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ABSTRACT

Basic notions for *-noncommutative probability spaces and B-valued *-noncommutative prob-
ability spaces, including Voiculescu’s free independence and Speicher’s cumulants, are recalled. In
both the scalar and more generally, the algebra-valued setting, R-diagonal random variables are de-
fined and we recall some results regarding their decompositions into products of a Haar unitary and
a self adjoint element that are *-free from one another. Various classes of B-valued Haar unitaries
are compared and contrasted with several distinguishing examples. Decompositions of the par-
ticular case of C2-valued circular elements are investigated more thoroughly with computational
methods, resulting in a proof that every tracial C?-valued circular having a free decomposition with

a Haar unitary must have a free even decomposition with a normalizing Haar unitary.
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1. INTRODUCTION

Dan Voiculescu started the field of free probability in the 1980s with an effort to solve the free
group factors isomorphism problem, which remains an important unsolved problem in operator
algebras. Since its introduction, connections have been found between free probability and several
other fields, including random matrix theory, combinatorics, and quantum information theory.

Non-commutative random variables are elements of an algebra A over the complex numbers. A
noncommutative probability space may have extra structure; for example, it may be a *x-algebra, a
(C*-algebra, or a von Neumann algebra. In the scalar-valued setting, this algebra will be equipped
with an expectation functional ¢ : A — C. One can extend this to a more general algebra-
valued setting, where A now contains a unital algebra B and the expectation functional is replaced
by a conditional expectation ¥ : A — B. In both situations there is a relationship between
random variables known as free independence, which is a natural analogue to the classical notion
of independence and has a connection to the algebraic free product.

The free cumulants, introduced by Roland Speicher, give combinatorial tools that have become
very important in the theory of free probability. These cumulants can be used to easily define
R-diagonal random variables, and in particular, the circular random variables. These random
variables are a class of (generally) non-normal random variables that we are most interested in
studying. Speicher showed in the scalar-valued setting that a noncommutative random variable
a in a tracial C*-noncommutative probability space is R-diagonal if and only if it has the same
x-distribution as a product up, where « is a Haar unitary, p is positive, and v and p are *-free. In
other words, a is tracial R-diagonal if and only if it has a free polar decomposition.

Research into analogues of this result in the B-valued setting have found (see [1]) that if a is
a special type of R-diagonal element, then it has the same B-valued *-distribution as a product
us, where s is even (i.e., self adjoint with vanishing odd moments), » is a Haar unitary, and u
and s are x-free over B. Moreover, in this case, the Haar unitary u is found to normalize B; i.e.,

both uBu* C B and u*Bu C B. Thus we have a class of R-diagonal elements that admit a free



even decomposition with a normalizing Haar unitary. This work by March Boedihardjo and Ken
Dykema also includes an example of a tracial B-valued circular random variable that does not have
a free polar decomposition, so the scalar result does not extend to the B-valued situation.

We pick up where this work left off in an effort to answer the question: Are there any tracial B-
valued circular random variables having a free even decomposition where the Haar unitary v does
not normalize B? We investigate some theoretical aspects of this problem and use computational
methods to explore a special case for the algebra B.

Chapter 2 is an overview of the scalar setting. In Section 2.1, the basic notions are defined
with some detailed examples of noncommutative *-probability spaces, *-freeness, and cumulants.
Section 2.2 focuses on the scalar R-diagonal random variables. These elements are introduced as
a generalization of the Haar unitaries, and we ultimately describe the theorem that every tracial R-
diagonal has a free polar decomposition. This theorem motivates the remainder of the dissertation.

Chapter 3 mirrors the style of Chapter 2 for the B-valued setting. Section 3.1 introduces the
basic definitions, and in Section 3.2, we give the definitions and some basic properties for Haar
unitary, R-diagonal, and circular elements in B-valued noncommutative x-probabiltiy spaces. We
also include the example by Boediharjo and Dykema showing that some tracial R-diagonals may
not have a free polar decomposition outside the scalar setting.

Chapter 4 begins with an investigation into the nuances that B-valued Haar unitaries possess
compared to their scalar counterparts. We define in Section 4.1 several different classes of 5B-
valued Haar unitaries and study the relationship between these classes. Section 4.2 recalls the
theorem from [1] regarding free even decompositions with normalizing Haar unitaries of B-valued
R-diagonal elements whose cumulants satisfy an automorphism condition. We include an example
showing that, despite some extra assumptions, we still cannot have any extensions to a free polar
decomposition. Finally, we end with Section 4.3 which dives into the particular case B = C2.
Using computational methods, we show that every C?-valued circular element with a free decom-
position containing a Haar unitary must have a free even decomposition with a normalizing Haar

unitary.



2.1

2. *-NONCOMMUTATIVE PROBABILITY SPACES

x-noncommutative random variables, x-moments, freeness, and *-cumulants

Definition 2.1.1. A x-noncommutative probability space is a pair (A, @), where A is a unital x-

algebra over the complex numbers and ¢ is a unital positive linear functional on A.

Furthermore, if A is a C*-algebra (resp. von Neumann algebra), then we say (A, ) is a C*-

noncommutative probability space (resp. W*-noncommutative probability space). If o is a trace,

then (A, ¢) is said to be a tracial.

The mapping ¢ is called an expectation and elements of A are called random variables.

We explore some examples of x-noncommutative probability spaces.

Example 2.1.2.

oY)

2)

Let (X, M, P) be a classical probability space; that is, X is a set, M is a o-algebra of
measurable subsets of X, and P : M — [0, 1] is a probability measure. Fix A = L>(X, P)

to be the set of all essentially bounded measurable complex-valued functions on X. Define

the adjoint * : A — A by f*(x) = f(x), and define the expectation p : A — C by

olf) = /X fap.

Then (A, ¢) is a x-noncommutative probability space. Despite this terminology, the algebra

A is commutative.

Let GG be a group. Define the group algebra CG to be the complex vector space with basis

(. This algebra can be viewed as the collection of all linear combinations

> ayg,

geG

where o, € C for each g € GG and o,y = 0 for all but finitely many g € G. We can define
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multiplication and the *-operation on CG by
(o) (Z) = Swion -5 (3 i) s
geG heG g,h keG \g,h: gh=Fk

and

(Z agg) - > Tyt

geG geqG

Define the expectation 7 : CG — C by

. (z agg> .

geG

where e is the group identity of G. The map 7¢ is called the canonical trace on CG. It is

indeed a trace, due to

o((Zer) (m)) = 3
= ) By

h,g: hg=e

{9

It is also faithful because

ol (5 5 e m

geG heG g,h: g~ 1h=e geG

if and only if oy = O for all g € G. Thus (CG, 7¢) is a tracial *-noncommutative probability

space with a faithful expectation.

(3) Let (A, ¢) be a x-noncommutative probability space, and define M,,(A) to be the set of n xn



matrices with entries in A. Define ¢ : M,,(A) — C by

o ([CLZ] 1<i ]<n - Z 90 azz

Since

D([ai ;i ;laislig) = ®([aj,lijlaislis) =

1
Z“maka] = p(laril?),

ij i=1 k=1

the positivity of ¢ implies that of ®. Therefore (M,,(A), ®) is a *-noncommutative proba-
bility space. Moreover, the above computation shows that if ¢ is faithful, then @ is too. If ¢

18 a trace, a similar calcuation

n n

1
(I)([ai,j]zj zj 2] ZZSO (@ikbri) = Ez ©(bikar,i) = q)([bi,j]i,j[ai,j]z’,j)

zlk;l =1 k=1

reveals that @ is also tracial.
For the rest of the section, we fix a *-noncommutative probability space (A, ).

Definition 2.1.3. A joint moment or moment of a family (a;);c; of random variables is a number

of the form

30(615(1)0,5(2) e as(n))>

where n € N and € € I". A x-moment of a single random variable a is a joint moment of the pair
(a,a*).

Let C((X;);cr) denote the unital algebra over C freely generated by the noncommuting inde-
terminates (X;);c;. The joint distribution or distribution of a family (a;);c; of random variables is

the mapping © : C({(X;);c;) — C defined by extending



linearly. The x-distribution of a single random variable a is the joint distribution of the pair (a, a*).

The x-distribution of a random variable is an organized collection of all its *-moments. In-
formally we think of the *-distribution as an object containing all of the probabilistic information
about the random variable. This idea is reinforced by the following theorem, which is a variation

of Theorem 4.10 from [4].

Theorem 2.1.4 ([4], Theorem 4.10). Let (A, ) and (B,1)) be x-noncommutative probability
spaces such that ¢ and ) are faithful, and suppose a € A and b € B such that A = Alg(a)
(i.e., A is the unital x-algebra generated by a) and B = Alg(b). Then a and b have the same
x-distribution if and only if there is a unital x-isomorphism ® : A — B uniquely determined by

®(a) = b that is also a x-isomorphism of (A, p) and (B, 1), namely, 1 o ® = .

Proof. The converse follows from linearity and

o - aF™) = (DD - a" ™)) = P(D(a) D - B(a)) = (D - . HY,

which holds for every n € Nand ¢ € {1, *}".
Suppose a and b have the same *-distribution. Given P, () € C(X, X*), we use the faithfulness

of  and v to obtain

Since A = Alg(a) = {P(a) | P € C(X, X*)}, we can define the map ® : A — B by ®(P(a)) =
P(b) for every P € C(X, X*). By the equivalences above, ® is well-defined and injective. It is
surjective because B = Alg(b) = {P(b) | P € C(X, X*)}. The definition of & immediately

makes it a unital x-homomorphism satisfying ®(a) = b. Finally 1) o & = ¢ because a and b have



the same *-distribution. Indeed, given P € C(X, X*), we have

Analogous theorems in the contexts of C*-noncommutative probability spaces (see [4], Theo-
rem 4.11) and W*-noncommutative probability spaces also hold.

Those that have studied classical probability will recall that a fundamental property of the field
is the notion of independence. We state Voiculescu’s definition of free independence, which is an

analogue of classical independence in our noncommutative setting.

Definition 2.1.5. Let (A;);c; be a family of unital x-subalgebras of A. This family of subalgebras

is said to be x-freely independent with respect to @, or simply *-free, if

whenever the following properties are satisfied:
(a) n is a positive integer;
(b) e € I"sothata; € A.;) foreach 1 <i < n;
(c) Each q; is centered; namely, p(a;) = 0 forall 1 <i < n;
(d) Neighboring elements are from different subalgebras; i.e., (1) # £(2),...,e(n—1) # £(n).

A family of subsets (X;);cr is *-free if the corresponding family of unital x-subalgebras

(Alg(X;))ies generated by (X;);csis *-free.

Since we have chosen to only consider algebras with the x-operation, we have chosen to only
define *-freeness. One could easily define usual free independence by not requiring that the family
of unital subalgebras all be x-subalgebras. We won’t need this version of freeness, but we mention
it anyway to justify the appearance of the  in the terminology. Any mention of freeness in the rest

of this chapter refers to x-freeness.



We will frequently discuss the *-freeness between random variables or random variables and
sets by replacing each random variable by its singleton set. For example, we’ll say that a random
variable a and a subset X of A are x-free if {a} and X are *-free.

The definition of *-freeness looks a bit artificial and hard to utilize. Using ideas from Example
2.1.7 below, it’s not hard to see that if (A;);c; is a family of *-free x-subalgebras of (A, ), then the
map ¢ on the x-subalgebra generated by the family (A;);c; is uniquely determined by its behavior
on the individual x-subalgebras. See Proposition 3.1.6 below for a proof of this fact in the more
general algebra-valued setting.

Moreover, *-freeness has a natural connection with the algebraic free product. Given a family
((A;, i) )ier of x-noncommutative probability spaces, there is a positive functional ¢ = *;c;; on
the algebraic free product A = ;.7 A;. This construction makes (A, ) into a *x-noncommutative
probability space containing the x-free family (A;);c; of *-subalgebras. We discuss (a generaliza-
tion of) this free product construction more precisely in the algebra-valued section (see Theorem
3.1.8 below).

One part of the definition of x-freeness that seems very restrictive is that all of the random vari-

ables must be centered. The following definition will be very important to alleviate this problem.
Definition 2.1.6. Given a random variable a, define its centering a = a° by a — p(a)l 4.

Every random variable can be written as the sum of its centering and a scalar: a = a+ ¢(a)1 4.

This is a trick that we’ll use repeatedly.

Example 2.1.7. In this example we will provide some concrete calculations using *-freeness to
decompose mixed moments into moments of the individual variables. Fix random variables a, b

that are *-free.

(1) We write ab = (& + (a)14)(b + ¢(b)14). By freeness and the fact &, b € ker(¢), we have

o o

p(ab) = p(ab) + ¢(a)p(b) + ¢(a)p(b) + p(a)p(b) = w(a)p(b).



(2) We use the same method to write aba* as a sum of eight terms. We deduce

p(aba*) = p(b)p(aa*) + (a)p(b)p(a”).

Unpacking aa* = (a — p(a)l4)(a* — p(a*)1,4) yields

p(aba*) = p(b)p(aa*) + ¢(a)p(b)p(a”)

= ¢(b)p(aa”).

(3) These two examples may mislead one into thinking that x-freeness implies some multipica-
tive property for the expectation. We will see this is not the case. Consider a*bab*, which
can be written as a sum of sixteen terms by employing the method using centerings. Most

of these will vanish by one application of *-freeness and the definition of centerings, giving

p(abab*) = p(a)p(arbb*) + p(b)p(arab*) + ¢(b)p(b*)p(a*a)

+o(a*)p(a)p(bb*) + p(a*)p(b)p(a)p(b).

