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ABSTRACT

The theory of magnons in ferromagnetic films has important applications to real magnets and
a rather long history. In this dissertation, we first present a new version of the asymptotically exact
theory of the spectrum and transverse distribution of magnetization in long-wave magnons. It is
based on the exact analytical solution of the linearized Landau-Lifshitz equation in a film. We
also studied and used symmetry of the Hamiltonian. Our new method simplifies all calculations
and provides analytical results for the range of parameters most important for experiment. The
quantization of the transverse wave vector and the role of evanescent waves at different values
of parameters are studied. Another important motivation of this work was its application to the
problem of Bose-Einstein condensation (BEC) and superfluidity of magnons. We use a classical
modification of the Holstein-Primakoff transformation to solve the Landau-Lifshitz equation, the
exact phase diagram for magnon condensate in Yttrium Iron Garnet Film is studied. We also
collaborated with an experimental group that provides direct experimental evidence that magnons
in a condensate exhibit a repulsive interaction resulting in condensate stabilization. We propose
a mechanism, which is responsible for the interaction inversion. This mechanism supports their

conclusions by the theoretical model based on the Gross-Pitaevskii equation.
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1. INTRODUCTION*

The theory of magnons in ferromagnetic films has important applications to real magnets and
a rather long history. The first exact result was obtained by Damon and Eshbach [6] for purely
dipolar interaction. Gann [7] was the first who indicated the possibility of the exact solution of
this problem including exchange and dipolar interactions. De Wames and Wolfram obtained such
an exact solution [8, 9], reducing a system of Landau-Lifshitz and magnetostatic equations for
magnetization and fields generated by spin wave to an ordinary linear differential equation of
6-th order for the distribution of magnetization in the direction transverse to the film (TDM).
Arias [10] extended the de Wames-Wolfram solution to the case of the magnetic field tilted to
the film. Kalinikos [11] found an integral-differential equation for the TDM. Kalinikos and Slavin
[12] applied a truncated expansion of the solution into a Fourier-series over a complete set of
eigenfunctions of the Hamiltonian with exchange interaction and diagonalized the real Hamiltonian
projected onto a finite-dimensional space. In principle, such a procedure gives the solution with
any desirable precision at increasing dimensionality of the space. Their numerical results agreed
well with another numerical calculation using the same model by Kreisel et al. [1] for a thick
film. In the latter work, the authors have found numerically the spectrum of the linearized and
discretized Landau-Lifshitz equation as eigenvalues of a large matrix representing this equation.

Rezende [13] assumed that magnetization does not depend on the transverse coordinate x and
exactly diagonalized the resulting Hamiltonian. Though such assumption is qualitatively justified
for the spin wave mode with the lowest energy, it is obviously invalid for higher modes. In a
recent work Sonin [14] has found the magnon spectrum and shape of the TDM for spin waves
propagating along the direction of magnetic field and magnetization. His solution is a particular
case of the Wolfram and de Wames work [9] but he obtained an explicit analytical expression for

the transverse wave vector quantization in the limit of thick films d > ¢ and 1/d < |k,| < 1/¢, ¢

“Part of this chapter uses material with permission from “Long-wave magnons in a ferromagnetic film” by Gang
Li, Chen Sun, Thomas Nattermann and Valery L. Pokrovsky, 2018, PHYSICAL REVIEW B, 98, 014436, Copyright
2018 by APS



is the dipolar length of the film and d is the thickness of the film. More complete bibliography of
the subject that includes different approximate methods can be found in reference [12] and newer
references in [1].

In this dissertation we propose a combined approach: we solve the differential equation and
then select those solutions that satisfy the integral equation. This approach strongly simplifies
calculations since magnetostatic boundary conditions (MBC) are satisfied automatically and there
is no need to find the magnetic field outside the film. Further simplification is obtained by em-
ploying symmetry of the spin-wave solution. These simplifications allow us to find analytically
the magnons spectra and the TDM in a broad range of parameters for thick films and analyze in
some details the case of thin films d < ¢ which is very important for applications to nanodevices.
Thin films are of special interest since bilayers of a magnetic insulator and a heavy metal can be
used for transfer of information by magnons[15, 16]. This is a prospective way to avoid ohmic
losses that appear in electronic systems on the nano-scale. We show that formally the spectrum
of magnons in a film has the same analytical form as in the bulk, but quantization of the trans-
verse wave vector and TDM depend on the thickness of the film d and other variables in a highly
non-trivial way. In contrast to standard semiclassical approximation that becomes valid when the
number of transverse modes 7 is a large number, in thick ferromagnetic films there exist several
different asymptotics that depend on values of dimensionless parameters k¢, kjd and angle of
propagation. Here k = |/kZ + k2. At all values of parameters and fixed frequency, the TDM
consists of one oscillating mode and two evanescent modes. Due to the fact that the Hamiltonian
of this problem is invariant with respect to two discrete transformations: reflection in the central
plane of the film combined with time reversal and reflection in the (x, z)-plane combined with time
reversal, magnon spectrum is divided into two infinite series. In the simplest situation they corre-
spond to even and odd transverse distribution of magnetization, “even” n-th mode has 2n nodes
between boundaries, while “odd” one has 2n + 1 nodes (n = 0, ...00). Evanescent waves can be
neglected in the exchange-dominated range of wave vectors k > 1/, they can be neglected in

the bulk, but they allow to satisfy boundary conditions. Otherwise evanescent waves must be taken



into account. Specifically, they play an important role in the case of thin films d < ¢. Our method
can be extended to include anisotropy (spin-orbit interaction), tilted external magnetic field and
other shapes of the sample.

Another important motivation of this disseration was its application to the problem of Bose-
Einstein condensation(BEC) and superfluidity of magnons [17]. The condensation is non-linear
phenomenon depending on interaction. Usual microscopic approach based on Holstein-Primakoff
representation requires knowledge of spectra at large wave vectors and their interaction amplitudes
for thermal renormalization. The Landau-Lifshitz equation reduces the complex renormalization
procedure to one experimentally measurable value: spontaneous magnetization as function of tem-
perature. Several authors [18, 1, 5] additionally employed the Rezende approximation [13] which
assumes the transverse distribution of magnetization for magnons to be constant. This assumption
is wrong just at wave vectors £Q corresponding to absolute minimum of magnon energy [14] .

The study presented in this dissertation have been published in [19] and [20].

The outline of this dissertation is as follows:

In Chapter 2, we give a brief review of Bose-Einstein condensation and magnons.

In Chapter 3, we present a new, simplified asymptotically exact theory of the spectrum and
transverse distribution of magnetization in long-wave-length magnons propagating in a ferromag-
netic film. The theory is based on the exact solution of the linearized Landau-Lifshitz equation
(LLE). In Sections 3.6 of this chapter, we present the results of our common work with the group
of experimenters from University of Muenster (Germany) that provides experimental evidence of
repulsion of magnons at permanent pumping instead of attraction found theoretically in the absence
of pumping (see the references in the text of section 3.6). We proposed a theoretical model that
explains experimentally observed repulsion, this model is based on the Gross-Pitaevskii equation.

In Chapter 4, we develop the amplitude representation of the Landau-Lifshitz-Gilbert theory
of ferromagnets to study magnon BEC. It is a classical modification of the Holstein-Primakoff
transformation. Using this representation, we calculated the relaxation of condensed magnons due

to three-magnon processes. We also studied the exact phase diagram for magnon condensate in



Yttrium Iron Garnet Film.

Chapter 5 contains a cumulative list of our results and prospects of further research.



2. BOSE-EINSTEIN CONDENSATION AND MAGNONS

The phenomena of Bose-Einstein condensation was first predicted in 1925 by Einstein [21]
following a paper by Satyendra Nath Bose in which he derived the Planck law for black-body
radiation by using new statistics. According to this prediction, a large fraction of identical particles
would occupy the same quantum state (the lowest energy state) under some conditions.

The well-known formula for condensation temperature for ideal Bose-gas:

 3.31a%n?°
N m

T, 2.1

There are two kinds of BEC, the first one is the BEC for real particles. the second is the BEC
for quasiparticles. The first example of BEC of real particles is the transition of liquid *He to the
superfluid state discovered in 1938 by Kapitza [22] and Allen and Misener [23]. The viscosity of
“He vanishes at temperature 2.17 K and normal pressure. Fritz London was the first to propose
the BEC as a mechanism for superfluidity in He [24]. Since the mass here is the mass of an
atom or molecule, not an electron, the value 7, for He atoms at rather high density n = 10%* is
calculated according to ideal gas formula 2.1 , the transition occurs about 3 K. It is the correct
order of magnitude. However numerous attempts to find the condensate by the method of inelastic
scattering of neutrons were not conclusive. They have shown only that the condensate density at
T = 0K does not exceed 5-7 % of total density. This is the result of strong interaction. Since
a superfluid “He is a strongly interacting system that is far from an ideal gas, so that it was not
straightforward at all to connect the two concepts of BEC and superfluidity. Only the experiments
with cooled dilute gases of alkali atoms convincingly proved the existence of condensate.

It took nearly 70 years before the pure BEC system was realized. In 1995 Wieman, Cornell and
Ketterle discovered two other systems displaying BEC, both of them being laser-cooled gases of
alkali atoms (potassium and sodium) [25, 26]. They condensed at temperatures of a few hundred

nanokelvins. This discovery was considered definitive proof of superfluidity.



On the other side, the BEC of quasiparticles were observed from the beginning of this century,
specifically: i) magnons in a ferrite film [27]; ii) excitons-polaritons in quantum dots [28]; iii)
photons in a microcavity filled by a gas of dye molecules [29]. In the cases 1) and iii) BEC are
observed at room temperature. Since the mass of a quasiparticle is usually much smaller than that
of real particles and the density of the quasiparticle system can be easily increased by external
pumping without worrying about the formation of molecules, the transition temperature of BEC is
relatively higher than that of real particles. However, the lifetime of a quasiparticle is much smaller
than that of real particles. This means that the BEC of quasiparticles is not a real equilibrium state,
just a quasi-equilibrium state. What we are interested in is the magnon BEC, that was studied in a
macroscopic film. It provides a good platform for studying transport properties related to BEC.

Spin waves, first predicted by F. Bloch [30] in 1929, are propagating disturbances in the order-
ing of magnetic materials. The quanta of spin waves are called magnons, magnons can be treated
as bosonic quasiparticles and carry a fixed amount of energy and lattice momentum. The simplest
way of understanding magnon is to consider its Hamiltonian. There are several kinds of interac-
tions in magnetic materials, e.g. the exchange interaction, the Zeeman interaction, and the dipolar
interaction.

The Hamiltonian of magnons in magnetic materials includes the nearest-neighbor exchange,

Zeeman and dipolar interactions:

H=H.+ Hz+ Hy, (2.2)
Heyp=—J)» Si-S;,, (2.3)
(i)
Hy = —gup Yy _ Si-H, 24)
1 2N~ 3(8i - 145)(S; - £iy) — Si - S
Ha = —5(915) ; = , (2.5)
i#£]

where (i, j) denotes summation over nearest-neighbor sites only. There are two cases: JJ > 0 and

J < 0. For J > 0, the exchange interaction is called ferromagetic, in which case the ground



state spin configurations have all spins pointing in the same direction. For J < 0, the exchange
interaction is called antiferromagetic. Neighboring spins would favor antiparallel configuration. g
is the Landé g-factor, p is the Bohr magneton, and H is a uniform external magnetic field.

In continuos approximation the Hamiltonian eq.(2.2-2.5):

H:/d37“
1%

The local magnetization vector M (r) = gusS(r) /v, where S(r) is the local spin averaged over

(2.6)

D 1
E(VQM)Q—H-M+§(M-V)/d?’r’(M’-V/)

v r—r|

the sphere with the center in the point r and the radius R much larger than the lattice constant, but
much smaller than the wavelength of the magnon and thickness of the film; v, is the volume of
primitive cell., D is the exchange energy divided by M?2a, where a is the lattice constant. V' stands
for volume and prime denotes dependence on the coordinate r’. Note that the coefficient D has a

dimensionality of the square of the length. The value ¢ = /D is called dipolar length.



3. LONG-WAVE MAGNONS IN A FERROMAGNETIC FILM*

In this chapter we present a new, simplified asymptotically exact theory of the spectrum and
transverse distribution of magnetization in long-wave-length magnons propagating in a ferromag-
netic film. Theory is based on exact solution of linearized Landau-Lifshitz equation (LLE). To
avoid complications we assume the film to be isotropic in the film plane, and external magnetic
field H and the spontaneous magnetization M to be oriented in plane, see Fig.3.1. Their direction
is accepted for z—axis, whereas the z—axis is directed perpendicular to the film that occupies the
volume between parallel planes z = j:%l. The Hamiltonian H coincides with eq. (2.6). Since
this Hamiltonian is a key element for calculation of spectrum we repeat it here and remind the

notations:

1

H:/d3r B(VQM)Q—H-MqL—(M-V)/d3r’(M’-V’) !
% 2 2 %

v — 1’|

3.1

Here M (r) is the local magnetization vector, D is the exchange energy divided by M2a, where a
is the lattice constant. V' stands for volume and prime denotes dependence on the coordinate r’.
Note that the coefficient D has dimensionality of square of length. The value ¢ = /D is called
dipolar length. This is the scale of distance at which dipolar and exchange interactions become of

the same order of magnitude. Typically it is about 10-30 nm.
3.1 Equations of motion and magnon solutions

A weak excitation of the equilibrium state is described by the transverse components of mag-

netization M = (M,,, M,). They obey the linearized LLE:

M = y[(H—-MDA)M + Mh] x 2, (3.2)

“Part of this chapter uses material with permission from “Long-wave magnons in a ferromagnetic film” by Gang
Li, Chen Sun, Thomas Nattermann and Valery L. Pokrovsky, 2018, PHYSICAL REVIEW B, 98, 014436, Copyright
2018 by APS; and from “Direct evidence of spatial stability of Bose-Einstein condensate of magnons” by Borisenko, I
V and Divinskiy, B and Demidov, V E and Li, G and Nattermann, T and Pokrovsky, V L and Demokritov, S O, 2020,
Nature Communications, 11, 1691, Copyright 2020 by Nature Publishing Group
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Figure 3.1: The coordinate system for a ferromagnetic film of thickness d: z—axis is chosen along
the common direction of the magnetic field and static magnetization, x—axis is perpendicular to
the film, 6, is the angle between the magnon wave vector and magnetic field.

