MATHEMATICAL ANALYSIS OF THE PRIMITIVE EQUATIONS WITH ROTATION

A Dissertation
by
QUYUAN LIN

Submitted to the Office of Graduate and Professional Studies of
Texas A&M University
in partial fulfillment of the requirements for the degree of

DOCTOR OF PHILOSOPHY

Chair of Committee,  Edriss S. Titi
Committee Members, Jean-Luc Guermond
Peter Howard
R. Lee Panetta
Head of Department,  Sarah Witherspoon

May 2021

Major Subject: Mathematics

Copyright 2021 Quyuan Lin



ABSTRACT

Large planetary scale dynamics of the oceans and the atmosphere is governed by the primi-
tive equations (PEs). It is well-known that the 3D viscous PEs is globally (in time) well-posed
in Sobolev spaces. On the other hand, the inviscid primitive equations (IPEs) without rotation
is known to be ill-posed in all Sobolev spaces, and some of its smooth solutions can form sin-
gularities in finite time. In this thesis, the above results are extended in the presence of rotation
(Coriolis force). More specifically, certain finite-time blowup solutions to the IPEs with rotation
are constructed, and it is established that the IPEs with rotation is ill-posed in the sense that the per-
turbation around a certain steady state background flow is both linearly and nonlinearly ill-posed
in all Sobolev spaces, and is linearly ill-posed in Gevrey class of order s > 1.

Although the IPEs is ill-posed in Sobolev spaces and Gevrey class of order s > 1, it is shown
in this thesis that the 3D IPEs is locally (in time) well-posed in the space of analytic functions, i.e.,
the Gevrey class of order s = 1, for a short interval of time that is independent of the rotation rate.
By the comparison between the 3D IPEs and the 2D Euler equations, one can establish the long-
time existene of solutions to the 3D IPEs provided the analytic norm of the initial baroclinic mode
is small enough, while the initial barotropic mode can be large. Moreover, one can show that, in
the case of “well-prepared” analytic initial data (only the Sobolev norm of the baroclinic mode is
small depending on the rotation rate, while the analytic norm can be large), the regularizing effect
of the Coriolis force by providing a lower bound for the life-span of the solutions which grows
toward infinity with the rotation rate. The latter is achieved by a delicate analysis of a simple limit
resonant system whose solution approximates the corresponding solution of the 3D IPEs with the
same initial data.

The PEs with only vertical viscosity (also called the hydrostatic Navier-Stokes equations) is
believed to be ill-posed in Sobolev spaces. To overcome the potential ill-posedness, some weak
dissipations are introduced in the horizontal directions, which are the linear (Rayleigh-like friction)

damping terms. With these damping terms, it is established that this system is locally well-posed
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with general Sobolev initial data and globally well-posed with small Sobolev initial data. In order
to study the possible finite-time blow-up and to give a reliable numerical regularization, it is pro-
posed to study the Voigt a-regularization of this model, which is an inviscid regularization. One
is able to establish the global well-posedness of the regularized model for arbitrary Sobolev initial
data. In addition, it is shown that the solutions of the regularized model converge to those of the
original model on the interval of the existence of the latter, as « — 0. Based on this convergence

result, a blowup criterion of the original model is established.
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1. INTRODUCTION AND LITERATURE REVIEW

1.1 The Primitive Equations of Oceanic and Atmospheric Dynamics

In the atmospheric and oceanic dynamics, the Boussinesq approximation model is accepted
as the fundamental model that governs their motion. In the case of incompressible flows, the

dimensionless version of this system reads as

(

OU+U - VU — vPAU —vPO. U+ Qey x U + Vp + Tez = 0,

V-U=0, (1.1)

OT +U-VT — kBALT — k80,.,T =0

in the domain D C R3, where the velocity field / = (V,w) with horizontal velocity V = (u,v)
and vertical velocity w, the pressure p, and the temperature 7' are the unknown quantities which
are functions of the independent time and space variables (¢, x,y, z). The 3D gradient is denoted
by V = (0, 0y, 0), and the 2D horizontal gradient and Laplacian are denoted by V;, = (9., 0,)

and Ay, = 0, + 0,, respectively. The nonnegative constants 2, v2, k2 and k2 are the horizontal

2
viscosity, the vertical viscosity, the horizontal diffusivity and the vertical diffusivity coefficients,
respectively. The parameter () € R stands for the speed of rotation in the Coriolis force, and e =
(0,0, 1) is the unit vector in the z direction. All the quantities mentioned above are dimensionless.

For planetary scale oceanic and atmospheric dynamics the vertical scale (a few kilometers for
the ocean, 10-20 kilometers for the atmosphere) is much smaller than the horizontal scales (several
thousands of kilometers). By virtue of this thinness (the ratio of the vertical height or depth to
horizontal width is small) of the ocean and atmosphere, the above Boussinesq equations (1.1) is
considered in a thin domain D, := {(x,y,z) 10 <z <e¢(x,y) € RQ} for € a small positive

B B B)

parameter. Following Azérad-Guillén [3] and Li-Titi [69], it is assumed that (1/}? N Ve

z

(U, €2V, ki, €2k, where (v, V., ki, k.) = O(1). By rescaling, the following new unknowns are



introduced

Ve(t,z,y,2) = V(t,z,y,€2), we(t,z,y,z)= %w(t,x,y, €z),

pe(t,x,y,2) = p(t,z,y,ez), Tt x,y,z2)=€el(tx,y,ez),

for (z,y,z) € D := {(m, y,2):0< 2<1,(x,y) € Rz}. Boussinesq system (1.1), defined on the

e-dependent domain D,, can be transformed to the following scaled Boussinesq equations

(

atVe + Ve : VhVE + weazve - VhAhVe - Vzasze + QVEL + vhpe - 07

62(atwe + Ve : vhwe + weazwe - VhAhwe - Vzazzwe) + azpe + Te = 07
(1.2)

vh 'Ve+azwe = 07

atTe + Ve : VhTe + weazTe - /ihAhTe - /’izazzTe =0
\

in the fixed domain D. Here the notation V- = (—v,, u.) is used.

By taking the formal limit e — 0", and assuming that (V,, w,, p, T..) converges to (V, w, p, T)
in a suitable sense, the vertical momentum equation in (1.2) degenerates to the following hydro-
static balance

o.,p+T =0.

As a result, one obtains the following dimensionless system, known as the primitive equations
(PEs)
WV +V - ViV +wd,V — ARV — 1,0,V + QY + Vp = 0,

d.p+T =0,
(1.3)

ViV +0o,w=0,

8,5T + V- th + IUaZT — IihAhT — /izazzT =0
\

in the fixed domain D. Here the notation V* = (—v, u) is used.

The above small aspect ratio limit, from system (1.2) to system (1.3) with ¢ — 0T, can be



rigorously justified. The weak convergence of such limit was proved in Azérad-Guillén [3], while
the strong convergence was established by Li-Titi [69] with error estimates in terms of the small
aspect ratio e.

Investigating the well-posedness of the PEs is a crucial step for understanding, from both the
physical and mathematical points of view, the validity and limitation of their derivation. By well-

posedness for a initial value problem, it means:

1. given initial data of a chosen space, there exists a time 7 > 0 such that a solution exists in

this space for all time ¢ € [0, T];
2. the solution is unique;
3. the solution map is continuous with respect to initial data.

This notion of well-posedness is introduced by Hadamard [47]. If any one of these three conditions
is violated, then the problem is ill-posed. If the first statement is true for any positive time 7 > 0,
then one says this problem is globally (in time) well-posed. If the solution leaves the space at a
finite time, i.e., the corresponding norm becomes infinity at a finite time, then one says the solution

blows up in finite time, and this problem is only locally (in time) well-posed.
1.2 History and Introduction

The PEs form a fundamental block in models of the oceanic and atmospheric dynamics, and
have been a standard framework for studying geostrophic adjustment of frontal anomalies in a ro-
tating continuously stratified fluid of strictly rectilinear fronts and jets, see, e.g., Blumen [11],
Gill [42, 43], Haltiner—Williams [50], Hermann—Owens [49], Holton [52], Kuo—Polvani [63],
Lewandowski [65], Majda [75], Pedlosky [81], Plougonven—Zeitlin [82], Rossby [84], Vallis [89],
Washington—Parkinson [90], Zeng [92], and references therein.

After the PEs were formally derived, it was commonly believed that their mathematical analysis
is much harder than the original Navier-Stokes equations (or Boussinesq equations). The main

difficulty in the study of the PEs is on the loss of one horizontal derivative in the vertical velocity



w. To be more specific, w does not have an evolution equation, and can only be derived as

w(t,z,y,z) = —/ V-Vt z,y,s)ds (1.4)
0

through the divergence free condition (third equation in system (1.3)) and the boundary conditions
onw (w = 0atz=0and z = 1). The expression of w in (1.4) clearly shows that there is one loss
of horizontal derivative. However, as one will see below, as long as there is horizontal viscosity
(vp, > 0), the global regularity of the 3D PEs can be achieved. Remarkably, the global regularity of

the 3D Navier-Stokes equations is one of the most famous and challenging mathematical problems.
1.2.1 Viscous Primitive Equations

The mathematical studies of the PEs started by Lions—Temam—Wang [71-73] in the 1990s.
They considered the PEs with both full viscosity and full diffusivity (v, v, ki, k, > 0) and estab-
lished the global existence of weak solutions. The uniqueness of weak solutions to the 3D viscous
PEs is still an open problem, while the weak solutions to 2D viscous PEs (independent of spatial
variable y) turn out to be unique, see Bresch et al. [14].

In the context of strong solutions, for the 2D case, the local well-posedness was established by
Guillén-Gonzalez et al. [45], and the global existence of strong solutions was proved by Bresch
et al. [15] and Temam—Ziane [88]. For the 3D case, Cao-Titi [25] separated the velocity field V
into the barotropic mode V (the average in z variable) and baroclinic mode % (the fluctuation, i.e.,
V=Vy- V). By taking advantage of the fact that effectively the unknown pressure is a function
of only two spatial horizontal variables = and y, the pressure term does not appear in the evolution
equation of the baroclinic mode, and thus the control of L’ norm can be achieved for the baroclinic
mode. Based on this, Cao-Titi [25] firstly established that the PEs with both full viscosity and
full diffusivity are globally well-posed with the relevant physical boundary conditions. Such result
is also achieved later on by Kobelkov [55], see also the subsequent articles of Kukavica—Ziane
[61,62] for Dirichlet boundary conditions, as well as Hieber—Kashiwabara [51] for some progress

towards relaxing the smoothness on the initial data by using the semigroup method.



1.2.2 Inviscid Primitive Equations

When v}, = v, = 0, the inviscid primitive equations (IPEs) without coupling with the tempera-
ture is also called the hydrostatic Euler equations. In the absence of rotation (€2 = 0), the linearized
IPEs near certain shear-flows has been shown to be ill-posed in Sobolev spaces by Renardy [83].
Later on, the nonlinear ill-posedness of the IPEs without rotation was established by Han-Kwan
and Nguyen in [48], where they built an abstract framework to show that the IPEs is ill-posed in
any Sobolev space. These results on the ill-posedness of non-rotating IPEs were extended to the
case when the rotation is present ({2 # 0) in the work by Ibrahim-Lin-Titi [53].

The linear ill-posedness of the IPEs mentioned above shows that the linearized 2D IPEs (as
well as the 3D case, see Section 3.1), around a special steady state background flow, has unstable
solutions of the form u(t, z, z) = e2™*=e%kty, (2), where Roy, = Ak for some A € R and \ # 0.
Such Kelvin-Helmholtz type instability, which is similar to the one appears in the context of vortex
sheets (see, e.g., Caflisch—Orellana [16], and the survey paper by Bardos—Titi [9] and reference
therein), precludes the construction of solutions in Sobolev spaces for general initial data. To
overcome this strong instability, one should consider initial data g that are strongly localized in

—0lkI"* \ith § > 0 and s > 1. Such localization condition

Fourier, typically for which |ug(k, z)| < e
corresponds to Gevrey class of order s in the = variable. Kelvin-Helmholtz type instability forces
us to choose s = 1 for the well-posedness result, which is the space of analytic functions. This
is consistent with positive results reported in the work of Kukavica—Temam—Vicol-Ziane [59]
and in our work Ghoul-Ibrahim-Lin-Titi [41]. Notably, for the Prandtl equations, which have
some similarities in the structure with the PEs, is shown by Gérard-Varet and Dormy [39] that its
linearization around a special background flow has unstable solutions of similar form, but with
Ror ~ MWk for k >> 1 arbitrarily large and some positive A € R, This implies that the optimal
Gevrey class order s for Prandtl equation is s = 2, which is consistent with the positive results
reported by the work of Dietert and Gérard-Varet [33] and the work of Li-Masmoudi—Yang [70].

This shows that the linear instability of the IPEs is “worse" than that of the Prandtl equations.

Due to the ill-posedness discussed above, in order to show the well-posedness of the IPEs,



one needs to assume either some special structures (local Rayleigh condition) on the initial data
or real analyticity for general initial data, see, e.g., Brenier [12, 13], Grenier [44], Kukavica—
Masmoudi—Vicol-Wong [58], Kukavica—Temam—Vicol-Ziane [59], Masmoudi—Wong [76], and
our work Ghoul-Ibrahim—Lin-Titi [41]. In particular, the authors in [59] established the local
well-posedness of the 3D IPEs in the space of analytic functions, but the time of existence they
obtained shrinks to zero as the rate of rotation |{2| increases toward infinity. This is contrary to the
cases of the 3D fast rotating Euler, Navier—Stokes and Boussinesq equations, where the limit of
fast rotation leads to either strong “dispersion" or averaging mechanism that weakens the nonlinear
effects and hence allows for establishing the global regularity result in the Navier-Stokes case, and
prolongs the life-span of the solutions in the Euler case, by Babin—-Mahalov—Nicolaenko [5-8] (see
also the work of Chemin—Desjardines—Gallagher—Grenier [29], Dutrifoy [34], Embid—Majda [36],
Ibrahim—Yoneda [54], Koh-Lee-Takada [56], and references therein). In addition, the readers
are referred to Babin—Ilyin—Titi [4], Guo—Simon-Titi [46], Kostianko-Titi—Zelik [57], and Liu—
Tamdor [74] for simple examples demonstrating the above mechanism. This suggests that one
should be able to show that the fast rotation prolongs the life-span of the solution to the 3D IPEs.
Indeed, it is shown in [41] that the IPEs is locally well-posed in the space of analytic functions with
a time interval that is independent of €2, and the life-span of solutions to the IPEs can be prolonged
with fast rotation and “well-prepared" initial data.

By virtue of local well-posedness and long-time existence of solutions to the 3D IPEs, the next
question is, whether one can show that the solutions exist globally or form singularities in finite
time? In the case of non-rotating IPEs, it was proven that smooth solutions to the IPEs can develop
singularities in finite time, see Cao—Ibrahim—Nakanishi—Titi [17] and Wong [91]. This result is
extended to the case when 2 ## 0 in [53]. By virtue of the finite-time blowup results, one can
conclude that there is no hope to show the global well-posedness of the 3D IPEs, even with fast
rotation. The optimal result one can achieve is that fast rotation prolongs the life-span of solutions
to the 3D IPEs.

In summary, for the IPEs with rotation, the following results will be reported in this dissertation:



1. The perturbed rotating IPEs, around a certain steady state background flow depending on the
rotation rate {2, is both linearly and nonlinearly ill-posed in Sobolev spaces, and is linearly

ill-posed in Gevrey class of order s > 1.

2. The 3D rotating IPEs is locally well-posed in the space of analytic functions for a short

interval of time that is independent of €2. This improves the result reported in [59].

3. Finite-time blowup solutions to the rotating IPEs with initial data depending on (2 is con-

structed, and the explicit upper bound of the time for the blowup is provided.

4. Independently of |2

, the life-span of the analytic solutions to the rotating IPEs tends to
infinity as the analytic norm of the initial baroclinic mode goes to zero. As a corollary,
one can show in this case that the analytic solutions of the 3D IPEs converge to the global

analytic solutions of the limit system, which is governed by the 2D Euler equations.

5. The life-span of the solutions goes toward infinity, with |Q2| — oo. This is established for
“well-prepared" initial data, namely, when only the Sobolev norm (but not the analytic norm)
of the baroclinic mode is small enough, depending on |2|. Furthermore, for large |€2| and
“well-prepared" initial data, one can show that the solution to the 3D IPEs is approximated

by the solution to a simple limit resonant system with the same initial data.

1.2.3 The Primitive Equations With Weak Dissipation

The global regularity results of the 3D PEs mentioned in Section 1.2.1 are in the case of full
viscosity and full diffusivity. Motivated by physical and mathematical considerations, it is of
great interest to investigate the PEs with partial viscosity and/or partial diffusivity. There have
been several mathematical studies of these models. The global existence and uniqueness of strong
solutions for the 3D PEs with full viscosity (v, v, > 0) and with either only horizontal diffusivity
or only vertical diffusivity (k, > 0,x, = 0 or k;, = 0,k, > 0) have been established by Cao—
Titi [26] and Cao-Li-Titi [18, 19]. Concerning partial viscosity, global well-posedness of the 3D

PEs with only horizontal viscosity (v, > 0,7, = 0) and with either only horizontal diffusivity or



only vertical diffusivity was established by Cao—Li-Titi in [20-22]. See also the survey paper by
Li-Titi [68].

On the other hand, for the 3D PEs with only vertical viscosity (v, = 0,v, > 0), which with-
out coupling with the temperature is also called the hydrostatic Navier-Stokes equations, there
is no results concerning the well-posedness in Sobolev spaces. Indeed, Renardy [83] has indi-
cated, without providing details, that one should be able to show the linear ill-posedness of the
PEs with only vertical viscosity, in any Sobolev space, by using matched asymptotics. The reason
of ill-posedness is the loss of one horizontal derivative in w as indicated in (1.4), and the loss of
horizontal dissipation since v, = 0. Therefore, in order to establish well-posedness in Sobolev
spaces for general initial data, in addition to vertical viscosity, some additional horizontal dissipa-
tive terms are necessary. For this reason, one considers the following reduced 3D PEs with weak
dissipation

O + u0,u + wo,u + eu — Qu + Opp — v.0,,u = 0,

O + u0,v + wdv + v + Qu — v,0,,v = 0,

ew+0,p+T =0, (1.5)
O,u+ O, w =0,

O, T — 51,0y T — K,0,,T + u0, T +wo, T =0

\

in the thin domain {(z,2) : 0 < z < 1,2 € R}. The term reduced model means that the relevant
physical quantities depend only on two spatial variables x and z. Here ¢; > 0 and €5 > 0 represent
the linear (Rayleigh-like friction) damping coefficients. The consideration of €2 > 0 is inspired by
Samelson—Vallis [85] and Salmon [86, p. 150]. The linear damping term e;w is the key to show
well-posedness, since from J,u = —0.w, one obtains the horizontal dissipation and therefore
is able to overcome the ill-posedness. Accordingly, when €2 > 0, one can view the term e;w
as having a “regularizing" effect, since it annihilates the ill-posedness indicated by Renardy [83]
when e, = 0. This also indicates that the damping term e;w has a non-negligible effect on the

dynamics and leads to a reliable numerical regularization. In terms of physical motivation, the



damping terms € u, €;v, and e;w can be interpreted as the Rayleigh friction with the bottom of
ocean (continental shelf). Such linear damping terms are also considered in the 30 Salmon’s
planetary geostrophic oceanic dynamics model by Cao-Titi [27], where they were able to show
global regularity of this model. The consideration e > 0 is crucial in their work since it is well
known that when e; = 0 the planetary geostrophic model of ocean circulation is ill-posed (see,
e.g., [27] and reference therein). This in turn motivated Salmon to introduce the friction term e;w,
with e > 0, in the planetary geostrophic model to overcome this problem. Consequently, this
provides an additional motivation for taking €5 > 0 in our system. It is shown in the work by Cao—
Lin-Titi [23] that system (1.5) is locally well-posed with general Sobolev initial data and globally
well-posed with small Sobolev initial data.

From a mathematical perspective, system (1.5) with 2 = 0,0 = 0,7 = 0 is reminiscent of
the famous Prandtl system in the upper half space. Ill-posedness of Prandtl system in Sobolev
spaces was established by Gérard-Varet and Dormy [39] (see more details in Section 1.2.2), and
by Gérard-Varet and Nguyen [40]. The existence of finite-time blow-up for Prandtl system was
shown by E-Enquist [35]. On the other hand, well-posedness results of the Prandtl system have
been obtained by assuming either real analyticity or some special structures of the initial data, see,
e.g., Kukavica—Masmoudi—Vicol-Wong [58], Kukavica—Vicol [60], Masmoudi—Wong [77], and
Oleinik [79].

In order to study the possible finite-time blow-up of system (1.5), and to give a reliable numer-

ical regularization, it is proposed to study the Voigt a-regularization with respect to z variable of



(1.5). More specifically, consider the following system

O (u — a?d..u) + udyu + wdu + e;u — Qv + Opp — v.0..u = 0,

(v — a?0..v) + ud,v + wo,v + €1v + Qu — v.0,.v = 0,

ew+d,p+T =0, (1.6)
Ou+ d,w =0,

0T — kp0ye T — k,0.. T + ud, T + w0, T = 0,

where o > (. Voigt a-regularization is also used in the study of the 3D Euler equations, see, e.g.,
Cao—Lunasin—Titi [28], Larios—Petersen—Titi-Wingate [66], and Larios—Titi [67]. It is established
in [23] that system (1.6) is globally well-posed for general Sobolev initial data. In addition, by
taking 2 = 0,v = 0, and 7' = 0 in system (1.5) and system (1.6) (these considerations are just for
mathematical simplicity), one can prove the convergence of the strong solutions of system (1.6) to
system (1.5) as o« — 0. At the end, based on the convergence, a blowup criterion of system (1.5)
with 2 = 0,v =0, and T" = 0 is established.

In summary, for the PEs with only vertical viscosity and linear damping terms, the following

results will be reported in this dissertation:

1. System (1.5) is locally well-posed with general Sobolev initial data and globally well-posed

with small Sobolev initial data.
2. System (1.6) is globally well-posed for general Sobolev initial data.

3. When 2 = 0,v = 0, and 7" = 0 in system (1.5) and system (1.6), the strong solutions of
system (1.6) converge to those of system (1.5) on the time interval of the existence of system
(1.5) as a — 0. The considerations of {2 = 0,v = 0, and T' = 0 are just for mathematical

simplicity.

4. Based on the result of convergence, a blowup criterion of system (1.5) with 2 = 0,v = 0,

and 7" = 0 is given.
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1.3 Outline of The Dissertation

Chapter 2 consists of preliminary background materials. The notation that will be used in this
work are introduced, including functional settings and several projections. Later, lemmas that will
be used in this dissertation are listed, together with the proofs for some of them. The proofs of
Lemma 2.2.11-2.2.17 will be presented in Appendix A.

Chapter 3 is dedicated for the detailed mathematical analysis of the IPEs. In Section 3.1, one
first recall previous results about the ill-posedness of the IPEs in the absence of rotation, then
extend these results to the case when rotation is present. In Section 3.2, it is shown that the IPEs
are locally well-posed in the space of analytic functions. By using the projections introduced in
Chapter 2, one can first reformulate the problem. Later, using the standard Galerkin method and
the energy estimate, the existence of the solutions is established. The uniqueness of solutions and
continuous dependence on the initial data are also proved. In Section 3.3, following two different
methods in [17] and [91], one is able to to extend the blowup results to the case when the rotation
is present. An explicit example is also provided to discuss the intuition for the long-time existence
results. In Section 3.4, it is established that the life-span of the solutions to the 3D IPEs can
be prolonged to infinity as long as the analytic norm of the initial baroclinic mode goes to zero.
Moreover, the solutions to the 3D IPEs converge to the solution to the 2D Euler equations in
this situation. Finally, Section 3.5 focus on the study of the effect of rotation on the life-span of
the solutions. By using more projections to reformulate the problem furthermore, one can derive
a limit resonant system as the rotation rate 2| — oco. As the limit resonant system is globally
well-posed, one can investigate the perturbed system and establish technical energy estimates to
show that the life-span of the solutions to the 3D IPEs goes to infinity as long as the rotation rate
|2] — oo and the Sobolev norm of the initial baroclinic mode converges to zero depending on ||.
Moreover, in this situation, the solutions to the 3D IPEs can be approximated by the solutions to
the limit resonant system with the same initial data. This section ends up with some remarks and
discussions.

Chapter 4 consists of the study of the PEs with only vertical viscosity and weak horizontal
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dissipation that is the linear (Rayleigh-like friction) damping. Section 4.1 studies the local well-
posedness of this system in certain Sobolev space with general initial data. This section starts with
the reformulation of the problem and formal a priori energy estimates. Later, by constructing the
Galerkin approximation system of our problem, the existence of the solutions is shown by rigorous
Galerkin procedure. Next, the uniqueness of the solutions and continuous dependence on the initial
data are established. At the end, one can consider a special case, i.e., setting {2 = 0,v = 0 and
T = 0, and prove similar result with less requirement on the regularity of initial data. Section
4.2 is dedicated for the study of the global well-posedness of the system provided that the initial
data is small enough depending on the viscosity, diffusivity, and the linear damping coefficients.
In Section 4.3, it is proposed to study the Voigt a-regularization of our original model, and one
can establish the global well-posedness in Sobolev spaces for arbitrary initial data, i.e., without
smallness assumption. For the special case when 2 = 0,v = 0 and T" = 0, similar result is
established with less requirement on the regularity of initial data. In Section 4.4, it is shown that
the solutions of the Voigt a-regularization model converge to the solution of the original model on
the interval of the existence of the latter, as &« — 0, in the case when 2 = 0,v = 0 and T = 0.
Such requirement is just for mathematical simplification. In Section 4.5, a blowup criterion of the
original model is given based on the convergence result.

Chapter 5 contains the conclusion and summary of this dissertation.

Appendix A is dedicated for the detailed proofs of Lemma 2.2.11-2.2.17 that are associated
with the energy estimate of nonlinear terms in the space of analytic functions. These results can be

used for other study on the PEs in the space of analytic functions.
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2. NOTATION AND PRELIMINARIES

In this chapter, we introduce the notation and collect some preliminary results that will be used

in this dissertation.
2.1 Notation

The universal constant C' appears in this dissertation may change from step to step. When we
use subscript for C, e.g., C,., it means that the constant depends only on . We use f < ¢ and
f 2 gtomean f < Cgand f > Cg, respectively.

We use the notation @ := (o, z) to represent the spatial variables, where &’ and z represent

the horizontal and vertical variables, respectively. In the 2D case ' = x, while in the 3D case

x = (z,y).
For domain U C R?, where d = 2 or 3, we denote by LP(U), for p > 1, the Lebesgue space of

real valued functions f(x) satisfying [, | f(z)[’dz < co, and denote the corresponding norm by

s = Ul = ([ @) 1)

When the function f is a vector field in R™, by abuse of notation, we still use f € L”(U) instead

of f € <LP (U )) when there is no confusion. When p = 2, we use the notation

£l = 1l 2oy (2.2)

for simplicity, and denote the inner product in L?(U) by

<ﬂm:zjwmmm 2.3)

for functions f,g € L*(U).
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Let o = (o, o, ..., ag) € N? denote mult-indices. The notation
d d
0% = 05100205, ol => a;, ol =]]e! (2.4)
j=1 j=1

will be used throughout. For 7 > 0 an integer, we denote by H"(U) = W"?(U) the Sobolev space

of real valued functions f satisfying > |[D“f||3. < oo, and denote the corresponding norm by
la| <7

1= (D2 1D 1) 2.5)

o <r

For s > 0, a function f € C*°(U) is said to be in Gevrey class of order s, denoted by f €

G*(U), if there exist constants p > 0 and M > 0 such that for every & € U and o € N¢, one has

09 f ()] < M(i') 2.6)

- p|0<‘

When U = T¢ C R?, where T is the d-dimensional torus with unit length, we use fk to denote

the Fourier coefficient of function f € L?(T9), so that

fla)=>" fue™ " fr= /T ) e 2R £ (1) dap, (2.7)

kczd

In this case, the " norm can also be defined in the following way:

7l = (30 k) 2.8

kczd

Notice that here r > 0 is not necessary an integer. The Sobolev space H"(T?) is the set of all

L%(T) functions for which (2.8) is finite. We also denote the corresponding H” semi-norm by

e o= (3 Wl 1d?) " 29)

kczd
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For more details about Sobolev spaces, see Adams [2].
Denote by A = v/—A, subject to periodic boundary condition, where A is the 3D Laplacian.

For each s > 0 and r > 0, we define a family, parameterized by 7 > 0, of normed spaces
D™ H'(T?) = {f € H"(T*) : ||e™"" f||zr < o0}, (2.10)

where the norm is defined by

s s o< 1/2
e Flla = (D0 (U ke ™) fuf?) 2.11)
kez3
Denote the semi-norm by
r TAYs o 2r 27|k £ )2 1/2
ATl = (D KPR (2.12)
kez?
then it is easy to see that
AL/ r ALY/
e S = A7 A1 + L1 (2.13)

As we will see later in Lemma 2.2.1, the following relationship holds:

G*(T%) = | D™« H(T%). (2.14)

>0

For more details about Gevrey class, we refer the readers to Ferrari—Titi [37], Foias—Temam [38],
and Levermore—Oliver [64].

Given time 7 > 0, denote by L?(0,7; X) the space of functions f : [0,7] — X satisfying
fOT || f(#)||%dt < oo, where X is a Banach space and || - || x represents its norm. Similarly, denote
by C([0, T]; X) the space of continuous functions f : [0, 7] — X.

Next, we define several projections that will be used in this dissertation. For ¢ € L*(T?),
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denote by

1
Py =9 = / o(x', 2)dz. (2.15)
0
We call
© = Py (2.16)
the barotropic mode of ¢, and
p=p-—p=U-h)y (2.17)

the baroclinic mode of ¢.

For p(x') € L*(T?), denote the 2D horizontal Leray projection by
Pry = ¢ — VAV, - . (2.18)

Here, we denote by ¢ = A, "¢ when Ap¢ = p and [, ¢(x)da’ = [, p(x')da’ = 0.

Next, for ¢ € L?(T?), define projections Ps as
1 ~ ‘~L
Pip = 5((,0 — Q). (2.19)

The projections Fy and Py play an important role in the analysis of the 3D IPEs. We will see

later in section 3.5 the details of the derivations of these projections and why they are crucial.
2.2 Preliminaries

In this section, we list lemmas that will be used in this dissertation, together with the proofs
for some of them. We start with the following lemma that comes from Levermore—Oliver [64] and

addresses the relation between Gevrey class G*(T3) and D(e™"" : H"(T?)).

Lemma 2.2.1. For any s > 0 and r > 0, we have

G*(T%) = | D™« H'(T?)). (2.20)

7>0

16



Althought our definition of the norm ||eTA1/S flla- is slightly different from [64], the proof of
this lemma is almost the same, and we refer the readers to [64].
The next lemma also comes from [64] (see also [37]), addressing an important property of the

space D(e™"" : H"(T?)).

Lemma 2.2.2. Ifs > 1, 7 > 0, and r > 3/2, then D(e™*"* : H"(T®)) is a Banach algebra, and

forany f,g € D(e™"* . H"(T3)), we have

TAY/s TAY/s TAYs
1 (F )l < Cosle™ Fllarlle™ " gl (2.21)
For the semi-norm, we also have a similar estimate
r TAl/s ¢ r TAl/s ~ r TAl/s
JAe 2 (£g)l < Cra (1ol + 1472 £11) (160] + 47 g1 ). (222)

For the proof, we refer the readers to [37] for the case when s = 1, and to [80] for the case
when s > 1.
The following lemma addresses that we can use Fy and P, to decompose any vector filed ¢

into three parts that are orthogonal to each other.

Lemma 2.2.3. For any @ € L*(T3), we have the following decomposition:

p=Fy+P.p+ P (2.23)

Moreover, we have the following properties:

PiPip=Pip, PoPyp = Py, PLPrp = FRPrp= PPy =0. (2.24)

Proof. The proof is straightforward from the definition of Py and Py, and that 3 = 5 = 0. U

For projections Fy, P, we have the following properties.
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Lemma 2.24. For f,g € L*(T?), we have
(Pofg) = {f, Rog) = (R f, Fog),
and
(Pef,9) = ([, Prg)-
If f € H"(T3) withr > 0, then for |a| < r, we have
O°Pyf = P0°f and O°Pof — PLO"f.
Moreover, if f € D(e™"" : H™(T?)) with s > 0 and r > 0, we have
AR f = Py ATe A
Proof. For (2.25), we compute

(Pyf,g) = /11‘3 </01 f(:c',z)dz)g(w/,z)dw’dz

— /’]1‘2 (/01 f(z' z)dz) (/Olg(a:’, Z)d2>dfc' = (P f, Pog)

-/, f(m’,z)(/Olg(w’,z)dz)dw/dz = (f, Pog)-

For (2.26), one has

(Pet.a) =5 [ (F+iF)@(a)ie
%/TS ( fa—fg)xi(f 7L9)>(w)dw
%/Tg(fg f9) Tilfg"—fg )>()w
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For (2.27), if a3 = 0, we have
0Py f = 62‘118;)‘22/ f(&' 2)dz —/ 0102 f(a', z)dz = Py0° f,
and

0P f = 508052 (F — Pof) £i(f — Pof)']

= [(aa F— P f) £i(8°f — Ryd° f)ﬂ — PO,

If a3 > 0, thanks to periodic boundary condition, we have

0°Pyf = aala%a%/ f, zdz—O—/ 0219°20% f(a', 2)dz = Py0”f,

x, Yxe Yz T Yxo

and

O Pef = SO0 (] — Rof) (] — Ruf)] = S0 =00 )

=3 [@“f — RO°f) (0" — R )| = Puo"f.

(2.30)

2.31)

(2.32)

(2.33)

(2.34)

Therefore, for any |«| < r, (2.27) holds. The proof of (2.28) is straightforward, so we omit it. [

For Leray projection PP,, we have the following properties.

Lemma 2.2.5. For f,g € L*(T?), we have

<th7 g) - <f7 ]P)hg>7
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and
PPy f = PoPyf. (2.36)
If f € H"(T3) withr > 0, then for |a| < r, we have
0°Pf =P,0°f. (2.37)
Moreover, if f € D(e™"" : H"(T?)) with s > 0 and r > 0, we have
Are™ AP, f = P AT A (2.38)
Proof. For the proof of (2.35) and (2.37), see [32]. For (2.36), we compute
PhPof = Pof — Vial,'Vi - (Pof) = Pof — Po(VaA, 'V - ) = BPyf. (2.39)

For (2.38), one has

1/s s ~ k:' F . A
AreTA/]P;hf:ArerAl/ [Z(fk:_ |k’-];‘kk)627rzk-w+f0
k-0
. (2.40)
r T|k|Ys/ f kf mik-x r TAl/s
= ke (i — |k|2kk:)62 ke P, ATemAY" §.
k20

O

For the relation between the norm of V and the norms of V,V in L%(T%) and D(e™"" :

HT(T3)), we have the following lemma.

Lemma 2.2.6. Let V = PV + (I — Py)V = V + V. Suppose that v > 0, s > 0, and 7 > 0, we
have

V2= VI + VI, (2.41)
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and

e VI = [l V)5 + e V3 (2.42)

Proof. Using Fourier representation of V, V), V, one has

Y = Z ]}k€27rik-:r’ V= Z f}ke%rikm, V= Z f}ke%rik:m. (2.43)
keZ3 kez3 kez3
k3=0 k3#0
Then we have
VIP =" Wl =Y el + Y Wl = 1IVI2+ V% (2.44)
keZ3 kez3 kez3
k3=0 k3#0
and
TAY/s r 27|k[Y/S\ Y
™ VI3 = Y (1 + [k e M)Wy 2
kcz3
= (U [RPTE VP 4 Y (1 [P 12
kez3 kez?
k3=0 k3#0
= [l V3 + e VI, (2.45)

]

Denote by us = Le¥(V £ V1), For the relation between the norm of V and the norms of

uy in L2(T?) and D(e™"" : H™(T3)), we have the following Lemma.

