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ABSTRACT

Large-sample data became prevalent as data acquisition became cheaper and easier. While a
large sample size has theoretical advantages for many statistical methods, it presents computational
challenges either in the form of a large number of features or a large number of training samples.
We consider the two-group classification problem and adapt Linear Discriminant Analysis to the
problems above. Linear Discriminant Analysis is a linear classifier and will under-fit when the true
decision boundary is non-linear.

To address non-linearity and sparse feature selection, we propose a kernel classifier based on
the optimal scoring framework which trains a non-linear classifier. Unlike previous approaches,
we provide theoretical guarantees on the expected risk consistency of the method. We also allow
for feature selection by imposing structured sparsity using weighted kernels. We propose fully-
automated methods for selection of all tuning parameters, and in particular adapt kernel shrink-
age ideas for ridge parameter selection. Numerical studies demonstrate the superior classification
performance of the proposed approach compared to existing nonparametric classifiers. We also
propose automatic methods for ridge parameter selection and guassian kernel parameter selection.

To address the computational challenges of a large sample size, we adapt compression to the
classification setting. Sketching, or compression, is a well-studied approach to address sample
reduction in regression settings, but considerably less is known about its performance in clas-
sification settings. Here we consider the computational issues due to large sample size within
the discriminant analysis framework. We propose a new compression approach for reducing the
number of training samples for linear and quadratic discriminant analysis, in contrast to existing
compression methods which focus on reducing the number of features. We support our approach
with a theoretical bound on the misclassification error rate compared to the Bayes classifier. Em-
pirical studies confirm the significant computational gains of the proposed method and its superior

predictive ability compared to random sub-sampling.
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1. INTRODUCTION

1.1 Problem Statement

Linear Discriminant Analysis (LDA) [2, Chapter 11] is a popular classification technique which
seeks to separate classes of training data with hyper-planes. However, it has several drawbacks: (i)
it will under-fit the data when the true decision boundaries between classes are non-linear; (ii) it
uses all p features in the decision rule, and consequently over-fits in the high-dimensional setting;
and (iii) it is computationally expensive when the training data has a large number of samples and
medium-sized number of features.

This dissertation addresses (i)-(ii1) by proposing several variants of LDA for the two-class
setting. In particular, we propose a kernel discriminant classifier based on the optimal scoring
framework which has simultaneous sparse feature selection. We also propose a novel sample-
reduction technique based on compression within LDA and provide the theoretical framework for
adapting compression to kernel discriminant analysis. Lastly, we include an R package vignette
which instructs researchers on using the package biClassify. This package implements all of the

proposed methods.
1.2 Review of Linear Discriminant Analysis

Let {(x;,y;)}!~ be independent pairs of feature vectors x; € R? and labels y; € {1,2}. Let
X = (XlT XZT) ' be the corresponding n x p matrix of training samples, where X9 € R"s*? is
the sub-matrix consisting of n, samples x? belonging to class g = 1,2. Let Y = ({1}™, {2}"2)T
be the corresponding vector of class labels. We let X := n~! > o . x; be the overall training

sample mean, and let X, be the gth class sample mean n;l v xd.

Assumption 1. Conditional on group membership, the training samples x; are i.i.d. normal ran-

dom vectors N (p,, 3,,) with group mean p, € RP and covariance matrix ¥,, € RP*? such that
p # -

Assumption 1 states that the group distribution means are different but that the group covari-

1



ances are equal.

There are several equivalent variants of the two-class LDA problem which are presented below.
1.2.1 Fisher Discriminant Analysis

Fisher Discriminant Analysis (FDA) [2, Section 11.5] seeks a vector § € RP such that the
values 3" x are well-separated between classes.

Given the within-class covariance matrix and between-class covariance matrices

2 Ng 2
~ 1 — — ~ n, — — —
Y= — x! — X)) (x! =X, and 8, = Y —L(X, - X)(X,—X)", (1.1)

the Fisher Discriminant Ratio is defined as
BTE8
BTE,B

FDA seeks that vector 3 € R? which maximizes (1.2). One can solve for the discriminant

(1.2)

vector by solving

.. TS
maximize 5 2
o [CAD Y]

subject to ﬁTiwﬁ =1.

Let d € R? be the vector of the class mean differences

d:=Y""2 0¥ X)), (1.3)

then FDA estimates 3 as 3 := i;ld.

Theorem 1 (Theorem 11.5.1 of [2]). The vector B in Fisher’s linear discriminant function is the

eigenvector of ¥.,,' Yy, corresponding to the largest eigenvalue.

Given the estimated discriminant vector 3 € RP, the FDA classification rule labels a new



x € R? by minimizing the Mahalanobis distance to the group centers

argmin {(x — Xg)TB\(@in)_llﬁ\r(x — X,) — 2log(ny/n)}. (1.4)

g=1,2

1.2.2 Linear Discriminant Analysis Using Discriminant Functions

An equivalent formulation of LDA maximizes the likelihood ratio of the group distributions
with plug-in estimates for the parameters. Let 7, be the prior group probabilities of sampling from

class g = 1, 2. The likelihood function for group g is

1 (% — pg) '35, (x — )
E(Ng, 2w|X) = W exp ( — g 5 g 7Tg.

Classify a sample x as belonging to group 1 if and only if L(uy, Xp|X)m > L(pg, Xy |X)ms.

Equivalently, consider the ratio of likelihood functions

US|

FoEn) o (= Sx— ) S )+ (x— ) 2 — e) )

E(X, M2, Zw) o
1 - - _ _ s
= exp ( 3 [{—QXTEwl,lh ol Sy — {=2x S sy + M;EWIMZ}} > 71-_:
L Tyt Ty-1 Ty-1 ™
=exXp| — §[X 22 (M2 - Ml) + Zw M1 — Mo Ew ,LLQ] 7T_2

The Bayes Rule classifies x to class 1 if and only if the likelihood ration is greater than or equal to
1. Taking the logarithm of the likelihood ratio gives the equivalent rule of labelling x as belonging

to class 1 if and only if

1
X U0 (= ) = Sy = g Xy e — log(m /).

In practice, the population parameters i , >, and 7, are replaced by their sample estimates



X, S, and ng/n, yielding
Lrsa v + VIo-1%7 _ ¥Ie-1%. _
2X Ew (Xl Xg) Z Xl Zw X1 X2 Zw X2 log(nl/ng). (15)

Equation (1.5) can be expressed in terms of discriminant functions

~ 1— ~ ,—
§o(x) = xS X, — éxgx;lxg + log(ny).

That is, (1.5) is equivalent to the rule which maximizes the discriminant functions

maximize d,(x). (1.6)
g=1,2
1.2.3 Equivalence of the Fisher Discriminant Analysis and Discriminant Function Decision

Rules

This section proves that the Fisher Discriminant Rule (1.4) and the discriminant function deci-
sion rule (1.6) are equivalent.

We first show that maximizing the discriminiant functions ¢, is equivalent to minimizing the
Mahalanobis Distance.

Since xTi;lx is not class-dependent, we may add XTi;IX to both d,(x) (¢ = 1,2) and

preserve the classification rule. This gives

A~

52(x) +x ' So1x > 01 (x) + x50,

w

where

1t~ ~
§X;E;1Xg +log(m,) + % S'x
g)Ti;l(X - yg) + log(ng/n).

(1.7)

I
|
W
|
<

Thus, maximizing the discriminant functions is equivalent to minimizing the Mahalanobis distance



penalized according to class proportion.
The Mahalanobis distance is the squared Euclidean distance of the data normalized by the

sample within-group covariance
(= Xy) T, (e = X)) = [18,2(x = X)|1%.

In computing the distance of a sample x to the class means, we may consider only the distance
of the projection onto subspace spanned by the difference of group means. Let Ps-1/2, be the

orthogonal projection onto the span of So/2d. This projection is

B f];l/Z(ddT)i;lm

Py, = 5,12 [(5,12d)T(S,12d)] 7 (5,2d) s

The Pythagorean decomposition gives
=22 (¢ = X)I* = | Pecr2, 20 2 (x = X)IP + 11 = Py ) 50 (x = X, )|

For 3 := i;ld,

2

SO (x - X,)

w

E—l/Q(d dT)Z_l/Q
dTS-1d

1Pyis, S0 2(x — X, )| = H

= (@S ) S d ) (- X))

= (dTS, M) S 2 BT (x = X )|

(x — X,) Bd"S,"*S,%d 8T (x — X,)
a (dTS1d)?
= (x - X,) 8" S'd) " BT (x — X,)

= (x— Yg)Tﬁ(ﬁTiwﬂ)_l BT(X - Xy).

Thus, the projected distance of the sample x to the class sample mean projected onto the differ-

ence of group means vector equals the Mahalanobis distance of the sample projected onto the



discriminant vector [3.
We now prove that ||(] — Pi;l/Qd)§;1/2<X — X,)||? does not depend on the class g. The
projection (I — Pg—1/2 d) collapses the sphered difference in group means So'/d into the zero

vector. Hence, consider the difference

(I = Peoypo DS (x—X0) — (- Pe_yjo DS (x — X)
= (I - J.Di;md)z;l/?(f2 - X))

= (I — Py1pp )5, %d =0,

proving the claim.
Thus, the Fisher Discriminant classification rule (1.4) is equivalent to the discriminant function

rule (1.6).
1.3 Optimal Scoring

Optimal scoring [3] is an equivalent formulation of LDA, but it is solved as a least-squares
regression problem. It proceeds by transforming the categorical response into a numeric response

and then performing least-squares regression to produce a discriminant vector 305 € RP,
Assumption 2. The training data X € R™? is column-centered. That is, 1, X = > 1", x; = 0.

Under Assumption 2, the Optimal Scoring problem for binary classification finds the discrimi-
nant vector 3 € RP and the scores vector § € R? which minimize

minimize —||Y9 XA|5
9€R2 ﬁeRP (18)

subject ton '0TY YO =1,60TY Y1 =0.

To better understand the constraints imposed in (1.8), note that n=10TY Y0 = n=1|Y|3.
When paired with the constraint 'Y TY1 = (Y)"1 = 0, the transformed response Y@ is con-
strained to be mean-zero and unit-variance. Geometrically, the equation n~*||Y'0||3 = 1 defines an

ellipse in R?, while the constraint (Y )" 1 defines a line running through the origin. They intersect

6



.
at the pair of antipodal points + ( ol /Z—i) . We define the score vector to be

.
0 .= ( ny  _ /m) ,
Substituting f into (1.8) gives the least-squares regression problem

1 —~
minimize —||Y0 — X3/ (1.9)
n

BERP

which, in the n > p setting, has the closed-form solution
Bos = (XTX)'XTY0. (1.10)

Moreover, the solution B corresponds to the discriminant vector in LDA up to scaling, see e.g.
[4, Section 3.4] or Section 1.3.1 below. Thus, LDA can be reduced to finding the solution to

computing (1.10).
1.3.1 Equivalence of Linear Discriminant Analysis and Optimal Scoring
This section proves the equivalence of Linear Discriminant Analysis and Optimal Scoring in

the two class setting.

Theorem 2 (Equality of Classification Rules). Let B = f][uld be the Fisher Discriminant Vector,
and let Bog the optimal scoring solution (1.10). Then using B and Bo s in classification rule (1.4)

gives equivalent classifiers.
In order to prove Theorem 2, we first need a series of preliminary Lemmas.

Lemma 1. We have n ' XY 0 = /ninyn~ (X, — X,) = d.



Proof. We have

1 ~ 1 vio\ 1
_XTYQZ_ XT XT ! = _ @ZXI_ EZX2
n n 1 2 ~ n ny N9
Y50
(1 / Zzanl A [ — M TlQXQ) = n1n2 (Xl Yg) O
1

Lemma 2. Let iw and ib be the within-group and between-group covariance matrices (1.1). Then

nIXTX =5, 4+ 5,

Proof. We start with

2 Ng
- 1 =T = = =T
W:EZZ(XjXJ‘T_Xng - Xpxj +X,X,)

g=1 j=1

1 2 ng . 1 2 ng T 1 o "9 T 1 A =T
- ﬁzzxjxj —~ EZ (ij)xg —~ EZX"( xj> - EZ X, X,
g=1 j=1 =1 7j=1 =1 J=1 g=1 j5=1
1 e S (R
N W R WE L AR w0
g=1 j=1 (o i=1 j=1
1 o + 1 - =T
= EZZX]X]» — EanXng
i=1 j=1 g=1
_lyrx s,
n
which proves the Lemma. ]

We now prove a result which states that the optimal scoring solution 505 of (1.10) is a scale

multiple of the Fisher Discriminant vector B .

Theorem 3 (Scale Multiple). Let BOS € RP be the optimal scoring solution (1.10), and let B =

i;ld be the linear discriminant vector. Then Bos = a8 with o = (1 + dTﬁ;ld)*l

Proof. The Woodbury Matrix Identity for adding a rank-one matrix gives

Soldd S

(B +Sp) t=2t - Ze
1+d"E1d



Then

~ « . a S tddTS)!
_ 17 _ y—-17 w w
fos = (B + ) d = 2y d (1 + dr‘ggd)d
TS-1 - 1 -
- (1 - L@) Sold = (—A) Sod
1+d">td 1+d"Ewd
This proves the theorem. ]

We now present the proof of Theorem 2.

Proof of Theorem 2. Applying Theorem 3 gives 305 = 043 for some non-zero constant o € R.
The Mahalanobis distances between a test sample x and the class means Yg is equal to
wiinize { (<~ X,) Fos(FgsSiwflos) ™ Blslox ~ X,) — 2log(ng/n)

= minimize {(x — Yg)Tag(amriwga)_laﬁr(x - X,) -2 log(ng/n)}

g=1,2
— minimize {(x ~ X)) BBATEWB) BT (x — X,) — 2log(n, /n)}
g: ’
where the last equality comes from the o? inside the inverse term (&B\r iwga)‘l canceling with
the o coming from the pair of differences (x — Yg)TaB . This last term is the Fisher Discriminant

classification rule (1.4). ]

1.4 Review of Reproducing Kernel Hilbert Spaces

Reproducing Kernel Hilbert Spaces (RKHS) generalize linear regression and classification
models into flexible non-linear ones. The data is mapped into a RKHS H via & : RP — H
with an accompanying kernel £ : R? x R? — R such that (®(x), ®(x')),, = k(x,x’) for any
x,x' € RP. We let || - || be the norm induced by the inner product (-, -),,. By the reproducing
property of H: (®(x), f),, = f(x) forallx € R” and f € H. Thus, any classifier that relies on the
training data only through the inner products can be kernelized by substituting kernel evaluations

in place of inner products. This effectively creates a classifier in H rather than in R”.