By applying centering again, we get gp(d)*lgl;)*) = ¢(d*(55*)°) + gp(d)*)gp(l(;l;*) = 0 and simi-

larly go(cf*&l;*) = 0. After unpacking a*& and bb*, we obtain

p(a*bab”) = p(a)p(a*bb*) + p(b)p(a*ab*) + p(b)p(b*)p(a*a)
+ (a)p(a)p(bb*) + p(a*)p(b)p(a)p(b)

= p(0)p(b")p(a*a) + p(a*)p(a)p(bb*) — p(a”)p(b)p(a)p(b”).

We aim to define the free cumulants of a x-noncommutative probability space (A, ). Before

we can do this, we must deviate momentarily to define the noncrossing partitions.

Definition 2.1.8. A partition 7 = {Vi,..., Vi } of {1,...,n} is said to be crossing if there are two



distinct blocks V; and V}, having elements p;, p» € V; and ¢, g2 € V}, such that

P1 < q1 < p2 <qQqa.

If the partition is not crossing, then we say it is noncrossing.
Denote by NC'(n) the set of all noncrossing partitions on {1,...,n}, and let NC' be the union
of NC(n) over all n € N. For each n, let 1,, denote the noncrossing partition {{1,...,n}}

consisting of a single block.

We draw graphical representations of partitions on {1,...,n} by viewing the integers on a
numberline, drawing a vertical line above each one, and joining the vertical lines of the elements
in the same block with a hozrizontal line. For example, 7 = {{1, 3,4}, {2,6,9},{5},{7,8}} and
o={{1,4,6},{2,3},{5},{6,9},{7,8}} can be represented by

[ TT1 ] ‘ ] ‘ —  {{1,3,4},{2,6,9},{5},{7.8}}
123456789

‘ [ ‘ | ‘ [ ] ‘ = {{1.4,6},{2.3}.{5}.{6,9}.{7.8}}.
123456789

The juxtaposition of the crossing partition 7 and the noncrossing partition o with this graph-
ical representation makes it clear why the terminology “noncrossing” is used. Indeed, only the
noncrossing partitions can be drawn in this manner such that the lines from different blocks do
not intersect. We will use this notation inline and in subscripts without drawing the corresponding
integers.

We present a basic fact about noncrossing partitions that we will need later.

Lemma 2.1.9. Every noncrossing partition contains an interval block, which is a block consisting

only of consecutive integers.

Proof. We use induction on 7, the size of the set {1, ..., n} that is partitioned.

10



When n = 1, the only partition is noncrossing and it consists of a single interval block. In the
general case, let 7 € NC(n). If nis in an interval block of 7, then 7 obviously has an interval block.
Otherwise, the block V' in 7 which contains n must a gap. Fix i,k € Nsuchthati, i +k+1 €V
and {i+1,...,i+k}NV =0ie, I ={i+1,...,i+ k}isagapinV of length k. Since 7 is
noncrossing, no integer in / can be paired with an integer outside /. Thus, restricting 7 to / (and
renumbering to preserve order) results in a noncrossing partition of length £ < n. By the induction

hypothesis, this restriction must have an interval block. Hence 7 has an interval block. [

Now we may introduce Speicher’s free cumulants, which provide a different, more combinato-

rial viewpoint into the probabilistic information of a *-noncommutative probability space.

Definition 2.1.10. Given n € N, the multilinear functional x,, : A — C is defined recursively by

the moment-cumulant formula

olay---a,) = Z Rrlay, ..., a,)], 2.1

7TeNC(n)

where each x, : A" — C is a multilinear functional that can be factorized into a product deter-

mined by the block structure of 7. More precisely, x, : A" — C is the multilinear map defined as

the product
Relai, ... a,] = H Ke(V)]ay, ..., a,),
Ven
where, given a block V' = {i; < --+ < i,,} in m, we define k. (V)[a1,. .., a,] by
Re(V)ar, ... a,] = km(aiy, ... a;,).

The sequence (%, ), is called the free cumulants or cumulants of the x-noncommutative probability
space (A, p).

The cumulants of a family (a;);c; of random variables are the cumulant maps restricted to
only take arguments from the set {a; | ¢ € I}. The x-cumulants of a random variable a are the

cumulants of the pair (a, a*).

11



Note the use of square brackets for the functions indexed by noncrossing partitions in contrast
to the parentheses used for the sequence of cumulants.

The method of obtaining the cumulant maps from the moment-cumulant formula is formally
known as Mobius inversion. A detailed treatment of Mobius inversion, and its use in defining these
cumulants, can be found in Lectures 10 and 11 from [4]. We show a computation of the first several

cumulants to illustrate this process.

Example 2.1.11. We use the moment-cumulant formula (2.1) to write s, (a1, ..., a,) in terms of

moments for the first few values of n.

(1) When n = 1, we immediately get ¢(a1) = K, [a1] = k1(aq).

(2) When n = 2, we have

SO(ala2) = Ky [ah Gz] + Kp [ah CL2] = ’ﬁ(al)/ﬁ(%) + Hz(ah a2),

so that ka(a1, az) = p(aiaz) — ¢(a1)p(asz).

(3) When n = 3, the moment-cumulant formula yields

p(a1a2a3) = Ky [a, ag, as] + kip a1, az, as] + km [ay, ag, as)
+ K a1, az, as] + km [a1, az, as]
= K1 (CLl)Iil (ag)ﬁl (Clg) + K1 (al)ﬁg(agag) + lig(alag)lil (CLQ)

+ ko(aras)ki(as) + k3(arasas),

12



which implies

K3(a1agaz) = p(arazaz) — p(ar)p(az)p(as) — plar)|p(agas) — (az)p(as)]
— [p(araz) — p(ar)p(az)]p(az) — [p(araz) — (ar)p(az)]p(as)
= p(a1aza3) — p(ar)p(azaz) — plaraz)p(az) — p(araz)p(as)

+ 2¢p(a1)p(az)p(as).

One will notice that the computations will quickly become too unwieldy. Indeed, when n = 4,
there are 14 noncrossing partitions. Almost all of the these 14 terms will need to use the discovered

formulas for x5 and k3, which will grow the number of total terms even further.

One convenient property about the free cumulants is that that they provide an easier way to use
freeness. We will not need to directly use the following theorem, but its statement is included here

to illustrate the usefulness of cumulants.

Theorem 2.1.12 ([4], Theorem 11.16). Let (k,),, be the cumulants for a x-noncommutative prob-

ability space (A, ). The family (A;);cr of unital x-subalgebras of A is x-free if and only if
Rn(ay,...,a,) =0

whenever n > 2, a; € Ay withe € I, and there exists 1 < 1,7 < n with (i) # €(j). In other

words, the family (A;);c; is *-free if and only if every mixed cumulant vanishes.

The benefit of this characterization of freeness over the definition is that the variables are not

required to be centered and from different subalgebras than their neighbors.

13



2.2 R-diagonal random variables and their free polar decompositions

Let (A, ) be a *-noncommutative probability space.

Definition 2.2.1. A random variable u € A is called a Haar unitary if it is unitary (i.e., u™! = u*)

and op(u¥) = 0 for every integer k > 1.

Since ¢ is *-preserving, the *x-distribution of a Haar unitary u is completely determined by

1 ifn=0,
p(u") =
0 ifnez\{0}.

The following example shows how Haar unitaries may appear in the x-noncommutative prob-

ability spaces from Example 2.1.2.
Example 2.2.2.

(1) Let A = L*(T, ), where p is the normalized Lebesgue measure on the unit circle T.

Defining ¢ : A — C in the usual way

ﬂnzﬁywwma

we have a x-noncommutative probability space (A, ). The identity function f(z) = zon T
is a Haar unitary. It is unitary because zz* = 1 = 2*z for every z € T. Also, f has the same

x-distribution as a Haar unitary:

1 ifn=0,
o) = [ 2 du(z) =
B 0 ifn#0.

The normalized Lebesgue measure on the circle is called the Haar measure, so this example

actually explains the terminology we use for Haar unitaries.

14



(2) Haar unitaries also frequently appear in the group algebra framework. Let G be a group
with an element ¢ of infinite order, and consider the x-noncommutative probability space
(CG, 1) defined in Example 2.1.2. We prove the element g := 1 - g, viewed as an element

of CG, is a Haar unitary.

It is a unitary because, if e denotes the identity of G, then

99" =(1-g9)(1-g7")=1-e=1cq

and similarly g*g = 1cg. Since g has infinite order, the power ¢* in G is not the identity
whenever £ is a positive integer. Therefore 75(g*) = 0 for every integer k > 1, so g is a

Haar unitary.

(3) Suppose (A, ) is a x-noncommutative probability space with a Haar unitary v. Consider
the *-noncommutative probability space (M,,(A), ) defined in Example 2.1.2. Identifying
M, (A) as M,,(C) ® A, we have & = tr,, ®p, where tr,, : M,(C) — C is the normalized
(faithful) trace tr,([cv;;]i;) = = > i, ;. Given any unitary matrix v = [e; ;] in M, (C),

we argue that the random variable © = o ® v is a Haar unitary.

The unitary property is verified by

w® = (a@v)(a" ®v*) = ad” @uv* = 1y, ) @ 1a = L, (a)

and u*u = 1y, (4), which holds similarly. Given an integer k > 1, we have uF = aF @ v* so
that

d(u”) = tr, (a®)p(v*) = 0.
Therefore u is a Haar unitary.

Fix a Haar unitary u. Since we know the complete *-distribution of u, we should be able to

determine the *-cumulants of u; i.e., cumulants of the form r,, (u*™), ... u¥™) where ¢ € {1, *}".

15



We can use induction on the length of the cumulant to prove that if the number of u’s is different
from the number of u*’s, then the cumulant vanishes. This statement is true whenever n = 1
because k1(u) = p(u) = 0 and similarly x;(u*) = 0. Supposing there is an integer k£ > 2 for
which the statement holds for all n < k, we consider a *-cumulant of i (uV) . .. u*®) of u with

an unequal number of u’s and »*’s. The moment-cumulant formula implies

Z pr [t ®] = o(ufW -t R)) =,
TeNC(k)

where the second equality is due to the fact that « is a Haar unitary. For each 7 € NC(k) \ {1;},
some block V' of m must contain indices that correspond to an unequal number of u’s and u*’s.
Hence 7(V')[uq, ..., ux] = 0 by the induction hypothesis, so also k.[ui, ..., u;] = 0. Therefore
the displayed equation above becomes k1, [u1, . . ., u;] = 0, which means sy (uy, . .., u;) = 0. This
completes the proof that all x-cumulants of u corresponding to an unequal number of u’s and u*’s
vanish.

In fact, something stronger is true.

Proposition 2.2.3 ([4], Proposition 15.1). The only nonvanishing x-cumulants of a Haar unitary u

*

are those of the form k,(u,u*, ..., u,u*) or k,(u*,u, ..., u*, u). Moreover

*

Ko (U, u*, .. u,u) = Ko (U, .. ut u) = (=1)" 10,1,

where C,, denotes the nth Catalan number.

This leads us to the definition of R-diagonal elements, which were first studied by Alexandru

Nica and Roland Speicher (see [5]).

Definition 2.2.4. A random variable a is said to be R-diagonal if its only nonvanishing *-cumulants
are alternating; i.e., are of the form o, (a, a*, ..., a,a*) or ko, (a*, a, ..., a*, a).
Denoting 57(11) = kKon(a,a*,...,a,a*) and ﬁ,(f) = kon(a®, a,...,a* a) for each n, the se-

quences (Br(Ll))n and ( &@)n are called the determining sequences of a.
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If the expectation ¢ is a trace on the *x-algebra generated by a, then «a is called a tracial R-

diagonal element.

The determining sequences are named as such because they hold all of the information about
the x-cumulants of an R-diagonal element a, and these x-cumulants uniquely determine the el-
ement’s x-distribution by the moment-cumulant formula (2.1). Since each of these *-cumulants
depend on moments of the form ¢ ((aa*)") and ¢((a*a)™), we realize that an R-diagonal element’s
x-distribution is uniquely determined by the distributions of the self adjoint elements aa* and a*a.

One especially useful fact is that the R-diagonal property is preserved by the multiplication

with a *-free random variable.

Proposition 2.2.5 ([4], Proposition 15.8). If a is R-diagonal and b is a random variable x-free from

a, then ab and ba are R-diagonal.

The *-distribution of an R-diagonal element is invariant under the multiplication by a x-free

Haar unitary. In fact, this is characterization.

Theorem 2.2.6 ([4], Theorem 15.10). Let a and u be random variables in a x-noncommutative
probability space (A, ) such that v is a Haar unitary and a,u are *-free. Then a is R-diagonal if

and only if a and ua have the same x-distribution.

Proof. Since Haar unitaries are R-diagonal, Proposition 2.2.5 implies ua is R-diagonal. Hence, if
a and ua have the same *-distribution, then a is also R-diagonal.

Conversely suppose a is R-diagonal. To show that @ and ua have the same *-distribution, it
suffices to show that a*a and aa* have the same distributions as (ua)*(ua) and (ua)(ua)*, respec-
tively. The first of these is automatic because (ua)*(ua) = a*u*ua = a*a. For the other pair, we

have

p(((ua)(ua)*)") = ((uaa™u")") = p(u(aa®)"u") = p(up(aa”)u”) = p(aa”)

for every positive integer n, where the third equality is due to the x-freeness of a and w. 0
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If a is a tracial R-diagonal element, then its two determining sequences coincide. Thus the
x-distribution of a is uniquely determined by the single sequence (ﬁ,sl))n. A special class of self

adjoint elements has a similar property.

