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ABSTRACT

The mechanical response of asphaltic material is complex and usually nonlinear depending

on the applied stresses and strains. The material exhibits nonlinearity in several ways, such as

non-proportional responses to external loading, shear-thinning/thickening, and generation of nor-

mal force when sheared. Moreover, asphalt mixtures have several constituents and are sensitive

to factors like time, temperature, and confinement pressure, among others. The importance of ac-

counting for nonlinearity in the response of asphaltic materials has been well documented in the

literature. However, most available models only account for specific nonlinear aspects of materials

(usually the non-proportional response to external loading) and have several inherent shortcom-

ings. For example, the model proposed by Schapery [1] was to violate conservation of angular

momentum for large deformation [2] and the integral models developed by Cheung and Cebon [3]

cannot account for the normal force generated when the material is sheared [4].

This research aims to develop a framework to account for the nonlinear behavior of asphalt

binders and mixtures. For this reason, thermodynamics-based constitutive models were devel-

oped. First, this framework is used to understand and account for the contribution of the individual

constituents of asphalt mixtures to overall nonlinear behavior. This allows one to understand and

better design the material constituents so mixtures can last longer in the field. The model is corrob-

orated with experimental data obtained from subjecting asphalt mixtures to various experimental

protocols. Second, the model is further developed to represent the behavior of blended asphalt mix-

tures containing reclaimed (recycled) asphalt and virgin binder. Lastly, the model is modified to

account for confinement and temperature effects on asphalt mixture behavior. The outcome of this

research is the development of a comprehensive nonlinear viscoelastic framework that analyzes

asphaltic materials and accounts for the effects of their constituents.

The findings of this research highlight the importance of using appropriate testing protocols

and choosing the correct model to analyze asphaltic material response. This research will pave the

way for developing a fundamental understanding of the responses of asphalt mixtures subjected to
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different confinement conditions, while accounting for the densification and implicit response of

the material. Consequently, the outcome of this study can be used to predict material responses in

the field with greater accuracy.
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1. INTRODUCTION

Asphalt binders, whether natural or processed from petroleum, are all mixtures of hydrocar-

bons. Recently, interest in adding various polymers to increase the life of the asphalt pavements

has spiked. Polymer additives, along with the long-chain hydrocarbons in asphalt binders are a

mixture of reacting and diffusing constituents [10]–[12]. Thus, asphalt binders are made of con-

stituents with different chemical compositions that exhibit a wide range of responses to external

stimuli.

Traditionally, the linearized viscoelastic constitutive relation has been used to model asphalt

binder and mixture behaviors. Studies relying on this approach use a spring-dashpot analogy[13]–

[15]. However, it has been shown that asphalt binders in the mix are subjected to high strains due

to large differences in stiffnesses between aggregate and asphalt binder constituents [12]. The re-

sponse of asphalt binders and mixtures was found to be nonlinear even when subjected to relatively

low strains [16]. In a creep and recovery test, a material’s response changes after each loading cy-

cle, which renders linearized viscoelastic model not suitable for explaining the material’s actual

behavior. The response of asphaltic material in the field also changes with time due to microstruc-

ture changes due to either mechanical changes such as a reduction in air voids or chemical changes

such as aging of the asphalt. Such microstructure changes and the various loading conditions ex-

perienced by asphalt pavements are the primary cause of distress phenomena such as rutting and

fatigue cracking. There is a need for the development of a comprehensive nonlinear viscoelastic

model that can account for asphalt binder and mixture behaviors at different stress levels, tem-

peratures, and confinement pressures. The model should also be able to account for the effects of

material constituents on the behavior and the various nonlinearities exhibited by asphaltic material.

This feature will give the capability to select and design materials to optimize performance.
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1.1 Problem Statement

In viewing the complex nature of asphaltic material and their diverse responses to external

stimuli, developing an appropriate model that can account for all factors affecting their response

is a complex task. However, it might be possible to develop a mechanical model for isothermal

processes that neglects chemical effects, and pays attention to important factors. This study targets

the development of a theoretical platform that can be adapted to simulate the mechanical response

of asphaltic materials subjected to various loading conditions: stress relaxation, repeated creep

and recovery, and random creep and recovery, repeated creep and recovery at different confine-

ment pressures. The model developed and employed is an isothermal model capable of exhibiting

compressible viscoelastic fluid-like response that can be modified in the future to account for non-

isothermal phenomena. This study aims at providing a better understanding of the modeling as-

pects of asphaltic material that account for its nonlinearity and multi-constituent nature. Using the

frameworks established in this thesis, one can optimize the design of blended binder and asphalt

to attain the desired qualities and use it as feedback to understand pavement response to various

loading conditions.

1.2 Objectives

The primary objectives of this study are to

• Adopt a constitutive model within the continuum mechanics that can examine the complex

nonlinear behavior of asphaltic materials. The model is based on the framework presented

by Rajagopal and Srinivasa [17]. This framework can describe the behavior of a material

while accounting for microstructure changes as it deforms.

• Use the model to account for the nonlinear model of asphalt mixtures and constituent contri-

butions to the overall mixture response. The framework along with the theories established

in mixture theory can be used to determine individual constituents’ contributions to the over-

all material response. The application of the model is for the analysis of warm fine aggregate

mixtures (WFAM).
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• Implement the model to analyze the response of blended asphalt binders consisting of re-

claimed/recycled asphalt binder and virgin asphalt binder. The focus is on accounting for

the effects of the constituents (i.e., reclaimed asphalt and virgin binder) on the response of

the reclaimed asphalt. The model is used to develop a parameter that can describe the rutting

resistance of blended binders to rutting.

• Develop a nonlinear viscoelastic constitutive model capable of accounting for confinement

pressure’s effects on asphalt mixture responses at various temperatures. This model can

account for changes in density (compressibility of asphalt mixtures) and microstructure

changes in asphalt mixtures as it deforms.

1.3 Literature Review

Having an understanding of the mechanical and thermodynamics behavior of asphaltic ma-

terial is desirable because of its wide range of applications (Shell Bitumen [18] lists more than

250 known current uses for asphalt in modern times in various industries such as construction,

agriculture, and the electrical industry). Before deciding on a model to capture asphaltic material

response, one must understand the various complexities related to the study of constitutive be-

haviors of asphaltic material. The complexity of modeling the response of asphalt mixtures has

been detailed in a comprehensive paper by Krishnan and Rajagopal [19]. Hence this section is

divided into three sub-sections. The first section discusses the various nonlinearities exhibited by

asphaltic materials. The second subsection reviews various experimental protocols used to char-

acterize material response. The third subsection discusses the various approaches currently being

used to understand the effects of confinement pressure on asphalt mixtures.

1.3.1 Nonlinearity in the Mechanical Response of Asphaltic Material

The motivation for most studies on asphaltic material has been to develop constitutive relations

to understand the response of distress to which pavements in the field are subjected and to deter-

mine an experimental protocol that, along with the model, can be used to characterize the material.

The rheological properties of asphalt are governed by its chemical constituents and its microstruc-
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ture [11], [20], [21]. Lesueur [22] and Krishnan and Rajagopal [11] summarized developments

related to asphalt microstructure. Asphaltic materials undergo reversible changes to their internal

structure over time, which causes changes in density and material stiffness over time. Nonlinearity

can be found in several different aspects of the mechanical response of asphaltic material. The

following subsections present a review of the various nonlinearities accounted for in this thesis.

1.3.1.1 Nonproportional Viscoelastic Response

One of the first reports of nonlinearity in the response of asphaltic material was by Lethersich

[23], who observed nonproportional strain responses to applied stress while conducting creep ex-

periments. Similar trends were observed in the time domain when Cheung and Cebon [3] subjected

asphalt mixtures to tensile loading and when Narayan et al. [24] subjected asphalt binders to stress

relaxation, and in the frequency domain Masad et al. [25] when observed nonproportional variation

of the amplitude of stress to the strain applied. In recent years, repeated creep and recovery tests at

high stress levels are being employed to study rutting resistance and nonlinearity in asphalt binders

[26].

1.3.1.2 Normal Force Under Shear Loading

When sheared, asphaltic material tends to expand in a direction normal to the shearing plane.

Restraining this motion causes normal stress in the material. This phenomenon was first observed

in asphaltic material by Dealy [27], but very few researchers have analyzed it in detail until re-

cently. Narayan et al. [24] analyzed this phenomenon in detail in a torsional stress relaxation

experiment on asphalt binders, and found that the relaxation time for normal force and stress are

different. They also found that the magnitude of normal force decreases with temperature up to a

threshold temperature, after which it becomes negligible.

1.3.2 Permanent Deformation in Asphalt Pavements

Permanent deformation is one of the most common forms of distress found in asphalt pave-

ments and is one of the primary modes of failure. Thus, it is important to ensure that the pavement

does not fail due to rutting during its design life. Having a well-established procedure that can rank
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the rutting resistance of various binders and mixtures is crucial. Various researchers have quanti-

fied the rutting performance of asphalt binders using experimental methods that utilize aspects of

linear viscoelasticity (LVE) theory [28]–[31].

The current specification of binders includes a parameter to evaluate it’s rutting resistance at

high temperatures. The high temperature grading is the temperature (◦C) above which the param-

eter G∗

(sinδ)
is less than a critical value at 10 Hz. In this parameter, G∗ is the dynamic modulus and δ

is the phase angle measured on the binder in a torsional strain-controlled oscillatory test. However,

several researchers have found that a binder’s Superpave grading correlates poorly with field ob-

servations and other simulated rutting tests [26], [32], [33]. This can be attributed to two primary

reasons. The first of these is an inherent assumption of linearity for all binders at a frequency of

10 Hz at all temperatures [32]. The second is that the rutting resistance is measured at only one

frequency, whereas binder response on the frequency in the strain-controlled oscillatory test.

Several researchers addressing the inherent shortcomings of Superpave specifications, have

suggested using repeated creep and recovery to measure the parameters associated with the accu-

mulation of permanent deformation. Parameters such as zero shear viscosity (ZSV) , which has

been adopted by European countries as a standard to quantify rutting, have been suggested. There

are various methods by which ZSV can be determined [34]. However, recent investigations found

that, like Superpave grading, ZSV does not correlate well with field observations. This was at-

tributed to the use of single stress levels in the repeated creep and recovery protocol traditionally

used to calculate ZSV.

Addressing this, D’Angelo [35] developed the multiple creep and recovery test protocol. Along

with this, they proposed the use of the Jnr(non-recoverable creep compliance) parameter based on

comparing its values with the performance of pavements incorporated with different binders. The

originally proposed multiple stress and creep recovery test protocol had 11 stress levels ranging

from 0.25 to 25 kPa; however, this was later reduced to two stress levels (0.1 and 3.2 kPa) [36].

Several studies indicated that the 3.2 kPa stress level used in multiple stress and creep recovery is

too small to differentiate among binders, and the recovery time of 9 sec is not sufficient for binders
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to exhibit complete recovery [37]–[39].

1.3.3 Effects of Confinement Pressure

When pavements are subjected to repeated traffic loading, asphalt mixtures undergo large de-

formations. Gibson et al. [40] showed that traffic loading conditions generally induce multiaxial

stress conditions within pavements. Throughout the life of pavements in the field, asphalt under-

goes densification and microstructure rearrangement.

Few models have been proposed to model the effects of confinement pressure on the response

of asphalt mixtures [41]–[44]. However, these models do not consider densification, the implicit

response of mixtures, and the notion that mixture response usually depends on the current mi-

crostructure. For example, the study conducted by Saadeh et al. [41] presented that the nonlinear

response of the material depended on the confinement pressure; however, they not did present any

correlation between the model parameters and confinement stress levels. Zhao et al. [44] analyzed

the effect of confinement pressure on the linear viscoelastic parameters of mixtures. However, as-

phalt mixture responses in the field are usually found to be nonlinear even when undergoing small

deformations.

1.4 Outline of the Dissertation

This dissertation is organized following the research paper format. Chapters 2, 3, and 4 are

research papers that have been or will be submitted to several refereed journals.

Chapter 1 includes the introduction, which contains the problem statement, objectives, litera-

ture review, and outline of this dissertation.

Chapter 2 presents a detailed framework to separate the contributions of individual constituents

to the overall material response using the nonlinear viscoelastic model derived by Málek et al. [45].

This model was then used to analyze the response of warm fine aggregate mixtures (WFAM) when

subjected to creep and recovery loading under different stress and aging conditions. This chapter

also suggests modifications addressing the drawbacks of the current protocols.

Chapter 3 describes utilizing the established framework to analyze the effects of recycled as-
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phalt pavement (RAP) content in RAP-blended blended binders in both the linear and nonlinear

regimes. This chapter also presents the various experimental protocols being used to quantify

rutting resistance along with their drawbacks.