Some commonly-used kernels are the gaussian kernel k(x,x’) = exp(—o~?||x — x'||3) with
parameter o > 0, the polynomial kernel k(x,x’) = (1 + (x,x’))? with d being a positive integer,
and the sigmoid kernel k(x, x') = tanh(c (x,x’) + t) with ¢ > 0, t > 0. We refer the reader to [5,
Chapter 13] for a review on kernel construction and selection. We let K € R™*" denote the kernel

matrix K; ; := k(x;, x;) based on observed feature vectors {x;}7_,.
1.4.1 Constructing Reproducing Kernel Hilbert Spaces

This sub-section summarizes the process for constructing Reproducing Kernel Hilbert Spaces.
This treatment is merely a summary, and the reader is referred to [5] for additional details.

Constructing H and ® proceeds in two broad steps: (i) build a pre-Hilbert space H° satisfying
all of the desired properties (ii) construct H by taking the completion of H° and checking that all
the desired properties continuously extend from H° to H.

Fix some kernel k : RP x RP — R, and let

for n € N and with o;; € R and x; € R” fori = 1,...,n} (1.11)

- { Zl aik(xi, )

be the vector space of all finite linear combinations of kernels which are centered on a finite subset

of points in R?. Additionally, let ° : R”? — # be the map defined by ®°(x) := k(x, ).

Let
f= Zaik(xi, ) and g¢= Zﬁjk(x;, )
i=1 =1
be any two elements in H°, where {x;,...,x,} and {x},...,x/,} are arbitrary finite subsets of

RP. The pre-inner product between f and g is defined to be

n

> aiBik(xi, x}) (1.12)

=1 j=1

(f,9) g0 = <ZO‘1 X, '), Zﬁk(xgj)>

An important property of Reproducing Kernel Hilbert Spaces is that they have the reproducing

property, which means that function evaluation f — f(x) is a continuous linear functional for any
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fixed x € R?. From (1.12), we have
f(x) = Zaik’(xux) = <Z aik(x;,-), k(x, )> = <f7 q>0(x)>H0.
' i=1 20

A function f € H° could have multiple expressions of the form (1.11). One can check,
using the reproducing property, that the pre-inner product (1.12) is invariant under the particu-
lar expression of f and g used. That is, if f = .1 aik(x;,-) = b, ark(Xs,-) and g =
Z;‘nzl ﬁjk(X;‘7 ) = Z:ﬁhzl Bﬁk(iéﬂ ')’ then

J=1

<ZO@/€(X¢,-), Zﬁjk(xgv)> = <Zd4k(i37')7 ZBtk(i;>)> .
i=1 200 240

The pre-inner product induces a semi-norm || - |50 on H° defined by

[ fll30 := \/ (f, f)Ho = Zzai@jk(xi,xj').

i=1 j=1

Since (-, -),,0 is invaraint under the particular representation of f, so too is the semi-norm.

Let

Null([| - [|30) == {g € H’ | llgll30 = O}

be the null-space of the semi-norm || - ||0. The equivalence class [f] of all representations of the
function f € H° is equal to the coset f + Null(]| - ||30). Instead of H°, consider the quotient
space H /Null(]| - ||30), where quotienting by the null-space of || - || collapses all equivalent
representations of the same function f into one equivalence class [f].

The pre-inner product (-, -),,0 and semi-norm || - |40 induce a proper inner product and norm
on the quotient space H /Null(|| - ||0). The quotient space has the reproducing property as well.

The final step to defining H and @ is to take the completion of the quotient space # /Null(]| -
||30) with respect to the induced norm || - ||0. Denote this completion by #H. The quotient space

isomorphically embeds within its completion H /Null(]| - |[0) — #, and so each equivalence class

11



[@°(x)] has a unique representation in H, denoted by @ ().

One can check that any continuous function defined on H /Null(|| - ||3;0) extends continuously
to H- including the inner product (-, -),,, and its induced norm || - ||0." Denote by (-, -),, and || - ||

the extended inner product and norm.

For more on completing normed spaces and continuously extending functions, see [6, Chapter

2].

I'This fact tacitly uses the completeness of R or C (or whichever field the inner product maps to).
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2. SPARSE FEATURE SELECTION IN KERNEL DISCRIMINANT ANALYSIS VIA
OPTIMAL SCORING*

2.1 Introduction

Linear Discriminant Analysis (LDA) is a popular linear classification rule [2, Section 11],
however it has two limitations. First, it will underfit the data when the best decision boundary is
nonlinear. Secondly, LDA uses all p features even though not all may contribute to class separation.
Including such “noise” features into the classification rule can harm classification performance.

To account for non-linearity, several authors consider kernel discriminant analysis [7, 8, 9,
5]. While the methods have good empirical performance, to our knowledge there is a lack of
theoretical guarantees on the risk of the learned classifiers. At the same time, the methods do not
perform feature selection, and as such will overfit in the presence of “noise" features.

The majority of kernel theory assumes a convex loss function. An additional challenge with
kernel FDA is incorporating sparse feature selection, as the method developed in [10] assumes a
convex loss function as well.

On the other hand, several sparse generalizations of LDA have been proposed [11, 12, 13],
however the methods still result in linear classification boundaries.

This Chapter addresses the gap between kernel and sparse LDA methods by using an optimal
scoring framework [3] to construct a kernel-based classifier. Unlike previous approaches, we pro-
vide theoretical guarantees on the risk consistency of the proposed kernel optimal scoring. We also
allow the method to perform feature selection by adapting the weighted kernel idea from [10]. To
avoid computational costs associated with selecting multiple tuning parameters, we develop a new
Stabilization method for ridge parameter selection. The method is based on the shrinkage ideas
from [14] for stabilization of kernel matrices. Our empirical results indicate that the Stabilization

method leads to better error rates than generalized cross-validation (GCV) [15, 16, 17], and we

*Reprinted with permission from “Sparse feature selection in kernel discriminant analysis via optimal scoring”
by Alexander F. Lapanowski and Irina Gaynanova, 2019. Proceedings of Machine Learning Research, 1704-1713,
Copyright 2019 by Alexander F. Lapanowski and Irina Gaynanova.

13



believe this method of parameter selection could be of independent interest.

Kernel classifiers often require the selection of several parameters, but [10] does not provide
guidance for doing so. This Chapter provides fully-automatic selection methods for gaussian ker-
nel, ridge, and sparsity parameters which avoids cross-validation over all three parameters. This
is done by a new automatic ridge parameter selection technique based on [14], which could be of
independent interest.

In summary, this Chapter makes the following contributions:

e we develop a kernel LDA method based on optimal scoring framework

e we provide theoretical results on the risk consistency of the proposed classifier

e we use weighted kernels to implement feature selection within kernel LDA

e we propose a new stabilization method for ridge parameter selection.

2.1.1 Related Work

In this section we draw connections between our work and existing literature on kernelized
optimal scoring as well as sparse feature selection within kernels.

To our knowledge, the kernelized version of the optimal scoring problem has not been consid-
ered in the literature except for the work of [9]. Unlike [9], we fix the scores and provide theoretical
guarantees for the method. Another major distinction of our method is the feature selection which
is achieved by weighting the kernel and adding a sparsity penalty to the weights.

Weighted kernels with sparse weights have been considered in [10, 18] in the context of kernel
regression and kernel support vector machines. The framework can not be applied to the origi-
nal kernel LDA method [8], however it could be adapted to the proposed kernel optimal scoring
problem due to its least squares formulation.

Learning the optimal weight vector can be viewed as a kernel learning problem. While most
of the kernel learning literature focuses on finding the linear or quadratic combination of prede-

termined kernels [19, 20], learning the weights corresponds to adjusting the feature support of the

14



kernel matrix. This is also distinctive from the sparse kernel learning literature, where the kernel
is assumed to be additive with respect to the features [21, 22]. Our framework does not impose
additivity, thus enabling interactions between the features.

Kernel methods often require selection of multiple tuning parameters. In particular, sparse
KOS has the kernel parameters, ridge penalty, and sparsity penalty which all must be selected.

Several methods for automatic kernel parameter selection have been proposed. [23] selects the
parameters which minimizes an upper bound on the number of errors made by a leave-one-out
cross-validation procedure. [9] minimizes an estimate of the VC-dimension of the set of learnable
functions. [24] minimizes a trade off between kernel values of points in the same class with kernel
values of points in separate classes. Our approach is inspired by [25] in implementing cross-
validation over quantiles of distances between points. Unlike [25], we restrict our consideration to
distances between points in separate classes.

Likewise, there is no consensus on a method for selecting a ridge parameter. One of the most
commonly used approaches is k-fold cross-validation, as in [26, 27, 28, 29]. [30, Corollaries 3 and
4.] selects the ridge parameter based the rate of eigenvalue decay for the kernel. [31] minimizes
a validation mean-squared error over a uniform grid of values. The most popular method for
automatic ridge parameter selection is generalized cross-validation (GCV) [15, 17, 16]. However,
we have found that GCV can under-select the ridge penalty when the data contains noise features.
The method developed here is based on a covariance stabilization technique presented in [14].

Empirical results show the superior performance of our stabilization method compared to GCV.
2.1.2 Notation

We use the following notation throughout the Chapter. For a vector v € RP?, let ||v|y :=

V25—, [vi|?> be the Euclidean norm, [[v|; := Y7, |v;| be the ¢! norm, and ||v]|s = max|v;]
be the (> norm. Let (x,x’) := > 7 | x;x} be the Euclidean inner product in R”. For a matrix

M e R™*, let M;; denote the (i,7) element of M. Let ||M||gy := supjy,—; [[Mx]|> be the

operator norm, and let | M ||p := \/ Sy Z?Zl | M; ;| be the Frobenius norm. Let [ be the n x n

identity matrix. Let 1 € R" be the vector of all 1s, and let C' = [ — n~'117 be the centering
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matrix.
2.2 Kernel Optimal Scoring
2.2.1 Reproducing Kernel Hilbert Spaces

Reproducing Kernel Hilbert Spaces (RKHS) are commonly used in creating non-linear clas-
sifiers. The data is mapped into a RKHS H via & : R? — H with an accompanying kernel
k : R? x RP — R such that (®(x), ®(x')),, = k(x,x’) for any x,x" € RP. We let || - || be the
norm induced by the inner product (-, -),,. By the reproducing property of H: (®(x), f);, = f(x)
for all x € R? and f € H. Thus, any classifier that relies on the training data only through the
inner products can be kernelized by substituting kernel evaluations in place of inner products. This
effectively creates a classifier in ‘H rather than in R?.

Some commonly-used kernels are the gaussian kernel k(x,x’) = exp(—o?||x — x'||3) with
parameter o > 0, the polynomial kernel k(x,x’) = (1 + (x,x’))¢ with d being a positive integer,
and the sigmoid kernel k(x,x’) = tanh(c (x,x’) + t) with ¢ > 0, ¢ > 0. We refer the reader to [5,
Chapter 13] for a review on kernel construction and selection. We let K € R™*" denote the kernel

matrix K, ; := k(x;, x;) based on observed feature vectors {x;}7 ;.
2.2.2 Kernel Optimal Scoring

In this section we derive the kernelized formulation of the optimal scoring problem (1.9). Let
f be the discriminant function in ‘4 with corresponding map ¢ and kernel k. We substitute each
inner product in the original space x; 3 = {x;, 3) with inner product in H, (®(x;) — ®, f)4, where
we apply centering to ®(x;) via ® := n~! "  ®(x;) to take into account column-centering of

X. The corresponding optimal scoring problem in A takes the form

<(I)(X1) _(Dv f>H 9

minimize ||V —
feH

(O(xn) — @, f>%
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By the Representer Theorem [32], the minimizing f lies in the finite-dimensional span of the
centered data, that is it is sufficient to consider minimization over f = > | o,[®(x;) — @] for
some «; € R. Combining the Representer Theorem with kernel representation of inner-products

in H leads to the equivalent coefficient space formulation of the kernel optimal scoring problem:
winimize Y0 — CKCalf3. (2.1)
acR™

Kernel methods may over-fit the training data without further restriction on the set of functions
f € M, (33,5, 34]. A common approach is to restrict the norm || f||3, = aCKCa, and we add a
ridge penalty to the objective function (2.1)

1~
minimize {EHY& — CKCalf3 + 'yaTC’KCOz}, (2.2)

a€eR”

where v > 0 controls the level of regularization. For numerical stability, we also add £/ with small
€ > 0 to the ridge penalty so that C K C'is replaced with CKC' + €. A similar adjustment is used
in [8, 9]. We fix ¢ = 1075 throughout the Chapter. The problem has a closed-form solution leading
to

a = {(CKC)? + ny(CKC + ¢I)} 'CKCYH. (2.3)

We call (2.2) the kernel optimal scoring problem or KOS.
2.2.3 Classification of a New Data Point

In this section we describe how to use KOS for classification. Let & be as in (2.3), and let

f= > i, a;[®(x;) — ®]. Given a new data point x € R?, let

K(X7X):(k(xl,x) k(xn,x))T.
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We define the projected value P(x) as the inner-product between x mapped and centered in H and

¥ so that P(x) is equal to
<CI>(X) -~ 3, f>H — (K(X,x)T - n'1TK)Ca. 2.4)

The derivation of (2.4) is in Section 2.8.
KOS classifies x € RP using nearest centroids classification on the projected values. Specifi-
cally, let p, = é ZieGk P(x;) be the mean projected values of group k (projected centroid). We

classify x € R? according to the minimal distance to projected centroids

argmin | P(x) — pu|.
k=1,2

2.3 Error Bounds for Kernel Optimal Scoring

Problem (2.2) can be viewed as a regularized empirical risk minimization problem

f = argmin {Remp(f) + 113} (2.5)
feH
where for a fixed f € H
I~ 15 —
Rewmp(f) := =D 100 = (@(x:) = @, ) [* (2:6)
i=1

By duality, for every v > 0 there exists a 7 > 0 such that

F = argmin { Remp(f) 1} . (2.7)

£l <

While the relationship between v and 7 is data-dependent, Lemma 5 in Section 2.10 shows that 7 <
C min(y~t,y~%/2) for some constant C' > 0. For technical clarity, we analyze (2.7) throughout.

