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ABSTRACT∗ 

 

Automotive turbochargers (TCs) rely on engine oil lubricated floating ring bearing 

systems to produce acceptable performance as per the engine volumetric efficiency, and 

along with proven reliability. However, these TCs produce rotordynamic responses that 

are rich in subsynchronous whirl motions through reaching stable limit cycles.  

This dissertation describes the integration of a finite length (semi) floating ring bearing 

(SFRB) model into a rotor and ring structural model for prediction of both the linear and 

nonlinear rotor responses and their characterization in terms of motion amplitudes and 

whirl frequencies. The SFRB model includes a thermal energy transport network for the 

inner and outer radial films and the thrust bearings on each side of the ring. The floating 

ring show significant thermal gradients along the radial direction due to the large 

temperature difference, from a hot shaft to a cold housing, and exacerbated by the heat 

generated from drag power losses in the inner films adjacent to the rotor. The thermal 

gradients affect the operating clearances and oil viscosity in each lubricated element, 

radial and axial.  

The time-step numerical integration of the rotor equations of motion accounts for 

(nonlinear) fluid film bearing forces. The predictive process starts from a static 

equilibrium position of the TC rotor-bearing system, if existing. Analysis of the transient 

response of a commercial TC for operation at increasing shaft speeds, from 500 Hz (30 

                                                 
∗ Content reproduced with permission from Jung, W., San Andrés, L., 2021, “A Nonlinear Rotordynamics 
Models for Automotive Turbochargers Coupled to a Physical Model for (Semi) Floating Ring Bearing 
System,” Final Technical Report to KeyYang Precision Co., Ltd., TEES Project 408670 0001. 
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krpm) to 4,000 Hz (240 krpm), and for particular mass imbalance conditions, shows 

dominant subsynchronous whirl motions with frequencies ranging from approximately ¼ 

to ~½ of shaft speed. The analysis also investigates the influence of bearing parameters 

and rotor mass imbalance distribution on the onset, persistence and severity of 

subsynchronous rotor whirl motions. From comparisons to one set of measurements, the 

model produces accurate predictions of the nonlinear behavior hence aiding to identify 

physical parameters that could delay the onset and severity of multi-frequency whirl 

motions. 

Predictions of linear and nonlinear rotordynamic responses for a commercial TC-

SFRB system are obtained with nominal operating parameters: bearing inner film 

clearance ci* = 7.5 μm at 20 ºC, inner film length Li*= 4.3 mm, shaft diameter Di*= 6 mm, 

and lubricant viscosity μ* = 6.39 c-Poise at 120 ºC. The predictions show the rotor 

subsynchronous motion amplitudes decrease when the SFRB is supplied with a lubricant 

of large viscosity (μ =1.8 μ*), and is constructed to have a small inner film clearance (ci 

=0.8 ci*), a long bearing inner film length (Li =1.3 Li*) and a shaft with a thick diameter 

(Di =1.3 Di*). However, the recommended TC-SFRB system will aggravate the TC 

thermal performance as the modified system demands less lubricant flow and increases 

the viscous drag power loss and the heat in the film.  

Integration of a physically accurate model for the lubricated bearings is required for 

the TC rotor structural model to reproduce actual measurements and field behavior. The 

predictive model enables an assessment of the lubricated bearings’ system static and 

dynamic performance as well as both the rotor linear and nonlinear time responses. The 



iv 
 

predictive tool can save substantial resources (time and cost) in TC production 

development and prototype testing.   
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NOMENCLATURE 

 

ci, co Radial clearance for inner and outer films [m] 

Cp Specific heat of ring material [J/(kg K)] 

DC,DS Casing inner diameter and shaft outer diameter [m] 

eJX, eJY Journal center eccentricities relative to ring center [m] 

elim Acceptable balance radius [m] 

eRX, eRY Ring center eccentricities relative to casing center [m] 

Ei, Eo Heat advected by the inner and outer films [W] 

H Heat convection coefficients [W/(m2 K)] 

hi, ho Film thickness of inner and outer films [m] 

f Natural frequency [Hz] 

Li, Lo Axial length of inner and outer films  [m] 

L Axial length of floating ring [m] 

PA, PSUP Ambient pressure, lubricant supply pressure [Pa] 

Q Heat flow [W] 

Ri, Ro Inner and outer radii of ring [m] 

RS, RC Shaft and bearing casing radii [m] 

Ti, To, Tth Temperature of inner, outer, and thrust films [oC] 

TR  Ring temperature [oC] 

TS, TC Temperature of shaft and casing [oC] 

TSUP Lubricant supply temperature [oC] 

Ulim Total permissible residual unbalance [gram-mm] 

Ulim,adjusted Adjusted permissible residual unbalance [gram-mm] 

W Static load [N] 

α Thermal expansion coefficient [1/oC] 

ζ Damping ratio 
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µ Lubricant viscosity [Pa.s] 

ρ, κ Lubricant density [kg/m3] and thermal conductivity [W/moC] 

ρR, κR Ring density [kg/m3], thermal conductivity [W/moC] 

Φ Mechanical dissipated power/unit area [W/m2] 

,i o℘ ℘  Total mechanical power converted into heat [W] 

Ω Rotor speed [rad/s] 

ΩR Ring speed [rad/s] 

  

Abbreviations  

CB Compressor bearing 

FWM Forward whirl mode 

MB Main body 

RBS Rotor bearing system 

SFRB Semi floating ring bearing 

TB Turbine bearing 

TC Turbocharger 
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CHAPTER I  

INTRODUCTION 

 

Used in internal combustion engines, automotive turbochargers (TCs) aid to increase 

engine power and efficiency by recovering the internal energy contained in the exhaust 

gases. In recent years, the automotive industry increasingly focuses on system downsizing 

and improved performance while satisfying low emission standards for passenger vehicles 

(PVs) [1,2]. Among the engine oil lubricated bearing technologies developed by 

manufactures, semi-floating ring bearing (SFRB) systems offer larger thermal and 

mechanical efficiencies and proven reliability, while enabling a significant reduction in 

size with lesser number of parts, weight and cost [3].  

 The TC comprises a (hot) turbine driving an (air) compressor through a slender shaft 

supported on a bearing system. Figure 1 shows a cross section of a TC implementing a 

SFRB system that integrates in a single ring both radial and thrust bearings, engine oil 

lubricated, to support the spinning rotor with low viscous drag power losses. The non-

spinning ring that separates the shaft from the TC center housing makes the films for the 

radial bearing system: (a) an inner film between the outer surface of the shaft and the inner 

side of the ring, and (b) an outer film between the outer surface of the ring and the inner 

side of the housing. The thrust bearings are etched at the ring ends, as shown in Figure 2. 

Typically a loose pin or button constrains ring rotation; hence, the outer film works as a 

squeeze film damper. After lubricating the inner film of the radial bearing, the oil flows 

through the thrust bearing, and then it is ejected to a drain in the casing. Piston rings seal 
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the shaft and center housing and keep oil from leaking into the compressor and turbine 

housings. 

 

Figure 1. Description of a semi-floating ring bearing system in a TC. Lubricant flow 
paths shown through both turbine side and compressor side bearings [4]. 
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Figure 2. Schematic view of a semi-floating ring bearing in a TC and nomenclature. 

 Typical oil-lubricated TCs operate at high temperatures, well above ambient, and 

must withstand large temperature gradients, leading to severe thermo-mechanical stresses. 

Thus, an insight into the thermal energy flows and an effective thermal management are 

paramount to ensure reliable TC operation. Past research mainly focuses on evaluation of 

TCs performance and their matching with engines. There are only handful of efforts for 

estimation of the thermal energy transport in TCs bearing system, yet most ignore the axial 

temperature gradient along the ring [6-15].  

The main objective of this research is to integrate both radial bearings (turbine and 

compressor sides) and the thrust bearings to produce a complete thermal analysis 

predictive tool. The research investigates the effect of thermal energy transport on the 
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performance of oil lubricated SFRBs for automotive TCs. Lubrication equations and the 

thermal energy transport equations govern the fluid film flows and temperature fields, 

inner and outer films, respectively. The finite difference method solves 3-D heat 

conduction equation for the SFRB. Implementation of the finite element method and the 

control volume method gives the solution of the Reynolds equations and the thermal 

energy transport equations, respectively. An efficient algorithm couples the solution of the 

Reynolds equations and the thermal energy transport equations, and updates the 

temperature-dependent viscosity and film clearances during the iterative process.  

In addition, the rotordynamic force coefficients obtained from the SFRB analysis are 

coupled to a linear rotordynamics model to perform a linear stability analysis and obtain 

the damped natural frequencies and mode shapes of the system. Estimated mass 

imbalances and their distribution are used to calculate the TC rotor synchronous response. 

Lastly, SFRB operating clearance and lubricant viscosity for the inner and outer films are 

the main input for predicting bearing forces to conduct a nonlinear time transient response 

analysis which could yield rotor responses with a rich content in subsynchronous 

frequencies and amplitudes for specific operating conditions.

 

Literature review 

Background 

 A TC enables an automotive engine of a specific size to produce more power. One of 

the most important factors affecting TC performance is the heat transfer between the TC 

components and also between the TC and ambient. Many researchers and engineers have 
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made efforts to develop proper (yet simple) heat transfer models to quantify the thermal 

energy transport. They found simple models based on empirical formulas [4-7], 

experimental models with heat transfer coefficients obtained from test results [8-11], and 

advanced conjugate heat transfer models that couple the interaction between the solids and 

the various fluid flows [12-15]. These models enable engineers to estimate the thermal 

energy transport flows and balance in TC and to improve the engine simulation tools 

coupled with the TC model, in particular at low shaft speeds where the total amount of 

heat transfer from the turbine to the ring is on the same order of magnitude as the turbine 

extracted mechanical power [5].  

 

Heat transfer flows in automotive turbochargers 

Using empirical formulas, Bohn et al. (2003) [6] and Cormerais et al. (2006) [7] verify 

experimentally the effect of the turbine inlet temperature on a TC compressor 

performance. Ref. [6] presents experimental results obtained with a turbocharger test 

bench and evaluating the heat flux between the turbine and the compressor of an 

automotive TC. The authors perform a parametric study varying the turbine inlet 

temperature and mass flow rate, to build a relationship with the Reynolds number at the 

compressor inlet and the heat flux from the turbine to the compressor. The experimental 

results show that the turbine inlet temperature dominantly influences the total heat flux 

from turbine to compressor. An increase in mass flow rate leads to a higher pressure ratio 

in the compressor which increases the temperature of compressor casing. Ref. [7] 

emphasizes on an influence of the heat transfer on the compressor performance in a 
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turbocharger.  The authors suggest methods to improve the calculation of performance by 

considering heat transfer. The authors estimate the heat transfer and the isentropic power 

to define an isentropic efficiency, and obtain the compressor mechanical power and outlet 

temperature. The last method used considers additional equations, uses the performance 

map to obtain the isentropic power, the compressor mechanical power and heat transfer. 

The authors note that the three methods are almost similar though the last one is more 

easily applicable.  

Other researchers use experimentally based methods to obtain correlations for heat 

transfer coefficients to determine the TC non-adiabatic efficiency and the mechanical 

power loss. They investigate further the paths of thermal energy flows by performing 

extensive experiments on ad-hoc test rigs. Baines et at. (2010) [8] present an investigation 

on the temperature field in a commercial turbocharger installed with thermocouples on all 

accessible external and internal surfaces. The model for the heat transfer network of the 

turbocharger is one-dimensional (lumped parameters). The temperature measurements 

enable to calculate the internal heat flux from the turbine gas to the turbocharger structure 

and from there to the lubricating oil and to the compressor, and the external heat flux to 

the environment. The simulation enables to find the heat transfer coefficients required to 

solve the heat conduction equation. On the compressor side, the internal heat transfer is 

more than 10 times greater than the external heat transfer for most of conditions with 

different exhaust inlet temperatures and ventilation rates. On the other hand, on the turbine 

side, the internal heat transfer is nearly twice the external heat transfer. The turbine 

external heat transfer is almost four times that in the compressor. The analysis of the heat 
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transfer in a TC shows the cooling effect of the lubricating oil is important in maintaining 

an efficient operation of the whole system. Incidentally, Romagnoli et al. (2012) [9] 

present an investigation on heat transfer in turbochargers operating with engine speeds, 

from 1000 to 3000 rpm, at steps of 500 rpm, and under an applied load. A 1-D numerical 

model of the turbocharger is developed and validated against the experimental data. The 

validation against test data shows that the trend of the heat transferred through the turbine 

casing is well captured. The test results reveal that the internal combustion engine has a 

large impact on surface temperature of the turbine and compressor casing, and also that 

the surface temperatures of both the turbine and the compressor vary linearly with the 

temperature of the exhaust gases.  

Researchers also use various methods to get accurate results for calculating the power 

loss due to oil shearing effects. Lamquin et al. (2009) [10] investigate both experimentally 

and analytically the drag power losses of a bearing system in turbocharger. Using the 

laminar Couette flow assumption, a model calculates the power loss in a radial bearing 

and integration of the 2-D Reynolds equation delivers the power loss in an axial bearing. 

The additional power loss between both a slender shaft and the surface of the inner bearing 

uses a turbulent Couette flow model. The power loss due to the seals is not taken into 

account. In a steady-state condition, two bearing designs with axial grooves are tested. 

The influence of oil viscosity on the bearing loss is identified by testing at two oil inlet 

temperatures (30 °C and 100 °C) and two oil inlet pressures (2 bar and 4 bar). The 

measurement and prediction of power losses are in good agreement. Later, Deligant et al. 

(2011) [11] estimate drag power losses in a turbocharger by using a 3D CFD model. The 
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model calculates various oil inlet temperatures and shaft rotational speeds. The authors 

note that bearing cooling mostly occurs by conduction throughout the bearing (solid ring) 

and convection toward the outer clearance. The authors also note that the drag torque is 

not a linear function of speed, and the slope of drag torque versus speed may decrease 

with an increase in speed for operation at a low oil temperature (high viscosity). 

The conventional methods to calculate the thermal energy flows decouple the fluid 

mechanics problem from the heat transfer problem between the fluid and the structure. 

Since the temperature of the bearing structures relies on those of the adjacent fluid films, 

and the fluid flow mechanics in turn depends on the thermal boundary conditions to the 

adjacent bearing structures, the fluid films and the bounding solid (ring) influence each 

other through the thermal boundary interfaces. The conventional method strongly depends 

on the heat convection transfer coefficients that must be prescribed at the fluid-solid 

interfaces. In contrast, the Conjugate Heat Transfer (CHT) method takes into account the 

simultaneous interaction of the heat transfer between the fluid flow and solids. The ability 

to provide accurate temperature information at any position of the turbine/compressor 

wheel makes the CHT method the preferred method over a conventional method. 

San Andrés et al. (2004) [12] present advancements in both linear and non-linear 

rotordynamic analyses with a thermal flow analysis to predict the steady state and transient 

response of an automotive TC supported on FRBs. The model includes a lumped-

parameter thermal energy balance to estimate an effective lubricant viscosity and changes 

in film clearance due to the combined thermal growth of the journal, ring and bearing. The 

authors compare ring rotational speed, power loss, and shaft motion predictions against 
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test data measured on a test TC. The results show the predicted ring speed ratio decreases 

as the shaft speed increases mainly due to a thermal effect affecting the operating film 

clearances and oil viscosity. Note that the authors assume the lubricant temperature is 

constant for both the inner and outer flow domains.  

San Andrés et al. (2012) [13] extend the earlier lumped-parameter thermal energy 

transport model to consider a steady-state thermal energy transport in the films, inner and 

outer, and through the floating ring. The authors conduct an analysis for the prediction of 

the thermohydrodynamic pressure and temperature fields in a SFRB system for an 

automotive TC. The predictions reveal that the heat flow from the shaft into the inner film 

is overwhelming, especially at the inlet lubricant plane where the temperature difference 

with the inlet cold oil is largest. The inner film temperature increases quickly as soon as 

the cold lubricant enters the film, due to the large amount of energy generated by shear 

drag and the heat transfer from the shaft. The results also prove that a floating ring 

develops a significant radial temperature gradient. 

As a result of the development in fast computers and better numerical methods, the 

CHT method is routinely applied to fluid-solid interaction problems. The physical domain 

is divided into different blocks for the fluid flow paths and the solid body regions, so that 

no boundary conditions at the interior walls but at the exterior boundaries are required. 

Bohn et al. (2005) [14] provide an example of applying the CHT method to investigate 

the heat transfer in a TC. The authors introduce a CHT analysis model containing the 

compressor, the oil-lubricated center housing, and the turbine. The authors develop 3D 

TC energy transfer models with boundary conditions obtained from experiments [6]. The 
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authors include the thermal boundary condition on the temperature distribution on the 

surface of the casing and also the boundary conditions for gas at the inlet and outlet of 

both compressor and turbine. One part of the energy from the exhaust (hot) gas in the 

turbine becomes the mechanical power that drives the compressor. One other part of the 

remaining energy, a kinetic energy, leaves as the gas exits the turbine. Another portion 

leaves the system as heat that equals to the heat loss to ambient and the casing due to 

natural convection and thermal radiation, as well as the heat taken away by the lubricating 

oil. Note also that drag power losses in the films also generate heat. The CHT helps the 

authors to quantify the thermal flows between adjacent regions. The results show that the 

total heat flux from the turbine to the compressor is mainly influenced by the turbine inlet 

temperature. Some of the heat entering the compressor does not pass away to the 

surrounding area, but heats up the compressor gas at some operating points. Unfortunately, 

the authors ignore that fluid films can also act as a source of power loss while also taking 

away heat energy flowing from a hot turbine through the shaft. 

With the CHT method, Heuer et al. (2006) [15] conduct the analysis on heat transfer 

for turbine wheels. Ref. [15] presents a feasible optimization method for stress reduction 

on a turbine wheel of automotive turbocharger. The model shows one part of the wheel 

surface absorbs heat from the hot gas, while the other part could deliver heat into the gas 

flowing through the turbine due to the great different temperature levels and the high 

thermal conductivity of the solid. The heat transfer coefficients obtained at full load serve 

as a boundary condition for a subsequent transient solid body thermal stress calculation. 

The authors find the intensification of flow turbulence improves the heat transfer near the 
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waste gate area. The analysis can determine the location of the potential mechanical 

fatigue and unmask design deficiencies. However, the authors provide no details on the 

thermal energy carried away by the lubricant and ignore the fact that the fluid films can 

also act as a source of mechanical drag power. 