% is the unit vector in z-direction and A = V?Z;
h=V,¢ 3.3)

-
denotes the dipolar field induced by magnetization inside and outside the film, with V| = <ar7 (9y)

and

$(r)= -V, - /d3r'1\/[’ r—r (3.4)

The number of parameters of the present problem can be reduced by the scale transformations

t— wilt, r%,/%ﬁr, M — MM. (3.5)
T

Here wy = vH denotes the Larmor frequency and y = 47 M/ H is the static magnetic susceptibil-
ity (we absorb a factor 4 in its definition to simplify final expressions). In rescaled units equation
of motion simplifies to

. B _ l R
M = [(1 A)M+ Sh x . (3.6)



Table 3.1: Values of parameters for YIG and Permalloy at room temperature, and dimensionless
values x = 4rM/H and d, = \/H/Md/? at external magnetic field H = 1 kOe, for films with
different thickness d.

quantity symbol (unit) YIG Permalloy
magnetization M (kOe) 0.139 0.860
Curie temperature Te (K) 560 872
dipolar length ¢ (nm) 37.8 28.7
X X 1.75 10.8
d,.atd =5 pum d, 355 188
d.atd=0.1 ym d, 7.09 3.76

The equations (3.3) and (3.4) remain unchanged. The remaining parameters of the problem are
susceptibility y and the sample width d in new units. Table 1 shows the values of characteristic
parameters and reduced values for YIG films and Permalloy.

Applying Laplacian A to eq. (3.6) and using magnetostatic equation
A¢p =47V | - M, (3.7)
one gets the equation for M:
AM = [(I — A)AM + XV (V-M)]x 2. (3.8)

It must be solved with standard magnetostatic boundary conditions (MBC) that requires continuity
of tangential components of magnetic field h and normal component of magnetic induction b =
h +47M at two surfaces of the film. Another set of boundary conditions originates from variation

of magnetization (spins) on surfaces if they are free. It leads to equations:
M| _,,=0. (3.9)
We call them exchange boundary conditions (EBC). More general EBC 0,M + 5\M|x =0

=+d/2

10



corresponding to spin-orbital anisotropy can also be considered by our method.
In a propagating wave with in-plane wave vector k| = k,y + k.Z, the oscillating components
of magnetization can be written as
mg(x) cos (ky - r — wt
Mo | ™a@ (k ) | (3.10)
my () sin (k| - r — wt)
The Ansatz (3.10) implies a similar presentation for components of magnetic field:
he(r) = hy(x)cos (k- T —wt), hy(r) = hy(z)sin (k| -r — wt). Thus, this Ansatz turns ini-

tial equations (3.2) into a system of ordinary differential equations for vectors fields m(z) =

and h(z) = into a following system:
my () hy ()
wm — (1 + k= d2)oym — %th =0 (3.11)
T

where d, denotes differentiation over x and o is the first Pauli matrix. The equations (3.3), (3.4)
and (3.11) can be considered as a closed system of integral-differential equations for vector field
m(z) which describes the transverse distribution of magnetization. The same ansatz turns eq. (3.8)
into a system of ordinary linear homogeneous differential equations with constant coefficients for
the vector field m = (m,, my)T. General solution of such a system is a superposition of basic

exponential solutions m(z) = mgye®=®. After division by k? = kzﬁ + k2 equation for my reads

(3.12)

Here A, = 1+ k% + xk2, and B = xkyk,. ko = ko /k denotes the cosine of direction and o is

the third Pauli matrix. The solvability condition of eq. (3.12), w* + B? — Az A, = 0, delivers the

11



magnon dispersion relation:
W = (14 K2) (14 x + K2 = xk2). (3.13)

It does not depend on the sample thickness and has therefore the same form as in the bulk. Bound-
ary conditions, will, however restrict possible k-vectors, as it will be shown below. The dispersion
relation (3.13) can be treated as a cubic equation for k2, assuming that w and k., are given. Its three
solutions can be written as k7 = k7 ; + kzﬁ Thus k, ; is a function of w and k.. Close investigation
shows that all 3 roots of cubic equation for k? are real, one of them &7 is positive, two others k3
and k2 are negative in the entire physically available range of parameters (see Appendix 1 for de-
tails). Positive root k7 corresponds to oscillating transverse mode, two negative roots correspond
to evanescent waves.

Equation (3.12) and boundary conditions are invariant under operation v — —x, k, — —k,. It
means that all eigenvalues w are at least double degenerate and the eigenfunctions with the same w

and opposite signs of k, are connected with a simple relation:
My (T3 ky) = Mgy (—2; —ky). (3.14)

The value k, enters in equations only as k2. Therefore, the solution does not change at transforma-
tion k, — —k,. These properties can be obtained from invariance of the Hamiltonian with respect
to two discrete transformations: reflection in the central plane of the film combined with time re-
versal and reflection in the (z, z)-plane combined with time reversal. Time reversal in addition to
reflection is necessary to keep pseudo-vector of spontaneous magnetization invariant.

The transverse distribution of magnetization m(z) must be a real vector field. Therefore for

any mode it can be written as follows:

m(x) = a; cos ky ;& + b;sink, ;z, (3.15)

12



where a; are real constant 2-component vectors as well as b;. The vectors b, and bg are purely
imaginary. According to (3.12), vectors a;, b; obey equation €2 - a;, — Bosb; = 0 which implies
the amplitude relation

bi :A(k,u)> - a;, A:JgQ/B (316)

Symmetry discussed above retains invariant coefficients a; and changes sign of coefficients b;

(t=1,2,3).
3.2 Boundary conditions and consistency requirement

The EBC (3.18) include 4 equations, two on each surface. They can not be satisfied with a
single-mode solution (3.15) associated with one of three possible values of k2. Indeed, according
to eq. (3.16) such a solution depends only on two independent parameters, for example a, a,.
Only a proper superposition of three solutions can satisfy the EBC and CE simultaneously. Such a

general solution of the equation (3.12) represents the vector m(x) as a superposition:

3
m(z) = Z (a; cos kizx + b; sin ki, x) | (3.17)

i=1
where k;, denotes the z-component of the wave vector corresponding to :—th solution of cubic
equation (it is purely imaginary for evanescent waves) and a;, b; are the vector amplitudes of i—th
mode. Using eq. (3.17), the EBC equations can be rewritten in terms of 12 independent coordinates
of vectors a;, b;; ©+ = 1,2, 3:

kizd
5

3 3
Z a;k;, sina; = 0; Z bk, cosa; = 0; «; = (3.18)
i=1 i=1

The MBC are satisfied automatically for any distribution of magnetization if magnetic potential
obeys the integral relation (3.4). In particular, it will be satisfied for magnetization represented
by superposition (3.17). We have proved that any solution of equation of motions must be such a
superposition. However, the inverse statement that any such a superposition is solution of equations

of motions (3.6) is wrong. It happens because equations of motion contain not only differential,

13
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Figure 3.2: Results of numerical calculations for the case d = 18.2 and xy = 2.5. (a) The spectra
of first four quantized modes for direction of propagation perpendicular to magnetization. (b)
Spectra of the first four modes for direction of propagation parallel to magnetization. (c) Spectra
of the first transverse modes for 6 = 0, ¢, 7, %, 5. Black solid curves correspond to our numerical
calculations, red solid line is the Damon-Eshbach surface mode, points are adapted from numerical

calculations by Kreisel et al.. [1]
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but also integral terms. The choice of valid solutions is realized by condition of consistency. It
requires magnetic potential ¢ to be a superposition of exponents e**i=* where k7 = k7, + ki
are solutions of the cubic equation discussed earlier. We will see that integrals in ¢(z) eq. (3.4)

generate extra exponents of the type e=*I1%

that are not allowed by cubic equation. Consistency
requires coefficients at them to be zero. Below we display an explicit form of these consistency
equations (CE).

Integration over longitudinal coordinates vy, z in eq. (3.4) can be performed explicitly with the

result:
1 2 /
¢ = —4Am (dyne + kyny) ;s 1y = o ) e kil () da'. (3.19)
—3
The basic integrals that enter 1,(z), j = z, y are:
/ % dx/e—’fu‘m—x" cos kiz @'
-4 2k) sin k;, o’
» (3.20)
1 [ cos Kizx e—% fic cosh kyx
12 - 2
i\ sink;,x ik s sinh kyz
Here k? = /{:ﬁ + k2, and we denote f;. = kjcosq; — kipsiney, fis = kysinoy + ki cosq;

with a; = ki, d/2. Eq. (3.20) visibly demonstrates the appearance in the magnetic potential of
exponents exp (j:ka) forbidden by secular cubic equations for k2 since it corresponds to k* = 0. It
vanishes in ¢ only due to superposition. The consistency equations require coefficients at cosh kjx

and sinh k) z to be zero. The corresponding equations can be written as follows:

3
1
Zﬁ (Kyaiz fic + kybiy fis) =0

=1 !

3
1
Zﬁ (Kybiz fis + kyaiy fic) = 0. (3.21)

=1t

In order to turn CE together with the EBC (3.18) into a closed system of 6 equations for 6

independent amplitudes a;,, b;, it is possible to use relations between a;y, b;,, and a;;, b, following
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Figure 3.3: Comparison of theoretical spectrum with experiments. In experiments Brillouin light
scattering spectroscopy was used.(a) Comparison with A. A. Serga et al.[2] d = 5 pm, H=1750
Oe . (b) Comparison with V. E. Demidov et al.[3] d = 5.1 um, H=1000 Oe for direction of
propagation parallel to magnetization. (c) Comparison with V. E. Demidov et al.[3] d = 5.1 um,

H=1000 Oe. for fixed k, = 3.4 x 10*cm™!.
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from the equations of motion in the form (3.12):

w BZ Bl w
i — Qi +

— —b; 22
A, A, (3.22)

xk2
k3

where A;, = 1+ k7 + and B, = % Besides that it is necessary to eliminate values k?

i

and k;, with i = 2,3. As it follows from the ubic equation for » = k2, if the first (positive) root

21 = k? is fixed, two others can be found from the equation:

2
9 x ki x k3 xk?
— 12 _ Mg 142y A% 2
k3 5 5 3 \/(+2+2 = (3.23)

In this way all k7 and k;, with i = 2, 3 are determined through the single positive wave vector k1.

The system of 4 EBC (3.18) and 2 CE equations considered as 6 linear homogeneous equa-
tions for a;,, b;; has non-zero solutions only if its determinant is equal to zero. This requirement
determines discrete set of ky,, i.e. transverse quantization of wave vector. This equation is exact in
the framework of the model considered. In Fig. 3.2 we show results of numerical calculations of
quantized spectra from requirements of zero determinant for d = 18.2, and y = 2.5 for direction of
propagation perpendicular and parallel to magnetization and spectra of the first transverse modes
for a few different directions of propagation specified by the angle # = arctan Z_Z

The spectra for parallel and perpendicular direction of propagation (Fig. 3.2 (a) and 3.2 (b))
display excellent agreement with the numerical calculations of the work [1] based on diagonaliza-
tion of a big matrix. We have found also the excellent agreement with similar calculations of the
same work made from a film of YIG with thickness 5 pm.

Comparison of the theoretical spectrum with experiment [2, 3] is given in Fig.3.3. The ex-
periment used Brillouin scattering spectroscopy. Its precision is not sufficient for resolution of
excited states. Dramatic increase of precision was achieved recently by the experimental group
led by J. Ketterson [4]. His method employs direct excitation of magnons by microwave from a
specially invented antenna. It consists of periodically repeated emitters fed by an adjustable fre-

quency generator. The distance between emitters determines the excited magnon wave-length. The
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magnon frequency at this wave vector is determined as a position of the resonant singularity on
the intensity vs. frequency characteristic or the maximum absorption of microwave radiation. The
enhanced resolution allowed observation of several (up to 9) modes of magnons. This is the first
time that different transverse modes of magnons were observed experimentally. Comparison of the
theoretical spectrum with their experimental results [4] is given in Fig.3.4. The agreement between

theory and experiment is excellent.

0.02 0.04 0.06 0.08 0.10 0.12 0.14

ke ( 12)

Figure 3.4: Comparison of theoretical spectrum with experiment. Solid curves are our calculations
of the first 15 transverse modes for the YIG film of thickness Spym, 47M= 1940 Oe and H= 1960
Oe . Points on them are frequencies measured by J. Lim ef al. [4] at three fixed wavelengths for
different transverse mode.

To give a more visible idea on the origin of these results, we consider 6 EBC-CE equa-
tions in some detail. Only cos k1,d/2 and sin k;,d/2 are oscillating functions of their arguments.
The functions fi., f1s are linear functions of cosay, sina; and therefore also oscillate. Other
functions containing cos a3, sin a3 are hyperbolic functions and change monotonically with
k1. In the 6x6 matrix C of the EBC-CE equations the first two columns are linear combina-
tions of sin v, cosaq, the rest are monotonic functions. Therefore, the determinant has a form

det C = Ksin? oy 4+ 2Lsin oy cos oy + M cos® aq, where K, £, M are monotonic functions of
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k1. or . Equation det C' = 0 can be rewritten as K tan” o + 2L tan a; + M = 0 with formal

solution:

—LEVLE— KM
i .

(3.24)

tan oy =

This is an implicit equation for ki,. It shows that the consequent quantized values &, are
located between points n/d and that these quantized values form two series corresponding to two
signs in front of the square root in previous equation.