There are two complications in analyzing the empirical risk in (2.6): 0 is dependent on all y;
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through n;, no, and ® is dependent on all x;. Hence, the error terms |yT0 —{(®(x;) — @, f) [*are

dependent. The empirical risk can be equivalently written as
Remp(f, ) = Z [y 0 = 5 — (@(x:), ) *

with the minimizing B = —(®, f) since 17Y# = 0. We therefore introduce a modified empirical
risk using population scores * and an extra intercept parameter S € R. The population scores 6*

result from substituting 7, instead of ny /n in 6.

Definition 1. Ler 7, = P(i € Cy) be the prior class probabilities, k = 1, 2. The population scores

are defined as 0% = (\/mo/m, — /71 /m2) "

For a fixed f € H and # € R, the modified empirical risk is

Remp(f, B) = Zlyﬂ)* (@(xi), ) 1%

Unlike the empirical risk, the modified empirical risk is the average of iid terms. For a fixed f € H

and 8 € R, the corresponding expected risk is

R(f: 6) = E(x,y)|y—r0* - 5 - <(D(X)u f> |2'
Let fbe as in (2.7) and let 3 = —(d, f) We next derive probabilistic bounds on the expected
risk of f Throughout, we use the following assumptions.

Assumption 3. Let m,,x = max(my, m2), T = min(my, mp). There exists a constant C' > 0 such

that HQ*HOO =\ 7rmax/7rmin S C.

This assumption implies that the prior group probabilities are not degenerate, that is 7 =< 7.

Assumption 4. There exists a constant k > 0 such that || ®(x)||y < kforall x € RP. Equivalently,

SUDyere k(X,X) < K2
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Assumption 5. The RKHS H is separable.

Remark 1. The gaussian kernel satisfies Assumption 4 with k = 1 and satisfies Assumption 5 by

Theorem 7 in [35].

Using (2.7), we define the set of admissible functions f as H, := {f € H : || f|lx < 7}, and

the set of admissible intercepts 5 as I, := {8 € R : |B] < ||6*]|cc + KT}

Remark 2. The intercept Bel, by Assumption 4. The extra term ||0* ||, comes from minimizing

the modified empirical risk.

Let
(f,E) ;= argmin Eemp(f, B). (2.8)

JeHL, Belr
be the minimizers of the modified empirical risk over the set of admissible functions and intercepts,

and let

(f*, ") = argmin R(f,[) (2.9)

feM- , BEL,
be the minimizers of the expected risk over the set of admissible functions and intercepts. Our
proofs rely on characterizing (i) the difference between (2.7) and (2.8), and (ii) the difference
between (2.8) and (2.9). The detailed proofs are in Section 2.9, and below we state the main

results.

Theorem 4. Under Assumptions 3-5, there exist constants Cy, Cy, C3 > 0 such that

-~

P(R(F.B) > R(/*.5%) +€) < CilNeexp ( —

Csne? )
(10*[loc + KT)*/”

where Nz = {1 + 2(||0* || + £7)/e} exp(Cor?e72).

Theorem 5. Under Assumptions 3-5, there exist constants C, Cy, C5 > 0 such that

-~ ~

P(R@ ) > Ron((]) + ) < CuNlexp (-

Cne? )
(10 )loo + KT)*/”

where N. = {1 + 2(||0*]|oc + £7)/e} exp(Cor2e72).
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Figure 2.1: Simulated training and test data with four features, only features 1 and 2 contribute to
class separation. Reproduced from [1].

Theorem 4 bounds the expected risk of fcompared to the best in-class expected risk, whereas

Theorem 5 bounds it in terms of the empirical risk of J?
2.4 Sparse Kernel Optimal Scoring

The regularized KOS problem (2.2) performs no feature selection, that is all p features are used
in construction of fand the subsequent classification rule. In many applications, however, it is
reasonable to expect that not all the features contribute to class separation. Including such noisy
features in the discriminant rule can lead to poor classification performance. Figure 2.1 shows an
example of this phenomenon based on simulated data with four features. Only the first two features
contribute to class separation, while the third and fourth features are noise.

Figure 2.2 shows the projected data values (2.4) formed by applying KOS to (i) all four features
and (ii) only the first two features. The class separation is perfect based on the two “true" features,

but the projected values overlap with the addition of noisy features, thus illustrating the need for
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Figure 2.2: Comparing the projection values (2.4) of the test data in Figure 2.1 with and without
sparsity. Reproduced from [1].

feature selection within KOS.

To incorporate feature selection, we borrow the ideas from [10] and introduce a weight vector
w € RP, where we restrict each feature as w; € [—1,1]. The weight vector is used to form the
weighted kernel matrix (K,,);; = k(wx;, wx;), where wz = (w1xy, ..., wyx,)" is the Hadamard
product between the weight vector w and observed feature vector x. If w = 1, K,, = K from
Section 2.2.2. Otherwise, w can be used to rescale features with respect to each other, and more
importantly perform feature selection. If w; = 0 for some feature j, then the kernel matrix K, is
formed without the jth feature, successfully eliminating that feature from the classification rule.
The main difficulty, of course, is that the optimal weight vector w is unknown, and therefore has
to be learned in addition to learning the discriminant function f.

Guided by these considerations, we adjust (2.2) to perform joint minimization over the coef-
ficient vector o« € R" and the weight vector w € RP. To encourage feature selection, we add an

¢1-penalty on w as in [10] leading to the following minimization problem:

acR" weRP

1~
minimize {—HYH — OK,,Call3 + Mwl|; + v (CK,,C + ef)a}
n (2.10)

subjectto —1<w;,<1fori=1,...,p.

Here A > 0 is the tuning parameter that controls the sparsity of the weight vector w, with
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larger values leading to sparser solutions. We call (2.10) sparse kernel optimal scoring. Given the
solution pair (w, @), we perform classification as in Section 2.2.3 with K being substituted for K

and wx substituted for x in forming the projected values P(x) in (2.4).

Remark 3. Unlike our restriction wy, € [—1,1], [10] considers w;, € [0,1]. Both lead to w? €
[0, 1], but we found that the latter may force all the weights to zero even when X\ = 0. This behavior

is avoided when the weights are allowed to be negative.

2.4.1 Optimization Algorithm

In this section we describe the optimization algorithm for problem (2.10) given the fixed values
of v, A > 0. Methods for parameter selection are presented in Section 2.5. We define the objective

function in (2.10) as

1~
Obj(w, o) = E||Y9 — CK,Cals + Awl||; + yva" (CK,,C + el)a. (2.11)

There are two main challenges in solving (2.10): (i) non-convexity of the objective function
(2.11) in (@, w) and (ii) non-convex mapping w — K,. [10] propose to overcome these chal-
lenges by (1) iterative minimization over o and w and (ii) linearization of the weighted kernel
matrix K,, with respect to the current value of weight vector. We adapt the algorithm from [10] to
problem (2.10).

Given the current value of the weight vector w, we form the corresponding weighted kernel
matrix K,, and update o according to (2.3) with K substituted with K,,. Given the current value
of the coefficient vector «, we update w using linearization of kernel matrix.

Consider the first-order Taylor approximation of K, with respect to w centered at previous

value w1

Kw = Kw(t—l) + VwKz(t,U(w(t) - w(t_l)).
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Input : X ¢ R™P Y ¢ R™*2 /9\ o>0,v>0,\>0, convergence threshold ey,
Output: Discriminant coefficients & and feature weights w.
t<+0
w® 1
(Kw(o))i,j <— ]{I(U)OXi, ’wOXj>, Kw(o) — {(Kwo)i,j}
repeat
t—t+1
Update o) according to (2.3) with K = K1)
Update w® using coordinate descent with updates according to (2.14)
(Kw(t))i,j <— k(w(t)xi, U)(t)Xj)
until 0bj(a®, w®) — Obj(a*=V WtV < g,

return @ = oY, ¥ = w®
Algorithm 1: Sparse Kernel Optimal Scoring

We substitute ﬁw in place of K, within (2.10). Let 7" € R™*? be
Z?:l (C(X)ng Kw(t—l) (Xl7 XZ)T
Z?:l (C’oz)ng Kw(t—l) (Xn, XZ)T
For fixed «, the minimization problem (2.10) with respect to w can be written as

1 A
minimize {ﬁwTQw — BTw + §||w||1}

Y (2.12)
subjectto — 1 <w; < 1fori=1,...,p;
where

1 T X
Q=—(CT)'CT € RP*?,

f (2.13)
B=-T"ClYO - CK,enCa+ CTw'" V] —2714TTCa € R2.

n

Section 2.4.2 provides details on kernel linearization and weight vector update, while the full

algorithm is presented in Algorithm 1.
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2.4.2 Update of Weights

In this section, we describe the update of weight vector using the linearization of kernel matrix
as proposed in [10].

Problem (2.12) is of the same form as the penalized lasso problem [36, Chapter 5] with extra
convex constraints on w. Therefore, we can use coordinate-descent algorithm to solve (2.12).

Consider optimizing (2.12) with respect to wy. From the KKT conditions [37], the solution
must satisfy

Wy, = sign(wy,) min(|wy), 1), (2.14)

where

Wy, 1= i&\m (ﬁk - ZQkiwi)u

itk
and Sy/o(x) = sign(x) max{|z| — A/2, 0} is the soft-thresholding function. The coordinate-
descent algorithm proceeds by applying update (2.14) on each feature k£ until convergence.

The full algorithm for (2.10) is summarized as Algorithm 1. While the update of w is based
on approximation of objective function (2.11), in our experience the objective function is always
decreasing at each iteration. In case of convergence issues, one can use a line search along a

descent direction of w [10]. We refer to [10] for further discussion of algorithmic convergence.
2.5 Parameter Selection

This section describes the selection of the kernel parameter (tailored to the gaussian kernel

parameter o'2), ridge parameter -, and sparsity parameter \.
2.5.1 Gaussian Kernel Parameter Selection

We propose to use 5-fold cross-validation to minimize the error rate. To reduce computational
cost, we only consider five tuning parameters based on the {.05,.1,.2,.3,.5} quantiles of the set

of squared distances between the classes
2
{llxi, = xi,[3 x5, € C1, x5, € O}
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This approach is similar to the one used in the R package kernlab [25], which takes values between
.1 and .9 quantiles of the distance statistic ||x — x’||» between distinct data points taken from a
random subset of the full data. [38] and [25] state that good performance can be achieved with
any value of o in this range. Our approach is different in that (i) we select one value based on CV,
(i1) only look at the distances between classes, and (iii) only consider lower quantiles. We find
that this yields good predictive accuracy, and we conjecture that the reason is the presence of noise
features, which inflate the distance values ||x;, — x;, ||2. This is supported by empirical observation
that the quantiles based on the full set of features will exceed the corresponding quantiles based on

the reduced set of informative features.
2.5.2 Ridge Parameter Selection

Due to the computational expense of cross-validation, we propose an alternative approach for
ridge parameter selection based on the shrinkage of kernel matrix. [14] proposes to stabilize the
kernel matrix via shrinkage towards a target matrix, and derives an optimal value for the shrinkage
parameter. Following [14], in KOS we want to stabilize (CK,,C')? with the target matrix CK,,C +
1, and therefore consider

(CK,C)? +v(CK,C + €I)

for v > 0. Let t = /(1 4 ~), then the optimal value of ¢ is = min(max(0, ¢), 1), where

~_ n (Hdiag(CKC)|!2F - %IICKCIIQF)
(n—2) ICKCI '

Solving back for 7 gives the ridge penalty 7 = /(1 — t). We call this approach Stabilization.
Generalized cross-validation (GCV) [15, 17, 16] is another common method for selection of
ridge parameter, however we found that it performs poorly compared to proposed Stabilization
method. Figure 2.3 compares the selected ridge parameters as well as corresponding error rates
for two methods. We generate 100 training and testing datasets following the model in Section
2.6.1. Each time we consider five possible kernel parameters o2 based on the distance quantiles as

in Section 2.5.1. We then select ridge parameters by either GCV or proposed stabilization method,
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Figure 2.3: Comparison between generalized cross-validation (GCV) and proposed Stabilization
method for selection of ridge parameter v over 100 replications. Top: Selected values of v; Bot-
tom: Misclassification error rates. Reproduced from [1].

and choose the best sparsity parameter for each as in Section 2.5.3. We find that GCV consistently
selects smaller value for the ridge parameter than our approach leading to higher error rates. We
conjecture that surprisingly poor performance of GCV is due to the presence of noise variables,

although we do not have the formal justification.
2.5.3 Sparsity parameter selection

We select A using 5-fold cross-validation (CV) to minimize the error rate over a grid of 20
equally-spaced values in [1071%\ .0, Amax]. We set Apax = 2|8/00, Where f3 is as in (2.13), since

the solution @ to (2.12) is zero if A > \,.x (see Lemma 3 of Section 2.10).
2.6 Empirical studies

We compare the performance of the following methods: (i) sparse kernel optimal scoring

(Sparse KOS); (i1) kernel optimal scoring (KOS); (ii1) random forests; (iv) kernel support vec-
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tor machines (kernel SVM); (v) neural networks; (vi) K-nearest neighbors (KNN); and (vii) sparse
linear discriminant analysis (sparse LDA).

We implement sparse KOS using the gaussian kernel with parameters selected as in Section
2.5, KOS is implemented by setting A = 0 and w = 1. We use the R package randomForest
[39] to create a classifier with 50 decision trees. We use the R package kernlab [25] for kernel
SVM using the gaussian kernel with parameter selected as in Section 2.5.1. We use keras [40]
to implement a neural network with the ReLU activation function, 50 units, 100 epochs, and the
default batch size. We use class [41] for KNN with K = 5. We use the R package MGSDA [42]

for sparse LDA.
2.6.1 Simulated model 1

We generate data as in Figure 2.1 with p = 4 features (z1, x2, 3, 4). The first two features
satisfy /22 + 22, > 2/3 if the ith sample is in class 1, and \/22 + 22, < 2/3 — 1/10 if the ith
sample is in class 2. We generate 300 samples with each feature from the uniform distribution on
[—1, 1] and only leave samples that satisfy one of the class requirements (n ~ 270). The remaining
two features are generated as independent gaussian noise variables, x;; ~ N'(0,271) for j = 3,4
and all samples . We use 2/3 of the samples for training, and 1/3 for testing, maintaining the class
proportions. We repeat the data generation process and the split 100 times, the misclassification
error rates over test data sets are presented in Figure 2.4.