Lemma 2.2.7. Let uy = %eﬂm(ﬁ + ﬂ?l) Suppose thatr > 0, s > 0, and 7 > 0, we have
2 2 1~ 2
| = flu-[1" = VI, (2.46)

and

& - 1 Y
e w3 = N e = 5 e D @47)
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Proof. For (2.46), we have
2 2 15 51 ) 51 LS 2
lusll” = llu—|I" = {us, u_) = 7V + V2,V —iv7) = SV (2.48)

For (2.47), notice that

HAreTAl/SquHQ — HATGTAUSU,HQ — <AT€TA1/SU+,AT€TA1/SU,>
1
!

1/s ,~ ~ 1/s ,~ ~ 1 1/~

Thanks to (2.13), we know (2.47) holds. L]

The following anisotropic estimate in T? is similar to the one in Cao—Wu [24].

Lemma 2.2.8. Assume that f, g, h,g., h, € L*(T?). Then

1 1 1 1 1 1
/TZ |fghldzdz < Clfllllgllz(lgllz + llg=N2)MRIZ A= + l[hallZ)-

Proof. First, recall that by one-dimensional Agmon’s inequality (or Gagliardo—Nirenberg interpo-

lation inequality), for ¢ € H'(0, 1), one has

1 1
I6llz01) < € (1201 + 10l 2o 62720 ) - (2.50)
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Therefore, by Holder’s inequality and Agmon’s inequality (2.50),

[ i
<c [ [( [ 1w apa) ([t i) sup e 21) ]

cf {( [ 1) ([ \g(x,zwczasf s
([ )’ ([t oae) o ([ i aias) ] o

<c|if| sw ( / ot 2) ) DRI + ol )
0<2<1 0

By Minkowski’s inequality, Agmon’s inequality (2.50), and Holder inequality,

sup (/01 \g(a:,z)|2dx>%

0<2<1

1 ) %
§C< sup |g(z, z)] dz)
0 0<z<1

. (2.52)
(/[/|gx22dz /|gzxz2dz /|gxz|dz}dx)
<Cllgl>(lgll* + llg-112).
Inserting (2.52) to (2.51) yields the desired inequality. 0

Next we prove the following result which will be used in Chapter 4.

Lemma 2.2.9. Assume that f € H'(T?) and f,. € L*(T?). Then f € L>(T?). Moreover

£l < C (112 + 1 feell?)?
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Proof. Let { fk} kez2 be the Fourier coefficients of f. By Cauchy—Schwarz inequality, we have

; ful(L+ k3 + k3 + K3K3)=
I fllzs < D2 1l =D EWTEWETEN!
(1 4+ ki + k3 + k7k3)2

kez? kez?
1 1
. ’ 1 ’ (2.53)
< \fk|2(1+k:f+k§+k:2k§)) ( )
(kezz: 1 kEZZ: (1+ k)1 +K3)
2 2\ 2
< O + 1£eel?) < oo
Therefore, f € L>(T?). O

We also need the following Aubin-Lions theorem.

Lemma 2.2.10. (Aubin-Lions Lemma, cf. Simon [87] Corollary 4) Assume that X, B and Y are

three Banach spaces, with X —<— B — Y. Then it holds that

1. If F is a bounded subset of L*(0,T;X), where 1 < p < oo, and F; := {g—{\f € F}is
bounded in L'(0,T;Y), then F is relative compact in L*(0,T; B).

2. If F is a bounded subset of L>°(0,T; X) and F; is bounded in L(0,T;Y), where ¢ > 1,

then F is relative compact in C([0,T]; B).

The following lemmas concern the estimates of nonlinear terms in the space of analytic func-
tions, and will be used in the study of 3D IPEs. We only list them here, and will provide detailed
proofs in Appendix A.

First, we estimate nonlinear terms of the form f - V,g.

Lemma 2.2.11. For f,g,h € D(e™ : H™+Y/2(T?)), where r > 2 and 7 > 0, one has

KATeTA(f.th)?AreTAhM < Cr[(HAre”‘fH + [ fo])|ATH2emAg ||| AT 2em A 254
+ IIA’““/Qe”‘fIIIIA’"eTAgIIIIA’"eTAh”]'

Similarly, we estimate (V}, - f)g in the following:
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Lemma 2.2.12. For f,g,h € D(e™ : H™+Y/2(T?)), where r > 2 and 7 > 0, one has

(A7 (Tn- g), ATe )| <C[ (AT ] + o) | A7 /267 f AT 24|
(2.55)
[ AT A g ATe A p | ATe .

Next, we provide an estimate for ([, V- f(2', s)ds)0.g in the following:

Lemma 2.2.13. For f,g,h € D(e™ : H'TV/2(T?)), where r > 2, 7 > 0, and f = 0, one has

‘<A7"67A((/ Vi - f(w’,s)ds)azg),A’"eTAh>‘
0

<C7‘ AT‘BTA AT+1/267'A Ar+1/2eTAh
<c.(llare | gll| || 056
+ HAre'rAgHHAT+1/2€-rAf||HAT+1/267—AhH

+ ||AT€TAhHHAT+1/26TAf||HAT+1/2€TA9H).

Lemma 2.2.14-2.2.17 play an essential role in the study of the effect of fast rotation to the 3D

IPEs. First, let us state the following:
Lemma 2.2.14. For f,g,h € D(e™ : H™Y/2(T?)), where r > 5/2 and T > 0, one has

)<Ar€m<f _ th),ATeTAh> _ <f . threTAg’A’r‘eTAh>’

< CoAFIIATGIIIATR] + Cor | AT 2eT A FI[| AT Zem g || AT 2em R . (2.57)

Lemma 2.2.14 can also be used in the study of Euler equations, since it involves nonlinear term
similar to that appearing in the Euler equations. The next three lemmas provide the estimates for

nonlinear terms which are specific to the structure of the PEs.

Lemma 2.2.15. For f,g,h € D(e™ : H™*Y/2(T?)), where r > 5/2 and T > 0, one has

)<A7”67'A((Vh ) f)g)yAT’eTAh> _ <(Vh ) ATeTAf)g’AT’eTAh>)

< CATFIIIA I ATR] + Cor ]| A2 ||| A2 g || A 26 A (2.58)
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Lemma 2.2.16. For f € D(e™ : H™3/2(T%)) and g, h € D(e™ : H™Y/2(T?)), where r > 5/2,

7 >0, and f =0, one has

‘<AT67A((/OZ Vi - f(2, s)ds)(?zg),AreTAh>
—<(/Z Vi f(@, s)ds)A’"eTAazg,AreTAh>‘
0

< ColAT AT ATRI + Cor [ A2 A f[ A 2em g | AT 2em . (2.59)

Lemma 2.2.17. For g € D(e™ : H™*3/2(T®)) and f,h € D(e™ : H™+Y/2(T?)), where r > 5/2,

T >0, and? =0, one has

‘<AT€TA ((/Oz Vi f(@, s)ds)(()zg),AreTAh>

—<8ZgATeTA(/ V- f(w’,s)ds),ATeTAh>
0

< G| A glIATFIATAI| + Cprl| AT+ 2 g || AT 2eT F[[| AT 2™ A . (2.60)
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3. INVISCID PRIMITIVE EQUATIONS

In this chapter, we will provide details of the mathematical analysis of the IPEs

(

oV +V-VyV+wd,V + QY+ + Vip =0,

0.p =0, 3.1

ViV +0,w=0.
\

System (3.1) is derived from system (1.3) by taking v, = v, = 0 (inviscid), and under the obser-
vation that any smooth solution (W, T') to system system (1.3) with initial condition 7 = 0 must
satisfy 7' = 0. We consider system (3.1) in the domain D = {(z,y,2) : 0 < z < 1, (z,y) € R?},
subject to the boundary condition

W|z=01 = 0, (3.2)

and the initial conditions

V]ieo = V. (3.3)

Notice that we do not have initial condition for w, since wy must satisfy the compatible condition

Wy = —/ Vh : Vo(f, Yy, S)ds. (34)
0

We will do the mathematical analysis of system (3.1) in the following order:

[ll-posedness in Sobolev spaces
— Local well-posedness in the space of analytic functions
— Finite-time blowup of solutions

— Long-time existence of solutions.
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3.1 [Ill-posedness *

In this section, we study the ill-posedness of system (3.1). First, observe that if initially V, =
(uo, vg) is independent of the y variable, then any smooth solution V = (u,v) to system (3.1)
remains independent of the y variable. Indeed, the above statement is the consequence of the
uniqueness of smooth enough solutions to the IPEs, which is established in the space of analytic
functions in [41, 59], and also in Section 3.2. Therefore, under these assumptions on the initial

data, namely,

VO(x7y7’Z) = VO(Ia Z)a (35)

we obtain the following reduced IPEs system from original IPEs system (3.1)

ou + ud,u + wo,u — Qu + 0,p =0,
O + ud,v + wo,v + Qu = 0,

(3.6)
azp = 07

o,u + d,w = 0.

We first review the results in [48,83] about the linear and nonliear ill-posedness of system (3.6)

in the absence of rotation.

“Reprinted with permission from “Finite-time blowup and ill-posedness in Sobolev spaces of the inviscid primitive
equations with rotation” by Slim Ibrahim, Quyuan Lin, and Edriss S. Titi, 2021. Journal of Differential Equations,
Volume 286, Pages 557-577, Copyright [2021] by Elsevier.
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3.1.1 Without Rotation

When €2 = 0, i.e., the rotation is absent, system (3.6) can be written as

Oy + udu + wo,u + d,p = 0,

0y + udv + wo,v = 0,
(3.7

azp = 0,

O,u + 0, w = 0.

Observe that if the initial data satisfies vy = 0, then any smooth solutions (u,v) to system (3.7)

must satisfy v = (. Therefore, we obtain a further reduced system that does not involve with v:

;

Oy + ud,u + wo,u + d,p = 0,

azp =0, (3.8)

o,u+ 0w = 0.

\

Now observe that any shear flow (U, W, P) = (U(z), 0, 0) is a steady solution to system (3.8).

Denote by
(u,w,p) = (U +u,W +w,P+p)=(U(z) +u,w,p). (3.9)

Here the tilde notation is used to represent the perturbation, not the baroclinic mode. The pertur-
bation (@, w, p) around this shear flow satisfies

(

ot + ud,u + Udyu + wo,u+ wU' + 0,p = 0,

0.p =0, (3.10)

0, u+ 0,w = 0.
\
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The linearization of system (3.10) around the zero steady state solution is

;

o+ Udyu+ wU' + 0,p = 0,

9.p = 0, (3.11)

0xu + 0,w = 0.
In the work by Renardy [83], he considered system (3.11) with boundary conditions
w is periodic in x with period 1, w|,—o; = 0. (3.12)

We state the following result from [83], with some changes compared to the version in [83].

Theorem 3.1.1. System (3.11) with boundary conditions (3.12) is ill-posed in Sobolev spaces and

Gevrey class of order s > 1.

Proof. Observe that system (3.11) with boundary conditions (3.12) has solutions of the form
u(z, z,t) = x'(2) exp (27rin(9c — ct)), (3.13)
where c solves the following equation
1 -2
/ (U(z) — c) dz =0, (3.14)
0
and y is given by
\(2) = K(U(2) - ¢) / (U(2) — )2d> (3.15)
0

for some constant /. Moreover, it was shown in [83] that when U(z) is odd about z = % and

U~2(z) is integrable over [0, 1], there exists purely imaginary root ¢ = if3 of (3.14), with 3 € R

and 8 # 0. U(z) can be chosen to be analytic (smooth). As an example, U(z) = tanh(z_;/ 2) for
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small d > 0, see Chen—Morrison [30].
Now suppose system (3.11) with boundary conditions (3.12) is well-posed in Sobolev spaces

and Gevrey class of order s > 1 in the sense of Hadamard. Then for the initial data

to(z,2) = X'(2) exp (27rinx>, (3.16)

which is all Sobolev spaces and Gevrey class of order s > 1, by uniqueness of solutions, the
solution must have the form (3.13). Since c is purely imaginary, this implies Kelvin-Helmholtz
type instability. Therefore, System (3.11) with boundary conditions (3.12) is ill-posed in Sobolev

spaces and Gevrey class of order s > 1. [

In [48], Han-Kwan and Nguyen considered the nonlinear perturbation system (3.10) with
boundary conditions (3.12). Based on the ill-posedness of the linear perturbation system (3.11),

they established the following result regarding the ill-posedness of system (3.10).

Theorem 3.1.2. There exists a stationary background shear flow U(z) such that the following

holds. Forall s € N, a € (0,1], and k € N, there are families of solutions (1.)c~o to system

(3.10) with boundary conditions (3.12), and corresponding times t. = O(e|loge|), and (zq, z9) €

T x (0,1) such that

lim 10 1c || 2([0,6]x2)

- = +o00, (3.17)
=0 ||azue|t:0|

5 (Tx(0,1))

where Q. = B(xg, €*) x B(z, €*).

Remark 1. Equation (3.17) indicates that system (3.10) does not satisfy the third condition for the
well-posedness in the sense of Hadamard. The shear flow U(z) used in Theorem 3.1.2 is the same

as the one mentioned in Theorem 3.1.1, and it can be chosen to be analytic.

Remark 2. Theorem 3.1.1 and Theorem 3.1.2 imply the linear and nonlinear ill-posedness of sys-
tem (3.8) in Sobolev spaces and linear ill-posedness in Gevrey class of order s > 1. In the case
when () = 0, system (3.8) is derived from the original 3D system (3.1) with initial data satisfying

(3.5) and vy = 0. Therefore, the 3D IPEs (3.1) with 2 = 0 has the same results about ill-posedness.
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3.1.2 With Rotation

We will extend Theorem 3.1.1 and Theorem 3.1.2 to the case when ) # 0 for system (3.6).
When the rotation is present (€2 # 0), v = 0 is no longer a solution to system (3.6) unless u = 0.
Therefore, one needs to consider the evolution of v in system (3.6). We consider system (3.6) in
the horizontal channel {(m, 2):0<z<1lz € R}, subject to the boundary condition (3.2).

Observe that the steady state background flow
1
(U, V,W, P) = (U(z), —Qx,0, —592:52) (3.18)

is a solution to system (3.6) with boundary condition (3.2). Here the x-direction component U
is the shear flow used in Theorem 3.1.1 and Theorem 3.1.2, the y-direction component V' is a
Couette shear flow, depending on (2, in the x variable. Observe that this background flow has
infinite energy. We consider the periodic perturbation around this steady state background flow for

system (3.6). Denote by
(u,v,w,p) = (U+u,V+ov,W+w, P+ p). (3.19)
Then the perturbation (u, v, w, p) around this steady state background flow satisfies

O 4+ u0,u + Ud,u + wo,u + wU' + 0,p — Qv = 0,

00 + 1ud,v + U0, v + wd,v = 0,

(3.20)
azﬁ = 07
0,u + 0, w = 0,
\
with boundary conditions
u, v are periodic in x with period 1, w|,—o; = 0. (3.21)
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In order to show the ill-posedness of system (3.20)—(3.21), we assume by contradiction that it is
well-posed. Then by uniqueness we see that if 75 = 0, then v = 0. Therefore, system (3.20) with
boundary conditions (3.21) reduces to system (3.10) with boundary conditions (3.12). It follows
directly from Theorem 3.1.1 and Theorem 3.1.2 that the perturbed system (3.20)—(3.21) is both
linearly and nonlinearly ill-posed in any Sobolev space, and is linearly ill-posed in Gevrey class of

order s > 1. To be more specific, we have:

Theorem 3.1.3. System (3.6) with boundary condition (3.2) is both linearly and nonlinearly ill-
posed in Sobolev spaces, and is linearly ill-posed in Gevrey class of order s > 1, in the sense
that the perturbed system (3.20)—(3.21) around the certain steady state background flow (3.18) is
both linear and nonlinearly ill-posed in Sobolev spaces, and is linearly ill-posed in Gevrey class

of order s > 1.

Remark 3. System (3.6) is derived from system (3.1) with initial data satisfying (3.5). Therefore,

the 3D IPEs (3.1) with arbitrary (2 € R has the same results about the ill-posedness.
3.2 Local Well-posedness

The 3D IPEs is ill-posed in Sobolev spaces and Gevrey class of order s > 1 since the lineariza-
tion around certain shear flow exhibits Kelvin-Helmholtz type instability. To overcome this strong
instability, one should consider initial data w that are strongly localized in Fourier, typically for
which |dig(k, z)| < e """ with k € Z2, 6 > 0, and s = 1. Such localization condition corre-
sponds to Gevrey class of order s = 1 in the horizontal variables = and y, which is exactly the
space of analytic functions. Therefore, we will work in the space of analytic functions for local
well-posedness of the 3D IPEs.

In [59], Kukavica—Temam—Vicol-Ziane have shown the local well-posedness of the 3D IPEs
in the space of analytic functions. However, the time of existence they obtained shrinks to zero as
the rate of rotation |2| increases toward infinity. This is contrary to what we expect: fast rotation
should prolong the life-span of solutions. We prove this result again using different framework,

and improve their result by showing that the time of existence can be independent of (2.
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Before we state the result, we will first do the reformulation of the problem.
3.2.1 Reformulation of The Problem

Instead of the physical domain D = {(x,y,z) 0 <2< 1,(z,y) € RQ} and the boundary
condition (3.2) discussed at the beginning of this chapter, we consider the domain to be three-

dimensional unit torus T3, and subject to the following boundary conditions and initial condition:

V is periodic in « with period 1, V is even in z and w is odd in z. (3.22)

V]ieo = V. (3.23)

Observe that the space of periodic functions with respect to z with the symmetry condition (3.22)
is invariant under the dynamics of system (3.1). If the original physical domain is D = {(x, Y, 2)
0<z<H,(x,y) € T} with H = £, then the solution to system (3.1) in T? subject to (3.22)
restricted on the original domain will solve the original physical problem. Notably here we should
also assume the initial condition )V, for the original physical problem is even extendable in z
variable so that we are able to work in T3. Working in T? allows us to use Fourier analysis, and
makes the mathematical presentation simpler and more beautiful.

In this work, we assume that

/ Vo(z)dz = 0. (3.24)
T3

This assumption is made to simplify the mathematical presentation. See Remark 5 for detailed
explanation. Integrating the first equation in system (3.1) over T?, by integration by parts, thanks
to the third equation in system (3.1) (incompressible condition) and boundary conditions (3.22),

we obtain

O, / Vdx + / Vide = 0. (3.25)
T3 T3
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Therefore, for any time ¢ > 0, V) has zero mean in T?:

/ V(x)dx :/ Vo(x)dx = 0. (3.26)
T3 T3

Denote by

P2 = {90 € L3(T3,R?) : /

o(x)dz = o}. (3.27)
T3
From the third equation in system (3.1) (incompressible condition) and boundary conditions (3.22),
we know that

1 1
Vi V= / Vi -V(', 2)dz = —/ dw(x', z)dz = 0. (3.28)
0 0

Since V;, - V = 0, and V has zero mean over T? due to (3.26), we know there exists a stream

function ¢ (') such that V = Vit = (—9,1, 0,1). Thatis, V € S, where
S = {<p € L2 : Vh.azo} — {SO c L2 . ¢:vi¢(wl)+@«(w)}. (3.29)

The time of existence of solutions to the 3D IPEs obtained in [59] shrinks to zero as ||
increases toward infinite. The reason behind this is that the pressure term was computed explicitly,
which contains ). This makes the estimates depend on €2, and thus forces the time of existence
of solutions shrink to zero as |€)| increases toward infinite. In order to show the time can be
independent of (2, the idea is to eliminate the pressure term in system (3.1). As in the study of
Navier-Stokes equations, one can use Leray projection to eliminate pressure. Notice that although
Vi -V = —0,w # 0, we have another incompressible condition (3.28). Therefore, the idea is to
apply Leray projection on the evolution of the barotropic mode V.

For this reason, we apply P, F, and I — F to the first equation in system (3.1). Recall that
V= Vﬁw. Therefore,

—L

V = -Vpy (3.30)

can be combined with V;p. By integration by parts, thanks to (3.22) and (3.28), we derive the
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evolution equations for the barotropic mode V and the baroclinic mode V:

(0.V + P, (V . vﬁ) 4 PuP ((vh VWAV Vhﬁ) — 0, 3.31)

OV V-V V-V V-V, 0 - BV 9,0 4 (V- D)

—(/ V-V, s)ds)azf/ +QVt=o. (3.32)
0

In summary, we have the following lemma.
Lemma 3.2.1. ForV € S, system (3.1) is equivalent to system (3.31)—(3.32).
We will work on system (3.31)—(3.32) in the domain T3, subject to the following symmetry

boundary conditions and initial conditions:

V, V are periodic in T? and are even in z; (3.33)

V0o = Vo = PoVo, V)eeo =Vo = (I — Py)Vy, Vi -Vo=0. (3.34)

3.2.2 Main Results

We have the following theorem concerning the local well-posedness of system (3.31)—(3.34).

Theorem 3.2.2. Assume Vo, Vy € SN D(e™ : H™(T?)) withr > 5/2 and 7o > 0. Let Q € R be

arbitrary and fixed. Then there exist a time

T0
T = — — >
1+ 2C,(1 + [le™4Vo[ . + [le™ Vo |1%)

0, (3.35)

and a function

7(t) = 10 — 2tCo (1 + [|e™ Vo |2 + €™ Vo||30), (3.36)

both independent of §2, such that there exists a unique solution

V,V) € SNL=(0,T;D(e”4 . H™(T)) N L2(0, T; D(e" @4 : HV(T?))  (3.37)

36



to system (3.31)~(3.34) on [0, T]. Moreover, the unique solution (V,V) depends continuously on

the initial data, in the sense of (3.107).

Thanks to Lemma 2.2.6 and Lemma 3.2.1, we have the following corollary for the original

system (3.1) with boundary and initial conditions (3.22)—(3.23).

Corollary 3.2.3. Assume V, € SN D(e™? : H™(T3)) withr > 5/2 and 79 > 0. Let Q € R
be arbitrary and fixed. Then there exist a time T defined in (3.35) and a function 7(t) defined in

(3.36), both independent of (), such that there exists a unique solution
VeSnL®0,T;D(e W4 H'(T%)) N L*(0,T;D(e” 4 : H™T/2(T?))) (3.38)

to system (3.1) with (3.22)—(3.23) on [0, T'|. Moreover, the unique solution V) depends continuously

on the initial data.

For the proof of Theorem 3.2.2, we first work on Galerkin approximating system of (3.31)-
(3.34), and provide energy estimates. Then, using Aubin-Lions compactness theorem (Lemma
2.2.10), one can show the existence of solutions to system (3.31)—(3.34). Finally, we establish the

uniqueness of solutions and its continuous dependence on the initial data.
3.2.3 Galerkin Approximating System

In this section, we employ the standard Galerkin approximation procedure. For k € Z3, let

\/§€Q7ri(k1m+k2y) 008(271']{;3,2> if ]{73 7é 0
O = Gk, 1= (3.39)
627ri(k1w+k2y) if kfg = 07

and

E={S LT | 0= rbr, Ak —koks = Oy pysr D laxl* <00}, (3.40)

kez3 kez3
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here a* means the complex conjugate of a. Notice that £ is a closed subspace of L?(T?), and

consists of real valued functions which are even in z variable. For any m € N, denote by

Em ={6 € LT | = D arbr, @by koks = Of pypy (.41

|k|<m

the finite-dimensional subspaces of £. For any function f € L*(T?), denote by

fri= | f@)en(@)de, (3.42)
T3
and write
Mnfi= Y fuow. (3.43)
|k|<m

Notice that here the definition (3.42) is slightly different from the Fourier coefficient (2.7). 11,,, are

orthogonal projections from L?(T?) to &,,.

Now let
V= > a®)de@), Vo= D blt)ou( 2), (3.44)
0#|k|<m,k3=0 |k|<m,k37#0
form > 1, and
Vom0 = Vinlm=o = 0 (3.45)

when m = 0. From this definition, we know that V,,, = Py(Vyu+ V) and V,, = (I—Po) (Vi + V).

Moreover, for each m € N, we have

/ Y, dx = / V,.dx = 0. (3.46)

For each m > 1, consider the following Galerkin approximation system for our model (3.31)—
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(3.32):
(0, + 11, P, (Vm - vhvm) 411, P, P ((vh V)V + Vi vhi}m) —0, (347

oV, +11,, [l?m B v/RVARNER VRENR v/ VERNTR RN v VIl

_p, (ﬁm NV 4 (V- 17m)17m)

_</Z Vv, - gm(w’, s)ds) 8Z]7m] + Qﬁnﬁ =0, (3.48)
0

\

subject to the following initial conditions:
Vinlizo = Vo, Vinli—o = Vo (3.49)

For each m > 1, the Galerkin approximation, system (3.47)—(3.49), corresponds to a first order
system of ordinary differential equations, in the coefficients ay and by, for 1 < |k| < m, with
quadratic nonlinearity. Therefore, by the theory of ordinary differential equations, there exists
some t,, > 0 such that system (3.47)—(3.49) admits a unique solution (Vm, ﬁm) on the inter-
val [0,¢,,]. Observe that from (3.49), we have a(0) and bg(0) € C satisfying a_g, g, £,(0) =
A koks (0) @nd b, g, 1, (0) = by ;. .(0). Thanks to the uniqueness of the solutions of the
ODE system, we conclude that a_y, 1, x;(t) = aj, 4, 1, (t) and b_g, _, k5 (1) = bf, 1, 1, (2), for
t € [0,ty]. Therefore, Vo, Vi € &n. Thanks to (3.49), we know that ¥V, - V,,(t = 0) = 0.

Applying 2D divergence on (3.47), we have 0;,(V}, - V,,,) = 0. Therefore, we know V;, - V,,, = 0.

In next section, we provide the energy estimates for the Galerkin approximation system.
3.2.4 Energy Estimates

In this section, we establish the energy estimates for the Galerkin approximation system (3.47)—

(3.49). By virtue of Lemma 2.2.4 and Lemma 2.2.5, and since V, - V,,, = 0, we have

| =

[Vl + [[Vn]?) = 0. (3.50)

N
Q.

t
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Integrating in time yields
V@7 + V@) = [V O + [V 0> < [[Vol* + Vo> (3.51)

Therefore, (3.51) implies that the solution V,, and ﬁm exist global in time.
Next, employing Lemma 2.2.4 and Lemma 2.2.5, we derive the estimate for the analytic norm,

that is,

1d

thHAr TAV H2 7‘_HAT+1/2€TAva2 o <A7‘€TA (vm . thm)7Ar€‘rAvm>

—<A’“e”‘((vh : ﬁm)im) , A’“e”‘vm> . <A’“e”‘ (ﬁm : vhﬁm),AreTAVm>, (3.52)

and

1d

thHAr Ay, 2 = 7] ATV 2% Ay 12 — <Ar€TA <17m _ Vhﬁm),AreTAljm>

—<A”eTA (T/ v ) A”eTAi}m> . <A7"eTA (Vm : vhﬁm),Aremﬁm>

A’“ TA / Vi V(@' 5)ds)0, Y ) ATeTA9m>. (3.53)

Add estimates (3.52)(3.53) together, and add || A""/2¢7AY,, ||2 + || A+1/2¢74Y), |12 to both sides.
By Lemma 2.2.11-2.2.13, since V,, and )7m have zero mean, thanks to Young’s inequality we

obtain

1 d r TAY) r TAY) T TAY) T TAY)
§d_(||‘4 e Avm“2 + HA e AVmH2> + (”A +1/26 Avm“2 + ||A +1/26 AVm||2>
(T—}-C |Ar TAV H + HAr TAV H) + 1> <||Ar+1/267Avm”2 + HA’I‘-‘,—I/QBTA)N)mHQ)

F 4 oL [Vl + eVl ) ) (A2 4V, 2 4 A28, 2). (3.54)

Remark 4. Here we add the term ||A71/2¢74Y, |12 + [|A™1/2¢74V,,||? to both sides so that one

can obtain the regularity in L2 (0, 7; D(e™ 4 : H™1/2(T?))).
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Let 7 satisfy
7+ 20,(1 + [[€4Vo| 2 + € Vo |%r) = 0, (3.55)
for which we can solve out that
7(t) = 70 — 2tCo(1+ [ Vo[ 3 + le™ Vo). (3.56)

Denote by

To
= — — >
1+ 20 (1 + [[e™ Vo[ + [le™ Vo[

0, (3.57)

we know that

70
() > 7(T) = — _ >0 (3.58)
142G, (1 + [[e™Vol[7 + [le™*Vol[f-)
ont € [0, T]. Here we require C, to be large enough such that
C.>2(C,+C._1), (3.59)

2

where C,, appears in (3.103) and C,_, appears in (3.104). By the continuity of 7, €™V 1%+, and

€74V, |%, there exists a maximal time 77 € (0, 7] such that
1OV ()3 + 17V )17 < 2([1€™* Vol + (|74 Vo [ 7r) + 1 (3.60)
ont € [0,7;]. We claim that 7; = 7. On [0, 71}, from (3.60), we know

74 Co(14 €Vl 2r + €74V 2) < 7+ 20 (1 + || V|3 + [[€™4 V|| %) = 0. (3.61)
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From (3.54), on t € [0, 71|, we have

%(HArerAvaQ + HAreTA');m“2> + <||AT+1/2€TAVm||2 + ||Ar+1/2€7-A17m||2> <0, (3.62)

DN —

and thus
|47 TV, (T + ([ A7 T4V, (T < [JATe™Vo||” + | A”e™ Vo | (3.63)
This together with (3.51) give us
1TV (T + 1™ TV (T < €™ Voll3r + €™ Vol - (3.64)
Therefore, if 7; < T, then by continuity, there exists some 75 such that 7; < 73 < T and

€TV (To) e + 1TV (Tl < e TV (T + 7TV (T + 1

< 2(e™ Vol 7e + le™Voll3r) + 1, (3.65)

which contradicts to the maximum assumption on 7. Therefore, 7; = 7. Thus, (3.60)—(3.62) are

satisfied on [0, 7. Therefore, (3.61) holds on [0, 7], and we obtain
1OV ()11 + TPV )5 < €™ Vol + Vol - (3.66)

For arbitrary fixed 7* € [0, 7], from (3.56), we know that r{éi}rl ]T(t) = 7(T"). Fort €
te|0,7*

[0, T*], integrating (3.54) from 0 to ¢ in time, we obtain

|47 TIAT,, (1) + || A€ T, (1)
t
42 [ (IR T, )| 4 AT, (5)]7) s
0

< AT OV ()P + | ATV (1)
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t ~
_|_2/ (HAT+1/26T(S)AVm(S)H2 + HAr-i-l/Qe'r(s)AVm(S)||2>d8
0

< AV (0)|F + |47V ()| < €™ Vol e + [le™ Vol (3.67)

The estimates (3.51) and (3.67) together imply that

Vo, Vi are uniformly bounded in
(3.68)

> (0, T*7 'D(@‘r(t)A . HT)) N L2 (O7 T*, D(ef(t)A : Hr+1/2)>’
and

Vm, ]7m are uniformly bounded in
(3.69)

LOO(O,T*;D(QT(T*)A . Hr)) N LQ(O,T*;D(GT(T*)A : HT+1/2))_

By Banach—Alaoglu theorem, there exist a subsequence, denoted also by V,,,, 17m, and corre-

sponding limits, V, V, respectively, such that

Vi =V, Vyy — V weakly* in L= (0, 7% D(e" 74 . H"))

and weakly in L2 (0, 7%, D(e" T4 . gr+1/2)). (3.70)

Moreover, V and V also satisfy the bound in (3.67). By virtue of Py)V,, = V,, and P017m = 0 for
any m € N, thanks to the convergence in (3.70), one has P,V = V and P,V = 0, which clarifies
the notation.

In order to apply Aubin-Lions compactness theorem (Lemma 2.2.10), we need some estimates
on 8,V,, and 9;V,,. By taking L? inner product of (3.47) and (3.48) with arbitrary ¢ € L3(T3),

thanks to Lemma 2.2.4 and 2.2.5, we have

<atvm, ¢> + <Vm - Vth,]PhHm¢> n <(vh V) + Vo - ViV, POIPhHm¢> —0, (3.71)

43



and

<8tl7m, gz5> + <)7m Vi 4 Vi - ViV + Vin - ViV
—FB <i; . Vh17 + (Vh . ]7m)17m>

/ Vi - V(2! sds)av +OVE T m¢>:0. (3.72)

By Holder inequality and Sobolev inequality, thanks to ||IL,¢| < |||, [|Pno| < |l¢||, and
| Pog|| < |||l for any ¢ € L*(T?), since r > 5/2, we have

[0V, 6)] < CLITml + [VuliZ) 01 (373

[0V, )] < CLVlir + [Vl + 120Vl 0] (374)

Next, applying A"~1/2¢7(T)4 to (3.47) and (3.48), and taking L? inner product of (3.47) and

(3.48) with arbitrary ¢ € L?*(T?), thanks to Lemma 2.2.4 and 2.2.5, we have

<AT71/2€T(T*)A8tvm’ ¢> - <AT Ve (V th ) PhHm¢>

+<AT71/2€T(T*)A ((Vh, : ]’;m)ﬁm + 9m : Vhi}m) 3 POPhHm¢> = O’ (375)
and

<AT_1/267(T*)A8t17m, ¢> + <AH/ 2e7(T7)A [fim ViV + Vo - ViV + Vin * ViV
_ P, ()7 NV + (Vi - 17m)17m)

/ Vi V(@' 5)ds ) 0.V + QL] T10) =0. (3.76)
By Cauchy—Schwarz inequality and Lemma 2.2.2, since r > 5/2, we have

‘<Ar71/2€T(T*)Aath7 ¢>‘

(3.77)
SCT <H€T(T*)AvaH’“ Heﬂ'(?’*)zﬁlvmHHTH/2 + HeT(T*)AVmHHT He‘r(T*)AVmHHrHﬂ) H¢H?
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and

‘<AT_1/267(T*)A8t)7m, ¢>’ 578)

<Cy (I TV 210+ 1T By + 197 T, ]

By virtue of the bound (3.69), from (3.73)—(3.74) and (3.77)—(3.78), we have

0V, are uniformly bounded in L?(0, 7% D(e” "4 : H™1/2)) 0 L>(0,7*; L?),

8;V,, are uniformly bounded in L'(0, 7 D(e” 74 . H™=1/2)) n L= (0, T*; L?). (3.79)
By Banach—Alaoglu theorem, we have

OV — 9,V weakly in L2(0, 7% D(e” 74 . H™71/2)), weakly* in L (0,7; L?),

OV — 0,V weakly* in L' (0, 7*;D(e" 74 . H'=Y2)) 0 L=(0, T*; L?). (3.80)

From (3.69) and (3.79), since D(e™ : H™) << D(e™ : H™) when r; > 75, by Lemma 2.2.10,

for a subsequence and 0 < € < 1/2, the following strong convergence holds:

Vi — V, 177” VY strongly in
(3.81)

C(O’T*;D(GT(T*)A . Hr—e)) N LQ(O,T*;D(GT(T*)A . HT—H/Q_E)),

3.2.5 Existence of Solutions

In this section, we establish the local in time existence of solutions to system (3.31)—(3.34).

More specifically, we show the limit functions V and V we get from previous section satisfy (3.31)—

(3.32) and (3.37). First, since Vj, - V,,, = 0 for any m € N and thanks to the convergence (3.81),

one has Vj, - V = 0. By virtue of (3.46) and (3.81), we know

/ Vdx :/ Vdzx = 0. (3.82)
T3 T3
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Therefore, (V,V) € S.

Next, by taking inner product of equation (3.47) and (3.48) with test function ¢ € L?(0, T*; L?)

in L2((0,7*) x T?), we have
<8th + I, Py, (Vm : vhvm) +11,,P, P, ((vh V)V + V- vh9m> , ¢> -
and

<at17m + I, [ﬁm NV 4+ V- ViV + Vi - ViV
—F (]7 . Vh\NJ + (V- 17m)]7m)

/vh (@' sds)av ]+m7,¢,¢>:o

From (3.70) and (3.80), we know that

(QVE, 6) = (VY 6), (0Vn,8) = (OV,0) 0V, ®) — (OV, ).