Chapter 4 discusses using a Gibbs potential-based thermodynamic framework, and the con-

stitutive assumptions a new constitutive model is derived to analyze the effects of confinement

pressure on asphalt mixture responses. This is done by presenting a parametric analysis to under-

stand each material parameter’s sensitivity to the model response. The model is then validated by

corroborating the model to data obtained from creep and recovery experiments done on asphalt

mixtures at various confinement pressures.

Chapter 5 presents the major conclusions drawn from the above studies. This chapter gives a

summary of the studies, followed by key findings. Also discussed here are the major contributions

of this work.

1.5 Scope and Limitation

The modeling of asphaltic materials is an extensive and complex task. Therefore, it would be

too ambitious to consider and attempt to address all issues in a single study. Therefore, we have

applied restrictions to limit the scope of the current research. The entire process is considered to

be isothermal and we also ignored the chemical changes asphalt pavements experience in the field

due to aging. Despite these limitations, the modeling and simulation framework developed here

is demonstrated to work for asphaltic materials subjected to different loading conditions such as

stress relaxation, repeated creep recovery, random creep and recovery at various temperatures, and

confinement pressure.
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2. A TWO-CONSTITUENT NONLINEAR VISCOELASTIC MODEL FOR ASPHALT

MIXTURES*

2.1 Overview

The goal of this study is to model the creep and recovery response of fine asphalt mixtures

using a thermodynamically consistent nonlinear viscoelastic model. The model considers asphalt

mixtures to consist of two constituents: an aggregate structure incorporating the asphalt–aggregate

interface and an asphalt binder. This study evaluates the model’s efficacy using the response of

warm fine aggregate mixtures (WFAM). These materials were produced using a polymer-modified

binder of PG 76-22 and three warm mix additives (Sasobit, Advera, and Rediset). Unaged and

aged samples were subjected to creep stress levels of 75 and 400 kPa, followed by rest periods.

The model successfully the material behavior as a single set of parameters were derived from the

prediction of shear and normal stress responses for both the 75 and 400 kPa stress levels. The pre-

sented model offers a unique feature in modeling the energy storage and dissipation properties of

each constituent. As such, one can examine the effect of changes in individual material properties

on the material’s response and performance.

2.2 Introduction

modeling the response of asphalt binders and mixtures to external stimuli is a challenge as

the material is inherently inhomogeneous. Additionally, the material presents a time-dependent

response reflected by its ability to stress relax, creep in a nonlinear fashion, and age. An added

complexity is that the material a mixture of reacting and diffusing constituents [10]–[12].

The linearized viscoelastic constitutive relation has traditionally been used to model the behav-

ior of asphalt binders and mixtures. However, research has shown that asphalt binders are subjected

*This chapter is reprinted with permission from "B Vajipeyajula, E Masad, KL Roja, et al. “A two-constituent
nonlinear viscoelastic modelfor asphalt mixtures”. In:Road Materials and Pavement Design(2019), pp. 1–15."
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to high strains due to large differences in stiffnesses between the aggregate and asphalt binder con-

stituents (Masad et al. [12]). In addition, asphalt binders and mixtures are often subjected to much

larger strains in creep and recovery tests (Bai et al. [46]; Laukkanen et al. [47]), leading to per-

manent deformation and cracking. In a creep and recovery test, a material’s response changes

after each loading cycle, rendering a linearized viscoelastic model unsuitable for explaining the

material’s actual behavior.

Krishnan and Rajagopal [16] developed a nonlinear thermodynamically consistent model to

overcome the limitations of using the linearized viscoelastic model to predict the behavior of

asphalt mixtures and binders. Darabi et al. [48] and Darabi et al. [49] proposed a thermo vis-

coelastic–viscoplastic model to separate the thermo-viscoelastic, thermo-viscoplastic, and damage

responses of asphalt mixtures.

Recently Málek et al. [45] and Málek et al. [50] developed a model that recognizes that each

asphalt mixture constituent may have its own “natural configuration” as the material deforms. Each

constituent can store energy and produce entropy. The evolution of the natural configurations is

determined by maximizing the rate of entropy production (Krishnan and Rajagopal [16]). Within a

purely mechanical theory, dissipation is the only means for entropy production, and one can obtain

different constitutive relations depending on the manner in which energy is stored and dissipated.

The “natural configuration” can be thought of as the configuration a body takes when all ex-

ternal stimuli are removed. An elastic body has only one natural configuration that is, it returns

to the same natural state upon the removal of external loads. In contrast, a viscoelastic material

may have infinite natural configurations (see Rajagopal [51] for a detailed description of natural

configurations).

Málek et al. [45] assumed that each constituent of the mixture could have a different natural

configuration. Thus, having two constituents immediately provides two ways in which the body

can store energy and two ways in which it can dissipate energy. Each way of storing energy is

like that in a neo-Hookean body which leads to two material constants associated with the energy

storage mechanism. In addition to the dissipation associated with each of the constituents, there
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is an additional term due to the interaction between the constituents (or the symmetric part of the

mixture velocity gradient), yielding a total of five material parameters.

Málek et al. [50] corroborated their model against the experiments of Krishnan and Narayan

[52] and Narayan et al. [24]. The torsional experiments indicated that the relaxation time for

normal forces and torque were different. Existing viscoelastic models could not describe this

difference in relaxation time. In addition, Málek et al. [50] simulated a variety of initial boundary

value problems, including rutting and compaction under rolling action.

A thermodynamically consistent model is used in this study develop a practical tool to predict

the response of individual materials (aggregate and binder) in the asphalt mixture. To character-

ize the mechanical response of WFAM samples in this chapter, we applied two different stress

levels followed by rest periods. We developed an experimental program in such a way that the

energy storage and dissipation properties of each material could quantify the response of creep and

recovery and calculated the strain contribution of each individual material.

2.3 Materials and Testing

We prepared fine aggregate mixture (FAM) samples with a polymer modified binder of PG

76-22 grade. Then, we added three types of warm mix additives (Sasobit, Advera, and Rediset) to

the binder. These additives belong to different categories: Sasobit is a wax-based additive, Advera

is a synthetic zeolite used for foaming the binder, and Rediset is a chemical additive. The selected

dosages for Sasobit, Advera, and Rediset were 2%, 5%, and 0.5%, respectively. The samples were

tested after three aging conditions: unaged, 40- and 100-days40 days under UV light with oxygen

and heat, and 100 days under UV light along with oxygen and heat. This aging process caused

significant microstructure changes [53], [54].

The FAM samples were cored in a cylindrical shape with a diameter of 12.5 mm and height

of 50 mm. The asphalt binder content used to prepare these samples was 7.9% by weight of the

total mixture and the air voids were 3%. Detailed information related to the sample preparation is

provided in Sadeq et al. [55].

We subjected the FAM samples to torsion in a mechanical testing device with a dynamic shear
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rheometer (DSR). The ends of the samples were glued to the metal pieces as shown in Figure 1(a)

and a special fixation accessory was used to apply the torsional force. The unaged and UV-aged

samples underwent nine creep and recovery cycles at 25◦ C. The applied stress levels were 75 kPa

and 400 kPa with loading times of 40 sec. We determined the rest period for each individual cycle

beforehand to maintain consistency for all the samples.

We examined the repeatability of the creep and recovery test by performing two trials for each

asphalt mixture. A new sample was used for each experiment and the absolute error percentage

from the mean was calculated at the end of each experiment as shown in Equation 2.1. The error

was found to be less than 15%.

Error(%) =
|x1 − x2|

Mean
× 100 (2.1)

Here, Mean is the average of the two trials and x1 and x2 are the two experimental measurements.

2.4 Nonlinear Viscoelasitc Model for Asphalt Materials

As the material deforms, microstructure changes lead to the evolution of a natural configura-

tion, which is associated with energy dissipation. In developing the model, the assumption is that

the evolution of a natural configuration is determined by maximizing the rate of dissipation (in gen-

eral the rate of entropy production) subject to other constraints that the body might have to meet,

such as incompressibility. This assumption has been very fruitful in the development of models

for a variety of material systems and mechanisms such as viscoelastic solids and fluids, twinning

of metals, shape memory alloys and shape memory polymers, and mixtures consisting of fluids

and solids [56]–[59]. Málek et al. [45] adopted such an approach to develop models for asphalt

mixtures. This study adopts the model developed by Málek et al. [45] to describe the behavior of

WFAM samples subjected to creep and recovery tests.

2.4.1 Kinematics

This section provides the basic kinematics required to describe the model. A detailed dis-

cussion of the kinematics of continua can be found in [60]. We assume κR(B) as the reference

11



(a) (b)

Figure 2.1: (a) A sample of warm fine aggregate mix (WFAM). (b) Illustration of the testing setup
in the dynamic mechanical analyzer
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Figure 2.2: Experimental protocol

configuration of the body B and κc(t)(B) as the current configuration of the body. If X is a point in

the reference configuration and its corresponding point in the current configuration is x, then the

motion of the body is given by the mapping,

x = χκR(X, t). (2.2)

The corresponding deformation gradient is defined as

FκR =
∂χκR(X, t)

∂X
. (2.3)

The left and right Cauchy-Green tensors associated with the above deformation gradient are

BκR = FκRFTκR , (2.4)
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Reference 
Configuration 
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Current 
Configuration 

G1
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FkR

Fkp(t)2

Fkp(t)1

Figure 2.3: Description of motion of a body

CκR = FTκRFκR . (2.5)

The velocity gradient (L) and its symmetric part (D) can be expressed as,

L = ∇v = ḞκRF−1
κR
, (2.6)

D =
1

2
(L + LT ). (2.7)

For this model, we assume κp(t)1 and κp(t)2 as the two natural configurations the body can have

at any given moment. The corresponding mapping between natural and current configurations are

Fκp(t)1 and Fκp(t)2 . G1 and G2 are the corresponding mappings between the reference configuration

and the natural configuration. The relation between the mappings can be expressed as

G1 = F−1
κp(t)1

FκR , (2.8)
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G2 = F−1
κp(t)2

FκR . (2.9)

The material is assumed to be incompressible, which is reflected by having the determinant of the

deformation gradient be equal to unity.

det(FκR) = 1. (2.10)

The response between κp(t)i and κR is to be purely elastic and incompressible, thereby

det(Fκp(t)1 ) = 1, (2.11)

det(Fκp(t)2 ) = 1. (2.12)

The inertial term is ignored while modeling the evolution of Bκp(t) as the motion is considered to

be slow. As discussed earlier, the two natural configurations are associated with the bulk binder

and the aggregate structure incorporating the binder interface, respectively.

2.4.2 Model Description

This section summarizes the main constitutive equations for a thermodynamically compatible

model used by Málek et al. [61] to model asphalt binder behavior.