Definition 2.2.7. A random variable z is said to be even if all of its odd *-moments vanish; that is,

if foralln € Nand e € {1, *}*""! we have

An even element could equivalently be defined to have all of its odd *-cumulants vanish. This

can be proved with a simple induction argument on the moment-cumulant formula

QO([L’E(I) .. .x€(2n+1)) — Z ,iﬂ[xs(l)’ o 7xe(2n+1)]'
TENC(2n+1)
Therefore, given an even self adjoint element x, the entire *-distribution is uniquely determined by
its determining sequence (%), defined by 5¢ = ko, (x, ..., x). Furthermore, the *-distribution of
x is determined by the distribution of 2. This is analogous to the situation with tracial R-diagonal
elements. In fact, every tracial R-diagonal can be decomposed into a product of a Haar unitary and
a x-free even self adjoint such that the determining sequence of the tracial R-diagonal matches that

of the even self adjoint.

Theorem 2.2.8 ([4], Proposition 15.12). Let a be a random variable in a x-noncommutative prob-
ability space (A, ). Then a is tracial R-diagonal if and only if there exists a (possibly different)
x-noncommutative probability space having x-free elements u and x such that v is a Haar unitary,
x is an even self adjoint, and the x-distributions of a and ux coincide. Moreover, the determining

sequence of a is the same as the determining sequence of x.

Proof. Let a be a tracial R-diagonal element. We construct an even self adjoint y in the *-
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noncommutative probability space (M3(A), ®) from Example 2.1.2, where ® = try ®¢p. Define

o — (aa*)™ 0
0 (a*a)™
and
o 0 a(a*a)™
a*(aa*)" 0

Thus y is even and ®([1?]") = ([a*a]™) = ©([aa*]") for each n € N. By invoking the free product
construction for x-noncommutative probability spaces (see Theorem 6.13 of [4] or Theorem 3.1.8
below with B = C), we may obtain a x-noncommutative space (A’, ¢') containing a Haar unitary
u and an even self adjoint = such that u and x are *-free and x has the same distribution as y. Then

uy is R-diagonal by Proposition 2.2.5,

and

¢ ([(uz)(uz)") = ¢ (uz™u") = (™) = 2(y™") = p([aa"]"),

where we used the x-freeness of u and x in the second equality. Therefore a and ux have the same
x-distribution.

Conversely, we suppose there is a *-noncommutative probability space (A’, ¢’) containing u
and x such that u is Haar unitary, x is even self adjoint, u, x are x-free, and a has the same *-

distribution as uz. Then ux, and thus also a, is R-diagonal by Proposition 2.2.5. Poposition 5.19
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of [4] says that if the expectation is a trace on a family of free subalgebras, then it is a trace on the
subalgebra generated by these subalgebras. Since u and x is *-free, it must be the case that ¢’ is a
trace on the x-algebra generated by {u, x}. Hence ux is a tracial, so a must also be tracial.

To see that a and = have the same determining sequence, it suffices to prove p([a*a|") =
¢'([#%]™) holds for every n € N. This follows immediately from the facts that [(uz)*(uz)]" = z?"

and « and ux have the same *-distribution. ]

By considering the polar decomposition in a C*-noncommutative probability space, a more

canonical variation of Theorem 2.2.8 holds.

Theorem 2.2.9 ([4], Proposition 15.13). Let a be a random variable in a C*-noncommutative
probability space (A, ). Then a is tracial R-diagonal if and only if there are elements u, p in some

C*-noncommutative probability space such that
(a) wis a Haar unitary,
(b) p is positive,
(c) uand p are x-free, and
(d) a has the same *-distribution as up.
Moreover; the distribution of p is the same as the distribution of |al.
We are motivated by this theorem, so we give its conclusion the name free polar decomposition.

Definition 2.2.10. A random variable a has a free polar decomposition if there are random vari-
ables u and p in some *x-noncommutative probability space satisfying conditions (a)-(d) in the

Theorem 2.2.9

Therefore Theorem 2.2.9 says that a random variable in a C*-noncommutative probability

space has a free polar decomposition if and only if it is tracial R-diagonal.
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3.  B-VALUED *-NONCOMMUTATIVE PROBABILITY SPACES

3.1 B-valued random variables, freeness, and x-cumulants

Definition 3.1.1. Let B be a unital x-algebra over the complex numbers. A B-valued
x-noncommutative probability space is a pair (A, E), where A is a unital x-algebra containing
a unitally embedded copy of B and EF : A — B is a positive, idempotent linear function that
restricts to the identity on B and satisfies £ (bjabs) = by E(a)bs for every a € A and by,b, € B.
If B and A are additionally C*-algebras (resp. von Neumann algebras), then we say (A, F) is a
B-valued C*-noncommutative probability space (resp. B-valued W*-noncommutative probability
space).

The mapping E is called a conditional expectation. Elements of A are called B-valued random

variables, or simply random variables.

In the case B = C, we recover the the definition of a x-noncommutative probability space.
Henceforth we fix a B-valued *-noncommutative probability space (A, E) over some unital *-
algebra B.

The B-valued probabilistic information about a random variable is captured by its B-valued

*-moments and B-valued *-distribution.

Definition 3.1.2. A B-valued moment of a family (a;);c; of random variables is an element of B

of the form

E(acqybr - - Gen1)bn-10:(m)),

where n € N, by,...,b,_1 € B, and ¢ € I". We typically consider a B-valued x-moment of a
single random variable a, which is a B-valued moment of the pair (a, a*).

Let B((X;)icr) be the universal algebra over C generated by B and the indeterminates (X} );c7.
The B-valued distribution of a family (a;);c; is the mapping © : B((X;);c;) — B defined by
extending

G)(bOAXVE(l)bl T Xs(n)bn) = E(bOas(l)bl T as(n)bn>
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linearly. When we refer to the B-valued x-distribution of a single random variable a, we mean the

B-valued distribution of the pair (a, a*).

One can mimic the proof Theorem 2.1.4 to prove an analogous property for B-valued *-

distributions. We could not find a reference to this well-known fact.

Theorem 3.1.3. Let (Ay, E1) and (As, E) be B-valued x-noncommutative probability spaces such
that Ey and Es are faithful, and suppose a; € Ay and as € A such that A; = Alg(B U {a1}) and
Ay = Alg(BU{az}). Then ay and as have the same B-valued x-distribution if and only if there is

x-isomorphism ® . A; — A, such that
(a) ® acts identically on B,
(b) ®(ay) = ay, and
(c) E30® = E.
Proof. Replace all instances of C(X, X*) by B(X, X*) in the proof of Theorem 2.1.4. O
Dan Voiculescu extended his notion of free indpendence to this more general setting.

Definition 3.1.4. Let (A;);c; be a family of *-subalgebras of A that each contains a unitally em-

bedded copy of B. This family of subalgebras is x-free over B if

whenever:
(a) n is a positive integer;
(b) e € I"sothata; € A.;) foreach 1 <i < n;
(c) Each q; is centered; i.e., E(a;) = 0forall 1 <i <mn;

(d) Neighboring elements are from different subalgebras; meaning, (1) # £(2),...,e(n—1) #
g(n).
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A family of subsets (X;);cs is *-free over B if the corresponding family of unital x-subalgebras

(Alg(B, X;))icr is =-free.

If (A;)ies is *-free over B and a4, . . . , a, satisfy the conditions above, then we have

E(a1b1 cee an_lbn_lan) =0

for any b4,...,b,_1 € B because we can let each b; be absorbed into one of its neighboring a;’s.
We will use this property when applying x-freeness because B-valued moments are of the form
E(ayby -+ an_1by_1ay).

Of course, the definition of *-freeness depends on the conditional expectation F. If there is
any ambiguity in which conditional expectation our discussion of *-freeness over B concerns,
we’ll replace “over B" with the terminology “with respect to E". If B = C, then *-freeness over
B is the same as *-freeness from Definition 2.1.5.

We recall the centering of a random variable a to be the random variable ¢ = a°, defined by
a =a— FE(a). Then a = a+ E(a). Thus every B-valued random variable is the sum of a centered
random variable and an element of B. We use this idea to show the first of many analogues of the

scalar setting. Compare the following example with Example 2.1.7.

Example 3.1.5. We use *-freeness over B to decompose mixed B-valued *-moments into B-
valued x-moments of the individual variables. Fix random variables a1, as that are x-free over B,

and let bl,bg,bg € B.

(1) We write a1byas = (a1 + E(aq))bi(az + E(az)). By *-freeness over B we have

E(aibias) = E(aibias)+E(ay)b E(az)+E(a1)bi E(as)+E(a)b1E(az) = E(a1)bi E(asg).

(2) The same technique applied to a, allows us to deduce

E(alblangcf{) = E(albld’gbgaf) + E(alblE(a2>bQCLT).

23



3)

By centering a; and aj, we can split the first of these terms into four new terms. Each of

these will vanish, so we conclude

E((Zlblagbga){) = E(alblE(CQ)bQ(IT).

We center a and a} to express F(ajbiasbeaibsal) as a sum of four terms. Two of these will

vanish, so we have

E(a?blagbgalbga;) = E(a*{bld}bzalbgd)’g) + E(afblE(ag)bwl)E(bga;).

We will simplify the first of these two terms. If a; is replaced by aj, then it will be zero

whenever aj 1s replaced by either ag“{ or E(a}). Thus we obtain

E(a*{bld’Qanlbgd;) = E((I){bldgng(al)b:;aO;) = E(a’{blE(d’ngE(al)bgd’é))

after centering dyby F(ay)bsas. Unpacking d, and aj yields

E(d’gng(al)bga();) = E(agng(al)b3a§) — E(ag)ng(al)ng((I;),

which implies

E(a’{blagbgalbga;) = E(a*{blE(agng(al)bga;)) — E(a’{)blE(ag)ng(al)ng(az)

+ E(a’{blE(ag)bgal)E(bga;).

In fact, *-freeness over B of a family of x-subalgebras is enough to determine the conditional

expectation on their generated x-algebra.

Proposition 3.1.6 ([10], Proposition 1.3). Suppose (A;)ics is a family of x-subalgebras of a B-

valued *-noncommutative probability space (A, E) that is x-free over B. Let A’ denote the x-
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algebra generated by | J,.; A;. Then E | s is uniquely determined by the family of maps (E |, )icr.

Proof. Due to linearity, it suffices to show

E(albl e 'anflbnflan) 3.1

is determined by (E' |4,)ics foreveryn € N, by,...,b,_1 € B, e € I", and a; € A,y for each
1 < j < n. We may further assume that neighboring a;’s come from different subalgebras, for if
a;,a;+1 are in the same subalgebra, then we could combine a;b;a;, to obtain a single element of
that algebra. Thus €(1) # £(2),...,e(n — 1) # &(n).

We proceed by induction on n. When n = 1, this is clear. In the general case, we center the

random variables to get

E(a1b1 cee an_lbn_lan) = E((dl + E(Cll))bl s (Clno_l + E(an_l))bn_l(dn + E(an)))

= E(aib; - - - a,_1b,_1a,) + other terms,

where the other terms are of the same form as the moment (3.1) but with a length less than n. The
term E(a1b; - - - a,_1b,_1a,) vanishes by x-freeness, and the other terms can all be written using

the maps F|4,, ¢ € I, by the induction hypothesis. This completes the proof. 0

Now we present the free product construction of *-noncommutative probability spaces.

Definition 3.1.7. Let (A;);c; be a family of *-algebras that contain a unitally embedded copy of
the x-algebra B. The algebraic free product x-algebra with amalgamation over B, denoted by
* 5 A;, is the free x-algebra generated by | J
;lele relations identifying the x-subalgebra B within all A;, ¢ € .

;e1 Ai modulo the relations within A; for each i € I and

Each x-subalgebra A; is viewed as its image under the canonical embedding A; — xgA;.
i€l

Theorem 3.1.8 ([8]). Let B be a C*-algebra and let ((A;, E;))ic; be a family of B-valued *-

noncommutative probability spaces. There is a conditional expectation E = xgF; on A = xgA;
iel iel
such that
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(a) (A, E) is a B-valued x-noncommutative probability space,
(b) E|a, = E; foreachi € I, and
(c) (A;)ier is x-free over B with respect to E.

Similar constructions exist for families of C*-noncommutative probability spaces and W*-
noncommutative probability spaces. These free product constructions are incredibly useful to con-
struct a space with desired families of *-free random variables. For example, if we have B-valued
random variables a; and a, that are in different B-valued *-noncommutative probability spaces,
then the free product construction with amalgamation over B produces a space having copies of a;
and a, that are x-free over B.

We’ll end the section with a formulation from [3] of Speicher’s B-valued cumulant maps.