For nonlinear terms, we consider, for example,

(108 (V- V). 0) = (Bu(P- V7). 0|

:< m - ViV, I Ph¢> <V-th,]P)h¢>’

<[V - ViV = ), 1P16 )| + |((Von = ) - ViV TP
(V- VY, (126 — Pio)|
<Cr (Il to7am) + Wl ) [V = Vlgaiorsaim Il z207+:22

+ OTHVH%‘%O,T*;H") II

m¢ - ¢HL2(O,T*;L2)7
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(3.84)
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(3.86)



and

Hm</0 Vi Ve )ds) 0.7, 6) - <(/0 Vi Ve, )ds) .7, )|
(/O " ﬁm(m',s)ds)az(f;m—?),Hm¢>‘

|

+i(

\Y
/ \U (V ]7)(:13’ s)ds)@ ﬁ Hm¢>‘ (3.87)

/ Vi V(a!,5)ds) 0.V, (o — 0) )
<Co(IVmllz o1 + IV t07:0) ) 1V = Pllgzcosm) 19 20,7322
+ Cr||17\|%4(0,7*;Hr)||Hm¢ = llz2(0,7:22),
where we have used Holder inequality, Sobolev inequality, and » > 5/2. By virtue of of (3.69),
(3.70) and (3.81), the right hand side of (3.86) and (3.87) go to zero as m — oo.

One can show similarly that all other nonlinear terms converge to corresponding limit terms.

Therefore, for arbitrary ¢ € L*(0, T*; L?), we have
<atv + P (V : vﬁ) + PP, ((vh VWP vhﬁ) , ¢> —0, (3.88)
and

(0 + V- VT4V -9V V-7 - B (V- Vb, + (V- D)D)

— ( /OZ \V/ 17(50’, s)ds) d,V + OVt ¢> =0. (3.89)

This implies that (3.31) and (3.32) hold in L?(0, 7*; L?). From (3.80), we conclude that (3.31)
holds in L*(0, T*;D(e”™ )4 : H™=1/2))NL>(0,7*; L?) and (3.32) holds in L* (0, 7*; D(e™7 )4 :
H™=Y2)) n L= (0, T*; L?).

Next, due to (3.81), one has, for every ¢ € [0,7*], Vu(t) — V(t), Vu(t) — V() in L2
In particular, V,,(0) — V(0), V»(0) — V(0) in L% On the other hand, by (3.49), we have

Vi (0) = Vo, Vi (0) = Vo in L2 As aresult, V, V satisfy the desired initial condition: V(0) = V,
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and V(0) = V,. Recall that the choice of 7* € [0, 7] is arbitrary, and in particular we can choose
T* =T so that all of the results above hold with 7* replaced by 7.
Finally, we need to show (3.37). First, we have shown that (V, V) € S. Recall that for arbitrary

T* € [0,7], by (3.67) and the convergence (3.70), we have
|47 TV @) + | A7 TV @) < ATePAV || + (| ATV, (3.90)
for t € [0, 7*], and especailly for t = T*. Therefore,
JATe™TIAV(T)|P + A" TOAV(T|2 < AT Vo> + A" Vo, (3.91)
for any 7* € [0, T]. Since the L? energy is conversed, we have
e TOVT) Iz + e VT < 1€ Voll + €™ Vollfr- (3.92)

Therefore, the solution (V, V) € L= (0, 7;D(e"®4 . H")) for 7 = 7(t) defined in (3.56).
In order to show (V, V) € L*(0,T; D(e"®A : H+1/2)), define the inner product:

.
(f.9)m = / (1 4[R2 O (fi - gi)dt. (3.93)
0

keZ3

L2(0,T;D(e" 4 : H™+1/2)) with inner product defined by (3.93) is a Hilbert space. By setting
T* = T in (3.68), we know {V,,} and {V,,} are bounded sequence in this Hilbert space, and

therefore there exist weak limit V"~ and )7* such that

T T
/ €™V () ||2,11/2dt < lim inf / €™ DAV, (8)]|12 12t < 00, (3.94)
0 m—0o0 0

T _ T _
/ | OAT 1)\t < lim inf / 1 OAT, ()00t < 00, (3.95)

Thus, (V",V*) € L*(0,T;D(e"®A . H"+/?)). By uniqueness of weak limit, we know V =
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V',V = V*, thus, V, ]7) € L*(0,T;D(e"®4 : H"+1/2)). Therefore, (3.37) holds. The existence

of solutions to system (3.31)—(3.34) is proved.
3.2.6 Uniqueness of Solutions and Continuous Dependence on The Initial Data

In this section, we show the uniqueness of solutions and the continuous dependence on the
initial data. Let (V;, V) and (V, V) be two strong solutions to system (3.31)~(3.34) with initial
data ((Vo)1, Vo)1) and ((Vo)2, Vo)), respectively. Assume the radius of analyticity for initial

data ((VO)I; (ﬁO)l) is 710, and for ((v(])Q, (90)2) is T20- Let To = min{ﬁg, Tzo}, and
M = max { [ Vo)1 3 + €74 Vo) l[3r, ™ Vo)allfr + e Voallf | (3.96)

Denote by V = V; — V, and V= ]71 — )72. By virtue of (3.56) and (3.57), we define

To

Ft) =1 —20C,(1+ M), T = . 3.97
() = (1+), T 1+2C,(1+ M) (3.97)
Here ', satisfies (3.59).
From previous sections, and by the definition of 75 and M, we know
Vi, Vi), W, V) € L=(0, T; D(e7 D4 . H")) N L2(0, T; D(e" WA« HH1/2)), (3.98)
and
174V, |15 + [l Vi3 < M (3.99)
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for+ = 1, 2. From (3.31)—(3.32), it is clear that

( atv + Py, (V thl + Vz . th>
+IP’hP0<(Vh DWW+ (Vi - V)V + V-V + Vs - v,n?) — 0, (3.100)
OV+YV - ViV + Ve -V VAV - ViV, + Vo - ViV + V-V, + Vs - V),V

~B((Vi- DV + (Vo D)V 4 V- ViV 43 - VD)

—(/ V- ﬁ(m’,s)ds)@f}l - (/ V- 172(:;;',s)ds>azf;+m7L —0. (3.101)
0 0

Taking L? inner product of (3.100) with V and (3.101) with v, applying A™~/2¢74 to (3.100)
and (3.101) and taking L? inner product with A™~1/2¢74Y and A™~1/2¢74Y, correspondingly,

thanks to Lemma 2.2.4 and Lemma 2.2.5, we have

ld T Yl T V) ~ r TAY) r TAY)
S (17O VO e + [ TOV D2 ) = 71474V + |47V )
+<V . thl + Vg . VhV + (Vh . 9)?1 + (Vh . 172)17 + i; ' Vh]jl + )72 . Vﬂ,?>
+<A’”—1/26*A (V- ViVi 4 Vo - ViV + (Vi - VIV + (Vi - Vo)V
+]7 . Vh]f}l + ]72 . Vh]7> , A’”_l/Qe?A7>
+<17-vh171 Vo ViV AV - ViV + Vo - ViV 4+ V- ViV, + Vo - ViV
—(/ Vy, - 9(.1:’, s)ds)@z]jl - (/ Vi - %(w',s)ds)@zg,17>
0 0
+<Ar_l/26?A [i} . Vhi}l + ]32 . Vhi; + 17 . th1 + 172 . th +V- Vh]jl + VQ . Vhi}

—(/ vh-ﬁ(m’,s)ds)azﬁ - </ vh-172<m’,s)ds)azﬂ,Ar—1/2e“17> —0. (3.102)
0

0

Thanks to Holder inequality, Young’s inequality and Sobolev inequality, since > 5/2, and notic-

ing that V and V have zero mean over T3, we can apply Poincaré inequality to have

’<V . thl + VQ . th + (Vh : 17))71 + (vh : ﬁ2)17 + ]7 : vhfjl + )72 : vh]77v>

+<)7-Vhl~/1—HNJQ-V;J;JHN/-VthJrlN}g-VhV+V-Vh)71 +V2'V}l1~}
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—(/Z Vi, - 17(:B',s)ds)8z)71 - (/z Vi - )72(2B',8)d5>8zi;,]~/>’
0 0
< G, (Il + 12l + il + Vel ) (I + 1V 2

< C IVl + Vol + WVl + [Vlle ) (IA7T4V)2 + AT V|2), (3.103)

where the last step we apply Poincaré inequality. For higher order part, thanks to Lemma 2.2.11—

2.2.13, by Young’s inequality, we have

‘<Ar—1/2e” (V VTV Vs - ViV 4 (Vi - V)1 + (Vi - Vo)V

+V ViV + Vs Vh)7> LAY Qe”V>
+<AT—1/26” [17 VL4V - ViV + V-V Vi + V- ViV 4V - ViV + Vs - VY
—(/U V- ﬁ(x’,s)ds)azﬁl - (/ V- 172(m’,s)ds)azﬂ,Ar—1/2e”17>‘

0

e+ €7V e + €74V,

< Gy (177

e He”i}zHHr)

x (||A”JAV||2 + ||A7“e“)7|y2). (3.104)

Combining (3.102)—(3.104), thanks to (3.59), we have

| =

1 T Y T )
5 2 IOV o + 17OV 52
< [F+ 3G (17 V1l + 17 Ve + 174V e + 17 Vall )|

=8

X (HATJAV]F + ||A’“e*A17|12). (3.105)

Since [|e™ V|14 + [l Vi

2. < M fori = 1,2, by Cauchy-Schwarz inequality, we know that

. FAY, FAY FAY,
F 4 5Cr (17 Vil + 7 Vil + 17Vl

< =2C,(1+ M) + V20,V M < (? —2)C,(1+ M) <0, (3.106)

i+ 7 V)
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fort € [0, 7N'} Therefore, for t € [0, 7~'] we have
1OV Bz + 7OV 2o < 1PVl Zrsa + 104Vl Zree (3.107)

The above inequality proves the continuous dependence of the solutions on the initial data, and
in particular, when V, = 170 = 0 and 739 = Ty, we have V = YV =0forallt € [0, 7~'] Moreover,
from (3.57), (3.97), and the definition of M in (3.96), we know T = T. Therefore, the solution is

unique, and we complete the proof of Theorem 3.2.2.

Remark 5. In case that [, V(x)dx = [, V(a')dx’ # 0, the only change in system (3.31)~(3.34)

is in (3.31) which will become

oV + By, (V vhv) + IPhPO((Vh VW +V- v,ﬁf) + Q/ Vi(@)de =0.  (3.108)

TQ

The additional term [, VJ_(iB/ )dx' appearing in (3.108) does not change the energy estimates.

Since

/ V' (x)dx’ - / V(a')dz' =0, (3.109)
T2 T2

. . L ) ) .

the conservation of L? norm does not change. Since 2 [, V" («')da’ is a constant vector in spatial
variables, when we apply the operator A”e™ to it, it will disappear. Therefore, this additional term
does not affect the higher order energy estimates. Thus, when sz V(az’ )dx' # 0, we still have the

same results.

In the next section, we show that the local well-posedness result is sharp in the sense that it

cannot be extended to a global result by constructing finite-time blowup smooth solutions.
3.3 Finite-time Blowup 7

We have established the local well-posedness of the 3D IPEs for a time that is independend of

the rotation rate |€2|. The next question is, whether the solutions can exist globally in time, or blow

TReprinted with permission from “Finite-time blowup and ill-posedness in Sobolev spaces of the inviscid primitive
equations with rotation” by Slim Ibrahim, Quyuan Lin, and Edriss S. Titi, 2021. Journal of Differential Equations,
Volume 286, Pages 557-577, Copyright [2021] by Elsevier.
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up in finite time? In this section, we will answer this question by constructing finite-time blowup
smooth solutions, and therefore the global well-posedness cannot be obtained.

We again assume the initial condition satisfies (3.5), and consider the reduced IPEs system
(3.6). In the absense of rotation (2 = 0), Cao—Ibrahim—Nakanishi-Titi [17] and Wong [91] have
constructed smooth solutions that blow up in finite time. In the followings, we will show that their
results still hold for any 2 € R. Therefore, our results contain and extend their results.

We first reduce (3.6) further more.

3.3.1 Reduced System

We assume that u and v are odd in the = variable, and that w and p are even in the x variable.
Observe that such symmetric conditions are invariant under smooth dynamics of system (3.6).
From the last equation in system (3.6) (incompressible condition) and boundary condition (3.2),

we know

1
/ uz(t, z, z)dz = 0. (3.110)
0
Differentiating the first two equations in system (3.6) with respect to x, we have

{uzt+uu$z+u§+wxuz+wumz—sz—kpm:0, (3.111)

Vgt + Uy Vg + UVpy + WiV, + WU, + Quy = 0. 3.112)

Thanks to (3.110), integrating (3.111) with respect to z over the interval [0, 1], an integration by

parts together with last two equations in system (3.6) and boundary condition (3.2) implies

1
0

Let

W(t,z) =w(t,0,2), V(t z)=—uv.(t0,z2).

Plugging (3.113) back to (3.111), and by virtue of the oddness of v and v and evenness of w and
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p, system (3.111)—(3.112) restricts on the line x = 0 becomes

1 1
Wy, — (W) + WW,, + 2/ W2(t, 2)dz — QV + Q/ V(t, z)dz =0, (3.114)
0 0

Vi=W,V+WV,+QW, =0. (3.115)

The corresponding initial and boundary conditions are
W(0,z) = wo(0,z) =: Wy(z), V(0,2) =vy(0,2) = Vo(2), (3.116)

W (t,0)=W(t, 1) =0. (3.117)

The uniqueness of smooth solutions to system (3.114)—(3.117) is needed for establishing the
blowup result. However, in the following proposition we show the local well-posedness of system

(3.114)—(3.117) with initial condition satisfying (Wy, Vo) € H? x H".

Proposition 3.3.1. Suppose that (Wy,Vy) € H? x H'. Then there exists a time T such that
there exists a unique solution (W, V') to system (3.114)—(3.117) for t € [0,T], which depends
continuously on the initial data (W, Vy)). Moreover, (W, V') satisfy
W e L*0,T;H)nC([0, T]; H'),
(3.118)
Ve L>*0,T; H)YnC([0,T]; L?).
Proof. First observe that due to the boundary condition (3.117), the Poincaré inequality implies
that ||W, || .2 is equivalent to |W|| g1 and ||, |2 is equivalent to ||W; || 1.
For the existence of solutions, we only provide the formal energy estimates. These estimates
can be justified rigorously by deriving them first to the Galerkin approximation system and then
passing to the limit using the Aubin-Lions compactness lemma (Lemma 2.2.10).

Taking the z derivative to (3.114)—(3.115), we have

{Wtzz + Wszz - Wszz - Q‘/z = 07 (3119)

Va+ WV, - VW,,+QW,, =0. (3.120)
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By taking the L? inner product of (3.114) with W, (3.115) with V/, (3.119) with W, , and (3.120)

with V, by integration by parts and thanks to (3.117), one obtains

d

(W + IV + Wl + V2D )
L
3

(3.121)

1
2
3 ! 1
= / W(W2 V2L W2 4 oV2)dz + / VV.W,.d-.

0 0
Thanks to Holder inequality, Sobolev inequality, and Young’s inequality, we have

d
S (IWlEe + IV + Wl + VI )
(3.122)

3/2
<C(IWalZa + IVIZ: + Wl + Va3 )

This implies that there exists some finite time 7 > 0 such that
W e L0, T;H?), V € L0, T; H"). (3.123)

In order to apply Aubin-Lions compactness lemma, we also need the energy estimates for 0,/
and 9;V. By taking the L? inner product of (3.114) with arbitrary ¢ € L*(0, 1), thanks to Holder

inequality and Sobolev inequality, one has
(Wi 6)] < CUW I + IVIL2)li6 2 (3.124)
From (3.123), we have W, € L>(0, T; L?), which is equivalent to
W, € L=(0,T; H). (3.125)

Similarly, by taking the L? inner product of (3.115) with arbitrary ¢ € L*(0, 1), thanks to Holder

inequality, Sobolev inequality, and Young’s inequality, one has

(Vi 8)| < CUWIE + Wl + VI ]2 (3.126)
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Thanks to (3.123), one obtains
V, € L>(0,T; L?). (3.127)

By virtue of Aubin-Lions compactness lemma, thanks to (3.123), (3.125), and (3.127), we have
W eo(o,T);HY), Ve C(0,T]; L?). (3.128)

For the uniqueness and continuous dependence on the initial data, we suppose (Wi, V) and

(W5, V5) are two solutions. Denote by W = Wy — Wa, W = L(W; + Wa), V = V; — V3, and
V = (Vi + V3). Then (3.114)~(3.117) implies that

1 1
Wy, —2W W, + WW,, + WW,, + 4/ W, W.dz — QV + Q/ Vdz =0, (3.129)
0 0

Vi — W,V —W,V+WV,+ WV, +QW, =0, (3.130)

with boundary condition

W (t,0)=W(t, 1) =0. (3.131)

Multiplying (3.129) by W, and (3.130) by V, integrating with respect to z over the interval

[0, 1], then an integration by parts together with the boundary condition (3.131) gives

1d
5 IWellze + V172
2dt
1 s 3 (3.132)
:/ (SWW2 = W W, + W.VV + STV - WLV )dz
0
Using Holder inequality, Young’s inequality, and Sobolev inequality one obtains
d - _
(W32 + 1VIE) < (Il + 1Vl ) (V182 + IV ) (3.133)

Thanks to Gronwall inequality, since W € L>(0,7T; H?), V € L>(0,T; H'), for any t € [0, T]
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we have

IW-(0)13 + V(@)1 <(IW- ()13 + IV ©O)1:)
£ B (3.134)
<exp ([ W) + 17 (5) ).

This implies continuous dependence on the initial data, and in particular the uniqueness. [

Remark 6. As we have seen in Section 3.1, the original IPEs system (3.6) is ill-posed in all Sobolev
spaces. On the other hand, we establish in Proposition 3.3.1 the local well-posedness of the reduced
system (3.114)—(3.115) in certain Sobolev space. The main reason behind this discrepancy is that
when we restrict (3.111)—(3.112) to the line z = 0 to get the reduced system (3.114)—(3.115), the
terms w,u, and w,v, in (3.111)—(3.112) disappear due to symmetry. These very terms, w,u, and
w,v,, are those which lose one horizontal derivative that forbids the well-posedness of the original

system in Sobolev spaces.

Next, we use two different approaches to construct finite-time blowup solutions. One follows

in [17], and another one follows [91].
3.3.2 First Method

In this section we follow the method used in [17]. We first introduce the following proposition
from [17] and provide further analysis strengthening its conclusion. Observe that in [31] (see
also [78, section 4], and references therein), a similar problem, arising in a different fluid dynamic

context, has been investigated.

Proposition 3.3.2. Consider the following nonlinear nonlocal degenerate elliptic boundary value

problem:

¢ — (&) + 98" + 2/0 (¢/(2))dz =0, $(0) =¢(1) = 0. (3.135)

Then for each a € (0,1), the boundary value problem (3.135) has a nontrivial solution ¢, €
C*>([0,1]).
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Recall that, for an integer k, and 0 < o < 1 the space C* is endowed with the norm

I lleme = flle +sup LD =S
x#y |x - y|a

Proof. For each m > 0, the existence of nontrivial solution to the boundary value problem (3.135)

satisfying the additional constraint

2 /1(¢’(2))2dz =m? (3.136)
0

has been established in [17]. Let o € (0, 1) and define

_ T+a \2 1
m = \/(2(1_a)) 1>0. (3.137)

That is

2 _1
o Ymit1/4—g (3.138)

m?+ /441
Denoting by ¢ := ¢, it was shown in [17] that the nontrivial solution ¢ of problem (3.135)

satisfying (3.136) can be written as

—p_

¢ =C(m)(Yy — @W’* T — )T, (3.139)
where
ha(m) = £/m?>+1/4+1/2, (3.140)
and
C(m) = o ! —a0 (3.141)
<¢+—¢— ’ ¢+—1/)—)

Here B(a,b) = fol t771(1 — t)>~dt is the Beta function. Moreover, it was also shown in [17] that
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¢, ¥ and z satisfy

GOE=0=0.0), GOE=)=00), ¢ <e<é, G4
and
o -1 =8
= G — DT W) (3.143)

Therefore, v is a continuous and decreasing function of z, and smooth in (0, 1). From (3.142) and

(3.143), one has

P o -
2(4)) = —C(m) /w (s — D) ( — )T i, (3.144)
and
P - —w+
() — 1= —~C(m) / (s — )T (§ —p_) T 5= . (3.145)

Next, we establish that ¢(z) € C*%([0,1]). From (3.139) and (3.143), we know when 1 is away
from v, and v_, i.e., z is away from 0 and 1, ¢(z) is smooth. Therefore, we only need to consider

when v is close to ¢, and 1/_. From (3.144), one has

Y= Yy Y-
U =y =Y Yy — 4

z(v) = C(m)B( ), (3.146)

where B(z;a,b) = [ t*'(1 — t)’~'dt is the incomplete Beta function (0 < = < 1). Moreover,

from (3.141), we know that

B (wm—fww X wfzp ) ¢’f; ) Yy — 1 Uy —1_
T R N R TR A : , : 3.147
) B(wfjd_7 w:ﬂ;f) <¢+ — Y- Yy =P g — @D—) ( )

where [(x;a,b) = Bé”(&;“él)’) is the regularized Beta function. When x € (0, 1), by series expansion
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(cf. [1, p. 944]), one has

1 — 1 1
I(z;a,b) = z) { z% Zib:ﬁi 1355"“}. (3.148)
Therefore, for ¢ < ¢ < 1,, we can write
C vy —y_
zwo=7%2w+—wwﬂfW—w4wﬂb
3.149)
1)/ apy —qp \n+1 (
8 HZ 1n+1) (¢+ w) }
Letting
= B(m”’#—i—l,n%—l) Yo —ah \ 1
T () ,:; TS (¢+_¢_) , (3.150)
then hy (1)) > 0 and hy(¢)) is smooth on ¢ € (¢)_, 1), ]|. Combine (3.143) and (3.149), we find that
for z € (0,1),
dp toovy o e s e

From this expression and since hy(¢)(z))) is smooth on z € [0, 1), we conclude that % is continu-

ouson z € [0,1), and smooth on z € (0, 1). Observe that o = %, thus we have

o 1EE@ - FO O(m)‘”wﬁ( e ( )>>wﬁ<¢(z) _¢_>W

=0t |z — 0 20+ 1+ hi(¢(z
‘ vy Wy % T
— ] C v ) ® (3.152)
i Cm) = () T e
Yo—py ¥ Yoty

= Cm) T ) (e — ) T < oo

Therefore, ¥ (z) € C*([0,1)), and thus ¢(z) € C*%([0,1)). Similarly, from (3.145), for _ <
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¥ < 14, we can write

(i e Py

T T TR TR T
_—C(m) T (1, — )T
- (=) (Vs — ) (3.153)
—— 4+ 1,n+1) V-t
{HZ 1n+1) (¢+—¢_)H}‘
Letting

LB L) oy

mw»=§% S A (3.154)

then hy(v)) > 0 and hy(7)) is smooth on ¢ € [¢)_, 1, ). Combine (3.143) and (3.153), we find that

dp Vit ( i s ptv— vy

== —C(m) W) T —ee) T =g (3.155)

From this expression and since hs(¢(z))) is smooth on z € (0, 1], observe that % > 1 and since

Y(z) € C*([0,1)), we know that indeed 1(z) € C*([0, 1]). Therefore, ¢(z) € C**([0,1]). O
Now we state first blowup result.

Theorem 3.3.3. Let ¢(z) be a nontrivial solution of the boundary value problem (3.135), and
let f(x) be a smooth odd periodic function with period 1, satisfying f'(0) = 1. Suppose that
(u,v,w,p) is a smooth solution to system (3.6), subject to the boundary condition (3.2), with
initial condition

up(x, 2) = —f(2)d' (), wvo(z,2) =—Qf (x). (3.156)

Then the solution blows up at sometime T € (0, 1].

Proof. From Proposition 3.3.2, one can conclude that ¢(z) € H?*(0,1). For smooth solution
(u,v,w,p), we know (3.114)—(3.115) is the governing system when x = 0. From (3.156), we
know the initial data for system (3.114)—(3.115) will be

Wolz) = ¢(2),  Va(z) = Q. (3.157)
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Thanks to Proposition 3.3.1, one can observe that

Wt z) = V(t,2)=Q (3.158)

is the unique solution to (3.114)—(3.115) subject to initial condition (3.157) and boundary condition
(3.117). Then we see W (t, z) blows up at ¢t = 1, and therefore, the solution (u, v, w, p) must blow

up at sometime 7 € (0, 1]. O

3.3.3 Second Method

In this section we provide another approach that adopts ideas from [91]. This approach requires
some additional conditions on the initial data, but avoids technical issue on the function ¢ as in
Proposition 3.3.2. Moreover, this approach allows the initial data to be analytic, which guarantees

the existence of solutions to the IPEs in the space of analytic functions.

Theorem 3.3.4. Suppose that (u, v, w, p) is a smooth solution to system (3.6), subject to the bound-

ary condition (3.2), with initial condition (ug, vo) satisfying the following conditions:

((uo(x, z) and vo(x, 2) are smooth odd periodic functions in x with period 1, (3.159)
1
uo(z, 2) satisfies the compatibility condition / up(z, z)dz = 0, (3.160)
0
8,00(0,2) = —Q forall z € [0,1], (3.161)
Dy110(0,0) = 0, Dyotio(0,2) < 0 forall = € [0,1]. (3.162)
Then the solution blows up at sometime T € (0, W&n)]'

Before proving this theorem, we first state the following lemma, which is similar to Lemma

2.4 in [91]. Since our settings are slightly different from [91], we also provide a detailed proof.

Lemma 3.3.5. The smooth solution (u, v, w, p) stated in Theorem 3.3.4 satisfies

duu(t,0,0) =0, (3.163)
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and, as long as the solution remains smooth at time t, we have

Opzou(t,0,2) <0, forall z € [0,1].

In other words, condition (3.162) is invariant in time.

(3.164)

Proof. For arbitrary yo € R and z, € [0, 1], consider the following system of characteristic equa-

tions

dx

o =ut, X, 7),

Y — (X, 2),

dt

with the initial data

It means that particles starting from the line segment

L= {(m,y,z) cx=0,y=1vyy, 2 € [O,l]}

(3.165)

(3.166)

(3.167)

(3.168)

can only move along this line segment. Moreover, when z; = 0 or 2y = 1, thanks to the boundary

condition (3.2), the solution must satisfy additionally Z(¢) = 0 or Z(t) = 1, respectively. This

means that the particles stationed at (0, yo, 0) and (0, yo, 1) do not move.

On the line segment L (3.168), we again consider the reduced system (3.114)—(3.115). By

virtue of the last equation in system (3.6), the boundary condition (3.2), and the assumption
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(3.161), one obtains that the corresponding initial and boundary conditions are
W(0,z) = —/ 0,up(0, s)ds, V(0,z) =Q, (3.169)
0

W(t,0) = W(t 1) =0. (3.170)

From (3.169), thanks to Proposition 3.3.1, we observe that IV = (2 is the unique solution to equation

(3.115). Plugging this back into equation (3.114), we obtain
1
Wi, — (W2 + WW,, + 2/ W2(t,2)dz = 0. (3.171)
0
By taking one derivative with respect to z of (3.171), we have

From (3.162), (3.169) and (3.170), we know that W,.(0,0) = 0 and W (¢,0) = 0. These together

with the last equation in system (3.6) and (3.172) imply that

Dy2u(t,0,0) = W,.(t,0) = 0. (3.173)
By taking two derivatives with respect to z of (3.171), we have

Wieo — W2 +WW,... = 0. (3.174)

Since the particles on the line segment L only move along this line, therefore, (3.174) implies

iwm(t, Z(t)) = %wm(t, 0,7(t))

dt d (3.175)
= WtzzZ(t7 Z(t» + Wszzz(ta Z@)) = Wz2z<t7 Z@)) > 0.

Let 7 > 0 such that the solution (u, v, w, p) of system (3.6) remains smooth on [0, 7]. Then
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(3.175) implies that as long as ... (0, Z(0)) > 0, we have W_.(T, Z(T)) > 0. In order to show
that W,..(T, 2*) > 0 for each z* € [0, 1], we need to find 2, € [0, 1] such that Z(0) = 2 and

Z(T) = z*. For this purpose, we define
T=T—t, Z(1)=Z(t). (3.176)

Then, we have the following ordinary differential equation

dZ(r) dzZ(t)ydt  dZ(t) B _
==L = WL Z(1) = —W(T — 7, Z(7)), (3.177)

with initial condition

Z(0) = Z(T) = . (3.178)

Since W is smooth on ¢ € [0, 7], we have a unique solution Z(7) on 7 € [0, 7]. Define z, :=

Z(T), then we see from (3.176) that Z(0) = Z(T) = 2 and Z(T) = Z(0) = z*. From

incompressible condition, we know that 0,,,u(t, 0, z) = —W,_.(t, ), therefore,
Opoati(t,0,2) < 0, forall z € [0, 1]. (3.179)
]
We also need the following lemma. For details, see Lemma 2.5 in [91].
Lemma 3.3.6. Let f : [0,1] — R be a C? function with the following properties:
1. f'(0) =0and f"(z) > 0 forany z € [0, 1],
2. fol f(2)dz = 0.
Then f(1) > 0 and
1
1
/ fA(2)dz < gf(1)2. (3.180)
0

Now let us return to the proof of Theorem 3.3.4.
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Proof. (Proof of Theorem 3.3.4) From the proof in Lemma 3.3.5, we know under the assumptions

in Theorem 3.3.4, we have
1
Wi, — (W2 + WW,, + 2/ W2(t,2)dz = 0. (3.181)
0

From Lemma 3.3.5, we know W, (t,-) = —0d,u(t,0, ) satisfies both conditions in the Lemma
3.3.6. Therefore, we have W, (¢,1) > 0 and fo L(t,z)?dz < §W.(t,1)%. Using this inequality in

(3.181), and restrict at the point z = 1, thanks to the boundary condition (3.170), we have
! 1
Wt 1) = W,(t,1)% — 2/ W.(t,2)*dz > ng(t, 1)2. (3.182)
0

Since W, (0, 1) > 0, it follows that

3W,(0,1)
W.(t1) > —————————. 3.183
R P AN (3.183)
Then we see W, (¢, 1) blows up before or at the time A ( N = 8qu(30 0 Therefore, the solution
(u, v, w, p) must blow up at sometime 7 € (0, m] N

Remark 7. The requirements (3.159)—(3.162) allow the initial condition to be real analytic. As an

example, consider ug and v, to be:
5 1 . .
up(z, 2) = AM(—2° + 5) sinz, vo(z,2) =—Qsinz, (3.184)

with A > 0. For analytic initial data, system (3.6) is local well-posed (from Theorem 3.2.2).
Therefore, for arbitrary 2 € R, we have initial data such that the solution of 3D IPEs exists,
and also blows up in finite time. For initial data (uo, vy), notice that fol up(x, z)dz = 0 and vy is
independent of the z variable. This implies that the baroclinic mode of the initial data is (uo, 0),

and the barotropic mode of the initial data is (0,vy). We know from above that the guaranteed
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blowup time is

= —. (3.185)
When Q2| > 1, we have:

» when A = ||, the baroclinic mode satisfies (ug, 0) ~ |€2|, and the whole initial data satisfies

(ug,vo) ~ |€2|. The guaranteed blowup time in this case satisfies 7 ~ ok

» when A = 1, the baroclinic mode satisfies (ug,0) ~ 1, while the whole initial data satisfies

(ug,vg) ~ |€2|. The guaranteed blowup time in this case satisfies 7 ~ 1;

L

e when \ = ap this implies a smallness condition on the baroclinic (ug,0) ~ i|, while the
1

|

whole initial data satisfies (ug, v9) ~ |€2|. The guaranteed blowup time in this case satisfies

T ~ Q.

Based on the observations above, one can expect that the lower bound of the life-span of the
3D IPEs in the space of analytic functions can be prolonged with fast rotation, and with some
smallness conditions on the size of the baroclinic mode. We will investigate this problem in the

next section.

Remark 8. It remains interesting to know whether for arbitrary (2 there exists a blowup solution
with initial data (ug, v9) whose barotropic and baroclinic modes are both of order 1. Moreover, to
estimate the corresponding blowup time 7 as |2] — oo. Observe that if the blowup time 7 ~ 1
as |Q2| — oo, this would imply that fast rotation does not prolong the life-span of the solution to
the 3D IPEs unless, as it has been noted above, a smallness condition on the size of the baroclinic

mode is met.
3.4 Long-time Existence

In previous sections, we have shown local well-posedness and constructed smooth solutions
that blows up at finite time. In this section, we will show that with certain assumption on the initial
data, the life-span of solutions to the 3D IPEs can be prolonged to infinity. For this result, we do

not take advantage of fast rotation, i.e., this result is independent of €.
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We start with the following important observation. When IN)O = 0 in system (3.31)—(3.32),
V=0 by uniqueness of the solutions. Then, system (3.31)—(3.32) only contains the evolution of
the barotropic mode V), and it is governed by the 2D Euler equations since V = 0. Itis well-known
that the 2D Euler equations are globally well-posed in Sobolev spaces. Moreover, it has been
shown by Levermore—Oliver [64] that the 2D Euler equations are also globally well-posed in the
space of analytic functions.

Based on this observation, one can expect that the life-span of solutions to the 3D IPEs can be
prolonged as long as the Vo is small. Since we are working in the space of analytic functions, we
need the smallness of the analytic norm of 170. This is a strong assumption, and we will see later, if
the rotation rate is fast enough, we can obtain long-time existence result by putting a much weaker
assumption on the initial data.

We first review the 2D Euler equations.
3.4.1 2D Euler Equations

Consider the following 2D Euler equations in T?3:

{atV+V-th+th= 0, (3.186)
Vi V=0, (3.187)
with initial condition

Vl]i—o = V. (3.188)

Here V depends only on two horizontal variables ’. The global existence of solutions to system
(3.186)—(3.188) in Sobolev spaces H" with » > 3 is a classical result, see, e.g., [10]. Moreover,

from equation (3.84) in [10], for > 3, we have

e < Col|[V || e (1 4+ In ||V 52r). (3.189)

d —
—||V
ZI7]
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Let |Vo||gr < M forsome M > 0. Since In™ z+1 < 2In(z+e), by setting W (t) = |V ()| g~ +e,
from (3.189), we have
d

aw <C,WhhW. (3.190)

Therefore, we get the following bound:

ecrt

V() e < W(E) < WO = ([Vollur +€)" < (M +e)*" = 0ar,(t). (3.191)

We need the following lemma for the purpose of this section. For its proof, we refer the reader
to [64]. It is also a special case of Lemma 2.2.14.

Lemma 3.4.1. For f,g € D(e™ : H™*'/2) where r > 5/2 and 7 > 0, one has

(A"e™(f - Vag), ATe™g)| < Co(|AFINAGN? + IVh - fllz=llA"e™g]|?)

+OTT”AT+1/2€TA]£HHAT+1/2€TAgH2. (3.192)

Moreover, if r > 3, then ||AT+Y/2e7A f|| can be replaced by || A"e™ f||.

Based on Lemma 3.4.1, Levermore—Oliver [64] proved the global existence of solutions to
system (3.186)—(3.188) for initial data in the space of analytic functions. For completion, we state

it here, with slight difference compared with the original statement in [64].

Proposition 3.4.2. Assume Vo € SN D(e™A : H"(T?)) withr > 3 and 7y > 0, and suppose that

le™ V|

ur < M for some M > 0. There exists a non-increasing function

¢
7(t) = 10 exp ( - C’r/ h(s)ds), (3.193)
0

where

t
R2(t) := ||e™ V% + O, / 0, (s)ds, (3.194)
0
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and 6y, (t) defined in (3.191), such that for any given time T > 0, there exists a unique solution
VeSnL®0,T:;D(e WA H'(T?))) (3.195)
to system (3.186)—(3.188). Moreover, there exist constants Cy; > 1 and C,. > 1 such that
1"V (1)1 < B2 (t) < O™, (3.196)

3.4.2 Long-time Existence of The 3D IPEs

The following is the main theorem of this section, which concerns the long-time exsitence of

solutions to system (3.31)—(3.34) in the case when the analytic norm of )70 is small.

Theorem 3.4.3. Assume Vy € SND(e™4 : H™(T3)), Vy € SND(e™4 : H(T3)) withr > 5/2
and 19 > 0. Let Q2 € R be arbitrary and fixed. Let M > 0 and ¢ > 0, and suppose that
e Vo] grre1r < M and ||eT°A170||Hr < €. Then there are constants Cy; > 1 and C, > 1, and a

function K(t) = C’f\}(p(cﬂ), such that if T = T (10, €, M, r) satisfies

T Ky, _ T
e™VWds = —, (3.197)
0 2e

then the unique solution obtained in Theorem 3.2.2 satisfies (V,V) € S N L>®(0,T;D(e™®4 -
H'(T?))), with

t
r(t) = B KO (g [ eKOs) (3.198)
0

In particular, from (3.197), T Z In(In(In(2))) — oo, as € — 0.
Thanks to Lemma 2.2.6 and Lemma 3.2.1, we immediately have the following corollary.