• Balance of mass

ρ̇+ ρ div v = 0. (2.13)

Under the assumption that the material is incompressible, the above equation reduces to

div v = 0. (2.14)

• Balance of linear momentum

ρv̇ = ρb + div T. (2.15)
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• The rate of entropy production is assumed to be

ξ = 2µ3 | D |2 +µ1 | Dκp(t)1
|2 +µ2 | Dκp(t)2

|2 . (2.16)

• Balance of angular momentum in the absences of any internal body couples

T = TT . (2.17)

• Using the aforementioned balance laws and assumptions, the constitutive equation for the

model can be expressed as

T = −pI + 2µ3D +G1Bd
κp(t)1

+G2Bd
κp(t)2

, (2.18)

B̌κp(t)i
= −2

Gi

µi
Bκp(t)i

Bd
κp(t)i

, (2.19)

where i can be 1 or 2 for 3D and Ad is the deviatoric part of the tensor A

Ad = A− 1

3
tr(A)I in 3D, (2.20)

Ad = A− 1

2
tr(A)I in 2D. (2.21)

We define a quantity p as

p = −1

3
trT. (2.22)

In these equations, ρ is the density, v is the velocity, B is the volume force, ξ is the rate of entropy

production, D is the symmetric part of the velocity gradient, T is the Cauchy stress tensor, µ3 is

the viscosity, and G1 and G2 are the shear moduli, p is the pressure, (G1/µ1)−1 and (G2/µ2)−1are

the two relaxation times. Ǎ is the upper convected Oldroyd derivative of the tensor. The model is

derived with the intention of modeling multiple complex problems using a single set of parameters.
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The shearing flow is assumed to have the form

v = (0,
Ω̇rz

h
, 0), (2.23)

where Ω̇ is the angular velocity at the top of the plates, r is the radius, z is the distance from the

bottom plate, and h is the gap between the plates. The velocity gradient field for the corresponding

motion will be of the form

L = ∇v =


0 − Ω̇z

h
0

Ω̇z
h

0 Ω̇r
h

0 0 0

 . (2.24)

The evolution equation will be of the form

B̌κp(t)i
= Ḃκp(t)i

− LBκp(t)i
− Bκp(t)i

LT = −2
Gi

µi
Bκp(t)i

Bd
κp(t)i

, (2.25)

Ḃκp(t)i
= LBκp(t)i

+ Bκp(t)i
LT − 2

Gi

µi
Bκp(t)i

Bd
κp(t)i

. (2.26)

The inertial terms are couple of orders of magnitude smaller than the remaining terms in the

equation. Ignoring the inertial terms and using the initial condition yields

Bκp(t)i =


Birr Birφ Birz

Biφr Biφφ Biφz

Birz Bizφ Bizz

 = I, (2.27)

T =


Trr Trφ Trz

Tφr Tφφ Tφz

Trz Tzφ Tzz

 = 0. (2.28)

One can calculate the evolution of T and Bκp(t)i to be

Trr = −p+
G1

3
(2B1rr −B1φφ −B1zz) +

G2

3
(2B2rr −B2φφ −B2zz), (2.29)

17



Tφφ = −p+
G1

3
(2B1φφ −B1rr −B1zz) +

G2

3
(2B2φφ −B2rr −B2zz), (2.30)

Tzz = −p+
G1

3
(2B1zz −B1rr −B1φφ) +

G2

3
(2B2zz −B2rr −B2φφ), (2.31)

Tφz = G1B1φz +G2B2φz + µ3
rΩ̇

h
(2.32)

Ḃiφz =
rΩ̇

h
Bizz +

2Gi

3µi
Biφz(Birr − 2Biφφ − 2Bizz), (2.33)

Ḃirr =
2Gi

3µi
Birr(−2Birr +Biφφ +Bizz), (2.34)

Ḃiφφ =
2Gi

3µi
Biφφ(+Birr − 2Biφφ +Bizz)−

2Gi

µi
B2
iφz +

2rΩ̇

h
Biφz, (2.35)

Ḃizz =
2Gi

3µi
Bizz(+Birr +Biφφ − 2Bizz)−

2Gi

µi
B2
iφz. (2.36)

Using the above equations and initial conditions, we solve the evolution ofBi as an initial boundary

value problem. To solve the set of ordinary differential equations, we used the Runge-Kutta fifth-

order (ODE45) in Matlab has been used.

The solution for pressure p should be known to calculate the normal stress or normal force. To

avoid this, we eliminate the pressure term using the remaining two stress terms (Trr,Tφφ ) in the

following manner.

0 =
∂Trr
∂r

+
Trr − Tφφ

r
, (2.37)

Tzz(r) = Trr(r) + (Tzz(r)− Trr(r)), (2.38)

Tzz(r) =

∫ r

R

∂Trr
∂r

dx+ (Tzz(r)− Trr(r)), (2.39)

Tzz(r) =

∫ r

R

Trr − Tφφ
x

dx+ (Tzz(r)− Trr(r)). (2.40)
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2.5 Data Analysis and modeling

2.5.1 Nonlinearity Check

The material behavior is considered linear only if the obtained response satisfies linear scaling

and superposition. This study checked for linear scaling with the data in the same way as presented

in [24]. where the angle of rotation was divided by the amount of torque applied. As shown in

Figure 2.6, the normalized angle of rotation is found to be independent of the torque applied,

indicating that the material does not satisfy the scaling criterion, which implies that the material

behavior is nonlinear when subjected to a loading of 400 kPa.

In addition to this linear scaling check, we attempted to model the behavior of the WFAM sam-

ples using the Burgers linear viscoelastic model. The Burgers model parameters were determined

using data obtained from testing at 75 kPa as shown in Figure 2.4. We then used the same model

parameters to predict the response at a higher stress conditions of 400 kPa as shown in Figure 2.5.

The results showed that the linear model could not predict the behavior of the WFAM samples

at a higher stress condition (400 kPa). Based on these results, one can clearly conclude that the

behavior of the WFAM sample is nonlinear when subjected to a load of 400 kPa and is linear when

subjected to a load of 75 kPa.

2.6 Nonlinear Viscoelastic Modeling

The model expresses the Cauchy stress T as a function of G1, G2, µ1, µ2, and µ3. The aim

of the modeling work is to find a single set of parameters capable of capturing the behavior of a

WFAM sample over a range of loading conditions. This study introduced a new scalar parameter,

expressed as:

J(G1, G2, µ1, µ2, µ3) =

∫ T

0

|E(t)−Omega(G1, G2, µ1, µ2, µ3)|dt, (2.41)

where E (t) is the angle of twist obtained from the experimental data. The parameters are then

found by minimizing the scalar function J(G1, G2, µ1, µ2, µ3).
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Figure 2.4: Burgers model fit at 75 kPa for the WFAM sample with Advera

Figure 2.5: Burgers model verification of the model at 400 kPa for the WFAM sample with Advera
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Figure 2.6: Normalized angle of rotation vs time curves at various stress levels during the first
creep level for the WFAM sample with Advera

Figure 2.7: Nonlinear analysis at 400 kPa and verification of the model at 75 kPa for the Control
Mixture
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Figure 2.8: Nonlinear analysis at 400 kPa and verification of the model at 75 kPa for the WFAM
sample with Advera

Figure 2.9: Nonlinear analysis at 400 kPa and verification of the model at 75 kPa for the WFAM
sample with Sasobit
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Figure 2.10: Nonlinear analysis at 400 kPa and verification of the model at 75 kPa for the WFAM
sample with Rediset additives

Figure 2.11: Model prediction and experimental data for WFAM sample with Sasobit
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Figure 2.12: The effects of aging at 400 kPa for the control mixture

Figure 2.13: The effects of aging at 400 kPa for the WFAM sample with Advera
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Figure 2.14: The effects of aging at 400 kPa for the WFAM sample with Sasobit

Figure 2.15: The effects of aging at 400 kPa for the WFAM sample with Rediset
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Figure 2.16: Normal stress vs time plot for WFAM sample with Advera additive at 400 kPa loading

The data obtained from repeated creep and recovery experiments were the stress (input) and

the angle of rotation as function of time (output). The values of each of the parameters were

restricted by an upper limit and a lower limit. The former to reduce the computational time and the

latter was set to a value of zero to ensure non-negative values of the parameters. The parameters

are then adjusted to minimize the scalar function J(G1, G2, µ1, µ2, µ3). The obtained parameters

are considered as the material parameters. If the fit is satisfactory, as shown in Table 2.1, the

parameters from the higher stress condition (400 kPa) are then used to model the angle of rotation

at the lower stress condition (75 kPa). The model was found to be effective for both stress levels,

and the results are shown in Figures 2.7, 2.8, 2.9, and 2.10. The error percentage for the prediction

of 75 kPa data by the model is calculated as

Error(%) =
|xmt − xet|

xet
× 100 (2.42)

where xmt and xet are the modeling prediction and experimental value at time t, respectively.. The

error percentages between the model prediction and experimental data at the end of the experiment

for 75 kPa data are shown in Table 2.2. The error percentage values are high due to low strain values
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obtained when the WFAM samples were subjected to a loading of 75 kPa and the accumulation

of error with the progress of time as shown in Figure 2.11. As the model has not been formulated

to consider the effect of aging, we carried out the analysis for each material subjected to different

aging conditions separately as shown in Figures 2.12, 2.13, 2.15, and 2.15.

WFAM sample R square val-
ues

Control mixture 0.93
WFAM samples with Advera 0.90
WFAM samples with Sasobit 0.92
WFAM samples with Rediset 0.91

Table 2.1: R square values of the nonlinear model at 400 kPa

WFAM sample Error at the
end of the test

Control mixture 40.01%
WFAM samples with Advera 62.5%
WFAM samples with Sasobit 61.7%
WFAM samples with Rediset 35%

Table 2.2: Error between the model and experimental data at the end of the test at 75 kPa

The data obtained from repeated creep and recovery experiments were the stress (input) and

the angle of twist as function of time (output). The values of each of the parameters were restricted

by an upper limit and a lower limit. The former to reduce the computational time and the latter was

set to a value of zero to ensure non-negative values of the parameters. If the fit was satisfactory, the

parameters from the higher stress condition (400kPa) were then used to model the angle of twist

per unit length at the lower stress condition (75kPa). The model was found to be effective for both

stress levels and the results are shown in Figures 2.7, 2.8, 2.9, and 2.10. As the model had not been
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formulated to consider the effect of aging, we carried out the analysis for each material subjected

to different aging conditions separately as shown in Figures 2.12, 2.13, 2.15, and 2.15.

We then used the obtained parameters to model the normal stress using equations 2.37-2.40.

Although the model seems to under predict the normal force during loading cycles and over predict

it during recovery cycles, qualitatively the normal force trend is captured quite well as shown in

Figure 2.16

2.7 Identification of Responses of the Two Material Constituents

The mechanical behavior of asphalt mixtures depends on the microstructure. This material

response is not only complex due to the random arrangement of aggregate and binder structures,

but also due to structure changes when subjected to external stimuli. The randomness in the mi-

crostructure combined with the large difference in stiffness between asphalt binder and aggregate

induce a wide range of strain distribution within the mixture [62]. Understanding the strain dis-

tribution is important as the binder response to small strain (linear regime) is very different from

the binder response to large strain (nonlinear regime). Here, the assumption is that the individual

material experiences stress proportional to its mass fraction. This is based on the assumption that

the model considers the mixture to be single continua (i.e., both the materials are present at every

single point), thus separating the material properties based on mass fraction is more sound and

reliable. The nonlinear model then becomes

T = αT + (1− α)T = −pI + 2µ3D +G1Bd
κp(t)1

+G2Bd
κp(t)2

, (2.43)

αT = T1 = −p1I + 2µ3αD +G1Bd
κp(t)1

, (2.44)

where

XA = αX (2.45)

XB = (1− α)X (2.46)

B̌κp(t)i
= Ḃκp(t)i

− LBκp(t)i
− Bκp(t)i

LT = −2
Gj
i

µi
Bκp(t)i

Bd
κp(t)1

(2.47)
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where α is the mass fraction, j can be A or B, and i can be 1 or 2. The evolution of Bκp(t)1
and

Bκp(t)2
are similar and their corresponding stress will be of the form

Ḃ1φz =
rΩ̇

h
Bizz +

2G1

3µ1

B1φz(B1rr − 2B1φφ − 2B1zz), (2.48)

Ḃ1rr =
2G1

3µ1

B1rr(−2B1rr +B1φφ +B1zz), (2.49)

Ḃ1φφ =
2G1

3µ1

B1φφ(+B1rr − 2B1φφ +B1zz)−
2G1

µ1

B2
1φz +

2rΩ̇

h
B1φz, (2.50)

Ḃ1zz =
2G1

3µ1

B1zz(+B1rr +B1φφ − 2B1zz)−
2G1

µ1

B2
1φz, (2.51)

T1rr = −p1 +
G1

3
(2B1rr −B1φφ −B1zz), (2.52)

T1φφ = −p1 +
G1

3
(2B1φφ −B1rr −B1zz), (2.53)

T1zz = −p1 +
G1

3
(2B1zz −B1rr −B1φφ), (2.54)

T1φz = G1(B1φz) + µ3
rΩ̇

h
. (2.55)

Using the above equations, the initial value problem for the evolution of the B1 and B2 was solved

and the obtained values were substituted to calculate the corresponding strains for each natural

configuration (material). The model responses of each individual material are shown in Figure

2.17.

2.8 Summary and Conclusions

The aim of this work was to study the behavior of fine aggregate mixture samples when sub-

jected to repeated creep and recovery loading. We used the nonlinear model proposed by Málek

et al. [45] to model the shear strain and normal stress responses. This model can describe various

creep and recovery conditions by considering internal structure changes that occur during load-

ing and unloading. The unique contribution of this chapter is showing the response of individual

constituents as the mixture responds to external stimuli.
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The model presented can capture nonlinear behavior of materials experiencing different ag-

ing levels. Aging causes an increase in stiffness and viscosity of the material as can be seen in

Figure 2.18. These materials can be differentiated based on the values and trends of the material

parameters(G1, G2, µ1, µ2, µ3) obtained from the curve-fitting approach. The following conclusion

can be made based the obtained results:

• The dissipation parameter (µ3) is responsible for the viscous behavior which is almost unaf-

fected due to aging of the WFAM sample with Sasobit additive.

