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ABSTRACT

Demand for safer and more efficient chemical reactors has given rise to two kinds
of research problems. One path has focused on finding new reactor designs that make
reaction systems inherently safer compared to large conventional reactors and another
direction has focused on building algorithms to make classical reactors (CSTR, Batch,
Tubular) safer and more efficient. This dissertation is an attempt to tackle important
problems in both directions. In the first part of this dissertation, design problems in two
inherently safer and compact unconventional chemical reactors are studied namely,
microreactors and heat exchangers. Using well established tools such as parametric
sensitivity analysis, order of magnitude analysis and optimal control theory, the effect of
solid phase axial heat conduction on isothermal operation and hotspot formation in
microreactors, and the effect of catalyst distribution in thermal coupling in heat exchanger
reactors is investigated. The second part of this dissertation focuses on making inherently
unsafe conventional chemical reactors (such as CSTRs) safer and robust. To this end, an
observer-based fault diagnosis scheme is developed for a general class of input affine
nonlinear systems with and without measurement and process noises. Throughout the
study, the fault diagnosis scheme is applied to chemical engineering examples including

non-isothermal exothermic CSTRs.
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NOMENCLATURE

Ca fluid-phase reactant concentration, mol.m=
Cao  fluid-phase inlet reactant concentration, mol.m

Cp fluid-phase heat capacity, J.mol?.K?

. . S K

CP conduction parameter, reacting-fluid side, =

pCp Lvp €fy

: . S K

CP1  conduction parameter, reacting-fluid side, =
p.Cp.L.vo.€f, w

Ky
p.Cp.L.vo.€f,w

CP2>  conduction parameter, coolant-fluid side,

Fo solid-phase Fourier Number, —Fw
(PCp),,-L-vo
. . : hy 4, sL
Sty reacting fluid-to-solid wall Stanton Number, plca—fi,
pVo
- - hzﬁfZSL
Sty coolant fluid-to-solid wall Stanton Number, oCove
pVo
T, coolant temperature, K
2 L
Da Damkohler Number, kqye'RTol Cpq —
0
E, reaction activation energy, J.mol*
h, heat-transfer coefficient for conductive losses to the ambientat z =0, L.
h; reacting fluid-to-solid wall heat transfer coefficient
h, coolant fluid-to-Solid wall Heat transfer coefficient
AH,  heat of reaction
Kk, pre-exponential rate coefficient, s

vii



)

afls

solid-phase (wall) thermal conductivity,
reactor axial length, m

gas constant, J.mol.K™!

fluid-phase temperature, K

coolant temperature, K

ambient temperature (atz<0,z>L), K
fluid-phase inlet temperature, K

wall temperature, K

. . . . C
dimensionless fluid-phase reactant concentration, C—A
A0

fluid-phase superficial velocity
axial position

dimensionless heat of reaction
reactant concentration, mol.m
inlet reactant concentration, mol.m
heat capacity, J.mol1.K™!

channel surface area to volume ratio
fluid-phase density

catalyst distribution

coolant fluid-to-solid phase (wall) volume ratio

ratio of coolant- to reacting fluid heat transfer capacity to wall, =

reacting fluid surface area-to-fluid phase volume ratio

viii
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afzS

Efw

outer wall surface area-to-fluid phase volume ratio

reacting fluid-to-solid phase (wall) volume ratio

Ea
R.T,
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1. INTRODUCTION

1.1. Conventional chemical reactors

Large stirred pots and empty tubes for chemical reactions are as old as the field of
chemical engineering itself. Even now, 100 years after their emergence, conventional
chemical reactors account for most of the chemical production in chemical industries’.
The three most well-known chemical reactors include the continuous stirred tank reactor
(CSTR), tubular reactor and batch reactor? and problems concerning their design and
operation have been tackled since the 1950s.

1.1.1. Continuous stirred tank reactor (CSTR)

Continuous Stirred Tank Reactors (see Figure 1.1) are very commonly used for
industrial processing. As the name suggests, these reactors are stirred tanks that are
operated continuously. The CSTR is normally operated at steady state and is operated to
be well mixed. As a result, spatial variations are neglected when modeling a CSTR. Since
the temperature and concentration are identical everywhere within the reaction vessel, they
are the same at the exit point as they are elsewhere in the tank. Thus, the temperature
and concentration in the exit stream are modeled as being the same as those

inside the reactor.



Reactants

—

\‘______._/) Products

Figure 1.1 Continuous stirred tank reactor (CSTR).

1.1.2. Tubular reactor

Tubular reactors consist of a cylindrical pipe (see Figure 1.2) and, like the CSTR,
normally operated at steady state. The reactants are continually consumed as they flow
down the length of the reactor. In modeling the tubular reactor, we assume that the
concentration varies continuously in the axial direction through the reactor. Consequently,
the reaction rate, which is a function of concentration for all but zero-order reactions, will

also vary axially.

Reactants Products

Figure 1.2 Industrial tubular reactor.



1.1.3. Batch reactor

A batch reactor (see Figure 1.3) has neither inflow nor outflow of reactants or
products while the reaction is being carried out. It typically, consists of a storage tank with
an agitator and integral heating/cooling system. Generally, the reaction mixture is mixed
perfectly so that there is no variation in the rate of reaction throughout the reactor volume.
The advantages of the batch reactor lie with its versatility. A single vessel can carry out a
sequence of different operations without the need to break containment. This is

particularly useful when processing toxic or highly potent compounds.

Initial reactant -
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Figure 1.3 Batch reactor.

1.1.4. Challenges

The large sizes typically associated with conventional reactors give rise to different
challenges that affects different aspects of chemical production; ranging from difficulties
in novel process/ material screening to inefficiencies involved in day to day production 3.

These challenges can mainly be grouped into the following



I.  Operational inefficiencies

e Conventional reactors have significant intraphase transport resistances. In
such cases, diffusion of the reactants is generally the “rate determining
step”, and can cause significant reduction in reactor conversion and
difficulties in studying intrinsic kinetics of novel reactions.

e High interphase transport resistances due to high surface area to volume
ratios in conventional reactors restricting operation of the reactor at
aggressive conditions (high temperature and/or pressure)

Il.  Scale up difficulties

e Chemical production in conventional reactors is a complex and cost
intensive process requiring expensive lab scale and/ or pilot plant
experiments before moving to large scale production.

I1l.  Process safety

e Any fault or mishap can lead to disastrous consequences such as explosions
because of their massive sizes and consequently large chemical hold up. A
case in point is the T2 Laboratories reactor explosion* (2007, Jacksonville,
Florida) that occurred due to cooling system failure and killed four people.

The foregoing challenges have given rise to two kinds of research problems. The
first path, mainly tackled by reaction engineers, has focused on the construction of new
chemical reactor designs that are inherently safer and compact compared to large

conventional chemical reactors® 56, These reactors are smaller and more compact



compared to classical reactors and, as we shall see, provide design challenges that were
hitherto absent in their conventional counterparts.

In another direction, armed with systems and control theory, chemical engineers
have come up with methods for ensuring widely used conventional chemical reactors
operate in a safe and efficient manner. This has mainly taken the form of developing
algorithms for fault diagnosis and subsequent fault tolerant control hereby making
conventional rectors more resilient’-?%, This dissertation is an attempt to solve important
problems in both the paths and it will focus on methods for

a) Optimal design of a class of unconventional chemical reactors namely,
microreactors and heat exchanger reactors (Sections 2,3, and 4)- This will
make use of well-established tools such as sensitivity analysis, order-of
magnitude analysis, and optimal control to derive fundamental insights to
the design these unconventional reactors.

b) Fault detection and isolation in non-linear systems applied to conventional
chemical reactors (Sections 5,6 and 7)- though the methods are developed
for a general class of input affine systems, the main application will be
highly exothermic non-isothermal chemical reactors that are inherently
unsafe.

1.2. Unconventional reactors- microreactors

Microreactors are miniaturized reaction systems of sub-millimeter diameter such

that intraphase transport resistances are alleviated while providing order-of-magnitude

improvements in interphase transport rates relative to conventional systems® %1, Because



of these unique advantages, combined with the potential for realizing modular and/or
portable chemical processes, microreactors remain a focal point of research and
development in process intensification'>* 27-2%_ One of the first opportunities identified
for microreactors was ability to safely perform hazardous chemistries, with emphasis on
highly exothermic, fast reactions which traditionally pose significant runaway and
explosion hazards®®-*?. For heat-transfer limited processes e.g., endothermic Fischer-
Tropsch Synthesis, microreactors offer breakthroughs in both reaction rates and
temperature uniformity®** For both applications, high rates of transverse heat exchange
between reacting fluid and coolant provide excellent temperature control.

The most common microreactor architecture is planar, in which a 1 x n array of
parallel microchannels are patterned into an individual plate of silicon, glass, ceramic or
metal substrate® 111, Scale-up of capacity is then realized via bonding multiple plates into
a monolithic ‘stack’ which effectively consists of a large bundle of parallel channels
embedded in single, continuous block of solid-phase substrate 31+ 2° Heat addition or
removal is readily introduced via alternating rows of reaction and coolant channel plates,
while supply of reactant or coolant to individual channels is achieved via distribution
manifolds which interface between the microchannel network and external plumbing * -
1112 The resulting microreactor is unique from traditional reactors in that the solid-phase
volume, relative to that of either reacting fluid or coolant, is no longer negligible and
therefore heat dispersion via solid-phase axial conduction must be accounted for %7,
Likewise, while sufficient external insulation may be readily provided to the microreactor

block, as to ensure that convective and/or radiative heat losses to ambient are negligible,
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solid-phase heat conduction may provide an additional pathway for heat removal via
conduction from the microreactor block to external inlet/outlet manifolds (‘packaging
losses”) 373,
1.2.1. Design challenge

The impact of solid-phase conduction and packaging losses depends heavily on
whether the reaction is endothermic or exothermic. One of the goals of this thesis is to
fundamentally investigate the differing roles of axial wall conduction on endothermic and
exothermic microreactor design. The importance of solid-phase heat conduction on design
criteria such as heat transfer efficiency, heat circulation, hotspot formation/ magnitude,
ignition/extinction and runaway are well documented 6. 36-37.39

Endothermic reactions absorb energy from its surroundings resulting in a net
increase in enthalpy. Highly endothermic reactions such as methane steam reforming are
characterized by a steep temperature decrease (Figure 1.4) which results in low reactor
conversion. Thus, the primary challenge in endothermic reactors is to maintain sufficiently
high reaction rates’® 4%, This can be done by having external heat inputs to counter the
decrease in reactor temperature due to the reaction. However, care should be taken to not
overheat the reactor as extreme temperatures could compromise catalyst and material
stability. Therefore, the goal is to operate the reactor at a temperature that maintains high
reaction rates while ensuring material stability and safety. But is it theoretically possible
to operate a highly endothermic microreactor at a prespecified temperature? Microreactors
do have a major advantage over their conventional counterparts in that the orders of

magnitude in reduction in size offers massive improvements in heat fluxes. Therefore, the



amount of heat input available should not be a problem. However, as seen the reduced
sizes of the internal substructures increase the proportion of solid-phase when compared
to conventional reactors. The significant presence of solid components adds an additional
layer of complexity to heat distribution in microreactors and engineers must consider this
while designing heat inputs to an endothermic microreactor. Section 2 will focus on an
attempt to systematically derive the heat inputs in highly endothermic microreactors using

optimal control theory.
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Figure 1.4 Endothermic reactor temperature and concentration profiles in the absence of
heat inputs.

Exothermic reactions on other hand are fast and release large amounts of energy.
This makes them susceptible to runaway and explosion hazards. Thanks to high rates of
transverse heat exchange between the reacting fluid and the coolant, one of the first
opportunities identified for microreactors was ability to safely perform hazardous
chemistries, with emphasis on highly exothermic, fast reactions. However, as mentioned
before solid-phase axial heat conduction brings out complexities in the heat distribution

process. For example, it has been shown experimentally, that high thermal conductivity of
8



the solid-phase from which the device is fashioned (e.qg., silicon, steel) axially disperses
reaction heat for further prevention of localized hot-spots and/or runaway. Conversely,
microreactors fashioned from low thermal conductivity materials (e.g., ceramics) have
been explored for exploiting runaway in exothermic reactions to achieve breakthroughs
in thermal efficiencies for regenerative combustors or heat-exchanger reactors & 1213 41-
42 Section 3 will be an attempt to obtain fundamental insights on the effect of axial wall
conduction hotspot formation/runaway.
1.3. Unconventional reactors- heat exchanger reactors

Reactors integrating endothermic and exothermic reactions in a single vessel such
that, the exothermic reaction acts as the heat source to drive the endothermic reaction
continue to garner industrial interest for process intensification 1> 4346, This class of multi-
functional intensified reactors make the process more energy efficient and compact, in
turn enabling significant reduction in size, and operational and capital costs. Over the past
20 years, the search for efficient autothermal designs has been primarily focused upon the
production of synthesis gas and/or hydrogen in an economical and scalable manner*-4°,
In the literature three archetypical autothermal reactor designs have been reported.
Specifically, (a) reverse flow reactors*”°, (b) directly coupled reactors,*® 553 and (c) heat
exchanger reactors®**> %4 In the reverse flow reactor, the exothermic and endothermic
reactions occur alternately within the same catalyst bed*’; exothermic reaction providing
heat to the bed in the first half of the cycle which is then consumed by subsequent
endothermic reaction occurring in the second half of the cycle. In directly coupled reactors,

both the exothermic and endothermic reactants are fed simultaneously to the same reactant



channel® such that the net reaction heat duty is null. The main drawback of these two
reactor configurations is that there is no spatial separation of the two reacting flows. Thus,
care must be taken to select catalysts which support both reactions and are stable in the
presence of both reaction chemistries. Additionally, downstream separation may be
required to decouple endothermic/ exothermic reaction products. These problems are
addressed by the heat exchanger reactor configuration where exothermic and endothermic
reactions occur in separate parallel reaction channels. Heat exchanger reactors offer
additional operational flexibility as design parameters for each reaction channel (such as
channel width, inlet concentration/ temperature, velocity etc.,) could be altered
independently of the other reaction channel.
1.3.1. Design challenge
Effective thermal coupling in heat exchanger reactors remains a significant design
challenge. Two commonly encountered extremes in thermal behavior are 43 5% 54-58
Q) Hotspot formation: occurs when heat generated in the combustion side cannot
be consumed at the same rate, and temperature increases beyond acceptable
limits, resulting in hot spots that can destroy catalyst coating and jeopardize
structural integrity of the supporting material
(i) Reactor quenching- the endothermic reaction rates are higher than combustion
reaction rates, and consequently temperature drops, resulting in reactor
extinction
Effective countercurrent coupling of exothermic and endothermic reactions and,

equivalently, improving the match between respective heat generation and heat
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consumption rates require modifications to the reactor design®® 4% %°, Modifications
include using a distributed fuel feed along the reactor length (rather than feeding all the
fuel flow at one end), multiple passes for better heat recovery and modifying the activity
of the catalyst along the reactor length®>" €. Section 4 will focus on an attempt to
systematically find the right catalyst activity profile along the length of the reactor using
optimal control theory.

1.4. Nonlinear system fault diagnosis- applied to conventional chemical reactors

While unconventional reactors are a promising safer and efficient alternative to
conventional reactors and have found niche applications in the pharmaceutical and
specialty chemicals industry, widespread adoption is still lacking. This is because, as of
now, heat exchanger reactors and microreactors are unable to match the production rate
of conventional chemical reactors' 14, Most of the chemical production is still done using
conventional reactors® and one must also focus on operating these reactors in a safe and
efficient manner while parallelly exploring new reactor designs.

Higher demand for safety and reliability has made fault diagnosis a major topic of
research over the past three decades®™®3. A fault is an unexpected/unpermitted major
deviation in process variables from normal conditions®:. Faults could arise due to several
reasons, including mechanical failures, power failures, human errors, etc. Faults could lead
to consequences ranging from off- spec product resulting in loss of profit, to potentially
catastrophic explosions causing fatalities. These considerations provide a strong
motivation for development of methods and strategies for quick fault diagnosis that would

guide operators to bring the system back to normal operation®:.
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Fault diagnosis techniques can be broadly grouped into two categories: hardware-
redundancy-based fault diagnosis and analytical-redundancy-based fault diagnosis®:.
Hardware-redundancy-based techniques consist of a reconstruction of the system using
identical hardware components parallel to the process®. This has been used in some
safety-critical systems including aircrafts and nuclear power plants. However, while this
technique certainly has its advantages in terms of reliability, it is limited by high costs, as
constructing an identical redundant system for the sole purpose of fault diagnosis may not
make economic sense in capital intensive industries®’. Analytical redundancy on the other
hand comprises of a virtual reconstruction of the system using a process model which is
implemented in software form on a computer®:®. Analytical redundancy is achieved
through known interdependence among the process variables provided by the model®%-63
6567 The evolution of process variables of the virtual system will follow the outputs of the
real system in the absence of faults and will show a measurable deviation in the presence
of faults. The essence of analytical redundancy in fault diagnosis is checking consistency
of the actual system behavior against the system model. Any inconsistency is measured in
terms of residuals that deviate from zero only in the presence of a specific fault. Moreover,
since accurate modeling of a real system is difficult and the effect of unknown
disturbances or uncertainties could be corrupt the residual signal, it is important to
carefully define the residual in a way that makes it unaffected by those disturbances. The
central objective in model-based fault diagnosis is to develop a functional observer (also
called residual generator) for each of the possible faults, in a way that the residual is

unaffected by the other faults and unknown disturbances.
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1.4.1. Functional observers

One of the most widely studied approaches in model-based fault detection and
isolation (FDI) is the functional observer-based fault diagnosis approach. In control
theory, a functional observer is an auxiliary system that is driven by the available system
outputs and mirrors the dynamics of a physical process in order to estimate one or more
functions of the system states %%, Besides being of theoretical importance, the use of
functional observers arises in many applications. For example, functional estimates are
useful in feedback control system design because the control signal is often a linear
combination of the states, and it is possible to utilize a functional observer to directly
estimate the feedback control signal ¢&-7°,

Over the past fifty years, considerable research has been carried out on estimating
functions of the state vector for linear systems ever since Luenberger introduced the
concept of functional observers in 1966 © and proved that it is feasible to construct a
functional observer with number of states equal to observability index minus one.
Subsequent research has focused on lower order functional observsers where necessary
and sufficient conditions for their existence and stability have been derived "4, and
parametric approaches to the design of lower order functional observers >7® and
algorithms for solving the functional observer design conditions have also been developed
727477 In a parallel direction, the problem of designing unknown input/ disturbance
decoupled functional observers 788 and functional observers for systems with time delays
8182 have also been tackled. In fact, strong connections between the design of functional

observers for linear systems with unknown inputs and the design of delay-free functional
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observers for time-delay systems have been established "°. This implies that the design of
linear functional observers for these systems can be done under the general framework of
linear functional unknown input observers *.
1.4.2. Functional observer-based fault diagnosis

The first functional observer-based FDI method for linear systems was proposed
by Beard and Jones in the early 1970s ®* 8384 which was a historic milestone in the area of
fault diagnosis. Following this, many authors approached the fault diagnosis using a single
or multiple Luenberger observers or Kalman filters®!62 6566. 889 | the |ate 70s the
question of sensitivity of fault diagnosis schemes to modelling errors and unknown
disturbances was raised which led to the development of FDI schemes that included
disturbance decoupling conditions®": %2 |n general, functional observer-based FDI
methods for linear systems can be grouped into the following four categories®® 67 (j)
Fault Detection Filter (ii) Diagnostic Observer (iii) Parity Space Approach (iv) Frequency
Domain Approach. In the 90s interconnections between the amongst these methods were
studied and equivalence between these methods has been established®: 6364 93-%4 Thys
parameters of the residual generator obtained using one approach can be transformed to
derive the parameters of the residual generator for any other approach®® %9394 For a
review of fault diagnosis for linear systems the reader is referred to excellent surveys by
Frank and Ding®% 7 and for more details on linear methods including the interconnections

amongst different implementations the reader is referred to 6 .
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1.4.3. Fault diagnosis in nonlinear systems

Many industrial systems, like chemical processes, exhibit strong nonlinearities
which may render the application of linear methods ineffective. To design a reliable FDI
system, explicit consideration of the nonlinear dynamics is needed for residual generation.
Some fundamental results on the feasibility of disturbance decoupled fault detection and
isolation have been derived in % using a differential geometric perspective, where the
problem of fault detection was formulated in terms of the existence of an unobservability
subspace and a quotient observable subsystem solely affected by the fault of interest.
Following this, there have been studies dedicated to actuator fault detection and
subsequent fault tolerant control in nonlinear systems including detection of a single
fault!”® using a replica of the process model, and isolation amongst multiple faults!®-°
based on the assumption that each input in the system can directly affect only one state
equation. There have also been approaches based on banks of high gain observers for
generating residuals, with rigorously established convergence properties via Lyapunov
methods, that have been shown to be applicable to the detection of a single sensor fault at
a time?® and at most two faults (sensor and/or actuator) in which case a potentially large
number of observers are required to distinguish between the two faults®-?2. In another
work, linear matrix inequalities were used to prove convergence properties of a class of
nonlinear state observers in Lipschitz nonlinear systems under full state observability from
each one of the measurements, that was subsequently used for diagnosis of sensor faults

occurring one at a time®,
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In another direction, there have been efforts seeking extensions of functional
observer-based FDI methods to nonlinear systems in the spirit of linear systems methods
63,97 and the challenges of building observer-based disturbance-decoupled residual
generators became evident %. So far, concrete results have been restricted to special
classes of nonlinear systems, including bilinear systems®® and globally Lipschitz systems
with triangular structure® 1%, In Section 5 a functional observer-based FDI for nonlinear
systems will be presented from the point of view of exact observer error linearization®®*,
The focus will be to build a robust functional observer fault diagnosis scheme to detect
and isolate faults in the presence of uncertainties in non-linear processes. The main
application considered throughout the section will be chemical processes involving,
CSTRs, bioreactors and process network involving a CSTR and flash separator.

1.4.4. Discrete-time functional observers and fault diagnosis in the presence of noises

Measurements in industrial systems are often corrupted by noises. An FDI scheme
developed without considering possible measurement errors will produce unnecessary
false alarms rendering it useless. The final part of this dissertation will focus on building
an FDI scheme that studies the sensitivity of the residuals to process and measurement
noises by integrating statistical residual evaluation methods with model based FDI
techniques. Although dynamical processes are continuous, measurements and the
respective noises consist of sampled data and for this reason we will consider discrete-
time systems as they are more amenable to analyzing the effect of noises. This would

hinge on the development of functional observers for discrete- time non-linear systems.
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For continuous-time nonlinear systems, functional observers for Lipschitz systems 102103

and a class of nonlinear systems that can be decomposed as sum of Lipschitz and non-
Lipschitz parts " (with the non-Lipschitz part considered as an unknown
input/disturbance) have been developed. More recently, the problem of designing
functional observers for estimating a single nonlinear functional has been tackled for
general nonlinear systems from the point of view of observer error linearization ° and the
approach has been extended to a disturbance decoupled fault detection and isolation 1%,
However, for discrete-time nonlinear systems results on functional observer
design have been limited. Section 6 of this dissertation is an attempt to design functional
observers for discrete-time nonlinear systems from the point of view of observer error
linearization. These functional observers will then be used to diagnose faults in the

presence of noises in Section 7.
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2. ENDOTHERMIC MICROREACTORS- EFFECT OF SOLID PHASE

CONDUCTION ON ISOTHERMAL OPERATION®

2.1. Introduction

In heat transfer limited processes such as the endothermic steam reforming of
methane, the primary design challenge is to maintain sufficiently high temperatures and
hence reaction rates via appropriate design of heating inputs®. Typically, highly
endothermic reactions result in temperature profiles that show a large heat sink or
“endotherm” at the inlet due to initially high reaction rates which may decrease the overall
conversion of the reactor, introduce thermal stresses and/ or introduce coking risk.
However excess heating can lead to catalyst sintering and material stability issues which
may compromise the reactor lifetime 8 2% %, Thus, the reactor temperature should be
chosen carefully to maintain required conversion while ensuring catalyst/material
stability. Following which, appropriate heat inputs should be given to maximize
temperature uniformity along the reactor length at this temperature. The primary goal of
this section is to obtain heat input profiles to minimize deviation from isothermal
operation. To achieve this, a one-dimensional model is formulated which captures the
primary transport effects in an archetypical catalytic wall micro-channel, and optimal

control theory is applied to obtain the optimal heat inputs. Though the model is developed

* Parts of this section have been reprinted with permission from “Optimal heating profiles in tubular
reactors with solid-phase axial wall conduction for isothermal operation”. Venkateswaran, S., Wilhite, B.,
& Kravaris, C. (2019). AIChE Journal, 65(11), e16742. Copyright 2019 Wiley.
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with micro-reactors as the main application, it is applicable to even conventional tubular
reactors with significant solid phase axial conduction.

The use of optimal control to maximize conversion and or minimize thermal
excursions in tubular reactors neglecting solid-phase axial conduction have been studied
previously®1% Ko et al. 1% used optimal control to identify optimal heat transfer
coefficient profiles which maximize yield for an elementary reversible exothermic
reaction. Since the heat transfer coefficient appeared linearly in the model equations, the
problem was singular and the input profile consists of regions where the input is
maximum/minimum (bang-bang control) and regions where the input lies inside the
feasible region (singular control). It was shown that in the optimal profiles, comprised an
adiabatic subsection followed by a heat transfer coefficient profile inside the feasible input
region. In optimal control terminology, this type of control is called “bang- singular”.
Smets et al. 1% obtained optimal coolant temperature profiles to optimize three different
types of objective functions consisting of a combination of outlet conversion (terminal
cost) and temperature deviation (running cost). They showed that for plug flow reactors,
with objective functions including running costs, the optimal input is maximum-singular-
minimum or bang-singular-bang and for objective functions with only terminal costs the
optimal input is maximum-minimum. More recently, Logist et al. 1% conducted a similar
analysis, extending to tubular reactors including axial dispersion and state variable
constraints and observed that axial dispersion led to an increase in optimal objective
function values. In this section it is shown that axial solid-phase conduction, being another

form of heat redistribution, leads to higher optimal objective cost values.
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While the magnitude of heat input is no longer a limitation in micro-reactors to
endothermic reactor performance solid-phase axial heat conduction adds an additional
layer of complexity. Previous numerical and experimental investigations showed that
solid-phase conduction lowers the thermal efficiency of the reactor because a fraction of
the heat input, instead of reaching the fluid phase, is conducted along the walls of the
reactor resulting in conduction losses *®3'. Inspired by these results the present work aims
to study the impact of solid-phase axial heat conduction and associated heat losses to
packaging and plumbing for near-isothermal operation.

The organization of the section is as follows. The model is described in the next
subsection and then optimal heat inputs in micro-reactors in the case when solid-phase
axial wall conduction is negligible is discussed Following this, the case of significant axial
conduction is considered. Then in the following subsection, the case when axial wall
conduction is too high and the effect of CP on isothermal operability is covered. Finally,
the work is summarized and concluded.

2.2. Model

In this subsection a model capturing the main transport phenomena in
microreactors is presented. A one-dimensional steady state model is formulated to
describe a single reacting fluid exchanging heat with the channel wall, which in turn is
heated by an axially variable external heat source. As shown in Figure 2.1, the reactor
consists of two parallel plates of finite length and thickness L and d¢, sandwiched by a
wall of thickness d,,, and uniform thermal conductivity K,,. The fluid phase is assumed

to follow plug flow with negligible radial or axial dispersion!®®. Radial and axial
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dispersion are assumed to be negligible as %,dTW « 1 and Peclet numbers are >100

respectively for a typical miniaturized reactor 119! Heat is absorbed within the fluid
phase via homogeneous (or, pseudo homogeneous catalytic) reaction described by first
order Kkinetics. For the case of a gas-solid catalytic reaction, the pseudo-homogeneous
assumption (i.e catalyst effectiveness factor of ~ 1) is justified by catalyst dimensions of
< 100um typically reported for either packed or catalytic wall micro-reactors > 12, Heat
transport within the fluid phase occurs via combination of axial convection and transverse
exchange with the solid wall. Heat transport within the solid phase occurs via combination
of axial conduction and transverse exchange with an external heat source. Heat loss to
plumbing and packaging, at both inlet and outlet of the wall, via solid phase conduction is
described by assuming uniform external heat transfer coefficient h, and packaging
temperature T, which is assumed to be equal to the inlet temperature T,. The resulting

steady state model can be written as follows

dCs [
Voug, — —ko elRTICy (2.1)
dT —AH Eq h,a
Vo = ot ky el Rl ¢y - 202 (1) 22)
Z pCp P
d*T,, R A
Kw d_Zz = —[h aflsefw (T — TW) + afzsequ] (23)

where €4, is the ratio of fluid channel volume to solid phase volume in the reactor. Initial

conditions for fluid-phase concentration and temperature are
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Ca(0) = Cap, T(0) =T, (2.4)
and the boundary conditions for solid-phase temperature accounting for finite heat losses

to adjacent plumbing, fittings are:

dT,, dT,,
_kW_Z (0) = haO (Ta_Tw) ’ _kW_Z (L) = haL (Tw - Ta) (25)

The model equations are converted to dimensionless form using the following

. C T-T
transformations: u = =2, 9 = —°
Cao To

Y, 0y = @ y and the dimensionless input is:
0

_9vagsl
pCpvoTo

¥

. Furthermore, the dimensionless equations are cast as a system of first order

ODEs to facilitate optimal control analysis

]
du 142
Ez—Dae Ylu=f (2.6)
o
de 149
EzBDae Ylu—-St(®6—-06,) =f, (2.7)
de
de’, St Y
Dimensionless Boundary conditions
u@=uy=1  6(0)=6,=0 (2.10)
de,, . de,, _
_K(O) = Bip (0,—6,) - K(l) = Bi; (0 — 0,) (2.11)

For simplicity and clarity of the present analysis, the packaging temperature is

assumed to be equal to the inlet temperature 8, = 0 and identical heat transfer resistance
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to end-losses via conduction to packaging/plumbing at either end of the reactor (i.e., Bio
= Bi1=Bi) is considered. The definitions of each dimensionless parameter and its physical

significance are provided in Table 2.1.