Corollary 3.4.4. Assume V, € S N D(e™? : H™Y(T?)), and the conditions of Theorem 3.4.3
hold. Then the unique solution obtained in Corollary 3.2.3 satisfies V € S N L>(0,T; D(e™®4 .

H™(T3))), with T defined in (3.197) and T defined in (3.198).
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Remark 9. For the proof of Theorem 3.4.3, we only establish formal energy estimates. How-
ever, these formal estimates can be justified rigorously by establishing them first for the Galerkin
approximation system and then passing to the limit using the Aubin-Lions compactness theorem

(Lemma 2.2.10), as we did in the previous section.

Remark 10. The constants C); and C,. in K (t) may change from step to step in the proof, and
always larger than 1. When necessary, we use K (t), K»(t), ... to emphasize the changes in C),

and C,.. Two useful inequalities are

t t
/ K(s)ds < Ki(t), / K ds < K1 (3.199)
0 0

for some new K7 (t). At the end, we choose some suitable and large enough C); and C, for the

K (t) in Theorem 3.4.3. Similar abuse of notation will also be used in the rest of sections.

Proof. (proof of Theorem 3.4.3.) Let V be the unique global solution to the 2D Euler equations
(3.186)—(3.188) in the space D(e™"4 . H™1(T3)), with initial condition Vj = V), and 7(t)
satisfying (3.193). Let ¢ = V — V. Applying PP}, to (3.186), taking the difference between (3.31)
and (3.186), and writing (3.32) in terms of V and 5, we have

( ata + P, (5 . Vha 4 5 VRV 4V Vh$> + Phpo((vh : ]7)]7 +V- Vhi) =0, (3.200)

at)?+l7-Vh)7+$~vhl7+7-vh17+17-th$+17th

—PO<(Vh-)7)1N2+1N)-VhV / Vi - V(s)ds)d.V +QVt =0, (3.201)

\

with initial condition
5(0)=Vo—=Vo=0, V(0) ="V (3.202)

First, by virtue of (3.51), and since the L? energy is conserved for V, thanks to triangle in-
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equality, we have
161+ [IVIP < 2(IVI2 + V]2 + [[VI1?) = 4]Vl + 2|V %. (3.203)

Next, applying A”e™ to equation (3.200) and (3.201), and taking L? inner product with A”e7™4¢

and A”eTA)j, respectively, thanks to Lemma 2.2.4 and Lemma 2.2.5, since Poﬁ = 0, we have

1d >y . r TA r TA(L = r TAL
S [ATET G = H A 2AG|R — (A Vig), A7)
—<ATGTA($ . th)7 AT’GTA5> N <AreTA(V . vh$)7 A'reTA$>

—<AT67A()7 VD), ATeTA$> - <ATeTA((Vh V), ATeTA$>, (3.204)
and

%%HATGTAY}H? _ 7'_||Ar+1/2€7—A]7||2 o <AT€TA()7 . vhﬁ)’ArerA)7>
—<ATeTA(g_b VWD), A“eTA]~2> - <A7"eTA (V- V), Are”‘)?>
—<ATeTA(1~/ V0d), AT’eTA]~2> - <A’"eTA(17 V), Are”‘17>

+<A7"6TA(( / ) V- V(2 s)ds)azﬁ),AreTA17>. (3.205)
0

Thanks to Lemma 2.2.11-2.2.13, we have

+ ‘<Are”‘(17 V), AreTAa>

(404G 9,8), 4rer5)
+ <A’"eTA((Vh VYD), A’"eTA$>‘ n ‘<A’"e”‘(l~2 VD), ATeTA]~2>‘
+(are (@ viv), A?"eTA17>) n ‘<Afe”‘(17 Vhd), A’“e”‘17>‘

+ <A’"eTA(( /0 V- V(@ s)czs)aj),AreTAﬁ>

< G| AT EAG] + ATV (AT ETAG|P 4 | AT T AVR). (3.206)

Here we use the fact that V and 5 have zero mean value. For ]7, since V = 0, so its mean is zero.
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For ¢, since V' and V both have zero mean value, therefore, ¢ also has zero mean value.

By virtue of Lemma 3.4.1, since Vj, - V' = 0, one obtains

‘ < A AV V), AT 67A5>

+ ‘<AT€TA(V VD). ATeTA9>’
< CAVI(JAGI + | AV|1?)

+C, | AT AV (| AT TG 4 AT AY|P). (3.207)

From Lemma 2.2.2, thanks to Cauchy—Schwarz inequality, and since 17 and q_b have zero mean,

we have

‘ (Ared(V W, V), ATV ‘ n ‘ (A (G- V)V), A7e™5) ‘

< Gl AV || g (| ATeT4G]12 + |ATe™AV12). (3.208)

Combining all of the estimates above, we have

| &

(|47 3| + || AT V%)

N | —
QL

t

< (#+ Gl 3] + |47V + Core™ Ve )

RS

« (||AT+1/2€TA5”2 + ’|Ar+1/267—A)7||2>

O AT | s (HA%““EHQ + ||ATeTA1N}||2>. (3.209)

As indicated in Remark 10, we will use Ky, K, K», ... to indicate the change in K (t) from
step to step, and all of them are increasing double exponentially in £. Recall that 7; is defined by
(3.193). Indeed, there exists a function K () such that 71 (t) > roe~Jo Ko(=)4s Let 7 < 7. Recall

from (3.196), we have

[TV D) s < [V (@) s < P = Ko (1), (3.210)
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Denote by
F= AT+ AP, G = ARG 4 AT DR 321D
We can rewrite (3.209) as
d . 1/2
EF <27+ C,FY? + 7K,)G + K, F. (3.212)

Notice that when 7 satisfies

T+ CFY? 4+ 7K, <0, (3.213)
we have
F(t) < F(0)eho K290 < p()eKs(®), (3.214)
and therefore
C.F(t)/? < F(0)Y2eK4®), (3.215)

Notice that F(0) = [|ATe™4Vy||2 < |[e™ V|2 < €. From (3.213), we require that

%(T@fot Kal)ds) 1 eelo Kalds Ka®) < (3.216)

Thanks to (3.199), we have

ejg Ka(s)ds o Ka(t) < oKs(1) (3.217)

for some new K’5(t). Therefore, instead of (3.216), we require that

% (rels K25y |- oK) < ) (3.218)
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Integrating (3.216) from O to ¢ in time, we have
. t
T(t)efo Ka(s)ds < 7 e/ ef5() s, (3.219)
0

Recall that we also need 7(t) < 7(¢) and we know that 71 () > moe~ Jo Ko($)ds  Therefore, for a

new and suitable function K (), we can set
. t
T(t) = e~ Jo K()ds () 6/ K ds) (3.220)
0

such that 7(¢) satisfies the condition in (3.213) and also 7(¢) < 7(¢). One can see 7(t) > 0 on
t € [0, 7] when T satisfies
T 0
/ K ds = 2 (3.221)
0 2e
Since K(t) is double exponential in time, and fOT B ds < TeKT) < 2K(T) | we have
T 2z In(In(In(2))) — coas e — 0.
From (3.214), since ¢ and V have zero mean, we can apply Poincaré inequality to obtain
2, < 2el® (3.222)

le OG0 17 + lle™ MV (2)]

when K (t) is chosen suitably, on ¢ € [0, T, with 7(¢) defined by (3.220). From (3.196), and since

7 < 11, we know ||e”®AV(¢)|| - is also bounded on ¢ € [0, T]. By triangle inequality, we have

IOVl + [V ()| e

< e D4G@0) |1 + DAV () ||l + ||e” PV @) || - < 00 (3.223)

ont € [0,7]. Therefore, the time of existence of the solution to system (3.31)—(3.34) satisfies

(3.197). ]

75



3.4.3 Convergence to The 2D Euler Equations

Based on Theorem 3.4.3, we have the following result concerning the convergence of solutions
of the 3D IPEs (3.31)—(3.34) to solutions of the 2D Euler equations (3.186)—(3.188) in the space

of analytic functions.

Theorem 3.4.5. Assume a sequence of initial data {Vy = Vo}nen C SND(e™4 - H'(T?)) and
{Vi}nen C SND(e™A : H™(T?)) withr > 5/2 and 7o > 0. Let Q € R be arbitrary and fixed.
Suppose || V|| r+1 < M for some M > 0, and ||e™*V2|| gr < €, with €, — 0, as n — .
Then there are constants Cyp; > 1, C,. > 1, and a function K (t) = Cﬁ}(p(crt), such that for each
n € N, if the function 7"(t) and the time T,, satisfy
t Tn
T(t) = e~ Jo K(s)ds (7, _ en/O K ds), /0 K@ s = 10 (3.224)

2¢,,’

the solution to system (3.31)—(3.34) with initial data (73, )761) satisfies
V", V") € SNL=(0,Ty: D(e™ A« H'(T?))).

Let V. e 8N L®(0,00; D(e” WA : H"(T3))) be the unique global solution to the 2D Euler
equations (3.186)—(3.188) with initial data V (0) = V. Then, (Vn, 9") converges to'V fort €

0, 7o), as n — oc, in the following sense:
e’ DAV + V" = V)(O)|lir < 25D =0, as n — oo, (3.225)

Proof. Denote by o =V"-V. By virtue of the proof of Theorem 3.4.3, we just need to prove

the estimate (3.225). Since 7°(¢) < 77(t) for any n € N, from (3.222), one has

70 1 70 T T i ™ @
e DT e+ OG0 e < e OATE) e+ 7 OAG ()]

< €,k (3.226)
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when the function K (t) is chosen suitably. Therefore, we have
e @AV + V" = V)W)l < [le” OV @) || + [le” D" (1) || < €neXD. (3.227)

As n — oo, we have €, — 0, and therefore, ¢,e(® — (. This completes the proof. OJ

3.5 Effect of Rotation

In this section, we investigate the effect of rotation on the life-span of solutions to the 3D IPEs.
Our goal is to show that fast rotation, i.e., when || is large, the life-span can be prolonged. For

this purpose, we investigate the rotation operator, and do further reformulation of the 3D IPEs.
3.5.1 Reformulation of The Problem

For p € L? where L? is defined in (3.27), the rotating opeartor is
To:=¢" = (—p2.01). (3.228)
Inspired by the 2D Leray projection, we define the projection Ps : L2 — S as
Psp := ¢+ P,p. (3.229)
Then, we can define an operator P : S — S as
Py := Ps(Tp). (3.230)
A direct computation using V}, - ¢ = 0, we obtain

Py =g, (3.231)
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It is easy to see that the kernel of P is

kaP:{¢eS:¢eq§={¢eS:¢=¢} (3.232)

Therefore, the projection Fy : S — ker P indeed is the projection into the kernel of P.

Notice that if we consider V, € ker P, i.e., consider )70 = 0, the 3D IPEs reduce to the 2D
Euler, and this has been discussed in section 3.4. In order to investigate the effect of rotation, we
further study the evolution of the baroclinic mode. This can be done by further decomposing the
baroclinic mode in order to identify the resonant and non-resonant parts due to the rotation.

Since the rotation matrix

0 —1
J =
1 0
~ ~ ~ 1
corresponding to PV = JV = V! has eigenvalues +i, with eigenvectors \/Li , wWe can
Fi

define

1 1, |1 1 1,
=5 )| | =30+ 6233

ﬂw:<U—%W, ' '
2 2

Sl
[\
~. —
\/
T
Sl
[\
-~
[\

and

P_¢:—<(I—P0)go,% _12 >E% _12 —%<§5, _12 >E _12 —%(@—Z@l)

(3.234)

Here the inner product (-, -) i is the usual Euclidean inner product. These projections P, and P_

are also defined in section 2.1, and we give the derivation here. Similar ideas and projections for
3D rotating Euler equations can be found in Dutrifoy [34] and Koh—Lee—Takada [56].

In fact, the operator P has three eigenvalues, 0 and 4i. These three projections Fy and P.

project V into the eigenspaces corresponding to 0 and F¢. From Lemma 2.2.3, we know we can
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use Py and P. to decompose any vector filed ¢ € L*(T?) into three parts that are orthogonal to
each other.
Now observe that we can write V* in equation (3.32) as V= = —i(P,V — P_V). Hence

applying P, to (3.32), we have

O PLV + Py (17 VAV ViV A V-V — B(V-VuV + (Vi - V)Y)

: _ (3.235)

— (/ Vi, - V(az’,s)ds)ézv> FiQPY = 0.
0

By setting
Uy =e PV, u_ =Py, (3.236)

and multiplying e~** to the equation for P,V and ¢** to the equation for P_V, we can rewrite

(3.235) as

Bus + TP, (V ViV V- ViV +V-VV — B(V - ViV + (Vi - VD)

(3.237)
/ Vi - V(@ sds)@V)zO.
For the u part, thanks to Lemma 2.2.3 and (3.233), we have
(b (D SRy Sy Sy _ Lo (5 Sy DL
PL(V-ViV) = 5(V- VoV +iV- U, V4) - 5PO(V WY iV VY )
1~ ~ .~ 1 ~ SO
= V-V, (V+ iV - =R (V V(U + z'w))
2 2
— i (17 Vhuy — Py(V - th+)>, (3.238)
_ 1~ _ _ 1~ _
Pe(V-ViV) = (V- ViV + iV ViV = SV ViVt V), (3.239)
_ -1 -~ ~ S
PL(V-ViV) = 5(V- ViV +iV- ViV = (V- Viyuy), (3.240)
| P.Ry (17 WY+ (V- 17))7) —0. (3.241)
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Observe that by integration by parts one has

P, (( /O RNV s)ds)ajz)

:%((/OZ V- V(@' s)ds)d,V + i(/oz ViV, s)ds)aﬁl>

~ %Po(( /0 Vi V(' 5)ds)d.V + i /0 Y, V@, $)ds)o. V")

(3.242)

:eiQt(/ v, - ﬁ(m', s)ds)@,zu+ + eiQtp()((Vh . ]7)qu>
0

Therefore, u part in (3.237) becomes

Ay = —(9 Vptus +V - Viuy — BV - Vius + (Vi - V)uy)

z - 1 o
—(/ Vi - V(x, s)ds)azu+) — ée_lm(v Vi) (V + Z'VL). (3.243)
0
Using V = u_ e + u_e~, we can furthermore rewrite (3.243) as

Opuy = —e' <u+ -Viuy — Py(uy - Viyuy + (Vi - uy)uy)
—(/OZ Vi - uy(x, s)ds)@zu+>
(V- Vi + 5 V)V V)
—e‘zmt%(u V)V + V)
—eT (u, -Vyuy — Py(u_ - Vyuy + (Vi - u)uy)

—(/Z Vi -u_ (2, s)ds)azu+>. (3.244)
0

From (3.244), one can identify the resonant and non-resonant parts due to the rotation. The
resonant part is

— 1 — —
Oy +V - Vit + 5wy - Vi) (V + V) =0.

Notice that u_ is the complex conjugate of u. Therefore, by taking complex conjugate of
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(3.244), we obtain the evolution equation for u_ as:

dpu_ = —e MM (u_ -Vipuo — Py(u_ - Vyu_ + (V- u_)u_)
—(/ Vi - u_(w’,s)ds)azu_>
0
— 1 — —
- (v Vi + (- Vi)V - ﬂf))
—e2mt§(u+ -Vp)(V — iVl)
e (u+ -Vyuo — Po(ug - Vyuo + (V- ug)u_)

—(/ Vi - u+(a:’,s)ds)8zu_>. (3.245)
0
Here the resonant part is

_ 1 _ _
O +V - Vi + (- V)V ~ V) =0.

Next, we reformulate the evolution of the barotropic mode (3.31). Using Y= up e fu_e ",

we can rewrite (3.31) as:

OV + PA(V - iP) + P (- T + (9 ) )
+ e 2P, Py (u_ -Vywu_ + (V- u_)u_>

+ ]Phpo <U+ : thf +u_ - VhU+ + (Vh . u+)u, + (Vh : u,)qu) =0.

Since uy = %P Y = %emﬂt()} + ﬂ?L) and P, commutes with F,, the last term becomes

P, P, <u+ -Viuo +u_ - Vyuy + (Vi - up)us + (V- u_)u+>
= PP, <u+ Vipuo +u_ - Vyuy + (Vi - up)u_ + (Vy, - u_)u+>
1 - SO - -~ -~
— S RP, <V VY VL VD (V- V)Y 4 (V) - Vi)vi)

1

= §P0Ph(vh|9‘2) =0.
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Therefore, one obtains

0V +Py(V - VhV)+62’QtIPhPO(u+ Vats + (Vi - up)u )

e HUp P0<u_ Vit + (V- u_)u ) 0, (3.246)

Here the resonant part is

oV +P,(V-V,V) =0,

which is the 2D Euler equations.

In summary, we have the following lemma.
Lemma 3.5.1. ForV € S, system (3.1) is equivalent to system (3.244)—(3.246).

3.5.2 Limit Resonant System

In previous section, we have done the reformulation to see the resonant and non-resonant parts
due to rotation. In this section, we derive the formal resonant limit resonant system of the original
system (3.1) (or equivalently, system (3.244)—(3.246) by Lemma 3.5.1) as |{2| — oo, and establish
some properties of the limit resonant system.

Recall from (3.244), we have

Opuy = —e'¥ <u+ -Viuy — Py(uy - Viyuy + (Vi - uy)uy)
—(/OZ Vi - uy(x, s)ds)azu+)
(V- Vi + - V)V V)
—e (u_ -Viuy — Po(u— - Viuy + (Vi - us)uy)
—(/OZ Vi u_(2, s)ds)@qur)
e (V) (V4 V)

= —"U] — Iy — e M — U], (3.247)
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where

L :==uy - Vyu, — By <u+ -Vauy + (Vi - u+)u+> — (/ Vi - uy (', s)ds) 0.uy,
0
= 1 = =l
Iy =V - Vyuy + §(U+ V)V +1iV7),
. (3.248)
Iy :=u_-Vyu, — P (u, -Vyuy + (V- u,)qu) — (/ Vi -u_(2, s)ds) d.uy,
0
1 _ —
I 5:= §(u_ Vi)V + Z'VL).
Observe that /[ is a typical resonant term. Unlike the case of the 3D Euler equations where there

are frequency selection resonances, in this resonance term, /y, all frequencies resonate.

We can rewrite (3.247) as

( th] —th]_1 o %6_2i9t1_2>i|

1

7 .
— _§< tha I —thatI_l o 56—2197581:]_2) _ IO~ (3249)

Denote by the formal limits of u,,u_, ) to be U,, U_, V. By taking limit |Q2| — oo formally, we

obtain the limit resonant equation for u is
U, =—(V-Vy)U, — %(U+ V)T +iV). (3.250)
By taking the complex conjugate, we obtain the limit resonant equation for u_ is
QU_ = —(V-V)U- — %(U_ V(7 =iV, (3.251)
For the limit equation for V, recall from (3.246) that

OV + Pu(V - th)+62thhP0(u+ Vitis + (Vi - 1) )u >
0

+6_2iQt]P)hP0< th +(Vh U_ ) >
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Observe that P,(V - V, V) is a typical resonant term. Using the similar method in the derivation of

U,, we can derive the limit resonant equation for V as
oV + P (V -V, V) =0. (3.252)

Observe that (3.252) is the 2D Euler equation.

Consider the initial conditions
_ 1~ ~ 1 ~ ~
(Vo, (U+)os (U7)0> = (Vo, 5o +zv&),§(vo — zv&)) (3.253)

for system (3.250)—(3.252). Since Vy € S, we have V, - V = 0, P,V =V, and P,U;. = 0.
Besides the equations for U and V, we also want a baroclinic mode V similar as in the original

system. Since initially U, (0) = 3

(Vo+iVi), we define V := U, + U_ so that Uy = %(‘7 +iVL).
From (3.250)—(3.251), we have

- 1 ~ - _
OV + (V- Vi)V + (V- ViV =V VV) =0. (3.254)

Since V;, - V =0, (3.254) is equivelent to

~ ~ 1~ _
8tV+V-VhV+§VL(Vﬁ-V):O. (3.255)

Since PyUL = 0, we see )V = 0.

Therefore, we consider the following limit resonant system

OV +P,(V-V,V) =0, (3.256)
OV +V -V, V+ %f/l(v,f V)=0, (3.257)
V(0) = Vo, V(0) =T, (3.258)

with P,V = V and P,V = 0. Now notice that (3.256) is the 2D Euler equation, and (3.257) is a
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linear transport equation with an additional stretching term.
Next, we establish the global well-posedness of limit resonant system (3.256)—(3.258) in both
Sobolev spaces and the space of analytic functions. Notice that the global well-posedness of

(3.256) has been established in Proposition 3.4.2.

Proposition 3.5.2. Assume Vo, € S N H™Y(T%) and Vo € S N H"(T?) with r > 5/2. Let
M > 0, and suppose that |V || gr+1 < M. Then there exist constants Cyy > 1 and C, > 1, and

a function K(t) = Cﬁ}{p(crt), such that for any give time T > 0, there exists a unique solution
V e SNL®(0,T; H™(T?)) and V e SNL>(0, T; H™(T?)) of system (3.256)~(3.258) on [0, T),

and satisfies
V@)l < K@), [VOllar < [Vollare®®. (3.259)

Moreover, assume Vo € D(e™* 1 H™(T?)) and Vy € D(e™* : H™(T?)) with r > 5/2 and

70 > 0, and suppose that ||e™*V || gr+1 < M. Then there exists a function

7(t) = 1o exp(— /Ot K(s)ds), (3.260)

such that for any given time T > 0, there exists a unique solution V€ S N L>®(0,T;D(e"®4 .
H™YT3))) and V € SN L®(0, T; D(e”®4 : H"(T?))) of system (3.256)~(3.258) on [0, T] such
that

| OV @) lrr < K (1), NPV Ol < (|4 Vol| e, (3.261)

Proof. We will use the notation K, K5, ... as indicated in Remark 10. The global well-posedness
of the 2D Euler equations in Sobolev spaces and corresponding growth estimate is classical, see
[10]. From (3.191), we obtain that || V|| z-+1 < K1(t) for some function K, (t).

For the growth of ||X7|| wr, by standard energy estimate, since V-V = 0 and r > 2, we have
d =2 i\ 2
i IVl < CollV Lz [[V |- (3.262)
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By Gronwall inequality, and by virture of the growth of ||V || z~+1, we obtain
~ ~ 1 t ~
[Vl < [1Vollr exp(5C: / Ki(s)ds) < ||Vo|| gre™® (3.263)
0

for some suitable function K(¢), such that ||V (¢)| g1 < K(t) also holds. By virtue of these
formal energy estimates, the global well-posedness of system (3.256)—(3.258) in Sobolev spaces
follows.

The global well-posedness of the 2D Euler equations in the space of analytic functions and the
corresponding growth estimate are established in Proposition 3.4.2. From Proposition 3.4.2, we
can first choose some suitable functions K () and K,(t) such that 7(¢) < 75 exp(— fot K(s)ds)

and ||e”WAV (¢)]

H7'+1 S KQ(t)
For the baroclinic mode 17, first, it is easy to see the L? energy is conserved. Next, using

Lemma 2.2.2 and Lemma 3.4.1, since r > 5/2 and [ V(z)dx = 0, we have

1d ~
- Ar TA 2
S llAre |

~ _ ~ ~ 1 _ ~
= FHATRTAVIE — (AT V), ATV ) = (AT (V- TV AT
< (7 + Cor|| AT e AV A2 AV |2 + Cul| eV o || ATe™AV |2, (3.264)
For suitable K (t) and K5(t), we have
7+ Cor||A™e™ V|| < 7(— K, + C.K) <0. (3.265)

Therefore, by Gronwall inequality, thanks to (3.199), for some suitable function K (t), we have

t
1ATe™ AV ()] < [|ATe™ Vo[ exp( / Crlle™™ AV (s)| 1 ds)

0
< || AV[|2- 5. (3.266)
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Since L? energy is conserved, we have
e DAV (@) || g < [le™ Vo] rreK®. (3.267)

We can choose K () large enough such that 7(t) = 75 exp(— f(f K(s)ds) and ||e”®AV || gre1 <
K (t). Notice that 7(7) > 0 for any finite time 7 < oo. Therefore, the solution (V, V) exists in

the space of analytic functions globally in time. [

Remark 11. The use of K (t) above still follows Remark 10. The conclusion is that the growth of
[V (#)|| -+ and ||e™ @AV ()| yr+1 are double exponential in time, while the growth of ||V ()| s~

and ||e" AV (¢)|| - are triple exponential in time.

Remark 12. Since Uy = %(IN/ + ﬂN/L), similar as Lemma 2.2.7, for r > 0 and 7 > 0, we have

1 ~
1411 = 1U-1° = 51V, (3.268)
and
1 ~
lem Ui = e U117 = Slle™ VI (3:269)

Therefore, the growing bounds of ||V ||+ and ||e”®AV (t)|| - also apply to ||UL(¢)|| - and

le™OATL(E) || -
3.5.3 Main Results

With the help of fast rotation, i.e., when |{2| is large, we show that the time of existence of the
solution in the space of analytic functions can be prolonged as long as the Sobolev norm H%HH?«
is small depending on 2, while the analytic norm ||eT°A1N70||Hr can be large (of order 1). We call
such initial data as “well-prepared” initial data. The following theorem is the main result of this

section.

Theorem 3.5.3. Assume Vy € S N D(e™? : H3(T3)), Vy € S N D(e™? : H™2(T3)) with

r>5/2and Ty > 0. Let M > 0 and 0 > 0, then there exist constants Cr; > 1, Cppry > 1, C > 1,
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Cexp(Crt) ~ ~exp(Crt)

Criny > 1, Cp > 1, and functions K(t) == ¢“vn | Ko(t) == e“Mm, with K(t) > Ko(t).
Suppose that || > CTOeK(l) and that || V|| grr+s + |V || ez < M with || Vo || gss < IQo\’

Then there exists a time T = T (19, ||, M,7) > 1 satisfying
Cre® M = |, (3.270)

such that when |Q| > |Qq], (V, V) to system (3.31)~(3.34) obtained in Theorem

3.2.2 satisfies (V,V) € SN L=(0, T; D(e"®A - H"(T3))), with

t Ko()

/m /omo

In particular, from (3.270), T Z In(In(In(In |2]))) — oo, as || — oo.

() = ro _ ds) e~ o Ko(s)ds < . (3.271)

Thanks to Lemma 3.2.1 and Lemma 2.2.6, we immediately have the following corollary.

Corollary 3.5.4. Suppose Vo € S N D(e™* : H™3(T?)), and the conditions of Theorem 3.5.3
hold. Then the unique solution V obtained in Corollary 3.2.3 satisfies V € SN L>(0, T; D(e"®4 .

H"(T3))), when |Q| > |Q], with T defined in (3.270) and T defined in (3.271).

In the rest of this section, we focus on system (3.244)—(3.246), which is equivalent to system
(3.31)—~(3.32) due to Lemma 3.2.1 and Lemma 3.5.1. To prove Theorem 3.5.3, we consider the
difference between the original system (3.244)—(3.246) and the limit resonant system (3.250)—
(3.252). We call such difference system as perturbed system. Then by the formal energy estimate,
we show that the solution to the perturbed system exists for a long time. This together with the
global existence of the solution to system (3.250)—(3.252) give us the long-time existence of the
solution to system (3.244)—(3.246), and therefore the long-time existence of the solution to system
(3.31)-(3.32).

In the following section, we first give a rational behind the smallness of the initial baroclinic

mode.
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3.5.4 A Rational Behind The Smallness of The Initial Baroclinic Mode

The result of Theorem 3.5.3 is for “well-prepared” initial data, namely, for a given fixed § > 0,
Vollavs < m Before we go into the proof of Theorem 3.5.3, we briefly rationalize, below, the
reason behind this smallness condition on the baroclinic mode.

Consider the linear IPEs:

oY+ QVE+Vp =0, (3.272)
d.p =0, (3.273)
Vi V40w =0, (3.274)
whose explicit solution is
V(x,t) = Vo(x') + R(t)Vo(x), (3.275)

where

R(t) = cos(2t)  sin(Qt) | (3.276)
—sin(Qt)  cos(Q)

We see there is no “decay” due to rotation in the linear level. This is different from the lin-
earized 3D Euler equations with rotation, for which one can obtain certain decay due to disper-
sion/averaging mechanism, see, e.g., [34,56].

Now let us look back to our nonlinear IPEs (3.31)—(3.32). The first equation (3.31) is the evo-
lution of the barotropic mode, which is the 2D Euler with source terms coming from the baroclinic
mode. The second equation (3.32) is the evolution of the baroclinic mode, which is the Burger’s
equations with rotation and other nonlinear coupling terms. For the Burger’s equations with rota-
tion, it is shown in [4, 74] that when the rotation rate |Q?| is large enough depending on the initial
data, the solution exists globally in time because of the absence of resonance between the rotation
and nonlinearity, which allows a very strong averaging mechanism that weakens the nonlinearity.
In our case, however, the additional coupling nonlinear terms in (3.32) resonate with the rotation

term, which does not allow for this simple scenario to take place. However, thanks to the small-
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ness assumption on the initial baroclinic mode, the additional coupling nonlinear terms are initially
small, which allows us to push this argument further.

Another reason behind this smallness assumption is indicated in Remark 7. It suggests that
the smallness condition on the baroclinic mode is required to guarantee the long-time existence of
solutions to the 3D IPEs with fast rotation.

Further reasoning for the smallness condition on the initial baroclinic mode will be provided in

Remark 14 and Remark 15, below.
3.5.5 The Perturbed System Around || = co

In Section 3.5.2, we see that the limit resonant system (3.250)—(3.252) is globally well-posed.
Therefore, the idea to show long-time existence of the solution is to consider the difference between
the original system (3.244)—(3.246) and the limit resonant system (3.250)—(3.252).

Denote by

o=V-V, ¢r=uy—U,. (3.277)

Taking the difference between (3.246) and (3.252), (3.244) and (3.250), (3.245) and (3.251), we
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obtain

where

(004 P[0 ViV +6-Vid+V - Vi + Py (Quy e + Qor )
+e %P, (QL,,, + Qg,,,,ﬂ =0,
O+ -ValUy +6-Vagy +V - Vidy + %(m VT +iV)
560 V@ +i8) + 5L Vi) E+ i)

+e' <Q1,+,+ — PoQi 4.+ — PQ2p 4 — Q3,+,+>

+e—iQt <Q17_7+ _ P0Q17_7+ — POQQ,—,+ — Q37_’+> + e_QiQtQ47_7+ = O,

0+ ¢-VaU_+¢-Vid_ +V - Vio_ + %@5— VIV =)
1 - = 1 T _ 7
56 V)@= i3+ 5(U- V)@ -3 )
it (QL—,— — PoQ1- - — PyQo— - — Q3,—,—>

it (Q1,+7— — PQ14—- — PQay - — Q3,+,—> +e2UQ, =0,

Qiar =0+ - VUs+ 04 - Vior +Us - Vior +Us - Vi Uy,
Qotr = (Vi 0)Us + (Vi - 01)dx + (Vi - Us) s + (Vi - Up) Uy,
QS,:I:,:F = (/ Vh . Qbi(ilt/, S)ds)@ZU:F + (/ Vh . gbi(ac’, s)ds)ﬁng:F
0 0
+(/ Vi - Us(x', 8)ds)0.0+ + (/ Vi - Us(x', $)ds)0. U,
0 0
Quiz =5 [0s VT FV) + (62 Vi)(GFi5)

+(Us - V)@ Fi6 ) + Us - V)V FiV)|.

(3.278)

(3.279)

(3.280)

(3.281)

(3.282)

(3.283)

(3.284)

Recall that we supplement the initial conditions for the limit resonant system (3.250)—(3.252)

as

— _ 1 ~ ~
VQ = VQ, (U:I:)O = (Ui)g = E(VO + '&Vd‘)
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Therefore, the initial conditions for the perturbed system is

99 =0, (¢+)o=0. (3.286)

3.5.6 Proof of Theorem 3.5.3

In this subsection, we prove Theorem 3.5.3. From Proposition 3.5.2, let V and U, be the
global solution in SND(e™®4 1 H™+3(T3)) and SND(e™®4 . H™+2(T?)), respectively, to system
(3.250)-(3.252), with initial data (3.285) and 7(¢) defined by (3.260).

Next, we provide the energy estimate in the space of analytic functions for system (3.278)-
(3.280). Applying A"e™ to (3.278)—(3.280), and taking L? inner product of (3.278) with AreTAg_b,
(3.279) with 2A7e™¢_, and (3.280) with 2A"e™4¢.,, thanks to Lemma 2.2.4 and Lemma 2.2.5,

we obtain

1d s : r TA r TA(L 17 r TA
SN = AT — (AAG - V), A
o <A7’67A(5 X Vha)a AT6TA$> o <Ar€TA(V . Vha% ATGTA5>
- 62iQt<AT€TA(Q1,+,+ + Q24.1), AT@TA5>

672i9t<Ar€TA(Q1’,’, + Q2,7,7>7 Are‘rAa>’

(3.287)

and

S+ A6 |P) = 25|46, [P 4 || A2 |

_2< A A VUL ), AT ¢7> N 2< A A VU ), AT ¢+>

_2< A A V), Are™ ¢7> B 2< A Vo), ATem ¢+>

_2<Ar€m(v Vo), ATemg > <Ar AT Vhol), ATeTA¢+>
<AT mA( Vh(V+iVL)),A"eTA¢_> - <Afe”‘(¢_ (V- z’VL)),ATeTA¢+>
<A'"e“* Va(@+i6)), Aemio ) = (AT (6 V(G —id ), AT,
(AU TG +i6)), Ao ) — (AU - Vi@ —i5)), Ao, )
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~2 (AT Qi = Qo) A0 ) + (AN Qi = Qo) AT, ))
_267iﬂt<<Ar€TA(QLi+ Qs ), ATeTA¢7> X <AT’€TA(Q177’7 Qs ), ATeTA¢+>>

_2€2iQt<ATeTAQ4’+77’ A”eTA¢+> — 2672mt<AT€TAQ4,—,+; AT@TA¢7>- (3.288)

There are totally 71 different nonlinear terms in (3.287) and (3.288). We separate them into the
following four different types. We use V' to denote the velocity field of the limit resonant system,

ie., V and UL, and use ¢ to denote the velocity filed of the perturbed system, i.e., 5 and ¢..
* Type 1: terms that are trilinear in ¢, e.g., <A’"eTA (6 Vi), AT67A5>.

* Type 2: terms that are bilinear in ¢ with no derivative of ¢, e.g.,

<A”e”‘ (- V,V), A”e”‘$>.
» Type 3: terms that are linear in ¢, e.g., eQiQt<AreTA(U+ -ViUy), A”eTA$>.
* Type 4: terms that are bilinear in ¢ and a derivative of ¢, e.g., <A7”eTA (V- Vio), AreTAg_b>.