Sparse KOS performs the best out of all classifiers with random forest being second-best.
Sparse LDA performs the worst, likely due to non-linear optimal classification boundary. Sparse
KOS has excellent feature selection in this study. It gives nonzero weight to the first two features
in all 100 splits, and it gives w; = 1 for j = 1,2 in 98 out of 100 replications, and w; = 0 for
7 = 3,4 1in 99 out of 100 replications.

The results show that sparse kernel optimal scoring out performs the six other non-parameteric
classifiers. The median misclassification error rate for sparse KOS is 0.00%, and the upper quartile
error rate is 1.11%. By comparison, the lower quartile error rate for random forest classification

is 1.08% and the median is 2.15%. Sparse linear discriminant analysis has a median error rate of
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Figure 2.5: Average of the absolute values of the weight values for each feature across the 100
independent simulations of model 1. Bars represent plus or minus twice the standard error. Repro-
duced from [1].

28.65%. Kernel SVM has a median error rate of 5.38%, while KOS has a median error rate of

8.60%. Neural Networks have a median error rate of 7.53%.
2.6.2 Simulated model 2

We generate data with p = 10 features and n = 400 samples such that x;3 + sin(x;4 + x;1) <
(xi2)2 if sample 7 belongs to class 1, and x;3 + sin(x;4 + X;1) > (Xi2>2 if sample ¢ belongs to class

2. We use the uniform distribution on [—1, 1] for each x;;, so that the last 6 features are uniform

noise.
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duced from [1].

As with the previous example, we use 2/3 of the samples for training, and 1/3 for testing, where
the split is performed to maintain the class proportions. We repeat the data generation process and
the split 100 times. The misclassification error rates over test datasets are presented in Figure 2.6.

The lowest misclassification error rates are achieved by sparse KOS, KOS, and neural network
classifiers. Sparse KOS behaves similarly to KOS because sparse KOS is unable to consistently se-
lect true features. Nevertheless, it gives higher weight values to true features as displayed in Figure
2.7. As with the previous example, sparse LDA performs the worst due to optimal classification

boundary being non-linear.
2.6.3 Benchmark datasets

We consider three datasets summarized in Table 2.1, which are publicly available from the
UCI Machine Learning Repository. We randomly split each dataset 100 times preserving the class
proportions, and use 2/3 for training and 1/3 for testing. We do not present the error rates for sparse
LDA due to its poor performance on these datasets (it classifies every point to the largest of two
groups), the misclassification error rates for all other methods are in Table 2.2.

In the blood donation study [43], the goal is to determine whether a person will donate blood
given four features: Recency (months since last donation), Frequency (total number of donations),

Monetary (total blood donated in cubic centimetres), and Time since first donation. Sparse KOS
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Figure 2.7: The mean absolute values of weights |w;| for each feature across 100 replications of
simulated model 2. The bars represent £2 standard errors. Reproduced from [1].

Dataset Features size | Sample size
Blood donation [43] p=4 n = 748
Climate model failure [44] p=18 n = 540
Credit card default [45] p =24 n = 3,000

Table 2.1: Description of benchmark datasets. Reproduced from [1].

Blood Donation | Climate Model Credit Default
Sparse KOS 22.1 (0.18) 4.9 (0.13) 18.2 (0.06)
KOS 22.2 (0.20) 5.4 (0.12) 19.1 (0.08)
Random Forest | 24.3 (0.18) 8.2 (0.06) 19.1 (0.08)
Kernel SVM 22.4(0.12) 8.7 (0.00) 20.0 (0.08)
Neural Network | 23.9 (0.04) 5.4 (0.15) 21.7 (0.04)
KNN 23.5(0.20) 7.6 (0.08) 20.8 (0.08)

Table 2.2: Mean misclassification errors (%) over 100 random splits, standard errors are in brack-
ets. Reproduced from [1].

consistently gives large weights (Jw;| > 0.9) to every feature but Frequency. The latter gets large
weight in only 50% of splits. Sparse KOS performs similarly to KOS, and we conjecture this is

because all four features are important for classification.

31



1009 NN O KON

[

Mean Absolute Value
o o
()] ~
o [6;]

o

)

a
|

Recency Frequency Monetary Time
Feature

Figure 2.8: Average of the absolute values of the weight values based on 100 replications of the
Blood Donation simulation. Error bars indicate plus or minus two standard errors of the mean.
Reproduced from [1].
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Figure 2.9: Misclassification error rates based on 100 replications for the blood donation data set.
Reproduced from [1].

In the climate model study [44], the goal is to predict whether a climate simulation will crash
based on 18 initial parameter values. Sparse KOS consistently selects 4 out of 18: features 1, 2
(variable viscosity parameters), feature 13 (tracer and momentum mixing coefficient), and feature
14 (base background vertical diffusivity).The error rates for 100 iterations are shown in Figure
2.10. Figure 2.13 shows a boxplot of the model sizes over those 100 iterations. The median
number of nonzero coefficients used in sparse KOS is 7. Sparse KOS has the best classification

performance on these data, which is likely due to its feature selection.
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The credit card data [45] have 30,000 data points, but we restrict to n = 3,000 for compu-
tational simplicity. The goal is to predict the default of a customer for the credit payment based
on 24 available features. Sparse KOS has the best classification performance, followed by KOS
and random forests. We found that sparse KOS always selects feature 6 (the repayment status in
September, 2005, the latest monthly payment recorded), and almost never selects other features.
This indicates that the most recent payment history is strongly indicative of credit default.

The misclassification error rates for 100 iterations are depicted in Figure 2.11. Sparse KOS
clearly performs better than the other six classifiers. The median misclassification error rate for
sparse KOS is 18.0%, and the upper quartile rate is 18.5%. By comparison, the next best classifier,
random forests, has a lower quartile error rate of 18.6% and a median rate of 19.3%. KOS has a
lower quartile rate of 18.7% and a median rate of 19.2%. Sparse LDA has a constant error rate

across all iterations because it classifies all test data points as belonging to the same class.
2.7 Discussion

In this Chapter, we propose a kernel discriminant classifier with sparse feature selection called
sparse kernel optimal scoring. An advantage of sparsity is that it often improves the classification
performance (see Section 2.6), and leads to more interpretable classification rules. The nonzero

weights produced by sparse KOS can be used to judge the importance of features. While we have
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Figure 2.12: Average absolute values for the feature weight values across the 100 simulations of
the Credit Card Default simulation. Bars represent plus or minus twice the standard error of the
mean. Reproduced from [1].

focused the discussion on the case of two classes, the method can be generalized to multiple classes
using optimal scoring formulation in [46].

One limitation of sparse KOS is that it requires the construction of a n x n kernel matrix K,
and therefore is computationally prohibitive for large n cases. An interesting direction for fu-
ture research is to investigate the appropriate low-dimensional approximations of K within kernel

optimal scoring framework.
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2.8 Derivation of Projection Formula (2.4)

Proof. Since f = 3" @[®(x;) — B,

=>4 (D(x), B(xi))y — > (P(x), D), — Zal (B, (x;)),, + Za (®, ),

i=1 i=1

= Zalk(x x;) — (17a)— Zk: X, X;) — —ZZO@ X, X;) (1Ta)%zn:zn:k(xi,xj).

=1 i=1 j=1 i=1 j=1

-
Let K(X,x) := (k(Xu X) oo k(xn, X)) . Then from the above display

_ 1
<<I>(x) ~3,f >H = K(X.%) &= K(X,0 1178 - n'1TKa + —1'K1(173)
= K(X,x)'Ca - Likca
n

= (K(X,x)" — l1TK)(Ja,
n
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Figure 2.14: Proof charts for Theorems 4 and 5. Reproduced from [1].

where C' = I —n~'117 is the centering matrix. O

2.9 Technical Proofs

In this section we prove the results stated within the main text. We use C, Cy, Cy, ... to
denote absolute positive constants that don’t depend on the sample size n but which may depend
on ||0*||, k, or 7. Their values may change from line to line. The dependence between the main

Theorems and supplementary results is depicted below.
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2.9.1 Proofs of Theorems 1 and 2

Proof of Theorem 4. Consider

éemp(}i E) + éemp(ﬁ E) - R(f*v B*Z

(.

I Is I3

By the union bound and de Morgan’s law,

P(R(f, B) - R(f*, 8 > 5) < IP’(L > %) +IP’<12 > %) +IP>(13 > %)

Applying Theorems 6, 7 and 8 to [, I and /3 correspondingly, there exist constants C, C; > 0

such that

P(R(F.B) - R(f*.57) > <)

ne? Csne? ne?
<IN - C L -
= NeXp( 128<|\e*\|00+m>4)+ 26Xp< 1+(m)2>+ eXp( 16(||9*||oo+m-)4)
Csne?
< —
< o (= ()

where AV = {1 + 2(||0*||oc + x7)/e} exp(CT2c2). This concludes the proof of Theorem 4.

Proof of Theorem 5. Consider

R(F, B) = Ranp(F) = R(F.B) = Remp(F. B) + Fomp(F. B) = Rl ).

By the union bound and de Morgan’s law,

P(R(f,ﬁ) — Remp(f) > 5) < 1@(11 > g) +IP’<[2 > g)

37



Applying Theorem 6 for /; and Theorem 9 for I, the exist constants C; > 0 such that

o~ ~ ne? Cyne?
P(R(F.5) = Re(F) > ) < 2Neexp ( - 128(]]6% o0 + m)4> +Caem (- m>
Cﬁn€2
< oo (= (e )

where AV, = {1 + 2(||0*||oc + x7)/e} exp(C17%c72). This concludes the proof of Theorem 5. [
2.9.2 Supplementary Theorems
Theorem 6. Under Assumptions 3-5, there exists a constant Cy > 0 such that for all € > 0,

2

~ ne
IED(fE?—[SH%GIT{R(f’ 6) - Remp<f7 ﬁ)} > 8) S 2-/\/; exXp < - 128<H0*HOO + 57_)4)7

where Nz = {14 2(|0*||oc + £7)/c} exp(Cor?e72).

Theorem 7. Let B\ = — <5, f> . Under Assumptions 3 and 4, there exist constants C7,Cy > 0
H

such that for all € > 0,

P(\R;m,,(f, B) = Romp(F, B)\ > 5) < Cyexp ( _ %)

Theorem 8. Under Assumptions 3 and 4, for all ¢ > 0

2

B(Rew (. 5) = RUF*. 6 > ) <200 (= gyt

Theorem 9. Let Assumptions 3 and 4 be true, and let B(f) = n~' 3"y 0" — (@, f>H =
Yo+ — <5, f >H be the minimizing 0 € I. for fixed [ € H, in the modified empirical risk. There
exists constants C'y, Cy > 0 such that for all € > 0

Coyne? )

P sup [Renp(/) = B B > 2) < Crosw (= s

feHs

Definition 2. The empirical measure T, with respect to {x;}?_, is defined as T, :=n~' > 1" | d(x;),
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where §(x;) is the point mass at x;. The space L*(T,) is the set H.. equipped with the semi-norm

1 n
[ fllz2(r,) == - > f)P = Z| P
=1

Definition 3. Let (X, d) be a pseudometric space. An e-net is any subset X C X such that for
any x € X, there exists ax € X satisfying d(x,x) < e. The e-covering number of (X, d) is the

minimum size of an e-net for X.

Remark 4. Distances in H. are given by the semi-norm generated by L*(T,). Distances in I, are

given by the Euclidean distance d(f1, 52) = |1 — Pl

2.9.3 Proofs of Supplementary Theorems

Proof of Theorem 6. Let {(x;,y;)}3", ., be independent from {(z;,y;)}j-, and identically dis-
tributed set of n pairs, and let T}, be the empirical measure on {(z;,y;)}",. Let Remp( f, ) be the

modified empirical risk on {(z;,:)}", and R, (f,3) on {(zj,y;)}2, 1. By symmetrization

emp

lemma (see, for example, Lemma 2 in [47]), for nez > 2

B( s (RU) ~ R0} > <) < 28( s (Rog(.5) ~ Rl .60} > ).

ferr,Belr feH, BEIL

Let ¢ = 64(||0*||so + k7), and let {fi,..., far} be the smallest L?*(T}) £/v/2c-net of H, and

{P1,...,Br} ane/c-net of I.. Applying Lemma 6 to the above display

P s (RUS) - Rl 00} > =) < 2 monsimize (R (£,6) ~ Feml£,)) > 5 )

fer,,Bel, {f1,nf
BE{B1,....BK}

Applying Lemma 7 to the right-hand expression gives the final inequality

P _sw (R(.5) - Roml£,0)) > )

feHr,Belr
2 2

Cyt ne
< 241 4 2(||6* — — .
< 2{1+2([|6"[loc + K7) /e } exp ( g2 ) eXP ( 128(1]60* |00 + HT)4>
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This completes the proof of Theorem 6. [l

~

Proof of Theorem 7. Let 3(f) = Y0 — <5,f>H. By definition of f, 3 = B(f), emp(f ) >
Eemp(f, Bv) On the other hand, since Remp(f) < Remp(f),

Remp(f, B) = Remp(f B)

= Remp(f, B) = Remp(F) + Remp(F) = Remp(f) + Remp(f) = Remp( . B)

< Remp(f, B) = Remp(f) + Remp(f) = Remp( - 5)

< Remp(f. B) = Remp(f, B(T)) + Remp(F. B(F)) = Remp(F) + Remp(f) — Remp(f. B)

< |Remp(f, B) = Remp(f. BCF))| +2 5up |Remp(f) — Remp(f, B(f))] -

N / fEH‘r

v~

I g

The union bound and de Morgan’s law proves

~ ~

P(Renp(F.B) = Bemp(F. B) > £) < P(1 > 5) +P(1 > 5).