Table 2.1 Dimensionless parameters and physical significance (Reprinted with permission

from 113),
Parameter Expression Physical Significance
ﬁ] L Reaction Rate
Da ko elRTol Cpp— -
Vo Convective mass transport Rate
_AHr CAO . . . .
B ———— Y | Dimensionless Adiabatic Temperature
pcp T0
St h & ;L Convective heat transport rate to fluid
pCpvo Heat Capacity of fluid
cp Ky Conductive heat transfer rate
pCp L vg €fyy Heat Capacity of fluid
Bi h, L Convective heat transfer rate to surroundings
Ky Conductive heat transfer rate
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dT, drT,
h(Ty —Tg) ~—— *kwdizwng As_de_zW A —h (T —Ty)
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| h (T - Tw)
VopCpT| — VopCpT dy
z 7+ Az

Figure 2.1 Schematic of 1-D model of a microreactor, in which a pseudo-homogeneous
endothermic, first-order reaction is driven by an external heat source (Reprinted with
permission from 113),

In the simulations performed in this work, Methane steam reforming is the reaction
considered. Cao et al. demonstrated the viability of using a 1% order kinetic model to
describe MSR over a 10 wt % Rh/MgO/Al, 05 catalyst at 1023K and 4-20 atm ’. Since
this study is for a class of heat transfer limited gas-solid catalytic reaction, for the sake of

obtaining generalized insight on heat transfer characteristics, a first order model is used.

(2.12)

93000 Vet
m3.h ) CH4

mol 10
RMSR (—) =2.21%10 exp (— RT Vf

where V.,;- is the volume of the catalyst and V;- is the volume of the fluid phase. The
operating conditions are in'!3 and the dimensionless parameters are as shown in Table 2.2
Da _—

such that isothermal operation at this temperature would give a conversion =1 —e™ "2 =
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1 —e7229~0.9. The value of CP will be varied throughout the analysis to investigate the

effect of wall conduction on near-isothermal operation

Table 2.2 Operating conditions (Reprinted with permission from 113),

Dimensionless Parameters Value
Da 2.29
Y 10.93
B

-10.44
St

40.74
Bi 0.001

2.3. The optimal control problem
As the aim of this section to obtain optimal heating rates for near-isothermal

operation, the objective function of the optimal control problem is:
1
1= J 82 ds (2.13)
0

and the goal is to find an input { € ¥, where W is the set of all admissible inputs:
0< ¥(s) < Umax:
such that equation (2.13) is minimized, subject to the model equations (2.6-2.11). The

Hamiltonian for this problem is defined as:
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H = A f) + A6, + A5f5 + A, f, + 62 (2.14)
where f;, f,, f3, f, are the right hand sides of the model equations (2.6-2.9) and A, A,, A3, A4
are the adjoint states. The minimum principle states that: H(X* A", ¢*) <
H(X*, A", )V e, where X = [u, 6, 0] is process state, where the superscript * denotes

the optimum value of the state/input. The adjoint state A satisfies the following equations:

& = —7\1f1 - Azfz (2'15)
ds u u
da
d_Sz == _}\lfle - Azfze - )\4f4_e - 26 (216)
da
d_S3 = —}\szGW - }\4f4ew (217)
dA,
—=-A 2.18
= (218)
Along with the boundary condition:
A3(0) + BiA,(0) = 0,23(1) — Bir,(1) =0 (2.20)

where f;, = %, fig = % and so on, denote the partial derivatives of the right-hand sides

of equations (2.6-2.9) with respect to the state variables.

In the optimal control problem under consideration equations (2.6-2.9) and
equations (2.15-2.18), the input appears linearly in the Hamiltonian equation (2.14). The
optimal control cannot be obtained in terms of the state and adjoint variables using the
necessary condition Hy, = 0. Such problems called termed singular and special techniques
from singular optimal control theory are necessary*!*. In such cases, the optimal input is

found by repeatedly differentiating Hy, = 0 with respect to the independent variable, s,
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until the input appears. For more information about optimal control and singular optimal
control the reader is directed to standard texts on optimal control'!4,

To analyze the behavior of the system when the input is unbounded, an alternative
formulation of the optimal control problem which is a regularization of the original
problem is considered. Here { is unbounded and the objective is to minimize the objective

function:
1
1= f 02 + a?ds (2.21)
0

which now involves an additional input penalty. The weight coefficient a > 0 is
appropriately selected to adjust the magnitude of the input penalty. Applying standard
first-variation principles!!* the optimal input profile is:

Ay

V= 55cp?

(2.22)

The above expression along with the model equations (2.6-2.9) and adjoint equations
(2.15-2.18) results in a two-point boundary value problem which is solved to obtain the
optimum profiles. This formulation provides a facile way of numerically calculating the
profiles when is a small, and thus allowing large heating rates, as an alternative to singular
optimal control. However, for all other cases in this study the first formulation as it is
practically easier to define the input bounds than the input penalty weights
2.4. Negligible axial heat conduction: CP—0

First, we consider the case of negligible axial wall conduction (i.e CP—=>0) as
analyzing the behavior of the reactor under asymptotic limits of CP, provides useful

insights on feasibility of perfect isothermality. For very low CP, the derivative in equation
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(2.9) can be neglected and an algebraic equation is obtained, which when combined with

equation (2.7) gives equation (2.24) and the reduced model may be written as:

0

0
ﬂ = —Dae y u=gq (223)
ds
6
de 0
E=BDae“v u+ P =g, (2.24)

From equation (2.24) it immediately follows that isothermality would be feasible

if the input  is
Y = —BDau (2.25)

and if the input is unbounded, a perfectly isothermal reactor is possible.
2.4.1. Bounded inputs, CP-0

If 0<y(s) < Ymax then a perfectly isothermal reactor might not be possible.
The optimal profiles in such cases will be found using optimal control theory formulated
in the previous subsection but now with the simplified model, and the Hamiltonian defined

accordingly. Here:

H(u, 9, }\, IIJ) = 92 + )\lgl + }\zgz (226)
and A satisfies:
dA
d_sl = _)\1g1u - 7\2g2u (2.27)
dA,
E = _)\1819 - A2g29 — 26 (228)

along with the terminal conditions (2.19). The input appears linearly in the Hamiltonian

through g, therefore the optimal input is:
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l~|"max , }\2 <0
U =4 Wsin A, =0 (2.29)
0 A, >0
When A, = 0, the optimal input is singular, and, in this case, the input is obtained by

solving the equations:

Hy=0-2,=0

dH,, 26
— Y0 =——
ds g10
d?H de
ll}— _ =
dsz _)ds 0

From the latter condition and equation (2.24) one immediately obtains the singular input:

0

9
1_
*y

Ysin = —BDae u (2.30)
The above expression was also found in % in the context of a more general objective

function. Furthermore, we can show that if the singular arc is the final portion of the

optimal input, then 8 = 0 along the singular arc, since A, (1) = —% = 0 implying 6 =
10

0 and the expression for ;,is identical to equation (2.29). If y,.x = —B Da, then the
optimal input is singular over the entire range and is equal to (2.29) and hence perfect
isothermality is achieved.

However, if Y.« < —B Da. there will be an initial phase where {r = {r.4. This
phase is characterized by temperature decrease initially (when rate of heat absorbed from

reaction is larger than {r,.) followed by temperature rise (when rate of heat absorbed

from reaction is less than {r,,5). The temperature increases until it hits 6 = 0 following
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which the input switches to the singular arc. These two cases are illustrated in Figure 2.2
for the cases of Wp,.x = 25,20 which correspond to about 11kW/m”3 and 9kW/m”3

respectively.

(2) Ymax = 25 > —B Da = 239
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Figure 2.2 Optimal heating rate (y) and temperature (0) profiles (Reprinted with

permission from 113),
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2.4.2. Infeasibility of exact isothermality under moderate CP

Having established in the previous subsection that when CP->0, perfect
isothermality is possible if Y,.x = —B Da, in this subsection it is shown that when CP is
non-infinitesimal, perfect isothermality is not possible even if {,,x = —B Da. If reactor

phase is isothermal at 6 = 0 vz [0,1], then equation (2.7) yields:

a
0, = —B < e~Das (2.31)

and substituting into equation (2.9), yields the heating profile required:

e~Das (2.32)

_ 8paht CP Da?
b= 4 St

However, the wall temperature necessary for isothermal operation does not satisfy
the boundary conditions of the wall. Substituting the obtained wall temperature profile

(2.31) in boundary conditions (2.11) yields:

2

dBy 0) =Bi06,(0) > B Da Bi B Da D Bi
_ = - _— - — 1. €. = —
ds() i0,(0) St i Stle a i

de Da? Da
—d—sw(l) =Bi0, (1) » —Fexp(—Da) = —Bi Bgexp(—Da) i.e.Da = Bi

which leads to contradiction. Thus, applying the isothermal input cannot satisfy the
boundary conditions and hence perfect isothermality is shown to be mathematically
infeasible under a finite input Y when CP is non-zero.
2.5. Optimal heating rate under moderate CP- unbounded inputs

In this subsection, the regularized performance index (2.21) with input penalty is
considered as it provides a facile way to qualitatively observe the nature of the input as it

becomes large in magnitude and de-regularized as the size of the input penalty is reduced.
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That is, optimal inputs to minimize the objective function as a — 0 will be calculated,
which will turn out to be impulsive.

The boundary value problem (equations 2.6-2.11, equations 2.15-2.20 and
equation 2.22) are solved using bvp4c, a finite difference solver that implements the three
stage Lobatto formula in MATLAB. a is decreased until near-singularity is observed
which would stop numerical calculations. It was observed that as o decreases the
appearance of impulses is observed at both ends. In Figures 2.3-2.6, the heating rate,
temperature profile, wall temperature profile, and wall temperature derivative for o =
10723 are plotted. The temperature profile along the reactor length is isothermal, and
consequently the wall temperature profile is identical to equation (2.31). Furthermore, the
heating rate is equal to the isothermal heating rate (2.32), throughout the reactor length

except at s=0 and 1. At s=0 and 1, an impulse in the heating rate is observed. As shown in
Figure 2.6 these impulses shift ‘f—:v at s=0 and s=1 to satisfy the wall boundary conditions.

Motivated by the foregoing numerical findings, one can postulate an impulsive

optimal input expression of the form:

2

Da
Y = —B.Da [1 —CP Kl e Pas + M,;8(s) + M,8(s — 1)

where the first term is identical to equation (2.32) and M, and M,, are calculated to satisfy
the boundary conditions (2.11). The resulting heating rate for perfectly isothermal

operation is:
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B.Da|1—CP D™l _pas CP Bi a+ B Da? 8(s)
= —B.Da|l — —| e — j— —16(s
b St St St
Da? Da
—CP|-B — +BiB—|e™Pa§(s—1 2.32
[ < St] (s—1) (232)
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Figure 2.3 (a) Optimal heating rate for a=102%, Impulsive heating rates at the boundaries
s=0 and s=1 observed. (b) Optimal heating rate zoomed in to show that the optimal input
matches the heating rate given by equation (2.32) in the open interval (0,1) (Reprinted
with permission from 113),
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Figure 2.4 Temperature vs distance, 0=10"?. The reactor is isothermal at 6=0 (Reprinted
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Figure 2.5 Wall temperature, 0=10"2 (Reprinted with permission from %),
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Figure 2.6 Wall temperature derivative vs length. a=10"2 * represents the value the
derivative should have to satisfy the wall boundary conditions (2.11) (Reprinted with
permission from 113),

It has been established that (i) under a finite input perfectly isothermal operation
is infeasible and (ii) to achieve perfect isothermality infinite impulses at the ends would
be necessary which of course are infeasible. In this subsection, singular optimal control
will be applied to find the optimal heat input to minimize the deviation from perfect
isothermality for the case where the input is bounded and, within the finite interval
[0, Umax]- It will turn out that using singular optimal control with bounded input, the
optimal input will try to approximate the infinite impulses within the feasible limits. The
optimal input will end up having a singular phase in the interior and bang-bang phases at
the ends, which will be finite pulses instead of infinite impulses. Again, like in the previous
case of CP— 0 the input appears linearly in the Hamiltonian. From the Hamiltonian
Minimization condition, it is concluded that:
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l~|"max }\4 >0
U =1 Wsin Ay=0 (2.33)
0 A, <0

A singular input is possible, when

Hy = M—0
v ocp

in an interval. Repeated differentiation of Hy, with respect to s gives:

dH
o =07 =0
d?H
v _
152 =0-A,=0
d3H de
ll}— _ =
ds®  ©  ds 0

The latter condition states that along the singular interval 6 is constant and

differentiating this condition three times gives the necessary singular input:

26
0
1+-
Y

8
0
1+
Y

Ysin = B Dae ~1 (2.34)

C D42
u St a~ e
Even though all the set of possible inputs [0, Ygin, Wmax] fOr minimizing deviation from
isothermally is known, the challenge is to determine the switching points and define
intervals over which singular and bang-bang inputs appear. The following numerical

approach was used to determine the sequence in which the bang-bang and singular arcs

appear.
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The model equations are discretized into 1000 finite nodes using the finite

difference scheme and solved using the IPOPT solver '*° in GAMS. This gives an
approximate profile where the optimal input sequence is identified.
Once the sequence is identified, a multi-point boundary value problem is formulated with
the number of regions equal to the number of optimal input sequences identified in step
(i). At the interface of the regions, the boundary conditions are specified to ensure
continuity of the state variables.

The exact switching points are identified after solving an optimization problem
with switching positions as decision variables. This is done using the fmincon routine,
which implements the Interior Point algorithm, wrapped around a function that
implements the above multi-point boundary problem using bvp4c and returns the cost
calculated using the trapezoidal rule of integration.

2.6. Results
For the simulations, a maximum heating rate of 100 l;l: and conductivity of 400

W/m/K, 200 W/m/K and 100 W/m/K are considered. In dimensionless terms this
corresponds to y = 235.94 and CP=8.06, 4.03, and 2.01. The optimal heat inputs and the
respective temperature, concentration and wall temperature profiles are plotted in Figures
2.7-2.12. For CP =4.03 and CP=2.01 the optimal inputs consist of the singular input
sandwiched by bang-bang regions, in effect providing a finite input approximation of the
infinite impulse inputs observed in the previous subsection. Along the singular arc, the
temperature is observed to be ~ 0, which makes intuitive sense as 0 is the global minimum

for the objective function and any other value will increase the objective function. In the

37



regions corresponding to bang-bang inputs there is, as expected, deviation from
isothermality but this is necessary to satisfy the boundary conditions of the wall. In
addition, as shown in Figure 2.13, it is observed that the length of the singular interval
increases as conductivity decreases. This too, is expected as in the limit CP—0, the optimal
input consists of the singular input only for the case when y,,,.x = —B Da, which holds in
our case. For CP=8.06, the optimal input is found to be bang-bang and because in the
absence of singular interval, there is significant deviation from isothermality. The critical
CP where the transition from partially singular inputs to completely bang-bang inputs is
obviously dependent on the reaction parameters and the maximum input available. Hence,
numerical simulations over a wide range of CP are required to identify this critical
conduction parameter. However, as shown below, it is possible to derive an analytical
inequality solely in terms of reactor parameters that, if satisfied, the optimal control is
bang-bang control and significant deivation from isothermality is unavoidable.

Indeed, using the fact that the temperature along the singular interval is constant and equal

to O therefore, the singular input expression can be written as:

CpP
L|J=BDau[§Da2 —1]

Since y = 0, singular arc will only be possible if Da? < CS—;. If Da? > s—; the
singular input will be necessarily bang-bang. The value of CP when the equality holds is
CP = DS—; = 7.73. Thus, for CP>7.73 the control will be bang-bang. It is to be noted that

in the numerical simulations shown in Figure 2.13 the critical CP at which the transition

from partially singular inputs to bang-bang inputs occurred was ~ 6. Thus, CP<%:7.73
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is a necessary condition for partially singular inputs and CP>% = 7.73 is a sufficient

condition for bang bang inputs and hence significant deviation from isothermality.

For the three cases taken:

Da? — > = 2.292 — 2%7% — _ 48103 < 0- Singular arc feasible
CP 4.0364
Da? — 2 = 2.292 — 2%7* — _ 149322 < 0- Singular arc feasible
CP 2.0192
Da? — 2 = 2292 — 227* _ 12375 > 0. Singular arc infeasible. Bang Bang input.
CP 8.0729
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Figure 2.7 Optimal heating rate- case 1 (Reprinted with permission from 13).
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Figure 2.8 Optimum temperature, concentration and wall temperature profiles- case 1

(Reprinted with permission from 113).
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Figure 2.9 Optimal heating rate- case 2 (Reprinted with permission from 13).
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Figure 2.10 Optimal temperature, concentration, wall temperature profiles- case 2
(Reprinted with permission from 113).
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Figure 2.11 Optimal heating rate- case 3 (Reprinted with permission from %),
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Figure 2.12 Optimal temperature, concentration, wall temperature profiles- case 3
(Reprinted with permission from 113).
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Figure 2.13 Singular interval length vs CP (Reprinted with permission from %),
It has been observed in the literature that heat transfer efficiency of microreactor
decreases with increase in solid phase axial conduction, since some of the heat from the

external source is conducted along the reactor wall and lost to the surroundings rather than

reaching the fluid phase®’. This observation agrees with our analysis. The term Da? — S—;.

suggests that near- isothermal operation of microreactors hinges on two key factors; (i)
the reaction rate (Da?); this dependence is intuitive, as the magnitude of external heat

required increases with reaction rate. (ii) The efficiency of heat transfer from the external
heat source to the fluid phase (St/CP); In the limit S—; — oo, the efficiency of heat transfer

to the reactor is maximum, as the heat from the source directly reaches the reactor in the
absence of conduction, facilitating perfectly isothermal operation. When St/CP is finite,

wall conduction losses to the packaging brings down the efficiency of heat transfer onto

the reactor phase, inhibiting isothermal operation. In the limit g—; — 0, the heating element
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is unable to transfer heat to the reactor, as all the heat is lost via conduction to the

surroundings.

Therefore, to achieve near-isothermal reactors, Da? —% should be as low as
possible. To illustrate this the objective function vs CP is plotted for three different
maximum heat inputs in, (i) Upax = —0.8 B Da, (ii) Ypax = —B Da, (iii) Upax =
—10B Da in Figure 2.14. In the limit CP— 0, perfect isothermality is observed for the

cases (ii) and (iii) since Y2« = —B Da, in case (i) where {,.x < —B Da there is an offset
from perfect isothermality. As CP is increased but still in the region where Da? — S—; <0

,the reactor is not perfectly isothermal, but the objective function is low enough to ensure
deviation from isothermal operation is minimum. Furthermore, in this region the effect of

the maximum heat input is most significant. As CP is increased even further the objective

function keeps increasing and, for large CP where Da? — S—; > 0, the effect of Yr,,,0N

the objective function value is diminished. In fact, when CP— oo, %and% - 0, the

following reduced model is obtained:

0
du 149
E = —Da e.1+Y u
6
de 1+g
E=BDae. Yiu+ St(6—0,)

Thus, in this limit the model equations are no longer affected by the heat input.
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Figure 2.14 Objective function vs conduction parameter (CP) (Reprinted with permission

from 113),

2.7. Conclusions

Using a one-dimensional steady state plug flow model with significant solid
phase conduction optimal heat inputs to achieve near-isothermal operation are obtained
using singular optimal control theory. Near-isothermal operation is feasible when the
magnitude of heat conduction is low. The effect of external heating elements on
temperature control is strongly dependent on CP. CP— 0 reactors are more amenable to
isothermal operation due higher heat transfer efficiencies in the absence of conduction.
On the other hand, in CP — oo microreactors, fluid phase temperature is unaffected by

the heat input. In between these two extremes, the behavior is dictated by the sign of
Da? — 3—;. Positive values signify high rate of heat absorption due to the reaction (Da?)

or low heat transfer efficiency to the fluid phase (St/CP), both contributing to deviation
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from isothermal temperature. Negative values mean the opposite i.e low rate of heat

absorption and high heat transfer efficiency and enable near-isothermal operation.
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3. EXOTHERMIC MICROREACTORS- EFFECT OF SOLID PHASE CONDUCTION

ON HOTSPOT FORMATION"

3.1. Introduction

The previous section focused on heat transfer limited endothermic processes where
achieving temperature uniformity was critical to maintaining high reaction rates
throughout the reactor. Now the focus shifts to exothermic reactions. Many industrially
relevant exothermic reactions are fast and release large amounts of energy. This makes
them susceptible to runaway and explosion hazards. Thanks to high rates of transverse
heat exchange between the reacting fluid and the coolant, one of the first opportunities
identified for microreactors was ability to safely perform hazardous chemistries, with
emphasis on highly exothermic, fast reactions. However, solid-phase axial heat
conduction brings out complexities in the heat distribution process. For example, it has
been shown experimentally, that high thermal conductivity of the solid-phase from which
the device is fashioned (e.g., silicon, steel) axially disperses reaction heat for further
prevention of localized hot-spots and/or runaway. Conversely, microreactors fashioned
from low thermal conductivity materials (e.g., ceramics) have been explored for exploiting
runaway in exothermic reactions to achieve breakthroughs in thermal efficiencies for

regenerative combustors or heat-exchanger reactors & 213 4142 The objective of this

* Parts of this section have been reprinted with permission from “Analysis of solid-phase axial heat
conduction upon hot-spot formation in a one-dimensional microreactor”. Venkateswaran, S., Wilhite, B.,
& Kravaris, C. (2019). Chemical Engineering Journal, 377, 1250501 Copyright 2019 Elsevier
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subsection is to obtain fundamental insights on the effect of solid-phase axial heat
conduction on hotspot formation.

For the case of conventional, non-isothermal tubular reactors there exists several
published criteria for predicting hot-spot formation (or, runaway behavior). Explicit (or, a
priori) criteria are based upon analyzing the geometry of the reactor model equation to
derive general criteria for runaway without requiring a rigorous solution of the reactor
model*'¢-18, While computationally facile, such criteria tend to yield overly conservative
reactor designs 7. For this reason, implicit criteria based upon the parametric sensitivity
of the steady-state reacting fluid temperature profile with respect to a particular design
parameter have been developed '°12° culminating in the generalized criteria of
Morbidelli and VVarma which defines the critical point (corresponding to onset of hot-spot
formation or runaway) as occurring at a simultaneous extrema in the parametric sensitivity
of the reacting fluid maximum temperature with respect to each design parameter 121,
However, both implicit and explicit criteria reported to-date have been obtained using a
classical non-isothermal plug flow reacting fluid model which does not account for any
contributions of the solid phase.

What follows is a rigorous mathematical analysis of the impact of solid-phase axial
heat conduction (both with and without conductive losses to packaging) via parametric
sensitivity analysis of a generalized one-dimensional microreactor model. The generalized
model is developed to enable a direct side-by-side comparison with literature findings and

explicit criteria obtained for the traditional case of a non-isothermal plug-flow reactor.
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3.2. Model

We consider a one-dimensional steady state model describing a single reacting
fluid exchanging heat with the microchannel’s wall (see also Figure 3.1). The
microchannel’s wall exchanges heat with a constant-temperature coolant, instead of an
external heating source. Finite conductive heat transfer from the solid phase to adjacent
fluidic connections is assumed at the inlet and outlet faces of the microchannel network,
while heat losses to ambient along the axial length of the microchannel network are
assumed negligible relative to heat transfer to coolant flow. The dimensionless model

equations are as follows

0
d 1.8
S _pael™ly (3.1
ds
6
de 8
— =BDael"™Vu-st®-9,) (3.2)
ds
40y _ [Ste 0 +St 0.—0 ] 3.3
ez CP( w) CPE(C w) (3.3)
u@=uy=1  6(0)=0,=0 (3.4)
de,, , de,, _
_K(O) = Bl0 (ea_ew) - E(l) = Bll (ew - ea) (35)

The resulting equations indicate that the state variables u(s),0(s), and 6,(s) are
functions of [Da, B,y, St, Bi, CP, §, 6,, 6.]. This provides the basis for formulating model
expressions for obtaining the corresponding sensitivities of u(s),0(s), and 6,,(s) with

respect to each parameter.
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Figure 3.1 Schematic of 1-D model of a heat-exchanger microreactor, in which a pseudo-
homogeneous exothermic, first-order reaction exchanges heat via dividing wall with
parallel, isothermal coolant fluid (Reprinted with permission from®®).

3.3. Parameter estimation

In the present work, the objective is to theoretically investigate the impact of solid-
phase axial heat conduction and heat-losses to surroundings upon criticality/ runaway in a
microchannel reactor under conditions conducive to runaway. Thus, appropriate values of
Da, vy, B, previously used for similar analysis of criticality in non-isothermal tubular
reactors 117, are selected to ensure the possibility of runaway. For simplicity and clarity of
the present analysis, identical heat transfer resistance to end-losses via conduction to
packaging/plumbing at either end of the microreactor are assumed (i.e., Bio = Biy).

Additionally, both coolant and manifold temperatures are assumed equal to the inlet
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temperature, i.e. 8, = 8, = 0, following the approach used for tubular reactors'!’. These
assumptions enable analysis to focus solely upon the parameter space relevant to solid-
phase conduction contributions to criticality/runaway, [St, Bi, CP,&]. A span of CP [0-
1000] is selected based on previous analysis of typical microchannel dimensions and
materials properties reported by Moreno et al., *” while Bi is selected to range from the
case of a perfectly insulated wall at both inlet/outlet (Bi=0) to the case of externally fixed
isothermal wall conditions at both inlet/ outlet temperature (Bi=c0). Lastly, the ratio of
coolant-to-reacting fluid heat transfer capacity () is assumed to be unity except in
Subsection 3.8.5. The resulting reduced parameter space employed in this work is

presented in Table 3.1.
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Table 3.1 Reactor parameters (Reprinted with permission from %9).

Parameters Value
Da 0.1
40 (€ [10,100] in
° Subsection 3.8.4)
Y 20
Bi (= Bi, = Bi) 0-0

CP(=CP1=CP; | 0-1000

1( € [1,5] in Subsection

3

3.8.5)
0, 0
0, 0

3.4. Reduced model formulations for explicit criteria

Prior to analysis of the complete model, the two asymptotic limits of (i) negligible
and ii) near-infinite solid-phase axial heat conduction are considered. The former case
corresponds to the classical analysis of a non-isothermal tubular reactor wherein solid-
phase axial heat conduction is neglected'!’” The latter case corresponds to a spatially
isothermal solid phase, in effect also reducing the model form to that of a non-isothermal

tubular reactort!’.
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3.4.1. Case I: low CP approximation — negligible solid-phase axial conduction
When contribution of solid-phase axial heat conduction relative to fluid phase heat

transport is negligible (i.e CP<<1), equations 3.1-3.5 may be reduced to the form of a non-

2

. St . d%e
isothermal tubular reactor as 5 >>1, assuming .

= in equation 3.3 is always unity

order. This reduces the model to a pair of first order differential equations describing only

the reacting fluid.

]
du 148
el —Dael'*Vlu (3.5)
9
de 142 3
—_—= Y —_— —
IS BDae u-7 m ESt(e 0.) (3.6)

The resulting effective Stanton number (1i+§ St) accounts for both reactant channel-
to-solid wall and coolant channel-to-solid wall heat transfer resistances. For the case of €
=1 (i.e., hyar s€r,w = hyas,s€5,,,) Which is appropriate for equivalent reacting fluid and
cooling fluid channel dimensions and heat transfer coefficients, the effective Stanton
number in equation 3.7 reduces to %

3.4.2. Case Il: high CP approximation — isothermal solid-phase

For sufficiently high values of CP, g—; can be neglected, in turn reducing equation

3.3 to equating the second derivative of the wall temperature to null. Substitution of a

constant first order wall temperature derivative into boundary conditions (equation 3.5)

55



equates wall temperature to the ambient temperature, such that equations 3.1 and 3.2 yield

a pair of fluid-phase expressions of identical shape as those obtained for the low-CP case

above,
6
3—2 = —k,.e 1+$ u (3.7)
6
% = B.Da.e 1+$ u—St.(6-0,) (3.8)

with one exception being that the effective Stanton Number in equation 3.7 is replaced
with the unscaled Stanton Number in equation 3.9. Thus, comparison of equation 3.7 and
equation 3.9 indicates that, for the case of & = 1, the critical Stanton number for the High
CP approximation is twice that of the Low CP approximation; this in turn implies that
solid phase axial heat conduction can reduce criticality by up to 50% (assuming € > 1).
Additionally, the coolant temperature, 6., is replaced with the manifold temperature 6,
indicating that conductive heat losses to adjacent manifolding is the dominant mode of
heat transfer from the reactor. This in turn suggests that there are regions in the parameter
space where the reactor is stable irrespective of the magnitude of heat transferred to the
coolant. This will be discussed in Subsection 3.8.5.
3.5. Application of Van Welsenare and Froment (VWF) explicit criterion for
runaway

These reduced models allow the formulation of fast explicit criteria for runaway

which, while neglecting any contribution of the solid phase to runaway, provide both an
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initial guess of St. for subsequent sensitivity calculations and the necessary reference
point for comparison with parametric sensitivity analysis of the complete model. In the
present study, in which reaction order is restricted to unity, the criterion originally
developed by Van Welsenare and Froment!® is applied to the reduced models as follows.
Dividing either equation 3.7 or 3.8 by equation 3.6 yields a single ordinary differential

equation describing the reactor trajectory along the temperature-conversion plane,

1d6 Stegr (6 —60) L+—\
Bdu 1- ~ BDau (3.9
where Stesr is the effective Stanton Number for either High-CP or Low-CP approximation.
This equation yields the temperature maximum (6*) along a trajectory specific to a given

set of parameter values.