Definition 3.1.9. Suppose (a;);e; is a family of B-valued random variables. Denote J = (J, . 1"
Given n € Nand j € I", the corresponding cumulant map «;; : B"~' — B is defined recursively

by the B-valued moment-cumulant formula

S(aj(l)blaj(g) s bn,laj(n)) = Z é(j (W)[bl, e bnfl], (32)
7TENC(n)
where NC(n) is the set of all noncrossing partitions of {1,...,n} and, given 7 € NC(n), &;(7) is

a multilinear map defined in terms of «;; for each j’ obtained by restricting j to a block of 7. More

precisely, if m = 1,,, then

dj(ﬂ')[bl, .. ,bnfl] = aj(bl, Ce ,bnfl),

and for  # 1,,, we choose an interval block {p,p+1,...,p+¢—1} € mwithp > land g > 1,
and let 7' € NC(n — ¢) be obtained by restricting 7 to {1,...,p — 1} U{p+¢q,...,n} and then

renumbering to preserve order. Then, with ;' = (j(1),...,j(p —1),5(p+q),...,j(n)) € "4
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and j" = (j(p),...,j(p+q—1)) € I we have

dj(ﬂ')[bh .. -;bn—l]

(
dj/(ﬂ'/)[bl, ceey bp_g,

bp—laj”(bpp e 7bp+q—2)bp+q—17
- bp-l—q?"'abn—l]a p22ap+q_1<n7

dj’<7rl)[b17 s bp—Q]bP—laj"(bpv T 7bn—1)7 p=22,ptqg—1=n,

CYj//(bl, c. ,bq,1>bq@j/<ﬂ',)[bq+1, c ,bnfl], P = 1, qg<n.

\

The collection of maps () ;e are called the B-valued cumulants of (a;);e;. The B-valued

«-cumulants of a random variable a are the B-valued cumulants corresponding to the pair (a, a*).

Recall that an inverval block can always be found within a noncrossing partition by Lemma
2.1.9. It also does not matter in which order the interval blocks are chosen. The following example

illustrates the process of defining ¢;() in terms of a;/’s of smaller size.

Example 3.1.10. Fix ay,as,...,a3 € A and by,by,..., a7 € B. First, we compute the map
d(1,27374,576,778)( MTT1TT]). At each step of the recursion, we choose an interval block to introduce
a factor of a. If this interval block is on the left or right end, then this factor appears on the left or
right side, respectively. Otherwise, the factor is nested within one of the arguments. This process

results in the computation

0(1,2,3,4,5,6,7,8) ([T TT1TT1)[b1, ba, bs, by, bs, bg, br]
= a1,2)(b1)b26G(3,45.6,7,8)([T1TT1) (D3, ba, bs, b, b7]
= a(l,?)(bl)de(SA,E))( [l )[53, 54]5504(6,7,8) (bG; b?)
= o(1,2)(b1)b20v(3,5) (M) [bsv(a) balbsvs,7.3) (bs, br)

= 04(1,2)(51)5204(3,5)(b3a(4)b4)b50é(6,7,8)(bﬁ, b7)-
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Note how this is closely related to using the block structure of [1[1[T] to parenthesize the a;’s in
the word

a1byasbsasbzasbiasbsasbearbras

into

(alblag)bg (agbg (a4)b4a5)b5 (a6b6a7b7a8),

and then replacing each pair of parentheses with the cumulant map whose index is determined by
the a;’s appearing within the given pair of parentheses and whose arguments consist of the terms
between these a;’s.

We use this method on another example. Given the noncrossing partition [TiTr11 in NC(8),
we parenthesize the word

a1byagbaasbzasbsasbsasbsarbras

into

(a1 b1a2b2 (ag)b3a4b4 (a5b5 (aﬁ)bgay)bmg) .

Therefore

(34(1,2,3,4,5,6,7,8)( [ Nl )[b1,b2753, by, s, be, b?] = 04(1,2,4,8)(bl>b204(3)53,b404(5,7)(b504(6)56)b7)-
Now that the connection between ¢;’s and «;’s is more clear, we compute some cumulants.
Compare the following example to Example 2.1.11.

Example 3.1.11. Using the B-valued moment cumulant formula (3.2), we write the first few cu-

mulants in terms of moments. Fixn € N, a;, as,...,a, € A,and by,bs,...,b,_1 € B.
(1) When n = 1, we immediately get E(a1) = &a)(1) = o).

(2) When n = 2, we have

E(aibias) = caay(11)[b1] 4+ G2 (M) [01] = aqybiaa) + a,2)(b1),
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so that 04(172) (bl) = E((Ilblag) — E(al)blE(ag).

(3) When n = 3, the moment-cumulant formula yields

E(a1biasbyas) = 2,3 (111)[b1,b2] + 12,3 (1 11)[b1, ba] + A1,2,3)(T71)[b1, ba]
+ Qv 1,2,3) (TT1)[b1, ba] + G1,2,3)(TT1)[b1, ba]
= blOé(Q bQCY + a(l)bla 2 3)(52) + Q(1,3) (bla bg)

+ Q1,2 (bl)bz& + 0(1,2,3) (b1, ba),
which implies

123 (b1, by) = E(arbyashyas) — E(ay)by E(az)byE(as)
— B(a1)bi[Bazbyas) — E(as)byE(as))
— [E(aibi E(az)bsas) — E(ay)by E(a)by E(as)]
— [B(aibiaz) — E(a1)b1E(as)]bsE(as)
= E(arbiashsas) — E(ay)by Easbyas) — E(aibiE(as)bsas)

— E(Cblblag)ng(a3) + 2E(a1)b1E(6L2>b2E<(l3).

As was the case in the scalar setting, we will use the B-valued cumulants to study a special

class of random variables: the B-valued R-diagonal random variables.
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3.2 B-valued R-diagonal and circular random variables

Let B be a unital x-algebra and (A, ) be a B-valued *-noncommutative probability space.
We begin by introducing the B-valued analogue of R-diagonal random variables. Unlike the scalar
case, we will start with definition involving moments before seeing the natural generalization in

terms of cumulants.

Definition 3.2.1. Given n € N and ¢ € {1, *}", the maximal alternating interval partition of
o(e) is the interval partition of {1,...,n} whose blocks V' are the maximal interval subsets of

{1,...,n}suchthatif j € Vandj+ 1€ V, thene(j) #e(j + 1).
For example, if ¢ = (1,1, %, %, %, 1, %), then o(e) = {{1}, {2, 3}, {4}, {5,6,7}}.

Definition 3.2.2. A B-valued random variable « is said to be B-valued R-diagonal if for every

k> 0andby,...,by € B we have
E(abla*bgabga* tee bgk_gabgk_la*bgka) == O,

(i.e., odd alternating moments vanish) and, forn > 1, ¢ € {1,*}", and by, by, ..., b, € B we have

e I ((mmen) - (1meen) ) ) <o

where the terms in each of the three products are taken in the order of increasing indices.

Before listing some important characterizations of R-diagonal random variables, we’ll need

some notation.
Definition 3.2.3. A unitary u € A is called a Haar unitary if E(u*) = 0 for all k > 1.

In the scalar situation, this condition is enough to determine the entire *-distribution of Haar
unitaries. In fact, the definition of R-diagonal was motivated as a generalization of Haar unitaries.
However, due to the nature of B-valued *-distributions, a Haar unitary in the B-valued setting may

not be R-diagonal. Some of these nuances are explored in Section 4.1.
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Definition 3.2.4. The B-valued *-noncommutative probability space (A’, E') is said to be an
enlargement of (A, E) if there is an embedding § : A — A’ so that §(b) = b foreach b € B
and F'(0(a)) = E(a) for each a € A.

The following theorem, which appears in [1] and parts of which appear in [7], gives some useful
characterizations of B-valued R-diagonal elements that include a generalization of Theorem 2.2.6

to the B-valued setting.
Theorem 3.2.5 ([1], Theorem 3.1). Let a € A. The following are equivalent:
(a) ais B-valued R-diagonal.

(b) The only non-vanishing B-valued *-cumulants of a (namely, cumulants of the pair (a,, as) =
(a,a*)) are those that are alternating and of even length. That is, oc; = 0 unless j is of the

form (1,2,....1,2)or (2,1,...,2,1).
(c) There is an enlargement (A', E') of (A, E) and a unitary u € A" such that
(i) u commutes with B,
(ii) wis a Haar unitary,
(iii) u and a are x-free with respect to E', and
(iv) a and ua have the same B-valued *-distribution.

(d) If (A", E') is an enlargement of (A, ) and v € A’ is a unitary such that

(i) u commutes with B and

(ii) u and a are x-free with respect to F’,
then a and ua have the same B-valued x-distribution.

Condition (b) of the above theorem is the familiar property that defines scalar R-diagonal ran-
dom variables (see Definition 2.2.4). It will be referred to as the cumulant property of R-diagonal

elements, whereas Definition 3.2.2 will be called the moment property of R-diagonal elements.
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In light of the cumulant property for a B-valued R-diagonal a, we can simplify the notation
for the B-valued *-cumulants of a. Instead of considering the cumulants () e, indexed by J =
Unentl, 2}, we will work with the two sequences (5,21));C and (5;(3)% defined by 5,&1) = Q(12,.1,2)

and 6,22) = 02,1,..2,1)

Definition 3.2.6. A polar decomposition of a random variable a in a *-noncommutative probability
space is a pair (v, p) in some B-valued *-noncommutative probability space such that v is a partial
isometry, p is positive, and the B-valued *-distribution of a and vp coincide.

Furthermore, if v and p are x-free over B, then the pair is said to be a free polar decomposition.

In the scalar setting, every R-diagonal element in a tracial C*-noncommutative probability
space has a free polar decomposition Theorem 2.2.9. The analogous statement does not hold in the
B-valued setting. In order to present an example showing this phenomenon, it will be convenient
to decribe traciality in terms of the cumulants of an R-diagonal random variable. The following

proposition, due to Boedihardjo and Dykema, does precisely this.

Proposition 3.2.7 ([1], Proposition 5.1). Let a € A be a B-valued R-diagonal element and T be a
trace on B. Then T o E restricted to Alg(B U {a,a*}) is tracial if and only if, for all k > 1 and all

bi,...,bo € B, we have

(B (b1, - by )bok) = 70182 (b, - b))

Since we hope to build an example using cumulants, it will be helpful to consider a very

particular type of R-diagonal which has even fewer nonvanishing cumulants.

Definition 3.2.8. A B-valued random variable a is B-valued circular if «; = 0 whenever
i€ JN\NA(1,2),(2,1)}, where J = ,-,{1,2}", and («;)je; are the cumulant maps
associated to the pair (a1, az) := (a,a*).

Clearly a B-valued circular element is also B-valued R-diagonal with cumulants B,(:) = ,(f) =

0 unless £ = 1. Nonetheless, we will favor the notation «(; 2y and /3 1) for the nonvanishing

B-valued *-cumulants of a B-valued circular element.
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The next lemma is nothing more than a restatement of the moment-cumulant formula (3.2)
for B-valued circular elements. It will prove to be useful for computations appearing later in this

section and in Section 4.3.

Lemma 3.2.9. A B-valued random variable a is B-valued circular if and only if

E(a]1b1 e ajnflbn_la/jn)

= Y g biE(agbe - a, by 1)bE (s, by -+ 4, baray,) (3.3)
{P‘J‘p#jl}

holds for everyn > 1, by,...,by1 € B, and j = (j1, ..., jn) € J = >, {1, 2}".

Proof. Given any n > 1 and tuple j € {1,2}", consider the set T" of all triples (k,n’, 7"), where
2 < k < nsuch that j; # j,, m € NC(p —2), and 7”7 € NC(n — p). We describe a bijection
between 7" and the set IV of all noncrossing partitions 7 € NC(n) such that the block of 1 is
{1,p}, where j; # j,. Given a partition 7 € N, we define 7’ and 7" by restricting 7 to the sets
{2,...,p—1}and {p+1,...,n}, respectively, and renumbering to preserve order. Note that this
gives a bijection because a triple (p, 7', 7”) can uniquely determine a partition 7 € N such that
{1,p} € 7 and both 7" and 7" are the appropriate restrictions of 7. With this correspondence, we

have

G;(m)[br, - -y by

= () (018G, jp) (T ) [b2, - - s bp2]bp1)bpCi i) (T ) Dpg1s - - ]

for every by, ...,0,_1 € B. Keeping this correspondence in mind, we use the moment-cumulant

formula to write

E(ajlbl s ajnilbn_la%) = Z dj(’ﬂ')[bl, e ,bn_l]

7TeNC(n)
=Y &My baal Y ai(m)[by, bl
TEN TENC(n)\N
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We claim that the second sum over NC(n) \ N will vanish foralln > 1, by,...,b,_1 € B, and
j € {1,2}"™ if and only if a is B-valued circular. In this case, we can combine the two displayed

equations above to obtain (3.3); namely,

E(ajby -+ - aj,_,byaj,)

- Z a;(m)[be, - ..y buei]

TeEN

= D 0 5016y (T b2, - bp2]bp1)bpGy 1) (T By - - b

(p,ﬂ'/,ﬂ'”)ET
- Z a(jhjl’)(bl Z d(]é ~~~~~ jpfl)(ﬂ,)[b% s 7bp72]bp71)
{plip#i} 7' €ENC(p—2)
b D GG ()b buc]
m""eNC(n—p)
- Z Oé(-]ldp) (blE(aj2b2 T a’jp—lbpfl))pr<a/jp+lbp+l U a’jn—lbﬂfla_jn>7
{plip#i1}

where the last equality follows from two more applications of the moment-cumulant formula.

It remains to show that

> ()b, e =0

7ENC(n)\N
foralln > 1, by,...,b,_1 € B, and j € {1,2}" if and only if a is B-valued circular. Given
m € NC(n)\ N, let {1 < ky < --- < ks} be the block of 7 containing 1. Then the expression
&;(m)[by, ..., b,—1] can be written as a product involving the map Q(j1 iy remin,)- THIS Map is not
Q(1,2) OF (2,1) because ™ € N, so if a is B-valued circular, then this map is zero and consequently

&;(m)[by, - .., by—1] = 0. Conversely, suppose a is not B-valued circular, and let j ¢ {(1,2),(2,1)}

be of minimal length such that «; (b1, ..., b,_1) doesn’t vanish for some by, ...,b,_; € B. Then,
by minimality, the map «a;, j,. ... j..) Will vanish unless j = (ji, jk,, - - - , jk, ), Which implies
> d(m)brs . baoa] = d(Ln)[by, - baa] = by, bast) # 0. O
7ENC(n)\N
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One advantage of using B-valued circular elements is that they can be built from a semicircular

family.