Consider I;

éemp(ﬁ B\) - éemp(ﬁ 5(}.\))’

- %f}(yie*—@(xi)—@,f>H)2—%Z(yfe*—ﬁ—@(xn—@f}H)2

_ Yo

By Lemma 9, there exists C; > 0 such that P(I; > ¢/2) < 2exp(—Cine) for all € > 0. By

Theorem 9, there exists constants Cy, C3 > 0 such that P(I, > £/2) < Cyexp[—C3(ne?)/{1 +
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(k7)?}]. Combining the bounds for I; and I, gives

~ s~ e Cyne?
< Remp(f, B) — Remp(f, 8) > 5) < 2exp(—Cine) + Cyexp ( - m)
C5TL€2
<C ( - —)
= A exb 1+ (k7)?
for some constants C; > 0. This completes the proof of Theorem 7. [

Proof of Theorem 8. Consider

Rewp(f. B) = R(f*,8") = Remp(f+ B) = Remp(f*, B) + Remp(f*, B°) — R(f*, %)
< éemp(f*a ﬁ*) - R(f*v ﬁ*>>

where the last inequality follows since éemp(f, B ) < Eemp( f*, 6%) by the definition of f. B.
Let z; := |y, 0" — * — (®(x;), [*);, |?, then éemp(f*, %) =n~tY " z isthe average of i.i.d.
random variables with Ez; = R(f*, 5*) by definition of expected risk. Since |z;| < 4(]|0*]|« +

x7)?, by Hoeffding’s inequality

n 2

BB, 5°) R, 5%)] > ) = p((n* S (—E)| > ¢) < 2exp (—16<”9*ﬁi - m)4).

i=1

]

Proof of Theorem 9. By definition of Remp(f) and Remp(f, B(f)),

Remp(f) - Eemp(f ﬁ(f))
=5 Z 570 — (@(xi) = B, £),, > - Z 570" = () = (@(x1), fy I

n

= EZ 50— (D0x) = B, )y, [ D10~ VT — (2(x) ~ B, 1), |
i=1

i=1
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Expanding the squares and cancelling equal terms yields

Remp(f) - Remp(fa ﬁ(f))

-y {707 = @l 0)? = 2970 - 0") (@(x) - B, f),,

n

— 2V (B(x;) — . f),, + 2y, 0V — (ye*)?}
1 n n

= S - w7} - S {2 G- 6 (30x) ~ B £, |+ (VF)

i=1 i=1

=1L+ L(f) + I,

where [; and /5 are independent of f. By the union bound and de Morgan’s law,

B( 00 |Rem£) = Rew( (/)| > 2) < B(10] > 5) +B( sup [1(7)] > 5) +(11s] > 5).

We bound each probability separately. Since y; € R? is an indicator vector of class membership

for sample 7, using the definition of 0 and 0*

1

_ | = TO\2 _ (2, Tp*\2 TOV2 _ (2, To*\2
= |2 S {0797 - G702} < max 079 - (70

= max <|n1/n2 — /e, |na/ny — 7T2/7T1|>.

By Lemma 8, there exist C, Cy > 0 such that P(|I;| > £/3) < C} exp(—Cane?).
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By Holder’s and Cauchy-Schwarz inequalities

L) = [ 32l G- 07 (00) - 1),

<32l G0 (Bx) ~ B f),,|

< 2016 = 6| max | (B(x;) = D, f),,|

< 2max (|v/mi/n = vV fmal, [V/nafm = V/mafml ) max|@(x;) — Bl | 1
< 4max (|\/n1/n2 — \/7T1/7T2|, |\/n2/n1 — \/7T2/7T1|>I€7',

where we used Assumption 4 in the last inequality. Since the upper bound does not depend on f,
the same bound holds for sup ;.4 [/2(f)|. Combining the bound with Lemma 8 gives for some

03,04 >0

P( sup |L(f)] > 6) < ]P’(max (|\/n1/n2 — vV /mal, |V na/ny = /ma/mi| > ﬁ)

feHs

ne?

(KT)2).

< Cszexp(—Cy

By Lemma 9, there exists C5 > 0 such that P(|I3] > ¢/3) < 2exp(—Csne).

Combining the bounds for Iy, I and I3 gives

P( sup |Remp(f) - éemp(faﬁ(f)” > 5)

feHs

ne?

(kT)?

< Oy exp(—Cyne?) + Csexp(—Cy ) + 2exp(—Csne)

2

< Cgexp < — 07%)

for some Cg, C7 > 0. This completes the proof of Theorem 9. O
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2.10 Supplementary Lemmas

Lemma 3. Consider minimizing f(w) = 27w Quw — BTw + 271 \||w||, with respect to w € RP
with w; € [—1,1], where Q is positive semi-definite and X > 0. If X\ > 2||3|| o, then the minimizing

w is the zero vector.

Proof. Consider 27 'A|w|; — 8w = >0 (A/2|w;] — Biw;). If A > 2]|S]|0c. this expression is
non-negative for all w € R? and a minimum occurs at w = 0. Since () is positive semi-definite,
w?'$Quw is always non-negative with a minimum at w = 0. It follows that for A > 2||3]| the sum

of these terms attains minimum at w = 0. U
For a matrix A € R"*", let A~ denote a generalized inverse.
Lemma 4. Let M = [(CKC)? + ny(CKC)|"CKC, then || M||,, < (ny)~"

Proof of Lemma 4. The kernel matrix K is positive semi-definite since by the reproducing property

for any o € R"

2
> 0.
H

o Ka — <i0@@(xi), ial@(xi)> = H ia@(xz‘)
i=1 i=1 H i=1

It follows that CKC' is also positive semi-definite. Let {)\;}_; be the set of non-zero eigen-
values of CKC, then {)\;/(\? + ny)\;)}F_, are the non-zero eigenvalues of M = [(CKC)? +
ny(CKC)]~CKC. The function ¢ — t/(t* + nvyt) is bounded above by (nvy)~! for ¢ > 0, hence
1M ]lop < (ny)~". 0

Lemma 5. Let v > 0. The minimizer [ in (2.2) satisfies ||]?||H < 1//7. Additionally, if Assump-

tion 4 holds for r > 0, then || flln < 2/7.

Proof of Lemma 5. Comparing the value of objective function in (2.2) at f = fwith the value at

f =0 gives

n

~ 1
B < -

i=1

~ - 2 —~ 1 <& —~
b 0—(00c) = B.F) |+l FI% < = > 10 = 1.
=1
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where the last equality follows since n=10Y TY 8 = 1. It follows that ||f||H <1/\/-

On the other hand, since f =>"" | a;(®(x;) — D), by the triangle inequality and Assumption 4

1Pl = || Y aut@ix) = B)| <D lailliee) — Tl
i=1 i=1
< max [|®(x;) — Ql|xflall < 2llally < 2rv/nllaf..
Since o = {(CKC)2+vnCKC}~CKCY®, applying Lemma 4 and using ||V 8], = VY TYH =
\/n gives

HY9||2 1
ny \/_7

lollz < JI{(CKC)? + ynCKC} CKC o[V ]2 <

Combining the above two displays gives H]?HH < 2K/7. O

Lemma 6. Under Assumptions 3 and 4, let {(x;,y:)}i-, and {(x;,v;)}32, 1 be two independent
copies of i.i.d. data, and let T, be the empirical measure on their union. Let Eemp( f,B) be the
modified empirical risk on {(x;,y;)}!,, and R’emp(f B) on {(zj,y;) 2", 1. Let ¢ = 64(]|6% | +
7K), and let {fi, ..., fu} be the smallest L*(T,) ¢/v/2c-net of H,, and let {31,. .., Bk} be an
e/c-net of 1. Then

P( sup Fy(,5) = R (1,90} > 5 ) < P i (B (,5) ~ R (£,)) > 5 )

feH, fe{fr,-fm}
Bel, Be{B1,-BK}

Proof of Lemma 6. Let f € H,, € I, be such that }N%emp(f, B) — emp(f f) > €/2. There exists

fi€{fi, ... fu}and B € {Bi,...,Bx} such that || f; — fllr2(r,) < &/V2cand |8 — B¢ < ¢/c.
Applying Lemma 11 gives

LS e fe < and |2 (5 - fade <

=1 1=n+1
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Applying Lemma 10 yields
[Remp(f, B) = Remp (5. B)| < 8 C87le +57) = ¢

and similarly Rl (f, 8) = Rimp(f;, B2)] < /8. Therefore, Ry (f,8) — Remp(f, 8) > /2 for
some f € H., 8 € I implies Remp(fj, Be) — Remp(fj, B¢) > ¢/4 for some f; and 3. Therefore,

P s {Ray(£5) ~ Ren(£:9)) > 5)

fEH, BELL

9
<P Rem 5 A
(s (R0~ Rl 50} > )

Be{B1,....BK}

]

Lemma 7. Under Assumptions 3-5, let {f1,..., fa} and {51, ..., Pk} be as in Lemma 6. There

exist a constant C7 > 0 such that for all € > 0,

2
ne
P Rem S € - )
(ig?glm?}{ o(f,B) = By (f.5)} > ) Nexp( 128(|!6*Hoo+m)4>
€181, K

where Nz = {1 4 2(]|0*||oc + £7)/c} exp(C17272).

Proof of Lemma 7. Let 0 = {0;}!_, be i.i.d. Radamacher random variables, P(c; = 1) = P(0; =

—1) =1/2. Let
1 2n
emp _ Zaz|yz <©(XZ>7f>’H |27 Re?np = n Z O-Z|yz—r9* - /B - <CI)(XZ)7 f>’H |2'
i=n+1

Since (y;, z;) and (Y44, Tne;) are independent, and have the same distribution, the distribution of

= (lyf 0" = B —(D(xs), flgy |* = |Ynsi0" — B— (P(xnss), [)4 |?) is the same as distribution of
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0:&. Let Z = {(x5,9;)}7",, then

o |, (Ro(£,6) — Rgl. 00} > %)
BE{Br,--.BKr}

= ]P)Z’U(fe{?llax {Remp(f,ﬁ) emp(f B} > )
56{/31’,'.'.'.’/3;(}

Let A, ;. be the event Ay, . = { RS (fin, Bi) — Begoo(fns Br) > €/4} form =1,..., M(Z); k =
1,..., K; where M (Z) emphasizes the dependence of M on Z. Using properties of conditional

expectation and union bound

PZ,U(fe{glaXfA{ {Remp<f B) emp(f B)} > ) PZU( m= 1) Uk 1Amk)
BE{Br.Brc }

= E; {Po (U UL, Anal2) |

< By {M(Z2)KP,(AnilZ)} .

For fixed f,,, f and conditionally on Z, the terms ; := o;(|y; 0* — B — (®(2:), frn)py |* —
Yn il — Bk — (P(@ns1), fm)y ), i = 1,...,n, are independent, mean-zero random variables

with [¢;| < 4(]|0*||s + xT)%. Applying Hoeffding’s inequality gives

2

Po(Amkl2) = < Zwl”/“‘Z) <exp (- 128(119*7\1+m)4)'

On the other hand, since I, is a one-dimensional sphere of radius ||6*|| + 7, K is independent

of the data and K < 1+ 2(||0* |« + #7)/c. Combining this with the above two displays gives

oo o (Re(1.0) — Fanl1. 9} > 5)

fel{frynfm}
Be{Br,-.., BK}
< {1+ 210 oo + 57)/€} B2 {M (Z) } exp ( )
0 T KT)/€ ex — .
= z P 12816710 + 1)

Recall that {1, ..., fas} is the smallest L?(T}) £/v/2c-net of H,, with ¢ = 64(]|0*||oc + TK).
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By Lemma 12

EA{M(Z)} <  sup M(Z)Sexp<0”2) (2.15)

Z= ()}, e?
for some constant C; > 0. Setting N. = {1 + 2(]|0*|| + x7)/c} exp(C17272) completes the

proof of Lemma 7. 0

Lemma 8. Under Assumption 3 there exist constants C, Cy > 0 such that for all € > 0,

P(max <|n1/n2 — 1/, |na/ny — 7T2/7T1|> > 5) < Ciexp < — an€2>,

]P’(max (\\/nl/ng — /1w, v/ N2/ — \/7r2/7r1|> > 5) < Cyexp ( — an€2>.

Proof of Lemma 8. We provide the proof for n;/ns, the proof for ny/n; is analogous. The first
inequality is equivalent to Lemma 1 in [48]. For the second inequality, by Taylor expansion of the

square root function centered at m; /7y

Vni/ng — /w1 /m = 27/ o /mi(ny /ng — w1 /72) + o(ny fng — w1 /7).

Since |ny/ng — m /m| = O,(n~Y/?) by the first inequality, it follows that there exist a constant

Cy > 0 such that [\/ni/ny — \/m1/m| < Co{log(n~')/n}'/? with probability at least 1 — 7.

Setting ¢ = Cs{log(n~!)/n}'/? and solving for 1 completes the proof. O

Lemma 9. Let Assumption 3 be true. For all € > 0, we have
]P>((Y_0*)2 > ¢) < 2exp(—ne/||0] ).
Proof of Lemma 9. Let z; = y;' 0%, then 2; are independent,

T m
E(z) = E(yi)TQ* = Ty / W—j — 24/ W—; = /My — y/mmy =0
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and
n

Y e = (Y 2
=1 =1

Since |z < [|0*]|cc = \/Tmax/Tmin, by Hoeffding’s inequality for ¢ > 0

n n

]P’()n’lzzi ’ > 5) = ]P’(‘n’lz,zi

i=1 =1

> VE) < 2exp(=ne/ 6 |)

]

Lemma 10. Let Assumptions 3 and 4 be true, and suppose that { f1, ..., fu} is an L*(T,) e-net
of H, and that {31, ..., Bk} be an e-net of I.. Then for any admissible f and B, let f; and [, be

members of the c-nets so that || f — [;| r2r,) < € and |3 — By| < €. Then
Renpl(f:8) = Remp(f. 50)| < 82 (1167 + 7). 2.16)
Proof of Lemma 10. By the reproducing property of H, (®(x;), f);, = f(x;), and

\fz’em,xf, 8) = Renalf; m!
=~ Z [y 07— B — (D(x:), hyy [~ = Z [y 0" — B, — (®(x), f;)

:—Z|T9* B — f(x:) ——Z|Z/ZT9* Be— filz)]?

|- 252yi 0 {8+ f(w) — B — fy(e0)} +%Z[{5+f(wi)}2 {6+ fy()Y]

=1

+ = Z{fxz — fi() +\— {5+f<xz>}2—{ﬁe+fj<xi>}21.