-0
. Ster- (8" —6,) L+4
u = e Y

3.10
B.Da ( )

The critical trajectory is defined as the one which passes through the maximum of
this temperature maxima curve equation 3.10. Hence, differentiating equation 3.10 with
respect to 6" and equating the result to null yields an expression for the critical

temperature,

. Y
Binax =3[ (Y = 2) =y — 4) — 48] (3.11)
From this critical temperature, an extrapolation procedure is used to obtain an explicit

expression relating the parameters (Stqsr, B, Da,y, 6.) at onset of criticality:
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Stefr

_G;nax
1 ll etﬂJ\
+=+ @) (0%ax — 0.6l Y (3.12)

B.Da (1 (12

where

J1 +4 [—%axB_ 5~ 1] 1
2

Q= (3.13)

3.6. Parametric sensitivity analysis and application of Morbidelli & Varma (MV)
criterion

Parametric sensitivity analysis of the complete reactor model [3.1-3.5] is employed
to numerically obtain the steady-state sensitivity profiles of the three state variables
[u(s), 6(s), 0,,(s)] with respect to the parameter set [Da, B, y, St, Bi, CP, €], alongside the
steady-state solution. Resulting profiles enable application of the Morbidelli and Varma
(MV) criterion to obtain the critical parameter values corresponding to runaway
3.6.1. Derivation of the sensitivity equations

Sensitivity equations are derived from equations 3.1-3.5 recognizing that all three

are of the general form,

v _ f(Y, @, s) (3.14)
ds @S '
with boundary conditions,
C1.y(0) = dy, Coy(L) = d, (3.15)

where Y = [u(s),0(s),0,,(s),0),] are the four state variables, and =

[Da, B, v, St,Bi,CP,&] are the parameters. C;and C, are 3 x4 and 1 X 4 matrices,
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respectively, while d; and d, are a 3 X 1 vector and scalar, respectively. The local
sensitivity of the state variables, Y, with respect to parameter ¢; is thus defined as,

aY

S(Y; 9;) = 30, (3.16)

The local sensitivity profiles are obtained using the direct differential method*!’,
in which both sides of the model equations are differentiated by the parameter of interest,

@;. Thus, differentiating equation 3.14 with respect to «; yields the general form of the

sensitivity equation,

dS(y; ;) of(Y(e)) of of
s~ e a9, +5y S(Y; ¢)) (3.17)
with boundary conditions:
dc, dc,
— y(0) + S(y(0); ;) = 0,— y(L) + S(y(0); ;) = 0 (3.18)

Applying equations 3.17 and 3.18 to equations 3.1 to 3.5 yields the sensitivity equations

specific to the complete microreactor model:

( )

dDa 0 oy 0 0 0
——— exp u—Da — exp U—..
_ do; 143 do; 143 [1+§]2 v?
dS(u; ;) _ Y Y Y | (3.19)
ds '
0
—Da exp . o2 S(6; ¢;) — Daexp ﬁ S(w @)
k ] [1+5] *y )
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) \
6 [(dBDa) . dSt 8 0
exp 5 1 u a————— >
1+3 ) ) [1 + \7]
ds(e; ¢;) _ 6
ds +B Daxp 5 ue 7 S(6; ) + S(us ;)
)\ [1+5]
Y
dSt
—3o [0-8,]-st [S(6; @) — S(Bw; ;)]
®j
St St
( (+p) dEep)
wstoue)_| - ro-00-CP 0|
d52 B St : ]

St
—cp [S(8:9;) = S(6w; 0y)] — &5 [0 = S(Ow; 9]
with inlet conditions for concentration and temperature,
S(u;(pj) =0ats = 0,S(9;(pj) =0ats=0

and boundary conditions for the solid-phase (wall),

as(6,(0); @) d(B
- % = —Bi S(GW(O), (P]) + (ET;)(ea - ew(o))
dS(0,,(1); @; d(Bi
_% = Bi S(ew(l); (P]) + ((]’T%l)(ew(l) - ea)

Finally, the normalized sensitivity can be defined as,

@ dy _dln(y) ¢ (v; @)
’ Y]

SN(Y; ;) = —. = =—.
( (p]) y 0@ dln(x) vy S\ @

3.7. Numerical simulation

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

Steady-state solutions to the reduced models developed in Subsection 3.4

(equations 3.6 and 3.7 and equations 3.6 and 3.8 were obtained in MATLAB using the

odel5s pre-packaged Runge-Kutta numerical solver for stiff equations 1?2, However,

60



obtaining the steady state solution in MATLAB to the complete model developed in
Subsection 3.3. (equations 3.1-3.5)) and corresponding steady-state sensitivity
expressions developed in Subsection 3.6. (equations 3.19-3.23) via boundary-value
problem solver (bvp4c) proved to be problematic and very sensitive to the initial guess,
owing to onset of singularities under runaway conditions. For this reason, a time relaxation
approach is followed® where equations 3.1-3.5 and equations 3.19-3.23 were re-cast in
unsteady-state form and spatially discretized across 200 evenly spaced nodes. The
discretized expressions are given in the appendix.

The resulting 6 x 200 system of ordinary differential equations were solved
numerically in MATLAB using the prepackaged odel5s algorithm over sufficient time

span as to achieve steady-state. In all simulations, results were considered steady-state
upon satisfying the criteria (|3—z| < 107%) for all state variables. All simulations were

carried out on a Lenovo Yoga710-141SK Signature edition at 2.4 GHz and equipped with
8GB of RAM. Typical solution times ranged 10s to 500s.
3.8. Results and discussions
3.8.1. Analysis of reduced models and comparison with complete model

Results obtained using the complete (Subsection 3.2) and reduced models
(Subsection 3.4) were compared to investigate the accuracy of the latter for predicting (i)
criticality conditions via explicit criteria of Van Welsenaure and Froment (VWEF), and (ii)
magnitude and location of resulting hot-spot after criticality is reached. For the case of the
low-CP model (Subsection 3.4.1), application of the VWEF criterion yields a critical value

of St. = 16.93 for the nominal parameter values listed in Table 3.1. A comparison of the
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steady-state solutions to equations 3.6-3.7 and equations 3.1-3.5 under sub-critical
conditions (St = 20), presented in Figure 3.2a, likewise confirms the accuracy of the low-
CP reduced model in predicting sub-critical reaction and temperature profiles. However,
under runaway conditions (St = 10) the low-CP reduced model fails to accurately predict

the location or magnitude of the resulting hot-spot (Figure 3.2b) unless CP is

d2e,,
ds?

unrealistically low (< 10%), as ceases to be O(1) and hence cannot be neglected

) St
relative to —.
CP

For the case of the high-CP reduced model, application of the VWF explicit
criterion for runaway, assuming & = 1, yields a value of St. = 8.47 (half the value obtained
from low-CP model) as expected from a comparison of equations 3.7 and 3.8. Under these
conditions, the solid-phase (wall) temperature is assumed to be uniform and equal to the
ambient/inlet temperature; for the case of 8. = 6, = 0, this means the reacting fluid is
effectively exchanging heat with an infinite heat-sink fixed to the manifold temperature
such that coolant fluid has no impact upon criticality. A comparison of steady-state
profiles obtained via complete model for CP = 1000, Bi = 1, £ = 1 alongside the reduced
high-CP model at sub-critical (St = 10) and runaway (St = 5) conditions is presented in
Figure 3.2c,d. As was the case for the low-CP reduced model, excellent agreement under
sub-critical conditions is obtained; additionally, good agreement under runaway
conditions is observed as well, as derivation of the high-CP model did not require

assumption of an O(1) derivative term.
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Figure 3.2 Comparison between full (blue) and approximate models (red). Parameters-
B=40,y=20,Da=0.1Bi=1. (a) No runaway, St=20, CP=0.01 (b) Runaway, St=10, CP=0.01,
(c) No runaway, St=10, CP=1000 (inset- 6 w-Full model),(d) Runaway, St=20, CP=1000
(inset- O w) (Reprinted with permission from *).

3.8.2. Parametric sensitivity analysis and Morbidelli & Varma (MV) criteria
Normalized sensitivities of the reacting fluid maximum temperature (SN (6%, ¢))
with respect to each parameter were analyzed at each set of parameter values over a range
of St. Figure 3a presents the normalized sensitivity curves obtained for the specific case
of B=40,CP =30,Bi=1,Da=0.1,y=20,&=1. It is seen that there exists a single
value for St = 9.23 where an extremum in all sensitivity functions occur. This point is
identified as the critical Stanton number (Stc), following the Morbidelli and Varma (MV)
criteria 117 120-121 The criticality of this point is confirmed by Figure 3.3b-c, which presents
steady-state reacting-fluid temperature profiles obtained at values for St greater than and
equal to (Figure 3.3b), and lesser than, this critical value of 9.23 (Figure 3.3c). This

methodology for determining St for a given set of parameter values (B, Da, y, CP, Bi, §)
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was employed throughout the remainder of the present work; in all cases studied, there

existed a single value of Stc which corresponded to an extrema in all sensitivity functions,
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Figure 3.3 (a) Parametric sensitivity of reacting fluid temperature; Normalized sensitivity
at maximum temperature vs Stanton number for B=40, CP=30, Bi=1, Da=0.1,y=20, &=1.

Critical Stanton number=9.23. (b) fluid phase temperature profiles St> St ¢ (c) fluid phase
(Reprinted with permission from 39).

3.8.3. Comparison of VWF explicit criteria with VM criteria

Values of St obtained via the MV criteria were compared with those obtained via
the explicit VWEF criteria for the two cases of high (CP = 1000) and low (0.01) values of
the conduction parameter, over a range of values for the adiabatic dimensionless
temperature rise (B) while assuming § = 1 (Figure 3.4). For each case, MV criteria was

evaluated for both perfectly insulated (Bi = 0) and isothermal (Bi =o0) inlet/outlet wall
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conditions. For clarity of presentation, results are presented in terms of the normalized
critical Stanton number 7,

For the low-CP case, the VWEF criterion is conservative compared to the MV
criterion for low B, but there is good agreement as B increases for Bi=0 (Figure 3.4a),
Bi=1 (Figure 3.4b) and Bi=oo (Figure 3.4c). This is also observed for the high-CP case
when Bi=1 and Bi =c0; however, when Bi=0, the high CP-VWF criterion under predicts
the criticality of the complete model. This is because when applying VWF criterion to the
High CP reduced model, it is assumed that heat losses to the ambient is dominant and the
wall is uniformly equal to 6, but when Bi=0, the solid-phase is insulated from the ambient
and hence there is no heat removal via conduction losses at inlet and outlet wall
boundaries. Thus, the low-CP case of the VWEF criteria provides a reliable, albeit
conservative, criteria for ensuring hot-spot prevention regardless of microreactor design

or materials selection.
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Figure 3.4 Comparison of St_c vs B obtained for Van Welsenare and Froment explicit
criterion applied to reduced models (solid) and Morbidelli and Varma (dashed) at Da=0.1,
v=20, CP=0.01 (red). CP=1000 (blue) (a) adiabatic wall conditions Bi=0 (b) Finite heat
transfer limited boundary conditions (Bi=1) (c) isothermal wall boundary conditions
(Bi=o0) (Reprinted with permission from 39).
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3.8.4. Influence of solid-phase heat conduction and end-losses upon runaway via MV
criteria for symmetric channels (§=1)

The influence of solid-phase heat conduction and end-losses upon Stc is shown in
Figure 3.5 for the case of B = 40, Da = 0.1, y = 20 and & = 1. In the absence of any
conductive heat losses to packaging (Bi=0), increasing CP raises St. from a value of 15.46
(at CP = 10®) to the asymptotic limit of 16.16 (at CP > 102). This arises owing to greater
recirculation of heat within the reactor in the absence of any heat losses, which facilitates
runaway. It should be noted that this upper limit in Stc is still less than the value for St
obtained from the conservative VWEF criteria applied to the case of low-CP (Stc = 16.93).
Conversely, for the case of isothermal wall boundaries (Bi=c0), any increase in CP reduces
St towards an asymptotic limit of 7.73 at CP > 102. This asymptotic limit of St = 7.73 is
exactly half of the critical Stanton number at CP = 1078, consistent with the reduced model
analysis in Subsection 3.4. As was the case for the reduced model at high-CP, the
asymptotic limit obtained via MV criteria at high CP and Bi values corresponds to a near-
isothermal wall fixed to the manifold temperature, which is in turn equal to the coolant
temperature, thus maximizing heat removal. Thus, for any value of CP, Bi at B=40,

Da=0.1, y=20 runaway is assured if St < 7.73 regardless of €.
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Figure 3.5 (a) Effect of conduction parameter and Biot number on critical Stanton number.
Dashed line-(bottom)- critical St high CP approximation, 7.73. Dashed line-(top) critical

Stanton number from Van Welsenare and Froment’s criterion,16.93. (b) Variation of
critical Stanton number for low values of CP (Reprinted with permission from 39).
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In between these two extreme cases of adiabatic and isothermal boundary
conditions, a complex behavior is observed wherein at low CP (Figure 3.5b), axial heat
conduction raises criticality via enhanced internal heat distribution until stabilizing heat
losses become significant; beyond this point a steady decrease in St towards the
asymptotic limit of 7.73 is observed. This dual role of CP is also manifest in its effect upon
the hotspot magnitude and location when runaway occurs. Hotspot temperatures vs CP
and Hotspot Location vs CP for insulated (Bi=0), finite heat transfer limited (Bi=1,10),
and isothermal wall (Bi=o0) boundary conditions are plotted in Figure 3.6 and Figure 3.7
respectively for a constant value of St=7.72 to ensure runaway in all cases. An initial
increase in CP from ~0 results in a rapid increase and rapid decrease in the hotspot
magnitude and location respectively as internal heat circulation enables pre-heating of
reacting fluid immediately upstream of the hot-spot *’. Further increases in CP serve to
dissipate the hot-spot across the entire reactor length by bringing heat losses to play,
reducing the magnitude of hot-spot and increasing the hot spot position; for the case of an
adiabatically packaged reactor (Bi = 0), magnitude (location) of reactor hot-spot remains
greater (lesser) than the value obtained when solid-phase is neglected (i.e., CP = 0) due to
efficient heat distribution in the absence of heat losses. For the case of finite heat losses to
packaging (Bi > 0), axial conduction of heat within the solid-phase serves not only as a
means of pre-heating the reacting fluid upstream of the hot-spot but also enables heat
dissipation due to heat losses to packaging. Thus, an initial rise (fall) in hot-spot

temperature(location) with increasing CP is observed when CP is low, followed by a
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steady decrease in hot-spot magnitude as CP increases beyond O(10?) as heat losses

become significant.
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Figure 3.6 (a) Hotspot temperature vs conduction parameter, (b) Hotspot temperature vs

conduction parameter for low CP. For

permission from ).

B=40,y=20,Da=0.1, St=7.72 (Reprinted with
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Figure 3.7 (a) Hotspot location vs conduction parameter, (b) Hotspot location vs
conduction parameter for low CP. For B=40,y=20,Da=0.1, St=7.72 (Reprinted with
permission from ).
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3.8.5. Influence of solid-phase heat conduction and end-losses upon runaway via VM
criteria for asymmetric channels (§>1)

Lastly, the reactant channel-to-wall heat transfer capacity (St) was fixed and the
coolant channel-to-wall heat capacity (&) varied to identify the critical value, €., over the
range of CP and Bi values employed in Subsection 3.3. A value of St=10 was selected
such that for a given pair of CP and Bi there exists a critical value &, above which cooling
channel capacity is sufficiently high to prevent runaway. The results are plotted in Figure
3.8. As observed in Subsection 3.8.4, a slight increase in CP from 0 results in an increase
in & as mild heat dispersion facilitates hot-spot formation. Further increases in CP result
in a decrease in & for Bi = 0 as stabilizing heat losses at the reactor inlet/outlet become
significant. For any value of Bi = 0, it is seen that there exists a value of CP beyond which
coolant channels are not required to prevent hot-spot formation (i.e., &, = 0). For Bi=0,
an increase in CP results in an increase in €., owing to heat recirculation via solid phase

axial heat conduction facilitating runaway in the absence of heat losses
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Figure 3.8 Ratio of critical coolant-to-reacting fluid heat transfer capacity to wall (§.) vs

conduction parameter (CP). B=40,y=20,Da=0.1, St=10 (Reprinted with permission from
39).

3.9. Unsteady state sensitivity equations

The discretized unsteady state equations are given below;

0i
duy; [uizq — ] 5
- _ ' D Yl u; 2
e As a exp u; (3.25)
0;
d0; _ [811 — 6] T
d—T‘ = —% +BDa.el” vlu —5St(6; —0y,) (3.26)
d-ew,i [ew,i+1_zew,i + ew,i—l] St St
drt = l::o As2 + l:"o [ﬁ (ei - ewi) + E@ (ec - ew,i)] (3-27)
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ds(e;; ¢;) N S(Ow,i+i; @) — 2S(Bw,i; ;) + S(Ow,i—1; @;)
dt As
S
(A g
_8—([)-]- [ - W]
S
o Ep)
= —a—(pj[ c— 0wl (3.30)
St
—cp [5(6:9;) = S(8u; ;)]

St
L ~Scp [0 SOwiep] )

N

with discretized initial and boundary conditions for state variables and sensitivities as

follows:
u1 = 1
61 = 0
B,,—0
_M = Bi (ea—ew 1) (3.31)
As ,
0 -0
_ [ w,200AS w,199] — Bi (ew,zoo _ 93)
S(ug; ;) =0
[SOwz; @) = SOwui @) _ . o(Bi)
— w,2» ¥j e w1 vijl _ —Bl.S(GW,1; (Pj) +5—(Pj(ea — ew'l) (3.32)
S(Ow.200 95) = SOwas0i @3)] _ o &(Bi)
_ [ ( w,200 ])AS ( w,199 ])] = Bi. S(OW,ZOO; (p]) + 6—([).(9‘”'200 — ea)

J

Where, Fo=CP* § ,and § = %. & is taken to be 10~*. Which is the order of magnitude

PwlPw

ratio of 2£2& A cold start-up initial condition is assumed, i.e.

PwlpPw
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uy=1,0,=0;06,;=0 _

(S(ui; (Pj) _ O;S(Gi;(p]-) ~ 0 S(ew;(pj) _ 0) att=0 fori=1,2,3,...,200 (3.33)
3.10. Conclusions

The analysis in this section has yielded multiple insights into the role of solid-
phase axial heat conduction upon hot-spot formation and prevention in microreactors.
Application of the VWEF criteria to a reduced model corresponding to the limiting case of
negligible axial heat conduction and analogous to the traditional non-isothermal plug-flow
reactor model provides a reliable, albeit conservative criteria for hot-spot prevention in
microreactors which accounts for both reacting-fluid Stanton. Number and microreactor
dimensions (specifically, reacting fluid diameter, cooling fluid diameter and dividing wall
thickness) via . Conversely, application of MV criteria applied to the microreactor model,
assuming sufficient heat conduction in the presence of finite axial heat losses, yields
criteria for ensuring hot-spot formation regardless of microreactor dimensions. Analysis
using MV criteria indicates that the introduction of mild solid-phase axial heat conduction
promotes hot-spot formation so long as heat losses to manifolds is minimal. For the case
of a perfectly insulated system (Bi = 0), further increasing solid-phase axial heat
conduction parameter results in an asymptotic upper limit in Stc; for all other cases (Bi #
0), Stc eventually reduces to a lower asymptotic limit with sufficient further increase in
conduction parameter. For values of St between these two asymptotic limits, there exists
a critical ratio of coolant- to reacting-fluid heat transfer capacity to prevent hot-spot
formation at low- to intermediate values of CP. It is also shown that within this range of

St there exists a critical value of CP for a given non-zero value of Bi, beyond which the
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absence of hot-spot formation is ensured. These findings provide new design rules into
microreactor design for achieving isothermal reactors for inherently safe operation of fast
exothermic chemistries. Likewise, findings provide design rules for ensuring ignition in

regenerative microcombustors and heat-exchanger microreactors.
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4. INTEGRATING ENDOTHERMIC AND EXOTHERMIC REACTIONS- HEAT

EXCHANGER REACTORS”

4.1. Introduction

Effective thermal coupling in heat exchanger reactors remains a significant design
challenge. Two commonly encountered extremes in thermal behavior are (i) hotspot
formation, occurring when heat generated by the exothermic channel is not consumed at
the same rate by the endothermic channel, or (ii) reactor extinction, occurring when
endothermic reaction heat duty exceeds that of the exothermic reaction rate. The most
common method reported in literature for alleviating hotspot magnitude is to tailor the
activity of the catalyst along the reactor length®® 5% %458 The most studied approach to-
date involves introducing inert zones in exothermic and endothermic reaction zones to
maximize conversion and while minimizing hotpots ** 54 5658 Zanfir and Gavriilidis °’
considered continuously varying linear and parabolic catalyst distributions for the
exothermic channel with constant endothermic activity observed considerable decrease in
hotspot magnitude at a significant loss of conversion under counter current mode.
Ramaswamy et al.,>* investigated an exponentially decreasing catalyst activity profile (a =
1 — e k%) for the exothermic channel and observed significant reduction in hotspot

magnitude without reducing endothermic conversion under co-current operation.

* Parts of this section have been reprinted with permission from “Identification of Optimal Catalyst
Distributions in Heat-Exchanger Reactors”. Venkateswaran, S., Wilhite, B., & Kravaris, C.

(2020). Industrial & Engineering Chemistry Research, 59(13), 5699-5711 Copyright 2020 American
Chemical Society
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However, for the counter current case, no significant effect of the exponential catalyst
profiling was observed; instead an on/off (0-1) configuration for both exothermic and
endothermic channels resulted in appreciable reduction in hotspot temperature with a
slight decrease in endothermic conversion®*. Thus, while both discretized and continuous
catalyst activity profiles have been proposed and optimized for counter- current and co-
current modes of heat exchanger reactor operation, a systematic framework to identify the
best catalyst profile for a given set of reactor parameters, conditions and flow arrangement
is still lacking. In this work, the challenge of optimizing both endothermic and exothermic
catalyst activity profiles in a heat exchanger reactor is addressed using optimal control
theory'!* by considering both catalyst distributions as inputs and defining an objective
function that maximizes the sum of the conversion of both endothermic and exothermic
reactions. The catalyst distributions appear linearly in the model equations and hence in
the Hamiltonian formulated for the optimal control problem, implying that the problem is
singulart'®, This in turn indicates that optimal profiles consist of both practically
implementable discrete inert/active zones, and unimplementable continuously varying
regions due to the singular arcs and/or constraint arcs in the optimal solution*'*. While
such optimal profiles might not be realized exactly in practice, they provide a best-case
profile for the reaction parameters and flow configuration considered. Piecewise constant
approximations of the continuously varying portions consisting of a series of constant
activity zones are investigated and compared with the aforementioned best-case scenario

obtained from optimal control.
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The organization of the section is as follows. The model is described in the next
subsection and then the optimal control problem is defined and analyzed. Following this,
the results are discussed for two sets of parameters for both co and counter current reactors.
Then finally, piecewise approximations of the optimal profiles are obtained and compared
with the true optimal profiles following which the work is concluded.

4.2. Theoretical
4.2.1. Model

A one-dimensional plug flow model with irreversible first order exothermic and
endothermic reactions is considered following the previous analysis by R.C Ramaswamy
et al®*. A schematic illustrating the main transport phenomena in the model is shown in
Figure 4.1. The following assumptions are made in the development of the model:

1) Heat and mass transfer resistances across the gas-catalyst film are assumed to be
negligible.

2) Axial mass and heat dispersions in both fluid and solid phases is neglected.

3) Physical properties of fluids and the heat of reactions are assumed to be
independent of the temperature, and

4) The pressure drop across the reactor is assumed to be negligible.
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Figure 4.1 Model formulation for counter-current flow heat exchanger reactor- counter

current flow (Reprinted with permission from 23).

The resulting model equations for endothermic and exothermic volumes

(equations 4.1-4.4) for either co-current or counter-current flow are:

Endothermic side

dC —Eas
Vi d_Zl = _01(Z)k01 e[R'Tl]. Cl
dT;, —AH. ] a
vV,— = 01(2)ky, € RTlC— (T, - T,)
1742 o 1 01 01Co1 1~ 12

Exothermic side

C —Eay
+V2 d_ZZ = _Gz(Z)koz e[R'TZ]. CZ

dT. —AH a
+V2 d 2 rz G(Z)koz e RTZ] C - 42 (Tz - Tl)

P2 sz P2Lp,
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where o,(z), 0,(z) represent the position dependent catalyst activity and sign of v,
indicating flow configuration (+ for co-current flow and — for counter current flow).
Boundary conditions for co-current and counter-current (equations 4.5 and 4.6
respectively) are given as:
C1(0) = Cyp, T1(0) = Ty, C2(0) = Cpp, To(0) = Ty (4.5)
C1(0) = Cyo, T1(0) = Ty, C2(L) = Cpp, T (L) = Ty (4.6)
In the above system of equations it is assumed the inlet temperatures of both the
endothermic and exothermic streams are equal i.e., T,y = T,, = T,.The above system of

equations can be cast in dimensionless form in terms of Damkohler number (Da; =

—Eaj
. [W . 4. .
M), Stanton number (St; = ph' a‘t), dimensionless activation energies (y; = lf;‘)
i iCpiVi 0
and dimensionless heat of reaction (B; = % ), where i=1 and 2 for endothermic and
i“pi 10
exothermic streams respectively.
du1 Y191]
i —0,(s)Da; el1+01ly, =f; (4.7)
d91 Y191]
E == Gl(S)Bl Da1 e 1+6, ul - Stl (91 - 62) = fz (4’8)
du ¥262
d—: = —0,(s)Da, e 1+92] u, = f; (4.9)
de, [Y292]
E = Gz(S)BZ Daz e 1+6; U, — Stz (92 - 91) = f4_ (4‘10)
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Cq Cz
— u, =—.0, =
Cio” 2 Cpo’ t

T,-T T,—T
L0 and 6, = =2,

where u; = —— -
0 0

In the above equations,

Da,,St, > 0 for co-current flow and Da,,St, < 0 for counter-current flow. The
corresponding dimensionless boundary conditions are:
u(0) =1, 0,(0)=0,u,(0) =1,0,(0)=0 (4.11)
w(0)=1,  68;(0)=0,u,(1) =1,0,(1) =0 (4.12)
4.3. Defining the optimal control problem
The goal of the study is to find the right catalyst distribution in both the
endothermic and exothermic channels to maximize conversion while keeping the
exothermic channel temperature below a certain critical value. While this is a standard
optimization problem, that can be solved by many off-the-shelf solvers currently available,
an optimal control approach is chosen as it enables us to predict the different inputs that
would be part of the optimal solution. Furthermore, it provides a theoretical basis to the
existence of inert and fully active catalyst regions in reactor channels that have been
proposed in reaction engineering literature. The objective of the optimization is to: (i)
Maximize conversion (or minimize reactant concentration) of the endothermic and
exothermic streams (ii) Ensure hotspot temperature is below a pre-defined value. For co-
current flow, the optimization problem is to find o,€[0,1] and 6,€[0,1] that minimizes the

following objective function:
Ji = up (L) + up(L) (4.13)
Subject to:

0,(s) < 6, (4.14)
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and the model (equations 4.7-4.12) while for counter-current flow, the objective is:
min J, = u; (L) + u,(0) (4.15)

where 0. is the maximum allowable temperature of the exothermic channel. Furthermore,
the domain the inputs imply that the catalyst distribution ranges from fully active (o = 1)
to inert (o = 0). Following Pontriyagin’s Maximum Principle, the optimization problem

above can be reformulated as that of minimizing the Hamiltonian as given below 1%,

Co-current
Min
Min H(X(s), 0(s),A(s), u(s)) = ATF + TS (4.16)
s.t
X =F(X,0), X(0) =X, (4.17)
L a1y =% 418
=X ()—d—X|s=1 (4.18)

where F represents the model equations (equations 4.7-4.10) and S represents the state and
input constraints in vector forms. For counter current, the equations are similar except that
for one stream there is a terminal condition instead of an initial condition. Thus, the

equations are of the form:

Counter current

Min H(X(s), 0(s),A(s), u(s)) = ATF + uTs (4.19)
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s.t

X =F(X,0), X;(0) = Xjp, X;(1) =Xy (4.20)
. oH dJ, dJ,
A= X N = ax ls=1,  A(0) = ax ls=0 (4.21)

where X = [Xi,X]-] and X; and X; represent the state variabl es of the two streams in the

model. A necessary condition for the optimum is:
Hs, = ATF5 + 1'S;, =0 (4.22)

In general, it is not possible to obtain a complete analytical solution to the above
optimization problem. However, it is possible to obtain analytical expressions of different
arcs/pieces that constitute the optimal solution. This will help us understand the possible
solutions to the optimization problem and, as we will see, allude to the existence of

inert/fully active regions in the optimal solution.

