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ABSTRACT

In this dissertation, we give two main results. First, we use the Bruinier-Ono formula to give

an asymptotic formula for the partition function p(n) with an effective bound on the error term.

Second, we give an asymptotic formula with a power saving error term for traces of a generic

class of weight 0 weak Maass forms. Those forms are images of weight −2k weakly holomorphic

modular forms of squarefree level N under the differential operator Dk. We apply this result to

study the asymptotic distribution of several arithmetic functions, including the partition function

p(n), the Andrews’ smallest parts function spt(n), and the coefficients α(n) of Ramanujan’s f(q)

mock theta function.
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NOMENCLATURE

H The complex upper half plane

q e(z) := e2πiz

GL2(R) The general linear group of 2-by-2 matrices with real entries
and non-zero determinant

GL+
2 (R) The general linear group of 2-by-2 matrices with real entries

and positive determinant

SL2(R) The special linear group of 2-by-2 matrices with real entries
and determinant 1

SL2(Z) The special linear group of 2-by-2 matrices with integer en-
tries and determinant 1

∆k Weight k hyperbolic Laplacian

Rk Maass weight raising operator on non-holomorphic modular
forms of weight k

Lk Maass weight lowering operator on non-holomorphic modu-
lar forms of weight k

Hk(N) The space of harmonic weak Maass forms of weight k on
Γ0(N)

M !
k(N) The space of weakly holomorphic modular forms of weight

k on Γ0(N)

C∞ The set of all infinitely differentiable functions

L1(S) The space of all measurable functions f : S → C such that∫
S
|f |dµ <∞
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1. INTRODUCTION

1.1 Overview

1.1.1 Motivation

The traces of weak Maass forms have been studied extensively for the last 20 years. Much

of this work was inspired by Zagier’s seminal paper [28] which realized traces of singular moduli

as Fourier coefficients of half-integral weight weakly holomorphic modular forms. There have

been many additional works which realize traces of weak Maass forms as coefficients of q-series

and modular forms. Among other things, such formulas provide a way to study the asymptotic

distribution of these arithmetically rich coefficients.

In order to provide some examples, we recall some important arithmetic functions. A partition

λ of a positive integer n is a non-increasing sequence λ1 ≥ · · · ≥ λk of positive integers such that

n = λ1 + · · ·+λk. Each λi is called a part of λ. The classical Hardy-Ramanujan partition function

p(n) counts the number of partitions of n. The Andrews smallest parts function spt(n) counts the

number of smallest parts appearing among the partitions of n. Finally, the rank of a partition λ is

defined by rank(λ) = λ1 − k, the largest part minus the total number of parts.

Now, let Q−24n+1,6,1 be the set of positive definite, integral binary quadratic forms Q =

[aQ, bQ, cQ] of discriminant −24n + 1 with aQ ≡ 0 (mod 6) and bQ ≡ 1 (mod 12). Also, let

τQ denote the Heegner point associated to the form Q ∈ Q−24n+1,6,1 (see Section 1.4 for details).

In 2013, Bruinier and Ono [5] gave a remarkable formula for p(n). They expressed p(n) as the

trace of CM values of a weight 0 weak Maass form. They proved the following formula. For all

n ≥ 1,

p(n) =
1

24n− 1

∑
Q∈Q−24n+1,6,1/Γ0(6)

P (τQ),

where P is a weak Maass form defined by (2.2) and the sum is over the Γ0(6) equivalence classes
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of Q−24n+1,6,1.

Ahlgren and Andersen [1] obtained an algebraic formula for spt(n) in term of the trace of

f − P , when f is a weakly holomorphic modular form defined by (3.52) and P is a weak Maass

form defined by (2.2). They proved the following formula. For all n ≥ 1,

spt(n) =
1

12

∑
Q∈Q−24n+1,6,1/Γ0(6)

(f(τQ)− P (τQ)).

They used this formula to prove the exact formula for spt(n).

In a recent paper, Bruinier and Schwagenscheidt [8] gave a formula for the coefficients α(n)

of Ramanujan’s mock theta function

f(q) := 1 +
∞∑
n=1

qn
2

(1 + q)2(1 + q2)2 · · · (1 + qn)2
= 1 +

∞∑
n=1

α(n)qn, q := e(z) = e2πiz

in terms of the traces of CM values of a weight 0 weakly holomorphic modular form on Γ0(6).

They proved that for n ≥ 1,

α(n) =
−1√

24n− 1
Im

 ∑
Q∈Q−24n+1,6,1/Γ0(6)

F (τQ)

ωQ

 ,

where F is a weakly holomorphic modular form on Γ0(6) defined by (3.54) and ωQ is half the

order of the stabilizer of Q in Γ0(6).

1.1.2 Goals and Outline of this dissertation

In this dissertation, we investigate the asymptotic distribution of traces of weight 0 weak Maass

forms. We focuses on two main results.

The first main result, which will be given with details in Section 2, is an asymptotic formula

for p(n) with an effective bound on the error terms.

The second main result, which will be given with details in Section 3, is an asymptotic formula

with a power saving error term for traces of a generic class of weak Maass forms. More precisely,

2



let k ≥ 0 be an integer andM !
−2k(N) be the space of weakly holomorphic modular forms of weight

−2k and level N . We define the differential operator Dk by

Dkf :=
1

(4π)k
R−2R−4 · · ·R−2kf, k ≥ 1,

and D0f = f , where Rt is the Maass weight raising operator

Rtf := 2i
∂

∂z
+
t

y
, t ∈ Z.

The operator Dk maps M !
−2k(N) to the space of weight 0 weak Maass forms of level N . We study

asymptotic distribution of the trace of Dkf when f ∈M !
−2k(N) is an eigenfunction for the Atkin-

Lehner operators of squarefree level N (see Theorem 3.2). We apply this result to give asymptotic

formulas with power saving error terms for p(n), spt(n), and α(n), improving significantly upon

some previous results.

The remaining part of this section is devoted to background and notation, which will be used

in the subsequent sections. Sections 2 and 3 are constituted of two papers [16, 18], which are joint

works of Riad Masri, Wei-Lun Tsai and the author.

1.2 Quotients of the upper half plane

The group SL2(R) acts on the complex upper half plane H by linear fractional transformations

γz :=
az + b

cz + d
, for γ :=

(
a b

c d

)
∈ SL2(R). (1.1)

Define the action of SL2(R) on extended upper half plane H∪R∪{∞} by the same formula (1.1)

in addition to the rules γ∞ = a/c and γ(−d/c) =∞ if c 6= 0, and γ∞ =∞ if c = 0.

A fundamental domain for the action of a discrete subgroup Γ of SL2(R) is a subset F ⊂ H

satisfying the following conditions:

• F is an open subset in H.
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• The closure F̄ of F in C intersects every orbit of Γ, i.e. for all z ∈ H there is γ ∈ Γ with

γz ∈ F̄ .

• No two points in F are Γ-equivalent.

One example of a discrete subgroup of SL2(R) is SL2(Z). We let F denote the standard funda-

mental domain for the action of SL2(Z) on H defined by

F := {z ∈ H : |Re(z)| < 1/2, |z| > 1}.

If Γ is a subgroup of SL2(Z), then for each z ∈ H we let Γz denote the stabilizer subgroup of z

given by

Γz := {γ ∈ Γ : γz = z}.

Now, let N be a positive integer. The Hecke congruence subgroup of level N is defined by

Γ0(N) :=

{(
a b

c d

)
∈ SL2(Z) : c ≡ 0 (mod N)

}
.

The subgroup Γ0(N) have finite index in SL2(Z), in particular,

[SL2(Z) : Γ0(N)] = N
∏
p|N

(1 + 1/p)

where the product is taken over all prime numbers dividing N . The action of Γ0(N) on H by linear

fractional transformations induces an equivalence relation; two element z1, z2 ∈ H are equivalent

if and only if their orbits are the same. The Γ0(N)-equivalence classes of Q ∪ {∞} is called the

cusps of Γ0(N). Define the modular curve Y0(N) as the quotient space of orbits under Γ0(N),

Y0(N) := Γ0(N)\H = {Γ0(N)z : z ∈ H}.

4



The modular curve Y0(N) can be compactified. Let H∗ := H ∪Q ∪ {∞}. We define the modular

curve X0(N) corresponding to Γ0(N) by the quotient

X0(N) := Γ0(N)\H∗.

The modular curve X0(N) is compact.

1.3 Weak Maass forms

Let k ∈ Z. For γ :=

(
a b

c d

)
∈ GL+

2 (R), we define the slash operator |k on functions

f : H→ C by

f |kγ(z) = det(γ)k/2j(γ, z)−kf(γz)

for the multiplier system j(γ, z) := cz + d. The weight k hyperbolic Laplacian is defined by

∆k := −y2
(
∂2
x + ∂2

y

)
+ iky(∂x + i∂y).

A weak Maass form of weight k on Γ0(N) is a smooth function f : H→ C satisfying:

(1) f |kM = f for all M ∈ Γ0(N).

(2) There is a complex number λ such that ∆kf = λf .

(3) There is a constant C > 0 such that f(z) = O(eCy) as y → ∞. An analogous condition is

required at all cusps.

A weak Maass form f is harmonic if ∆kf = 0. Every harmonic Maass form has a Fourier

expansion

f(z) = f−(z) + f+(z)

5



with non-holomorphic part

f−(z) :=
∑
n<0

c−f (n)Γ(1− k, 4π|n|y)qn

and holomorphic part

f+(z) :=
N∞∑
n=1

c+
f (−n)q−n +

∞∑
n=0

c+
f (n)qn,

where N∞ ≥ 1 is an integer and Γ(a, t) is the incomplete Gamma function given by

Γ(a, t) :=

∞∫
t

xa−1e−xdx.

A harmonic Maass form with trivial non-holomorphic part is called a weakly holomorphic modular

form, in which case

f(z) =
N∞∑
n=1

a(−n)q−n +
∞∑
n=0

a(n)qn. (1.2)

Let

M !
k(N) ⊂ Hk(N)

denote the spaces of weakly holomorphic modular forms and harmonic Maass forms of weight k

on Γ0(N), respectively.

1.4 Binary quadratic forms, Heegner points and Traces

Given a binary quadratic form

Q(X, Y ) = [aQ, bQ, cQ](X, Y ) = aQX
2 + bQXY + cQY

2,

6



the discriminant of Q is defined by disc(Q) := b2
Q − 4aQcQ.

Let N be a positive integer and D < 0 be a negative discriminant. Let QD,N be the set of

positive definite, integral binary quadratic forms Q = [aQ, bQ, cQ] of discriminant D with aQ ≡ 0

(mod N). There is a right action of Γ0(N) on QD,N defined by

Q = [aQ, bQ, cQ] 7−→ Q ◦ σ = [aσQ, b
σ
Q, c

σ
Q] for σ =

(
α β

γ δ

)
∈ Γ0(N),

where

aσQ := aQα
2 + bQαγ + cQγ

2,

bσQ := 2aQαβ + bQ(αδ + βγ) + 2cQγδ,

cσQ := aQβ
2 + bQβδ + cQδ

2.

Given a solution ρ (mod 2N) of ρ2 ≡ D (mod 4N), we define the subset of forms

QD,N,ρ := {Q = [aQ, bQ, cQ] ∈ QD,N : bQ ≡ ρ (mod 2N)}.

Then the group Γ0(N) also acts onQD,N,ρ. The number of Γ0(N) equivalence classes inQD,N,ρ is

given by the Hurwitz-Kronecker class number H(D).

A binary quadratic formQ = [aQ, bQ, cQ] is called primitive if (aQ, bQ, cQ) = 1. The preceding

facts remain true if we restrict to the subset

Qprim
D,N := {Q ∈ QD,N : Q is primitive}

In this case, the number of Γ0(N) equivalence classes inQprim
D,N,ρ is given by the class number h(D).

Recall that a form Q ∈ QD,1 is reduced if

|bQ| ≤ aQ ≤ cQ,
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and if, in addition, |bQ| = aQ or aQ = cQ, then bQ ≥ 0. Let Qred
D denote a set of primitive,

reduced forms representing the equivalence classes in Qprim
D,1 /SL2(Z). To each form Q ∈ QD,N ,

we associate a Heegner point τQ which is the root of Q(X, 1) given by

τQ =
−bQ +

√
D

2aQ
∈ H.

We write xQ := Re(τQ) and yQ := Im(τQ).

The Heegner points τQ are compatible with the action of Γ0(N) in the sense that if σ ∈ Γ0(N),

then

σ(τQ) = τQ◦σ−1 . (1.3)

We now give definition of traces. Given a Γ0(N)-invariant function f : H→ C, we define the

trace

TrD(f) :=
∑

Q∈QD,N,ρ/Γ0(N)

f(τQ).

1.5 The Differential operator

The Maass weight raising operator Rk and the Maass weight lowering operator Lk on non-

holomorphic modular forms of weight k are defined by

Rkf := 2i
∂

∂z
+
k

y
,

Lkf := −2iy2 ∂

∂z̄
.

The raising operator Rk raise the weight of an automorphic form by 2, while the lowering oper-

ator Lk lowers it by 2. With respect to the slash operator, these operators Rk and Lk satisfy the
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intertwining properties

Rk(f |kγ) = (Rkf)|k+2γ,

Lk(f |kγ) = (Lkf)|k−2γ,

for any γ ∈ SL2(R). The hyperbolic Laplacian ∆k can be expressed in terms of Rk and Lk as

follows

−∆k = Lk+2Rk + k = Rk−2Lk.

Definition 1.1. Let k ≥ 0 be an interger. We define the differential operator Dk on f ∈ M !
−2k(N)

by

Dkf :=
1

(4π)k
R−2R−4 · · ·R−2kf, k ≥ 1,

and D0f = f . We let D denote the differential operator D1.

Since the Maass weight raising operators raise the weight of an automorphic form by 2, the

differential operator Dk raises the weight of an automorphic form by 2k.

1.6 Notation

Let m be a positive integer and k ∈ Z. Define the Poincaré series (see [5])

Fm(z, s, k) :=
1

2Γ(2s)

∑
γ∈Γ∞\Γ0(N)

[Ms,k(4πmy)e(−mx)] |kγ

where z = x+ iy ∈ H and s ∈ C with Re(s) > 1. Here

Ms,k(y) := y−k/2M− k
2
,s− 1

2
(y),

9



where Mκ,µ is the usual Whittaker function. This Poincaré series converges for Re(s) > 1, and is

an eigenfunction for ∆k with eigenvalue s(1− s) + (k2− 2k)/4. Its specialization at s0 = 1− k/2

is a harmonic Maass form.

The Kloosterman sum of modulus c is defined by

S(a, b; c) :=
∑

d (mod c)
(c,d)=1

e

(
ad̄+ bd

c

)
(1.4)

where d̄ is the multiplicative inverse of d (mod c).

Throughout this dissertation, we let Iν , Jν , Kν denote the I, J,K-Bessel functions of order ν,

respectively.
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2. AN EFFECTIVE BOUND FOR THE PARTITION FUNCTION*

2.1 The partition function

In 1937, Rademacher [26] showed that p(n) can be expressed as an absolutely convergent

infinite series

p(n) =
1

π
√

2

∞∑
k=1

Ak(n)k1/2 d

dn

sinh
(
π
√

24n−1
6k

)
√
n− 1/24

 ,

where

Ak(n) :=
∑

h (mod k)
(h,k)=1

ωh,k e
−2πihn/k,

and

ωh,k := exp

(
πi

k−1∑
µ=1

µ

k

(
hµ

k
−
⌊
hµ

k

⌋
− 1

2

))
.

By truncating Rademacher’s series and bounding the remainder termwise, Lehmer [20, 21] ob-

tained an asymptotic formula for p(n) with an effective bound on the error term.

Bruinier and Ono [5] gave a remarkable formula which expresses p(n) as a finite sum of alge-

braic numbers. These numbers are singular moduli for a weak Maass form. Let E2 be the weight

2 quasimodular Eisenstein series given by

E2(z) := 1− 24
∞∑
n=1

∑
d|n

dqn

*Reprinted by permission from Springer Nature Customer Service Centre GmbH: Springer Nature, Research in
Number Theory (N. Khaochim, R. Masri, and W.-L. Tsai, An effective bound for the partition function. Research in
Number Theory 5, 14 (2019)), Copyright (2019)
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and η(z) be the Dedekind’s eta function given by

η(z) := q
1
24

∞∏
n=1

(1− qn).

Then define the weight −2 weakly holomorphic modular form for Γ0(6) by

Fp(z) :=
1

2

E2(z)− 2E2(2z)− 3E2(3z) + 6E2(6z)

(η(z)η(2z)η(3z)η(6z))2
= q−1 − 10− 29q − · · · . (2.1)

By applying the differential operatorD defined by Definition 1.1 to Fp, Bruinier and Ono obtained

the following weight 0 weak Maass form for Γ0(6),

P (z) := DFp(z) = −
(

1

2πi

d

dz
+

1

2πy

)
Fp(z). (2.2)

Then, using the theory of harmonic weak Maass forms and theta lifts, they expressed p(n) as the

trace of P (z) over a Galois orbit of Heegner points of discriminant −24n+ 1 and level 6.

Theorem 2.1 (Bruinier-Ono). Let Dn := −24n+ 1. Then for all n ≥ 1

p(n) =
1

24n− 1

∑
Q∈QDn,6,1/Γ0(6)

P (τQ).

2.2 Asymptotic formula for p(n) with an effective bound on the error term

We now give our first main result, which is an asymptotic formula for p(n) with an effec-

tive bound on the error term. To state our main results, we require the following definitions and

notation.

The group Γ0(6) has index 12 in SL2(Z). Following [10], we choose the following right coset

representatives for Γ0(6)\SL2(Z).
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Definition 2.2. Let C6 be the set of right coset representatives of Γ0(6)\SL2(Z) given by

γ∞ :=

(
1 0

0 1

)

γ1/3,u :=

(
1 0

3 1

)(
1 u

0 1

)
, for u = 0, 1

γ1/2,v :=

(
1 1

2 3

)(
1 v

0 1

)
, for v = 0, 1, 2

γ0,t :=

(
0 −1

1 0

)(
1 t

0 1

)
, for t = 0, 1, 2, 3, 4, 5.