Definition 3.2.10. A family (x;);c; of self adjoint B-valued random variables is centered B-valued
semicircular if ; = 0 for every j € J := |J,-, [" of length not equal to 2, where (7;),e s are the

cumulant maps of the family (x;);c;.

We essentially repeat Lemma 3.2.9, except now for a centered B-valued semicircular family.

Note the difference in the index of the sum.

Lemma 3.2.11. A family (x;);c; of B-valued random variables is centered B-valued semicircular

if and only if for everyn > 1, by,..., b,y € Byand j = (ji, ..., jn) € J := U, I

E(xj,by -2, by 175,)

= Z 7(j17jp)(b1E<xj2b2 o .:ij—lbpfl))pr(xjp+lbp+1 U xjnflbnflxjn)'

p=>2
Proof. Similar to the proof of Lemma 3.2.9. [

The following proposition formalizes the connection between B-valued circular elements and
centered B-valued semicircular pairs. It appears as Proposition 6.1 in [1]. We include a detailed

proof.

Proposition 3.2.12 ([1], Proposition 6.1). Suppose a is an element of a B-valued x-noncommuta-

tive probability space and let

a—+a* a—a*
and To =Ima =
2 2 2i

1 = Rea =

Let J = U,>1{1,2}", (@)jes be the cumulant maps for (a1, az) = (a,a*), and (7;);es be the
cumulant maps for (x1,x3). Then a is B-valued circular if and only if (x1,xs) is centered B-

valued semicircular, y(1,1) = 7Y(2,2), and Y(1,2) = —Y(2,1)- Under these conditions we have

1 1
Yy = 1(04(172) + v 2,1)) and Y2 = 1(04(172) — Q(,1))-
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Proof. Suppose a is B-valued circular. Using the moment-cumulant formula we discover

E(a) = E(a*) = E(aba) = E(a*ba™) = 0,
E(aba™) = a,9)(b), and

E(a*ba) = o 21y(D)
for all b € B. Therefore (1) = E(z1) = 3(E(a) + E(a*)) = 0 and

Ya)(b) = E(zibz1) — va)by

= }l(E(aba) + E(aba™) + E(a"ba) + E(a"ba™))
= %l(au,z)(b) + ag1) (D).

The relations 7(y 1)

Y(2,2) and Y@a,2) = —Y(©e1) = %(04(172) — Oz(gyl)) follow similarly.

To prove (x1,z5) is centered B-valued semicircular, we will show the condition in Lemma

3.2.11. Fixn > 1,by,...,b,_1 € B,and j1,...,J, € {1,2}. We begin by using Lemma 3.2.9 to

obtain

E(zjby - xj,_,bp17,)
1 , 4
— 2_n(_i)\{slys=2}\ Z (_1)|{s|js=ks=2}\E(aklbl g ba_1ag,)

= L ysti= SO (—)flihe)
2n

kl,...,knE{l,Q}

> iy (1B arba - ak, by 1))bpE(an, by -+ ak, by 10,
{p|kp7£k1}
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L] S (—1)zzicken)
2n

[ > k) (b E(arbs - ax,_ by 1)bp Bk, bpi -+ Gk, busran,,)

{plkp=2}

+ Y (=D, (1 E(arbs - ak, by 1))y E @k, bpir - - @k, b1, |-

{plkp=1}
For each choice of ks, ..., k, € {1,2} and each p € {2,...,n}, we have a term involving either
Q(1,k,) OF Q24,), depending on whether k, = 2 or k, = 1. Thus we can instead iterate over

p€{2,...,n}and ky,... . ky_1,kpi1,. ..,k € {1,2} and include the terms for both o ) and
a(2,1). This yields

E(l'jlbl s xjn_lbnflxjn)

1

\{Sljs—Q}l |{8>2 s#pljs=ks=2}|
== 2. > =

p>2 koe{1,2}
§>2, 57£p

[(—1)%2 0y 2y (by E(agybs - - - ar,_,bp—1))bpE(aky s byt + +* gy, bnsays,)

+ (—1)6“’2a 2,1) (b1 E(anybs - - - Ak, 0p—1))bp By, bpir - - Ak, b1, )]

- _ \{SI js=2}| |{5>2 s#pljs=ks=2}|
= (T D (- /

p>2 kye{1,2}
§>2,s7#p

[(=1)%72aq,9) + (=1)12a@ | (b E(arbs - - - ar, by-1))bpE(ak,, bps1 - - ar,  boray,).
After rearranging, we end the computation with two reversals of our first step to get

E(xj by -z, by 115,)

(i) Pt [(— 1)z o) + (—1)%12a )]

P>
( (21’ 5 {2<s<p 1|js=2} Z (_1){2<s<p1|js=ks=2}ak2b2...akp_lbp1))

ka,....kp—1€{1,2}

>-I>I>—‘

1 . s<nl|js= s<nljs=ks=
pr<2n_p<_Z){p+l< <nljs=2} Z (_1){p+1g <nljs=ks Q}ka+1bp+1"'akn_1bn1akn)

Kpr1,eenkin €{1,2}
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1, s . . .
— Z Z(—Z)(S“’Q—HS””Q[(—1)5“”206(172) + (_1)571720[(271)]

p>2

(01 E(xryb2 -+ @,y 0p—1))bp E (T, bpir -+ Tk, b1 T, )

It only remains to prove that

1 Ny . . .
Z(—Z)a“’ﬁé“”Q[(—1)5“”’204(172) + (—1)°200.1] = Yi0)-

Denoting the left-hand side of this equation by L(j, j,), we consider each of the four cases.

1
L(1,1) = —(aq2 + aey) = Y1)

jl — jp =1 — 1

h=1Jpy=2 = L(1,2)=(aay —aen) =702

. . —1

h1=2j,=1 = L(2,1) = Z(O‘“” —apy) = Ve
o 1
h=Jjp=2 = L(2,2) = —(an2 + az1) = V22

4

Conversely, the moment-cumulant formula implies o ;1) = a(22) = 0 and

a2 =2y —va2)  and ey = 2(van +1Y0.2)-

The rest of the proof follows similarly to the forward direction.

]

We will use this proposition to build a B-valued circular element with specified cumulant maps

by first appealing to Shlyaktenko’s construction [6] to obtain a B-valued centered semicircular

pair. Starting with completely positive linear functionals o 2) and 2,1y on B, the maps ; j), for

1,7 = 1,2, form a covariance matrix. Shlayktenko’s construction produces a semicircular system

(21, 22) having cumulant maps (7(; )i =1, Within a B-valued C*-noncommutative probability

space. Thus a = x; + iz, is a B-valued circular element with cumulant maps o ; 2) and oz 1).

Therefore, given completely positive cumulant maps 2y and a3 1), we can obtain a B-valued

circular element in a B-valued C*-noncommutative probability space having these cumulant maps.
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Example 3.2.13 (Tracial C*-circular without free polar decomposition, [1], Example 6.8). Set
B = C?andlet (A1, \2) = %()\1 + A2) define a trace on B. Define linear functionals o1 2), ov(2,1)

on B by

A1 A
a(l,Q)(Ala >\2) = (éa ?1 + /\2>

A+ A
a@1)(An, A2) = ( - 2,)\2) -

2

The maps «(; ) and 1) are completely positive, so there is a C*-noncommutative probability
space (A, F) containing a B-valued circular element a having these as its cumulant maps. We may
assume A is the C*-algebra generated by BU{a}, and that the GNS representation of B is faithful.
Due to Proposition 3.2.7, 75 o F is a faithful tracial state on A.

However, a does not have a free polar decomposition. To prove this by way of contradiction,
we suppose there exists « and p in some B-valued C*-noncommutative probability space such that
u is a Haar unitary, p is positive, u and p are *-free over I3, and a and up have the same B-valued

x-distribution. Then we have
E(p*) = E(a*1pa) = a@(1,1) = (1,1) = 15,
which leads to the contradiction
22

(1 3) — aps (L 1) = E(alpa’) = E(upu") = BEWE@)u*) = E(ulpe’) = (1,1).

Therefore a cannot have a free polar decomposition.
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4. DECOMPOSITIONS IN B-VALUED SPACES

4.1 Classes of B-valued Haar unitaries

Let B be a unital x-algebra and (A, E') be a B-valued *-noncommutative probability space.

Definition 4.1.1. Given an element ¢ € A, a x-moment
E(a*Mb1a*@by - - a* Vb, _1a5M),

withn € N, by, ..., b, 1 € B,and ¢ € {1, *}", is said to be unbalanced if the number of *’s differ

from the number of non-%’s; i.e.,

#i () =1} # 5.

An element ¢ € A is called balanced if all of its unbalanced *-moments vanish. An element that

1s not balanced is called unbalanced.

It’s an easy consequence of the moment-cumulant formula and the cumulant property of R-
diagonal elements (see Theorem 3.2.5(b)) that every B-valued R-diagonal element is balanced.
It’s also clear that if a unitary is balanced, then it is a Haar unitary;i.e., £ (uk ) = 0 for all integers

k> 1.
Definition 4.1.2. A unitary u € A is said to normalize B if ubu*, u*bu € B for every b € B.

Normalizing Haar unitaries will play an important role in the next section. It follows from
the moment property of R-diagonal elements (see Definition 3.2.2) that every normalizing Haar
unitary is R-diagonal. Indeed, when u normalizes B, for each b € B there is V', 0" € B satisfying
ub = b'u and u*b = b"u*. Consequently, odd alternating moments vanish because, given any

k > 1 and bl, R ,ka € B, there is by € B such that ubiu*by - - - bop_subgp_1u*bopu = bou. Fix
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n>1,e€{l,%}", and by, ...,b, € B, and consider the expression

E( ]] ((H uf@bj) - E (H u‘f@‘)bj)) . (4.1)
Veo(e) JjeVv JeEV

If Vj is an alternating interval block in o(g) of even length, then || Ve uYb; € B and conse-

(H ua(j)bj) — E (H US(J‘)bJ,)
JEVD JeVo

vanishes. Thus (4.1) vanishes. If there is no block of even length, then every block in o (¢) has odd

quently the term

length. Thus

E <H (f(f)bj) =0

jev

for each V' € o(¢), so expression (4.1) becomes

E H ((H us(j)bj> _E (H us(j)bj>) _ E(Us(l)bl » ~u€(")bn)

Veo(e) JeEV JjeVv

for some by € B and k € Z. Since there are no even length blocks in the maximal alternating
interval partition, there must an unqual number of 1’s and *’s. Thus &£ # 0, so (4.1) vanishes by
the Haar property. This completes the proof that u is R-diagonal.

The following is a summary of these basic facts.
Normalizing Haar unitaries C R-diagonal unitaries C Balanced unitaries C Haar unitaries

In the case B = C, a Haar unitary is trivially R-diagonal and thus also balanced. The notion
of normalizing is also redundant because every element normalizes the scalars. Thus all of these
inclusions are actually equalities. This is not the case more generally. The next three examples

will show that each inclusion is strict outside the scalar setting.
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Example 4.1.3 (Unbalanced Haar unitary). Let A = M,(C(T)) be the algebra of 2 x 2 matrices
with entries from the continuous functions on the circle. We identify B = C? with the subspace
of A consisting of diagonal matrices whose entries are constant functions. Let £ : A — B be the

conditional expectation given by

g Ju iz _ 7(f11) 0 ’

for fa 0 7(fa2)

where 7 is the trace on C(T) given by integration with respect to the Haar measure on T. This
gives the B-valued C*-noncommutative probability space (A, E).
Let v € C(T) be the identity function; namely, z — z. Then v is a Haar unitary in C'(T) with

respect to 7. By identifying A with M5(C) ® C(T) in the usual way, we define the unitary

u=pRuv+(l—p)Rv* € A,

where the projection p € M,(C) is given by

1(1 1
p — —
2l1 1
Since u* = p @ v + (1 — p) @ (v*)*, we have
1 [ 7(v%) + 7((v*)F 0
by = L [0
0 7(v%) + 7((v*)¥)

Hence w is a Haar unitary.

To see that u is unbalanced, we consider the matrix unit e;; € M»(C) as an element of B and
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compute

1 [v+v* 0 v+vt ov—0F
E(ueju) =FE 2
v—ov* 0 v—v" v+t
e 1 U2 + (U*)Q + 2 U2 - (U*)2
4 V2 (0%)? 0+ (v)? — 2
1(1 O
2\o0 -1

We conclude that « is an unbalanced Haar unitary.
The following example follows a similar pattern.

Example 4.1.4 (Balanced unitary that is not R-diagonal). Letv = 1 - (1,0) and w = 1- (0, 1) be
two commuting Haar unitaries in the group C*-algebra C*(Z x Z) with respect to the canonical

trace 7, which is defined by

T Z C(n,m) * (n, TTL) = €(0,0)-

(n,m)€EZXZ

Note that v"w™ =1+ (n,m), so
T(v"w™) = 0forall (n,m) € Z x Z\ {(0,0)}. 4.2)

Let A = My(C*(Z x Z)), and identify B = C? with the set of diagonal matrices whose entries
are only supported on the identity element (0, 0) of Z x Z. By defining the conditional expectation

E:A— Bby

g1 g 7(9g 0
B 11 912 _ (911) 7
g21 g22 0 7(922)

we have the B-valued C*-noncommutative probability space (A, £).
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Taking p as in Example 4.1.3, we define the unitary

u=pRv+(1-p Quw.