Thus, the quantized values of k;, can be enumerated by an index v taking two values + and
— and by an integer number n taking values from 0 to co. We will denote these quantized values
as k.. For large n the main part of k, ,,,, is 27n/d. An approximate formula for the quantized
values reads:

2mn 2 —LEVLE— KM

kmun:_ - t
v, p —i—darcan K

(3.25)

In the argument of arctan k;, must be replaced by 27n/d. The expressions for the coefficients
IC, L, M are too long to be placed here. In real numerical calculations we found numerically the

zeros of the 6-th order determinant.
3.3 General properties of magnon spectra in thick films

In thick films d > 1 comparatively simple analytical formulae for the magnon spectrum and
ratio of amplitudes can be found. In what follows we assume that k1, < k. Since the minimal £,
is of the order of 1/d, this inequality implies that k& > 1/d. Most of the experiments with magnon
Bose-condensation [27, 31, 32], hybridization of magnons and phonons [33, 34], and many others
satisfied these conditions. However, experiments with magnetic resonance require very small |k, |.
The region of rather small k; < 1/d will be considered in section 3.4. At a fixed k7 two negative

roots of cubic equation are:

k2 v k2\? k2 cos? 0
o (14X 28y e X ) o 2
o (1454 5) J(ww A 626
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2

For 2 positive numbers a and b such that a® > b the following inequality is correct —a +

a? —b < —3 < 0. Therefore k3 < 0 and k3, = ki — ki < —ki. Thus, [k, > kj >
k1. This inequality is valid even more for |ks,| since k3 ~ —(2 + x). Then the EBC together
with the linear relations between pairs a;y, by, and a;,, b;; (3.22) show that the moduli of values
Cia = eWFi=ld/2) g, and d;, = exp{|kiz|d/2}biq With i = 2,3 and @ = z,y are much less than
moduli of a4, b1, by a small factor not larger by an order of magnitude than k;,/ k). Therefore,
the contribution of evanescent waves to the CE is relatively small and only the contribution of
oscillating transverse waves must be taken into account. The equation of quantization (3.24) can

be written more explicitly:

kod Ky — kR
- r Ve
2 k:”R T BEFEVEEAL

Pl L (kA kA
2B\ k, Kk )’

In this equation we omitted subscript 1 everywhere since evanescent waves do not enter the quan-

(3.27)

tization condition. At k, = 0, I' = oo and R = 0 for the sign — and R = oo for the sign +. In the

first case, the quantization condition turns into tan %24 — |kz‘ . This quantization condition was first

found by Damon and Eshbach [6] and reproduced by Sonin [14]. It corresponds to even modes.

The second case corresponds to odd modes, the quantization condition is tan %i = — "]Z E The
quantized values of k, at n < |k;|d are ky _p, = (2n+ 1) and ky 4, = 2(n 4+ 1)% (n =0, 1..).

For general direction of propagation and at 1 < n < kjd, in the r.-h. side of the quantization
equation (3.27), k, must be replaced by 27n/d. Thus, the equation for k, becomes explicit. Its
solution reads kg, = 2% + f1,,,, Where fu,,,, = 2 arctan z::;{fi—m, where R, =T + /T2 + 1
and I is given by the last eq. (3.27) in which k, in B and A, is replaced by 27n/d. Thus, p_,
decreases slowly from 7/d at n = 0to J5 at n ~ \/k_H d. In entire the above defined range of

parameters the phases p for two series of modes are connected by relation:

fism = P +T/d
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The ratio of of amplitudes b, /a, is a slow function of n, but this function is different for

different v:

by ki A B
vn . _Mvp 2 (3.28)

Agzpm kyw w

At fixed direction of propagation given by ¢ = const, the frequency w, ,, of a mode v, n with

n < k:”d as function of k:H has a minimum at the non-zero value

29 1/4
ko~ () k2 (3.29)
2+ xsin“ 6 .

According to this equation, kg > k;,,. The limitation to n ensures that k,,, < 1 and as a

consequence kjo < 1. The frequency at the minimum is wy,;, = 1 + O(k7

jo)- A more general

equation for the position of the minimum that is valid also at 1/d < k reads:

2
kijo =

2+Xsin29u( 4y cos? Ok> )7 (3:30)

2 (2 + x sin? 6)3

where the function u(z) is defined as the positive solution of cubic equation u?® + u? — z = 0.

A rather good approximation for it is given by expression u(x) = # Plot of the function

u(z) and an approximation to it is given by Fig. 3.5. At not very large n and fixed 6, the wave

— u(x)

x 10 -~ approximation
0.5
0.0

X

Figure 3.5: Plot of function u(z) and approximation to it.
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vector at minimum kj, grows with n or equivalently with k, ~ 27n/d. However, it can not grow
at very big n > d or equivalently at k£, > 1 since at such big values of k, the exchange interaction
dominates. Therefore, the frequency with high precision obeys equation w = 1 + k2 and has the
only minimum at & = 0 independently on the direction of propagation. Thus, we conclude that
the wave vector ko at minimum of frequency reaches its maximum at some value of the transverse
wave vector k, ~ 1 and then decreases to zero value at another value of transverse wave vector of
the order of unity. Our equation (3.27) strictly speaking is not valid at k, 2 kj;, but we will show
that it can serve as interpolation between exact results in the regions of small &k, < k|| and large
k. in the exchange dominance range. Indeed, if exchange dominates and the dipolar interaction
can be neglected, the Landau-Lifshitz equation (3.11) implies m,(x) = m,(z) i.e. a1, = a1, and
b1y = b1,. On the other hand, the linear relations (3.22) between x— and y—components of vectors
a, and by in the range k? > 1 give ay, = ay, + o(ky )by, and by, = by, + o(ki?)ar,. These
relations show that indeed the contribution of the dipolar interaction and associated evanescent
waves in the exchange dominant region of variables is negligibly small. Therefore, eq.(3.27) is
asymptotically exact in the exchange range and thus is a reasonable interpolation matching two

limiting ranges of the ratio k,/kj. Employing this equation, we find that &, reaches its maximum

value (kjo),,,, = v/M — k2

V(2 + xsin? 0)2 + 6x cos2 0 — (2 + ysin? )

k2 =
! 6

atk? = 2;“—XX tan? Ok{ + $ki. Atlarger k,, the value ko decreases and at

k, = % (\/(2 + xsin?6)2 + 8x cos? § — 2 — y sin? 0) v becomes equal to zero. Let denote the
corresponding number of that mode n(0).

At fixed n and 6 increasing, k|, decreases. At ¢ = m/2 minimum and maximum coalesce. The
point &, = 0 is the only minimum of frequency in the spectrum of any magnon mode propagating
perpendicularly to the permanent magnetization (cos § = 0). The reader is referred to Appendix 2

for derivation of all relations concerning the motion of the frequency minimum at changing k and
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Figure 3.6: Results of numerical calculations for a thin film d = 1 and x = 2. (a) The spectra of
first four quantized modes for direction of propagation perpendicular to magnetization. (b) Spectra
of the first four modes for direction of propagation parallel to magnetization. (c) Spectra of the
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the number n of mode, and to Appendix 3 for peculiarities of quantization and TDM for magnons
propagating perpendicularly to the spontaneous magnetization (£, = 0). A local maximum of

frequency for a fixed number of mode n < ny(#) at any fixed 6 except of & = 7/2 is located at

kj = 0. The value of frequency at the maximum is equal t0 wyqr = /(1 + k2)(1 + x + k2). For
the mode with minimal frequency and excited modes with n < d it simplifies to w = /1 + ¥,

frequency of the ferromagnetic resonance. Such a value of frequency right of the right minimum is

reached at k| = <\/1 +x + x%sin?0/2 — 1 — x?sin? 0/2) 1/2, much larger than the parallel wave
vector at the absolute minimum kj ~ 1/ \/d [14]. This result shows a rather strong asymmetry of
the spectral curve with respect to its minimum generated by dipolar forces. This asymmetry is
very important for different applications. The presence of two minima is definitive in structure of
magnon Bose-condensation and possible superfluidity[17]. The strong asymmetry of the minimum
means that the quadratic approximation for the energy near minimum becomes invalid at relatively
small deviation of the wave vector from minimum. As a result two condensates subject to the
action of a pulsed magnetic field acquire different velocities.

The TDM in each mode is described by a superposition of one oscillating and two evanescent
modes. The oscillating mode is a sum of the type acosk,x + bsink,x. At any direction of
propagation except § = 0, both a and b are not zero. The mode becomes even or odd only at
¢ = 0 and asymptotically at large k > 1 when the exchange interaction dominates. The EBC in
this case are satisfied by either even or odd TDM.The admixture of alternative parity has order of
magnitude k2.

In conclusion we establish the correspondence between the commonly used names of different
spin waves and our classification of magnons. The backward volume spin waves (BVSW) are
magnons with the wave vectors in the range between two frequency minima, whereas forward
volume waves have wave vectors outside of this interval. The volume magnetic standing wave
(VMSW) is the same as our lowest transverse mode. Sometimes in the literature it is treated
as this mode at small & and £, i.e. in the range of dominant dipolar interaction. Finally, the

term perpendicular standing spin waves (PSSW) is the same as our higher magnon modes, i.e.
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v=—, n>1landv =+, any n.
3.4 Spectral properties of thin films

The film is considered as thin if its thickness is of the order or less than 1, i.e. ¢ in dimen-
sional units. Since characteristic value of ¢ is between a few nanometers (in YIG) to a few tens
of nanometers, experimental realization of ultrathin films of YIG with d < 1 seems rather un-
realistic. It may be realized in ferromagnetic films of few monolayers thick. In a thin film with
d ~ 1, transverse modes with large n have k1, ~ 27n/d > 1 in the exchange dominance region.
Therefore, only a few modes with lowest possible frequencies are of experimental and theoretical
interest. In these modes evanescent waves penetrate the film on a depth comparable with its film
thickness. Therefore their contribution to spectral properties and TDM is not less important than
the contribution of the oscillating wave. A compact analytic expression has been found only for
frequency as function of wave vector see eq. 3.13. The quantization of the transverse wave vector
and frequency is determined by the general equation (3.24). Examples of spectra in thin films plot-
ted in Fig. 3.6 show that qualitatively they are similar to the spectra in thick films. Each mode fixed

by numbers v, n at not very large n also has a minimum of frequency at some kj # 0, but it does

Aw?

not obey equation o

= 0 since k1, also depends on k.. The graphs of position of minima and the
value of frequency in minimum for the lowest mode vs d for thin films are shown in Fig.3.7 (a) and
Fig.3.7 (b). In the same figures 3.7 (a) and 3.7 (b), we compared our results with calculations of
the same values by Kreisel et al. [1]. Finally, the graphs of £, for the lowest mode vs d at fixed £
and ¢ = 0 are shown in Fig. 3.7 (¢). An example of TDM for the lowest mode and the first excited
mode in thin films is shown in Fig. 3.8. Fig. 3.6 (a) and Fig. 3.6 (b) show that at d = 1, the energy
of the transverse excitation weakly depends on k., a feature that could be expected for ultrathin
films d < 1. Fig.3.6 (c) shows that the energy of transverse ground state at fixed &k monotonically
grows with the angle of propagation 6.

All ground state spectra cross at the point kj = 0,w ~ /I+ x (V3 ~ 1.73 for y = 2),

exactly the same result as for the thick film. This is manifestation of a general property of films

with arbitrary thickness: at k| = 0, the transverse wave vector of the lowest transverse mode is
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Figure 3.7: Results of numerical calculations for the case Y = 2.5 and # = 0. (a) Position of
minima for the lowest mode vs d for thin films. (b) The value of frequency at the minimum for the
lowest mode vs d for thin films. (c) ki, for the lowest mode vs d at fixed k, = 0.1,0.2,0.3,0.4.

Black solid curves correspond to our numerical calculations, points are adapted from numerical
calculations by Kreisel et al.. [1]
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Figure 3.8: For the case x = 2 and ¢ = 0 (a) TDM for the lowest mode at & = 0.1 and a;, = 1.
(b) TDM for the first excited mode at k| = 0.1 and by, = 1.

also equal to zero. The frequency of the lowest mode is equal to wy = +/1 + x (ferromagnetic
resonance frequency).

We postpone the proof of this general statement and consider first the limiting case of ultrathin
films d — 0 when 6 = 0. It will be shown that only wave vectors of the lowest transverse mode
with v = —, n = 0 remains finite in this limit. All excited transverse state with other v or n have
wave vectors that go to infinity as 1/d. To simplify calculations we consider only the simplest case
of the waves propagating along the magnetization and magnetic field. Then the transverse modes
have a definite parity. Non-zero amplitudes in such situation are a; for even modes and b, for odd
ones. For finite wave vectors k; in the considered limit sin k;,d/2 ~ k;,d/2 and cos k;,d/2 ~ 1.
This fact allows simplification of the EBC (3.18) and CE (3.21). The next simplification follows

from the fact that relation between x and y components of vectors a; and b; (3.16) reduces to

_w

Qiy = 7772 Giz and b;, = #bm After all these simplifications a following system of 3 equations

with 3 independent amplitudes a;, describes the quantization of an even mode:

Z?zl k?zaw? = 0

2
S 1’%}6% -0 (3.31)
Z?:l 1:276 =0

27



Zeros of the determinant of this system are quantized values of k% . To make this equation closed

with respect to the variable ky, or equivalently to variable k; = \/k? + k2 it is necessary to

use the dependence of k2 and k2 from k? given by eq. (3.23) and relations between k?, and k?:

7

k% = k? — k?. At small k, < 1, the only positive root of this equation is

1/4
S (L) VE. (3.32)

2+ x

At large k., k1, asymptotically approaches a constant value kq, ~ \/x/2. Both these asymptotic

1.0/
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Figure 3.9: Plot of k;, at d — 0 and approximation to it when x = 2 and 6 = 0.

values are in excellent agreement with numerical calculations of the dependence of k1, on k, at
d — 0 (see Fig.3.9). Asymptotic of k, at small k, confirms that indeed k1, = 0 at k, = 0. Thus,
in the limit d — 0 the value of frequency at kj = 0is /T + x as well as in the limit of large d. The
comparison of the plots of k1, vs. k, atd = 1 and d = 0 is shown on Fig. 3.10.

Now we are in position to prove general statement that the frequency of the lowest mode
at k| = 0, is equal to /1 + x independently of thickness. Let us put k, = 0 and consider

k. < 1/d?*. We will show that the first quantized value &, is determined by the same equation
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(3.32), but the arguments must be modified. Anticipating the result (3.32), we assume that the first
quantized value of ky, is much smaller than 1, but much larger than k2. Then eq. (3.23) implies
that k2, ~ —xk?/[(2 + x) k?,] is also small by absolute value, whereas k3, ~ —2 — y remains
of the order of unity by modulus. Let us first consider the EBC (3.18) that in considered situation

take form

2 sinh /2 d/2
K2 a1y + ke — /2 + Y — d” /2 e =0 (3.33)

2y/2 4 xsinh /2 + xd/2
(1+x)d

2 2
klxall‘ + k2xa21‘ +

ag; =0 (3.34)

These equations imply a3, = 0. Then they become identical and define the ratio as,/a;, =

—k?_/k2.. Next consider the CE for a;, that in the same limit has a form:

A1y A2y

Je o 22
2z

Employing the ratio ay,/as, found above, we again obtain eq. (3.32) for this more general situa-
tion. It shows that in the limit k, — 0, the limit of ratio k2 /k?, is also zero and the limiting value
of wis /T + x independently on thickness. Note that in the limit k; = 0 the magnetization in the
lowest spin-wave mode does not depend on transverse coordinate.

