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ABSTRACT

We present the Gerstenhaber algebra structure on Hochschild cohomology of Koszul algebras
defined by quivers and relations using the idea of homotopy liftings. There is a canonical way of
constructing a minimal (graded) projective resolution K of a Koszul quiver algebra over its en-
veloping algebra. This resolution was shown to have a comultiplicative structure. Our presentation
involves the use of the resolution K and the comultiplicative structure on it. We present general
forms of homotopy lifting maps for cocycles defined on Hochschild cohomology using K. To
demonstrate the theory, we study the Hochschild cohomology ring of a family of quiver algebras
and present explicit examples of homotopy lifting maps for cocycles of degrees 1 and 2. As an
application to the theory of deformation of algebras, we specify Hochschild 2-cocycles satisfying

the Maurer-Cartan equation.
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1. INTRODUCTION

While S. Eilenberg and S. Mac Lane introduced homology and cohomology of groups in the
1940s, G. Hochschild introduced homology and cohomology of algebras around the same time.
Hochschild cohomology conveys meaningful information about rings and algebras. It has become
a very useful tool in the theory of deformation of algebras and in their representations. The zero
dimensional Hochschild cohomology of an associative algebra corresponds with the center of the
algebra. The one dimensional Hochschild cohomology of an associative algebra is isomorphic to
the space of derivations modulo inner derivations on the algebra. A derivation is a function on an
algebra which generalizes certain features of the derivative operator. Specifically, given an algebra
A over a ring or a field k, a k-derivation is a k-linear map D : A — A that satisfies the Leibniz
law. The space of Hochschild 2-cocycles contains information about formal and infinitesimal
deformations of the algebra. As an algebraic object, there are two binary operations on Hochschild
cohomology: the cup product and the Gerstenhaber bracket. The bracket plays an important role
in the theory of deformation of algebras.

The cup product has several equivalent definitions some of which are presented in Chapter 4.
There is a definition involving direct application of module homomorphisms on elements for which
they can be applied; the cup product of an m-cocycle and an n-cocycle is an m + n-cocycle such
that when it is applied to a homogeneous element of degree m + n, the degree m-cocycle applies to
the first m components while the degree n cocycle applies to the remaining n components. There
is another definition involving composition of maps. This technique is known as the diagonal
approximation of the cup product and one of the maps used is the diagonal map.

The Gerstenhaber bracket is a type of Lie bracket. It is a bracket of degree —1 i.e. the bracket
of an m-cocycle and an n-cocycle is a cocycle of degree m + n — 1. It was initially defined
by M. Gerstenhaber using the bar resolution. The bracket makes Hochschild cohomology into a
Gerstenhaber algebra. The initial definition of the Gerstenhaber bracket is useful theoretically but

not easily accessible for computational purposes. For instance to compute the bracket using an



arbitrary resolution, appropriate chain maps between the resolution and the bar resolution would
have to be constructed. Morphisms defined on the resolution would then have to be carried over
to the bar resolution and vice versa. This process of coming up with comparison morphisms is not
always easy.

To overcome the challenge of determining Gerstenhaber brackets using comparison morphisms,
several works have been carried out on interpreting the initial definition of the bracket given by M.
Gerstenhaber. For example, in 2004 [9], B. Keller realized Hochschild cohomology as the Lie
algebra of the derived Picard group. In [11], C. Negron and S. Witherspoon introduced the idea
of a contracting homotopy which works for resolutions that are differential graded coalgebras. M.
Suérez-Alvarez showed that the bracket of a cocycle of degree 1 and any degree n cocycle can
be realized from derivation operators associated to the degree 1 cocycle expressed on an arbitrary
projective resolution [15]. In [16], Y. Volkov generalized the method introduced in [11] to arbitrary
resolutions by defining the bracket of any two cocycles in terms of homotopy lifting maps.

We present the Gerstenhaber algebra structure for Koszul algebras defined by quivers and rela-
tions using homotopy liftings. We construct examples of homotopy lifting maps for some cocycles.
We also present a general form of these homotopy lifting maps under certain conditions. Our co-
cycles and homotopy lifting maps are defined using the resolution K introduced by E.L. Green,
G. Hartman, E.N. Marcos, . Solberg in [5]. The resolution K is a differential graded coalge-
bra. A homotopy lifting map is a map between two chain complexes satisfying two conditions.
These conditions are presented in Equation (2.17). For Koszul algebras, the Koszul complex has
certain characteristics for which the second condition of Equation (2.17) is easily satisfied. More-
over, because there is an algorithmic approach for constructing projective resolutions such as K
in the literature [4], perhaps it might be possible to employ our method in finding an algorithmic
approach for computing the Gerstenhaber bracket on Hochschild cohomology for Koszul quiver
algebras.

In Chapter 2, we give a brief introduction to Hochschild cohomology and the two binary op-

erations on it. We give equivalent definitions of these binary operations in Sections 2.2 and 2.3.



Since our examples will come from a family of quiver algebras, we introduce quiver algebras and
Koszul algebras in Chapter 3. We discuss the construction of the projective resolution K in detail in
Section 3.3. We give a generalized cup product formula on Hochschild cohomology of the family
of quiver algebras in Section 4.4. With the cup product formula, we determine the set of nilpotent
cocycles and hence the structure of Hochschild cohomology modulo nilpotents. In Section 4.3,
we present F. Xu’s counterexample to the Snashall-Solberg finite generation conjecture using the
generalized cup product formula. After deriving the generalized cup product formula, we give
an explicit description of a diagonal map which we use in the computations of homotopy lifting
maps in Section 5.2. Detailed calculations that these maps are indeed homotopy lifting maps are
given in Subsections 5.2.1 and 5.2.2. Our main ideas with respect to the bracket structure are given
in Chapter 5. In Section 5.1 we specify a general form of homotopy lifting map demonstrated
by the examples of Subsections 5.2.1 and 5.2.2. We use these results to give the Gerstenhaber
algebra structure on Hochschild cohomology of Koszul algebras defined by quivers and relations
under certain conditions. We discuss an application to specifying solutions to the Maurer-Cartan

equation in Section 5.3.



2. HOCHSCHILD COHOMOLOGY OF ASSOCIATIVE ALGEBRAS

In this chapter, we give a brief description of Hochschild cohomology of associative algebras
and the two binary operations on it. Throughout, we take k to be a field, A to be a unital associative
k-algebra and take ® = ®;, unless otherwise specified. This means that A is a k-vector space with
a bilinear map A x A — A that is associative and has a unit element denoted by 1. Also, denote by
A°P the opposite algebra of A with the same elements as A and multiplication aob = ba. We denote
the enveloping algebra of A by A° = A ® A° with multiplication given by (a ® b) - (¢’ @ V') =
(ad) @ (bol) = ad' @ U'b, for all a,d’, b, b" € A.

A A-bimodule M can be viewed as a left A°-module via the map A x M — M taking
(a ®b) - m +— amb. The algebra A is itself a left A°-module and more generally, the n-fold tensor
product A®™ of A is a left module over the enveloping algebra via A® x A®" — A®" defined by

(a®b) (a1 Ra® Qa1 Qa,) — aa; ®as® -+ @ ay_1 X ayb.
2.1 Introduction to Hochschild cohomology

Hochschild cohomology was originally defined using the bar resolution. The bar resolution
consists of A®-modules B,, := A®("+2) which are the (n + 2)-fold tensor products of the algebra

over the field k:
By: oo AOOFD S g@(nrl) Soot By p@s 0, a2 (K 2.1)

where p is the multiplication map and the differentials ¢,, are given by

n

00 @ a1 ® -+ @ Gpqr) = Z(_l)iao X @41 D @ Apyr (2.2)
=0
for all ag, ay,...,a,+1 € A. The map p is sometimes called the augmentation map and we write

B, £ A for short. The n-th homology of B, is given by Ker(d,,)/Im(d,1) and is equal to 0 for

all n except at n = 0 where it is A. This is because by direct computation, ¢,,0,,.1 = 0, showing



that Ker(d,,) 2 Im(d,1) and the existence of a contracting homotopy s,, : B,, — B, satisfying
Sp—10n + Ont18, = 1 implies that Ker(d,,) C Im(d,41). A contracting homotopy s, is defined by
(R Rapy1) — 1®ag®- - -®ay,y1. Since A is free as a k-module, each B,, is a free A°-module
and the bar resolution is a free resolution. For a left A°-module M, any module homomorphism
f: B, — M gives rise to a module homomorphism 6}, (f) = fd,41 : B,41 — M. This means
that we can apply the Hom functor Homye(—, M) to the bar resolution to obtain the following
cochain complex:
Hompe (Ba, M) : 0 — Hompe (A®2, M) 215 Hompe (A®?, M) 25 ...

5 . 5
2 Hompe (A2, M) 225 Homye (A2 M) 225 L (2.3)

The n-th cohomology of this chain complex, also referred to as the space of Hochschild n-cochains,
is given by

HH"(A, M) = H" (Homye (B,,, M)) = Ker(7, ,)/Im(57).

Hochschild cohomology of the algebra A with coefficients in M is defined to be

HH*(A, M) := @ H" (Homy (B,,, M)).
n>0
If M = A, we write HH*(A) := HH"(A, A). We next discuss two binary operations on Hochschild

cohomology.

Remark 2.4. By applying the functor Homy.(—, A) to any projective bimodule resolution (P, )
of A, we obtain the cochain complex similar to the one given by (2.3) with M replaced by A and the
Ae-modules A®"*2) replaced by the A°-modules P,,. Ext.(A, A) is defined as the n-th cohomol-
ogy group of this cochain complex, and it is also given by Ker(g;iﬂ)/lm(g;). Since Ext is inde-
pendent of the choice of projective resolution, we obtain an isomorphism H"(Hompe (B,,, M)) =
Exthe (A, A) of abelian groups. See for example [7, Chapter 1V, Section 7],[18, Appendix A.3] or

[17, Chapter 3] for details. Hochschild cohomology can therefore be realized from the Ext functor,



that is:

HH*(A) = €P H" (Hom,« (B, M)) = @) Ext}. (A, A) = Ext} (A, A).

n>0 n>0

2.2 The cup product on Hochschild cohomology

The cup product makes Hochschild cohomology into a graded commutative ring. Furthermore,
it is by definition associative and has several equivalent definitions provided by researchers over
the years. The definitions we present here are not self contained. We refer the reader to [7, 17,
18] for further reading. A A°-module homomorphism f : B,, — A can be seen as a k-module
homomorphism f : A®™ — A by defining f(a®a1 ®ay®- - - @ ap, @b) = af (a1 @Az @- - - @ ap, )b.

This is in fact an isomorphism of k-modules i.e. Home (B,,,, M) = Homy(A®™, M).

Definition 2.5. Let f € Homy(A®™, A) and g € Homy(A®" A). The cup product f — g at the

chain level is an element of Homy,(A®™+™)  \) defined by

feglar ® - @amin) = (1" fla1 @ - @ an)g(ams1 @+ @ Appyn) (2.6)

forall ai,as ..., ani, € A.

We present the following equivalent definition because we will later refer to it in Chapter 4.
Let P, be a projective resolution of A as an A°-module with differential d*. The total complex
Tot(P, @4 PP,) is also an A¢-projective resolution of A with its n-th module Tot(P, @4 P,),, given
asy . +j=n Pi ®a P; and differentials d®* ® 1+ 1 ® d" [18, page 33]. By the comparison theorem
(see [17, 7]), there is a chain map Ap : P, — P, ®, P, lifting the canonical isomorphism from A

to A ®, A. In particular, the diagram

Py — A

e l%

]P)0®A]P)o E— A®AA



is commutative. The map Ap is called a diagonal map or a comultiplication map (whenever we
consider P, as a graded coalgebra) and it is unique up to chain homotopy. Throughout, we use
these terms interchangeably. There is a standard way of defining the tensor product of two maps
on the total complex. Suppose that f € Homye (P,,, A) and g € Hompe(P,,, A). The tensor product
f ® gcanbe viewedasamap f ® g : P @y Pe = A @y A = A defined as (f ® g)(u ® v) =
(=)l f(u) @ g(v) provided u € P, and v € P, and 0 otherwise. The symbol |g| is used to

denote the degree of g. In this case |g| = n and | f| = m.

Definition 2.7. Let f € Homg(P,,,A) and g € Homg (P, A). The cup product of f and g is an
element of Homy (P, 1., A) defined by

f~g=m(f®g)Ap, (2.8)

where T is the multiplication map and Ap is a diagonal map.

Definition 2.7 is also known as the diagonal approximation definition of the cup product. At the
chain level, Equation (2.8) depends on the choice of Ap but does not depend on the choice at
cohomology level. If P, is taken to be B,, the bar resolution, one definition of a diagonal map

A : B, — B, ® B, is the following:

ARG ® - ®a, 1) =11, (100 ®--®a, ®1)

+[D (0o ®ae)oy (106 ®  ®a,e1)]+(10a®  ®a,®1) @ (18 1),

i=1

(2.9)

Given Equation (2.9), it is easy to verify that Definitions 2.5 and 2.7 of the cup product are equiv-

alent. For example if f € Homy(A®? A) and g € Homy(A®!, A), Definition 2.5 yields

fegla ®as ® ag) = (—1)%f (a1 ® as)g(as)

3



while Definition 2.7 yields (f ® §)A(1 ® a1 ® az ® ag ® 1) which is the same as

w(f@f;)((l@1)®A(1®a1®a2®a3®1)+(1®a1®1)®A(1®a2®a3®1)
+<1®a1®a2®1>®A<1®a3®1>+(1®a1®a2®a3®1)®A(1®1>)

=m(fe)dl®a@ael)or(1®a®1) = (—1)*f(a ® a)g(as).

2.3 The Gerstenhaber bracket on Hochschild cohomology

The second binary operation on Hochschild cohomology was introduced by M. Gerstenhaber
in 1962 [3]. This binary operation makes Hochschild cohomology into a Gerstenhaber algebra.
The usual Lie bracket on graded Lie algebras is of degree zero i.e. the bracket of a degree m and a
degree n element is an element of degree m + n. The Gerstenhaber bracket can be viewed as a Lie
bracket of degree —1, i.e. the bracket of a degree m and a degree n cocycle is a degree m +n — 1
cocycle. The following definition, originally given by M. Gerstenhaber in [3], is presented as
reformulated in [18].

Let B, be the bar resolution and use the previously defined isomorphism Hompe (B,,, A) =

Homy, (A®™, A) of abelian groups.

Definition 2.10. Ler f € Homy(A®™, A) and g € Homy(A®", A). The Gerstenhaber bracket of f

and g is defined as

[f.gl=fog—(—1)mDNgof (2.11)

where fo g =" (=1)""D0=Y {0, gand

i=1

(fo;9)(a1® @ amin_1)

=fla1®  ®a-1®9(a; @ @ Ajgn-1) ® Ajgn @ -+ @ Gpmgn—1)

and it induces a well defined operation on cohomology.

This definition has been quite difficult to interpret when the resolution is not the bar resolution.



In practice, to compute the Gerstenhaber bracket using resolutions other than the bar resolution,
one often uses the comparison morphism technique. That is, one has to define appropriate chain
maps between the choice resolution and the bar resolution. Then morphisms defined on the res-
olution would have to be carried over to the bar resolution and vice versa. Recently, the idea of
a contracting homotopy was introduced by C. Negron and S. Witherspoon in [11] for resolutions
with certain properties. The idea of contracting homotopy was generalized in [16] by Y. Volkov
using homotopy lifting maps for arbitrary projective resolutions. We briefly present these ideas

next.
2.3.1 Brackets via contracting homotopy

The idea of a contracting homotopy was introduced to efficiently compute Gerstenhaber brack-

ets for algebras using resolutions that are differential graded coalgebras.

Definition 2.12. Let (Q,,d<) be a projective A*-module resolution of A. Let Q, <> A be the
augmentation map. Then Q, is a differential graded coalgebra over A if there is a comultiplicative
map Ag : Qo — Qo ®a Q, lifting the identity map on N =2 A @, A, satisfying (d° @ 1 +
1 ® d9)Ag = Agd? and is coassociative i.e. (Ag ® 1)Ag = (1 ® Ag)Ag. Furthermore, the
resolution Q, also written as a triple (Q., Ao, V), is counital if the augmentation map also satisfies

(l/ X 1)AQ = (1 X V)AQ =1

The bar resolution (B,, A, /1) of the algebra A is a counital differential graded coalgebra over
A for which the diagonal map of Equation (2.9) is the comultiplication and the augmentation map
is the multiplication map p of Equation (2.1).

