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ABSTRACT

M. A. Farinati, A. Solotar, and R. Taillefer showed that the Hopf algebra cohomology of a
quasi-triangular Hopf algebra, as a graded Lie algebra under the Gerstenhaber bracket, is abelian.
Motivated by the question of whether this holds for nonquasi-triangular Hopf algebras, we calcu-
late the Gerstenhaber bracket on Hopf algebra and Hochschild cohomologies of the Taft algebra
T, for any integer p > 2 which is a nonquasi-triangular Hopf algebra. We show that the bracket
is indeed zero on Hopf algebra cohomology of 7T}, as in all known quasi-triangular Hopf algebras.
This example is the first known bracket computation for a nonquasi-triangular algebra.

We also show that Gerstenhaber brackets on Hopf algebra cohomology can be expressed via
an arbitrary projective resolution using Volkov’s homotopy liftings as generalized to some exact
monoidal categories. This is a special case of our more general result that a bracket operation on
cohomology is preserved under exact monoidal functors—one such functor is an embedding of
Hopf algebra cohomology into Hochschild cohomology. As a consequence, we show that this Lie
structure on Hopf algebra cohomology is abelian in positive degrees for all quantum elementary
abelian groups (7},), most of which are nonquasi-triangular.

Also, we find a general formula for the bracket on Hopf algebra cohomology of any Hopf
algebra with bijective antipode on the bar resolution that is reminiscent of Gerstenhaber’s original

formula for Hochschild cohomology.
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1. INTRODUCTION

Homological algebra was one of the main interest areas in topology from the 1800s to the
1940s. After the 1940s, it became an independent subject which has many applications in differen-
tial geometry, algebraic topology, algebraic geometry, and commutative algebra. Hochschild is the
mathematician who introduced homology and cohomology of algebras. Almost two decades later,
Gerstenhaber saw a Hochschild cohomology ring as a Gerstenhaber algebra that is an algebra with
an associative product (cup product) and nonassociative Lie bracket (Gerstenhaber bracket). Al-
though the cup product is defined and can be calculated in several ways, the Gerstenhaber bracket
was originally defined on the bar complex which makes the bracket impossible to calculate by the
definition.

A Hopf algebra is an algebra that additionally has a coalgebra structure. Hopf algebras were
first defined in algebraic topology by Hopf in 1941. Group algebras, tensor algebras, affine group
schemes, universal enveloping algebras of Lie algebras, and quantum groups are just a few impor-
tant examples of Hopf algebras. Hence, Hopf algebras can be seen in different fields of mathe-
matics such as algebraic geometry, representation theory, Lie theory, quantum mechanics, graded
ring theory, and combinatorics. A Hopf algebra cohomology ring is also defined in a similar way
as Hochschild cohomology is defined and has become an important actor in homological algebra.
One of the examples that shows us how crucial the role that Hopf algebra cohomology plays in
mathematics is varieties. They are a very useful tool for understanding modules. For an algebra
A, the support variety of an A-module is first defined as the maximal ideal spectrum of a specific
quotient of the Hopf algebra cohomology of A. Then the definition is extended to Hochschild
cohomology of A. Moreover, Hopf algebra cohomologies provide tools for constructing spectral
sequences, for example a spectral sequence relating Hochschild cohomology of a smash product
to cohomology of its components [25, Chapter 9].

The Gerstenhaber bracket was originally defined on Hochschild cohomology by M. Gersten-

haber himself [6, Section 1.1] which makes Hochschild cohomology a G-algebra (graded Lie al-



gebra) together with the cup product. In 1992, M. Gerstenhaber and S. D. Schack conjectured
that Hopf algebra cohomology has a G-structure as well as Hochschild cohomology. In 2002, A.
Farinati and A. Solotar showed that for any Hopf algebra A, Hopf algebra cohomology is a Ger-
stenhaber algebra [5]. In the same year, R. Taillefer used a different approach and found a bracket
on Hopf algebra cohomology [20]. More specifically, Taillefer [20] constructed a Lie bracket on
cohomology arising from a category of Hopf bimodule extensions of a Hopf algebra and showed
that brackets are always zero. In the finite dimensional case, this corresponds to Hopf algebra
cohomology of the opposite of the Drinfeld double, whose Lie structure was also investigated by
Farinati and Solotar [5] using different techniques. Farinati and Solotar showed this is indeed the
bracket arising from an embedding into Hochschild cohomology. Hermann [9] looked at a more
general monoidal category setting and showed that the Lie structure is trivial in case the category is
braided [9, Theorem 5.2.7]. However, the bracket structure in the general setting is still unknown.

This dissertation consists of a combination of the articles [10] and [11]. Specifically, we find
the bracket structure on Hopf algebra cohomology of a Taft algebra with two different techniques.
We also introduce a method that shows how to find a bracket on Hopf algebra cohomology without
working on Hochschild cohomology. Lastly, we derive a formula for the Gerstenhaber bracket
on Hopt algebra cohomology of any Hopf algebra with bijective antipode that is coming from its
definition on Hochschild cohomology.

In Chapter 2, we start by giving some basic definitions and examples in homological algebra.
Then, we define Hochschild cohomology of an algebra and state some tools to calculate the bracket
on it. At the end of the chapter, we define a Hopf algebra A over a field k£ and Hopf algebra
cohomology, and provide some examples.

In Chapter 3, we compute the Gerstenhaber bracket on Hochschild cohomology of the truncated
polynomial ring k[z]/(z”) where the field & has characteristic 0 and the integer p > 2. We use
the technique introduced by C. Negron and S. Witherspoon [14] who computed the bracket on
Hochschild cohomology of A for the case that & has positive characteristic p [14, Section 5].

In Chapter 4, we compute the Gerstenhaber bracket for the Taft algebra 7}, which is nonquasi-



triangular when p > 2 [8, Proposition 2.1]. First, we use a similar technique as in [14] to calculate
the bracket on Hochschild cohomology of 7,,. It is known that the Hopf algebra cohomology of
any Hopf algebra with a bijective antipode can be embedded in Hochschild cohomology of the
algebra [25, Theorem 9.4.5 and Corollary 9.4.7]. Since all finite dimensional Hopf algebras (also
most of the known infinite dimensional Hopf algebras) have bijective antipode, we can embed
the Hopf algebra cohomology of 7, into the Hochschild cohomology of 7,,. Then, we use the
explicit embedding and find the bracket on the Hopf algebra cohomology of 7). As a result of
our calculation, we find that the bracket on Hopf algebra cohomology of 7}, is also trivial. This is
the first known example of the Lie structure on Hopf algebra cohomology of a nonquasi-triangular
Hopf algebra.

In Chapter 5, we apply a different technique, the homotopy lifting method of Y. Volkov [21], to
derive a bracket structure in a more general setting. Homotopy liftings were defined for some ex-
act monoidal categories in [22], and we use them to prove that brackets are preserved under exact
monoidal functors. As a consequence, we show that the Lie bracket on Hopf algebra cohomology
defined by homotopy liftings agrees with that induced by its embedding into Hochschild cohomol-
ogy, in case the antipode is bijective. By the homotopy lifting method, we are able to handle the
Lie structure independently of choice of projective resolution. A good choice of resolution can
facilitate understanding of the Lie structure. We consider the quantum elementary abelian groups
(the Taft algebras 7},) as an example and find the bracket on their Hopf algebra cohomology that
agrees with the calculation in Chapter 4.

In Chapter 6, we find a general expression of graded Lie bracket on Hopf algebra cohomology
of any Hopf algebra with bijective antipode by using an explicit embedding from Hopf algebra
cohomology into Hochschild cohomology. However, we should note that the hypothesis that the
antipode is bijective is not very restrictive as all finite dimensional Hopf algebras and most of

infinite dimensional Hopf algebras have bijective antipodes.



2. PRELIMINARIES

2.1 Hochschild cohomology

In this section, we give some background of homological algebra and Hochschild cohomology.
Definition 2.1.1. Let R be a ring and A and B be two R-modules. A projective resolution of A is

an exact sequence of projective R-modules P;:

Pt 2P 2yp I p 54— 0

and a chain complex of R-modules is a sequence of R-modules :

d: d d d, d_ d_
C.Z"'—3>02—2)C’1—1>OO—0>C_1—1)0_2—2)"'

such that d,d,,;1 = 0. Ker(d,) is called the set of n-cycles, Im(d, 1) is called the set of n-

boundaries and H,,(C,) =Ker(d,,) /Im(d,, 1) is called the n'"* homology.

Note that the condition d,d,; = 0 means that Im(d,, ;) CKer (d,) so that any projective

resolution is a chain complex by definition.

Definition 2.1.2. By applying Homg(—, B) to the projective resolution P, and dropping the term

Hompg (A, B), we obtain a cochain complex:

Homg(P,, B) : 0—Homg(Fy, B) £> Hompg (P, B) £> Homg (P, B) ﬁ

where d;(f) = fd,. Ker(dy,,) is called the set of n-cocycles, Im(dy,) is called the set of n-

coboundaries and H"(Homp(P,, B)) = Ker(d}, ;) /Im(d}) is called the n'" cohomology.

The Ext functor is defined as the cohomology of the cochain complex:

Ext,(A, B) := H"(Homg(P,, B)).

4



Definition 2.1.3. Let £ be a field and A be a k-algebra. The unit map & — A is given by
¢ — c - 14. The opposite algebra A°? is given by the multiplication a -,, b = ba and the

enveloping algebra A° = A ®;, A is given by the multiplication
(a1 @y by)(as @ by) = aras @y by o ba.

Note that we use ® instead of ®j through Chapters 2, 3, 4, and 6.