 

Fluid film bearing analyses 

Recent research focuses on advancing earlier models by extending the dimension of 

the analysis for a floating ring and by developing an enhanced lubricant cavitation model. 

Liang et al. (2017) [16] present an experimental and numerical analysis on the 

performance of a semi floating ring bearing system in an automotive turbocharger. The 

rotor and the semi floating ring bearing consider a 3-D thermohydrodynamic model with 

the thermal viscosity and non-Newtonian effects of lubricant oil. The test results with three 

different oil supply conditions validates the numerical results. The predicted and 

experimental results coincide well. The authors note that the heat conduction in the rotor 

and ring has the same magnitude with the oil film heat flow, and the heat transfer between 

the two rings is considerable. Thermal expansion of the rotor and ring significantly affects 

the film clearance especially for the inner film. The authors also note that the distribution 

of oil film temperature and viscosity along the film thickness are not negligible.  

In addition, San Andrés et al. (2018) [17] further extend the earlier model in Ref. [13] 

to develop the thermal energy transport analysis and predictions for a SFRB system based 

on the assumption that the ring temperature varies along the radial direction only. The 

authors develop an updated heat transfer model in a SFRB to consider heat conduction in 
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both the radial and circumferential directions. The inner film temperature varies around 

the ring circumference due to the shear drag induced by journal rotation. The ring and 

casing temperature also show a significant circumferential variation. The heat transfer 

from the inner film into the ring inner surface occurs in fully wetted (by lubricant) regions. 

In lubricant cavitation regions play a role of an insulation boundary. The earlier model 

[13] is not able to predict aforementioned results that also affects the thermal growth of 

the inner film clearance. However, the advanced model still does not consider the heat 

flow from thrust bearing side that is not negligible.  

Recently, Nitzschke et al. (2018) [18] introduce an advanced liquid cavitation model 

for a floating ring bearing in an automotive turbocharger. The model adopts the Elrod 

algorithm, which assumes density and viscosity in the fluid film to be a mixture between 

the pure fluid and the appropriate gas properties, whereas the latter are negligible. The 

finite volume method solves the discretized Reynolds equation. The time domain solution 

uses a common semi-implicit integration scheme. In each time step, the gap function 

including transient tilting and its time derivative are determined for all fluid films, which 

serve as input for the solution of pressure distribution. From the resulting pressure 

distributions, the bearing forces and moments are calculated, which are then applied to 

shaft and floating rings.  

Other researchers perform further parametric studies with various TC operation 

conditions. Sandoval et al. (2018) [19] present a correlation of injection temperatures and 

lubricating oil pressure of an automotive TC to shaft vibration amplitude. The test bearing 

is a SFRB with a shaft diameter of 16 mm. The TC is accelerated to 80 krpm and three 
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different supply pressures, 3, 3.5 and 4 bar, and oil inlet temperatures, 70, 80, and 90 ºC. 

The test results show the shaft synchronous amplitudes decrease with an increase in the 

SFRB TC oil working temperature. The test results also show that the supply pressure 

variations do not provoke considerably different result.  

Zhang et al. (2019) [20] present experimental and numerical investigations on the 

performance of a full floating ring bearing system with operating parameters 

representative of an automotive turbocharger. The full floating ring bearing has a 

circumferential oil groove on its outer surface to increase flow rate. The numerical model 

solves the thermal energy balance and the Reynolds equation to analyze temperature 

distribution, mechanical power loss, and ring speed ratio for various oil supply conditions. 

The authors conduct an extensive experimentation on a cold gas turbocharger test bench 

to validate the numerical model. The results show that oil supply conditions render 

different degrees of influence on the operating parameters of the test bearings. An increase 

in supply pressure increases flow rate both along the inner and outer film regions and thus 

reduces their temperatures. On the other hand, the drag power loss increases due to an 

increase in average oil viscosity. An increase in oil inlet temperature yields a dramatic 

decrease in power loss both at low and high shaft speeds, which indicates that high oil 

supply temperature improves the efficiency of a TC. The predicted heat flow demonstrates 

the convective heat flow (lubricant carries heat away) in the inner film is limited and most 

of the heat is conducted through the floating ring into the outer film. Thus, a proper 

selection of ring material and its thickness is required to ensure an adequate heat flow path 

to maintain system integrity. 
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For a TC application, it is important to manage appropriately the heat flow from the 

thrust bearing as it is not negligible. Yu et al. (2002) [21] investigate thermal effects on 

the performance of a thrust bearing with radial grooves. The analysis model solves the 

Reynolds equation and a thermal energy balance equation for the lubricant pressure and 

temperature fields. The model also solves the temperature of the thrust bearing with the 

heat conduction equation assuming the physical domain of the solids is uniform. The 

results show that thermal effects do not only reduce the load carrying capacity of the thrust 

bearing and the drag torque but also increase the flow rate significantly due to the 

reduction in lubricant viscosity. The numerical model also predicts that the thermal effect 

has greater influence on the load support when the groove depth or the number of groove 

increases.  

Lee et al. (2018) [22] present an investigation on the axial thrust load for an automotive 

TC. The authors first measure deformation of a thrust bearing along the axial direction 

and its temperature during TC operation. Then the authors subtract the deformation due to 

the thermal effect from the measured one, to obtain the thrust load in a model with desired 

operating conditions. The predictions based on a finite element analysis show a good 

agreement with the test data. The authors note that the bearing must be designed carefully 

to withstand the thrust load and to balance the axial movement of the rotor, as the axial 

thrust load affects the friction loss that reduces the performance of the turbocharger.  

Recently, Peixoto et al. (2021) [23] present a thermo-hydrodynamic bearing model for 

a TC supported on FRBs to predict nonlinear rotordynamic shaft motions considering both 

radial and axial vibrations during rotor speed run up/down (20 krpm ~ 140 krpm). The 
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model includes the thermal energy transport in the oil films and produces temperature 

increases for both radial and thrust bearings. The thrust bearing model considers the heat 

conduction and heat convection along the radial, circumferential, and axial directions, 

whereas the radial bearing energy transport model simplifies to a lumped parameter 

thermal model. Both the radial bearings and the thrust bearings nonlinear reaction forces 

are coupled to the equations of motion for the TC rotor. The authors perform numerical 

predictions and obtain measurements that show rotor synchronous motion amplitude along 

the axial direction due to excitations from the compressor outlet airflow. The authors note 

that their predictions agree well with the measurements, in particular for operation at a 

high rotor speed (~140 krpm).  

Summarizing past research, Table 1 lists the publications most relevant to the present 

work. The literature reviewed on heat transfer flows with a (S)FRB system in automotive 

TCs includes Bohn and Heuer [6,14,15], Romagnoli et al. [9], San Andrés et al. [12,13,17], 

Liang et al. [16], Zhang et al. [20], and Peixoto et al. [23]. The last column includes the 

features of the current work which focuses on advancing a model for prediction of a SFRB 

considering heat flow from the thrust bearing. 
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Table 1. Relevant past literature on heat transfer flows in a (S)FRB system for automotive TCs. 

 Bohn and Heuer 
[6,14,15] 

2003~2006 

Romagnoli et al. 
[9] 

2012 

San Andrés et al. 
[12,13,17] 
2004~2018 

Liang et al.  
[16] 
2017 

Zhang et al.  
[20] 
2019 

Peixoto et al. 
[23] 
2021 

Current 
research 

Application Automotive TC 
Analysis Experimental and numerical 
Bearing type FRB FRB FRB, SFRB SFRB FRB FRB SFRB 
Heat transfer 
model 

Empirical 
formula, CHT 

Experimental 
based 

Empirical 
formula, CHT 

Empirical 
formula, CHT 

Empirical 
formula 

Empirical 
formula, CHT 

Empirical 
formula, CHT 

Ring model 1-D (Radial) 1-D (Radial) 
1-D (Radial), 
2-D (Radial, 

circumferential) 

3-D (Radial, 
circumferential 

and axial) 
1-D (Radial) 

3-D (Radial, 
circumferential 

and axial) 

3-D (Radial, 
circumferential 

and axial) 
Heat from 
thrust 
bearing 

Not considered Not considered Not considered Not considered Not considered Considered Considered 

Focus on CB, TB CB, TB TB CB, TB CB, TB CB, TB CB, TB 
Bearing 
material Brass Brass Brass Brass Brass - Brass 

D (mm) - - 7.92 7 - 8 6.01±2 
L/D - 0.26~0.53 0.77 0.57~0.74 0.83 0.55 0.70 
Radial 
clearance 
(μm) 

- - 7.5 12 22 8.75~12.75 7.5±1.5 

Load W/(LD) 
(kPa) - - 25 18 - - 36 

Speed 
(krpm) - 90~170 30~240 10~180 35~75 20~140 30~240 
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Turbocharger rotordynamics 

Nguyen-Schäfer (2012) [24] introduces linear and nonlinear rotordynamics of 

automotive TCs. The author shows the dynamic response of rotating machines at very 

high rotor speeds, and procedures to balance a TC rotor, and the thermodynamics and 

turbo matching to compute operating conditions of TCs. In addition, the author further 

details structural dynamics to compute the bearing reaction loads at various operating 

conditions, and to design the hydrodynamic oil film bearings.  

An assessment for a TC rotordynamic performance requires concerted tests, both 

costly and time consuming. A proven predictive model thus will enable significant savings 

in cost and development. Nearly a decade ago, San Andrés et al. [12, 25-28] (2003-2012) 

already developed advanced predictive models. Holt et al. (2005) [25] introduce a 

complete nonlinear rotordynamics model and conduct comprehensive measurements of 

casing acceleration with a high speed TC unit supported on FRBs. The experiments show 

the effects of increasing lubricant inlet pressure and temperature on the TC complex 

dynamic response for shaft speeds to 100 krpm. The nonlinear rotor model incorporating 

the FRB reaction forces in the numerical integration of the rotor equations of motion 

predicts the limit cycle amplitudes with two fundamental subsynchronous whirl 

frequencies. The predictions, validated by test data, evidence two subsynchronous 

vibration whirl motions at approximately one-half ring speed and one-half ring speed plus 

one-half journal speed. The transient nonlinear responses reveal the importance of rotor 

imbalance in suppressing subsynchronous whirl motions at high rotor speeds as also 

observed in the experiments.  
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San Andrés et al. (2007) [26] present validations against test data for both linear and 

nonlinear rotordynamic models predicting the dynamic response of TC rotors supported 

on FRBs. The bearing model considers thermal effects in the flows, thermal expansion of 

the shaft and bearings, and entrance pressure losses at the oil inlet into the spinning ring 

due to centrifugal flow effects. The bearing analysis yields linearized rotordynamic force 

coefficients for the inner and outer lubricant films and is used to predict the rotor 

synchronous response to imbalance and the system natural frequencies and damping 

ratios. A nonlinear response model predicts the total shaft motion, and with fast Fourier 

transforms showing the amplitude of synchronous motion and whirl frequency, and 

amplitudes of subsynchronous shaft motions for speeds ranging from 10 krpm to 55 krpm 

(maximum speed 70 krpm), with amplitudes and frequencies that correlate well with the 

test data. 

San Andrés et al. (2010) [27] further extend the earlier work to advance linear and 

nonlinear rotordynamics models of a SFRB to accurately predict TC rotor nonlinear forced 

response due to engine-induced center housing excitations. The comparisons of test data 

against predictions demonstrate that engine vibrations cause a complex low frequency 

shaft response with significant frequencies at several multiple integers of engine speed. 

Analysis of measured engine-induced housing accelerations shows that the center housing 

and compressor housing do not vibrate as a rigid body. The compressor housing deflects 

nearly twice as much as the center housing. Most importantly, the comparisons of 

predictions to test data serve to validate this first instance in incorporating engine-induced 

housing excitations into the rotordynamics model. San Andrés and Vistamehr (2010) [28] 
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also present progress on assessing the effects of oil inlet conditions (pressure and 

temperature), mass imbalance distribution, and rotor acceleration on the TC rotor-bearing 

system dynamic forces response. The parametric studies show that a decrease in the oil 

supply pressure increases the oil inlet temperature, and which brings the whirl frequency 

jump to occur at a lower threshold rotor speed. Thus, TC operation becomes noisier for 

operation at high shaft speeds. Operation with the fastest rotor acceleration or deceleration 

rate produces the strongest hysteresis in TC rotor response. The rotor imbalance 

distribution greatly affects the location of the threshold of rotor whirl speed and the 

amplitude of total rotor motion. 

Other researchers also focus on quantifying the nonlinear dynamic behavior of TC 

rotor-bearing system for a high speed application. Gjika and Groves (2006) [29] present a 

nonlinear dynamic analysis of a TC rotor-bearing system supported on two floating ring 

bearings. Their numerical model is validated against test data from a TC operating up to 

160 krpm. The oil inlet temperature and pressure are 100 °C and 4 bar, respectively. The 

linear rotordynamics approach is used to obtain the synchronous rotor total motion. The 

integration of the nonlinear bearing reaction forces enables the time domain prediction of 

the nonlinear rotor response. The authors note that the subsynchronous motion tends to 

lower magnitudes at the top speed range of a TC operation, and which can be explained 

with the increased dynamic loads on the bearings.  

Schweizer and Sievert (2009) [30] investigate nonlinear vibrations of an automotive 

TC supported on FRBs. Frequency spectra of shaft run up speed measurements carried out 

on a hot gas TC test rig show self-excited vibrations, oil whirl and whip phenomena, 
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subharmonic and superharmonic motions, and rotor jump phenomenon. The measurement 

results demonstrate that the system exhibits four main frequencies; the first one is 

synchronous vibration due to rotor imbalance; the second one is generated by the oil whirl 

and whip of the inner film which excite a subsynchronous speed conical forward mode; 

the third one is also due to the oil whirl and whip of the inner film which excite a 

subsynchronous speed bouncing forward mode; and the fourth one is generated by the oil 

whirl and whip of the outer film which excite a subsynchronous speed conical forward 

mode. The authors note that a decrease in the oil supply pressure causes the 

subsynchronous vibration generated by the oil whirl and whip in the outer fluid films. In 

addition, an increase in the oil supply temperature (lower viscosity) causes the 

subsynchronous vibration due to oil whirl and whip in the outer films.  

Koutsovasilis et al. (2015) [31] introduce a numerical approach to quantify the 

subsynchronous vibrations of FRB systems in an automotive turbocharger during shaft 

run-up speed simulations. The input parameters are the geometries of both rotor and 

bearings. Linear multivariate regression algorithms and data mining techniques, i.e., 

correlation coefficients and global sensitivity methods, enable to analyze and quantify the 

influence of each design parameter on the sub-synchronous formation. The numerical 

results show the shaft diameter is the most influential design variable for controlling total 

rotor response. Other parameters include the center of mass distance between the 

compressor wheel and the compressor side bearing, the distance between the center of 

masses of the two bearings, and the center of mass distance between the turbine wheel and 

the turbine side bearing.  
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Liang et al. (2015) [32] present an analysis on the whirl frequency of a TC supported 

on a SFRB. The model applies the infinitely short and long cylindrical journal bearing 

models to estimate the subsynchronous whirl frequency of a SFRB. The finite element 

method is used to simulate the 2-D transient response for different types of SFRBs. 

Flexible rotors supported on two distinct SFRBs produce the different subsynchronous 

shaft motions excited. The whirl frequencies predicted by the numerical model show good 

agreement with the test results. 

Recently, researchers highlight the importance of the rotor-bearing system design and 

their interaction with each component. Cao et al. (2017) [33] present a nonlinear transient 

model and design for an automotive TC supported on a SFRB system. For a stability 

analysis, the linear model for the rotor-bearing system evaluates eigenvalues and 

eigenvectors with the stiffness and damping coefficients of the oil films obtained from the 

bearing analysis. The linear stability analysis shows that the SFRB improves rotor stability 

although the system is still linearly unstable. That is, neither a SFRB without a squeeze 

film damper nor a SFRB with the damper included are able to stabilize the rotor. The 

nonlinear transient analysis evaluates the rotor and ring limit cycle orbits, rotordynamics, 

the forces acting on the rotor and semi-floating ring surfaces, the oil flow through the 

bearing, the oil temperatures, and the power loss of the oil films. The nonlinear transient 

analysis shows that the bearing undergoes limit cycle motions of approximately 90% of 

the bearing clearance for the SFRB without the squeeze film damper, and approximately 

80% of the clearance of the radial clearance with the damper included. The maximum pad 

force from the SFRB with the damper included is only 4% of that from the SFRB without 
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the squeeze film damper, which results in much higher bearing long term fatigue life. The 

power loss for the SFRB with the damper included is 73% of the SFRB without the 

squeeze film damper power loss. However, a higher total oil supply of flow rate is essential 

for the SFRB as more oil flows out from dampers with larger clearances. 

Vengala et al. (2019) [34] present a numerical and experimental evaluation of shaft 

subsynchronous motion for a SFRB with two different configurations. The numerical 

model couples multi-body dynamics of the flexible rotor with the housing structures and 

with the hydrodynamic inner and outer films. The 3-D finite element tool calculates the 

oil film temperature of the inner and outer films using thermal boundary conditions. The 

axial length of the bearing for the design A is longer than the one for the design B. As a 

result, design A has higher inner oil whirl deflection which causes subsynchronous 

vibration and noise with overall higher shaft deflection, whereas design B shows much 

lower inner oil whirl deflection and lower overall shaft deflection.  

Koutsovasilis (2019) [35] investigate the influence of hydrodynamic thrust bearings 

on the nonlinear motion and bifurcation of the TC rotor-bearing system in terms of 

interaction between the thrust and the radial bearings during the TC operation. The 

analysis focuses on the influence of two major parameters: namely, shaft diameter and 

thrust bearing position. The influence of the location of the thrust bearing influences on 

the critical speed which decreases with an increase in the critical frequency up to the first 

bending, whereas the second bending remains invariant. A slender shaft diameter impacts 

mostly the natural frequencies at the first and the second bending. 
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Table 2 summarizes past publications most relevant to the present work. The literature 

reviewed on TC rotordyanmics supported on a (S)FRB system includes San Andrés et al. 

[12,25-28], Schweizer et al. [30], Liang et al. [16,32], Koutsovasilis et al. [31,35], and 

Vengala et al. [34]. The last column features the current work focusing on advancing a 

model of the rotor-bearing system considering feeding grooves or holes to improve 

predictions of the TC nonlinear system response to show rotor internal resonances and 

subsynchronous whirl motions. 
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Table 2. Relevant past literature on TC rotordynamics supported on a (S)FRB system. 