• Aging seems to have a greater effect on the energy storage mechanism (G2) than the dissi-

pation mechanism (µ2). For instance, there seems to be a significant increase in G1 and G2

values between unaged samples and those aged 40 and 100 days. However, such significant

increments not seen in the µ2 value for control, Sasobit, and Avera samples from 40 to 100

days of aging.

• The strain experienced by the binder seems to be significantly higher when compared to the

actual binder-aggregate interface.

Figure 2.17: The strain response by individual constituents for the WFAM with Advera additive.
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(a) (b)

(c) (d)

(e)

Figure 2.18: The variations of all the five parameters through the aging process.
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3. ANALYSIS OF RECLAIMED ASPHALT BLENDED BINDERS USING LINEAR AND

NONLINEAR VISCOELASTICITY FRAMEWORKS*

3.1 Overview

This chapter presents a comprehensive analysis of blended asphalt binders extracted from mix-

tures that contain various amounts of reclaimed asphalt pavements (RAP). The analysis is per-

formed within a thermodynamically consistent nonlinear viscoelastic (NVE) modeling framework,

which has the advantage of accounting for the contributions of each constituent (i.e., virgin binder

and RAP binder) to the response of the blended binder.

To calibrate and validate the NVE model, we subjected RAP blended binders to different testing

protocols: frequency sweep (FS), multiple stress creep and recovery (MSCR), repeated creep and

recovery with multiple stress levels (RCRMS), random creep and recovery (RCR), and stress re-

laxation (SR). For the binders used in this study, linear viscoelasticity (LVE) was suitable to model

the FS and MSCR data, but it did not capture the RCRMS results, which involved higher stress

and strain levels. In contrast, the NVE model successfully described the RCRMS results. The

validation was achieved by comparing the NVE model predictions with the RCR and SR test re-

sults. Lastly, this study recommends a new method based on NVE model parameters to evaluate

the rutting resistance of blended asphalt binders.

3.2 Introduction

The increasing demand for asphalt materials and the depletion of natural resources (virgin ag-

gregates and asphalt binder) have motivated the use of RAP in the construction of new pavements.

Significant research has been conducted to determine RAP binder properties and their influence on

the rheological properties of blended asphalt binders [63]–[66]. In recent times, rutting in the field

*This chapter is reprinted with permission from "B Vajipeyajula, KL Roja, E Masad, et al. “Analysis of reclaimed
asphalt blended bindersusing linear and nonlinear viscoelasticity frameworks”. In:Materials and Structures53.5(2020),
pp. 1–14."
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has been quantified by analyzing the binders in the laboratory using several standard test protocols.

The two test parameters typically used to quantify rutting areG∗/sinδ (G∗ is the dynamic modulus

and δ is the phase angle) measured using a dynamic test and Jnr (creep compliance) measured us-

ing the MSCR test [37], [67]–[69]. Jnr is the ratio of the non-recovered shear strain to the applied

shear stress after applying a certain number of creep and recovery cycles. However, several studies

have found several disagreements with observations made in the field and values obtained from

standard experiments. For example, the studies conducted by Bahia et al. [33] and D’Angelo and

Dongr [70] reported that the G∗/sinδ parameter ranked the rutting resistance of virgin binders,

it did not correlate well with field observations of modified binders. For the Jnr value, several

researchers have reported that the loading of 3.2 kPa in the MSCR test is not sufficient to capture

the nonlinear behavior of asphalt binders, and the rest time of 9 seconds is also not long enough

for the binder to recover completely [37]–[39], [71], [72].

Several approaches that utilize model parameters obtained from LVE analysis of RCR and SR

have been proposed to rank rutting resistance of binders [73]–[75]. For example, Mangiafico et al.

[76] used the normalized LVE cole-cole curves to compare the behavior of RAP blended binders

with mixtures that incorporate these binders. However, LVE models are limited in considering the

nonlinear responses of asphalt binders that are subjected to high strain levels in asphalt mixtures.

Recently, nonlinear approaches were used to predict the response of asphalt binders. Narayan

et al. [77] and Nivitha et al. [78] proposed a rutting parameter that considers the nonlinear response

of the binder. Masad et al. [25] developed an approach based on Schapery’s theory [1] to capture

the non-proportional response of an asphaltic material subjected to various range of creep loadings.

Several other models were developed to capture the normal force generated during shearing of the

asphaltic material and to better analyze transient and three-dimensional responses [16], [79]–[82].

Furthermore, Málek et al. [61] developed a thermodynamically compatible rate type fluid model to

describe the behavior of asphalt binders subjected to various loading conditions. This framework

can capture the nonlinear transient response and the normal force generated due to the shearing of

asphalt binders. Vajipeyajula et al. [5] presented a NVE model that can be used to separate the
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contributions of the constituent of a material to its overall response.

In this chapter, we evaluate rutting resistance of RAP blended binders by subjecting the blends

to various standard and modified test protocols. We used LVE and NVE models to predict the

response of RAP blended binders. This study mainly focused on capturing the contribution of

individual constituents (virgin and RAP binder) to the overall material response using a thermody-

namically developed NVE model.

3.3 Materials

This study used a base binder of Pen 60/70 (PG 64S-22) grade along with the RAP binder (PG

94E-0) extracted from roads in Qatar. Asphalt mixtures containing different proportions of RAP

(0, 15, 25, 35, and 100% RAP) were then produced in the laboratory. The binders used in this

study were extracted and recovered from these asphalt mixtures [83]. Because the focus of the

study is on the response at high temperatures, the blended binders were subjected to short-term

aging in a rolling thin film oven (ASTM: D-2872, 2004) prior to the tests discussed in the section .

The properties of virgin and RAP binders are given in Table 4.3. More details about characteristics

and properties of the RAP blended binders can be found in Roja et al. [20].

Table 3.1: Properties of virgin and RAP binders

Parameter Virgin binder RAP binder
Penetration(0.1
mm)

64 -

Specific gravity 1.032 -
Softening Point
(oC)

50 -

DSR
G*/Sin(δ)(kPa)

1.30 at 64oC 36.90 at 64oC

DSR
G*Sin(δ)(kPa)

4815 at 25oC 21946 at 25oC

BBR Stiff-
ness(MPa)

161 at −12oC 85 at 0oC

BBR Slope 0.308 at −12oC 0.300 at 0oC
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3.4 Experimental Measurements

In this study, binders were subjected to different experimental testing protocols using a dynamic

shear rheometer with a 25 mm diameter parallel plate and a 1mm gap. We conducted the FS and

MSCR tests were conducted to determine the suitability of the LVE and NVE models in fitting

the data obtained from these standard tests. We used the RCRMS test to determine the parameters

of the NVE model. We used the RCR and SR tests were used for NVE model validation. Each

experiment was conducted twice to ensure repeatability. We found the error percentage to be within

6% , calculated as:

Error(%) =
| x1 − x2 |

Mean
× 100, (3.1)

where x1 and x2 are the experimental measurements of trial 1 and 2 and Mean is the average

of the two trials.

3.4.1 Frequency Sweep (FS)

We performed the FS tests using an oscillatory domain at temperatures of 45, 55, and 65oC and

subjected to a frequency range of 1 to 20 Hz at a rate of 1 Hz per second. At each temperature

and frequency, the storage and loss moduli were recorded and presented as shown in Figure 3.1.

From these values, we constructed the master curves using RHEA software [84] at a reference

temperature of 64oC. RHEA software follows a time-temperature superposition principle to shift

the temperature isotherms and construct a master curve using the William-Landel-Ferry equation.

3.4.2 Multiple Stress Creep and Recovery (MSCR)

Each binder was tested using two different stress levels (0.1 kPa and 3.2 kPa). At each stress

level, we carried out 10 loading and recovery cycles were carried out with 1 second creep loading

time and 9 seconds recovery time [85].The non-recoverable creep compliance (Jnr) is calculated

as the ratio of the average non-recoverable strain for the 10 cycles and the applied stress for those
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Figure 3.1: Variation of storage and loss moduli at different temperatures for a blended binder with
15% RAP

cycles, as shown in Equation 3.2:

Jnr =

∑n
i=1 γir − γio
τ × n

, (3.2)

where γr and γo are the shear strain at the end and beginning of ith cycle respectively, n is the

number of cycles for each stress level, and τ is the applied shear stress.

3.4.3 Repeated Creep and Recovery with Multiple Stress Levels (RCRMS)

Several researchers have reported that the loading of 3.2 kPa in the MSCR test is not sufficient

to capture the nonlinear behavior of asphalt binders and the rest time of 9 seconds is also not long

enough for binder to recover completely [37]–[39], [71], [72]. Therefore, several suggestions have

been made to modify the MSCR protocol to include higher stress levels and varied recovery times

[38], [39], [77]
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Figure 3.2: Ilustration of the loading protocol of the RCRMS loading protocol

In the RCRMS test, each binder was subjected to five different stress levels of 0.1, 3.2, 6.4,

9.6, and 12.8 kPa. At each stress level, five loading cycles were applied with a creep time of 1

second followed by varying rest periods. As shown in Figure 3.2, the selected rest periods for

0.1, 3.2, 6.4, 9.6, and 12.8 kPa were 9, 20, 50, 70, and 150 seconds, respectively. The first two

stress levels were based on the standard MSCR protocol and the remaining three stress levels were

selected in such a way that the linearity check (scaling and superposition) can be carried out from

the obtained responses. We used the RCRMS test results to calibrate the NVE model and determine

its parameters.

3.4.4 Random Creep and Recovery (RCR)

The RCR test subjected the asphalt binder to a random loading pattern in which the stress level

varied within a range of 0.1 to 12.8 kPa. As shown in Figure 3.3, the creep loading time varied

from 0.1 to 1 seconds and the recovery time distribution was from 1 to 10 seconds. A random
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Figure 3.3: Example RCR test loading pattern

number generator function in Matlab [86] was used to generate the stress level, creep loading time,

and recovery time values of each cycle. Various past researchers have used similar random loading

protocols for model validation [87], [88]. In this study, the RCR data were used to validate the

NVE model that was calibrated using the RCRMS test.

3.4.5 Stress Relaxation (SR)

The SR test involved applying a constant strain level while monitoring the stress needed to

maintain the strain [78], [89]. This study conducted, five relaxation tests at strain levels of 30,

60, 100, 400, 600, and 800%. At each level, the ramp-up time for each strain increment was 0.1

second and each stress level was maintained constant for 600 seconds. As discussed later, this test

was used for validation of the NVE model.
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3.5 Linear Viscoelastic Modeling

3.5.1 LVE Modeling of FS Results

To capture the response of the binder over a wide range of frequencies, generalized LVE model

was used with 9 Kelvin Voigt units and the Maxwell spring and dashpot elements connected in

series. The storage (G′) and loss (G”) moduli are related to the dynamic modulus |G∗| and phase

angle (δ) as shown in Equations 3.3 and 3.4,

G′(ω) = |G∗(ω)| cos(δ), (3.3)

G”(ω) = |G∗(ω)| sin(δ). (3.4)

The dynamic compliance (J∗) is determined as follows:

|J∗(ω)| = 1

|G∗(ω)|
. (3.5)

Using the dynamic compliance and the corresponding phase angle at a reference temperature of

64oC, one can obtain the storage compliance (J ′) and loss compliance (J ′′). The J ′ and J ′′ values

can then be curve fitted using Equations 3.6 and 3.7 [90]:

J ′(ω) = JM +
n∑
i=1

Jki
(1 + ω2ρ2

ki
)
, (3.6)

J ′′(ω) =
1

µMω
+

n∑
i=1

Jkiωρki
(1 + ω2ρ2

ki
)
, (3.7)

where ω is frequency, JM is the instantaneous compliance, µM is the steady flow viscosity, ρki is

the retardation time, and n is the number of the Kelvin Voigt elements. As shown in Figure 3.4, the

generalized LVE model could predict the response of RAP blended binders. The model parameters

obtained for 15% RAP binder are shown in Figure 3.4 .
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Figure 3.4: Analysis of the storage compliance and loss compliance using the generalized LVE
model for 15% RAP binder at 64oC with JM = 9.46× 104 and µM = 5.68× 10−4.

3.5.2 LVE Modeling of MSCR Results

To evaluate the linearity of the MSCR test results, we modeled the strain response obtained

from this test using the generalized model. Along with the parameters obtained from the curve

fitting of the FS data, the response of the MSCR data was predicted as:

εr(t) = τ(JM +
t

µM
) +

n∑
i=1

τJki

(
1− e

− t
ρki

)
− τ

(
JM +

(t− tc)
µM

)
−

n∑
i=1

τJki

(
1− e

− (t−tc)
ρki

)
,

(3.8)

where τ is the shear stress applied, ε is the strain, t is the time in seconds, tc is the creep time, and

τ
µM

is the instantaneous strain. The subscript c indicates creep and r indicates recovery. Figure 3.5

shows the model predictions of MSCR data.