Let P, be a projective resolution of A and up the augmentation map. Suppose further that there
is a comultiplicative chain map Ap : P, — P, ®, P, making IP, into a counital differential graded
coalgebra over A. Denote by A[([f) the composition map (Ap ® 1)Ap = (1 @ Ap)Ap. We take d to
be the differential on the Hom complex Hom < (P,, P,) defined for all A° maps p : Py — Py[—n)]

as

d(p) :==d"p— (=1)"pd"



where P,[—n]| is a shift in homological dimension with P,,[—n| = P[-n],, = P,_,. It was
observed that the chain map pup®1—1® up : Py @5 Py — P, is a coboundary in the Hom complex

Homye (P, @4 P,, P,). This is a justification:

dpp @1 1@ up) =d (up @1 = 1@ pp) — (p @1 = 1@ pp)(d* @14+ 1® d")
—pup@d —d" @pup—ppd” @1 —pp @ d" +d° @ pp + 1@ ppd”

= ppd” @1+ 1@ ppd” =0,

since ppd® = 0. The quasi-isomorphism (up), : Hompe (P, @5 P,, P,) — Homye (Py @4 P, A),
which takes cocycles to cocycles and coboundaries to coboundaries, takes pp ® 1 — 1 ® pp to 0,

that 1s,

pp(pp @1 — 1@ up) = pp @ pip — pip @ pp = 0,

so the map (up ® 1 — 1 ® pup) is a cocycle that is a coboundary with respect to d in the Hom

complex. The consequence of this is that there is a degree 1 map ¢ : Py ®, Ps — P,[1] such that
d(¢) =d"o+d(d 1 +10d") =pp @1 —1® pp. (2.13)

The map ¢ of Equation (2.13) is called a contracting homotopy. The following definition of the

Gerstenhaber bracket is equivalent to the one presented in Definition 2.10.

Definition 2.14. Let P, be a projective resolution of A that is a differential graded coalgebra. Let
f € Homy (PP, A), and g € Homy(P,,, A) be cocycles. The Gerstenhaber bracket of f and g may

be defined at the chain level to be

[f.g] = fosg— (=)D Ngo, f (2.15)

where fo, 9= f(p(1Rg® 1)A]§3>), and ¢ is the contracting homotopy of Equation (2.13).

10



The map P, @) Py @4 Po % P, @5 A @) Py = Py, ® P, acts in such a way that (1 ®

g®1)(xr ®y ® z) = 0 for all homogeneous z,y, z unless y € P,,. See [18, Theorem 6.4.5] and
[11, Definition 2.1.1] for more on contracting homotopy. Furthermore, these ideas were used in [6]
and [8] to present the Gerstenhaber algebra structure on the quantum complete intersection and the

Jordan plane respectively.
2.3.2 Brackets via homotopy liftings

Homotopy lifting maps are a generalization of contracting homotopy. They were introduced by
Y. Volkov [16] for handling the Gerstenhaber algebra structure on Hochschild cohomology using
arbitrary projective bimodule resolutions. We give explicit examples of homotopy lifting maps in
Subsections 5.2.1 and 5.2.2 .

Let P,, up and Ap be as defined in Subsection 2.3.1, but the resolution is not necessarily a
differential graded coalgebra i.e. we only require Ap to be a chain map lifting the isomorphism

A = A ®, A. The following is a definition of a homotopy lifting map for f.

Definition 2.16. Let f € Homy<(P,, A) be a cocycle. A A°-module homomorphism s : Py —

P,[1 — n] is called a homotopy lifting map of [ with respect to Ap if

dy)=(f©1-1® f)Ap  and (2.17)

ppty ~ (=11 fy

for some v : Py — P,[1] for whichd () = d* — d* = (up @ 1 — 1 @ ip) Ap.

In the above definition, the notation ~ is used for two cocycles that are cohomologous, that is,
they differ by a coboundary. For Koszul algebras, the Koszul resolution /C, is a differential graded
coalgebra. Furthermore, the augmentation map f : K, — A on the Koszul resolution is a counit
ie. (0 ®1)Ax — (1 ® i) Ak = 0. We can therefore take ¢ = 0, so that we now require jit); ~ 0.
By setting ¢;(KC,,_1) = 0, the second hypothesis of Equation (2.17) is satisfied. It is therefore
sufficient to verify only the first condition of Equation (2.17) when the resolution is Koszul. We

use these notions in Subsections 5.2.1 and 5.2.2 when giving examples of homotopy lifting maps.

11



The following definition of the Gerstenhaber bracket is equivalent to the ones presented in

Definitions 2.10 and 2.14. See [18, Section 6.3] for details and proofs.

Definition 2.18. Let P, be any A°-projective resolution of A and let Ap : Py — Py @5 P, be a
diagonal map. Let f € Hompe(P,,,, A), and g € Hompe(P,,, A) be cocycles. The Gerstenhaber

bracket of f and g represented by [f, g] € Hompe (P, 41, \) may be defined at the chain level by

[f.9] = fiog — (=1) D0 Vgy, (2.19)

where ¢, 1, are homotopy lifting maps associated to the cocycles f and g respectively.

Example 2.20. Let P, be the bar resolution B,. Suppose that g € Homye(B,,, A) = Homy (A®", A).

Then one way to define 1y : By, 11 — B, is

wg(l Ra; Q@ g1 ®1) = Z(_l)(mfl)(ifl)l Ra R ®a;_1®

i=1

g(ai K- ® aiJrnfl) & Qitn K- ® Qm4n—1 ® 1.

Notice that fi, = f o g, where f o g is that which was given in Definition 2.10. Suppose that
g € Homy(A®2%, A) and using the differentials on the bar resolution given by Equation (2.2), we

have

M(1®a ®as®az®1) =0(1® gl ®az) ®az®1 —1®a; ® glaz ® ag) @ 1)
=g ®a) ®az®1 -1 ¢g(a; ®az)az @1+ 1® glay @ az) ® as

—a1 ®g(az®a3) @1 +1Q@ag(as ®az) ®1 —1® a1 ® glaz ® as) and
Vd(1®a®az®az®1) =y(a1 ®az®az3 @1 —1®aja; ®az @ 1
+1®Ra®aaz®]l —1®a ®a®az) =a; @ glaa®az) ®1 —1® glajas ®az) ® 1

+1®g(a; ®asaz) ®1 —1® gla; ® asz) ® as.

Therefore (0¢; +1,0) (1 ® a1 ®as R az®1) = glag ®a2) ®az3®1 —1®a; @ g(ag ® az). On
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the other hand, (1 ® 1 —1® §)A(1 ® a1 ® as ® a3 ® 1) is equal to

(g®1—1®§)<(1®1)®A(1®a1®a2®a3®1)+(1®a1®1)®A(1®a2®a3®1)
+(1®a1®a2®1)®A(1®a3®1)+(1®a1®a2®a3®1)®A(1®1))

=g(a1 ®a) ®az®1—1®a; ®glaz ® as).

So we see that Equation (2.17) holds in degree 3.
2.4 Summary remarks on Hochschild cohomology

This section summarizes the fact that for an associative algebra A, the Hochschild cohomology
is a Gerstenhaber algebra (HH*(A), —, [, ]) with two binary operations. Let (B,, ¢) be the bar res-
olution given in Equation (2.1) with differential given by Equation (2.2). Let f € Hom,(A®™, A),
g € Homy(A®" A), and h € Homy(A®", A). The following are properties of Hochschild coho-
mology with respect to the cup product and the Gerstenhaber bracket. Their proofs can be found

in the literature.

(I). Cup product on Hochschild cohomology is graded commutative:

M. Gerstenhaber in [3, Theorem 3] showed that
fod*(g) =" (fog)+ (=1)"10"(flog=(=1)" g~ f— (=)™ f - g].

If f and g are cocycles, then the cup products (—1)™"f « g and g — f differ by the coboundary
(—=1)"0*(f o g) i.e.
(g~ )~ (=1)"(f > g).

The circle product f o g is given in Definition 2.10. We have already noted that the cup product
inducing the map «: HH™(A) x HH"(A) — HH™™(A) has several equivalent definitions some

of which were expressed in Equations (2.6) and (2.8).
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(II). Hochschild cohomology is a differential graded algebra:
Let us define d(f) := (=1)™ér, .1 (f). Notice then that

Omni1(f 2 91 ®az @+ ® amynt1) = (f ~ 9)0myns1(a1 @ a2 ® - @ Amint1)

_(f\./g> (a1a2®...®am+1)®(am+2®...®am+n+1)+...+
(_1)m+1(a1 ®a2®“'®amam+l) ® (am+2®“'®am+n+l)+
(a1®---®am)®(am+1am+2®'“®am+n+1)—|—~-~+

(—1)m+n+1(a1 ® Qs ® e ® am> ® (am+1 ® v ® am+nam+n+l)

Applying Definition 2.5 of the cup product yields

(=1)™" [f(a1a2 @ D)+ ()" ®a 0 © amam+1)]g(am+2 ® - ® mgnt1)
+ (=) (@ @ @ ) (<) g(am 10z ® - © Aa) + -+

(a1 © @ it )

= (=)™ |:f5m+1<a1a2 ® @ Amp1)g(Ampr ® - @ am+n+1)] +

(‘Umwm [f(al ® @ ) gOnt1(Amy1 @ -+ @ am+n+1)]

= ()" (1) (@102 8+ © i) g @+ @ i)+
(—1)mn+m+n [f(al - ® am)(_1>n52+19(am+1 QK- ® am+n+1)]
— (_1)(m+1)n+m(n+1) [(_Dméjm_l(f) o g} (a1a2 R R U1 DUz @+ R am+n+1)+

(_1>m(n+1)+(m+1)n [(_Dmf o <_1)n+15;+19} (al R ® Uy @ U1 @+ ® am+n+1)-
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After multiplying by (—1)™*", the constant term (—1)"™+)+(m+1n becomes 1, so we obtain

(_1)m+n§:n+n+1 (f ~ g)(al Ra@ @ am+n+1)

= <_1)m5:n+1<f) ~ g+(_1)mf ~ (_1)n+15:1+1g:| (ala2®' : '®a/m+1®am+2®' : '®am+n+1)-

The above equation implies that when restricted to cochains, Hochschild cohomology is a differ-

ential graded algebra with respect to the cup product, i.e.

A~

d(f~ g) = (d(f)) = g+ (=)™ f < (d(g)). 2.21)

(IIT). Hochschild cohomology is a differential graded Lie algebra:
The Gerstenhaber bracket [- ,-] : HH™(A) x HH"(A) — HH™"(A), is graded anti-symmetric

ie. [f,g] = (—1)m=DO=D+1g ] and satisfies the Jacobi identity i.e.

(_1)(m—1)(u—1)[f’ [97 h“ + (_1)(n—1)(m—1) [97 [h7 f]] + (_1)(u—1)(n—1)[h7 [fa g” =0

M. Gerstenhaber also showed in [3, Theorem 4] that the bracket makes Hochschild cohomology

into a differential graded Lie algebra and that

§*[f gl = (=1)"H6*(f), gl + [f, 6" (9)]. (2.22)

A modification of Equation (2.22) as presented in [18, Lemma 1.4.3] is given by d([f,g]) =

[d(f). gl + (1) V[, d(g)], where d(f) = (=1)"" " fo1.

(IV). Hochschild cohomology is a Gerstenhaber algebra:

Definition 2.23. A Gerstenhaber algebra is a graded commutative algebra with a Lie bracket of
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degree —1 satisfying the Poisson identity of Equation (2.24) below.

We have already noted that (HH*(A), ) is a graded commutative algebra and (HH*(A), [, ])
is a graded Lie algebra with the degree of the bracket equal to —1. We can also see from (III)
and [18, Lemma 1.4.7], that the bracket is anti-symmetric, satisfies the Jacobi identity and the

Poisson identity given below:

[, f =gl =[h, f] = g+ (=1)"Vf < [h,g]. (2.24)

Therefore Hochschild cohomology is a Gerstenhaber algebra.
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3. KOSZUL ALGEBRAS DEFINED BY QUIVERS AND RELATIONS

In this chapter, we present relevant definitions of Koszul algebras and quiver algebras. We
discuss the construction of a graded free resolution K of Koszul quiver algebras first introduced
by E.L. Green, G. Hartman, E.N. Marcos and @. Solberg in [5]. Subsequent sections of this work

depend on the preliminary results that are presented here. We start by defining a quiver algebra.
3.1 Quiver algebras

A quiver is a directed graph with the allowance of loops and multiple arrows. A quiver () is
sometimes denoted as a quadruple (Qo, @1, 0,t) where () is the set of vertices in @), Q); is the set
of arrows in (), and o, : ()1 — (o are maps which assign to each arrow a € ()1, its origin vertex
o(a) and terminal vertex t(a) in (Qg. A path in () is a sequence of arrows a = ajas -+ a,_1a,
such that the terminal vertex of a; is the same as the origin vertex of a;1, using the convention of
concatenating paths from left to right. The path algebra k() is defined as the vector space having
all paths in () as a basis. Vertices are regarded as paths of length 0, an arrow is a path of length
1, and so on. We take multiplication on k() as concatenation of paths. Two paths a and b satisfy
ab = 0if t(a) # o(b). This multiplication defines an associative algebra over k. By taking kQ); to
be the k-vector subspace of k@) with paths of length i as basis, kQ) = P, kQ; can be viewed as
an N-graded algebra. A relation on a quiver () is a linear combination of paths from () each having
the same origin vertex and terminal vertex. A quiver together with a set of relations is called a
quiver with relations. Let [ be an ideal of the path algebra k() generated by some relations. We
denote by (Q, I) the quiver () with relations I. The quotient A = kQ /1 is called the quiver algebra

associated with (Q, I).
Example 3.1.

1. Let Q) be the quiver with one vertex and no arrows. We associate to this vertex a trivial path

or the idempotent ey of length 0. Then k(Q) = k, where e; > 1.

2. Let Q be the quiver with two vertices and an arrow: 1 = 2. There are two trivial paths e;
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and ey associated with the vertices 1,2. The defining property of the algebra kQ) is eyav =

0 0 10
ejaey = aey. Now define a map kQQ — My(k) given by ey — , €9

01 0 0

00
and o — , where My (k) is the set of 2 x 2 matrices with coefficients in k. The map

10
defines an isomorphism of algebras kQ) = {A € My(k) : Ao = 0}.

3. Let Q) := QQ be the quiver with a vertex and 3 paths. The defining relations

O

b

on kQ are the same as the set of all words on {a,b,c}, with the empty word being e;.
Multiplication is the same as concatenation of words that is, multiplication in the free monoid
over {a,b,c}. The path algebra kQ) is therefore isomorphic to the free associative algebra
in three non-commuting indeterminates. That is kQ = k(z,y, z), where e; — 1, a — z,

b— yandcw— z.

3.2 Koszul algebras

We now present the notion of graded Koszul algebras and their connections to quiver algebras,

as presented in the first chapter of [10].
Definition 3.2. A k-algebra A is said to be positively graded if
* A= DA
e ALiA; C A,y foralli,y,
e Ay =2 kxkxkx---xk and
» Ay is a finite dimensional k-vector space.

If for each i, A; is finite dimensional as a k-vector space, then A is said to be locally finite.

Every positively graded algebra can be associated with a quiver. To do this, start with a positively
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graded k-algebra A = P, Ai and let {ey, ..., e, } be a complete set of primitive idempotents of
A. Now let () be a quiver whose vertex set () is in one to one correspondence with the idempotents
e;, that is, label the elements of Q) as {v; }; for some ¢ with v; <+ e;. Furthermore, define the arrows
v; v; of () to correspond with elements {aij} of some basis of e;Ae; for each ¢, j. There is an

induced homomorphism of graded k-algebras,

O kQ — A

defined by ®(v;) = e; and ®(a) = a;;. The homomorphism ¢ is surjective if and only if A;A; =
A,y for all 7 and j. We call k() the quiver or path algebra associated with the positively graded
algebra A. Every path of length ¢ + j in k() can be expressed as a product of paths of length 7 and
length j.

We denote by J the ideal of k() generated by all arrows. A homogeneous ideal I of k@) is
admissible if there is an m such that J™ C I C J2. Anelement o € [ is called a uniform relation
if @ = Y77 A\jw; where each scalar \; is nonzero, and for each j, w; are all of equal length having
the same origin vertex and terminal vertex. Such a uniform relation o = Z?Zl Ajw; is minimal

! . . .
A;wj is a uniform relation of

if there is no proper subset S C {1,2,...,n} for which o = 3, s A,

the ideal /. Every admissible ideal can be generated by a set of uniform relations [10, page 2]. We
can conclude that a k-algebra A is called a graded quiver algebra if and only if there exists a finite
quiver ) and a homogeneous admissible ideal I of k() such that A = kQ/I. The algebra A is
quadratic if all the uniform relations of I are homogeneous of degree two.

For a quiver (), we denote by QQ°? the quiver obtained by reversing the arrows of the quiver ).
Let kQ°P be the path algebra generated from Q°? and kQ5" the vector subspace of kQ°P spanned
by all paths of length 2. As a vector space, kQ3" is the dual of kQ5 such that for any path o € kQ,

there is an opposite path (i.e. a path with arrows reversed) a® € kQ5". As aresult, there is a k-linear
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pairing on k(@) x kQ° such that for every path x € k() and opposite path a® € kQP

1 if x=a,
(,0%) =

0 otherwise.

For the ideal I, we define I+ as the vector subspace of k(Q)°? generated by the set

{8° € kQ3" | (a,5°) =0, a € I}.

The quadratic dual A' of A is given by A' :== kQ /T*.

We now present two definitions of a Koszul algebra. Denote by E(A) := Ext} (Ao, Ao),
the Yoneda algebra of the k-algebra A which is a direct sum of the extension groups that is
Ext} (Ao, Ao) := €D,,50 Ext} (Ao, Ao). Note that the extension group Extif'(Ag, Ag) consists of
equivalence classes of m extensions of Ag by Ag suchas 0 — Ay - N,, - N1 — -+ —

Ny — N1 — Ag — 0, a long exact sequence of A-modules N; for each 7.