 San Andrés et 
al. [12,25-28] 
2004~2018 

Schweizer et al. 
[30] 
2009 

Liang et al.  
[16,32] 

2015~2017 

Koutsovasilis et 
al. [31,35] 
2015~2019 

Vengala et al. 
[34]  
2019 

Current research 

Application Automotive TC 
Analysis Experimental and numerical 
Bearing type FRB, SFRB FRB SFRB FRB SFRB SFRB 

Oil type ISO VG 10, 
SAE 5W-30 

- SAE 15W-40 - - SAE 10W-30 

Rotor-bearing 
model 3-D FEM 3-D FEM 3-D FEM 3-D FEM 3-D FEM 3-D FEM 

D (mm) 7.92~11.5 6 7~8 6~6.8 - 6.015 
L/D 0.70~0.77 0.6 0.57~0.74 0.53~0.60 0.30~0.48 0.72 
PSUP (bar) 1.3~2.7 1.5~3.0 0.5~4.0 - - 1.8~2.7 
TSUP (ºC) 26.7~126.1 75~90 50~90 90~150 - 95~120 
Speed (krpm) 30~240 0~160 10~180 0~300 100~320 30~240 
Bearing 
performance Included Not included Included Not included Included Included 

Linear 
eigenvalue 
analysis 

Included Included Included Included Not included Included 

Imbalance 
synchronous 
response 

Included Not included Included Not included Not included Included 

Nonlinear 
rotordynamic 
response 

Included Included Included Included Included Included 
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Statement of work 

The current work contemplates integrating a predictive bearing tool [4] into a 

rotordynamics structure model to produce system dynamic responses from both linear and 

non-linear bearing models. TC rotors supported on engine oil lubricated bearings produce 

time-varying responses that are rich in subsynchronous whirl motions, i.e. having one or 

more subsynchronous frequencies and with large amplitudes of rotor motion at the turbine 

and compressor ends that could touch (rub) against their housings [25,28]. The 

nonlinearity arises from the hydrodynamic character of the fluid film bearings supporting 

the rotor, the flexible nature of the slim rotor and heavy end inertias (turbine and 

compressor), and the exceedingly large operating speeds of the rotating shaft, many times 

above the lowest (rigid body) natural frequencies of the rotor-bearing system. TC rotors 

reach a limit cycle that permits their operation over long times. A linear rotordynamics 

model can neither predict the amplitude(s) of rotor limit cycle motions nor their frequency 

content [25,26].  
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CHAPTER II  

A THERMOHYDRODYNAMIC MODEL FOR A SEMI-FLOATING RING 

BEARING SYSTEM∗ 

 

Figure 3 depicts a schematic view of a semi-floating ring bearing system comprised of 

a journal spinning with speed ΩS, a stationary floating ring (ΩR = 0), and a bearing casing. 

The drawing is not to scale. The model divides the ring into three sections, namely the 

turbine bearing (TB) side, the main body (MB), and the compressor bearing (CB) side. 

Lubricant supplied with pressure (PSUP) and temperature (TSUP) flows through a supply hole 

(z = 0) into outer film regions with film thickness hTB,o and hCB,o on the TB and the CB sides. 

A fraction of the lubricant flows axially towards the bearing discharge plane (z = LTB,th,-

LCB,th) with outer film pressure PTB,o and PCB,o, and temperature TTB,o and TCB,o in the TB and 

the CB regions. Another portion of the cold lubricant flows through holes in the ring into 

the inner film regions with film thickness hTB,i and hCB,i on the TB and the CB sides and 

generates hydrodynamic pressure fields PTB,i and PCB,i with temperatures TTB,i and TCB,i. The 

lubricant streams at the TB and CB discharge planes (z = LTB,th,-LCB,th) leave the inner film 

regions taking away energy flowing from the hot shaft and the mechanical power induced 

by shear drag. A fraction of heat is conducted into the ring which also convects heat flow 

                                                 
∗ Portion reprinted with permission from San Andrés, L., Jung, W., and Hong, S.K., 2021, “A Thermo-
Hydrodynamic Model for Thermal Energy Flow Management in a (Semi) Floating Ring Bearing System 
for Automotive Turbochargers,” ASME J. Eng. Gas Turbines Power, 143(1), p. 011013.  
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into the outer film. Remaining fractions of heat flow into the bearing casing and towards the 

CB side by conduction.  

After lubricating the inner film of the radial bearing, the oil enters the thrust bearings at 

the TB and the CB sides, each with film thickness hTB,th and hCB,th, respectively. The film 

pressure is PTB,th and PCB,th at the thrust bearings, and the temperature is TTB,th and TCB,th, 

respectively. Most of the fluid flow is radially outwards and ejected into a main drain in the 

casing. Note there is mixing of flow on the inner side of the thrust bearing and an exit side 

of the inner film, for example. 

 

 

Figure 3.  Schematic view of a semi-floating ring bearing system in a turbocharger. 
Geometry and coordinate systems. 

 

Global form of the heat transport equation in the flow domains 

Figure 4 depicts a schematic view of the heat flows and mechanical drag powers in the 

films of a SFRB system. The flow path through both films must be designed carefully to 



28 
 

ensure the lubricant flow rates cool effectively the bearing components without actually 

increasing the viscous drag power loss that influences adversely a TC mechanical efficiency. 

The figure shows the heat flows (Q) across the various components and the heat (E) advected 

or carried by the lubricant. In general, Q = (H x ΔT x Area) where H is a heat convection 

coefficient and ΔT is a temperature difference. Note ℘ is a mechanical drag power from 

fluid flow shear.  

Integration of the energy transport equations in the circumferential and axial directions 

leads to global balances of energy in the inner and outer flow domains, respectively. 

 

 

Figure 4.  Schematic view of heat flows in a SFRB system of a TC. 
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Balance of heat flows in the inner films 

Figure 5 shows a schematic view of the transport of energy in the inner film at the TB 

and CB sections1. Other heat flows are not included in the figure for simplicity. 

 

Figure 5. Schematic views of the heat flows in the inner films at the TB and CB 
sections of a TC SFRB system. See Fig. 4 for the whole SFRB system.   

 

 Note that the sum of the heat advected by the inner film and the heat flowing from the 

inner film into the ring inner surface equals to the sum of the mechanical drag power 

converted into heat to the inner film and the heat flow from the shaft into the inner film, 

i.e., ,( )→ →+ =℘ +i R S i
i i TB CBE Q Q . 

The heat convected by either the inner film at the TB or at the CB sections equals 

  ( ) ( )2

0

1π

θ θ
θ

 ∂ ∂
= + ∂ ∂ 

∫ ∫  

th

i i
MB

L

i v i z i SL
S

E C m T m T R d dz
R z

   (1)  

                                                 
1 Throughout the analysis, sub-indices i, o, and th denote the inner and outer films, and thrust films, 
respectively. 
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where the first integral term ( )2

0

1 0 
π

θ θ
θ
∂

=
∂∫ 

i i
S

m T d
R

because of periodicity, i.e., 

( ) ( ), , 2
, ,θ θθ θ π+

= z zm T m T .  

Above ( ),θ 

i izm m  denote the lubricant mass flow rates in the inner film along the 

circumferential and axial directions, 
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( )
3

 
12
ρρ

µ
∂

= = −
∂



i

i i
z i

i

h Pm Wh
z

    (2b) 

The mechanical drag powers converted into heat at the inner films of the TB and CB 

sections equal    

  
2

0

π
θ℘ = Φ∫ ∫

th

MB

L

i i SL
R d dz       (3) 

where Φi  is the shear mechanical energy dissipation function in the inner film. 
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with ( )1 , , 
2

= Ω = Ω = +S S S R i R m S RU R U R U U U . From Eqn. (2), the mean flow velocities 

in the circumferential and axial direction are,  
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The heat flows from the inner films into the ring inner surface at the TB and CB 

sections equal [13] 

2

0
( )

π
θ→  = − ∫ ∫

th

i
MB

Li R
i i R iL

Q H T T R d dz     (6) 

where iH  is the heat convection coefficient for the inner film bounding the ring, and 

( , , )θ==
i iR r R zT T  is the temperature of the ID surface of the ring. 

Likewise, the heat flow from the shaft into the inner film at the TB and CB sections is  

[ ]
2

0
( )

π
θ→ →= − = −∫ ∫

th

MB

LS i i S
i S i iL

Q H T T R d dz Q       (7) 

Above TS is the temperature of the shaft surface. 

 

Balance of heat flows in the outer films 

Figure 6 shows a schematic view of the energy transport in the outer film at the TB 

and CB sections. Note several heat flows are not shown in the figure for simplicity. 

Note that the sum of the heat convected by the outer film and the heat flowing from 

the outer film into the bearing casing equals to the sum of the mechanical drag power 

converted into heat to the outer film plus the heat flow from the ring outer surface into the 

outer film, i.e., ,( )→ →+ =℘ +o C R o
o o TB CBE Q Q . 
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Figure 6. Schematic views of the heat flows in the outer films at the TB and CB 
sections of a TC SFRB system. See Fig. 4 for the whole SFRB system. 

 

The heat convected by the outer film at the TB and CB sections is      

( )2

0

π
θ∂ =  ∂ ∫ ∫ 
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o
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o v z o oL
E C m T R d dz

z
             (8) 

where 
ozm  is the lubricant mass flow rate in the outer film along the axial direction (z).  
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             (9) 

The mechanical drag powers converted into heat at the outer films of the TB and CB 

sections is          

2

0

π
θ℘ = Φ∫ ∫

th

MB

L

o o oL
R d dz               (10) 

where Φo  is the shear energy dissipation function in the outer film, 
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Incidentally, in a SFRB the ring does not rotate (ΩR = 0); thus in the outer film there 

is no shear flow induced power converted into heat. 

The heat flows from the ring outer surface into the outer film at the TB or the CB 

sections are  

2

0
( )

π
θ→  = − ∫ ∫

th

o
MB

LR o
o R o oL

Q H T T R d dz    (12) 

where Ho is the heat convection coefficient for the outer film bounding the ring, and with 

( , , )θ==
o oR r R zT T  as the temperature of the OD surface of the ring. 

The heat flows from the outer film into the TC casing at the TB or the CB sections 

equal 

[ ]
2

0
( )

π
θ→ →= − = −∫ ∫

th

MB

Lo C C o
o o C oL

Q H T T R d dz Q      (13) 

 

Balance of heat flows in the thrust bearings 

Figure 7 shows a schematic view of the energy flows in the film of the thrust bearing 

at the TB and CB sections.  

Note that the sum of the heat advected by the thrust film and the heat flowing from the 

thrust film into the ring equals to the sum of the mechanical drag power in the thrust film 

converted and the heat flow from the shaft (thrust collar) into the thrust film, i.e., 

,( )→ →+ =℘ +th R S th
th th TB CBE Q Q . 
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Figure 7. Schematic views of the heat transport in the thrust bearings at the TB and 
CB sections of a TC SFRB system. See Fig. 4 for the whole SFRB system. 

The heat flows convected by the thrust films at the TB or the CB sections equal 

    ( )
2

0

1π
θ∂ =  ∂ ∫ ∫ 

o

i

R

th v r thR
E C rm T rdrd

r r
           (14) 

where  rm  is the lubricant mass flow rate in the thrust film along the radial direction, Tth 

is the temperature of the film in the thrust bearing. In the current analysis, the lubricant 

temperature is assumed not to vary across the thrust film thickness (z-direction).  

For the thrust films at the TB and CB sections, the mechanical drag powers converted 

into heat are   

 ( )
2 2

0 2
π µ θ

θ
 Ω ∂

℘ = + Ω ∂ 
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         (15) 

The heat flowing from the thrust film into the ring surface is  

 
2

0
( )

π
θ→  = − ∫ ∫

o

th
i

Rth R
th th RR

Q H T T rdrd      (16) 

where ( , , )θ ==
th thR r z LT T  is the ring surface temperature at the thrust bearing, and Hth is a heat 

convection coefficient. 
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Likewise, the heat flow from the shaft (thrust collar) into the thrust film is 

[ ]
2

0
( )

π
θ→ = −∫ ∫

o

i

RS th
th S thR

Q H T T rdrd          (17) 

where TS is the temperature on the shaft (thrust collar) surface. 

 

Heat flows balance and temperature field in a (semi) floating ring 

Figure 8 shows a schematic view of the heat flows in the ring. For convenience, the 

graph shows the ring divided into three sections: the TB, the MB (main body), and the 

CB.  

 
Figure 8. Schematic views of the heat transport in a floating ring: main body and 
sections with bearings on the turbine and compressor sides. See Fig. 4 for the whole 
SFRB system. 

A solution of the energy transport equations for the inner and outer films produces the 

heat flows (Q’s). Since there is no accumulation of heat in the ring, the sum of heat flows 

from the inner film and thrust film into the ring must equal the sum of the heat flows from 

the ring into the outer film and into the main body, ,( )→ → → →+ = +i R th R R o R MB
TB CBQ Q Q Q .   
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The heat flow from the inner film into the ring inner surface at the TB or the CB 

sections equals [13] 

2

0
( )

π
θ→  = − ∫ ∫

th

i
MB

Li R
i i R iL

Q H T T R d dz      (18)  

The heat flow from the ring outer surface into the outer film at the TB or the CB 

sections is  

2

0
( )

π
θ→  = − ∫ ∫

th

o
MB

LR o
o R o oL

Q H T T R d dz    (19) 

The heat flow from the thrust film into the ring surface at the bearing end is  

2

0
( )

π
θ→ → = − = − ∫ ∫

o

th
i

Rth R R th
th th RR

Q H T T rdrd Q     (20) 

The heat flow from the ring surface into the main body at boundary surface is 

2

0
( )

π
θ→ → = − = − ∫ ∫

o

MB
i

RR MB MB R
MB R MBR

Q H T T rdrd Q    (21) 

Since there is no accumulation of heat in the main body, the heat flow from the ring 

surface into the main body at the TB section must equal to the heat from the main body 

into the ring at the CB section, → →=R MB MB R
TB CBQ Q , please see Fig. 8. 

Above the heat convection coefficients (Hi, Ho, Hs) depend on the local Prandtl number 

Pr µ κ= vC  and the Reynolds number Re ρ µ= Uh  which determines the flow 

condition, laminar or turbulent. Refs. [36,37] provide a variety of heat convection 

coefficients, including those for fully developed and developing wall temperatures.  
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Heat conduction equation for floating ring  

The steady-state heat conduction equation for a semi-floating ring in the cylindrical 

coordinate system (r,θ, z) is  

( ) 0κ∇ ⋅ ∇ =
 

R RT      (22) 

in the domain { }, ,, 0 2 ,θ π≤ ≤ ≤ ≤ − ≤ ≤i o CB th TB thR r R L z L . Above κR is the thermal 

conductivity coefficient of the ring (homogeneous) material. 

Note that early work conducted by San Andrés et al. [17] for simplicity ignored the 

heat conduction along the axial direction (qz=0). The current analysis remedies the early 

shortcoming.  

San Andrés et al. [17] details the boundary conditions for the heat flow on the inner 

and outer surfaces of the floating ring. The boundary conditions on the bearing end sides 

of the ring (
, ,,= TB th CB thz L L ), i.e. the thrust bearings, and on the boundary surface between 

the bearing and the main body (
, ,,= TB MB CB MBz L L ) over the region ( { },∈ i or R R , { }0, 2θ π∈ ) 

are: 
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where Tth is the temperature of the film of the thrust bearing, and ( , , )θ ==
th thR r z LT T  is the 

surface temperature of the thrust bearing at the bearing end, respectively. ( , , )θ ==
MB MBR r z LT T  
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is the ring surface temperature on the boundary between the bearing and the main body, 

and TMB is the main body temperature on the bearing side, respectively. Hth and HMB are 

the heat convection coefficients on the axial side of the hollow floating ring, respectively.  

Note that the heat flow in Eq. (23) includes heat from the thrust bearing and Tth is 

neither constant nor uniform. Tth =Tinlet +ΔTth, where Tinlet is the temperature at the inlet of 

a thrust pad and obtained from the temperature of the fluid leaving the inner film, and ΔTth 

is the film temperature rise in one thrust pad.  

TMB largely depends on TSUP as the oil supplied flows through the ID and OD of the 

ring main body with a negligible amount of heat convection and drag power loss. 

 

Equations for generation of hydrodynamic pressure in the thin film flow domains 

In operation, the inner film thickness hi and the outer film thickness ho are [12,13,17] 

( , , ) cos sinθ θ θ= − −i i i i Sx Syh c z T e e    (25.a) 

( , , ) cos sinθ θ θ= − −o o o o Rx Ryh c z T e e    (25.b) 

where ci and co are the inner and outer film clearances, a function of the film temperature 

and the thermal expansion material properties of the ring, shaft and casing. Above eS is 

the shaft eccentricity relative to the ring center, and eR is the eccentricity of the ring center 

with respect to the bearing. 
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In a thin fluid film region, the Reynolds equation determines the generation of 

hydrodynamic pressure (P) under laminar flow2 and for a steady-state condition [38]. For 

the inner and outer films of the radial bearings at the TB or the CB sections, the steady-

state equations are:  

3 3
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1
12 12 2θ µ θ µ θ

   ∂ ∂ Ω ∂∂ ∂
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i i i i S i

S i i i i
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o o o o

R o o o o

h P h P
R z z

     (26.b) 

where (Pi, Ti, hi) and (Po, To, ho) denote the pressure, the temperature and the film thickness 

of the inner and outer films, respectively; and ΩS is the shaft angular speed. Above μ 

denotes the oil viscosity, a non-linear physical parameter determined by the local 

temperature and the shear rate, see Ref. [39].  

Figure 9 shows a schematic view of a single thrust bearing pad at the end of the TB or 

the CB sides and facing a SFRB. The analysis assumes that all pads (total of four) on the 

thrust bearing are identical. The cylindrical coordinate system (r,θ, z) describes the bearing 

geometry. The thrust collar and shaft spinning with angular speed (Ω) can only displace 

axially, thus the analysis neglects rotor tilt. DRi (=2Ri) and DRo (=2Ro) are the bearing inner 

and outer diameters, respectively. The pad film thickness (hth) varies circumferentially in 

the tapered portion of the pad and remains constant in the flat portion.  

                                                 
2 For most TC oil lubricated bearings, Re 1,500ρ µ= Ω <R , thus both fluid inertia and turbulent flow  
effects are negligible.  



40 
 

 
Figure 9. Schematic view of single thrust bearing pad with notation [40]. 