3.5.3 LVE Modeling of RCRMS and RCR Results

We attempted to analyze the RCRMS and RCR test data with the generalized LVE model

using the same set of parameters obtained from the FS and MSCR tests. As shown in Figure
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Figure 3.5: Analysis of the strain values from the MSCR test using the generalized LVE model at
64o C.
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Figure 3.6: Comparison between the generalized LVE model and the RCRMS results (a); and the
RCR results (b) for 15% RAP at 64oC

3.6, the LVE model underpredicted the strain values obtained from the RCRMS and RCR tests.

Specifically, there was a significant difference between experimental and model predicted values

in the RCRMS test at higher loading conditions (greater than 3.2 kPa). Therefore, we conduct a

nonlinearity check for the response of binders obtained from the RCRMS and RCR tests in section

3.6.

3.6 Nonlinearity Check of RCRMS and SR Data

Nonlinear behavior of asphalt binders when the stress or strain levels exceed certain threshold

values is well documented[85]. The RCRMS tests evaluated nonlinearity by comparing the nor-

malized strain (strain/torque) of the first cycle at different stress levels, as shown in Figure 3.7(a)

for the case of 15% RAP at 64oC. If the linear scaling of the normalised strain is not satisfied, the

material response is considered to be nonlinear [91]. The binder response was found to be nonlin-

ear at higher stress levels: > 3.2 kPa for 0, 15, 25, and35% RAP blended binders, and > 6.4 kPa

for 100% RAP binder.

We evaluated the nonlinearity of the data obtained in the SR test by comparing the normalized
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Figure 3.7: Normalized strain from RCRMS results (a) and normalized stress from SR results (b)
for 15% RAP at 64o C.

stress (stress/shear rate) for different strain levels as shown in Figure 3.7(b) for 15% RAP blended

binder at 64oC. The linear scaling was not satisfied when the binders were subjected to high strain

levels of 600 and 800%. Hence, in the following sections, NVE model are determined using the

RCRMS test results, and the NVE model parameters are validated using the RCR and SR data.

3.6.1 Model Calibration Using RCRMS Test Data

To simulate the binder behaviors obtained from various test protocols, this study adopted a

semi-inverse method (i.e., the deformation or the velocity are assumed to be of a certain form) [5],

[82]. In this case, the velocity was assumed to be

v = (0,
Ω̇rZ

h
, 0) (3.9)

where v is the velocity, Ω̇ is the angular velocity, Z is the vertical distance from the bottom plate,

and h is the gap between two plates. Using the above velocity profile, the corresponding stress

equations were derived by Málek et al. [61]. The data obtained from the RCRMS tests were curve
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Figure 3.8: Analysis of strain and normal force values from the RCRMS experiments using non-
linear modeling 64oC

fitted with the nonlinear model using Matlab [86]. This was performed by defining a new error

function:

Er =
N∑
i=1

[
1

max(Sie)

[∑j
k=1 |Sie − Sim|2

j

]]
+

N∑
i=1

[
1

max(F i
e)

[∑j
k=1 |F i

e − F i
m|2

j

]] (3.10)

where N is the number of stress levels, Sie and F i
e are the strain and normal force obtained from the

experiment, respectively, Sim and F i
m are the strain and the normal force obtained from the model

calculations, respectively, and j is the total number of data points. This error function was then

minimized to obtain the parameters. The values of each parameter were restricted by an upper

limit and a lower limit. The obtained fits were able to satisfactorily capture both the shear and

normal force responses for all binders, as shown in Figure 3.8.

The parameters obtained from the curve fitting of RCRMS data are shown in Figure 3.9. The

shear modulus parameters (G1, G2) were found to increase gradually with the addition of RAP

(Figure 4.9a, 4.9c), whereas the viscosity parameters (µ1, µ2, µ3) gradually increased up to 25%
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Figure 3.9: The five parameters of the nonlinear model for RAP binders

RAP, after which a rapid increment was seen. These model parameters are validated with RCRMS

and SR test data in section 3.6.2.

3.6.2 Model Validation Using Random Creep and Recovery (RCR) and Stress Relaxation

(SR) Test Data

The randomness in the loading history (both in the amount of load being applied and the tran-

sient condition in each cycle) makes the RCR test a good tool to validate the model’s capabilities

for predicting the material response. We used the NVE model described in Chapter 2 was used to

predict the RCR response of binders, as shown in Figure 3.10. These results show that the model

fits the RCR data quite well.

The SR experiment subjected the binders to a constant strain rate for 0.1 seconds to allow the

strain to reach a predetermined value, after which the strain is kept constant, allowing the stress to
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Figure 3.10: Nonlinear model validation using RCR test data.

relax. The shear rate is related to the angle of twist, expressed as: 3.11,

ε̇ =
rΩ̇

h
, (3.11)

where ε̇ is the shear rate, r is the radius, Ω̇ is the angular velocity, and h is the gap between two

plates. The calculated angle of twist at a given time is then substituted in Equations 2.14 and 2.15 to

solve for the shear stress using the ODE45’ equation solver in Matlab [86]. We used the parameters

obtained from the RCRMS test to model the response of stress relaxation tests, as shown in Figure

3.11. The model could predict binder response when subjected to stress relaxation to a great extent.
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Figure 3.11: Nonlinear model validation using SR data of 15% RAP binder.

3.7 Separation of Material Response

Considering the multiconstituent nature of the RAP blended binder, it is beneficial to under-

stand the contribution of the individual constituents (virgin binder and RAP binder) on the behavior

of the blended binder. This would help to improve the design and use of high RAP mixtures. The

parameters obtained from curve fitting of RCRMS data were substituted into equations 2.43-2.47,

and the response of each material is shown in Figure 3.12.

From Figure 3.12, it can be inferred that the strain experienced by the virgin binder is signif-

icantly higher than the strain experienced by the RAP binder in a 15% RAP blend, which makes

sense as the major component in the blend was virgin binder.
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3.8 Understanding the Effect of Adding RAP on the Permanent Deformation

We evaluated the Jnr value obtained from the MSCR and RCRMS tests and the viscosity

parameters obtained from the nonlinear modeling of RCRMS test data for their ability to describe

the resistance to permanent deformation. Figure 3.13 shows the normalized Jnr value obtained

from the MSCR and RCRMS test data at a 3.2 kPa stress level. These values were normalized with

respect to the Jnr of 0% RAP. For the MSCR test, the Jnr values were almost unchanged up to the

addition of 25% RAP. However, there was a sharp drop in the Jnr value in the RCRMS test with the

addition of RAP. The differences in the trends of Jnr values between these two tests are attributed

to applying different stress levels (i.e., nonlinear responses of the binders), and are also due to

differences in the recovery times. Because the binders were not allowed to recover completely in

the MSCR test, higher Jnr values were obtained from the irrecoverable strain. The dependence of

the Jnr values on the loading magnitude and recovery time is a clear indication of the nonlinear
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Figure 3.13: Comparison of normalized Jnr at 3.2kPa

behavior of binders and the need to change the MSCR test to account for this nonlinearity.

The striking dependence of Jnr on recovery time and creep loading demands a new parameter

to quantify rutting. Narayan et al. [77] recommended using the apparent viscosity parameter

derived from NVE models. Their study defined, the apparent viscosity as the ratio of the stress

applied during creep to the steady state strain rate aexpressed as:

η(τ) =
τ

ε̇
, (3.12)

where η is the apparent viscosity, τ is the shear stress, and ε̇ is the steady state strain rate. To analyze

the effects of shear loading, we calculated apparent viscosity values for stress levels ranging from

1 to 107 Pa using the parameters obtained from the RCRMS test. Figure 3.14 shows the apparent

viscosity curves of all the binders.

Unlike Jnr, the viscosity trends are obtained from the analysis of the complete data, and are
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Figure 3.14: Apparent viscosity for the all the binders

found to be independent of recovery time. In addition, this apparent viscosity accounts for the non-

linearity of RAP blend binder response and is the best parameter to assess permanent deformation.

Therefore, in this study, we suggested using viscoelastic model parameters rather than Jnr values

to assess permanent deformation trends.

3.9 Conclusions

This study aims to analyze the effects of adding RAP content on the rutting resistance of asphalt

binders. This investigation was carried out on binders with different RAP proportions (0, 15, 25,

35, and 100%). These binders were subjected to FS, MSCR, RCRMS, RCR, and SR protocols. The

FS and MSCR data were modeled successfully using a generalized LVE model for loadings of up

to 3.2 kPa. The data obtained from RCRMS and SR tests were found to follow nonlinear behavior.

Hence, we used a thermodynamically consistent NVE model derived by Málek et al. [61] to model

the data obtained from the RCRMS test. We then validated the obtained model parameters by
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capturing the response of RCR and SR protocols. The nonlinear model could predict the results of

all the test protocols well.

Using the nonlinear model parameters, apparent viscosities were calculated as indicators of the

rutting resistance of RAP blended binders. We also used the NVE model to predict the contribution

of individual materials towards the response of RAP blended binders. The following conclusions

can be drawn from the results:

• Because the binders were not allowed to recover completely in the standard MSCR test, the

Jnr values measured from the irrecoverable strain may not represent the actual behavior of

binders. The mismatch in Jnr values obtained from MSCR and RCRMS is a clear indication

of the need to modify the standard MSCR protocol.

• The stiffness and viscosity of RAP blends increased gradually with the addition of RAP

when the binder behavior is nonlinear. When the binder behavior is linear, rapid increments

in stiffness and viscosity values were observed after adding 25% of RAP.

• It is recommended to use apparent viscosity rather than the Jnr values to assess the rutting

resistance of binders. Apparent viscosity is derived from the NVE response of binders,

whereas the traditional Jnr value is calculated assuming a LVE response in a creep and

recovery cycle.

• The procedure of separating blended binder responses based on the contributions of their

constituents (virgin binder and RAP) is useful to optimize the use of RAP and improve

performance.
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4. EFFECT OF CONFINEMENT PRESSURE ON THE NONLINEAR VISCOELASTIC

RESPONSE OF ASPHALT MIXTURES

4.1 Overview

The goal of this study is to develop a constitutive model capable of accounting for the effects of

confinement pressure on the response of asphalt mixtures, while also accounting for microstructure

changes as the material deforms. The model used in this study considers the compressibility of

the mixtures. The model is developed within a Gibbs-potential-based thermodynamic framework

utilizing the notion of multiple natural configurations. Functional forms of the Gibbs potential and

the dissipation rate were assumed to obtain the constitutive model. We evaluated model efficacy

by corroborating with the results of experiments on asphalt mixtures at four different confinement

pressures and two different temperatures. The asphalt mixture samples were subjected to cyclic

creep and recovery loading at 40 and 55◦ C at different confinement levels [6]–[9]. It is shown that

confinement pressure and the temperature significantly affect the nonlinear viscoelastic response

of asphalt mixture materials. As such, one can use this model to simulate the actual loading

conditions experienced by asphalt pavements in the field, as the model can simulate multi-axial

loading conditions.

4.2 Introduction

Asphalt mixture is a complex material consisting of aggregates, asphalt binder, and air voids.

The complex microstructure of asphalt mixtures and stiffness moduli differences between asphalt

mixture consitutients induces large localized strains. These large strains contribute to the nonlinear

viscoelastic response of the binder, which in turn contributes to the overall nonlinear viscoelastic

response of the asphalt mixture.

When the asphalt pavement is laid down in the field it contains air voids, which causes a

change in density and shearing. Mathruswamy et al. [92] reported that when subjected to constant

hydrostatic pressures, asphalt mixtures exhibited densification depending on the magnitude of hy-
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drostatic pressures. This in turn causes rearrangement of the microstructure. As has been noted

by Krishnan and Rajagopal [11] and Masad et al. [12], the deformation resistance in asphalt mix-

tures is mainly derived from stiff aggregate, and viscous asphalt binders, and the way they interact

with each other (i.e., microstructure). Microstructure changes due to mechanical changes such as

reduction of the air voids or chemical changes such as aging of asphalt cause the material response

to external stimuli to change. This also affects the mixture’s ability to recover and stress relax

upon load removal or keeping the strain constant, which in turn changes the material’s resistance

to rutting, fatigue damage, and other forms of damage.