We can construct the chain complex (also exact)
d d 3 d
| ey L N (L p—

where m is multiplication,
dpn(ag® a1 @ -+ @ apy1) = Z(—l)iao ®ar ®- @ aaip1 @ - Q Apyr,

1=0

and the bar complex by
B(A): - B3y p®t 2y g3 Dy qe2

Since A is free as a k-algebra, B(A) is a free resolution of the A°-module A, called the bar
resolution.
Let M be an A-bimodule. If we apply Hom4e(—, M) to the bar complex B(A), we obtain the

complex

0—sHom . (A2, M) -5 Hom e (A%, M) 25 Hom e (A%, M) 25 .. | 2.1.4)



Definition 2.1.5. The Hochshild cohomology of A is the cohomology of the complex (2.1.4), i.e.

HH* (A, M) = @ Ker(d;,,,)/Im(d},).

n>0

Note that we just focus on the case M = A and we use HH*(A) instead of HH*(A, A).

Here is a nice example of Hochschild cohomology:

Example 2.1.6. Let £ be a field with characteristic 0, and A = k[z]/(z?). Then, we have an exact

sequence

Y NI Ny e Ly L gy g (2.1.7)

whereu =z®1—1®zandv=a2P"'®@1+27 2@z +---+1®2P ! and it is a free resolution
of the A°-module A.
Once we apply Home(—, A) to A, by using the isomorphism Hom 4. (A¢, A) = A, we have

the sequence

Homue (A, A) : 0—sA 20 AP0 4 0 AP0 4 .
Since p is not divisible by the characteristic of ,
HHY(A) = A, HH*"(A) = (z), and HH* (A) = A/(2P71).

Hochschild cohomology gives important information about the algebra A in low degrees. For
instance, Hochschild cohomology gives the center of the algebra in degree 0, the derivations in

degree 1, and the infinitesimal deformations in degree 2.
2.2 Hopf algebra and Hopf algebra cohomology

We start this section with the definition of an algebra.
Definition 2.2.1. A is an algebra over the field k if A has two k-linear maps:

*m:A® A— A (multiplication map)



* 1: k — A (unit map)
which satisfy
1. m(m ®ida) = m(ida ® m) (associativity)
2. m(n®idy) = idy
3. m(idy ®n) =idy

where id4 denotes the identity map on A. Moreover, (A, m,n) is commutative if ab = ba for all

a,be A

Definition 2.2.2. An algebra A over the field k is a Hopf algebra with algebra homomorphisms
A: A — A® A (comultiplication), ¢ : A — k (counit), and an algebra anti-homomorphism

S : A — A (antipode) that satisfy:
. (A®ida)A = (ida ® A)A (coassociativity),
2. (lda®e)A =1idy = (e ®@ida)A,
3. m(S®ida)A =ne =m(idg ® S)A

Moreover (A, A, €) is cocommutative if TA = A where 7 : A® A — A ® A is the k-linear map

such that 7(a ® b) = b ® a.
We first give a simple example of a Hopf algebra:

Example 2.2.3. Let G be a group. Then kG = {>_ ;a9 : a4 € k} is an algebra, called a group

algebra with the multiplication

O agg)(Y btwh) = > (agby)gh.

geG heG g,heG

Then kG is a Hopf algebra with the structure:

1. A(g)=9g®g



for all g, h € G. Although a group algebra kG is cocommutative, it is commutative if and only if

G is abelian.
A more complicated example of Hopf algebras is

Example 2.2.4. Let p > 2 and let T}, be the k-algebra generated by g and x satisfying the relations:
¢’ =1,2 =0, and xg = wgz
where w is a primitive p root of unity. Then T}, called a Taft algebra, is a Hopf algebra with the

structure:

c Alg)=9g®g,Alz)=1Rzr+2®g

* S(g)=9g7"5(x) = —zg™ .
It is easy to see that a Taft algebra is a noncocommutative and noncommutative Hopf algebra.
We give the Sweedler notation to define quasi-triangular Hopf algebras:

Definition 2.2.5. Let A be a Hopf algebra over the field k. We use Sweedler notation for the

coproduct in an Hopf algebra A, which is:

Afa) = Z a; ® ap
for a € A where a;, ay for tensor factors is symbolic.

We recall the Drinfeld’s notion of quasi-triangular Hopf algebras [3, Equation (21)]:



Definition 2.2.6. Let A be a Hopf algebra and let R = ) a; ®as be an invertible element in A® A.
Define ng, R13, and Rgg as ng = Zal ® as Q 1, R13 = Za’l ® 1 X as, R23 = Z 1 ® a1 X as.

Then, A is quasi-triangular if the following equations hold:

7A(a) = RA(a)R ™" forall a € A, (2.2.7)

(A ® ZdA)R - R13R23, (ZdA ® A)R - R13R12 (228)

where 7 is the twisting map on the Definition (2.2.2).
It is known that 7}, is nonquasi-triangular when p > 2 [8, Proposition 2.1].

Definition 2.2.9. Let G be a finite group acting by automorphisms on an algebra A and let Ya be
the result of applying ¢ € G on a € A. The skew group algebra A x G is A ® kG as a vector

space, with the multiplication

(a1 ® g1)(az ® g2) = a1(%" az2) ® G192

forall a;,a, € A and g1, 9 € G.
Note that 7}, can be seen as a skew group algebra A x G for A = k[z|/(2?) and G = Z/pZ.

Definition 2.2.10. Let A be a Hopf algebra over a field k. Then, the Hopf algebra cohomology
ring is

H*(A, k) = Bxty (k. k).

2.3 G-algebra Structure

By its definition, Hochschild cohomology of A is a graded k-module. We now give two struc-
tures that make Hochschild cohomology a G-algebra.
Let f € Homy(A®™ A) and g € Hom,(A®™, A). Hochschild cohomology of A is an algebra

with the following cup product and the Gerstenhaber bracket structures. The cup product



f — g €Homy(A®(Mm+) A) is defined by

(f ~ g)(al ORI am+n) = (_1)mnf(a1 - am)g(am—H Q- am-l—n)

forall ai, -, amin € A. When m = 0, the equality is

(f =9 @ @an) = f(1)glar @ - an).

One can see that the cup product is defined at cochain levels. However, it induces a well-defined
operation on HH*(A). The cup product is associative; so, Hochschild cohomology is an associative
algebra together with the cup product. Moreover, the cup product is also graded commutative on
HH*(A), i.e. the homogeneous elements commute up to a sign determined by homological degrees
[6].

The Gerstenhaber bracket [f, g] is defined as an element of Homy (A®™+7=1) A) given by

[f.,9):=fog— (=)D Vgo f
where the circle product f o g is

(fog)a1 @ ® amyn_1) =

Z(_l)(nil)(iil)f(al Qi1 @ g(az Q- ai+n71) Q iy -+ & am+n71)

i=1

forall aj, - ,amin_1 € A. We note that these definitions directly come from the bar resolution.
Moreover, the bracket is also defined at cochain level and it induces a well-defined operation on
HH*(A).

Hochschild cohomology forms a graded Lie algebra with the bracket. Specifically,
HH'(A) is a Lie algebra over the module HH*(A).

10



There is an identity between cup product and bracket [6, Section 1]:

7= gt b = [ 7] — g (~)IP I g g ) 23.1)

where f*, g*, and h* are the images (in Hochschild cohomology) of the cocyles f, g, and h, respec-
tively.

A G-algebra (A,—,][,]) is a free graded k-module where (A, —) is a graded commutative as-
sociative algebra, (A, [,]) is a graded Lie algebra, and the equation (2.3.1) holds. It is known that
Hochschild cohomology is a G-algebra together with the cup product and the bracket [25, Theorem
1.4.9]. It is also known that a graded Lie structure can be constructed on Hopf algebra cohomol-
ogy [5, 20] which makes Hopf algebra cohomology a G-algebra. Moreover, the Lie bracket on
Hopf algebra cohomology is trivial if the Hopf algebra is quasi-triangular [5, 9, 20]. Our main
purpose on this thesis is introducing some techniques that help us to find the bracket structure for
nonquasi-triangular Hopf algebras and illustrating these techniques on Hopf algebra cohomologies

of nonquasi-triangular Taft algebras.

11



3. BRACKET ON THE HOCHSCHILD COHOMOLOGY OF A TRUNCATED
POLYNOMIAL RING

3.1 A technique to calculate the bracket

Computing the bracket on the bar resolution is not an ideal method. Instead, we can use another
resolution, A &5 A, satisfying the following hypotheses [14, (3.1) and Lemma 3.4.1]:
(a) A admits an embedding ¢ : A — B(A) of complexes of A-bimodules for which the follow-

ing diagram commutes
A - B(A)
N\
A
(b) The embedding ¢ admits a section 7 : B — A, i.e. an A°-chain map 7 with 7. = idy.
(c) There is a diagonal map A, : A — A ®4 A, that is a chain map lifting the canonical
isomorphism A=A ®,4 A, that satisfies A = (7 @4 7 ®4 W)AggA)L where A®) = (id ® A)A.,

We give the following theorem which is a combination of [14, Theorem 3.2.5] and [14, Lemma

3.4.1] that allows us to use a different resolution for the bracket calculation.

Theorem 3.1.1. Suppose A 5 A is a projective A-bimodule resolution of A that satisfies the
hypotheses (a)-(c). Let ¢ : A ® 4 A — A be any contracting homotopy for the chain map F) :
A®s A — Adefinedby Fyy = (1 ®4idy — idy @4 ), i.e.

d(@) := dad + ¢dpg,a = Fa. (3.1.2)

Then for homogeneous cocycles f and g in Homa.(A, A), the bracket given by

[f.9le = fopg— (—1)1I7DUsNg o, (3.1.3)

12



where the circle product is

fopg=folids ®ag@aidy)A® (3.1.4)

agrees with the Gerstenhaber bracket on cohomology.