 

The flat land, designed to operate at a minimum film clearance (CMIN), prevents 

unnecessary wear to the bearing and thrust collar during start and stop. CMIN is determined 

by the thrust load which increases with an increase in shaft speed due to the imbalance 

between the turbine and compressor axial loads. In the figure, β is the pad arc length, and 

βT denotes the tapered arc length, respectively. βT/β is the fraction of taper in a bearing 

pad, and α denotes the circumferential taper (inclination) angle. With 2( )+= i oR R
mR  as a 

mean radius of the thrust bearing pad, δ = αRmβT is a maximum taper height, and the pad 

film thickness ( )= + −th MIN m Th C αR β θ  for 0 ≤ ≤ Tθ β , while =th MINh C  for < ≤Tβ θ β .  
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The Reynolds equation for a thin fluid film in the thrust bearing on the TB or CB sides 

produces the generation of pressure under steady-state conditions. 

3 31 1
12 12 2θ

   ∂ ∂ ∂∂ ∂ Ω
+ =   ∂ ∂ ∂ ∂ ∂   

th th th th th

th th

h P h P hr
r r μ r r θ μ r θ

      (27) 

where (Pth, Tth, hth) denote the pressure, temperature, and thickness on a thrust bearing 

pad, respectively. 

 

Numerical solution procedure 

The finite difference method solves 3-D heat conduction equation for the SFRB. 

Implementation of the finite element method and the control volume method gives the 

solution of the Reynolds equations and the energy transport (heat flow) equations, 

respectively. An efficient algorithm couples the solution of the Reynolds equations and 

the heat transport equations, and updates the temperature-dependent viscosity and film 

clearances during the iterative process. The entire process, conducted in a regular PC, 

takes a few seconds to complete for each case (speed or load varying). 
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CHAPTER III  

PREDICTIONS OF HEAT FLOWS IN A TURBINE SFRB∗ 

 

For an example SFRB used in an automotive TC, Table 1 lists the dimensions, 

lubricant and materials properties, and operating conditions. SAE 10W30 mineral oil at 

PSUP=3.0 bar and TSUP=120 ºC supplies the SFRB at its inlet plane (z =0). The ring has 

four equally spaced axial grooves on its inner surface at the compressor bearing (CB) and 

the turbine bearing (TB) locations.  

Note there is a large radial thermal gradient across the floating bearing since the shaft 

is quite hot (TS,turbine =213 ºC, TS,compressor =195 ºC) while the TC casing is maintained at a 

temperature TC =TSUP =120 ºC. The shaft temperature at each bearing location follows 

from an empirical relation established by San Andrés et al. [17]: (TS-TSUP) = θ (Tturbine-

TSUP), where Tturbine = 700 ºC and the defect temperature ratio θ  = 0.16 for TS,turbine; while 

θ  = 0.13 for TS,compressor. Note the specified (TS,turbine  - TS,compressor)= 18 ºC temperature 

gradient along the axial direction is assumed only. In addition, the lubricant flash point 

temperature Tflash ≈ 230ºC, while the actual compressor wheel temperature Tcompressor = 

200~300 ºC. 

  

                                                 
∗ Portion reprinted with permission from San Andrés, L., Jung, W., and Hong, S.K., 2021, “A Thermo-
Hydrodynamic Model for Thermal Energy Flow Management in a (Semi) Floating Ring Bearing System 
for Automotive Turbochargers,” ASME J. Eng. Gas Turbines Power, 143(1), p. 011013.  
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Table 1. Geometry and operating condition of a SFRB for a TC. 

RBS geometry  
Shaft OD, Ds 6 mm 
Ring ID, DRi 6.015 mm 

Ring OD, DRo 10.920 mm 
Casing ID, Dc 11 mm 

Inner film axial length, Li 4.3 mm (Turb.), 4.4 mm (Comp.) 
Outer film axial length, Lo  7.0 mm (Turb.), 5.0 mm (Comp.) 

Inner film radial clearance, ci 7.5 µm (at 20 ºC) 
Outer film radial clearaance, co 40 µm (at 20 ºC) 

Material properties (at 20 ºC) Shaft Ring Casing 
Material Steel Brass             Cast Iron 

Conductivity [W/m ºC], κ 43.2 58.1 53.6 
Thermal Exp. [1/ ºC], α 1.24×10-5 1.80×10-5 1.25×10-5 

Specific heat [J/kg ºC], Cp 519 377 550 
Density [kg/m3], ρ 7,833 8,500 7,170 

Thrust bearing geometry  
Number of pads, Npad 4 

Pad arc length, β 70 º 
Ratio pad taper, βT/β 0.78 

Circumferential Taper angle, α 0.57 º 3 
Taper height, δ 0.40 mm 

One pad area, Apad 12.7 mm2 
Fraction of hot oil carry over4 0.8 

Viscosity temperature coefficient 0.03 1/ ºC 
Lubricant SAE 10W30  

Density, ρ 875 kg/m3 
Specific Heat, Cp 1,901 J/kg 
Conductivity, κ 0.12 W/m ºC 

Viscosity at Tsup, µ 6.39 c-Poise 
Flash point temperature, Tflash  230 ºC 

Operating conditions  
Oil supply pressure, PSUP 3.0 bar 

Oil supply temperature, TSUP 120 ºC 
Casing temperature, TC 120 ºC 
Shaft temperature, TS 213 ºC (Turb.), 195 ºC (Comp.) 

The rotor speed ranges from Ω1= 30 krpm (500 Hz) to Ω2= 240 krpm (4 kHz) 
Radial specific load (W/(LD))TB = 36 kPa and (W/(LD))CB = 2 kPa.  

  

                                                 
3 Angle of thrust pad in circumferential direction. 
4 Fraction of the hot oil that is carried over from one pad to the next. 
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Figure 10 shows a prediction of the ring ID and OD temperatures along the ring 

circumferential and axial directions. The TC shaft spins at 240 krpm (ΩRi=99.5 m/s). The 

inner and outer film temperatures have a large influence on the ID and OD ring surface 

temperatures along the circumferential and axial directions. The maximum temperature of 

the ring ID surface occurs near the exit plane (z=Li) and just before the next adjacent axial 

groove. Likewise, the maximum temperature of the ring OD occurs at the exit plane (z=Lo). 

The ring OD temperature is lowest at θ ≈ 270º, the location of the ½ moon groove (140° 

extent) machined on the bearing casing inner surface. Note that there is heat flow from the 

ring axial sides (thrust bearings) into the ring. 

Figure 11 shows the inner film pressure and temperature fields obtained from an 

example for shaft operation at 240 krpm. The film pressure reaches a minimum at the 

location of lubricant cavitation inception. The film temperature enters a supply hole at 

120ºC, and the shear drag from journal rotation mixes the upstream oil from the adjacent 

feed hole. The maximum temperature of the inner film occurs near the outlet plane (z=Li) 

and just before the next axial groove.  

Figure 12 shows a prediction of the minimum clearance (CMIN) and the thrust bearing 

reaction load versus rotor speed. The current analysis considers the load profile in Ref. 

[10], and which refers to a similar size thrust bearing with OD = 11 mm and four thrust 

pads. As rotor speed (Ω) increases, CMIN decreases dramatically while the thrust load (W) 

increases rapidly with an increase in Ω, thus (W/(Apad · Npad))/ Ω2 ~ constant.  
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Figure 10. Prediction of ring ID (r = Ri) and OD (r = Ro) temperatures for an example 
SFRB along circumferential and axial directions. Rotor speed = 240 krpm. Specific 
load (W/(LD)) = 36 kPa. 
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Figure 11. Prediction of pressure and temperature fields in inner film. Shaft speed 
= 240 krpm. Specific load (W/(LD)) = 36 kPa. 

 

 

Figure 12. Predicted minimum clearance and specified thrust bearing load [10] 
versus rotor speed. 
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Figure 13 shows a prediction of the film pressure field on a thrust pad for shaft 

operation at 240 krpm (ΩRi = 99.5 m/s) and with CMIN = 10 μm, similar in magnitude to 

the inner film clearance of the SFRB. The lubricant film pressure reaches a maximum near 

the end of the tapered section ( 54.6 )Tθ β= = °  and at the mid plane along the radial 

direction. The peak film pressure = 2 MPa ~ four times the applied specific thrust load 

W/(Apad · Npad)) = 0.5 MPa. 

 

 

 
 
 
 

 
Figure 13. Predicted film pressure field on a pad of thrust bearing (four pads). 
Specific load (W/(Apad · Npad)) = 0.5 MPa at shaft speed = 240 krpm and CMIN = 10 μm.  
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Figure 14 shows the predicted drag power loss for the thrust bearing and the 

temperature rise in the film of one thrust pad (ΔTth) versus rotor speed. As shaft speed 

increases, the lubricant heats rapidly with an increase in drag power loss (℘), thus ℘/Ω2 ~ 

constant. Recall that Tth =Tinlet +ΔTth, with Tinlet follows from the lubricant temperature 

leaving the inner film and ΔTth ~ Ω as the power loss increases with shaft speed.  

 

 
Figure 14. Predicted drag power loss for thrust bearing (turbine side) and 
temperature rise ΔTth in film of one thrust pad versus rotor speed.  
 
 

For the CB and the TB, Figure 15 shows a prediction of the average inner and outer 

film temperatures and the average ring ID and OD surface temperatures, versus rotor speed. 

The average temperature is a mean value obtained around the bearing circumference and 

along the axial direction. For both bearings, the outer film heats a few degrees above the 

supply temperature of 120 ºC, whereas the inner film average temperature heats in 

proportion to an increase in surface speed (ΩRi = 99.5 m/s). The ring ID surface 

temperature is ~20 ºC higher than the ring OD surface temperature for most operating 



49 
 

speeds. Note the ring temperature varies greatly ( > 20 ºC), as found from the difference 

between the maximum temperature and the average temperature, due to the axial heat from 

the thrust bearing into the ring. Over the entire shaft speed range, the inner and outer film 

temperatures and the ring ID and OD surface temperatures for the TB are higher than those 

for the CB since most heat is from the hot turbine wheel side (TS,turbine  =213 ºC), see Figure 

4. 

As a reference point, note that the lubricant flash point temperature Tflash ≈ 230ºC; 

hence the inner film high temperature remains a constant concern. 

 

 
(a) Turbine bearing (TB)              (b) Compressor bearing (CB) 

Figure 15. Predicted maximum and average inner and outer film temperatures and 
ring ID and OD surface temperatures for (a) turbine bearing and (b) compressor 
bearing versus rotor speed. Radial specific load (W/(LD))TB = 36 kPa and (W/(LD))CB 
= 2 kPa.  

 

For the CB and the TB, Figure 16 shows the predicted oil exit temperatures leaving 

the inner and outer films versus rotor speed. Note that the peak temperatures of the inner 

and outer films occur at the exit plane (z =Li,o). For both the CB and the TB, the inner film 
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temperature is higher than the outer film temperature due to the heat soaking from the 

shaft and the shear drag effects from shaft rotation. The lubricant exit temperatures are 

higher at the TB than at the CB due to the heat from the hot turbine wheel.  

 

 

Figure 16. Predicted exit temperature of inner and outer films for compressor 
bearing (CB) and turbine bearing (TB) versus rotor speed. TS,turbine =213 ºC, 
TS,compressor =195 ºC. Radial specific load (W/(LD))TB = 36 kPa and (W/(LD))CB = 2 kPa.  

 

For the CB and the TB, Figure 17 shows the predicted lubricant flow rates through the 

films versus rotor speed. The flow rate through the outer film is larger than the one through 

the inner film as the clearance of the outer film, co, is larger than that of the inner film, ci, 

i.e., co/ci = 5.3 at 20 ºC. The flow through the inner film increases as the rotor speed 

increases since the lubricant viscosity becomes smaller as the film temperature rises and 

due to lubricant shear thinning from shaft rotation. On the other hand, the flow rate through 

the outer film is rather constant as the oil temperature does not change dramatically 
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because the ring does not rotate. The flow rates through the inner and outer films of the 

TB are larger than those for the CB because of the higher film temperatures in the TB than 

those for the CB and that lead to lower lubricant viscosities. In addition, the flow through 

the TB must remove more heat than the flow into the CB.  

 

 

Figure 17. Predicted lubricant flow rates through the inner and outer films for 
compressor bearing (CB) and turbine bearing (TB) versus rotor speed. Radial 
specific load (W/(LD))TB = 36 kPa and (W/(LD))CB = 2 kPa.  

 

Figure 18 shows the heat flows and the drag power losses in both the CB and the TB 

versus rotor speed. Note the viscous drag power from the inner film and the thrust collar 

increase rapidly with shaft speed (power two) while the outer film produces no viscous 

power as the ring does not spin. Note the total input energy flow adds the viscous drag 

power losses to the heat soaked from the shaft. Important to note that the heat from the 

shaft into the inner film and the heat from the thrust collar into the thrust film decrease as 
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shaft speed increases since the films overall temperatures increase. The heat conducted 

into the ring increases slightly because of the rise in (the inner film) drag power losses, 

whereas the heat from the outer film into the casing remains relatively constant. Except 

for the drag power loss and heat flow from the thrust bearings, San Andrés et al. [17] 

report similar trends on the heat flows as the shaft speed increases. 

Note also that the heat from the shaft into the inner film, the heat from the thrust collar 

into the thrust film, and the heat conducted into the ring are larger on the TB side than 

those on the CB side as the overall films and the ring temperatures are also higher. For 

both the CB and the TB, the viscous drag power from the inner film and the thrust collar 

are almost similar. The heat from the outer film into the casing for the TB is lower than 

the one on the CB since the outer film temperature is higher in the TB than that in the CB. 

Recall the casing temperature is constant TC = TSUP = 120 ºC. 

 

 
(a) Turbine bearing (TB)                             (b) Compressor bearing (CB) 

Figure 18. Heat flows and viscous drag power losses in (a) turbine side bearing 
and in (b) compressor side bearing versus rotor speed. Radial specific load 
(W/(LD))TB = 36 kPa and (W/(LD))CB = 2 kPa.  
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Figure 19 shows schematic representations of the thermal energy flows in the turbine 

bearing for operation at two shaft speeds, 45 krpm (low) and 240 krpm (high). The 

representation is similar as the one introduced in Ref. [17]. At the low shaft speed, the heat 

from the shaft overwhelms the viscous drag power loss, but as the shaft speed increases, 

the contribution from the drag power to the total energy flow increases significantly from 

3% to 63%. The thrust bearing produces 27%-39% of the total energy flow. Note that 

earlier Ref. [17] does not include the thermal energy flow from the thrust bearing.  

The lubricant carries away the majority of the heat flow, from 74% at a low shaft speed 

to 81% at the highest shaft speed. This indicates the importance of designing a bearing 

configuration that promotes the flow rates to effectively remove thermal energy flows. 

Ref. [17] shows larger portion of the total energy flow removed by the lubricant, 90%-

98%, as it does not consider both the heat from the thrust bearing and the heat conducted 

to the compressor bearing. Note that the ring conducts a considerable portion of energy 

flows from the inner film into the outer film; 49% - 39% of the total energy flow as shaft 

speed increases, whereas in Ref. [17] the ring conducts less portion of the total energy 

flow, 23% - 29%, due to omitting the heat flow from the thrust bearing. Note the fractional 

amount of heat flows conducted into the casing and toward compressor bearing remain 

nearly invariant with shaft speed. The findings above agree with those in Refs [16,17,41]. 
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Figure 19. Schematic representation of thermal energy flows in turbine bearing. 
Predictions at a low speed (45 krpm) and at a high speed (240 krpm). Brass ring; 
αbrass = 1.8E-05, Cp = 377 J/kg-Cº, ρR = 8,500 kg/m3, κR,brass = 58.1 W/m-Cº. 
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Effect of ring material on SFRB heat flows 

As the ring conducts a considerable portion of heat, it is important to quantify the 

effect of ring material on the bearing performance. Presently, a steel ring replaces the 

(original) brass ring. Note that steel ring is more conductive (κR,steel = 73.0 W/m-Cº) than 

brass ring (κR,brass = 58.1 W/m-Cº); hence the choice which does not consider key factors 

such as weight, and material and manufacturability costs. Note also that steel has a lower 

coefficient of thermal expansion than brass does; see Table 1. 

Figure 20 shows schematic representations of the thermal energy flows in the turbine 

bearing system with a steel ring for operation at a low and a high shaft speed, 45 krpm and 

240 krpm. Note that the bearing system with a steel ring transfers less total heat than a 

brass ring does. The steel ring conducts a larger fraction of the total heat, 60%-64%, than 

a brass ring does, 39%-49%, as shown in Fig. 19. The energies conducted into the TC 

casing, 11% -15%, and toward the compressor bearing, 14%-15%, are larger with the steel 

ring than those a brass ring would conduct. With a steel ring, the lubricant carries away 

less heat, 70%-74% than the brass ring does, 74%-81% of the total energy flow. As a result, 

a ring with more conductive material and a lower thermal expansion coefficient leads to a 

more effective conduction of thermal energy flows, in particular the one from the thrust 

bearing. 
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Figure 20. Schematic representation of thermal energy flows in a turbine bearing. 
Predictions at a low speed (45 krpm) and at a high speed (240 krpm). Steel (0% C) 
ring; αsteel = 1.2E-05, Cp = 452 J/kg-Cº, ρR = 7,897 kg/m3, κR,steel = 73.0 W/m-Cº. 
 

 

Effect of ring outer film length on SFRB heat flow transport 

A ring with a large area Ao = (π x Do x Lo) would dispose more heat into the outer film; 

hence enabling an adequate path for managing heat flow transport. Note that a longer Lo 

> 7 mm (nominal length) adds resistance to the flow through the outer film which would 

then decrease. That is, the total flow supplied to the TC SFRB system decreases. 

Figure 21 shows the heat flows versus the length of the outer film (Lo) for shaft 

operation at 240 krpm (ΩRi = 99.5 m/s) and considering a brass ring. The total energy flow 

(heat flows from shaft and thrust bearing plus drag power losses) is nearly constant, as 

expected. Note as the ring conducts more energy flow, the heat flows carried by the inner 
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film and the thrust film decrease. On the other hand, the heat into the outer film decreases 

with an increase in Lo, while the heat into the casing and to the compressor bearing increase 

as the area to dispose energy flow increases. Thus, the total heat carried away by the 

lubricant decreases with Lo increasing. 