Only a few researchers have analyzed the effects of confinement [6], [42], [43]. These studies

found that the responses of asphalt mixtures varied greatly with the increase in effects of confine-

ment pressure (e.g., material and stiffness and viscosity increased with the increase in confinement

pressure). The traditional models currently being used to model the effects of confinement pressure

determine a new set of parameters for each confinement pressure. This is extremely tedious, as one

must determine a new set of parameters for every small change in confinement pressure. These

models also do not consider the multiaxial loading conditions as they usually model the loading as

uniaxial, which is far from the realistic loading conditions. The models also do not consider the

evolution of microstructure as the material deforms, which is known to significantly affect material

response.

Rajagopal and Srinivasa [17] developed a framework appealing to the concept of maximizing

the rate of dissipation. This framework recognizes material microstructure changes through the

changes in the material’s natural configuration. A similar framework was later used by several

studies([45], [50], [89], [93]–[95]), and has shown great promise in capturing complex asphaltic

material response such as rutting, compaction under rolling action, and nonlinear shear flow.

In this chapter, a model considering confinement pressure’s effects on asphalt mixtures is devel-

oped within a thermodynamic framework appealing to the notion of the body existing in multiple

natural configurations and treating the material as a continuum. This model has been developed

primarily to capture the non-proportional and multiaxial response of asphalt mixtures. The ma-
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terial also shows a clear sensitivity to the interaction between temperature and confinement (as

shown in section 4.3). In light of this, these aspects of the complex mechanical behavior of the

asphalt mixtures were also considered during model development.

4.3 Experimental Data

The data presented in the chapter were collected by the Asphalt Research Consortium at Texas

A&M University [6]–[9].

Cylindrical specimens were prepared in the laboratory using a Superpave Gyratory Compactor,

which was used to compact 15.2 cm diameter by 17.8 cm height specimens. The prepared spec-

imens were then cored and cut to 10 cm diameter by 15.2 cm height. The average percent air

voids of the test specimens as 7.0 ± 0.5%. Limestone aggregate and binder PG 67-22 were used to

prepare the test specimens.

The samples were subjected to repeated creep and recovery loading with a creep time of 0.4

seconds, with a ramp-up time of 0.05 seconds, creep loading of 0.35 seconds, and a recovery time

of 30 seconds [6]. Each loading block included eight creep recovery cycles with increasing axial

stresses. This test was conducted in compression at two different temperatures (i.e., 40o C and 55o

C) and four confinement levels (i.e., 0, 70, 140, and380 kPa), which were kept constant during the

test. The axial stresses for the first cycle was chosen to be 140 kPa and the axial stress for each

subsequent cycle was ensured to be 1.2 times the axial stress of the preceding cycle. Each block

contains eight creep and recovery cycles. The first axial stress level for the next block is the same

as the third stress level in the previous block as shown in Figure 4.2. The specimens were attached

with three axial and three radial LVDT’s to measure the axial and radial strains during the test as

shown in Figure 4.1. The specimens were conditioned for 2 hours at the confinement pressure

before any axial loading was applied.

The analysis results of the repeated creep and recovery test at different confinement levels show

that the mixture response depends on the current pressure being applied on the materials, as shown

in Figure 4.3. The effect of temperature on the material’s mechanical response was as expected. At

higher temperatures, the accumulated strain was considerably higher than at lower temperatures, as
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Figure 4.1: Experimental testing setup. (a) Schematic view of test specimen with mounted axial
LVDTs. (b) Tri-axial cell equipped with radial LVDTs inside environmental chamber. Reprinted
with permission from [6]

Figure 4.2: Schematic experimental test protocol. Reprinted with permission from [6]
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Figure 4.3: Axial strain response of asphalt mixtures when subjected to various confinement pres-
sures

shown in Figure 4.4. This is a clear indicator that the material parameters are a function of current

multi-axial stresses acting on the material. This requires an implicit compressible viscoelastic

model.

4.3.1 Linearity Check

Because of its complex composition, asphalt mixtures tend to display a nonlinear response

even when subjected to small strains. Hence, we performed a nonlinearity check by comparing

the normalized strain (strain/applied stress) for various stress levels in the first block when the

mixtures were subjected to a 0 kPa confinement pressure. If the linear scaling of the normalized

strain is not satisfied, the material response is considered to be nonlinear. The mixture response

was found to be nonlinear at stress levels greater than 165 kPa as shown in Figure 4.5
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Figure 4.4: Axial strain response of asphalt mixtures when subjected to different temperatures

Figure 4.5: Normalized strain for the asphalt mixtures at 40◦ C
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4.4 Nonlinear Viscoelastic Model

4.4.1 Preliminaries

Let κt denote the configuration of a body B at the current instant of time t. Let x and v denote

the position and velocity of any particle of the body at this instant t, respectively. The velocity

gradient is denoted by L:

L =
∂v
∂x

(4.1)

During any mechanical process that the body undergoes, the balance of mass, linear momentum,

angular momentum, and laws of thermodynamics must be satisfied. The equations corresponding

to the laws of the balance are:

ρ̇+ ρdivv = 0, (4.2)

ρv = divT, (4.3)

T = TT, (4.4)

where ρ is the density, T is the cauchy stress, and Ȧ represents the material time derivative:

Ȧ =
∂A

∂t
+
∂A

∂x
v. (4.5)

The balance of energy is given by

T · D− ρε̇− divq + ρr = 0. (4.6)

The Clausius-Duhem inequality is given by,

ρη̇ + div
q

θ
− ρr

θ
≥ 0. (4.7)

where D is the symmetric part of the velocity gradient, ε is the internal energy, q is the heat flux

being supplied to the body, r is the heat supply to the body, θ is the temperature, and η is the
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specific entropy. Combining Equations 4.6 and 4.7, the inequality can be expressed as

T · D− ρε̇+ ρθη̇ − q · gradθ
θ

= ξ ≥ 0. (4.8)

Here, ξ is the rate of dissipation at a material point. In this study, we express the inequality in terms

of Gibbs free energy following the framework established by [96]. We define a quantity TM :

TM = T− 2
∼
ηdDd − 2

∼
ηstr(D)I, (4.9)

where
∼
ηd and

∼
ηs are the material parameters. The Gibbs free energy (G) is assumed to be a function

of TM and θ:

G = Ĝ(TM , θ), (4.10)

The internal energy is related to Gibbs free energy as follows:

ε = G− ∂G

∂TM

· TM . (4.11)

Assuming the deformation occurs at a constant temperature, these inequality reduces to

T · D− ρε̇ = ξ. (4.12)

Substituting Equation 4.11 into Equation 4.12, the inequality then becomes

T · D− ρ

{
∂2G

∂2TM

[ṪM ]

}
· TM = ξ ≥ 0. (4.13)

4.5 Development of Constitutive Relations

To complete the assignment of the constitutive equations, it is necessary to assume the Gibbs

free energy and rate of dissipation to obtain the constitutive relation. The rate dissipation function
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ξ is assumed to be of the form:

ξ = 2ηd‖Dpd‖
2 + 2ηstr(Dp)

2 + 2
∼
ηd‖Dd‖2 + 2

∼
ηstr(D)2, (4.14)

where ηd, ηs,
∼
ηd, and

∼
ηs are material viscosities, ‖A‖ denotes the Frobenius norm of A, and Ad is

the deviatoric part of the of A.

Let C and Dp be defined such that,

C = 2ηd‖Dpd‖
2 + 2ηstr(Dp)

2, (4.15)

Dp = D +
∂2G

∂2TM

[ṪM ] + H, (4.16)

with H being a tensor that satisfies H · TM = 0. Dp can be regarded as the rate of deformation of

the configuration taken by the body when no external force is acting on the body. The inequality

(Equation 4.13) can then be written as:

T · D− ρ

{
∂2G

∂2TM

[ṪM ]

}
· TM = C + 2

∼
ηd‖Dd‖2 + 2

∼
ηstr(D)2 ≥ 0. (4.17)

The above equation (4.17) can be written as,

T · D− 2
∼
ηd‖Dd‖2 − 2

∼
ηstr(D)2 − ρ

{
∂2G

∂2TM

[ṪM ]

}
· TM = C ≥ 0, (4.18)

=⇒ (T− 2
∼
ηdDd − 2

∼
ηstr(D)I) · D− ρ

{
∂2G

∂2TM

[ṪM ]

}
· TM = C ≥ 0. (4.19)

Substituting Equation 4.9 into Equation 4.19, we get:

TM · D− ρ

{
∂2G

∂2TM

[ṪM ]

}
· TM = C, (4.20)

60



Substituting Equation 4.16 into Equation 4.20 yields:

TM · Dp = C. (4.21)

Next we follow the notion of maximizing C the method of Lagrange multipliers, the following

auxillary function is defined:

Φ = C + λ(C − TM · Dp). (4.22)

Then we take derivative of C with respect to Dp, and equate it to zero yields:

∂Φ

∂Dp

= (1 + λ)
∂C

∂Dp

− λTM = 0, (4.23)

⇒ (1 + λ)
∂C

∂Dp

− λTM = 0, (4.24)

⇒ (1 + λ)

λ

∂C

∂Dp

= TM . (4.25)

Lastly, we take the dot product of Equation 4.25 with Dp

(1 + λ)

λ

∂C

∂Dp

· Dp = TM · Dp. (4.26)

By substituting Equation 4.21 into Equation 4.26 we obtain:

(1 + λ)

λ

∂C

∂Dp

· Dp = C, (4.27)

=⇒ (1 + λ)

λ
=

C
∂C
∂Dp · Dp

. (4.28)

Next we calculate ∂C
∂Dp using Equation 4.15

∂C

∂Dp

= 4ηdDpd + 4ηs(tr(Dp))I. (4.29)
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By substituting the expressions for C (Equation 4.15) and ∂C
∂Dp (Equation 4.29) in equation 4.28 we

obtain
(1 + λ)

λ
=

1

2
. (4.30)

The resulting constitutive equation is, therefore,

2ηdDpd + 2ηstr(Dp)I = TM . (4.31)

In this study, the Gibbs potential is assumed to be of the form:

G = − 1

18µs
(trTM)2 − 1

4µd
‖TMd‖2, (4.32)

where µs and µd are material stiffness parameters, and TMd is the deviatoric part of the stress tensor

TM . Following Equation 4.16, Dp becomes,

Dp = D− 1

3µs

tr(ṪM)

3
1− 1

2µd
ṪMd + H, (4.33)

To ensure a frame indifference of Dp, H is assumed to be:

H =
1

2µd
(WT− TW), (4.34)

where W is the skew-symmetric part of the velocity gradient. Substituting Equation 4.34 into

equation 4.33, yields:

Dp = D− 1

3µs

tr(
ω

TM)

3
1− 1

2µd

ω

TMd, (4.35)

where (
ω·) is the Green-McInnis-Naghdi rate given by:

ω

A = Ȧ + AW−WA. (4.36)
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Hence, the constitutive equation will be of the form:

T = 2
∼
ηdDd + 2

∼
ηstr(D)I + TM , (4.37)

TM = 2ηdDpd + 2ηstr(Dp)I, (4.38)

Dp = D− 1

3µs

tr(
ω

TM)

3
1− 1

2µd

ω

TMd. (4.39)

4.6 Kinematics

To simulate the binder behaviors obtained from various test protocols, we adopted a semi in-

verse method (i.e., the deformation or the velocity is assumed to be of a certain form). In this case,

the deformation is assumed to be homogeneous, thus the equation of motion in the cylindrical polar

coordinates are expressed as:

r = kR; θ = Θ; z = λZ, (4.40)

where R,Θ, and Z are coordinates in the undeformed configuration; r, θ, and z are coordinates

in the deformed state; and k and λ are the stretches. The deformation gradient for the motion

expressed as:

F = diag
(
k, k, λ

)
, (4.41)

The corresponding velocity gradient (L) is expressed as:

L = diag
(
k̇

k
,
k̇

k
,
λ̇

λ

)
. (4.42)

The corresponding symmetric part of the velocity gradient (D) and the skew-symmetric part of the

velocity gradient are given by (W):

D =
1

2
(L + LT ) = diag

(
k̇

k
,
k̇

k
,
λ̇

λ

)
, (4.43)
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W =
1

2
(L− LT ) =

(
0,0,0

)
. (4.44)

TM is assumed to be of the following form:

TM =


TMrr 0 0

0 TMθθ 0

0 0 TMzz

 . (4.45)

T is assumed to be of the following form:

T =


Trr 0 0

0 Tθθ 0

0 0 Tzz

 . (4.46)

By substituting Equation 4.45 Equation 4.34,
ω

A can be written as follows:

ω

A = Ȧ + AW−WA = Ȧ, (4.47)

=⇒
ω

TM = ṪM + TMW−WTM = ṪM . (4.48)

Using Equation 4.9, ṪM can written as:

ṪM = Ṫ− 2
∼
ηdḊd − 2

∼
ηstr(Ḋ)I. (4.49)

Now tr(
ω

TM) can be written as:

tr(
ω

TM) = tr(ṪM) = tr(Ṫ)− tr(2∼ηdḊd)− tr(2
∼
ηstr(Ḋ)I), (4.50)

=⇒ tr(
ω

TM) = tr(ṪM) = tr(Ṫ)− 6
∼
ηstr(Ḋ). (4.51)
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ω

TMd can be written as:

ω

TMd = ṪMd = Ṫd − 2
∼
ηdḊd − 2

∼
ηstr(Ḋ)Id, (4.52)

ṪMd = Ṫd − 2
∼
ηdḊd. (4.53)

Substituting Equation 4.51 and 4.53 into equation 4.39, yields:

Dp = D− 1

3µs

tr(Ṫ)− 6
∼
ηstr(Ḋ)

3
1− 1

2µd
(Ṫd − 2

∼
ηdḊd). (4.54)

The deviatoric part and trace can be calculated using the above equation, which can then be sub-

stituted into Equation 4.38 to calculate TM as:

TM = 2ηd

(
Dd −

1

2µd
(Ṫd − 2

∼
ηdḊd)

)
+ 2ηs

(
tr(D)− 1

3µs
(tr(Ṫ)− 6

∼
ηstr(Ḋ))

)
I. (4.55)

Substituting Equation 4.55 into Equation 4.37 yields:

T = 2
∼
ηdDd+2

∼
ηstr(D)I+2ηd

(
Dd−

1

2µd
(Ṫd−2

∼
ηdḊd)

)
+2ηs

(
tr(D)− 1

3µs
(tr(Ṫ)−6

∼
ηstr(Ḋ))

)
I.