Definition 3.3. Let A be a quadratic graded quiver algebra. That is, A = kQ/I, for some finite
quiver () and an admissible ideal I generated by homogeneous elements of degree 2. Then A is

Koszul if its Yoneda algebra E () is generated in degrees 0 and 1 and isomorphic to the opposite

algebra of \. That is E(A) = A",
The following is another equivalent definition of a Koszul algebra.

Definition 3.4. Let A = P >0 A; be a quadratic graded quiver algebra. We say A is Koszul if the

A-module Ay has a linear (minimal) graded free resolution
dn dn—1 do d1
L, : =L, —L, —— - — L — Lo( — Ap).

The resolution I, is minimal in the sense that the differentials have entries in A, = ®i>0 A;

or equivalently Im(d,,) C AL, _;. Itis linear in the sense that the differentials have entries in A;

or equivalently each A-module L,, is generated in degree n.
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Remark 3.5.

1. For Koszul algebras with M = Ny = k, e.g. A = k[zy,25...,1,), there is a standard way
of constructing the resolution IL. The resolution is referred to as the Koszul complex and we

refer the reader to [18, Theorem 3.4.6] and the next section for more.

2. For Koszul algebras such as A = kQ /I with Ny = k X k X - - - X k (n-copies, the number of
vertices of ()), we present an algorithmic way of constructing a (minimal) graded projective
resolution of Ao as a right A-module as well as a minimal graded projective resolution K of

A as a module over the enveloping algebra A° in the next section.

3.3 Construction of the resolutions L, and K,

Let A = kQ/I, and assume that A is Koszul. Then Ay has a graded (minimal) projective
resolution. An algorithmic approach to find such a minimal projective resolution L, — Aq of right
A-modules was given in [4] and we briefly describe it.

Letting R = k@, it was shown in [5] that there are integers {¢,},>o and uniform elements
{fr}in, such that the minimal right projective resolution L, — Ay of Ay, is obtained from a

filtration of R. The filtration is given by the following nested family of right ideals:

tn—1

tn t t
- cPBrrR<EP RS- g@f,-leéf?RzR,
i=0 i=0 i=0 =0

where for each n, L, = @', /' R/ @.", [T and the differentials d* on L are induced by the
inclusions @,", fI'R C @EZBI Z-"_lR. The existence of these inclusions imply that there are

elements /27, " in R such that
tn—1
—1zn—1n
fin = Z I Jn hji
=0

forall: =0,1,...,¢, and all n > 1. The differentials dﬁ : L, — LL,_, are given by
L(fny _ n—1n n—1,n n—1,n
dn (fl ) o (hOi hu T htn,lli )
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foralln > 1.
In [5], it was shown that with some choice of scalars, the uniform elements {7}~ satisfy a
comultiplicative relation given in (3.6) and this choice in fact makes [, minimal. That is, for each

positive integer 7 and 0 < i < t,,, there are scalars c,,(n, 7, r) such that

tr tn—r

=32 cplniin)fofi. (3.6)

p=0 ¢=0

For example, we can take { f°}'°, to be the set of vertices, { f} }:, to be the set of arrows, { f2}%2

to be the set of uniform relations generating the ideal I, and define {f'}(n > 3) recursively
in terms of f"~' and fjl. As an example, we give a detailed description in Section 4.2 of this
comultiplicative structure for a family of quiver algebras introduced in Chapter 4.

The resolution I, and the comultiplicative structure (3.6) were used to construct a minimal
projective resolution K, — A of modules over the enveloping algebra A® = A ® A° on which
we now define Hochschild cohomology. This minimal projective resolution K, of A°-modules

associated to A = k(@) /I was given by the following theorem.

Theorem 3.7. [5, Theorem 2.1] Let A = KQ/I and assume that A is Koszul. Let {fI'}i~, define
a minimal resolution of Ny as a right A-module. A minimal projective resolution (K, d) of A over

A€ is given by

forn >0, where the differential d,, : K,, — K,,_1 appliedto <! = (0,...,0,0(f")@xt(f),0,...,0),

0 <i <t,witho(f') @ t(f]) in the i-th position, is given by

tn—1 t1

t1
d,(el) = Z (Zcm(n,i, 1) ;5?’1 + (=" ch,q(n, i,n— 1)5?’1fql) (3.8)
Jj=0 p=0 q=0

and dy : Ko — A is the multiplication map. In particular, A\ is a linear module over A°.

We note that for each n and 4, {e'}/", is a free basis of K,, as a A°-module. The scalars

¢p;i(n,i,r) are those appearing in Equation (3.6) and f! is taken to be f!, the residue class of
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flin @i, f'R/ @, f'I. Using the comultiplicative structure of Equation (3.6), it was shown
in [2] that the cup product on the Hochschild cohomology ring of a Koszul quiver algebra has the

following description.

Theorem (See [2], Theorem 2.3). Let A = kQ/I and assume that A is Koszul. Suppose that @
is a finite quiver and I C J? where J is the ideal generated by all paths in (). Suppose that
n: K, — Aand 0 : K,, — A represent elements in HH*(A) and are given by n(el') = \; for
i=0,1,...,tyand 0(e*) = N, fori =0,1,...,t,,. Then 1 — 0 :K,1,, — A can be expressed
as .

(n— 0)(ehtm) = Zcpq n+m, i, n) A\,

p=0 ¢=0

forj =0,1,2,...  thim.

We give the proof of this theorem in Section 4.2 and present a similar formula for the general-
ized Gerstenhaber bracket on Hochschild cohomology of Koszul algebras defined by quivers and

relations in Section 5.1.
3.3.1 The reduced bar resolution of algebras:

We now recall the definition of the reduced bar resolution of an algebra A as presented in
[2, Section 1]. Let a be an ideal of A and set A; = A/a. Assume that A, is isomorphic to a
finite number of copies of k£ and that the natural homomorphism A — Aq is a split k-algebra
homomorphism. For example, if A = kQ/I and I C J?, with J the ideal generated by all paths
and a = J/I, then A satisfies these conditions.

Now assume that A is isomorphic to m copies of k. In this case, take {ej, es, ..., €, } to be
a complete set of primitive orthogonal central idempotents of A. If A is isomorphic to %, then A
is an algebra over A. The reduced bar resolution (B,,d), where B,, := A®%"+2) the (n + 2)-
fold tensor product of A over Ay, uses the same differential as the usual bar resolution i.e. the

differential presented in Equation (2.2). The resolution K, can be embedded naturally into the
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reduced bar resolution B,. There is a map
L :Ke = B, definedby (") =1® fr®1 (3.9)
such that d¢ = «d, where
=Yg @ @@ fl it = g i f (3.10)

for some scalars c¢;, ,...;,. See [2, Proposition 2.1] for a proof that ¢ is indeed an embedding. By
taking A : B, — B, @ B, to be the diagonal map of Equation (2.9) on the bar resolution, it was
also shown and given explicitly in [2, Proposition 2.2] that there is a diagonal map Ak : K, —
Ko @a K, defined by

AK<€n)

T

(]

Cpg(n, 1, 0)E) @n gy " (3.11)

on the complex K, compatible with ¢. This means that (¢ ®¢)Ax = A where (1 ®¢)(K, @, K,) =

L(K,) @4 t(K,) C By @4 Ba.
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4. CUP PRODUCT STRUCTURE

In this chapter we introduce and study a family of quiver algebras and present the cup structure
on their Hochschild cohomology. We show that for some members of the family, Hochschild
cohomology modulo the set of homogeneous nilpotent elements is not finitely generated as an
algebra. We do this by providing a cup product formula defined using Definition 2.7. In the last
section of this chapter, we provide a proof of the generalized multiplicative structure or cup product

structure on Hochschild cohomology of Koszul quiver algebras.
4.1 Introduction

We begin with the following finite quiver

with two vertices and three arrows a, b, c. We denote by e; and e; the idempotents associated
with vertices 1 and 2. Let k() be the path algebra associated with () and take for each ¢ € k,

I, = (a?,b? ab — gba, ac) to be ideals of kQ. Let

{Ag = kQ/Iq}qer 4.1)

be the family of quiver algebras corresponding to the quiver (). The resolution K, — A, given in

Definition 3.7 has free basis elements {7}/, such that for each n,

el =(0,...,0,0(f") @k t(f),0,...,0).
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To concretely define the free basis elements €' for each module K,,, we need to define f;* for each
n and ¢ as defined in [5]. The choice of these notations comes from [5]. We start by letting £()y be
the subspace of k(@) generated by the vertices of Q with basis {e1, ex}. Let f§ = e; and f{ = es.
Next, set k(Q); to be the subspace generated by paths of length 1. A free basis of £Q is {a, b, c}.
So define f§ = a, f| = band fy = c. We let the set { f7}3_ be the set of paths of length 2 which
generates the ideal [, that is, f& = a?, f7 = ab — gba, f§ = V?, f2 = ac. We continue in this way

and define for each n > 2,

fe=f5b+ (=) fi e, (0<s<n),
(4.2)

fa =0"

(n—l)c‘

no__
L n+1_a

We recall that each f" is a uniform relation therefore the origin vertex o( f*) and the terminal vertex
t(fl) exist. Moreover o(f") = e; = t(f") forr = 0,1,...,n, o(fy,,) = er and t(f ) = ea.

Therefore the notation o( f]*) ® t(f!*) in the definition of ¢! makes sense. The differentials on KK,

are given explicitly for this family by

dy(e3) = ¥ — ebe
dn(e7) = (1= Ony)lacy ™" + (=1)" "€} ]
+ (1= 0r0)[(—=@)""bey 7y + (=1)"e7yb], for <

r

dn(el 1) = agl™ ' + (=1)"ey " 'c, when n > 2, (4.3)

n

where 0, = 1 when r = s and 0 when r # s. It can be verified that the differentials satisfy
d,—1d, = 0. For a general proof that the resolution described above, and its general form presented
in Equation (3.7) is minimal and that Ker(d,,) = Im(d,,, ) for all n, see [5, Theorem 2.1].

Recall from Subsection 3.3.1 that the reduced bar resolution (B,,0) of A, for each ¢ is given
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by B, = Mg @) Mg Bag)o - D(ag)o Ag» the (n + 2)-fold tensor product of A, over (Ag)o,
where (A,)o = A,/a and is isomorphic to two copies of k in this case. The ideal a is isomorphic
to J/I where J is the ideal generated by all paths and I C J?. The differentials on the reduced
bar resolution are the same as that on the usual bar resolution given by Equation (2.2). We later
give an explicit description of the diagonal map Ak : K, — K, ®,, K, on the resolution K, in
Remark 4.11. We also recall that the resolution K, embeds into B, via the map ¢ : K,, — B,
defined by Equation (3.9). For A, for example, ¢(¢?) = 1 ® f? ® 1 where fo fo® fl=a®a,
ffzf[}@f}—qff@fol :a®b—qb®a,f§:f11®f11:b®bandf§:fol®f21 —a®c It

is clear from Equation (4.2) that the following holds;

}\(Jﬁ:f(}®f(}®"'®f&, n times,
=t flv(—rfrtefl, 0<s<n,
4.4)
fr=fofl®---af n times,
\ =10 ff® - ® fo® [, f3 appearing (n — 1) times.
In case 0 < s < n, it was shown in [1] that
f:g = Z;nzi?r;{cfrgs{}(],v‘—i-t—n}(_q) n=sti=t) ftf: jta hence
N min{t,s} A - _
fr= 3 (=T fe 4.5)

j=max{0,r+t—n}

4.2 Cup product structure on Hochschild cohomology of A,,.

In order to give an explicit cup product formula, we start with the following:
Remark 4.6. (Notation) Throughout, we will use the following notation which is standard. Since
the set {"}"Xy, forms a basis for K,, for any module homomorphism 6 : K, — A, taking

et to N, 1 = 0,...,t,, we use the notation 0 = ()\0 A e )\tn) to encode this infor-

mation. Furthermore, if 0 takes €] to \,, and every other basis element to 0, we write 0 =
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We recall that for any member A, of the family, if ¢ € Homy (K., A,), and € Home (K, Ay)
are two cocycles, then one equivalent definition of the cup product as presented in Definition 2.7

is the composition of the following maps
don:Kie 25K, @5, Ko 225 A, @40, Ay = A,

where (¢ ® n)(e]" ® €}) = (=1)"¢(e]") @ n(}), and the comultiplicative map Ay of Equation

(3.11) is such that the diagram

K, —%5 K, @, K,

| Jo

A
Be —— B, ®a, B..
is commutative i.e.

(L ®1)Ag = A, 4.7)

where A is the diagonal map on the bar resolution given in Equation (2.9).
Let¢ : K,, = Ay and 5 : K,, — A, be two cocycles of homological degrees m and n respec-

tively. Suppose that ¢ takes €/" to ¢j", i = 0,...,m+ 1 and n takes €} ton;, j = 0,...,n+ 1. We

have from Remark 4.6 that ¢ = <¢6n P P Qﬁﬂ) andn = (773 nwony oot 77241)'

We denote the cup product of ¢ and 1 by

G—ni= ((qﬁn)g”” ()7 (om)y™ - (@7)212 (cbn)ﬂiZH) ’

where (¢~ 1)(]"") = (én)]"".

Proposition 4.8. Let ¢ : K,, = A, and n : K,, — A, be two representatives of some classes in

HH™(A,) and HH"(A,) respectively. The following gives a formula for the cup product ¢ —~ 1 :
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Kyt = A of ¢ and 1.

(

(=)™ opny,  wheni=0

(—1)mnpmtn when 0 <i<m+n
(¢~ m)(e™™™) = (n)i™" = (4.9)

(=)™ ompr,  wheni=m+n

( )mn¢0 77n+17 when i =m +n-+1

\

min{m,i}
where T = Z (—q)? " gmnr 0<i<m-+n.
j=maz{0,i—n}

Before we give a proof, we make the following remark:

Remark 4.10. The result of Proposition 4.8 is very specific to the family of quiver algebras { A} 4e¥
under study. Theorem 4.22, which is presented in Section 4.4, is a generalization of this proposi-

tion.

Proof. (of Proposition 4.8). We will find an explicit description of the diagonal map Ak for which
Equation (4.7) holds. We will first find the image of the basis elements {e™+"}" 4" under the
diagonal map. We will then use the formula (¢ « 7)(7*") = (¢ ®@n) Ak (71™) as the definition
of the cup product.

When r =0,

(t® ) Ak (g ™) = Auleg™)
m-+n times

AI® el =Aleflofle o flel)

m-+n m—+n

=Y (e ffe)ele e Zeo®sm+ns.
s=0
- m+n
We take 1(1® fQ®1) = 1®1, so we have | Ag(egt") Z g5 @ gt ). | Since ¢ is a cocycle
of degree m, we can evaluate (") by specializing to the case where the index s = m. In a similar
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way, we evaluate 7)(e

(¢

In case r = m + n,

") to obtain

~n)(eg™) = (¢ @n)Ax(eg ™) = m(¢ ® n)(eg @ £p)

=m(=1)""¢(ep") @nley) = (=1)""dp"ng -

(@ ) Ax(enin) = Aulenin)

m—+n

—~—

m+4n times

=Alefrrel)=Al® flefle - fl®1)

m—+n m-+n
=Y (lefiehele e Ze ® emtns),
s=0
m4n
so| Ax(emin) = Z eT®enin s, and
(o~ n)emin) =m(=1)"¢(em) @n(en) = (=1)™" Oy,

A similar result holds withr = m +n + 1, i.e.

(e @) Ax(ening) =

m+n—1

s=0

m-+n—1 times

AQ@frin @) =AlQffi@ Q@ f & f 1)

=Y (effelele iy, e)+1efieffe - 0fefhel)®(lel)

m+n—1

=8 Y e @emiin+enti. ),

hence | Ag (el 17 )

m—i—n 1

m+n—s m-+n _
E eS@emtnTs )+ et | ®ey| Therefore, when s = m +n + 1,

we obtain

(@~ n)(e

Eiﬁﬂ) =m(=1)""¢(ep") @ 7](52+1) (=1)""¢q" Mt 1-
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It was shown in [1] that forr =1,2,--- ,n — 1,

min{t,r}

D Y

j=max{0,r+t—n}

Therefore

min{t,r}

(MM =1® [ Z <_q)j(m+nfr+jft>ﬁ ® ;Ti?nft ®1,

j=maz{0,r+t—m—n}

and by letting ¢ = m, the above expression equals

min{m,r}

Z (_q)j(n—r-ﬁ-j)l@ﬁ@@fz@l

j=maxz{0,r—n}
Applying the comultiplication A to the above expression yields

min{m+u,r} o o

Q)™= Y (oIie Frene (e el
u=—m j=max{0,r—n+u}

min{m+u,r}

D S S )

u=—m j=maz{0,r—n+u}

Using the relation (¢ ® t)Ag = Av we obtain

min{m+u,r}

gmtm) Z Z (=" (@) (el @ er”) | Setting u = 0 and ap-

r=J

u=—m j=maz{0,r—n+u}

plying 7(¢ ® 1) we obtain

min{m,r}

(e = (=0 Y (=" ()
j=maz{0,r—n}

min{m,r}

= (D™ Y (=g

j=maz{0,r—n}

= (1T,

which is the result. O]
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Remark 4.11. We can infer from all the boxed equations in the proof Proposition 4.8, which was

also given in [12, Proposition 3.7] that

( n

Z eo®ep T, s=0

TZO min{uw.s)

Z Z (—q)j(”_‘s*j_w)a;” ®er [, 0<s<n

AK(?E?) — w:O j=maz{0,s+w—n}
Z el®@ert s=n
=0
86®€Z:§+1] + e 1 ® €, s=n-+1

\ " =0

where in the expansion of Ak (e7),0 < s < n, the index w is such that there are no repeated terms.