To show this is a balanced Haar unitary, we fix an unbalanced B-valued *-moment

T = ua(l)bl L ua(n—l)bn_lua(n)’

where n € N, by,...,b,-1 € B, e € {1,*}",and m = #{j | €(j) = 1} is not equal to n/2.

Observe that = is a 2 x 2 matrix (a;;), where each entry is of the form

Since m # n/2, we cannot have both k£ = ¢ and m — k = n — m — { occuring simultaneously.
We deduce from property (4.2) that each term u* (u*)‘0™~*(v*)"~™~* inside the sum has a trace of
zero. Consequently 7(a;;) = 0 for each ¢ so that F(x) = 0. Therefore u is a balanced unitary.

We show u is not B-valued R-diagonal by showing that it violates the moment condition

Definition 3.2.2. More precisely, we aim to prove

E([u*biu — E(u"byu)|bs[ubsu™ — E(ubsu®)]) # 0

for some by, by, b3 € B. To this end, we compute

b 1 bgl)(v*—l—w*) ng)(v* —w*) vtw v—w
11U = -
4 bV —w*) b +w)) \v—w v+w
1208 107+ 0 = ) (0wt 4 vtw) (01 = ) (vw* — v*w)
1 —(0" = b (vw* — v*w) 20" + ) — (0" = b)) (v + v*w)
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which gives
1), 32
1[0y +0b 0
E(u*bu) = 5 ' '
0 bV + o

and consequently

(1) (2) * " (1) (2) . .
1| (b7 =017 (vw” +v*w b — N (pw* — v*w
U*b1u — E(u*blu) — ( 1 1 )< ) ( 1 1 )( )

—(bgl) _ b@)(vw* — v*w) _(bgl) _ b§2))(vw* +vtw)

Similar computations yield

bY — b (vw* 4+ vrw) — (b — b)) (vw* — v*w
o ey = [ 8 ) =" =8 )

1
4 (bgl) _ béz))(vw* _ 'U*’U]) _(bél) o b:(f))(/(]w* 4 U*UJ)

Using these relations and the identities

(vw* + v*w)? = 2 + v*(w*)? + (v*)*w?
(vw* + v w) (vw* — viw) = v} (w*)? — (v*)*w?

(UU)* . v*w)2 - _9 4 UQ(w*>2 4 (U*)2w2,

we obtain

E([u*byu—E(u*byu)]bylubsu® — E(ubsu™)])

(B = o) (0" = o) (04— v:7) 0

0 8 = 00" - ) (5" - 857)

1
8

Taking b, by, b3 to all be the matrix unit e;; ensures the above expectation is nonzero. Therefore

the balanced unitary u is not B-valued R-diagonal.

Before presenting the third example, we remark on a fifth class of unitaries that will be closely

connected with the class of R-diagonal unitaries. Every R-diagonal unitary w trivially appears as
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the polar part of the polar decomposition ul 4 of a B-valued R-diagonal element. This leads to
the following question: If a unitary appears in the polar decomposition of a B-valued R-diagonal
element, does the unitary have to also be B-valued R-diagonal? The following proposition, which

is a generalization of Proposition 5.2 from [1], answers this question in the affirmative.

Proposition 4.1.5. Let B be a von Neumann algebra and (A, F) be a B-valued W*-noncommuta-
tive probability space. Suppose a € A is B-valued R-diagonal and a = v|a| is the polar decompo-

sition of a. Then v is B-valued R-diagonal.

Proof. Due to the amalgamated free product construction for von Neumann algebras, we may
assume without loss of generality that there is a Haar unitary u € A that commutes with B and is
x-free from a over B. Thus u and v are x-free over B. Using Theorem 3.2.5(c), we realize that a
and ua have the same B-valued *-distribution. Therefore, since we are in a W*-noncommutative

, the elements v and vwv must have the

probability space and the polar decomposition of ua is uv|a
same B-valued x-distribution. Now we may employ Theorem 3.2.5(d) to get that v is B-valued

R-diagonal. 0
We’ll also need the following lemma for our third example.

Lemma 4.1.6. Let B be a unital C*-algebra with a faithful trace T and let (A, E) be a
C*-noncommutative probability space such that T o E is a trace. If u normalizes B with the

automorphism 0 on B defined by 0(b) = u*bu, then
(a) unormalizes ker(E),
(b) E(u*zu) = 0(E(z)) forall x € A, and
(c) E(uzu*) = 07Y(E(x)) forall x € A.

Proof. Assuming (a) holds and writing © € A as ¢ = & + E(z), we have u*Zu, uzu* € ker(E) so
that
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and

E(uzu*) = E(uiu*) + E(uE(z)u*) = 71 (E(x)).

Hence it suffices to prove (a).

Let x € ker(E). By the traciality of 7 o £/, we have

T(E(u zu)*E(u*zu)) = (1 o E) (v " uE(u*zu))
= (1o E)(z"uE(u"zu)u")

= (to E)(z*0 Y (E(u*zu)))

The faithfulness of 7 gives E(u*zu) = 0. Similarly E(uzu*) = 0, which completes the proof. [
Now we can go forward with our final example of the section.

Example 4.1.7 (R-diagonal unitary that is not normalizing). Let B = C?. Recall the example
(see Example 3.2.13) of the B-valued circular a that does not have a free polar decomposition. By
considering the von Neumann generated by the algebra in that example, we can consider the polar
decomposition u|a| of a. Proposition A.1 of [1] shows that u is a unitary, and so by Proposition

4.1.5, u is B-valued R-diagonal. We will use the cumulants of a

AMA
06(1,2)()\1, o) = (?1, ?1 + )\2)

A+ A
a@1)(An, A2) = ( . 2,/\2>

2

to show that v fails to normalize B.
Assume u normalizes B with the automorphism 6 on B defined by 6(b) = u*bu. We hope to

find a contradiction. The example has B equipped with a faithful trace 7 such that 7 o E is a trace,
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so we can apply part (c) of Lemma 4.1.6 to obtain the relation
E(aa*baa*) = E(u|al*u*bula)®*u*) = 6~ (E(|a*0(b)|al?)) = 6~ (E(a*ab(b)a*a)) (4.3)

forallb € B.
Set b = (1,—1). With the use of the moment cumulant formula, we verify that the leftmost

expression of (4.3) is equal to

w1 % 1 13
E(aa baa ) = &172(13)()&172(13) + 04172(04271(b)) = <Z, _Z) .

Since there are only two automorphisms on B = C2, we can easily compute the rightmost expres-

sion of (4.3) for either case. If 4 is the identity on B, then the rightmost expression is

0~ (E(a*ab(b)a*a)) = E(a*aba*a) = az1(1p)baz1(1p) + az1(a2(b))

Il
N
\.i—‘
|
NOR L
~_

If 4 is the flip on B (i.e., 0((A1, A\2)) = (A2, A1)), then we have
9—1(E(a*a9(b)a*a)) = 9_1(04271(13)9(17)@271(13) + a271(a172(9(b)))) - (_ _1) ]

In either case we have verified that equation (4.3) is violated. Therefore the R-diagonal unitary u

does not normalize B.
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4.2 Even decompositions

Definition 4.2.1. A B-valued random variable ¢ in a B-valued *-noncommutative probability
space is said to be even if all of its odd B-valued x-moments vanish; that is, if for all n € N,

ee{l,*x}* andby,..., by, € B, we have
E(aa(l)bl . aa(2n)62naa(2n+l)) —0.

The only previously known result regarding free decompositions of general operator-valued
R-diagonal elements is due to the work of Boedihardjo and Dykema. Their work includes in the

following theorem, which appears as part of Proposition 5.5 in [1].

Theorem 4.2.2 ([1]). Suppose B is a unital x-algebra and (A, E) is a B-valued x-noncommutative
probability space. Fix a random variable a € A and an automorphism 0 of B. Then a is B-valued

R-diagonal and the kth order B-valued cumulant maps /6’,9) and 5,&2) satisfy

B (b1, 0(bs), b, - -, O(bag—2), bor—1) = OB ((b1), by, O(bs), . .., bog_s,0(ba_1)))  (44)
if and only if there exists a B-valued x-noncommutative probability space (A’, E') containing
elements s,u € A’ satisfying the following properties.

(a) s is an even self adjoint element.

(b) u is a B-normalizing Haar unitary with u*bu = 6(b) for all b € B.
(c) uand s are x-free over B with respect to F'.

(d) a and us have the same B-valued x-distribution.

One of the limitations of this theorem, compared to the situation in the scalar setting, is that
it concerns a free decomposition with an even self adjoint instead of a free polar decomposition.

This cannot be circumvented. The following example demonstrates that a B-valued R-diagonal
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element satisfying the cumulant condition (4.4) need not admit a free polar decomposition with a

normalizing unitary.

Example 4.2.3. Let a be a circular element in a tracial, scalar-valued C*-noncommutative probabil-
ity space (A, 7o) with 79(a*a) = 1. Suppose a has polar decomposition a = v|a|. By Proposition
2.6 from [9], the partial isometry v is a Haar unitary.

Let B be a unital C*-algebra different from C with a faithful tracial state 75. We construct
(A,7) = (Ao, 70) * (B, 7p) using the free product, and let £ : A — B be the T-preserving
conditional expectation. Then (A, E) is a B-valued C*-noncommutative probability space and
7o I/ = 7. Theorem 12 of [7] gives a way to express the B-valued cumulants of @ in terms of
its scalar cumulants and the trace 75. In particular, this implies a is a B-valued circular element

whose cumulant maps B,(gl) and 6,22) satisfy
() = B (0) = 75(0)15

forall b € B and B,gl) = 51(5) = O for all £ > 2. Thus « satisfies the cumulant condition (4.4) from
the above theorem whenever 6 is Tz-preserving; i.e., 7g 0 6 = 75.

Fix a 7-preserving automorphism 6. To reach a contradiction, we suppose a has the same B-
valued x-distribution as the product u|a|, where u is a normalizing Haar with u*bu = 6(b) for all

b € B. For a polar decomposition, the B-valued *-distribution of v is determined by that of a.

Since we already have a = vlal, it must be the case that v and v have the same *-distribution.

However, this is impossible because v is *-free from B with respect to 7. Indeed, fixing a nonzero

b € ker(7) N B (which is possible because B # C), we observe that x-freeness yields

T(lE(w"bv) = 0(b)]"[E(v"bv) — 0(b)])
= (10 E)(v*b*vE(v*bv)) — (7 0 E)(v*b*00(b)) — (7 o E)(O(b*)v*b*v) + (7 0 0)(b*D)
=7V VE (W b)) — (v b vl(b)) — T(6(b*)v*b*v) + (0 o T)(b*D)

=0—-0—-0+7(b"b) = T7(b"D).
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The faithfulness of 7 forces this to be nonzero and indicates F(v*bv) # 6(b). Hence v and u do

not have the same B-valued *-distribution, so a cannot have such a polar decomposition.
Theorem 4.2.2 and the previous example motivate the study of even decompositions.

Definition 4.2.4. Let B be a unital x-algebra and (A, £') be a B-valued *-noncommutative prob-
ability space. An even decomposition of an element a € A is a pair (u, s) in some B-valued

x-noncommutative probability space such that
(a) wis apartial isometry,
(b) sis an even self adjoint element, and
(¢) a and us have the same B-valued *-distribution.
If additionally v and s are x-free over B, then we call (u, s) a free even decomposition of a.

We can use the existence of polar decompositions in von Neuamnn algebras to prove that an

even decomposition always exists.

Proposition 4.2.5. Suppose B is a C*-algebra and (A, E) is a B-valued C*-noncommutative prob-

ability space. Then every a € A has an even decomposition.

Proof. Fix a € A. We may assume without loss of generality that B is a W*-algebra and (A, F)
is a B-valued W*-noncommutative probability space. Then @ has a polar decomposition a = v|al.
Let A’ = A2, which contains contains the copy {(b,b) | b € B} of B. Define ' : A’ — B
by E'(a1,a:) = $E(ay + as). Then (4, E') is a B-valued *-noncommutative probability space.

Letting s = (|a|,—|a|) and u = (v, —v) in A’, we have that a and us have the same B-valued

x-distribution. O]

Even decompositions are not unique. This is clear upon revisiting Example 4.2.3, which is
an example of a B-valued circular @ whose cumulants satisfy (4.4) for every trace preserving

automorphism 6. Therefore Theorem 4.2.2 says that, for each of these automorphisms 6, there
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exists a free even decomposition (ug, sp) of a, where u is a normalizing unitary satisfying ujbuy =
6(b) for all b € B.

In particular, by taking B = C? and 7(x,y) = z—;“y, both automorphisms on B are 7-preserving.
Consequently Example 4.2.3 gives rise two even decompositions, where one of the Haar unitaries
commutes with B and the other Haar unitary normalizes B and implements the flip automorphism
(x,y) — (y, ). Clearly these two Haar unitaries have different B-valued x-distributions.