. J/ J/
-~ -~

11 12

< 26"
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Consider
B= 208"~ 4 Z{f (5 = fim)}| < 2061 {w Al 1) - fj(asi>|}

s2ue*uoo{ [erxz fszr]”?}

< 416"t

where we used n =t > [| £ (@) — fi(z) 2?2 < [n 500 | f () — fi(2:)]?)Y? due to Jensen’s
inequality, and that || f — f;||.2(r,) < eand |3 — B¢| < e.

Consider I. Using a®> — b? = (a + b)(a — b), the Cauchy-Schwarz inequalty, and Jensen’s

inequality,
(5 + B+ Lo M5 = B+ fla) — (o)}
< 2(sup 9]+ sup 1/(w)]) ;(IB Bl + 1) = £
216+ w7+ Sp | (B0, Py )+ - Z £ — fy())
§2<|ye*||oo+m+m)< Z|fxz — f; xz|>
- 45(||9*|\oo + 2m).
Combining the bounds for 7, and I, completes the proof of Lemma 10. 0

Lemma 11. Let {(z;, y;) }?", be the data, and consider an L*(T,) e-net { f1,. .., far} of H.. Then

{f1,..., fu} is an \/2e-net with respect to the empirical measure on half of the data {(x;, y;)}},

Proof of Lemma 11. Since {fi,..., far} is e-net with respect to {(z;,y;)}?", for any f € H,,

there exists f; such that

Zlf i) = Ji() [ <e.
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If % 2@221 |f(x;) — fi(z:)]* = 0, then % S 1 f (@) — fi(x)]* = 0. Otherwise

T T 2_ 2_nl . T T 227,2:1‘f<x1)_f](xl)|2
Z'f )bl ;W ) B ) = )P

_ [ = fiwP
_\/_ | F ) — (e gnZV% ~ fitwl < V2e,

hence {f1,..., far} is v/2e-net with respect to {(z;, y;)}7,. O

Lemma 12 (Theorem 2.1 of [49]). Let Assumption 5 be true, and Let M (Z) be the size of an
L3(T,) e-covering number of H, with data Z = {(x;,y;)}"_,. There exists a C > 0 independent

of n, such that

C 2
sup  M(Z) < exp <—Z) 2.17)
Z={(zi )7y €

Remark 5. [50] notes that “Theorem 2.1 of [49] considered only the Gaussian RKHS, however
the proof of the entropy bound for p = 2 in their notation only requires that the RKHS is separable.”

It is this case which is presented in Lemma 12.
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3. COMPRESSING LARGE SAMPLE DATA FOR DISCRIMINANT ANALYSIS

3.1 Introduction

Linear Discriminant Analysis (LDA) [33] is a linear classification rule which separates the
classes by maximizing between-class variability compared to within-class variability. Applying
LDA requires constructing the within-class covariance matrix, which has complexity O(n p?) in the
number of training samples n and number of features p. As large-sample data acquisition became
prevalent, it became computationally expensive to apply LDA to such data even for moderately-
sized p.

Compression [51, 52, 53, 54, 55], or sketching, is a popular approach for scaling algorithms
to large data. Given the training data X € R™*P, compression uses a random matrix () to either
reduce the number of rows (samples) or columns (features) in X . The corresponding reduced-size
QX or X( is called a sketch of the original X. The sketch is used in place of X to approximate
the solution of the full algorithm. For example, compression is used in least-squares regression
[56, 55]; non-negative least-squares regression [51]; ridge regression [57, 58] and /'-penalized
regression [59]. Compression for a broader class of convex minimization problems is considered
in [53].

Despite the widespread use of compression in regression contexts, and considerable progress
in theoretical understanding of its performance in regression, compression has not been widely
used in discriminant analysis. Specifically, existing works on compression in LDA [60, 61] focus
on reducing the number of features p, and thus do not consider the case where the computational
bottleneck is due to the large number of samples n. On the other hand, existing results on com-
pression due to large n in the regression literature [57, 58] can not be applied to discriminant
analysis. In regression, the training data X € R™*? is treated as fixed, with continuous response
Y € R" modelled conditionally on X. In contrast, in discriminant analysis the observations in

X € R™ P are treated as random, and are modelled conditionally on the discrete class membership
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Y € {1,2}". Thus, the theoretical analysis of compression in LDA requires different techniques
than for regression.

In this Chapter, we address these challenges and bridge the existing gap between compression
with large n in regression and compression with large n in discriminant analysis. This Chapter

makes the following contributions:

e We develop a new method, Compressed LDA, for large sample data that is based on separate

compression within each class in contrast to joint compression of existing approaches [62];

e We derive a finite-sample bound on misclassification error rate of Compressed LDA com-

pared to the optimal error rate of the Bayes classifier;

o We extend Compressed LDA to the setting with unequal class covariance matrices leading
to Compressed Quadratic Discriminant Analysis (QDA) [33], to our knowledge this it the

first method that considers compression within the QDA context;

e We demonstrate significant computational advantages of our methods compared to discrim-
inant analysis on the full data and their superior classification performance compared to

methods based on random sub-sampling or joint compression [62].

3.1.1 Related Works

Existing works on compression in LDA [60, 61] focus on reducing the number of features p,
and thus do not consider the case where the computational bottleneck is due to the large number of
samples n. To our knowledge, the only exception is the Fast Random Fisher Discriminant Analysis
(FRF) of [62].

In [62], the authors use joint compression of classes to form a sketch QX € R™*?, m < n, via
arandom matrix () € R™*", and then use the sketch within the generalized eigenvalue formulation
of LDA to form the approximate discriminant vector 3. € RP. The discriminant vector is applied
to form the projected training data 3! x; € R, which is used to train LDA instead of original

x; € RP. The m compressed samples in QX € R"™*? are thus only used to form S.. This is
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because these m samples can not be assigned class labels, as multiplication by () allows mixing of
both classes. Furthermore, due to this mixing, it is not possible to form class-specific covariance
matrices based on compressed samples in ()X, and thus the method of [62] cannot be extended to
QDA. In contrast, our method applies separate class compression, not only allowing an extension
to QDA, but also leading to significantly better empirical performance (in terms of both lower error
rate and lower variance).

Another difference between this Chapter and the work of [62] is the corresponding theoretical
analysis. In [62], the authors compare the compressed discriminant vector (. to the discrimi-
nant vector B based on the full data by deriving the bound on the difference of projection values
(x — X)T (B — B)|, where X = n~! 3" | x; is the training sample mean and x € R? is a random
test sample. It is unclear, however, whether this bound directly translates into a similar difference
in misclassficiation error rates, which is a more natural loss within a classification context. Further-
more, since the bound is provided with respect to B rather than the true population *, it is unclear
how the performance of the method of [62] compares to the performance of the Bayes classifier.
In contrast, we directly analyze the misclassification error rate of the proposed Compressed LDA
method, and derive a finite-sample bound on its rate compared to the Bayes classifier.

In the regression literature on compression, the quality of the compressed solution f3. is typi-
cally evaluated either by bounding mean-squared error compared to the underlying true parameter
vector [3* [58], or by considering the c-optimality. Let f be the objective function that is minimized
within the given algorithm (e.g. standard least-squares, ¢;-penalized least-squares, etc.) over some
subset S of R?, where the function f is based on the full training data. The compressed solution

B 1s said to be e-optimal [63, 55] if

min £(5) < £(5e) < (1+ ) min £(5).

BeS

While e-optimality is natural in a regression context, where the loss in the objective function repre-

sents the sample average of targeted population loss, LDA solves a generalized eigenvalue problem
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rather than directly minimizing the misclassification error rate. Thus, bounding the misclassifica-
tion error rate of Compressed LDA directly in terms of the Bayes error rate provides a more direct
answer regarding its theoretical performance, and it is consistent with results in the LDA literature
without compression [64, 65, 66].

Another sample size reduction method outside of compression is squashing [67, 68, 69], which
partitions the n training samples into d distinct segments, calculates a fixed number of moments k
for each segment, and then generates a smaller number of new samples within each segment pre-
serving the corresponding original moments. Each new sample comes with a weight that accounts
for a possible discrepancy between the distribution of samples across segments in the original data
and the distribution of samples across segments in the new data. Because of the weights, one
can not simply apply LDA to the new "squashed" data, as the weights will need to be included
to modify the estimation algorithm. Furthermore, while squashing reduces the number of training
samples, its computational complexity depends on the number of partitions d, number of calcu-
lated moments £, and the number of newly-generated samples. Since partitioning the data may
lead to an exponential number of segments d in the number of features p, applying squashing in
LDA context may be more computationally expensive than training LDA on the full data, and thus

we do not pursue this approach here.
3.1.2 Notation

For a vector v € R?, we let ||v]|2 be the Euclidean norm /) ;_, |v;|. For a matrix M € R*¥*?,

we let M; ; be its (4, j)-th element, || M||o, = supy,,<; [[Mv]|2 be its operator norm, and || M || =

\/2_i; |Mi ;|* be the Frobenius norm. For a random variable Z, we let || Z||y, = inf{t > 0 :
Eexp(Z?/t?) < 2} be its sub-Gaussian norm and || Z||y, = inf{t > 0 : Eexp(|Z|/t) < 2} its
sub-Exponential norm. We use ®(-) and ¢(-) to denote the cdf and the pdf of the standard normal

distribution, respectively.
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3.2 Compressed LDA

Our goal is to reduce the computational complexity of LDA while maintaining its classification
performance. To achieve this, we propose to separately compress each class of training data X9 €

R™s*P via a sparse Rademacher matrix ()9 € R™s*"s as defined below.

Definition 4. A matrix Q9 € R™9*"s is a sparse Rademacher matrix with parameter s € (0, 1) if

the elements Q? i are ii.d. with distribution

PQ),=1)=P@Q=-1)=5.PQ),=0=1-s

[N VA

Definition 5. The j-th compressed data sample in class g is

1 & L
Xj o = Q! - X,) + X, (3.1)
=1

VALY i

where Qé{i are entries of the sparse Rademacher matrix ()9 € R™s*"s of Definition 4.

Definition 6. The compressed within-class sample covariance matrix ¥,,. € RP*P is defined as

the within-class sample covariance matrix of the compressed x? c

2 My
1

Swe i= —~ > - X )l —X,)" (3.2)

g=1 j=1

The compressed discriminant vector is (3. := i;}cd, where d is defined as in (1.3).

The proposed Compressed LDA classifies a new x € RP as in (1.4), with 3 and &, replaced
by (., and iw,c. Algorithm 1 summarizes the full workflow for Compressed LDA.

Our proposed compression scheme is analogous to partial compression within the compressed
regression literature, see e.g. Section 2.1 of [58]. Given the matrix of covariates X € R"*? and
response Y € R™, partial compression calculates the inner-product X 'Y on the full data and only
uses compression to approximate X ' X. The rationale is that calculating X 'Y only has com-

plexity O(n p) compared to complexity O(n p?) for calculating X " X. Similarly in discriminant
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Input : X e RVP) Y € {1,2}",5 € (0,1), m < n.

Output: Compressed discriminant vector fc.

Compute Yg, g=1,2,and d as in (1.3).

Setm, = |[nym/n], g=1,2.

Form compressed samples ch in(3B.1),5=1,...,mg, g=1,2.
Form %, € RP? as in (3.2).

Set 3. = 5, Ld.

Use fe, iw,c in rule (1.4) instead of B, iw.

return [,
Algorithm 2: Compressed LDA

analysis, calculating d on the full data only has complexity O(n p), whereas calculating iw has
complexity O(n p?), and thus we only use compression to approximate the latter term.

The proposed compression scheme has several advantages. First, by compressing the classes
individually, we are able to unambiguously assign labels to the compressed samples, thus allowing
us to form the compressed within-class covariance matrix. This is not possible with the method of
[62], which allows mixing samples from both classes in one compressed sample. Secondly, using
sparse Radamacher compression matrices leads to both memory and computational advantages
compared to e.g. random Gaussian compression matrices. Due to sparsity, the average complexity
of data compression (3.1) is O(nmps) rather than O(nmp) for dense matrices. Thus, the overall
average complexity of data compression and construction of f]wp is O(nmps + mp?) compared
to the complexity O(np?) of LDA on the full data. Choosing m and s so that ms << p ensures
that Compressed LDA is faster than full LDA. The computational costs of compression (3.1) can

be further reduced by parallelizing the construction of Q9. X9.
3.3 Error bound of Compressed LDA

In this section we derive a bound on the misclassification error rate of Compressed LDA com-
pared to the optimal rate of the Bayes classifier. To our knowledge, this is the first such result for
a sample compression method within the discriminant analysis framework. We use Assumption 1,
which is standard for LDA (see e.g. [2, Section 11]).

We next define the Bayes classifier, which gives the optimal (minimal) error rate under As-
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sumption 1.

Definition 7. Under Assumption 1, and for equal prior class probabilities m, = w9, the Bayes

decision rule classifies x € RP to class 1 if and only if § "X (x — ) > 0, where 6 = (1 — i2)/2,

and j1 = (1 + pig) /2.

The corresponding optimal misclassification error rate is given by [2, Chapter 11.6]

Rop = ®(—/575,,10). (3.3)

We consider the case of equal prior class probabilities for clarity of technical derivations, which
focus on the effects of compression. For the same reason, we assume equality of class sizes and

their corresponding compression dimensions.
Assumption 6. ny, = ny = n/2 and m; = my = m/2.

These assumptions can be relaxed at the expense of more technical proofs without affecting
the resulting rates, e.g. Hoeffding inequality bounds n,/n in terms of 7, with rate O(n='?). As
our main focus is the effect of compression, we do not pursue this relaxation here.

We next bound the misclassification error rate of the proposed Compressed LDA in Section 3.2
in terms of the optimal rate oy in (3.3). Under Assumption 6, the Compressed LDA rule assigns
new x to class 1 if and only if dTi;}c(x — X) > 0. Under Assumptions 1-6, by [65, Section 2],

the corresponding error rate of Compressed LDA is given by

1¢ AT, (=) (g — Xg) — d}
RCZ§Z<I>( g g ) (3.4)

We now state our main result, which compares the misclassification error rate R. of Com-
pressed LDA to the optimal rate R,,. Since our focus is on the large sample data, we treat p as
fixed which implies that R, > 0 is bounded from below, and hence R, — R, — 0 implies

R./Rop — 1. We state our result in the latter form below.
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Theorem 10. Under Assumptions 1 and 6, and for m, = s, there exists an absolute constant

C > 0 such that with probability at least 1 — 7,

1 -1
|Rc_Ropt| SC’PKf M’

m

where P = ¢(+/673,16) (/6,10 + 1), and K? = [slog (1 + s7')]7".