(4.56)

Equation 4.56 can be rearranged as:

T = a(Dd) + b(tr(D)I)− c
(

Ṫd − 2
∼
ηdḊd

)
− d
(
tr(Ṫ)− 6

∼
ηstr(Ḋ)

)
I, (4.57)

where a, b, c, and d are expressed as:

a = 2
∼
ηd + 2ηd, (4.58)

b = 2
∼
ηs + 2ηs, (4.59)

c =
2ηd
2µd

, (4.60)
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d =
2ηs
2µ3

. (4.61)

Assuming the tensors Dd, Td are of the following form:

Dd =


2
3
Drr − 1

3
(Dθθ +Dzz) 0 0

0 2
3
Dθθ − 1

3
(Drr +Dzz) 0

0 0 2
3
Dzz − 1

3
(Drr +Dθθ)



=


Ddrr 0 0

0 Ddθθ 0

0 0 Ddzz

 , (4.62)

Td =


2
3
Trr − 1

3
(Tθθ + Tzz) 0 0

0 2
3
Tθθ − 1

3
(Trr + Tzz) 0

0 0 2
3
Tzz − 1

3
(Trr + Tθθ)



=


Tdrr 0 0

0 Tdθθ 0

0 0 Tdzz

 . (4.63)

Substituting the symmetric part of D form Equation 4.44 and the stress tensor to be of the form in

Equation 4.62, the governing equations during multiaxial compression can be written in terms of
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a set of ordinary differential equations:


Trr 0 0

0 Tθθ 0

0 0 Tzz

 = a


Ddrr 0 0

0 Ddθθ 0

0 0 Ddzz



+ b


Drr +Dθθ +Dzz 0 0

0 Drr +Dθθ +Dzz 0

0 0 Drr +Dθθ +Dzz



− c


Ṫdrr 0 0

0 Ṫdθθ 0

0 0 Ṫdzz

+ 2
∼
ηdc


Ḋdrr 0 0

0 Ḋdθθ 0

0 0 Ḋdzz



− d


Ṫrr + Ṫθθ + Ṫzz 0 0

0 Ṫrr + Ṫθθ + Ṫzz 0

0 0 Ṫrr + Ṫθθ + Ṫzz



+ 6
∼
ηsd


Ḋrr + Ḋθθ + Ḋzz 0 0

0 Ḋrr + Ḋθθ + Ḋzz 0

0 0 Ḋrr + Ḋθθ + Ḋzz

 . (4.64)

The above equations can be simplified

Trr − a(Ddrr)− b(tr(D))− c(Tdrr)− d(trṪ ) = pḊrr + qḊzz, (4.65)

Tzz − a(Ddzz)− b(tr(D))− c(Tdzz)− d(trṪ ) = sḊrr + rḊzz, (4.66)

where p, q, r, and s are expressed as:

p = 12
∼
ηsd+

2

3

∼
ηdc, (4.67)
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q = 6
∼
ηsd−

2

3

∼
ηdc, (4.68)

r = 6
∼
ηsd+

4

3

∼
ηdc, (4.69)

s = 12
∼
ηsd−

4

3

∼
ηdc. (4.70)

Multiplying Equations 4.65 with s and 4.66 with p yields:

sTrr − as(Ddrr)− bs(tr(D))− cs(Tdrr)− ds(trṪ ) = psḊrr + qsḊzz, (4.71)

pTzz − ap(Ddzz)− bp(tr(D))− cp(Tdzz)− dp(trṪ ) = spḊrr + rpḊzz. (4.72)

Subtracting Equation 4.71 from Equation 4.72 gives us:

pTzz − sTrr − ap(Ddzz) + as(Ddrr)− bp(tr(D)) + bs(tr(D))− cp(Tdzz) + cs(Tdrr)

− dp(trṪ ) + ds(trṪ ) = rpḊzz − qsḊzz. (4.73)

Multiplying Equation 4.65 by r and Equation 4.66 by q yields:

rTrr − ar(Ddrr)− br(tr(D))− cr(Tdrr)− dr(trṪ ) = prḊrr + qrḊzz, (4.74)

qTzz − aq(Ddzz)− bq(tr(D))− cq(Tdzz)− dq(trṪ ) = sqḊrr + rqḊzz. (4.75)

Subtracting Equation 4.75 from Equation 4.74 gives us:

qTzz − rTrr − aq(Ddzz) + ar(Ddrr)− bq(tr(D)) + br(tr(D))− cq(Tdzz) + cr(Tdrr)

− dq(trṪ ) + dr(trṪ ) = spḊrr − prḊrr. (4.76)

Consequently, the constitutive equation reduced to two coupled ordinary differential equations(i.e.,

Equation 4.73 and 4.76).
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4.7 Parametric Analysis

We conducted a comprehensive parametric analysis to determine the mixture response’s sen-

sitivity to the various model parameters. The parameters used in this analysis are shown in Table

4.1. To establish a reference material response and aid in the sensitivity study, we selected a refer-

ence parameter set (Set 1 in Table 4.1). All the simulations were conducted at creep stress of 140

kPa for 0.4 seconds, with a ramp-up time of 0.05 seconds and creep time of 0.35 seconds like the

experimental protocol and a confinement pressure of 0 kPa.

Table 4.1: Model parameters used in the parametric study

Set# µd ηd1 µs ηs
∼
ηd

∼
ηs a b c

1 1E7 1E8 1E8 1E11 1E6 1E7 3E6 100 1
2 3E7 1E8 1E8 1E11 1E6 1E7 3E6 100 1
3 5E7 1E8 1E8 1E11 1E6 1E7 3E6 100 1
4 1E7 6E7 1E8 1E11 1E6 1E7 3E6 100 1
5 1E7 3E8 1E8 1E11 1E6 1E7 3E6 100 1
6 1E7 5E8 1E8 1E11 1E6 1E7 3E6 100 1
7 1E7 1E8 1E8 1E11 1E6 1E7 3E6 100 1
8 1E7 6E8 1E8 1E11 5E6 1E7 3E6 100 1
9 1E7 1E8 1E8 1E11 9E6 1E7 3E6 100 1
10 1E7 1E8 3E8 1E11 1E6 1E7 3E6 100 1
11 1E7 1E8 5E8 1E11 1E6 1E7 3E6 100 1
12 1E7 1E8 1E8 1E11 1E6 1E6 3E6 100 1
13 1E7 1E8 1E8 1E11 1E6 5E6 3E6 100 1
14 1E7 1E8 1E8 1E11 1E6 1E7 3E6 100 1
15 1E7 1E8 1E8 1E11 1E6 1E7 3E6 10 1
16 1E7 1E8 1E8 1E11 1E6 1E7 3E6 2 1

An example of the influence of µd with all the other parameters kept the same is shown in

Figure 4.6. As expected, the slope of the strain during the ramp-up loading condition depends on

the µd parameter as slope decreases with increased µd. This in turn affects the maximum strain

experienced by the mixture.
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The parameter ηd is considered a function of the spherical component of the stress tensor, as

shown in the following equation:

ηd = ηd1 ∗

[
exp
(

(1− tr(T)
a )/b

)
c

]
. (4.77)

Analysis of the effects of ηd1 revealed that it controls when the mixture changes from a very low

viscosity fluid-like behavior to a solid-like highly viscous fluid behavior. Figure 4.7, shows that

ηd1 controls the slope of the strain response during the creep loading because the slope of the strain

response decreases as the value of ηd1 increases . In Figure 4.7, the material with ηd1 = 5 ∗ 108

MPa.s was found to experience the shift much earlier than the other materials. The parameters

a, b, and c, along with ηd1 control the variation of ηd, as a function of tr(T). The variations of

the material response due to parameters a and b are shown in Figures 4.8, and 4.9. Parameter a

controls the initial material response just as the creep loading begins immediately after the ramp-up

loading. Parameter b acts as a normalizing parameter to the confinement pressure in the exponential

function. It also and controls the sensitivity of ηd to the confinement pressure, thereby indirectly

controlling the long-term slope of the strain during the ramp-up loading (as b decreases the slope

is also found to increase).

The parameter µs is found to affect the long-term strain response during the creep loading

over a long time. As shown in Figure 4.10 parameter
∼
ηs is mainly found to control the slope of

the strain during creep loading, contributing to the change of the material response to a fluid-like

behavior during the creep loading. The parameters
(

2ηd
3µd

)
and

(
ηs
µs

)
are the two relaxation times.

The parameters ηs, ηd,
∼
ηd, and

∼
ηs determine the zero shear viscosity of the material. The parameters

ηd1, a, b, c account for the nonlinearity due to the applied confinement pressure.

Based on the parametric analysis and the physical significance of the model’s parameters, we

present here a summary of these parameters:

• Parameters µd and
∼
ηd control the slope of the axial strain during the ramp-up time (0-0.05

seconds).
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• Parameter ηd, and ηd, the viscosity parameters, controls The long term response of the mate-

rial. This is also controlled by parameters ηd1, a, and b

• Parameters µs and
∼
ηs control the slope of the axial strain response when subjected to creep

loading. The relationship between the model’s parameters and the axial strain response is

illustrated in Figure 4.13.

Figure 4.6: Analysis of the sensitivity of axial strain to µd

71



Figure 4.7: Analysis of the sensitivity of axial strain to ηd1

Figure 4.8: Analysis of the sensitivity of axial strain to a
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Figure 4.9: Analysis of the sensitivity of axial strain to b

Figure 4.10: Analysis of the sensitivity of axial strain to
∼
ηd
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Figure 4.11: Analysis of the sensitivity of axial strain to µs

Figure 4.12: Analysis of the sensitivity of axial strain to
∼
ηs
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Figure 4.13: Illustration of the relationship of the model’s parameters to the axial strain response.

4.8 Model Corroboration

The nonlinear viscoelastic model derived in section 4.7 assumes the mechanical processes to

be isothermal. Experimental data is used to corroborate the model to obtain the appropriate cal-

ibrated material parameters for individual mixes at each temperature for the 0 kPa confinement

case. The parameters were adjusted to better predict the material response (i.e., minimizing the

error between the experimental data and the model prediction) using the findings from the para-

metric analysis. The obtained parameters were then used to predict the asphalt mixture’s response

at various confinement pressures. If the model prediction is not satisfactory (i.e., R2 value > 0.9

for the axial strains at a 0 kPa confinement pressure and reasonable average error (%) value < 10%

for the axial strains at other confinement pressures) for any of the confinement pressures, then the

whole process starts again as shown in Figure 4.14. The obtained parameters for each temperature

are shown in Table 4.2. The average error percentage for the model’s predictions of 70, 140, and
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380 kPa data is calculated as:

Average Error(%) = Average

(
|xmt − xet|

xet
× 100

)
, (4.78)

where xmt is the modeling prediction at a given time t and xet is the experimental value at a

given time t. The average error percentages between the model prediction and experiment data

throughout the experimental for 70, 140, and 380kPa data are shown in Table 4.3. The average error

(%) values are slightly high for the 55 C data due to low strain values obtained when the asphalt

mixture samples were subjected to various confinement pressures and the accumulation of error

with the progress of each creep and recovery cycle. The model captured the axial strain response

well; however, it the model over-predicted the radial strain when the radial strain values were

negative due to the constant application of confinement pressure even during recovery conditions.