 

 

Figure 21. Heat flows versus outer film length (Lo). Shaft speed = 240 krpm. Nominal 
Lo = 7mm. Analysis with brass ring; Li = 4.3 mm, Lo = 6 mm to 9 mm, Di = 6 mm, and Do 
= 11 mm. 
 
  



58 
 

This section presented a comprehensive model for the energy transport in SFRBs for 

automotive TCs. The model includes both radial bearings, inner and outer, and the thrust 

bearing, as well as a three-dimensional heat conduction model for the ring. Predictions 

obtained for a SFRB used in a passenger vehicle TC show that the ring temperature varies 

in all directions, in particular axial due to heat conducted from the thrust bearing into the 

ring. The total energy flow equals the viscous drag power losses from the inner film in the 

radial bearing and the thrust bearing plus the heat soaked from the shaft. 

A SFRB with a brass ring conducts a considerable portion of the heat from the inner 

film into the outer film; 49% - 39% of the total energy flow at a low and a high shaft speed, 

45 krpm and 240 krpm. The lubricant flows, inner and outer, carry away the majority of 

the heat flow, 74% of total at a low shaft speed, and up to 81% at the highest shaft speed. 

The predictions show a more conductive ring material (steel vs. brass) or a longer outer 

film conduct more heat into the ring and casing; but ultimately the lubricant flow carries 

most of the thermal energy flow from viscous drag power losses and the heat from the 

shaft. 

The model and predictions assist in the design of SFRB systems with engineered 

thermal energy flow paths, advected and conducted, that will improve TC efficiency and 

durability.  
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CHAPTER IV 

LINEAR ROTORDYNAMICS MODEL AND PREDICTIONS∗ 

 

Presently a TC rotor (and bearing) models is a collection of elastic beam finite 

elements and lumped masses and mass moments of inertia representing the turbine and 

compressor wheels. Mechanical elements with (linearized) spring and damping force 

coefficients represent the support bearings; though in a generic model, the fluid film 

bearing forces are complex functions of the rotor (or ring) position and velocity.  

The equations of motion (EOMs) for a MDOF rotor-SFRB system are [28]: 

[ ] ( ) ( ),Ω
+ Ω +



 

t tstat Bdyn X,X,M X + C G X K X = F + F - F                           (28) 

where M, G, K, C are global matrices of rotor inertias, gyroscopic, elastic stiffness 

and damping coefficients, respectively, and Ω is shaft speed, Fstat and Fdyn denote the 

vectors of static and dynamic loads acting on the rotor, and FB represents the vector of 

bearing reaction forces. .  

With Fstat and Fdyn known, EOMs (28) are casted as a set of first-order differential 

equations with the system state-space vector 
( )

,  


t
X X as a generic unknown, and a 

procedure solves these equations at discrete instants of time. The rotordynamics model 

[42] offers a number of integrator choices for the numerical solution; for example Runge-

Kutta, Rosenbrock, Average-Acceleration, etc. The proper selection of the numerical 

                                                 
∗ Content reproduced with permission from Jung, W., San Andrés, L., 2021, “A Nonlinear Rotordynamics 
Models for Automotive Turbochargers Coupled to a Physical Model for (Semi) Floating Ring Bearing 
System,” Final Technical Report to KeyYang Precision Co., Ltd., TEES Project 408670 0001. 
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method (solver) and the time step for numerical integration are crucial to obtain accurate 

results. In addition, the accuracy of the (nonlinear) solver relies on the initial state 

( )0
, ,

=
   =   

 

o ot
X X X X  representing a true or actual physical condition. 

San Andrés et al. (2003-2012) developed increasingly complex physical and numerical 

models for evaluation of the TC dynamic response [12,13,25-28]. The rotordynamics 

model integrates a fluid film bearing analysis program that calculates the mechanical 

element reaction force vector as a function of the current state (rotor position and velocity). 

The numerical time-transient procedure evaluates the system response while the TC 

operates at a constant speed or during constant acceleration or deceleration paths toward or 

from a top shaft speed. The procedure is quite time consuming because of the bearings’ 

nonlinearity. If desired, the model assumes the bearings behave linearly and performs the 

same procedure using stiffness and damping force coefficients that change with rotor speed 

[3]. The linear model is rather fast and delivers the system damped natural frequencies and 

damping ratios (and mode shapes) as well as the rotor synchronous response to specified 

mass imbalance conditions.  

In typical TC rotors, the compressor and turbine wheels, large in size and mass, largely 

contribute to the imbalance state. The manufacturing process and first balancing of 

components (C and T) followed by the final (trim) balancing of the rotating assembly are 

important. In addition, the clocking or relative positioning of the components and the 

assembly torque (stretch load on the shaft) contribute to the final balancing state, and which 

is difficult to repeat after disassembly. Table 2 lists the physical properties of a commercial 

TC rotor-SFRB system including locations for mass imbalance and their magnitudes, as 
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provided by the TC manufacturer. Note that the imbalance grades are ISO 1940 G40 for 

the compressor wheel and G16 for the turbine wheel.  

Figure 22 shows a structural model for the TC with 60 elements modeling the thin steel 

rotor that includes a thrust collar and spacer, and 20 elements modeling the brass SFRB 

with connection to (lateral) bearings at the ring ends. The compressor wheel (left side) and 

the turbine wheel (right side) are modeled as low density components with known lumped 

mass and mass moments of inertia, polar and transverse. The inner film is a spring-like 

structure connecting the rotor to the ring, whereas a spring-like structure connecting the 

ring to ground represents the outer film.  

 

 

Figure 22. Example of finite element structural model for TC rotor-SFRB system. 
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Table 2. Physical properties of TC rotor-bearing system including locations for 
mass imbalances and amounts. Imbalances’ phase angle relative to horizontal 
plane. 
 

Mass of TC rotor 
[g] 

TC rotor length 
[mm] 

C.G. location (from compressor end) 
[mm] 

100 105.7 66.1 
Station 

# Components mass 
[gram] 

Ip 
[g-cm2] 

It 
[g-cm2] 

10 Compressor wheel 22 28 19 
54 Turbine wheel 54 48 40 

Station 
# Location Imbalance amount 

[gram-mm] 
Imbalance phase 

[degree] 
5 Comp. nose   0.015 90 

13 Comp. back face 0.027 90 
49 Turbine back face 0.026 90 
58 Turbine nose   0.016 90 

 
 

To validate the rotordynamics model, experiments with the rotor alone show its elastic 

free-free mode natural frequencies.  The rotor is suspended from long wires and an impact 

hammer excites it. Two miniature (1 gram) accelerometers, one fixed and one roaming, 

produce data from which to extract the rotor mode shapes. Figure 23 shows both the 

measured and predicted mode shapes for the first two free-free mode natural frequencies. 

The experiments identify the first two natural frequencies as f1 = 996 Hz and f2 = 4,328 

Hz while the predictions show a minute difference, f1 = 995 Hz and f2 = 4,320 Hz. The 

lowest natural frequency (996 Hz) is within the range of speed operation for the TC that 

reaches a maximum of 4,000 Hz (240 krpm). Note the free-free, elastic rotor modes show 

large deflections at the compressor side, the lighter component.  

Similarly, for the floating ring alone, its free-free mode natural frequencies ( > 28,000 

Hz) are well above the shaft top speed.  
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(a) First mode 

 

(b) Second mode 

Figure 23. TC rotor: Measured and predicted first and second free-free, elastic 
mode shapes and natural frequencies. (Ring NOT included). 
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Prediction of natural frequencies and damping ratios for TC 

Assuming the bearings, inner and outer films, behave as linear mechanical elements 

with stiffness (K) and damping (C) coefficients, the rotordynamics model produces the TC 

system damped natural frequencies and damping ratios (ζ) vs. shaft speed, as depicted in 

Figure 24. The insets show the rotor and ring forward whirl mode (FWM) shapes for 

operation at shaft speed = 95 krpm. In the graphs, the left and the right sides of a mode 

shape correspond to the compressor end and turbine end respectively.  

 
(a) Damped natural frequencies 

 

 
 

First FWM: 242 Hz, ζ=−0.29   Second FWM: 465 Hz, ζ=−0.26          Third FWM: 1,093 Hz, ζ=+0.13   

ring ring ring 
compressor 

turbine 

rotor 

rotor 

turbine turbine 

compressor 
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(b) Damping ratios 

Figure 24. TC rotor-SFRB: Predicted damped natural frequencies and damping 
ratios versus speed, and forward whirl modes at speed = 95 krpm (1,583 Hz). 
 

Of interest are the forward whirl modes and their respective damping ratio (ζ). The 

lowest two forward whirl modes (FWM) show negative damping (ζ < 0) and correspond 

to a conical mode and a cylindrical-bending mode of the rotor, while the ring modes are 

conical and cylindrical respectively. The third FWM has ζ > 0 (i.e. stable) and represents 

a true elastic mode for the rotor while the ring remains in a rigid cylindrical mode. The 

FWM natural frequencies follow the shaft speed (Ω) with a nearly constant fractional ratio.  

Figure 25 shows the predicted ratio of the damped natural frequencies to shaft speed for 

FWM versus rotor speed. It is important to realize that the first two FW modes are the 

ones that will be excited when the system becomes unstable. Note that as shaft speed 

increases the ratio (whirl frequency/shaft speed) decreases. This is since the TC rotor 

operates well above the RBS natural frequencies (two rigid body modes and a third elastic 

mode). 
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Figure 25. TC rotor-SFRB: Ratio (natural frequency / shaft speed) for forward whirl 
modes versus rotor speed. 
 
 

Obtained from the linear analysis, Figure 26 shows the predicted amplitude of 

imbalance synchronous rotor response at the compressor end (station #3 in Fig. 3) and at 

the turbine end (station #58 in same Fig.). The model applies the imbalance at the nose 

and the back faces of the compressor and the turbine, respectively, see Table 2. Note that 

the amplitude of motion at the compressor side is the largest for the first two (unstable) 

forward whirl modes. The synchronous response from the linear rotordynamics analysis 

shows peak amplitudes at 45 krpm (750 Hz), which is likely due to the rotor speed exciting 

the first elastic mode (3rd FWM) as shown in Fig. 24. The deformed rotor mode shapes 

also show a larger peak response at the compressor end compared to the one at the turbine 

end. Note that a maximum allowed physical amplitude for rotor motions at the compressor 

end is 0.175 mm (0-pk). Note also that the maximum magnitudes in the insets depict the 

imbalance synchronous rotor response at the compressor end (station #3 in Fig. 22). 
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Figure 26. Predicted amplitude of TC rotor synchronous response at compressor 
and turbine ends (vertical direction). Results from linear rotordynamics analysis.  
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CHAPTER V 

PREDICTION OF NONLINEAR TC ROTOR-SFRB RESPONSE∗ 

 

Comparison of predictions versus test data 

This section presents predictions of the nonlinear TC system response corresponding 

to the operating conditions detailed in a prior section, see Tables 1 and 2. The rotor speed 

ranges from Ω1= 30 krpm (500 Hz) to Ω2= 240 krpm (4 kHz), hence the period of 

synchronous whirl motion varies from T1 = 2 ms to T2=0.25 ms. For the nonlinear solution, 

the numerical integration time step ∆T= 0.1 ms = T1/20  and T2/2.5. The ∆T for the low 

speed is enough to capture a period of synchronous motion but barely enough to deliver 

accurate results for the highest shaft speed condition. As a fact, T2/2.5 barely satisfies the 

Nyquist criterion of T2/2 = 0.125 ms. However, it is of interest to analyze the rotor motion 

at low shaft speeds where the largest amplitudes of rotor motion appear. 

The number of integration steps equals to Nt = 5,000 so the elapsed time tmax= Nt 

∆T=500 ms. The integrator chosen is the Rosenbrock method [43] which is an implicit 

procedure. The initial conditions are set to be the rotor and bearing static equilibrium 

position due to the rotor weight (deflected rotor shape). Note that over the elapsed tmax, the 

number of full rotor revolutions equal tmax/T =250 and 2,000 for the lowest and highest 

shaft speeds, respectively.  

                                                 
∗ Content reproduced with permission from Jung, W., San Andrés, L., 2021, “A Nonlinear Rotordynamics 
Models for Automotive Turbochargers Coupled to a Physical Model for (Semi) Floating Ring Bearing 
System,” Final Technical Report to KeyYang Precision Co., Ltd., TEES Project 408670 0001. 
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For analysis of the calculated rotor and ring motions, the algorithm keeps the last 211 

(= 2048 ) data points as it assumes that for t > ½ tmax the effect of initial conditions is no 

longer important and that the system has achieved a quasi-steady state motion. The 

resolution of a discrete Fourier Transform (DFT) of the shaft motions is 4.9 Hz (294 rpm) 

that will capture the frequency of the lowest vibratory (unstable) modes that correspond 

to a conical rigid body mode and a cylindrical-bending mode of the rotor, while the ring 

modes are conical and cylindrical respectively. 

A procedure [26,28] analyzes the predicted (or measured) time transient response data 

to produce the overall amplitude of rotor motion (orbit), extracts time segments of data to 

process using the discrete Fourier transform (DFT), assembles and displays waterfalls of 

rotor motion, and filters the DFTs to deliver the amplitude and frequency of (one or more) 

the subsynchronous vibrations (SSV), synchronous motions (1X), and super synchronous 

motions (if any).  

Figure 27 shows a waterfall plot of the predicted rotor response at the compressor nose 

and along the vertical direction (station #3) aligned with the gravity plane. The graph 

shows the frequency content of the compressor response as the shaft increases from 30 

krpm (bottom of graph) to the top speed of 240 krpm (top of graph). The straight lines on 

the graph indicate fractions of shaft speed at 1X (synchronous), ½ frequency whirl and ¼ 

frequency whirl. The predictions show motion with 1X component having an amplitude 

that increases moderately with shaft speed and one (or more) subsynchronous whirl 

frequencies that appear at ½ X to become ~ ¼ X at Ω= 180 krpm. For operation at higher 
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shaft speeds, the SSV disappears. Recall the linear analysis results shown in Fig. 25, 

predicts the rotor is unstable over the whole shaft speed range (30 krpm to 240 krpm).  

 

 
Figure 27. Waterfall plot of predicted rotor motion at compressor nose (station #3), 
vertical direction. Shaft speed = 30 krpm to 240 krpm. Lines denote fractions of shaft 
speed (1X). 

 

Figure 28 depicts the waterfall of TC measured motions obtained in a hot gas test stand 

operated by the sponsor [44]. The rotor speed ranges from 30 krpm (500 Hz) to 210 krpm 

(3.5 kHz). The test elapsed time equals 120 s. Blue solid lines on the graph indicate 

fractions of shaft speed at ½ frequency whirl and ¼ frequency whirl. Note that the SSV 

disappears for shaft speeds above 3,000 Hz (180 krpm), same as with the predicted SSV 

shown in Fig. 27.  
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Figure 28. Waterfall plot of measured rotor motion at compressor nose, vertical 
direction. Shaft speed = 30 krpm to 210 krpm. Test data acquired at KeyYang 
Precision (KYP) [44]. 

 

An analysis of the measured and predicted motions is shown in Figure 29 that depicts 

the amplitude and frequency of SSV appearing up to a shaft speed of 180 krpm (3,000 

Hz). The predictions are in good agreement with the measured SSV amplitude and the 

whirl frequency for low (30 krpm) to moderately high (180 krpm) shaft speeds. Note that 

a maximum allowed physical amplitude for rotor motions at the compressor end is 0.175 

mm (0-pk). 
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(a) Amplitude of SSV 

 

(b) Frequency of SSV 
 

Figure 29. Amplitude and frequency content of SSV motions vs shaft speed. 
Measured at KYP [44] and predictions. Location; compressor nose, vertical plane. 
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Figure 30 shows the ratio of the SSV frequencies to shaft speed vs. shaft speed for 

both the linear and nonlinear models and the test data. The predicted and measured whirl 

motions follow the 2nd FWM which evolves from a cylindrical rotor mode (at low speeds) 

to a cylindrical-bending mode at the highest shaft speed. Both the predicted and measured 

whirl frequency ratios (WFR) are between ½ whirl frequency and ¼ whirl frequency. Note 

that the rotor mode changes from the cylindrical bending mode at low shaft speeds (~30 

krpm) to a conical-bending mode at high shaft speeds (~240 krpm), due to a transition of 

the rotor mode between the close natural frequencies (~180 Hz = 10 krpm difference at 

240 krpm), the 1st FWM (conical) and the 2nd FWM (cylindrical), see Fig. 24.  

 
Figure 30. Ratio of SSV whirl frequencies to shaft speed from linear and nonlinear 
models and test data versus rotor speed. 
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Baseline case for parameter study of nonlinear TC rotordynamic response 

Table 3 lists the physical properties of a commercial TC rotor-SFRB system including 

locations for mass imbalances and their magnitudes. Note that the imbalance grade is ISO 

1940 G100 for the rotor-SFRB system. The high imbalance grade is necessary since the 

rotor speed is high [24]. For a lower imbalance grade, the acceptable balance radius lime , 

i.e. the distance from the rotor center to the location where balancing takes places becomes 

too small.  

 

Table 3. Physical properties of TC rotor-bearing system including locations for 
mass imbalances and amounts. Imbalances’ phase angle relative to horizontal 
plane. 
 

Mass of TC rotor 
[g] 

TC rotor length 
[mm] 

C.G. location (from compressor end) 
[mm] 

112 105.7 65.1 
Station 

# Components mass 
[gram] 

Ip 
[g-cm2] 

It 
[g-cm2] 

10 Compressor wheel 22 28 19 
54 Turbine wheel 54 48 40 

Station 
# Location Imbalance amount 

[gram-mm] 
Imbalance phase 

[degree] 
5 Comp. nose   0.011 0 

13 Comp. back face 0.037 0 
49 Turbine back face 0.049 0 
58 Turbine nose   0.028 0 

  0.125  
 

For the balancing quality grade of G100 for an automotive TC [24],  

lim
100 /mm se =

Ω
      (29) 

where Ω is the rotor speed (rad/s). At the maximum rotor operational speed of 280 krpm 

(28,320 rad/s), lime  = 3.4 μm. With a total rotor mass m = 112 gram in Table 3, the total 
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permissible residual unbalance for the entire rotor-SFRB system at G100 is

lim lim 0.382gram-mmU m e= × = . As the rotor configuration has correction (balancing) 

planes on the compressor and the turbine wheels outside the bearings, the adjusted limU  by 

the ISO 1940 balance quality requirements [45] is 

lim,adjusted lim (distance between bearings / distance between wheels)U U= ×  (30) 

0.382gram-mm (21.48mm / 65.89mm) 0.125gram-mm= × =    

The geometric parameters for the rotor-bearing system and operating conditions for 

the baseline analysis case are 

- Oil supply pressure and temperature: 3 bar and 120 ºC 
- Lubricant type: SAE 10W30 (μ* = 6.39 c-Poise at 120 ºC) 
- Bearing type: SFRB 
- Bearing inner film clearance (ci*): 7.5 μm at 20 ºC 
- Bearing inner film length (Li*): 4.3 mm 
- Shaft diameter (Di*): 6 mm 
- Mass imbalance amounts and distribution: see Table 3, total 0.125 gram-mm, 

all-in-phase 
 

For the baseline case, Figure 31 shows a waterfall plot of the predicted nonlinear 

transient response of the TC at the compressor nose and along the vertical direction. The 

predictions show that subsynchronous rotor motions occur at about 1/5~1/2 shaft speed 

from 500 Hz (30 krpm) to 4,000 Hz (240 krpm).  
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Figure 31. Waterfall plot of nonlinear transient prediction at compressor nose 
(station #3), vertical direction. Rotor speed = 30 krpm to 240 krpm. Baseline case. 
 