The necessary condition (equation 4.22) gives rise to two possibilities, one is when

ATF,, #0 which implies p # 0 and hence one of the constraints is active and the second
case another being when ATFGi =0 . When one of the constraints are active the input o;

can be inferred from the active constraint. Thus, the possible arcs when the constraints are
active are(i) o; = 0, (ii)o; = 1 or (iii) o; is such that 6, = 6. in an interval s € [sq,s;].
For the third case, the catalyst distributions can be readily obtained by the fact that if 6, =

0. in an interval then % should vanish. Thus, from equation (4.10),
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(ec__el)
Yzec]
BZ Daz e 1+6c U.Z

02 = Stz (4‘23)

292

The expression for o; can be obtained using the fact that (L? should also vanish if 6, =

6.in an interval, which gives the following expression,

d0'2 OcY2 20¢Yy,

- EBzDaze[l-'-eC]uZ + GszDa%e 1+6C]UZ + St25t1(91 - ec)

o, = (4.24)

Y191]
St,B;Da,ell+01ly,

In the case when ATFUi =0, the input can be obtained from this condition.
However, in cases where the input appears linearly in the Hamiltonian (such as the
problem considered in this study) the above condition would not give the expression for
the optimal input. In such cases, the input is obtained by repeatedly differentiating )\TF(,i
with respect to time along the trajectories of the model equations. The singular arc analysis
is done below for o, and the same process can be followed for o,. Since for a first order

reaction concentration cannot be zero in finite length:

Y164
}\TFO'i =0- (_)\1 + 7\2B1)D3181+91u1 =0- (_}\1 + }\ZBI) =0 (4‘25)
d(ATF,,) Y101
T = O i Bl(xzstl - )L4St2)Dalel+91u1 = O - Bl()Lzstl - )L4St2) = 0 (4’26)
d? (ATF Y2(=2A3 + ]327\4)(52])329}/3'6922 ELE
Oj o Sl
T = O d (1 + 62)2 uZBlstzDalel-'-Blul = 0 (4‘27)
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The above equation implies that either o, =0 or (—A; + B,A,) = 0. However, if

(=23 + B,A,) = 0, the co-state equations for A; and A,,

d)\3 Y292
d_s = ()\3 - 7\4]32)0'2Daze1+92 == 0 (4‘28)
1(2992
dA 0,Da,elt9%2u
d_S4 = ()\3 - }\4B2)2(1-2|——62)22 + )L4St2 - 7\23'(1 = 0 (4‘29)

along with (equation 4.26) imply that an expression for o, inside the feasible region can
never be obtained'?*. Thus, the input will always be along the active constraints. This
means that the input either consists of practically implemenTable inert/ active regions or

practically unimplementable constraint arcs given by equations 4.23 and 3.24.

Having found the possible arcs that could appear in the optimal catalyst
distributions, in the subsequent subsections these arcs will be pieced together for different
reactor parameters which will provide significant insights into the heat transfer
characteristics of heat-exchanger reactors.

4.4. Parameters

In this study, two sets of nominal reactor parameters are selected as follows. The
first set of reactor parameters (shown in Table 4.1), corresponds to the case where the heat
released by the exothermic reaction is not enough to prevent quenching unless it is
distributed optimally throughout the reactor. To obtain this set of parameters, the ratio of
endothermic Damkohler number to exothermic Damkohler number was increased until

quenching was observed in the simulation for uniform catalyst distribution in the reactor
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(o0, = 1,0, = 1). While doing this we ensured the parameter values stayed in range
reported in literature®. The second set of parameters in Table 4.2 are similar to those used

by °* and lead to hotspot formation when a uniform catalyst distribution is used.

Table 4.1 Parameter sets. Case I: quenching for 6:= 6.=1 (Reprinted with permission from

123)_
Parameters Endothermic Exothermic
Da 2 0.5
B -1 1
Y 12 12
St 10 10
CR 0.4

Table 4.2: Parameter sets. Case II: hotspot formation for 6:= c.=1 (Reprinted with

permission from 123),

Parameters Endothermic Exothermic
Da 5 2

B -1 1

Y 12 12

St 10 10

CR 0.4

88




4.5. Numerical calculations

A two-step process is employed to obtain optimal endothermic and exothermic
catalytic activity profiles. During the first step, approximate profiles are obtained by
converting the model equations to non-linear algebraic equations using finite difference
methods with 1000 equally spaced nodes. The resulting non-linear program (NLP) is
solved using the IPOPT® solver in GAMS. The approximate profiles give the sequence
of the possible inputs derived in the previous subsection. In the 2" step, a second
optimization problem is solved to find the final profiles with switching points as the
variables by wrapping a fmincon solver over a function (using the ode 15s routine) to solve
the model equations using the sequence determined in step 1. If 6, # 6. along the
constraint arcs, a very high cost(10°) is returned to the fmincon solver. The function that
solves the model equations for counter-current flow uses the shooting method and in this
case the cost returned to the fmincon solver is:

cost = a[(uy(L) — 1)% + 0,(L)?] + uy (L) + u,(0)

where a = 10 is a large number that ensures the term in the brackets is infinitesimally
small. The approximate profiles derived in the first step provide excellent initial guesses
for the shooting method. The tolerances for the ode solvers was chosen to be10713 to
ensure the effect of numerical artifacts was minimal.

For the co-current configuration, the model equations represent an initial value
problem, and thus the cost returned is u, (L) + u,(0). All the simulations were performed
in an Intel Core 2 Duo Processor with 8.00 GB RAM and 3.16 GHz with simulation times
varying from 10s to 300s.
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4.6. Results
4.6.1. Parameter set 1- counter current reactor (quench prevention)

The optimal catalyst distribution is obtained by piecing together the arcs obtained
in Subsection 4.3 for parameter set 1, which results in quenching of the reactor when a
uniform catalyst distribution is employed for both endo- and exothermic reaction volumes.
The concentration and temperature profiles for three different catalyst distributions, i)
Uniform catalyst distribution (ii) Optimal Catalyst distribution without temperature
constraints (iii) Optimal catalyst distributions with temperature constraints, are shown in
Figure (4.2) respectively. As shown in the figure, a uniform catalyst distribution results in
quenching of the reactor. In the next two subsections the catalyst distributions are
optimized with and without temperature constraints to prevent quenching
4.6.1.1. Optimal catalyst distribution without temperature constraints

Without temperature constraints, the results in Subsection 4.3 imply that the
optimum will consist of solely active/ inert regions. As shown in Figure 4.2a numerical
simulations show that the optimal catalyst distribution is to place inert material at the inlet
of the exothermic channel. The inert brings the exothermic reaction interval inside the
reactor and in turn preventing extinction*>-*45°, However, the concentration profiles in
Figure 4.2b show that the exothermic reaction is extremely fast and goes to completion in
anarrow length interval resulting in inefficient thermal coupling between the two reactions

and giving rise to hotspot formation.
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Figure 4.2 Counter-current, parameter set 1. (i) Temperature and conversion vs length-
uniform catalyst distribution (1). (ii) Optimal catalyst distribution without temperature
constraints (2a), temperature and conversion (2b). (iii) optimal catalyst distribution
(Reprinted with permission from 123),

4.6.1.2. Optimal catalyst distributions with temperature constraints

Incorporating temperature constraints to the optimization leads to non-intuitive
combinations of maximum/minimum and constraint arc patterns which results in an
overlap of the exothermic and endothermic reaction intervals as shown in Figures (4.3a,
4.3b). In this way, the heat released by the exothermic reactor is effectively consumed by

endothermic reaction such that hotspots are eliminated.

4.6.2. Parameter set 1- co- current reactor

In this subsection, the optimal sequence of the input arcs is obtained for co-current
flow. The concentration and temperature profiles for three different catalyst distributions,
1) Uniform catalyst distribution (ii) Optimal Catalyst distribution without temperature

constraints (i) Optimal catalyst distributions with temperature constraints, are shown in
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Figure 4.3. As observed in counter current case, a uniform catalyst distribution causes
reactor extinction/quenching albeit at a lower extent as there is no axial separation of the
reactor zones like in counter-current flow.
4.6.2.1. Optimal catalyst distribution without temperature constraints

The optimal catalyst distribution to minimize the concentration without
temperature constraints consists of inert at the endothermic reactor inlet. The exothermic
reaction occurring in the adjacent channel heats up the endothermic reactants in the inert
zone so that when the reactants reach the active catalyst portion, the reaction occurs at an
elevated temperature, thereby preventing reactor extinction. There are hotspots in the
endothermic channel, though it is of lesser magnitude compared to counter current flow.
4.6.2.2. Optimal catalyst distribution with temperature constraints

As shown in Figures (4.3a, 4.3b), addition of temperature constraints to the
optimization, gives rise to a region in the reactor space where the temperature constraint
is active. In this region the catalyst distribution is governed by the constraint arcs derived
in Subsection 4.3. Due to the constraint arc, a more gradual exothermic reaction is

observed which consequently decreases hotspot magnitude further.
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Figure 4.3 Co-current, parameter set 1. (i) Temperature and conversion vs length- uniform
catalyst distribution (1). (ii) Optimal catalyst distribution without temperature constraints
(2a), temperature and conversion (2b). (iii) Optimal catalyst distribution with temperature
constraints for parameter set 1 (3a), conversion and temperature (3b) (Reprinted with
permission from 123),

4.6.3. Parameter set 2- counter- current reactor

In this subsection, the optimal input sequence is obtained for parameter set 2 which
corresponds to hotspot formation in a reactor employing uniform catalyst distributions for
both endothermic and exothermic volumes. Since the reaction proceeds to near-complete
conversion with a uniform catalyst distribution, optimizing the catalyst distribution
without temperature constraints doesn’t add any value. Thus, given the stated goal of
attaining high conversion while preventing hotspots, two catalyst distributions are
considered (Figure 4.4): (i) Uniform catalyst distribution and (ii) Optimal catalyst
distribution with temperature constraints corresponding to parameter set 2. For uniform
catalyst distribution and counter current flow, the exothermic reaction goes to completion
in a small interval which gives rise to hotspot formation.
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4.6.3.1. Optimal catalyst distribution without temperature constraints

As shown in Figure 4.4 (2a and 2b), the optimal catalyst distribution in this case
comprises an inert zone at the exothermic inlet followed by constraint arcs that bring the
exothermic reaction inside the reactor and closer to the endothermic reaction, such that the
two reaction zones overlap, and the heat released by the exothermic reaction is efficiently

consumed by the endothermic reaction.
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Figure 4.4 Counter-current, parameter set 2. (i) Temperature and conversion vs length-
uniform catalyst distribution (1). (ii) Optimal catalyst distribution with temperature
constraints (2a), temperature and conversion (2b) (Reprinted with permission from 123),
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4.6.4. Parameter set 2- co-current reactor

Again, like the counter-current case, since the reaction proceeds to full conversion
for a uniform catalyst distribution, optimizing without temperature constraints doesn’t add
much value. Thus, two catalyst distributions are considered (i) Uniform catalyst
distribution (ii) Optimal catalyst distribution with temperature constraints (Figure 4.5). In
this case, the uniform catalyst distribution gives rise to hotspots albeit of lesser magnitude
than the counter current case because there is no axial separation between the two reaction
zones.
4.6.4.1. Optimal catalyst distributions with temperature constraints

When temperature constraints are added, the optimal distribution comprises of a
combination of inert zones in the endothermic channel and constraint arcs in the
exothermic channel, which prevent hotspot formation in the reactor (Figure 4.5 (2a and
2b)). The inert regions in the endothermic channel help pre-heating the endothermic

reactants, thereby increasing the heat absorbed in the interior of the reaction channel.
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Figure 4.5 Co-current, parameter set 2. (i) Temperature and conversion vs length- uniform
catalyst distribution (1). (ii) Optimal catalyst distribution with temperature constraints
(2a), temperature and conversion (2b) (Reprinted with permission from 23),

4.6.5. Effect of St-counter current reactor

Optimal catalyst activity distribution profiles with temperature constraints for
three Stanton numbers (St=2,5,10) (Figure 4.6), illustrate how placements of inerts vary
with the Stanton number. For low Stanton number (St=2), there are no inert zones in either
the endothermic or exothermic channel because heat transfer between the two volumes is
low enough that placing inerts to match the reaction intervals does not significantly affect
thermal coupling. Instead, a constraint arc in the exothermic channel is required to limit
the exothermic temperature rise. At higher Stanton numbers (St=5 and 10), the magnitude

of heat transfer between channels increases so that inerts are required for efficient thermal
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coupling via matching reaction intervals. It is observed that the length of inert region
increases, and the length of the constraint arc decreases with increasing Stanton number
as matching reaction intervals becomes more important than limiting exothermic reaction

heat generation.

Optimizing catalyst distribution has another interesting effect on the counter-
current reactor. In counter current mode, cold pinch crossover, defined as the point where
the endothermic and exothermic temperatures are equal, may occur near the endothermic
inlet>®. The presence of cold pinch crossover is undesirable, as in the region from the
endothermic inlet to the cold pinch crossover point, the endothermic stream loses energy
to the exothermic stream®*. Thus, the farther away from the endothermic inlet that this
cold-pinch point occurs, the higher the additional energy loss, which consequently
decreases reactor conversion. To illustrate the evolution of cold pinch points, the
temperature profiles for three different Stanton numbers (St=2,5 and 10) are plotted in
Figure 4.7. For St=2, due to low heat transfer between the two channels, there is no cold
pinch point. When St is increased to 5, a cold pinch point appears for the uniform catalyst
distribution case but is absent in the optimal catalyst distribution. Further increase to
St=10, results in a cold pinch appearing for both the uniform catalyst and optimal catalyst
distribution cases, due to high heat transfer between the two channels. However, it is to be
noted that the magnitude of the cold pinch temperature is lower, and the position is closer
to the endothermic reactor inlet, in the optimal catalyst distribution. A plot of cold pinch
point and corresponding temperature vs Stanton number in Figure 4.8a shows that for 4 <

St < 5.4 pinch point only occurs for the uniform catalyst case, while at St > 5.4 pinch
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point occurs in the optimal catalyst case too. The magnitude and axial position of the cold
pinch point are much higher for uniform catalyst distribution as compared to the optimal
catalyst distribution.

To illustrate the effect of cold pinch points on conversion, the endothermic
conversion vs Stanton number is plotted in Figure 4.8b. For low Stanton numbers, even in
the absence of cold pinch temperatures, endothermic conversion for both the uniform
catalyst and optimal catalyst is low as the magnitude of heat transfer between endothermic
and exothermic volumes is insufficient regardless of catalyst distribution. As St increases,
the endothermic conversion increases for both uniform catalyst and optimal catalyst
distributions, due to the increased heat transfer between the two channels which initially
outweighs the adverse effects of pinch point. However, for St > 5.4 heat loss due to cold
pinch point become significant and endothermic conversion for uniform catalyst
distribution drops drastically. It is in this region that the gains of optimization become
significant, as inerts and constraint arcs successfully mitigate cold pinch temperature and
position (as shown in Figure 4.8a) so that conversion continues to increase with Stanton

number.
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4.6.6. Effect of St-co-current reactor

Like the counter-current case, the optimal catalyst distribution is plotted for 3
different Stanton numbers (St=2,5, and 10) in Figure 4.9. For low Stanton numbers (St=2)
due to reduced heat transfer the length of the constraint arc is large and inert regions are
diminished. As Stanton number increases, chances of extinction increase due to increased
heat transfer between the two channels. Thus, an increase in the length of inert material is

observed for high Stanton numbers

The endothermic conversion for uniform catalyst and optimal catalyst distribution
are plotted in Figure 4.10 for different Stanton numbers. For low St, an increase in the

endothermic conversion is observed because of increased thermal coupling where the
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exothermic reaction is driven by the endothermic reaction. However, for higher Stanton
numbers there is very strong interaction between the two reactions and since the rate of
endothermic reaction is greater than exothermic reaction (Da; > Da,), the exothermic
reaction is quenched. Thus, in the absence of a heat source to drive the endothermic
reaction the conversion decreases.

On the other hand, for optimal catalyst distributions, endothermic conversion
increases monotonically with Stanton number. This is because for higher St, a large part
of the optimal catalyst distribution in the endothermic channel consists of inerts (Figure
4.9) that help the exothermic reaction proceed and heat up the reactor, which in turn drives

the endothermic reaction to high conversion.
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Figure 4.9 Optimal catalyst distribution vs length for different Stanton numbers. Parameter
set 1 (co-current flow) (Reprinted with permission from 23).
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Figure 4.10 Endothermic conversion vs Stanton number for optimal and uniform catalyst
distribution. Parameters set 1. (co-current flow) (Reprinted with permission from 23),

4.6.7. Effect of Daz- counter-current

In this subsection the goal is to study the effect of fuel consumption rate
(characterized by the exothermic Damkolher number) on endothermic (process gas)
reactor performance for both uniform and optimal catalyst distributions with all other
parameters taken from set 1. The effect of exothermic Damkohler number on the optimal
catalyst distribution for counter current is plotted in Figure 4.11 for Da,=0.5,1 and 2. For
low exothermic Damkohler numbers, the inert regions in the endothermic channel are
large to prevent reactor extinction. However, as Da, increases, the need for inerts in the
endothermic channel to prevent reactor extinction is diminished due to higher exothermic
reaction rates. Hence, the inert regions get smaller for higher exothermic Damkohler
numbers. The effect of exothermic Damkohler number (Da,) on endothermic conversion
is shown in Figure 4.12. Comparing the uniform catalyst and optimal catalyst
distributions, the optimal catalyst distribution yields higher conversions for the same Da,.
In fact, even for Da, € [0.1, 0.6] the difference in conversion is greater than 50 %. This is

because, in the case of uniform catalyst distribution, the endothermic reaction suppresses
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the exothermic reaction for low Da,. However, optimizing the catalyst distribution results
in the intelligent utilization of the low exothermic reaction rate by optimally placing inert

and constraint arcs in the channels, and hence higher endothermic conversion/ ignition can

be obtained using lesser fuel (Da,).
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Figure 4.11 Optimal catalyst distribution vs length for different Damkohler numbers-
parameter set 1 (counter-current flow) (Reprinted with permission from 23).

1 —n— £ T

0.8~ —+— Optimal catalyst
’ —a— Uniform Catalyst
?" 0.6
T 04r _
0.2 ! ! I |
0 0.2 0.4 0.6 0.8 1 1.2 14 1.6 1.8 2
Da

Figure 4.12 Endothermic conversion vs exothermic Damkohler number- parameter set 1
(counter current flow) (Reprinted with permission from 123),
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4.6.8. Effect of Daz- co-current case

The optimal catalyst distribution is plotted in Figure 4.13 for Da,=0.5,1 and 2.
Like the counter current case, there are significant inert regions for lower exothermic
Damkohler numbers to prevent reactor extinction which get smaller as Da, increases. The
endothermic conversion vs exothermic Damkohler number is plotted in Figure 4.14.
Endothermic conversion for the optimal catalyst distribution is little lower than the
uniform catalyst distribution for low Da,. This is because in the optimal catalyst
distribution inerts are placed in the endothermic region to prevent the quenching of the
exothermic channel. Thus, while the endothermic conversion is a little lower for lower
Da,, the exothermic conversion is much higher in the optimal case. On the other hand, for
higher Da, that optimal placement of catalysts results in higher conversion in both the

streams.
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Figure 4.13 Optimal catalyst distribution vs length for different Damkohler numbers.
Parameter set 1 (co-current) (Reprinted with permission from 123),
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Figure 4.14 Conversion vs exothermic Damkohler number (Da_2)- rest of the parameters
from set 1 (co-current) (Reprinted with permission from 123),

4.6.9. Piecewise constant approximations

The catalyst distributions obtained in the previous subsections consist of
continuously varying portions which are practically difficult to implement. Thus, in this
subsection, piecewise constant approximations of the optimal catalyst profiles found in

the previous subsections are considered. One way to do this would be to ensure a binary
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activity of the profiles (¢ = 0 or 1) and measure the deviation of the approximate profiles
from the true optimal profiles. However, one of the goals of this subsection is to show that
the true optimal profiles provide important information regarding the placement of inert
zones and full catalyst activity zones. That is, the location of inerts and full activity zones
remains unchanged for piecewise constant approximations. If a binary condition is
enforced, it cannot be said for sure whether the inert/full activity zones are due to the
binary condition or the optimal control analysis. Thus, partial activity zones are allowed (
o= [0,1]) and the optimization problem is like the one considered before, except that now
the catalyst profiles are piece-wise constant. The optimal piecewise constant inputs are
calculated using the parameters listed in Table 4.1 (Case 1) for the counter current case, a
similar approach could be done for the co-current flow too. The procedure followed is
given below:

I.  The optimal profile is divided into discrete zones. A transition from one zone to
another occurs if any one of the inputs in the optimal profile changes its nature i.e.
from 1 to O or 1 to constraint arc etc. For the parameter set considered in this
subsection there are 8 such zones.

ii.  The zones with constraint arcs are further divided depending on the number (n) of
piecewise constant approximations needed. Thus, the number of piece-wise
constant inputs to be optimized in each channel equals to the sum of the zones
obtained in step (i) and step (ii).

iii.  The model equations are discretized into 1000 nodes using a finite difference

scheme and optimized using the IPOPT solver in GAMS.
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Optimal catalyst activity, concentration, and temperature profiles for different are
shown in Figures (4.15 and 4.16) for n=1,2,3 and 4. It is observed that the piece-wise
constant approximation matches the true optimal in almost all the regions where the true
optimal profiles are bang-bang. Furthermore, the deviation in the conversion and
temperature profiles from the true optimal is minimal even for n=1. Thus, though the
results of the optimal control problem might give practically unimplementable results in
some regions of the reactor space, it provides important information as to where the

maximum catalyst activity, intermediate catalyst activity and inerts should be placed.
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Figure 4.15 Optimal piece-wise catalyst activity profile vs length. Parameter set 1
(counter-current flow) (Reprinted with permission from 23),
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Figure 4.16 Optimal piece-wise catalyst activity approximation. Temperature vs length.
Parameter set 1(counter current flow) (Reprinted with permission from 123),

4.7. Conclusions

In this section optimal control theory is used to develop a systematic way of
obtaining the right catalyst distribution in counter current and co-current heat exchanger
reactors using a pseudo-homogenous plug flow reactor model. Due to the singular nature
of the problem, the optimal catalyst distribution consists of practically implementable

bang-bang regions and unimplementable constraint arcs.

There are several scenarios where optimizing catalyst distribution is shown to be
beneficial to heat exchanger reactors. Separation of reaction zones, small exothermic
reaction intervals, high endothermic reaction rates are some of the cases considered in this
section where the gains of optimization are clear. For example, in the case where
separation of reaction zones leads to reactor quenching, optimizing catalyst distribution
lead to 70% increase in endothermic conversion. Thus, whatever the reason be for
inefficiency of heat transfer, optimizing catalyst distribution results in the intelligent

placements of inerts and constraint arcs for a given set of reaction parameters which in
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turn ensures safe and efficient operation of the reactor. Moreover, the practically
unimplementable constraint arc profiles could be divided into discrete zones and further
optimized to obtain approximate piecewise constant profiles with minimal deviation from
true optimal profiles. For more complex flows and geometries, an optimization like this
would give the approximate location and length of the inerts/ active regions a priori. This
can be a useful starting point for parameter optimization problems (where catalyst bed
activity (0/1) and bed length are parameters) that have been studied a lot in literature. For
high order systems as the nature of the optimization will remain the same i.e. maximizing
conversion subject to model equations and an exothermic temperature constraint.
Moreover, if gas-solid resistances are assumed to be negligible it can be again said that
the optimal input will consist of inter/active regions and continuously varying
constraint/singular arcs. Thus, extending the present work to higher order reactive systems
should be straight forward. However, for multiple reactions in addition to thermal
balancing and maximizing conversion high selectivity is also desirable and hence there is

a requirement to reformulate the optimization problem to include selectivity.

Another important complexity in heat exchanger reactors is the presence of solid-
phase axial conduction in the walls. In this present work solid-phase conduction is
neglected as the goal of the section was to provide a fundamental study of how altering
catalyst distribution can help in ensuring efficient heat transfer between endothermic and
exothermic streams. However, given the nature of the optimization addition of a solid wall

in the model equations won’t change the analysis drastically as problem remains singular.
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5. FAULT DIAGNOSIS USING OBSERVERS IN CONTINUQOUS TIME SYSTEMS-

APPLIED TO CONVENTIONAL CHEMICAL REACTORS®

5.1. Introduction

This section marks the transition from tackling design problems in unconventional
chemical reactors to diagnosis problems in conventional reactors with the goal to make
them safer and reliable. This will be accomplished by designing a robust observer-based
fault detection and isolation (FDI) scheme for nonlinear processes that will then be applied
to chemical reactors. We will approach functional observer-based FDI for nonlinear
systems from the point of view of exact observer error linearization'®?. The functional
observer in the absence of faults has linear disturbance-decoupled error dynamics, with
the observer output (residual) function identically vanishing on the observer invariant
manifold. Such functional observers are also known as residual generators. It will be
shown that, with the proposed formulation, easy-to-check necessary and sufficient
conditions for the existence of such a residual generator can be derived, leading to simple
formulas for functional observer design with eigenvalue assignment. Moreover, fault
isolation can be accomplished via multiple residual generators, one for each fault,
decoupled from the other faults and the system disturbances. The proposed formulation

and results provide a direct nonlinear generalization of standard linear FDI methods®®.

* Parts of this section have been reprinted with permission from “Design of linear residual generators for
fault detection and isolation in nonlinear systems”. Venkateswaran, S., Liu, Q., Wilhite, B.A. and
Kravaris, C., 2020. International Journal of Control, pp.1-17.Copyright 2020 Taylor and Francis.
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In the following subsections, the notion of functional observer for nonlinear
systems in a completely analogous manner to Luenberger’s definition for linear systems
will be defined. Then, the notions of observer error linearization will be defined.
Following this the problem of fault detection, isolation and estimation using residual
generators (a special case of a functional observer) will be presented. Finally, the fault
diagnosis scheme will be applied to a variety of chemical engineering case studies
involving conventional chemical reactors namely, bio-reactors, CSTRs, and process
network.

5.1.1. Functional observers for non-linear systems

Consider an unforced non-linear system of the form

x = F(x)
y = HX)
ro = q(x)

where xeR™ denotes the vector of states, yeRP denotes the vector of measured outputs
The objective is to construct a functional observer of order s < n, which generates an

estimate of the output r,, driven by the output measurement y. For the following system

7z € RS, r € R,
dz
prei d(z,y)
r=w(zy)

to act as an observer, the overall dynamics, in the series connection,

x = F(x)
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dz

- ¢@HR)
Must possess an invariant manifold z = T(x) (where T(x):R™ — R®) with the property
that r(x) = w(T(x), H(x))
In the above definition, the requirement that z = T(x) is an invariant manifold of the

series connection, i.e. that z(0) = T(x(0)) = z(t) = T(x(t))Vt > 0, translates to

oT
¢ FCO = @(T(x), H(X))
If the functional observer is initialized consistently with the system i.e. if z(0) =
T(x(0)), then  z(t) = T(x(t)), and therefore  r(t) = w(§(t),y(v) =
w(Tx(®), H(x(t))) = q(x(t))vt > 0. which means that the functional observer will be
able to exactly reproduce z(t). In the presence of initialization errors, additional stability
requirements will need to be imposed on the z-dynamics, for the estimate r(t) to
asymptotically converge to ry(t).
Of particular interest is the linear form for the observer dynamics ¢(z,y) = Az +
By as the eigenvalues of A will determine the stability of the functional observer and the
rate of decay of the error. If we can find a continuously differentiable map T(x) to be a

solution of the linear partial differential equation
oT
™ x)F(x) = AT(x) + BH(x)
for some Hurwitz matrix A, and if in addition T(x) satisfies condition (IV), i.e. that q(x)

can be expressed as a function of T(x)andH(x), then we have a stable functional observer
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with linear dynamics. Throughout this subsection, we will consider linear output maps of

the form w(z,y) = Cz + Dy. Thus, our goal is to find an observer of the form

LV
T
r = Cz + Dy

where A,B,C,and,Dares X s,s X p,1 X s,and 1 X p matrices respectively and A having
stable eigenvalues and equivalently, find a continuously differentiable mapping

['(x): R® — RS such that
5 (x)F(x) T'(x) + BH(x)

q(x) = CT(x) + DH(x)
Assuming that the above problem can be solved, the resulting error dynamics will be

linear:

%(z — T(x)) = A(z — T(X))
r—r, =C(z—-TX))
from which r(t) — ry(t) = Ce?t(z(0) — T(x(0))). With the matrix A having stable
eigenvalues, the effect of the initialization error z(0) — T(x(0)) will die out, and r(t) will
approach r,(t) asymptotically. While the above problem has been solved and explicit
design conditions for the design of linear observers have been derived'? in the following
subsections a special case of a functional observer that tracks the identically q(x) = 0
output will be considered. This will be the basis of the fault diagnosis approach presented

in the rest of the subsection.
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5.1.2. Disturbance decoupled fault detection

Consider a nonlinear process described by:

% = F(X) + GOOf + Z E; () w; (5.1)
i=1

y = HE) +]0f+ ) Ki()w,

where xeR™ denotes the vector of states, yeRP denotes the vector of measured outputs. feR
and w;eR,i = 1,2,...,m are the fault and the disturbances/uncertainties respectively
(system inputs) and F(x),G(x),E;(x),H(x),](x),K;(x) are smooth functions. Under
normal operation of the process, the input f (fault) is identically equal to zero, however in
an abnormal situation (equipment failure), f becomes nonzero, and this is what needs to
be detected on the basis of the measurements. The inputs w; describe normal variability
of process conditions (disturbances) and/or model uncertainty. It is in the presence of this
variability that the fault must be detected, and the conclusion (normal or faulty operation)
must be unaffected by the presence of w; (disturbance-decoupled detection).