In principle it could happen that the positive root &{ would be less than k. Then the value &7,
is negative and all three waves participating in m,, m,, are evanescent. Our numerical calculations
did not discover such a solution in a wide range of parameters that presumably shows that the
absence of purely evanescent waves in the films with free spins on boundaries. However, we do
not have rigorous proof of this statement. Though thin films are more sensitive to the specific form
of the EBC than thick ones, different versions of these conditions do not change the symmetry and
general properties of solutions. An important problem is how the wave vector k, corresponding
to minimum of energy changes with thickness. For thick films it behaves as 1/ V/d [14] and grows
when the film becomes thinner. However, in the range of ultrathin films it decreases with the

thickness linearly. Therefore there exists a maximum of this wave vector. Numerical calculations
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Figure 3.10: k;, for the lowest mode at d — 0 and d = 1 when y = 2 and 6 = 0.

illustrated by Fig. 3.7 (a) show that for Yy = 2.5, the maximum is reached at d ~ 6 and the
maximal wave vector corresponding to the minimal frequency is about 0.3. The dimensionless %,
corresponding to the minimum of energy in the film of thickness 5pm is about 0.02. Thus the wave
vector can be changed by a factor of about 15 by reducing thickness from 5um to 15 — 30nm. The
minimal wavelength of a magnon gives an upper limit for the size of any soliton-like formation
made from magnons that can be used for the transfer of information without dissipation or with

very small dissipation[17].
3.5 Surface waves

Surface waves in ferromagnetic films were predicted by Damon and Eshbach [6] in the purely
dipolar limit. For magnets with exchange and dipolar interaction this limit is valid for sufficiently
small wave vectors k1 < 1. At large k1> 1, the exchange forces become dominant and energy
(frequency) of any mode of oscillation must be close to k2. The meaning of the term “surface
wave” for thick films d > 1 is that they are localized in a thin layer of the width ~ 1 < d.
However, in thin films d < 1 these waves penetrate to the entire film. We will show that surface
wave can be distinguished in thick films, but it is distributed between many modes of the complete

Hamiltonian. In thin films the notion of surface wave is meaningless.

30



3.5.1 Spectrum in a magnet with purely dipolar interaction

Here we reproduce results by Damon and Eshbach employing our approach. The spectrum can
be obtained from our equation (3.11) written for the case of zero exchange constant D. In this case
there is no scale of length in the problem apart from the film thickness d, but it does not enter into
equations of motion that for purely dipolar interaction are:

(w—oy)m — %h =0 (3.35)

In components they are:

wmy — my + £k,¢ =0

(3.36)
—My, + wmy, — ﬁ% =0
The magnetic potential ¢ satisfies magnetostatic equation:
d*¢ dmy,
5 kif¢ + 4 (% + kymy) =0 (3.37)

Equations of motion can be solved with respect to components of m and substituted to eq. (3.37).

The resulting differential equation for ¢ reads:

d2
O = L

In contrast to the exchange case it is only of the second order. As any linear homogenous differ-

ential equation with constant coefficients, it has 2 independent exponential solutions of the form

¢'*+® The values k, are determined by equation:

2

1

= 22 (3.39)
14 x — w? Y
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It also can be treated as equation for spectrum:

k2 + k;
k2

w=1/1+x (3.40)

3.5.2 Surface wave propagating perpendicularly to magnetization

If a wave propagates perpendicularly to the magnetization and magnetic field, that implies
k. = 0. From equation (3.39) it follows that in this case k, = +ik,. It means that k* = 0 and
the value of frequency determined by eq. (3.40) becomes uncertain. To find the spectrum, it is

necessary to represent the solution m () in the form:

m (z) = p (z) cosh kyx + q (x) sinh kyx (3.41)

In contrast to the case of exchange and dipole interaction in pure dipole case there are no additional
waves. According to eq. (52) of our Appendix 3, q = —op, i.e. ¢; = —p, and ¢, = —p,. There
is no EBC, but the CE must be used. According to our eq. (58) in the same Appendix, they are

reduced to the following system:

(3.42)

By employing the p — ¢ relation we find the closed system for components of vector p:

_Ryld Lk ld)
wpe —py (1 +xe” 2 sinh=4=) =0 (3.43)

[ky|d

— Dz (1 + ye~ 2 cosh @) +wpy, =0

By nullifying the determinant of this system, we get dispersion:

2
W= \/1 +x+ X?e*\kﬂdsinh Ik,| d (3.44)
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This result coincides with eq. (23) of the cited Damon-Eshbach article. The frequency of the
surface wave starts with w = /T + x at k, = 0 (the ferromagnetic resonance frequency) and
reaches the saturation frequency w = 1 + % at |k,| — oo. As it is seen from the dependence of
the frequency on k, the transition between these two values proceeds in the interval Ak, ~ 1/d,
very short in thick films. If the exchange force is included, its influence becomes significant only

at k:; 2 x. In all experiments x was larger than 1.
3.5.3 Surface waves propagating at an arbitrary angle to the magnetization

We will use the representation (3.15) of the vector m (z) = acos k,z + bsin k,x and 2 rela-
tions (3.22) between different components of the amplitude vectors. In the case of purely dipolar
interaction, there are only 2 independent amplitudes, by our choice a, and b,. They must obey
the CE (3.21). The condition of their solubility requires their determinant to be zero. It gives the

following equation:

kfAZ — k2(w® + B?)|fofs — kyky Ay B(f2 — f2) =0 (3.45)
Here we used reduced coefficients A, , = 1 + %%y B = % and the functions f. = kj cosa —

kysina; , fs = kysina+kycosa; oo = % defined in the section III below eq. (3.20). Employing
the secular equation w? = A, A, — B2, it is possible to transform eq. (3.45) to the following

simplified form:
tan k, 25| K2

— (3.46)

T2(p2 2 2,2
K k(K[ — k) + XKk,

where ko, = kod, (0 = 7,y,2) and K| = /K2 + r2. The surface wave should have imaginary k,
and consequently imaginary «,. Then the function in the 1.-h. side of eq. (3.46) is positive and
varies from O to 1. Thus, this equation has solution only if its r.-h. side is positive. The denominator

in the r.-h. side of the this equation can be rewritten as (f-@g — xmi) k2| + Kﬁ (mﬁ + Xlif/). For
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existence of solution this expression must be negative. This condition is satisfied only if
tanfd = — > — (3.47)

Thus, at § < 8. = arctan \/%2 the surface wave does not exist. In the interval 0. < 6 < 7 the

surface wave exists since the fraction in the r.-h. side of eq. (3.46) in this interval varies between 0

_ x tan2 0+1
at Kk, — 00 and —oo at |I€x’ = K|v/ NtanZ0—1°
. 2
At a fixed 0 and k) — 0, the solution of eq. (3.46) approaches zero as |r,| ~ @/#.

x tan2 641

At k| — oo, the solution asymptotically grows as || ~ R anT =1 -

The corresponding values

of frequency are w = /1 + y at 5 = 0, and w = \/1 +x+ = 6%2?;99 D” gt K| = 0o. At
¢ = 7, the frequency at large x| takes value w = 1 + X. This result was already obtained in
the previous subsection. In terms of the wave vector the transition from the long-wave to the

short-wave asymptotics of the spectrum proceeds in the interval x| ~ 1/d.
3.5.4 Surface waves with exchange interaction

In thick films d > 1, the exchange interaction is very small in comparison to dipolar interaction
in the interval x| ~ 1/d. Though in thick films the surface wave exists in a longer interval ) < 1,
it is difficult to distinguish its dispersion from that of a standard mode considered in section IV.
Thus, the surface wave can be observed, but with some complications. As we know, the TDM
for each mode is a superposition of three waves (see eq. (3.15)). Two of them are evanescent
waves, but only one of the evanescent waves has a small imaginary k,. The second one has all
components of the wave vector of the order of unity. It is substantial for the EBC, but can be
neglected in the CE. Apart of the evanescent waves, the wave with positive square of wave vector
k? takes part in superposition. An analysis shows that z—component of this vector &y, is also
positive. This component is quantized by the set of EBC and CE. In the range of weak exchange
interaction x| < 1 and ¢ > 6., the dipolar interaction is dominant and the exchange interaction
can be considered as a perturbation. Its influence is small everywhere except of vicinity of levels

crossing, where the exchange interaction is responsible for the repulsion of purely dipolar levels.
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Thus, at k| < 1, each level of the complete Hamiltonian (with dipolar and exchange interaction
included) consists of two or more pieces of different dipolar levels connected by pieces of the
dipolar surface wave. Fig. 3.2 (a) demonstrates these combined levels. This peculiarity is clearly
seen only at | ~ 1/d . The exchange interaction starting with £ 2 1 becomes comparable or
exceeding the dipolar one and makes the surface mode not distinguishable. In thin films d < 1 the
exchange interaction is comparable with the dipolar or bigger than it already at k£ ~ 1/d. Therefore

in a thin film no surface wave can be found.
3.6 Direct evidence of spatial stability of Bose-Einstein condensate of magnons

The discovery of the room-temperature magnon Bose-Einstein condensation (BEC) in yttrium-
iron garnet (YIG) films driven by parametric pumping[27] has spurred intense experimental and
theoretical studies of this phenomenon [35, 3, 36, 13, 37, 5, 38, 39, 31, 40, 41] and opened a new
field in modern magnetism: room temperature quantum magnonics. The formation of magnon
BEC is driven by the parametric pumping that has been experimentally confirmed by the observa-
tion of the spontaneous narrowing of the population function in the energy[27, 3, 39] and the phase
space[36]. Moreover, the spontaneous coherence of this state has been proven by the observation
of interference between two condensates in the real space, as well as by the observation of the
formation of quantized vortices[31].

Despite of all these experimental observations, from the theoretical point of view, the possibil-
ity of magnon BEC is still questioned because of the issues associated with the condensate stability
[18]. It is generally believed that the formation of a stable Bose-Einstein condensate is possible
only if the particle scattering length a proportional to the inter-particle interaction coefficient g
is positive (the so-called repulsive particle interaction) [42, 43]. Otherwise, the condensate is ex-
pected to collapse[44, 45]. However, the established theories of magnon-magnon interactions in
unconfined ferromagnets [46, 47, 48, 49] with uniaxial anisotropy predict an attractive interaction
between magnons, which was confirmed experimentally by numerous studies of magnetic solitons
in films with weak in-plane [50, 51, 52] and strong out-of-plane [53, 54] anisotropy. The problem

of interactions becomes particularly complex for magnons existing in in-plane magnetized films in
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the vicinity of the lowest-energy state, where the BEC is formed, since the conventional interaction
mechanisms originating from the dipolar shape anisotropy weaken strongly in this spectral part
and other mechanisms, such as the interaction between condensed and non-condensed magnons
[40, 55] can become dominant. Up to now, the clear understanding of these issues was missing
resulting in a deep contradiction between the experiments demonstrating the possibility of stable
magnon BEC and the theory predicting its collapse.

Here, the Demokritov’ group provide a direct experimental evidence of stability of magnon
BEC and the repulsive character of magnon-magnon interaction in the vicinity of the lowest-energy
spectral state and its theoretical explanation are presented. By using a confining potential, they cre-
ate a strong local disturbance of the condensate density and study the spatio-temporal dynamics
of BEC. Their experimental data clearly show that, despite the artificially created strong local in-
crease of the condensate density expected to stimulate the collapse process, no collapse occurs.
On the contrary, the observed behaviors indicate that magnons forming the condensate experi-
ence repulsive interaction, which counteracts an accumulation of magnons in a particular spatial
location. These conclusions are well supported by our calculations using a model based on the
Gross-Pitaevskii equation. We also propose a mechanism, which is likely responsible for the ob-
served repulsive interaction. We show that the effective magnon repulsion can be associated with
the influence of additional dipolar magnetic fields appearing in response to any local increase of
the condensate density. This interpretation is well supported by the quantitative analysis of the
experimental data. Our findings resolve the long-standing question of stability of magnon conden-

sates.
3.6.1 Studied system and experimental approach

The Demokritov’ group studied the spatio-temporal dynamics of room-temperature magnon
BEC in a YIG film using the experimental setup similar to that used in[40, 56]. The schematic of
the experiment is illustrated in Fig. 3.11a, b. The condensate in YIG film with the thickness of
5.1 wm and the lateral dimensions of 2 x 2 mm is created by a microwave parametric pumping

using a dielectric resonator with the resonant frequency of fp = 9.055 GHz. The pumping injects
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primary magnons at the frequency of fp/2, which thermalize and create the BEC in the lowest-
energy spectral state [27, 35]. The frequency of BEC is determined by the magnitude of the static
magnetic field H,, which was varied in the range 0.5-1.5 kOe. The representative data obtained at
Hy =0.64 kOe corresponding to the BEC frequency of 1.9 GHz and the wavelength of about 1 pm.
To study the spatial stability of the condensate, they use a confining potential, which is created by
using an additional spatially inhomogeneous magnetic field A H induced by a dc electric flowing in
a control strip line with the width of 10 um (Fig. 3.11c). They study the condensate density n and,
in particular, its spatial(Fig.3.12) and temporal (Fig.3.13) variation using microfocus Brillouin
light scattering (BLS) technique. In stationary-regime experiments, both the pumping and the
inhomogeneous field are applied continuously. Additionally, to investigate the temporal dynamics
of the condensate, they perform experiments, where the pumping is applied in the form of pulses
with the duration of 1 us and the repetition period of 10 us and the BLS signal was recorded as a

function of the time delay with respect to the falling edge of the pumping pulse.
3.6.2 Theoretical description

If the interaction between magnons were attractive, the overall reduction of the condensate
density would result in a spatial broadening of the density peak. In contrast, the data of Fig.3.13
show opposite behaviors: after the pumping is turned off, the density distribution n(z) starts to
narrow, thus the interaction is repulsive.

The BEC can be descried by the so called Gross-Pitaevskii equation.