4.3 Hochschild cohomology modulo nilpotents not finitely generated

The theory of support varieties has been well developed for finite groups using group coho-
mology. Several efforts were made to develop similar theories for finitely generated modules over
finite dimensional algebras using Hochschild cohomology. If the characteristic char(k) # 2, then
each homogeneous element of odd degree is nilpotent. Let A/ be the ideal generated by homo-
geneous nilpotent elements of HH*(A). The Hochschild cohomology ring of A modulo nilpotents
HH*(A)/N is a commutative k-algebra.

Let M, N be two A-modules and Ext} (M, N) their extension group. There is an action of
Hochschild cohomology on the extension group defined in the following way. Let P, — A be
a projective bimodule resolution of A. Let f € Hompe(P,,, A) be a representative of a class in
the cohomology group HH™(A). We can also think of f as a representative of an equivalence
class of m-extensions of A by A in Ext’{.(A, A) because of the isomorphism between Hochschild
cohomology and the Ext group. Now define a map ¢ : Ext. (A, A) — Ext}'(M, M) taking the
equivalence class [f] to the equivalence class [f ®, 1,,] which by abuse of notation is written as

O(f) = f ®a 1y. For any representative g € Ext; (M, N), the Yoneda product of [f ®4 1,/] and
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[g] gives an element representing a class in Ext}' ™" (M, N). This induces the left action

HH*(A) x Ext% (M, N) — Ext (M, N)

defined by taking any pair (f, g) to the Yoneda product of ®(f) and ¢ written as ®(f) - g.
For some finite dimensional algebras, it is well known that the Hochschild cohomology ring
modulo nilpotents is finitely generated as an algebra. Furthermore, when M, N are finite-dimensional

modules and H a subalgebra of HH*(A), define

In(M,N)={fe€e H|®(f) g=0, forall g € Ext),(M,N)}

to be the annihilator of Ext} (M, N) in H. Iy (M, N) is obviously an ideal of H. This theory of

support varieties is built on the following definition of a variety.

Definition 4.12. Let M, N be finite-dimensional A-modules. The support variety of the pair M, N
is

Vi (M, N) = Vu(Iu(M,N)) = Max(H/I;(M, N)),

the maximal ideal spectrum of the quotient ring H/Iy (M, N). The variety of M is defined as
V(M) = Vg (M, M).

For this theory to have all the nice properties that one would like, (i) / has to be a finitely
generated algebra and (i) Ext} (A/t, A/t) has to be finitely generated as an H-module. This leads
to the conjecture in [14] that for finite dimensional algebras, Hochschild cohomology modulo
nilpotents is always finitely generated as an algebra. For instance, we can take H = HH®’(A) the
subalgebra of HH*(A) generated by homogeneous elements of even degrees.

The first counterexample to this conjecture appeared in [19] where over a field of characteristic
2, F. Xu used certain techniques in category theory to construct a seven-dimensional category alge-
bra whose Hochschild cohomology ring modulo nilpotents is not finitely generated. Furthermore,

N. Snashall presented F. Xu’s counterexample over any field of characteristic 0 in [14]. The ex-
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ample of N. Snashall corresponds to the case ¢ = 1 for the family of quiver algebras under study.
Using the generalized cup product formula of Proposition 4.8, we now prove that for ¢ = +1,
HH*(A,)/N is not finitely generated. Starting with 0-cocycles, we find solutions to different sets

of equations in order to determine nilpotent and non-nilpotent cocycles.

The 0th Hochschild cohomology (HH’(A) = ‘;frj(f;f ).

=

Let ¢ € kerdt C Ky = Homye (Ko, A), such that ¢ = (A \9), for some A2, \0 € A. We solve for
the \) (i = 0, 1) for which d;¢(e}) = 0 as follows

di¢(e) = ¢di(eg) = ¢laleg) + (—1)'¢"(p)a) = arg — Aga =0
dig(er) = ¢di(e1) = ¢((—q)°b(e0) — (€0)b) = bAG — Agh =0

dig(e;) = pdi(e3) = B(c(e) — (€)c) = cA] — Nge =0

By taking ¢ = 1, we have the relation ab — ba = 0. Whenever we take ¢ = (a 0), (ab 0),(0 a),
(0 b), (e; e2) or (0 e1), the above equations hold. Note that ¢ is a A°-module homomorphism
defined by &) — AJ and €9 — \?. The fact that o( f?)elt(f?) = €%, ¢ = 0, 1 means that we need to
identify each solution (A \?) with (o(fO)NME(fY) o(fOINE(FD)) = (e1X3e1 eaNles). We should
have o(\)) = (\)) = ey and o(\}) = t(\}) = e,. This leads us to eliminate nonsolutions and we
are left with ¢1 = (a 0), ¢2 = (ab 0) and ¢3 = (e; e3).

When ¢ = —1, we have the relation ab + ba = 0, and we get these solutions: ¢; = (a 0) and
¢3 = (e1 €2).

If ¢ # +1, then ab — gba = 0. We get ¢ = (ab 0) and ¢3 = (e; eg) as solutions. Therefore, the
A°-module homomorphisms ¢, ¢o, ¢3 form a basis for the kernel of d; as a k-vector space. That
18,

ker d = spang{¢1, da. d3}-
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In summary we obtain for any ¢ € k that,

kerd; spani{(a 0), (ab0), (e e2)}, ifg=1

HHY(A) = Im(0)

spani{(ab 0), (e1 ea)}, if g # 1.

Remark 4.13. We note that the Hochschild 0-cocycles ¢, = (a 0) and ¢ = (ab 0) correspond to
elements a and ab respectively. These elements are in the center of the algebra A\, q = 1 and are
nilpotent. We will later prove that they are nilpotent using the cup product formula of Proposition
4.8. The O-cocycle ¢p3 = (e1 e3) is not nilpotent, since ey and ey are idempotent elements. It is

obvious that ¢3 generates HHO(Aq) /N . Now because e1+e5 = 1, we make the following deduction

forany q €k :
HH°(A)/N = ker d; = spang{(e1 ex)} = k (4.14)
Im(0) : .
Higher Hochschild cocycles
Let ¢ € ker d; ,, with ¢ = <¢g or e P ¢Z+1)' The elements ¢} = ¢(cl),i =
0,---,n + 1 are obtained by solving the following set of equations for all n and ¢. In the first

two equations of (4.15), we begin to consider possible values of ¢;' when » = 0 and n + 1. In the

last two equations, we consider possible values of ¢ when » = 1,2,...,n. Notice that in order

to capture all these values, we must solve d’:,;¢(e"™) = 0 and d%_,¢(/'1]) = 0 simultaneously.

‘We now solve:

dy 105 ) = ad(ep) + (1) d(eg)a = agy + dha =0
dy10(enta) = ad(en) + (1) (eh)e = ad)y £ dhe =0
dy 1 8(er ™) = ad(el) + (1) gler)a + (=)o (e ) + (1) p(er )b
=ag) + (=1)"Tgla+ ()" TGNy + (—1)"T )b =0,

dy 1 0(e71h) = adpy + (=1)" 7¢O a4 (=) by + (=1)" N0 = 0. (4.15)
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Now letting n, r be even, we obtain

dy 1 0(e7) = agy — ¢ dla+ ()b — ¢, =0,

A d(erf)) = aglyy +d o0 a + ()b — ¢b =0,
and for the specific cases of ¢ = 41, we obtain

d2+1¢(5?+1) = ag, — ¢raL£ by — ¢p_1b =0,

iy 0(erf)) = adlyy + 6 a+bg) — ¢rb = 0.

If we set ¢ = ey and ¢)'_, ¢, | equal to 0, then ¢ = (0 e 0 e 0 - 0) is a solution of
Equations (4.15) under these conditions when 7 is not 0 or n + 1. As given in Remark 4.6, we will
use the notation ¢ = (0 e 0 (61)(7“) 0 --- 0) to specify the position of e; when it is ob-
vious that ¢ is an n-cocycle. Table 4.1 shows all the possible solutions of ¢(c?),i =0,1,...,n+1

for different values of ¢, n and r realized from Equation (4.15).

Remark 4.16. If ¢ = (0 e 0 ¢ 0 .- 0) is any solution of Equations (4.15) such that

@I # ey, then ¢ is nilpotent. This is because from Proposition 4.8
min{m,r} ' '
(o~ o)) = (=™ > (=gl (4.17)

j=maz{0,r—n}

where ¢7'¢;_; is a product of any two elements in the set {a,b,ab, c,bc} which is equal to 0 in the

algebra except in few instances. If it is not a zero, we simply take a triple cup product using the
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g=1 n is even n is odd
r is even \ r is odd r is even \ r is odd
5 a, ab a, ab
" a,b,ab, e ‘ ab a,ab ‘ b, ab
1 ¢, be ¢, be
q=—1 n is even n is odd
7 is even | ris odd 7 is even | ris odd
0 a,ab a,ab
" ab, e; \ b, ab a,b,ab \ a, ab
el ¢, be c,be
q# +1 n is even n is odd
r is even \ r is odd r is even \ r is odd
5 a,ab a, ab
" ab ‘ ab ab ‘ ab
41 c,be ¢, be
Table 4.1: Possible values of ¢(c!*) for different ¢, n and 7.
following;
(@~ ¢~ @) (er™™)
= (n = @)(e"™)  (take p= ¢~ ¢,m =n+n)
min{m,r}
== > (=T ule o
j=max{0,r—n}
min{m,r}
=™ Y ("o o)
j=maz{0,r—n}
min{m,r} min{n,l}
G VD S O ] [Co VD DN C L I GO C ] EIC
j=max{0,r—n} i=maz{0,l—n}
min{m,r} min{n,l}
=D Y Yo (@) G (e ) ler ).
j=maz{0,r—n} i=maz{0,l—n}

The product ¢(£7)d(el' ;)p(er_;) = dFdp ;7 ; is always 0 in A, by the defining relations in I,.
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Therefore a cocycle ¢ : K,,, — A is non-nilpotent if and only if 97" = ¢, = ¢; ; = ey for some

1, 7,1, 7. Accordingly, this is the case if and only if ¢ = £1,n is even and i is even.
We now present the following corollary.

Corollary 4.18. Let ¢ : K, — A, be an n-cocycle. Then ¢ is non-nilpotent if, and only if

q==x1,nandr are even, v # 0 and ¢ = (() e 0 (e)™ 0 .- 0) :
Proof. This follows from Remarks 4.16 and the tables of solutions in Table 4.1. [

Let Z"(Ag, Ay) := HH"(A,)/N, where HH"(A,) = ker(d},)/Im(d},_,). For each n, repre-
sentatives of classes in Z"(A,, A,) are the distinct non-nilpotent elements given by Corollary 4.18.
In order to show that each element given by Corollary 4.18 constitutes its own class with respect
to modding out by nilpotent elements, we do the following: For a fixed n, let ¢, 3 be two distinct

2n-cocycles such that ¢(e2") = ¢>" = e; and B(£2") = 32" = e; with r < s and both r and s are

even. Suppose there is an « such that

d*(a>=¢—6=(o v 0 e 0 - 0 —eg 0 - o)

where the idempotent e; is in the r-th and s-th positions. This « does not exist because by consid-
ering for example at the position r,

e1 = (¢ — B)(e2") = d*(a)(e¥") = a(d(¢*")), implies that

r

1 = aa(e ) + (~1 T a2 a+ (—g)Tba(2 ) + (—1)a(= .

T s

2n—1

2n=1) and «(e2"]") so that equality holds in the above expression.

T

There is no way to define a(e
Another way to look at this is that if d*(«) = ¢ — ( for some «, then « has to be a non-nilpotent
element of odd homological degree. However, there are no non-nilpotents of odd degree. Therefore

there is no such a. Therefore each distinct non-nilpotent n-cocycle constitutes its own class in

2" (Ag, Ag)-
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We now define a canonical map from Z*(A,, A,) = €D,,., 2" (A4, ;) to the polynomial ring

n>0

in two indeterminates k[z,y|. We can recall from Table 4.1 and Corollary 4.18 that ¢f and ¢,

are never equal to e;. We define this map by

(o 0 (e)2 0 -+~ 0

)
(0 000 () 0 - 0>Hw2("2’y4,
(00 er o)

(0 0 -+ 0 (e) 0>Hy2"

This map is well defined as the kernel contains only the zero map. Under this map, the image
of Z*(A,, A\,) is the subalgebra k[z?, y?|y* of k[z,y]. Notice k[z?, y*]y* is generated by the set
{y?, 2%%, y*, %2, 2%y*, 45, . . .}, hence not finitely generated. Moreso, for each n, 22("~Vy? can-
not be generated by lower degree elements. Also note how the cup product corresponds with

multiplication in k[z, y], that is, given even positive integers r, s, we have

(0 -+ 0 () 0 =+ 0)= (0 -+ 0 (e)* 0 - 0) —=(@™7y)- (2™ oy)

- - —

|
|
N
(0 - 0 (e)™™ 0 --- 0) ) =(r+5) s

At each degree n, the element <() 0 e O --- 0) identified with 22142 cannot be gen-
erated as a cup product of any two elements of lower homological degrees. Since this map is
one-to-one, we conclude that Z*(A,, A,) = k[z?, y*]y*. The next proposition formalizes this idea

whereas the next example is an illustration.

Proposition 4.19. For q = £1, Z*(A,, A,) is graded with respect to the cup product and is canon-
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ically isomorphic to the subalgebra k2%, y*|y* of k|z,y|. That is Z*(Ay, Ay) = k|22, y?|y* where

the degree of y* is 2 and that of %y is 4.

Example 4.20. To show that,

xzyz-ygg(o 0 e 00 o)v(o 0 e o)z(o 000 e 00 o)%xQ-y“,

nme¢=x%F«+(% ot 93 o ¢3<ﬁ)amhw=fé+(u%;ﬁ u§;é>1%w

(&~ n)(eg) = boko =

1

(¢~ p)(eh) = Z( 1)! I+ Cb i —j = Goui + iuo =

=0
2

(¢VN)(€S>:Z< 1)’ ¢4M2 j ¢0N2 ¢1N1 ¢2M0

J=0

(¢~ p)(€f) = Z( ) i) ¢ s —j = Pty + dapi; + dapp =
(=1l s 5 = dops — dspt + dioh = e

(1) §=3+) <Z54M5 —j ¢ M2 + ¢4N1

(6~ n)(eg) = Piuz =0
(&~ n)(e7) = doks =

As we have previously mentioned, N. Snashall showed in [14] that when ¢ = 1, the Hochschild
cohomology ring modulo nilpotents for A, is not finitely generated as an algebra. We present the
following theorem which realizes this result by showing that Hochschild cohomology modulo

nilpotents is not finitely generated when ¢ = +1.

Theorem 4.21. [12, Theorem 3.13] Let k (char(k) # 2) be a field, q € k and consider the quiver
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algebra A, of (4.1). Let N be the set of nilpotent elements of HH*(A,). Then

HHO(A,)/N = Z°(A,, A,) 2k, ' +1
I () /A (Ag)/ (Ags Ay) if q #

ZO(A‘NA(])EBZ*(A(]?A(]) gk@k[xgayQ]y27 lfq::tl

where the degree of y? is 2, and that of x°y? is 4.

Proof. If ¢ # £1, and n > 0, then all ¢ : K,, — A, are nilpotent elements by Remark 4.16 and

Table 4.1. From Remark 4.13, we have that
HH*(Aq)/N = HHO(AQ)/N = ZO(Aqqu> = k.

If ¢ = +£1, the non-nilpotent elements are described by Corollary 4.18. From Remarks 4.13
and Proposition 4.19 the Hochschild cohomology ring modulo nilpotent elements of the quiver
algebra A, ¢ = £1 is spanned by graded copies of non-nilpotent cocycles which are in one to one

correspondence with &[22, y?|y®. This means that

HH"(A,)/N = Z°(A, A) @ Z° (A, A)

%k@<@spank{¢:K2n—>Aq|¢:(o e 0 (el)(” 0o ... ()),riseven})

n>0

=k @ k[z*, %]y’

4.4 Generalized cup product formula in the literature

We now give a general proof of the cup product structure on the Hochschild cohomology ring
of a Koszul quiver algebra which was originally presented in [2, Theorem 2.3]. The proof uses
the diagonal map of Equation (3.11) and the cup product definition of (2.7) that was presented in

Section 2.2.
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Theorem 4.22. Let A = kQ)/I and assume that A is Koszul. Suppose that () is a finite quiver and
I C J?, where J is the ideal generated by all paths. Denote by {f™}'m, elements of kQ defining
a minimal projective resolution of Ny as a right A-module. Let K be the projective bimodule
resolution of A with free basis {e™}'m, € K,, for each m. Suppose that n : K, — A and
0 : K,, — A represent elements in HH*(A\) and are given by n(¢') = \; fori = 0,1,...,t, and

O(ef) = N, fori=0,1,...,t,,. Thenn — 0 : K, 1., = A can be expressed as

tn  tm

(n— 9) n+m = Z Cpq n—+m,j, n)>\p)\£1,
p=0 ¢q=0
forj =0,1,2,... tyim, and the scalars cy,(n + m, j,n) are coming from the comultiplicative

structure of Equation (3.6).