In this work, we will study the problem of disturbance-decoupled fault detection
on the basis of calculating a quantity r called the residual, which is identically zero under
normal operation (i.e. when f(t)=0) and nonzero under an abnormal situation (i.e. when
f(t)#0), and is unaffected by the disturbances w;. More specifically, this work will study
the design of a linear functional observer, called the residual generator, of the form

7 = Az + By (5.2)

r = Cz + Dy
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with state zeR®, output reR (the residual), and parameters A, B,C, D being
sXs,sXp,1xsand1 X p matrices respectively with (C, A) observable pair, so that the

response of the residual r in the series connection of (5.1) followed by (5.2)
drxy F(x) G(x) Ei(x)
dt [z] - [Az + BH(X)] * [B](x)] f+ 2 [BK col™ 6:3)

r = [Cz + DH)] + [DJ(X)]f + Z[DKi(x)]wl

i=1
has the following properties:
r(t) asymptotically approaches zero when f is identically zero
r(t) is unaffected by the disturbances w;

r(t) is affected by the fault f

In other words, for any initial conditions X(O)] and any disturbances w;(t),

[Z(O)
Ei_)rtr)lor(t) =0iff(t) =0
tli_)r(lgor(t) # 0iff(t) # 0
The responsiveness of r to faults and insensitivity to disturbances ensures fault detection
while precluding the possibility of false alarms.

The present study focuses on designing linear residual generators for nonlinear
systems given by (5.1) because of the practicality of linear observers in design and
implementation. We will derive necessary and sufficient conditions for the existence of a
linear residual generator based on a disturbance-decoupled linear functional observer. As
long as these conditions are satisfied, we will derive simple design formulas for the

residual generator, with eigenvalue assignment capability.
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5.2. Design conditions for the residual generator for disturbance decoupled fault
detection

In this subsection we derive specific design conditions that the residual generator
must satisfy to meet the requirements (i)-(iii). The first and foremost requirement of the
residual generator is that the residual must vanish in the absence of faults or disturbances
(asymptotically converge to zero in the presence of initialization errors). In other words,
the residual generator should act as a functional observer that tracks an output identically
equal to zero. Consequently®®: 68 70.125-126 'there must exist a differentiable map T(x) from
P" to P® such that :

aTa—iX)F(x) — AT(x) — BH(x) = 0 (5.4)

CT(x) +DH(x) =0 (5.5)
Conditions (5.4) and (5.5) state that z=T(x) is an invariant manifold of the zero-input
dynamics of system (5.3), on which the residual r is identically equal to zero. It will be
seen in Proposition 1 in the next subsection that the necessary and sufficient conditions
for existence of such an invariant manifold depend on F(x) and H(x) only, and not on the
(A, B, C, D) matrices of the residual generator. If conditions (5.4) and (5.5) are satisfied,
the observer error dynamics (expressed in terms of the off-the-manifold coordinate e =

z — T(x)) and the residual are given by:

d(z — T(X))

0
it = A(Z — T(X)) + <B](X) — %G(X))f

+Z (BKi(x) — ag—ix)]zi(x)> w; (5.6)
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r=C(z—Tx)) +DJxf+ Z DK;(x)w; (5.7)
i=1

It should be noted here that the zero-input dynamics of (5.6) - (5.7) is exactly linear and

moreover, if the matrix A is Hurwitz, the zero-input response is
z(t) — T(x(Y)) = et (Z(O) - T(X(O))) -0

r(t) = CeA*(2(0) — T(x(0))) 0
which means that the manifold z=T(x) is attractive and the residual r(t) asymptotically
approaches zero.

The second requirement for the residual generator is that the residual must remain
completely unaffected by any disturbances w;(t) present in the system. Disturbance
decoupling can be achieved if the coefficients of w; in (5.6) and (5.7) vanish, i.e, for all
i=1,..,m,

0T (x)
——E;(x) - BK;(x) =0 (5.8)
ox

DK;(x) = 0 (5.9)
The third requirement for the residual generator is that the residual r must be
affected by the input f, so that the fault can be detected by monitoring the residual.

Therefore, the coefficients of the input f in (5.6) and (5.7) must not be all zero:

oT
T 09600~ BICO) | [0 (5.10)
DJ(x)

In summary, the residual generator should satisfy the following design conditions:

)} The functional observer conditions (5.4) and (5.5)
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i) The disturbance decoupling conditions (5.8) and (5.9) for all disturbances
iii) The fault detectability condition (5.10)
Remark 2.1: Some parallels can be drawn between the observer approach formulated here

and the differential geometric perspective in %. Specifically, the disturbance decoupling

and fault detectability conditions can be expressed in geometric terms as [KI( ) €

i(x)

Qtvi=1,..,m and [(]3((;())] ¢ O, where Q7 is the annihilator of the codistribution Q

IT(x) _B
spanned by the rows of the matrix l ax l
0 D

5.3. Solution of the design conditions

For the design of the residual generator (5.2), one must be able to find the matrices
A, B, C and D and a differentiable map T(x) so that the design conditions (5.4), (5.5), (5.8)
and (5.9) are satisfied. In addition, it is desired that the matrix A is Hurwitz with prescribed
eigenvalues for stability and fast response of the error dynamics. The following
proposition provides necessary and sufficient conditions for the residual generator (5.2) to
satisfy (5.4) and (5.5).
Proposition 1: There exists a residual generator of the form (5.2) satisfying the functional
observer design conditions (5.4) and (5.5) if and only if there exist constant row vectors
Vo, Vq, .-+ Vs_1, Vs € RP that satisfy:

VoH(X) + Lg(viH®X)) + -+ L *(vs_1HX)) + Ly (vsHX)) = 0 (5.11)

where Ly denotes the Lie derivative operator Lr = Y7, F;(x) % .
J
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T (%)
Proof: i) Necessity: Suppose that there exists T(x) = TZ:(X) such that (5.4) is satisfied,
Ts(x)

LeT: (%) T (%) B;H(x)
LFT?(X) —A Tz'(X) + BZI—.I(X)

LFTS (X) Ts (X) Bs H (X)
where By, ..., B; denote the rows of the matrix B. Applying the Lie derivative operator L

to each component of the above equation (k—1) times, we find that for k=1,2,3...

[LETi ()] ()] [(A*'B);H(X) + Lp((A*2B);H(x)) + - + L (B;H(X))]
l$3@1=MT¥@_Fmb%hM@+h«Mﬁmﬂ@D+m+$ﬂ@ﬂ@D

Ty(®)

LET, (0 (A1B)SH(O) + L(A<2B)H() + -+ L™ (BH()
and we can calculate

Ly + o L5t + -+ agDTi(x) = ((AS71B); + ay (AS2B); + -+ + as_1B)H(X)

+Lp(((A*7?B)i + - + o BDH(X))) + - + Li ' (BiH(X)) (5.12)
where ay, ..., ag are the coefficients of the characteristic polynomial of the matrix A.
At the same time, the mapping T(x) must satisfy (5.5), hence applying (L} + oy L +
-+ agl) on each component of equation (5.5) and using (5.12) gives:
0 = (CAS B + o; CAS™2B + --- + atg_; CB + a;D)H(x)
+Lp((CAS™2B + - + ag_,CB + ag_;D)H(x))) + --- + L3 1 ((CB + oy D)H (%))
+ Lp(DH(x))

which proves that (5.11) is satisfied.
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il) Sufficiency: Suppose that there exist constant row vectors v, , vy, ..., Vs_q, Vg that

satisfy (3.1). Consider the following choices of (A, B, C, D) matrices:

-0 -
A= ocs 2 ’ , =[00--01],
lf P Vs—2
00 .- —0(1 Vg_1

For the above A and C matrices (in observer canonical form), the design conditions (2.4)

O O
o o
(>N e}

—_

(5.13)

and (5.5) can be written component-wise as follows:

0T; (%)

I F(x) + a,T;(x) — B;H(x) =0 (5.14)
dT, (%)
F(x)—T;(xX) + ag_1 Ts(x) —B,H(x) = 0 (5.15)
dTs(x)
I —Ts-1(X) + oy Ts(x) — BsH(x) = 0 (5.16)
T,(x) + DH(x) =0 (5.17)

We observe that the above equations are easily solvable sequentially for
Ts (%), Ts_1 (%), ..., Ty (%), starting from the last equation and going up. In particular, for the
chosen B and D matrices, we find from (5.17), (5.16), ... ,(5.15):
Ts(x) = vH(x)

Ts-1(x) = Lp(vsH(X)) + vs_; H(x)

T,(x) = L 2(vsHX)) + -+ + v, H(x)

T,(x) = LSF_l(VSH(X)) + -+ LF(VZH(X)) + v;H(x)
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whereas (5.14) gives:
L%(VSH(X)) + LSF_l(VS_lH(X)) + -+ LF(le(x)) +voH(x) =0
which is exactly (5.11). Thus, we have proved that

Vi H(X) + Le(voHX)) + - + L (v HX))
voH(X) + -+ + L% (vsH(X))

T(x) = : (5.18)

vs-1HX) + Lp(vsH())
vsH(x)

satisfies the design conditions (5.4) and (5.5) when v, , v4, ..., vs_4, Vg satisfy (5.1) and
the A, B, C, D matrices are chosen according to (5.13).

It is important to observe that the sufficiency part of the proof is constructive: it
gives an explicit solution of the design equations (5.4) and (5.5) in terms of the vectors v,
, Vi, ..., Vs_q, Vs that satisfy (5.11). Moreover the eigenvalues of matrix A don’t appear in
the (5.11) and can hence be freely assigned. The following Proposition provides necessary
and sufficient conditions for the derived residual generator to meet the disturbance
decoupling specifications (5.8) and (5.9).
Proposition 2: Suppose that there exist constant row vectors v, , vy, ..., Vs_1, Vs € RP that
satisfy (5.11) and that the residual generator matrices (A, B, C, D) have been chosen
according to (5.13), so that the functional observer conditions hold with T(x) given by
(5.18). The residual generator will satisfy the disturbance decoupling conditions if and
only if for alli=1,2...,m:

voKi(x) + Lg;(viH(X)) + Lg,Lg(v,H(X)) + -+ + Lg,LF *(vsHx)) = 0

viKi(%) + Lg, (VZH(X)) + -+ LEiL‘}_2 (VSH(X)) =0
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(5.19)
vs—2Ki(x) + Lg, (Vs_lH(X)) + -+ LEiLF(VSH(X)) =0
vs-1Ki(X) + Lg; (vsH(x)) =0

vKi(x) =0
Proof: The disturbance decoupling conditions (5.8) and (5.9) can be written in component

form, for i=1,2,...m, as follows:

dT
190~ Bk, (0 = 0
dT
29 (9~ K, = 0
10 b ) = Be_1Ks() = 0
0x
() b () - Boki() = 0
ox

DK;(x) =0
Substituting the expressions for B, D and T(x) from (5.3) and (5.8) to the above equations
lead to the following conditions:
Lg,L¥ '(vsH(x)) + -+ + Lg,Lg(voH() ) + Lg, (vi H(x) ) — asvsK; (%) + voKi(x) = 0

LEiL%"Z(VSH(X)) + -+ LEi(VzH(X)) — o1 VKi(x) + viK;(x) = 0

Lg, L2 (vsH(x)) + Lg, Lp(vs_1 H(X)) + Lg; (vs—yH(X)) — azvsK;i(x) + vs_3K;(x) = 0

Lg,Lg(vsH(X)) + Lg, (vs-1 H®) ) — avsKi (%) + vs_,K;i(x) = 0
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Lg, (VSH(X)) — o VgKi(xX) + ve_1Ki(x) =0
—viKi(x) =0
which can be written equivalently as
Lg, Ly ' (viH®)) + -+ + Lg, Le (v H®)) + Lg, (viH(x) ) + voK;(x) = 0

Lg, Ly 2(vsH®)) + - + Lg, Le(vsH®) ) + Lg; (voHX)) + v1K;(x) = 0

Lg, L2 (vsH(x)) + L, Lp(vs-1H(X)) + Lg, (vs-2HX)) + vs_3Ki(x) = 0
Lg,Lg(vsH(X)) + Lg, (vs-1 H®) ) + vs_,Ki(x) = 0
Lg, (vsH®)) + vs_1Ki(x) = 0
vsKi(x) =0

This completes the proof. ,

The following Proposition provides necessary and sufficient conditions for the
derived residual generator to meet the fault detectability condition (5.10).
Proposition 3: Suppose that there exist constant row vectors v, , vy, ..., Vs_1, Vs € RP that
satisfy (5.11) and that the residual generator matrices (A, B, C, D) have been chosen
according to (5.13), so that (5.4) and (5.5) hold with T(x) given by (5.18). The residual
generator will satisfy the fault detectability condition (5.10) if and only if

Vo] (x) 4 Lg(viH(X)) + LgLp(voH(X)) ... + LgLi (v H(X))

0
v1J(X) + Lg(vaHX)) + -+ + LgL§ 2 (veH(X)) 0
Ve_2J (0 + Lo (Ve_rHGO) + LaLi(veHG)) #lof G20
Vs-1) (%) + Lg (vsH(X)) 0
vsJ (%) 0
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Proof: For B and D defined via (5.13) and T(x) given by (5.18), condition (5.10) is

equivalent to: is “either vgJ(x) # 0

or
ag Vo] (%) + Lg(viH(X)) + LeLp(vaH(X)) + -+ + LeLi (v H®))] 1o
|0‘s—1] v1J (%) + Lg(voH(X)) + - + LgL$ 2 (VSH(X)) |Ol
: Vs](x) - : I
| %2 | Vs—2) (%) + L (Vs HX®)) + LeLe(vsH(X)) lOJ
% Ve_1) () + La(vsH(x)) 0

and further to

Vol () + Lo (viH() + LeLe(v.HR)) + -+ + LeLi (Vs HE) .
v1)(x) + Lo (voH(X)) + - + LaLi (v H(X)) 0

Ve_aJ () + Lo (vs_1H()) + LoLe(vsH(®)) *o

Vs_1J () + Lg(vsHX)) 0

v () 0

Summarizing the results of Propositions 1-3, we conclude that the design of a an

s-th order linear residual generator is feasible if and only if there exist constant row vectors
Vo, V1, .-+ Vs—1, Vs € RP that satisfy

1) LSF(VSH(X)) + LSF_l(VS_lH(X)) + -4 LF(VlH(X)) + voH(X) =0

2) Q[Ellgg -0 Vi=1,..,m and
G(x)
9 ofj] =0
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_ % [L%_l(VsH(X))] + ot % [LF(VZH(X))] + % (V1H(X)) Vo
)]+ + 2 100)
h = : .
where () %[LF(VSH(X))] +%(Vs—1H(X)) Vs—2
% (vsH(X)) Vs-1
0 Vg |
i(x)

.. E
The last two conditions state that the vectors [K ,i=1,..,m belong to the

i(%)
- o . G(x)
annihilator of the codistribution spanned by the rows of the matrix Q, whereas [](X) ] does

not (cf. Remark 5.1). Also, it is important to note that all three conditions are independent
of the choice of eigenvalues for the residual generator; if constant row vectors vy , vy, ...,
Vs_1, Vg Can be found to satisfy them, any arbitrary eigenvalues can be assigned.

G(x) 0] [Ea00] (a9

(%) espan( K, ()’ [K, 0] ) ) for all x, the

Remark 5.1: In case [

disturbance decoupling conditions become incompatible with the fault detectability
condition, hence fault detection is infeasible in the presence of disturbances.

Remark 5.2: Using the Lie derivative notation on a vector function as the vector of the Lie

H; (%) LgH, (%)
derivatives of its components, e.g. Lg| = : , and accordingly notation for
Hp(X) LFHp(X)
higher-order Lie derivatives of vector functions, the conditions of Propositions 1-3 may
be written in a compact form as

[Vo V1 o Vg_q VS][FO(X) [y, () .. Ty (%) Ff(x)] =100 *] (5.21)

where:
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H(x)

LpH(x)
I[,(x) = :
LF'HX)
LyH(x)
K;(x) 0 0 0
Lg,H() K;(x) 0 0
Ty =| & o3 v :
Lg Ly 2H(x) LgLr HG&) - Ki(®) 0
L, Ly 'H(x) Lg L H(x) LgHX) K;(x)
) 0~ 0 0]
LoH(x) J(x) 0 0
[r(x) = : E 5 5
LLi2Hx) Leli*HX) + Jx®) 0
LeLS H(x) Leli?Hx)  LeHX) JXx)

and the symbol * indicates a nonzero matrix block. In this form, the linear dependence of
the conditions on the unknown vectors v, v4, ..., Vs_q, Vs becomes explicit.
For the special case when the system (5.1) is linear, i.e.

m
% = Fx + Gf + Z E;w; (5.22)

i=1

m
y=Hx+]f+ZKiWi

=1
the design conditions (5.4), (5.5), (5.8) and (5.9) become the standard design conditions

for linear residual generators for linear system 5!

TF—AT—BH=0 (5.23)
CT+DH =0 (5.24)
TE—BK=0 (5.25)

DK =0 (5.26)
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where E = [E; ... Ey] and K= [K; ... K], whereas the fault detectability condition
(2.10) becomes [TGD_] B]] + 0.

For the choices of A,B,C,D matrices given by (5.13),

viH + v,HF + - + v;HF™1
voH + -+ + vgHFS 72
T= :
vs—1H + v¢HF
vgH

and the conditions on the residual generator can be combined in a compact form as

[Vo, Vi, ey Vs—1, Vsl [FoTw Tf] = [0 0 %] (5.27)
where
H
R
I, = :
HFS—l
HFS
K 0 0 O
_ HE K 0 0
[w= : :
HFS~2E HFS3E K 0
lHFS~1E HFS™2E HE K
] cee O 0
~ HG J 0 0
HFS™?G HFS*G ™~ ] O
[HFS™'G HFS~2G " HG ]

and the symbol * indicates a nonzero matrix block. Equation (5.27) is exactly the condition
given by Ding ©* for linear systems of the form (5.22). Thus, the results of Propositions 1,
2 and 3 provide a direct generalization of standard results on linear systems to nonlinear

systems.
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Remark 5.3: In the linear systems literature !, the vectors vy, vy, ..., vs_1, Vs that satisfy
(5.27) are called parity vectors, and the set of parity vectors, when nonempty, defines a

127 The nonlinear generalization developed in

linear space which is called the parity space
this subsection offers a nonlinear analog of parity vectors, defined as the ones satisfying
(5.11), (5.19) and (5.20) or equivalently (5.21).

Remark 5.4: The parity vectors vy, vy,...,Vs_1,Vs provide information about the
measurements that are being used in the residual generator. If the j-th element of all of
these vectors happens to be 0, this means that the measurement y; is not used for fault
detection since both B and D will have their j-th column identically zero. This situation
may arise in applications and will be discussed in the applications subsection. In the event
of multiple solutions for the set of parity vectors v, vy, ..., Vs_1, Vs, this feature might be
used minimize the total number of sensors that are used.

Remark 5.5: In the majority of applications, process disturbances do not affect sensors and

sensor disturbances do not affect the process. This motivates considering the following

special case:

% = F(x) + GGOf + Z Ei(x)w” (5.28)

y = HEO +IGOF+ ) KiGow]

where wip denotes a process disturbance and w; a sensor disturbance. For this special class
of systems, the disturbance decoupling conditions (5.19) get simplified since for every

disturbance, either E;(x) or K;(x) vanishes, depending on whether it is a process or sensor
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disturbance. A sensor disturbance generally places more restrictions than a process
disturbance. In particular, we see from (5.19) that
a) A process disturbance wip places no restriction on v, since the corresponding K;(x) =
0.
b) A sensor disturbance w{ imposes the restriction that [v, v; ... vs_q Vs]K;(x) = 0. In
case a disturbance affects only a specific sensor measuring y; , this implies that the j-th
element of vy, vy, ..., vs_q, vs must equal to 0, hence the measurement y; must not be used
in the residual generator.
Remark 5.6: For the special case of a scalar residual generator (s=1), the design conditions
become
voH(x) + Lp(v;H(x)) =0
voKi(x) + LEi(le(x)) =0, i=1,...,m
v;:Ki(x) =0, i=1, .., m

[Vo] (x) tjc(;}SﬁH(X))] - [8]

The above conditions take an even simpler form in case all states are measurable, i.e.
Hx) = x:
voXx +v1F(x) =0
voKi(x) + v4Ei(x) =0, i=1,..,m
v;Ki(x) =0, i=1 .., m
R M
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5.4. Fault isolation

Till now we considered the problem of detecting a single scalar fault in the
presence of disturbances. However, for systems with multiple faults, in addition to
detecting the occurrence of faults it is necessary to correctly identify which fault/faults

have occurred. To this end, consider the following system involving n¢ possible faults:

% = F(x) + Z G.(OF; (5.29)
i=1

y=H® + z JiOf

with state xeP", output yeRP and inputs fieR, i = 1,2, ..., ng, and with F(x), H(x), G;(x),
Ji(x) smooth functions, and assume that

(i) n¢ < p i.e. that the number of faults does not exceed the number of measurements.

Gi(x)] .

(i) the vectors [] ) ,i =1, ...,n¢ are linearly independent for every x. In other words,
i

that no fault can enter the model equations the same way as a linear combination of some
other faults.

The above are clearly necessary conditions fault distinguishability.

Remark 5.7: In general, fault distinguishability may be defined as injectivity or left
invertibility of the input/output map (fy, ..., f,¢) °y. Sufficient conditions may be derived
by taking derivatives of each output of order up to the relative orders, and checking the

left invertibility of the matrix of the coefficients of the input vector. Specifically, denoting
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by pj the relative order of output y; with respect to the input vector and by C(x) the pxng

characteristic matrix, with entries

pj—1 .
LGiLF] H] (X), lfp] >0

Git9 = {J,-ioo,ifp,- =0

a sufficient condition for left invertibility of the input/output map is RankC(x) = ny.

The residual generator formulated in Subsection 5.3 can be applied to build a fault
isolation scheme in a straightforward manner. To isolate a specific fault f,, one can try to
construct a residual generator of the form:

Zy = Azy + Bry (5.30)
rx = Czy + Dyy
which satisfies the fault detectability condition (5.20) for fault f, and the disturbance
decoupling conditions (5.19) for w; =f;, i # k, along with the functional observer
condition (5.11).

If this is feasible for every fault, then one can build an overall system of residual
generators, working in parallel, and each one detecting a specific fault (see also Figure
5.1):

7z, = Az; + By
(5.31)
Zn, = AZp, + Bny

1"1 == CZl + Dly
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Iy, = Czp, + Dp.y

x(0)
z,(0) tli_)rgri(t) =0iffi(t) =0

F o [limr (0 # 0if fi(t) # 0
) (0) limr; (t) # 0if fi(t)

where for any initial condition

This will solve the fault isolation problem.

Disturbances/

Faults Uncertainties »| Residual Generator 1|——

I :

Residual Generator 2[——

L

Process —

; Fne—1
, Residual Generator f
ne—1

¥

Residual Generator np—-=>

Figure 5.1 Fault isolation scheme (Reprinted with permission from 1%4),

Remark 5.8: In the foregoing formulation, the same pair of (C, A) matrices are used in all
residual generators, leading to the same assigned eigenvalues for all residual generators.
More generally, different pairs of (C, A) matrices could be used.

Remark 5.9: System (5.29) involves faults but no disturbances. More generally, one could

consider
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i=1 i=1

y =HX) +§11(X)fi + i K;i(x) w;

Every residual generator in this case, must satisfy disturbance decoupling conditions for
all w; in addition to the disturbance decoupling conditions for the other faults. In general,
the disturbance decoupling conditions for w; may impose an increase in the number of
necessary measurements p, beyond the number of faults n;.

5.5. Representative applications to chemical processes

In this subsection, case studies are presented to demonstrate the use of linear
residual generators for fault diagnosis in nonlinear chemical process systems. In chemical
processes, dynamic models are generally composed of conservation equations and
inventory rate equations of the form: (Accumulation) = (In) — (Out) + (Generation), with
the nonlinearities often appearing only in the generation terms, associated with kinetic rate
expressions. This makes them amenable to the design conditions, with parity vectors that
are independent of the reaction rates, which are often uncertain. Three application

examples are studied in this subsection, specifically an anaerobic digester (bio-reactor), a
continuous stirred tank reactor (CSTR) and a process network consisting of a CSTR and
flash separator with a recycle stream.

5.5.1. Bioreactor

Anearobic digestion is a complex biochemical system, in which organic

compounds are converted to biogas, consisting primarily of methane and carbon dioxide.
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Anerobic digestion of a soluble susbtrate can be modeled as a two-step process: The
acidogenic bacteria first convert the organic soluble substrate to a volatile fatty acid
mixture and then the acids are utilized by methanogenic bacteria to produce the biogas. It
is assumed that the digestion occurs in a CSTR (see Figure 5.2) and the feed only consists

of soluble substrates and no biomass and no volatile fatty acids. The mathematical model

is as follows:
Xm (|J-max1 + W(t))sl
— = —(D,+f(1))X
G = ~ (DO + SR
dsl 1 (|J-maX1 + W(t))sl
—=(D f())(Syg —S;) ——
T Dy + £(£))(So — S1) Y, K.+, 1
dX, Hmax2S2
—=—(D f(t) )X — X .
ar = (e + D)Xz + X, (5.33)
ds, C12 (Mmax1 + W(t))S, Hmax2S2 X3
2 —_(D f 1z _ Imaxz=2 72
dt (Dr +£(6)S2 + Y, K¢ + S 1K, +S,Y,
y1 =Xq
y2 =54
y3 = Xy
Ya =39,

where S; and S, are the concentration of the soluble organic substrate and volatile fatty

acids respectively, X; and X, are the concentration of acidogenic and methanogenic

biomass respectively, p;(S;) = 222951 and 1, (S,) = Emax25%2 a6 the gpecific growth

rates of acidogenic and methanogenic bacteria respectively, with pax1, Hmax2, the

corresponding maximum specific growth rates and Kg;,Kg, the saturation constants,
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Y;, Y, are the biomass yield coefficients, c;, is the stoichiometric coefficient of conversion

of S; to S,, S, is the concentration of organic substrate in the feed and D, is the dilution

rate. f(t) represents a fault in the dilution rate and w(t) represents the uncertainty in the

maximum growth rate of acidogenic bacteria.

f

4

Feed

—O

-

——

AT

‘ -
>

—
j_l

X1,X2 51,52

Figure 5.2 Bioreactor parameters (Reprinted with permission from 1%4).

Table 5.1 Bioreactor parameters (Reprinted with permission from 104).

Parameter Value Parameter Value

D, 0.2d1 Minaxa 0.36d1
Hmax1 441 Y, 0.11g/g

K1 0.023g/L Y, 0.003 g/mmol
So 10g/L Ci2 16.95 mmol/g
K> 2.3 mmol/L
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The bio-reactor parameters are listed in Table 5.1 and the initial conditions are
X,(0) = 0.1g/L,X,(0) = 40 g/L,S;(0) = 10g/L,S,(0) = 0.1 mmol/L .
The model (5.33) can be converted to deviation form, relative to reference steady state
conditions corresponding to absence of faults or uncertainties: X; = X; — X; e, S1 =
S1 —Siren Xz = Xz — Xpref»S2 =Sz —Sprer @Nd  y; =Xi, y2 =81, y3 =X3, y4 =
S, , where the subscript ref denotes reference steady state value. The goal is to build a
residual generator to detect the dilution rate fault f(t) in the presence of the disturbance
w(t) in the acidogenic reaction rate expression.
To this end, a scalar residual generator is built (s=1), with the design conditions satisfied

for following choice of parity vectors

—[DDD(1+1) ke D(1+1)Y1 (5.34)
Yo = [Fe P B Y1/ Yyeq0° r Y1/ €12 '
[11(1+1> " (1+1>Y1]
Vi, = y L\ ™ Xy A [y A
! Y1/ Y5¢q2 Y1/ €12

Using the parity vectors (5.34) and the design parameters A = —a; = —1, B = oyv; —

vy, C=1, D = —vy, leads to the following first order residual generator:

& +a D)(’+'+( 1+1) L ’+(1+1>Y1 )
dc Z r)\Y1 TY2 Y,)Y,ciy V3 Y,) ¢ty Ya
= (’+’+< 1+1) h ’+(1+1)Y1 ) (5.35)
r=2z yity2 Y,) Yycr, ys3 Y,) ¢ty Ya .
From (5.3), we see that at steady state, the residual is given by
= D(X’ +S] +( 1+1) ny +( 1+1)Y15') (5.36)
rS - r 1,s 1,s Yl Y2C12 2,S Yl C12 2,s "
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and it is zero in the absence of fault and disturbances (when system is at reference steady
state). One can also observe, from the steady state equations of the system (5.33) in
deviation form, that the new steady state obtained in the presence of only disturbances and
no fault, satisfies (5.36) with rg = 0, as a result of the disturbance-decoupling property of
the residual generator. On the other hand, again from (5.33) in deviation form, in the

presence of a constant fault of size f;,

! 12 1 Y1 ’ 1 Yl ,
Dr (Xl,S + Sl,S + (_1 + _) —XZ,S + (_1 + _) _82,5)

Y1/ Y€1 Y/ c12
+f(x +S +( 1+1) Ny +(1+1)Yls )—0 (5.37)
S 1,s 1,s Y1 Y2C12 2,8 Y1 C1p 2,s ) — .

where the subscript s denotes the new steady state of the bioreactor.