Given a form Q ∈ Qred
D , there is a unique coset representative γQ ∈ C6 such that

[Q ◦ γ−1
Q ] ∈ Qprim

D,6,1/Γ0(6).

An explicit list of the matrices γQ ∈ C6 for each Q ∈ Qred
D can be found in [10, Lemma 3]. Let hQ

denote the width of the cusp γQ(∞) of Γ0(6) (see Table 2.3). Also, we assign to each γQ a certain

sixth root of unity ζQ (see Table 2.5).

We prove the following asymptotic formula for p(n).

Theorem 2.3. Let Dn := −24n+ 1. Then for all n ≥ 1 we have

p(n) = M(n) + E(n),

where

M(n) :=
1

24n− 1

∑
d>0
d2|Dn

ε(d)
∑

Q∈Qred
Dn/d2

ζQ

(
1− hQ

2πIm(τQ)

)
e

(
−τQ
hQ

)
,
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with

ε(d) :=


1, if d ≡ ±1 (mod 12)

−1, otherwise,

and

|E(n)| ≤
(
5.6044× 1023

) H(Dn)

24n− 1
.

In Table 2.1, we display a list of values of M(n) and

|E(n)| = |p(n)−M(n)|

which we computed using SageMath [27]. Our code is available on GitHub [17]. As the reader

can observe, the main term M(n) approximates p(n) very closely.
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n M(n) p(n) |E(n)|

1 0.5282− 0.3143i 1 0.5669

10 41.8519 + 0.0449i 42 0.1548

50 204226.0156 + 0.0481i 204226 0.0506

100 190569291.9356 + 0.0176i 190569292 0.0663

500 2300165032574323995026.9770 2300165032574323995027 0.0248

−0.0092i

1000 240614678640326224736921497 240614678640326224736921497 0.0143

27990.9880 + 0.0078i 27991

5000 16982016882544212185197510168 16982016882544212185197510168 0.0047

93064313617576830498292333222 93064313617576830498292333222

03824652329144348.9971− 0.0037i 03824652329144349

10000 361672513256362939888204718909 361672513256362939888204718909 0.0028

536954950160303393156504220818 536954950160303393156504220818

686058879525687540664205923105 686058879525687540664205923105

56052906916435144.0024 + 0.0014i 56052906916435144

50000 362618609714166784459214089159 362618609714166784459214089159 0.0011

563372816538308252778504901587 563372816538308252778504901587

275541410990425671208271812274 275541410990425671208271812274

731661056582463088177291021754 731661056582463088177291021754

426165923943267067153241385837 426165923943267067153241385837

825618898733387712189158660795 825618898733387712189158660795

738975053844747471259297926371 738975053844747471259297926371

901246185871979162730248973954 901246185871979162730248973954

8262.9989 + 0.0002i 8263

Table 2.1: M(n) and |E(n)|
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2.3 The Fourier expansion of P (z)

In this subsection, we compute the Fourier expansion of P (z) defined by (2.2).

Proposition 2.4. We have

P (z) =

(
1− 1

2πy

)
e(−z) +

5

πy
+
∞∑
n=1

b(n)√
n

(
1 +

1

2πyn

)
e(nz)

where

b(n) := 2π
∑
l|6

µ(l)
∑

0<c≡0 (mod 6/l)
(c,s)=1

S(−l̄, n; c)

c
√
l

I3

(
4π
√
n

c
√
l

)
.

The remaining part of this subsection is devoted to the proof of Proposition 2.4. Let {Wl : l|6}

be the group of Atkin-Lehner involutions for Γ0(6) defined by

W1 =

1 0

0 1

 , W2 =
1√
2

2 −1

6 −2

 , W3 =
1√
3

3 1

6 3

 , W6 =
1√
6

0 −1

6 0

 . (2.3)

By [5, p. 213], we can write Fp(z) as a linear combination of Poincaré series1

Fp(z) = 2
∑
l|6

µ(l)F1(z, 2,−2)|−2Wl, (2.4)

where µ is the Möbius function.

Lemma 2.5. The weak Maass form P (z) can be expressed as

P (z) = 2
∑
l|6

µ(l)F1(z, 2, 0)|0Wl. (2.5)

1The factor 2 is missing on the right hand side of the identity for Fp(z) in [5, p. 213].
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Proof. By (2.4) and the fact that the raising operator R−2 and the slash operator commutes, we

have

P (z) =
1

4π
R−2(Fp(z)) = 2

∑
l|6

µ(l)
1

4π
(R−2F1(z, 2,−2)) |0Wl.

Also, by [5, Proposition 2.2], we have

1

4π
R−2F1(z, 2,−2) = F1(z, 2, 0).

Hence, we complete the proof.

Lemma 2.6. For z = x+ iy ∈ H, define

φt(y) := 2π
√
yIt− 1

2
(2πy)

and

g(z) := φ2(y) exp(−2πy)e(−z).

Then

P (z) =
∑
l|6

µ(l)
∑

γ∈Γ∞\Γ0(6)

g(γWlz).

Proof. Let Γ(ν) denote the Gamma function. Using the following relation between the I-Bessel

function and the Whittaker function M0,ν (see e.g. [25, Eq. 10.39.7]),

Iν(z) =
(2z)−1/2M0,ν(2z)

22νΓ(ν + 1)
whenever 2ν 6= −1,−2,−3, ...,
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we have

Mt,0(4πy) = M0,t− 1
2
(4πy) = 22(t− 1

2)Γ

(
t+

1

2

)
It− 1

2
(2πy)(4πy)1/2.

So, by the definition of F1(z, t, 0), we have

F1(z, t, 0) =
1

2Γ(2t)

∑
γ∈Γ∞\Γ0(6)

[Mt,0(4πy)e(−x)] |0γ

=
22tΓ

(
t+ 1

2

)
(4π)1/2

4Γ(2t)

∑
γ∈Γ∞\Γ0(6)

[√
yIt− 1

2
(2πy)e(−x)

]
|0γ.

Since

Γ(2z) = (2π)−1/222z−1/2Γ(z)Γ

(
z +

1

2

)
,

we have

Γ
(
t+ 1

2

)
Γ(2t)

=
(2π)1/22−(2t−1/2)

Γ(t)
=

2−2t+1
√
π

Γ(t)
.

Hence

F1(z, t, 0) =
π

Γ(t)

∑
γ∈Γ∞\Γ0(6)

[√
yIt− 1

2
(2πy)e(−x)

]
|0γ

=
1

2Γ(t)

∑
γ∈Γ∞\Γ0(6)

[φt(y)e(−x)] |0γ

=
1

2Γ(t)

∑
γ∈Γ∞\Γ0(6)

[φt(Imγz)e(−Reγz)].

Thus when t = 2,

F1(z, 2, 0) =
1

2

∑
γ∈Γ∞\Γ0(6)

[φ2(Imγz)e(−Reγz)].
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Therefore by Lemma 2.5,

P (z) = 2
∑
l|6

µ(l)F1(z, 2, 0)|0Wl

= 2
∑
l|6

µ(l)F1 (Wlz, 2, 0)

=
∑
l|6

µ(l)
∑

γ∈Γ∞\Γ0(6)

[φ2(ImγWlz)e(−ReγWlz)].

By the definition of g(z), we have

g(γWlz) = φ2(ImγWlz)e(−ReγWlz).

Hence

P (z) =
∑
l|6

µ(l)
∑

γ∈Γ∞\Γ0(6)

g(γWlz). (2.6)

Now, we need to switch our choice of Atkin-Lehner operators {Wl : l|6} to another choice of

Atkin-Lehner operators defined in [19, Eq. (2.9)] which are scaling matrices for the Atkin-Lehner

cusps. This will enable us to use the set of allowed moduli in [19, Proposition 2.6].

For each l|6, let r := 6/l. For such r, define the matrix σ1/r as in [19, Eq. (2.9)],

σ1/r =

1 (l̄l − 1)/r

r l̄l


√l 0

0 1/
√
l

 =
1√
l

 l (l̄l − 1)/r

rl l̄l

 ,

where l̄ is the multiplicative inverse of l (mod r) given by
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r 1 2 3 6

l 6 3 2 1

l̄ 1 1 2 1

Table 2.2: Multiplicative inverse of l (mod r)

Then we obtain the following choice for the matrices σ1/r:

σ1 =
1√
6

6 5

6 6

 , σ1/2 =
1√
3

3 1

6 3

 , σ1/3 =
1√
2

2 1

6 4

 , σ1/6 =

1 0

6 1

 .

Observe that for each l|6 there is a matrix Ml ∈ Γ0(6) such that σ1/r = MlWl. More concretely,

we have

M1 =

1 0

6 1

 , M2 =

 −5 2

−18 7

 , M3 =

1 0

0 1

 , M6 =

−5 1

−6 1

 .

So, by substituting Wl = M−1
l σ1/r and changing the index of the sum, we get

∑
γ∈Γ∞\Γ0(6)

g(γWlz) =
∑

γ∈Γ∞\Γ0(6)

g(γM−1
l σ1/rz) =

∑
γ∈Γ∞\Γ0(6)

g(γσ1/rz). (2.7)

Thus (2.6) becomes

P (z) =
∑
l|6

µ(l)
∑

γ∈Γ∞\Γ0(6)

g(γσ1/rz). (2.8)

Let

ψ(y) := φ2(y) exp(−2πy).
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Then

g(z) = ψ(y)e(−z).

Consider the Poincaré series

∑
γ∈Γ∞\Γ0(6)

g(γσ1/rz).

Since the matrix σ1/r satisfies the conditions σ1/r ∈ SL2(R), σ1/r(∞) = 1/r, and

σ−1
1/rΓ0(6)1/rσ1/r =

±
1 n

0 1

 : n ∈ Z

 ,

it is a scaling matrix for the Atkin-Lehner cusp 1/r in the sense of [15]. So, we can use the same

argument as in [15, pages 59-60] to compute the Fourier expansion

∑
γ∈Γ∞\Γ0(6)

g(γσ1/rz) = δ∞, 1
r
e(−z)ψ(y) +

∑
n∈Z

e(nx)
∑
c>0

S∞,1/r(−1, n; c)α(y, c, n), (2.9)

where δ∞, 1
r

= 1 if the cusps ∞ and 1/r are equivalent and δ∞, 1
r

= 0 otherwise, the general

Kloosterman sum to modulus c is defined by

S∞,1/r(m1,m2; c) :=
∑

( a bc d )∈Γ∞\Γ0(6)σ1/r/Γ∞

e

(
am1 + dm2

c

)
,

and

α(y, c, n) :=

∫ ∞
−∞

ψ

(
yc−2

t2 + y2

)
e

(
c−2

t+ iy
− nt

)
dt.
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By [19, Definition 2.3], the set of allowed moduli for the cusps∞ and 1/r is

C∞,1/r :=

c′ > 0 :

∗ ∗
c′ ∗

 ∈ Γ0(6)σ1/r

 .

Using [19, Proposition 2.6], we obtain that

C∞,1/r = {c′ = c
√
l > 0 : c ≡ 0 (mod r), (c, l) = 1)} (2.10)

and for such c′ = c
√
l ∈ C∞,1/r the Kloosterman sum to modulus c′ is given by

S∞,1/r(m1,m2; c
√
l) = S(l̄m1,m2; c) (2.11)

where S(l̄m1,m2; c) is the ordinary Kloosterman sum defined by (1.4).

Using (2.10) and changing c to c
√
l in (2.9), we get

∑
γ∈Γ∞\Γ0(6)

g(γσ1/rz) = δ∞, 1
r
e(−z)ψ(y) +

∑
n∈Z

e(nx)
∑
c>0

c≡0 (mod 6/l)
(c,l)=1

α(y, c
√
l, n)S∞,1/r(−1, n; c

√
l).

Then by (2.11), we obtain

∑
γ∈Γ∞\Γ0(6)

g(γσ1/rz) = δ∞, 1
r
e(−z)ψ(y) +

∑
n∈Z

e(nx)
∑
c>0

c≡0 (mod 6/l)
(c,l)=1

α(y, c
√
l, n)S(−l̄, n; c). (2.12)

We now compute α(y, c
√
l, n). By short calculation, we have

α(y, c
√
l, n) =

2π
√
y

c
√
l
L, (2.13)
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where

L :=

∫ ∞
−∞

I3/2

(
2πyc−2l−1

t2 + y2

)
1√

t2 + y2
e

(
t

c2l(t2 + y2)
− nt

)
dt.

Making the changes of variables t = yu,A = 1
lc2y

, and B = −ny, we get

L =

∫ ∞
−∞

(
u2 + 1

)−1/2
I3/2

(
2πA

u2 + 1

)
e

(
Au

u2 + 1
+Bu

)
du.

Then the same argument as in [1, pages 426-427] yields

L =


2K3/2(2πB)J3

(
4π
√
AB
)

if B > 0

2π2

3
A3/2 if B = 0

2K3/2 (2π|B|) I3

(
4π
√
A|B|

)
if B < 0

After substituting A and B, we get

L =



2K3/2 (−2πny) J3

(
4π
√
−n

c
√
l

)
if n < 0

2π2

3
l−3/2c−3y−3/2 if n = 0

2K3/2 (2πny) I3

(
4π
√
n

c
√
l

)
if n > 0.

Now, substituting (2.13) in (2.12) yields

∑
γ∈Γ∞\Γ0(6)

g(γσ1/rz) = δ∞, 1
r
e(−z)ψ(y) +

∑
n∈Z

e(nx)
∑
c>0

c≡0 (mod 6/l)
(c,l)=1

S(−l̄, n; c)
2π
√
y

c
√
l
L

= δ∞, 1
r
e(−z)ψ(y) + A0 + A1 + A2, (2.14)
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where

A0 : =
4π3

3

∑
c>0

c≡0 (mod 6/l)
(c,l)=1

S(−l̄, 0; c)

c4l2y
,

A1 : =
∑
n<0

e(nx)
∑
c>0

c≡0 (mod 6/l)
(c,l)=1

4π
√
yS(−l̄, n; c)

c
√
l

K3/2(−2πny)J3

(
4π
√
|n|

c
√
l

)
,

A2 : =
∑
n>0

e(nx)
∑
c>0

c≡0 (mod 6/l)
(c,l)=1

4π
√
yS(−l̄, n; c)

c
√
l

K3/2(2πny)I3

(
4π
√
n

c
√
l

)
.

Then by (2.8) and (2.14), we have

P (z) =
∑
l|6

µ(l)
[
δ∞, 1

r
e(−z)ψ(y) + A0 + A1 + A2

]
=e(−z)ψ(y) +

∑
l|6

µ(l)A0 +
∑
l|6

µ(l)A1 +
∑
l|6

µ(l)A2

=2π
√
ye(−x)I3/2(2πy) +

4π3

3

∑
l|6

µ(l)
∑
c>0

c≡0 (mod 6/l)
(c,l)=1

S(−l̄, 0; c)

c4l2y

+
∑
l|6

µ(l)
∑
n 6=0

e(nx)
∑
c>0

c≡0 (mod 6/l)
(c,l)=1

4π
√
yS(−l̄, n; c)

c
√
l

K3/2(2π|n|y)B(n, c, l), (2.15)

where

B(n, c, l) :=


J3

(
4π
√
|n|

c
√
l

)
if n < 0

I3

(
4π
√
n

c
√
l

)
if n > 0.

Now, using the identity(see e.g. [25, Eq. 10.47.7 and 10.49.9])

I3/2(z) =

√
2

πz

(
cosh(z)− sinh(z)

z

)
for z ∈ C− (−∞, 0],
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we have

2π
√
ye(−x)I3/2(2πy) = 2π

√
ye(−x)

√
1

π2y

(
e2πy + e−2πy

2
− e2πy − e−2πy

4πy

)

Then a short calculation yields

2π
√
ye(−x)I3/2(2πy) = e(−z) + e(−z̄)−

(
e(−z)− e(−z̄)

2πy

)
. (2.16)

Similarly, using the identities (see e.g. [25, Eq. 10.27.4])

K3/2(z) =
π

2

(
I3/2(z)− I−3/2(z)

)
for z ∈ C− (−∞, 0]

and (see e.g. [25, Eqs. 10.47.8 and 10.49.11])

I−3/2(z) =

√
2

πz

(
sinh(z)− cosh(z)

z

)
for z ∈ C− (−∞, 0],

we obtain

K3/2(2πyn) =
π

2

[
1

π
√
yn

(
cosh(2πyn)− sinh(2πyn)

2πyn

)
− 1

π
√
yn

(
sinh(2πyn)− cosh(2πyn)

2πyn

)]
=

1

2
√
yn

(
e−2πyn +

e−2πyn

2πyn

)
.

Hence

4π
√
yK3/2(2πyn)e(nx) =

2π√
n

(
e(nz) +

e(nz)

2πyn

)
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and

4π
√
yK3/2(2πyn)e(−nx) =

2π√
n

(
e(−nz̄) +

e(−nz̄)

2πyn

)
.

By combining the preceding calculations, we can write (2.15) as

P (z) = P1(z) + P2(z), (2.17)

where

P1(z) :=

(
1− 1

2πy

)
e(−z) +

b(0)

y
+
∞∑
n=1

b(n)√
n

(
1 +

1

2πyn

)
e(nz),

P2(z) :=

(
1 +

1

2πy

)
e(−z̄) +

∞∑
n=1

b(−n)√
n

(
1 +

1

2πyn

)
e(−nz̄),

b(0) :=
4π3

3

∑
l|6

µ(l)
∑

0<c≡0 (mod 6/l)
(c,l)=1

S(−l̄, 0; c)

c4l2
,

b(n) := 2π
∑
l|6

µ(l)
∑

0<c≡0 (mod 6/l)
(c,l)=1

S(−l̄, n; c)

c
√
l

J3

(
4π
√
|n|

c
√
l

)
if n < 0,

b(n) := 2π
∑
l|6

µ(l)
∑

0<c≡0 (mod 6/l)
(c,l)=1

S(−l̄, n; c)

c
√
l

I3

(
4π
√
n

c
√
l

)
if n > 0.

Proposition 2.7. Let a(n) ∈ Z be the Fourier coefficients of the weakly holomorphic modular form

Fp(z) defined by (2.1). Then we have b(n) = −n3/2a(n) for n ≥ 1, b(0) = 5/π, b(−1) = −1, and

b(−n) = 0 for n ≥ 2. In particular, P2(z) = 0.