0 h?
iha—qf = (—%VQ + u(z) + g|v|*)v (3.48)

Using the Madelung transform: 1) = /ne’® , separating the real and the imaginary parts, we have

on d(nv)
- = _ 4
ot 0z (349)
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Figure 3.11: Schematic of the experiment.a General view of the experimental system. a) Dielec-
tric resonator creates a microwave-frequency magnetic field, which parametrically excites primary
magnons in the YIG film. After thermalization, the magnons form a BEC in the lowest-energy
spectral state. DC electric current in the control line placed between the resonator and the YIG
film, produces a non-uniform magnetic field, which adds to the uniform static field H,. The local
density of condensed magnons is recorded by BLS with the probing laser light focused onto the
surface of the YIG film. b) Cross-section of the experimental system illustrating the field created
by the control line. ¢) Spatial distribution of the horizontal component of the total magnetic field
Hy + AH and the corresponding spatial profile of the condensate density caused by the inhomo-
geneity of the field.
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Figure 3.12: Representative profiles of the condensate density recorded by BLS for the case of a
potential well (blue symbols) and a potential hill (red symbols) with the depth/height of 10 Oe.
The shown profiles are normalized by the value of the density measured in the absence of the
potential. The gray rectangle in the upper part marks the position of the control line creating the
inhomogeneous field potential. Solid curves show the results obtained from the numerical solution
of Eq. 3.49. Inset: Spatial profiles of the condensate density calculated for different magnitudes
of the coefficient g describing the nonlinear magnon-magnon interaction with all other parameters
fixed. The curve labeled gg = gp; s the same, as that in the main figure.

dv 0
mo = —a(u(a:)—l—gn) (3.50)

Taking into account pumping and decay of condensate magnons , eq. (3.49) becomes:

on  O(mw) n—ng
On _ om)_n- (3.51)

Taking into account dissipation. As usual for dissipative processes, one can write the connection

between the effective potential u + gn and drift velocity in the form:

0

—5-(u(z) + gn) (3.52)

v =
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Figure 3.13: Time evolution of the condensate density in a potential well after turning the mi-
crowave pumping off. Normalized spatial profiles of the condensate density in a potential well
with AHj;4x=-10 Oe recorded at different delays after the microwave pumping is turned off at t

= 0. Solid lines are guides for the eye.

where 7) is the mobility of the condensate, defined by the momentum relaxation processes.
9 — 0 the

After substitution of Eq. (3.52) into Eq. (3.51), one obtains for the stationary case &;
final non-linear second-order differential equation for the condensate density n:

Mo 7 (3.53)

T

NV [nV (u+gn)] = —

where u = g.uph, using boundary conditions of n and shooting method, g = 3 x 10~%%erg cm?.
Since g is positive, it means the interaction between magnons is repulsive.
If we use Ueztra = geptBhestrq instead of gn.

/

hextra = v¢a ¢ (J], Z) = VL : / dvl o (354)
1%

v —r'|

Magnetization of extra magnons is associated with their density by relation:m = —gupgnetroZ

40



with negerq = n(2) — no.

Neztra (Z/) dZ/ ~ 47Tg€[1'BneJ:t7‘a (2)

(3.55)

o d
hea:tra - 47TgeﬂBneazt7‘a (Z) - 29/1'B / 2
—00 (Z — Z/) —+ (

)2

NI

Using pup = 9.3 x 1072 erg*G !, we get teppra = 4.3 % 1073 % Ny & gn.
We conclude that the origin of this stability is the effective repulsive magnon-magnon interaction
having a magneto-dipolar nature.

The concept of a resistive flow in a coherent condensate albeit being counter-intuitive inevitably
follows from the experimental data supported by numerical calculations in the framework of sim-
plified model. However, from this model it is not obvious what is the reason for gigantic enhance-
ment or response. Here we issue estimates based on equations of motion and simple physical
arguments that explains these reasons. Due to symmetry of problem it is obvious that density
n(z) = nor(z)is the even function of z. Then eq. (3.49) in stationary regime shows that the cur-

rent j = nv is the odd function. Thus, j = 0 atz = 0, whereas % = = (Ve — 1). Since
%’z:(} < 0 the current at z > 0 becomes negative and grows by absolute value. It reaches its
minimal value j,,;, at a point with coordinate z; ~ [ ( 1.16/ in experimental curve) in which
v = 1. Itis possible to estimate the minimal current as i, = —"22(0.6604, — 1) . Right
of this point the derivative % becomes positive and current eventually decreases by modulus and
asymptotically vanishes. Parallel to this process v/(z) first decreases, reaches a positive minimum
at some point 2o > z; and asymptotically reaches value 1. Let assume that as even function,
1 — v(z) asymptotically behaves as (£)? . At sufficiently large z = Z, interaction amplitude that is
of the order —p%(1 — v) becomes comparable to intrinsic interaction amplitude g, — MQB§’ where
d denotes the thickness of sample and ¢ is the correlation length in the homogeneous magnet equi-
librium magnet (about 40 nm in YIG). This definition implies Z ~ [%/2/¢'/2 . However, this length
is not sufficient for complete compensation of minimal current. The recovery length necessary

|]m'bn|

- fj(dj /dz)"tdz . This equation and previous estimates imply

to compensate it iS L. ~

Lyee ~ (0.66Vp0: — 1)% > [ . With the experimental data it gives L,.. ~ 15/ = 150um . If
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L,.. < L, where L is the length of condensate, this consideration does not give any lower limit
for vy,4,. In opposite situation such a lower boundary reads: v,,,, > 1.5(31—12‘5 + 1) Note that this
constraint contains only geometrical scales and therefore does not depend neither of the amplitude
AH 4, of nonuniform magnetic field nor of pumping intensity. It explains why it is much larger
than |AH,,..|/Ho . It also explains why in the experiment saturates at further increase of AH,,,,.
An alternative clue to the explanation of gigantic response is the fact that effective potential well
in reality is very deep |AH,,4.| > p%ng. The extra magnons fills this potential well until their
repulsion energy 4p%nq-o compensates their energy in potential well 2y AH,, 4, . From this
requirement we find neyrq ~ No|AHpmaz|/(2148) > ng . This extremely intensive accumulation
of magnons in the potential well explains gigantic response. No such accumulation proceedss in
the case of potential barrier. In this case the density in minimum is exponentially small being con-
trolled by quantum tunneling process. But outside of potential barrier the density relaxes to v = 1
on the scale ~ [.

In the geometry of this experiment, the reason for repulsion is the strong enhancement of
magnon density inside the artificially prepared potential well for magnons. However, experiments
show that even without this trap for magnons the homogeneous condensate in YIG subject to per-
manent pumping is stable. It means that in the stationary state under pumping the magnons repulse
each other, whereas according to quasiequilibrium theory [5] they attract each other. Though this
controversy is not yet completely resolved, the very fact of it shows that the quasiequilibrium state
presumably is not realized. Just now we work on kinetic theory of stationary state to elucidate the
reason of this phenomenon and to find what state is realized.

Another unexpected fact is extremely high mobility that was found as a fitting parameter from
comparison of theoretical curve with experiment. this value of mobility corresponds to relaxation
(decoherence) time 7 ~ 1us, about 1000 times more than relaxation time for magnons inside the
trap. We consider this very high value of relaxation time as a precursor of superfuidity. Indeed,
the value of mobility is an average over a long interval of distance from the center of trap that

is required to compensate initial very large dissipative current. On the overwhelming part of this
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interval L > w, where w is the width of the trap,the density is close to the stationary homogeneous
density ng . At homogenous n = ngq the system is expected to be supefluid with infinite length and

time of decoherence. Therefore, 7 indeed should be rather high.
3.7 Conclusions

Our combined approach has simplified the exact solution of Landau-Lifshitz equations for
geometry of an infinite film. As a result we have found many features of the solution that were not
found earlier. We considered the group of symmetries for solutions that allows their classification.
We studied not only the properties of thick, but also thin films which are most important for their
possible technological applications. We also studied quantization of transverse motion for the
ultrathin limit and have discovered that there is a big gap in the spectrum in this limit, and only the
lowest mode has the transverse wave vector and frequency that do not depend on thickness. The
motion of the minimum of frequency (energy) which is very important for the problem of Bose-
Einstein-condensation and superfluidity of magnons was analyzed. In particular we have found the
upper limit for the wave vector at the energy minimum reachable by reducing of the film thickness
to 15-30 nm. The wavelength corresponding to this maximal wave vector limits the miniaturization
of devices in which the information is transferred by non-linear localized magnetization waves.

Our theoretical model together with the experimental resultes the provide a direct evidence that
the magnon BEC in YIG films is intrinsically stable with respect to the collapse in the real space.
We show that the effective magnon repulsion can be associated with the influence of additional

dipolar magnetic fields appearing in response to any local increase of the condensate density.
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4. AMPLITUDE REPRESENTATION OF THE LANDAU-LIFSHITZ EQUATION

In the previous chapter, our main interest was focus on the energy spectrum and TDM of
magnons. Now our interest transfers to other aspects of BEC, e.g. the coherence of two conden-
sates and the relaxation time of condensed magnons.

In this chapter we use a classical representation for the Landau-Lifshitz equation, the energy
spectrum of magnons is studied. Also, we apply this theory to get the exact phase diagram for
different values of thickness d and magnetic field H and relaxation time of condensed magnons.

We assume the film to be isotropic in the film plane, and the external magnetic H and the

spontaneous magnetization M to be oriented in-plane.

4.1 Hamiltonian formulation of the Landau-Lifshitz equation and amplitude representa-

tion

Landau-Lifshitz (LL) equation can be formulated as Hamilton equations for the magnetization

M(r):

oM

where {A, B} denotes Poisson brackets and H is the Hamiltonian containing exchange, dipolar

and Zeeman energy:

H=H, + Hy+ Hy 4.2)
H., = g / (VM)* dV (4.3)
Hy=—H / M,dV (4.4)

1 ! ! 1 /
Hi= / / (MV) (V) Vv @.5)

In the last equation prime denotes dependence on r’. The magnetization vector has the following

Poisson brackets:

(Mo (), My (1)} = 36 (v — ') e, M, (1) (4.6)
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In eq. (4.6) v = 5% is classical gyromagnetic ratio.

LL equation is valid in the long-wave low-energy limit when spin-orbit, dipolar and Zeeman
interactions are weak on the short length-scale compared to exchange interaction and when re-
laxation of the modulus of magnetization is much faster than the relaxation of transverse motion
of magnetization. LL equation works under assumption that the modulus of magnetization M is
conserved. It works well in the long-wave limit with precision controlled by small values a /A and
wTyr, wWhere a is the lattice constant (Inm in YIG), A is the magnon wavelength, w is the magnon
frequency and 7, is the relaxation time of magnetization modulus. All phenomena in this limit are
dominantly classical since the number of magnons in a volume with linear size of the order of A is
large and the quantization of their numbers can be neglected.

The amplitude function ¢ (r) is determined by the following relations:

M. (r) = M — ¢ (r) ¢" (r) 4.7)

M, (r) = M, (r) +iM, (r) r) /2 — 30 () 6 (r) (4.8)

This is a classical modification of the Holstein-Primakoff transformation. The Poisson brackets for

amplitudes are:

{¢(r),¢* (r)} = —id (r — ') 4.9)

Other Poisson brackets of the type {1 (r), (')} and {¢* (r),¢* (r')} are equal to zero. As it
follows from eq. (4.7), the square of the amplitude modulus |t (r)|* is the density of angular (spin)
momentum carried by magnons. In the simplest situation it coincides with the density of magnons
multiplied by Planck constant 4. Unlike in quantum mechanics the order of factors in terms is not

substatantial. However, the Poisson brackets { A, B} changes sign on permutation of values A and

B.
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In terms of amplitude the Hamiltonians (4.3,4.4,4.5) read:

2D D 2
Ho= 00 [ o)) av+ 22 [ |5 (w2t = 1w F) (4.10)
H=H [ o) dv (.11
// dVdV/ 4.12)
|r — 1|

where

V(@M — 5 [oP)

2

Qr)= (M -~y ) o. + (YO + 7 0y)

In eq. (4.12) we omitted for brevity arguments in functions denoting ¢» = 1 (r), ¥’ = ¢ (r’) and
aﬂ: = 396 + Zay, (9;[ = ax/ + iay/.
4.2 Quadratic Hamiltonian and its diagonalization

Quadratic in v and v *part of the Hamiltonian is:

Hy = Hepo + Hzo + Hyo (4.13)
Heyo = YMD / IVy|* dV (4.14)
Hyy = VH/ [W|? dV (4.15)

M // (PO +9*0,) (VO + 48,

Hdip2 ‘I‘—I"l

avav’ (4.16)

The first step of diagonalization is the Fourier transformation with respect to in-plane variables

y and z:

wqr
)= xqlr) = (4.17)
VA
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where q =¢,y + ¢.Z is in-plane wave vector; x is a coordinate perpendicular to the plane of the

film and A is the area of the plane surface. Inverse Fourier transformation reads:

1 = —iqr
Xq () = ﬁ //_001/1 (r) e "Fdydz (4.18)

Employing Poisson brackets for ¢ (r) eq. (4.9), it is straightforward to find Poisson brackets for
amplitudes x (2):

{xq(x), X}y (2')} = —ibqqd (x — ') (4.19)

In terms of variables x, (z) the three parts of the Hamiltonian read:

/2
d 2
Hez =MDy / (‘% +q2|xq|2) dz (4.20)
4 _q/2
/2
Hzpy=7HY / IXq| dz 4.21)
a4 _q/2

a4
Hyp =7nMy Z // ) dedx’ [xq (do — qy) + X g (do + ¢)]
q T2

[X_q (dor + ) + Xg (dr — q,)] Gq (x — ) (4.22)

In the last equation G (x) is the Green function of 1d Helmholtz equation:

—qlz]
Gy (z) = < T 4.23)

It obeys equation:

(&2 — ¢°) Gy (x) = =6 () (4.24)

The diagonalization of the Hamiltonian can be performed by Bogoliubov u — v transformation.

