cas m — oc.

Then we have

1<j<m m 1<j<m m

as m — oo, where we have used Condition (ii) and Lemma 8. Let {\; }?_, be four positive numbers
such that \; = o(1), Ay = O(m™*) with 0 < w < 1/4, A3 = o(1) and Ay = o(1). If ||S}/m —
B(S; /m) | < A 18(psa) = 511 < fora = 0,1, | oy il fm — B(S s il /)| < s
and | 5, lwill*/m —E(3, . [|w:]|*/m)| < Ay forany j = 1,...,m, then by (A.5) and Condition

(i1), we have

sup
1<j<m

St 4+ A S
! j—E(J)HSCOy+M+A37

m m
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which leads to that sup, <, [{(S; + A;)/m} || = sup;<jcmlomin{(S; + A;)/m}]™" < cas

m — oo by Lemma 8. And by (A.4) and (A.6), for j = 1, ..., m, we have
U7 + 10| < ellagll + Aallg[* + A3ll51%).

Applying the result from Proposition 2, we have

sup IP’{ B(pi—0) — B(pj-1) >K/m}
1<j<m
zli?fmIP’{”(S; + Aj)_l(U; + Hj)H > K/m}

< sup [IP{ ||(S;k + Aj)_l(U;-k +1IL) || > K/m, '

g S* )
5 _g (—) H <M BMyoa) — B < Ao,
m m

‘M_E<M> <, M—E<M> SA“}
m m m mn

S* ST 5
+]P>{ EJ—E(EJ)H>A1}+P{\|ﬁ(pj—>a)—5 > %}

m m

. AS}
—HP’{ Zi;éj [ _E <Zz‘7£j ||$z||4> S )\4}]

m m
S St
w2l
m m

xX; 3 . 3
{13000~ 571> &}w{ Zo il _g (W)' - Ag}

+p{‘zﬂ'%”4 . (Z#ﬂxin‘*)‘ . AH

n ]P’{ Zi;éj [l _E <Zz’7£j ||$z||3>

< sup [P(H%H + ol 1* + Al [P > cK) “P’{‘

103



Thus we conclude that

. &)~ 0,

1<j<m

¢ (Km™)" + P (||lz]| + Aol |2 + A2||z; ] > cK)

S* S A
e | E R (LSEEY:

m

o 3 o 3
m m

p { Ziﬂmiw . (Ziﬂxiu‘*) y A”

As seen from above, there are six terms to be considered. From the result of Proposition 4, we know

that P{sup; 18(j—a) — 7] > Ao} < exp[—c{ M +o0(A4)}m], which implies that the convergence
rate of P{|| 3(p;—0) — B(pj—1)|| > K/m} is not determined by the term P{|| 3(p;a) — 5| > Ao}

We thus focus on the other five terms. Let K = m” with 0 < x < 1. Applying the result of
Proposition 3, we have

S: S: L alf? sl
g [ ()] 2B e (Bl
1<j<m m m m m

+P{‘Zﬂ\xiu4 & (z#;ﬂxin“)‘ § A}] A
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Note that

sup {e (Km )+ P (Jagll + Aallas I + Ml |* > ek) + ofm!0)}

1<j<m

< sup {C(Kml)4+c]E(]\xj]\4q) K™%+ cE (|Jz;]|*) (MK ~1)

1<j<m

+ B (Ja;]147) (K1) + o(m9)

<c{(Bm ™)'+ K4 (K )" 4 (3K T+ o(m! )

-0 (m4(r{—1) + m—4nq + m—2wq—2fiq + m—gwq—gnq) + O(ml—q)’ (A7)
where 0 < Kk < 1and 0 < w < 1/4. Let

8 4
n(k,w, q) = max {vl =4(k —1),v3 = —4Kq,v3 = —2wq — 2Kq, vy = —3wWa - gliq} :

Finding the order of (A.7) is equivalent to solving the following problem

i > 9. A8
O<H<{%1<nw<l/4n(mw,qx q> (A.8)