In general, it is not easy to find a map ¢ by the formula (3.1.2). We use an alternative way to
find ¢.

Let h be any k-linear contracting homotopy for the identity map on the extended complex
A — A — 0 where A is free. A contracting homotopy ¢; : (A ®4 A); — A, in Theorem 3.1.1

is constructed by the following formula [14, Lemma 3.3.1]:

¢i = hi((Fa)i — dic1d(ag 4n),)- (3.1.5)

3.2 Graded Lie structure for the truncated polynomial ring

Let A = k[z]/(x?) where k is a field of characteristic 0 and p > 2 is an integer. We compute the
Lie bracket on Hochschild cohomology of A by Theorem 3.1.1. We work on a smaller resolution

of A than the bar resolution of A. Consider the following A°-module resolution of A:

Ao 5 A° 25 A° 5 A° 5 AT A — 0, (3.2.1)

whereu =21 -1z, v =214+ 2P 2R+ - -+2x 2P 2+ 1®2P !, and 7 is the
multiplication.

The bracket on A where £ is a field with characteristic p, is calculated before [14, Section 5].
We adapt the contracting homotopy / for the identity map from that calculation and obtain a new
map h for our setup. Let & be the element 1 ® 1 of A;. The following maps h,, : A, — A, 4

form a contracting homotopy for the identity map, as we can see by direct calculation:

13



h—l(xi) = foxi,
i—1

h()(l’igolbj) — leflmi—’—j_l_l,

=0

hy(2'&27) = 6, 127 &, (3.2.2)
7j—1

hgn(l' fgnxj ZTL‘Z—H 1= lfg +1I (n > 2)
=0

honi1(2'€on1127) = 05 p 10" Eanya (N > 2) .

Then, we take ¢_; = 0 and find ¢ and ¢, by the formula (3.1.5) as follows:

i—1
Bo(&o ®ax'Gy) =Y al&at',
=

‘ 323
$1(§1 ®4 2'0) = =0 p—162, ( )

$1(& ®a 2'E)) = 0ip-1&2.

Lastly, we form the following diagonal map A : A — A ®4 A:

Ao(&0) = &o ®a &o,

Ai(&) =6 ®a o+ & Ra &,

a c 3.24
Aoy (&an) = Zfzz @4 Eon—2i + Z Z %2541 ®a $b§2n72p1$ , forn >1 ( )

=0 a+b+c=p—2
2n+1

A2n+1<€2n+1) = Z & ®a §2n+1—i, forn > 1.

=0

It can be seen that the map A is a chain map lifting the canonical isomorphism A = A ®4 A by

direct calculation.

Now, we are ready to calculate the brackets on cohomology in low degrees. By applying

14



Homue(—, A) to A, we see that the differentials are all 0 in odd degrees and (pz?~!)- in even
degrees. In each degree, the term in the Hom complex is the free A-module Hom4e(A¢, A) = A.
Moreover, since p is not divisible by the characteristic of k, we deduce HH’(A) = A HH**!(A) =
(z), and HH*(A) = A/(2P~1) [25, Section 1.1].

Let 27¢f € Homae (A, A) denote the function that takes &; to 27. Since the characteristic of
k does not divide p, the Hochschild cohomology as an A-algebra is generated by £} and &; [25,
Example 2.2.2]. We only calculate the brackets of the elements of degrees 1 and 2 which can be
extended to higher degrees by the formula (2.3.1). Hence, we have the following calculations:

The bracket of the elements of degrees 1 and 1:

(2] 0p 27€7)(&1)

= 21 @a 276 ©4 AP (&)

= 26 D(1 @4 27E ®41)(€1 @ o ®a o + & ®a &1 ®a o + & @a & @ &)
= 7' P& ®a 27 &)

=2 (6 Fagal P 4 2T

— j$i+j_l

and by symmetry (27&f oy 2°€})(&1) = i1, Therefore, we have

[z, 27¢]] = (j — i)™

The bracket of the elements of degrees 1 and 2:

(2'€} 05 2763)(&2)
= ' o(1 @427 4 AP (&)

=21 @A 2765 @4 1)(§0 ®a & @aa+ & R & ®a o+ & @a & ®a o

15



+ & R4 Z (2% ®4 2°612°) + Z 29 @4 2(& ®a & + & ® 4 70)7°)

a+b+c a+b+c
:p—2 :p—2

= 29§ ®aa76) = '€ (a7 + aba? T4 2?7 = jat T
The circle product in the reverse order is

(2765 0 2P 1E7)(&2)
= DEGo(1 a6 ©a DAD(G)
=278 0(1 @427 @4 1) (6 ®a b ®@a o+ & ®a & ®@a &+ & ®a& Ra o

+ & R4 Z (27¢ @4 2°617°) + Z 26 @4 26 ®a & + & ®a 39)2)

a+b+c a+b+c
:p—2 :p—2
— x]§;¢( Z (&) R4 Jia+b+i€1:£c . xafl ®4 ZL‘b—Hf()ZL’C))
a+b+c
:p—Q
=276 (Y " (Ourtrip-167° + 20prip162°))
a+b+c
:p—Q
=278 ((p— i)' + D 26a")
ajl—cl
=7—

= (p—i)z"™ " 4 Z 20N = (p — i)z gt = L

a-+c
=i—1

Therefore, we obtain

21, 27&5) = (j — p)a"™ g,

Lastly, the bracket of the elements of degrees 2 and 2:

(7€ 05 2763) (&) = 7' d(1 @4 27E5 @4 1) AP (&)

= 2'GP(& ®a 27E + & ®a 27E) = 2°E5(0) =0
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and by symmetry (27&; o, 2°€;)(&3) = 0. Therefore, we have

(23, 27&;)] = 0.

As a consequence, the brackets for the elements of degrees 1 and 2 are

(€5, 27€0)] = (G — D)™,
(267, 2763)] = (7 — p)a™™71g,

[(2°¢5,27€3)] = 0.

Brackets in higher degrees can be determined from these and the identity (2.3.1) since the
Hochschild cohomology is generated in degrees 1 and 2 as an A-algebra under the cup product
[25, Example 2.2.2].

L. Grimley, V. C. Nguyen, and S. Witherspoon [7] calculated Gerstenhaber brackets on Hochschild
cohomology of a twisted tensor product of algebras. S. Sanchez-Flores [18] also calculated the
bracket on group algebras of a cyclic group over a field of positive characteristic which is iso-
morphic to A = k[x]/(zP). C. Negron and S. Witherspoon [14] calculated the bracket on group
algebras of a cyclic group over a field of positive characteristic as well with analogous h, ¢, and A

maps. Our calculation agrees with those except slightly different [(2°¢}, 27&5)).
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4. BRACKET ON THE HOPF ALGEBRA COHOMOLOGY OF A TAFT ALGEBRA

We consider a Taft algebra 7, with p > 2 in this chapter. Recall that a Taft algebra 7}, is a
nonquasi-triangular Hopf algebra and it can be seen as the skew group algebra A x G for A =
klx]/(z?) and G = Z/pZ.

The Lie structure on Hopf algebra cohomology is known to be abelian when the Hopf algebra
is quasi-triangular [5, 20]. In this chapter, our main goal is to calculate the bracket on Hochschild
cohomology of 7}, with the same technique in Chapter 3 and find the corresponding bracket on

Hopf algebra cohomology of 7}, by using an embedding of H*(7},, k) into HH*(7},, T},).
4.1 The bracket on Hochschild cohomology of a Taft algebra

Let D be the skew group algebra A¢ x G for A = k[z]/(aP) and G = Z/pZ where the action of
G on A€ is diagonal, i.e. 9(a ® b) = (Ya) ® (9). Then, there is the following algebra isomorphism

[1, Section 2]:

D=A"xGH@PAg@ Ag' C (AxG)

geG
given by v((a1®as)g) = a1g@((Y az)g~"). We just show that ~ is compatible with multiplication

which is not obvious:

Y((a1 @ az)g1 - (a3 @ as)g2) = (a1 ® az) - (' (a3 ® a4))g192)
=7((a1("a3) ® (' as)az))g192)
= a1("az)g1g2 @ (997 (" as)az))(g192)

—1 _
= a1("az)g19: @ (2 ag)(99 " ay)(grga)

and

V(a1 ® as)gr) - V(a5 @ a1)gs) = (arg1 @ (9 az)gi") - (asgs © ( as)gs")
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—1 1, 1
=a1("a3)g192 ® (2 as)(® (9 a2))gs g

—1 _
= a1("ag)g192 ® (2 ag)(9 " ay)(g1go)

Thus D is isomorphic to a subalgebra of (A x GG)¢. Note that A is a D-module under the left

and right action [1, Section 4]:

(a19 ® asg™Haz = a1(?(azas))
-1

as(a1g ® azg™") = az(? (agay)).

Remember the resolution (3.2.1)
Ao A0 By oA By A0 By 40 T A — 0.

This is also a D-projective resolution of A where the action of G on A is given by
* g- (a1 ®ay) = (Ya;) ® (Yas) in even degrees,

* g (a1 ®ay) =w(%;) ® (Yaz) in odd degrees.

From the resolution A, we construct the following T7-resolution of T},
T; XRp A —>T; Xp Ae—>Tpe Xp AeéT; Xp Ae—>Tpe Xp A— 0. (4.1.1)

It is known that, T, = T ®p A as T,-bimodules via the map sending z'g" to (1 ® ¢*) ®p ' [25,

(3.5.4)]. Thenwe have AR T, =T » ®p A° with the T),-bimodule isomorphism given by
k(r' @ (27 gF) = (1@ ¢°) @p (2 @ 27). (4.1.2)

Then, we obtain the following resolution A which is isomorphic to the resolution (4.1.1), i.e.