47



Let define an eigen-vectors amplitudes:n, by the following canonical transformation:

/2

Nan = / [uqn () Xq () + vgn () X g (w)} dx
—d/2

To be canonical this transformation must imply correct Poisson bracket for variables 7:

{nqna 77;/”/} - _i(sqq’(snn’

Generalized canonicity (unitarity) condition for Bogoliubov transformation states:

d/2

[ T 09 (2) v (2t 01) =

—d/2

Inverse transformation must have a form:

Xa (z) = Z (an (z) Nan + Van (v) niqn)

n

(4.25)

(4.26)

(4.27)

(4.28)

Replacing the amplitudes 74, N—qnin €q. (4.28) by their Bogoliubov representation (4.25), we

arrive at equations relating direct and inverse Bogolyubov transformations:

> (Uan (@) ugn (&) + Vau () 024, () = 8(a—2')

n

Y (Uqn (@) vgn (&) + Ve (2) ul g, (2)) = 0

n

On the other hand the requirement of unitarity inverse Bogoliubov transformation reads:

> (Uagn (@) Ug, (2') = Vau (2) Vy, (2)) = 6 (& — o)

n

(4.29)

(4.30)

Comparing this equation with the first eq. (4.29), we arrive at conclusion that Uy, (z) =u, ()
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and Vg, () = —v_q, (2). Thus, the inverse Bogolyubov transformation reads:

Xa (@) = D (i, () Nan — v_qn (2) 1" 4,) (4.31)

n

In addition we find dual unitarity condition:

Z (Ui (%) Ugn () = v_gn (2) V¥4, (27)) =6 (2 — 2') (4.32)

n

Amplitudes 7, must be eigenvectors of the Hamiltonian, i.e.:

{H> an} = Z‘annqn (433)

where frequencies wq,,0f corresponding modes are eigenvalues of this operator. Employing equa-
tions (4.13,4.20,4.21,4.22) for the Hamiltonian and Poisson brackets (4.19) for variables xq (),
we arrive at following equations for the Bogoliubov transformation functions (we omit subscript

n):

[w = (H+MD (¢° — d7))] uq (z) = 20vM [(¢} — d2) Cu + (ay — d2)* G

(4.34)
(w7 (H+MD (¢* = d7))] vq (z) = =209 M [(d) — d2) G + (g + )" G -
Here the variables ¢, , are defined as integrals:
/2
Gu (z) = / G (z — 2" ug (2) da';
—d/2
/d/Q (4.35)
G (x) = / G (x— 2" )vg(2") dx
—d/2

Thus, Bogoliubov transformation functions obey a system (4.34) of integral-differential equations.

However, due to relation (4.24) they can be reduced to a system of ordinary differential equations.
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Indeed, application of the operator ¢*> — d? to both parts of egs. (4.34) turns them into linear
homogeneous differential equations with constant coefficients. Therefore their solutions must be a
LR

superposition of exponents of the type e with x being roots of the secular polynomial. To find

this polynomial, it is convenient to introduce notation k? = ¢ + 2 and vector k with components
k. = |s|, ky. = qy.. In terms of these notations the ansatz uq (z) = ue™®; vg (x) = ve™®

together with application of the operator ¢* — d2 to both parts of eqs. (4.34) turns them into the

following system of linear equations for coefficients v and v:

[(w=7 (H+ MDK?*)) k* — 2myM (k2 + k2)] w+ 27y M (ky + iky)? v = 0,

— 21y M (ky — iky)?u+ [(w+ v (H + MDE?)) k* + 27y M (k2 + k)] v = 0. 4
Condition of solvability for these equations reads:
w’k* =~* (H 4+ MDE?) [(H + MDE*) k> + 47 M (K* — k?)] (4.37)
This equation can be interpreted as the dispersion relation for magnons:
W=, (H+ MDE?) (H L+ upke 4 M (Zj il k§)> (4.38)

It does not depend of thickness of the film, i.e. it is the same as in the bulk. Thickness enters only
in quantization of the wave vector of transverse mode k£, that will be discussed in the next section.

At fixed parameters D,M,H and frequency w, eq. (4.37) is a qubic equation for the variable k2.
Note that it does not depend explicitly not only of thickness of the film d, but also of the value k,.
Inspection of coefficients of the qubic equation shows that the product of three roots is positive,
whereas their sum is negative. Therefore, there are two opportunities: i) one root k? is positive
and two others are negative or ii) one root is positive and two others are complex conjugated with

negative real part. As Sonin has found [14] at d > | = v/D and kl < 1, the variant i is realized.
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An approximate equation for poistive root is

4y  MH
k? = k2 4.39
FVH(H + 47 M) — w? (4.39)
Two others negative solutions k? = —)\%72 are determined by equation:
JE IR P R : 12 (4.40)
1,2 M 7M .

Both values )\%’2 are positive if w? < v*H (H + 47 M). Note that when frequency approaches

the value w = 'y\/ H(H +4nM) at k, # 0, approximation kI < 1 becomes invalid and qubic
equation must be solved. At large w > v+/H (H + 47w M) the exchange term dominates and w =
vM DE?. Tt corresponds to the region of wave vectors kI > 1. The 4 waves of type e~ M2(50)

corrsepond to four evanescent waves that are localized in a layer of the depth ~ [ near surfaces

z = £¢ limiting the film.
4.3 Self-consistency and boundary conditions: Quantization of transverse modes

We have proved that any propagating in-plane excitation is a superposition of several trans-
verse modes. The transverse modes may be either superposition of cos k,x and sin k,x or evanes-
cent waves. However, the inverse statement that any such superposition is a solution of equations
of motion is wrong. This happens because the equations of motion are integral-differential. The
system of ordinary differential equationswas obtained from them by application of additional dif-
ferential operators. This operation introduces additional solutions of resulting system of equations
that are not solutions of initial problem. Below we derive selection rules that leave only the solu-
tions of initial integral-differential equations (4.34).

Equations for Bogoliubov transformation functions (4.34) allow real solution. Therefore the

Bogoliubov functions can be searched in the form:

uq () = acosk,x + bsink,x + Z (A, cosh Az + By, sinh A, x) 4.41)

m=1,2
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vq (x) = ccos kyx + dsin k,x + Z (Cyn cosh A,z + D,y sinh \,,x) (4.42)

m=1,2

with all coefficients in eqs. (4.41,4.42) to be real numbers. They depend on q and some discrete
variavles that will be determined later, but we do not show this dependence for brevity. Substitution
of these expressions to integral-differential equations (4.34) result in appearance of an exponential
function that do not belong to 6 exponents permitted by the secular equation (4.37). They are

produced by integrals (4.35). Their explicit calculation can be obtained from four basic integrals:

d/2 -
—qlz—=
I, = /e cos kya'da’ (4.43)
/2 2
cosky,r e 9%/?
= 2 e cosh gz f.
/2
e_Q|'7;_m,|
I, = / sin kya'dz’ (4.44)
d/2 2
sink,z e 9%2
= 2 e sinh gx f
d/2
€_Q|x_$,|
I,.. = / 5 cosh \,,z'dz’ (4.45)
q
—d/2
cosh \,, e~ 14/2

o
I, = / ‘ q2q sinh \,,z'dx’ (4.40)
—dj2
sinh \,, e—44/2

- q2—A?n _q(q2_)\72n) Slnhqxfms7(m:172>
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where we defined

k.d k.d
fe = qcos 5 k. sin 5
k.d k.d
fs = qsin— + k, cos (4.47)
2 2
Amd . Amd
fme = qcosh 5 + A\, sinh 5
Amd Amd
fms = gsinh 5 + A, cosh 5 (m=1,2) (4.48)
Employing these results, it is possible to calculate ¢, (x) and (, (z).
(@) =ale+bIi+ Y (ApIne + Bulns) (4.49)
m=1,2
Go(@)=cle+dl,+ Y (Crlme+ DinIins) (4.50)
m=1,2

Thus, terms with (, (x) and ¢, (x) in egs. (4.34) generate extra exponents cosh gz and sinh gz
that is not conteined on the list of exponents allowed by eq. (4.37). They must vanish in two
equations (4.34) at a proper choice of coefficients a, b, ¢, d, Ay, By, Cy, D1, Aa, By, Cy, Ds.

The determinant of this system and all its main minors are identically equal to zero. Thus, this
system does not determine quantization. Below we will show that, if the dispersion relation (4.38)
is satisfied (on the mass shell in the terminology of field theory), only six variables, for example
a,b, Ay, By, As, By are independent, whereas six others are their linear combinations. Determinant
of system of resulting two equations is not identically equal to zero. The condition of turning it to
zero determines the quantized values of k,. With this purpose we return to the derivation of the
secular equation (4.37) from equations for Bogoliubov transformation functions (4.34) plugging
in the latter equations uq () = acos k,x + bsink,x and vy (z) = ccos k,x + dsin k,z (We use
truncated equations (4.41,4.42) using the same argument about small amplitudes of evenescent

waves). Assuming that the excessive evanescent waves are removed, equations (4.34) result in
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a system of 4 linear homogeneous equations for coefficients a, b, ¢, d. The matrix of this system

reads:
w—A 0 -B C
0 w—A —C -B
, 4.51)
B C w+A 0
—C B 0 w+ A
We used abbreviated notations:
2m M (k2+k2)
A:’y(?—l—i-MDkQ—l—k—z)
_ ki—ky 4.52
B = —2myM="5 (4.52)
C = dmyM ™
The determinant of this matrix is:
D= (w?— A+ B2+ )’ (4.53)
It turns into zero at w = /A% — B2 — C? that coincides with dispersion relation (4.38). Since the

determinant has doubled zero, not only itself, but also its main minors turn into zero at the mass
shell. It is why only two variables are independent. Matrix (4.51) implies the following relations

between ¢, d and a, b:

B C C B
_— - by d = - b 4.54
¢ wr AT LT A wtr AT LT A (454)
Again if we consider uq () = A, cosh A,z + By, sinh A,z and vy () = Cy, cosh A,z +

D,, sinh A\, x, using the same discussion above, we can get a system of 4 linear homogeneous
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equations for coefficients A, By, C, Dy. The matrix of this system reads:

0 w—A, Cn -B,, 4.55)
Cm Bm 0 w + Am
‘We used abbreviated notations:
- 2 42
Amzv(HJrMD(q?—A?nH”;(ﬁ—yAgnW)

B,, = QWWMA?JC\]ZS (4.56)

q°—Am

Crn = 4Ty M 5255

The determinant of this matrix is:

D, = (w? — A% + B2 —C2)° (4.57)

It turns into zero at w = /A2, — B2, + C2 that coincides with dispersion relation (4.38). Since
the determinant has doubled zero, not only itself, but also its main minors turn into zero at the mass
shell. It is why only two variables are independent. Matrix (4.3) implies the following relations

between C,,, D,, and A,,,, B,,:

B, Cn,
c, = — A, - ———B,,
w+ A, w+ A,
Cn, B,
D, = -— A, - ———B,, 4.58
w+ A, w+ A, ( )

The condition of self-consistency is determined by any equation of the system (4.34). Tak-
ing the first equation and employing expressions of u(z) and v(x), nullifing the extra exponents

cosh gx and sinh gx, we arrive at the consistency conditions.
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(qi—f)( sa+ ), 12q2 =y Am)
+(q§,+q2)< 5CH D0 A m)
2,0 (L + i 7% D) =0
(65 = &) (b + s #2555 B
+(q§+q2)( d+Zm12q2 A2 )

—2qyq ( C+ Do q2f A2, Cm) 0

For the boundary condition “Lu(z)]|,_ 12 =0, Lo(z)],- 14 = 0 Thus we get a system of 6
linear homogeneous equations for coefficients a, b, Ay, By, Ay, Bo. A = (a,b, Ay, By, As, By)7,

C - A = 0 .The matrix C of this system reads:

M P My P1 Mo P2
K2 K2t A) ?-f (42-33) (w+a) ® =3 (4223 (wr42)
Qo N (5] Ny , Q2 Ny 5
k2 (wtA) k2 (q27>\%)(w+«41) a2 =27 (q27>\§)(W+A2) a?=23
0 k. cos 0 A1 cosh 81 0 Mg cosh (B2
—kzsina 0 A1 sinh 81 0 )\2 sinh (B2 0
C B
W+Akxcosa —W+Akxcosa - +}41)\1cosh51 w+.A A1 cosh 31 — u+A Ao cosh B2 — 2 )\zcoshﬂg
. B . . .
w+AkIsma mkzsmoz 7w+}41)\1smh,81 7W+Al/\151nh,81 7W+A2A251nh62 7w+A A2 sinh B2
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where

P = —f(@+q°)C+2qqfB
P = _fmc (q; + q2) Crn + QQnymsBm
Q = fi(@+d°)C+2qqfB
OQn = —fms (qz + q2) Con + QQnychm
o [ 2 2\ 2 2 B _ C
M = _(qy 7) (qy+q)—w+A Je=2a9fs
[ C
. 2 m m
My = _(qy @) — (¢ + ) +Am1 fmc+2qufms—w+Am
[ C
N ) - ) g f 2ty
[ C
_ 2 92\ (.2 m
N, = _(qy @) — (6 +4°) +A ]fms+2qufmc—w+Am
kod
o =
2
And
Bm = T(mzlﬂ)

Equations C - A = 0 have non-zero solutions if and only if det C = 0. Then we can get the

quantized k, and energy spectrum, this is the same result with chapter 3.
4.4 With interactions

Previously we considered only quadratic (in amplitudes) part of the Hamiltonian. Here we take
into account higher order contributions, i.e. we consider interaction between magnons. In particu-

lar we will take into account terms up to 4th order. Let’s recall the Hamiltonian in amplitudes:

ex—”D/[ (o))" +|% (wyf2ar =2 1oF)

H, =~H / ¥ av, (4.60)

2

av, (4.59)
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_ %// {(M 7 10P) 8. + 5y (2M — 7 ) (o + w*a+>]

! / 1 / 1oy 1% dVdV/
[(M—fyh/; |2) 8z+§\/'y (M — [ [*) (/0. + ag] Pl (4.61)
where ¢ = ¢ (r), ' = (r'), and 0y = 0, £ 10,; 0, = Oy £ 10,.
For the exchange energy:
D 2
H., =12 / v ([0 ‘ <w\/2M—ww|2) v
V 2
zg/ 7(V(W!2)) + [\/2M — ~ [¢]*Vip — 1V (191) dV
I 21/2M — 5 [y
D [ 22 ooz LV (U PRV ($2)°
== M — — dv
[ [ Q)+ @ = v s i
D [ 2 212
=22 [ awer =i+ Lo o))+ SEEE v e

The first term is the quadratic contribution we considered earlier, the second and third terms are of
4th order, and the last term is of at least 6th order.