The upper bound depends on the sparsity level s through K, which appears in the proofs as
the sub-Gaussian norm of the elements of )9//s (see Lemma 18 in Section 3.10). As s — 0,
fewer training samples are used when forming each compressed sample, and the upper bound
of Theorem 10 increases. As s — 1, more training samples are included, and the upper bound
decreases. However, as s increases so does the run time for Compressed LDA. Thus, there is a
trade-off between accuracy and speed determined by s.

Existing results in the LDA literature (i.e. [65]) have error rates O,(n~1/2). Since Compressed
LDA reduces the sample size to m, the rate O,(m~*/2) in Theorem 10 is expected. While the
decay rate is typical, our theoretical approach is not. The main difficulty in analyzing Compressed
LDA is dependency across m compressed samples as (i) they share the sample class mean X ,, and
(ii) different rows of the compression matrix ()Y can share the location of non-zero entries, and thus
the same xY may appear in (3.1) for different values of j. To overcome these difficulties, we use
independence between the compression matrices ()Y and original data matrices X ¢ when bounding
the difference between f]w,C and X.,,. The detailed proof of Theorem 10, as well as supplementary
Theorems and Lemmas, are presented in Sections 3.9 and 3.10.

Finally, while the scaling Op(mfl/ 2) in Theorem 10 is the same as what would be expected
under sub-sampling (randomly selecting m /2 samples from each class and discarding the rest), we
found that empirically compression offers two advantages: (i) it has the smaller misclassification
error rate variance (see e.g. Figures 3.1-3.3), which is likely due to using multiple x¢ in forming
each compressed sample; (ii) it is more robust to violations of normality assumption in the original

data as the summation within (3.1) induces normality of compressed samples (see Figure 3.6).
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3.4 Extensions
3.4.1 Projected LDA

The Compressed LDA proposed in Section 3.2 proceeds by (i) forming a discriminant vector
B based on compressed samples in (3.1); (ii) using . and compressed within-class sample covari-
ance matrix imc in classification rule (1.4). An alternative approach is to use step (i) only, project
the original training data using f3. to form z/ = (] x/ € R, and then apply LDA on the pairs
{2z, y;}, where now the samples z; are one-dimensional scalars rather than p-dimensional vectors.
Thus, the within-class variance of the projected data ,BCT iwﬂc is used in decision rule (1.4) rather
than 3] iwﬁcﬁc. We call this alternative approach Projected LDA. If the two classes have equal
sample sizes, that is Assumption (6) holds, Compressed LDA and Projected LDA rules coincide

as both will classify a new x according to

argmin{(x — X,) ' B.}>.

g=1,2

However, if n; # ny, the two methods will in general differ due to discrepancy between 3. f]w Be
and BCTEH,,C&C.

The Projected LDA is analogous to the Fast Random Fisher Discriminant Analysis proposed
in [62]: both use compression to form the discriminant vector 3., and then apply LDA on the
projected values. The key difference between the two approaches is the compression scheme: [62]
jointly compress both classes when forming ., whereas we propose separate class compression.
We found that the latter is preferable, and Section 3.5 shows that Projected LDA has consistently
better classification performance than the method of [62].

In terms of computational efficiency, Projected LDA described here and Compressed LDA of
Section 3.2 are comparable - the main computational bottleneck of both is calculation of com-
pressed iwp In terms of theoretical guarantees, since the methods coincide under Assumption 6,
the results of Theorem 10 apply to Projected LDA as well. In practice, the sample sizes are often

not exactly equal, and thus in Section 3.5 we observe some difference in the empirical performance
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Input : X e RVP) Y € {1,2}",5 € (0,1), m < n.
Output: Compressed discriminant vector fc.
Compute X, forg =1, 2.

Form compression matrices ——Q9 € R™s*"s ag in Definition 4.
A /ngs

Form compressed samples \/%TSQ" (X9 — X,) + X, as in Definition 5.

Form d € R? and iw,c € RP*P as in Definition 6. Set 5. = i;}cd.
Project Training data 3] x¢ and form projected covariance 3, %, c.

Use 3. and 3] iﬂc in classification rule (1.4).

return [,
Algorithm 3: Projected LDA

of Compressed LDA and Projected LDA. We found, however, that neither method has uniformly

better classification performance over the other.
3.4.2 Compressed QDA

The proposed compression scheme (3.1) is applied separately to each class, and thus allowing
us to assign classes to the compressed samples. This, in turn, allows us to compute class-specific
compressed covariance matrices, which motivates us to consider an extension of Compressed LDA
to the case of unequal class covariance structures.

Quadratic Discriminant Analaysis (QDA) [33] is a generalization of LDA to the case of unequal

class covariance matrices, which weakens Assumption 1.

Assumption 7. Conditional on class membership g = 1,2, the samples x! € RP are i.i.d.

N(pg, X9).

Under Assumption 7, the Bayes decision rule classifies a new sample x € R” by minimizing

argmin { (x — pg) " (29) 7" (x — pg) + log |24 | — 21og(m,) }, (3.5)

g=1,2

where |39 | is the determinant of ¥9 . The QDA classification rule is the sample plug-in rule, where
the population parameters 14, 29 , and 7, are replaced by their sample estimates 79, f}"w, and ny/n.

As our compression scheme proposed in (3.1) is applied separately to each class, it can be used
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Input : X e R, Y € {1,2}", s € (0,1), m < n.
Output: Compressed discriminant vector fc.
Compute X, for g = 1, 2.

Form compression matrices ——Q9 € R™s*"s ag in Definition 4.
A /ngs

Form compressed samples \/%TSQ" (X9 — X,) + X, as in Definition 5.

Form ifw € RP*? for g = 1, 2 as in Definition 6.
Use f]%uc and ifuc in decision rule (3.5).

return i%c e RP*P forg =1,2
Algorithm 4: Compressed QDA

to form class-specific compressed covariance matrices.

Definition 8. The compressed sample covariance matrix for class g = 1,2 is defined as
SV RS g 5'd g ~ \T
2'w,c = m_ Z(Xj,c - X9)<Xj,c - Xg) :
g j=1

We define the Compressed QDA decision rule by substituting f]fw instead of 29 in (3.5), and
79, ngy/n instead of 14, 74, respectively. Thus, Compressed QDA classifies a new sample x € RP

according to

argmin { (x — X,)" (59, ) ' (x = X,) + log |3, .| — 2log(n,/n)}.

w,c
g=1,2

Algorithm 4 summarizes Compressed QDA.
3.5 Simulation Studies

In this section we empirically evaluate the performance of the proposed compression methods
on three publicly available datasets: Zip Code [33], MNIST [70] and Skin Segmentation [71]. For
each dataset, we compare five linear classifiers: (L1) Compressed LDA of Section 3.2; (L2) Pro-
jected LDA of Section 3.4.1; (LL3) Fast Random Fisher Discriminant Analysis (FRF) of [62]; (L4)
LDA trained on sub-sampled data drawn uniformly from both classes; and (L5) LDA trained on

the full data (Full LDA). We also separately compare three quadratic classifiers: (Q1) Compressed
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QDA of Section 3.4.2; (Q2) QDA trained on sub-sampled data drawn uniformly from both classes;
and (Q3) QDA trained on the full data (Full QDA).

For each method, we evaluate the out-of-sample misclassification error rate as a function of
reduced number of training samples m = m; + mq (with m = n for full methods L5 and Q3). To
assess variability due to compression or sub-sampling, we use 100 replications for each value of
m. Within each classifier, a small multiple of the identity matrix -/, is added to the corresponding
estimate of the within-class covariance matrix X, for numerical stability. We use v = 10~ for
Zip Code and Skin Segmentation data, and v = 1073 for the MNIST data as it has a much larger
number of features p compared to other datasets, and thus requires stronger regularization. We use
s = 0.01 for Zip Code and MNIST datasets, and s = 10~3 for the Skin Segmentation dataset as
the latter has considerably larger sample size n; thus for all datasets s = O(n~"/?).

We also compare the execution times of forming the compressed within-class covariance matrix
iw,c and full within-class covariance matrix f]w. For compression, we consider the time required
to both compress the data via ()¢ and to form f]w’c. The timing results are reported using a Linux

Machine with Intel Xeon E5-2690 with 2.90 GHz.
3.5.1 ZIP Code Data

The Zip Code Data [33] has n = 7,291 training samples with p = 256 features. The samples
are images of handwritten digits for zip codes, and each feature corresponds to a normalized gray-
scale pixel of an image. The original data has ten classes, each corresponding to a digit from O to
9, which we merge into two classes of even and odd digits. The classes are well-balanced, with
48% to 52% split between the class 1 odd digits and class 2 even digits. The corresponding test
data has n = 2,007 samples.

The top of Figure 3.1 displays the misclassification error rates of (L1)-(L5) across 100 inde-
pendent trials for each value of m. As expected, the performance of all methods improves with
the increase in compression dimension m. Both Compressed LDA and Projected LDA have better
classification performance compared to FRF and sub-sampled LDA. For example, when m = 500,

Compressed LDA has a mean misclassification error rate of 12.60% (se 0.08%), and Projected
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Figure 3.1: Zip Code Data. Top: Misclassification error rates across 100 replications for each value
of m with s = 0.01 and v = 10~%. The dashed line represents the 6.88% error rate of Full LDA.
Bottom: The execution times for 100 independent compressed and full covariance formations.

LDA has mean error rate 12.73% (se 0.08%). In contrast, FRF has a mean rate of 13.84% (se
0.08%), and sub-sampling has mean rate 15.31% (se 0.13%). Compressed and Projected LDA
have similar error rates due to the balanced class sizes in this dataset, see Section 3.4.1.
Compressed and Projected LDA have the lowest mean error rates and standard errors across all
values of m. Sub-sampling has the highest mean error rates for m > 500, which is likely because
pixel values for images of handwritten digits are not normally distributed. Unexpected to us, FRF
has the highest error rates for m = 250 despite using compression. We suspect this is due to its
joint compression of both classes (rather than separate class compression used by our methods),

which likely leads to higher variance in the estimated discriminant vector when m is relatively
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represents the 8.82% error rate of Full QDA.

small. When m > 500, the error rates of FRF are better than sub-sampling, but still worse than the
proposed approaches.

The bottom of Figure 3.1 compares the execution times of forming compressed and full within-
class covariance matrices, where the execution time for compression includes both formation of
compressed samples in (3.1) and calculation of f]wp. As expected, compression is significantly
faster. For instance, when m = 2, 000, the compression takes on average 0.19 seconds (se 0.01 s),
while the construction of full covariance matrixtakes on average 0.36 seconds (se 0.01 s).

Figure 3.2 displays the misclassification error rates of (Q1)-(Q3). Compressed QDA has uni-
formly lower mean error rates and lower variance than QDA on sub-sampled data for the same
values of m. For instance, when m = 500, Compressed QDA has a mean error rate of 12.22% (se
0.08%) while sub-sampled QDA has the mean error rate of 19.27% (se 0.14%). For m > 2,000,

the misclassification error rate of Compressed QDA matches that of Full QDA.
3.5.2 MNIST Data

The MNIST Data [70] has n = 60, 000 training samples with p = 784 features. The samples
are pictures of handwritten digits, and each feature corresponds to a normalized grayscale pixel for

an image. The original data has ten classes, each corresponding to a digit from O to 9, which we

65



merge into two classes of even and odd digits. The classes are well-balanced with a 51% to 49%
split between the class 1 odd digits and class 2 even digits. The test data has n = 10, 000 samples.

The top of Figure 3.3 shows the misclassification error rates of the linear methods across 100
independent trials for each value of m. As with the Zip Code data, both Compressed LDA and
Projected LDA have the lowest misclassification error rates compared to FRF and sub-sampled
LDA. For instance, when m = 2,000, the mean error rate for Compressed LDA is 13.93% (se
0.04%), and the mean error rate for Projected LDA is 13.98 (se 0.04%). In contrast, FRF has mean
rate 15.71% (se 0.05%), and sub-sampled LDA has mean rate 16.05% (se 0.05%). As with the
Zip Code data, Compressed and Projected LDA have similar rates due to the balanced class sizes,
see Section 3.4.1. Unlike the Zip Code data, FRF performs comparable to sub-sampling even for
larger values of m. This suggests that joint class compression leads to sub-optimal classification
performance compared to proposed separate class compression, and the difference is particularly
striking when the number of features p is large.

The bottom of Figure 3.3 compares the execution times of forming compressed and full within-
class covariance matrices. As expected, compression is considerably faster. Even when m =
10, 000, the mean time for compression (9.31 seconds, se 1.29) is significantly smaller than the
time of forming flw on the full data (23.53 seconds, se 2.29).

Figure 3.4 shows the misclassification error rates of the quadratic methods. Compressed QDA
has uniformly better performance than sub-sampling, it has both lower mean error rates and lower
variances. For example, when m = 1,000, Compressed QDA has mean error rate 19.24% (se

0.06%) while sub-sampled QDA has mean error 29.42% (se 0.21%).
3.5.3 Skin Segmentation Data

The Skin Segmentation Data [71] has n = 245, 057 samples with p = 3 features. The features
are Red, Blue, and Green pixel values for randomly sampled image pixels. The goal is to learn
which colors represent skin, and subsequently classify those pixels as corresponding to skin or not.
Unlike the Zip Code and MNIST datasets, here the classes are unbalanced, with 21% (skin) to 79%

(not skin) split. We select 90% of the data from each class for training, and use the remaining 10%
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Figure 3.3: MNIST Data. Top: Misclassification error rates across 100 replications for each value
of m with s = 0.01 and v = 1073, The dashed line represents the 10.60% misclassification
error rate of Full LDA. Bottom: The execution times for 100 independent compressed and full
covariance formations.

for testing.