We notice that the three lines v, v3, v4 intersect at point (w, —4wq) for any w and ¢, and lines vy, vy
intersect at point (1/(1 + ¢), —4¢/(1 + q)). Observe that n(k,ws,q) < N(k,ws,q) if wa > wy
for any k and ¢q. Thus we let w = 1/4 — ¢, where € is an arbitrarily small positive number. If
2 < ¢q < 3,then 1/(1 + ¢) > w and hence the solution to (A.8) is obtained when v; = vy. If
g > 3,then 1/(1 4+ ¢q) < w as € can be arbitrarily small, and hence the solution is obtained when
v1 = ve. The idea is illustrated in Figure A.3, where we set w = 1/4 — 0.001. Therefore, for
2 < ¢ < 3, the solution to (A.8) is obtained when 4(x — 1) = —8wq/3 — 4kq/3. In this case,
k= (3-2wq)/(3+q)and 4(k — 1) = —4(2w + 1)¢/(3 + q). Thus we have

sup E {Hﬁ(pj—m) - B(Pj—n)Hll} < max {O (m%fjm) ,0 (ml_q)} = o(m!'™9).

1<j<m
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Figure A.3: Tllustration of the linear programming problem (A.8) with w = 1/4 — 0.001. The
black, blue, green and red lines represent vy, vo, v3 and v, in (A.8) respectively. From left to right,
the three panels correspond to ¢ = 2, 3, 4 respectively.

For ¢ > 3, the solution is obtained when 4(k — 1) = —4kgq. In this case, k = 1/(1 + ¢) and

4(k — 1) = —4q/(1 + q). Hence we get

B(pj—m) - B(Pj—n)

" <m0 (mi#) o ()}

o(m!~9), if3<q<2++5,

sup IE{
1<j<m

O(m%>, if g >2++/5.
Summarizing the above results, we have

1

T < i E (|, 4[1@{\\8(%0)—3(%1)

I

——

1
PN

[NIES

1 -2
CORTERITEE

1#] 1
Y ot

m

SNECT A R A .

H " o)

< [ sup B [30s-0) = o)

1<j<m
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and

Jj=1 i=1
) 1/2
E (Haal > p; > 7)} v el/a k)]
i#j
m -2
+a 'Y R {ca 121[(pi>7)}v€1/(1 k)]
i=1 i)
Soz_lzm |:E{ B(pj—ﬂ)) B(p]—>1)H4}:|4O(a2m 2)+Q_z 1ZO(a2m 2)
j=1 =

< [ sup E{
1<j<m

where we have used Condition (ii) to obtain that sup, ., E(||z;]|*) < co. Finally, we obtain

o(am%q)jLOé, if2<q<2++5,
FWER < J,, + a =

O(am™i) +a, ifq>2+ V5.

A.6 Additional simulation results

Figures A.4—A.6 show the FWER control across different target levels. Figures A.7-A.11

present the results of Setups S1-S2.
A.7 Addition result for Application to GWAS of UK Biobank data Section

We present the numbers of rejections before clumping mentioned in Section 2.5 of the main

text.
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Figure A.4: FWER control at various target levels (0.01 - 0.20) under the complete null (no signal
was simulated). Family-wise error rates were averaged over 1,000 simulation runs. The solid red,
dotted green, dot-dashed blue and long-dashed orange lines represent CAMT.fwer, IHW- Bon-
ferroni, weighted Bonferroni and Holm’s step-down methods respectively. The gray diagonal
line represents the target FWER levels and the error bars represent the 95% Cls of the method
CAMT fwer.
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Figure A.5: FWER control at various target levels (0.01 - 0.20) under Setup SO with moderate
signal density, signal strength and covariate informativeness. Family-wise error rates were aver-
aged over 1,000 simulation runs. The solid red, dotted green, dot-dashed blue and long-dashed
orange lines represent CAMT.fwer, IHW- Bonferroni, weighted Bonferroni and Holm’s step-down
methods respectively. The gray diagonal line represents the target FWER levels and the error bars
represent the 95% Cls of the method CAMT.fwer.
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Table A.1l: Significant SNPs detected at the FWER level of 0.05. Improve=(CAMT.fwer —
Holm)/Holm x 100%.