For type 1 nonlinear terms (19 terms), using Lemma 2.2.11-2.2.13, and for type 2 nonlinear
terms (15 terms), using Lemma 2.2.2, since ¢, ¢, V and U, all have zero mean value in T, we

have

<Ar€7'A(g_b VL), Areng—b>’ I ‘<ATGTA(5 Vo), ArerA5>‘

e (A (91 VUL + 61 Vids + (Vi Ui)gs + (V- 61)6 ), A7)

e Are (o VWU + 6 Vad + (V- U)o + (Vi 6)6 ), A7)
+2)<A’”e”‘(5- ViU ), A’“eTA¢_>( n 2‘ <A7"eTA($ VAU, ATeTA¢+>‘

+2) <ATeTA($- Vrdo), ATeTA¢_>’ + 2‘ <A’”e”‘($ Vao), A’”eTAng+>‘

+‘ <A7"67A <¢+ VAV + iVl)) , A%T%-H + ‘<ATeTA (¢_ VAV - iVl)) , ATeTA¢+>‘
(4 (o1 - Va@+i8) ), e o )|+ [(Ae (9 V(G- id ") ), AT, )

12 A7 (64 Vily + 64 - Vi — /O AN $)ds)0:64 ), AT )|
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2| e (6 - VAU + 6y Vid — ( / R ANes $)ds)0.0. ), Ae™ o, )|

0

2l A (6 ViUs + 6 - Viady — ( /0 V(@ $)ds)0:64 ), AT )|

e Are (60 ViU + 6 Vg — /0 Va6 (w, $)ds)0.0. ), Ae™o, )|
e {arer (o4 - TV = V) + 04 - Vi@ — ")), A€, )|

+‘e*2mt<AreTA (gb, VT + iV + 6 - Vi + z’?)) , ATeTA¢,> ’

CT<|’AT+16TAVH + HAr—i-le'rAUJrH + ||AT+1€TAU_”>
1 _
x (G147 + AT g, |2+ A6 |?)
Co (A7 3 + ATe 6| + [ A7 |)

X <||Ar+1/2eTA5||2 + ||Ar+1/267A¢+||2 + ||AT‘+1/26TA¢_||2>. (3289)

For type 3 nonlinear terms (14 terms), when {2 # 0, we first explain the idea on the sample

term ezmt<A7"eTA(U+ -ViUy), A’”eTAq_b>. Indeed, by differentiation by parts, we have

eQiQt<A7’€TA(U+ - ViUy), AT€TA$>
_ 2298 < 2th<AT€7—A(U+ -ViUy), AT@TA$>>

—%emat ((Arem (U - wo0y), 47745 ). (3.290)

We leave the first term until integrating in time. For the second term, we have

1

—o 2%, <<AreTA(U+ VUL, AreTA$>>

<Ar+1 AU, - VU, ), AT TA¢>‘ L <Ar TAG (U, - VaU,), A" TA¢>‘

< oyl a7
1
g <A’” AU, VUL ), AT TAat¢>‘ — L+ L+ I, (3.291)

Thanks to Cauchy—Schwarz inequality, Lemma 2.2.2, and Lemma 2.2.5, since g_b, O+, V and U,
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all have zero mean value in T3, and since r > 5/2, from (3.250) and (3.278), we have

I

1 < IQI A2 U [ A"e™ 9]

+ C | A2 UL ||M|ATe™ 0|2, (3.292)

IQI2

I, < £<‘<A’"e”‘{(v ViU, + 1(U+ Vi) (V 4V )) 'VhU+}>ATeTA5>‘

+’<AreTA{U+ Vs (V VU, + —(U+ V) (V + z'VL)) } ATeTA<_ﬁ>D
|Q|||AT+2 AU P ATV || ATeT 4|
S CT||Ar+267AU+||2||Ar+2€TAV||2||Ar€7—A5H2

|Q|2 2, (3.293)

and

C
Iy < e[ (A BV ViU, AHG VAT 6 Vig + V- V1D

eQiQtPO <Q17+7+ + Q2,+7+> -+ e*2iQtP0 <Q1’77, + QQ,*,*) }>‘

@KA’"“ AU - VaUL), AT G- ViV 46 Vid+ V- Vi

4o p, <Q1,+,+ + Q2’+7+> te 2P (Ql,—,— + Q2,_,—) }>‘

C r T r T T _T r,T
,Q,HA” U7 [HA WP+ AU PP + AT U |12

Q

HATEAGR + |47 2+ A7 o). (3:294)
Applying differentiation by parts to all the type 3 nonlinear terms (14 terms), one obtains

i [<ATGTA(U+ VUL, A”e”‘$> + <A”e”‘((vh : U+)U+> : A?"e”‘@
(A (U4 -V = V) Ao, )|
e [ e AU 0, A ) + (A (V- U ), AT
+<A’"eTA((U_ V) (V + iVﬂ) , A’“ef%_ﬂ
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it [<A AU, - VUL, ATeTA¢,> n <A7“e”‘(U+ - VhU,),A’"eTA¢+>
- A’”e”‘(( / VUL, s)ds)azm) , AreTA¢,>
0
A((/OZ Vi -Ug(2, s)ds)E)ZU_>,ATeTA¢+>}
—Ze_thA eTAU_ - VaU,), Ae™g_ > <A e (U_-vhU_),ATeTA¢+>

< eA /Vh _(x',5)ds)0, Uy AeTAq§_>
(ae

AT
- —.iat{é i [<A”eTA(U+ VAU, A"e”‘a> + <A"eTA<(Vh . U+)U+>,A’"67Ag_z§>
(U - V)V =iVH), e, }
i [<A’“eTA(U_ VAU, A"e”‘$> + <A’“e““((vh : U_)U_),ATeTA$>
+<A’"eTA((U_ V)V + iVﬂ) , AT67A¢_>: }

—3at{ei9t[<A AU, - VaUy), Ae™ g > <

—<A A /Vh Uy (2, s)ds)0.Uy

UL VUL, Aee, )

) o)

) e, )]}

e <ATeTA(U, : VhU,),ATeTA¢+>
—<A’”eTA<(/OZ V- U_(2, 5 ds)azm),mef ¢_>
~(ae(( /0 VU () ds)o.U), e, )]}
R=0,N +R, (3.295)

). A
—<A€A /Vh U (2, sds@U)A
Q )+

)

)
+2.38t{ [<Ae (U_ -V, U.), A"

) A

where I corresponds the remaining terms.

Using the similar estimates for (3.291), thanks to Young’s inequality, when || > 1, we have

IR| < G, (JIA™ 2 AV + | A 26U | + A2 U+ 1)

1 _
% (GIATEBI2 + | A7e )2 + | Ame o)1)
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C. (.. -
g (1712 4+ A7 24T A2 AU, [ 4+ AT 240 |10 1) (3.296)

For 0; N, since ¢(0) = ¢, (0) = ¢_(0) = 0, using Lemma 2.2.2, since V and U have zero mean

value in T3, by Young’s inequality, we have

/ O,N(s)ds| = |N <>|<|Q|(HAT“ AV + A A |2 4 A1)

x(147eT 1G]] + AT, ]| + AT 64, (3.297)

The difficulties are on the estimate of type 4 nonlinear terms (23 terms). Thanks to Lemma

3.4.1, since V;, - V = 0, we have

’<A’I‘6’TA (V . vha% A'I‘G’TA$> ’
S C A VAT | + Cor || AT 2T AV || A2 A g1 (3.298)

Thanks to Lemma 2.2.14, by integration by parts, we have

(<Are”‘(v Vo), ATeTA¢_> + <AreTA(V Vo), AT, > )
< (A (V- aoy), Arerio ) — (Vo wpareip, Aremip > |

AT Vo), e, — (V- e, )]

+‘<V VL ATEA G, ATeTA¢_> v <V CVLATEAG ATeTAG, > ]
< CATeV|([J[ATe™ g |1? + |ATe™ o |?)

_'_CTTHAT+1/26TAVH(HAT+1/2€TA¢+H2 + HAT+1/2€TA¢7H2)’ (3299)
where
‘<V VR ATEA G, ATeTA¢,> + <V VAT ATeTA¢+>’ —0 (3.300)

by integration by parts and Vj, - V = 0.
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Thanks to Lemma 2.2.14 and Lemma 2.2.16, since r > 5/2, by integration by parts and by

Sobolev inequality, we have

eiQt<AreTA<U+ . Vh¢+),ATeTA¢,> + eiQt<AreTA(U+ . Vh¢7)7Ar€TA¢+>

—emt<A”eT‘4<(/z Vi - Uyg(a, s)ds)&zgm) : AreTA¢,>
0

—eiQt<AreTA<(/Z Vi - U+(a:',s)ds)8ng_>,A’"eTAgb+ > ‘
0
< ‘<ATeTA(U+ Vb ), Ao — (U VAT, ATy > ‘
+‘<AT‘6’TA(U+ ‘ Vh¢_)7AreTA¢+> _ <U+ CVLATETAG ATeTAG, > ’
+‘ <AT6TA<(/Oz V- U, (2, s)ds)@zgz5+> , ATeTAgb_>
—<(/Z V- Ug(a', s)ds)A"e™0,¢, ATeTA¢,>‘
0 z
—I—‘<AT6TA<(/O V- U+(az’,s)ds)@zq5_),ATeTAgb+>
—<(/Z V- Ug(a', s)ds)A"e™0,¢_, ATeTA¢+>‘
0
+‘<U+ ) thT‘eTA¢+’ATeTA¢7> X <U+ ) VhATeTA¢7’AT‘€TA¢+>
_<</z Vi - Ug(a', s)ds)A"e™0,¢., A”eTA¢,>
0
—<(/Z V- Up(x,8)ds)A"e™0,¢0_, A"e™ ¢, > ‘
0
< ColA™ e UL [(J[A7e™ o4 || + (| ATe™ o |1?)

O AT AU (| AT 2T g |+ AT e |2, (3301
where

‘<U+ ) thTeTA¢+’ATeTA¢_> I <U+ ) VhATeTA¢_’AT€TA¢+>
—<(/0Z Vi - Up(a', s)ds)A"e™ 0.6, A’”eTAgb_>

—<( / Vi Up(a', s)ds) ATe™0,¢_, ATe™ g, > ‘ —0 (3.302)
0
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by integration by parts. Similarly, we have

‘e—iQt<AreTA(U_ Vo), ATGTA¢_> e—iQt<AT€TA(U_ ‘ Vh¢_)’Ar€TA¢+>

th<A7" TA / Vi -U_(x,5)ds) Z§Z5+> ATe TACb >

—iQt Ar TA / vh $ .S dS) Z¢7)7ATQTA¢+>‘
< Cf|A™ e TAU—H(\|AT€TA¢+H2 +[|A7e™ o |1?)

—Q—CTTHATJF3/2€TAU,“(HATJFI/2€TA¢+H2 + ||Ar+1/2€TA§Z5,H2).
Next, since —iU, = U i, we have

‘<U+ . VhAreTA¢+7AreTA$> X <(Vh ) AreTA¢+)U+7AreTA$>

+<U+ VRATEA(G — i), AT67A¢+>‘

IN

U, - VyATe™ 6, Are“‘?b> + <U+ VL ATETAG, ATeTA¢+>)

<(vh CATETAG U, A%”‘$> + <U+L CVLATETAGE ATeTAg, > ‘

IN

(Vy, - U+)ATGTA¢+,ATGTA$>’ + ‘<AT6TA¢+ -V Uy, ATeTAq_b>’

<U+l VR ATEAGT ATGTA¢+> - <AT67A¢+ VR ATEAG, U+> ‘

<
<

Notice that

‘<Ui _ threTAal’AreTA¢+> . <AT‘€7'A¢+ VL ATETAG, U+>’

)<(Vh AT AU, , ATe™ o, >‘

therefore, by Sobolev inequality and Holder inequality, and since r > 5/2, we have

‘<U+ ) VhAreTA¢+’Ar€TA$> 4 <(Vh ) AT€TA¢+)U+’AT€TA5>

+<U+ VAATEAG — ig), ATeTAq§+>}
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1 —
< CIVAU | (G A7 + [|Ae™ g ||?)

1 —
< G (GIIATET BN + (AT ). (3.306)

Based on this, thanks to Lemma 2.2.14 and Lemma 2.2.15, we have

e2mt<A7"eTA (U+ Vs + (V- <;5+)U+> , A”eTA$>

+e2mt<A"eTA (U+ V(- ﬁ#)) , ATeTA¢+>‘
< |(4re (U, 9,6.) A G) — (U, -Vt A, areriF)]
(are ((Tn-9)UL), A5 ) = (Vi Ae™ o, )U,, ATe 5 )|
(a4 (U. - 9,3), A0, — (U, - VA5, e, )]
(e (U 0,5), 4re0,) — (U, - D5, e,
<U+ VAT, ATeTAg_Z)> + <(vh CATETAG U ATeTAg_b>
U, G- ) a0,

1 —
< Gl AU (G Al + [ A7e 6 ]1%)

+ + 4+

O AT AU (AT TG + AT 2 ). (3307
Similarly, we have

‘672i9t<Ar67'A (U, Vo + (Vi - ¢7)U7>7AT€TA5>
+6721Qt<Ar€TA (U, V(6 + ZEL))A%TAQLM
< CAEAU | (GIATTGI + Ao )

+C7‘THAT+1/2GTAU7||(HAT+1/2€TA$H2 + HATJFI/ZGTA(ﬁ,HQ). (3308)

For the rest parts in type 4, there is no cancellation as above. First, by Holder inequality, we
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have

(U VA (G4 i61)), Areo )|
< [(A2U, VA A G g ), AT )

(U T A G i), A )|

< Cr(llUxllzee + |AY2U L) (A 274G + (| A2 |?).

Based on this, using Lemma 2.2.14-2.2.17, we have

(arem (U, VG +i61), Areo > |

< [(Arer U Vi@ + i), Ao ) = (UL VAT G 4 i), Ao )|

+‘ (U Ve (3 +i67), ATeTA¢,>‘
1 _
< CrHATeTAUH\(§||AT€TA¢H2 + A% |1?)
+C (T AT AU + || U || oo + | AU [| o)

X(||Ar+1/267-A$||2 + ||AT+1/267A¢_H2).
Similarly,

(AU 945 - i), A0, >
< CAAE A TG + 47 6.

+C (T A2 AU|| + Ul + | AY2U- | =)

X(||AT+1/2€TA$H2 + ||AT+1/2€TA¢+||2>.

Next, by Holder inequality, we have

\<(@ZU+)AWA( /0 V- b (. $)ds), A’"e”‘gb_>‘
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< ’<(A1/28ZU+)AT‘1/267A( /O V- (@, 5)ds), A”e”‘gb_>’

+‘<(82U+)Ar1/2€TA(/Z Vi - ¢+(CU’,s)ds),A”“/2eTA¢,>‘
0

< Crl10:Us |z + [ AY20.U | ) (AT 26 |2 + AT 26 g |7).

Based on this, thanks to Lemma 2.2.14 to 2.2.17, we obtain

‘<AT67A((/OZ Vi ou(a, s)ds)(‘?zUJr) , ATGTA¢_>‘

< ‘<A’”67A<(/OZ Vi bo(@, s)ds)@ZU+>,ATeTA¢,>
—<(8zU+)ATeTA( /0 V6@ 8)ds). A”e”‘gzﬁ_>‘
+‘<(82U+)Are”‘( /0 V- 6 (@ )ds), A”eTAd),>‘

< Gl UL (JATe™ o |2 + | ATe™ - |1?)
+C (T AP AU + 1|0.U || e + | AY20.U | 1)

> (||AT+1/26TA¢+H2 + HAT+1/2€TA¢7||2>.
Similarly, we have

‘<AT67A((/OZ Vi oy (2, s)ds)@zU_>,ATeTAq§+>‘
+‘<A’"67A<(/OZ Vi-o_ (2, s)ds)@zU+> ; AreTA¢_>‘

+‘<A’"e”‘(( / v, - qb_(a:’,s)ds)@ZU_>,A’“eTAqb+>‘
0
< CJA UL + A e U (A7 o )P + | A7e™ o |1?)

G (Pl AR AU | + 7| AT AU 4 0.0 e + 10U 1

(3.312)

(3.313)

HIAY20,U e + [ AY20.U |1 ) (14726740, |2 4+ A7 26 _|12). (3.314)

Finally, taking summation of (3.287) and (3.288), and using estimates (3.289)—(3.314) for all
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the nonlinear terms (71 terms), we obtain

4
dt
< [F+ G (A + a0 + 4 o.))

1 _
(G147 81 + 476, |2 + | A7e™ 6|

+C T (A2 AV 4 || AT ReTAUL | - | AT 2T )
+C (Ul + U=l + 10:Ux |z + 10U ==
HIAYV2UL e + AP0 [ + [ A20.U |l + HAW@U-HLN)]
x (| AT G2 + 2 A2 |2 4 2 AT 2|12
+OT<|’AT+2€TAVH4 L ATTAY || 4 || AT 2 AT ||t 4 1)

1 _
X (GIATETBIE + AT g, | + | AT 6|1

C, —
+ 0l (|r'|2 + ||A 2T AV + [|AT e AUL || 4 || AT U || + 1) + O;N. (3.315)

Notice that eventually we will set

T+ G (A7) + [A"e™ oy || + A7)
+CTT(||AT+1/2€TAV” + ||A7"+3/2€TAU+|| + ||A7”+3/2€TAU_||)
+C (U || poe + U-[zee + 10U || 200 + [|0-U- || 10

HAY2U || + |AYV2U_ || oo + [|AY20.UL | oo + | AY20.U_|| 1) = 0. (3.316)

Therefore, by Sobolev inequality, Poincare’ inequality, and Young’s inequality, since r > 5/2,

7 < 19, and U4 have zero mean value, we have

71 < G (14707 + [A7e™ o | + [[A7e™ . |?)

+C, (1 + D (JJATH 2T AV |2 + || A2 UL ||? + |AT32eTAU_|1?). (3.317)

By Young’s inequality, the term % can be combined with other terms, and we can rewrite (3.315)
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as

4
dt
< [+ C(lATe 3] + [ A7e 0, | + | ATe 0, )

1 _
(G1A7€™ 81 + 476, | + | A7e 6|

KO (AT 4 | ATRAT, | 4+ [ AT
+C (U || poe + U= [zee + 10U || oo + [|0-U- || 10
AU, + AV + A0, N + [ 4Y20,U )]
% |:HAT+1/2€TA$H2 X 2HAT+1/2€TA¢+H2 X 2”Ar+l/2€TA¢7H2:|
+OT<|’AT+2€TAVH4 L AT2TAY || 4 || AT e AU ||t 4 1)

1 _
X (GIATEIBIE + AT g, |2 + | AT 6|1

CTT I 7
+|T’|D<||AT+26TAV||4 AT 2eTAUL |4+ (AT 2T + 1) +;N. (3.318)
We set

1 _
Fi= S [ATe ) + AT g |* + | Ao |1, (3.319)
G = ARG + 2 A2 1P 4 2| AT e |7, (3.320)

and denote by

K(t):=CgPoh K(t) = M0, (3.321)

which are double exponential and triple exponential in time. We will follow the rule on the use
of notation as indicated in Remark 10. From Proposition 3.5.2 and thanks to Lemma 2.2.7, when

|4V ol szr+a + €4Vl sz < M, we have
[ OAT Wl < K1) < Fa(@), U@l < Falt),  (3322)

provided that 7(¢) satisfies (3.260). Observe that in (3.318), ||UL||pe~, [|AY2UL|| L, [|0.Ux||poe,

and || A'/20,U. ||~ are the terms force the smallness assumption on Sobolev norm of the baroclinic
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mode. For 4 > 0, by Proposition 3.5.2 and Lemma 2.2.7, thanks to Sobolev inequality, when

HVOHH?’H = H170||H3+6 < ﬁ, we have

~ CK,(t
U< e + [|AY2UL|| oo + [|0.U| o + [|AY20.UL||oe < C||V || grass < |Q—1(|) (3.323)
0
Since || > [Qo], we can rewrite (3.318) as
dF K, K,
— < < (7 + CFY? 47K, + |QO|)G+K2F+ TN + ,N. (3.324)
By setting 7 + C, F'/2 + 7K, + fg—oﬂ = 0, we have
KF—i—f{ + Oy N. (3.325)
dt = T '
By Gronwall inequality, we have
d K ‘R
(e lofeli) < |—2| + (8,N)e™ o Kals)ds (3.326)
0
Integrating from 0 to ¢, noticing that F'(0) = 0, we have
t 7 1 b t s 7
F(t)e Jo Ka()ds < N / Ky(s)ds + / (BN (s))e™ Jo K2 g (3.327)
ol Jo 0

From (3.297), we know [N (t)| < 1o ‘Kg( )F'/2. Moreover, |K (t)F'/2 is increasing in time.

120
By integration by parts in time, thanks to Cauchy—Schwarz inequality, since N (0) = 0, we have
t S 1~ t s =
/ @N(s))e KRk ds < [N+ [N (s) e 6T s
0 0

1 1
K FV? 4 K3F1/2K2 <

— K+ —F (3.328)
|Qo| Q2] Q0] 1]

105



Thus, we have

1 7 1 7
Ft) < —ef0 4 — M50 3.329
which is equivalent to
ef(s(t)
Ft) < ———=—. (3.330)
Q0| — K50
Plugging this back to 7 + C, F'/2 + 7K, + ‘Ig—()?' = (), we can require that
ef?ﬁ(t) ~ 1 ~
T+ +7Ke + ——Kg < 0. (3.331)
Q0] — eKo(t) €20
By Gronwall inequality, we can require
. K K
i(fefé Ro(sydsy < € 0 &Y , (3.332)
dt Q| — eKo(t) |
Integrating from O to ¢, for some suitable function K o(t), we can require
t I?o(s) t I?o(s) ‘ ~
() = (TO - / ¢ ds — / e—ds)e_fo Ro(s)ds, (3.333)
0 /|Qo| — eKo(s) o [l

Notice that 7 in (3.333) also satisfies (3.260) when IM(O(t) is chosen suitably. In order to have

7(t) > 0, we just need to require that

361?8@) gegs(t)
To > and p > ———
|20

Q| — eKs®)

(3.334)

for some suitable function Kg(t) > Ko(t).
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For some new K (t) > Ks(t) and the given €, let T satisfy
Cry ™M) = 10|, (3.335)

then the two conditions in (3.334) are satisfied on ¢ € [0, 7. Thus, 7(¢) > Oont € [0,7]. From

(3.335), we know that eK(T) > Q‘g—()', and thus the time 7 satisfies
70
T Z In(In(In(In [2]))) — oo, (3.336)

as |Qg| — oo.

When K (t) is chosen suitably, from (3.330), we know

r_T y r_T r T ef{(t)
|ATeTWAG(1)]]* + |A7e™ D Ap L (1) ]|* + AT DA (1)]1” <

< — <0 (3.337)
Q| — X

ont € [0, 7]. Since ¢ and ¢ have zero mean value in T, by Poincaré inequality, the L? norm can

be bounded by the higher order norm. Therefore, we have

9K (1)

OGO+ 16 (e + O (Ol < s <00 (333®)
Q| — X
ont € [0,7T]. Since 7(t) satisfies (3.260), we know that
e ATl + eV (1) + IO (Ol < o0 (3339)

ont € [0,7]. SinceV = ¢+ V and iy = ¢4 + Uy, by triangle inequality, thanks to Lemma 2.2.7,
we have

eV |12 + [|e” D4V (@) |3 < oo (3.340)

ont € [0, 7]. Therefore, we obtain

(V. V) € L=(0, T; D" : H'(T*))). (334D
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This completes the proof of Theorem 3.5.3.
3.5.7 Approximation by The Limit Resonant System

As a consequence of the proof of Theorem 3.5.3, the following theorem describes the approx-
imation of the solution to the original system (3.31)—(3.34) by the solution to the limit resonant
system (3.256)—(3.258) in the space of analytic functions, for large rotation rate |(2| and small

initial baroclinic mode in Sobolev norm.

Theorem 3.5.5. Suppose the conditions in Theorem 3.5.3 hold, and let (V, \7) be the solution to
system (3.256)—(3.258) with initial data (Vy, ﬁo). Denote by =Y —V and gg =Y —V, then, for

12| > ||, one has
(AT AT K
1™ | + [l (O] S ] = o (3.342)
fort € [0, T| with T given by (3.270) and 7(t) given by (3.271).
Proof. The proof is an immediate consequence of (3.338). ]

3.5.8 Remarks and Discussions

Remark 13. To emphasize the difference between smallness in analytic norm and in Sobolev norm,
for |2| > 1, consider

Vo = cxe™®®, ks #£0, (3.343)

with |k| = [75"' In|Q[] and |cx| = (In|Q)7""2|Q~". When 0 < § < 1, since r > 5/2, we have
Vollga+s < || Vollmree ~ |Q7%, [|e™A V|| grr+2 ~ 1. Therefore, one can construct a sequence of
initial data

{Vo)a} = croye™ @, (3.344)

where |k(Q)] = [75 ' In]Q] and |cxe)] = (In|Q])7""2|Q|~*. Then as |Q2| — oo, the existence

time of solutions 7~ — oo, with initial condition ||e™4(Vy)g|

ur+2 ~ 1. This result needs fast

rotation, and is very different from Theorem 3.4.3.
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Remark 14. In estimate (3.310) we have the resonance term
- =l - —1 -
Uy - Vi) (@ +i¢ ) = (Us - Vi = Uy - Vi ) = UL(Vy - 9), (3.345)

which involves the vorticity V- - ¢. Notice that in the limit resonant system (3.256)—(3.257), the
evolution of the barotropic mode V' is independent of the baroclinic mode V, and therefore we can
control the vorticity V}f - V. However, for the original system (3.31)—(3.32) (or the perturbed sys-
tem (3.278)—(3.280)), the evolution of the barotropic mode VY (or g_b) depends also on the baroclinic
mode V (or ¢4). Therefore, we are unable to control (3.345) without the smallness condition on

the initial baroclinic mode.

Remark 15. In estimate (3.313), we have the term

e / ) V- by, 5)ds)0,U,. (3.346)
0

Despite the oscillation, we are unable apply similar methods as in type 3 due to the loss of derivative
on the baroclinic mode. For this term, we do not have cancellation as other terms in type 4.

Therefore, we are forced to require the smallness condition on the initial baroclinic mode.
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4.  PRIMITIVE EQUATIONS WITH WEAK DISSIPATION *

In this chapter, we study the PEs with weak dissipation

(U + uty, +wu, + e;u — Qv+ pp, — vu,, =0, “4.1)
vy + uv, + wu, + €1v + Qu — vu,, =0, 4.2)
eow +p, +1T =0, 4.3)
Uy +w, =0, (4.4)

T — kAT +uT, +wT, =0 4.5)

in the horizontal channel {(z,2) : 0 < z < H,z € R}.

Remark 16. Since system (4.1)—(4.5) is independent of y variable, the notation

V =(0,,0,)

and

A= axm + azz

will be used.

We complement this system with the boundary conditions

<UZ7UZ’w’ T) :0’
2=0,H
u, v, w, T are periodic in x with period 1. (4.6)
and the initial condition
(u, v, T) ‘ = (uo, Vo, To> . “4.7)
t=0

“Reprinted with permission from “On the Well-Posedness of Reduced 3D Primitive Geostrophic Adjustment
Model with Weak Dissipation” by Chongsheng Cao, Quyuan Lin, and Edriss S. Titi, 2020. Journal of Mathematical
Fluid Mechanics, Volume 22:32, Pages 1-34, Copyright [2020] by Springer.
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In particular, without loss of generality, we choose H = % Similar as in Chapter 3, we first con-
sider system (4.1)—(4.5) in the unit two dimensional torus T2, subject to the following symmetric

boundary and initial conditions:

u, v, w, p and T are periodic in x and z with period 1; (4.8)
u, v, p are evenin z, and w, T are odd in z; 4.9)

().

_ <u0, Yo, TO> . (4.10)
t=0

After solving this problem in T? subject to (4.8)—(4.10), the solution restricted on original hor-

izontal channel {(z,z) : 0 < z < 1 2z € R} will solve the original physical problem with

corresponding boundary conditions (4.6) and initial conditions (4.7). Notably here we should also
assume the initial condition (ug, vo, Ty) for the original physical problem is even, even, and odd

extentable in z variable, respectively, so that we are able to work in T?.
4.1 Local Well-posedness

We first study the local well-posedness in Sobolev space for system (4.1)—(4.5) subject to

boundary and initial conditions (4.8)—(4.10).

4.1.1 Reformulation of The Problem.

First, let us reformulate the system (4.1)—(4.5) by deriving equations for w, p,. and p, in terms
of u,v and T'. For the sake of simplicity, we drop the argument ¢ in functions when there is no
confusion.

First, from (4.4) and by boundary condition (4.9), i.e., w(z,0) = 0, we have
w(z, z) = —/ ug(x, s)ds. (4.11)
0
From (4.3) and (4.11), we have

po(z,2) = =T (x,2) — cqw(x,2) = =T (z,2) + € /Z uy(z, s)ds. (4.12)
0
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Next, we will derive equation for p,. Notice that since w(x,0) = w(z,1) = 0, from (4.11),

one has the compatibility condition

1
/ ug(, 2)dz = 0. (4.13)
0

Let us denote by

1 1
c(t) ::/ u(z, z,t)dz, d(x,t) ::/ v(x, z,t)dz. (4.14)
0 0

Integrating (4.1) with respect to z over (0, 1), using boundary condition (4.8) and (4.9), one has:

¢(t) + erc(t) + /01 <uum(x, 2) + wu,(z, 2) + pe(x, z))dz = Qd(z,t).

By integration by parts and using (4.4), (4.8) and (4.9), we get

¢(t) + erc(t) + /01 ((UZ)x(x, 2) + po(x, z))dz = Qd(z,t). (4.15)

Integrating (4.15) with respect to = over (0, 1), using compatibility condition (4.13), we have

1
t) + ec(t / / (x,2) + pa(z, z))dxdz = Q/ d(x,t)dx.
0

Thanks to (4.8), we have

1
é(t) + erc(t) = Q/ d(z,t)dx. (4.16)
0

Plugging (4.16) back into (4.15) yields

1 1 1 1
/ pe(x, 2)dz = Q/ v(z, 2)dz — Q/ / v(z, z)dxdz — / 2uu,(x, 2)dz. (4.17)
0 0 o Jo 0
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Next, from (4.11) and (4.12), we have

p(z, 2) :ps(x)+62/0 /0 ux(x,f)dfds—/o T(x,s)ds, (4.18)

where ps(z) = p(z,0) is the pressure at z = 0. By differentiating (4.18) with respect to x, and

integrating respect to z over (0, 1), by virtue of (4.17), we have

Q@ﬂﬂZ/T/ﬁTQS@—@/‘/ume%%+WMW) Qug (z, 2') | d2’

—Q/ / v(a!, 2" dx'dz. (4.19)

Therefore, by differentiating (4.18) with respect to x, and using (4.19), we have

:L’z—GQ//umxfdfds—/ »(z, s)ds

+/[/‘T@s%—@/i/um$@%m+mmw) Quniy(z, )| d2’

—Q/ / 2 2 )dd'dz . (4.20)

By virtue of (4.11), (4.12) and (4.20), and since p is determined up to a constant, the unknowns
for system (4.1)—(4.5) are only (u,v,T'). Therefore, we reformulate system (4.1)—(4.5) to the

following system:

Uy — VUyy + UUy + wu, + equ — Qv+ p, =0, (4.21)
Vy — VU, + UV, + wu, + €10 + Qu = 0, (4.22)
T, — kAT +uT, +wT, =0, (4.23)
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with w, p,, p. defined by

(w(a:,z) = — /Z ugz(x, s)ds, (4.24)
0

e, 2) i= €9 /Z /S Uz (2, §)dEds — /Z T.(x,s)ds
o Jo

v/ i / " L@, 5)ds — | st 1

+Qu(x, 2") — 2uu,(z, z’)} dz'
1
—Q/ / v(2!, 2" da'd?’ (4.25)
0 Jo

p.(x,2) = =T (x,2) + € /Z uz(x, s)ds. (4.26)
0

\

In this section, we are interested in system (4.21)—(4.26) in the unit two dimensional torus T2,

subject to the following symmetry boundary conditions and initial conditions:

u, v and 7" are periodic in z and z with period 1; (4.27)

u, v are even in z, and 7' is odd in z; (4.28)

(u, v, T) ‘ - (uo, Yo, T0>. (4.29)
t=0

It’s worth mentioning again that our system (4.21)—(4.26) satisfies the compatibility condition
(4.13).
By virtue of (4.24)—(4.26) and (4.27), (4.28), one obtains that w, p also satisfy the symmetry

conditions:

w and p are periodic in x and z with period 1; (4.30)

pisevenin z, and w is odd in z. (4.31)

From (4.24) and (4.26), and by differentiating (4.24) with respect to z, we have

ew+p,+T1T =0, (4.32)
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Uy +w, = 0. (4.33)

Therefore, we have the following conclusion.

Lemma 4.1.1. System (4.21)—(4.26) subject to (4.27)—(4.29) is equivalent to original system (4.1)—
(4.5) subject to (4.8)—(4.10).
4.1.2 Main Results
The following is the definition of the strong solutions to system (4.21)—(4.26).
Definition 4.1.2. Suppose that ug, vo, Ty, Oyug, 0o, 0, Ty € HY(T?) satisfy the symmetry condi-

tions (4.27) and (4.28), with the compatibility condition fol Oxuodz = 0. Given time T > 0, we say

(u,v,T) is a strong solution to system (4.21)—(4.26), subject to (4.27)—(4.29), on the time interval

[0, 7], if
1. u, v and T satisfy the symmetry conditions (4.27) and (4.28);

2. u, vand T have the regularities

¢

u, 0, T, Ug, vy, Ty € L(0, T HY),

Uz, Vsy Uy, Ve € L2(0, T HY),

T,T, € L*(0,T; H?),

u,v, T € L>(0,T;L>®) N C([0,T]; L?),

Vu, Vo, VT € L*(0,T; L™),

8{&, @tv, 8tT c LQ(O, T, Lz),

3. u, vand T satisfy system (4.21)—(4.23) in the following sense:

O — Vi, + Uty + wu, + eu — Qv +p, =0 in L*(0,T; L?),
O — VU, +uwv, +wu, + v+ Qu =0 in L*(0,7T;L?),

115



OT — kAT +uT, +wT, =0 in L*(0,7T;L?),

with w, p,., p. defined by (4.24)—(4.26), and fulfill the initial condition (4.29).

We have the following result concerning the existence and uniqueness of strong solutions to

system (4.21)—(4.26), subject to (4.27)—(4.29), on T? x (0, T"), for some positive time 7.

Theorem 4.1.3. Suppose that ug, vy, Ty, Oxug, Oxvo, 0. Ty € H(T?) satisfy the symmetry condi-
tions (4.27) and (4.28), with the compatibility condition fol Ozuodz = 0. Then there exists some
time T > 0 such that there exists a unique strong solution (u,v,T) of system (4.21)—(4.26), sub-
ject to (4.27)—(4.29), on the interval [0, T|. Moreover, the unique strong solution (u,v,T') depends

continuously on the initial data.

To prove Theorem 4.1.3, we first establish formal a priori estimates for the solutions of system
(4.21)—(4.26). These estimates can be justified rigorously by deriving them first to the Galerkin
approximation system and then passing to the limit using the Aubin-Lions compactness theorem
(Lemma 2.2.10). Based on these, we show the existence of the strong solutions. At the end, we

establish the uniqueness of strong solutions, and the continuous dependence on the initial data.
4.1.3 A priori Estimates

In this section, we start by assuming that system (4.21)-(4.26) holds for smooth functions and
we establish the following formal a priori estimates.