Ao M AQT, S ART, 25 AQ T, =5 T, — 0 (4.1.3)
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where v = v ® ide7l~L =u® idkg, andT=71Q de:G

The following lemma gives us a contracting homotopy for the identity map on the resolution
A.
Lemma 4.1.4. Let h,, be the contracting homotopy in (3.2.2). Then iln = h, ® lyg forms a

contracting homotopy for the identity map on A.

Proof. For n > 0, the domain of h, ® 135 is A ® A ® kG which is A ® T, as a vector space.

Moreover, by definition of contracting homotopy, the maps h,, satisfy

hz‘—ldi + di+1hi = ZdAZ

Then,
hio1d; + digrhi = (hioy @ idya)(d; @ idie) + (digy @ idye) (hy @ idye)
= (hi-1d; ® idyc) + (dig1hi ® idye) = (hiadi + diy1hi) @ idia
= idy, ® idye = dg,
and that implies h, is a contracting homotopy for A. The proof is similar for n = —1. 0

By Lemma 4.1.4, we obtain

h—l(ﬂ ) = §Oxig,
.T&]ZEJ ngxz—l-jll
(x fﬂj )— ip—1T 5297

h2n (Q: g?nxj Z xl+] £2n+1xlg7

;L2n+1(xi§2n+1l’j9) = 6j,pflxi£2n+2g'
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We need a lemma to have the linear maps ¢~>z : (A ®T, A)l — Aiﬂ. However, we first mention

that there is an isomorphism
V: (AT, @1, (AT, - (A®A) @4 (AR A) ® kG
as T;;-modules given by

w((le ® legkl) ®T (xiZ ® x329k2)) — wkl(i2+j2)(xi1 ® x]l) ®A (xiz ® xm)g(kl+k2). (415)

P

Lemma 4.1.6. Let Fy = (7 ®4 idy — idy ® 4 ) be the chain map for the resolution A in (3.2.1)
which is used for calculation of ¢ in (3.2.3). Then F} : A ®rT, A= A defined by (7 @, idg —
idy ®r, 7) is exactly (F ® idya)1p. Moreover b = (¢ @ idpe)V is a contracting homotopy for
F;.

Proof. Let (2 ® 271 g") @7, (22 ® 272¢") € (A®T,) @1, (A ®T,). Note that Fj is zero if the
degrees of (z* @ 271 g™) and (2 ® x72¢*2) are both nonzero since 7 is only nonzero on degree
zero. Also remember that 7 = 7 ® id¢ for the resolution A.

We check the case that the degree of (2%t ® 271g*1) is zero and the degree of (22 ® z72¢*?) is

nonzero. By using the definition of /5, we obtain

Fi((@" @2'g") @1, (27 @ 272¢")) = (2" ") @, (2™ @ 27¢")

— wkl(i2+j2)xi1+i2+j1 ® xngkﬁk?.

On the other hand, we also have

(FA ® deG)’l/}((x“ ® legkl) ®Tp (:Cig ® x]29k2))

= (F ® idye) (w212 (20 @ 201) @4 (2 @ 272) gk Th2)

— Fliz+i2) pirtiz+i ® Ii2gkl+k2.
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The proofs for other cases are similar. Hence F; and (F) ® idy¢ )t are identical.

In order to prove ¢ = (¢ ® idre) is a contracting homotopy for F;, we need to show that

It is clear that

16 = (dy @ idye) (6 @ idpe) ) = (dpd @ idc ). (4.1.7)

We now claim that

@DdA@TpA = (dagaa @ idya)V. (4.1.8)

By definition

dA@TpA = d& ®Tp idTp + (—1)*idTp ®Tp d&

where * is the degree of the element in the left factor A ® T},. Moreover, (A ® T},) ®7, (A®T),) is
generated by &,,1¢ ®1, 7€, 1 as T,-bimodule. First, assume that m and n are odd. Then we have

the following calculation:

?ﬁ(ZA@TpA(gmlG ®r, 16,1¢)
= Y((x€nle — Emtle) @1, ¥ 10 — Enle O, (277616 — 2°6,216))

- (xgm - gmx> XA xigan - gm X4 (xi+1§n - ngnx)lG
and

(dagan @ idic)¥(Enle O, 2'60lc)
= (dagan ® idia) (Em ®a 2'6016)

= (¥ — &nx) @A & 16 — & @a (271, — 276,7) 16
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The calculation is similar for the other cases of m and n. Therefore,

¢ honh = (9 ® ide)lMA@TpA = (¢ ®idra)(dpg,n @ idia)Y = (Pdag 44 @ idpa).  (4.1.9)

By combining (4.1.7) and (4.1.9), we obtain

did+ o Lo h = (dad + ¢dug,a) ® idie) = (Fu ® idpa) = F

whence ¢ = (¢ ® idyg)? is a contracting homotopy for F . O
We use Lemma 4.1.6 and find the following T;—linear maps gz~5Z : (A ®r, A)i — Ai_i_l:

i—1

Bol6ole ©r, '61a) = Y a'a e,

=0

¢ (611 ®1, €010) = —Oip1bale,

&1 (ole ®r, 2°¢116) = 6ip1bolc.

Next, we give a lemma to find the diagonal map.
Lemma 4.1.10. The map A = ¢ (A ® idye) is a diagonal map on A where A is in (3.2.4).

Proof. We need to check that A is a chain map. The following equations are straightforward by
considering the fact that A is a chain map and (4.1.8):
JA@@TPAA = szTpM/f_l(A ®idie) = ¥ (dpo,a @ idie) (A ® idye)

= Y dap A @ idre) = Y (Ady ® idia) = (A @ idie) (da © idke)

Ad,.
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Lemma 4.1.10 allows us to compute the 7},-linear map A:Ai, — (A ®T, A)Z as follows:

Ao(&le) = &l ®1, &ola,

Ai(&le) = &la @, Sle + &le @1, bila,

Aon(&anle) = aile ®, bon-aila
=0

n—1

+ Z Z 11l @1, 2¥60n_9i12°1g, forn > 1

=0 a+b+c
:p—2

2n+1

Aopi1(bontile) = Z Sile @1, §ont1-ilg, forn > 1.
=0

Before computing the bracket on Hochschild cohomology of 7}, we need to find a basis of
Homr (A, T;,). In particular, we must find a basis of Homgze (A ® T, T,) for each degree.

It is known that
HH*(T,) := Bxty (T, T,) = Extp (A, T,) = Ext (A, ;).

The Eckmann-Shapiro Lemma (Lemma 5.3.3) and (4.1.2) imply the first isomorphism and see [25,
Theorem 3.6.2] for the second isomorphism.

Consider the following resolution
Hom . (A, T,)¢ : 0—Hom . (A, T,)¢ —sHom 4. (A, T,)¢ — - - - (4.1.11)
where the action of G on Hom 4. (A€, T},) is defined by
g flar@az) =2 f(° (a1 @ a)). (4.1.12)
This resolution is clearly isomorphic to

0—T—TF—TF — - (4.1.13)
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with the correspondence

fi — t where f(&,) =t forallt € T, (4.1.14)

where {, = 1® 1 € A°in degree *. The action of G on T}, given by (4.1.12) and (4.1.14) depends
on degree.
G . —1 . —1 .
T is spanned by {1, g,--- ,g"" } in even degrees and {z, zg, -+ ,rg"" } in odd degrees [15,
Section 8.2]. We claim that Homr, (AR T, T, = TpG . Suppose zig’ € T pG . Then, we have
fuigi € Homue (A%, T,,)¢ defined by fyi, (2% ® a') := a*1+i g where z* € A. Now observe that,

faigi € Homye (A, T,)¢ is a D-module homomorphism since

frigi (262" 9) (a1 @ 2)) = frigi (2¥&2"16)g(a1 ® a2)) = (27E2'16) frigi (9(a1 ® a2))

= (2"2'16) g faigi (a1 ® az) = (7&,2'9) frigi (a1 @ az)

where 2*¢,2'g € D, a; ® ay € A°. Moreover, if f € Homp(A®, T,), then f is G-invariant as

g flar®az) =21 (a1 ®az)) = 9 ) f(a ® az) = f(ar ® az)

where g € G,a; ® ay € A°. Hence, the isomorphism from Hom4e(A°, T},)¢ to Homp(A°, T})
is the identity, so that f,i, is also in Homp(A®, T},). We next use the Eckmann-Shapiro Lemma
(Lemma 5.3.3) which implies that Ext},(A,T,) = Exti};(T]f ®p A,T,) and the isomorphism is

given by

O'(fgcigj)(ﬂfmgs ® :L,ngr ®p Zlfk ® ZEZ) — $mgs ® xngrfxigj (l‘k ® $l) _ xmgs ® xngr($k+l+igj)
= (a™g") (@ g7) (@)
— ((mm(gsxk+l+i))gs+j)(xngr)

mAk+l+i _s+j

_ ws(k+l+i) (.I' g )(xngr>

k+1+1i) ( m+k+1+14 (gs+j xn) )gj+s+'r‘

= W T

k+l+i+n)+jn, i+k+l+m+n

= Wl x g
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Hence, o( f,i,4) is in Host(TIf ®@p A°,T,). Lastly, recall that Ty @p A= AR T, via k (4.1.2);

so that,
K (0(frig))(@" @ 2'g") = 0(frig) (11, ® &97) @p 2" @ at) = 2T gItr

which implies x*(0( fyig9)) € Homype (A® T, T),). For simplicity, we define Foigi = K*(0(faigr))-

Recall that 7} is spanned by {1,g,--- ,¢”"'} in even degrees and {x, zg,--- ,xg?"'} in odd
degrees. Hence we have {f), fy, - - ,fgpfl} in even degrees and {f,, fug, - - fmgpq} in odd de-
grees as a basis of Homr. (A @ 1), T,).