Traits Holm [HW weighted Bonferroni CAMT.fwer Improve
Balding Type I 28,752 28,752 29,021 30,441 5.9%
BMI 54,965 54,965 60,171 64,057 16.5%
Heel T Score 108,112 108,112 113,962 117,136 8.3%
Height 256,353 256,051 273,020 278,034 8.5%
Waist-hip Ratio 35,984 35,983 37,720 39,625 10.1%
Eosinophil Count 66,384 66,384 70,495 71,623 7.9%
Mean Corpular Hemoglobin 92,048 92,048 95,790 96, 142 4.4%
Red Blood Cell Count 70,919 70,919 74,565 78,061 10.1%
Red Blood Cell Distribution Width 69,583 69,583 73,162 74,427 7.0%
White Blood Cell Count 55,881 55,881 62,483 65,453 17.1%
Auto Immune Traits 7,571 7,571 7,774 7,336 -3.1%
Cardiovascular Diseases 12,531 12,531 13,776 14,859 18.6%
Eczema 13,099 13,099 13,513 14,683 12.1%
Hypothyroidism 12,681 12,681 13,043 14,651 15.5%
Respiratory and Ear-nose-throat Diseases 7,588 7,588 7,750 8,709 14.8%
Type 2 Diabetes 2,459 2,459 2,524 2,684 9.2%
Age at Menarche 25,549 25,549 26,519 27,391 7.2%
Age at Menopause 6,109 6,109 6,211 8,675 42.0%
FEV1-FVC Ratio 50,529 50,529 55,659 58,503 15.8%
Forced Vital Capacity (FVC) 33,549 33,549 36,674 38,985 16.2%
Hair Color 57,608 57,608 58, 326 60, 391 4.8%
Morning Person 8,154 8,154 8,681 9,559 17.2%
Neuroticism 5,513 6,186 6,073 6,955 26.2%
Smoking Status 6,297 6,623 6,857 8,016 27.3%
Sunburn Occasion 10,076 10,076 10,150 11,000 9.2%
Systolic Blood Pressure 46,063 46,063 51,157 54,749 18.9%
Years of Education 13,927 13,927 15,632 16,933 21.6%
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Figure A.6: FWER control at various target levels (0.01 - 0.20) under Setup SO with moderate
signal density, signal strength and covariate informativeness. True positive rates were averaged
over 1,000 simulation runs. The dashed gray, solid red, dotted green, dot-dashed blue and long-
dashed orange lines represent the oracle, CAMT.fwer, IHW- Bonferroni, weighted Bonferroni and
Holm’s step-down methods respectively.
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Figure A.7: Performance comparison under additional f; distribution (S1). Family-wise error rates
(A) and true positive rates (B) were averaged over 1000 simulation runs. The dashed gray, solid
red, dotted green, dot-dashed blue and long-dashed orange lines represent the oracle, CAMT.fwer,
IHW- Bonferroni, weighted Bonferroni and Holm’s step-down methods respectively. The error
bars (A) represent the 95% Cls of the method CAMT.fwer and the dashed horizontal line indicates
the target FWER level of 0.05.
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Figure A.8: Performance comparison under correlated hypotheses (S2.1). Family-wise error rates
(A) and true positive rates (B) were averaged over 1000 simulation runs. The dashed gray, solid
red, dotted green, dot-dashed blue and long-dashed orange lines represent the oracle, CAMT.fwer,
IHW- Bonferroni, weighted Bonferroni and Holm’s step-down methods respectively. The error
bars (A) represent the 95% Cls of the method CAMT.fwer and the dashed horizontal line indicates
the target FWER level of 0.05.
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Figure A.9: Performance comparison under correlated hypotheses (S2.2). Family-wise error rates
(A) and true positive rates (B) were averaged over 1000 simulation runs. The dashed gray, solid
red, dotted green, dot-dashed blue and long-dashed orange lines represent the oracle, CAMT.fwer,
IHW- Bonferroni, weighted Bonferroni and Holm’s step-down methods respectively. The error
bars (A) represent the 95% Cls of the method CAMT.fwer and the dashed horizontal line indicates
the target FWER level of 0.05.
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Figure A.10: Performance comparison under correlated hypotheses (S2.3). Family-wise error rates
(A) and true positive rates (B) were averaged over 1000 simulation runs. The dashed gray, solid
red, dotted green, dot-dashed blue and long-dashed orange lines represent the oracle, CAMT.fwer,
IHW- Bonferroni, weighted Bonferroni and Holm’s step-down methods respectively. The error
bars (A) represent the 95% Cls of the method CAMT.fwer and the dashed horizontal line indicates
the target FWER level of 0.05.
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Figure A.11: Performance comparison under correlated hypotheses (S2.4). Family-wise error rates
(A) and true positive rates (B) were averaged over 1000 simulation runs. The dashed gray, solid
red, dotted green, dot-dashed blue and long-dashed orange lines represent the oracle, CAMT.fwer,
IHW- Bonferroni, weighted Bonferroni and Holm’s step-down methods respectively. The error
bars (A) represent the 95% Cls of the method CAMT.fwer and the dashed horizontal line indicates