Proof. The weakly holomorphic modular form Fp(z) has the Fourier expansion

Fp(z) =
∞∑

n=−1

a(n)e(nz)
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for some integers a(n). Then, recalling that the weak Maass form P (z) is defined by

P (z) := −
(

1

2πi

d

dz
+

1

2πy

)
Fp(z),

we get the Fourier expansion

P (z) =
∞∑

n=−1

−
(
n+

1

2πy

)
a(n)e(nz). (2.18)

Since the Fourier expansion of P (z) is unique, by comparing the Fourier expansion of P (z) in

(2.18) and (2.17), we get b(−1) = −1, b(−n) = 0 for n ≥ 2, b(0) = −a(0)/2π = 5/π, and

b(n)√
n

(
1 +

1

2πyn

)
= −

(
n+

1

2πy

)
a(n)

for n ≥ 1. Take the limit of both sides as y →∞ to get b(n) = −n3/2a(n) for n ≥ 1.

Proposition 2.4 now follows from (2.17) and Proposition 2.7.

2.4 The Fourier expansion of P (z) in the cusps

We now compute the Fourier expansion of P (z) in the cusps of Γ0(6). Recall that C6 is the

set of right coset representatives of Γ0(6)\SL2(Z) defined by Definition 2.2. First, note that each

matrix γ ∈ C6 maps the cusp∞ to one of the cusps {∞, 1/3, 1/2, 0} of the modular curve X0(6)

as follows:

matrix γ ∈ C6 γ∞ γ1/3,u γ1/2,v γ0,t

cusp γ(∞) ∞ ' 1/6 1/3 1/2 0 ' 1

width of the cusp γ(∞) 1 2 3 6

Table 2.3: The width of the cusps of Γ0(6)
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Recall that Qred
D denote a set of primitive, reduced forms representing the equivalence classes

in Qprim
D,1 /SL2(Z). For each Q ∈ Qred

D , there is a unique choice of coset representative γQ ∈ C6

such that

[Q ◦ γ−1
Q ] ∈ Qprim

D,6,1/Γ0(6).

This induces a bijection

Qred
D → Q

prim
D,6,1/Γ0(6) (2.19)

Q 7→ [Q ◦ γ−1
Q ];

see the proposition in [13, p. 505], or more concretely [10, Lemma 3], where an explicit list of the

matrices γQ ∈ C6 is given.

We will compute the Fourier expansion of P (z) with respect to the matrices in C6. Recall that

{Wl : l|6} is the group of Atkin-Lehner operators defined by (2.3). For each l|6 and r = 6/l, let

Vl :=
√
lWl and

Al :=

 1
width of the cusp 1/r

0

0 1

 .

We have
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cusp 1/r ∞ ' 1/6 1/3 1/2 0 ' 1

l 1 2 3 6

Vl

1 0

0 1

 2 −1

6 −2

 3 1

6 3

 0 −1

6 0



Al

1 0

0 1

 1/2 0

0 1

 1/3 0

0 1

 1/6 0

0 1



VlAl

1 0

0 1

 1 −1

3 −2

 1 1

2 3

 0 −1

1 0


Table 2.4: The matrices Vl and Al

Let γ ∈ SL2(Z) be any matrix such that γ(∞) = 1/r. Observe from Table 2.4 that VlAl ∈

SL2(Z) and VlAl maps∞ to the cusp 1/r. Hence

(VlAl)
−1 γ(∞) =∞,

so that (VlAl)
−1 γ ∈ SL2(Z)∞ stabilizes the cusp∞. In particular, there is an integer n ∈ Z such

that

γ = VlAl

1 n

0 1

 . (2.20)

Since γ∞, γ1/3,u, γ1/2,v, and γ0,t map the cusp ∞ to the cusps ∞, 1/3, 1/2, and 0, respectively, it
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follows that these matrices satisfy (2.20). By solving for n in each case, we get

γ∞ = V1A1,

γ1/3,u = V2A2

1 u+ 1

0 1

 ,

γ1/2,v = V3A3

1 v

0 1

 ,

γ0,t = V6A6

1 t

0 1

 .

A calculation using (2.5) and the group law on {Wl : l|6} shows that

P (Wlz) = λlP (z), (2.21)

where the eigenvalues λl = 1 for l = 1, 6 and λl = −1 for l = 2, 3. Thus we obtain

P |0γ∞(z) = P (z),

P |0γ1/3,u(z) = P (γ1/3,uz) = P

V2A2

1 u+ 1

0 1

 z

 = −P
(
z + u+ 1

2

)
,

P |0γ1/2,v(z) = P (γ1/2,vz) = P

V3A3

1 v

0 1

 z

 = −P
(
z + v

3

)
,

P |0γ0,t(z) = P (γ0,tz) = P

V6A6

1 t

0 1

 z

 = P

(
z + t

6

)
.

Let ζ6 = e(1/6) be a primitive sixth root of unity. Then by Proposition 2.4 the Fourier expansion
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of P with respect to the matrices γ1/3,u, γ1/2,v, γ0,t is

P |0γ1/3,u(z) = ζ3u
6

(
1− 2

2πy

)
e

(
−z
2

)
− 2× 5

πy
+
∞∑
n=1

ζ
3+3n(u+1)
6 b(n)√

n

(
1 +

2

2πyn

)
e
(nz

2

)
P |0γ1/2,v(z) = ζ3−2v

6

(
1− 3

2πy

)
e

(
−z
3

)
− 3× 5

πy
+
∞∑
n=1

ζ3+2nv
6 b(n)√

n

(
1 +

3

2πyn

)
e
(nz

3

)
P |0γ0,t(z) = ζ−t6

(
1− 6

2πy

)
e

(
−z
6

)
+

6× 5

πy
+
∞∑
n=1

ζnt6 b(n)√
n

(
1 +

6

2πyn

)
e
(nz

6

)
.

More generally, given a form Q ∈ Qred
D and corresponding coset representative γQ ∈ C6, let

hQ be the width of the cusp γQ(∞) and let ζQ, φn,Q be sixth roots of unity defined as follows:

coset representative γQ γ∞ γ 1
3
,u γ 1

2
,v γ0,t

cusp γQ(∞) ∞ ' 1/6 1/3 1/2 0 ' 1

ζQ 1 ζ6
3u ζ6

3−2v ζ6
−t

φn,Q 1 ζ6
3+3n(u+1) ζ6

3+2nv ζ6
nt

Table 2.5: Sixth roots of unity assigned to γQ

Then

P (γQz) = ζQ

(
1− hQ

2πy

)
e

(
−z
hQ

)
+

5µ(hQ)hQ
πy

+
∞∑
n=1

b(n)φn,Q√
n

(
1 +

hQ
2πyn

)
e

(
nz

hQ

)
.

(2.22)

2.5 Effective bounds for the number b(n)

In this subsection, we give effective bounds for the number b(n) defined in Proposition 2.4.
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Lemma 2.8. For n ≥ 1, let b(n) be defined as in Proposition 2.4. Then

|b(n)| ≤ n1/2
(
c1e

4π
√
n +

c1

e
+ c2

)
,

where

c1 := 192
√

6π3/2 and c2 :=
4
√

3

9
π3.

Proof. We first establish some bounds we will need for I3(x).

If 0 < x < 1, we use the series expansion (see [25, Eq. 10.25.2])

I3(x) =
(x

2

)3
∞∑
k=0

x2k

22kk!(k + 3)!

to get

|I3(x)| ≤ x3

36
. (2.23)

Next, assume that x ≥ 1. Using the identity [25, Eq. 10.34.5] with m = 1, we have

I3(x) =
i

π
K3(−x) +

i

π
K3(x),

which yields

|I3(x)| ≤ 1

π
(|K3(−x)|+ |K3(x)|) . (2.24)
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Now, by [24, Eq. (14)], we have the identities

K3(x) =

√
π

2x
e−x

(
2∑
j=0

aj(3)

xj
+R

(K)
3 (x, 3)

)
,

K3(−x) = −i
√

π

2x
ex

(
2∑
j=0

(−1)jaj(3)

xj
+R

(K)
3 (−x, 3)

)

where

aj(3) :=
(−1)j+1Γ

(
j + 7

2

)
Γ
(
j − 5

2

)
π2jΓ(j + 1)

, j ≥ 0

and R(K)
3 (±x, 3) is a remainder function which we estimates below.

First, we compute

a0(3) = 1, a1(3) =
35

8
, a2(3) =

945

128
, a3(3) =

3465

1024
.

Also, by [24, Theorem 1.5, Eq. (26)] and [24, Proposition B.1, Eq. (96)], we have

∣∣∣R(K)
3 (±x, 3)

∣∣∣ ≤ |a3(3)| sup
r≥1
|Λ3(±2xr)|

≤ 3465

1024

√
7e

2

≤ 11.

Then

|K3(±x)| ≤
√

π

2x
e∓x

(
a0(3) +

a1(3)

x
+
a2(3)

x2
+
∣∣∣R(K)

3 (±x, 3)
∣∣∣)

≤
√

π

2x
e∓x

(
1 +

35

8
+

945

128
+ 11

)
≤ 24

√
π

2x
e∓x.
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After applying the preceding bound in (2.24), we get

|I3(x)| ≤ 24√
2πx

(
ex + e−x

)
. (2.25)

We now estimate |b(n)| for n ≥ 1. Recall that

b(n) = 2π
∑
l|6

µ(l)
∑
c>0

c≡0 (mod 6/l)
(c,l)=1

S(−l̄, n; c)

c
√
l

I3

(
4π
√
n

c
√
l

)
.

Let M := 4π
√
n√
l

. Then we have

|b(n)| ≤ 2π
∑
l|6

∑
c>0

c≡0 (mod 6/l)
(c,l)=1

∣∣S(−l̄, n; c)
∣∣

c
√
l

∣∣∣∣I3

(
M

c

)∣∣∣∣ .

Using the Weil bound :

|S(a, b; c)| ≤ τ(c)(a, b, c)1/2c1/2,

where τ(c) is the divisor function, which counts the number of positive divisors of c, and the fact

that (l̄, n, c) = 1 for (c, l) = 1 (see Table 2.2), we get

|S(−l̄, n; c)| ≤ τ(c)c1/2 for (c, l) = 1. (2.26)

Then applying the following effective bound for the divisor function (see [9, p. 12])

τ(c) ≤
√

3c1/2
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yields

|S(−l̄, n, ; c)|
c
√
l

≤
√

3√
l

for (c, l) = 1. (2.27)

Using the bound (2.27), we get

|b(n)| ≤ 2π
∑
l|6

∑
0<c≤M

√
3√
l

∣∣∣∣I3

(
M

c

)∣∣∣∣+ 2π
∑
l|6

∑
c>M

√
3√
l

∣∣∣∣I3

(
M

c

)∣∣∣∣ .
If 0 < c ≤M , we use (2.25) to obtain

∣∣∣∣I3

(
M

c

)∣∣∣∣ ≤ 24√
2πM/c

(
eM/c + e−M/c

)
≤ 12c1/2l1/4√

2πn1/4

(
e

4π
√
n

c
√
l + e−1

)
≤ 12c1/2l1/4√

2πn1/4

(
e4π
√
n + e−1

)
.

On the other hand, if c > M , we use (2.23) to obtain

∣∣∣∣I3

(
M

c

)∣∣∣∣ ≤ 1

36

(
M

c

)3

≤ 16π3n3/2

9c3l3/2
.

Hence

|b(n)| ≤ 12
√

6n−1/4
∑
l|6

l−1/4
∑

0<c≤M

c1/2

(
e4π
√
n +

1

e

)
+

32
√

3

9
π4n3/2

∑
l|6

l−2
∑
c>M

c−3.

Now, observe that

∑
0<c≤M

c1/2

(
e4π
√
n +

1

e

)
≤M3/2

(
e4π
√
n +

1

e

)

≤ 8π3/2n3/4

l3/4

(
e4π
√
n +

1

e

)
.
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Also, we have

∑
c>M

c−3 ≤
∫ ∞
M−1

c−3dc =
1

2(M − 1)2
=

1

2

(
l

16π2n− 8π
√
nl + l

)
.

Since 0 < l ≤ 6 and
√
n ≥ 1 ≥

√
6

2π−1
, it follows that

16π2n− 8π
√
nl + l ≥ 16π2n− 8π

√
6n

= 8π
√
n(2π

√
n−
√

6)

≥ 8πn.

Hence

∑
c>M

c−3 ≤ l

16πn
. (2.28)

Finally, applying these estimate yields

|b(n)| ≤ 96
√

6π3/2n1/2

(
e4π
√
n +

1

e

)∑
l|6

l−1 +
2
√

3

9
π3n1/2

∑
l|6

l−1

= 192
√

6π3/2n1/2

(
e4π
√
n +

1

e

)
+

4
√

3

9
π3n1/2

= n1/2
(
c1e

4π
√
n +

c1

e
+ c2

)
.

2.6 Proof of Theorem 2.3

In this subsection, we give an asymptotic formula for the trace of the function P (z) with an

effective bound on the error term. Then, we combine it with Theorem 2.1 to prove Theorem 2.3.
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For n ≥ 1, Let Dn := −24n+ 1 and define the trace of P (z) by

S(n) :=
∑

[Q]∈QDn,6,1/Γ0(6)

P (τQ).

First, we decompose S(n) as a linear combination of traces involving primitive forms. Let D < 0

be any discriminant with D ≡ 1 (mod 24) and define the class polynomials

Hn(X) :=
∏

[Q]∈QDn,6,1/Γ0(6)

(X − P (τQ))

and

ĤD(X) :=
∏

[Q]∈Qprim
D,6,1/Γ0(6)

(X − P (τQ)) . (2.29)

By (2.21), we have P |0Wl(z) = P (z) for l = 1, 6 and P |0Wl(z) = −P (z) for l = 2, 3. Then,

using the same argument as the proof in [7, Lemma 3.7], we can express Hn(X) as a product of

class polynomials in (2.29) as follows:

Hn(X) =
∏
u>0
d2|Dn

ε(d)h(Dn/d
2)ĤDn/d2 (ε(d)X) , (2.30)

where ε(d) = 1 if d = ±1 (mod 12) and ε(d) = −1 otherwise. Comparing terms on both sides of

(2.30) yields the class number relation

H(Dn) =
∑
d>0
d2|Dn

h
(
Dn/d

2
)

(2.31)

and the decomposition

S(n) =
∑
d>0
d2|Dn

ε(d)
∑

[Q]∈Qprim
Dn/d2,6,1

/Γ0(6)

P (τQ).
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Now, using the bijection (2.19) and the compatibility relation (1.3) we have

∑
[Q]∈Qprim

Dn/d2,6,1
/Γ0(6)

P (τQ) =
∑

Q∈Qred
Dn/d2

P (γQ(τQ)).

It follows that

S(n) =
∑
d>0
d2|Dn

ε(d)
∑

Q∈Qred
Dn/d2

P (γQ(τQ)).

Then using (2.22), we get

S(n) = MT(n) + ET(n),

where the main term is given by

MT(n) :=
∑
d>0
d2|Dn

ε(d)
∑

Q∈Qred
Dn/d2

ζQ

(
1− hQ

2πyQ

)
e

(
−τQ
hQ

)

with yQ := Im(τQ), and the error term is given by

ET(n) := β1 + β2,

where

β1 :=
5

π

∑
d>0
d2|Dn

ε(d)
∑

Q∈Qred
Dn/d2

µ(hQ)
hQ
yQ
,

β2 :=
∞∑
m=1

∑
d>0
d2|Dn

ε(d)
∑

Q∈Qred
Dn/d2

Cm,Q
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with

Cm,Q := φm,Q
b(m)√
m

(
1 +

hQ
2πmyQ

)
e

(
mτQ
hQ

)
.

First, we estimate |β2|. Since Q ∈ Qred
Dn/d2

is reduced, the corresponding Heegner point

τQ =
−bQ +

√
Dn/d2

2aQ

lies in the standard fundamental domain for SL2(Z). Hence

√
|Dn|/d2

2aQ
= Im(τQ) ≥

√
3

2
,

which implies that

mπ
√
|Dn|/d2

hQaQ
≥ mπ

√
3

hQ
.

Then, since hQ ≤ 6, we have

−mπ
√
|Dn|/d2

hQaQ
≤ −mπ

√
3

hQ
≤ −mπ

2
√

3
,

so that

∣∣∣∣e(mτQhQ

)∣∣∣∣ = exp

(
−mπ

√
|Dn|/d2

hQaQ

)
≤ exp

(
−mπ
2
√

3

)
.

Using this estimate, we get

|β2| ≤
∞∑
m=1

|b(m)| exp

(
−mπ
2
√

3

)∑
d>0
d2|Dn

∑
Q∈Qred

Dn/d2

(
1√
m

+
hQ

2πm3/2yQ

)
.
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Now, since hQ ≤ 6 and yQ ≥
√

3/2, we have

1√
m

+
hQ

2πm3/2yQ
≤ 1√

m
+

2
√

3

πm3/2
.

Hence using (2.31), we get

|β2| ≤ H(Dn)
∞∑
m=1

|b(m)| exp

(
−mπ
2
√

3

)(
1√
m

+
2
√

3

πm3/2

)
.

Finally, inserting the bound for b(m) from Lemma 2.8 yields

|β2| ≤ H(Dn)
[
c1S1 +

(c1

e
+ c2

)
S2

]
,

where

S1 :=
∞∑
m=1

(
1 +

2
√

3

πm

)
exp

(
4π
√
m− mπ

2
√

3

)
≤ 2.14× 1020

S2 :=
∞∑
m=1

(
1 +

2
√

3

πm

)
exp

(
−mπ
2
√

3

)
≤ 1.5.

Thus

|β2| ≤ H(Dn)

((
2.14× 1020

)
192
√

6π3/2 + (1.5)

(
192
√

6π3/2

e
+

4
√

3

9
π3

))

≤
(
5.6043× 1023

)
H(Dn).

Next, we estimate |β1|. We have

|β1| ≤
5

π

∑
d>0
d2|Dn

∑
Q∈Qred

Dn/d2

hQ
|yQ|

.
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Again, using hQ ≤ 6 and yQ ≥
√

3/2, we get

|β1| ≤
5

π

∑
d>0
d2|Dn

∑
Q∈Qred

Dn/d2

12√
3

≤ H(Dn)
20
√

3

π
.