We only calculate the bracket in degree 1 and 2 as before so we can extend it to higher degrees
by the relation between cup product and the bracket. Since A ® T), = A° ® kG as vector spaces,
§ilg generates A ® T), as a T),-bimodule. Through the calculation, id represents idse7, and ®
represents &g,

The circle product of two elements in degree one is

(.fa:gi Oq} J?a:gj)<€1 1G) = fxglqg(ld ® .fng ® Zd)A@) (gllG)
= fxgigg(id ® fzgj ®1id)(€ole ® &ola ® &1l + ole ® &11a ® &l
+&1le ® &ola ® &ola)

Because of the symmetry, (fugi 05 faq) (é116) = 29", Therefore
[fxgi7fxgj](§116’) == I’gz+] — (—1)01‘914"7 = 0.

The circle product of the elements of degrees 1 and 2:
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(fl‘gi O<z~> fgj)<§21G) = fxg Qb(Zd ® ng ® Zd) (5216’) fxgzng(ld ® fgj ® Zd)
(bole ® &ola ® &Lla + &le ® Llg ® &la

+&le® Y (3%le ® 1°%62°16) + &le ® §Hla @ &l
a+b+c
:p—Q
+ ) (2% le ® (2%0le ® &2°1g + 2%l @ §2°16)))
a+b+c
:p—2

= fogd(&ole ® &g') =
And the circle product in the reverse order:

(fg7 05 Frg)(&21) = fpd(id @ fog @ id)AP (&16) = fdlid @ fog @ id)
(b0l ® &ola ® Llg + le ® Lla ® &la

+ole® Y (1%l ® 1°%612°16) + Lle ® Sle ® la
a+b+c

:p—2
+ ) (2%1e @ (2%le ® Gatle + 2616 ® §H1°16)))
a+b+c
:p—2

_ fgjﬁg( Z wi(b+c)§01G ® $a+b+1§11’cgi + wicl’agllg ® xb—l—lgoxcgi)
a+b+20
=p—

for () @ 00 41 po170g" — WG 1 12T g

a+b+c
_p—2

Zwlb&g — [y (&g")
(p—2)¢ ifi=0
(W 1)t ifi 0

Therefore, we obtain

o —(p—2)¢ ifi=0
Fos ] = (p‘ )g' | if i |
(Wi 4+ 1)g* ifi#0
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Lastly, the bracket of the elements of degrees 2 and 2:

(fy 05 F)(E316) = [dlid ® fy @ id)AP (&10) = [dlid ® [ @ id)
(Sole ® Sola ® &le +&ole ® &l ® Ll + &ola ® &le ® &ila
+&ole ® &le @ &ole +&le ® Lle ® &Hle +6le ®&le ® Lla
+&le®&le ®&le +&le ®&Hle ®&ile + &le @ SHle @ &Hle)

= fud(bole ® &g + &1l @ &g') =0

and by symmetry (fgj o5 fgi)(gglg) = 0. Therefore, we have [fgi, fgj] = 0. As a consequence, the

bracket for the elements of degree 1 and 2 are

fa:gafa:gJ 0
—(p—2)¢’ ifi=0
fmgang ) )
g ifi £ 0

fg7ng 0.

By the identity (2.3.1), brackets in higher degrees can be determined, since the Hochschild

cohomology is generated as an algebra under cup product in degrees 1 and 2.
4.2 The bracket on Hopf algebra cohomology of a Taft algebra

The Hopf algebra cohomology of 7, is calculated in Section 5.5 and Hochschild cohomology

of T, were calculated before by V. C. Nguyen [15, Section 8], i.e. the Hopf algebra cohomology

k if nis even,
Hn(Tm k) =

0 if nisodd,
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and the Hochschild cohomology

k if n is even,
HH"(T,,T}) =

Spang{z} if nis odd.

It is known that for any Hopf algebra with bijective antipode, the Hopf algebra cohomology
can be embedded into the Hochschild cohomology. We give a detailed proof in Section 5.3. Since
any finite dimensional Hopf algebra has a bijective antipode, the Taft algebra 7,, is also a Hopf
algebra with a bijective antipode. The embedding of H"(7,,, k) into HH"(T},, T},) turns out to be
the map that is identity in even degrees and zero on odd degrees. Then, the corresponding bracket

in Hopf algebra cohomology is
[fgiu fgj] = 07

so that, the bracket on Hopf algebra cohomology for the elements of all degrees is 0 by the identity

(2.3.1). Therefore, we give the following theorem as a summary of this chapter:

Theorem 4.2.1. The Gerstenhaber bracket on the Hopf algebra cohomology of a Taft algebra T,

with p > 2 is trivial.

This is the first example of the Gerstenhaber bracket on the Hopf algebra cohomology of a
nonquasi-triangular Hopf algebra and our calculation shows that the bracket on Hopf algebra co-
homology of a Taft algebra is zero as it is on the Hopf algebra cohomology of any quasi-triangular
algebra. A natural question that arises is whether the bracket structure on the Hopf algebra coho-

mology is always trivial.
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5. THE LIE STRUCTURE OF THE HOPF ALGEBRA COHOMOLOGY OF A TAFT
ALGEBRA BY HOMOTOPY LIFTING

In this chapter, we give an alternative method, homotopy lifting, to find the bracket structure on
Hopf algebra cohomology. Homotopy liftings are defined and constructed for some exact monoidal
categories in [22, Section 4] as follows. This turns out to be equivalent to the Gerstenhaber bracket

when the category is that of A-bimodules.
5.1 Homotopy liftings and exact monoidal categories

We refer to [4, Chapter 2] and [12, Appendix A] for definitions, examples, and properties in

this section. We start with definitions of an additive category and an exact category.
Definition 5.1.1. An additive category is a category C satisfying the following axioms:

* Every set Hom¢ (X, Y) is equipped with a structure of an abelian group (written additively)

such that composition of morphisms is biadditive with respect to this structure.
* There exists a zero object 0 € C such that Hom¢ (0, 0) = 0.

* (Existence of direct sums.) For any objects X;, Xo € C there exists an object Y € C and
morphisms p; : Y — Xy, ps: Y — Xy 9 : Xy — Y, 45 : Xy — Y such that

p1t1 = idx,, Paio = tdx,, and i1p; + lape = idy.

Definition 5.1.2. Let C be an additive category and & a class of distinguished sequences

X —Y — Zof C. Wecall £ a class of conflations if for every sequence X 2y 2% Zin £,
the morphism /3 is a kernel of v and the morphism + is a cokernel of 5. A morphism 5 : X — Y
in & in C is an inflation if there exists a conflation of the form X 2 Y % Zin &. A morphism
v:Y — Zin £ in C is a deflation if there exists a conflation of the form X 2y % ZinE. The

pair (C, £) is called an exact category if the following axioms hold:
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0 — 0 — 01s a conflation;

* the composition of any two deflations is also a deflation;

if v:Y — Zisadeflation and f : Y’ — Z is any morphism, then there exists a pullback

!

K-y

Ll

y 1.7

with deflation v';

if 3: X — Y is an inflation and ¢ : X — Y is any morphism, then there exists a pushout
X2y
bl
;g
—

with inflation .
Definition 5.1.3. A monoidal category C is a category equipped with
* abifunctor ® : C x C — C, called the tensor product,

* anatural isomorphisma : (—®—)®—=—®(—®—),1.e. ayyz : (XQY)RZ5XR(Y®Z)
forall X,Y,Z € C,

* aunit object 1 with an isomorphism¢:1® 1=1
subject to the following two axioms:

1. The pentagon axiom: The following diagram is commutative for all W, XY, Z € C:

(WeX)eY)® Z

AWRX,Y,Z
aw,x,y ®idz

WRXQY)®Z WoX)®((Y®2)

We XY ®2)

C“VVA,X®YA,ZJ/

W (XeY)® 2)

idw®ax.y,z
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2. The unit axiom: The functors L, and R; of left and right multiplication by 1 are equiva-

lences C — C.

Example 5.1.4. The category k-Vec of all k—vector spaces is a monoidal category, where the
tensor product is ®x, 1 = k, and the morphisms «, ¢ are the obvious ones. The same is true about

the category of finite dimensional vector spaces over k.

Example 5.1.5. The category of A-bimodules (equivalently left A°-modules) for an associative
algebra A over k is an exact monoidal category, with the tensor product ® 4 and 1 = A. The

morphisms «, ¢ are the obvious ones.

Example 5.1.6. The category of left modules for a Hopf algebra A over k is an exact monoidal
category, with tensor product ®; of modules, and 1 = k. Note that for A-modules M, N, the

action of A over M ® N is given by
av = Zalvl R agvo foralla € A,v € M ® N.

The morphisms «, ¢ are the obvious ones.

Let C be an exact monoidal category and let 1 be its unit object. As is customary, we will
identify 1 ® X and X ® 1 with X for all objects X in C, under assumed fixed isomorphisms (for
which we will not need notation).

We continue with the definition of power flat resolution [22, Definition 4.3].

Definition 5.1.7. Let P — 1 be a projective resolution of 1 with differential d and let up : By — 1
be the corresponding augmentation map. Then, the resolution (P, d, pup) of 1 is called n-power flat
if (P®r d®", u3") is a projective resolution of 1 for each 7 (1 < r < n). If P is n-power flat for

each n > 2, then we say that P is power flat.