Proof. We recall Equation (3.11) that
Ag(el) = Cpg(n, 7, 0)E) @p 7"
Applying the cup product definition given in 2.7, we realize

(n—0)(e]™) =7n(n® ) Ax(e]™™)
n+m ty Intm—o

=7 @YD D Galntm,jv) @y )

v=0 p=0 ¢=0

tn tm
T Z Z Cpg(n+m, j, n)"?(?g) R 9(821)

p=0 ¢=0

tn trn

= Z Z Cpg(n+m, g, n))\p)\;.

p=0 ¢=0
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5. GERSTENHABER ALGEBRA STRUCTURE

In this chapter, we present a general Gerstenhaber algebra structure on Hochschild cohomology
of Koszul algebras defined by quivers and relations. We use the idea of homotopy liftings that were
introduced in Subsection 2.3.2. We also present explicit examples of homotopy lifting maps for
degree 1 and degree 2 cocycles coming from a family of quiver algebras that was introduced in
Chapter 4. We present an application in specifying solutions to the Maurer-Cartan equation in
Section 5.3. Our proof uses the minimal (graded) projective resolution K that has been discussed
extensively in Section 3.3. For a quick review of the resolution K, see Theorem 3.7. We recall that
this resolution possesses a comultiplicative structure with which we now present the Gerstenhaber

algebra structure.
5.1 Generalized Gerstenhaber bracket structure on Koszul algebras

In this section, we present a general way to define homotopy lifting maps on the free basis
elements of the resolution K. We show that defining it in certain ways enables us to obtain new
scalars and some equations in the field k. These equations draw relationships between the new
scalars we obtain and those scalars coming from the comultiplicative structure Ak on the resolution
K. In order to handle the differential on the resolution K, we introduce new maps and emphasize
special situations in which these maps coincide with the differentials.

The main results are Theorems 5.3, 5.14 and 5.23 where we specify how to define homotopy
lifting maps for cocycles taking free basis elements to an idempotent, a path of length 1 and a path
of length 2. Under certain conditions, we present a combinatorial Gerstenhaber algebra structure in
Theorem 5.24 and a general Gerstenhaber algebra structure in Theorem 5.25. Let us first recall the
Definition of a homotopy lifting map (first given as Definition 2.16) with respect to the resolution
K and the comultiplication Ag given by Equation (3.11). The augmentation map K 5 A is the

same as the multiplication dy given in Theorem 3.7.

Definition 5.1. Let 6 € Homy.(K,,, A) be a cocycle. A A°-module homomorphism 1y : Ky —
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K [1 — n] is called a homotopy lifting map of 0 with respect to Ay if

d(ve) = dipg — (—1)" Mhyd = (021 - 1®0)Ag and (5.2)

ppg ~ (=1)" 101

for some ¢ : Ky — K,[1] for whichd(y)) = dyp —Ypd = (p® 1 —1® p)Ag.

Notation: We recall the standard notation earlier given in Remark 4.6. Since the set {7},

forms a basis for K,,, for any module homomorphism 6 : K,, — A, taking e} to \;, 7 = 0,1,...,t,,
we use the notation 0 = ()\0 PVEEEE )\tn) to encode this information. Furthermore, if 6’ takes
€7 to A, and every other basis element to 0, we write 0 = (() e 0 (N9 0 - 0).

Notice that we can write = Z;’;l 6. It is therefore enough to consider maps such as 67 where \
is an idempotent, a path of length 1, or a path of length 2. We start by considering the case where
A is an idempotent.

In what follows, we use the hypothesis of Theorem 3.11 to show that maps taking basis ele-

ments ;" of K,,, to idempotents e; associated to a vertex j in the quiver () have certain properties.

Theorem 5.3. Let A = kQ /I be a quiver algebra that is Koszul. Suppose that Q) is a finite quiver
and I C J?. Denote by {f™}'m elements of kQ defining a minimal projective resolution of Ao
as a right A-module. Let K be the projective bimodule resolution of A with free basis consisting
of all {e™}irm, € K,,, where €™ = (0,---,0,0(f™) @ t(f™),0,---,0). Suppose further that
n : K, — A is a map such that for some i, j, n = <() e 0 (@j)(i) 0o --- 0) , the following

results hold for all m and r.
(i) Ifforall0 < p <ty p, o(f)"7") # ejand t(f)'") # ej, then (N ® 1 —1®n)Ag(e}") = 0.

(ii) Ifforall0 < p' <t, ., o(f)'™") =ejandt(f)'") = e;, then (n®1—1@n)Ag(e") =0
holds provided c;,y(m,r,n) = (=1)"™ ¢, (m,r,m — n), where c..(m,r,*) are the

scalars appearing in the comultiplicative relations on K.
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(iii) Ifforall0 < p" <tp n, o(fy ") = ejand t(fi"") # ej, then (n@1—1®@n)Ak(e)") # 0.
Ifforall0 < p" <tp n o(fyi") # ejand t(f ") = ej, then (n®1—1@n)Ak(e]") # 0.

Proof. The comultiplication on the resolution K is given by

m tu tm—v

Ag(el) = Z Z Z Cpg(m, 1, v)e, @4 €Y. The right hand side of Equation (5.2) which is
v=0 p=0 ¢=0

(n®1—1® n)Ak(e") therefore becomes

m tv tmf’u

(®1—1®nz Zcpqmrv)a?@e v

v=0 p=0 ¢=0

=)

ty

—v

7 2
“@
LQ
O

Cpg(m, T, v)(n@l)(g XA Em Y)

o~

<
~
?
<

Cpg(m,m,v)(1®n)(e, @r ey ")

S
I
o

i
o
Ji
o

Whenever v = n, p = ¢ in the first summation and m — v = n, ¢ = 7 in the second summation, the

above expression yields

tm—n tm—n
Cig(m,r,n)(n@ 1) (e @aep ™) = Y Gpalm,r,m —n)(1@n)(e) " @4 &f)
q:0 p:O
tm—n tm—n

Cig(m,rn)n(e)ey ™ = (=1)"" Y 7 epi(m,rym — n)ep ()

1]

tm—n tm—n
= Cig(m,r,n)ejey ™" — (—1)nm=n) Z cpi(m,r,m —mn)e) "e;. (5.4)
q=0 p=0

If for every p, with 0 < p <t (') # €5 and t(f)"™™) # e;, then the above expression is
equal to 0. Now suppose for every p' (0 < p' < t,,_,,) we have o(f)™") = e; and t(f)") = e;,

then e;e ;™" is equal to

ej(O,--- 70,0(f;,7_n) R t(f;rlm—n)y()’,,, ,0) = (0,--- ,O,Gjo(f;?_") R t(f;t“”),O,--- ,0)
= (07 a07€§®kt(f;7_n)aoa"' 70>: (07 7076]' ®kt(f;/’b_n)707 70)

= (0,---,0,0(f ") @x t(fyr"),0,---,0) ="
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m-n_

and £,""e; = ;" ". The expression (n ® 1 — 1 ® n)Ag(e;") which is equal to Equation (5.4)

therefore becomes

Z[Ci,p' (m7 T, n) - (_1>n(min)cp',i(m7 r,m— TL)]&‘Z/Lin'

pl

The above expression is 0 if ¢, (m,7,n) = (—=1)"" ¢, ;(m,r,m — n) for all such p’. Now

suppose for every p”, o(f™") = e; and t(f,"") # e;, then by similar argument we would have
ey "ej = 0and eje; " = e, ". The expression (n ® 1 — 1 ® 1)Ag(e]") which is equal to

Equation (5.4) therefore becomes

tmf’n

Z Cipr(m,r,m)ey ",

p//

Since the scalars ¢; v (m, 7, n) are not all zero, (n ® 1 — 1 ® n)Ag(e") # 0. If o( ") # e; and

tm—n

t(fyi~") = e;, Equation (5.4) becomes Z cpri(m, r,m —n)ey ", so the expression (n®1—1®

p

n)Ak(e) # 0. O

Remark 5.5. A special case of Theorem 5.3 occurs when n : K,, — A is a cocycle and m = n+ 1.
In this case, the associated homotopy lifting map 1, satisfies di,, — (—1)""'¢,d = 0 if all paths
have origin and terminal vertex as e;. The map 1 being a cocycle means that n(c}') = e; and

n(e™) = 0 forany r # i and 0 = d*n(e"*) = nd(e"™) which is equal to

tn t1 t1

13 (D e+ L DR + ()Y egln+ L)l ;)
7=0

p=0 q=0

t1

=Y ein+ L, D fnEl) + ()" cigln+ 1 n)n(el) f;
p=0 q=0

1 t1

= cpi(n+1,m, 1)f;ej + (=)™ Z Cig(n+1,m, n)eijl.

p=0 q=0

~+

Since all paths have origin and terminal vertex as e;, the above expression becomes ) [c,i(n +

L, 1) + (=1)""cip(n + 1,7,n)|f) and hence c,;(n + 1,7,1) = (=1)"c;ip(n + 1,7,n) for all
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0<p<t.

We recall from Definition 2.17 of Subsection 2.3.2 that for Koszul algebras, we can take the
degree 0 part of the homotopy lifting map i.e. (Vy)n—1 : K,_1 —= K to be the zero map. From the
result of Theorem 5.3, (), = (—1)" " (¢))n_1d = 0, s0 we see that we can define all homotopy

lifting maps 1), to be the zero map for all n.

Corollary 5.6. Let A = kQ/1 be a quiver algebra that is Koszul. Assume that Q) is a finite quiver
and I C J% Denote by { f™}r, elements of kQ defining a minimal projective resolution of A as
a right A-module. Let K be the projective bimodule resolution of A with free basis consisting of

all {emYim € K,,. Suppose that ) : K,, — A is a cocycle such that for some i, j,

r

77_(0 0 ()P 0 - 0).

Then a homotopy lifting map associated to 1) can be taken to be the zero map.

Proof. Take m = n + 1. If forall 0 < p < t1,0(f,) # e; and t(f)) # e;, we obtain di, —
(=1)" e, d(em™) = (n® 1 — 1 ® n)Ag (") = 0 according to Theorem 5.3. We can then set
1y to be 0.

If forall 0 < p < t,0(f)) = ¢; and t(f,) = e;, according to Remark 5.5, some scalars match
up, thatis ¢, ;(n+1,7,1) = (=1)"¢; ,(n+1, r, n). This case also yields di, — (—1)" 14, d(er ) =
(n®1—1®mn)Ag(e") = 0 and we can set 1, to be 0.

We are now left with the case where o(f)) = e;,t(f,) # e; and o(f)) # e; t(f,) = e;.
According to Theorem 5.3, these scenarios yield (n®1—1®7)Ax(ep ™) = 3 cou(n+1,7,%)e).
The differentials map basis elements £"*! to a linear combination of fjlsg and ey fj1 while the
homotopy lifting map ¢, : K,, — K; maps €7 to a k-linear combination of 6713 € K;. The
expression dip, — (—1)"'4,d(e}"") therefore yields a linear combination of f}'e) and e, f; for all

r

r, 7, q, and p. Equation 5.2 is therefore given by

Z Z cip(n+1,r, n)fjlszl7 + Z Z cpj(n+1,m, n)szl,fjl = Z Cex(n+ 1,7, *)511)
g p j

p
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which is contradictory because the right hand side contains no paths. It must be that there is no p
for which o(f,)) = e;,t(f,) # e; and o(f}) = e;,t(f)) = e; holds whenever 7 is a cocycle. So
we have the previous two cases. If this is not the case i.e. there are such p, then we must have that
>y Cex(m, 7, %)e, = 0 and therefore di),, — (—1)""'¢,d = 0. Then set 1, = 0 and we are done.
]

Moving on to the case where a free basis element is mapped to a path of length 1, we start with

the following definition.

Definition 5.7. For each fixed n,r, let < >, ,: K, 1 — K, _1 be a map defined on 5’]_1 for each

J by

tn—1

Z(Zw])nrl 1"1+Zw (n,r,n —1)ey f)

(J)(

for scalars wyy (n,r, 1) and wq(,{]) (n,r,n — 1). Then extend to all of K,,_1 by requiring it to be a

A¢-module homomorphism.

Remark 5.8. Whenever w() (n,r,1) =0 = w(])(n,r,n — 1) forall v # j and wg)(n,r, 1) =
cpi(n,r, 1), w%)(n, r,n—1) = (=1)"cj,(n,r,n—1), where c, .(n,r, *) are the scalars appearing
in the comultiplicative relations given by Equation (3.6), we obtain a special case of the module

homomorphism which is defined as

t1 t1

<l >= Y ginr it + (=) gjg(n o — 1)l L (5.9)
p=0 q=0

The differential factors through this map i.e. there is a component of the differential map d’, j =

n—1

0,1,...,tn—1 taking every basis element €}’ to a free basis element €;~" such that in the special

case defined above, the following diagram

&,
Kn - anl

< >pr
dn

anl
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commutes i.e. d(e]') = Z;":‘Ol < d(eM) >p= Z;":‘Ol < e >,,. The subscript (n,r) in <
>, » indicates that the scalars c,;(n,r, 1) and (—1)"c;j4(n, r,n — 1) are coming from or associated

1

with the basis element c'. For example, in the expansion of < 6?_ P 6?;11 >pr and <

e >, 41, the associated scalars to < €~ >, . will be ¢,;(n, 7, 1) and (—1)"c;q(n,r,n—1) and
they come from the expansion of d,,(V"), the associated scalars to < 5;7‘;11 >, willbe ¢y ji1(n,r,1)
and (—1)"c;j+14(n,7,n — 1) and they come from the expansion of d,, (<)), while the associated

scalars to < 5 >, .y will be cy;(n,r +1,1) and (=1)"¢;q(n, 7+ 1,n — 1) and they come from

the expansion of d,, (e}, ). We immediately see that under these conditions,

tnfl t",1 t1

t1
de) =3 <7 mu= D (D enlnn DR+ (1" Y eplnrn = Dy ).
j=0 p=0

Jj=0 q=0

Henceforth, we will make use of the special case module homomorphism < >, . because of its

connection to the differentials d.

We now give series of results that will be a basis for defining homotopy lifting maps for cocy-
cles taking free basis elements to paths of length 1. Suppose that 7 is an n-cocycle, our goal is to de-
fine 1, such that Equation (5.2) holds. Now define for all m > 1 and for all j, v, : K;,,_1 — K,,,_,
by @Dn(s;"_l) = Y b1 j(m — m,r)e™ ", where b, j(m — n,r) are scalars and extend it
to all of K,,,_; by requiring it to be a A°~-module homomorphism. Now consider the special case
where for all m and each j, there exists an integer j’ depending on j such that b,,_; ;(m—n,r) =0

for all » # j' that is

oY) = b j(m —n, )l ™" (5.10)

The next series of results show that this special case is indeed a homotopy lifting map under certain
conditions on the scalars b, ,.(x, *), ¢,;(m, r, x), ¢j,(m, r,*). Furthermore, we have the following

commutative diagram

< >m,r
Kmfl Kmfl
S
< >m,r
Kmfn Kmfn




-1

and the equality ¢, (< €' >pn,) = bpo1i(m —n,j') < 4" >m-_n+1, holds if the scalars
cpj(n, 7, 1), cjq(n, r,n — 1) of the comultiplicative structure (3.6) satisfy

Equation 5.11 (which we denote by j <+ j") below for all p, ¢, m and r:

cpj(m,r, 1) =cpy(m —n+1,r1) and

(=1)"cjq(m,r,m — 1) = (=1)""Tep (m —n+1,7r,m —n). (5.11)

The following Lemma captures these ideas.

Lemma 5.12. Let A = kQ/I be a quiver algebra that is Koszul. Suppose that Q) is a finite quiver
and I C J% Denote by { f™}ir, elements of kQ defining a minimal projective resolution of A as
a right A-module. Let K be the projective bimodule resolution of A with free basis consisting of

all {m}im . € K,,, where

&' =(0,---,0,0(f") @ t(f"),0,---,0).

w

Suppose 1 : K,, — A is a cocycle defined by n = (0 0 (fH® o . ()> . The special
A¢-module map defined by zbn(z-:;”_l) = by—1,5(m —n, ')} " for all j satisfies 1, (< 5;-”_1 >

) =< wn(égnfl) > for all m, r. Furthermore, the last equation implies that

m

Un(< P >me) = b1 (m —n, §') <R >0 = b1y (m—n,5) <R > ng,

J

provided Equation (5.11) holds.

Proof. We first observe that if 1, (™) = bp,.(m —n + 1,s)e™ " then for 0 < w < ¢y,
fin(e™) = fibm,(m —n +1,5)e™ "1 This is the same as by, ,.(m —n + 1,8) flem " =

s

Uy (faem™ "+ since ¢, is a A°-module homomorphism. ¢, (¢7) fi = 1, (/™ f1) holds similarly.