We have now shown that

ET(n) ≤

(
5.6043× 1023 +

20
√

3

π

)
H(Dn)

≤
(
5.6044× 1023

)
H(Dn),

To complete the proof, we combine these results with Theorem 2.1 to get

p(n) = M(n) + E(n),

where

M(n) :=
MT(n)

24n− 1

and

E(n) :=
ET(n)

24n− 1
≤
(
5.6044× 1023

) H(Dn)

24n− 1
.
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3. ASYMPTOTIC DISTRIBUTION WITH POWER SAVING ERROR TERMS

Throughout this section, we assume thatN is a squarefree positive integer and the discriminant

D satisfies the following Heegner hypothesis:

• D < −4 is an odd fundamental discriminant coprime to N such that every prime divisor of

N splits in Q(
√
D).

The aim of this section is to give the asymptotic formula with a power-saving error term for the

trace of Dkf when f ∈ M !
−2k(N) is an eigenfunction for the Atkin-Lehner operators of level N .

We then apply the result to give asymptotic formulas with power-saving error terms for the partition

function p(n), Andrews’ smallest parts function spt(n), and the coefficients α(n) of Ramanujan’s

f(q) mock theta function.

3.1 Asymptotic formula with a power saving error terms for the trace

Recall that the trace of a Γ0(N)-invariant function f : H→ C is defined by

TrD(f) :=
∑

Q∈QD,N,ρ/Γ0(N)

f(τQ).

Since D is an odd fundamental discriminant, D is squarefree. Because any quadratic form of

squarefree discriminant is primitive, we have

QD,N,ρ = Qprim
D,N,ρ

and hence

TrD(f) =
∑

Q∈Qprim
D,N,ρ/Γ0(N)

f(τQ).

Next, we fix a distinguished set of right coset representatives of Γ0(N)\SL2(Z).

42



Definition 3.1. Let l|N . For each t ∈ {0, 1, . . . , l − 1}, we define

γ l
N
,t :=

 1 0
N
l

1

1 t

0 1

 =

 1 t
N
l

N
l
t+ 1

 . (3.1)

Let

CN :=
{
γ l
N
,t : l|N, t = 0, 1, . . . , l − 1

}

denote the set of all matrices defined by (3.1).

Then CN is a set of right coset representatives of Γ0(N)\SL2(Z) (see Proposition 3.8).

Given Q ∈ Qred
D , there is a unique coset representative γQ ∈ CN such that [Q ◦ γ−1

Q ]N ∈

Qprim
D,N,ρ/Γ0(N). This gives a bijection

Qred
D −→ Q

prim
D,N,ρ/Γ0(N) (3.2)

Q 7−→ [Q ◦ γ−1
Q ]N

(see Section 3.4). It follows from (3.2) and (1.3) that

TrD(f) =
∑
Q∈Qred

D

f(τQ◦γ−1
Q

) =
∑
Q∈Qred

D

f(γQτQ).

Finally, define

Sl,D,N :=
⊔

t∈{0,1,...,l−1}

Sl,t,D,N

where

Sl,t,D,N := {Q ∈ Qred
D : γQ = γ l

N
,t}.

43



Then

Qred
D =

⊔
l|N

Sl,D,N

so that

TrD(f) =
∑
Q∈Qred

D

f(γQτQ) =
∑
l|N

l−1∑
t=0

∑
Q∈Sl,tD,N

f(γQτQ).

We are now in a position to state our main result, which is the following asymptotic formula

with a power saving error term.

Theorem 3.2. Let k ≥ 0 be an integer. Suppose that f ∈M !
−2k(N) has the Fourier expansion

f(z) =
N∞∑
m=0

a(−m)q−m +
∞∑
m=1

a(m)qm, q := e(z) = e2πiz

and that f is an eigenfunction for the Atkin-Lehner operators Wl defined in (3.6), i.e.

f |−2kWl(z) = λ(l)f(z), (3.3)

where the eigenvalues λ(l) satisfy the following properties:

(P.1) λ(l) ∈ {1,−1} for any integer l|N ,

(P.2) λ
(

l1l2
(l1,l2)2

)
= λ(l1)λ(l2) for l1|N, l2|N .

Then

TrD(Dkf) =
∑
l|N

λ(l)
l−1∑
t=0

∑
Q∈Sl,t,D,N

yQ>l
(

2N√
3

+|D|−
1
80

)
N∞∑
m=0

a(−m)ck

(
m,

yQ
l

)
e

(
−mτQ
l

)
ζ
−m(Nl t+1−ll̃)
N

+ h(D)βk(f) +Oε,N(|D|
1
2
− 1

80
+ε)
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as |D| → ∞. Here

ck(m, y) :=
k∑
j=0

(−1)j(k + j)!mk−j

(4πy)jj!(k − j)!
,

ζN := e(1/N) is a primitive N -th root of unity, l̃ is any integer that satisfies l̃l ≡ 1 (mod N/l),

and

βk(f) :=

∫
reg

Dkf(z)dµ

is the regularized integral defined in Section 3.9.

Remark 3.3. Note that if a multiplicative function λ : N→ R satisfies (P.1), then it automatically

satisfies (P.2).

3.2 Applications and Discussion

3.2.1 Applications of Theorem 3.2

We illustrate the utility of Theorem 3.2 by applying it to give asymptotic formulas with power

saving error terms for some important arithmetic functions.

We will establish the following asymptotic formula for p(n).

Theorem 3.4. As n→∞ through a sequence of integers such that Dn := −24n+ 1 is squarefree,

we have

p(n) =
1

24n− 1

∑
l|6

µ(l)
l−1∑
t=0

∑
Q∈Sl,t,Dn,6

yQ>l
(

4
√

3+|Dn|−
1
80

)
[

5l

πyQ
+

(
1− l

2πyQ

)
e

(
−τQ
l

)
ζ
−( 6

l
t+1−ll̃)

6

]

+Oε(n
− 41

80
+ε)

where µ is the Möbius function.

Similarly, we will establish the following asymptotic formula for spt(n).
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Theorem 3.5. As n→∞ through a sequence of integers such that Dn := −24n+ 1 is squarefree,

we have

spt(n) =
∑
l|6

µ(l)
l−1∑
t=0

∑
Q∈Sl,t,Dn,6

yQ>l
(

4
√

3+|Dn|−
1
80

)
[
1− 5l

12πyQ
+

l

24πyQ
ζ
−( 6

l
t+1−ll̃)

6 e

(
−τQ
l

)]
+Oε(n

1
2
− 1

80
+ε).

Next, recall that Ramanujan’s f(q) mock theta function is defined by the q-series

f(q) := 1 +
∞∑
n=1

α(n)qn := 1 +
∞∑
n=1

qn
2

(1 + q)2(1 + q2)2 · · · (1 + qn)2
.

We will establish the following asymptotic formula for the coefficients α(n).

Theorem 3.6. As n→∞ through a sequence of integers such that Dn := −24n+ 1 is squarefree,

we have

α(n) =
−1√

24n− 1

∑
l|6

β(l)
l−1∑
t=0

∑
Q∈Sl,t,Dn,6

yQ>l
(

4
√

3+|Dn|−
1
80

)
e2πyQ/l sin

(
−2π

(
xQ
l

+
6
l
t+ 1− ll̃

6

))
+Oε(n

− 1
80

+ε)

where β(l) = 1 if l = 1, 2 and β(l) = −1 if l = 3, 6.

Recall that the rank of a partition is the largest part minus the total number of parts. The

coefficients α(n) encode important information about the distribution of partition ranks. Namely,

let Ne(n) and No(n) denote the number of partitions of n with even and odd rank, respectively. It

is well known that

Ne(n) =
p(n) + α(n)

2
and No(n) =

p(n)− α(n)

2
.

By combining Theorem 3.4 and 3.6, we immediately obtain the following asymptotic formulas for

Ne(n) and No(n).

Corollary 3.7. As n→∞ through a sequence of integers such thatDn := −24n+1 is squarefree,
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we have

Ne(n) = M+
p,α(n) +Oε(n

− 1
80

+ε),

No(n) = M−
p,α(n) +Oε(n

− 1
80

+ε)

where

M+
p,α(n) :=

∑
l|6

l−1∑
t=0

∑
Q∈Sl,t,Dn,6

yQ>l
(

4
√

3+|Dn|−
1
80

)
Ap(l, t, τQ, n) + Aα(l, t, τQ, n)

2
,

M−
p,α(n) :=

∑
l|6

l−1∑
t=0

∑
Q∈Sl,t,Dn,6

yQ>l
(

4
√

3+|Dn|−
1
80

)
Ap(l, t, τQ, n)− Aα(l, t, τQ, n)

2
,

Ap(l, t, τQ, n) :=
µ(l)

24n− 1

[
5l

πyQ
+

(
1− l

2πyQ

)
e

(
−τQ
l

)
ζ
−( 6

l
t+1−ll̃)

6

]
,

Aα(l, t, τQ, n) :=
−β(l)√
24n− 1

[
e2πyQ/l sin

(
−2π

(
xQ
l

+
6
l
t+ 1− ll̃

6

))]
.

3.2.2 Discussion

Here we compare our results to some previous work.

1. Building on work of Rademacher [26], Lehmer [20] gave an asymptotic formula for p(n)

with an error term which is � n−1/2+ε. Folsom and Masri [11] gave an asymptotic formula for

p(n) with an error term which is� n−(1/2+δ) for some δ > 0. By employing the Bruinier/Ono [5]

formula for p(n), this result was refined by Masri in [22, Theorem 1.6]. Theorem 3.4 refines the

main term and sharpens the exponent in the error term of [22, Theorem 1.6].

2. In [4], Bringmann gave an asymptotic formula for spt(n) with an error term which is� n1+ε.

Using the Ahlgren/Andersen [1] formula for spt(n), Banks, Barquero-Sanchez, Sheng and Masri

[3, Theorem 1.3] gave an asymptotic formula for spt(n) with an error term which is� n1/2−δ for

some δ > 0. Theorem 3.5 refines the main term and sharpens the exponent in the error term of [3,
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Theorem 1.3].

3. In [23, Theorem 1.3], Masri gave an asymptotic formula for α(n) with a power saving error

term. An asymptotic formula with a power saving error term was given by Ahlgren and Dunn

[2] using different methods. Theorem 3.6 refines the main term and sharpens the exponent in the

error term of [23, Theorem 1.3]. An important new input here is the Bruinier/Schwagenscheidt [8]

formula for α(n).

3.3 Atkin-Lehner operators for Γ0(N)

In this subsection we make a choice of Atkin-Lehner operators for Γ0(N) and find a relation

between the coset representatives in CN and our choice of Atkin-Lehner operators.

First, we verify the following.

Proposition 3.8. CN is a set of right coset representatives of Γ0(N)\SL2(Z).

Proof. Recall that the group Γ0(N) has index

[SL2(Z) : Γ0(N)] = N
∏
p|N

(1 + 1/p).

Since N is squarefree,

N
∏
p|N

(1 + 1/p) =
∑
d|N

d = |CN |.

So it suffices to show that two different matrices in CN are not in the same coset. For convenience,

for each l|N , let r := N/l. Then each matrix γ l
N
,t ∈ CN can be written as

γ l
N
,t = γ 1

r
,t =

1 0

r 1

1 t

0 1

 =

1 t

r rt+ 1

 , t = 0, 1, · · · , N/r − 1. (3.4)
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Observe that for r1|N and r2|N , the matrices

γ 1
r1
,m1

:=

 1 m1

r1 r1m1 + 1

 , 0 ≤ m1 ≤ N/r1 − 1

and

γ 1
r2
,m2

:=

 1 m2

r2 r2m2 + 1

 , 0 ≤ m2 ≤ N/r2 − 1

are in the same coset if there is

 a b

cN d

 ∈ Γ0(N) such that

 a b

cN d

 1 m1

r1 r1m1 + 1

 =

 1 m2

r2 r2m2 + 1

 .

Using this identity and the fact that ad− bcN = 1, we can solve for a, b, c, d. We have

a = 1− r1(m2 −m1),

b = m2 −m1,

d = r2(m2 −m1) + 1,

cN = r2 − r1 − r1r2(m2 −m1). (3.5)

Since r1|N and r2|N , it follows by (3.5) that r1 = r2. So cN
r1

= −r1(m2 − m1). Since N

is squarefree, r1 and N/r1 are coprime, hence m1 ≡ m2 (mod N/r1). Since 0 ≤ m1,m2 ≤

N/r1 − 1, it follows that m1 = m2.

Now, we make a choice of Atkin-Lehner operators. Define the matrices

τr :=

1 (l̃l − 1)/r

r l̃l

 , νl :=

√l 0

0 1/
√
l

 ,
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where l̃ is any integer that satisfies l̃l ≡ 1 (mod r). By [19], τrνl is an acceptable choice for an

Atkin-Lehner operator. Let {Wl : l|N} be the group of Atkin-Lehner operators for Γ0(N) defined

by

Wl := τrνl =
1√
l

 l (l̃l − 1)/r

rl l̃l

 . (3.6)

Further, let Vl :=
√
lWl and

Al :=

 1
width of the cusp 1/r

0

0 1

 =

1/l 0

0 1

 .

Note that

VlAl =

1 (l̃l − 1)/r

r l̃l

 ∈ SL2(Z)

and this matrix maps∞ to the cusp 1/r. Since the matrix γ 1
r
,t ∈ CN maps the cusp∞ to the cusp

1/r, it follows that

(VlAl)
−1 γ 1

r
,t(∞) =∞,

hence (VlAl)
−1 γ 1

r
,t ∈ SL2(Z)∞ stabilizes the cusp ∞. In particular, there is an integer n ∈ Z

such that

γ 1
r
,t = VlAl

1 n

0 1

 .

By solving for n for each matrix γ 1
r
,t, we obtain

γ 1
r
,t = VlAlTl,t =

√
lWlAlTl,t, (3.7)
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where

Tl,t :=

1 t+ 1−l̃l
r

0 1

 .

3.4 The bijection from Qred
D to Qprim

D,N,ρ/Γ0(N)

In this subsection we show that the map defined by (3.2) is a bijection. First, observe that by

reduction theory, given Q ∈ Qprim
D,N,ρ there is a matrix mQ ∈ SL2(Z) such that Q ◦mQ ∈ Qred

D . In

particular, mQ = AQγQ for some AQ ∈ Γ0(N) and γQ ∈ CN , so that Q ◦ AQγQ ∈ Qred
D .

Lemma 3.9. If Q1, Q2 ∈ Qprim
D,N,ρ and Q1 ≡ Q2 (mod Γ0(N)), then γQ1 = γQ2 .

Proof. Since D and N are coprime, we have
(
N, ρ, ρ

2−D
4N

)
= 1. Hence by the Proposition on page

505 of [13], there is a bijection

Qprim
D,N,ρ/Γ0(N) −→ Qprim

D,1 /SL2(Z) −→ Qred
D (3.8)

given by [Q]N 7−→ [Q]1 7−→ Q̃, where the first arrow is the natural map and Q̃ is the unique

reduced form in the class [Q]1.

Now, since [Q1]N = [Q2]N there is a matrix B ∈ Γ0(N) such that Q2 = Q1 ◦ B. Also, by

(3.8) there is a unique reduced form Q̃ ∈ Qred
D such that Q̃ = Q1 ◦AQ1γQ1 and Q̃ = Q2 ◦AQ2γQ2 .

Hence

Q1 ◦ AQ1γQ1 = Q2 ◦ AQ2γQ2 = (Q1 ◦B) ◦ AQ2γQ2 ,

which yields

Q1 = Q1 ◦BAQ2γQ2γ
−1
Q1
A−1
Q1
.

Since D < −4, the stabilizer subgroup of Q ∈ Qprim
D,N,ρ is SL2(Z)Q = {±I} where I is the identity
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matrix. Hence

BAQ2γQ2γ
−1
Q1
A−1
Q1

= ±I

which yields γQ1 = ±A−1
Q1
BAQ2γQ2 . Therefore γQ1 ≡ γQ2 (mod Γ0(N)) which implies γQ1 =

γQ2 .

By Lemma 3.9 and (3.8), given Q̃ ∈ Qred
D there is a unique class [Q]N ∈ Qprim

D,N,ρ/Γ0(N) and a

unique coset representative γQ̃ := γ[Q]N = γQ ∈ CN such that

Q̃ ◦ γ−1

Q̃
= (Q ◦ AQγQ̃) ◦ γ−1

Q̃
= Q ◦ AQ ∈ [Q]N ∈ Qprim

D,N,ρ/Γ0(N).

This gives a map

α : Qred
D −→ Q

prim
D,N,ρ/Γ0(N)

Q̃ 7−→ [Q̃ ◦ γ−1

Q̃
]N .

Proposition 3.10. The map α is a bijection.

Proof. By (3.8) we have |Qred
D | = |Qprim

D,N,ρ/Γ0(N)|. Hence it suffices to prove that α is injective.

Let Q̃1, Q̃2 ∈ Qred
D and suppose that α(Q̃1) = α(Q̃2). Then [Q̃1 ◦ γ−1

Q̃1
]N = [Q̃2 ◦ γ−1

Q̃2
]N so there

is B ∈ Γ0(N) such that Q̃1 ◦ γ−1

Q̃1
= (Q̃2 ◦ γ−1

Q̃2
) ◦ B. Thus Q̃1 = Q̃2 ◦ γ−1

Q̃2
BγQ̃1

which implies

Q̃1 ≡ Q̃2 (mod SL2(Z)). Hence Q̃1 = Q̃2, so α is injective.