Combining (5.36) and (5.37), the conclusion is that

R—f(x +5S +< 1+1) le +<1+1)Y15 ) (5.38)
s — s 1,s 1,s Y1 Y2C12 2,8 Y1 C12 2,8 .

From (5.38) it is clear that a constant fault of size f; # 0, leads to a residual rg # 0.
The residual generator is simulated for two cases: (i) No fault in the dilution rate but under
uncertainty in the maximum growth rate of acidogenic bacteria of size w(t) = 0.5 tpax1-
(ii) A fault in the dilution rate which is a step of size 0.5 applied at t = 2 and w(t) =
0.5 Wmax1-

The residuals for cases (i) and (ii) are plotted in Figure 5.3. For the fault-free case
the residual shows no deviation for all times whereas in case (ii), there is a deviation that

starts at time t = 2 d (when the fault occurs) and settles at rg = 1.431.
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Figure 5.3 Residual as a function of time. Fault f(t)=0.5 occurs at time t= 2 d. The final
value of the residual is 1.431 (Reprinted with permission from 14),

Remark 5.10: As noted in Remark 5.4, parity vectors are not uniquely defined; multiple

solutions could exist for vy, v;. For example, in the present problem,

vo = [Yil 10 o] (5.39)

D
vi=[g DOO]

is an alternative pair of parity vectors. With this choice, only two measurements are
required namely, the acidogenic biomass y, = X; and the soluble organic substrate y, =

S,.
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5.5.2. Non-isothermal continuous stirred tank reactor (CSTR)
Consider a non-isothermal continuous stirred rank reactor (see Figure 5.4) where
a chemical reaction A— B takes place. It is assumed the reactor is well-mixed and has

constant volume and the feed does not contain species B. The dynamics of the reactor are

as follows:
dC, F
ac =V(CA,in_CA)_(k0+W(t))'R(CA'e)
d® F UA —AHg
— =—(0;, —0) ——— (6 — 6 k ‘R 4
G =y O = =5 (0-8) + TS (ko + W) -R(Cu0)  (540)
de; F, UA
j j
—=(e.. +f — 0. — 0,
=7 O+ RO = 0) 45T (0-)

y1 =Ca+ (D)
y2 =18
V3 = ej
where Cy, 6,05 and Cy in, Bin, 0;in represent the concentration, reactor temperature and
coolant temperature of the outlet and inlet streams respectively. F and F; are the feed and

coolant flowrates respectively. V and V; are the reactor volume and cooling jacket volume

-E
respectively. koR(C,, 8) is the reaction rate, with R(C,, 8) = eReCx?. AHy is the enthalpy

of the reaction. p, c, and p;, Cp, are the densities and heat capacities of the reactor contents

and cooling fluid respectively. All three states are assumed to be measurable. There is an

uncertainty in the pre-exponential factor w(t) of the reaction rate. Two faults are
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considered namely a sensor fault in the concentration measurement (f; (t)) and a process

fault in the inlet jacket temperature (f, (t)).

,f1
AT T
Reactor F ee(;ll— = [
________________ & 0;
/ Coolant |
f2 n

Figure 5.4 Continuous stirred tank reactor schematic (Reprinted with permission from 04,

The model (5.8) can be converted to deviation form relative to reference conditions
corresponding to absence of faults and uncertainties: Cy = Cp — Carer, 8’ = 6 — 0j e,
0; = 8; — 6 rer, Where the subscript ref denotes reference steady state value.

Our goal is to design a fault diagnosis scheme that can detect and isolate faults f;
and f, in the presence of uncertainties in the reaction rate. To this end, two scalar residual
generators are built (i) to estimate the analytical sensor fault (f;) while considering f, as
an additional disturbance. (ii) to estimate inlet jacket temperature fault f, considering f;

as an additional disturbance.
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Residual generator 1: Detection of the analytical sensor fault f; while considering
f, as an additional disturbance.

A scalar (s=1) residual generator can be designed with the following parity vectors:

B [1 Fpc, + UA —UA (5.41)
Vo = 7| F(=aHp) 'F(—AHR) '
V  Vpc
R T S
F ' F(—AHR)
and design parameters A = —a; = -1, B=o;v; — vy, C=1, D = —v,:
dz,; \Y Vpc, Fpc, + UA UA
9z _ v 1), (_ >,__,
a - at ( )t TRy T F—any /Y2 T F—ang
PAVLL (5.42)
ry=z; += —_— .
1 1T eV F(—AHg) y2
From (5.42), we see that at steady state, the residual is given by
rs=(Chs+fis)+ P g, VA (N (5.43)
1,s A,s 1,s (—AHR) S F(—AHR) S j,S .

On the other hand, from the first two steady state equations of the system in deviation

form,
I pCp UA 1
C 05 0s—06i,)=0 5.44
A ¥ it ¥y O %) (G40
irrespective of the presence or absence of disturbance w or fault fo. Therefore,
ris = fi (5.45)

The steady state of the residual is nonzero when fault f1 is nonzero.
Residual generator 2: Detection of the inlet cooling jacket temperature fault f,

considering f; as an additional disturbance.
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A scalar (s=1) residual generator can be designed with the following parity vectors:

lO + ua va l (5.46)
VO = , , — 1 — .
PiCpiF PiCp;F
0,0 Y
Vl - Y, F]
and design parameters A = —a; = =1, B=oyv; — vy, C=1, D= —v;
dz, UA . <VJ . UA ) ,
— = 7y — ya— |5 —1- y
dt ©o\piepFi) 7\ picpiFi/
Vi,
r, =7, +=ys3 (5.47)

Fj

From (5.47), we see that at steady state, the residual is given by

( ua >9'+<1+ ua >9’ (5.48)
rys = — — | 6; :
i picp;Fi) ° picpiFi/) *

On the other hand, from the third steady state equation of the system in deviation form,

(fys — )+ (e' —6) = (5.49)

From (5.48) and (5.49), it is evident that the residual tracks the closure of the jacket energy
balance with or without the fault and we have

Iys = fos (5.50)

The two residual generators are tested on the following scenario: f;(t) =

{ 0,t<1 {O' t<2 , w(t) is uniformly distributed in the interval

0.1, t>1’f2() 10, t= 2

[-0.05k,, 0.05k,]. The data used for simulations are in Table 5.2 and the initial
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conditions of the state variables are C,(0) = 0,8(0) = 300,6;(0) = 278.15. The

residuals are plotted in Figure 5.6. Both residuals from time t =0 to 1 hr are identically 0.

When the sensor fault occurs at time t=1hr a deviation is seen in r; whereas r, is

identically zero. At time t=2hr a deviation is observed in r, indicating the presence of a

fault in the inlet coolant temperature.

Table 5.2 CSTR parameters (Reprinted with permission from 04,

Parameter Value Parameter | Value

F 4 m3/hr p 1000 kg/m3

Vv 1m3 Cp 0.23 kJ/ (kg K)

v, 0.03 m? Pj 1000 kg/m?

Cain kmol/m3 Cpi 4 kJ/ (kg K)

0ip 300K U 500 W/(m? K)

8 in 278.15K A 10 m?

ko 3 x 108hrtm%®kmol =02 A, 1 m?

E 5 x 10 kJ /kmol AHg —5 X 10* K]
/kmol
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Remark 5.2: We see from (5.13) and (5.18) that in this particular application, the residuals
at steady state are equal to the values of the respective faults. This can also be seen in
Figure 5.5 where the residuals r; and r, tend to f;and f, asymptotically. Thus, in addition
to disturbance decoupled fault detection and isolation, the residuals provide estimates of

the sizes of the faults.

0.1

o 005 B

0 2 4 6 8 10
time (hr)

10

0 | | |
0 2 4 6 8 10

time (hr)

Figure 5.5 Residuals vs time for non-isothermal CSTR. Fault f; occurs at t=1 hr and f at
t=2 hr (Reprinted with permission from 104,
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5.5.3. Process network

As our final example, we consider a process network consisting of a CSTR and a
flash separator (see Figure 5.6). This process is considerably more complex than the
previous two case studies due to the presence of parallel reactions and a recycle stream.
In this plant, two parallel exothermic chemical reactions A — B,A + A — C with B being
the desired product. The outlet stream of the reactor goes to the separator and a part of it
is recycled back to the reactor. The mathematical model of the process takes the following

form:

CArn CB,r- 97‘

AT —
. Reactor Feed_
T
Coolant ___\_ _______ Hj |
f2 ™
CAS! CBS! 97'

Figure 5.6 Reactor separator network (Reprinted with permission from 104).

145



Reactor Mass Balance

dCy F F i
d_tA - V(CA,in - CA) + Vr (Car — Ca) — (k1 + Wl(t)) Y S (kz + WZ(t))
—E,
‘e R CA
dCg F;

F —E;
e V(CBr— Cg) _VCB + (ky + wy (D) - €R8 Cy

Reactor Energy Balance

d0 F F (U+ fz (t))A

=7 O =0+ (0= 0) == (0-0) + —— (kg
—Ey R2 —Ep
. eRO Cy + — (ky + w,(t)) - eR8 C3
p
Cooling Jacket Energy Balance
de; F (U+HMm)A (t))A
T (8jin — 8;) +————(6 - )

]p]

Flash Separator Mass Balance

dCar Fp F.
Tl Vf(CA — Car) +7f(CA — Car) +ws
dCpg¢

l:b l::r
T Vf(CB — Cgy) +Vf(CB — Cpgp) + Wy

_ oaCpep
CAr -
p + (ap — 1)CpeMW,

agCpep
CBr =
p + (ag — 1)CpgeMWjp

Flash Separator Energy Balance
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doe F, + F + f5(t
r_ b r(e_er)+Qf 3()

d_t Vf PCpr

Outputs

y1=Ca+ (1)

y2 = Cg —f1 ()
y3 =0
Ya = 9]

ys = Car + (1)
Ve = Cpr —f1(D)
y7 = O,
The reactor contains an inlet feed F consisting of only species A with concentration
Cain and a recycle feed F,. consisting of both A and B (Ca, and Cg,). C4 and Cg are the
concentrations of A and B in the reactor and the reactor temperature is 6, the inlet feed
temperature is 0;, and heat is removed from the reactor via a coolant jacket with inlet

temperature 6;;, and outlet temperature 6;. V.and V; are the reactor and cooling jacket

E
volumes respectively. The desired reaction A— B has a rate given by kle_R_é C4 and the

. . . _E2
undesired parallel reaction has a rate given by k,e ®e C% where E,, E, and ky, k, are the
activation energies and pre-exponential factors of the two reactions respectively and R in
the exponential term of the reaction rate is the universal gas constant. AHg; and AHg, are

the enthalpies of the two reactions respectively. p, ¢, and p;, Cp; are the densities and heat

capacities of the reactant and cooling fluid respectively. The outlet of the reactor feeds

into a separator with volume V¢, operated at a temperature 6, and has a heat input Q. The
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concentrations of A and B at the bottom of the flash separator are given by Cu¢ and Cg¢
respectively with a flow rate F;,. The relative volatilities and molecular weights of the two
compounds are given by a,, a, and MW,, MWy respectively. The parameters used for the
simulations are obtained from'® and the initial conditions are C,(0) = 0,Cg(0) =
0,0(0) = 300,6;(0) = 300, C55(0) = 0,Cps(0) = 0,0,(0) = 300.

It is assumed that there are uncertainties, given by wj;and w,, in the pre-
exponential factors of both the reaction rates. In addition, there are modeling uncertainties
in the concentration equations for the flash separator characterized by w5 and w,. Three
different faults are considered namely, (i) a sensor fault f; affecting the measurements of
Ca, Cg, Car and Cg,. (i1) a fault in the cooling jacket given by f,, (iii) a fault in the heat
input to the separator given by f;. Our goal is to detect and isolate the presence of the three
faults decoupled from the four uncertainties in the system. To this end, three residual
generators are built, one for each fault of interest.

Like in the previous applications, the model is converted to deviation form relative
to reference conditions corresponding to absence of faults and uncertainties: C, = C, —
Carets Cg = Cg — Cgrer, 8 =0 = 6jrer, 8; = 6 — 6jrer, Car = Car— Cagrer, Cpe =
Cgf — Cifrer Or = 0 — Brrer, Where the subscript ref denotes reference steady state
value.

Residual generator 1: Detection of sensor fault f; with all the other faults as
disturbances. A scalar (s=1) residual generator can be designed with the following parity

vectors:
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V0:

F F
—AHg, (v+vr) (—AHRZ —AHR1> (Fr F) (Fr F) Fjpjcp;  —AHg,F,
) - _+_ ) _+_ ) l_
pCp pCp pCp vV V/IAV VT pe,V pcyV

<_AHR1 _ _AHRz) F
r
Fy

PCp PCp by
\Y Y
—AH —AH —AH iCi V:
Vi =l R2 ( Rz _ R1>,1, P 0,0, ol (5.52)
pCp pPCp pPCp pcpV

and design parameters A = —a; = -1, B=a;v; — vy, C=1, D = —vy:

F  Fr
T o Can AT (‘AHRZ _ —AHR1> ( _(Fc | F ) ' < _
dt z' + < pPCp pPcp yi+t pPcp pPcp 1 (V + V) Y2 F 1

v P (—AHRl_—AHRz)Fr
Fr  F ' PipiVj _ Kjpjcpj\ s , —AHR2Fr PCp _ Pcp v Fr
—+ —) + - + - + =
(V \% Y3 pcpV pcpV Ya pcpV Ys \'% Ye \'% y7

r1:Z

Y2—V3

, —AHR , —AHR —AHR , , p;C YA ,
-—=y; —( = — 1) -2 (5.53)
PCp pCph pCp pcpV

Following the same steps as before, we have the following expression of the residual in

terms of the fault of interest at steady state:

| ~AHg (+5F) N (‘AHRZ__AHRl) ((54.5)) f .+
1s = pCp pCp pPCp \% V. 1,s

AHg,F (_AHRl_ﬂ)Fr
(‘ R27r 2 Pp _Pop )fl_s (5.54)

pcpV \Y%

Residual generator 2: Detection of cooling jacket fault f, with all the other faults
as disturbances. A scalar (s=1) residual generator can be designed with the following

parity vectors:
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UA UA F
vo = (0,0, +-2,0,0,0

picpiVi PicyVi Y
v, = [0,0,0,1,0,0,0]

and design parameters A = —a; = -1, B=o;v; — vy, C=1, D = —vy:

dz'_ (VAN ( A F]-> ,
@ __, y _ _a)y
de picp,Fj) 77 picpV; Vi)

r,=2"—y, (5.55)

Following the same steps as before, we have the following expression of the residual in
terms of the fault of interest at steady state.

f, A
=—-———(6,—06; 5.56
I'2,s Pijij( S ],s) ( )

Residual generator 3: Detecting fault in flash separator heat input f; with all the
other faults as disturbances. A scalar (s=1) residual generator can be designed with the

following parity vectors:

F, + F F, + F
_ b r,0,0,0, b r
Ve Vi

VO = [0,0,

v, =[0,0,0,0,0,0,1]

and design parameters A = —a; = -1, B=o;v; — vy, C=1, D = —v;y:

dz’ Fy, + F; Fp + F;
—=-z'+ 3+ 1——) A
a - ( Vi >Y3 ( AL

r; =z —yg (5.57)
Following the same steps as before, we have the following expression of the residual in

terms of the fault of interest at steady state.
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r — _f3,s
> pCpV

(5.58)

The three residual generators are tested in a scenario with faults occurring in the

0, t<1 B 0, t<2 [ 0,t<3
0.1, t> 120 = {—100e0'°1t, > BO= {1000, t>3

following way: f; (t) = {
Uncertainties w; and w, are uniformly distributed in the intervals [—0.05k;, 0.05k;,]
and [—0.05k,,, 0.05Kk,,] respectively. w5 and w, are Gaussian distributions N(0,1) and
N(0,2) respectively. The plots of the three residuals are shown in Figure 5.7. In the interval
t=[0,1] all residuals are identically zero. When the sensor fault occurs at time t= 1hr there
is a deviation in r; from sensor fault f1 whereas residuals r, and r5 are unaffected. After
the onset of cooling jacket fault f> at time t=2hr, r, shows a deviation but r; remains

identically equal to zero, until the fault f in the heat input to the flash separator occurs at

time t=3hr.
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Figure 5.7 Residuals vs time for process network. Faults fi, f2, f3 occur at t=1,2,3 hr
respectively (Reprinted with permission from 1%4).

Remark 5.11: It is to be noted that the requirement of full state measurements can be done
away with if f; is absent or is assumed to be an additional disturbance. Isolation of faults
f, and f5 requires only the 3 temperature measurements, namely reactor, cooling jacket,
and separator temperature.
5.5.4. Fault diagnosis in a CSTR with a general reaction model

The fault diagnosis scheme can be easily extended to a reactor undergoing with
n species undergoing m reactions. The reactions occurring are as follows

¢1,181 + $oAz + o+ Pp1Ay < 0
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G121 + G228, + -+ GpAp 0

G1m-1A1 + Gom-1A2 + -+ dpm—1An < 0
G1mAL + GomAz + -+ GpymAp < 0
where ¢;; is the stoichiometric coefficient for species A; in reaction j.
The CSTR equations are as shown:

Species balance

dC,

F
i V(CAJH —Ca) + @R

Reactor energy balance

A+t camr-L (vt
dt v+ m pCp pch( 2

Jacket energy balance

dT"—F"(T T) 42 (1T
dt - V] jin j pCpV( ])
It is assumed that all the states are measurable. In the above equations C4 is the

concentration vector for the species in the reactor, T and Tj are the reactor and coolant

ry
. r .
temperatures respectively R = 2| and - aH = [-AH4, ....,—AH,,] are the reaction
rm
¢1,1 (I)n,l
rate and enthalpy vectors. d=| ¢ | is the stoichiometric coefficient matrix.
q)l,m (I)n,m
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5.5.4.1. Relationship between the scalar functional observer design condition and
reaction invariants
The scalar functional observer design condition (for fault detection) in deviation

form is as follows

F ! !
7 (-Ch) + OT(R ~ RY)

Ca F 1 UA
, —(-T)+—(-AH)(R' —Ry) ———(T"' - T/) | =
Vo [T [+ v [ CT + o (CADR' = Re) = 5 (T = T}) | = o
T, F
—(=T/ T — T/
Vi( ])+picpjvi( 2

Where vy, v; € R*2For the nonlinearity in the reaction rate to cancel we must have

q)T
AH

[V1,1 oy V1,n+1:V1,n+2] =0
PCp

0

dT 1. . .
[ ] is of dimension n + 2 X m.
AH

!

Remark 5.12: Taking the transformation Yy = [vy 4, ..., V1 n41] [?F‘}] one can observe that

dy  F UA

T V¢—V1,n+1@(T —T])

transformation vector [v; 4, ..., vy n41] 1S such that the dynamics of

!
U = [V, ., Vinsa] [Sf}] is not explicitly dependent on the reaction rate.

5.5.4.2. Detecting a fault in a species measurement, in the presence of reaction rate
uncertainties and disturbances in the heat transfer coefficient
Consider the following CSTR system

Species balance
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dC, F
A v (Cain — Ca) + ®T(R + W)

dt
Reactor energy balance
dT F 1 (UA)
—==(Tjp—T) + — (-AH)(R+ WR) ———=(T-T,
dt V( in )+pcp( )( + R) pCpV( ])
Jacket energy balance
dT; F; (UA)
) ]
— == (Tjjn+f.—T)+—=(T—T,
dt V] ( J,1n + C ]) + pCpV( ])

where Wi € R™ is the set of uncertainties in the reaction rates and w.. is the fault in the
inlet coolant temperature. All states are measurable but out of n concentration
measurements, 1 is susceptible to large faults and other n,, measurements are corrupted
by disturbances (these could be large faults but are not of interest currently). WLOG it is
assumed that the C,, is the measurement that is susceptible to large faults and C,; with
i=2,..,n, + 1 are corrupted by disturbances.

5.5.4.2.1. Detecting fault in C4ymeasurement while considering f. as an additional
disturbance

The functional observer condition is

F
v (7Ca) + ®T(R'—Ry)
Ch I , A .,
Vo $ +v, V(—T)+p—cp(—AH)(R —RS)—W(T -T/)| =0
] 5(—T.’)+ oA (T'=T)
Vit T pienVs :

For the reaction rate nonlinearities to cancel,
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q)T
AH
[V1,1 ---»V1,n+1'V1,n+2] -—1=0
pcp
0

This leads to the following m equations
vi1P11 + o+ Vindn1 + Vine (—AH) =0

V1,1¢1,1 + ot V1,n¢n,2 + V1,n+1(_AH2) =0

Vi1Pim-1 t -+ Vin®Pnm-1+ Vins1(—AHp) =0

CI)T
The above set of equations will always have a non-trivial solution if rank I_ AH
pcp

<n+1

Now other terms in the functional observer equation also must be cancelled this leads to
the following n + 2 equations,

Species concentration elimination:

v01Ca1 — Vi1 V Can1 =0

F
VO,nCA,n —Vin V CA,n =0

Reactor temperature elimination

Vo,n+1T —Vin+1 =T— Vin+1 _p T+ Vin+2 ——T=0

\% ch

Coolant jacket elimination

]- UA UA
Von+2Tj = Vin+z vaj + Vint1 mTj — Vint2 mTj =0
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For sensor disturbance decoupling, we have the following 2n,, equations vVj = 2,3 ...n, +

1

Finally, the coolant temperature disturbance decoupling condition results in an addition
equation
Vint1 =0

In summary, there are n + m + 2n,, + 3 homogenous equations with 2(n + 2)
variables. A non-trivial solution always exists if n — m > 2n,, — 1
For fault detectability, from all the possible solutions we must choose one where v, ; # 0.
Note: If we n¢ concentration sensors are faulty in the system, then to isolate a particular
fault say, in sensor i, we consider all other faults as disturbances i.e n,, = nf — 1 and

repeat the analysis before.

5.5.4.2.2. Detecting f. while considering fault in C44as an additional disturbance
As we saw in the previous CSTR example (Subsection 5.5.2), no concentration
measurements are required to detect f.. Thus, following choice of vyand v, can be chosen

for the same,

loo 0,42 VA l
Vo = )Yy )Y, = - 1
C e eiCyF P;Cp;Fj

n terms ) pIt)

Yi
vi=-00,..0,0,
)

n terms
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5.5.4.3. Detecting a fault in the inlet concentration, in the presence of reaction rate
uncertainties and disturbances in the heat transfer coefficient

Consider the following CSTR system
Species balancei = 1

dCaq
dt

F
=V (CAl,in +f— CAl) + ¢1R

Species balancei = 2, ...,n,, + 1

dCy; F
Fl =y (CAi,in +w; — CAi) + ¢{R
Species balance i = ny, + 2, ...,n

F
TR (Caiin — CAi) + iR

Reactor energy balance

dT F 1 (UA + wy)
—==(Tj, = T) + — (-AH)(R —————(T-T
Jacket energy balance
dT; F; (UA + wy,)
(. T 4 M r T,
dt V] (T],ln T]) + c.V (T T])

p

where Wi € R™ is the set of uncertainties in the reaction rates and f; € R is the fault
affecting the inlet concentration of species i = 1,2,3,...n; and ¢ € R™ represents the
stoichiometric coefficients of species i in all the m reactions. The goal is to detect fault in
the inlet concentration of species i.

For the reaction rate nonlinearities to cancel,
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b1
b2
Vi1 Vi2 Vi Vinsal] ¢ [=0
dn
—AH
This leads to the following m equations
vyidi1 + V1,nf+1¢nf+1,1 + o+ Vi dna + V1,n+1(_AH1) =0

V1i®i1 + Vin+1Prpr12 T F Vin®Pnz + Vine (FAHR) =0

Vyi®im-1 + V1,nf+1¢nf+1,m—1 + o+ Vi Gnm-g T V1,n+1(_AHm—1) =0
In addition, the following equations in the functional observer condition must hold Species

concentration elimination:

v0,1Ca1 — V11 V Can1 =0

VO,HCA,n ~ Vin v CA,n =0

Reactor temperature elimination

UA UA
Von+1T = Vint1 VT — Vin+1 pCpVT + YT T=0
Coolant jacket elimination
T IT 4 uA o oA .
Vont2 Ly = Vin+2 T i T Vin+1r —— ol “Vinr2e T i T
Yi pcpV iCpj Vi

The heat transfer coefficient disturbance decoupling condition results in an addition

equation
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UA (T’ T’) UA
Vin+l1 7 — L )= Vin+2
pcpV : PjCp; V]

(T"=T/)=0

Finally, there are n,, equations to decouple faults that are not of interesti.e Vj = 2, ...n,, +
1
vy =0

In summary, there are m+n+ 2 + 1 + n,, equations and 2(n + 2) variables.
There will always be a solution if n —m > n,, — 1. For fault detectability, from all the
possible solutions we must choose one where v, ; # 0.
Note: If we n¢ faulty species inlets in the system, then to isolate a particular fault say, in
species i, we consider all other faults as disturbances i.e n, = ng— 1 and repeat the
analysis before.
5.6. Conclusion

This section derived necessary and sufficient conditions of existence of a linear
residual generator for disturbance-decoupled fault detection in a nonlinear system. As long
as, these conditions are satisfied, we have shown that the design of residual generators
with eigenvalue assignment is straightforward. Using a linear residual generator for every
fault, decoupled from the other faults and the system disturbances, immediately gives rise
to a linear fault diagnoser for the nonlinear system. Not every nonlinear system satisfies
the feasibility conditions for a linear residual generator. However, a large class of chemical
processes involve “localized” nonlinearities in a way that they permit the design of linear
residual generators. Therefore, the results of this work are expected to enable future

industrial fault diagnosis applications.
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6. FUNCTIONAL OSBERVERS FOR DISCRETE TIME NONLINEAR SYSTEMS- A

PRELUDE TO FAULT DETECTION IN THE PRESENCE OF NOISES

6.1. Introduction

The goal of this section is to develop a direct generalization of Luenberger’s
functional observers to discrete time nonlinear systems. The concept of functional
observers for discrete-time nonlinear systems is defined and the observer design problem
is considered from the point of view of observer error linearization and is analogous to the
methods in "% 1% 1t will be shown that, with the proposed formulation, easy-to-check
necessary and sufficient conditions for the existence of such a functional observer can be
derived, leading to simple formulas for observer design with eigenvalue assignment.
Furthermore, the formulation also lends itself to fault detection and estimation in discrete-
time nonlinear systems and this will also be investigated.