S
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Taking @Dn(s}”_l) = bp—1,5(m —n,j')e} ", we will have

t1 t1

YPp(< 6;-”_1 (ZCW (m,r,1)f ; g5 L (=D)™Y cjg(m,r,m — 1)5;7‘_1]”;)
p=0 q=0

t1
=Y cpi(m,r D (e ) + (1) Z Cig(m,rym — 1) (7 ) £
p=0 q=0
t1
= Z ij(m, T, 1)bmfl,j (m —n, j,)f;ff;r/b_n
p=0
t1
—1)™ > " ejg(m,rym = Dby i(m —n, j)en " 1.
q=0
On the other hand

< wn(é‘;nil) Smr =< bm—l,j(m ] )577} " >

)

t1
= i(m,r, Dby i(m —n, j) freh ™
p=0

t1
1" Z Cig(myrym — 1)bp,—1 j(m — n,j’)»s;?f‘”fql-
q=0

It is now established that 1, (< 7! >,,) =< ,(¢]""") >p,. Also, you can factor out the
scalars b,,_; j(m — n, j') from the last expansion so that

Py(< 52”_1 >mr) = bm-1;(m —n,j') < 5;7_” >, From the expansion of

(< €57 >mny1,) the equality ¢, (< e >np) = bno1j(m—n,j’) < €N >me= bno1,5(m—
n,j') < 4" >m_nt1, holds provided that Equation (5.11) is satisfied: that is whenever c;; (m,r,1) =
cpi(m—n+1,r,1)and (—=1)"cj,(m,r,m—1) = (=1)™ "¢, (m—n+1,r,m—n). In addition,

since 1, maps basis elements {7~ m ' of K, to basis elements {/" ™" fm o' of K,,,_,,, over a

sum, we have the following expression

tm—1 tm—1 tm—n

Z wn(< Em 1 >mr Z < ’Lpn ) >mar= Z bm,l?j(m — n,j’) < 8;—7771 >mentlpr -
J'=0
(5.13)
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O]

We now give an important result stating conditions on the scalars b,, ,.(x, *), ¢,;(m,r,*) and

cjq(m, r, *) for which the map of Equation (5.10) is a homotopy lifting map for the cocycle 7.

Theorem 5.14. Let A = kQ/I be a quiver algebra that is Koszul. Suppose that Q) is a fi-
nite quiver and I C J?. Denote by {f™}'m, elements of kQ defining a minimal projective
resolution of Ng as a right A-module. Let K be the projective bimodule resolution of A with
free basis consisting of all {e™}ir, € K,,. Suppose that n : K,, — A is a cocycle such that
n = (0 e 0 (fH@ o - 0) for some O < w < ty, and Equation (5.11) holds for all j
with j <> j'. For all m,r and some s depending on r, assume there are scalars by, .(m —n+1,s)

such that
(i). B =c;y(m,r,n) whenp=w, B=0whenp# w, and
(ii). B'=—(=1)""""c, (m,r,m — n) when p = w, B' = 0 when p # w

where B = by, ,(m —n+1,s)cpy(m—n+1,51)+ (=1)"byp_1;(m —n, j)cpy(m—n+1,7,1),
and B' = (—1)" " [(=1)"by.(m —n+1,8)cjp(m —n+1,s,m —n)
+ bp—1,(m —n, j')cjm(m —n+ 1,7, m — n)|. Then a homotopy lifting map 1, : K,;, — K, 11
associated to 1) can be defined by

V(€M) = by (m —n+1,8)el "

T

Proof. We have to show that under the stated conditions (i) and (i1), the equation

(dipy = (=1)" "hyd)(e") = (n @ 1 — 1@ 1) Ax(e]")
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holds. We have from the left hand side that

(dipy = (=1)" ) (") = diby(e") — (=1)"byd(e]")

= dlbnplm =+ 1, 5)em ) = (<1, < )

tm—1

= bpr(m —n+1,8)d(e™ ") ) 121/)7, er L)

Using Equation (5.13) of Lemma 5.12, and applying the definition of the differential, we get

tm—n tm—n
m—n n 1 m—n
bm,r(m_n+178) § <&, Zm-n+ls — E bm 1j m—n ] ) < 5 7 >m—n+1,r;
a=0

then applying the definition of the map < - >, ,, the last expression equals

tm—n t1

DD birlm —n - Ls)epa(m —n+ 1, 1) fel
a=0 p=0

tm—n t1

1)m—ntl Z Z bns(m —n+1,8)coq(m—n+1,5,m— n)eg”_"fql
a=0 ¢=0

tm—n t1

Zme 1j(m —n,j")cpy (m —n+1,7‘,1)f;5;77_”

3'=0 p=0

tm—n t1

1)mt! Z me 1j(m —mn,j")epg(m —n+1,r,m— n)e}’,‘_”fql.

j'=0 ¢=0
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Collecting like terms and re-indexing oo = j', we get

tm—n t1
= Z [bm,r(m—n—l—1,3)cpa(m—n+1,s,1)
a=0 p=0

+ (=1)"bp—1,(m — n, @) cpa(m —n+ 1,7, 1)} f;gfl”*"

tm—n t1

SNSRI [(—1)”bm,r(m —n+1,8)cap(m —n+1,5,m—n)

a=0 p=0

b=t = Lo =] 27

which is succinctly expressed as

~+
i
3
~
_
~

m—-n t1

- Bl fenr e 33 [ B

=0 p:O

Q
Il
o
3
Il
=)
ol

After applying the definitions of B and B’ given by (i) and (ii) of the theorem, that is substitute

B = ¢;o(m,r,n), B' = —(=1)"™""¢c, (m,r,m — n) when p = w and 0 otherwise, we get

tm—n tm—n

= 3 cralm ) e = (<1 S g (mrm = m)en
a=0 a=0

On the other hand, the comultiplication on the resolution K is given by

m ty tm—v

Ag(el) = Z Z Z Czy(m,r,v)e; ®a €. Applying (n ® 1 — 1 ® n), we obtain
v=0 z=0 y=0

M®1-10nAk(E) =nel-10n)) Cay (M, 7, 0)e8 @y "

~+

<
~+
3

—v

NE

Cm,y(mv T, U)(n ® 1)(5; SN 821_1))

1]

S
Il
o
8
Il
o

~~
<
~~
i
<

NE

Cay(m,m,0) (1 ®@n)(ey @r ;")

i
=)
8
I
=)
0
=)

Whenever v = n,x = ¢ in the first summation and m — v = n,y = ¢ in the second summation,
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and changing the indices x, y to « later on, and using Koszul signs convention in the expansion of

(1&n)(er—"®el) to obtain (—1)Mm=mem=n;(c) where |n| = n is the degree of 7, the above

expression yields

t"n—n tm_,n/
2 ciylmrm(n @ (e ©a €)™ = D caslm,rim —n)(1 ©m)(e ™" On )
y=0 x=0
tm—n P
- Ci (M, 7y m)n(e] ey ™" e Z Cei(m,r,m —n)em™ ()
y=0 =0
tm_n t"n—n
= Cia(m,r,n) frem™" — (=1)"m=m) Coi(m,r,m —n)em " fL
a=0 =0

]

We will next consider the case where free basis elements of K,,, are mapped to paths of length

2 by an n-cocycle. We start with the following definition.

Definition 5.15. Let f,, f., ., be paths of length I in A = kQ/I. For a fixed n and for all m > 1,
defineamap Y : K,,_1 — K,,_, by

tm—n tm—n

o 1 m n N _m—n pr1
= E bmflyj( —n, 'U + g bm 1 ] n,v )51;’ w1
v=0

for all j where b,,_ j(m — n,*) are scalars and extend it to all of K,,_1 as a A°-module homo-

morphism.

Remark 5.16. For a cocycle n : K, — A, Y. Volkov showed that there are homotopy lifting
maps 1, : K — K[l — n], as presented in Definition 2.17. Let the cocycle n be defined by

n = (0 e 0 (fL w+1) @ 0 ... 0). Now consider a special case of the module homo-

morphism 1) where for all m and each j, there exist integers j' and j" depending on j such that

bm—1;(m —n+1,v) = 0forallv # j" and b,y ;(m — n,v") = 0 for all v' # j". We obtain the
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following special case:

(€)= b1 j(m =1, §) fuel T A by i (m =, 5T (5.17)

We will show that under certain conditions on the scalars b,,_; ;(m — n,*) and the scalars
cpj(m, 1, %), this special case is a homotopy lifting map for n. We do not assume that j' = j"
all the time. However, in Section 5.2 where we give examples, we note that the indices 7' and j”

are consecutive, i.e. j' = j" + 1.

Before presenting another major theorem (Theorem 5.23), we present two lemmas. Since we

m

™ >..), Lemma 5.18 gives information on this expansion much like

will be expanding v, (< ¢
Lemma 5.12 and Lemma 5.20 helps to give a succinct way to express the sum di),, (") + 1, d(el™).

We say that Equation (5.11) holds with j <+ j” by changing all j’ to j” in Equation (5.11).

Lemma 5.18. Let A = kQ/I be a quiver algebra that is Koszul. Suppose that () is a finite quiver
and I C J*. Denote by { f™}ir, elements of kQ defining a minimal projective resolution of A as
a right A-module. Let K be the projective bimodule resolution of A with free basis consisting of
{em}im € K,,. Supposen : K,, — Ais acocycle defined by n = <() e 0 (fq}}fiﬂ)(i) 0

and Equation (5.11) holds with j <> j' and j <> j". The module homomorphism defined by
wn(%'rhl) = bp,j(m —n, ) 1};87}17“ + by i (m — naj”)é‘?}/in 1};+1

for all j satisfies 1), (< 8}”’1 >r) =< wn(é?;”’l) > for all m and r and this equation implies

that

< %(5?‘_1) Zmr = bm_17j (m — n,j’) < f&}g?,b_n > mend

-1/ m—n r1
+ bm,l,j(m —n,) ) < 5]-// w1 Zm—n+lr -

Proof. We use the fact that ¢, and < - >, , are A°-module homomorphisms. Using wn(egn’l) =
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S\ £1 m—n S ~m—n r1
bin—1,5(m =1, 5") [ ™" + bin1,(m — n, §")5" 11, we have

(< P >00)

= ¢n<ch] m,r, 1) fyel” ! (—1)mzlch(m,r,m— 1)6;-”_1]0(11)

q=0

= Z Cp (i, Dy (Fa ™) + (=)™ ejg(myrym = D)y (771 f)
p=0 q=0

= Zcpj(m,r, 1)fz}1/’n(5§‘n_1) + (=™ chq(m, rym — 1)1/)n<5§‘n—1)fql =< ¢n(5§n_1> > m,r

p=0 q=0

— Cpi(m, 1, 1) f) [bm,m (m —mn,j") ie}?‘” + b1j(m —mn, §")en " j,ﬂ]

p=0
t1
+ (=)™ Z cjg(m,r,m — 1) [bm,u (m—mn,j") 1},82-’77" + bm1j(m —n, j" )" ,}U“] i
q=0
t1
= bip—1,5(m [ZCPJ m, 7, 1), fl v (_1)mzch(ma7”7m )(fl v, }
+ by1,5(m [Zcmmrl (€N ) Zc]qmrm—l)(sn w+1)f1}

We now recall that the first equality of Equation (5.11) matching j <> j” implies that

= ZCPJ”( —n—+ 1 T, 1).]%(5;}/7” 1})+1)

t1

(=)™ Y eprg(m = nt+ Lrym = n) (" faa) S,

t1 t1
= cpi(m, 1)f;}(52‘n~_n 1};+1) + (=)™ Cjg(m,r,m — 1)(5}7/_” 11L}+1)fqla

+
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and the second equality of Equation (5.11) matching j <+ j’ implies that

1 m n
<f >m— n+1,r

= Z Cpg(m —n+ 1,7, 1) f1(faeh™)
p=0

t1
"N ey g(m—n+ Lr,m —n)(faeh ™) £,
q=0

t1

= cpj(m,nl)f (fl ") mzcyq (m,r, m—l)(fl i n)f

p=0

Putting all these together, we get the desired result:

77Z)7](< 6;71—1 >m,r) =< ¢n(€?1—1) Zmr
=< by 13( )fl T+ bm—l,j (m - naj/,)i‘?;’nﬂ_n 5;-4—1 Zm—n+1lr

= bm—l,y( ) < fl f > m—n+1,r +bm—1,j(m - naj//) < 5;'71”_” 11;4-1 Zm—n+lr -

O

The differentials map free basis elements £™ to a linear combination of f!e™ ! and e™ ! ! and

the map 1 of Definition 5.15 maps free basis elements e™ ! to linear combination of f.e™." and

*kok

mnl

em . Combining these two maps means ¢d and di> will map free basis elements € to a linear
combination of f* O ’flg*** f**’ **6*** f*l and 6:1*” : fl The map J K — Km n+1
given in the next definition describes all the possible k-linear combinations there are and the next

lemma shows that after suitable substitution of certain scalars, J = di», — (—1)" 4, d, where 1,

is the special case map given by Equation (5.17).

Definition 5.19. For 0 < v < t,,_,, define amap J : K,, — K,,_, on the basis elements <" of

K, by
tm—-n t1 t1

JCOEDY (O (603, V) SR G (10, ) LR [ O (0 ) £ 1]
v=0 i=0 j=0
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for some scalars o, . (*, *, ) and extend to all of K,,, by requiring it to be a A°-module homomor-

phism.

Lemma 5.20. Let A = kQ/I be a quiver algebra that is Koszul. Assume that Q) is a finite
quiver and I C J2. Denote by {fm}im, elements of kQ defining a minimal projective reso-
lution of Ny as a right A-module. Let K be the projective bimodule resolution of A with free
basis consisting of {e™}r, € K,,. Suppose that n : K,, — A is a cocycle defined by n =
(0 0 (FEFE@ 0 0) and Equation (5.11) holds with j <+ 7' and j <> j". Then
for all m and r, there are scalars O'*’*(*7 %, %) such that whenever

Vel = bop(m —n+1,8) foe? " + by (m —n+1,8)el "L

for some s and s' depending on r,

(dipy = (=1)" My d)(e]") = (). (5.21)
Proof. We begin the proof with direct evaluation of these maps on the free basis elements.

(dipy — (_1)71_17/)7760(5:1) = dipy(g;") — (_1>n_1¢nd<5;n)

B d(bmm(m —n+ 17 3) 1}15?_”—’—1 + bm,r(m —n+ 17 5/)527_”4_1]014,-1)

w

tm—1

= (D) < )
=0

= bm,r(m —n+ ]-7 S>fv})d(€7sn_n+1) + bm,r(m —n-+ 17 S/>d(8:7_n+1)f1};+1

tm—1

— (=1)"! Z (< P >0)

J=0

Summing over the indices j" and j” after applying v, to 5;71_1 and applying the result of Lemma 5.18,
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we obtain

tm—n

bm,r<m —n+ 17 S)fi; Z < 52%n >mfn+1,s
a=0

tm—n

+bmr(m—n+1,8) Y <ef " Smoniry fun
B=0

tm—n

—(=1)"D  bperg(m =, §) < gl S
3'=0

tm—n

— (="t Z by—1,j(m —n, j") < 5;nﬁinf;;+1 Zm—nt1r -
§'=0

Applying the definition of < ¢ >, , at the appropriate places, we obtain

tm—n t1
b (m —n+1,8)f) Z [Zcpa(m —n+1,s1)fen™"
a=0 p=0

t1

(1) ag(m = n - Ls,m = n)en "
q=0
tm—n t1
+ byr(m—n+1,5") Z [Z cps(m—n—+1,¢, 1)f;€g‘_”
B=0 p=0
t1
+ (=1)m Z cgg(m —n+1,8",m— n)egl_”fql] fla
q=0

tm—n

t1
— (=)™t Z bm—15(m —n,7") f, [Z ¢py(m—n+1r, 1)f;g;’}*”
§'=0 p=0

i1
4 (—1)m ! Z cirglm—n+1,r,m— n)sgr,‘_”fql]
q=0

tm—n t1
_ (_1)n—1 Z bm—l,j (m — n,j”) |:Z Cpj’ (m —n—+ ]., T, ].)f;&f;r/b/_n
j//:0 p:(]

t1

+ (—1)montt Z cirglm —n+1,7,m — n)a??f”fﬂ -
q=0
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After re-arranging and bringing together similar terms, we get

tm—n t1
:Zmem(m—n—i—l,s)cpa( —n+1,s1)fyfen ™"
a=0 p=0

tm-n t1

— ”IZmelj 7 )ep g (m n—l—lrl)fflm”

=0 p=0
tm—n t1
+ (—1)m b (M —n 4+ 1,8)Cag(m —n+1,8,m —n)frer ™" ql
a=0 ¢=0
tm—n t1
— (=™ bn—1j(m —n, j)ejq(m—n—+1,7,m — n)fie}’,‘_"f;
j’=0 ¢=0
tm—n t1
+ Z me,r(m—n—l—l,s’)cpg( —n+1,¢ 1)f1 A
=0 p=0
tm—n t1
- ) Z me 15(m 3" )epjr(m —n+1,r, 1)f15n7/ " fust
§=0 p=0
tm—n t1
+ (—1)m bnr(m—n+1,8)eg(m—n+1,8,m-— n)gg”"” ql jﬂrl
Bs=0 ¢g=0
tm—n t1
Z me 1J )cj”q(m_n—i_lvr?m )877/ nf fi}-&-l
§"=0 q=0

(al)

(a2)

(bl)

(b2)

(cl)

(c2)

(d1)

(d2)

Next we combine Expressions (al) and (a2) and re-index by setting j' = «, combine Expressions

(bl) and (b2) and re-index o = j'. In a similar way, we combine Expressions (c1) and (c2) and

61



also combine Expressions (d1) and (d2) and re-index by setting j” = 3. We obtain

tggop] 1mn+tmzfi[]1mn1

q
a=0 g=0
tm n t1 m n 1
+y [Cﬁ} flemnpl 4y [DB] monglpl (5.22)
B=0 p=0 B=0 ¢=0
where
Ay =bp(m—n+1,5)cpa(

m-—n+1,s,1)
+ (—1)”bm_1,j(m —

(_1)m_n+1bm7r (m

n,a)cpa(m—n+1,71)
B,

—n+1,8)caq(m—n+1s,m—n)
= (=1)"bp-1,5(m —

n,a)Coq(m—n+1,r,m—n)

Cs=bp,(m—n+1,5)cs(m—n+11)
+ (=15 (m =, B)eps(

(_1>mfn+1bmm (m

m—n+1,r1)

Dg

—n+1,8)cg(m—n+1,8,m—n)

+ (=1)"bpm—1,5(m — n, B)egq(m —n+1,7,m —n).