By taking the L?-inner product of equation (4.21) with u, —Au, Au,,, equation (4.22) with
v, —Av, Av,,, equation (4.32) with w, —Aw, Aw,, and equation (4.23) with T, — AT, AT,,, and

by integration by parts, thanks to (4.27) and (4.30), we have

d
@(HUHQ +IVull® + [0]* + [IVoll* + Ve |* + [ Vos |

N | —

HITI? + VT2 + | VT 2)
o (flusl? 4 sl + 1V 2 4 900 + Vet | + 1| V02

er (Il + [9ull? + ol + [ Voll? + [ Vaal® + | Ve )
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o (Il + [Vwl® + 1Vl ?) + 6 (IVTIP + | AT + | AT |?)
= /p(uur +wu, — QU+ pg)(—u + Au — Aug,)
+(uv, + wo, + Qu)(—v + Av — Avy,)
+(p. + T)(—w + Aw — Aw,,)

+(uT, + wT,) (=T + AT — AT,,) dzdz. (4.34)
By integration by parts, thanks to (4.27), (4.30) and (4.33), we have

/ (—Qv + p,) (—u + Au — Augy) + Qu (—v + Av — Avy,)
T2
+p, (—w + Aw — Awy,) + (uu, +wu,) (—u + u,,)

+(uv, + wv,)(—v) + (vl + wT,)(=T') dedz = 0. (4.35)
Therefore, the right-hand side of (4.34) becomes

/ (uur + wuz) (u:E:E — Uggzr — uzmzz) + (U’Uw + U}UZ) (AU — Uggzx — Urzzz)
T2

+T (—w + Aw — Awy,) + (uT, + wT,) (AT — AT,,) dzdz. (4.36)
Denote by
(V= 14 [Jull® + [[Val® + (o] + [Vol* + Ve |* + [V |
HITIP + VTP + IVT? (4.37)
F o= Jlue|? + [os )1 + Va1 + [V P + [ Vg |* + 1| Vo], (4.38)
G = |lw]* + [[Vwl* + [ Vuw,|?, (4.39)
(K= (VTP + AT + AT, (4.40)

From (4.11), by Holder inequality and Minkowski inequality, we have

1 1 z %
||w|y:(/ / |/ um(x,s)ds|2dxdz>
0 0 0
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/(//|Uxxs|dmdz) ds
S/ (//|uzxs)| dxdz) s
(L[] '”wxsldxdzds) = el @a)

Similarly, one can get
[wa || < fluaell (4.42)

Let us estimate each term in (4.36). By integration by parts, using Cauchy—Schwarz inequality,

Young’s inequality and Lemma 2.2.8, thanks to (4.27), (4.30), (4.33), (4.41) and (4.42), we have

/ (wty + wu,) Ugpdrdz
2
! 1 1 1 1 1 1
< Cllufl2(lullz + flwe |2 Jua] |2 (1wa 12 + (el 2) s |
1 1 1 1 1 1
FCOJus][2 (lwa 12 + [Jue: | 2)[[wl]2 (w][Z + [Jws]]2) ||t

<OY: <0Y3, (4.43)

/ (Ut + WU,) Upyre drdz
’]I‘Q

/ (BUptpy + Wizt + 2Wally,) Uy, dxdz
’]T2

1 1 1 3 1 1
< C[HuxHZ(HUmHQ + g 2) el 2 ([ |2 + Jteas] %)
1 1 1 1 1 1
Hwaa|[Juz ]2 (Juzl]2 + [[tee [12) [[tae |2 ([[tee |2+ |t ]]2)
1 1 1 1 1 1
Hwe ||tz |2 (a2 + [[Uaez]2) || te]| 2 (| te]| 2 + [|tUaez]2)

€2 2V 2 3 .Y €2 3
<= T - TTZ Ce l/Y S _F _G Ce Z/Y ) 4.44

/ Uty + WU, ) Ugy,, drdz

/ (Uplyy + Welhyy) Uy, drdz
’]I‘Q

1 1 3 1 1
[HUIH ”ua?H2 + Hux2||2)”u:czu2(HUIZHQ + HuxeHQ)
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1 1 1
et w2 (w2 + [wes |2 etee |2 (s |2 + [tez212)

< 5 (htael? 4 sl + tasslP) + CY? < 5F + Y, (4.45)

/ (uvy +wv,) Av dedz
T2

C(Hw” + ”wzn)(HUZH + Hva:zH)(”U:vx“ + “UZZH)

%||vzz||2 +OY?2 < EF L OY?, (4.46)

| [ (uvy + wv,) veppedrdz|
2
=] | (UgaVs + WezV; + 2UpVpy + 2W,05,) Vppdrdz|
’]I‘Z
1 1 1 1 1 1
< C[H%lelvx\P(Hvaz + Vel 2) [ tenl| 2 (|| tez]| 2 + [[taez]2)
1 1 1 1 1 1
Hwaal [ [v 12 (212 + [|vez [ 2) |vee |2 ([V2e |2 + [[V2ez] 2)
3 1 1 1 1 1
Vel 2 ([[vae |2 + [[vee 12 el 2 ([Jue |12 + [Jue] %)
1 1 1 1 1 1
Hwe |2 (Jwz]| 2 + [[we: [|2)[[vez 12 ([[vaz |2 + [|Vee:]2)][vea ]|

1% €
ttas ||? + [|Vaas||?) + Cep Y < —F + gG +C.,, Y3, (4.47)

10( 10

| [ (wv, + wv,) Vg, drdz|
2
- | (ua:zvx + VgaUly — VyUgy + ww”xz) szdl’d2|
’H‘2
1 1 1 1 1 1
< C[HUWHH%HQ(HUGEHQ A [vez [12) [tz |2 (Jte]] 2 + [[tae-] 2)
1 1 1 1 1 1
+||UIZ||||UZ||2<||UZ||2 + HUIZHQ)HUMHQ(HUMHQ + ||Um2||2>

1 1 1 1 1 1
+||UJ:Z||||UZ||2(||Uz||2 + HUQEZHQ)HUMHQ(HUMHQ + ||uac:cZ||2>

1 1 1 1 1 1
e[ |we |2 (Jwe |2 + Jwee [|2)[|vez] 2 (Jvez |2 + |vawz]|?)
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< g ltsasll® + llewee ) + CY? < 5P+ CY, (4.48)

—_

| [ T (—w+ Aw — Aw,,) dzdz|
T2

€
<\ Tl[[wl + VTVl + [[VT [ Vw,.]| < €G+ C..Y, (4.49)
and

(T, + wT,) (AT — AT, )dzdz

T2

/.
/ (uT, + wT,) ATdzdz| + | | (u,Typ + uTyy + wTy, + w,T,) AT, dxdz|
< [l (Ul + e ITe | T2 + T B)

Hlwll2 (Jwlz + oI T2 (T2 + 1| Te:)12) [|AT
C[etall (a1 + a1 T (VT + T )1 )

Hllall2 (el + |2 Toe |2 (| T |2 + | e 1)

Hlwll2 (el + s || Toa |2 (| T 12 + [Tz 1)

w12 (lwa|? + [wes T2 (ITZ + (1 Teall2) || AT

(AT + |AT,|?) + C.Y3 < gK +CLY3, (4.50)

N>|ZR

From the estimates above, (4.34) becomes

dy
o Tl el ek < CoywnY?. (4.51)

Therefore, we have Y < Ceyu, «Y3, and this implies that

Y (0)2
< .
Yt s \/ 1=V (0)°C,, it
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Choose
3

T= AC.,,Y (0)2

From above, we have Y (¢) < 2Y'(0) on [0, 7]. Plugging it in (4.51), we have

dy
— +vF+ G + kK < 8C,,,..Y(0), fort € [0, 7). (4.52)

Integrating above from 0 to ¢ for any time ¢ € [0, 7], we obtain
t
Y(t) + / (VF(S) +eG(s) + HK(S)) ds < Y (0) + 8C,, otV (0)>.
0

Therefore, we have
4

u7U7T7 ux7/Ux’TCC 6 Loo(()? T; Hl)?

Uy, Vsy Uy, Uy € L2(0, T HY), (4.53)

T,T, € L*(0,T: H?).
\

By virtue of (4.53) and (4.41), we have
we L0, T; HY). (4.54)
Thanks to Lemma 2.2.9, from (4.53), we also have

u,v, T € L>®(0,T;L>), Vu,Vv,VT € L*(0,T; L>). (4.55)
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4.1.4 Existence of The Strong Solutions

In this section, we employ the standard Galerkin approximation procedure to show the exis-

tence of the strong solutions. Let

V2 exp (2mik,x) cos(2mkyz)  if ky # 0
Ok = Ok 1= (4.56)
exp (2mikyx) if ky =0,

U = Uy ey = V2exp (2mik ) sin(27ky2), (4.57)

and

E={¢cLXT) | = aubr, apyh, = af, 1, Y lag|* < o0},

kez? keZ?
O={Y e LXT) | =Y art, Gkypy = 0hy e D lax]* < 00},
kecZ? kecZ?

Observe that functions in £ and O are even and odd with respect to z variable, respectively. More-
over, £ and O are closed subspace of LQ(’]I‘Q), orthogonal to each other and consist of real valued

functions. For any m € N, denote by

gm = {¢ € L2(T2) | Cb = Z ak¢k7 A—kq,ky = a]:17k2}7

[k|<m

O,, = {2/} S L2(T2) | Y = Z axVr, A—ky ke = az1,k2}’

|k|<m

the finite-dimensional subspaces of £ and O, respectively. For any function f € L?*(T?), denote

by
fo= | f,2)d(w,2)dwdz, fioi= | flo2)v(e, 2)dwdz, (4.58)
T2 T2
and write
= > Jeke Waf = futhe. (4.59)
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Then P,, and I1,,, are the orthogonal projections from L?(T?) to &,, and O,,,, respectively. Now let

U = Y ap(O)o(2,2), vm= Y bu(t)or(x.2), Tn=>_ celt)tu(z,2),
|k|=0 |k|=0 |k|=0

and consider the Galerkin approximation system for our model (4.21)—(4.26) as following:

Ogly, — VOl + Prp [ Opthy, + Wi 02| 4 €10 — QU + Oppr = 0, (4.60)
Oyvm — V0.,V + P Um0V + w3 0,0,] + €0, + Quy, = 0, (4.61)
O, T, — KATy, + I [t T+ w0, T = 0, (4.62)

with w,,, 0:pm, 0.pm defined by:

Wiy (2, 2) = —/ Ol (2, 5)ds, (4.63)
0
OuDm(x, 2) == 62/ / Ozt (x,&)dEds —/ 0T (x, s)ds
0o Jo 0
1 z 2 s
+/ [/ (%Tm(x,s)ds—q/ / Ol (2, £)dEds + Qup (x, 2" |d2
0 0 o Jo

1 1 1
—Pm/ 20y, Oty (2, 2')d2" — Q/ / (2, 2 da' d2 (4.64)
0 o Jo

Db, ) i= —Ton(,2) + €5 / Dyt (, )ds, (4.65)
0

subject to the following initial conditions:
um(0) = Ppug, vm(0) = Pyvo, T,,(0) =11, 7. (4.66)

Observe that the definitions of w,,, 0,p,, and 0, p,, are inspired by (4.24)—(4.26). Moreover, notice

that

(aa:pm)z(xa Z) = —333Tm(9€, Z) + 62/ amcum(xa 5>d3 = (azpm)z<x7 Z)a
0
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hence (4.64) and (4.65) are compatible. Moreover, from (4.63) and (4.65), we have

{ €Wy, + 0P + T, = 0, (4.67)

Optlyy, + O, w,, = 0. (4.68)

For each m € N, the Galerkin approximation, system (4.60)—(4.62), together with (4.63)-
(4.65), correspond to a first order system of ordinary differential equations, in the coefficients
ak, b and ¢, for 0 < |k| < m, with quadratic nonlinearity. Therefore, by the theory of ordinary
differential equations, there exists some ¢,, > 0 such that system (4.60)—(4.62) together with
(4.63)—(4.65) admit a unique solution (t,,, vy, T},,) on the interval [0, t,,].

Observe that from (4.66), we have a(0), bx(0), cx(0) € C satisfying a_, 1,(0) = aj, 4,(0),
bty ks (0) = 0k, 1,,(0), and ¢y, 1,(0) = cf, 4,(0). Thanks to the uniqueness of the solutions of
the ODE system, we conclude that a_, ,(t) = a, 1,(t), 0k, k,(t) = Ui, 1, (t), and c_p, 1, (1) =
Chy o (1), for t € [0, 1,,]. Therefore, s, vy € Ep, and Ty, € Oy,

Since (U, Vm, 1)) have finitely many modes, they are smooth functions, and therefore if one
repeats the arguments concerning the a priori estimates for the solution, one obtains the same
estimates for Galerkin approximate solution (t,,, v.,, T;,,). More specifically, for each fixed m €

N, there exists

3
= 4.69
T 40527MY7,1(0)2 ( )
such that
dY,, 3 3
e +vE, + G, + kK, < 8C€2,V7HYm(0) < 86’627,,,,.63/(0) , fort € [0, 7,]. 4.70)

Here Y is defined in (4.37), and Y,,,, F},., G, K, are similar to (4.37)—(4.40), but with subscript

m for all terms. Moreover,
3

Tm > m =T 4.71)

uniformly in m. Therefore, (4.70) holds for all m for ¢t € [0, T]. In particular, the L?(T?) norm

of (U, Vm, T}, is uniformly bounded for ¢ € [0, 7. Hence, the solution (t,,, Uy, T),) exists at
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least for ¢t € [0, 7]. From (4.70), we have the following uniform bounds for the sequence of the

Galerkin approximate solutions (t,,, v,,, T,,) and the corresponding wy,:

;

Uy Vs Doy OpUyy OV, O Ty, are uniformly bounded in (0, 7; H'),
O Uy OV, Oy 2, Op Uy, are uniformly bounded in L2(0, 7 HY),
Tyn, 0. T, are uniformly bounded in L?(0,7; H?),
“4.72)
w,, are uniformly bounded in L>(0,7; H'),

U, Um, Ty, are uniformly bounded in L>°(0, 7 L>°),

YV, Vo, VT, are uniformly bounded in L?(0, 7; L>).

By Banach—-Alaoglu theorem, there exist a subsequence, denoted also by (., Up, Win, Tin)s

and corresponding limits, (u, v, w,T'), respectively, such that

Uy = Uy Uy — v, Tp,, — T weakly * in L°°(0, T; H') and weakly in L?(0, T; H?),

wy, — w weakly * in L>(0, T; H') and weakly in L*(0,7; H'),
4.73)

and the limits (u, v, w, T') satisfy (4.53)—(4.55). From the closeness of £ and O, (u, v, w,T') satisfy

u,ve &, wTeOQO, 4.74)

and therefore satisfy the symmetry conditions (4.27) and (4.28).
Now let us verify that the limit w we get from (4.73) satisfies the definition (4.24). Define the
space

V= SpankEZQ{gbk) wk}v (475)

where ¢y, ¥, are defined in (4.56) and (4.57). By taking inner product of (4.68) with test function
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¢ € Vin L*(T?), and using (4.73) to pass m — oo, we have
0= <8a:um + azw’nm Qb) — <ux + w,, ¢>

Since V is dense in L?*(T?), and by virtue of (4.53)—(4.55), we have u, + w. = 0 at least in
L>(0,T; H'). Thanks to (4.74), we know w = 0 at z = 0, and therefore we can write w(z, z) =

— J§ uz(x, s)ds, which is exactly (4.24).

In order to obtain the strong convergence of the approximate solutions, we shall derive uniform
bounds for 0;u,,, v, and 9,T,,. Let us first estimate J,u,,. By taking inner product of equation

(4.60) with test function ¢ € V in L*(T?), we obtain

’(@um, gb)‘ = ’(Pm (U Oy, + W, Oty | + €1U — QUi + 0P — VOoz U, @)
< Oz, Pr@)| + (Wi Osthin, P )| + (€10, @)
+{(Qup, @) | + |(VDs2ttm, O)| + [(OuDim, D)

= A1 +A2+A3+A4+A5+A6 (476)
By Cauchy—Schwarz inequality and Lemma 2.2.8, and using the fact || P,,¢|| < ||¢||, we have

Ay = (U Oy, Prd)]

< )t |2 (|t || =+ 10ttrn]|2) | Dot | (|| Ot |7 + | Dzt | ) 6], (4.77)
Ay = [(winOst, Prn@)|

< Cllwnll? (w2 + 1182w 2)|0- 1|2 (|02 ttm]|F + |Brtinn]| ) |1, (4.78)
As + As+ As = [(e1tim, @)| + [(Quin, @)] + [(¥0z2tim, )]

< 061,%9(”“771” + va” + ”azzum”)||¢|| 4.79)
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From (4.63) and (4.64), we have

Aﬁ_( Do & ‘<‘62// Dy (, 8)dsd2, gb // 8, T (, 5)dsd2, gb)‘

+2</1um8 U (1, 2")d2, ngb Q/ Om(, 2)d2' (;5)‘
0
et [ vt i )|+ [ 0T, 5.0

+(Q/ / Um(x’,z')dx’dz’,gb)‘ (4.80)
o Jo

= Bl+Bg+Bg+B4+B5+BG+B7. (481)

By Holder inequality, Sobolev inequailty and Lemma 2.2.9, and the fact || P,,¢|| < ||¢]|, we have

1 1ol g
Bl+B5:‘€2/ / // &Cwm(:ﬁ,s)dsdz'gb(m,z)dxdz‘
o Jo Jo Jo
1 1 z
+62/ / / OpWin(x, 8)dso(z, z)dxdz
o Jo Jo
11 opl pl
SEQ/ / / / |0p Wi (2, 8)|| (2, 2)|dsdz'dxdz
o Jo Jo Jo
1 1 gl
62/ / / |Opwim (x, 8)||P(x, 2)|dsdzdz
o Jo Jo

1 1
<o / / 100t (3) ] 2 dsl|é(2) | 2z
0 0
< 62HaxmeH¢Ha (4.82)

1ol o1 e
Bg+BGZ‘/ / // &ch(x,s)dsdz'qﬁ(:p,z)da:dz’
o Jo Jo Jo
1 1 z
+’/ / / Op T (, s)dsp(x, z)dxdz
o Jo Jo
1ol gl
S////\&ch(m,s)H¢(m,z)\dsdz’dxdz
o Jo Jo Jo
11 g1
+///|8me(x,S)||¢(x,z)|dsdxdz
o Jo Jo
1 1
< [ [10z.olulé@lsmds:
o Jo
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< 8Tl 2l (4.83)

1
B; = ‘2(/ U Oty (2, 2') 2, Prp@)
0

1 1 1
0 0 0

1 1

<2 [ [ it (Dl P2 '
0 0

< 2yt P

< Clltm]| oo | Owum |4 (4.84)

and

B4+B7:’<Q/O (a:zdqu // (s, 7)dsdr, 6)

< Qfjom |||l (4.85)
From the above and the estimates for A;—As, using (4.72), since V is dense in LQ(']I‘Q), we have
Oy, are uniformly bounded in L*(0, T; L?). (4.86)
By using similar estimates for 9;v,,, we can get
Oyv, are uniformly bounded in L?(0, T; L?). (4.87)

For 0,T,,, taking inner product of equation (4.62) with some test function ¢ € V in L?(T?), we

obtain

(DT @) < [, T + 10000 Ty )| + |£(A T, @) := Cy + C + C.
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By Cauchy-Schwarz inequality and Lemma 2.2.8, and using the fact ||I1,,,¢|| < ||#||, we have

C1 = ({8 Ty, )|

< 2 (Nl + 100t 2) 100 Tl (106 T2 + 1002 Tl ) 161
Cy = w0, T, 11,,0)|

< Cllwnll? (w2 + 10:wm 1) 10Tl (10: T |2 + 1002 Toal|2) [,

Cs = [k{AT, 9) < Cul Tl w2l 4]l
From the estimates above, using (4.72), since V is dense in L2('IF2), we have
O,T,, are uniformly bounded in L*(0, 7T ; L?). (4.88)

Then, we infer from (4.86)—(4.88) that there is a subsequence, also denoted by (t,,, Uy, Trn), such

that
Oty — Oput, Opvy, — Opv, O, Tr, — 0,1 weakly in L*(0,T; L?), (4.89)

By (4.72), (4.86)—(4.88), and thanks to Lemma 2.2.10, we have, for a subsequence, the following

strong convergence holds:
U — U, Uy — v, Ty — T in L*(0,7; HY)NC([0,T], L?). (4.90)
By virtue of (4.24) and (4.63), using Holder inequality, we have

|Wm—wH:HA(@%m—%XL@%H

11 gl
< / / / |Optin, — uz|(x, $)dsdxdz < ||Optty, — ugl|- (4.91)
o Jo Jo
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Therefore, by (4.90) and above, we have
w,, — w in L*([0,T], L?). (4.92)

Next, we show the convergence of equations (4.60)—(4.62) to the corresponding limits. Taking

inner product of equation (4.60) with test function ¢» € L?(0, 7; H') in L?((0, T) x T?), we have
<(9tum — V0, U + P [t Optlyy, + 0 0yum| + €1, — QU + 0P, 1/1> =0. (4.93)

First, by virtue of (4.73) and (4.89), we have

(

(=10, U, V) = (—vuy,, ),
<€1Umﬂ/}> — <€1U, ¢>7
(—Qup, ) = (—=Qu, ),

<atum7 ¢> — <atu7 w>7

(4.94)

as m — oQ.

For the nonlinear terms, we have

(P [umOptisn, + Wi 0sty) + OpDm, V) — (Utly + Wz + Dy, )
= (U Ozl + W OxUpny Prat)) + (OnDm, V) — (utty + wtiz + py, )
= ((um — ) Opttm, Prnt)) + (u(Opttn — ), Prth) + (utiz, Prntp — 1)
(W — w)O:tin, B t) + (w(Dztty — ), Pt))
+{wuz, Pty = ¥) 4 (02Pm — Pa, ¥)

= D1 + D2 + D3 + D4 + D5 + D(j + D7. (495)

By Holder inequality, Young’s inequality and Sobolev inequality, thanks to Lemma 2.2.8, using
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(4.53)—(4.55), (4.72), and (4.90)—(4.92), since

|Prtll 20y < Ullzeommyy, w2070y < 10NL20,700),

and || P, — || 20,7351y — 0 as m — oo, we have

[ D1| = [{(um — 1) Oztim, Pr))|
< Nt =l a0,7302) | Otin || L2 0,759 [| Pt || 20, 7520)
< Cllum — ullpao.7:02)[|0ctim || Lo 75y |19 220, 7581) — 0, (4.96)
| Da| = [(u(Ozttm — ua), P}
< ull o< 0,7:0%) | Ot — wa | 22(0,7:22) [ Pt |22 (0,7 12)
< Cllullze0,7:20)[|02tim — uz |l 20,7522 1| 20,711y — 0, (4.97)
| Ds| = [(utig, Pntp — )|
< Jullzooo,72) [ | 22 0,7:02) |1 Pnth — ¥l L2 0,712
< Cllul| oo 0,715 [t L20,7502) [| Pt — | 220,701y — O, (4.98)
| Da| = [((wm — w)0:tim, Bnt))]
< Cllwn = wllzzoran (10:tnll < 070) + 10estimllzeo 70 )
X (1Pl sz + ITontls 0,70 )
< Cllwy, — wl| 20,722 <||azum||L°°(O,T;L2) + ||axzum||Loo(0,7’;L2)>
x| 20,701y — 0, (4.99)
| Ds| = [{w(0ztm — uz), Prnt))]
< (Mol oran + s o iz ) 19:tm = wall 20712
X <\|me|\Lz(o,T;L2> + HPm%HL?(omL?))
< (lwleorias) + sl orian ) 19t — wsllzo7a

x[[¢ 20,711 — 0, (4.100)
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|Dg| = [{(wus, Pptp — )|
< |Jwl| 20,79y |1z oo 0,722y [| P — V|| L2(0,7:24)

< Cllwllz2o, 7m0 1wz | 2o 0, 722) | Pntd — ¥l 200,751 — 0, (4.101)

as m — oo. For Dy, from (4.25) and (4.64), and using (4.24) and (4.63) we have

|D7| - ’ zPm — pxa'lvb

<Jie [ / et =)o 5)dsde' )| + {2 [ (O = )51, )

/ / (x,s)dsdz’, ¢>’ ‘(/0 (ame—Tx)(x,s)ds,z/)))
1
+2‘(/0 (U Opthyy, — iy ) (, 2")d2 Pm1/1>’ + 2‘(/ uug(x, 2")d2', Pty — 1/1>’
—1—9‘(/01 —v)(x, 2")d2' ) —l—Q’// (2, 2")dx'd?’, w‘
—: By + Ey + By + Ey + Ey + Eg + Er + Es, (4.102)

By integration by parts, using Holder inequality and Sobolev inequality, thanks to (4.53)—(4.55),
(4.72), (4.74) and (4.90)—(4.92), we have

Y 1 / " @uton — wa)o.s)dsd, )
(o / (Ort — ). s, )|
/ / =)o) )]+ [t [ (=)o) )

////‘ w)(@, 8)|[vz (2, 2)|dvdsdzdt

< eofjwy, — w”L2 o721l L2 0,7m1) — 0, (4.103)

Ey+ E, = ‘ / / (0. T, (z,5)dsdz’, w>‘ ‘(/Oz(arTm - Tx)(xvs)dsuw>‘
- | / / (T = D) s )| ([ (T = T, ) )

<[ [ [ 1= i sz
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< T = Tlle20.7:22) ¥l 20, 7:01) — 0, (4.104)

Es = 2’</l(um0 U — Uty ) (x, 2")d2, sz/)))

—)/ U + ) (U, — ) (2, 2')d2", Prtbs)
/ / / 1t + ) (2) |24l (i — 1) (2|24 [ (Prntha (2) [ 2 d2"dzdt

<C( HUmHLoo 0,7;HY) T HUHLoo 0,7;H") N — UHL?(O,T;HI)||¢HL2(0,T;H1) — 0, (4.105)

Eg = 2‘(/0 g (x, 2" )dZ', Pptp — 1/1>‘

)
g/o /01 /01 /01 it (2, 2| ( Pt — ) (x, 2)| 2’ dddt

T 1 1
< Clullmoras [ [ ] ol P = ) 1zd'dat
0 0 0

< Cllullzooo,7000) [t l| 2 0,7:02) |1 Pmtd — ¥l L20,7:22) — 0, (4.106)
1
E7+E8—Q‘(/ —v)(x, 2)d2' ) —i—Q’// v) (2, 2")dx'dZ )
0
< Qv — vl 2,72 1Yl 2200.7:22) — 0, (4.107)

as m — oo. From the estimates above, D; — 0 as m — oo. Consequently, we can pass m — 00

in (4.93) to get
<8tu — VU, + uty, + wu, + e1u — Qu + py, w> =0, (4.108)
for ¢ € L?(0,T; H'). Therefore, we have
O — Vi, + utly +wu, + eu — Qu+p, =0 in L*(0,T; H ). (4.109)
By virtue of (4.89), all the terms in (4.109) are actually in L?(0, 7; L?). Consequently, we have

O — Vi, + Uty + wu, + eu — Qv +p, =0 in L*(0,T; L?). (4.110)
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Using analogous arguments, we can obtain the desired results for v and 7',

O — V., + uv, +wu, + v+ Qu =0 in L*(0,7T;L?), (4.111)

and

OT — kAT +uT, +wT, =0 in L*(0,T;L?). (4.112)

Finally, due to (4.90), one has, for every t € [0, 7], um(t) — u(t), vn(t) = v(t), Tn(t) —
T(t) in L% In particular, u,,(0) — u(0), v,,(0) — v(0), T,,(0) — T(0) in L?. On the other
hand, by (4.66), we have u,,(0) — g, v,,(0) — vg, and T;,,(0) — Ty in L% As a result, (u,v,T)
satisfies the desired initial condition: u(0) = ug, v(0) = vy and T'(0) = Ty.

We obtain the local in time existence of strong solutions to system (4.21)—(4.26), subjects to

(4.27)—(4.29), on the interval [0, T].
4.1.5 Uniqueness of Solutions and Continuous Dependence on The Initial Data

In this section, we will show the continuous dependence on the initial data and the unique-
ness of the strong solutions. Let (uy, vy, wq, p1, T1) and (ug, va, we, pa, To) be two strong solutions
of system (4.21)—(4.26), with the initial data ((ug)1, (vo)1, (T0)1) and ((uo)a, (vo)2, (T0)2), respec-

tively. Denote by u = 1y — us, v = 01 — V9, W = Wy — Wa, p = p1 — P, I' =171 — T. It is clear

that
(O — VU, + Uity + Wi, + u(ug)y + w(ug), + qu — Qv+ p, =0, (4.113)
O — VU, + UV, + w10, + u(ve) + w(ve), + €0 + Qu = 0, (4.114)
ew+p,+1T =0, (4.115)
wy +w, = 0, (4.116)
O T — kAT +ui T, + i T, + u(T3), + w(Ty), = 0. 4.117)

By taking the inner product of equation (4.113) with u, (4.114) with v, (4.115) with w, and
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(4.117) with T, in L?(T?), and by integration by parts, thanks to (4.27), (4.33), and (4.116), we get

Ld(lfull® + [[ol* + I71*)

: : + el + lol)

Ho((ual* + val*) + exllw]* + & [ VT

/T2 (u(ug)y + w(ug),) u drdz /p(u(vg)x + w(ve),) v dxdz

/ wl dxdz
T2

By integration by parts, using Holder inequality and Young’s inequality, thanks to (4.27), (4.33),

< +

/T ((Ty)e + w(Ty).) T dudz

and (4.116), we have

I =

/T2 (u(ug)e + w(ug),) u drdz

€
< §2||w||2 + Cey ([[(u2)allz + 1 (uz): 7o) 1l (4.119)

I = / (u(va)y + w(v2),) v drdz
T2
€
< §2||7«UH2 + Co ([(v2)allze + [[(v2): T ) [l + [l0]), (4.120)
I = / wT dadz| < %ku? +OLTI% (4.121)
’]I‘Q
and
I, = / (u(T2), +w(T3),) T dxdz
T2
€
< §2||wH2 + Co((T2)z [z + [1(T2)= 7o) (lul® + IT%). (4.122)
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From the estimates above, we obtain

d(flull* + lloll* + 1T11*)

+er(flull” + [lofl*)

dt
+r(Ju|® + [Jvs]?) + eof|w|® + & | VT|?
< Co, K ([[ul? + [[o]* + I T)1) (4.123)
where
K =14 |Vua|iw + [|Voa|} + | VT2 . (4.124)

Thanks to (4.55), we obtain K € L*(0, 7). Therefore, by Gronwall inequality, we obtain

lu@I* + o1 + [T ()]

< (lu(t = 0)|* + [lo(t = 0)II* + IT'(t = 0)|I*) exp(C, /0 K(s)ds), (4.125)

The above inequality proves the continuous dependence of the solutions on the initial data, and in
particular, when u(t = 0) = v(t = 0) = T'(t = 0) = 0, we have u(t) = v(t) = T'(t) = 0, for all

t > 0. Therefore, the strong solution is unique.
4.1.6 The Special Case: ) =0, v =0and T =0

In this section, we assume that {2 = 0, v = 0 and 7" = 0. In this case, system (4.1)—(4.5) will

be reduced to

Ol — Vi, + ully + wu, + equ + pp, = 0, (4.126)
ew + p, =0, (4.127)
Uy +w, = 0. (4.128)

Remark 17. There are two reasons why we consider this special case. Firstly, notice that when €; =
€ = 0, system (4.126)—(4.128) is exactly the 2D hydrostatic Navier-Stokes equations. So we can

regard system (4.126)—(4.128) as the hydrostatic Navier-Stokes equations with damping. Secondly,

136



as we will see later, we can show the local regularity of strong solution to system (4.126)—(4.128)
for initial conditions with less regularity. The reason why we need to assume more regularity for
initial data to system (4.21)—(4.23) is that we need to bound terms which contain v,,. For u,,, we
can use incompressible condition wu,, = —w,, to avoid such an issue. Therefore, in the case when

we do not have the evolution equation for v, we can require less for the initial data.

As before, our domain is T2, and the boundary and initial condition are

u, w and p are periodic in  and z with period 1, (4.129)
u and p are even in 2z, and w is odd in z, (4.130)
U,|t:0 = Uyp. (4131)

Using an analogue argument to that in section 4.1.1, system (4.126)—(4.128) subject to (4.129)-

(4.131) is equivalent to the following:
Up — VUyy + UUy + WUy, + e+ pp = 0, (4.132)

with w, p,, p, defined by

(w(a:,z) = — /Z ugz(x, s)ds, (4.133)
0
paes)im e [ [ o €dcds
o Jo
1 Z ps
+/ [—62/ / Uy (2, §)dEds — 2uu, (x, 2')|d2, (4.134)
0 o Jo

p.(z,2) = 62/ ug(x, s)ds, (4.135)
\ 0

subject to the following symmetry boundary condition and initial condition

{ u is periodic in = and z with period 1, and is even in z; (4.136)

u‘t:[) = Uyg. (4137)

By virtue of (4.133)—(4.135) and (4.136), we obtain that w, p also satisfy the symmetry condi-
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tions

{ w and p are periodic in x and z with period 1; (4.138)

pisevenin z, and w is odd in z. (4.139)

By virtue of (4.133) and (4.135), and by differentiating (4.133) with respect to z, we have

ew +p, =0, (4.140)

Uy +w, = 0. (4.141)

In this section, we are interested in system (4.132)—(4.135) in the unit two-dimensional flat torus
T?, subject to (4.136)—(4.137). First, we give the definition of strong solution to system (4.132)—

(4.135).

Definition 4.1.4. Suppose that uy € H*'(T?) satisfies the symmetry conditions (4.136), with the
compatibility condition fol Oyupdz = 0. Moreover, suppose that O,.,uy € L*(T?). Given time
T > 0, we say u is a strong solution to system (4.132)—(4.135), subject to (4.136)—(4.137), on the

time interval [0, T, if
1. u satisfies the symmetry condition (4.136);

2. u has the regularities

p

we L0, T: HY N 120, T: H2) N C([0, T, L2) N L=(0, T L),
u, € L*(0,T; L>),
Uz, € L®(0,T; L2),
Usee € L2(0, T L?),

duu € L2(0, T L?);
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3. u satisfies system (4.132) in the following sense:

O — Vi, + utly +wu, + equ+ p, =0, in L*(0,T; L),

with w, p,., p. defined by (4.133)—(4.135), and fulfill the initial condition (4.137).

We have the following result concerning the locally existence and uniqueness of strong solu-
tions to system (4.132)—(4.135), subject to (4.136)—~(4.137), on T? x (0, T'), for some positive time
T.

Theorem 4.1.5. Suppose that uy € H'(T?) satisfies the symmetry conditions (4.136), with the
compatibility condition fol Oyupdz = 0. Moreover, suppose that O,,uy € L*(T?). Then there
exists some T > 0 such that there is a unique strong solution u of system (4.132)—(4.135), sub-
ject to (4.136)—(4.137), on the interval [0,T|. Moreover, the unique strong solution u depends

continuously on the initial data.

Proof. For sake of simplicity, we will only do a priori estimates formally here. By taking the inner

product of equation (4.132) with u, —u.., and equation (4.140) with w, —w,., in L*(T?), we get

1d
5@(“””2 + s )?) + v (el + lJuzal?) + e (Jull® + [Jue]?) + e ([l + lw-]]?)
= —/ (uug +wu,) (u—u,,) dedz — / (px (u—u,,) +p, (w— wzz)> dxdz. (4.142)
T2 T2

By integration by parts, thanks to (4.136), (4.138) and (4.141), we have

_ /T2 (uu, +wu,) (u—u,.) dedz — /

']1‘2

(po (w = 122) + 2 (w = w22) ) dodz = 0. (4143)

Thanks to Gronwall inequality, we obtain

)P + (017 2 [ [P + 60 ) + ea( o) + s (5) ) s

< uw(0)[|? + [Ju-(0)]]*. (4.144)
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From the estimates above, we obtain

u, u, bounded in L>(0, T; L?),

W, Uy, W, = —u, bounded in L*(0,T; L?),

(4.145)

for arbitrary 7 > 0. By taking the inner product of equation (4.132) with —u,,,, t,,.. and equation

(4.140) with —w,4, Wy, in L?(T?), integrating by parts, thanks to (4.136) and (4.138) we get

1d
5%(““%“2 + Huxz,’Z) + V(HUIZHQ + HuwZZHQ)

e ([fual® + [z ) + e([well® + [wa: )

= / (wty + wuy) (Upy — Uggss) drdz
T2

T2

By integration by parts, thanks to (4.136), (4.138) and (4.141), we have

T2

Therefore, we have

1d
5%(”“91:”2 + ||Um||2) +v (||Ux2||2 + ”uzZZ”Z)
ter (Jual® 4 luasl?) + e2(lwe[l* + [Jwgs]?)

<| | (wuy +wuy) (Uge — Ugasz) drdz|.
’]TZ

Denote by

(Vo= 1+ [Jua|* + [Juaz]?,
F = HUrZHQ + ||um22||27

G = [lwal* + [Jwa:|*,

(K= 1 [full? + [l + [l
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(4.149)
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By integration by parts and Lemma 2.2.8, using Young’s inequality, thanks to (4.41), (4.42),

(4.136), (4.138) and (4.141), we have

/ (uuy + wu,) Ugpdrdz
2
' 1 1 1 1 1 1
< Cllullz(lullz + fluwall2)ue |2 (Juwl[2 + [l 2) Jws. |
1 1 1 1 1 1
+C w2 (a2 + [Jua |2 [w][2 (w2 + [Jws][2) Jws. |

< %G +OLKY?,

/ (Uty + WUy Uy, drdz
’]I‘Q

/ (Upllyy + Wellyy) Uy, drdz
T2
1 1 1 3 1 1
< Clltall (a2 + el ) lftasl 1 (s + e 1)
et Ml leall? + owasl12) e B Qe + e 1]

14

o P CuuKY?.