Effect of films’ inner clearance on TC-SFRB rotordynamic response 

As the ring does not rotate during the operation at a TC rotor-SFRB application, the 

SSVs occur mainly due to the oil whirl in the inner films. Thus the analysis focuses on the 

influence of the inner film clearance (ci) on the rotor motions at the compressor nose. This 

rotor location shows the largest amplitude motions, see Fig. 26 (page 67).   

Recall, see page 71, that a maximum allowed physical amplitude for rotor motions at 

the compressor end is 0.175 mm (0-pk). For a SFRB with ci*= 7.5 μm (nominal), 6 μm 

(20% smaller than ci*), and 9 μm (20% larger than ci*), Figure 32 shows the predicted 

total amplitude of shaft motion at the compressor nose versus rotor speed. The total shaft 

motion is important for qualification of a TC as it is an upper bound to the rotor motion 

amplitude because it adds (in vector form) the various components of motion such as 

synchronous, subsynchronous, and super synchronous [28].  
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The predicted results show that the total shaft motion amplitudes for the TC-SFRB 

with ci =9 μm are ~20 % larger than those for the TC-SFRB with nominal ci* =7.5 μm. 

On the other hand, the total shaft motion amplitudes for the TC-SFRB with ci =6 μm are 

~23 % smaller than those for the TC-SFRB with ci* =7.5 μm. These results show that for 

this case SSV amplitudes increase with an increase of the inner film clearance (ci).   

For the TC-SFRB with ci = 6 μm (20% smaller than ci*), Figure 33 shows a waterfall 

plot of the nonlinear transient response of the TC at the compressor nose and along the 

vertical direction. From 30 krpm (500 Hz) to 180 krpm (3,000 Hz), the prediction shows 

that rotor SSV motions occur at frequencies within 1/5~1/2 of shaft speed.  

For a SFRB with ci* = 7.5 μm, 6 μm (20% smaller than ci*), and 9 μm (20% larger 

than ci*), Figure 34 shows the rotor SSV frequency content at the compressor nose versus 

rotor speed. The predicted results also show that for low rotor speeds (~45 krpm), the rotor 

whirl frequencies are quite similar (~240 Hz to ~350 Hz) for the TC-SFRB with any of 

the three inner film clearances. Above a shaft speed of 180 krpm (3,000 Hz), however, the 

subsynchronous frequencies for the TC-SFRB with ci =6 μm disappear while the ones for 

the other inner film clearances persist. This is likely because the SSV motion amplitudes 

for the TC-SFRB with ci =6 μm vanish as the rotor speed increases above 180 krpm. For 

the TC-SFRB with ci =6 μm, the rotor deflected mode shapes [50] show a conical mode at 

244 Hz for a rotor speed of 30 krpm corresponding to the rotor mode shape of 1st FWM; 

and a cylindrical-bending mode at 762 Hz for a rotor speed of 180 krpm corresponding to 

the rotor mode shape of 2nd FWM, respectively, as seen in the inset graphs.  
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In Fig. 34, the solid lines trace the 1st FWM and the 2nd FWM for the TC-SFRB with 

nominal ci*=7.5 μm. Note that each inner film clearance determines natural frequencies 

and mode shapes for the rotor-bearing system. As the inner film clearance increases ~50 %, 

from 6 μm to 9 μm, the magnitude of the 1st FWM natural frequency decreases ~23 %, 

and the magnitude of the 2nd FWM natural frequency decreases ~4 %. The results show 

that as the rotor speed increases, the rotor motion subsynchronous frequencies for a 

bearing system with the larger inner film clearance (ci =9 μm) are lower than the rotor 

subsynchronous frequencies for the bearing system with a smaller inner film clearance (ci 

=6 μm).   

 

 
Figure 32. Amplitudes of total shaft motion versus shaft speed. Location; 
compressor nose, vertical plane. Predictions obtained for SFRB inner film 
clearance ci =7.5 μm (± 1.5 μm).  
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Figure 33. Waterfall plot of rotor nonlinear transient response at compressor nose, 
vertical plane. Rotor speed = 30 krpm to 240 krpm. Prediction obtained for a SFRB 
with inner film clearance ci =6 μm. 
 

 

 
Figure 34. Rotor SSV frequencies versus shaft speed. Location; compressor nose, 
vertical plane. Predictions obtained for SFRB inner film clearance ci =7.5 μm (± 1.5 
μm). Insets show rotor deflected mode shapes. 
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Figure 35 shows a comparison of the rotor motion amplitudes 0 - pk for the rotor-

SFRB system with a nominal ci *=7.5 μm versus the rotor motion amplitudes for the TC-

SFRB with ci =6 μm and ci =9 μm. For any of the three inner film clearances, the rotor 

synchronous response amplitudes (1X) are almost the same. However, the 

subsynchronous response amplitudes (SSV) for the rotor-SFRB system with ci =9 μm are 

the largest, while the subsynchronous response amplitudes for the TC-SFRB with ci =6 

μm are the smallest. Note that there are no subsynchronous response components for the 

rotor-SFRB system with ci =6 μm at rotor speeds above 180 krpm (3,000 Hz), as also 

shown in Figure 34.  

 

 
Figure 35. Amplitude components of rotor synchronous and subsynchronous 
motions (0 to pk) at compressor nose versus rotor speed. Comparison of rotor 
responses obtained for SFRB inner film clearance ci = 7.5 μm (± 1.5 μm). 
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Effect of lubricant viscosity on TC-SFRB rotordynamic response 

The viscosity of the lubricant for a TC rotor-SFRB system is of interest as the proper 

oil selection is crucial for TC performance. Table 4 lists the physical properties at TSUP = 

120 ºC for SAE 5W10, SAE 10W30 (nominal), and SAE10W40 lubricants. The viscosity 

(μ) is a function of temperature written as  

( )
0 0 ( )RT T

R e Tαµ µ µ−= =      (30) 

where α is a viscosity-temperature coefficient, and Rµ  and TR are the reference viscosity 

and temperature, respectively. μ also decreases with an increase in lubricant shear rate. 

The analysis implements Cross equation [39] which accounts for shear thinning effects in 

the lubricant viscosity. At a specific temperature,  

0 ( )( , )
1 c

TT µ µµ γ µ
γ γ

∞
∞

−
= +

+
       (31) 

where µ∞  is the viscosity at an infinitely high shear rate ( U cγ = ) and 0µ  is the zero 

shear rate viscosity. cγ  is the shear rate where the lubricant viscosity is exactly 50 % of 

( 0µ + µ∞ ). 

Table 4. Lubricant properties for TC rotor-bearing system at TSUP = 120 ºC. 

Lubricant type Viscosity, μ 
(c-Poise) 

Viscosity-temperature 
coefficient, α (1/ºC) 

Shear rate, γc 
(1/s) 

SAE 5W10  1.4 -0.011 1 
SAE 10W30 (nominal) 6.4 -0.014 1.58 x 105 
SAE 10W 40 11.8 -0.018 4.17 x 105 
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For lubricants SAE 10W30 (nominal μ*= 6.4 c-Poise), SAE 5W10 (μ = 1.4 c-Poise), 

and SAE 10W40 (μ = 11.8 c-Poise), Figure 36 shows the predicted total amplitude of shaft 

motion at the compressor nose versus rotor speed. The predicted results show that the total 

shaft motion amplitudes (0 to pk) for the TC-SFRB lubricated with SAE 10W40 are ~18 % 

smaller than those for the TC-SFRB lubricated with the nominal viscosity lubricant SAE 

10W30. On the other hand, the total amplitudes of shaft motion for the TC-SFRB 

lubricated with the lighter lubricant SAE 5W10 are ~23 % larger than those for the TC-

SFRB supplied with SAE 10W30 (nominal viscosity). These results show that the rotor 

SSV amplitudes increase with a decrease in lubricant viscosity (μ). However, there is a 

mandate to select low weight lubricants, such as SAE 5W10. A heavy lubricant aggravates 

environmental pollution due to NOx production [46].  

For the TC-SFRB supplied with SAE 10W40 (μ = 11.8 c-Poise = 1.8 μ*), Figure 37 

shows a waterfall plot of the nonlinear transient response of the TC at the compressor nose 

and along the vertical direction. From 30 krpm (500 Hz) to 195 krpm (3,250 Hz), the 

prediction shows that rotor SSV motions occur at frequencies within 1/5~1/2 of shaft 

speed.  

For lubricants SAE 10W30 (nominal), SAE 5W10, and SAE 10W40, Figure 38 shows 

the rotor SSV frequency content at the compressor nose versus rotor speed. The 

predictions also show that for low rotor speeds (~45 krpm), the rotor whirl frequencies are 

similar (~240 Hz to ~350 Hz) for the TC-SFRB supplied with either of the three lubricants. 

As the rotor speed increases, the subsynchronous frequencies for the TC-SFRB lubricated 

with the higher lubricant viscosity are higher in magnitude than those for the TC-SFRB 
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lubricated with the lower lubricant viscosity. Note that above a shaft speed of 195 krpm 

(3,250 Hz) the subsynchronous frequencies for the TC-SFRB lubricated with SAE 10W40 

disappear while the subsynchronous frequencies for the TC-SFRB lubricated with the 

other two lubricant types persist. This is because as the rotor speed increases the 

subsynchronous motion amplitudes for the TC-SFRB lubricated with SAE 10W40 vanish. 

For the TC-SFRB supplied with SAE 10W40, the rotor deflected mode shapes show a 

conical mode at 244 Hz for a rotor speed of 30 krpm corresponding to the rotor mode 

shape of 1st FWM; and a cylindrical-bending mode at 791 Hz for a rotor speed of 195 

krpm corresponding to the rotor mode shape of 2nd FWM, respectively, as seen in the inset 

graphs.  

As the lubricant viscosity decreases ~88 %, from 11.8 c-Poise (SAE 10W40) to 1.4 c-

Poise (SAE 5W10), the magnitude of the 1st FWM natural frequency decreases ~32 %, 

and the magnitude of the 2nd FWM natural frequency decreases ~11 %. 

Figure 39 shows a comparison of the rotor motion amplitude, 0 to pk, for the TC-

SFRB lubricated with SAE 5W10, SAE 10W30 (nominal), and SAE 10W40. The rotor 

subsynchronous response amplitudes (SSV) for the TC-SFRB supplied with SAE 5W10 

are the largest, whereas the rotor subsynchronous response amplitudes for the TC-SFRB 

supplied with SAE 10W40 are the smallest. Note that for rotor speeds above 195 krpm 

(3,250 Hz), there are no rotor subsynchronous motion components for the TC-SFRB 

lubricated with SAE 10W40, as also shown in Figure 38. For either of the three lubricants 

supplied to the TC-SFRB system, the rotor synchronous response amplitudes (1X) are 

almost the same. 
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Figure 36. Amplitudes of total shaft motion versus shaft speed. Location; 
compressor nose, vertical plane. Predictions obtained for TC-SFRB supplied with 
SAE 5W10, SAE 10W30 (nominal), and SAE 10W40 lubricants.  
 

 
Figure 37. Waterfall plot of rotor nonlinear transient response at compressor nose, 
vertical plane. Rotor speed = 30 krpm to 240 krpm. Prediction obtained for a TC-
SFRB supplied with SAE 10W40 lubricant. 
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Figure 38. Rotor SSV frequencies versus shaft speed. Location; compressor nose, 
vertical plane. Predictions obtained for TC-SFRB supplied with SAE 5W10, SAE 
10W30 (nominal), and SAE 10W40 lubricants. Insets show rotor deflected mode 
shapes. 
 

 
Figure 39. Amplitude components of rotor synchronous and subsynchronous 
motions (0 to pk) at compressor nose versus rotor speed. Comparison of rotor 
responses obtained for TC-SFRB supplied with SAE 5W10, SAE 10W30 (nominal), 
and SAE 10W40 lubricants. 
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Effect of bearing inner film length and diameter on rotordynamic response 
 

Engineers select a low bearing inner film area (Ai = π x Di x Li) as it produces less 

viscous drag power losses. Hence, the analysis investigates the influence of the bearing 

inner film length (Li) and diameter (Di) on the rotordynamic motions of a TC. The analysis 

assumes the same bearing inner film length and diameter on both the TB and the CB. 

For a SFRB with Li*= 4.3 mm (nominal length), 3 mm (30% shorter than Li*), and 5.6 

mm (30% longer than Li*), Figure 40 shows the predicted total amplitude of shaft motion 

at the compressor nose versus rotor speed. The predictions show that the total shaft motion 

amplitude (0 to pk) for the TC-SFRB with Li =3 mm are ~19 % larger than the total shaft 

motion amplitude for the SFRB TC system with the nominal Li*=4.3 mm. On the other 

hand, the total shaft motion amplitude for the SFRB TC system with Li =5.6 mm are ~30 % 

smaller than the total shaft motion amplitude for the TC-SFRB with the nominal Li*=4.3 

mm. These results show that the rotor SSV amplitude increases with a decrease in the 

bearing inner film length (Li).  Note that increasing Li leads to an increase of drag power 

losses and less heat conducted by the inner film into the ring.  

For the TC-SFRB with Li = 5.6 mm (30% longer than Li*), Figure 41 shows a waterfall 

plot of the nonlinear transient response of the TC at the compressor nose and along the 

vertical direction. From 30 krpm (500 Hz) to 135 krpm (2,250 Hz), the prediction shows 

that rotor SSV motions occur at frequencies within 1/5~1/2 of shaft speed.  

For the TC-SFRB with Li*= 4.3 mm, 3 mm, and 5.6 mm, Figure 42 shows the predicted 

rotor SSV frequency content at the compressor nose versus rotor speed. The predicted 

results show that for low rotor speeds (~45 krpm), the rotor whirl frequencies are similar 
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(~240 Hz to ~350 Hz) for the TC-SFRB with any of the three inner film lengths. However, 

as the rotor speed increases the subsynchronous frequencies for the TC-SFRB with a 

longer Li are higher than the subsynchronous frequencies for the TC-SFRB with a shorter 

Li. Note that above a shaft speed of 135 krpm (2,250 Hz) the subsynchronous frequencies 

for the TC-SFRB with Li =5.6 mm disappear while the subsynchronous frequencies for 

the TC-SFRB with the other inner film lengths persist. This is because as the rotor speed 

increases ( > 135 krpm), the SSV amplitudes for the TC-SFRB with Li =5.6 mm vanish.  

For the TC-SFRB with Li =5.6 mm, the rotor deflected mode shapes show a conical 

mode at 239 Hz for a rotor speed of 30 krpm corresponding to the rotor mode shape of 1st 

FWM; and a cylindrical-bending mode at 684 Hz for a rotor speed of 135 krpm 

corresponding to the rotor mode shape of 2nd FWM, respectively, as seen in the inset 

graphs. Note that each Li determines natural frequencies and mode shapes of the rotor-

bearing system. As Li decreases ~46 %, from 5.6 mm to 3 mm, the magnitude of the 1st 

FWM natural frequency decreases ~29 %, and the magnitude of the 2nd FWM natural 

frequency decreases ~5 %.  

Figure 43 shows a comparison of the rotor motion amplitude, 0 to pk, for the TC-

SFRB with the nominal Li*=4.3 mm versus the rotor motion amplitude for the TC-SFRB 

with Li =3 mm and Li =5.6 mm. The rotor subsynchronous response amplitudes (SSV) for 

the TC-SFRB with Li =3 mm are the largest while the rotor subsynchronous response 

amplitudes for the TC-SFRB with Li =5.6 mm are the smallest. Note that there are no 

subsynchronous motions for the TC-SFRB with Li =5.6 mm at rotor speeds above 135 

krpm (2,250 Hz), as shown in Figure 42. Note also that as the rotor speed increases, the 
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rotor synchronous motion amplitudes (1X) for the TC-SFRB with Li =5.6 mm are slightly 

larger than the rotor synchronous motion amplitudes for the TC-SFRB with the other inner 

film lengths.  

 

 
Figure 40. Amplitudes of total shaft motion versus shaft speed. Location; 
compressor nose, vertical plane. Predictions obtained for SFRB inner film length 
Li = 4.3 mm (± 1.3 mm). Other dimensions as in Table 1.   
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Figure 41. Waterfall plot of rotor nonlinear transient response at compressor nose, 
vertical plane. Rotor speed = 30 krpm to 240 krpm. Prediction obtained for a SFRB 
with inner film length Li = 5.6 mm. Other dimensions as in Table 1.   

 
 

 
Figure 42. Rotor SSV frequencies versus shaft speed. Location; compressor nose, 
vertical plane. Predictions obtained for SFRB inner film length Li = 4.3 mm (± 1.3 
mm). Other dimensions as in Table 1. Insets show rotor deflected mode shapes. 
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Figure 43. Amplitude components of rotor synchronous and subsynchronous 
motions (0 to pk) at compressor nose versus rotor speed. Comparison of rotor 
responses obtained for SFRB inner film length Li = 4.3 mm (± 1.3 mm). Other 
dimensions as in Table 1.   
 