The outline of the section is as follows. In the next couple of subsections, the
notion of functional observer for discrete time nonlinear systems will be defined in a
manner completely analogous to Luenberger’s definition 8% for linear systems and
different approaches to solve the functional observer design problem will be outlined.
Following this, notions of observer error linearization will be defined, and then necessary
and sufficient conditions will be derived for the solution of the linearization problem, as
well as a simple formula for the resulting functional observer. Subsequent subsections will
study the use of the functional observers to detect and estimate faults in the presence of

uncertainties/disturbances. Throughout the section, the functional observer design scheme
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and the fault detection and estimation capabilities will be tested on a non-isothermal CSTR
case study.
6.2. Functional observers for discrete-time nonlinear systems
Consider a discrete- time nonlinear system described by:
x(k+ 1) = F(x(k)) (6.1)
y(&) = H(x(k))
z(k) = q(x(k))
where:
x € R™ is the system state
y € RP is the vector of measured outputs
z € R is the (scalar) output to be estimated
and F: R" - R", H: R" - RP,q: R" — R are smooth nonlinear functions. The objective
is to construct a functional observer of order v < n, which generates an estimate of the
output z, driven by the output measurement y. In complete analogy to Luenberger’s
construction for the linear case, we seek a mapping
T: (%)
E=TKx) = [ ]
T,(x)
from R™ to RY, to immerse system (6.1) to a v -th order system (v < n), with input y and
output z:
gk+1) = @&k, y(k) (6.2)

z(k+ 1) = w(§(k), y(k)
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But in order for system (6.1) to be mapped to system (6.2) under the mapping T(x), the

following relations have to hold
@(T(), H®)) = T(F(x)) (6.3)
o(T(),HX)) = q(x) (6.4)
The foregoing considerations lead to the following definition of a functional observer:

Definition 1: Given a dynamic system
x(k+ 1) = F(x(k)) (6.1)
y(k) = Hx(K))
z(k) = q(x(k))
where F:R" - R", H: R" - RP,q: R" — R are smooth nonlinear functions, y is the
vector of measured outputs and z is the scalar output to be estimated, the system
§k+ 1) = e(§(k), y(K) (6.5)
2(k+ 1) = 0(§K), y(k)
is a functional observer for (6.1) if the overall dynamics of (6.1) and (6.5) in series
x(k+ 1) = F(x(k))
sk +1) = @(§(k), H(x(K)))
possesses an invariant manifold £ = T(x) with the property that q(x) = w(T(x), H(x)). If
the functional observer (6.5) is initialized consistently with the system (6.1) i.e. if
£(0) = T(x(0)), then (k) = T(x(k)), V k € N and therefore
2(k) = o (300, () = o (T(x(K)), H(x(K))) = q(x(K)) Vk € N, which means that
the functional observer will be able to exactly reproduce z(k). In the presence of
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initialization errors, additional stability requirements will need to be imposed on the £-
dynamics, for the estimate Z(k) to asymptotically converge to z(k). At this point, it is
important to examine the special case of a linear system, where F(x) = Fx,H(x) =
Hx, q(x) = gx with F, H, q beingn X n,p X n, 1 X n matrices respectively, and a linear

mapping T(x) = Tx is considered. Definition 1 tells us that for a linear time-invariant

system
x(k + 1) = Fx(k) (6.6)
y(k) = Hx(k)
z(k) = qx(k)
the system
8k + 1) = AZ(K) + By(k) 6.7)

2(k) = C§(K) + Dy (k)
will be a functional observer if the following conditions are met:
TF = AT + BH
q=CT+ DH
for some v X n matrix T. These are exactly the discrete-time version of Luenberger’s
conditions for a functional observer for linear continuous time-invariant systems 68-6°

6.3. Designing lower-order functional observers

For the design of a functional observer, one must be able to find a continuous map

T, (%)

Ty (%)

a function of T; (x), ---, T, (x), H(x) and q(x) is a function of Ty (x), -, T, (x), H(x)
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T(x) =

‘ to satisfy conditions (6.3) and (6.4) i.e. such that T,(F(x)),j = 1,-+,v is



However, such scalar functions T; (x), --+, T, (x) may not exist, if v is too small. Moreover,
even when they do exist, there is an additional very important requirement: Since

T(F(x)) = @(T(x),H(x)) will define the right-hand side of the functional observer’s
dynamics, it must be such that the functional observer’s dynamics is stable and the decay
of the error is sufficiently rapid. All the above requirements can be satisfied if

{mk+n=F@@»
y(k) = H(x(k))

Available design methods for reduced-order state observers 2 generate a

is linearly observable and v = n — p:

functional observer of order v = n — p, by only modifying the output map of the observer
(so that the estimate of z is the observer output instead of the entire state vector). The
question is whether a lower order v < n — p would be feasible and how to go about
designing the functional observer. This is not an easy question because we will be trying
to impose too many requirements at the same time.

For constructing the functional observer, one possible way involves identifying
functions T; (x), -+, Ty (x) such that Tj(F(x)),j =1,---,vand q(x) can be expressed as
functions of T, (x), -+, T, (x) and the measured output. The second step is then to check
stability of the error dynamics. This approach might be successful if the selection of
T, (%), -+, T, (x) could be directed by physical intuition.

Alternatively, one could try to follow the opposite path. As a first step, try to
enforce stability: given some desirable dynamics for the observer £(k + 1) = @(&, y), with

T (%)

@ SO as to guarantee stability and rapid decay of the error, find T(x) = [ ]so that
T,(x)
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T(F(x)) = @(T(x), H(x)). The second step will then be to check if g(x) can be expressed
as a function of T(x) and H(x).
6.4. Exact linearization of the functional observer

Along the second line of attack of the functional observer design problem, the most
natural ¢ - function to work with is the linear one:

¢(8&y) = Ag + By

It will then be the eigenvalues of the matrix A that will determine stability of the functional
observer and the rate of decay of the error.

If we can find a continuously differentiable map T(x) to satisfy the corresponding
condition (6.3), i.e. to be a solution of the functional equation

T(F(x)) = AT(x) + BH(x)

for some Hurwitz matrix A, and if in addition T(x) satisfies condition (6.4), i.e. that q(x)
can be expressed as a function of T(x) and H(x), then we have a stable functional observer
with linear dynamics. This leads to the Functional Observer Linearization Problem.

Given a system of the form (6.1), find a functional observer of the form

§(k + 1) = A§(k) + By(k) (6.8)
2(k) = C§(k) + Dy(k)

where A,B,C,Darev X v,v X p,1 X v,1 X p matrices respectively, with A having stable
eigenvalues. Equivalently, find a continuously differentiable mapping T: R"™ — RY such
that

T(F(x)) = AT(x) + BH(x) (6.9)
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and
q(x) = CT(x) + DH(x) (6.10)
Assuming that the above problem can be solved, the resulting error dynamics will be

linear:
§k+ 1) — Tx(k + 1) = A () — T(x(1)))

2(k) — 2(k) = C (§() - T(x(k))) (6.11)
from which 2(k) — z(k) = CA¥(§(0) — T(x(0))), with the matrix A having eigenvalues
in the interior of the unit disc, the effect of the initialization error £(0) — T(x(0)) will die
out, and Z(k) will approach z(k) asymptotically.

Remark: It is possible to formulate a linearization problem in a slightly more general

manner by including additive nonlinear output injection terms in the functional observer
and a possibly nonlinear output map
Ek+ 1) = A8k + B(y(k) (6.12)
2(k) = w(EK),yk)
where B (.) RP — RVis the nonlinear output injection term. This generalization will also
be considered in the next subsection.
In order to solve the Functional Observer Linearization Problem, it is natural to
first try to solve the system of functional equations (6.9) given some small-size matrix A
with fast enough eigenvalues, and then check to see if g(x) can be expressed as a function

of T(x) and H(x) according to (6.10). If it can, we have a functional observer with linear
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error dynamics; if not, we can try a different matrix A with different eigenvalues and/or
larger size, up until we can satisfy both conditions.

The above approach will be feasible as long as the system of functional equations
(6.9) is solvable. The following Proposition is an immediate consequence of Smajdor’s
Theorem °, (See also )

Proposition 1: Let F:R"™ - R",: R® - R be real analytic functions with F(0) =
0,m(0) = 0 and denote by o(F) the set of eigenvalues of % (0) that are all either entirely

inside or outside the unit disc. Also, let A be a vXxv matrix. Suppose the

eigenvalues o(F)are not related to the eigenvalues A;(j = 1,2, ...,v) of A through any

equation of the form [T, k;"

' = Ajwith k; € o(F), and m; are nonnegative integers, not
all zero. Then the system of functional equations
T(F(x)) = AT(x) + n(x) (6.13)

with initial condition T(0) = 0, admits a unique real analytic solution T(x) in a
neighborhood of x = 0.
6.5. Necessary and sufficient conditions for solvability of the functional observer
linearization problem

The trial-and-error approach outlined in the previous subsection is in principle
feasible, but it is far from being practical due to the computational effort involved in
solving (6.9), which will be multiplied by the number of trials until (6.10) is satisfied.

To be able to develop a practical approach for designing functional observers, it would be

helpful to develop criteria to check if for a given set of v eigenvalues, there exists a
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functional observer whose error dynamics is governed by these eigenvalues. This will be
done in the present subsection for the Functional Observer Linearization Problem.
The main result is as follows:
Proposition 2: Under the assumptions of Proposition 1, for a real analytic nonlinear
system of the form (2.1), there exists a functional observer of the form

§(k+ 1) = A(K) + By(k) (6.8)

2(k) = C§(k) + Dy(k)

with the eigenvalues of A being the roots of a given polynomial AV + a; AVt + - +
ay_1A + ay,
if and only if qFV(x) + a;qFV"1(X) + - + a,_1 qF (%) + a,q(x) is R-linear combination
of H;(x), H;F (%), ..., H;F¥(x),j = 1,--, p, where in the above we have used the notation

Fi(x) =Fo F..F o F(x) and H;F (x) = (H; o F)(x)

j times

T: (%)
Proof: Necessity: Suppose that there exists T(x) = TZ:(X) such that (6.9) is satisfied,
T, (x)
i.e
T F(x) T.(x)] [B:HX

TFGO| _ 5 [T09] 1 [B2HG
T,F(x) T,(x)] 1B H(x)
where By, ..., B, denote the rows of the matrix B. Now, we find that for k=1,2,3...

T, F*(x) Ti()] [(A“'B);H(x) + (A“"?B){HF(x) + - + (B;HF*'(x))
T,FX(x) — Ak T;(X) n (A¥"'B),H(x) + (A¥"2B),HF(x) + --- + (B,HF*1(x))

TVFi‘(x) TXX) (A"1B), H(x) + (Ak—ZB)VﬁF(x) + -+ + (ByHF* (%))
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and we can calculate
TF'(x) + o TiFV (%) + - + o, Ti(x) = ((AY"1B); + a1 (A "?B); + - + ay_1 B)) H(xX)

+((AY2B); + - + o,_,B))HF(x)) + -+ + (B;HFV"1(x))
where a4, ay, ..., , are the coefficients of the characteristic polynomial of the matrix A.
At the same time the mapping T (x) must satisfy (6.10) and we can calculate

qQF¥(x) + oy qF 7 () + - + oy q(x)

= (CAY"'B + a,CAV™ 2B + --- + a,_,CB + o, D)H(x) +
(CAY"2B + -+ + a,_,CB + a,_;D)HF(X) + - + (CB + oy D)HFV"1(x) + DHF'(x)
That is,
qF’() + o qFY 1) + - + aq(x)

= BoHFY(x) + B;HFV"1(x) + --- + By—1HF(x) + B, H(%) (6.14)
where
Bo=D
1 =CB+ oD

82 = CAB + O£1CB + O(2D

By_y = CAV" 2B+ -+ a,_,CB + o, _;D (6.15)
B, = CA"" B+ a;CA" 2B + -+ + a,_,CB + a,D
Which proves that qFV™1(x) + a;qFV"1(x) + -+ + a,_1qF(x) + a,q(x) is R-linear
combination of H;(x), H;F(x), ..., HjFV(x),j = 1,---, p,
Sufficiency: Suppose that there exist constant row vectors 3, B, ..., By—1, By that satisfy

(6.14). Consider the following choices of (A, B, C, D) matrices:
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0 0 0 ~ By — ayBo
10 0 _O(-v—l Bv-1 — %y-1Po
A=|: ¢ =~ : ) B =|Byv_2 — ay_2B0|,
0 1 0 - :
0 - 01 -« B1 — a1Bo
C=[00--01], D=, (6.16)

For the above A and C matrices (in observer canonical form), the design conditions (6.9)

and (6.10) can be written component-wise as follows:

T,F(x) + o, T,(x) —B;H(x) =0 (6.17)
T,F(x)—T;(x) + a,_, T, (x) — B,H(x) = 0 (6.18)
T, Fx)—T,-1(x) + o, T,(x) — B,H(x) = 0 (6.19)

T,(x) + DH(x) = q(x) (6.20)

We observe that the above equations are easily solvable sequentially for
T, (x), Ty—1 (%), ..., Ty (X), starting from the last equation and going up. In particular, for the
chosen B and D matrices, we find from (6.20), (6.19), ..., (6.18):

T,(x) = —BoH(x) + q(x)

Ty—1 (%) = —BoHF(x) — B1H(x) + qF(x) + a;q(x)

Ty () = —=BoHF' (%) — - = By HF () — By H(X) + qF* 7 (x) + ay qF"72(x) + -

+oy-1q(%)

whereas (6.17) gives:
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BoHFY(x) + B HFY™*(x) + -+ + B,_1HF(x) + B, H(X)
= qF’(®) + o, qFY 71 (%) + - + o, q(%)
which is exactly (6.14). Thus, we have proved that

(—BOHFV_l(X) — o= By HF(x) — By_;HX) +)
qFY"1(x) + ay qFY 72 (X) + -+ + o1 q(%)

T(x) = (6.21)

—BoHF(x) — BH(X) + qF() + 04 q(x)
—BoH(X) + q(x)

satisfies the design conditions (6.9) and (6.10) when B, , B4, ..., By—1, By satisfy (6.14) and
the A, B, C, D matrices are chosen according to (6.16).

It is important to observe that the sufficiency part of the proof is constructive: it
gives an explicit solution of the design equations (6.9) and (6.10) in terms of the vectors
Bo,B1, ..., Bv—1, By that satisfy (6.14).

6.6. Lower order functional observers for linear systems

The results of the previous subsection can now be specialized to linear time-

invariant systems. The following is a Corollary to Proposition 2.

Proposition 3: For a linear time-invariant system of the form

x(k + 1) = Fx(k) (6.6)
y(k) = Hx(k)
z(k) = qx(k)

there exists a functional observer of the form
E(k + 1) = A¥(K) + By(k) (6.7)

2(k) = C§(k) + Dy (k)
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with the eigenvalues of A being the roots of a given polynomial AY + oyAV"1 + - +
a,_1A + ay, ifand only if
(qFY + auqF’"' + - + a4 qF + a,q) € span{H;, HF, ..., H;F",j = 1,--,p} (6.22)

The above Proposition provides a simple and easy-to-check feasibility criterion for
a lower-order functional observer with a pre-specified set of eigenvalues governing the
error dynamics. Moreover, an immediate consequence of the Proposition 3 is the
following:

Corollary: Consider a linear time-invariant system of the form (6.6) with observability
index vo. Then, there exists a functional observer of the form (6.7) of order v =v,— 1 and
arbitrarily assigned eigenvalues.

The result of the Corollary, derived through a different approach, is exactly the
discrete-time version of Luenberger’s result for functional observers for continuous linear
time-invariant systems 68-6°,

6.7. Non-isothermal CSTR case study

Consider a non-isothermal Continuous Stirred Tank Reactor (CSTR) undergoing
N-alkyl pyridine oxidation with hydrogen peroxide. The product of the reaction, Alkyl
Pyridine N-Oxides is an important intermediate in several important reactions in
pharmaceutical industry including the production of anti-ulcer and anti-inflammatory
drugs 3. It is assumed the reactor is well-mixed and has constant volume with an inlet
stream containing N-methyl pyridine (A) + catalyst Z (assumed to be fully dissolved) and

hydrogen peroxide (B). The catalyst is assumed to be completely dissolved in the pyridine
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stream and its concentration is assumed to be constant in the reactor **! The dynamics of

the reactor 3! is described by:
dC, F
TR (Cain — Ca) — R(Ca, Cg,0)
dCg F
Qv (Cin — Cg) — R(Ca, Cg, 0)
d® F US, —AHg
VT in — - — Uj R ) )
Ty (6in — 0) = (6—96;)+ - (Ca, Cg, 0)
(6.23)
de; F; Us
—J_(p.. —p. A -0
y1 =6
y2 = 6;
Ale_%Aze_%CACBZ _Es . .
where R(Cp, Cg,0) = 5 + Aze” ® C,Cg is the reaction rate and
1+Ae 8 Cp

the state vector x = [CA, Cg 6, 6]-] consists of N-methyl pyridine concentration, hydrogen

peroxide concentration, reactor temperature and coolant temperature of the outlet and

Ca,in Cg,in, Bin, 05in represent the inlet values of the state values. F and F; are the inlet
feeds and coolant flowrates respectively. Vand V; are the reactor volume and cooling
jacket volume respectively. Parameters A;, A,, Asare the pre-exponential factors in the

reaction rate. AHg is the enthalpy of the reaction. p, c, and Pj, Cp; are the densities and

heat capacities of the reactor contents and cooling fluid respectively.
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mol

The parameter values are as follows, Cpi, = =22= CBm = 1.5T,ein =
373K,0;;, = 300 K,F = 0.1 —,F; = 1—,V = 0.5L,V, = 3 X 10 2L, A, =
’ min min

e®%8L mol™1s71 A, = e2812L mol™1s71, A; = e2>12L mol 1. AHg = —160%, p=

mol

1200§,pj=1000§ c 3 cp—34— U=0.942 —,S, = 1m?, Z=0.0021 ==, E1

Pj

=3952 K, E2 =7927 K, E3 =12989 K.

The model equations (6.23) are discretized using Euler’s method. This is easy to
implement and preserves the nonlinearities of the original continuous-time system. The

discretized equations are

F
Calk+1) = Calk) + 8¢ <V (Cajin = Ca())) = R(CA(K), Ca(K), e(k))>

F
Cp(k+1) = Cg(k) + 8¢ <V (Cpin — Ca(K)) — R(Ca(K), Cp(K), e(k))>

R(cA(k).cB(k),e(k))>

(e(k) e-(k))>

—AHg
8k + 1) = 6(K) + &, ( -

p
F
+8, (V(

(6.24)

F;
0;(k+1) = 6;(k) + &, V( iin e(k))+p (e(k) 0;(k))
]

]p]

y1(K) = 8(k)

y2(k) = 8;(k)
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where &, = 0.05s is the sampling period. The reactor temperature 6 and the coolant

temperature 0; are measured. Both N-methyl pyridine and hydrogen peroxide are
hazardous chemicals and it is important to monitor the sum of the concentration of these
chemicals in the reactor. Thus, our goal is to design a functional observer that tracks the
total concentration of the reactants z(k) = Ca (k) + Cg (k) in the reactor.

The initial condition of the reactor is C,(0) = 0,Cg(0) = 0,6(0) = 300, 6;(0) =
300 and the model is can be converted to deviation form C, = Cp — Ca rer, Cg = Cp —
Coref® =0 —0rer, 0] =0, — 0jer and y; =6', y; =0; where the subscript ref

denotes reference steady state value, with CAlref=0.6718mT°l,CB,ref=

O.1718mT°l, Bref = 409.8698, 8 rr = 300.0254

A scalar functional observer is built (v =1) and the necessary and sufficient

condition (6.14) is satisfied for the following choice of B,,B; € R? and o; € R

2pc,
o[- 22
0 —AHg
2pc F&; USup6 USAS, Fidr  US,S 2USA6
Blzlpp<1__t_ At)_ At’]t_l_ At+ At_1 (6.25)
—AHg VooV sVt Vi picpVy —AHRV
_ &F
O(l—v

Remark 6.2: A sampling rate &, that satisfies §; < 2 G) ensures -1 < a; < 1.

The resulting functional observer is
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. §F  \. 2US, US,
(k+1)=—(——1) K -5 ] )
§ Vv § AV T eV, ya(k
po o Fy USa | 2USa 1o, (6.26)
Vi VO opjcyV;  —AHRV y2(k) '

200 =09 — = . Vi) + ¥ ()

The estimate generated by the functional observer (in non-deviation form) and the

estimation error plotted in Figure 6.1.

observer
o 2 L _
@) system
+<E
1 _
@)
O 1 1 1 ]
0 0.2 0.4 0.6 0.8 1
time (hr)
§ 1 T T T T
I
c
205¢ .
e
0 0.2 0.4 0.6 0.8 1
time (hr)

Figure 6.1 Top-Estimates and true profiles in non-deviation form in the presence of
initialization error =1 where T(X) is given by equation 6.21. Bottom- estimation error.
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6.8. Application 1- fault detection

In this subsection the problem of fault detection will be studied on the basis of
estimating an output z (also known as the residual in fault diagnosis literature), that is
identically zero under normal operation, nonzero under an abnormal situation, and is
unaffected by a set of prespecified potential disturbances. Thus, the fault detection
problem is in a sense a special case of the functional observer problem, where the tracked
output has q(x) = 0, however the functional observer (also called a residual generator)
must satisfy additional conditions of disturbance decoupling. Consider a nonlinear process

described by:
x(k + 1) = F(x(k), W(k), f(k))

y(k) = H(x(K)) + GE)W(x) + EX)f(k) (6.27)
z=qx) =0

where xeR"™ denotes the vector of states, yeRP denotes the vector of measured outputs. feR
and WeR™,i = 1,2,...,m are the fault and the disturbances/uncertainties respectively
(system inputs) and E(x), F(x), G(x), H(x) are smooth functions. Under normal operation
of the process, the input f (fault) is identically equal to zero, however in an abnormal
situation (equipment failure, human errors, power failures etc.), f becomes nonzero, and
this what needs to be detected based on the measurements. The input W describes the
normal variability of process conditions (disturbances) and/or model uncertainty. It is in

the presence of this variability that the fault must be detected, and the conclusion (normal
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or faulty operation) must be unaffected by the presence of W (disturbance-decoupled
detection).

A linear functional observer

E(k+ 1) = AY(K) + By(k) (6.28)

2(k) = C§(k) + Dy(k)

is built to track the output z in (6.27). To this end, it is desired that the response of the

residual Z in the series connection of (6.27) followed by (6.28)

E(k +1) F(x(k), W(K), f(k)) (629)

(k + 1)] - [Aé(k) + B[H(x(K)) + G(x())W(K) + E(x(K) )f(K)]
2(k) = [CE + D[H(x(1) + GEIW(x) + EG)K)]|

has the following properties:

Q) Z(k) asymptotically approaches zero when f is identically zero
(i) Z(k) is unaffected by the disturbances W

(@iii)  Z(k) is affected by the fault f.
. " x(0) :
In other words, for any initial conditions [3(0) and any disturbances W(k),

lim2(k) = 0if f(k) = 0
lim2(k) # 0if f(k) # 0

The responsiveness of Z to faults and insensitivity to disturbances ensures fault detection

while precluding the possibility of false alarms.
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For (i) to hold in the absence of disturbances, there must exist a differentiable map

T(x) from R™ to RY such that:
T(F.(x)) = AT(x) + BH(x) (6.30)
0 = CT(x) + DH(x) (6.31)

where F,(x) = F(x,0,0). The functional observer’s error dynamics then follows:

§+ 1) — T(x(k+ 1) = A (800 - T(x(0) ) +
B[G(x(k))W(Kk) + E(x(K)f(k)] — [T(F(x(k), W(k), f(k)) ) — T(F.(x(k)))]  (6.32)

Qx(k),W (k) f(k))

2(k) = C(§(k) — T(x(K)) + DIG(x(K)IW(K) + E(x(K))f(K)]

It should be noted here that the zero-input dynamics of (6.32) is exactly linear and

moreover, if the matrix A has eigenvalues in the unit disc, the zero-input response is
B(k) — T(x(k)) = Ak (2(0) - T(x(O))) -0
2(k) = CAK (z(O) —T(x(0))) = 0

which means that the residual Z(k) asymptotically approaches zero. But as an immediate
consequence of proposition 2, (6.30) and (6.31) will be satisfied if and only if there exist

Bo, B1, ---, By € RP such that:
BoHF."(x) + BiHF,Y 1 (x) + - + By_1HF,(x) + B, H(x) = 0 (6.33)

with A, B, C, D given by (6.16) and
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~BoHF."™ (0 = -+ = By—2HF. () = By HK)

—BoHF, (x) — B H()
_BOH(X)

T(x) = (6.34)
The second requirement for the functional observer is that the residual Z must
remain completely unaffected by any disturbances W(t) present in the system. From

(6.32), disturbance decoupling can be achieved if

0(x, W, 1)
Q(x,W,0) = 0 and W oOvw
DG(x) =0 (6.35)

where Q(x, W, f) = B[G(x)W + E(x)f] — [T(F(x, W, f) ) — T(F.(x))]. The third and final
requirement for the functional observer is that the residual must be affected by the input f,
so that the fault can be detected by monitoring the residual. For this to be possible the
following equations must hold,
QW) #0VE+0
Or
DE(x) # 0 (6.36)

Thus, to construct a functional observer (6.28) for fault detection in the process (6.27):

0] Find a set of constant row vectors B, 84, ..., B, that satisfy (6.33)

(i) Construct T(x) and (A, B, C, D) using (6.34) and (6.16) respectively

(iii)  Substitute in (6.35) and (6.36) to see if the disturbance decoupling and fault
detectability condition hold. If they hold, the residual generator matrices (A,B,C,D)

given by (6.16), else, look a different set of vectors in step (i).
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The above fault detection methodology will be applied to the non-isothermal CSTR example

considered in the previous subsection

Consider the CSTR reactor presented before with an added concentration
measurement and possible faults in the concentration sensor (f;) and inlet coolant
temperature (f,) and uncertainty (w;) in the pre-exponential factor(A;) of the reaction

rate. The reaction rate expression with the uncertainty is R(Ch,Cg,0,w) =

E1 Ez
Aj+w)e” © Aye 0 CpCgZ _Es . . .
Burwye 7Rae CACZ | A, 70 C,Cp. The discretized model equations are as follows.

1+A2 e_TCB

F
Calk+1) = Cu(k) + 8¢ (V (Cain = Ca(k)) = R(Ca(K), Cp(K), 6(k),W(k)))

F
Cp(k+1) = Cg(k) + 8¢ <V (Cpjin = Cg) — R(Ca(K), Cp(K), 9(k),W(k))>

chf\x, (00 — 6 (k))) +

B(k+1)=0(k) + 6 E(e- —0(k) —
- t V n p .

2E0 (RECa 9, G (10,60, w(K))
p
(6.37)
F, US,
0;(k + 1) = 8;(K) + 8 | = (8;in(K) + (k) — 6;(K)) + ——(8(k) — 6;(k))
Vi Pj Cp; V]

y1 = Ca(K) +f1(k)
y2 = 0(k)

ys = 6;()
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The initial condition of the reactor is C,(0) = 0,Cg(0) = 0,6(0) = 300, 6;(0) =
300 and the model is converted to deviation form Cj = Cp — Carer, Cg = Cg —
Coref ' =0 — Brer, 0] =0, — 0 and y; = Cj, y; = 6',y3 = 8; where the subscript
ref denotes reference steady state value. The goal is to detect and isolate these faults f; (k)
and f, (k) in the presence of uncertainties w(k) in the reaction rate. To this end, two scalar
functional observers ((v = 1)) are built (i) to detect the analytical sensor fault (f;) while
considering f, as an additional disturbance. (ii) to detect the inlet coolant temperature fault
f, considering f; as an additional disturbance.

Functional observer 1: Detection of the analytical sensor fault f; while considering

f, as an additional disturbance. For a scalar functional observer (v = 1) the matrices

A,B,C,D of the functional observer (6.16) are A= —ay, B=p; — a8y, C=1, D=

1 0 0 O
B, the transformation matrix (6.34) is T(x) = —BoHxwhere H=[0 0 1 0|.Forthe
0 0 0 1

design conditions to be satisfied, there must exist B,, ; € R® satisfying BoHF,(x) +

B:Hx = 0. For model equations (6.37), disturbance decoupling (6.35) and fault

Gy (x) — BoHJ1 (%) _

detectability conditions (6.36) take the following forms [Bl
BoG1 (%)

0 [B1E1(x) — BoHK; (%) 0 -
[O] and B,E, (x) * [O] respectively. Where,
aR
_Stﬁ ’ 0 0 1
8:(—AHR) [ OR
he =[5 G o G1<x)=[o o],El(x)= 0.k, =0. The
0 8tFj 0 0 0
V.

]

conditions are satisfied for the following choice of B,, B; € R3,
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The resulting functional observer (with a; = —0.999) is

. . &F c 8:F US,6
E(k+1)=—alz<k>+[%—bou]yi(k)—&(l e A

(—AH) -

el (K
v pCpV>YZ( )

USAS:
- m}@ k)

%09 = §09 +¥109 + g v309

Functional observer 2: Detection of inlet coolant temperature fault f, while
considering f; as an additional disturbance. For a scalar functional observer (v = 1) to be

possible there must exist B,,B; € R® that satisfy BoHF,.(x) + B;Hx =0, and the

disturbance decoupling and fault detectability conditions

B1G2(x) — BOHIZ(X)] _
BoG2(x)

[g] and [B1E2(X) - BoHKz(X) + [g] respectively where

BoE2(x)
0R
o5 0 0 1 0 0
J2(x) = M(LR) O,GZ(X)=[0 OI,EZ(X)=[0] and K,(x) = S?F_. The
pep  \ow 00 0 v
0 0 :

conditions are satisfied for the following choice of B,, B; € R3,

BO = [0,0,1]
USAS 8 F; USa8
oot (85 _Usa)
PjCp; V] Vi piepV;
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The resulting functional observer constructed using (5.3) and with a; = —0.9. is:

US40 O¢F;  US,6
2y — |1+ @y — 2~ —

Ek+1) =—o8k) —
! picp;Vj Vi piepV;

y3(K)

2,(K) = §(K) +y3(K)
The two residual generators are tested on the following scenario: f;(t) =

0, t<0.1 (0, t<02
{0.5, t>01 O= {20, t>02"

w(t) = 10°. The residuals are plotted in Figure 6.2.
Both residuals from time t =0 to 0.1hr are identically 0. When the sensor fault occurs at
time t=0.1hr a deviation is seen in Z; whereas Z, is identically zero. At time t=0.2hr a

deviation is observed in Z, indicating the presence of a fault in the inlet coolant

temperature.
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Figure 6.2 Residuals vs time in the absence of initialization errors.