The Zeeman energy contains only up to quadratic terms.
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For the dipolar energy:

— %// [(M — v [W*) 0, + %\/7 (2M —y[9l") (po- + 1/)*(%)}
dvVdv’
r— |

(01 =2 1) oLt g 01— ) (o 4 vt
1

=5 [ ar=1ut) (3= 10P) .01

+1\/(2M — 7 [0FF) (2M =y [¢']°) (O +¢70s) (V'O + ¢" )

dvdv’
F O =0 20 o (el + o) | SO
=5 [[ 01 =v10p) (31 =2 1uP) 2.0,
M
5 (1——|w|) (WO +9°0.) (WO + "3
12~ 1% o 5 dVdV/
Y M2 M (1— |1/}| ) YO "0, + O )} r LD

Note that the third term is of odd order of the amplitudes, and so does not conserve the number
of magnons. These terms are responsible for attenuation of spin waves. If we consider only
interactions between condensed magnons, then due to conservation of momentum only the even

order terms will contribute.
4.4.1 3rd order terms

Let’s first write out the 3rd order terms of the Hamiltonian, which comes solely from the dipolar

part.

dvdv’
o= -2 [[ (1P ) o (v v wro) 90 o

Like before, we define the Fourier transformation with respect to in-plane variables y and z:

iqr
r)=Y xqlr) = (4.65)
q ’ \/Z
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where q =g,y + ¢.2. We also make use of the expression

1 47T ig(r—r'
lr — 1| T A G (v =),
6_q|m|
Gq (JZ) = % . (4.66)

Plugging the 2D-Fourier transformation into the 3rd order Hamiltonian, and using the above ex-

pression of 1/ |r — 1’|, we get:

2%7\/27 , 1 . i
His = — / / > (quxqg (B9 g X )

q1,92,93,9

X i [Ny (Ao — y) + X gy (dor + ¢)] €97 €9 Gy (2 — 2')dVdV

2#7\/27 1
N // Z (quXQQ(sql q2+q5q3 q"’ 4XQ1X0126 5011 d2+q3— Cl>

q1,92,93,9

X i [Xg, (de — @) + X", (dur +q,)] Gy(a — 2)dwda’. (4.67)

In the second term, the delta function gives q = 0. The factor ¢, [X;B (dor — qy) + X" o (dor + ay)]

is ~ ¢* at small ¢, while G, (z — 2) is ~ 1/¢, so this term should be zero. We then have

27r’y\/2fy
Hgs = // Z Xai Xz Oc1—q2-+adas—q

q1,92,93,9

X i [ Xy (dor — @) + X" o5 (dor + ¢)] Go(x — 2)dda’

B 27?7\/27
- Z Xqug q1—q2+4q3

q1,92,93

X 1qs3, [Xils (dy — q3y) + X’fqg (dy + q:),y)} Gy (x — 2')dxda’. (4.68)
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Next we should put in Bogoliubov transformed functions, which is obtained when diagonalizing

the quadratic Hamiltonian. It reads:

Xa (@) = D (UG (2) Nan = V-qn (2) 117q,) = fa(@) + 9" g(2), (4.69)

n

where we defined

Fal@) =Y ul () Nans gal®) = =Y v (2) Nan (4.70)

n n

Also let’s recall the condition:

Z (Ui (%) Ugn () = v_gn (2) Vi, (@) =6 (z — o). 4.71)

n

Then

2wy 2vM
Hgs = —% // Z (fq1 ‘f'giql)(fcjg +9—q2)5q1—q2+q3

q1,92,93

X Z(:Z3Z |:(f(/13 + 9/_*q3) (daz’ - q3y) + ( /_*q3 + 9{13) (dm’ + q3y)} qu (‘T - :L‘/)dl’dl'/

e e D S S A

ni,n2,n3 q1,92,93

* * * *
X (uq1n1 T]CIlnl - U*anl n7q1n1)<UQ2n2nq2n2 - ,qugnznfq2n2)

X 2q32 [(qunglrIQSnS - Ungngniqgng) (dx/ - Q3y) + (uiqgngniqgng - /Ug;,ngnq:}nii) (dx/ + Q3y>]

X Gy (x — 2')dxda’
2wy 29 M
R

n1,n2,n3 41,492,493

* *

* *
X (uq1n1 77011?11 - U—Q1n1 n—qlm ) <UQQTL2 nqgnz - /U—qgnz 77—‘12”2)
1%

X iqu { [qun;g (dxl - q&y) - ’U(/:;k:gng (dx/ + Q3y)] 77‘3{37743 + |:u/—q5n3 (dx/ + Q3y) - U/—%n:s <dx/ o q3y>j| niq&”&}

X Goy(x — 2')dxda'. 4.72)
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Writing contributions to each term with different factors of 7 separately, we get:

Hgy3 = _% Z Z 5(11—Q2+CI3

n1,m2,m3 q1,92,93
x [ (1, +1 *
d3,———Tqin11—qan2"qsns d3,——+Tq1n1 "1—aen21—q3ns,

+Id37+——niq1n177—01271277%N3 + ]d37—+—77CI1711n:;2n277CI37’L3) + C'C'] ) (4'73)

where the /43 4+ are integrals over = and 2’ (a subscript + or — in ith place corresponds to the

function with subscript ¢ being n* or 7, respectively):

Igz,——— = —igs. // UV qoma [Uetgns (ot — G3y) — Vetny (dar + G3y) | Gy, (w2 — 2" )dda!,
Loz = —igs. // U,V o [ qams (o + @3y) = Vs (dor — G3y) | Gy (x — 2)dda’,
Loz~ = igs. // Vi U qymy [Uegns (Aot — Q3y) — Vny (dar + q3y)] Gy (2 — 2')dada’,

Loz~ = 1gs. // Ul Uz Uy (Qor — G3y) — Ve, (dor + q3y)] Gy (x — @')dada’. (4.74)

In obtaining (4.73) we have used the fact that some terms (e.g. the term with n* 75, 7" ...)
can be expressed as complex conjugates of others (e.g. the term with 1q, », 77— qonsTqsns) DY sending
the summation indices q; <+ qs and q3 — —qs simultaneously. (Later we will use this kind of
connections between terms when calculating 4th order terms.) Note also that the three terms in-
volving one complex conjugated function in (4.73) can also be combined if we rename the indices.

With (4.73) we could in principle calculate the rate of a corresponding process by using Fermi’s
golden rule, and further write out the kinetic equation of magnon numbers and calculate the atten-
uation time due to 3rd order processes.

let us calculate the decay time for this process. for the decay time:

2
Wi = —omid (e(k) = (k) | (k] U [K) [ (4.75)

62



where n; is the number of impurities per unit volume.

(KUK | = / AP (P)U ()

and the Bloch functions are taken to be normalized so that

/ Ao ()2 = Voot
cell

The kinetic equation under the 3-magnon process can be written as follows:

dng n,
# = Z Z W(ka q,Nn1,Na, n3>[n(k + q, n?’)

nz2,n3 ¢

(n(k,n1) + 1)(n(g.ns) + 1) — (n(k + ¢, ns) + Ln(k, ni)n(g, no)]

where
2T o
Wk, q,n1,m2,n3) = [ I[0(Wiq(n3) — wi(n1) = wy(n2))
Then
1
;k = Z W(k,q, m,nz,na)(ng - nngq)
q
Assuming that
cos ™
u=a —
d
T
v = CcCoS —
d
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we have

iaycadgs.e 3 (—2azqs,e (2d*q; + 8n?d?q3 + 3m) + 6 asqsy — 3mhes (€273 — 1) (g3 + g3y))

h=- 343 (wd*qj + 5w d2q} + 470°)
L - _ 2iaicadgs. (37" sinh(dgs)(gsy(as + c3) — caqs) + azgsy (2d*q3 + 87°d* g5 — 37" cosh(dgs) + 37*))
3¢3 (md*qs + 5m3d?q3 + 4nd)
L - ic1Cadgs,e ™% (—Qagqued% (2d*q3 + 87%d?*q3 + 37*) + 67 azqs, — 3mtcs (equ3 — 1) (g3 + q3y))
3¢3 (md*qs + 5mid?q3 + 4m)
L - iayazdgs.e™ (—2a3qs,e’® (2d*qs + 8m2d*q3 + 37*) + 67 azqs, — 3mwies (€24 — 1) (g3 + g3y))

3¢3 (wd*q3 + 5m3d?q3 + 4m)

Meanwhile we have

a=+ [— = (4.81)

B? Y
dl — o¥ap]

B 2
- TR 4.82
Tror A - B (452

for the case d = 5um, H=600 Oe, we get the decay time for the condensates of magnons 7 =

10~%155 due to three magnon process.. Our result shows that the three magnon processes are not
important in determining the relaxation rate. It is much smaller than that provided by magnon-

phonon interaction.
4.4.2 4th order terms

Now let’s consider the 4th order terms of the Hamiltonian, which read:

Hy = Heps + Ha, (4.83)
72D 2 2 1 2\\ 2

Hewy = 7/ {—I@H VP +5 (V(10F))" | dv. (4.84)
: 1 dvdv’

Ha= T [[ [ 1wr 00— {1of wo_ s won o +vra| T ass)
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Plugging the 2D-Fourier transformation

iqr
)= xqr) = (4.86)
q : \/Z

into the 4th order exchange Hamiltonian, we get:

2
’y D * * *
Hews = 575 / > [ Xan X (daXasdoXiy, + A394XasXs)
q1,92,93,94

1 * * 7 — — r
(a1 — q2)(g3 — q4)Xq1Xq2XQ3XQ4:| gilar—az+az—aar i/

1 « %
+§dx (qu qu )dw (XqSXCI4) - 2

T o4 > [ xaX (deXasdeXh, + AsdiXas Xiy)

q1,92,93,94

1 * * 1 * *
+§dx(Xq1Xq2)dx(XQ3Xq4) — —(q1 —a2)(q3 — Q4)Xq1Xq2Xq3Xq41 Oq1—ap+as—qidT

2
2
- 4 A Z [XQ2Xq4dxXQ1dCEXQ3 + Xay qudzxqzd:pXCM
q1,492,93,94
(0} + 93)Xa X Xats Xy — 4192 X Xy Xt X | Ot — etz +ats—qa 0 (4.87)

Note that in obtaining this expression we used the symmetries between indices.

For the 4th order dipolar Hamiltonian, we have

27T’Y © ) e
= ququq2XQ5X/q4 [(a1—q2)r+(a3—qa)r’+q( )]

qd1,92,93,94,9

1

- ZXmX;z [qu (de +qy) + X*—qg (de — qy)} [XZM (do — qy) + X/—*q4 (dar + Qy)}

><ei[(ql—QQ)T+q3T+q4r/+q(r_r/)}} G (l’ — ZL’,)dVdV,

27r'y *
// Z {quqlquX%Xq45q1—q2+q5Q3—q4—q

qd1,92,93,94,9

1 . .
- ZXOHqu [qu (dx + Qy) T XZqs (de — Qy)} [X:M (dy — Qy) + X/—q4 (dyr + Qyﬂ
X0y —qotast+q0qi—q ) Gq(z — 2')dzda'. (4.88)

In all 4th order terms, the second term in the dipolar Hamiltonian is the only one that do not
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conserve magnon numbers.
4.4.2.1 For condensates

We are most interested to magnons in the two condensates, which momenta are £Q = +Q)Z.
To consider interaction among the condensed magnons, we will single out in the Hamiltonian
the terms in which every y has argument +£Q. Note that conservation of momentum need to be
satisfied (namely, the Kronecker delta functions should have zero arguments). We have for the

exchange part:

2
CONy ’y D E3 *
HEY = or / drxQxaXaXg (— Q2)+—2 T | drxaxax-ax’q (4Q°)  (4.89)
/7 * * 2
+ 51 / x-QX qX-QX q (—Q°)
2 2
D "D Lo
t A / dzxgxqdexqdeXq + —— 1A drxQXqQd:XqdzXq
2
gl
+ e /deQx QdzXqQdzX - Q—i-—/dqux QdzXqdzX"q
2 2
fy * *
+ /dSUX QX deX Qd:cX Q+ AA de*QX*deX_QdIX—Q

and for the dipolar part: Note that

dpdpGo(r — 2') = —d2Go(x — 2') = §(x — ') — Q*Go(x — ). (4.90)
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cond 871—72 ey * / 1% /
Hy™ = 1 // dxdz' Q) XQX_QX—QXQGZQ(:E — )

87{7}/2 12 *x ! /% /
+ = drdr'Q°x QXXX qG2q (7 — ')

2
- % / / drvda'xqxq [Xa + X' q] [X_q + Xg] [0(z — ') = Q*Go(z — /)]

- T [ dnda'nax [v-a + xa) [a +¥%a] e — ) - Q¥Gale — )

_ 7;_?: // dzdr'xqX" q [X—q + X&] [X_q + X§] [6(z — 2') — Q*Gg(z — "))
_ 7;_742 // drdz'x_qxg [xa + X q] [Xq + X" q] [0(z — 2') — Q°Gq(z — 2')]
_ 7;_212 // dzdx'x_qx"q [Xa + X q] [X_q + X§] [6(z — &) — Q*Gg(z — 2')]

2
- % / / dzda'x_qx g [X-q + Xg] [Xq + X" q] [0(z — &) = Q*Gq(z — 2')]

Neglecting a common factor Z—Z and do transformation xyq — \/%XQ andr — y/2Pr. Then we

have

HE = I drxoxoxaXxg (—Q°) T o / drxqxoX-qX ' q (4Q%) (4.91)
21 . .
o drx_qx* qx-aX q (—@?)
Q0 * % ™ * *
+ a/d*%XQXdeXdeXQ—i_E/dxXQXQdIXdeXQ

47 . 47 . .
+ dy / dmex,dexdequJra / drxox-dzXqdzX"q

™ * * i * *
+ dx / d:rx_Qx_deX—deX—QvL@ / drx-QX-qdaX_qd:X_q
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Hggt = %T // dedr' QX" X qX&Ga(r — )
+ 5 [ drds' Qe qGaate — )
_ % // drdz'xqxg [xa + X" ql [Xoq + X§] [6(z — ') — Q*Gg(z — 2')]
_ % // dzdr' xqoxg [X-q + Xg [Xo + X" o] [6(z — 2') — @*Go(z — 2')]
_ 2% // dzda'xoX" q [X-aq T X&) [X_q + X&] [6(z — 2') — Q*Go(z — )]
_ % / / dedr'x_qxg [xa + X q] [Xq + X7 q] [6(z — o) — Q*Gg(z — 2')]
_ % // dzdr'x_qx*q [xa + X o] [X_q T x§] [0(z — ') — Q°Gq(z — 2')]

" / / drdr'x-qx“q [x-a +xao] [Xq + X q] [(z — o) - @*Go(x — 2')]

In terms of Bogoliubov transformed functions, the 4th order interactions for condensed magnons
will be in the form of a sum of products of terms in 4th order of 7..q, and 1} q,, which coefficients
depend on integration of functions of u and v over spacial coordinates. But the condensed magnons
are at the bottom of spectrum which has n = 0. So in later considerations we will keep only the
terms with n.qo and 7’ q.