Now re-write Equation (5.22) as follows:

tm—n 1

W RABIIESS LS

a=0 =0 p=0

(D] sir}
0 j=0 p=0

such that A, = B, = 0 forall i # w and Cs = Dg = 0 for all j # w + 1. This expression is in
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the form of .J (") given by Definition 5.19. More specifically, when we substitute

/

Omr(,J, V) = Ay wheni =w (fixed),p=7,v = q,
Omr(i,v,j) = By wheni =w (fixed),q = j,v = «,
Omyr(t,v,7) =Cs  when i =p,j=w+1 (fixed), v = 3,

Omr(V,i,7) = Dg  when i=g¢q,j =w+1 (fixed), v = f3,

\

and 0 otherwise, we obtain (di,, — (=1)" 14, d)(e™) = J(eM). O

r

Theorem 5.23. Let A = kQ/I be a quiver algebra that is Koszul. Assume that Q) is a fi-
nite quiver and I C J2 Denote by {f™}'m, elements of kQ defining a minimal projective

resolution of Ay as a right A-module. Let K be the projective bimodule resolution of A with

m tm
r Jr=0

free basis consisting of {e € K,.. Suppose that n : K, — A is a cocycle such that

n = <0 e 0 (ﬁ) 1lu+1)(i) 0 --- ()) for some 0 < w < t; and Equation (5.11) holds
with j +» j' and j < j". For all r and some integers s, s depending on r, assume there are

scalars by, ,(m —n+1,s), by, .(m —n + 1,5") such that

(i). Ay = cip(m,r,n)ifp=w+ 1,4, =0, ifp#w+ 1, and
D = (—1)”(m_”)+1cj//i(m, r,m—n), if¢=w,Dj» =0if ¢ # w and
(ii). Bjy = 0,Cyr = 0 for all j' and j" where
Aj =bp,(m—n+1,8)c,y(m—n+1,81)+ (=1)"bpm_1,;(m —n, j')ep(m —n+ 1,7, 1),
By = (=)™ .(m —n+1,8)ci(m —n+1,8,m —n)
= (=1)"bm-1(m = n, j')cjp(m —n+1,r,m —n),
Cir =bpmr(m—n+1,8)cpm(m—n+1,5,1) + (=1)"bp_1;(m —n, j")cpy(m —n+1,r,1) and
D= (=1)"""*p, (m —n+1,8)cjm(m—n+1,s,m—n)

+ (=1)"by—1j(m —n, ") ejr p(m —n+ 1,7,m — n).
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Then a homotopy lifting map ,, : K, — K,,_,,+1 associated to 1 can be defined by
Un(e7") = bmg(m = 4 1 8) L el 4 bp(m = 1,8 )eg ™

Proof. We first note that all the conditions of Lemma 5.20 are satisfied. We can therefore estab-
lish from Lemma 5.20 that whenever ¢, (¢™) = by,.(m —n + 1,s)fle™ ™ + b, .(m —n +
1,s)en L,

(diby = (=1)"""yd) (") = J(]")

holds. Applying condition (ii) of the theorem, that is substitute B, = 0 and Cjz = 0 into Equa-

tion 5.22 of Lemma 5.20, and re-index by substituting g as p we get

tm—n t1 tm—n t1

(A, = (=1 ) (e = D0 D | Aa| fhfien T+ 30D [ Da|er A fn

a=0 p=0 B=0 p=0

After applying the definition of A, and Dg of condition (i) of the theorem into the above expres-

sion, we obtain

tm—n tm—'n

> cialmorn) fofaoen™ = (=1 N " cgi(m,r,m = n)ef " fa fa.

a=0 £=0

On the other hand, using the multiplicative structure on K, we get

m tv tmf'u

Ag(el) = Z Z Z Cay(m,m,0)e; ®p €7, Applying (n ® 1 — 1 ® 1), we obtain

v=0 z=0 y=0

ty tm—v

(o1 -1@nAkEr) =3 oy, 0) (7 @ 1)(E2 @4 1)
v=0 =0

3

)i
o

to tm—v

-3 Cay (M, 7,0) (1 @ 1) (€4 @7 £17).
v=0 x 0

=0 y=

Whenever v = n, x = ¢ in the first summation and m —n = v,y = ¢ in the second summation, the

above expression will become
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tmfn tmfn
= ciymrn) (@ 1)(EF ®p ) = Y coi(mr,m —n)(1@n) (el " @4 €})
tm—n tm—n

Ciy(m,r,n)n(ef)ey ™" — (=1)"" Y " i (my v m — n)ep"n(e})
=0

<
Il
o

which after applying the definition of 7 and re-indexing by taking y = o, x = 3, we get

t’rnf’n t’rnf’n

= cialmrn) fofoen™™ = (1" N " e i(mor m = n)el T o
a=0 B=0

]

The following theorem gives a combinatorial description of what we obtain when the Gersten-

haber bracket of any two Hochschild cochains is applied to free basis elements.

Theorem 5.24. Let A = k(Q)/I be a quiver algebra that is Koszul. Assume that ) is a finite quiver
and I C J% Denote by { f™}m, elements of kQ defining a minimal projective resolution of A as
a right A-module. Let K be the projective bimodule resolution of A with free basis consisting of
{emYim € K,,. Suppose that 1) : K,, — A and 0 : K,,, — A represent elements in HH*(A) and are
given by n = (0 e 0 NP 0 - 0) and 0 = <() e 0 (AP 0 - o)forall
i,j where 0 < ¢ < t, and 0 < j < t,,. Assume also that there are scalars by,_n+1,.(n, ) and
bm-nt1,-(M, j) associated with the homotopy lifting maps Vo) and ), respectively that satisfy

the conditions stated in Theorems 5.14 and 5.23. Then the bracket [1,0] : K, ym—1 — A has the

property that

le if /\1, = fil and )‘j = jl,

[0, 0)(e7 1) € kQy if N = flfl,and \; = f]

1

kQ3 if /\z = f,il Z-lJrl and )‘j = fjl j1+1'
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Proof. Using the definition of Gerstenhaber bracket of Definition 2.18, we get

[0, 0) (€747 1) = (g — (—1) DDy, Y (em 1)

= (e ) = (1) DO DGy, i)

T

We now apply the definition of a homotopy lifting map given by Theorems 5.14 and 5.23 in the
following scenarios.

(1) Suppose that both are paths of length 1,i.e. X\; = fy, \; = f). We will get 5(bmin—1,(n,7") -
en) — (=1)m=Ve=Vg(p, 1 (m,r") - 7). This expression will give 0 or a non-zero path. We
are interested in the non-zero case i.e. when r” = ¢ (or n(el’,) = A;) and 7’ = j (or 6(e}) = \)).
This yields by, 1.,(n,3) N — (=1)m=DE=Vp 1 (m, j))\; which is a k-linear combination of
paths of length 1.

(2) Suppose that one of them is a path of length 2,i.e. \; = fy fu 1, A; = f,. The expression will
yield (B 1, )20 — (= 1),y 8) £ b () f ]

Now consider only the cases in which we obtain a non-zero i.e. either one or all of " = i, s =

4,8 = j holds. We obtain

bernfl,r(n;i))\i - (_1)(m71)(n71)bm+n71,r(m7j)f&;)\j - (_1)(m71)(n71)bm+n71,r<m7j))\ij};-i-l
= bm+n71,r(n7 Z)fq})fz})—‘,—l - (_1)(m71)(n71)bm+n71,r<m7j)fq};f;

- (_1)(mil)(nil)bm+nfl,7‘(m7 j)f;f&ﬂrla

which is a k-linear combination of paths of length 2.
(3) Suppose that both are paths of length 2. Let A; = fifu.1, A; = f,f,.1, we obtain for the

bracket expression

n[bm+n—1,r(na ’U)f; : 52 + bm-i-n—l,r(n? U/)gqr)b’ ’ ;-1-1]

- <_1)(mil)(nil)e[bernfl,r(m? S)f&; ' 521 + bernfl,r(m’ 3/) ' 5737} z};—i-l]'
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We consider only the cases in which we obtain a non-zero i.e. either one or all of v' = i,0" =

1,8 = j,s" = 7 holds. We obtain

bmtn—1,(, i)f;b\z‘ + brngn—1, (1, i)/\ifgﬂ
- (_1)(m_1)(n_1) [bm—&-n—l,r(mvj)fa}))‘j + bm+n—1,r(m7j))‘jfv}1+1}
= bm+n71,r(n> Z)fplfz};fi;—i-l + bm+n71,r(n7 Z)fz};fi)—i-l ;—%—1

- (_1)(m71)(n71) [bm+n71,r(m7j)fi;f; p1+1 + bm+n71,T<m7j)fplfp1+lf1})+1:|

which is a linear combination of paths of length 3. [

Any cocycle 7 of degree n can be thought of as a sum of maps = >_." ¥ where n(®
is the map taking the i-th basis element €]’ to A, a non-zero element of the algebra, and all
other basis elements €7 to 0, ¢ # j. Consistent with our notation, this map is written n® =

(0 o 0 WD 0 .- 0) , and we use this notation in the following theorem.

Theorem 5.25. Let A = kQ /I be a quiver algebra that is Koszul. Suppose that Q) is a finite quiver
and I C J% Denote by { f™}.r, elements of kQ defining a minimal projective resolution of A as
a right A-module. Let K be the projective bimodule resolution of A with free basis consisting of
{emYim € K,,. Assume that 1) : K, — A and 0 : K,,, — A represent elements in HH*(A) and are
given by n(e}) = Nifori =0,1,...,t, and 0(c}') = B for j = 0,1,... ty, with each \; and [3;

paths of length of 1. Then the r-component of the bracket [1),0] : K, 1 — A denoted by [n, 6]

m+n—1

, as

can be expressed on the r-th basis element €

tn tm

[7]7 Q] (T) ({5:@—&—1@—1) = Z Z bm—n—‘rl,r(na Z))\z - (_1)(m_1)(n_1)(bm—n—i-l,r(m?j)ﬂj

i=0 j=0

where the scalars by, 1,(n,1) and by, y1.,.(m, j) are coming from homotopy lifting maps V)

and 1, ) respectively and satisfy the conditions of Theorem 5.14.

n

Proof. Write n = > " 7@ where 7V = <() e 0 A)® 0 e ()> and 0 = Z;‘Zo o)
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where 60) = <() e 0 (ﬂj)(j) 0 --- 0) . Using the definition of Gerstenhaber bracket

of 2.18, we get for 0 <7 < t,,40—1,

tn  tm

[77’ 6)] (r m+n 1 ZT/( i) Z 0 j) m+n 1 Z m+n—1)
=0 7=0
t'n. tm
_ Z we G — (— )(mfl)(nfl)e(])wn(z))< m+n— 1)

=0 5=0

Since A; = f,, for all i, and 3; = f, for all j, then from Theorem 5.14, the homotopy lifting
maps associated to 1) and 1, ) can be defined as 1,0 (7"~ Y = by_ni1..(n, i) for some i

and ¢, (€7 1) = bm—ny1,-(m, j)e7* for some j. Applying this, we get

5 1 bt D) — (1O s, )

=0 7=0

tn  tm
= Z Z bm—n+1,r(na i)>‘i - (_1)(m_1)(n_1)(bm—n-i-l,r(ma ])BJ
i=0 j=0

5.2 Working examples

Any non-zero module homomorphism K, — A maps basis elements to an idempotent, paths
or linear combination of paths of length one or paths and linear combination of paths of length two
or a mixture of any of these. We now present examples of homotopy lifting maps coming from
cocycles on Hochschild cohomology of members of the family of quiver algebras introduced by
Equation (4.1). Two examples involve cocycles of degrees 1 and 2 taking basis elements to a path
of length 1. The other two examples involve degrees 1 and 2 cocycles mapping ¢/ to a path of
length 2. Any other cocycle will take basis elements to a linear combination of paths of length 1 or
2. The case where cocycles take basis elements to idempotents yields homotopy lifting maps equal
to zero as we see in Remark 5.5. Our choice of these four cocycles were arbitrary but it illustrates

the general theory presented in the previous section.
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While a member of this family was introduced in [13] as a counterexample to the Snashall-
Solberg finite generation conjecture, the Hochschild cohomology modulo nilpotent cocycles of
this family as a whole was studied in [12]. Since the algebras of this family are of infinite global
dimension, the resolution K does not terminate. We are able to define homotopy lifting maps
associated to two degree 1 cocycles on the whole of K. Furthermore, to illustrate the theory
presented in the previous section, we are able to find three associated homotopy lifting maps for
some degree two cocycles as well. We recall that a map ¢ : K, — K,[1 —n] is a homotopy lifting
map associated with the degree n cocycle f : K,, — A if it satisfies the conditions of Equation

(2.17) and (5.2) given below for easy reference.

dv;) = (f®1-1® f)Ag and

by ~ (1)1

for some ¢ : Kq — K,[1] for whichd(¢) =dip —¢d = (p® 1 —1® p)Ag.
5.2.1 Homotopy liftings from degree 2 cocycles

Suppose that the Af-module homomorphism 7 : Ky — A, defined by
n= <)\0 A Ao )\3) is a cocycle, that is d*n = 0, with \; € A, for all <. Since d*n : Kg — A,

we obtain d*n(e3) = nd(e?) expressed in the following way.

(

agd — ea ifi=0
ag? + qela + ¢*bed — e3b if i =1
nd(€7) =1 q ac? — ¢?c2a — qbe? — e2b if i =2
be2 — 2b if i =3

agl — eic if i =4

\
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solutions | 1| 2 |3 (4| 5|6 |7 8|9
Ao alab/0|/O0O[O0O]|O0O|O0]0O]O
A1 0,0[0[|0]O0O|O0O]ab|0O]| O
Ao 0Ol0|a|bjab|e; | O |0 O
A3 0,0]0]0]O0O|0O0]O0]|c|bc

Table 5.1: Table of solutions for \;,7 = 0,1, 2,3

nd may then be identified with the 1 x 5 row matrix
(CL)\O — )\()CL CL)\1 + q)\la + q2b)\0 — )\[)b a)\g — q2)\2a — qb)\1 — )\1b b)\z — )\Qb CL)\3 — )\()C)

which will be equated to (() 000 ()> and solved. We solve this system of equations with
the following in mind. There is an isomorphism of A¢-modules Homye(Ao(f7") @y t(f")A, A) =~
o(fI")A t(f!') ensuring that

O(fiz))‘it(fz?) = O(ff)n(ff)t(ff) = O(ff)n(O(ff) Rk t(fiz))t(f;)
= ¢(o(f2)? @ t(f2)?) = ¢(o(f}) @ t(f2)) = Ni.

This means that for + = 0, 1,2 each \; should satisfy e; \;e; = \; since the origin and terminal
vertices of fg, f%, f2 are ey, and e; A3es = )3 since the origin and terminal vertex of f32 is e; and e,
respectively. We obtain the following 9 solutions (which is a basis for the solution set). We present

them in Table 5.1. For the rest of this subsection, we are interested in the first and fifth cocycles,

nz(a 00 0) andxz(o 0 ab o>.