6.9. Application 2- step fault estimation

Consider a nonlinear system of the form
x(k + 1) = F(x(k), xo, W(K)) (6.38)
y(k) = H(x(K)) + xoE(x(K)) + G(x(k))W (k)

and the where x, € R represents a potential fault arising from equipment malfunction,
such that x, is zero under normal operation, but x, assumes a constant nonzero value in

the event of a sudden malfunction. To be able to detect the occurrence of a fault and at the
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same time estimate its size, one can design a functional observer of the form (6.8) for the

extended system:
Xo(k + 1) = x4 (k)
x(k + 1) = F(x(k), xo(k), W(k)) (6.39)
y(k) = HxK) + %0 (KEXK)) + Gx(K)IW(K)
Z =X

DefiningF, (x,xo,) = F(X,X(,0). Such an observer will exist if there exists a mapping

T(x,%): R*™1 — RY such that
T(F.(x,X0),Xo) = AT(X,Xo) + B[H(X) + x,E(X)] (6.40)

Xo = CT(F.(X,Xg),X0) + D[H(X) + x,E(X)]

and consequently, the functional observer error dynamics is the functional observer’s error

dynamics then follows:

§k+ 1) — T(e(k + 1), %0) = A (§00) = Tx(R), %,) ) +
BIGGOW(K)] — [T (F ((x(), X0, W(K)) ), %o ) = T(F. (x(K), Xo), %o)]

2(k) — xo = C(§(k) — T(x(k), xo) + D[G(x(K))W(K)] (6.41)

As an immediate consequence of proposition 2 we have the following conditions in terms of

the constant row vectors B, ...., By € RP.
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Bo(HFY (x,x0) + XoEFY(x,%0) + Bl(HFl’_l(x, Xo) + XoEFY™1(x, XO)) + -

+Bv—1(HF*(X; Xo) + XoEF. (%, Xo)) + Bv(H(X) + XOE(X))
=A+4+a; ++a,_1 +0a,)X (6.42)

where HF,(x,%,) = H(F.(x,%)), HF2(x,x0) = HF,((F.(x,%X0),Xo)) and so on. With

T(X' XO) =

_<—BO(HF¥‘1(X, Xo) + XoEFY 1(x, XO)) — =By ((H(X) + XOE(X))) +>_
A4+oy + -+ a,_1)Xo
: (6.43)
—BO(HF*(X, Xo) + XoEF.(x, XO)) - B ((H(X) + XOE(X))) + (14 ay)xg

_BO(H(X) + XOE(X)) + Xo

and for fault estimate to be uncorrupted by uncertainties/disturbances the following condition

must hold
B[G()W] — [T(F((x,%0, W), %o ) — T(F. (x,%0 ), Xo)|[¥ W (6.44)
DG(x) =0

Revisiting the example in the previous subsection, the fault estimation methodology
will be used to estimate the value of step-faults f; and f,. To this end, two scalar functional
observers (v = 1) are built (i) to estimate the analytical sensor fault (f;) while considering
f,as an additional disturbance. (ii) to estimate the inlet coolant temperature fault

f, considering f; as an additional disturbance.

Functional observer 1: Estimating the analytical sensor fault f; while considering
f, as an additional disturbance. A scalar functional observer is built (v = 1). The design

conditions (6.42) and (6.44) are satisfied for the following choice of B,, B; € R3,
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Po = [1' (—pZI;I)'O]

8:F Cp (6F USp6 US98
= [(BE ), e (BE_ ), USad LS,
\Y (—AH)\ V (—AH)"  pcpV

)

And oy = % — 1. The functional observer is

US 0 ,
(AH)YZ()_W y3(K)

f+ 1) = [ 1] 00 +

209 = 509 + 100 + s yh )

Functional observer 2: Estimating inlet coolant temperature fault f, while
considering f; as an additional disturbance. A scalar functional observer is built (v = 1).
The design conditions (6.42) and (6.44) are satisfied for the following choice of 3y, 8; €

R3

1+ al)Vj
BO - IO;O;T

(1+a) USy  (A+ )V <1 _6F USA8t>l
B pyicy Fjd Vi oY,

Bl = 0'_

and a; = —0.99. The resulting residual generator is

A . (1+a;) USy (1+a1)Vj< 6.F; USA6t>,
k+1) = agf) - ———2 A gy (2T k
fct ) = 1) — 5=y (0 — e = (1= S - S 9 00
(1 + o)V
R e L MIC
jOt
1+ o)V, |
(k) = §(k) - ——yi(k
%) = 809 ~ 55— ¥5(09
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The two residual generators are tested on the following scenario: f;(t) =

0, t<0.1 [ 0,t<02
{0.5, t>01 20O= {20, t>02"

w(t) = 10°. The residuals are plotted in Figure 6.3.
Both residuals from time t =0 to 0.1 hr are identically 0.When the sensor fault occurs at
time t=0.1hr Z,converges to the fault value 0.1 whereas Z, is identically zero. At time

t=0.2hr when the inlet coolant temperature fault occurs Z, converges to its respective fault

value.
0.5 . 1 .
)
O 1 1 1
0 0.1 0.2 0.3 04 0.5
time (hr)
20 T T T T
(
& 10+ .
O I | ]
0 0.1 0.2 0.3 04 0.5
time (hr)

Figure 6.3 Fault estimates vs time in the absence of initialization errors.
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6.10. Conclusions

A generalization of Luenberger’s functional observer to the discrete-time
nonlinear systems is presented in this section. The problem of exact linearization of the
functional observer dynamics has been studied and conditions for the linearization to be
feasible have been derived including a simple formula for the design of the resulting
functional observer. The fault detection and estimation capabilities of the functional
observer design scheme have also been studied and conditions for disturbance decoupling
and fault detectability were presented. Throughout the study, the functional observer
design scheme, and the fault detection and estimation capabilities have been tested on a

non-isothermal CSTR example.
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7. FAULT DETECTION IN THE PRESENCE OF NOISES

7.1. Introduction

One major limitation of the fault diagnosis approach presented in the previous
sections is that it doesn’t take measurement noise and state noise into consideration. In the
presence of noises the residual will no longer decay to zero. Figure 7.1 below shows the
sensitivity of the residuals in the absence of faults to even small measurement and process
noises. The presence of noises brings a stochastic element to the fault diagnosis problem
and has lent itself to different approaches in literature ranging from purely data driven

methods?>?° to integrated schemes with both model-based and data-driven components®

132

(b)

Z
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Figure 7.1 Residuals (fault free) vs time. (a) in the presence of noises (b) noises absent.
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Purely data-driven methods require no knowledge of a quantitative model and is
based on the availability of large amount of historical process data®*?°. Methods that
extract quantitative information can be broadly classified as non-statistical or statistical
methods?. Neural networks are an important class of non-statistical classifiers. Principal
component analysis (PCA)/partial least squares (PLS) and statistical pattern classifiers
such as Generalized Likelihood Ratios (GLR) form a major component of statistical
feature extraction methods®>?°. Schemes that integrate model-based and data driven
methods, however, make use of quantitative models and model based fault diagnosis
techniques augmented with statistical classification techniques to tackle any noises and
uncertainties prevalent in the system? 5, In general, such schemes use the model-based
fault diagnosis for residual generation and statistical methods for residual evaluation. For
linear systems, prior research has focused on integrating Kalman filters with Generalized
likelihood ratios?> 6% 133134 ‘narity space methods with temporal and spatial whitening of
the residuals'®, and Markov models with Monte Carlo estimation'®2. For nonlinear
systems however, methods integrating model-based with statistical methods have been
limited. The goal of this section is to design a robust fault diagnosis scheme for nonlinear
processes with sensor and measurement noises that utilizes the functional observers
designed in the previous subsection for residual generation and generalized likelihood
ratios for residual evaluation.

In the next subsection, the problem of disturbance decoupled detection of a single
fault in the presence of only sensor noises will be considered. Here the fault free

distribution of the residual will be derived analytically, and subsequent residual evaluation
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will be done using Generalized Likelihood Ratios. Following this, both process noises and
sensor noises will be considered where a numerical approach will be used to obtain the
fault free distribution before using GLR to evaluate the residual.
7.2. Disturbance decoupled detection of a single fault in the presence of sensor noises
Consider a nonlinear process described by:
x(k + 1) = F(x(k), W(k), f(k)) (7.1)
y(k) = H(X(k)) + G(x)W(x) + Ex)f(k) +n(k)
where xeR™ denotes the vector of states, yeRP denotes the vector of measured outputs. feR
and WeR™ are the fault and the disturbances/uncertainties respectively (system inputs)
and E(x), F(x), G(x), H(x),](x), K(x) are smooth functions and n is the gaussian noise
vector with mean 0 and covariance 27 gaussian. We wish to use the following linear
functional observer to detect faults
§k + 1) = A{(k) + By(k) (7.2)
2(k) = C§(k) + Dy(k)
Following the methods in the previous subsection one can show that the error
dynamics of the observer in the absence of faults and with disturbance decoupling is
(e(k+ 1)) = A(e(k)) + Bn(k) (7.3)
2(k) = C(e(k)) + Dn(k) (7.4)
Now, the error at time k can be expressed in terms of the error 1 time steps before as

follows
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k-1
e(k) = Ake(0) + Z Ax-i=1Bp i) (7.5)

i=0
If the eigenvalues of A lie in the unit disc, for large k, e(k) = Z}‘;Ol AX=I=1By(i). Thus,

for large times the observer output (residual) Z(k) is

k-1
2(k) = C Z A<i=1Bn(i) + Dn(k) (7.6)

From the above equation, one can see that the residual for large times follows a gaussian
distribution ~ with  mean  p,=0 and  variance o3 = D(ZZ)DT +
yk-l(cak-i-1B) 52 (CAk-i-1B)"

The foregoing conclusions lead to the null hypothesis Hy, i.e in the absence of faults the

residual Z(k), at large times k, follows a Gaussian distribution N(u0 =0,03 =
D(23)DT + NI (CA*-1B) 53(CA-1B) ).
7.3. Generalized likelihood ratios

Suppose the residual generated from the functional observer designed in the
previous subsection has a N(u,, 62) distribution. We know the fault free distribution is
N (o, 03). In this subsection, we would like to detect any fault that produces a shift in p,
away from p,. To this end, say we have k observations, rq, ....,r, and consider the

hypothesis that a mean shift of some value p; # p, has occurred at some time t* between

samples T and T + 1 where t < k. The likelihood function at sample k is?*
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- -k/2 1
L(T, li1|r1» I, ey rk) = (ZT[) k/ZGO / X exp <_E (Z?:l(ri - IJ-O)2 + Z%<=1+1 (ri -

H1)2)>
Under the hypothesis that there has been no mean shift, the likelihood function at sample

k can be represented as
" Kk
_k/2_—k
L(oo, yo|ry, ry, o, 1) = (21) k/ZGO /% % exp 552 Z(l‘i — Ho)?
0\i=1

If there has been a shift to some unknown p,; between samples Tt and t + 1, then the

maximum likelihood estimator of p, is

R 1
ul,l’,k = k_ T z I‘l

i=t+1

Then a log likelihood-ratio statistic for determining whether there has in fact been a mean

shift is
OST<kT(;ao)éu1<oo L(T’ ul Irll rz; ey rk)
GLR, = In
L(o0, uo|ry, 1o, oet, i)
(n ) s )
Hitk — Ho A
= (grsl‘ras)f(c—oz [(ri Ho) 2 (UI,‘E,k Uo)]
i=t+1

From the maximum likelihood estimate {i, . the above equation reduces to

k—1, 2
GLRc = max 55 (e = o)

We will use the above equation to calculate the GLR statistic at any time k given the data

from [0, k].
196



Below an algorithm is presented to calculate the threshold for the GLR statistic for
aresidual dataset with a given mean and variance of the fault free distribution and a desired
false alarm rate.

Obtaining the threshold for the GLR Statistic

1. Generate random normal distribution of a sufficiently large size (10000
observations) using known mean (p,) and variance (c3).
2. Compute GLR statistic using the random normal distribution that was generated:
To monitor mean
max (k—1)

R 2
GLRy = - ¢ < K 202 (e — Ho) (7.7)

where, {i; .k is the maximum likelihood estimates (MLEs) of the mean computed utilized
the available data. k and t correspond to the current time instant, and the position in the
time window that provides the maximum detection rate for a fixed false alarm rate.

3. Use the computed generalized likelihood ratio statistic to compute its empirical
distribution.

4. Use the specific confidence interval (), e.g., 99% to obtain the fault detection
threshold by extracting the corresponding percentile from the computed
cumulative empirical distribution.

GLRtreshold,a = ecdfy, (GLRk (mean))

Using the threshold to detect faults

1. Compute the GLR statistic online using the available formula:
a. To monitor mean:

max ((k—1)

. 2
k= <1< kz—o(z)(um,k - Ho)

GLRest

2. Declare fault if:
G]-‘Rtest»k > G]-‘Rlim,ot
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7.4. Simulations- sensor noises

Consider the CSTR seen in the previous subsection

F
Calk+ 1) = Co(l) +8; (v (Cain = Cal)) = R(CaCK), Ca (k) e(k),w(k))>

F
Cp(k+1) = Cg(k) + 8, <V (Cgin — Ca) — R(CA(K), Ca(K), G(k)'W(k))>

F Us
0k + 1) = 6(K) + 5, (V (6 = 009) — ‘\‘/(e(k) - ej(k))) +
p
20 (RCa 09, (10,000, w(K))
p
(7.8)
F, Us
0i(k+ 1) = 8;(k) + &; v’_(ejlm(k) +f,(k) — 6;(K)) +— AV_ (6(k) — 6;(k))
j Pj Cp; Vj

y1 = Ca(k) + £;(k) + 1 (k)
y2 = 8(K) + (k)

y3 = 6j(k) + n3(k)
The noise vector H=[ny,nyms] is of zero mean and variance X7 =
0.001 0 0

0 001 O
0 0 0.01

. The same two functional observers used in the previous section

(Subsection 6.6) are used here.
Functional observer 1: Detection of the analytical sensor fault f; while considering

f, as an additional disturbance.
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The resulting functional observer (with a; = —0.999) is

. . &F c 8:F US,6
E(k+1)=—alz<k>+[%—1—a1]y1(k)—&<1+a1—t o

(—AH) -

el (K
v pCpV>YZ( )

USAS:
- m}@ k)

%09 = §09 +¥109 + g v309

At large times( k — oo) the residual follows a gaussian distribution with mean 0 and
variance 62 = 6% = D(22)DT + YXI(CAK-1B) 32(CAK--1B)" =0.001 in the
absence of faults.

Functional Observer 2: Detection of inlet coolant temperature fault f, while

considering f; as an additional disturbance.

BO = [0,0,1]
USA6 6.F; US.A68
B1=[0,— At,—<1—2——A t)l
PiCp; V] Vi picpyV;

The resulting functional observer with o; = —0.999. is:

8F;  USAS.] |,
’ ] y5(K)

(k4 1) = —ay§(K) — A% 01 g [1+
= -« - — G ————
! jC iijz YV pienY

2,(K) = §(10 + y3(K)
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At large times (k — o) the residual follows a gaussian distribution with mean 0
and variance o? = o = D(32)DT + YX-I(CAK-1-1B) 22(CAK-1-1B)" = 1.4506 in the

absence of faults.

. 0, t < 1000s B
The fault scenario is as follows f;(t) = {1' > 10005,fz(t) =

0, t < 1200s s o) e
{20, t> 12005’ w(t) = 10°. A false alarm rate of less than 1% is desired and the GLR

threshold for sensor fault and coolant fault residuals are 3.411 and 3.477 respectively.

0.8

-0.2
0 500 1000 1500 2000

Time (seconds)

Figure 7.2 Residual vs time (seconds) for sensor faults.
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Figure 7.3 GLR statistic vs time for sensor fault residual.

The residuals for the sensor fault and the corresponding GLR statistic are plotted
in Figures 7.2 and 7.3. The coolant fault residuals and their corresponding GLR statistic
are plotted in Figures 7.4 and 7.5. In both cases the when a fault occurs a sharp increase
GLR statistic is observed which then settles to a value higher that the threshold for fault
free data facilitating rapid fault detection rate with near 0 missed detection rate. The fault
detection metrics are in Table 7.1. The missed detection rate in both the cases is 0 and the
average run length is 1; meaning only 1 observation is required since fault occurrence to

detect faults. The false alarm rate for both the cases is 0.06%.
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Figure 7.4 Residual vs time for coolant temp fault.
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Figure 7.5 GLR statistic vs time for coolant fault.
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Table 7.1 Fault detection metrics.

Sensor fault Coolant fault
Missed Detection Rate (%) | 0.00 0.00
False Alarm Rate (%) 0.06 0.06
ARL; 1.00 1.00

7.5. Disturbance decoupled detection of a single fault in the presence of sensor and
process noises

Consider a nonlinear process described by:

x(k + 1) = F(x(k), W(k), f(k)) + & (k) (7.9)
y(k) = H(x(k)) + GGW(x) + Ef(k) + n(k)

where xeR"™ denotes the vector of states, yeRP denotes the vector of measured outputs. feR
and WeR™ are the fault and the disturbances/uncertainties respectively (system inputs)
and E(x), F(x), G(x), H(x),](x), K(x) are smooth functions and 7 is the gaussian sensor
noise vector with mean 0 and covariance Zﬁ gaussian and {; is the process noise vector
with mean 0 and covariance X;. We wish to use the linear functional observer (7.2) to
detect faults.

It is assumed that the response of the residual in the absence of faults at large times
follows a Gaussian distribution of unknown mean and variance. The user needs to specify
a fault-free region in the testing data set that can be utilized to compute the “training” GLR

statistic that will allow its empirical cumulative distribution function to be computed in
203



order to obtain a fault detection threshold. Once the fault-free distribution is found the
same steps in the algorithm for solely sensor noises in the previous subsection for can be
followed.

7.6. Simulations- process and sensor noises

Consider the CSTR seen in the previous subsection

F
CMk+D=4a&)+&<V@Am—CM©)—RHA&L%GQG&)W&D>+Q&)

F
Cg(k+1) = Cg(k) + &, <v (Cgin — Cg) — R(Ca(K), Cp(k), 6(k),w(k))> + G (k)

F us
0k + 1) = 6(K) + 5, (V (6 —009) — ‘\‘/(e(k) - ej(k))) +
p

§.(—AH
_%;JQ@mMM£ﬂMﬁ&MM@D+Q®)
p

(7.10)

US,
Pj ijvi

(8(k) — 6, (k))>

F.
0;(k+ 1) = 6;(k) + &, (VJ (8;in(®) + f2(k) — 6;(K)) +
)

+ 33(k)
y1 = Ca(k) + f1(k) + ny (k)
y2 = 8(Kk) + (k)

y3 = 0;(k) +n3(k)
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The noise vectors H= [, M3, 3] and N = [{y, {5, (3] are gaussian with zero mean

0.001 0 0 0.016 0 0
and variance X3 = | 0 0.01 0 |and Z% =] 0 016 0 The same
0 0 0.01 0 0 0.16

functional observers as in Subsection 6.6 are used to generate the residuals. The fault

0, t< 360s 0, t<720s

scenario is as follows f, (t) = {1 £ > 36Os’f2(t) = {20 t> 7205’

w(t) = 10°. A false

alarm rate of less than 1% is desired and the GLR threshold for both sensor fault and

coolant fault residuals is 3.477 respectively.

2.5 . . .

residual

-0.5 ' ' '
0 500 1000 1500 2000

time (s)

Figure 7.6 Residual vs time for sensor faults.
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Figure 7.7 Residual vs time for coolant fault.

The residuals for the sensor fault and the corresponding GLR statistic are plotted
in Figures 7.6 and 7.7. The coolant fault residuals and their corresponding GLR statistic
are plotted in Figures 7.8 and 7.9. In both cases the when a fault occurs a sharp increase
GLR statistic is observed which then settles to a value higher that the threshold for fault
free data facilitating rapid fault detection rate with near 0 missed detection rate. The fault
detection metrics are in Table 7.2. The missed detection rate in for sensor faults is 0.01%
and 0% for coolant fault and the average run length is 3 and 1 for sensor and coolant faults
respectively; meaning only 3 observations are required since fault occurrence to detect
sensor fault (1 observation for coolant fault). The false alarm rate is 0.5% for sensor fault

and 0% for coolant fault.
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Figure 7.8 GLR statistic for sensor fault.
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Figure 7.9 GLR statistic for coolant fault.
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Table 7.2 Fault detection metrics.

Dataset 1 Dataset 2
Missed Detection Rate (%) | 0.01 0.00
False Alarm Rate (%) 0.50 0.00
ARL: 3.00 1.00

7.7. Eigenvalue tuning

The eigenvalue of the functional observers plays a crucial role in the ability to
detect faults both accurately and rapidly. In most cases there is a trade-off between
sensitivity to faults and sensitivity to noises. The effect of eigenvalue on the variance of
the residual in the fault free case and the mean of the residual for large times vs eigenvalue
are plotted in Figures 7.10, 7.11 and 7.12. In general, when the eigenvalues tend to 1, the
fault free residual variance (Figure 7.11) is the highest. This implies that the effect of
noises are more pronounced for higher eigenvalues. However, on the flip side, the mean
of the residual in the presence of faults is the highest for eigenvalues tending to 1 (Figures
7.11 and 7.12) which might make fault detection easier. In summary, a careful tuning of
the eigenvalues is necessary so as to minimize the effect of noises while maximizing the

effect of faults so as to facilitate fault detection.
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Figure 7.10 Residual variance vs eigenvalue for observers dedicated to sensor fault
detection (top) and coolant temp fault detection (bottom).
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Figure 7.11 Residual mean vs eigenvalue for different sensor fault magnitudes.
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Figure 7.12 Residual Mean vs eigenvalue for different coolant fault magnitudes.

7.8. Fault detection metrics for different fault magnitudes
In this subsection, the capabilities of the fault diagnosis scheme presented is tested
for different sensor fault magnitudes in the presence of both sensor and process noises.

0, t<1000s

The following scenario is assumed to occur f; = {M x> 10005’

M = 0.05,0.1,0.5,1, 2,

5 mol/L. As in the previous subsection, a false alarm rate of below 1% was desired for
the fault free distribution and the GLR threshold remained the same at 3.477. In Figure,
7.13 the missed detection rate for different fault sizes is plotted. As expected, the number

of observations incorrectly classified as fault-free increases as fault size decreases. For
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fault sizes less than 1 mol/L, the missed detection rate is greater than 20% whereas large

fault sizes (2-5 mol/L), the missed detection rate tends to 0%.
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Figure 7.13 Missed detection rate (%) vs sensor fault size.

7.9. Conclusions

This section tackled the problem of detecting faults in the presence of noises in
nonlinear systems by integrating discrete-time functional observers (Section 6) with
statistical methods like Generalized Likelihood Ratios. A threshold on the residual data is
calculated on the basis of GLR by deriving the fault free distribution analytically (when

only sensor noises are present) and empirically (process and sensor noises). The GLR of
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the residual is then tracked online and faults are flagged when the ratio violates the
threshold. The scheme was successfully tested on a non-isothermal CSTR example first
in the presence of only sensor noises and then with both sensor and process noises. In
either case (absence or presence of process noises) it is important to optimally tune to
eigenvalues of the functional observer to maximize and minimize the sensitivity to faults

and noises respectively.
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8. CONCLUSIONS AND SUGGESTED FUTURE WORK

8.1. Conclusions

The overarching goal of this dissertation was making chemical reactors safer and
more efficient. The first part (Sections 2,3 and 4) of the dissertation focused on design
problems in inherently safer and compact unconventional reactors. The role of solid-phase
axial heat conduction in maintaining temperature uniformity and hotspot formation was
studied in endothermic and exothermic microreactors respectively. The main takeaways
from this part are endothermic microreactors with relatively low solid phase axial heat
conduction are more amenable to isothermal or near isothermal operation and too much
of axial heat conduction can lead to loss of controllability. In exothermic microreactors,
high axial heat conduction is more amenable for decreasing possibility of hotspot
formation/runaway. In heat exchanger reactors the role of catalyst distribution in
preventing hotspot formation and quenching was investigated using optimal control. It
was shown that using that strategically placing inerts in the reactor channels can prevent
quenching. For hotspot control, constraint arcs are necessary to ensure efficient thermal
coupling between exothermic and endothermic streams. The exact location of the inert
regions and the constraint arcs can be calculated using optimal control.

The second part focused on diagnosing faults/ mishaps in inherently unsafe
conventional reactor systems. Here, an observer-based fault detection scheme was
designed for a general class of continuous input affine nonlinear systems and necessary

and sufficient conditions were derived for the existence of linear functional observers
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(residual generators) for non-linear systems. Following this, the problem of noises in the
dynamics and measurements was tackled. To do this, a discrete time version of the
functional observer design with application to fault diagnosis was studied. Then, noises
were incorporated in the system and the residuals from the discrete time functional
observer were evaluated using Generalized Likelihood Ratios. Throughout the study, the
fault diagnosis methodology was tested on chemical reactor systems including bioreactors
and CSTRs.
8.2. Suggested future work- fault tolerant control

To make any process completely resilient to sudden faults, data from fault
diagnosis algorithms need to be integrated with a control strategy that would take
corrective action when a fault has been detected, isolated and/or estimated. This leads to
what is known as fault tolerant control in literature. Fault tolerant control has been an
active area of research over the past 20 years. In general fault tolerant control can be
divided into two categories, (i) Passive Fault tolerant control (ii) Active fault tolerant
control. Passive fault tolerant control schemes are developed to be robust to all
conceivable cases of faults?® 1315 They don’t include data from fault diagnosis schemes,
and a fixed controller is commissioned regardless of whether faults are present?5 140156,
Passive schemes are conservative from a performance aspect since they consider normal
operation and faulty scenarios simultaneously?® 4% 16 Active fault tolerant schemes, on
the other hand, utilize information from fault detection and isolation schemes to
reconfigure control algorithms to ensure safe operation under faulty conditions?® 140 156,

Thus, in contrast to a one size fits all approach in passive schemes, active fault tolerant
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schemes strive for optimal performance for each faulty scenario based on inputs from the
FDI schemes?® 140 156 There has been active research in active fault tolerant control
schemes for non-linear systems over the past 30 years®® 140156 A conventional approach
has been to design controllers based on linear approximations of the system around the
operating points*>’-1%2, Beyond linearization, several reconfigurable control schemes have
also been studied such as, feedback linearization'®*1%*  nonlinear dynamic inversion®,
backstepping®®®, Lyapunov Methods'®’, neural networks'®®"°. However, none of the
methods provide effective schemes for active fault tolerant control in the presence of state
and/or input constraints. There has been some progress in this regard, in 1" *° fault tolerant
control designs were developed for systems in the presence of input constraints where the
reconfiguration of the control system is done based on stability regions, derived using

level sets of the Lyapunov function, of the back-up configurations.

To achieve resilience to sudden faults and mishaps, the next logical step is to derive
active fault-tolerant controllers using data from fault detection, isolation and estimation
schemes presented in this dissertation while considering input and state constraints. In a
recent paper'’, the concept of a Dynamic Safe Set (DSS) was formulated and
mathematically defined in terms of maximal admissible sets. The DSS characterizes the
region in state space where, not only safety constraints on the states are satisfied at every
point, but also all the system trajectories originating from every point of the DSS satisfy
the safety constraints, without any possibility of “escaping”. The presence of a major fault
can significantly alter the DSS and drive the system outside, resulting in safety threats,

unless appropriate control action is taken. The idea is to use the DSS as a basis of switching
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control configuration, so that the system remains within DSS with an adequate margin.
The overall fault tolerant control strategy will be as follows. Consider the nonlinear

dynamic system

Np

dx

5 = 100 +PEOM® + ) + ) giGOf?
i=1

y=he) + Y kGOF?

where f7, i, fi represent the process faults, sensor fault and actuator fault respectively

and u®, k = 1,2, ... represents the control input vector under alternative configurations,
with k = 1 corresponding to the nominal configuration that is used under normal operating
conditions. The proposed fault tolerant control strategy will involve the following offline

calculations:

i) A safety assessment and HAZOP analysis to determine all the possible faults in the
system. The faults in general can in general be can be grouped as (a) actuator faults-
these are faults that affect the controller (b) process faults- All non-actuator faults that

affect the process (c) sensor faults- These affect the measurements.

i) Calculate the DSS for each control configuration and for different fault sizes. This

will provide information about the size of the DSS and sensitivity to different faults.

iii) Build FDI algorithms to detect and isolate a possible fault f;, as well as state observer

algorithms to estimate the unmeasurable states and the size of f;.
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During the operation of the process, the estimates from the state observer will
locate the system in state space and define the corresponding DSS. The default fault
tolerant control strategy is to monitor the distance of the system state from the boundary
of the DSS (including the fault estimates from step (iii)) and change the control
configuration when it drops below a certain acceptable limit. In particular, if T, is the
earliest time at which the distance drops below the acceptable limit, can use the following

switching rule to change the control configuration:

L - 1, 0<t<T,
- {] #1, t=T,, x(T,)ef;

where (2; is the DSS of the system under control configuration j and highest DSM amongst

all other configurations.

In some cases, the effect of the fault on the process might be miniscule, wherein
one might just retune the control parameters. In another extreme, the fault might be highly
sensitive and an imminent safety threat. In such cases, instead of waiting for the fault
estimates to converge one could change to a fault free configuration immediately (for
actuator faults), employ fail safe configurations (process faults) or discard faulty
measurements (sensor faults). The fault tolerant control strategy is summarized in the

following Table 8.1.
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Table 8.1 FTC strategy summary.

Fault type —

Sensitivity |

Actuator Faults

Process Faults

Sensor Faults

Low Retune Controller | Retune controller Retune controller
(optionally) (optionally) (optionally)

Normal Use estimates from | Use estimates from | Use estimates from
FDI to possibly FDI to possibly FDI to possibly
reconfigure reconfigure reconfigure
controller controller controller

High Change to fault free | Employ Fail- safe | Discard
configuration configuration measurement
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