This leads to the following question: Are there any R-diagonal random variables having a
free even decomposition that are not of the type seen in Theorem 4.2.2? In other words, can
we find an R-diagonal random variable that has a free even decomposition, but not one with a
normalizing unitary? Of course, this is equivalent to asking whether there is an R-diagonal random
variable having a free even decomposition whose cumulants do not satisfy equation (4.4) for any
automorphism . The next section is devoted to answering this question for tracial C2-valued

circular elements.
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4.3 (C?-valued circular elements

Recall that a B-valued random variable a is called B-valued circular if o; = 0 whenever
j o€ JN\A{(1,2),(2,1)}, where J = U,>,{1,2}", and («;)jes are the cumulant maps
associated to the pair (a1, as) = (a,a*).

A simple application of Proposition 3.2.7 implies that if a is a B-valued circular element with

associated cumulant maps o 2) and (1), and if 7 is a trace on B, then 7 o ' is a trace on

Alg(B U {a,a*}) if and only if

7'(0((172) (bl)bg) = T(bl&(gyl) (bg)) fOI‘ all bl, bQ € B (45)

We are interested in studying the free even decompositions of C2-valued circular elements with
the tracial property (4.5). Let (A, E') be a C2-valued *-noncommutative probability space, and fix

a C2-valued circular @ € A. Then a(1,2) and a9 1y are given by

aag)(x,y) = (rue + riey, rae + ray)

04(2,1)(557 y) = (5112 + S12Y, 521% + 522Y),

for some parameters 7;;, s;;. Since the conditional expectation is positive and we have both
an(z,y) = E(a(x,y)a*) and a@q1)(r,y) = E(a*(x,y)a), we must have that 7;; > 0 and
s;j > 0foreachi,j € {1,2}.

We find additional restrictions on the parameters so that for some trace 7(x, y) = gz + (1 —q)y,
where ¢ € (0, 1), the corresponding functional 7 o F is tracial. Given elements b; = (z1, ), by =

(z2,y2) € C?, we have

T(OZ(LQ) (bl)bg) = T(bloz(m) (bg))
= T(aa) (@, y1)(r2,52)) = 7((@1, Y1) ae (22, 42))

<> 7((r11my + r12y1) T2, (ro1T1 + oot )y2) = T(T1(S1122 + S12Y2), Y1 (S21T2 + S20Y2))
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= grumzs + qrisyize + (1 — Q)rarziys + (1 — q)raoy1ye

= qsur172 + qs1271y2 + (1 — @) sayiv2 + (1 — q)s2y1ye.

This holds for every bl, b2 € C2 iff T11 = S11, T22 = S22, (qT12 = (1 — q)Sgl, and (1 — q)?“gl = (812,

which means the cumulants satisfy

04(1,2)($,y) = (rux + riy, raz + ray)

4.6
1—gq q (4.6)
T21Y, 1_ q7‘12x + rooy).

04(2,1)(%@ = (rnz +

Our goal is to find conditions under which a has the same C?-valued *-distribution as a product
of the form us, where u is a Haar unitary, s is self adjoint and even, and » and s are x-free over
C?. That is, we want to determine when a has a free even decomposition with a Haar unitary. We
know from Theorem 4.2.2 that if there is an automorphism € of C? such that Q1) = 0oang o,
then a automatically has a free even decomposition with a normalizing Haar unitary. In fact, this

will turn out to be an equivalence because of the following theorem.

Theorem 4.3.1. Let a be a C*-valued circular random variable that is tracial in the sense of (4.5)
and has the same C?-valued *-distribution as a product up, where v is a Haar unitary, p is self

adjoint, and u and p are *-free over C*. Then

06(271) =fo ()[(172) of (47)

for some automorphism 0 on C2.

In particular, this theorem says that if a C?-valued circular element has a free even decomposi-
tion or a free polar decomposition with a Haar unitary, then its cumulants satisfy the automorphism
condition (4.7). Combining this theorem with Theorem 4.2.2 implies that all C?-valued circular
elements with a free even decomposition consisting of a Haar unitary must have a free even de-

composition with a normalizing Haar unitary.
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Corollary 4.3.2. Let a be a C*-valued circular random variable that is tracial in the sense of
(4.5). Then a has a free even decomposition with a Haar unitary if and only if it has a free even

decomposition with a normalizing Haar unitary.

The rest of the section is devoted to proving Theorem 4.3.1. There are only two automorphisms
on C?, so it’s easy to determine what the automorphism condition (4.7) means in terms of the
parameters q, 11, 712, 721, T22. 1f 0 is the identity, then (4.7) is equivalent to gris = (1 — q)re;. If 6

is the flip automorphism defined by 6((z,vy)) = (y, ), then (4.7) is equivalent to

l—gq
(rix + p T21Y,

q
11— q7"1293 + rooy) = (ro1y + roox, r11y + 1122),  x,y € C,

which holds iff 711 = r9 and ¢ = 1/2. Hence there exists some automorphism ¢ on C? satisfying
(4.7) if and only if the parameters satisfy

qria = (1 — q)?”gl or (7“11 = T99 and q = 1/2) (48)

Suppose a satisfies (4.5) and has the same B-valued distribution as up, where u is a Haar
unitary, p is self adjoint, and u and p are *-free over C2. To prove Theorem 4.3.1, we aim to get
a contradiction by also assuming that (4.7) does not hold for either automorphism on C2. That is,

we assume the negation of the automorphism condition (4.8) to get

qrio 7é (1 — q)T’Ql and (TH 7£ 99 Or (¢ 7é 1/2) (49)

This will lead to a contradiction.
In order to find further conditions among the r;;’s that are implied by the existence of a free

even decomposition, we use *-freeness to find some relations on the *-moments of a.

Lemma 4.3.3. If x is a B-valued circular random variable with the same B-valued x-distribution

as a product up, where u is Haar unitary, p is self adjoint, and u and p are x-free over B, then for
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all integers n, m,k > 0 we have

E((z2")") = E(uE(p™)u") = E(uB((z"z)")u")

and

E((zz*)"(z*z)" (za*)*) = E(uE(p*"E(u*E(p*™ )u)p™)u*)
— E(uE(p"")E(u*E(p*")u) E(p™*)u*)

+ EuE(p™ ) E(p* JuB (p™)u”)

Proof. If x = up, then zx* = up?u* so that

E((z2")") = E((up™u")") = E(up™u") = E(uE(p™")u") = E(uE((z"2)")u"),

where the penultimate equality is due to freeness.

Given a B-valued random variable y, we recall the notation

y=1y"=y— Ey),

which gives y = y + E(y) and E(y) = 0 for every y. Now

E((ea®)(2"2)" (va")*) = E(up”u"p " up™ ")

— E(up2nu*(p2m)oup2ku*) +E(up2"u*E(p2m)up2ku*) (410)

We consider each of these terms separately. The first one is zero because

B (7P upu’) = B(u(p?)°u’ (72" u(p)°u") + B(u(p?)u’ (72" uB (%))

+ B(uE(p™)u” (p™) u(p™)u") + E(uB(p™)u* (p™") uB (p™)u"),
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and x-freeness of v and p ensures that each of these terms vanish. We rewrite the second term on

the right-hand side of (4.10) to obtain
E(uanu*E(me)up%u*) — E(up2n[u*E(p2m)u]op2ku*) + E(up%E[u*E(pZm)u]p%u*). (411)
The first term from (4.11) expands to

E(up™ [u* E(p*™)u]p* u’) = E(u(p™)°[u”E(p*")u]® (p**)u’)
+ E(u(p®™)°[u* E(p*™)ul° B(p* )u*)
+ BuE@p™)[u B(p*)ul(p™") u")

+ E(uE(p™) [ E(p*™)u]° E(p™)u”),

and x-freeness of u and p implies that only the fourth term remains. Hence the first term on the

right-hand side of (4.11) satisfies

E(up® [u* E(p*™)u]’p** u*) = E(uE(p™™)[u*E(p*")u]° E(p** )u*)
= E(uE(p")u* E(p"™ ) uE(p*)u*)

— E(uE(p*") E(u" E(p*™ )u) E(p*)u”).
The other term from (4.11) can be rewritten as

E(up® Elu*E(p*™)ulp*u*)

= E(ulp” E[u*E(p*™)ulp*™°u*) + E(uE[p™ E[u*E(p™™ )ulp**|u®),

and freeness forces the first of these two terms to be zero. This shows that the second term on the

right-hand side of (4.11) satisfies
E(up® Elu* E(p*")ulp*u*) = E(uE@* E(u E(p*™)u)p*)u).
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Putting everything together, we conclude

E((zz*)"(z*z)" (za*)*) = E(uE(p*")u* E(p"™" WE (p**)u*)
— E(uE(p"")E(u*E(p*")u) E(p™)u*)

+ E(uE(p*" E(u*E(p"™ )u)p™)u*).

To simplify notation, we define functions g1, g» : Ny — B by

g1(n) = E((zz")")

g2(n) = E((z"x)").

Then the relations in Lemma 4.3.3 become

91(n) = E(uga(n)u”).

and

E((za")"(z"z)" (v27)") = E(uE(p™ E(u" g2 (m)u)p™ )u”)
— E(uga(n) E(uga(m)u)ga(k)u”)

+ E(uga(n)u”ga(m)ugs(k)u”).

(4.12)

(4.13)

We can use (4.12) in the case of = a to find that 1c2 = (1,1) = ¢»(0) € C? and g»(1) =

E(a*a) are linearly independent. Indeed, if cv21)(1) = g2(1) = (¢, ¢) for some scalar c, then we

have by (4.12) that

aa2)(1) = g:(1) = E(uga(1)u”) = E(u(c, c)u™) = (¢, ¢) = a@(1).

Comparing the first components of o1 2y(1) and ay(21)(1) from (4.6) yields the parameter equation
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T +Te =111+ %qrgl, and thus gris = (1 — q)rg;. This contradicts (4.9). Therefore go(0) = 1¢2
and g (1) are linearly independent, so we may write every b € C? as a linear combination of g, (0)
and go(1).

Since it will be important to work with these linear combinations, we aim to find the coordinate
functionals Py, P, : C* — C for the basis {g2(0), g2(1)} of C? i.e., the linear functions P;, P»
satisfying b = P;(b)g2(0) + P2(b)g2(1) for every b € C?. Taking b = (z, y) and denoting go(1) =

(92(1)1, g2(1)2), we solve the linear system

z = Pi((z,y)) + P2((z,y))g2(1)1

y=Pi((z,y) + Pa((7,9))g2(1)2

to obtain P1((z,y)) =z — P>((z,y))g2(1)1 and P2((z,y)) = (z — y)/(g2(1)1 — g2(1)2).
We can further exploit (4.12) to show that the assumption 0 = »,_ ¢xg2(k) for some scalars

c¢; implies

3

n

ckgi(k) =) cE(ug(k)u™)=FE (UZCkgg(k)U*> = E(u0u*) = 0.

k=0 k=0 k=0

That is, any vanishing linear combination of g2(k)’s yields the same vanishing linear combination

of g1(k)’s. In particular g2(n) = Pi(g2(n))g2(0) + Pa(g2(n))g2(1) so that

g1(n) = Pi(g2(n))g1(0) + Pa(g2(n))g1(1), for all n € Ny. 4.14)

The first major step in the proof of Theorem 4.3.1 will be to determine conditions on the
parameters q, 711, 712, 7’21, 722 that must hold as a consequence of (4.14). Before we can do this, we

must learn how to compute the maps g; and gs.

Proposition 4.3.4. If © is a B-valued circular random variable with cumulants 3 2) and [ 1)

associated to (x1, ) = (x,x*), then the maps g1 and g» can be computed recursively by g,(0) =
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92(0) =1,
gi1(n) = Zﬁ(l,z)(gz(i —1))gi(n—1), and go(n) = 25(2,1)(91@ —1))g2(n —1).

=1 1=1

Proof. Clearly ¢;(0) = g2(0) = 1. The recursive relation is a consequence of the moment-
cumulant formula. Since z is circular, the only noncrossing partitions that need to be considered
are noncrossing pair partitions for which each set in the partition pairs an x with an z*. By con-
sidering the n possibilities for which z* in the word (zx*)™ is paired with the leftmost x in a given

noncrossing pair partition, we obtain

n

g1(n) = E((zz")") = Z B (E((@2) ) E((wa™)") = Y Bua(ga(i = 1)gi(n — i)

=1

and, similarly by considering which z is paired with the leftmost x*,

g2(n) = E((x"x)") = Z5(2,1>(E((ﬂfﬂf*)i_l))E((x*ﬂf)"_i) = Zﬁ(zn(fh(i —1))ga(n —i). O

Applying the preceeding proposition to the case * = a, for a fixed n we can express both
components of the pairs g1(n) and g»(n) as rational functions in the parameters ¢, r11, 712, 721, T22.
From here, we use Mathematica’s [11] reduce function (see [2] for the full Mathematica notebook)
to find that (4.14), applied for n = 2 and n = 3, together with the assumptions from (4.9), implies

that the parameters satisfy one of the following conditions.

Case I: r1; = 191 and 119 # 199 and ¢ = 711 /(711 + 722)

Case II: 111 # roy and 115 = rop and ¢ = r11/(r11 + 792)
Case III: 711 = 791 and 115 = 799

To proceed, we define the multilinear map M : (C?)®3 — C? by

]\4([)17 bg, bg) = E(ublu*bgubgu*)
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and the map M, : N3 — C? by

My(n,m, k) = B(ugs(n)u* ga(m)uga(k)u).