the target FWER level of 0.05.
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APPENDIX B

APPENDIX FOR CHAPTER 3

B.1 Normalization approaches

Table B.1: Some robust normalization methods.

Method

Description

Trimmed mean of M-values
(TMM, Robinson and Osh-

lack, 2010)

TMM (in log scale) is the weighted mean of the log-ratios be-
tween the relative abundances and a referenced relative abun-
dance after excluding the most abundant taxa and the taxa with

the largest log-fold changes.

DESeq normalization (RLE,
Anders and Huber, 2010)

In RLE, the normalizing factor is the median of the ratios be-
tween the counts and the geometric mean of the counts of all

samples.

Cumulative-sum scaling

(CSS, Paulson et al., 2013)

In CSS, counts are divided by the cumulative sum of counts, up

to a quantile determined using a data-driven approach.

Geometric mean of pairwise
ratios (GMPR, Chen et al.,

2018)

GMPR is the geometric mean of the medians of the ratios be-
tween the pairs of counts of two samples, which reverses the

order of the two steps in the RLE.

B.2 Technical details

In the following, we use F'x(-) to denote the cumulative distribution function of a random

variable X. Denote by op,, (Op,,), op, (Op,) and op (Op) the corresponding rates of convergence

as m — 0o, n — oo and m,n — oo simultaneously, respectively. We first introduce some useful
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lemmas before proving Theorem 2.

Lemma 9. Under Condition (i) in Theorem 2, we have
|p— pl = op,(1).
Lemma 10. Under Conditions (i),(ii),(iii),(v) and (ix) in Theorem 2, we have

max |62 — 07| = op(1).
7

Lemma 11. Under Conditions (i)—(viii) in Theorem 2, we have

Lemma 12. Suppose Conditions (i)—(ix) in Theorem 2 are satisfied. Let mq be the number of true

null hypotheses and

Vinalt) = 3 11Vl /y/po > 1),

i:a; =0
m

Sunlt) = Y1 (1Al /302 > ).

i=1
-t

Seon(t) =P (’5 + Vna;/+\/ po?
Then for any 0 < ty < o0,

sup ‘m’lSm,n(t) — Soo,n(tﬂ = op(1),
O<t<tog

sup |mg ' V() — 2F,_g_o(—t)| = op(1).
0<t<to

Proof of Lemma 9. From Condition (i), we know that each element of E(z,z_ ) is finite and

det{E(z,z])} > C. We have j = det(B)/det(A) and p = det(B)/det(A), where A = E(z,z] ),
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A =n'>" zz], and B and B are the principal submatrices obtained by deleting the first
row and first column of A and A respectively. Thus we have that |det(B) — det(B)| = op(1) and
det(A) — det(A)| = op(1) using the law of large numbers. The Slutsky’s theorem thus implies

that [p — p| = op, (1). O

Proof of Lemma 10. Throughout the proof, we shall assume that ¢;,/0; is C-sub-Gaussian, which

is indeed weaker than Condition (iii). For any A > 0, we have

E[e)\sis Uz] — ]E |:€)\U'¢(€¢S/O'i) 0'7:| S 6)\201-202/2,

[ A&is

{Uz}] _ [ )\{ (m—1)m leis—m™ 21#835} ‘ {O'} S e)\Q(maxiof)CQ/Q.