 

For a SFRB with Di*= 6 mm (nominal), 4 mm (33% thinner than Di*), and 8 mm (33% 

thicker than Di*), Figure 44 shows the predicted total amplitude of shaft motion at the 

compressor nose versus rotor speed. The results show that the total shaft motion 

amplitudes (0 to pk) for the TC-SFRB with Di =4 mm are ~22 % larger than the total shaft 

motion amplitudes for the TC-SFRB with the nominal Di*=6 mm. On the other hand, the 

total shaft motion amplitudes for the TC-SFRB with Di =8 mm are ~18 % smaller than the 

total shaft motion amplitudes for the TC-SFRB with the nominal Di*=6 mm. These results 

evidence that the rotor SSV amplitudes increase with a decrease of the bearing inner 

diameter (Di), as it makes the rotor more flexible.  
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For the TC-SFRB with Di =8 mm (33% thicker than Di*), Figure 45 shows a waterfall 

plot of the nonlinear transient response of the TC at the compressor nose and along the 

vertical direction. From 30 krpm (500 Hz) to 195 krpm (3,250 Hz), the prediction shows 

that rotor SSV motions occur at frequencies within 1/5~1/2 of shaft speed.  

For the TC-SFRB with Di*= 6 mm, 4 mm, and 8 mm, Figure 46 shows the predicted 

rotor SSV frequency content at the compressor nose versus rotor speed. The predicted 

results also show that as the rotor speed increases the rotor subsynchronous frequencies 

for the TC-SFRB with the larger Di are higher than the rotor subsynchronous frequencies 

for the TC-SFRB with the smaller Di. For low rotor speeds (~45 krpm), the rotor whirl 

frequencies are similar (~240 Hz to ~350 Hz) for the TC-SFRB with any of the three inner 

film diameters. Note that above a shaft speed of 195 krpm (3,250 Hz) the rotor 

subsynchronous frequencies for the TC-SFRB with Di =8 mm disappear while the rotor 

subsynchronous frequencies for the TC-SFRB with other inner diameters persist. This is 

because as the rotor speed increases the SSV amplitudes for the TC-SFRB with Di =8 mm 

vanish. For the TC-SFRB with Di =8 mm, the rotor deflected mode shapes show a conical 

mode at 244 Hz for a rotor speed of 30 krpm corresponding to the rotor mode shape of 1st 

FWM; and a cylindrical-bending mode at 786 Hz for a rotor speed of 195 krpm 

corresponding to the rotor mode shape of 2nd FWM, respectively, as seen in the inset 

graphs. Note that each Di determines natural frequencies and mode shapes of the rotor-

bearing system. As Di decreases ~50 %, from 8 mm to 4 mm, the magnitude of the 1st 

FWM natural frequency decreases ~32 %, and the magnitude of the 2nd FWM natural 

frequency decreases ~9 %. 
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Figure 44. Amplitudes of total shaft motion versus shaft speed. Location; 
compressor nose, vertical plane. Predictions obtained for SFRB inner film diameter 
Di = 6 mm (± 2 mm). Other dimensions as in Table 1.   
 

 
Figure 45. Waterfall plot of rotor nonlinear transient response at compressor nose, 
vertical plane. Rotor speed = 30 krpm to 240 krpm. Prediction obtained for a SFRB 
with inner film diameter Di = 8 mm. Other dimensions as in Table 1.   
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Figure 46. Rotor SSV frequencies versus shaft speed. Location; compressor nose, 
vertical plane. Predictions obtained for SFRB inner film diameter Di = 6 mm (± 2 
mm). Other dimensions as in Table 1. Insets show rotor deflected mode shapes.  
 
 

Influence of mass imbalance distribution on TC-SFRB rotordynamic response 

The nominal mass imbalances are applied to the front and back planes of the 

compressor and the turbine wheels (φ1~φ4=0º, respectively) with all-in-

phase angles. In the following analysis, the phase angles differ but the same amounts of 

mass imbalances are kept. Recall the imbalance state in Table 3 corresponds to an ISO 

1940 G100 for the rotor-SFRB system.  

Figure 47 shows the predicted TC total amplitude of shaft motion (0-pk) and frequency 

of the SSV motions at the compressor nose versus rotor speed. The predicted results show 

that the total shaft motion amplitudes for the TC-SFRB with imbalances located at 

φ1=φ3=0º and φ2=φ4=180º are ~26 % smaller than the total shaft motion 
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amplitudes for the TC-SFRB with imbalances located at φi=1,4=0º. Likewise, the total shaft 

motion amplitudes for the TC-SFRB with imbalances located at φ1=φ2=φ4=0º and φ3=180º 

are ~15 % smaller than the total shaft motion amplitudes for the TC-SFRB 

with imbalances located at φi=1,4=0º. Moreover, above a rotor speed of 150 

krpm (2,500 Hz), the total shaft motion amplitudes for the TC-SFRB with imbalances 

located at φ1=φ3=0º and φ2=φ4=180º are ~57 % smaller than the total shaft 

motion amplitudes for the TC-SFRB with imbalances located at φi=1,4=0º. Above a rotor 

speed of 150 krpm (2,500 Hz), the total shaft motion amplitudes for the TC-SFRB with 

imbalances located at φ1=φ2=φ4=0º and φ3=180º are ~31 % smaller than the 

total shaft motion amplitudes for the TC-SFRB with imbalances located at φi=1,4=0º. 

For the TC-SFRB with imbalances located at φ1=φ3=0º and φ2=φ4=180º, 

Figure 48 shows a waterfall plot of the nonlinear transient response of the TC at the 

compressor nose and along the vertical direction. From 30 krpm (500 Hz) to 210 krpm 

(3,500 Hz), the prediction shows that rotor SSV motions occur at frequencies within 

1/5~1/2 of shaft speed. 

Figure 49 shows the predicted frequency of the rotor SSV motions at the compressor 

nose versus rotor speed. Below a rotor speed of 210 krpm (3,500 Hz), the rotor 

subsynchronous frequencies are almost the same (~240 Hz to ~750 Hz) for the TC-SFRB 

with either of the three phase angle combinations. For the TC-SFRB with imbalances 

located at φ1=φ3=0º and φ2=φ4=180º the rotor deflected mode shapes show 

a conical mode at 239 Hz for a rotor speed of 30 krpm corresponding to the rotor mode 

shape of 1st FWM; and a cylindrical-bending mode at 742 Hz for a rotor speed of 210 
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krpm corresponding to the rotor mode shape of 2nd FWM, respectively, as seen in the inset 

graphs. Note that the rotor subsynchronous frequencies for the TC-SFRB with imbalances 

located at φ1=φ3=0º and φ2=φ4=180º and the rotor subsynchronous 

frequencies for the TC-SFRB with imbalances located at φ1=φ2=φ4=0º and φ3=180º 

disappear for rotor speed above 210 krpm (3,500 Hz).  

  
Figure 47. Amplitudes of total shaft motion versus shaft speed. Location; 
compressor nose, vertical plane. Comparison of rotor responses obtained for 
nominal mass imbalance distribution (φ1=φ2=φ3=φ4=0º) and others with different 
phase angles; (φ1=φ3=0º, φ2=φ4=180º), (φ1=φ2=φ4=0º, φ3=180º). Insets show 
imbalance distributions in graphical form. 
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Figure 48. Waterfall plot of rotor nonlinear transient response at compressor nose, 
vertical plane. Rotor speed = 30 krpm to 240 krpm. Prediction obtained for a TC-
SFRB with imbalances located at φ1=φ3=0º and φ2=φ4=180º. 

 

 
Figure 49. Rotor SSV frequencies versus shaft speed. Location; compressor nose, 
vertical plane. Comparison of rotor responses obtained for nominal mass 
imbalance distribution (φ1=φ2=φ3=φ4=0º) and others with different phase angles; 
(φ1=φ3=0º, φ2=φ4=180º), (φ1=φ2=φ4=0º, φ3=180º). Insets show rotor deflected mode 
shapes. 



97 
 

Figure 50 shows predicted rotor synchronous (1X) and subsynchronous (SSV) motion 

amplitude components for the TC-SFRB with the nominal imbalance distribution and 

others with distinct phase angles. Note that the rotor synchronous motion amplitudes for 

the TC-SFRB with imbalances located at φ1=φ3=0º and φ2=φ4=180º are ~73 % 

smaller than the rotor synchronous motion amplitudes for the TC-SFRB with imbalances 

located at φi=1,4=0º. The rotor subsynchronous motion amplitudes for the 

TC-SFRB with imbalances located at φ1=φ3=0º and φ2=φ4=180º and the rotor 

subsynchronous motion amplitudes for the TC-SFRB with imbalances located at 

φ1=φ2=φ4=0º and φ3=180º disappear for a rotor speed above 210 krpm (3,500 

Hz), as shown in Figure 49.  

 
Figure 50. Amplitude components of rotor synchronous and subsynchronous 
motions (0 to pk) at compressor nose versus rotor speed. Comparison of rotor 
responses obtained for nominal mass imbalance distribution (φ1=φ2=φ3=φ4=0º) and 
others with different phase angles; (φ1=φ3=0º, φ2=φ4=180º), (φ1=φ2=φ4=0º, φ3=180º). 
Insets show imbalance distributions in graphical form. 
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Influence of mass imbalance amount on TC-SFRB rotordynamic response 

For half and twice the amount of nominal mass imbalance shown in Table 3, Figure 

51 shows the predicted TC total amplitude of shaft motion (0-peak) at the compressor nose 

versus rotor speed. The predicted results show that the differences of the total shaft motion 

amplitudes (0-pk) between the mass imbalances are less than ~10 %. 

For the TC-SFRB with twice the amount of nominal mass imbalance, Figure 52 shows 

a waterfall plot of the nonlinear transient response of the TC at the compressor nose and 

along the vertical direction. From 30 krpm (500 Hz) to 180 krpm (3,000 Hz), the prediction 

shows that rotor SSV motions occur at frequencies within 1/5~1/2 of shaft speed.  

For half and twice the amount of nominal mass imbalance, Figure 53 shows the 

predicted frequencies of the rotor SSV motions at the compressor nose versus rotor speed. 

The predictions show that as the rotor speed increases the rotor subsynchronous 

frequencies for the TC-SFRB with the smaller amount of the mass imbalance are higher 

than the rotor subsynchronous frequencies for the TC-SFRB with the larger amount of the 

mass imbalance. For low rotor speeds (~60 krpm), the rotor whirl frequencies are similar 

(~240 Hz to ~450 Hz) for the TC-SFRB with any of the three mass imbalance amounts. 

Note that above a shaft speed of 180 krpm (3,000 Hz), the rotor subsynchronous 

frequencies for the TC-SFRB with twice amount of the nominal mass imbalance 

distribution disappear while the rotor subsynchronous frequencies for the TC-SFRB with 

the smaller amount of mass imbalances persist. This is likely because, for the TC-SFRB 

with twice amount of the nominal mass imbalance and as the rotor speed increases, the 

amplitude of synchronous motion increases while suppressing the motions at 
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subsynchronous frequencies. For the TC-SFRB with twice the amount of nominal mass 

imbalance, the rotor deflected mode shapes show a conical mode at 249 Hz for a rotor 

speed of 30 krpm corresponding to the rotor mode shape of 1st FWM; and a cylindrical-

bending mode at 679 Hz for a rotor speed of 180 krpm corresponding to the rotor mode 

shape of 2nd FWM, respectively, as seen in the inset graphs. 

 

  
Figure 51. Amplitudes of total shaft motion versus shaft speed. Location; 
compressor nose, vertical plane. Comparison of rotor responses obtained from 
nominal mass imbalance with half and twice nominal. (φ1=φ2=φ3=φ4=90º).  
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Figure 52. Waterfall plot of rotor nonlinear transient response at compressor nose, 
vertical plane. Rotor speed = 30 krpm to 240 krpm. Prediction obtained for a TC-
SFRB with twice nominal mass imbalance. (φ1=φ2=φ3=φ4=90º).  
 

 

 
Figure 53. Rotor SSV frequencies versus shaft speed. Location; compressor nose, 
vertical plane. Comparison of rotor responses obtained from nominal mass 
imbalance with half and twice nominal. (φ1=φ2=φ3=φ4=90º). Insets show rotor 
deflected mode shapes. 
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Figure 54 shows predicted amplitude components of rotor synchronous (1X) and 

subsynchronous (SSV) motions obtained for the nominal, half, and twice amount of the 

mass imbalance distributions. The rotor synchronous motion amplitudes for the TC-SFRB 

with twice the amount of nominal mass imbalance are ~twice larger than the rotor 

synchronous motion amplitudes for the TC-SFRB with nominal mass imbalance. Likewise, 

the rotor synchronous motion amplitudes for the TC-SFRB with half the amount of 

nominal mass imbalance are ~half smaller than the rotor synchronous motion amplitudes 

obtained for the TC-SFRB with a nominal mass imbalance.  

On the other hand, the rotor subsynchronous motion amplitudes (SSV) for the TC-

SFRB with twice the amount of nominal mass imbalance are ~37 % smaller than the rotor 

subsynchronous motion amplitudes for the TC-SFRB with nominal mass imbalance. The 

rotor subsynchronous motion amplitudes for the TC-SFRB with half the amount of 

nominal mass imbalance are ~39 % larger than the rotor subsynchronous motion 

amplitudes for the TC-SFRB with a nominal mass imbalance.   
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Figure 54. Amplitude components of rotor synchronous and subsynchronous 
motions (0 to pk) at compressor nose versus rotor speed. Comparison of rotor 
responses obtained from nominal mass imbalance with half and twice nominal. 
(φ1=φ2=φ3=φ4=90º). 
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Assessment of current model predictions compared to published literature 

Based on the analysis of the predictions for one TC-SFRB system discussed in this 

dissertation, the rotor SSV amplitudes decrease when the SFRB is supplied with a large 

lubricant viscosity (μ), and constructed to have a small inner film clearance (ci), a long 

bearing inner film length (Li) and a thick shaft diameter (Di). Note that the nonlinear 

bearing reaction forces ( ( , , )B i i iF f L D cµ= ) increase as the parameters above increase.  

To support the findings above, Smolík et al. [47] investigate the influence of radial 

bearing clearance on the rotordynamic response of a TC rotor supported on floating ring 

bearings. For rotor speeds of 20 krpm to 180 krpm, the simulation results show the rotor 

SSV amplitudes decrease with a decrease in the bearings’ inner film clearance. Gjika and 

San Andrés [48] performed measurements and predictions of the nonlinear rotordyanmics 

responses for a TC rotor supported on SFRBs. In Fig. 55, the results show that the TC-

SFRB system with the largest inner film clearance presents the largest rotor SSV 

amplitudes.  

In the current analysis, the predicted results show that the rotor SSV amplitudes for 

TC-SFRB system with a SFRB having the largest inner film clearance (ci =9 μm) are ~56% 

larger than the rotor SSV amplitudes for a TC-SFRB system with a smaller inner film 

clearance (ci =6 μm). Note that decreasing the inner film clearance demands of less flow 

while increasing the shear drag power losses. 



104 
 

 

(a) Amplitude of SSV for rotor-bearing system with inner film of large ci 

 

(b) Amplitude of SSV for rotor-bearing system with inner film of small ci 

Figure 55. Amplitude of total shaft motion and rotor synchronous (1X) motion 
versus shaft speed taken from Ref. [48]. Comparison of rotor responses obtained 
with two inner film clearances. Oil inlet at 150 ºC and 4 bar supply pressure.  
 

Mutra [49] studies the influence of physical parameters such as the bearing clearance 

and the oil viscosity on the response of a TC rotor supported on fully floating ring bearings. 

In Fig. 56, the predictions show that the SSV amplitudes decrease with a decrease in the 

FRB inner film clearance (ci) and also with an increase in the lubricant viscosity (μ). In 

the current analysis, the rotor SSV amplitudes for a TC-SFRB system supplied with a 
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small viscosity lubricant (μ =1.4 c-Poise) are ~50% larger than the rotor SSV amplitudes 

for the TC-SFRB system supplied with a larger lubricant viscosity (μ =11.8 c-Poise). 

However, increasing lubricant viscosity leads to a lesser lubricant flow and thus increases 

the drag power losses and heat in the film. Moreover, a TC supplied with a heavy lubricant 

can generate NOx productions due to a reaction between the oil and atmospheric nitrogen 

by the hot exhaust gas that could exceed acceptable emission standards for PVs [46]. 

  
(a) RBS with inner film of ci =200 μm  (b) RBS with lubricant μ=1.46 c-Poise 

  
(c) RBS with inner film of ci =500 μm  (d) RBS with lubricant μ=9.10 c-Poise 
Figure 56. Fast Fourier Transform amplitude components of shaft motion versus 
frequency. Taken from Ref. [49]. Comparison of rotor responses obtained with 
distinct inner film clearances (left) and with distinct lubricant viscosities (right). 
Rotor speed of 200 krpm.   
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The current work also shows that the rotor SSV amplitudes decrease with an increase 

of the SFRB inner film length and/or the inner diameter, respectively, as the rotor becomes 

less flexible. This observation is consistent with the statement by Vistamehr [50], who 

performed nonlinear rotordynamic predictions for a TC rotor supported on a SFRB. For 

rotor speeds from 30 krpm to 240 krpm, the SSV amplitudes decrease by ~11% with an 

increase of the SFRB inner film length by ~15 %. Note that for the same rotor speed range, 

the current work shows the SSV amplitudes decrease by ~30% with an increase in the 

SFRB inner film length by ~30%. Moreover, Koutsovasilis et al. [31] quantify the SSV 

for a TC rotor supported on fully floating ring bearings and show that a flexible rotor with 

a small the inner diameter produces larger SSV amplitudes.  

In the current analysis, the rotor synchronous motion amplitudes increase with an 

increase in the mass imbalance amount while the rotor subsynchronous motion amplitudes 

decrease, as shown in Fig. 54. Wang [51] shows the rotor synchronous motion amplitudes 

increase with an increase in the amount of mass imbalance, while the SSV amplitudes are 

suppressed, as shown in Fig. 57. Note that the rotor synchronous motion amplitudes do 

not exceed the bearings’ clearances, otherwise the rotor failures due to the rubbing contact. 

In addition, the rotor onset speed of instability is delayed as the increased amplitudes of 

rotor synchronous motion restrain the oil film instability. Hence, an increase in the mass 

imbalance amount could improve the stability of a TC rotor-bearing system. In Fig. 58, 

San Andrés and Vistamehr [28] show that increasing the mass imbalance amount produces 

a rotor-bearing system response without SSV motions over a wide range of rotor speeds 

(~100 krpm to ~240 krpm).  
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(a) 1/2 x Imbalance     (b) 1 x Imbalance 

 
(c) 2 x Imbalance     (d) 4 x Imbalance 

Figure 57. Waterfall plots of nonlinear transient response predictions taken from 
Ref. [51]. Comparison of rotor responses obtained with distinct amounts of mass 
imbalance.    
 