Clearly
My(n, m, k) = M(ga(n), ga(m), ga(k))  forall m,m, k € No. (4.15)

In fact, since go(0) and go(1) form a basis for C?, M can be obtained from the values of M on the

triples in {0, 1}3. More specifically, writing ¢; := P;(b;) and d; := P»(b;) for i = 1,2, 3 gives

M (b1, b2, b3) = M(c192(0) + d1ga(1), c292(0) + daga(1), c392(0) + d3g2(1))
= c102¢3M (g2(0), 92(0), 92(0)) + crc2d3M (92(0), 92(0), g2(1))
+ c1dacs M (g2(0), 92(1), 92(0)) + dicacs M (g2(1), 92(0), g2(0))
+ c1dad3 M (g2(0), 92(1), g2(1)) + dicads M (g2(1), 92(0), g2(1))
+ didacs M (g2(1), 92(1), 92(0)) + didads M(g2(1), g2(1), g2(1))
= 10503 M0(0,0,0) + c1cad3 Mo (0,0, 1) + crdacs Mo (0, 1,0)
+ dicacsMo(1,0,0) + crdads Mo (0,1, 1) + dycads Mo(1,0,1)

+ dldQCgMo(l, ]_, 0) + dldzdgMo(l, ]_, ]_) (416)

Therefore if we can compute M, in terms of the parameters, then we can also compute M in
terms of the parameters. This will allow us to test the relation (4.15) against triples in N3 \ {0, 1}3,

which will ultimately lead to a contradiction in each of our three cases.

Proposition 4.3.5. The map M, can be computed by

Mo(n, m, k) = G(n, ga(m), k) — N1(H (n, Na(g2(m)), k)) + Ni(g2(1) Na(g2(m))g2(k)), (4.17)
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where

N, : C* — C% b— E(ubu®)
N, : C* — C% b E(u*bu)
H : Ny x C* x Ny — C?; (n,b, k) — E((a*a)"b(a*a)")
G : Ny x C* x Ny — C? (n,b, k) — E((aa*)"b(aa*)").

The maps N1, H, G can be written in terms of the parameters q, 1711, 712, 21, '22. Moreover, in Case

I and Case I, Ny and thus M, can be written in terms of these parameters.

Proof. To prove (4.17), we employ relation (4.13) from Lemma 4.3.3 with 2 = a to get

Mo(n, m, k) = E(uga(n)uga(m)ugs(k)u”)
= E((aa®)"(a*a)™(aa*)")
— E(uE(p™ E(u* ga(m)u)p™ )u*)
+ E(ugz(n) E(u’g2(m)u) gz (k)u”)
= E((aa”)"E((a*a)™)(aa")")
— Ni(H(n, Nz(g2(m)), k))
+ Ni(g2(n) Na(g2(m)) g2(k))

= G(n,ga(m), k) = Ni(H(n, Na(g2(m)), k) + Ni(g2(n) Na(g2(m))g2(F)),
(4.18)

wherein the equality E((aa*)"(a*a)™(aa*)*) = E((aa*)"E((a*a)™)(aa*)¥) can be seen from the
moment-cumulant formula.

We can express both H and GG by a recursive formula involving the cumulants o (; ) and o 7).
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The moment-cumulant formula gives

H(n,b, k) = E((a*a)"b(a*a)")

= apy(nii—1)E((a*a)""b(a"a)")
i—1
k .
+ > @ (E((aa”)" aba (aa*) ™)) g (k - )
=1
n k
= apn(gii—D))Hmn —i,bk) + > apy(H' (n—1,b,5 = 1))ga(k — j),
i—1 =1
where the intermediate map H' : Ny x C? x Ny — C?, defined by
H'(n,b, k) = E((aa*)"aba*(aa*)*),
satisfies

H'(n,b, k) = E((aa*)"aba*(aa*)*)
- Z a1 (3200 — 1) E((aa”)" aba (aa*)¥) + a2y (B((a"a)"8))gs ()
s jéam)(E((a*a)%(a*amgl<k )
- Z 19201 — 1)) B((aa”)"aba (aa))
. Z:W)<E<<a*a>nb<a*a>j>>gl<k )

= aaa(gali— D)) H (n—i,0,k)+ > aqy(H(n,b,j)gk - j).

i=1 j=0
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Therefore, by Proposition 4.3.4, H can be computed from the cumulants via the recursive relations

H(0,0,k) = bga(k),

H'(0,b, k) Za12)bg2 gk — ),
k

H(n,b, k) Zagl) (g1(i — 1) )H(n—i,b,k)—i—Zoz(m)(H'(n—1,b,j—1))92(l€—j),
j=1

H'(n,b,k) = Z a2 (g2t —1)H' (n —i,0,k) + Y aqa(H(n,b,j))gi(k— 7).

i—1 =0
Similarly,
G(n,bk) =Y aa(ga(i —1)G(n—i,b, k) +Za(12 Lb,j —1))gi(k — j),
i=1

where G : Ny x C? x Ny — C?, defined by G'(n, b, k) = E((a*a)"a*ba(a*a)"), satisfies

"(n,b, k) ZO‘“ g1(i —1))G'(n z’,b,k‘)+zk:&(2,1)(G(”7baj))92<k?—j)-
j=0
Thus G can be computed recursively by
G(0,b, k) = bgr (k),
G'(0,b, k) 20421) bg1(5))g2(k — 7),
G(n,b, k) Zalg)ggz—l) —i,b,k) +Zoé(12) L,b,j—1)gi(k —Jj),

G'(n, b, k) Zam (g1(i —1)G'(n—i,b, k) +Za21) (n, b, 5))g2(k — j).

7=0

N can be computed from g; and ¢», and thus from the cumulants by Proposition 4.3.4, by
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writing b = P;(b)g2(0) + P»(b)g2(1) and using relation (4.12) to get
Ni(b) = Pr(b) E(ugz(0)u”) + Po(b) E(uga(1)u”) = P1(0)91(0) + P2(b)g1(1).
To compute N,, we apply the *-freeness of u and p over C? to obtain

012 (N (D)) = E(aE(u*bu)a*)
= E(upE (u*bu)pu®)
— E(uB(pE(u"bu)p)u’)
= E(uB(pu*bup)u®)
= E(uB(a*ba)u*)

= Ni(a@n (b)), for all b € C?, (4.19)

which yields the relation oy 9) © No = Ny 0 a2,1). In Case I and Case 11, since 0 < g < 1, both r;
and 79, must be nonzero. Thus 11735 # 712721, so the cumulant map «; 9 is invertible. Therefore

(4.19) implies Ny = oy 0 Ny 0 o). -

Unfortunately, N, and M, cannot be completely described in terms of our parameters in Case
III. The technique in the above proof no longer works because «; 2) is not invertible in this case.

Since N5 is linear and positive, there are parameters 111, m12, Mo, Mos > 0 such that

No((z,y)) = (mu1z + magy, mor1x + magy).

Therefore in Case III, we will express M, by both the original parameters q, 111, 712, 721, 722 and
new parameters msyi, Mg, Mo, Moa.

We can now conclude the proof of Theorem 4.3.1.

Proof of Theorem 4.3.1. So far we have shown that if a is a tracial C2-valued cirulcar element

having the same C?-valued *-distribution as a product of a Haar unitary and a *-free self adjoint,
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and if a satisfies (4.9), then one of the following cases must hold.
Case I: ry1 = 191 and r1y # rog and ¢ = 711 /(111 + 722)
Case II: 111 # roy and 115 = r9p and ¢ = r11 /(111 + 792)
Case IlI: 717 = 791 and 113 = 799

We have also described how to compute M in terms of My on {0,1}3 by (4.16), and M, by
Proposition 4.3.5. Using these we will test relation (4.15) against various values of n, m, and k
using Mathematica’s reduce function. The following tests have been run within the Mathematica
notebook [2].
Suppose we are in Case I: 717 = 791 and r1y # 199 and ¢ = 711 /(711 + r92). Since 0 < g < 1
and either ¢ # 1/2 or r1; # 729, we must have r1; # 0 and 192 # 71;. We may assume rj; = 1.
—1/

This causes no loss of generality because the C?-valued circular random variable d := 7, *a has

cumulant 7y 9) associated with (dy, dy) = (d, d*) satistying

'7(1,2)((‘7:7 y)) - E(d(l’, y)d*) - Tl_llE(CL(q;? y)a*) - T1_1105(172)(x7 y)

=1 -z+ 7“127’1_11% Lz + 7”227“1_11y)7

and a has a free decomposition up iff d has a free decomposition u(rl_ll/ 2

p). With the assumptions
T = To1 = 1, T2 # T2, ¢ = 111/(r11 + 722), and 79 # 1, Mathematica’s reduce function says
that equation (4.15) with n = 3, m = 1, £ = 3 implies that ry, is negative or non-real. This
contradicts the fact that ry, is positive.

Now let us consider Case II: 71; # 791 and 112 = 799 and g = 711/(r11 + 722). In a similar
manner to how we imposed extra assumptions in Case I, we may assume 790 = 1 and 717 # 799.
By testing equation (4.15) again with n = 3, m = 1, £ = 3, we deduce from the output of
Mathematica’s reduce function that rq; is negative or non-real. Since ry; is positive, this is a

contradiction.

Finally, we consider Case III: r;; = 79; and 715 = r95. This case has two complications. The
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first is that we can no longer find the map NV, in terms of the initial parameters. Instead, as we have
already seen, we realize [V, in terms of new parameters my1, M2, Mo1, Moo. This effectively only

introduces two more unknowns because

L2 = No(1) = (ma1 + mag, may + mao)

implies m15 = 1 — mq; and myy; = 1 — mo;. However, the involvement of these parameters still
means that we will have to test (4.15) against multiple triples (n, m, k).
The second complication is that Case III doesn’t impose any relations involving ¢, and therefore

we need to consider extra assumptions. We accomplish this by splitting into three distinct subcases:
Subcase I: 711 =191 =712 =122
Subcase II: 0 = ry; = 19y # 719 = 29
Subcase III: 0 # ryy = ro; # r19 = Too

Suppose we are in Subcase 1. We cannot have all parameters equal to 0, and we cannot have
q = 1/2, for either of these would contradict (4.9). Thus we may assume 717 = rip = r'y; = 793 =
1 and ¢ # 1/2. The test of (4.15) with (n,m, k) = (2,1,1) and the assumptions mis = 1 — mq;
and mgos = 1 — mg; yields mis = mos. After adding this assumption, and now testing (4.15)
with (n,m,k) = (2,1,3), we obtain that either ¢ is non-real, negative, greater than 1, or equal
to 1 — moy. Since only the latter is possible, we include that in our test, except this time with
(n,m, k) = (3,1,3), to determine that mo is either 1/2, non-real, negative, or greater than 1. Of
course, none of these are possible because 0 < g < 1, ¢ # 1/2, and ¢ = 1 — mys. Therefore we
have reached a contradiction.

In Subcase II, we begin with the assumption 15 = r99 = 1, as well as mys = 1 — mq; and
mag = 1 — my; This subcase only requires two tests of (4.15). The first uses (n,m, k) = (2,1, 1)
to find that ¢ = my;. After adding this assumption, the second test uses (n,m, k) = (3,1,1) and

yields ¢ = 0, which is a contradiction.
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Lastly, we investigate Subcase III. Without loss of generality, we set 711 = 79; = 1. Now the
condition gris # (1 — q)ra; from (4.9) implies ¢ # 1/(1 + rgs). We also continue to assume
mis = 1 — my; and mos = 1 — mo;. Using Mathematica’s reduce function to test (4.15) with
(n,m,k) = (2,1,1) yields that mjy = 1 — g — mg 735 + qra,. By adding in this constraint and
now testing against (n,m, k) = (1,1, 3), we obtain that if 795 # 0, then my; = ¢. This motivates
the consideration of two sub-subcases: 199 = 0 and 92 # 0. The former leads to the contradiction
q < 0 immediately upon testing (4.15) with (n,m, k) = (3,1, 3). The same triple tested alongside
the assumption 755 # 0 and mg; = ¢ leads to the discovery that ¢ is negative, greater than 1, or

non-real. This gives us our final contradiction. O
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5. CONCLUSIONS

In addition to giving some interesting distinctions between classes of Haar unitaries in the 5-
valued setting, the work in Section 4.1 motivates the desire to find free decompositions involving
normalizing Haar unitaries. This motivates the work in Section 4.3, and continues to motivate
research in this area.

The main theorem from Section 4.3 is limited in two ways. The first of these limitations is that
it only concerns C?-valued circular elements instead of general B-valued R-diagonal elements.
Recalling the discussion preceeding Example 3.2.13, it’s clear why we prefer to work with circular
elements. Similar techniques may be able to partially alleviate the limitation B = C?, however
the computation would become increasingly complex as the dimension of B and the number of
automorphisms on B grows. Also, any similiar result using the same techniques would need to
choose a particular B instead of working more generally.

The second limitation is in the conclusion of the theorem, which does not claim that the unitary
u normalizes C?. Instead, we obtain the automorphism condition (4.7), which implies that there
is an even decomposition involving some (possibly different) unitary that normalizes C?. This
limitation is in place because of Example 4.2.3 and the discussion at the end of Section 4.2, which
show that it’s possible for u to not normalize C? despite the validity of the (4.7).

However, this example is very special. In particular, the C*-valued *-cumulant maps are scalar-

valued and equal to one another. In the notation of Section 4.3, this example has

span{g1(k), ga(k) | k € No} = Clez,

which is in contrast to the situation span{g2(0), g2(1)} = B obtained as a consequence of relation
(4.12). It might be the case that we only need a small assumption on the C2-valued circular (or its

cumulants) to ensure that © normalizes C2.
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