3.5 The Fourier expansion of f ∈M !
−2k(N)

In this subsection, we compute the Fourier expansion of a weakly holomorphic modular form

f of weight −2k which is an eigenfunction for the Atkin-Lehner operators. We first prove the

following lemma, which shows that if we know the Fourier expansion at the cusp∞ of f , then we

can obtain the Fourier expansion of f with respect to the matrices γ 1
r
,t ∈ CN .
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Lemma 3.11. Let k ≥ 0 be an integer and suppose that f : H → C is an eigenfunction for the

Atkin-Lehner operators Wl defined in (3.6), i.e.

f |−2kWl(z) = λ(l)f(z) (3.9)

for some λ(l) ∈ C. Then for γ 1
r
,t ∈ CN ,

f |−2kγ 1
r
,t(z) = lkλ(l)f

(
z

l
+
t

l
+

1− ll̃
N

)

and if, in addition, f ∈M !
−2k(N), then

f |−2kγ 1
r
,t(z) = lkλ(l)

∞∑
n=−N∞

a(n)e
(nz
l

)
ζ
n(rt+1−ll̃)
N . (3.10)

Proof. Using the relation (3.7) and the property

j(AB, z) = j(A,Bz)j(B, z) (3.11)

for A,B ∈ GL2(R) we have

f |−2kγ 1
r
,t(z) = j(γ 1

r
,t, z)

2kf(γ 1
r
,tz) = j(

√
lWlAlTl,t, z)

2kf(
√
lWlAlTl,tz)

= j(
√
lWl, AlTl,tz)2kj(AlTl,t, z)

2kf(
√
lWlAlTl,tz).

Note that j(AlTl,t, z) = 1 and j(
√
lWl, AlTl,tz) =

√
lj(Wl, AlTl,tz). Then by (3.9),

f |−2kγ 1
r
,t(z) = lkf |−2kWl(AlTl,tz) = lkλ(l)f(AlTl,tz) = lkλ(l)f

(
z

l
+
t

l
+

1− ll̃
N

)
.

Finally, if f ∈M !
−2k(N), we apply the Fourier expansion (1.2) to f

(
z
l

+ t
l

+ 1−ll̃
N

)
.

The following lemma shows how to construct linear combinations of the Poincaré series Fm
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which are automorphic for Γ0(N) and eigenfunctions for the Atkin-Lehner operators.

Lemma 3.12. Let λ(l) ∈ C for each l|N and let λ := (λ(l))l|N . Let m be a positive integer and

k ∈ Z. Define

Pm,λ(z, s, k) :=
∑
l|N

λ(l)Fm(z, s, k)|kWl, Re(s) > 1.

Then for M ∈ Γ0(N),

Pm,λ(z, s, k)|kM = Pm,λ(z, s, k).

Moreover, if the eigenvalues λ(l) satisfy properties (P.1) and (P.2), then

Pm,λ(z, s, k)|kWl = λ(l)Pm,λ(z, s, k).

Proof. Let M ∈ Γ0(N). Since WlMW−1
l ∈ Γ0(N), there is a matrix M ′ ∈ Γ0(N) such that

WlM = M ′Wl. Hence

(Fm(z, s, k)|kWl) |kM = Fm(z, s, k)|k(WlM)

= Fm(z, s, k)|k(M ′Wl)

= (Fm(z, s, k)|kM ′) |kWl. (3.12)

By definition of Fm, we have

Fm(z, s, k)|kM ′ = Fm(z, s, k).

So (3.12) becomes

(Fm(z, s, k)|kWl) |kM = Fm(z, s, k)|kWl,
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and we get

Pm,λ(z, s, k)|kM =
∑
l|N

λ(l) (Fm(z, s, k)|kWl) |kM

=
∑
l|N

λ(l)Fm(z, s, k)|kWl

= Pm,λ(z, s, k).

Next, suppose that λ(l) satisfy properties (P.1) and (P.2). We have

Pm,λ(z, s, k)|kWl =

∑
l0|N

λ(l0)Fm(z, s, k)|kWl0

 |kWl =
∑
l0|N

λ(l0)Fm(z, s, k)|k(Wl0Wl).

For each l0|N , let d := ll0
(l,l0)2

. Using properties (P.1) and (P.2), we obtain λ(d) = λ(l)λ(l0) and

λ(d)λ(l) = λ(l)2λ(l0) = λ(l0).

So by the group law on {Wl : l|N}, i.e. Wl1Wl2 ≡ W l1l2
(l1,l2)

2
(mod Γ0(N)), we obtain

Pm,λ(z, s, k)|kWl = λ(l)
∑
d|N

λ(d)Fm(z, s, k)|kWd = λ(l)Pm,λ(z, s, k).

This completes the proof.

Recall that S(a, b; c) is the Kloosterman sum of modulus c is defined by (1.4) and Iν , Jν , Kν

denote the I, J,K-Bessel functions of order ν, respectively.

Proposition 3.13. Let k be a positive integer and f ∈M !
−2k(N) be an eigenfunction for the Atkin-

Lehner operators Wl where the eigenvalues λ(l) satisfy properties (P.1) and (P.2). Then

f(z) = Pf (z)
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where

Pf (z) := 2
N∞∑
m=1

a(−m)
∑
l|N

λ(l)Fm(z, k + 1,−2k)|−2kWl. (3.13)

Moreover, the Fourier coefficients a(n) for n ≥ 0 in (1.2) are given by

a(0) =
(−1)k22k+1π2k+2

(k + 1/2)Γ(2k + 1)

∑
l|N

λ(l)

lk+1

∑
c>0

c≡0 (mod N/l)
(c,l)=1

c−2k−2

N∞∑
m=1

a(−m)S(−ml̃, 0; c)m2k+1,

and

a(n) =
2π(−1)k

nk+1/2

∑
l|N

λ(l)√
l

∑
c>0

c≡0 (mod N/l)
(c,l)=1

c−1

N∞∑
m=1

a(−m)S(−ml̃, n; c)mk+1/2I2k+1

(
4π
√
mn

c
√
l

)
, n ≥ 1.

Proof. We first compute the Fourier expansion of Pf . Write

Fm(z, k + 1,−2k) =
1

2Γ(2k + 2)

∑
γ∈Γ∞\Γ0(N)

[ψm,k(y)e(−mz)] |−2kγ

where

ψm,k(y) := (4πmy)kMk,k+ 1
2
(4πmy)e−2πmy.

Then by (3.11) we have

Fm(z, k + 1,−2k)|−2kWl =
1

2Γ(2k + 2)

∑
γ∈Γ∞\Γ0(N)

ψm,k(Im(γWlz))e(−m(γWlz))j(γWl, z)
2k.

Hence

Pf (z) =
1

Γ(2k + 2)

∑
l|N

λ(l)
∑

γ∈Γ∞\Γ0(N)

g(γWlz)j(γWl, z)
2k (3.14)
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where

g(z) :=
N∞∑
m=1

a(−m)ψm,k(Im(z))e(−mz).

Now, let B denote the group of integral translations

B :=


1 b

0 1

 : b ∈ Z


and let

wd/c :=

a b

c d

 ∈ Γ0(N)Wl.

Since the matrix Wl satisfies the conditions Wl ∈ SL2(R), Wl(∞) = 1/r, and

W−1
l Γ0(N)1/rWl =

±
1 n

0 1

 : n ∈ Z

 ,

then Wl is a scaling matrix for the Atkin-Lehner cusp 1/r in the sense of [15]. So we can use the

double coset decomposition in [15, (2.21)] to obtain

∑
γ∈Γ∞\Γ0(N)

g(γWlz)j(γWl, z)
2k =

∑
τ∈B\Γ0(N)Wl

g(τz)j(τ, z)2k

= δ∞, 1
r
g(z) +

∑
c>0

∑
d (mod c)

∑
n∈Z

g(wd/c(z + n))j

wd/c
1 n

0 1

 , z

2k

= δ∞, 1
r
g(z) +

∑
c>0

∑
d (mod c)

∑
n∈Z

g(wd/c(z + n))(cz + cn+ d)2k,

where δ∞,1/r = 1 if the cusps ∞ and 1/r are equivalent and 0 otherwise. Applying the Poisson
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summation formula to the innermost sum, we get

∑
n∈Z

g(wd/c(z + n))(cz + cn+ d)2k =
∑
n∈Z

∫ ∞
−∞

g(wd/c(z + t))(cz + ct+ d)2ke(−nt)dt.

Note that

wd/c(z + t) =
a

c
− 1

c2(t+ x+ d/c+ iy)
.

By the change of variables t→ t− x− d/c, the integral

∫ ∞
−∞

g(wd/c(z + t))(cz + ct+ d)2ke(−nt)dt

becomes

c2ke(nx+ nd/c)

∫ ∞
−∞

g

(
a

c
− 1

c2(t+ iy)

)
(t+ iy)2ke(−nt)dt.

So

∑
γ∈Γ∞\Γ0(N)

g(γWlz)j(γWl, z)
2k = δ∞, 1

r
g(z)

+
∑
n∈Z

e(nx)
∑
c>0

c2k

N∞∑
m=1

a(−m)S∞, 1
r
(−m,n; c)αk(m, c, y, n),

where

αk(m, c, y, n) :=

∫ ∞
−∞

ψm,k

(
y

c2(t2 + y2)

)
e

(
m

c2(t+ iy)
− nt

)
(t+ iy)2kdt

and S∞,1/r is the general Kloosterman sum defined by

S∞, 1
r
(m1,m2; c) :=

∑
( a bc d )∈Γ∞\Γ0(N)Wl/Γ∞

e

(
am1 + dm2

c

)
.
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Thus equation (3.14) becomes

Pf (z) =
∑
l|N

λ(l)δ∞, 1
r

g(z)

Γ(2k + 2)

+
∑
l|N

λ(l)
∑
n∈Z

e(nx)
∑
c>0

c2k

N∞∑
m=1

a(−m)S∞, 1
r
(−m,n; c)

αk(m, c, y, n)

Γ(2k + 2)
.

Observe that δ∞,1/r = 1 only when r = N (so l = 1). Also, properties (P.1) and (P.2) of λ(l)

imply that λ(1) = 1. So

Pf (z) =
g(z)

Γ(2k + 2)
+
∑
n∈Z

e(nx)
∑
l|N

λ(l)
∑
c>0

c2k

N∞∑
m=1

a(−m)S∞, 1
r
(−m,n; c)

αk(m, c, y, n)

Γ(2k + 2)
.

(3.15)

We compute g(z)/Γ(2k + 2). Using equation 13.14.2 in [25], we obtain

Mk,k+1/2(4πmy) = e−2πmy(4πmy)k+1M(1, 2k + 2, 4πmy)

where M(a, b, z) is the Kummer confluent hypergeometric function. So

ψm,k(y)

Γ(2k + 2)
=
e−4πmy(4πmy)2k+1

Γ(2k + 2)
M(1, 2k + 2, 4πmy).

Using equation 13.2.2 in [25], we obtain

M(1, 2k + 2, 4πmy) = 1 +
1

2k + 2
4πmy +

1 · 2
(2k + 2)(2k + 3)

(4πmy)2

2!
+ · · · .

59



So

ψm,k(y)

Γ(2k + 2)
=
e−4πmy(4πmy)2k+1

(2k + 1)!

[
1 +

1

2k + 2
4πmy +

1 · 2
(2k + 2)(2k + 3)

(4πmy)2

2!
+ · · ·

]
= e−4πmy

[
(4πmy)2k+1

(2k + 1)!
+

(4πmy)2k+2

(2k + 2)!
+ · · ·

]
= e−4πmy

[
e4πmy −

(
1 +

4πmy

1!
+

(4πmy)2

2!
+ · · ·+ (4πmy)2k

(2k)!

)]
= 1− e−4πmy

2k∑
j=0

(4πmy)j

j!
.

Therefore by definition of g we obtain

g(z)

Γ(2k + 2)
=

N∞∑
m=1

a(−m)e(−mz)−
N∞∑
m=1

a(−m)e(−mz̄)
2k∑
j=0

(4πmy)j

j!
. (3.16)

Now, by [19, Definition 2.3], the set of allowed moduli for the cusps∞ and 1/r is given by

C∞, 1
r

=

γ > 0 :

∗ ∗
γ ∗

 ∈ Γ0(N)Wl

 .

Using [19, Proposition 2.6], we obtain that

C∞, 1
r

= {γ = c
√
l > 0 : c ≡ 0 (mod r), (c, l) = 1)},

and for such γ = c
√
l ∈ C∞,1/r, the Kloosterman sum of modulus γ is given by

S∞, 1
r
(m1,m2; c

√
l) = S(l̃m1,m2; c).

60



By the above argument and (3.16), equation (3.15) becomes

Pf (z) =
N∞∑
m=1

a(−m)e(−mz)−
N∞∑
m=1

a(−m)e(−mz̄)
2k∑
j=0

(4πmy)j

j!

+
∑
n∈Z

e(nx)
∑
l|N

λ(l)
∑
c>0

c≡0 (mod N/l)
(c,l)=1

c2klk
N∞∑
m=1

a(−m)S(−ml̃, n; c)
αk(m, c

√
l, y, n)

Γ(2k + 2)
. (3.17)

By straightforward calculation, we have

αk(m, c
√
l, y, n) =

(4πmy)k

c2klk

∫ ∞
−∞

Mk,k+1/2

(
4πmy

c2l(t2+y2)

)
(t2 + y2)k

e

(
mt

c2l(t2 + y2)
− nt

)
(t+ iy)2kdt.

Using equation 13.14.2 in [25], we obtain

Mk,k+1/2

(
4πmy

c2l(t2 + y2)

)
= exp

(
−2πmy

c2l(t2 + y2)

)(
4πmy

c2l(t2 + y2)

)k+1

M

(
1, 2k + 2,

4πmy

c2l(t2 + y2)

)
.

Using the change of variables t = yu and setting A = 1
c2ly

, B = −ny, we get

αk(m, c
√
l, y, n)

Γ(2k + 2)
=

(−4πm)kyk+1

c2klk
Ln (3.18)

where

Ln :=

∫ ∞
−∞

G

(
4πmA

1 + u2

)
e

2πi
(
muA
1+u2

+Bu
)(

1− iu
1 + iu

)k
du

and

G(z) :=
zk+1e−z/2M(1, 2k + 2, z)

Γ(2k + 2)
.
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Using Lemma 5.5 on page 357 of [14], we have

Ln =



2π(−4πny)k+1

Γ(2k + 1)
e2πnyU(1, 2k + 2,−4πny)

√
m

−nlc2y2
J2k+1

(
4π
√
−mn
c
√
l

)
if n < 0

2πk+2

(k + 1/2)Γ(2k + 1)

(
m

c2ly

)k+1

if n = 0

2π(4πn|y|)k+1e−2πn|y|U(2k + 1, 2k + 2, 4πn|y|)
√

m

nlc2y2
I2k+1

(
4π
√
mn

c
√
l

)
if n > 0,

where U(a, b, z) is the Tricomi confluent hypergeometric function. Therefore by (3.17) and (3.18),

the Fourier expansion of Pf is

Pf (z) =
N∞∑
m=1

a(−m)e(−mz) + Ck(0)−
N∞∑
m=1

a(−m)e(−mz̄)
2k∑
j=0

(4πmy)j

j!

+
∑
n>0

Ck(−n, y)e(−nz̄) +
∑
n>0

Ck(n, y)e(nz),

where

Ck(0) :=
(−1)k22k+1π2k+2

(k + 1/2)Γ(2k + 1)

∑
l|N

λ(l)

lk+1

∑
c>0

c≡0 (mod N/l)
(c,l)=1

c−2k−2

N∞∑
m=1

a(−m)S(−ml̃, 0; c)m2k+1,

and for n ≥ 1,

Ck(−n, y) :=
2π(4πy)2k+1(−1)knk+ 1

2

Γ(2k + 1)

∑
l|N

λ(l)√
l

∑
c>0

c≡0 (mod N/l)
(c,l)=1

c−1

N∞∑
m=1

a(−m)mk+ 1
2 SUJ(−n, l, c,m, y),

Ck(n, y) := 2π(4πy)2k+1(−1)knk+ 1
2

∑
l|N

λ(l)√
l

∑
c>0

c≡0 (mod N/l)
(c,l)=1

c−1

N∞∑
m=1

a(−m)mk+ 1
2 SUI(n, l, c,m, y),

SUJ(−n, l, c,m, y) := S(−ml̃,−n; c)U(1, 2k + 2, 4πny)J2k+1

(
4π
√
mn

c
√
l

)
,

SUI(n, l, c,m, y) := S(−ml̃, n; c)U(2k + 1, 2k + 2, 4πny)I2k+1

(
4π
√
mn

c
√
l

)
.
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By equation 13.6.4 in [25], we have

U(2k + 1, 2k + 2, 4πny) = (4πny)−2k−1.

It follows that for n ≥ 1,

Ck(n, y) =
2π(−1)k

nk+1/2

∑
l|N

λ(l)√
l

∑
c>0

c≡0 (mod N/l)
(c,l)=1

c−1

N∞∑
m=1

a(−m)S(−ml̃, n; c)mk+1/2I2k+1

(
4π
√
mn

c
√
l

)
=: Ck(n),

which does not depend on y. Thus

Pf (z) =
N∞∑
m=1

a(−m)e(−mz) + Ck(0) +
∑
n>0

Ck(n)e(nz)

+
N∞∑
n=1

e(−nz̄)

(
Ck(−n, y)− a(−n)

2k∑
j=0

(4πny)j

j!

)
+
∑
n>N∞

Ck(−n, y)e(−nz̄). (3.19)

Now, observe that

Pf (z) = 2
N∞∑
m=1

a(−m)Pm,λ(z, k + 1,−2k).

Thus by Lemma 3.12 we have

Pf (z)|−2kM = Pf (z) for all M ∈ Γ0(N) (3.20)

and

Pf (z)|−2kWl = λ(l)Pf (z).

63



Hence by Lemma 3.11 and (3.19) we obtain

Pf |−2kγ 1
r
,t(z) = lkλ(l)Pf

(
z

l
+
t

l
+

1− ll̃
N

)

= lkλ(l)
N∞∑
m=1

a(−m)e

(
−mz
l

)
ζ
−m(rt+1−ll̃)
N + lkλ(l)Ck(0)

+ lkλ(l)
∑
n>0

Ck(n)e
(nz
l

)
ζ
n(rt+1−ll̃)
N

+ lkλ(l)
N∞∑
n=1

e

(
−nz̄
l

)
ζ
−n(rt+1−ll̃)
N

(
Ck

(
−n, y

l

)
− a(−n)

2k∑
j=0

(4πny)j

ljj!

)

+ lkλ(l)
∑
n>N∞

Ck

(
−n, y

l

)
e

(
−nz̄
l

)
ζ
−n(rt+1−ll̃)
N . (3.21)

From Lemma 3.11 and (3.21), we find that the Fourier expansions of f and Pf with respect to

the matrices γ 1
r
,t have the same principal parts. Furthermore, since

∆−2k(Fm|−2kγ) = (∆−2kFm)|−2kγ

for all γ ∈ GL+
2 (R) (see [12]) and ∆−2kFm(z, k + 1,−2k) = 0, it follows that Pf is harmonic.