Thus &;, conditional on {c;} is sub-Gaussian by Condition (ii). Let 8; = (&, BZT)T and 0; =

(i, B ). Note that

n -1 n
b, + (z ) <z ) ,
s=1 s=1

53 :ﬁ Z <VVZ~S — z;ré,)z = ﬁ Z (Wis - Z;—éi + Zzéi - ZZ@‘)Q

_ - " 1 _ - n _ .
= _22615+ _d 2(0Z—01)T;zsgw+ _d_Z(GZ—Ol)T<;ZSZI>(9,—0
T -1
1 " 1 o n n
_n—d—QZ; ZZS_?”L d—2 (sl ZSSZS) (;ZSZ;—> <; 867,8)7

and for any 0 > 0,

P (|67 —a;| > 6) gP(

1 I
TErEEP S >§>

“ e T Al ~ n—d-—2)0
+P (Z%&s) <2z5z5> (Zzssis) >%

s=1 s=1 s=1
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For the first term, we have

For the second term, we deduce that

P (zn: ngis) (2”: ZSZ;—> <zn: s&ls) > w

s=1 s=1

n T n -1
n s=1 n s=1
> 51}

1
SIP’{ - Zzszz — E(z.z])|| > 51} )

with §; > 0 being a small enough constant. Here we have used the condition o, {E(z,z,) )} > C

and Lemma S8 of Zhou et al. (2020, Covariate Adaptive Family-wise Error Rate Control for
Genome-Wide Association Studies) to get the last inequality. We conclude that |67 — 7| has an

exponential tail of the order O(e~¢1")

by using the Chernoff technique and the fact that the product
of two sub-Gaussian variables is sub-exponential (Vershynin, 2018, High-dimensional probability:
An introduction with applications in data science). Thus by the union bound and Condition (ix),

we have max; |67 — 52| = op(1). Observing that

we obtain the desired result that max; |67 — 0| = op(1). O
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Proof of Lemma 11. We have

n

Vnd; = v/na; +v/nf 0y 2.8, = Vna; — vna+ U — U,

s=1

where

iy, TS, (s
Ui =n \/H;ZSEZS) U n \/E;ZS (m ;57,5) )

and 7 is the first row of (n='>°"_  zz])~'. We first prove that U = op(1). Using similar
arguments as in the proof of Lemma 9, we have | — n| = op,(1), where 7 is the first row of
{E(z,z])}~'. Under Conditions (i), (iii), and (v), zs(> """, €is)/+/m are conditionally i.i.d. given

01,...,0m. Thus,

whenever Y ", 07 /m < oco. Using Conditions (ii), we have P(}_" 07/m < oo) = 1. Thus

i=1"1

U = Op(m~'/?). Recall that

mode({X;},) = argmax —- ZK ( - > :

zeR ™M

=1

It is not hard to see that @({Xi +a},) = @({Xi}?ll) +a, for any a, which may be related
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to m but is independent of 7. Then we have

mode({v/nd,}",) = mode({v/na; — via + U; — UY",) = mode({v/na, + U}1",) — v/na — U.

Therefore, we only need to show that M := r@({\/ﬁai + U;}™,) = op(1). To this end, let

ot & S (£ W),

mh h

=1

Given Condition (vi), we have that for large enough n,

| fa(M;0) = £4(05 p)| < | oM p) — Frn (M| + | fnn (M) — £(0; p)]

:|fn(M§p) - fm,h(M)| +

sup frn(x) — sup fu(z; p)| < 2sup |frn(x) = falz;p),
z€R x€ER x€R

and then it boils down to show that

sup |fm,h(x) - fn(l",P)| = OFP’(I)'

zeR

We first note that

hiwa) = [ [ <o (S20) abdr o)

for any a > 0, where ¢(-) denotes the density function of the standard normal distribution. Thus
fn(z;a) is uniformly continuous and bounded uniformly over n and @ > C. In other words,
for any € > 0, there exists a § > 0 such that sup,, ,~.c s, —sy(<s | fu(T150) — fu(22;0)] < € and