€2
< =@
=7 +

From the estimates above and by (4.145), we have

dt

Therefore, we have % <O K Y2, and this implies that

Y1) < L) N—
1= Y(0)C.,, [! Kds

Let 7 be such that

T 1
Kds = —————.
/0 2Y (0)Ce,.

From above, we have Y () < 2Y'(0) on [0, 7]. Plugging it in (4.155), we have

dy
—+ vF + e,G < 4C,, ,KY(0)?, fort € [0,T].

141

ay
— +vF+6G <C,,KY? with K € L'(0,7) forarbitrary 7 > 0.

(4.153)

(4.154)

(4.155)

(4.156)

(4.157)
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Integrating above from O to t for any time ¢ € [0, 7], we obtain
t t
Y (t) +/ (VE(s) 4+ e2G(s)) ds <Y (0) + 4C’€WY(O)2/ K(s)ds. (4.159)
0 0

From the estimates above, by virtue of (4.141), (4.145) and (4.41), we obtain

uw€ L0, T; HY N L*0,T; H?), . € L®(0,T;L?), .. € L*(0,T;L%), (4.160)

W, Wy, w,, € L0, T; L%, we, wy, € L*(0,T; L. 4.161)

Using Galerkin method, one can obtain local existence of strong solution to system (4.132)—
(4.135), subject to (4.136)—(4.137). Next, we show the continuous dependence of solutions on
the initial data and the uniqueness of the strong solutions. Let (uy, wy, p;) and (ug, wa, p2) be two
strong solutions of system (4.132)—(4.135), and initial data (ug); and (ug)s, respectively. Denote

by u = u; — ug, w = wy — we, p = p; — po. Itis clear that

{&u + Uty + wi, + u(ug)y + w(ug), + €u — vu,, + p, =0, (4.162)

ew + p, = 0. (4.163)

By taking the inner product of equation (4.162) with u, (4.163) with w in L?(T?), we have

Ldul?
2 dt

= / w(ug gy + wiu, + u(ug), + w(ug),) + (peu + pow) dedz. (4.164)
’]1‘2

+ellull* + exflwl* + vu. |

By integration by parts, thanks to (4.136), (4.138) and (4.141), we have

/ u(uguy + wiuy) + (peu + pow) dedz = 0. (4.165)
TQ
Therefore, we have
1dHuH2 2 2 2
5" @t + e|ul|® + e||w||® + v]|u||* < ulu(ug), + w(ug), | dedz|. (4.166)
'JI‘Q
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From (4.160) and (4.161), and by Lemma 2.2.9, we obtain that w,, (uz). € L*(0,7T; L>). There-

fore, using Young’s inequality and Holder inequality, we have

| / W2 () pddz| = | / W2 (w).dadz| = |2 / Wiy dzdz)
T2 T2 T2

14 14
< / (B1usf? + Cluws?) dedz < Gl el + & s (4.167)
T2

and

|/ uw(ug)zd:vdz|§/ <6—2|w|2+0|u(u2)2|2> ddz
T2 T2 2

€
< Co,l(u2). |7 lull® + 52||w||2- (4.168)
From the estimates above, we obtain
d 2 2 2 2 2 2 2
S llull” +eflull” + eflwl” + vijw.l” < Copllwallzee 4+l (uz):lz0)llull” (4.169)

Thanks to Gronwall inequality, we have

[u(®)]* < [lu(0)]* exp (Cez,u/o (lwa(s)l[ 7o + [1(u2)= ()17 d8> : (4.170)

The above inequality proves the continuous dependence of the solutions on the initial data, and in
particular, when u(t = 0) = 0, we have u(t) = 0, for all ¢ € [0, 7]. Therefore, the strong solution

is unique. =

4.2 Global Well-posedness with Small Initial Data

In previous section, we establish the local well-posedness of system (4.1)—(4.5) subject to
boundary and initial conditions (4.8)—(4.10). In this section, we will show the following result
concerning the global existence and uniqueness of strong solutions to system (4.21)—(4.26), sub-

ject to boundary and initial conditions (4.27)—(4.29), provided that the initial data is small enough.
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Theorem 4.2.1. Suppose that ug, vo, Ty, Opug, Opvo, 0, Ty € H(T?) satisfy the symmetry condi-

tions (4.27) and (4.28), with the compatibility condition fol O;uodz = 0. Moreover, suppose that
[wol[m1 + [lvollm + Col Toll mrr + (| Oztio ||z + (| Owvol[ i + Col| 0 Lol << 1

is small enough, for some Cy > 0 determined in (4.187). Then for any time T > 0, there exists
a unique strong solution (u,v,T) of system (4.21)—(4.26), subject to (4.27)—(4.29), on the interval

[0, T']. Moreover, the unique strong solution (u,v,T) depends continuously on the initial data.

Proof. From Theorem 4.1.3, we know there exists time 7* > 0 such that there is a unique strong
solution (u, v, T') of system (4.21)—(4.26), subject to (4.27)—(4.29), on the interval [0, 7*]. Assume

the maximal time 7 for existence of solution is finite, then it is necessary to have
1im;up(HU(t)HH1 + @)l + [Tl + [Jue @l + oz @O a2 + (T2 ()| 51) = oo
t—7T—

We will prove this is not true for any finite time 7 > 0, and therefore 7 = co.

First, notice that since 7" is an odd function with respect to z variable, we have
/ T dxdz = 0. 4.171)
TQ

By taking the L2-inner product of (4.21) with u, —Au, A, (4.22) with v, —Av, Av,,, (4.32)
with w, —Aw, Aw,,, and (4.23) with CyT, —CoAT, CyAT,,, in L?(T?), by integration by parts,
thanks to (4.27), (4.30) and (4.33), we have

DN | —
| =

(HUIV +IVull® + [0]* + [IVoll* + [ Vue |* + [[Vos |

=

t
+Co|ITI? + Coll VT2 + Go | VT )

(sl 4 sl + 1V 2 4 900 + Vet | + 1| V02
er (Il + [9ull? + ol + [ Voll? + [ Vel + | Ve )

e (Il + [Vwl? + 1V, |?) + Cor(IVTI? + AT + |AT )
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= / (uug + wu, — Qv+ py) (—u + Au — Augy) + (uv, + wo, + Qu) (—v + Av — Avy,)
’ﬂ‘Q

+(p:+7T) (—w+ Aw — Aw,,) + Co (T, + wT,) (=T + AT — AT,,) dzdz

= \/'1[‘2 (uu:c + UJU,Z) (umaz — Uggzr — uzxzz) + (U’Ux + UJUZ) (AU — Ugzzx — U:w:zz)

+7T (—w + Aw — Awy,) + Co (uTy, + wT,) (AT — AT,,) dxdz. (4.172)
Denote by

(Y = ||ul]® + [[Vul® + [o]]* + |Vo]* + [Vus|]® + [ Ve || + Co|| T

+Co||[VT||* 4 Co|| VT, (4.173)

Fo=Juall? + [Jo:]]? + [[Vue|? + [V ||? + | Vie |? + | Vs |, (4.174)

G = |Jw]]* + |[Vw|]* + | Vw. ], (4.175)

H = ||[VT|]? + ||AT|]” + || AT, %, (4.176)

CK = Jul]? + [[Vull® + Joll* + [Vol? + ([ Vug||? + ([ Vs |- (4.177)

We estimate each term in (4.172). By integration by parts, using Poincaré inequality, Young’s

inequality and Lemma 2.2.8, thanks to (4.27), (4.30), (4.33), (4.41), (4.42) and (4.171), we have

/ (uuy + wu,) wy,drdz
2
’ 1 1 1 1 1 1
< Clluflz(fullz + fluwe ) Juw][2 (1ua 12 + (el 2) Jws. |
1 1 1 1 1 1
+COusl[2 (w2 + (ua |2 [w][Z(Jw][Z + [Jws][2) Jws. |
< O(lwll + Nlwa? + Nlwez ) (ell + ]l + llua-)

< OGY'?, (4.178)

/ (Ut + WU,) Upyre drdz
’I[‘Q

/ (Bw,Wyy + Wazlly + 2Wa Uy ) Uy drdz
’]1‘2

< C w13 s + g I3 feae et | (tall? + rtzee2)
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1 1 1 1 1 1
Hwaa|[Juz |2 (Juzl]2 + [tee [12) [[tae |2 ([[tze |2 + |tee:]|2)
1 1 1 1 1 1
Fllwe w12 (Juea 12+ ltees |2 | tee |2 (1w |2+ [t |?)
< C([[Vw | + IVull® + [ Vua|? + |t I*) (V]| + [ Vg )

<C(F+G+K)YY? (4.179)

/ (Ut + WU,) Uy, drdz
’]I‘Q

T2

1 1 1 3 1 1
< C[HMHZ(H%HQ + gz |2 ) |tz (|2 ([t ]2 + l|tae]2)
1 1 1 1 1 1
vz | [[we || 2 (Jwe ]2 + [Jwee [|2)[Juz ]2 ([|u.z]] 2 + Hurzzuz)]

<CO(F+G+ K)Y'Y2 (4.180)

/ (uv, + wv,) Av dxdz

T2

< C(lJull + [luz D (vl + [[vaa D ([vze ]l + llv=11)
+C([Jwll + lws D ([[:]] + [[vz: ) (lvaxll + [lv2[])

< C(K + F)Y'Y?, (4.181)

| [ (wv, + wv,) veppedrdz|
"]1‘2
=| | (UegVs + WUy + 20V + 2w, 05, ) Vppdrdz|
’]TQ
1 1 1 1 1 1
< C[||Uxx||||vx”2(||vcc”2 + HU:E:L’H2)||uxx||2(||um||2 + ||u:1:w2||2)
1 1 1 1 1 1
Hwee V212 (212 + (V2] 2) |vae |2 (1Vee |2 + [[V2az]2)
3 1 1 1 1 1
vz |2 (1vee |2 + [[vaeal2) w2 (Juel]2 + [tz 2)
1 1 1 1 1 1
+”wch2(wa”2 + waz||2)HUx2H2(||U1:ZH2 + HUMZHQ)HUMH

<C(K+F+G)YY? (4.182)
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| [ (wvg + wv,) Vg, dxdz|
= | [ (U + Vpally — VU + Weyz) Vpodrdz|
T2
1 1 1 1 1 1
< O[||UIZ||||U1:H2(HUIH2 + ||UIZ||2)||uxZ||2(||u:c2||2 + ”uwm“2>
1 1 1 1 1 1
—G—HUMHHUZH?(Hqu? + HUIZHZ)HUMH2(va||2 + vaz||2)
1 1 1 1 1 1
Hlvez vl 2 (012 + Va2 ]]2) | tzal 2 ([ Uzl 2 + [[tzez=]2)
1 1 1 1 1 1
Hvez we |12 ([[we |2 + [wel|2) Va2 (Va2 + [[V2ez]2)

<C(K+F+G)YY? (4.183)

| [ T(—w+ Aw — Aw,,) dzdz|
T2

< 1T Hlwll + VT VWl + VTV |

< —G + —(||T||2 +HIVTI? + [ VT:])
< —G+ (C VT + VT + VT )
< EG+ e, (O +1)H (4.184)

where, thanks to (4.171), we apply Poincaré inequality to obtain the last inequality. Finally,

Co|l | (W, + wT,) (AT — AT,,)dxdz|
’]I‘Z

<| [ (uTp+wT,) ATdxdz| + | | (u.Typ + uTypy + wTy, +w,T.) AT, dxdz|
T2 T2

I 1 1 1 1 1 1
< GoC |[[ull2 (llull® + luslIZ)NTell2 N TellZ + ([ Toell2)

_l_

[}z ([[wlz + [lw: |2 Tz (T[> + HTmH§)] 1A

[ 1 1 1 1 1 1
OO | lluall? (el + ez 12Tl T2 llZ + ([ Toel)2)
1 1 1 1 1 1
Hlwll2 (ellz + w2 Teall2 ([ Teal |2 + [ Toae|2)
1 1 1 1 1 1
w2 (w2 + lwe 2Tz l|2 (1 Tz 12 4 T2z %)

1 1 1 1 1 1
Hllwa 12 ([[we 2 + lJwe: [T AT + IITmH?)] IAT:|
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< CoCHY'?. (4.185)

From the estimates above, we obtain

1dY C. 1 C. 1
- 1—-—-Y2F 1—-—-Y?2)K
2 dt ¢ v JE+al €1 )
1 C. C. . C,+1
YOG +Ck(l — Zyas — =2 H <0. 4.186
+62(2 €9 ) * OK( K 262/4,00 - ( )
Choose
C 1
Cyp=—2 + (4.187)
[S1aY

2 2 2 2 .
%, o> 123, 152 ) there exists t* > 0 such that % < 0 on [0,#*], and
0, 1],

hence Y (t) < Y fort € [0,¢

Observe that if Yy < min(

2 2
1/2 €] €5 HQ

&2y & ac2s o= ). Thus we can

and in particular, Y (t*) < min(
2 2
repeat this procedure to arbitrary time ¢ > 0 to get Y (t) < Yy < min((’j—z, 18 %) for all

time. This implies the required bound for the global in time existence of strong solution. 0

4.3 Voigt a-regularization

In order to study the possible finite-time blow-up of system (4.1)—(4.5), and to give a reliable
numerical regularization, in this section, we study the Voigt a-regularization of system (4.1)—(4.5)

with v = 0, which is

(1 — @Pus.), + utiy + wu, + eyu — Qv+ p, = 0, (4.188)
(v — @®v,,) + uv, + wo, + €v + Qu = 0, (4.189)
§ ew+p, +T =0, (4.190)
Uy + w, = 0, (4.191)
| T} — kAT + uT, + wT, = 0. (4.192)

Remark 18. We take v = 0 here. Indeed, when v > 0, the system has additional dissipation, and

thus is easier to study. One can repeat the procedures below and get similar result when v > 0.
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As in the case of system (4.1)—(4.5), our domain is T?, and the boundary and initial conditions

are

u, v, w, pand T are periodic in x and z with period 1, (4.193)
u, v and p are even in 2z, and w, 71" are odd in z, (4.194)
(u,v,T) lieo = <u0,vo,T0). (4.195)

Using analogue argument as for system (4.1)—(4.5), system (4.188)—(4.192) subject to (4.193)—

(4.195) is equivalent to the following:

(u — ®u..); + uuy +wu, + equ — Qu +p, =0, (4.196)
(v — @®v..); + uvy +wu, + v+ Qu =0, (4.197)
T, — kAT +uT, +wT, =0, (4.198)

with w, p,, p. defined by

(w(x,z) = — Zux(x,s)ds, (4.199)
0

paes)men [ [ o gdeds - [ Tes)as
0o Jo

+ATA*B@$w@:£A3m@®%@

+Qu(x, 2") — 2uu,(z, z')} dz'
1
—Q/ / v(a!, 2" da'd?’, (4.200)
0 Jo

p.(x,2) = =T (x,2) + € /Z ug(x, s)ds, (4.201)
0

\

subject to the symmetry boundary conditions and initial conditions (4.27)—(4.29). We also have

(4.32) and (4.33), for which we repeat here:

{e2w +p.+T =0, (4.202)

Uy +w, = 0. (4.203)

149



In this section, we will show the global regularity of strong solution to system (4.196)—(4.201),

subject to (4.27)—(4.29), for arbitrary initial data without smallness assumption.
4.3.1 Main Results
First, we give the definition of strong solution to system (4.196)—(4.201), subject to (4.27)—

(4.29).

Definition 4.3.1. Suppose that ug, vy € H*(T?) and Ty € H'(T?) satisfy the symmetry condi-
tions (4.27) and (4.28), with the compatibility condition fol Ozuodz = 0. Moreover, suppose that
Opazlo, Opezvo € L*(T?). Given time T > 0, we say (u,v,T) is a strong solution to the system

(4.196)—(4.201), subject to (4.27)—(4.29), on the time interval [0, T, if
1. u, v and T satisfy the symmetry conditions (4.27) and (4.28);

2. u, vand T have the regularities

;

w,v e L0, T: H) N C([0,T]; HY),

Usgz, Vagz € L(0, T L?),

O € L=(0,T; L*) N L*0,T; HY),

T € L2(0, 7 H?) N L=(0,T; HY) N C([0, T]; L?),
dw € L=(0, T HY)

O,T € L*(0,T; L?);

3. u, vand T satisfy system (4.196)—(4.198) in the following sense:

O(u — @uy,) + uuy + wu, + eu—Qu+p, =0 in L=(0,7T;L*) NL*0,T;HY),
(v — a?v,,) + uvy +wu, + v+ Qu =0 in L=0,7T;H"),

0T — kAT +uT, +wT, =0 in L*(0,T; L%,
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with w, p,., p. defined by (4.199)—(4.201), and fulfill the initial condition (4.29).

We have the following result concerning the existence and uniqueness of strong solutions to

system (4.196)—(4.201), subject to (4.27)—(4.29), on T? x (0, T), for any positive time 7.

Theorem 4.3.2. Suppose that ug,vy € H*(T?) and Ty € H'(T?) satisfy the symmetry condi-
tions (4.27) and (4.28), with the compatibility condition fol O;updz = 0. Moreover, suppose that
Opwg; Opzvo € L2(T?). Let time T > 0. Then there exists a unique strong solution (u,v,T)
of system (4.196)—(4.201), subject to (4.27)—(4.29), on the interval [0, T]. Moreover, the unique

strong solution (u,v,T') depends continuously on the initial data.

For the proof, we will only do formal a priori energy estimates and omit the details of showing
existence of solutions. Then we show the uniqueness of solutions and the continuous dependence

on the initial data.
4.3.2 A priori Estimates

By taking the L2-inner product of equation (4.196) with u, equation (4.197) with v, equation
(4.202) with w and equation (4.198) with T', in L?(T?), by integration by parts, thanks to (4.27),

we get

| =

(Il + ol + 1702 + a2 e + o2 1)

N | —
Q

t
+erlull® + ef|vl* + eaflwl* + 5 VT

= —/ (wuy, + wu,) u dedz — / (uv, + wv,) v drdz
T2

’I[‘2

— / (upy + wp, +wT') dedz — / (uT, +wT,) T dzdz. (4.204)
T2

T2

By integration by parts, thanks to (4.27), (4.30) and (4.203), we have

—/ (uu, +wuy) u dedz — / (uv, + wv,) v dedz
T2

T2

—/ (upy + wp,) drdz — / (uT, + wT,) T dedz = 0. (4.205)
T2

’]I‘Z
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By Cauchy—Schwarz inequality and Young’s inequality, we have
€
- [ wrdsds < Jull|T) < Sl + CalT (4206)
T2
As a result of the above, we have

d
= (Il + 12+ 1702 + 2 e[| + o2 o 12)
2 2 2 2 2
26 [ull? + 26 [o] + exllw]® + 26 | 9T|

< Co([ull® + lol* + 1T + o lus )1 + o [Jo:?). (4.207)
Thanks to Gronwall inequality, we obtain

(Ml + 101 + 1T + o fluzl® + o [lv-[*) (2)
t
+/O 2ellu(s)[* + 2erl[v(s)* + exllw(s)|* + 26 [ VT (s)[*) ds

< (luoll® + vl + 1T + o | 9.uol|* + o [|0:v0 1) e“=". (4.208)

Consequently, we have
(

U7U7uz7vz E LOO(O, T; L2)7

w € L*0,T; L?), (4.209)

T € L0, T L?) N L0, T HY)
\
for arbitrary 7 > 0.

By taking the L?-inner product of equation (4.196) with —u., and equation (4.202) with —w,,

in L?(T?), by integration by parts, thanks to (4.27) and (4.30), we get

1d(||u. 2 e
5 (Hu H +d? Hu H )+61Huz|!2+62|!wzH2

:/ (wty + wu, — QU)u,, + (Usepr + Waoop, + w,,T) drdz. (4.210)
TQ
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By integration by parts, thanks to (4.27), (4.30) and (4.203), we have

/ (uu, + wu,)u,,drdz + / (UzoPy + W,.p,) dxdz
’H‘Q

’]I‘Q

= —/ [U Uy + Ully, + Wou, + Wi, |Judedz — / p(Uy + w,),.drdz
T2 T2

1
= —5/ u?(uy +w,)drdz — / p(uy + w,),.dedz = 0. 4.211)
T2 T2

By integration by parts, using Cauchy—Schwarz inequality and Young’s inequality, thanks to (4.27)

and (4.30), we have

/ (—Quu,, +w,,T) dedz = / (Qu, —w,T,)dxdz
T2

T2
< Qf|ve [z + [Jw [ T2

€

[\

< S llwel* + Co |27 + Callvall(L + Juz ] + o[l ). (4.212)

|

As a result of the above, we have

d(1 + Jlue|* + o?Ju- |*)
dt

< Callv:[I(1 + luz||* + o®[luz:|*) + Coe, | T2 (4.213)

+ x|l + o ||

Thanks to Gronwall inequality, we obtain

||uz(1t)||2+0z2||uzz(1t)||2+/0 (2e1/lus(s)[I* + exllw=(s)[*) ds

t t
<C, <1 +/ T (s)||2ds + [|0.ug|* + o H82Zu0|\2> exp (CQ/ Hvz(s)Hds) . (4.219)
0 0
By virtue of (4.209) and the above, we have

u., € L=(0,T; L%, w, = —u, € L*(0,T;L?), (4.215)
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for arbitrary 7 > 0.
By taking the L2-inner product of equation (4.196) with —u,,, and equation (4.202) with —w,,,

in L?(T?), by integration by parts, thanks to (4.27) and (4.30), we get

Ld([Jua]l” + o [|ua:|*)
2 dt

= / (vt + wu, — QU)tgy + (UgaPe + Weaps + W T) dxdz. (4.216)
TQ

+e1flue]|* + eaffws ||

By integration by parts, thanks to (4.27), (4.30) and (4.203), we have

T2

By integration by parts, using Cauchy—Schwarz inequality and Young’s inequality, thanks to (4.27),

(4.30) and (4.203), we have

— Qg drdz = Qvwy,dxdz = — Qu,w.dxdz
Tz ']1‘2 T2
€
< Caeyllvs|? + EZwaHz, (4.218)
and
/ Twy, dedz = —/ Tow, drvdz < C, || T:|* + E—QwaHQ (4.219)
T2 T2 6

By integration by parts, using Young’s inequality and Lemma 2.2.8, thanks to (4.27), (4.30) and
(4.203), we have

/ (Ut + wuy) Uy dedz = —/ ((ug)® + weuuy,) dedz

T2 T2

= —/ (—w.(ug)? + weusu,) dedz = —/ (2wugtiy, + wyu,uy) dedz
T2 T2

1 1 1 1 1 1
< Clllwlz(lwll= + [lws][2) a2 (o2 + e [12) sl

1 1 1 1 1 1
HlwalllJuall2 (lusl2 + w212 (sl 2 + [luss]l2)]
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€2
< OCq (L [l + uall® + ual”) (14 fluall® + o2 llue=?) + Fllw. |

From the estimates above, we have

d(1 A [Jue|* + 0 [Jua:|*)
dt

< Cop (14 llwll* + o [I* + = l1*) (1 + [fuaal* + o[l )

+ e1lus|* + eafws [|*

+Coalllv:l* + I T2]1%).
By Gronwall inequality, we obtain

t
Ol + o2 e + [ @erlunls) |7 + ellan(s)F)
t
< Co (1 [ o+ ITIP ) ds + ol + o Hé’muo\lz)
0

t
X exp (C@ / (14 Nw()I* + luz () + flus(s)]1*) dS) :
0
By virtue of (4.209), (4.215) and the above, we have
u,u, € L0, T; HY), we L*0,T;H"),

for arbitrary 7 > 0.

By virtue of (4.223), (4.41) and (4.42), we have

we L0, T; LN L*0,T; HY,

(4.220)

(4.221)

(4.222)

(4.223)

(4.224)

for arbitrary 7 > 0. By taking the L?-inner product of equation (4.197) with —Awv in L?(T?), and

by integration by parts, thanks to (4.27), we have

Ld(|[Vv]* + o?[[Vv.|?)
2

- + | vo?
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= / [(uvx + wv,) (Vgg + v22) + QuAv|dzdz.
TQ

(4.225)

By integration by parts, using Cauchy—Schwarz inequality and Lemma 2.2.8, thanks to (4.27),

(4.30) and (4.203), we have

1

1
| [ wv,ve, dedz| = |/ —uv? dedz| = |/ —w,v? dedz| = \/ WU, drdz|
T2 T2 2 T2 2 T2

1 1 1 1 1 1
< Cllwllz([[wllz + [lwal|2)[[oz]l> ([vzll> + l[vazl2) vzl

1 1 1 1 1 1
|/2 uvg drdz] < Cllull2 ([[ull> + lluall2)Jval2 (o212 + lvez 2]zl
T

| WU,V dxdz| = | Ve (Wev, + Wu,, ) drdz|
T2 T2
1 1 1 1 1 1
< Cllws|[flvall2 (vall2 + flowel[2) Jo: ]2 (v2)2 + [[vas]]2)

1 1 1 1 1 1
+Clw[lz(wll> + lwalI2)[[vallZ (vall? + [[va-[2)[|ve- ],

|/1r2 W, dedz| < Cllw||Z([|w]|z + lwel|2) vl Z([Jvs]]2 + [Jvzs][2) [lva- ],
and
|/ QuAv drdz| = |/ OVuVo dedz| < Col[Vul|[[Vo].
T2 T2

As a result of the above and by Young’s inequality, we conclude

d(1 4 [|Vo]* + o* [ Vo|?)
dt

< Co (L [lull* + wll* + [ Vull® + [lwa*) (1 + [IVo]]* + o [Vo:]?)

+ 21| Vol®
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Thanks to Gronwall inequality, we obtain

t
Vo) + o [V (0)]* + / 261||Vo(s)|[*ds
0
< (L4 [[Vuol* + o* [ V.00 ]*)

t
X exp (cg / (Ll + ol + [l + [l ) (5) ds) . (4.232)
0
By virtue of (4.209), (4.215), (4.223) and the above, we have
v,v, € L=(0,T; HY), (4.233)

for arbitrary 7 > 0.
By taking the L?-inner product of equation (4.198) with —AT in L?*(T?), and by integration

by parts, thanks to (4.27), we have

1d|[vT|?

+ K ||AT|? = / (uT, +wT,)AT. (4.234)
2 dt T2

By Lemma 2.2.8 and Young’s inequality, thanks to (4.203), we have

/ (uT, + wT,)AT

TQ

< C(HUW(HUHE + e [Tl 2 (T2 + 1721 2)[[AT]
+wl[Z(lwllz + (w2 (1: ]2 + |’sz||§)\|AT||)

< SIATI + Co (T4 ull + llual|* + [lwll* + w: ") IV,

I N0 X

= §IIATI|2 + Co (T Jull* + (] + wl|* + Ju|*) VT2 (4.235)

As a result of the above we conclude

d|VT|*
dt

+ K [|AT|]? < Co (1 + [Jul]* + Ju||* + [Jw]|* + [Jua|*) IVT ). (4.236)
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Thanks to Gronwall inequality, we obtain

VT2 + / |AT ()| ds

t
< |IVTy|* exp (C’H/ (1 + [Jul|* + fJu)* + [Jwl* + Jua ) (s)ds) : (4.237)
0
By virtue of (4.209), (4.215), (4.223), (4.224) and the above, we have
T € L0, T; H) N L*(0,T; H?). (4.238)

By taking the L?-inner product of equation (4.196) with 1., equation (4.197) with v, and
equation (4.202) with w4, in L?*(T?), and by integration by parts, thanks to (4.27) and (4.30), we

get

ld(HumzHQ + [[vze|? + 02 [[tgas||* + &2 |vaas]?)
2 dt

+€1||umc||2 + E1||UM||2 + €2||w:ca:||2

= — / (wty + wuy, — QU) Uy drdz — / (uvy + W, + Qu) Vypre drdz
’]I‘?

’]I‘Q

T2
By integration by parts, thanks to (4.27), (4.30) and (4.203), , we have
/ (—QUsrze + QUULee, ) drdz — / (UgzreDe + WeppeD,) drdz = 0. (4.240)
T2 T2

By integration by parts, using Young’s inequality and Lemma 2.2.8, thanks to (4.27), (4.30) and
(4.203), we have

/ (Utly + W) Ugger dxdz
T2

1
/ (BWUzzy — =Waplly — 2Wyly,) Uy dxdz
T2 2

< C{lwlF Ul + ) el tall? + ot ) s
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1 1 1 1 1 1
Hwaa|[Juz |2 (Juzl]2 + [tee[12) [[tae |2 ([[tae |2 + [t ]]2)
1 1 1 1 1 1
Hwe ||tz |2 ([t 2 + [[Uae]2) || tea]| 2 (|| tee]| 2 + HuMZHQ)}
€
< g“meQ + Oy (14 Jw]® + (w1 + [z + - [1?)

X (14 ([t |I* + 0 ||tge:]?) (4.241)

and

— ‘ / Upz Vg + WegVy — W00, + 2w, 05, ) Vppdadz

‘ / UV; + WU,) Vppgpdrdz| =
']1*2

< ‘ / (wxvxz + WazVy — 4wva}xz + Q'wxvxz) Uxxdxdz
T2

WV Vg dxdz‘
2
1 1 1 1 1 1
< O[wa“HUxxHQ(HUMH2 + HUMZHQ)HUMHQ(||U932||2 + ||U$:vz||2)
1 1 1 1 1 1
+||wxw||||UZ||2(||Uz”2 + ||UxZ||2>||UMH2<||wa||2 + ||Ua:as2”2)
1 1 1 1 1 1
+Hwl[Z([[w]|2 + [[we || 2) |Vl 2 (V2] 2 + |Vewa 12) Vsl
1 1 1 1 1 1
Hwe [[|vezl 2 (Jvez 12 + [[Vewz |2)]|ve|| 2 (JVaz]| 2 + [|Vee-]2)
1 1 1 1 1 1
Hwe |2 ([[we][2 + Jwezl[2) vz ]2 (Jvz ]| 2 + ||U:ca:||2)||vmz||}
€
< g”wmﬂz + Coy (1 + lwl® + [Jwal* + fJval? + lvzl* + flvez]?)

X (1 + [|vae]|* 4+ & [Jvaas]?) - (4.242)

By integration by parts, using Cauchy-Schwarz inequality and Young’s inequality, thanks to (4.27)

and (4.30), we have
| [ Twepeedrdz| = |/ TyoWerdrdz| < || Tpe ||| wes]| < %wa”? + Co, || Toa ||, (4.243)
T2 T2

As a result of the above, we conclude

d(1 + HUMH2 + HUMH2 + a? HUMZHQ + a? H’UMZHQ)
dt

+2€1H“Mf”2 + 261va|]2 + €2||wxch2
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< C (1 + ||w||2 + ||w:v||2 + Hqu2 + ||uacZ||2 + HULBHQ + ||Uz||2 + HUJ:ZHQ + HTMHQ)

X (1 + Hum‘“2 + ||Uxac||2 + o ||ua:x2||2 + o ||Umz||2) .
By Gronwall inequality, we obtain

etz (O + s (I + 02 s (1) + @2 [[oes ()]
n / (261 (5)]12 + 2ex [0 () 2 + el () [2) ds
< (14 [nstol]® + [Brstoll? + 02 [ Dnestol]® + 0 [ Dnesvo]?)
t
xoxp (€, / (L (I + o (I + s (I + rsas(s)]

HIVo(s)I” + [lvaz(s)]1* + !|Tm(8)||2)d8>-
From (4.209), (4.215), (4.223), (4.224), (4.233), (4.238) and the above, we have
u, v € L0, T H?), Upps, Vawe € L¥(0,T; L%, w € L*(0,T; H?)

for arbitrary 7 > 0.

By virtue of (4.246), thanks (4.41) and (4.42), we have
w e L=0,T; H)Y N L*(0,T; H?),

for arbitrary 7 > 0.

(4.244)

(4.245)

(4.246)

(4.247)

By standard Galerkin method, one can establish the existence of solutions. Moreover, the

solutions satisfy the desired regularity.

4.3.3 Uniqueness of Solutions and Continuous Dependence on The Initial Data

To finish the proof of Theorem 4.3.2, in this section, we prove the uniqueness of solutions

and continuous dependence on the initial data. Let (uy, vy, wy,p1, 1) and (ug, vo, wo, pa, T3)

be two strong solutions of the system (4.196)—(4.201), and initial data ((ug)1, (vo)1, (70)1) and
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((uo)2, (vo)2, (To)2), respectively. Denote by u = u; — ug, v = v] — Vg, W = W — Wa,p =

p1 — po, T =Ty — T),. Thanks to (4.202) and (4.203), it is clear that

) (u — a2uzz) + up g + wit, + u(ug)y + w(uz), + equ — Qv +p, =0, (4.248)
o (v — a%zz) + w0, + w10, + u(ve) + w(ve), + €10 + Qu = 0, (4.249)
eow+p. +T =0, (4.250)
Uy + w0, = 0, 4.251)

|7 — KAT + w Ty + i T, + u(Th),s + w(Ty), = 0. (4.252)

By taking the inner product of equation (4.248) with u, (4.249) with v, (4.250) with w, and
(4.252) with T in L*(T?), and by integration by parts, thanks to (4.27), (4.203) and (4.251), we get

Ld([full® + llol* + IT11* + o luz[* + o [Jv-]|*)
2 dt
+erlull® + e|vl* + eaflw]* + 5 VT

/T2 (u(ug)y + w(ug),) v drdz /T? (u(ve)z + w(v),) v dxdz

/ wl dxdz
'ﬂ‘2

By integration by parts, using Holder inequality and Young’s inequality, thanks to (4.27), (4.203)

< +

+ + . (4.253)

/Tz(u(TQ)x +w(Ty),) T dzdz

and (4.251) and Lemma 2.2.8,

/11‘2 (u(ug)e + w(ug),) v drdz

SC’/ |wu,ug| + |w(ug).u| dedz,
TQ

< 2|2 + Coy s 2 -2

= 8 w €2 U oo Uy

+Ce, [l (w2) |l ()2 + [ ()= ) (el + @], (4.254)

/T2(U,(’Ug)x + w(ve),) v drdz
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€2
< gHwH2 + Co, | (v2) ]l oo ([[uel|* + [Jv]|?)

+Ce | ()= (1 (v2): ]l + | (w2)a= D01 + 0[|v- %), (4.255)

/ wT ddz| < %2||w||2+062||T|]2, (4.256)
’]1‘2

and

/TZ(u(Tg)m +w(Ty),) T dxdz

< Con TN UT) + T2l + etz + 3 ]
F LTI + Coan(1+ @)D + | Ta)as T
< ZHwl? + SIVTIR + Cep (14 IT)all + 1(Te)asl
T+ 1T P (Ta)es )

x (Jlul® + 112 + a2 flus]1?). (4.257)
From the estimates above, we obtain
d([[ull® + [[oll* + 1T + o [Juz||* + o [Jv. )

dt
+el|ull® + e [o]* + eaf|wl|* + £ | VT

< CopwK ([ull® + 101 + 1717 + o [fual* + o flo:]1?) (4.258)

where

K =1+ [lua]|Tee + [(wa)allze + 1 (u2)=l1” + [[(u2)az 1 + [[(w2)=l* + [ (v2): I

HIT2)all + 1(T)aall + 1(T2)= 1"+ 1(T2)= 1P I(T2)s 1. (4.259)

Using Lemma 2.2.9, thanks to (4.238) and (4.246), we obtain K € L'(0,7). Therefore, by
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Gronwall inequality, we obtain

lu@)* + @ + 17O + o w1 + o [lo (1)

< (IIu(t = 0)[I* + &[lus(t = 0)||* + [[o(t = 0)[|* + o*[lv:(t = 0)|*

t
HIT(E =) exp(Cu [ K(5)ds) (4.260)
0

The above inequality proves the continuous dependence of the solutions on the initial data, and in
particular, when u(t = 0) = v(t = 0) = T'(t = 0) = 0, we have u(t) = v(t) = T'(t) = 0, for all

t > 0. Therefore, the strong solution is unique.
4.3.4 The Special Case: 2 =0,v=0and T =0

In this section, we consider the special case when 2 = 0,v = 0 and T" = 0. System (4.188)-

(4.192) reduces to the following system

((u— a*u. ) + uuy +wu, +p, =0, (4.261)
ew+p,+1T =0, (4.262)
Uy +w, = 0, (4.263)

|7, — kAT +uT, +w T, = 0. (4.264)

We impose similar boundary and initial conditions for this system:

u, w, p and T are periodic in x and z with period 1, (4.265)
u, pare evenin z, and w, 1 are odd in z, (4.266)
(u,T> |t=0 = (uO, To). (4.267)
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Using an analogue argument to that in section 4.1.1, system (4.261)—(4.264) subject to (4.265)—

(4.267) is equivalent to the following:

{ (U — ®u,z)y + uty + wu, + €yu+ py = 0, (4.268)

T, — kAT +uT, +wT, =0, (4.269)

with w, p,, p. defined by

(w(x z) = /z +(z, s)ds, (4.270)

:Bz:—EQ/O/Oumxfdfds—/ L(z, 5)ds

1
+/ [/ T.(x,s)ds — 62/ / Upe (7, )dEds — 2uuy(x,2')|d2',  (4.271)
0 0

p.(x,2) = =T (x,2) + € /Z Uz (x, s)ds. (4.272)
0

\

We are interested in the system (4.268)—(4.272) in the unit two dimensional torus T?, subject

to the following symmetry boundary conditions and initial conditions:

w and 7" are periodic in z and 2z with period 1; (4.273)
uis evenin z, and 7T is odd in z; 4.274)
(U, T)|t:0 = (Uo, T()) (4275)

We have the global well-posedness for system (4.268)—(4.272), for initial condition with less reg-

ularity. i.e., for ugy, d,uy € H' and Ty € H'. Let us give the definition of strong solution first.