Hence f −Pf is a bounded harmonic function on the compact Riemann surface X0(N) and is thus

constant. Write f = Pf + Cf for some constant Cf . We will show that Cf = 0.

Let M :=

 1 0

N 1

 ∈ Γ0(N). Then by (3.20) we have

f(z) = f(z)|−2kM = Pf (z)|−2kM + Cf |−2kM = Pf (z) + (Nz + 1)2kCf .

It follows that Cf = (Nz + 1)2kCf for all z ∈ H. Since k is non-zero, Cf = 0, and hence f = Pf .

Finally, by comparing the Fourier expansion of f and Pf , we get a(0) = Ck(0), a(n) = Ck(n)
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for n ≥ 1,

Ck(−n, y)− a(−n)
2k∑
j=0

(4πny)j

j!
= 0

for 1 ≤ n ≤ N∞, and Ck(−n, y) = 0 for n > N∞. This completes the proof.

Proposition 3.14. Let f ∈ M !
0(N) be an eigenfunction for the Atkin-Lehner operators Wl where

the eigenvalues λ(l) satisfy properties (P.1) and (P.2). Then

f(z) = Pf (z, 1) + Cf

where Pf (z, 1) is the value at s = 1 of the analytic continuation of the Poincaré series

Pf (z, s) := 2
N∞∑
m=1

a(−m)
∑
l|N

λ(l)Fm(z, s, 0)|0Wl

to Re(s) > 3/4 and

Cf = a(0)− 4π2
∑
l|N

λ(l)

l

∑
c>0

c≡0 (mod N/l)
(c,l)=1

c−2

N∞∑
m=1

a(−m)mS(−ml̃, 0; c).

Moreover, the Fourier coefficients a(n) for n ≥ 1 in (1.2) are given by

a(n) =
2π√
n

∑
l|N

λ(l)√
l

∑
c>0

c≡0 (mod N/l)
(c,l)=1

c−1

N∞∑
m=1

√
ma(−m)S(−ml̃, n; c)I1

(
4π
√
mn

c
√
l

)
.

Proof. We will give only the idea of the proof here. The details of the proof can be found in [18].

We first compute the Fourier expansion of Pf (z, s) using an argument similar to Proposition 3.13,

and use it to obtain the analytic continuation of Pf (z, s) to Re(s) > 3/4. Then we compute the

Fourier expansion of Pf (z, 1) by letting s = 1 in the the Fourier expansion of Pf (z, s). Finally,

we use the argument similar to Proposition 3.13 to complete the proof.
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3.6 The Fourier expansion of Dkf

In this subsection, we compute the Fourier expansion of Dkf for those f ∈ M !
−2k(N) which

satisfy the conditions in Proposition 3.13. We first prove the following lemma.

Lemma 3.15. Let k ≥ 0 be an integer. Then for any c ∈ C we have

Dkc =
(−1)k(2k)!c

(4π)kk!yk
,

and for n ∈ Z

Dke(nz) = gn(y)e(nz)

for some rational function gn(y).

Proof. It is obvious that the statement is true for k = 0. Let k ≥ 1. We first prove the second

statement. We claim that for 0 ≤ t ≤ k − 1,

R−2k+2tR−2k+2(t−1) · · ·R−2ke(nz) = gn(y)e(nz)

for some rational function gn(y). We will prove the claim by induction. Note that for t = 0, we

have

R−2ke(nz) = 2i
∂e(nz)

∂z
+

(−2k)

y
e(nz) =

(
−4πn− 2k

y

)
e(nz).

Suppose that the claim is true for t− 1, i.e. there is a rational function gn(y) such that

R−2k+2(t−1) · · ·R−2ke(nz) = gn(y)e(nz).
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Then a straightforward calculation yields that

R−2k+2tR−2k+2(t−1) · · ·R−2ke(nz) = 2i
∂gn(y)e(nz)

∂z
+

(−2k + 2t)

y
gn(y)e(nz)

= e(nz)

(
g′n(y)− 4πngn(y) +

(−2k + 2t)

y
gn(y)

)
.

This proves the claim. Thus by letting t = k− 1 in the claim, we complete the proof of the second

statement.

Similarly, the first statement can be proved using the following claim: for 0 ≤ t ≤ k − 1,

R−2k+2tR−2k+2(t−1) · · ·R−2kc =
c(−1)t+1(2k)(2k − 1) · · · (2k − t)

yt+1
,

which can be proved by induction. Then we let t = k − 1 to complete the proof.

Proposition 3.16. Let k be a positive integer and f ∈M !
−2k(N) be an eigenfunction for the Atkin-

Lehner operators Wl where the eigenvalues λ(l) satisfy properties (P.1) and (P.2). Then

Dkf(z) =
N∞∑
n=0

a(−n)e(−nz)ck(n, y) +
∞∑
n=1

Bk(n, y)e(nz),

where for 0 ≤ n ≤ N∞

ck(n, y) :=
k∑
j=0

(−1)j(k + j)!nk−j

(4πy)jj!(k − j)!
,
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and for n ≥ 1

Bk(n, y) :=
2π√
n
d∗k(n, y)Sk(n),

d∗k(n, y) :=
k∑
j=0

(k + j)!

(4πny)jj!(k − j)!
,

Sk(n) :=
∑
l|N

λ(l)√
l

∑
c>0

c≡0 (mod N/l)
(c,l)=1

c−1

N∞∑
m=1

a(−m)mk+1/2S(−ml̃, n; c)I2k+1

(
4π
√
mn

c
√
l

)
.

Proof. By Proposition 3.13, f = Pf where Pf is defined by (3.13). Hence

Dkf(z) = 2
N∞∑
m=1

a(−m)
∑
l|N

λ(l)Dk (Fm(z, k + 1,−2k)|−2kWl) .

Now, by Proposition 2.2 in [5] we have that for j ∈ Z,

1

4π
R−2jFm(z, k + 1,−2j) = m(k + 1− j)Fm(z, k + 1,−2j + 2). (3.22)

Since the raising operator R−2j and the slash operator commute, (3.22) implies that for W ∈

SL2(Z) and t = 0, 1, . . . , k − 1,

1

4π
R−2(k−t)

(
Fm(z, k + 1,−2(k − t))|−2(k−t)W

)
=

(
1

4π
R−2(k−t)Fm(z, k + 1,−2(k − t))

)
|−2(k−t)+2W

= m(t+ 1)Fm(z, k + 1,−2(k − t− 1))|−2(k−t−1)W.

Hence

Dkf(z) = 2
N∞∑
m=1

a(−m)k!mk
∑
l|N

λ(l)Fm(z, k + 1, 0)|0Wl. (3.23)
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We have

Fm(z, k + 1, 0) =
1

2Γ(2k + 2)

∑
γ∈Γ∞\Γ0(N)

[
M0,k+1/2(4πmy)e(−mx)

]
|0γ

where M0,k+1/2 is the usual Whittaker function. Then using the equation 10.39.7 in [25] we get

Fm(z, k + 1, 0) =
22kΓ(k + 3/2)

Γ(2k + 2)

∑
γ∈Γ∞\Γ0(N)

Ik+1/2(2πmy)
√

4πmye(−mx)|0γ.

Further, by equation 5.5.5 in [25] we have

22kΓ(k + 3/2)

Γ(2k + 2)
=

√
π

2Γ(k + 1)
. (3.24)

Hence

Dkf(z) = 2
N∞∑
m=1

a(−m)mk+1/2
∑
l|N

λ(l)
∑

γ∈Γ∞\Γ0(N)

Ik+1/2(2πmy)π
√
ye(−mx)|0γWl.

Let

gD(z) :=
N∞∑
m=1

a(−m)ψm,D(y)e(−mz)

where

ψm,D(y) := mk+1/2π
√
yIk+1/2(2πmy)e−2πmy.

Then

Dkf(z) = 2
∑
l|N

λ(l)
∑

γ∈Γ∞\Γ0(N)

gD(γWlz).
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For l|N , let r := N/l. Then arguing as in the proof of Proposition 3.13, we obtain

∑
γ∈Γ∞\Γ0(N)

gD(γWlz) = δ∞, 1
r
gD(z) +

∑
n∈Z

e(nx)
∑
c>0

c≡0 (mod N/l)
(c,l)=1

N∞∑
m=1

a(−m)S(−l̃m, n; c)αD(m, c
√
l, y, n)

where

αD(m, c, y, n) :=

∫ ∞
−∞

ψm,D

(
y

c2(t2 + y2)

)
e

(
m

c2(t+ iy)
− nt

)
dt.

Hence

Dkf(z) = 2
∑
l|N

λ(l)δ∞, 1
r
gD(z)

+ 2
∑
l|N

λ(l)
∑
n∈Z

e(nx)
∑
c>0

c≡0 (mod N/l)
(c,l)=1

N∞∑
m=1

a(−m)S(−l̃m, n; c)αD(m, c
√
l, y, n).

Since δ∞,1/r = 1 only when r = N (so l = 1), it follows that

Dkf(z) = 2gD(z) + 2
∑
l|N

λ(l)
∑
n∈Z

e(nx)
∑
c>0

c≡0 (mod N/l)
(c,l)=1

N∞∑
m=1

a(−m)S(−l̃m, n; c)αD(m, c
√
l, y, n).

(3.25)

We compute 2gD. By equations 10.47.7, 10.49.8 and 10.49.1 in [25], we have

Ik+1/2(2πym) =
1

2π
√
ym

(
e2πymdk(m, y) + (−1)k+1e−2πymd∗k(m, y)

)
,

where

dk(m, y) :=
k∑
j=0

(−1)j(k + j)!

(4πym)jj!(k − j)!
and d∗k(m, y) :=

k∑
j=0

(k + j)!

(4πym)jj!(k − j)!
.
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Then by definition of ψm,D we obtain

ψm,D(y) =
mk

2

(
dk(m, y) + (−1)k+1e−4πymd∗k(m, y)

)
.

Hence

2gD(z) =
N∞∑
m=1

a(−m)e(−mz)ck(m, y) +
N∞∑
m=1

a(−m)e(−mz̄)(−1)k+1c∗k(m, y), (3.26)

where

ck(m, y) :=
k∑
j=0

(−1)j(k + j)!mk−j

(4πy)jj!(k − j)!
and c∗k(m, y) :=

k∑
j=0

(k + j)!mk−j

(4πy)jj!(k − j)!
.

Now, by definition of αD and straightforward calculation, we get

αD(m, c
√
l, y, n) :=

∫ ∞
−∞

mk+1/2π

√
y

c2l(t2 + y2)
Ik+1/2

(
2πym

c2l(t2 + y2)

)
e

(
mt

c2l(t2 + y2)
− nt

)
dt.

Then using the change of variables t = yu and setting A = 1
c2ly

, B = −ny, we obtain

2αD(m, c
√
l, y, n) := 2πmk+1/2y

∫ ∞
−∞

√
A

1 + u2
Ik+1/2

(
2πmA

1 + u2

)
e

(
muA

1 + u2
+Bu

)
du.

Let

G(z) :=
zk+1e−z/2M(k + 1, 2k + 2, z)

Γ(2k + 2)

and

LD,n :=

∫ ∞
−∞

G

(
4πmA

1 + u2

)
e

(
mAu

1 + u2
+Bu

)
du.
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Using (3.24) and the following property obtained from (xiv) in [14],

M

(
k + 1, 2k + 2,

4πmA

1 + u2

)
= Γ

(
k +

3

2

)(
πmA

1 + u2

)−k−1/2

exp

(
2πmA

1 + u2

)
Ik+1/2

(
2πmA

1 + u2

)
,

it follows that

2αD(m, c
√
l, y, n) = yΓ(k + 1)mkLD,n. (3.27)

We compute LD,n using Lemma 5.5 in [14] to get

LD,n =



2
√
π(−4πny)1/2

Γ(k + 1)
Kk+1/2(−2πny)

√
−m
n

1

yc
√
l
J2k+1

(
4π
√
−mn
c
√
l

)
if n < 0

1

yk+1

2πk+2mk+1

(k + 1/2)(Γ(k + 1))2c2k+2lk+1
if n = 0

2
√
π(4πny)1/2

Γ(k + 1)
Kk+1/2(2πny)

√
m

n

1

yc
√
l
I2k+1

(
4π
√
mn

c
√
l

)
if n > 0.

By equations 10.27.4, 10.47.7, 10.47.8, 10.49.8, and 10.49.10 in [25], we have for n > 0

Kk+1/2(2πny) = π
√
nye−2πny

k∑
j=0

(k + j)!

(2πny)j+12jj!(k − j)!
.

Therefore by inserting (3.27) and (3.26) into (3.25), we obtain the Fourier expansion

Dkf(z) =
N∞∑
n=1

a(−n)e(−nz)ck(n, y) +
Bk(0)

yk
+
∞∑
n=1

Bk(n, y)e(nz)

+
N∞∑
n=1

(
Bk(−n, y) + a(−n)(−1)k+1c∗k(n, y)

)
e(−nz̄) +

∑
n>N∞

Bk(−n, y)e(−nz̄),

(3.28)
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where

Bk(0) :=
2πk+2

(k + 1/2)k!

∑
l|N

λ(l)

lk+1

∑
c>0

c≡0 (mod N/l)
(c,l)=1

c−2k−2

N∞∑
m=1

a(−m)m2k+1S(−ml̃, 0; c),

and for n ≥ 1

Bk(−n, y) :=
2π√
n
d∗k(n, y)Sk(−n) and Bk(n, y) :=

2π√
n
d∗k(n, y)Sk(n),

where

Sk(−n) :=
∑
l|N

λ(l)√
l

∑
c>0

c≡0 (mod N/l)
(c,l)=1

c−1

N∞∑
m=1

a(−m)mk+1/2S(−ml̃,−n; c)J2k+1

(
4π
√
mn

c
√
l

)
,

Sk(n) :=
∑
l|N

λ(l)√
l

∑
c>0

c≡0 (mod N/l)
(c,l)=1

c−1

N∞∑
m=1

a(−m)mk+1/2S(−ml̃, n; c)I2k+1

(
4π
√
mn

c
√
l

)
.

We now simplify the Fourier expansion. By applying the differential operator Dk to f directly

and using Lemma 3.15, we obtain

Dkf(z) =
N∞∑
n=1

a(−n)g−n(y)e(−nz) +
(−1)k(2k)!a(0)

(4π)kk!yk
+
∞∑
n=1

a(n)gn(y)e(nz) (3.29)

for some rational functions g−n(y) and gn(y). By comparing the Fourier expansion of Dkf in

(3.28) and (3.29), we get

Bk(0) =
(−1)k(2k)!a(0)

(4π)kk!
.
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In particular, by inserting this identity in (3.28) and observing that

ck(0, y) =
(−1)k(2k)!

(4πy)kk!
,

we complete the proof.

By (3.23), Dkf is a linear combination of the Pm,λ(z, k + 1, 0). So by Lemma 3.12,

(Dkf(z))|0Wl = λ(l)Dkf(z).

Hence by Lemma 3.11 and Proposition 3.16, we get

Dkf(γ 1
r
,tz) = λ(l)Dkf

(
z

l
+
t

l
+

1− ll̃
N

)

= λ(l)
N∞∑
n=0

a(−n)e

(
−nz
l

)
ζ
−n(rt+1−ll̃)
N ck

(
n,
y

l

)
+ λ(l)

∞∑
n=1

Bk

(
n,
y

l

)
e
(nz
l

)
ζ
n(rt+1−ll̃)
N .

(3.30)

3.7 Regularization of Dkf

In this subsection, we construct a function which regularizes the function Dkf in the cusps of

Γ0(N) where k ≥ 0 and f ∈M !
−2k(N) satisfies the conditions in Theorem 3.2.

Let λ0 : R→ [0, 1] be a C∞ function such that

λ0(t) :=


0 if t ≤ 0

1 if t ≥ 1.

Let k ≥ 0. Let CN := 2N√
3

and η > 0. Define

fk,η(z) :=
∑
l|N

λ(l)
∑

γ∈Γ∞\Γ0(N)

gk,η(γWlz)
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where

gk,η(z) :=
N∞∑
m=0

a(−m)ψm,k,η(Im(z))e(−mz),

ψm,k,η(y) := λ0

(
y − CN

η

)
ck(m, y)

and ck(m, y) is defined in Theorem 3.2. Then define the regularized function

f reg
k,η(z) := Dkf(z)− fk,η(z).

Proposition 3.17. Let γ 1
r
,t ∈ CN . Then for y ≥ N(CN + η), we have

f reg
k,η (γ 1

r
,tz) = λ(l)

∞∑
n=1

bk

(
n,
y

l

)
e
(nz
l

)
ζ
n(rt+1−ll̃)
N

where bk(n, y) := Bk(n, y) if k ≥ 1 and bk(n, y) := a(n) if k = 0.

Proof. Arguing as in the proof of Proposition 3.13, we obtain

∑
γ∈Γ∞\Γ0(N)

gk,η(γWlz) = δ∞, 1
r
gk,η(z) +

∑
n∈Z

e(nx)
∑
c>0

c≡0 (mod N/l)
(c,l)=1

N∞∑
m=0

a(−m)S(−l̃m, n; c)αk,η(m, c
√
l, y, n),

(3.31)

where

αk,η(m, c, y, n) :=

∫ ∞
−∞

ψm,k,η

(
y

c2(t2 + y2)

)
e

(
m

c2(t+ iy)
− nt

)
dt.

Hence

fk,η(z) =
∑
l|N

λ(l)δ∞, 1
r
gk,η(z) +

∑
l|N

λ(l)
∑
n∈Z

e(nx)
∑
c>0

c≡0 (mod N/l)
(c,l)=1

N∞∑
m=0

a(−m)S(−l̃m, n; c)αk,η(m, c
√
l, y, n).
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Since δ∞,1/r = 1 only when r = N (so l = 1), it follows from the definition of gk,η that

fk,η(z) =
N∞∑
m=0

a(−m)ψm,k,η(y)e(−mz)

+
∑
n∈Z

e(nx)
∑
l|N

λ(l)
∑
c>0

c≡0 (mod N/l)
(c,l)=1

N∞∑
m=0

a(−m)S(−l̃m, n; c)αk,η(m, c
√
l, y, n). (3.32)

Using the definition of fk,η, properties (P.1) and (P.2) of λ(l), and the group law on {Wl : l|N}, we

have

fk,η(Wlz) = λ(l)fk,η(z).