For the two categories in Example 5.1.5 and Example 5.1.6, projective resolutions of 1 are

generally power flat.
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Assume 1 has a projective power flat resolution P. For a degree [ morphism ¢ : P; — P;_; for

all 4, its differential in the Hom complex Hom¢ (P, P) is defined to be

Definition 5.1.8. Let f : P — 1 be an m-cocycle. Let Ap : P — P ® P be a diagonal map, i.e. a
chain map lifting the isomorphism 1 — 1 ® 1. A degree (m — 1) morphism ¢); : P — Pisa

homotopy lifting of (f, Ap) if

oWy) =(f@1p—1p® f)Ap (5.1.9)

and ppipy ~ (—1)™*! f1) for some degree —1 map ¢ : P — P such that

o) = (up®1p —1p @ pp)Ap. (5.1.10)

The cohomology of the monoidal category C is H*(C) = H*(C,1) := Ext;(1,1). In here,
Ext;(1,1) is indeed the cohomology of the chain complex Hom¢ (P, 1) and it has a Lie bracket
defined as follows [22, Section 4]:

For an m-cocycle f : P, — 1 and an n-cocycle g : P, — 1, let ¢; and v, be homotopy liftings

of (f, Ap) and (g, Ap) respectively. Then the cochain [f, g] defined as

[f.9] = fibg — (=) DN gy, (5.1.11)

induces a graded Lie bracket on H*(C). That is, it induces a well-defined operation on cohomology

that is graded alternating and satisfies a graded Jacobi identity (cf. [25, Lemma 1.4.3]).
5.2 Change of exact monoidal categories

Let C, C’' be exact monoidal categories for which there exist power flat resolutions of their unit

objects 1, 1. Let F' : C — C’ be an exact monoidal functor [4, Definition 2.4.1], that is, I’ is exact
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and there is a natural isomorphism 7 of functors from C x C to C’ given by

nxy  FI(X) @ F(Y) = F(X®Y)

for all X, Y in C, F(1) = 1’ and (F|,n) satisfies the monoidal structure axiom of [4, Defini-

tion 2.4.1], that is, the following diagram commutes for all objects X, Y, Z in C:

FX)@FY))@F(Z)——— F(X)® (F(Y)® F(2)) (5.2.1)
lﬂx y®lFr(z) llF(X)@)"]Y,Z
F(X®Y)® F(Z) FIX)® F(Y ® Z)
F(X®Y)® Z) ~ F(X® (Y ® Z))

(The horizontal isomorphisms are given by the associativity constraint for C’ and the image of the
associativity constraint for C under F', respectively. We will not need notation for these isomor-
phisms.)

Denote the isomorphism from F'(1) to 1’ by ¢. Then the following diagrams commute for all
objects X by [4, Proposition 2.4.3]; we have chosen to show diagrams involving the inverse maps
un % and "7)},11 since we will need these later. The unlabeled isomorphisms in the diagrams are
those canonically determined by the fixed isomorphisms given by tensoring with unit objects and

the fixed isomorphism F'(1) = 1’.

Fl®X)—> F(X) FIX®1) —> F(X)
F1)® F(X)—>—1® F(X) FIX)® F1)—— F(X)® 1

Example 5.2.2. Let A be a Hopf algebra and B a Hopf subalgebra of A. Let C be the category
of left A-modules and C’ the category of left B-modules. Let F' : C — C’ be the restriction

functor, that is on each A-module X, the action is restricted to B via the inclusion map B — A.
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The restriction of a tensor product of modules to B is isomorphic to the tensor product of their

restrictions to 53, and thus there is a natural transformation 7 as required.

In the next section we will apply the following theorem to shed light on the connection between
the Lie structures on Hopf algebra cohomology and on Hochschild cohomology.

Let P be a projective resolution of 1 in C and write P’ = F'(P), which is a projective resolution
of F(1) = 1’ in C’ under our assumptions. Let d denote the differential and up : P — 1 denote the
augmentation map of P. Write d' = F'(d) and up = F(up). Note that P ® P is also a projective
resolution of 1 in C with augmentation map pup ® pp followed by the canonical isomorphism
1®1 -5 1. Let

Apr=nppF(Ap),

which is a diagonal map on P’ under our assumptions.

Theorem 5.2.3. Let C, C' be exact monoidal categories and let ' : C — C' be an exact monoidal
functor. Assume there exists a power flat resolution P of 1 in C. Let f € Hom¢(P,,,1), an m-
cocycle. Let 1y be a homotopy lifting of f with respect to Ap. Then F'(1)¢) is a homotopy lifting
of F(f) with respect to Ap:.

Proof. Since 1) is a homotopy lifting of f,
dipy — (~1)"yd = (f@1 -1 f)Ap.
Set f' = F(f), vy = F(1), and apply F to each side of this equation to obtain
dyp — (=1)"ppd = F(f@1-1® f)F(Ap). (5.2.4)

Since 7 is a natural transformation, under our assumptions (see the above commuting diagrams),

the following diagram commutes:
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F(Ap) F(f®1)
—

F(P®P)—""5 F(1® P)—~— F(P)

-1 -1 _
nP,PJ/ ’71,PJ J/

F(P) e F(P)" % p(1) @ F(P) = F(P)

F(P)

Therefore F(f ® 1)F(Ap) can be identified with (F(f) ® 1)nppF(Ap), and similarly F(1 ®
F)F(Ap) with (1® F(f))nppF(Ap). So the right side of expression (5.2.4) is equal to

(f'®1-1 f)nppF(Ap),

which is in turn equal to (f' ® 1 — 1 ® f')Ap, as desired.
Since 14 is a homotopy lifting, pptp; ~ (—1)™*! f1) for some degree —1 map ¢ : P — P
such that

) =dyp +d = (pp @ 1p — 1p @ pup)Ap.

By applying F' to both sides of the above equation, we obtain
F(di +d) = F(up @ 1p — 1p @ pp) F(Ap),

and under our identifications, letting ¢/’ = F(v), this is

d'y' +'d = F(up @ 1)F(Ap) = F(1® pp)F(Ap).
Via a commutative diagram such as that above, we see this is equal to

(e @ 1)Apr — (1@ ppr)Apr.

Therefore, ¢’ : P’ — P’ is a degree —1 map such that

A = d' +¢'d = (up © 1)Ap — (1@ pp) Apr,
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and pp F(Yg) ~ (=1)" T E(f)Y, thatis, ppripy ~ (—1)™F f'y, as desired.

We have shown that F'(¢);) is a homotopy lifting of F'( f) with respect to Ap:. O

Corollary 5.2.5. The functor F' induces a graded Lie algebra homomorphism from H*(C) to

H*(C"), in positive degrees.

Proof. As a consequence of the theorem and formula (5.1.11), the functor F' takes the Lie bracket
of two elements of positive degree in the cohomology H*(C) to the Lie bracket of their images in

H*(C') under F. O

5.3 Embedding from Hopf algebra cohomology into Hochschild cohomology

Recall that Hopf algebra cohomology can be embedded into Hochschild cohomology. We give
some lemmas which helps us to construct this explicit embedding. For proofs, see [25, Section

9.4].

Lemma 5.3.1. Let A be a Hopf algebra. There is an isomorphism of A°-modules,
A= A°®qk,

where A® ® 4 k is the tensor induced A°-module under the identification of A with the subalgebra

of A° that is the image of the embedding 6 : A — A° defined for all a € A by

d(a) = Zal ®y S(as).

Lemma 5.3.2. The right A-module A, where A acts by right multiplication under its identification
with 6(A), is projective.
Lemma 5.3.3 (Eckmann-Shapiro). Let A be a ring and let B be a subring of A such that A is
projective as a right B-module. Let M be an A-module and N be a B-module. Then

Exty (N, M) = Ext}(A®p N, M).
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Although the proof of Eckmann-Shapiro lemma is not necessary in this chapter, we provide it

since it is used in the next chapter.
Proof. Let P, — N be a B projective resolution of N. Then A ®p P, is projective as A-module
so that A®p P, — A®p N is a projective resolution of A ®g IV as an A-module. Let

o : Homp(P,, M) — Homu(A ®p P,, M) defined by o(f)(a @5 p) = af(p),

7 :Homy(A ®p P,, M) — Homg(FP,, M) defined by 7(¢)(p) = g(1 ®5 p)

wherea € A,p € P,, f € Homg(P,, M),g € Homs(A ®p P,, M). Since o and 7 are inverse of

each other and they are homomorphisms, Hom (A @ P,,, M) = Hompg(P,, M). O

We will consider A to be a left A-module by the left adjoint action, which is for a,b € A,

a-b= Zale(aQ).

Denote this A-module by A%,
For any left A-module M, let H*(A, M) := Ext’(k, M). The following theorem is well
known; see, e.g. [25, Theorem 9.4.5]. We sketch a proof since we will need some of the details

later.

Theorem 5.3.4. There is an isomorphism of graded k-vector spaces
HH*(A) = H*(A, A*%).

Proof. By Lemma 5.3.2, A° is projective as a right A-module, so we can apply the Eckmann-
Shapiro Lemma. We replace A with A°, B with A and take M = A, N = k in the Eckmann-
Shapiro Lemma and obtain the isomorphism Ext’. (A¢ ®4 k, A) = Exti(k, A%) as k-vector

spaces. Lastly, we apply Lemma 5.3.1 and obtain Ext’}. (A, A) & Ext’ (k, A%?). O]
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A consequence of the theorem is an embedding of Hopf algebra cohomology H*(A, k) into
Hochschild cohomology HH*(A): Let P — k be a projective resolution of the A-module k. We
can embed H*(A4, k) into H*(A, A%) = HH*(A) via the map 7, : Hom, (P, k) — Hom (P, A%)
induced by the unit map 7 : £ — A (see [25, Corollary 9.4.7]). Equivalently, the functor A° ® 4 —
induces an embedding of H*(A, k) into HH*(A).