SUD,, o> rer fn(T; @) < 0o. Besides, sup,, ,cg | fn(7;9) — fu(z; p)| can be made arbitrarily small
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as long as |p — p| is small enough and p > C' > 0. Thus we have

P {suplnale) ~ fulai)] > 6}

zeR

<p {sup Fn() — Sl p)] > 6,15 p| < 51} Lol > 6)

zeR

z€R

<P {sup (@) = Fulas ) > 672,15 — | < 61} FP(p—p > )

:/| . P{sup|fm,h(x) — fulz;p)| > 6/2 | p= u} AFs(u) +P(|p — p| > &)
u—p|<o1

zeR

for any 6 > 0 and small enough §; > 0. Because |[p — p| = op, (1) as shown in Lemma 9, our
goal narrows down to proving that for any 6 > 0 and ¢ > 0, there exists a £ > 0 such that for large

enough m,

sup P{sup | fron(x) = fu(z; )| >0 | ,6} < €,

nlo-pl<e  lazeR

or sufficiently,

sup [E{fmn() | p} — fulz; p)| <,

n,|p—pl<€,x€R

sup [ [sup |fnn(z) = B{fn(z) | p}I* | 5| <€
n7|ﬁ—ﬂ‘§6 z€R
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Let £ and v > 0 be small enough constants. Observe that

sup  |E{fmn(z) | p} — fulz; )

n:‘ﬁ7p|§£7I€R

= sup /OO 7K (w ; y) faly; p)dy — fn(w;ﬁ)'

n:‘ﬁ7p|§£7I€R o8}

—0o0

= sup /OO 7K (%) {fulz —y:p) - fn(l“;ﬁ)}dy‘

n:‘ﬁ7p|§£7$€R

1

= sup /y|<y 7K (%) {falz —y;0) = fulz; )} dy‘

n,|p—p|<€,z€R

+ sup
n,|p—pl<,xER

< sup |fu(z —y;p) — fulx; )]

n,|p—pl <€,zER,|y|<v lul<v/h

+  sup fn(ﬂf;ﬁ)/ K(u)du <,
|lu|>v/h

n,|p—pl<€,z€R

/y|>y %K (%) {fulz —y;0) = fulz;0)} dy’

K(u)du

where we have used the condition that ffooo K(y)dy = 1 to get the second equality, and we also

used the result that f,,(x; a) is uniformly continuous and bounded uniformly over n in the above

derivations. Note that U;’s have the same distribution as v/pe;, and are independent given p. Let

Xi = \/ﬁai + Uz Define

m
() =3 e
i=1

By the inverse Fourier transformation, we have
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Plugging this expression into the definition of f,, 5, we have

fmh :Lh zm: ( ) = (27Tmh)_1 in:/oo k(u)ezuth)ﬂ du
=1 i=1 Y7

:(27Tm)_1Z/_ k(hu)e™ @ =X dy = (27?)_1/ e ""k(hu)pm (u)du,

—00

where the last equality follows as k(u) is even. Using this result, we obtain

o0

sup [ fmn(2) = B{ fnn(z) | P} < (27T)1/_ [k (hu)[[om(u) — E{pm(u) | p}|du.

o0

Thus we have

sup_E [sup (o) = BLfwale) | 15

n,|p—pl<¢ z€R
§7m535ng <{(27)1](:;M(hu)H¢m(u)—JE{wm(u)\ﬁ}kh4 |ﬁ>
Sn"zil?lq(%r)—? /oo |k(hu)|du /oo |k (h)|E [|m (1) — B{@m(u) | p}I? | p] du
:n7‘§1_1£3|<§ 27T 2~ / hu ‘du/oo ‘k(hu)“E [|€ i E{e PRI A] du

<L {/m|(ﬂm} S0

as a result of Conditions (vii) and (viii), which completes the proof.