Thus by Lemma 3.11 and (3.32), we obtain

fk,η(γ 1
r
,tz) = λ(l)fk,η

(
z

l
+
t

l
+

1− ll̃
N

)

= λ(l)
N∞∑
m=0

a(−m)ψm,k,η

(y
l

)
e

(
−mz
l

)
ζ
−m(rt+1−ll̃)
N

+ λ(l)
∑
n∈Z

e
(nx
l

)
ζ
n(rt+1−ll̃)
N

∑
l0|N

λ(l0)
∑
c>0

c≡0 (mod N/l0)
(c,l0)=1

N∞∑
m=0

a(−m)S(−l̃0m,n; c)αk,η

(
m, c

√
l0,
y

l
, n
)
.

(3.33)

Now, by definition of ψm,k,η we have

ψm,k,η(y) =


0 if y ≤ CN

ck(m, y) if y ≥ CN + η.

(3.34)
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Moreover, by definition of αk,η we have

αk,η

(
m, c

√
l0,
y

l
, n
)

=

∫ ∞
−∞

ψm,k,η

(
y/l

c2l0(t2 + (y/l)2)

)
e

(
m

c2l0(t+ iy/l)
− nt

)
dt.

Observe that for y ≥
√

3
2
,

y/l

c2l0(t2 + (y/l)2)
≤ y/l

t2 + (y/l)2
≤ y/l

(y/l)2
=
l

y
≤ 2l√

3
≤ 2N√

3
= CN ,

which yields that

ψm,k,η

(
y/l

c2l0(t2 + (y/l)2)

)
= 0

and hence

αk,η

(
m, c

√
l0,
y

l
, n
)

= 0.

So by (3.33), for y ≥
√

3
2

,

fk,η(γ 1
r
,tz) = λ(l)

N∞∑
m=0

a(−m)ψm,k,η

(y
l

)
e

(
−mz
l

)
ζ
−m(rt+1−ll̃)
N . (3.35)

Next, let y ≥ N(CN + η). Since y
l
≥ y

N
≥ CN + η for every l|N ,

ψm,k,η

(y
l

)
= ck

(
m,

y

l

)
.

Thus for y ≥ N(CN + η),

fk,η(γ 1
r
,tz) = λ(l)

N∞∑
m=0

a(−m)e

(
−mz
l

)
ζ
−m(rt+1−ll̃)
N ck

(
m,

y

l

)
. (3.36)
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Since

f reg
k,η(γ 1

r
,tz) = Dkf(γ 1

r
,tz)− fk,η(γ 1

r
,tz),

the proposition follows from (3.30) and (3.36) in the case k ≥ 1, and it follows from (3.10) and

(3.36) in the case k = 0.

For future reference, we will require the following inequalities.

Lemma 3.18. Let γ ∈ Γ∞\Γ0(N), {Wl : l|N} be the group of Atkin-Lehner operators defined in

(3.6), γ 1
R
,t ∈ CN , and z ∈ H. Then

Im(γWlγ 1
R
,tz) ≤ max

{
Im(z)

l
,

1

lIm(z)

}
.

Proof. Let

a b

c d

 := γ
√
lWlγ 1

R
,t. Then a, b, c, d ∈ Z and

1√
l

a b

c d

 = γWlγ 1
R
,t ∈ SL2(R).

So

Im(γWlγ 1
R
,tz) = Im

 1√
l

a b

c d

 z

 =
Im(z)∣∣∣ c√
l
z + d√

l

∣∣∣2 =
Im(z)l

|cz + d|2
. (3.37)

Let

 γ1 γ2

γ3N γ4

 := γ. Then

a b

c d

 =

 γ1 γ2

γ3N γ4

 l (l̃l − 1)/r

rl l̃l

1 t

R Rt+ 1

 .

78



A straightforward calculation yields

c = Nγ3

[
l +R

(
l̃l − 1

r

)]
+ γ4(rl +Rl̃l), (3.38)

d = ct+Nγ3

(
l̃l − 1

r

)
+ γ4l̃l.

First, we consider the case c = 0. Then

d = Nγ3

(
l̃l − 1

r

)
+ γ4l̃l = l

[
rγ3

(
l̃l − 1

r

)
+ γ4l̃

]
,

which implies that l|d. Since

l = det(γ
√
lWlγ 1

R
,t) = det

a b

0 d

 = ad,

we have d|l. Thus |d| = l. Therefore (3.37) becomes

Im(γWlγ 1
R
,tz) =

Im(z)

l
.

Now, suppose that c 6= 0. By (3.38) we have l|c and hence |c| ≥ l. So

|cz + d|2 = (cx+ d)2 + (cy)2 ≥ c2y2 ≥ l2y2.

Thus by (3.37),

Im(γWlγ 1
R
,tz) ≤ Im(z)l

l2(Im(z))2
=

1

lIm(z)
.

The next lemma follows directly from Lemma 3.18 and the fact that Im(z) ≥
√

3
2

when z ∈ F .
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Lemma 3.19. Let γ ∈ Γ∞\Γ0(N), {Wl : l|N} be the group of Atkin-Lehner operators defined in

(3.6), γ 1
R
,t ∈ CN , and z ∈ F . Then

Im(γWlγ 1
R
,tz) ≤ max

{
Im(z),

1

Im(z)

}
≤ max

{
Im(z),

2√
3

}
.

3.8 Proof of Theorem 3.2

We now give the proof of Theorem 3.2.

Let

∆ := ∆0 = −y2(∂2
x + ∂2

y)

be the weight 0 hyperbolic Laplacian. A fundamental domain for Γ0(N) is given by

F(N) :=
⋃

σ∈Γ0(N)\SL2(Z)

σF . (3.39)

Assume that 0 < η < 1. By Proposition 3.17, we may apply [22, Proposition 6.1] to obtain

TrD(f reg
k,η) = h(D)

∫
F(N)

f reg
k,η(z)dµ+O(‖∆2f reg

k,η‖|D|
1
2
− 1

16
+ε) (3.40)

where dµ is the normalized hyperbolic measure on F(N) given by

dµ :=
1

vol(F(N))

dxdy

y2
.

Since Dkf = f reg
k,η + fk,η, we have

TrD(Dkf) = TrD(f reg
k,η) + TrD(fk,η).
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Let

Trace1 :=
∑
l|N

λ(l)
l−1∑
t=0

∑
Q∈Sl,t,D,N

2N√
3
l<yQ≤l

(
2N√

3
+η
)
N∞∑
m=0

a(−m)ψm,k,η

(yQ
l

)
e

(
−mτQ
l

)
ζ
−m(N

l
t+1−ll̃)

N

and

Trace2 :=
∑
l|N

λ(l)
l−1∑
t=0

∑
Q∈Sl,t,D,N
yQ>l

(
2N√

3
+η
)
N∞∑
m=0

a(−m)ck(m, yQ/l)e

(
−mτQ
l

)
ζ
−m(N

l
t+1−ll̃)

N .

Then by Lemma 3.20, TrD(fk,η) = Trace1 + Trace2. So (3.40) yields

TrD(Dkf) = h(D)

∫
F(N)

f reg
k,η(z)dµ+O(‖∆2f reg

k,η‖|D|
1
2
− 1

16
+ε) + Trace1 + Trace2. (3.41)

Define

RN,k,η(D) := TrD(Dkf)− Trace2.

Then (3.41) can be written as

RN,k,η(D) = h(D)

∫
F(N)

f reg
k,η(z)dµ+O(‖∆2f reg

k,η‖|D|
1
2
− 1

16
+ε) + Trace1.

In Lemma 3.25, we will show that

∫
F(N)

f reg
k,η(z)dµ =

∫
reg
Dkf(z)dµ =: βk(f).

Note that the integral on the right hand side is independent of η. We now give a bound for Trace1.
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A straightforward estimate yields

|Trace1| ≤
∑
l|N

l−1∑
t=0

∑
Q∈Sl,t,D,N

2N√
3
l<yQ≤l

(
2N√

3
+η
)
N∞∑
m=0

|a(−m)||ck(m, yQ/l)|
∣∣∣∣e(−mτQl

)∣∣∣∣
≤
∑
l|N

cl#Λl,η(D),

where

cl :=
N∞∑
m=0

|a(−m)|
k∑
j=0

(k + j)!ljmk−j

(4π)jj!(k − j)!
e

2πm
(

2N√
3

+1
)

and

Λl,η(D) :=

{
Q ∈ Qred

D :
2N√

3
l < yQ ≤ l

(
2N√

3
+ η

)}
.

By Lemma 3.21, we have

#Λl,η(D) = O(ηh(D)) +O(η−1|D|
1
2
− 1

16
+ε).

So

|Trace1| = O(ηh(D)) +O(η−1|D|
1
2
− 1

16
+ε).

By Lemma 3.22, we have the estimate

‖∆2f reg
k,η‖ = O(η−4).

Combining the preceding estimates yields

RN,k,η(D) = h(D)βk(f) +O(η−4|D|
1
2
− 1

16
+ε) +O(ηh(D)).
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Let η = |D|−b for some b > 0. Then we use

h(D)�ε |D|1/2+ε

to obtain

RN,k,η(D) = h(D)βk(f) +O(|D|
1
2
−( 1

16
−4b)+ε) +O(|D|

1
2
−b+ε).

The exponent is optimized when 1
16
− 4b = b, or b = 1

80
. Thus

RN,k,η(D) = h(D)βk(f) +O(|D|
1
2
− 1

80
+ε).

This completes the proof of Theorem 3.2.

Lemma 3.20. We have

TrD(fk,η) = Trace1 + Trace2.

Proof. By definition of fk,η, we have

TrD(fk,η) =
∑
Q∈Qred

D

fk,η(γQτQ)

=
∑
Q∈Qred

D

∑
l|N

λ(l)
∑

γ∈Γ∞\Γ0(N)

gk,η(γWlγQτQ)

=
∑
l|N

λ(l)
∑
Q∈Qred

D

∑
γ∈Γ∞\Γ0(N)

gk,η(γWlγQτQ).

Using Lemma 3.19, we know that if Im(τQ) ≤ 2N√
3
, then

Im(γWlγQτQ) ≤ 2N√
3

= CN ,
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which yields that ψm,k,η(Im(γWlγQτQ)) = 0 and hence gk,η(γWlγQτQ) = 0. Thus

TrD(fk,η) =
∑
l|N

λ(l)
∑
Q∈Qred

D

yQ≥ 2N√
3

∑
γ∈Γ∞\Γ0(N)

gk,η(γWlγQτQ). (3.42)

Recall that for each Q ∈ Qred
D , we have Q ∈ SL,t,D,N for some L|N and t ∈ {0, 1, . . . , L − 1}

where γQ = γ L
N
,t =

 1 t

N
L

N
L
t+ 1

. For each L|N , let R := N/L. So (3.42) can be written as

TrD(fk,η) =
∑
l|N

λ(l)
∑
L|N

L−1∑
t=0

∑
Q∈SL,t,D,N
yQ≥ 2N√

3

∑
γ∈Γ∞\Γ0(N)

gk,η(γWlγ 1
R
,tτQ).

By (3.7), we know

γ 1
R
,t =
√
LWLAL

1 nR,t

0 1

 ,

where nR,t := t+ 1−LL̃
R

. So for each l|N and γ ∈ Γ∞\Γ0(N), we have

γWlγ 1
R
,tz =

√
LγWlWLAL

1 nR,t

0 1

 z =
√
LγBWl0

(
z + nR,t

L

)

for some B ∈ Γ0(N) where l0 := lL
(l,L)2

. So

∑
γ∈Γ∞\Γ0(N)

gk,η(γWlγ 1
R
,tz) =

∑
γ∈Γ∞\Γ0(N)

gk,η

(
γWl0

(
z + nR,t

L

))
. (3.43)
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Let r0 := N/l0. Using the Fourier expansion in (3.31), we obtain

∑
γ∈Γ∞\Γ0(N)

gk,η(γWl0z) =

δ∞, 1
r0

gk,η(z) +
∑
n∈Z

e(nx)
∑
c>0

c≡0 (mod N/l0)
(c,l0)=1

N∞∑
m=0

a(−m)S(−l̃0m,n; c)αk,η(m, c
√
l0, y, n). (3.44)

So by (3.43) and (3.44),

∑
γ∈Γ∞\Γ0(N)

gk,η(γWlγ 1
R
,tz) = δ∞, 1

r0

gk,η

(
z + nR,t

L

)

+
∑
n∈Z

e

(
n(x+ nR,t)

L

)∑
c>0

c≡0 (mod N/l0)
(c,l0)=1

N∞∑
m=0

a(−m)S(−l̃0m,n; c)αk,η(m, c
√
l0,

y

L
, n).

Thus

TrD(fk,η) =
∑
l|N

λ(l)
∑
L|N

L−1∑
t=0

∑
Q∈SL,t,D,N
yQ≥ 2N√

3

δ∞, 1
r0

gk,η

(
τQ + nR,t

L

)

+
∑
l|N

λ(l)
∑
L|N

L−1∑
t=0

∑
Q∈SL,t,D,N
yQ≥ 2N√

3

∑
n∈Z

e

(
n(xQ + nR,t)

L

)

×
∑
c>0

c≡0 (mod N/l0)
(c,l0)=1

N∞∑
m=0

a(−m)S(−l̃0m,n; c)αk,η(m, c
√
l0,
yQ
L
, n). (3.45)

Observe that for all c ≥ 1 and t ∈ R,

yQ/L

c2l0(t2 + (yQ/L)2)
≤ yQ/L

l0((yQ/L)2)
=

L

l0yQ
.
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If yQ ≥ 2N√
3
, then

L

l0yQ
=

L

yQ

(l, L)2

lL
=

(l, L)

l

(l, L)

yQ
≤ N

yQ
≤
√

3

2
≤ CN ,

which yields

ψm,k,η

(
yQ/L

c2l0(t2 + (yQ/L)2)

)
= 0,

and hence

αk,η

(
m, c

√
l0,
yQ
L
, n
)

= 0.

Thus (3.45) becomes

TrD(fk,η) =
∑
l|N

λ(l)
∑
L|N

L−1∑
t=0

∑
Q∈SL,t,D,N
yQ≥ 2N√

3

δ∞, 1
r0

gk,η

(
τQ + nR,t

L

)
.

Since

δ∞, 1
r0

= 1⇐⇒ the cusp 1/r0 is equivalent to the cusp∞

⇐⇒ r0 = N ⇐⇒ l0 = 1⇐⇒ lL = (l, L)2 ⇐⇒ l = L

and δ∞,1/r0 = 0 otherwise, it follows that

TrD(fk,η) =
∑
l|N

λ(l)
l−1∑
t=0

∑
Q∈Sl,t,D,N
yQ≥ 2N√

3

gk,η

(
τQ + nr,t

l

)

=
∑
l|N

λ(l)
l−1∑
t=0

∑
Q∈Sl,t,D,N
yQ≥ 2N√

3

N∞∑
m=0

a(−m)ψm,k,η

(yQ
l

)
e

(
−mτQ
l

)
ζ
−m(rt+1−ll̃)
N .
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By (3.34), we have

ψm,k,η(yQ/l) = 0 if yQ ≤ lCN ,

and

ψm,k,η(yQ/l) = ck(m, yQ/l) if yQ ≥ l(CN + η).

Therefore the lemma follows.

Lemma 3.21. Fix l|N . For each number 0 < η < 1 we have

#Λl,η(D) = O(ηh(D)) +O(η−1|D|
1
2
− 1

16
+ε).

Proof. Let 0 < η < 1 and φl,η : R→ [0, 1] be a C∞ function such that

(1) φl,η is supported on
(

2N√
3
l − η, l(2N√

3
+ η) + η

)
(2) φl,η = 1 on

[
2N√

3
l, l(2N√

3
+ η)

]
(3) φl,η satisfies the bound

φ
(A)
l,η � η−A, A = 0, 1, 2. (3.46)

Define

Gl,η(z) :=
∑

γ∈Γ∞\SL2(Z)

φl,η(Im(γz)).
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Then

∑
Q∈Qred

D

Gl,η(τQ) =
∑
Q∈Qred

D

∑
γ∈Γ∞\SL2(Z)

γ 6=Ī

φl,η(Im(γτQ)) +
∑
Q∈Qred

D

φl,η(Im(τQ))

≥
∑
Q∈Qred

D

φl,η(Im(τQ))

=
∑
Q∈Qred

D
Q∈Λl,η(D)

1 +
∑
Q∈Qred

D
Q/∈Λl,η(D)

φl,η(Im(τQ))

≥ #Λl,η(D).

We have

Gl,η(z) =
1

vol(F)
φ̂l,η(1) +

1

2πi

∫
R
φ̂l,η (1/2 + it)E∞ (z, 1/2 + it) dt,

where E∞(z, s) is the real-analytic Eisenstein series associated to the cusp∞ and

φ̂l,η(s) :=

∫ ∞
0

φl,η(u)u−s−1du.

Thus

∑
Q∈Qred

D

Gl,η(τQ) =
1

vol(F)
φ̂l,η(1)h(D) +

1

2πi

∫
R
φ̂l,η (1/2 + it)W∞(D, t)dt,

where

W∞(D, t) :=
∑
Q∈Qred

D

E∞ (τQ, 1/2 + it) .
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Now, a straightforward estimate yields

φ̂l,η(1) =

∫ 2N√
3
l+lη+η

2N√
3
l−η

φl,η(u)u−2du = O(η).

By (6.5) of [22], we have

W∞(D, t)�
(
1/4 + t2

) 17
96

+ε |D|
1
2
− 1

16
+ε,

hence we obtain

∑
Q∈Qred

D

Gl,η(τQ) = O(ηh(D)) +O(cη|D|
1
2
− 1

16
+ε),

where

cη :=

∫
R

∣∣∣φ̂l,η (1/2 + it)
∣∣∣ (1/4 + t2

) 17
96

+ε
dt.

We integrate by parts 2 times and use the bound (3.46) to obtain

φ̂l,η (1/2 + it)� η−1

1
4

+ t2
,

which yields that cη � η−1. Thus the lemma follows.