5.4 A new technique for the bracket on Hopf algebra cohomology

Let A be a Hopf algebra with bijective antipode. Let C be the category of (left) A-modules, and

let C’ be the category of (left) A°-modules. For each A-module U, let

FU)=A®sU,

the tensor induced module, where we identify A with the subalgebra §(A) of A° asin Lemma 5.3.1.
Also by Lemma 5.3.1, F' takes the unit object k of C to an isomorphic copy of the unit object A of
C’. Tt takes projective A-modules to projective A°-modules since A€ is projective as an A-module

by Lemma 5.3.2. For each A-module homomorphism f : U — V, define F'(f) by

F(AI(1el)@iu)=(1®1)®a f(u)

for all w € U. Then F' may be viewed as the functor providing the embedding of Hopf algebra
cohomology H*(A, k) into Hochschild cohomology HH*(A); see the proof of Theorem 5.3.4 and
the subsequent paragraph.

For each pair of A-modules U, V', we wish to define an A°-module homomorphism

nuv: FU)@a F(V) > FU®V),

that is,

oy : (A°@aU) R4 (A°@4V) = A°@4 (URV).
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Foralla,be A,u e U,andv € V, set
nuy((@®1) ®4u) @4 (100) @av) = (a®Db) ®a (uv).

Note that all elements of (A° ®4 U) ®4 (A° ®4 V') can indeed be written as linear combinations
of elements of the indicated forms and that the map is well-defined. For example, for all a,b € A

and u € U, letting b = S(b'),

(a®@b)@au = Y (aSH))by @ S(by)) ®au

= D (aSh) ©1) @4 ((th® S(S)) - u).

By its definition, 7y is an A°-module homomorphism.
We check that 7 is a natural transformation. That is, the following diagram commutes for all

objects U, V,U’, V' and morphisms [ : U - U',g:V = V"

nU,Vl

FU®V)

FU") @a F(V)

J{?]U/’V/

F(f®g) F(U/ ® V/)

Commutativity follows from the definitions of 7y, 7 v.. To see that 1 is monoidal, that is
diagram (5.2.1) commutes, it is easier to check the corresponding diagram associated to 7!, a
straightforward calculation.

For the following theorem, we define the Gerstenhaber bracket of two elements in Hopf algebra
cohomology H*(A, k) via the embedding into Hochschild cohomology followed by the Gersten-
haber bracket on Hochschild cohomology. The theorem states that this is the same as their bracket
defined by (5.1.11) on Hopf algebra cohomology H* (A, k) via homotopy liftings. Thus the theo-
rem allows us to bypass the need to work with Hochschild cohomology at all, for questions purely

about Hopf algebra cohomology.
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Theorem 5.4.1. Let A be a Hopf algebra with bijective antipode. Let P be a projective resolution
of k and let f, g be cocycles in Hom4(P,,, k), Hom4(P,, k), respectively, representing elements
of Hopf algebra cohomology H*(A, k). Let Ap be a diagonal map, and let ¢, 1, be homotopy
liftings of f, g with respect to Ap. The Gerstenhaber bracket of the corresponding elements in

Hopf algebra cohomology H* (A, k) is represented by

[f, 9] = fibg — (=) DO Dg

Proof. This is an immediate consequence of Theorem 5.2.3 and expression (5.1.11), since we

showed above that the induction functor F' is an exact monoidal functor. ]

One consequence Theorem 5.4.1 is a quick new proof that for a cocommutative Hopf algebra
in characteristic not 2, Gerstenhaber brackets on Hopf algebra cohomology in positive degree are
always 0. We state this as Corollary 5.4.2 next. Since cocommutative Hopf algebras are quasi-
triangular, this is a small special case of the well known results of Farinati, Solotar, Taillefer, and

Hermann, but it highlights our completely different approach.

Corollary 5.4.2. Let k be a field of characteristic not 2, and let A be a cocommutative Hopf
algebra. The Lie structure on Hopf algebra cohomology H*(A, k), given by the Gerstenhaber

bracket, is abelian in positive degrees.

Proof. Let P be a projective resolution of £ as an A-module. Let A’ : P — P ® P be a diagonal
map. Let o : P® P — P ® P be the signed transposition map, i.e. o(z ® y) = (—1)*¥ly @ z for
all homogeneous x,y € P. Since A is cocommutative, 0/’ is also an A-module homomorphism,

and therefore a diagonal map. Let

A = %(AI + O'A/),

a diagonal map as well. Note that A is symmetric in the sense that cA = A.
Now, by symmetry, (up ® 1p — 1p ® up)A = 0, and so in (5.1.10), we can take 1) = 0.

Similarly, in (5.1.9), we can take 1) = 0 for any cocycle f. Thus by Theorem 5.4.1, Gerstenhaber
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brackets on the Hopf algebra cohomology H*( A, k) are always 0 in positive degrees. [l

5.5 Taft algebras and quantum elementary abelian groups

Recall that we showed that the graded Lie structure on the Hopf algebra cohomology of a Taft
algebra is abelian for positive and zero degrees in Chapter 4. In this section, we illustrate our
results in Section 5.4 by showing that the Lie structure on the Hopf algebra cohomology of a Taft
algebra, and more generally of a quantum elementary abelian group, is abelian in positive degrees.

Let k be a field of characteristic O containing a primitive pth root w of 1. We use ® for ®j

through this section. Recall that the Taft algebra 7, is generated by = and g with relations

and the Hopf structure is given by

Ar)=r@1+g®a Alg)=9g®y
e(z) =0 e(g) =1
S(x)=—g'x Slg)=9"

Let A = k[z]|/(2P?), a subalgebra of 7}, and let P be the following projective resolution of the

trivial A-module k:

This resolution is pretty close to the resolution (2.1.7); but, recall that the resolution (2.1.7) is
A¢-module resolution.
The action of A on each term of P is by multiplication. Give each component A in the reso-

lution the structure of a 7,-module by letting ¢ - * = w'z* in even degrees and g - ' = w'™ 2" in

odd degrees. For clarity of notation, in each degree [, denote the element 14 of P, = A by ¢;,. Note
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that P is projective as a T),-module since the characteristic of £ is not divisible by p: Specifically,
in even degrees, there are A-module homomorphisms P, — A (2 — 1 Z =0 "2ig’)yand A — P,
(z'g’ + x') whose composition is the identity map. In odd degrees, a similar statement is true of
the maps P, — A and A — P, given respectively by
, L rlattlgd ifi<p—1, o o= ifi #£0,
' A and z'¢’ —
%Zj;og], ifi=p—1 2P~ ifi = 0.
Calculations show that the following formulas yield a diagonal map A : P — P® P, that is for

each [, AA; is a T),-module homomorphism, and A is a chain map lifting the canonical isomorphism

E— k® k:
2j+1
Agjii(ezjpr) = Z € ® €954+1-i;

1=0

7j—1 p—2
_9_
Noj(eq;) = 2622 X €95_2; + g Z (CH— 1) €941 @ TP €9 9i1,

=0 a=0

where ( J&) is the w-binomial coefficient defined for all nonnegative integers a, b, ¢ by

= where (a), =1+ w+w? + - +w*
C

(b) (B)o(b— 1)y (b—c+ 1),
y (@ulc = 1w (Do

ote tha oA since —") in general. However, symmetry does hold after pro-
Note that A # oA " " 1) ing . H ymmetry does hold after p
jection onto even degrees, a key property for the proof of the theorem below since the cohomology
is concentrated in even degrees as we see next.

The cohomology of 7, can be computed directly from the resolution P above, and is
H*(T,, k) = H*(A, k)¢ = k[2],

where deg(z) = 2. Alternatively, see [19, Corollary 3.4] for the relevant general theory for skew

group algebras.
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The following theorem was proven in Chapter 4 by different techniques, and more generally
there, the elements of degree 0 were included. The homotopy lifting method that we use here was

designed for positive degree cohomology.

Theorem 5.5.1. The Lie structure given by the Gerstenhaber bracket on the cohomology H*(T),, k)

of a Taft algebra T, is abelian in positive degrees.

Proof. Let P be the resolution of k given above. Let f € Homy, (P», k) denote the cocycle with
f(e2) = 1, a representative of the generator z of the cohomology ring H*(7),, k), described above.
By [25, Lemma 1.4.7], it will suffice to show that the bracket of f with itself is O since f represents
an algebra generator of cohomology.

We wish to find a homotopy lifting of f. First note that in (5.1.10), we can take ¢» = 0, the zero
map, by symmetry of the image of the diagonal map under the projection onto (Py® P;) & (P;® Py)
for each 7. Similarly, by symmetry of the image of the diagonal map under the projection onto
(Poven @ P) @ (P ® Peyen), since f has even degree, in (5.1.9), we can take ¢/ = 0 and indeed we
can take the homotopy lifting of any representative element of cohomology in positive degree to

be 0. Specifically, the map vy must satisfy

di/)f—i-wfd:(f@l—l@f)AP.