Definition 4.3.3. Suppose that uq € H'(T?) and Ty € H'(T?) satisfy the symmetry conditions
(4.273) and (4.274), with the compatibility condition fol O:updz = 0. Moreover, suppose that
O.ug € H'. Given time T > 0, we say (u,T) is a strong solution to the system (4.268)—(4.272),
subjecto to (4.273)—(4.275), on the time interval [0, T, if

1. u and T satisfy the symmetry conditions (4.273) and (4.274);
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2. u and T have the regularities

4

u € L0, T;H') N C([0,T]; L?),

u, € L>(0,T; H'),

dyu € L2(0,T; L?),

T € L2(0,T; H?) N L>=(0,7; HY) N C([0, T]; L?),

0,T € L2(0, T L?);

3. u, T satisfy system (4.268)—(4.269) in the following sense:

(u — ®u..); +uu, +wu, +eu+p, =0 in L*(0,T; L?);

T, — kAT +uT, +wT, =0 in L*(0,7T;L?),

with w, p., p. defined by (4.270)—(4.272), and fulfill the initial condition (4.275).

Based on Theorem 4.3.2, we have the following theorem on the existence and uniqueness of
strong solutions to system (4.268)—(4.272), subject to (4.273)—~(4.275), on T? x (0,7 ), for any

positive time 7. The proof is similar as Theorem 4.3.2, and we omit the details here.

Theorem 4.3.4. Suppose that vy € H'(T?) and Ty € H'(T?) satisfy the symmetry conditions
(4.273) and (4.274), with the compatibility condition fol Ozupdz = 0. Moreover, suppose that
d,ug € H'. Given time T > 0. Then there exists a unique strong solution (u,T) of the system
(4.268)—(4.272), subject to (4.273)—~(4.275), on the interval [0,T|. Moreover, the unique strong

solution (u, T') depends continuously on the initial data. Same result holds when T = 0.

Remark 19. The reason why we need to assume more regularity for the initial data to system
(4.196)—(4.198) is that we need a bound for ||(v2),.|| L~ appears in (4.255). If we do not have the

evolution equation in v, we can require less on the initial data.
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4.4 Convergence as o — (

In this section, we will prove the convergence of the strong solution of the following system

(u® — ?u); — vul, + u*u® + wu? + eu® + p2 =0, (4.276)
ew® + p* =0, 4.277)
u® 4w =0 (4.278)

subject to the following symmetric boundary conditions and initial condition

u®, w® and p® are periodic in x and z with period 1; (4.279)
u®, p* areevenin z, and w® isoddin z; (4.280)
u®|i=o = ug, (4.281)

to the strong solution of system (4.126)—(4.128) subject to (4.129)—(4.131), as a« — 0.

Remark 20. The global well-posedness of system (4.276)—(4.278) subject to (4.279)—(4.281) can
be obtained as in section 4.3. Moreover, as indicated in the last part of section 4.3, we only need

to assume that ug, 9,uy € H'(T?) since we do not have the evolution equation in v®.

Theorem 4.4.1. Suppose that ug, {ug }o<a<1 C H'(T?) satisfy the symmetry conditions (4.129)-
(4.130) and (4.279)—(4.280), with the compatibility conditions fol Oy updz = 0 and fol dpugdz = 0,
forV 0 < a < 1, and suppose that d,,uy € L*(T?),{0,u§ }o<a<i C H'(T?). Moreover, suppose

there exists some constant M > 0 such that the following uniform bound for initial data holds:
sup (g | + 1105 + afl g ) < M. (4.282)
0<a<l

Let T > 0 be such that w is the strong solution of system (4.126)—(4.128) on [0, T| with initial
data ug. Let u® be the strong solution to system (4.276)—(4.278) on [0, T| with initial data uf. If

u§ = ug in L% as a — 0, then u® — win L>(0,T; L?), and u — u, in L*(0,T; L?), as o — 0.
Proof. Let us first derive the uniform bounds of some norms of the strong solution . By taking

166



the L?-inner product of equation (4.276) with u®, —u2

T Wz

L?(T?), and by integration by parts, thanks to (4.279), we get

o (w2 + s ?) + v (ull® + 2]
= —/ (uuy +w*uy) (u* —ug,) dedz
T2

_/ (pfi (u* —u3,) + pf (W —ws,) >dxdz.
T2
By integration by parts, thanks to (4.278) and (4.279), we have

—/ (uuy + wug) (u® —ug,) drxdz
T2

—/ (p?f (u® —uZ,) + p7 (W —ws,) )d:cdz = 0.
’]I‘2
As a result of the above, we have

d o « «
(2 + (@2 4+ 1) g2 + o [l

o (lug + ) + ea (w2 + w]2) < 0.
Thanks to Gronwall inequality, we obtain

lu* (@) + IIUZ“(L‘)HM/O {V(HU?(S)HZJr . (s)11%)

e ([l ()2 + w2 (s)]I?) | ds

< llugl* + (1 + o) 0:u5]* + o[ 95 1%,

for t € [0, 7. Thanks to the uniform bound for initial data (4.282), we have

sup  (Iu e 07an) + Ul riee) + VU 270
0<a<l
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and equation (4.277) with w®, —w

S (2 4+ (@ 4+ 1) 2] + 02 2 )?) + e (a2 + 2] ?)

o
zz?

in

(4.283)

(4.284)

(4.285)

(4.286)



el w™ | p2go 722 + EQijHLz(O,T;Lz)) < O(M), (4.287)

where C'(M) is a constant depending on )M, but not on «. Now subtracting (4.126)—(4.127) from

(4.276)—(4.277), we obtain

Oh[(u® —u) — @ (ul, — uz.)] = v(ug, —uzz) + e (u® —u) + (pf — p,)
= (u — u)uy + (up — u)u® + (w — w*)u, + (u, — u)w® — O,  (4.288)
ea(w” —w) + (pf —p:) = 0. (4.289)

By taking the inner product of equation (4.288) with u“ — u and equation (4.289) with w® — w,

by integration by parts, and using (4.128) and (4.278), we get

1d
2dt
— /w [(u —u™)?w, + (u® — u)(up — u)u® + (w — w*)(u® — u)u,

+(uy —uf) (u” —w)w® + (pe — pi) (u” —u) + (p. — p2) (W — w)

(lu® = ull® + a®llug — wa|*) + v Jug — wal* + +erfJu — ul* + eaf[w® — w]?

+a? O, (u — u®) | drdz. (4.290)

We estimate each term in (4.290). By integration by parts, using Holder inequality and Young’s

inequality, thanks to (4.128), (4.129), (4.278) and (4.279), we have

/ (v — u®)*w.drdz = —2/ (u® —u),(u* — u)wdrdz
T2

T2
v
< Sl = wel® + G oS flu® = ull?, (4.291)

/11‘2 [(uo‘ —u)(uy — uf)u® + (u, — ul)(u — u)wa] drdz

1
=3 / (u® — u)?(u® +w)dzdz = 0, (4.292)
’]1‘2
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€
[ =0t — wdeds < Flur = wl + Collu o = ul?

/TQ (52 = P (= ) + (p: — p2) (0" — w) | dadz

= ’]1‘2(p —pM)[(u—u); + (w — w?),|dzdz = 0,

and

o? Ot (u — u®)drdz = o / uy(u — u®),drdz
’]TQ

T2
< Ca®flunl[([lug [l + [l 1)-

From all the estimates above, we obtain

d
(e —ul + ?[lug — w|?) + vl —w.|® + allu® —ul® + &flw® —w]?

< Coea (w5 + s l12) (e = ull® + *[lug — wa]*) + Collur|[([ul || + [Jusz)-

Denote by

F=lwlZ, + llu:llZ, G = lludll(lull + lJu.-|),
we obtain

d
T —ul” + aluf — w ") + vl — we ]’ + el —uf® + efw —w|?

< O, F(Ju® —ul]* + o®||ug — u.|?) + Ca*G.

(4.293)

(4.294)

(4.295)

(4.296)

(4.297)

(4.298)

Notice that the constants appear above do not depend on . Thanks to Gronwall inequality, we

obtain

[l = () + o lug — w.|*(t)
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t
s [ (vl = lPs) + el = ulP(s) + ol — wlf(s)) s
’ t
< (JJlug — uol]* + a?||0.uf — d.uol|?) exp (C’m/ F(s)ds>
t to
+Ca? exp (Cy@/ F(s)ds)/ G(s)ds
0 0

t
= (Jug — uo||* + a*[|0-uf — D-uol|?) exp (c /0 F(s)ds) +Ca’H(t), (4.299)

where H (t) is defined as

H(t) == exp (C /0 tF(s)ds) /O tG(s)ds. (4.300)

By virture of the regularity of strong solution to system (4.126)—(4.128), and the uniform bound
(4.287), using Lemma 2.2.9, we have F,G € L'(0, 7). By virtue of uniform bound (4.287), we
have 042H(t) — 0, as @ — 0. Since uj — ug in L2, and thanks to (4.282), we have u® — w in

L>(0,T; L?), u® — u, in L*(0, T; L*), and w® — win L?(0, T; L?), as a — 0.

4.5 Blowup Criterion

In this section we give a blow-up criterion for system (4.126)—(4.128) subjects to (4.129)-

(4.131). The following result follows the idea in [66].

Theorem 4.5.1. With the same assumptions in Theorem 4.4.1, and take u§ = w for all o.. Suppose

there exists some time T* < oo such that

lim sup <042 sup Hug‘(t)HQ) > 0, (4.301)

a0+ t€[0,7]
then the solution for system (4.126)—(4.128) blows up on [0, T*].
Proof. Assume the solution for system (4.126)—(4.128) will not blow up on [0, 7], then u €

L>°(0, 7% H') and O,u € L*(0,T*; L?). By taking the inner product of equation (4.126) with u
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and equation (4.127) with w in L?(T?), by integration by parts and thanks to (4.128) and (4.129),

we have

1d

5 gl + vl ]” + allull® + eflw]* = 0. (4.302)

Integrating (4.302) from O to ¢ for ¢ € [0, 7], we have
t
P +2 [ ()P + ol + el o)) s = ol (4303)

On the other hand, using analogue argument for system (4.276)—(4.278), we have

o [[ug (B)|* + [lu™(B)]I* + 2/0 (wlug (s)II* + erlu®(s)[I* + exl[w(s)]?) ds

= [lugl® + a?|0:ug||* = [luoll* + a*[| 0o >, (4.304)
From (4.299) and thanks to the fact that u§ = u, for any ¢ € [0, 7], we have
[u (@) > u(®)|| = CaH?(t) > [Ju(t)|| — CaH*(T), (4.305)

since H'/%(t) is monotonically increasing. By virtue of (4.303), we know |jug| > [|u(t)| >

(7))l

|u(T™)|| for any ¢ € [0, T*]. Therefore, we can take o < CHTT

to guarantee the right hand

side of (4.305) is positive. Take square on (4.305), we obtain

lu@)I* > [[u®)* = 2aCH*(T*)|[u(t)]| + C*a®H(T")

> ||u(t)||* = 2aCHY2(T*)|Juo|| + C*®H(T™). (4.306)
Subtracting (4.304) from (4.303), we have

lu®)* = llu™ @)
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t
= a0 - ool +2 [ (v (o) + ella G + ol (o))
0

= (V=) + erfu(s) |2 + eallw(s)|?) ds. (4.307)
Combining (4.307) with (4.306), we obtain

?lut()]* < a?[10:uo])® + 2aCHY(T*) uol| — C*e®H(T™)

+2/0 (Wllus(s)II* + e fluls)|* + exllw(s)]*)
= (VI ()* + e llu(s)I* + eal|w(s)]I*) ds. (4.308)

By Cauchy—Schwarz inequality and Holder inequality, thanks to (4.160)—(4.161) and the uniform

bound (4.287), we have the estimate for the last term in (4.308):

2 [ () + el + o))

— (VIS () * + exllu(s)I* + eal|w(s)]]*) ds

t
2/ [y(uz —ul,u, +ul) + e (u—u u+u®) ~|—62(w—w°‘,w+w°‘)}ds
0

IN

t
2 [ [vlhus = ullfus + 2+ ealhe =+ 0+ alfw = 0o+ ) ds
0

IN

Cl/7€1762 (||uz — u?||L2(0,T*;L2) —f- ||U — Ua||L2(0’7'*;L2) + ||w — wa||L2(0,7—*;L2)) . (4309)
Plugging this back into (4.308), we have

*lug()|* < a?[|0zuol® + 2aCHY(T*) |Juol| — C*0®H(T™)

—I—CV,Q,Q (HUZ — U?HLQ(O,T*;LQ) + ||u — ua||L2(077—*;L2) + ||’LU — wa||L2(07T*;L2)) . (4310)

By virtue of Theorem 4.4.1, the right hand side of (4.310) is independent of ¢, and it converges to
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0 as o — 0. Therefore, by taking limsup sup on both hand sides of (4.310), we obtain
a0t te[0, 7]

lim sup <a2 sup ||u?(t)||2> =0, (4.311)

a0+ t€[0,7%]
which contradicts to (4.301). ]

Remark 21. By considering the convergence for the whole system, i.e., the convergence of the
strong solution of system (4.188)—(4.192) to the corresponding solution of system (4.1)—(4.5), we

can establish a similar blow-up criterion for system (4.1)—(4.5).
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5. CONCLUSION AND SUMMARY

In this dissertation, our discussions mainly focus on two topics. The IPEs and PEs with weak
dissipation.

In Chapter 3, we focus on the IPEs. We start with the ill-posedness of the IPEs, from the case
without rotation to the case with rotation. These results suggest we should work in the space of an-
alytic functions for the well-posedness. Next, we establish the local well-posedness, as suggested,
in the space of analytic functions. Notably, the time of existence we obtain is independent of the
rate of rotation. This improves the result in [S9]. Given the local well-posedness, the next natural
question is whether one can extend it to a global one, or establish the finite-time blowup. In-
deed, we construct smooth solutions that blow up in finite time, for both non-rotating and rotating
system.

The blowup results indicate that there is no hope to show the global well-posedness of the
IPEs. The best result one can expect is the long-time existence of solutions to the IPEs under
some assumptions. We start with a simple observation, namely when the baroclinic mode is zero,
the 3D IPEs reduce to the 2D Euler equations that are globally well-posed. Therefore, we put
only smallness assumption on the analytic norm of the initial baroclinic mode to obtain the first
long-time existence result. By virtue of the effect of fast rotation on the life-span for other models,
we propose to investigate the case of the IPEs in the space of analytic functions. By some delicate
analysis and using some well-chosen projections, we derive the formal limit resonant system as the
rotation rate |2| — oo, and show that this limit system is globally well-posed. Eventually, we are
able to establish that the life-span of solutions to the 3D IPEs is prolonged to infinity together with
the rotation rate |(2|, for “well-prepared" initial data. Here the “well-prepared* initial data means
that only the Sobolev norm (not the analytic norm) of the initial baroclinic mode is small depending
on |©2|. We end up with some remarks and discussions about why we still need the “well-prepared"
initial data instead of arbitrary initial data. This is the optimal result we can achieve so far.

In Chapter 4, we focus on the PEs with weak dissipation. The weak dissipation is the ver-
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tical viscosity and linear damping. The consideration of the linear damping terms is due to the
ill-posedness in Sobolev spaces of the PEs with only vertical viscosity suggested by Renardy [83].
With the help of these linear damping terms, we are able to show the local well-posedness with
arbitrary Sobolev initial data and the global well-posedness with small Sobolev initial data. In
order to study the possible finite-time blow-up of the system, and to give a reliable numerical regu-
larization, we propose to study the Voigt a-regularization of our model. For the regularized model,
we are able to establish the global well-posedness for arbitrary Sobolev initial data. Moreover, we
show the convergence of solutions as &« — (. Based on the convergence result, we derive a blowup

criterion of the original model.
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APPENDIX A

ESTIMATES OF NONLINEAR TERMS IN THE SPACE OF ANALYTIC FUNCTIONS

In this appendix, we provide the proof of Lemma 2.2.11-2.2.17. First, we prove Lemma 2.2.11.

Proof of Lemma 2.2.11. First, notice that

‘<A’"67A(f . th),A”eTAh>‘ = ‘<f . th,AreTAH>’,

where H = A"e™h. We use Fourier representation of f, g and H, in which we can write

flo) =" fe*™,

JEZ3
g(a:) _ Z gk627rik-a:’
kez?
AreTAH(w) _ Z ’”7‘67|l|ﬁl€27ril-w.

1€73

Therefore,

(f-Vugare m)| < 3 1fsllKllgel e | .

j+kH=0
From |l| = |7 + k| < |j| + |k| we have the following inequalities:

1" < (5] + [KkD" < Co(l5]" + [KI7), e < emllerl®,

Applying these inequalities, we have

(f-Vag e H)| < S Collkllael (17 + [kl ey

G+k+1=0
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Since |k, |3, |I| are all nonnegative, we have |k|*/2 < (|5] + [1])¥/? < |5|/2 + |1|*/?, therefore,

‘< f-Vag, ATeTAH>‘

< N ARG 1Y) gl (517 + [RI7)em e ety

J+k+1=0
< X G (IRl (RG22
J+k+1=0
+|k:|’“+1/2|zyr+l/2) x e7HlemFleT ] £ gp || =: Ay + A + As + Ay, (A.8)

Thanks to Cauchy—Schwarz inequality, since r > 2, we have

A= Colk|MPIg 2 e MeT ) £ gl |l
J+k+1=0

= Cp > [k gkle™ > (G2 f]1G + k|TeT R B

kez? jez?
k£0 §#£0,—k

<oy w) (S )

kez? kez3
k#0 k#0

oA 1/2 . N
X sup ( Z |j|2r+1€27|g||fj|2> ( Z ‘J +k|2r627|]+k\‘h_j_k‘2>
JEL3 JEL?
J#0,—k J#0,—k

< G| AT 2T f|[| ATem g | ATe™ A, (A.9)

1/2

Similarly, we have

Ay =Y k™25 (rem e Mem M F)| gl
k=0

< G| A7e™ f||| AT 2em A g || ATe™ A, (A.10)
and

Ay = Z CT‘k|1/2|j‘r|l|r+1/2€7—|j|67-|k|6-r|l||fj||gk||ﬁl|
J+k-+1=0
< Col|ATeT f|[|ATem g [ AT 2T R (A.11)
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For A4, thanks to Cauchy—Schwarz inequality, since r > 2, we have

Av= D Gl 22l il

j+k+1=0
:CTZ€T|j||fj| Z |k|r+1/2|gk|e7—|k\|j_|_k|r+1/267|j+k\|il_j_k|
JEZ3 kez3
k#0,—j
. g\ 12 o onlil 3 12\ /2
<Gl + (X 137) (X e )
jez? Jez’d
370 370
2r+1 27|k|| 5 |2 1/2 . 2r+1 _27|j+k| |7 2 1/2
xcsup (37 (R Hg ) (ST 1 kP R f?)
JEL® Y ez keZ3
k#0,—j k#0,—j
< Co[| AT f |+ S| AT 2T A g || AT 2T . (A.12)

Combine the estimates for A; to A4, and since ||[A"e™g|| < ||A™1/2e4g|, ||ATe™ R <

| A7+1/2¢74D |, we achieve the desired inequality. O

The proof of Lemma 2.2.12 is almost the same as Lemma 2.2.11, so we omit it. Next, we prove

Lemma 2.2.13.

Proof of Lemma 2.2.13. First, one has

‘<A7"67A((/OZ Vi f(&, s)ds)@zg),AreTAh>‘ = ’<(/Z Vh-f(azl,s)ds)azg,ATeTAH>‘. (A.13)

0

Using Fourier representation of f, and noticing that f = 0, we have

o) = 3 fer 1o
jez3
gg;éo

where j' = (j1, j2). Then we have

z 1 ~ g 1 - Y
/ Vi f@ s)ds = D gl fetT TR Y T g [T (ALLS)
0 p— 3 s J3

JEZ JEZ

J37#0,5'#0 J37#0,5'#0
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Therefore, we have

(( /0 ZVh-f(s)ds)ﬁzg,A’"eTAH>)§’<( S Ly et e, o A

jez? J3
J370,3'#0
1 /
(O i fe o A )| = 1+ I, (A.16)
jez? J3
J37#0,3'#0

Let us estimate I, first. For I = (I',13) = (—j' — k', —k3), by using the inequalities

312 < ORIV + 1Y), (kM2 < (G2 M, U< G5+ R, (AT

we have

L< Y Tl |la||k3||fg||gk|<|g| T [Rl)em e g e |

J K+ =
k3+l3 0
J3,k3,3'#0

>, O ||fg||gk|<|;z " k| o [ fel ) el Rl ey |

3/ +k' +1'=0
k3+l3 0
J3,k3,5'#0

1 /|7 T /|7 T . T T
S DT G (WP I
J'+k +1'=0 J3

k3—+13=0
J3,k3,3'#0

+!j’]|k\7"+1/2|l\7"“/2> emlem®lemU) 211Gkl |u| =: By + By + Bs + By, (A.18)

When k3 # 0 and r > 2, we know that |[k|'™" < |(k',£1)|* " and > |(kK,+1)]*"* < C,is

k'ez?
finite. Thanks to Cauchy—Schwarz inequality, we have
Bi= 30 Cop kR e g
3K+ =
ks+l3= 0
93,k3,3'#0
=G ) [k |gkler™ Z |J RN 11+ K R
kez? jez?
ks#0 J3,3'#0
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T|(3'+k k3)|| 7,
xe |h—(j’+k’,k3)|

~ T <27 || £ 1/2
< Cp DGR TRl gele™ (D L )

k' €72 k3 #0 jez?
370

/ 1/2
<Z |J |2 Z | —I—k/ |2 27)(5'+K', k3)||h +k:’,k3)|2>

Js#0 j'ez?

1/2
< G AT AR ST (K DD P el

k'ez? k3#0

, N 1/2
<Z Z | + k/ |2r 27|(5'+k' k3) “h—(j/+k’,k3)|2>

k3#0 j' €72

1/2
< CTHAr-i-l/Qe‘rAfHHArerAhH( Z ’(k/,il)‘2_2r>

k' €72

R e\ /2
x( Z Z K[ 2+ | g 22 |k\>

k’'€7Z2 k3#0
< G| AT 2T A ||| AT e g || ATem A (A.19)

The estimate for B, is similar as By, and we can get
B2 < CT||A'I’+1/2€TAJ[‘|| HAreTAgH ||AT+1/26TAh||.
For B3, thanks to Cauchy—Schwarz inequality, since r > 2, we have

Bi= 2. Gy AR SR B AT

3k + =
ks+l3= 0
J3,k3,5' #0
=G, Z IJ PRIF31e790) 7 1Rl 2e M g |5 + K k)|
Jjezd kez3
J3,4'#0 ki3 #0
Xeﬂ(j/+k/,k3)\‘;L(j,%,?kg),
10 0\1/2 . A 1\ /2 . 1/2
SCT( Z W|J/|2 27') ( Z 517+ £ e |g\> (Z ko712 |k|’gk’2>
jez3 J3 jez3 kez?
33,3’ #0 33,5’ #0 k340
, 1/2
% sup ( Z (G + K k) |Pe 27|(5'+k' k3) ||h +k/’k3)|2)
JELE N ey
k30
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< G| AR A F||| AT 2eT g || ATem AR (A.20)

The estimate for B, is similar as B3, and we can get
B4 S CTHAreTAfH ||Ar+1/267Ag|| ||A7‘+1/2€TAI,L||'

The estimates of B, to B, indicate that /5 satisfies the desired inequality.

Now let us estimate on /;. For 3 4+ k 4 I = 0, by using the inequalities

G112 < CRIM+ 1M, kM2 <G+ M), U< ColF] + R, (A2D)

we have

h< ), Ol |J||k3||fg||gk|(|3| + [ke[)em e Mg er |y

JHk+=0
33,k3,3’#0

< 2 Ol Ifg||gk|(|9|““|k|+|J||k|’"“) Taler e en |y

J+k+l 0
J3,k3,3'#0

1 |7 T |7 T . T T
D= G (I Rl Ll

3Rl /2042 ) el e Gy |u] = By + B + By + B, (A22)

j+k+=0
J3,k3,3'#0

Thanks to Cauchy—Schwarz inequality, since r > 2, we have

= > G |k|3/2| RN £ gl

J+k+l 0
J3,k3,3’'#0
_ C Z \k|3/2|g |€r|k\ Z ’J|r+1/2 Tl_’]“fJHJ —i—k)| J+k||h |
kez3 jez?
k3?/:0 ‘73).7 #0
. 1/2
< Cr Z ‘(k:l,:l:l)’lir Z ’k’r+1/2’gk‘€r|k\<z ‘j|2r+1€2‘r|g|’fj‘2)
k'e72 k3#0 jez3

§#0
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. v 2 (/4 ka3 1/2
<Z j3|* : Z (5" + K s + )77 ’jﬁk&)l|h—(j’+k’7j3+k3)|2>

j3#0 j'ez?

. e e\ 12
<G S (o) (3l e

k'cz2 k3#0

. . r ol (i Lk i ~ 1/2
(X 0 S R R )

j3#0 ks#0 j'ez?

1/2
< Gl A p el (S | )P

k'c72

. 1/2
><< Z Z |k|2r+1|gk|2627|k\>

k'€72 k3#0

< C || AT 2T A ||| AT 2em A g || ATem A, (A.23)

where in the second inequality, we use Fubini theorem to exchange the order of > and > . The
Js#0 k3#0
estimate for B, is similar to By, and we can get By < C,||A™T1/2e7Af||||ATemg|||| A7+ /2e™4h|.

For Eg, thanks to Cauchy—Schwarz inequality, since r > 2, we have

Z C |J|3/2|k|r+1/2|l|r67|j| 7| k| T‘l‘lf]||gk||hl|

J—Hc—H 0
J3,k3,3'#0
-C, Z |]|3/2 fr\_7||fj| Z |k|r+1/2|gk|€7—|k\|] + k|re7'|.7+k||h |
kez?
J37J 7&0 ks 70
. N\ 1/2
< Or< §12 2r> < FkasZ 2627|g|>
2 0 Gl > 3
JEZ
j37.7 #0 j37j/7£0
1/2
X(Z ‘k‘2r+1627|k|’gk’2> sup <Z ‘J _'_k’% 27']+k|‘h ‘ )
keZd JEL? * ez
k3#0 k3#0
< O AT 2em A f[[|| AT Zem g ||| AT n (A.24)

where in the first inequality we use [§]272" < [§'|272" due to r > 2. The estimate for B, is similar
as Bs, and we can get B, < C,||ATe™ A f ||| A7+1/2e74g|||| A™+1/2e74])|. The estimates of B, to By

indicate that [; satisfies the desired inequality. [

The proof of Lemma 2.2.14 is similarly to that of Lemma 8 in [64] since it involves nonlinear
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term similar to that appearing in the Euler equations. The proof of Lemma 2.2.15 is similarly to
that of Lemma 2.2.14. Therefore, they are omitted.

The proof of Lemma 2.2.16 is similar to that of Lemma 2.2.17, so we first focus below on the
proof of Lemma 2.2.17, and later we sketch the proof of Lemma 2.2.16 with emphasis on the main

differences.

Proof of Lemma 2.2.17. First, denote by H = A"e"h, and let

I:= ‘<A’"67A<(/Z Vi - f(w’,s)ds)@zg>,A’”eTAh>
0
—<8ZgAreTA(/OZ Vi - f(m’,s)ds),AreTAh>‘

= <(/OZ Vi f(a, s)ds)azg,A’"eTAH> - <8ngTeTA(/OZ Vi - f(a, s)ds),H>‘. (A.25)

Similar as in the proof of Lemma 2.2.13, using Fourier representation of f, since f = 0, we

have

z 1 S 1 iil .o/
/ Vi f(@ s)ds =Y —g' - [ @) Nl fietrd (A.26)
0 3 J3 s J3
JEL JEZ
Js#0 j3#0

where 7' = (j1, j2). Using Fourier representation of g and H, we have

r<c ||fg|!gk!|Hl||g Il = ey
J+k+l 0
J3,ks,5’ ;éO

DS ,3||fg\|gk||Hl||a||k|\|w |50 = h+ B (A2])

3k + =
ks+l3= 0
J3,k3,3'#0

We estimate /5 first. By virtue of the following observation [64]:

For r > 1 and 7 > 0, and for all positive £, € R, we have

&7 — ™| < Crl¢ — 1 (I£ =" T (jE ="+ 77”)67‘5*”‘6”7» (A.28)
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with € = |1,y = (5,0 = I5'], and € — n| = || = (5", 0)l| < | ~ T = (5,0)| = |kl inequality
(A.28) implies

1 £ 1A 4 : r— /| — r /7 T T|g
L<C S ol fllael E k2 (k" 4 137 4 (R[5 Mer ). a29)

j/+k/+l/:0 ‘j3|
ks+13=0
Jj3,k3,3'#0

By the definition of H, and since ¢* < 1 4 xe” for any x > 0, we have
[Hy| = 17em by < 1)1+ (Ele ) ] < (27| + 7(15'] + |k])| Hal. (A.30)
Therefore, one obtains that

(L] (6l 1377+ 7l + 1))
< (10l + (15 + P ) (161 15°77) + 1 (7R + 157 )er e

< VPl |27 ([ + 15771 + O H| (K| + |5]7)em el (A31)
Based on this, one has

P it L st
L<Co > —3||fj|!gk!|hz|!J’Hk\2ll! (1" + 151

3'+k'+1'=0 J
k3+13=0
J3,k3,3'#0

E : 1 £lla 2 . r T\ T |7

e |j |IfngkHHng’||k!2(\k| +151")eMem! = Iy + Ins. (A.32)
3
j/+k/+l/=O

k3+13=0
J3,k3,3'#0

Here

L S L STURNP
Lo =Co( 32 ol Flawllul 3100 21+ | gl 37 R0
e sl 3]
3 +E+1'=0

k3+l3=0
J3,k3,5'#0

= [211 + [212. (A33)
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Thanks to Cauchy—Schwarz inequality, since r > 5/2, we have

hu=0C0 3 ¢ |J||fg|Z|kIT“| )Lkl |

jez3 kez?
J3,3'#0 ks #0

<o X ﬁ )OS AR (X k)

jez? jez3 kez3
J3,3'#0 J3,3'#0 k3#0
/ 2 2 1/2
'
xcsup (321G + K k)l )
JEL® ™ pezs
k3#0

< G AFI A gl AR,

and

b= C 3 Pkl Y | ,\mfm S T

kez? jez?
k370 Ja]’#o
—r r ~ <127 £ 1/2
<G YA Y Rl (Y 151
k'ez? k3#0 jezs
370
1/2
(X op 2 | E )P l)
j3#0 j'ez2
. 1/2
< AT 1 D1 (D IR 602)
k'ez? k3#0
/ 2r 2 1/2
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k3#0 j'cz2
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Next, for /55, we have
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3K = 3
k3+l3 0
Jja,ks,3'#0
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I 2 /|7 T 7|4
+7C > Ul Hl 5 kP Mem = oy + Togs. (A.36)

j/+k/+l/:0 |j3|
ks+13=0
J3,k3,5'#0

Noticing that |k|*/2 < C(|5'|*/?+1]*/?) and |5'|/? < C(|k|*/?+|1|*/?), thanks to Cauchy—Schwarz

inequality, since r > 5/2, we have

1 TR & . r T |7
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k3+13=0
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J3,k3,3' #0
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) I N 1/2
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JELE  ped
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< TCrHAr+1/2€TAfHHAT+3/267-A9””Ar+1/2€-rAhH, (A37)
and
1~ A i
b =7Ce 3 ol filnl1El 13 e e
j/+kl+ll:0 ‘]3
ks+13=0
J3,k3,3'#0
1~ . i
<70 S0 Bl R R e e
jl+k,+l,:0 "73
ks+13=0
J3,k3,3'#0
1~ . i
<70 S0 ol Bl g R et
Gk +1'=0 J3
ks+13=0
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R . il 2 1/2
<rC 3 (D) e Rl g (D (5 )

k' €72 k370 jezs

J#0
k/ 2r+1 27“ +k:/ kg ‘ h 2 1/2
Z | |2 Z | + )‘ | ' +k' k3) ’
7370 I3 j'ez?
R 1/2
<A AR ST | ) (3 e g )
k'ez? k3#0
kl 27“+1 27’|(3 +k' k3)| h 2 1/2
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k3#0 j'cz72
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k'ez?
(T s )
k'ez? k3#0
< TOT||AT+1/26TAf||||AT+3/267—A9”||AT+1/2€TAh||. (A.38)

Therefore, I satisfies the desired estimates.
To estimate I, we use (A.28) with € = ||, 7 = ||, and with |€ — 5| = ’m - |j\‘ <|—1—j| =

|k|, to obtain

W0 3T el L (3 (R e ). a9
J+k+l0
J3k33'¢0

Thanks to (A.31), one obtains that

L<C ) ‘\ngngthJ [1Eel*[2" (el ™"+ 15]7)

J+k+l 0
J3,k3,3 7’50

DI Ifg (Gl [EL 13| 2 (1Kl + |3]7)e™emdl = Iy + Iy, (A.40)
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J3,k3,3 750
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L, AT . r r
me( Y oy Il el oy +

j+k+i=0 /3 7
J3,k3,3'#0

|\fgr|gk|\hlr|ar Ly
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= I + T (A.41)
Thanks to Cauchy—Schwarz inequality, since r > 5/2, we have

Iin =G, Z |J||fg| DRI R Gel R |

jez? keZ3
43,4'#0 k370
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and
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Next, for I19, we have

Ly<7Cr ) ||fgw|gk||qua||kr’"“ ¢l el

+k+l 0
J3,k3,3 7’50

+7C, Z |fg|lgk||Hl||y!’“+1|k|2 mlkleTlal = [191 4 L. (A.44)
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J3,k3,3 750

Since |k[Y/2 < C(|3]V? + |I|/?) and |j]*/? < C(|k|"/? + |1|'/?), thanks to Cauchy-Schwarz
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inequality, since r > 5/2, we have
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Therefore, [ satisfies the desired estimates. The proof is completed.
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Finally, we sketch the proof of Lemma 2.2.16.

Proof of Lemma 2.2.16. Similar as the proof of Lemma 2.2.17, we have
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ks+13=0
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For I, since j + k + 1 = 0, we use (A.28) with £ = ||, n = |k| and
€=l = |l — k| < | — 21— k| =13,
to conclude

RO ST Tl | (T R D). (ads)
J+k:+l0
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For I, since (§',0) + k + 1 = 0, we use (A.28) with £ = |l|, n = |k| and
€= nl = |1t = Ikl| < | —t— K[ = 15"
to obtain
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Observe that the difference between the sums in the right-hand sides of (A.48) and (A.39) is
manifested in the factors |5’||7||k| and |j'||k|?, and between (A.49) and (A.29) is manifested in
the factors |7'|?|k| and |3'||k|*. Therefore, one can follow the estimates of I; in (A.39) and I in
(A.29), and obtain that /; in (A.48) and I, in (A.49) satisty the desired bound in Lemma 2.2.16.

[
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