 

 
(a) 1 x Imbalance    (b) 2 x Imbalance 

Figure 58. Amplitude of total shaft motion versus shaft speed reproduced with 
permission of Ref. [28]. Location; compressor nose, vertical plane. Comparison of 
rotor responses obtained with nominal mass imbalance and with twice nominal. 
(φi=1,4=0º).  
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San Andrés and Vistamehr [28] also show the total amplitude of shaft motion 

decreases with imbalances located at φ1=φ3=0º and φ2=φ4=180º (opposing coupled 

imbalance) and with imbalances located at φ1=φ2=φ4=0º and φ3=180º (turbine-back of-

out-of-phase), as shown in Fig. 59. The predictions obtained from the current work show 

that the total shaft motion amplitudes for the TC-SFRB with imbalances located at 

φ1=φ3=0º and φ2=φ4=180º are ~26 % smaller than the total shaft motion amplitudes for the 

TC-SFRB with nominal magnitude imbalances located at all-in-phase angles (φi=1,4=0º). 

The total shaft motion amplitudes for the TC-SFRB with imbalances located at 

φ1=φ2=φ4=0º and φ3=180º are ~15 % smaller than the total shaft motion amplitudes for the 

TC-SFRB with a nominal imbalance distribution (φi=1,4=0º).  

 

  
(a) φ1=φ3=0º and φ2=φ4=180º   (b) φ1=φ2=φ4=0º and φ3=180º 

 
Figure 59. Amplitude of total shaft motion versus shaft speed reproduced with 
permission of Ref. [28]. Location; compressor nose, vertical plane. Comparison of 
rotor responses obtained with imbalances located at distinct phase angles; 
(φ1=φ3=0º, φ2=φ4=180º), (φ1=φ2=φ4=0º, φ3=180º). 
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In sum, for the rotordynamic stable performance of a TC rotor-bearing system (i.e. 

showing little to no SSV), a TC manufacturer may consider a TC-SFRB which operates 

with a ~84 % larger lubricant viscosity (μ =11.8 c-Poise > μ* =6.4 c-Poise), and is 

constructed to have a ~20 % smaller inner film clearance (ci =6 μm < ci* =7.5 μm), ~30 % 

longer bearing inner film length (Li =5.6 mm > Li* =4.3 mm) and ~33 % thicker shaft 

diameter (Di =8 mm > Di* =6 mm). However, considering an effective thermal 

management to ensure reliable TC operation, the aforementioned recommended TC rotor-

bearing system may aggravate the performance of TC, as the TC-SFRB system demands 

~54 % less lubricant flow and increases the viscous drag power loss by ~91 % and the 

heat transported in the film is ~15 % larger. 
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CHAPTER VI 

CONCLUSIONS 

 

 This dissertation describes the integration of a finite length (semi) floating ring 

bearing (SFRB) model into a rotor and ring structural model for prediction of both the 

linear and nonlinear rotor responses for a TC and their characterization in terms of motion 

amplitudes and whirl frequencies. 

The research investigates the effect of thermal energy transport on the performance of 

oil lubricated SFRBs for automotive TCs. The SFRB model considers a three-dimensional 

heat conduction equation that couples to a thermal energy transport network for the inner 

and outer radial films and the thrust bearings on each side of the ring. Thermal gradients 

affect the films’ operating clearances and oil viscosity in each lubricated element, radial 

and axial. 

In addition, rotordynamic force coefficients obtained from the SFRB analysis are 

coupled to a linear rotordynamics model that performs a linear stability analysis and 

produces damped natural frequencies and mode shapes. With estimated mass imbalances 

and their distributions the model calculates the TC rotor synchronous response. Obtained 

from the SFRB analysis, the SFRB operating clearances and effective lubricant viscosities 

for the inner and outer films are coupled to a rotordynamics model as the main input for 

predicting bearing nonlinear reaction forces; and thus then to conduct a nonlinear time 

transient response analysis.  
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Predictions where obtained for a particular TC and SFRB configuration with the 

following nominal operating parameters: 

- Oil supply pressure and temperature: 3 bar and 120 ºC 
- Lubricant type: SAE 10W30 (μ* = 6.39 c-Poise at 120 ºC) 
- Bearing inner film clearance (ci*): 7.5 μm at 20 ºC, inner film length (Li*): 4.3 

mm, inner film diameter (Di*): 6 mm 
- Mass imbalance amounts and distribution: see Table 3, total 0.125 gram-mm, 

all masses-in-phase 
 

The major conclusions drawn from this work are as follows: 

 

Predictions of heat flows with thermohydrodynamic model for TC-SFRB system 

1) For both the CB and the TB, the ring temperature varies greatly ( > 20 ºC) 

along the entire rotor speed range (30 krpm to 240 krpm), as found from the 

difference between the maximum temperature and the average temperature, 

mainly due to the axial heat from the thrust bearing into the ring. 

2) Over the entire shaft speed range, the inner and outer film temperatures and the 

ring ID and OD surface temperatures for the TB are higher than those for the 

CB since most heat is drawn from the hot turbine wheel side (TS,turbine  =213 

ºC). 

3) For the CB and the TB, the flow rates through the inner and outer films of the 

TB are larger than those in the CB because of lower lubricant viscosities due 

to the higher film temperatures in the TB. 

4) The heat from the shaft into the inner film, the heat from the thrust collar into 

the thrust film, and the heat conducted into the ring are larger on the TB side 
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than those on the CB side, as the overall films and the ring temperatures are 

also higher. 

5) At a low shaft speed of 45 krpm, the heat flow from the shaft overwhelms the 

viscous drag power loss. However, as the shaft speed increases to 240 krpm, 

the contribution from the shear drag power to the total energy flow increases 

significantly from 3% to 63%. The thrust bearing produces 27%-39% of the 

total energy flow. 

6) The lubricant carries away the majority of the heat flow, from 74% at a low 

shaft speed (45 krpm) to 81% at the highest shaft speed (240 krpm). The ring 

conducts a considerable portion of energy flows from the inner film into the 

outer film; 49% - 39% of the total energy flow as shaft speed increases. 

7) A more conductive ring material or a longer outer film would conduct more 

heat into the ring and casing. Ultimately, however, the lubricant flow carries 

most of the thermal energy flow (> 70 %) from viscous drag power losses and 

the heat from the shaft. 

Predictions of linear and nonlinear rotordynamic responses for TC-SFRB system  

1) The elastic free-free rotor modes show large deflections at the compressor side, 

the lighter component. 

2) The lowest two forward whirl modes (FWM) of the TC rotor show a negative 

damping ratio (ζ < 0) and correspond to a rotor conical mode and a rotor 

cylindrical-bending mode. The corresponding ring (rigid body) natural modes 

are conical and cylindrical, respectively. 
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3) Over the entire shaft speed range (30 krpm to 240 krpm), the synchronous rotor 

response to imbalance shows peak amplitudes at the compressor end, since the 

compressor end is more flexible than the turbine end.  

4) For rotor speeds of 30 krpm to 240 krpm, the rotor subsynchronous motion 

(SSV) amplitudes for a TC-SFRB with an inner film ci =6 μm (=0.8 ci*) are 

~23 % smaller than the rotor SSV amplitudes for the TC-SFRB with a nominal 

inner film ci* =7.5 μm.  

5) The rotor SSV amplitudes for a TC-SFRB system supplied with a large 

lubricant viscosity (μ =11.8 c-Poise =1.8 μ*) are ~18% smaller than the rotor 

SSV amplitudes for the same system supplied with a lower (nominal) lubricant 

viscosity (μ* =6.4 c-Poise).  

6) The rotor SSV amplitudes for a TC-SFRB with an inner length Li =5.6 mm (= 

1.3 Li*) are ~30 % smaller than the rotor SSV amplitudes for a TC-SFRB with 

a nominal inner length Li* =4.3 mm.  

7) The rotor SSV amplitudes for a TC-SFRB with a shaft diameter Di =8 mm (= 

1.3 Di*) are ~18 % smaller than the total shaft motion amplitudes for the TC-

SFRB with a nominal shaft diameter Di* =6 mm. 

8) A TC-SFRB system supplied with a larger lubricant viscosity (μ =11.8 c-Poise), 

~84 % than a nominal lubricant viscosity (μ* =6.4 c-Poise), and constructed to 

have bearings with a ~20 % smaller inner film clearance (ci =6 μm < ci* =7.5 

μm), ~30 % longer bearing inner film length (Li =5.6 mm > Li* =4.3 mm), and 

~33 % thicker shaft diameter (Di =8 mm > Di* =6 mm), demands ~54 % less 
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lubricant flow, ~91 % more viscous drag power loss, and ~15 % more heat in 

the film than the nominal TC-SFRB system. 

9) The rotor SSV amplitudes of motion for a TC-SFRB with mass imbalances 

φ1=φ3=0º and φ2=φ4=180º (opposing couples) are ~26 % smaller 

than the rotor SSV amplitudes for a TC-SFRB with mass imbalances located 

at φi=1,4=0º (all-in-phase). Likewise, the rotor SSV amplitudes for 

a TC-SFRB with mass imbalances located at φ1=φ2=φ4=0º and φ3=180º 

(turbine-back of-out-of-phase) are ~15 % smaller than the rotor 

SSV amplitudes for a TC-SFRB with mass imbalances located at φi=1,4=0º. 

10) The rotor SSV amplitudes for a TC-SFRB with twice the amount of nominal 

mass imbalance (total 0.250 gram-mm) are ~37 % smaller than the rotor SSV 

amplitudes for a TC-SFRB with nominal mass imbalance (total 0.125 gram-

mm), all-in-phase.  

 

In conclusion, the rotor SSV amplitudes decrease when the SFRB is supplied with a 

lubricant with a large viscosity (μ= 1.8 μ*), and the bearings constructed to have a small 

inner film clearance (ci =0.8 ci*), a long inner film length (Li = 1.3 Li*), and a shaft with a 

thick diameter (Di = 1.3 Di*). However, changing the TC-SFRB parameters is neither 

practical nor realistic as the system demands time and resources. The recommended TC 

rotor-bearing system may aggravate the thermal efficiency of the TC performance as the 

system demands less lubricant flow and increases the viscous drag power loss and the heat 
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in the film. A TC supplied with a heavy lubricant can produce more NOx that could exceed 

acceptable emission standards for PVs [46]. 

The model and predictions may assist to the design of TC-SFRB systems with 

engineered thermal energy flow paths in order to improve TC efficiency and durability. 

The predictive rotordynamics model further enables an assessment of TC rotordynamic 

performance that otherwise would require experimentation. 
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APPENDIX A 

OPERATION OF COMPUTER PROGRAM 

 

This section outlines the integration of both radial bearings (turbine and compressor 

sides) and the thrust bearings to produce a complete thermal analysis predictive tool. The 

tool is coupled to a rotordynamic model for an automotive TC rotor supported on a SFRB.  

Figure A1 shows a flow chart for the operation of the computer program to calculate 

the SFRB performance (temperature and the pressure fields in fluid films, viscous drag 

power losses, and force coefficients) and the linear and the nonlinear rotor model response 

(eigenvalues analysis, synchronous and subsynchronous motions).  

The SFRB geometry (diameter, length, clearance, material property, etc.) and 

operating conditions (oil supply pressure and temperature, lubricant property, rotor speed, 

static load) are the input parameters. The output parameters contain the operating 

clearances and the lubricant viscosity for the inner and the outer films, temperature and 

the pressure fields in fluid films, viscous drag power losses, and force coefficients.  

In addition, the rotordynamic force coefficients obtained from the SFRB analysis are 

coupled to a linear rotordynamics model to perform a linear stability analysis and obtain 

the damped natural frequencies and mode shapes of the system. Estimated mass 

imbalances and their distribution are used to calculate the TC rotor synchronous response. 

SFRB operating clearance and lubricant viscosity for the inner and outer films are the 

main input for predicting bearing forces to conduct a nonlinear time transient response 
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analysis which could yield rotor responses with a rich content in subsynchronous 

frequencies and amplitudes for specific operating conditions.   

 

 

Figure A1. Flow chart for operation of computer program to calculate SFRB 
performance, linear and nonlinear rotor model response. 

 

 

  



125 
 

APPENDIX B 

INITIAL CONDITIONS FOR TRANSIENT ANALYSIS RESPONSE CASES5 

 

The equations of motion (EOMs) for a MDOF rotor system are (in general) [28]: 

[ ] ( ) ( ),Ω
+ Ω +



 

t tstat Bdyn X,X,M X + C G X K X = F + F - F       (B1) 

where M, G, K, C are global matrices of rotor inertias, gyroscopic effects, and the 

structure stiffness and damping coefficients. Ω is shaft speed, Fstat and Fdyn denote the 

vectors of static and dynamic loads acting on the rotor, for example. FB represents the 

vector of nonlinear reaction forces arising from the lubricated bearings, for example.  

Given Fstat and Fdyn, a numerical procedure discretizes the equations above in terms 

of a system state-space vector 
( )

,  


t
X X and solves them at discrete instants of time. The 

rotordynamics model [42] offers a number of choices for the numerical integration of Eq. 

(B1), for example Runge-Kutta, Rosenbrock, Average-Acceleration, etc. The proper 

selection of the numerical method (solver) and the time step for numerical integration are 

crucial to obtain accurate results. 

Figure B1 shows a structural model of a simple rotor-bearing system for an example. 

The finite element model consists of 20 elements for the steel rotor and 2 elements for the 

journal bearings. For simplicity the compressor wheel and the turbine wheel are modeled 

with lumped mass and mass moment of inertia (polar and transverse). The inner film is a 

                                                 
5 Portion reprinted from San Andrés, L. and Jung, W., 2020, “Analysis to Produce Physically Found Initial 
Conditions and Integration into a Model for Numerical Solution of the Transient Response of a Nonlinear 
Rotor-Bearing System”, PhD Preliminary Exam Technical Report. 
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spring-like structure connecting the rotor to the ring, and a spring-like structure connecting 

the ring to ground represents the outer film. Table B1 lists the geometry of the simple 

rotor-bearing system and the lubricant physical properties. 

Table B1. Geometry of a simple rotor-bearing system and lubricant physical 
properties. 

RBS geometry  
Shaft OD, Ds 11.5 mm 
Ring ID, DRi 11.534 mm 

Ring OD, DRo 17.8 mm 
Casing ID, Dc 17.883 mm 

Inner film axial length, Li 8.02 mm 
Outer film axial length, Lo  10.6 mm 

Inner film radial clearance, ci 17 µm (at 20 ºC) 
Outer film radial clearaance, co 41.5 µm (at 20 ºC) 

Lubricant SAE 10W30  
Density, ρ 875 kg/m3 

Specific Heat, Cp 1,901 J/kg 
Conductivity, κ 0.12 W/m ºC 

Viscosity at Tsup, µ 6.39 c-Poise 
Flash point temperature, Tflash  230 ºC 

 

 
Figure B1. Elastic structure model of simple rotor-bearing system for example. 
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The rotor static sag line, XRS, is obtained from a short length journal bearing model. 

The total static load on the rotor is 6.04 N (total rotor mass = 616 g) and the location of 

the rotor center of mass is 114 mm from the compressor end. Note the rotor total length is 

178 mm. Thus, the static loads on each bearings are 0.78 N for the CB and 5.25 N for the 

TB, respectively. Note that XRS is little to null for the rotor and the ring at each bearing 

locations due to the rigid bearing supports.  

The nonlinear bearing static displacement, XBS, is obtained from the journal and ring 

equilibrium eccentricities (e) for an applied load (W) given and the bearing geometry such 

as clearance (c), length (L), diameter (D), and lubricant viscosity (μ) and operating speed 

(Ω). Each bearing reaction force (FB) balances a fraction of the applied static load, FB = 

aiW. Note that aCB = 0.13 and aTB = 0.87, respectively. For short length journal bearings, 

a modified Sommerfeld number (σ) is [52] 

2 2 2

2 2 2

Ω (1 )
4 {16 (1 )}B

μ LR L εσ
F c ε ε π ε

−  = = 
  + −

   (B2) 

where ε is the relative eccentricity ratio to the ring. Then the journal eccentricity relative 

to the ring, εj, is calculated using a bisection method with given σ iteratively and converges 

quickly ( << 100 times of iterations).  

2 2

2 2 2

(1 )
( , ) 0

{16 (1 )}
j

j

j j j

ε
f ε σ σ

ε ε π ε

−
= − =

+ −
   (B3) 

On the other hand, the ring eccentricity relative to the casing, εr, is obtained with a 

simple linear connection considering a pin stiffness (KPIN) as the ring does not rotate (ΩR 

=0). Note that KPIN is assumed to the ring speed ratio (RSR) = 0.01.   
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The equilibrium attitude angles for the journal (φj) and the ring (φr) between the static 

load direction and the eccentricity vector are  

1
2 2

1 (1 )
tan

4
j

j
j

π ε
φ

ε
−

 
− =  

  

     (B4.a) 

1
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−

 
− =  

  

     (B4.b) 

Now, the x and y components of the journal eccentricity relative to the casing (ex, ey) 

are evaluated from the vector sum of the journal and the ring eccentricities.  

sin( ) sin( )x j j r re e φ e φ= +     (B5.a) 

cos( ) cos( )y j j r re e φ e φ= − −     (B5.b) 

where ej and er are the dimensional relative journal and ring eccentricities, respectively; 

j j ie ε c= , r r oe ε c= .  

XBS is linearized along the axial direction to add vectorially with XRS to produce the 

rotor static displacement, XS, i.e. XS=XRS+XBS. Note that the vector of generalized 

displacements is 2 ,
T

x y

n

x y
 
   = =   
  

1x
X x x

x
θ θ , which including both physical 

translations (x,y) and rotations (θx , θy) at each station.  

Figure B2 shows the rotor static displacement (XS) for TC rotor-bearing system at 

rotor speed of 100 krpm. The result shows that the rotor static displacement at the TB is 

larger than the one at the CB, as the rotor center of mass is close to the TB. The result also 
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shows that the rotor elastic deflection is relatively not important as the static load due to 

the rotor weight is small in this application. The static displacement vector is used as the 

initial condition (IC) for subsequent transient analysis response cases, i.e. set 

( )
[ ]

0
, , ,o ot=

   = ←    SX X X X X 0  .   

 
Figure B2. Rotor static deflection (XS= XRS+XBS) for TC rotor-bearing system to 
setup initial condition of nonlinear transient prediction as the rotor static 
equilibrium position. Example at rotor speed = 100 krpm. 
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