We also note that the condensed magnons has k, = 0, in which case the modes are either even
or odd. Since condensate is the lowest branch with n = 0, the corresponding modes are even, so

that

uq () = acosk,x + Z A, cosh Az, (4.92)
m=1,2

vq () = ccos k,x + Z C,, cosh \,,x. (4.93)
m=1,2

Relation between a and c is determined by the normalization condition , and relation between

a, Ay, Ay can be determined by the kernel of the matrix C¢ For the condensed magnons, we have:

X+q () = tiq () Nrqo — v3qo (*) Nrqo- (4.94)
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In the later discussions on condensed magnons, we are going to drop the subscript O for the a, ¢
amplitudes and for the 1 functions, with the understanding that they are at n = 0. We also note
that the a, c coefficients are all real.

We now note that, due to the symmetry between the two condensates, the a, b, ¢, d coefficients
for at +Q are the same, e.g. aq = a_q. Thus, later we will drop the subscript of the a,c
coefficients, with the understanding that they are at wavevectors Q.

With these simplification of notations, we have:

X+Q = UnN+tqQ — WﬁFQ

= (a cos k,x + Z A, cosh )\mx> N+Q

m=1,2

- <ccos kyx+ Y Cpcosh )\mx> Tq (4.95)

m=1,2

‘We now write the 4th order Hamiltonian in the form:

Hcond — A(WQ|4 + |77_Q|4) + QB|77Q|2|77—Q|2

+ C(Ingl* + [n-q*)(ngn-q + c.c.) + D(nén%Q + c.c.). (4.96)

The ground state of the condensates depends on the criterion papameter: A = A— B+ |C|—D.
When A < 0, corresponds to an asymmetric state. When A > 0, corresponds to an symmetric
state. The state diagram is shown in Fig.4.1. Our phase diagram is different from the previous
result [5], especially that at usual experimental conditions, there is no existence for the symmetric

phase.
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Figure 4.1: The state diagram in the d — H plane. S, NO and N7 correspond to the symmet-
ric state, the non-symmetric O state and the non-symmetric 7 state, respectively. (a) Amplitude
representation method. (b) Phase diagram that is modified from [5].
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5. SUMMARY AND CONCLUSIONS

In this work, we first review the Bose-Einstein condensation and the magnons.

In Chapter 3, a new version of the asymptotically exact theory of the spectrum and transverse
distribution of magnetization in long-wave magnons is presented. we have found many features
of the solution that were not found earlier. We considered the group of symmetry for solutions
that allow their classification. We studied not the only property of thick, but also thin films, most
important for their possible technological applications. We also studied quantization of transverse
motion for ultrathin limit and have discovered that there is a big gap in the spectrum in this limit
and only the lowest mode has the transverse wave vector and frequency that do not depend on
thickness. We also use this theory to show that the effective magnon repulsion can be associated
with the influence of additional dipolar magnetic fields appearing in response to any local increase
of the condensate density. We conclude that the origin of this stability is the effective repulsive
magnon-magnon interaction having the magneto-dipolar nature.

In Chapter 4, we develop a classical representation for the Landau-Lifshitz equation. we calcu-
lated the relaxation rate of condensed magnons in the ferromagnetic YIG film with a finite thick-
ness. We also calculated the 4th order magnon-magnon interactions in the condensate of a film of
YIG, including magnon non-conserving term responsible for the coherence of two condensates.

In reality the thermodynamic approach becomes invalid. It states that the phase with smaller
energy wins. Thermodynamic approach is valid if the lifetime is much longer than the relaxation
time. This is definitely correct for relaxation of the magnons in one minimum, but not for inter-
minima relaxation. Each such process leads to change of the total moment by 2(). it can proceed
only due to Compton process with participation of thermal magnons. They will compensate the
non-conservation of momentum. However, this process probably is not shorter than the lifetime.
So, what we expect is that, because the process of pumping is symmetric, the stationary state will
be much closer to symmetric than it is obtained by simple thermodynamic approach. The previous

calculations give us the starting place for this new development.
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APPENDIX A

ANALYSIS OF SECULAR EQUATION

Secular equation for a magnon solution in a ferromagnetic film is a cubic equation for the

variable z = k* = ki + k that reads as follows:
Pz)=2+ 2+ )2+ (1+x—w?—xk2) 2 — xk2 =0 (A.1)

The product of three roots is equal to xk? > 0 and their sum is equal to — (2 + x) < 0. Since
coefficients of the polynomial P(z) are real, its roots are either all three real or one of them is real
and two others are complex conjugated. In the first case one root is positive and two others are
negative. In the second case, since the product of two complex conjugated roots is positive the
remaining root is also positive. In both cases one root z; = k? is positive. We will show that due to
physical limitations, two other roots are negative and the opportunity of two complex conjugated
roots is not realized.

Indeed, the two other roots z, and z3 are expressed in terms of positive root z; as follows (see

eq. (3.23)):

2
k2
JORPR S G RV 5 [P G i R G (A2)
’ 2 2 21

The roots 2,3 are complex with non-zero imaginary part if the expression under square root is

negative. It happens if the following inequality is satisfied:

2 2
xR (HX”l) (A.3)

21 2

However, at this condition the square of frequency w? = (1 + 21)(1 + 21 + x — XZ—I‘F) becomes
negative. It is physically forbidden. Thus, the positivity of w? excludes the opportunity of complex

roots.
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The same requirement of positivity w? gives a lower boundary for the value 2;:

1 2 1
o> \/(%> + k2 — % (A.4)
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APPENDIX B

MOTION OF SPECTRAL MINIMA IN A THICK FILM

The dependence of frequency on wave vector is determined by equation (3.13) of the main text.
For the reader’s convenience we reproduce it:
2 2 2 k2
w:(1+k)<1+k +X—Xk_§) (B.1)
Here k? = k:ﬁ + k2, where k, is a positive quantized transverse component of wave vector. Gen-
erally to find minimum of frequency for a given mode with fixed quantum numbers and direction

of propagation, it is necessary to take in account the dependence of quantized %, on k. This de-

pendence can be neglected in thick films with d > 1. Indeed according to the main text, quantized

values of k, are equal to &, ,, = 2”7" + pn. Here p,,,, = L%arctan fon (k;”), where f, (k:”) isa
smooth function. According to this definition, i, ,, varies in the limits ( - %) when £ changes at

least by 1/ \/d. Therefore, the derivative %ﬁ < \/LE < 1 and the values k& and £, can be considered

as independent. In this approximation the value of parallel wave vector ko at which frequency has

minimum can be found from equation:

2 2 2
O :2k2+2+xsin20——xkxcjs 920
(i) ’f

At small k, i.e. at n < d /2, the value k? satisfying eq. (B.2) is also small and equal to

2,12 | X
kO ~ kHO ~ mkx cos 0 (B3)

It is however much larger than ki The value of frequency in minimum is wy,;, ~ v/ 1+ x sin® 6.

(B.2)

The equation for kZ valid in the range of larger k, comparable with 1 can be found by the following
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scaling transformation:

2 + ysin® 6 4xk? cos? 6
k= ——5—wl(§); &= — . (B.4)
2 (2 + x sin 9)
where function w (£) obeys cubic equation:
w® +w? = ¢ (B.5)

At small &, this equation gives the result (B.3). This equation shows that at small k,, the wave

vector corresponding to minimal frequency kjo grows with k.. To study the motion of minimum

2
dk?,
d(kz)"

in a broader interval of k, it is useful to look at the derivative According to eq. (B.2), it can

be expressed as follows:

(920.)2

dk? ok o(k2)
d(klg)) - (8|2>w2 (B.6)

2

(2(+))
From this equation it follows that maximal value of ko can be found from equation:
0?w? cos? 6 k2 cos? 6

=2—-x = + 2y 16 =0 (B.7)

) (kﬁ) 0 (k2)

It is cubic equation for k2. It must be solved together with equation of frequency minimum (B.2).

Eliminating 2 from these two equations, we arrive at a closed equation for k%
6k° +2 (2 + xsin® 0) k* — x cos® 0k = 0 (B.8)

Dividing this equation by k? # (0, we obtain a quadratic equation for k2, whose solution reads:

2 \/(2+Xsin2«9)2+6xc0320— (2+ xsin®6)

m 6 (B.9)

81



The value of k corresponding to maximal value of kj, can be found by eliminating k° from eqs.

(B.2,B.8). It reads:

(1) = m [(2+ xsin? 0) k, + x cos® k2] (B.10)

The maximal value of kﬁo is equal to

o\ 14
(ko). = ko — (K3), = %7@3@ (24 xsin?0) K,

3x cos?

At further increase of k,, the position of minimum k|, decreases and finally becomes zero. At this

point, k% = k2 and eq. (B.2) turns into quadratic equation for k2. Its solution reads:

() — \/(2+Xsin28)2+8xc0520— (2 + xsin® )

At this value of £, minimum merges with a local maximum at & = 0. At larger values of k,, the

only minimum of frequency is at & = 0.
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APPENDIX C

SPECTRUM OF MAGNONS PROPAGATING PERPENDICULARLY TO MAGNETIZATION

The consistency method used in this article requires to nullify all contributions of evanescent

waves of the type e**I®

or cosh kx and sinh &z arguing that such functions are not solutions of
the 6-th order differential equation for magnetization following from equations of motion. This
method fails in the case of spin wave propagating perpendicularly to the magnetization, i.e. for
k. = 0. Indeed, in this case one of solutions of secular equation (A.1) is k¥ = 0. For this root
k, = Zikj. It means that e**I1% are solutions of the 6-th order differential equation. Therefore,
our method of solution must be modified for this special case. In this appendix we present a
modified method solving the problem of perpendicularly propagating magnons. In their article [?]
Wolfram and de Wames considered the spectrum of perpendicularly propagating magnons, but did
not establish its quantization.

When one of solutions of the secular equation (A.1) is z = 0, two others can be easily found.

They are:

zlzkf:kir—i—k;;zgzk§:—2—x—zl (C.1)

General solution for k£, = 0 reads:

M-

m(x) = (a; coskjzx + bjsin kj,x)

7=1

+ pecoshkyz + qsinhk,z, (C.2)

where a;, b;, p,q are constant 2-component vectors; kg, = z\/ 2+ x+ kI + k2 . Differential

equations for m (x) following from egs. (3.8, 3.10) of the main text give the same relation between
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amplitudes a; and b; as for general case (compare with eq. (3.16):

1 w —A;
b = Ajaj; Ay = ) aE (C3)
J —w

JjT

k2 xk2 kik .
%; A =1+ k]2 + =4 and B; = X457 A new relation follows from
J J J

where A;, =1+ k:]2 +

the same differential equations for vectors p and q:

q=—01p (C4)

01
Here 01 = is the first Pauli matrix. Thus, only six amplitudes, namely components of

10

2-component vectors a; (j = 1, 2) and p are independent.

The 4 EBC equations are only slightly modified in comparison to the case of 0 # 7/2:

2 o kjed o1 kyd
- kia;sin L= — k, psinh == =0
30, by sin 57— b, psinh s

Z?ZI kj.b; cos kj;d + kyq cosh % =0

But the CE equation are different from those at § # 7/2 in two respects. First, not only integral
terms in the linearized LLE equations generate evanescent waves cosh k,z, sinh k,z, but they also
enter in the solution (C.2). Second, the integral terms for these evanescent waves are singular.

Indeed, the basic integrals that enter 7, , for such waves are:

I8

2

/ e 1kv(@=2] cogh kya!
2|k, |

dz’

_ coshkyz (1 — e mld 4|k | d) _ zsinhkyx (C.6)
4k2 ok,

[S]ISW
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e~lks@=asinh ko'

2|ky|

|
M\&\m\g

_ sinh kyz (1 + e mld 4 |k, | d) _ zcoshkyx C.7)
1k2 ok,

Singular terms x sinh kyz, x cosh k,x in the magnetic potential ¢ = d,n, + k,n, vanish as a
consequence of q — p relation (C.4). The same relation implies that terms with components of
p and q do not contribute to the volume magnetic charge d,m, + k,m,. However, magnetic
field is created not only by volume charge, but also by surface charge equal to Fm, (j:%l). The
contribution of the same terms to the magnetic potential in some inner point reads (we omit its

dependence on longitudinal coordinate and time cos (k,y — wt)):

Ppq (7)

d kyd . kyd
=476 (5= 5 ) (pocosn 2 4 gy 220) c$)

d k,d ., kyd
—4nG (x + 5) (px cosh o Tk sinh 7)

where G (z) = W is the Green function of the Helmholtz equation. After some simplifica-

tion the potential ¢y () takes a form:

_ |kyld

Ppq (T) = A7 S % 2’ P, cosh % cosh k,x
y

_kyld b d

‘ ¢z sinh —— sinh k, (C.9)

+ 4r
|y 2

Returning to the integral form of equations of motion (3.11), extracting from them terms propor-
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tional to cosh k,x and sinh £, 2 and nullifying them, we arrive at two equations:

+

pr_py:()

|ky|d ky
xe 2
|y

px+wpyzo

o kyd 1
¢ sinh o + K, Z 2 (ajyfic + bjzfjs)
j

j=1

kyd 1
Pz cosh T + ky Z F (ajxfjc + bjyfjs)
J

j=1

|

|

(C.10)

4 equations of EBC and 2 CE form a system of 6 equations for 6 independent amplitudes.

The determinant of this system must be zero for their solvability. This condition determines the

quantization of wave vectors k;, and frequency. Numerical calculation with this determinant can

be performed in general case. The results are shown in several figures in the main text. In the case

of thick filmd > 1, 1/d < k, < d and n < d, the calculation is simplified since |ay| occurs

much less than |a;| and can be neglected in eqs. (C.10). Another two equations are obtained by

elimination of a; from 4 equations (C.5).
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