Lemma 3.22. For each 0 < η < 1, we have

‖∆2f reg
k,η ‖ = O(η−4).

Proof. We choose CN as the right coset representatives of Γ0(N)\SL2(Z). Then using the SL2(R)-
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invariance of the normalized hyperbolic measure dµ on F(N), we find that

‖∆2f reg
k,η‖

2 =

∫
F(N)

|∆2f reg
k,η(z)|2dµ

=
∑

γ 1
r ,t
∈CN

∫
γ 1
r ,t
F
|∆2f reg

k,η(z)|2dµ

=
∑

γ 1
r ,t
∈CN

∫
F
|∆2f reg

k,η(γ 1
r
,tz)|2dµ.

Let

P

(
2N√

3

)
:= {z = x+ iy ∈ F : y ≥ 2N√

3
}.

Then

‖∆2f reg
k,η‖

2 ≤ I + II,

where

I :=
∑

γ 1
r ,t
∈CN

∫
F−P

(
2N√

3

) |∆2f reg
k,η(γ 1

r
,tz)|2dµ

and

II :=
∑

γ 1
r ,t
∈CN

∫
P
(

2N√
3

) |∆2f reg
k,η(γ 1

r
,tz)|2dµ.

First, we estimate II. Let z ∈ F . Then y = Im(z) ≥
√

3
2

. If y ≤ 2N√
3
, then y

l
≤ 2N√

3
which yields

that ψm,k,η
(
y
l

)
= 0, hence by (3.35) we have

fk,η(γ 1
r
,tz) = 0. (3.47)
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By (3.35), (3.47) and Proposition 3.17, we obtain

f reg
k,η(γ 1

r
,tz) =

Dkf(γ 1
r
,tz) if

√
3

2
≤ y ≤ 2N√

3

Dkf(γ 1
r
,tz)− λ(l)

N∞∑
m=0

a(−m)ψm,k,η
(
y
l

)
e
(−mz

l

)
ζ
−m(rt+1−ll̃)
N if 2N√

3
< y ≤ N(2N√

3
+ η)

λ(l)
N∞∑
n=1

bk
(
n, y

l

)
e
(
nz
l

)
ζ
n(rt+1−ll̃)
N if y > N(2N√

3
+ η).

(3.48)

By splitting the y-integral in II into the different ranges considered in (3.48), we obtain

II =
∑

γ 1
r ,t
∈CN

∞∫
2N√

3

1/2∫
−1/2

|∆2f reg
k,η(γ 1

r
,tz)|2dµ = III +O(1)

where

III :=
∑

γ 1
r ,t
∈CN

N( 2N√
3

+η)∫
2N√

3

1/2∫
−1/2

|∆2f reg
k,η(γ 1

r
,tz)|2dµ.

By linearity of ∆ and the triangle inequality, we obtain

III ≤ IV + V +O(1)

where

IV :=

2
∑

γ 1
r ,t
∈CN

N( 2N√
3

+1)∫
2N√

3

1/2∫
−1/2

∣∣∣∆2Dkf(γ 1
r
,tz)
∣∣∣ ∣∣∣∣∣

N∞∑
m=0

a(−m)ζ
−m(rt+1−ll̃)
N ∆2

(
ψm,k,η

(y
l

)
e

(
−mz
l

))∣∣∣∣∣ dµ
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and

V :=
∑

γ 1
r ,t
∈CN

N( 2N√
3

+1)∫
2N√

3

1/2∫
−1/2

∣∣∣∣∣
N∞∑
m=0

a(−m)ζ
−m(rt+1−ll̃)
N ∆2

(
ψm,k,η

(y
l

)
e

(
−mz
l

))∣∣∣∣∣
2

dµ.

Using the estimate

max
(x,y)∈[−1/2,1/2]×[ 2N√

3
,N( 2N√

3
+1)]

∣∣∣∣∆2

(
ψm,k,η

(y
l

)
e

(
−mz
l

))∣∣∣∣� η−4,

we obtain

IV� η−4 and V� η−8.

Thus

II� η−8.

Next, we estimate I. Observe that F − P
(

2N√
3

)
can be contained in a rectangle

RN := [−1/2, 1/2]× [
√

3/2, 2N/
√

3].

Then

I ≤
∑

γ 1
r ,t
∈CN

∫
RN

|∆2Dkf(γ 1
r
,tz)|2dµ = O(1).

Therefore by combining the estimates for I and II we obtain

‖∆2f reg
k,η‖

2 = O(η−8)
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hence

‖∆2f reg
k,η‖ = O(η−4).

3.9 Regularized integrals

For a fixed Y > 2√
3
, define the truncated domain

FY := {z ∈ F : Im(z) ≤ Y }

and

FY (N) :=
⋃

σ∈Γ0(N)\SL2(Z)

σFY .

Let f ∈ M !
−2k(N) and suppose that f satisfies the conditions in Theorem 3.2. We define the

regularized integral

βk(f) :=

∫
reg
Dkf(z)dµ := lim

Y→∞

∫
FY (N)

Dkf(z)dµ.

For each l|N and η > 0, let

gk,η,Y/l(z) :=
N∞∑
m=0

a(−m)ψm,k,η,Y/l(Im(z))e(−mz)

where

ψm,k,η,Y/l(t) :=


ψm,k,η(t) if t ≤ Y

l

0 if t > Y
l
.
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Define the Poincaré series

fk,η,Y (z) :=
∑
l|N

λ(l)
∑

γ∈Γ∞\Γ0(N)

gk,η,Y/l(γWlz).

So

fk,η,Y (z) =
∑
l|N

λ(l)
∑

γ∈Γ∞\Γ0(N)

N∞∑
m=0

a(−m)ψm,k,η,Y/l(Im(γWlz))e(−mγWlz). (3.49)

Lemma 3.23. For z ∈ FY (N), we have fk,η,Y (z) = fk,η(z).

Proof. By (3.49) and the definition of ψm,k,η,Y/l, we obtain

fk,η(z) = fk,η,Y (z) +
∑
l|N

λ(l)
∑

γ∈Γ∞\Γ0(N)

Im(γWlz)>
Y
l

N∞∑
m=0

a(−m)ψm,k,η(Im(γWlz))e(−mγWlz). (3.50)

Let γ ∈ Γ∞\Γ0(N) and z ∈ FY (N). Then γWlz = γWlγ 1
R
,tz
′ for some γ 1

R
,t ∈ CN and z′ ∈ FY .

By Lemma 3.18, we have

Im(γWlγ 1
R
,tz
′) ≤ max

{
Im(z′)

l
,

1

Im(z′)l

}
.

Since z′ ∈ FY ,
√

3
2
≤ Im(z′) ≤ Y . So Im(z′)

l
≤ Y

l
and 1

Im(z′)l
≤ 2

l
√

3
. Thus

Im(γWlz) = Im(γWlγ 1
R
,tz
′) ≤ max

{
Y

l
,

2

l
√

3

}
=
Y

l
.

Hence

#

{
γ ∈ Γ∞\Γ0(N) : Im(γWlz) >

Y

l

}
= 0.

Therefore the lemma follows from (3.50).

Lemma 3.24. For z ∈ F(N)\FY (N), we have fk,η,Y (z) = 0.
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Proof. Let z ∈ F(N)\FY (N). Then z = γ 1
R
,tz
′ for some γ 1

R
,t ∈ CN and z′ ∈ F\FY , i.e., z′ ∈ F

with Im(z′) > Y . Let

(
a b

c d

)
:= γ
√
lWlγ 1

R
,t. Then using the same argument as in the proof of

Lemma 3.18, we obtain that if c = 0, then

Im(γWlz) = Im(γWlγ 1
R
,tz
′) =

Im(z′)

l
>
Y

l
,

which yields that ψm,k,η,Y/l(Im(γWlz)) = 0, and if c 6= 0, then

Im(γWlz) = Im(γWlγ 1
R
,tz
′) ≤ 1

Im(z′)l
≤ 1

lY
< min

{
Y

l
, 1

}
,

which yields that ψm,k,η,Y/l(Im(γWlz)) = ψm,k,η(Im(γWlz)). Since ψm,k,η(t) = 0 for t < 1,

ψm,k,η,Y/l(Im(γWlz)) = 0. Therefore fk,η,Y (z) = 0.

Lemma 3.25. We have

∫
F(N)

f reg
k,η (z)dµ = lim

Y→∞

∫
FY (N)

Dkf(z)dµ.

Proof. Since f reg
k,η := Dkf − fk,η ∈ L1(F(N)), we have

∫
F(N)

f reg
k,η(z)dµ = lim

Y→∞

∫
FY (N)

(Dkf(z)− fk,η(z))dµ.

By Lemma 3.23,

∫
FY (N)

fk,η(z)dµ =

∫
FY (N)

fk,η,Y (z)dµ.

Then using Lemma 3.24, we get

∫
FY (N)

fk,η,Y (z)dµ =

∫
F(N)

fk,η,Y (z)dµ.
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Hence by (3.49),

∫
F(N)

fk,η,Y (z)dµ =
∑
l|N

λ(l)
∑

γ∈Γ∞\Γ0(N)

N∞∑
m=0

a(−m)

∫
F(N)

ψm,k,η,Y/l(Im(γWlz))e(−mγWlz)dµ

=
∑
l|N

λ(l)
∑

γ∈Γ∞\Γ0(N)

N∞∑
m=0

a(−m)

∫
WlF(N)

ψm,k,η,Y/l(Im(γz))e(−mγz)dµ.

Using the fact that WlF(N) is a fundamental domain for Γ0(N), we obtain

∫
F(N)

fk,η,Y (z)dµ =
∑
l|N

λ(l)
N∞∑
m=0

a(−m)
∑

γ∈Γ∞\Γ0(N)

∫
Γ0(N)\H

ψm,k,η,Y/l(Im(γz))e(−mγz)dµ

=
∑
l|N

λ(l)
N∞∑
m=0

a(−m)

∫
Γ∞\H

ψm,k,η,Y/l(Im(z))e(−mz)dµ

=
1

vol(F(N))

∑
l|N

λ(l)
N∞∑
m=0

a(−m)

∫ Y/l

0

∫ 1

0

ψm,k,η,Y/l(y)e−2πim(x+iy)dxdy

y2

= 0.

Thus we conclude that

∫
F(N)

f reg
k,η(z)dµ = lim

Y→∞

∫
FY (N)

Dkf(z)dµ.

We use an argument similar to [6, Theorem 4.1] to deduce the following two propositions. We

omit the proofs, which can be found in [18].

Proposition 3.26. Suppose that f ∈ M !
0(N) is an eigenfunction for the Atkin-Lehner operators

Wl with eigenvalues λ(l). Then

β0(f) =
1

[SL2(Z) : Γ0(N)]

a(0)
∑
l|N

lλ(l)− 24
N∞∑
n=1

a(−n)
∑
l|N
l|n

σ1

(n
l

)
lλ(l)ζ

−n(1−ll̃)
N
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where σ1(n) is the sum of all positive divisors of n.

Proposition 3.27. Suppose that f ∈ M !
−2(N) is an eigenfunction for the Atkin-Lehner operators

Wl with eigenvalues λ(l). Then

β1(f) = − 24

[SL2(Z) : Γ0(N)]

∑
l|N

lλ(l)
N∞∑
n=1
l|n

a(−n)ζ
−n(1−ll̃)
N nσ1

(n
l

)

− a(0)

12[SL2(Z) : Γ0(N)]

∑
l|N

l2λ(l)

+
4

[SL2(Z) : Γ0(N)]

∑
l|N

l2λ(l)
N∞∑
n=1
l|n

a(−n)ζ
−n(1−ll̃)
N σ1

(n
l

)

− 48

[SL2(Z) : Γ0(N)]

∑
l|N

l2λ(l)
N∞∑
n=1
l|n

a(−n)ζ
−n(1−ll̃)
N

n/l−1∑
k=1

σ1(k)σ1

(n
l
− k
)

where

n/l−1∑
k=1

σ1(k)σ1

(n
l
− k
)

= 0 if n/l − 1 ≤ 0.

3.10 Proof of Theorems 3.4, 3.5 and 3.6

In this subsection, we give proofs of Theorem 3.4, 3.5 and 3.6.

Proof of Theorem 3.4. Recall that

Fp(z) :=
1

2

E2(z)− 2E2(2z)− 3E2(3z) + 6E2(6z)

(η(z)η(2z)η(3z)η(6z))2
= q−1 − 10 + · · ·

is a weight −2 weakly holomorphic modular form for Γ0(6) which satisfies Fp|−2Wl = µ(l)Fp for

all l|6. Then applying Theorem 3.2 with N = 6, k = 1, N∞ = 1, a(0) = −10, a(−1) = 1 and
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λ(l) = µ(l) for all l|6, we obtain

TrDn(DFp) =
∑
l|6

µ(l)
l−1∑
t=0

∑
Q∈Sl,t,Dn,6

yQ>l
(

4
√

3+|Dn|−
1
80

)
[

5l

πyQ
+

(
1− l

2πyQ

)
e

(
−τQ
l

)
ζ
−( 6

l
t+1−ll̃)

6

]

+ h(Dn)β1(Fp) +Oε(n
1
2
− 1

80
+ε) (3.51)

as n → ∞ through a sequence of integers such that Dn := −24n + 1 is squarefree. We compute

the regularized integral β1(Fp) by applying Proposition 3.27 with [SL2(Z) : Γ0(6)] = 12 to get

β1(Fp) = 0. To complete the proof, we combine (3.51) with Theorem 2.1.

Proof of Theorem 3.5. Let E4 denote the normalized Eisenstein series of weight 4 for SL2(Z)

given by

E4(z) := 1 + 240
∞∑
n=1

∑
d|n

d3qn.

Define

f(z) :=
1

24

E4(z)− 4E4(2z)− 9E4(3z) + 36E4(6z)

(η(z)η(2z)η(3z)η(6z))2
= q−1 + 12 + · · · . (3.52)

The function f is a weight 0 weakly holomorphic modular form for Γ0(6) which satisfies

f |0Wl = µ(l)f for all l|6. Then applying Theorem 3.2 with N = 6, k = 0, N∞ = 1, a(0) =

12, a(−1) = 1 and λ(l) = µ(l) for all l|6, we obtain

TrDn(f) =
∑
l|6

µ(l)
l−1∑
t=0

∑
Q∈Sl,t,Dn,6

yQ>l
(

4
√

3+|Dn|−
1
80

)
[
12 + e

(
−τQ
l

)
ζ
−( 6

l
t+1−ll̃)

6

]
+ h(Dn)β0(f) +Oε(n

1
2
− 1

80
+ε)

(3.53)

as n → ∞ through a sequence of integers such that Dn := −24n + 1 is squarefree. We compute

the regularized integral β0(f) by applying Proposition 3.26 with [SL2(Z) : Γ0(6)] = 12 to get
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β0(f) = 0. To complete the proof, we combine (3.53) and (3.51) with the following formula for

spt(n) due to Ahlgren and Andersen [1],

spt(n) =
1

12

∑
Q∈QDn,6,1/Γ0(6)

(f(τQ)−DFp(τQ)).

Proof of Theorem 3.6. Define

F (z) := − 1

40

E4(z) + 4E4(2z)− 9E4(3z)− 36E4(6z)

(η(z)η(2z)η(3z)η(6z))2
= q−1 − 4 + · · · . (3.54)

By page 47 of [8], F is a weight 0 weakly holomorphic modular form for Γ0(6) which satisfies

F |0Wl = β(l)F for all l|6, where β(l) := 1 if l = 1, 2 and β(l) := −1 if l = 3, 6. By a

straightforward calculation, one can show that β(l) satisfies properties (P.1) and (P.2) in Theorem

3.2. So, by applying Theorem 3.2 with N = 6, k = 0, N∞ = 1, a(0) = −4, a(−1) = 1 and

λ(l) = β(l) for all l|6, we obtain

TrDn(F ) =
∑
l|6

β(l)
l−1∑
t=0

∑
Q∈Sl,t,Dn,6

yQ>l
(

4
√

3+|Dn|−
1
80

)
[
−4 + e

(
−τQ
l

)
ζ
−( 6

l
t+1−ll̃)

6

]
+ h(Dn)β0(F ) +Oε(n

1
2
− 1

80
+ε)

(3.55)

as n → ∞ through a sequence of integers such that Dn := −24n + 1 is squarefree. We compute

the regularized integral β0(F ) by applying Proposition 3.26 with [SL2(Z) : Γ0(6)] = 12 to get

β0(F ) = 0. Finally, observe that

e

(
−τQ
l

)
ζ
−( 6

l
t+1−ll̃)

6 = e2πyQ/le
−2πi

(
xQ
l

+
6
l
t+1−ll̃

6

)
,
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and hence

Im
(
e

(
−τQ
l

)
ζ
−( 6

l
t+1−ll̃)

6

)
= e2πyQ/l sin

(
−2π

(
xQ
l

+
6
l
t+ 1− ll̃

6

))
.

Then to complete the proof, we combine (3.55) with the following formula for α(n) due to Bruinier

and Schwagenscheidt [8],

α(n) =
−1√

24n− 1
Im

 ∑
Q∈Q−24n+1,6,1/Γ0(6)

F (τQ)

 .
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4. SUMMARY AND FUTURE WORKS

In this dissertation, we give two main results. Our first main result is an asymptotic formula

for the partition function p(n) with an effective bound on the error term. The second one is an

asymptotic formula with a power saving error term for traces of a generic class of weak Maass

forms. We apply the second result to obtain the asymptotic distribution of p(n), spt(n), α(n),

No(n), and Ne(n).

In the near future, we would like to extend our study in Section 2 to a more general setting.

Namely, we will study an asymptotic distribution with an effective bound on the error term for the

trace of a generic class of weak Maass forms. More precisely, let k ≥ 0 be an integer and N be a

squarefree positive integer. We would like to give an asymptotic formula with an effective bound

on the error term for the trace ofDkf when f ∈M !
−2k(N) is an eigenfunction for the Atkin-Lehner

operators of level N . We would like to obtain the formula

TrD(Dkf) = Mf (D) + Ef (D),

where the error term Ef (D) is bounded by

|Ef (D)| ≤ CfH(D),

for some effective constant Cf that does not depend on D. We will apply the formula to establish

asymptotic formulas for several arithmetic functions.
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