Proof of Lemma 12. Let

The goal is to show

iS;w(t) —P (5 +vna;/\/po? < —t) ‘ = op(1).

m

sup
0<t<tp
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Recall in the proof of Lemma 11, we have
Vné; = vn(a; + &) = vVno; + vn(a —a) + U; — U,

where U; /+/po? ~14 N(0,1), U = op(1) and \/n(& — @) = op(1). Then

1 1 m ) ) A' o ~ =
—S- (t)=— E I U + AO” <24 v \/EA(O‘ a) ,
m : po?  \/pol/n ;i \Vho}

and
Lo 2
PJ sup |—S,,,,(t) =P E+ai/\/poi/n<—t])| >0
o<t<to | 7
1 & A A 5. _ A — O
<P| sup |— I Ui + i < —tﬁ—i- U-ynla-a)
N e R/ /= T =
—P(5+ai/ paf/n<—t) > 4,
5. U_ -
sup Z—1' < 01, sup ﬁ(a a) < 0y
i |0 i \/po'i2
5 U— -
+]P’(sup z—1‘>(51)—|—]P’ sup \/EA(O( a) > 09
i |0 i \/paz-2
<P{! su liﬂ Ui % 55 —Pler—Y o )]0
- 0<t£§0 m <=\ \/pol +/poi/n b po?/n
- U, Q; Q;
+P¢ sup |— Y I  + L <t G | P €t ———=< || >
{p s (W NZRE 1 ) ( Voot ) }
+o(1)

for any positive constants d, 6; and d,, where in the last step, we have used the fact that p > C,

o; > C and the results from Lemmas 9—11. Thus we only need to show that for any 6 > 0 and
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€ > 0, there exist £ > 0, 0; # 0 and d, # 0 such that for large enough m,

1 i Uz a;
sup P sup |— I — + —— < —t+tdy + 09
n.lp—pl<t {0<t<to m ; <\/,00i2 Vot /n
P+ < —t]| > p o <E,
poi/n
or sufficiently,
1 & Ui ;
sup P< sup —Z]I — + Aa < —t + 1ty + 9
mlp—pl<g | 0<t<to | T4 poi  \pat/n

< —t+th + o >0

pA)
o

o —pe+ —2

p) ( N
o

5| —ple+ 2 <y

p) ( poi/n )

where the first result holds due to the Glivenko—Cantelli theorem (Corollary 4.15, Wainwright,

)

< —t

— Pl & + L
NI

sup P(S+L<—t+t51+52

n,|p—p|<€,0<t<to \/ﬁaiz/n

Q;

sup ]P’<8+—<—t

< €,

)

< €,

| p—pl<€,0<t<to po?/n

2019, High-dimensional statistics: A non-asymptotic viewpoint). We note that the cumulative

distribution function of £ + «;/+/ac?/n for any a > 0, denoted by G,,(+; a), can be expressed as

Go(z:a) = /OO @ (a—u)dF, | rr(u) = /Oo o <x - \/gu) AF, | fror(w).

—00 —0o0

where ®(-) represents the cumulative distribution function of the standard normal distribution.
Thus G,,(z; a) is uniformly continuous uniformly over n and a > 0. In other words, for any € > 0,
there exists a § > 0 such that sup,, ,~¢ 1, s, |<s |Gn(T1;0a) — Gu(r2;a)| < €, which verifies the
second result. In addition, Sup,, ;_(<¢ |zj<to |Gn(¥; p) — Gr(z; p)| can be made arbitrarily small as

long as ¢ is small enough, which confirms the third result. [
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Proof of Theorem 2. Observe that

%ji)—ﬂ' = ‘QFn_d—z(—t) { Smm(lt) Im Sm,ln(t) H |

FDP(t) —

Combing with Lemma 12 and Condition (x), we deduce that there exists some ¢, such that t* < ¢,

for large enough n, and

sup Vinat) o 2Fn_d_2(—t)’
0<t<to 1 \ Sm,n(t) m Soo,n(t)
= sup Vm,n(t) N 2Fn—d—2(_t) 2Fn—d—2(_t) i @ 2Fn—d—2(_t) ‘
o<tato |1V Smn() {1V Sua®)}/mo {1V Sma(t)}/me  m  Sen(t)
-1
mg Vm n(t) — 2Fn,d,2(—t> ‘ 2m0Fn,d,2(—t) 1 1 :| ‘
< : + -
= oo | LV Spn(t)}/mo deicty m {1V Sun®}/m  Secult)
=op(1),
and
_ 2F, 4 o(—t) 1 1
FDP(t) - ————=| = 2F, 4 o —t — = 1).
b [FOPO) == = | = o, |20\ G /m ~ Sty ] =