We note that homotopy lifting maps corresponding to other cocycles obtained in Table 5.1 can be

that 1s

defined in a similar fashion as generally given by Theorems 5.14 and 5.23.
Homotopy lifting for the first and fifth maps 77 and x will be maps ;5,1 : K — K[—1] such that

dy + Ypd = (N ® 1g — g @ 7)Ag, and dipg + Pd = (X ® 1x — 1g ® x)Ag. We track the left
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hand side of the above equations using the following diagram, which is not necessarily commuta-

tive.
ds dy . ds . da dy

= Ky Ks Ky Ky
l’lbﬁ’ w;( lw”ﬁp w>24 lwﬁgv ¢>23 ld)ﬁQ: %22 lwﬁlz 1[’)21
d d d
Ks 5 Ky 5 K L Ko

dy

)Ko

~
i

We now define vy, , V5,, V5, and 1y, , ¥y, , V5, only, just to point out that homotopy lifting maps
can be defined in certain ways (as is generalized in Theorem (5.14) and (5.14)). Calculations show

that

0, ifi=0

g2, ifi=1
1 s
0 1_0 _012 7 2) = 80’ lf,l—o _ 3\ — ep - 526
¢ﬂ1(5i)_ y t=U 7¢n2(5i)_ ) ¢7]3(5i)_ 0, ifi =2 ( )

0, ifi=1,2,3

0, ifi=3

2 e
e;, ife=4

defines an homotopy lifting associated to the cocycle 77 while

r 0, ifi=0
0 ifi=0

0, ifi=1
0, ifi=1

%21(5}) = 07 L= 07 17 27 1%22(8?) = ) 5(3(812'3) = —a&%, ifi=2
agl +eib ifi=2

e2h, ifi=3
0 ifi=3

‘ 0, ifi—4

‘ (5.27)

defines an homotopy lifting map associated to the cocycle . According to Theorems 5.14 and
5.23, we see that for y, b1 ;(0,5) = 0 for all 4, j, by;(1,5) = 1 when (i, 7) = (2,1), (¢, j) = (2,0)
and by;(1,7) = 0 otherwise. Also, b3;(2,7) = —1 when (i,7) = (2,1), b3,4(2,7) = 1 when

(i,7+1) = (3,1) and b3;(2,j) = 0 otherwise. The proof that these maps are homotopy lifting
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maps is by direct computations. We illustrate with just one of the numerous computations i.e. we

will show that for the cocycle 7 and y with g = 1,

(dotpgy + ipds)(€2) = (M®1—1®@7)Ag(e}), i=0,1,2,3,4,  and

(dotbyy + Vsads)(€)) = (X ® 1 = 1® X)Ag(e)), i=0,1,2,3,4.

The case of 7:

)
d2(0) + ¢y, (ag§ — £5a)

da(e1) + ¥y (ae] + geta + ¢?bef — €gb)
(datgy + Pmpdz)(€]) = { dy(0) + Vi, (ag3 + q*c3a — qbe? — £2b)

d3(0) + 1)y, (be3 — €3b)

| da(63) + (0} — <B0)

(O+a5(1)—5(1)a (ag(l)—e(l)a ifi=0
ag} — qeta — gbel + b + ¢*bef — e4b aci —eta ifi=1
=930+0 =130 ifi=2-
0+0 0 ifi=3
\aa% +epc — g \as% ifi=4

On the other hand, and using Koszul signs in the expansion of (1®7)(c"®e™) to obtain (—1)menz(e™),

we get
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(M®1-17)Ak()
(
R1-107) [ @) +ef®@el+ef el + e @ )]
R1-10N)[@ed+ef@el+Pel®el+ei®el —gel®@el +ed @)
=1 (1®1-107)[d®cd+ci@es+qel ®e} —elQel +e3 Q@ ef + e ®ep)
R1-107)[e®e+el®@et+ei@e] + e @ &)

k(ﬁ@l—1®77)[58®s§;+a§®zs§+e§®zs§+e§i®zgg}
(

agy—epa  ifi=0

agi — ¢’eja ifi=1

=130 ifi=2
0 ifi =3
agd if i = 4.

\

So we see that (datbs, + V5, d3)(€}) = (T® 1 — 1@ 7)Ak(e}), i=0,1,2,3,4.
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The case of y:

d2(0) + 1y, (agg — £5a)

da(0) + g, (ae? + geia + ¢*bsg — £5b)

(dothyy +Uxod3)(€7) = § do(—ac?) + Uy, (ag3 + ¢*e3a — qbet — €3D)

da(1b) + Yy, (be3 — €3b)

d2(0) + s, (ag5 — £5c)

.

0+0
0+0
=4 qacia + qabey — agfb + agyh — Fasia — ¢*efba

ae1b — geiab — gbelb + bas] — bejb — asib

0+0
\

\

0

ifi=0

ife=1

abey — elab if i =2

abei —etab if i =3

0

if 1 = 4.

On the other hand, and using Koszul signs convention as done in the previous example, we get

(x®1—1®>z)AK(s§):(>‘<®1—1®>z)(

(

\

1o 2, 2o 1
Qi tel®ed+e2 el +ed®e)

R+l eI+ Pl Reg+ei®e] —qel ®ep + 67 Qe

SR +eiReltgi®el -2l +e2@e)+e3®e)
ElRestel®er+e2Qel +es®e)

el tei@elt+eieel+el®e)

So we see again that (datbg, + ¥y,d3)(3) = (Y@ 1 — 1 ® y)Ak(e}),
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solutions | 1 | 2 |3 ] 4 |5]| 6
Ao alab|0| 00| O
A1 0O/ 0|bjab|0| O
Ao 0] 00| 0 |c|bc

Table 5.2: Table of solutions to \;,z = 0, 1, 2.

5.2.2 Homotopy liftings from degree 1 cocycles

In this section, we will find Hochschild 1 cocycles and their associated homotopy lifting maps.
The process of solving equations to obtain cocycles is similar to what was done in the previous
Subsection (5.2.1), so we just state the results. We then give explicit maps v, and 9, for all n.

Suppose that the Af-module homomorphism 7 : K; — A, defined by
n= ()\0 A )\2) is a cocycle, that is d*n = 0, with \; € A, for all <. Since d*n : Ky — A,, we
solve the equation d*n(e?) = nds(e%) = 0 and present the solutions in Table 5.2. Let us consider

the first and second cocycles, i.e.

W:(a 0 0) and XZ(ab 0 O)-

There are homotopy lifting maps v, 1, : K, — K, associated to 7 and x respectively satisfying

(dipy — pd)(e)) = (N @1 —1®@n)Ak(e)) (5.28)

and

(doy = yd)(e]) = (X ® 1 = 1 ®@ x)Ax(e7). (5.29)

We will prove that for each n and r,

(n—r)el’ whenr=20,1,2,...,n
Yo (€7) = (5.30)

(n+1)e whenr =n+1,

T
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is a homotopy lifting map associated to the cocycle 7 and whenever ¢ = 1,

(

() (1) Haet,, + (n—r)etb r=0,1,2,...,n— 1,

Uy, (87) =40 r=n, (5.31)

(n—1)(bel + €7c) r=n+1,

\

is a homotopy lifting map associated to the cocycle x. We present proofs of these claims as follows.

The case for n: Forr = 0,1, ..., n, we get for the left hand side of Equation (5.28)

(¥, =y, d)(e7)
=d{(n —r)e} = Uy {Onrlaci™ + (=1)"7"¢"} " a] + Opol(—)" bl Ty + (1)1 0]
= (n = 1){Onylac) ™" + (=1)" 7"} a] + Opol(—q)" ey T) + (—1)"e) 0]}

= ngl(n—r = Dagt™ + (=1)"7¢"(n— 7 — D)eya]

(A, — Py, d)(Epin) = d{(” + 1)€Z+1} - 1/’777171{[“52_1 + <_1)n58_10]}
= (n+ Dae’ ' + (=1)"ed ] + [nae? ' + (=1)"(n — 1)ei (]

=ael .
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On the right hand side of Equation (5.28), we obtain after using the Koszul signs convention,

mMel-10n)AkE)=n1-1®n)

( n
t n—t
E €0®50 s
t=0
n

n
t n—t
§ €t Q0 Ent
t=0

min{w,s}

w=0 j=maz{0,s+w—n}

ifr=20
(_q)j(”*sﬂ'*w)gy’ ®egj, if0<r<n

ifr=n

ifr=n+1

n
0 n t n—t n 0
€0 ®Epp1 T+ [ E €6 ® 5n—t+1] + Epp1 ® €,
=0

In case » = 0, substitute 1 for the index ¢ when applying n ® 1 and substitute n — 1 for the index

t when applying 1 ® n. Similarly for the case 0 < r < n, substitute 1, 0, r respectively for the

indices w, 7, s when applying 7 ® 1 and substitute n — 1, r, r respectively for the indices w, 7, s

when applying 1 ® . When r = n, everything is zero since n(c}) = 0if i # 0 and finally when

r =n + 1 substitute 1 for the index ¢t. What we then have is equal to the following

= (diby, — Py, d)(E7)-

= (=1)"eg " n(

£)

Thus we have shown that for r = 0, 1,

(

n—1

agy !t + (=1)"epa

n—1
ag,” " +

(_1)n—rq7"€77}—1

0

n—1

acy

...,n+ 1, Equation (5.28) holds.
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The case for y: When r = 0, the left hand side of Equation (5.29) is

(A, = ¥y, -1 d)(65)

= d((—1)"""ael + negb) — Yy (acy ™ + (—1)"efa)

= (=1)"alaey™ + (=1)"'gei T a + (=q)"Tbeg T+ (—1) g 1D)
+nlagh ™t + (=1)"eyd talb — a[(—1)"ag? ™ + (n — 1) 1b]

— (=D)"[(=1D)"ag? ' + (n — 1)l 'b]a.

Whenever ¢ = 1,ab = ba, so we obtain abej ' + (—1)"e{"'ab which is equal to the right hand

side of (5.29). Therefore (xy ® 1 — 1 ® x)Axk(e() becomes

n

(@l-18x) @ =) xlE)e™ =D (-1'sx(=),
t=0 t=0

= = t=0
When ¢ = 1 in the first summation and ¢ = n — 1 in the second summation, the last expression is
equal to x(=b)=f ! = (—1)" e n(h) = abep ™!+ (<1)"e} ab,

When 0 < r < n and r is even, the left hand side of (5.29) that is (di,, — ¥y, ,d)(e}) is equal to

d((—=1)""agyy + (n —r)efd)

— Uylasy ™+ (1) e+ ()" b + (-1)" D)

= (=" alagyyy + (1" era + (—q)" b 4 (= 1))
+(n—7)ae?" + (=) g e a4+ (—q)""beT] + (—1)"" 1 blb
—al[(=1)"aeyy + (n—r = 1)ef '] — (=1)"7"¢"[(=1)"aery + (n — 7 — 1)e7 "' bla
— (=@)"7"b[(n = r)ep=ib] = (=1)"[(n — )i 0)b

= [(=D)"7"¢" = (=) 7" Jaerya+ [(—1)" (=q)" 7 abe! ™

+ (=) +(n—r) = (n—7r—D]ac” b+ [(-1)" "¢ (n —7)]e" ab

(1) (= = DI b+ (=) T (n = 1) — (—g)" (= ) ber
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which with ¢ = 1 becomes abs” ™ + (—1)"""¢" 'ab and all other terms vanish. When 7 is odd

and 0 < r < n, we obtain the following for the left hand side of (5.29)

(dihy,, = Uy, 1 d)(E7)

= d((n —71)efd) =y (aey™ + (=1)" 7" a4 (—q)" bl Ty + (1) h)
=(n—r)ae"t + (=1)""¢" " ra+ (—¢)" "be ] + (—1)""1b]b
—a[(n—r =17 = (=1)"7"¢[(n —r — 1)} 0]a

= (=" 7b[(=1)"agy ™ + (n = 1)l 50 = (=1)"[(=1)"asy ™" + (n — )i Tl

T r

= [~(=D)"(=)" "baey ™" + [(n —r) = (n—r — 1) = (=1)*"]ae; "o+ [(=1)"7"¢"(n — )]} ab

T

+[=(=1)""¢"(n—r— 1)]8:_1_117& + (=) "(n—71) = ()" "(n — ’f‘)]bﬁf:llb

which with ¢ = 1, we get the result obtained previously: abe” ! + (—1)"""" !ab. On the other

T

hand, the right hand side of (5.29) when 0 < r < n becomes
n min{w,r} A A
kol-1ey|> Y (eI ey

w=0 j=maz{0,r+w—n}

To get a non-zero term, substitute w = 1, 7 = 0 then apply x ® 1, and substitute w =n — 1,5 =r
and apply 1 ® x:
(_q)()(n—r-i—l)x(g(l))g?—l . (_1)n—1(_q)r(n—r-&-r—n—&—l)gn—lx(g(l)) — abef‘l + (—1>n_T€n_1ab.

r

When r = n, the left hand side of (5.29) becomes

(dipy — hyd) () = d(0) — 1y, (be""7 4+ (—1)"e""1b) =0 —b- 0+ (=1)""0-b =0,

n
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while the right hand side (y ® 1 — 1 ® x)Ak(e])) becomes
(x®1-10x)) e @ =x(e)e " = (—1)" el x(e]) = 0
t=0

and they are equal. It is also true whenever r = n + 1:

(diby = Yyd)(eny1) = d((n — Defe + by ) — dylacy ™ + (=1)"ege)
=[(n—1) = (n=2)+ (=) aei e+ (n = D[(=¢)" " + (=1)"Jbeg "¢
+(n—=D[(=1)"+ (=1)"Hebbe + (n — V)bae™™! — (n — 2)abe™ !

=(n—1-—n+2)abe’ ! = abe’!
is equal to

(X®1-1®x)Ak(eh) = (Xx®1-1®x) ) e ®epTty +enp @&
t=0

=x@leg@en ™) —1@x((-D)" e ®@ep) + (x® 1 —1® x)(enyy @ ep)

= abel .

We have therefore shown that for r = 0,1,...,n + 1, Equation (2.17) holds.

Remark 5.32. Some bracket computations based on these examples: Now take n = (a 0 0)
and Y = (ab 0 0) to be the degree 1 cocycles with homtopy lifting maps given in (5.30)

and (5.31) respectively. Also take 1 = <a 0 0 ()> and Y = (() 0 ab ()) to be the de-

gree 2 cocycles whose homotopy lifting maps were given in (5.26) and (5.27) respectively. Take
0 = (ab 0 0 ()) to be the degree 2 cocycle appearing in the table of solutions in Subsec-

tion 5.2.1. The following bracket structure can be verified by direct computations.
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ol [ x| 7 | X
n [0]0]|-7|X
y |olo]-6l0
n | n 6] 00
X X0l 010

Table 5.3: Some bracket computations

5.3 An application

In this section, we specify solutions to the Maurer-Cartan equation using Theorems 5.14 and
5.23. This is particularly useful in the theory of deformation of algebras. In particular, since
the second Hochschild cohomology group of an algebra contains information about infinitesimal
deformations of the algebra, the result of this section could be useful in determining infinitesimal
deformations of algebras defined by quivers and relations. We have already remarked in Section 2.4

that Hochschild cohomology is a differential graded Lie algebra i.e.

d([f,g]) = [d(f).g] + (=) V[f,d(g)],

where d(f) = (—1)™Y £§,,,1. Since the resolution (K, d) embeds into the bar resolution (B, &)

via K = B, with ¢d = 4, there are no sign changes, hence we take d(n) = (—1)™=Vd: . \n =

m

(=1)™=Ynd,,.,. An Hochschild 2-cocycle 7 is then said to satisfy the Maurer-Cartan equation if

1
am+§mm:a (5.33)

Applying the definition of the bracket we obtain the following version of the Maurer-Cartan equa-
tion

1
—@WI—?WMW%PDw% (5.34)

Theorem 5.35. Let A = kQ)/I be a quiver algebra that is Koszul. Assume that ) is a finite quiver

and I C J%. Denote by { f™}ir, elements of kQ defining a minimal projective resolution of A as
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a right A-module. Let K be the projective bimodule resolution of A with free basis {e™}'m € K,,.

Suppose 1 : Ko — A is a cocycle defined by n = (0 o 0 (fLfH@ o ()), for some

0 <1 < ty. The cocycle n satisfies the Maurer-Cartan equation if
t1
D B D)y fafy = e 2) fufi fy = bse(2,0) fafify =0,
p=0
for some scalars ¢, ;(3, 1, *) coming from the comultiplicative structure and some scalars bs (2, *)

coming from the homotopy lifting map 1), and satisfying the conditions of Theorem 5.23.

Proof. The left hand side of Equation (5.34) is given by

Bn)er) = nds(e; _”[Z<€ >3r]—772[20m3r1)f &= cjy(3,1.2)E3 )
q=0

: p=0

—ZcmBrlfl chq3r2 )/,

= Z (3, ) fy fif = Zcm(w, 2)fLf1 1!
p=0 q=0

which is in k£Q)3. On the other hand we can conclude from the combinatorial description of the
Gerstenhaber bracket given in Theorem 5.24 that [, ](¢2) € kQ3 since X is a path of length 2. In

particular,

1

5{777 T]](&i) = 771%(553) = n(b3,r<27 Z) 5512 + b3,7’(27j>€?f1}>

= b3.,.(2,7) fin(e?) = b3 (2,0) fLfLfL.

The Maurer-Cartan Equation of (5.34) becomes

S B DFF =S B 2 fL ) = b (2.0) LS
p=0 q=0
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Since both left and right hand side of the above equation are in k()5 we get

t1
> B D) fafafy = e 2) fafofy = bs (2,0 fafafa =0. (5.36)
p=0

O]

Remark 5.37. Ifc,;(3,7,1) = b3, (2, 1) and the ideal I of relations is such that ]‘}1]‘"]-1 = li(i,j)fjlfil,

for some scalars (i, 7), Equation (5.36) becomes

Z Cpi(37 T 1)f;f5f5 - Cip(?’ﬂ T, Q)fz}ft}f; - Z["i(}% u)’%(pv U)Cpi(?)?T? 1) - Cip<37 T 2)]f5f1}f]}
pFU pPFU

which is zero whenever k(p, uw)k(p,v)cyi (3,7, 1) = ¢ip(3,7,2) for all p,u, v and i. If

77:(0 e 0 (f;)(i) 0 --- 0),

then such a n cannot satisfy the Maurer-Cartan equation. This is because while the left hand side
of the Maurer-Cartan Equation 5.34 yields a linear combination of paths of length 2, the right

hand side yields a linear combination of paths of length 1, so equality does not hold.
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