The right side of this equation, evaluated on ¢, is

(fel-1 f)(Ap(a)),

and comparing to the formulas for Ap(ey;) and Ap(ezj41) above, the only terms that will be
nonzero after applying f ® 1 — 1 ® f are those having ¢, as one of the tensor factors. By symmetry,
the resulting terms after applying f ® 1 and 1 ® f cancel due to their opposite signs. So we may

take ¢y = 0 as claimed. Now, by Theorem 5.4.1, [f, f] = 2fv; = 0. O
The following theorem is a consequence since the Lie structure of a tensor product of algebras
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reduces to that on each factor [13]. Quantum elementary abelian groups are defined to be iterated

tensor products of Taft algebras [17].

Theorem 5.5.2. Let () be a quantum elementary abelian group. The Lie structure of the Hopf

algebra cohomology H*(Q, k), given by Gerstenhaber bracket, is abelian in positive degrees.
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6. G-ALGEBRA STRUCTURE ON HOPF ALGEBRA COHOMOLOGIES

In this chapter, we explore a general expression for the bracket on the Hopf algebra cohomol-
ogy that may help us to find the graded Lie structure on Hopf algebra cohomology with a more
theoretical perspective in future research. At the end of the chapter, we reach an expression for
Gerstenhaber bracket on a Hopf algebra A with a bijective antipode S. Note that the hypothesis
that the antipode is bijective is not very restrictive as all finite dimensional Hopf algebras and most
infinite dimensional Hopf algebras have bijective antipodes.

We give the following lemma which helps us to define the Gerstenhaber bracket on an equiva-
lent resolution to the bar resolution of A as an A-bimodule. Once again, in this chapter we use ®

for ®;..

Lemma 6.0.1. Let A be a Hopf algebra with bijective antipode. Let P, be the bar resolution of k
as a left A-module:

AP N L TN & NN AN

with differentials
n—1

di(a0®a1® - ®a,) = (~1)'ag®a1® - ® a1 ® - @y + (—1)"e(an)ag @+ @ ap_y
i=0

Then X, = A® ®4 P, is equivalent to the bar resolution of A as an A-bimodule.

Proof. Since S is bijective, A€ is projective as a right A-module [25, Lemma 9.2.9]. Also there is
an A°-module isomorphism p : A — A° ®4 k defined by p(a) = a® 1 ® 1 for all a € A [25,
Lemma 9.4.2].

For each n, define 6, : X,, — A®("+2) by
0.((a2b) @4 (1@ RER--- ")) :Za@c}®c§®---®c’f®$(c§c§---c§)b

forall a,b,ct,---c" € A.
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Now, we show that 6 is a chain map:

0n_1dp((a@b) @4 (1@ @E R ®c))

=0, 1((a@b) @4 (' @@ ---@c")
—1

+ a@b) a1l --dd e - ®c")
=1

+(-D)"(a®@b) @4 (e( @ @@ --- @)

3

.

:inzaq@ScQ Al @ @)
n—1
+Y ()@@l es(loded® - edde--ac)
=1

+(=1)"e(a@b) @10 @R - @)

Z ac; @c; @+ @cf @ S(cy---cy)S(cy)b
—1
Z P> a®® - 04d" ® @ ©S(c- - )b

—1—2( N'a®@ca®--- @' @e(c)S(cy---ch )b

and

A, ((a@b) @410 @R --® "))
:dn(ZCL@C%®C%®-'-®C?®S(cécg...cg’>b)

:Zaci®c§®--~®c’f®5(c§c§---c§)b
+ZZ Ja@cd® @t ® @ d @ S(ch )b

—I—Z Va®cl®---@c @ S(cy- - cy)b.

Since S is an algebra anti-homomorphism that satisfies the third condition in Definition 2.2.2,

> S(ch ) = S(e)S(esTh) - S(ey) =D e(e)S(ey s
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and

S(c3-+¢5)S(ey) = S(eacs - c5)

so that the two expressions are equal from which it follows that € is a chain map.

Lastly, one can see that the A°-module homomorphism
Pla®@c @R @ b) :Z(a®c§c§~-cgb)®,4(1®c%®c§®-~®c’f)
is the inverse of 6,, by using the property that .S is an algebra anti-homomorphism that satisfies the

third condition in Definition 2.2.2. O]

Let f, be in Hom ¢ (X,,, A) and g, be in Homye(X,,, A). We define the X -bracket [f., g.|x

(V" fo-t

in Hom e (X,,1,1, A) to be a composition X B (A) L ENyY Then, we have

[f:m ga:]X = [1/}*f;r7 ¢*g$]9 - (¢*fz © 1/}*9:0)9 - (_1)(m—1)(n—1)(¢*g$ © ¢*fz)0
We compute one of the circle products:

(¢*fw o ¢*ga;)9m+n_1((a X b) a1 ® C1 R ® Cm-l—n—l)

=W fo0t g) (D a®c @@ @ @ S(eyes - D)
=1
QAT @ @ S(che - Pt D)
=33 )N fy e d @ !
=1

©N g(1®dd! o104 ed! @ @ dm)

, . ) — 1 .
®C’L1+n®®c71n+n ®S(02“‘C’52 ng...cgi_n CZ2+n...C72n+n )b)
m
_ n—1)(t—1 1.2 i—1 % _i4n m+n—1 1.2 m+n—1
—§ E (‘1)( X )fl‘(a®6262"'62 CoCy - Cy S(czez -+ cy )b
i=1
1 2 i—1 j -1
R41QRc;RcR - R R - @
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where

Ac) = 261 ® ¢, AP (c) = ch ® o ® 3, A(c") = Z ¢} ® ¢; and

¢ = Zgw(l Rcycit Ml @t @@,
Recall that if A is a Hopf algebra over k with bijective antipode, then
HH*(A) = H*(A, A™)

by Theorem 5.3.4.

We already have the Gerstenhaber bracket [, | x on Ext’}.(A® ®4 k, A). Hence, we can use the
isomorphisms o and 7 in the proof of Eckmann-Shapiro Lemma combined with Theorem 5.3.4 to
find the bracket expression on H*(A, A*!). Now let f €Hom 4(P,,, A°?) and § €Homy(P,, A*%).

Then [f, glp €Homu (P, yy-1, A%Y) and we have

[, dlp = 7lo(f), 0(9)lx

Then, by using the previous circle product formula we obtain:

forglecded® - @)

(W (0(]) o ¥ (@)D @ @ @ @ ™)

:(ZZJ*(O'(]E)) © %D*(U(g)))@((l & 1) Xa 1® Cl X 02 R ® Cm-i-n—l)
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—ZZ D () (1@ epcy - ey ™ - TS (eeg - Y

RAlRcARAR R RERAT® - @

i—1 j 1
=> § DIVl ed® - 0dleded"® - @)
1.2 i—1 * z+n m+n—1 m—+n—1
CaCoy =+ Cy Coly $Cy' S ( " C3 ))

with A(c¢*) = > ¢f ® ¢} and

=Y o@leddt o lededt @@ dt
=Y edddmhilededt g e

~ 3 +1 +n—1 1 +n—1
=Y gledqedt e - edm g - g

We now have the Lie bracket [, ]p on H*(A4, A%). Next, we embed H*(A4, k) into H*(A, A%?)

[25, Corollary 9.4.7] via the unit map
1, : Homy(P,, k) — Hom,(P,, A®).
Let f € Homa(P,,, k) and g € Hom(FP,, k). Then by using the counit map
e, - Homy(P,, A) — Homy (P, k),
1. and the bracket on H*( A, A?), we derive the formula for [f, g] € Homa(P,, 1, k):

[ 9] = e (). n(9)]p = ex (e (f) op m(g)) — (1) D Ve, (1,(9) op nu(f))
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where

e((n(fopn(g)l@c @@ @™ )

=YY (- Up(fledede - dledRdm e - @t

=1

1.2 i—1 _x _i+n m+n—1 1.2 m+n—1
CalyrrrCy Gy "Gy S(czey---cj )

with

A(c") = ZC*{ ® ¢ and

= Zn(g(l R AT R @)t - st

Therefore, the last formula is a general expression of the Gerstenhaber bracket on Hopf algebra

cohomology which is indeed inherited from the formula of the bracket on Hochschild cohomol-

ogy.
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7. SUMMARY

Understanding the Lie bracket structure of an algebra is one of the main targets of Lie theory
and Hochschild cohomology is a graded Lie algebra with Gerstenhaber bracket. However, it is
hard to come up with an explicit example of the bracket structure on Hochschild cohomology of
even the simplest algebras since the definition of the bracket is on the bar resolution which makes
the calculation impossible. Fortunately, some new techniques have been developed that allow us
to find the bracket on much simpler resolutions with alternative formulas. One of the results of this
work is a new example of the bracket structures on the Hochschild cohomologies of a truncated
polynomial ring defined on a field with characteristic O and a Taft algebra.

On the other hand, we have known that Hopf algebra cohomology is also a graded Lie algebra
and the Lie structure is abelian for quasi-triangular Hopf algebras for almost two decades. Never-
theless, it is even harder to compute the bracket for Hopf algebras as there is not a concrete formula
of the bracket on Hopf algebra cohomology. As another result of this thesis, the first example of
the bracket on Hopf algebra cohomology of a nonquasi-triangular algebra, a Taft algebra, is found
by using the bracket on Hochschild cohomology of the Taft algebra. Furthermore, a new method
is developed in order to find the bracket structure on Hopf algebra cohomology without computing
the bracket on Hochschild cohomology.

Lastly, starting from the original definition of the Gerstenhaber bracket on Hochschild coho-
mology, an explicit bracket formula on the Hopf algebra cohomology is explored for a Hopf algebra
with a bijective antipode.

Although the question “what is the bracket structure on Hopf algebra cohomology in general? ”
is still open, we are one more step closer to the answer. We are extremely hopeful that the question

will not be open for a long time since there are not many parts stayed in the darkness.
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