Therefore, we have

Vm,n(t*) < Vm,n(t*) B @ZFn_d_g(—t*) 2Fn_d_2(—t*)

— EDP(t*) + FDP(t*
TNV Spun(6) 1V Spn(@) 0 Soon(t) Soon(t) (#7) + FDP(#")

<q + op(1).
The conclusion follows by using Lemma 8.3 of Cao et al. (2020, Optimal false discovery rate
control for large scale multiple testing with auxiliary information). U

B.3 Additional simulation results

Figures B.1 and B.2 compare the proposed method LinDA with different zero-handling ap-

proaches under settings S6C0O and SOCO. Figure B.3 shows the results of methods DESeq2, EdgeR
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and MetagenomeSeq-2 under setting SOCO. Figure B.11 compares the ANCOM-BC disabling and
enabling zero treatment for setting S6CO. Figures B.4-B.10 and B.12-B.13 show the results of set-
tings SOC1, SOC2, S1C0, S2C0, S4C0, S5C0, S6CO0, and S7.1C0 and S7.2CO0 respectively. Figure

B.14 shows the results under SOCO with stronger compositional effects.
B.4 Additional results of real data applications

Figures B.15-B.18 show the effect size plots and volcano plots for the four datasets (CDI, IBD,

RA and SMOKE) respectively.
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Figure B.1: Performance of LinDA with different zero-handling approaches (S6CO0, 10-fold dif-
ference in library size). False discovery proportions (A) and true positive rates (B) were averaged
over 100 simulation runs. The dashed horizontal line (A) indicates the target FDR level of 0.05.
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indicates the target FDR level of 0.05.
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positive rates (B) were averaged over 100 simulation runs. The dashed horizontal line (A) indicates
the target FDR level of 0.05.
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positive rates (B) were averaged over 100 simulation runs. Error bars (A) represent the 95% Cls
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Figure B.10: Performance comparison (S6CO0, 10-fold difference in library size). False discovery
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runs. The dashed horizontal line (A) indicates the target FDR level of 0.05.
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Figure B.13: Performance comparison (S7.2C0, replicate sampling). False discovery proportions
(A) and true positive rates (B) were averaged over 100 simulation runs. The dashed horizontal line
(A) indicates the target FDR level of 0.05.
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Figure B.14: Performance comparison (SOCO with strong compositional effects). False discovery
proportions (A) and true positive rates (B) were averaged over 100 simulation runs. Error bars (A)
represent the 95% Cls of the method LinDA and the dashed horizontal line indicates the target
FDR level of 0.05.
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Figure B.15: Effect size plot and volcano plot for CDI dataset. The “Debiased" points represent the
bias-corrected regression coefficients, and “Non-debiased" points represent the original (biased)
regression coefficients. The error bars represent the 95% Cls of the “Debiased" points.
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Figure B.16: Effect size plot and volcano plot for IBD dataset. The “Debiased" points represent the
bias-corrected regression coefficients, and “Non-debiased" points represent the original (biased)
regression coefficients. The error bars represent the 95% Cls of the “Debiased" points.
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Figure B.17: Effect size plot and volcano plot for RA dataset. The “Debiased" points represent the
bias-corrected regression coefficients, and “Non-debiased" points represent the original (biased)
regression coefficients. The error bars represent the 95% Cls of the “Debiased" points.
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Figure B.18: Effect size plot and volcano plot for SMOKE dataset. The “Debiased" points rep-
resent the bias-corrected regression coefficients, and “Non-debiased" points represent the original
(biased) regression coefficients. The error bars represent the 95% Cls of the “Debiased" points.
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