Table 4.2: Model parameters at different temperatures

Temp µd ηd µs ηs
∼
ηd

∼
ηs a b c

40oC 9.25E7 9.37E12 9.45E10 9.17E11 5.05E6 3.25E7 1.76E6 100 1
55oC 6.95E7 6.37E11 6.45E9 8.45E10 5.05E6 1.25E8 1.00E6 15 1

Table 4.3: Axial strain average errors between the model and experimental data at the end of each
test

Confinement pressure Temperature Average error at the end of
the test

70 kPa 40o C 6.65%
140 kPa 40o C 2.55%
380 kPa 40o C 2.25%
70 kPa 55o C 6.65%
140 kPa 55o C 5.65%
380 kPa 55o C 6.57%
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Figure 4.14: Flow chart of the model corroboration process

4.9 Summary

In this chapter, we developed a nonlinear viscoelastic model using the Gibbs-potential-based

thermodynamic framework for describing the response of asphalt mixtures while accounting for

the confinement pressure acting on the asphalt mixtures. The model also considers the fact that

deforming materials like asphalt mixtures undergo microstructure changes in such a way, that

the response to external stimuli depends on the current microstructure rather than the original

microstructure. This was done by appealing to the idea that the material can have multiple natural
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Figure 4.15: Analysis of axial strain values from the RCR experiments using nonlinear modeling
at 40oC and 0kPa confinement pressure.

Figure 4.16: Analysis of radial strain values from the RCR experiments using nonlinear modeling
at 40oC and 0kPa confinement pressure
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Figure 4.17: Close-up of axial strain analysis at 40oC and 0 kPa confinement pressure.

Figure 4.18: Analysis of axial strain values from the RCR experiments using nonlinear modeling
at 40o C and 70 kPa confinement pressure

79



Figure 4.19: Analysis of radial strain values from the RCR experiments using nonlinear modeling
at 40o C and 70 kPa confinement pressure

Figure 4.20: Analysis of axial strain values from the RCR experiments using nonlinear modeling
at 40o C and 140 kPa confinement pressure
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Figure 4.21: Analysis of radial strain values from the RCR experiments using nonlinear modeling
at 40o C and 140 kPa confinement pressure

Figure 4.22: Analysis of axial strain values from the RCR experiments using nonlinear modeling
at 40o C and 380 kPa confinement pressure
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Figure 4.23: Analysis of radial strain values from the RCR experiments using nonlinear modeling
at 40o C and 380 kPa confinement pressure

Figure 4.24: Analysis of axial strain values from the RCR experiments using nonlinear modeling
at 55o C and 0 kPa confinement pressure
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Figure 4.25: Analysis of radial strain values from the RCR experiments using nonlinear modeling
at 55o C and 0 kPa confinement pressure

Figure 4.26: Analysis of axial strain values from the RCR experiments using nonlinear modeling
at 55o C and 70 kPa confinement pressure
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Figure 4.27: Analysis of radial strain values from the RCR experiments using nonlinear modeling
at 55o C and 70 kPa confinement pressure

Figure 4.28: Analysis of axial strain values from the RCR experiments using nonlinear modeling
at 55o C and 140 kPa confinement pressure
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Figure 4.29: Analysis of radial strain values from the RCR experiments using nonlinear modeling
at 55o C and 140 kPa confinement pressure

Figure 4.30: Analysis of axial strain values from the RCR experiments using nonlinear modeling
at 55o C and 380 kPa confinement pressure
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Figure 4.31: Analysis of radial strain values from the RCR experiments using nonlinear modeling
at 55o C and 380 kPa confinement pressure.

Figure 4.32: Axial strain response of asphalt mixtures when subjected to various confinement
pressure
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configurations, thereby keeping track of its current natural configuration.

When the model was corroborated against the obtained experimental data the model’s predic-

tions were found to describe the non proportional response of asphalt mixtures while accounting

for the effect of confinement pressure well. Thus, the model can be used to describe the mechanical

behavior of asphalt mixtures in isothermal processes at any temperature (as shown in Figure 4.16

at 40oC and Figure 4.24 at 55oC). The following conclusions can be drawn from the experimental

studies, theoretical developments, and data analysis presented in this chapter:

• The viscoelastic properties of asphalt mixtures depend strongly on confinement pressure.

This indicates the need for multiaxial laboratory testing conditions to realistically simulate

the loading conditions experienced by asphalt pavements in the field.

• The viscosity of asphalt mixtures was found to depend on the confinement pressure (an

exponential function of tr(T)).

• Temperature is also found to significantly influence binder stiffness as one would expect. All

the viscosity and modulus parameters were observed to decrease with increased temperature

as shown in Table 4.2

• The variation of normalized viscosity ( ηd
ηd1

) due to confinement pressure, as shown in Figure

4.32, was found to be higher at higher temperatures. From this it can be deduced that the

nonlinearity due to the confinement pressure is higher at higher temperatures.
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5. SUMMARY AND CONCLUSIONS

5.1 Summary

As discussed in this dissertation, the response of asphaltic materials is dependent on time,

temperature, stress or strain level, and confinement pressure. This makes the modeling of such ma-

terials a complex task. Hence, the primary objective of this study is to develop a thermodynamic

constitutive model capable of modeling the complex behaviors exhibited by asphaltic materials,

including its non-proportional response to external loading, its ability to stress relax, and its abil-

ity to recover when loading is removed, while accounting for the multi constituent nature of the

material and its sensitivity to factors like confinement pressure, time, aging, and temperature.

The objective of this dissertation was achieved by using a thermodynamics-based nonlinear

viscoelastic (NVE) model derived by Málek et al. [45] to capture the effects of various polymer

additives, aging, and nonlinear creep and recovery response of asphalt mixtures. Additionally, this

study established a framework to separate the contribution of individual constituents to the overall

material response. The efficacy of this framework was tested to understand the effects of reclaimed

asphalt pavement (RAP) content in the blended binder in chapter 3. Along with this, a detailed dis-

cussion of various experimental protocols that have been previously used to quantify permanent

deformation in asphalt binders as well as their drawbacks in blended binders was provided. Con-

sequently, a new protocol was also suggested in chapter 3 along with the required post-processing

to better quantify permanent deformation. This framework has shown that a thermodynamic vis-

coelastic model derived based on the idea of natural configuration and maximization of the rate of

dissipation can capture the complex response of asphalt mixtures and identify the contributions of

its constituents.

Appealing to the idea of natural configuration and maximization of rate of dissipation, we de-

rived a compressible NVE model within a Gibbs-potential-based thermodynamic framework, to

model the effects of confinement pressure on the response of asphalt mixtures at various temper-
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atures in chapter 4. The main reasons for the selection of the thermodynamics-based viscoelastic

models are as follows:

• Asphaltic materials in the field exhibit nonlinearity even when subjected to small strains.

The thermodynamics-based model was capable of capturing such nonlinearities.

• Asphaltic materials go through significant microstructure changes due to repeated loading

in the field. These changes involve a reduction in air voids, rearrangement of aggregate,

and changes in structure and aging of binders. The NVE model used in this study can

account for these changes by appealing to the idea that a material can have multiple natural

configurations simultaneously.• Asphaltic materials go through significant microstructure

changes due to repeated loading in the field. These changes involve a reduction in air voids,

rearrangement of aggregate, and changes in structure and aging of binders. The NVE model

used in this study can account for these changes by appealing to the idea that a material can

have multiple natural configurations simultaneously.

• The limited number of model parameters makes it possible to relate these parameters to

mixture design. The framework established along with these parameters can be used to un-

derstand the effects of individual constituents, which can then be used to optimize mixtures

and design of blended binders.

5.1.1 Modeling of Asphalt Mixtures with Warm Mix Additives

This study established a framework using the NVE model derived by Málek et al. [45], to

separate the contributions of individual constituents to overall material response. The following

conclusions can be made from this study:

• The model developed by Málek et al. [45] was used to capture the response of asphalt mix-

tures, including various warm mix additives. The efficacy of the model was evaluated by

capturing the material behavior when subjected to different loading conditions using a sin-

gle set of parameters.
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• Warm fine aggregate mixtures (WFAM) samples exhibited nonlinearities in the form of non-

proportional response and generation of normal stress when sheared.

• Aging has a significant effect on the stiffness of the WFAM samples in comparison to their

viscosity. The dissipation parameter (µ3) is responsible for the viscous behavior which is

almost unaffected due to aging of WFAM samples.

5.1.2 Linear and Nonlinear Modeling of Reclaimed Asphalt Binders

The framework established in chapter 2 was utilized to analyze the effects of binder recovered

from reclaimed asphalt pavement on the response of a binder blend. Additionally, a new protocol

was established to analyze the rutting resistance of blended binders. The main findings are:

• The loading conditions in the standard multiple stress creep and recovery (MSCR) test pro-

tocol are not ideal to analyze rutting in blended binders because applied stress levels are not

sufficient to capture their NVE behavior, which is the case in the field.

• The recovery time in MSCR is constant irrespective of the load magnitude. This time may

not be sufficient for the binder to recover completely under high loading conditions.

• The standard protocol of calculating non-recoverable creep compliance (Jnr ) has shown

disagreement in the values obtained from the MSCR and repeated creep and recovery with

multiple stress levels (RCRMS) tests. In the case of the MSCR test, the Jnr value was

constant up to 25% RAP, after which its value decreased with the addition of more RAP

content. In the case of the RCRMS test, the Jnr value gradually decreased with the addition

of RAP until 35% RAP.

• The stiffness and viscosities of the blended binders increased with the increase in RAP con-

tent. This is to be expected as aged binder in the field becomes stiffer and viscous.

• The viscosity parameter correlates well with the rutting of binders irrespective of loading

unlike the commonly used Jnr, which was found to depend on the stress being applied on

the binders.
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5.1.3 Modeling Effects of Confinement Pressure and Temperature

A new compressible NVE model was derived, using the thermodynamic framework established

by Rajagopal and Srinivasa [96], to capture the effects of confinement pressure on the response of

asphalt mixtures. The conclusions of this are as follows:

• The constitutive model developed using a Gibbs-potential-based thermodynamic framework

was able to capture the NVE response of asphalt mixtures. The model parameters were

iteratively adjusted to capture the material response at all confinement pressures.

• It is clearly shown that the NVE properties of asphalt mixtures strongly depend on the con-

finement pressure. Therefore, the nonlinear properties obtained from the uniaxial creep and

recovery tests cannot be used effectively to predict the response of asphalt pavements in the

field.

• The nonlinearity induced by the confinement pressure increases with an increase in temper-

ature.

5.2 Contributions of the Research

The primary contributions of this research are as follows:

• This research will pave the way for the development of a fundamental understanding of the

influence of factors like confinement, aging, temperature, and polymer additives on asphaltic

materials. Such understanding can be used to evaluate and predict the various distresses

experienced by the pavement in the field.

• This research showcased the inadequacies of test protocols commonly used to quantify rut-

ting resistance of asphalt binders and proposed a new protocol addressing these inadequa-

cies. This new protocol, along with the suggested post-processing (i.e., calculating apparent

viscosity), can be used to better quantify the rutting resistance of various binders.

• The framework developed to separate the contribution of individual constituents to overall

material response can be used to optimize mixture designs to get desired mixture properties.
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• The sensitivity of the model parameters to the applied confinement pressure depends on

the operating temperature. The parameters are more sensitive to pressure with increased

temperature.

• Several aspects of the complex behavior of the asphaltic material are analyzed throughout

this study including:

– Non-proportional response to external stimuli.

– Generation of normal force under shear loading.

– Effects of various polymer additives on the response of asphalt mixtures.

– Effects of aging on the response of asphalt mixtures.

– Effects of RAP content in blended binders.

– Effects of confinement pressure on the response of asphalt mixtures.

– Effects of temperature on the response of asphalt mixtures.

5.3 Future Work

This study can be extended in the following ways:

• The model developed and implemented in this study can be modified to account for the

effects of changes in temperature on material response. The non-isothermal model can then

be used to simultaneously study internal thermal stress due to temperature gradients in the

pavement and external stress due to the passage of vehicles.

• A finite element model for the NVE model can be used to model several complex boundary

value problems and simulate the various loading conditions pavements are subjected to in

the field, like the passage of wheels repeated.

• The model can also be modified to account for the anisotropy and porosity of asphalt mix-

tures.
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