The top of Figure 3.5 displays the misclassification error rates of the linear methods across
100 independent trials for each value of m. Compressed LDA, Projected LDA, and FRF all have
superior classification performance over sub-sampled LDA, especially in terms of variance for the
same value of m. For instance, when m = 25, Compressed LDA has an average error rate of
7.42% (se 0.09%), with 7.57% (se 0.09%) for Projected LDA, and 7.38% (se 0.09%) for FRF. In
contrast, sub-sampled LDA has error 8.78% (se 0.40%). Unlike the Zip Code and MNIST datasets,

FRF performs comparably to the proposed approaches, which supports our previous conjecture
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that the difference between joint compression and separate class compression is more pronounced
for larger values of p. The bottom of Figure 3.5 displays the corresponding error rates for the
quadratic methods. While the mean error rates between Compressed QDA and sub-sampled QDA
are similar, Compressed QDA has much smaller variance, which is consistent with results we
observed for other datasets.

The Skin Segmentation Data only has p = 3 features, and thus one may ask whether the
compression is really necessary since it doesn’t offer significant computational advantages for
small values of p. We found, however, that compression still allows to use much smaller number
of samples to obtain good predictive accuracy, as Compressed LDA reaches the Full LDA error rate
of 6.93% at only m = 100. Furthermore, our main reason for including this dataset as an example is
to illustrate how compression can induce normality in the compressed samples when the normality
for original samples does not hold. The top of Figure 3.6 shows the first two principal components
of 5, 000 original training samples, whereas the bottom of Figure 3.6 shows the first two principal
components of 5,000 compressed samples. The original training samples clearly are not normally
distributed as the main directions of variation display non-linear class separation. In contrast, each

class of compressed data has an elliptical shape suggesting the normal distribution and a linear
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classification boundary. Thus, Compressed LDA is more robust to the assumption of normality
than sub-sampling. For the Skin Segmentation Data, this leads to Compressed LDA having slightly
lower mean misclassification error rates compared to sub-sampling, and significantly smaller error

variances across the replications.
3.6 Discussion

We propose a sample reduction scheme for discriminant analysis through compression. The
advantage of compression over sub-sampling is illustrated in Section 3.5, where the proposed

Compressed LDA consistently has better classification performance than LDA trained on sub-
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sampled data. The compression scheme is further extended to Projected LDA and Compressed
QDA, which again show superior predictive accuracy compared to the same classifiers trained on
sub-sampled data.

There are several directions of future research that could be pursued. First, while we only con-
sidered binary classification, our approach can be extended to the multi-class setting by applying
compression (3.1) to all GG classes. Secondly, given our results on compressing in the number of
samples, and existing results on compressing in the number of features [60, 61], it would be of in-
terest to simultaneously consider both compression schemes within discriminant analysis. Finally,

here we focused on linear and quadratic classification rules which may be too restrictive. Exploring
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compression within the kernel discriminant analysis framework [72] will allow for more flexible

non-linear classification boundaries.
3.7 Extension to Kernel Discriminant Analysis

Much work has been done in scaling kernel methods to large n data. Two of the most common
approaches are the Nystrom method and Random Fourier Features (RFF). However, both of these
methods require O(nm) memory. The compression method presented here requires only O(m?)
or O(n) bits of memory while also having competitive classification performance.

The above compression scheme extends to the setting of Reproducing Kernel Hilbert Spaces to
perform non-linear classification on large data. However, naively compressing the original samples
can ruin non-linear separation, as shown in Figure 3.7.

As in Chapter 2, let & : R? — H be a mapping so that the kernel trick (®(z), ®(2)),, =
k(x,z") hold for some kernel & : R? x R? — R. Let
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be the mapped class-g data, g = 1, 2. Let

®(z1)

P(zn)

be the block representation of the entire mapped data set. Let CE represent the g-th class mean of

the mapped data nig >_;2, ®(29). Finally, let

Ql
Q — E Rmxn
Q2
be the block-diagonal compression matrix with )9 € R™s*"s g =1, 2.

3.7.1 Compressed Kernel Matrices

We first present the compression scheme in 4 and then translate it to operations on the kernel
matrix K € R™*" in the coefficient space.

The compressed mapped data in H has the block form

Ql(q)l - 51) + @
QQ((I)z - ‘}Tz) + @y

By the Representer Theorem, the discriminant function f € H lies in the span of the compressed

data

f= i%ai{ i@i’,s(@(X?) — @) +<17g}-
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Definition 9. Let M € R™*" be the matrix with block diagonal structure
1 14T
Q + 1m1 n_l 1n1

2 14T
Q + 1m2n_21n2

and let

be a block diagonal centering matrix for
Cn, =1 — n;lllT,g =1,2.

Then K. = MC,KCyM T € R™™ js the compressed kernel matrix corresponding to the kernel

matrix evaluated on the compressed samples in H.
Lemma 13. The Matrix M Cy € R™ " reduces to QC,; € R™", and hence K. = QC;K(QC,)".

Proof. We have

MCy =

1 ]-m L]_T
Ot bty Lo — 11,17

ny - 1Ny

I, — 11,17

2 ng ~ M2 n2

14T
Q2 + L, i1y,

Qlcl + L mi 1;1 - lel 17—;

ni ni

QCy+ -1y 1, — o1, 1,

ng = M2 N2

Q'C

Q*Cy
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This, in turn, is equal to

[ Q' Qllnln%lT ] Kii Kip
Q° Q1,01 Ko1 Koo
|: Ql - Ql ]'nlnll]'T :| T
14T
Q° Q*1,,701,,

This will expand into four separate terms:

-
Q' Kii Ko Q!
Q? Ky Ksp Q?
(1)
.
Qllnln%lT Kii Kip Q!
Qanzn%l; Ky Kj» Q?
(1)
.
Qllmn%lT Kii Kip Q!
Qanzn%l; K1 Kspo Q?
(IT1)
-
n Qllmn_lllT K171 K172 Qllnln—lllT
Q21n2nlg17—[2 K2,1 K2,2 QananQ]-;—z
(1V)

Our strategy for computing these quantities are to go row-by-row for each K, ; and compute the

row mean and the vectors Q'K ;. We can then store the results in an array
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Derivation of Compressed Kernel Matrix. Compute

(30, QL (B(al) — @) + 1, f)

(D00ls @y o (R(2) = 1) + D1, f)
(0L Q1 (R(22) — B2) + P2, f)

(30021 Qg s (®(23) — @) + D2, f)
<Z?11 Q1 (D(x]) = 1) + @1, Yo7, S 1%{2 L Qi (@ )—@)+_¢}>
{

(S0 @b 0) ~T0) 40, 2, S i S QL) - )+ )
(S0 -8+ 8, £ T ol T 01,00 - 3) + 8 )

<Z Lo(@(?) - <1>2>+<1>2,z“z“ag{2 1 Qps(P )—@)+E}>

=K.«

for some m x m compressed kernel matrix K.

The (i, 7) coordinate of the (1, 1) upper left block of M is equal to

s=1
1 < S .
<n_1 ; Qi 5(D(x;) — 1), - ; Q; o (®(xy) — @1)>
s=1

75




The intermediary equation

<%ZQ3,S(‘I)($D - _> o ZQ”@ (25), P1) — QZ ) 1TK1 1;1

1 1 1 1 1
= —QzKl iy (— o)1k 11 = Lo, - Lumr i = Lok L,

ny ny n n ny m ny n nq
and applying this over both ¢ and j gives

1
—Q O KM Oy QT +o Q C1 K" 1—1 + 1TK1 0y QT 1TK1’11—.

ni ni ni

Combining like terms gives

1 1 1
1

ny
1 1
= (—].T + QiCl)Kl’l (ClQ;— + _1n1) .
n n

This is the (7, j)-component, which implies that the (1, 1) upper block of the matrix M is equal to

1 1
MY = (—1m11; + n—1Q101>K171( QlT 1m1;1)

Likewise, by changing the index i, the lower right (2, 2) is equal to
1 T
M*? = (—1m2122 + Q202> K“( bQ* + —1n21;2>

Let us now compute the off diagonal matrices of M. Here, we focus on the (1, 2) diagonal, for
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the (2, 1) diagonal will merely be its transpose. We have

<n ZQH ) = B) + 8y, — ZQ @)+@>
<n12@ ~%) nQZ@ >>+<%Zl@2,s<@<xi>——l>,@>
<¢)1, ZQ )>+<¢Tl,32>

1 1 1 1
— n—Q}(Jle(J2 Q2T - Q C1K" 2—1@ +— 1n1K1 "Cy— QQT 1T .
1

1 1
= (—]_Z1 + _Q7;101>Kl’2 <02 QZT —1n2)
ny nq

It follows that the upper (1, 2) coordinate block matrix is

1
(1m1_1; + Qlcl> K1,2 ( QQT _1n2 1;2)
ny

3.8 Discussion

We propose a sample reduction scheme for discriminant analysis through compression. The
advantage of compression over sub-sampling is illustrated in Section 3.5, where the proposed Com-
pressed LDA consistently has better classification performance than LDA trained on sub-sampled
data. Also, we derive a non-asymptotic bound on the misclassification error rate of Compressed
LDA compared to the Bayes classifier. The compression scheme is further extended to Projected
LDA and Compressed QDA, which again show superior predictive accuracy compared to the same
classifiers trained on sub-sampled data.

There are several directions of future research that could be pursued. First, while we only con-
sidered binary classification, our approach can be extended to the multi-class setting by applying
compression (3.1) to all G classes. Secondly, given our results on compressing in the number of

samples, and existing results on compressing in the number of features [60, 61], it would be of in-
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terest to simultaneously consider both compression schemes within discriminant analysis. Finally,
here we focused on linear and quadratic classification rules which may be too restrictive. Exploring
compression within the kernel discriminant analysis framework [72] will allow for more flexible

non-linear classification boundaries.
3.9 Proof of Miscalculation Error Rate

Proof. If x ~ N(p1,%,,) belongs to class 1, it is misclassified if and only if dTE\];}C(X —X)>0.

The probability of misclassifying x conditioned on the class y being 1 is

~

P(d'S, (x—X) <0]y=1).

Note that

where

my=d' Sk (m — X), Fu=d S48, 5 Ld.

Thus, the probability of misclassifying x is

—m, "S5k (m = X) TSk (m = X0) +d'S5kd
o ) = o - e | — o - ),
o VATSs,SoLd VA Em, Sk

where the last equality results from the identity 1 — X = (3 — X1) + d.

Likewise, let us assume that x ~ N (9, 3,,) belongs to class 2. Just as before,

with
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The conditional probability of misclassifying x is
]P’(dTi;}c(x -X)>0 | y=2).

Thus, the probability of misclassifying a data point which belongs to group 2 is

i T X
1_(1)( my ):1_(@(_ w,c(MQ ))

VOu \/dTi\);}CZwi;}cd
_ (D( A"k (2~ X) ) g (dTi;}c<u2 ~Xo) - dTi;}cd>
\/dTi;U}czwi;}cd \/ d S LN Ld

where the second equality is a result of 1 — ®(—t) = ®(¢) and the last equality is a result of
pa = X = (2 = Xo) = d.

Thus, the total misclassification error rate for compressed Linear discriminant analysis is

Lx—-X)<0|y=1)m + P(dTi;}c(x - X)>0|y=2)m
e ((—1>ngiw}c<ng — %) - dTiw}cd)‘
VAT, Sl

3.10 Technical Proofs

This supplement contains a proof of Theorem 10 along with supplemental Theorems and Lem-
mas. In the following C' denotes an absolute constant which may change from line to line. If
multiple constants appear in the same expression, C, Cs, etc. will be used to differentiate them.

We make the following assumption which is useful for simplifying expressions in the theory.

Assumption 8. The number of compressed samples m is large enough so that log(n=')/m < 1.

Additionally, the number of original training samples n is large enough so that log(n="') < \/n.

Remark 6. Assumption 8 is mild. For instance, if n = 1071, then m must be at least 24, and n

must be at least 531. If n = 1072, then m muust be at least 5, and n must be at least 22
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Figure 3.8: Proof chart for Theorem 10.

Proof of Theorem 10. By Theorem 11, the compressed LDA misclassification error rate . has the

form

el — 0Ty 16 )

2
1
R, = 6,6,6 =
f(l 15<2 22 ( /€2+5T2;15

where ¢ and ¢, are defined in Theorem 11. Let ¢ = (e},&2,&,). Taking the first-order Taylor



expansion of f centered at 0 gives
Re = f(e) = ®(—=V/075;10) + Vf(0) e + oy([lell2) = Rope + V£(0) e + 0p([le]l2)-
Plugging this expansion into | R, — R gives

[Re — Rl = | (= /375,10) + VS(0) ¢ + 0,(llella) — R

IN

Rop+ Vf(0)"e = Rope| + 0,([le]]2)

= |V£(0)"e| + 0,([le]]2)

< OVl llell2,

where we absorbed the lower-order o,(||||2) into the absolute constant C' > 0.

We now compute ||V f(0)||2. The partial derivatives are

ﬁ(o)_lgb(—éTEwICS){ 1 }_¢(«/(5T2w16)
o1 =2\ JameLe ) [ oTeas] T 2o

and

o 1 (—5T2;15) {(—553;15 ] _ B(/TE,10)

8_82< ): _Z /—5T2;15 5TE;16)3/2 - 4 5TE;}1(5 )

where ¢ denotes the standard normal density. It follows that

¢(—\/5T2;15)H <1 . 1/2) Iy = 3¢(ﬁ/5Tz;15)'

VFO)]2 =
IViOl== 3TS, 0 4,/5T5,16

We now focus on bounding the error term ||£||o. We have

lell2 < llelly = lexl + €3] + leal.
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Applying Theorem 11 proves that with probability at least 1 — 7 :

1 —1

2] < C R (252603 + [551/23]1) | B ) P
m
1 —1

lea] < CR2 (|56 + [55125]10) /2B )P,
m

It follows that with probability at least 1 — 7 :

P(1/6TEL L) _ _ log(n=1) + p
Re— Rop| < 02V 200 peo orpoge sz, /o080 ) 4

VT, -
-1
< Op(v/ETE,10) K2 (V5T + 1)y EE

This proves the Theorem. [

Theorem 11. Let R be the misclassification error rate (3.4) of the compressed LDA decision rule.

Then R has the form

2
1 el —o6Tx 10
Re==) @ — a )
2 Z ( E9 + 5TZ*15

where

Then the error terms 1 and €5 have the following upper bounds with probability at least 1 — 1) :

1 —1
el < C K, 60 + 12,126]15) W
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and

log(n=1) +p

2] < CKI(1%,20]12 + |1%,720]13) -

Here, C' > 0 is an absolute constant, and K, = {slog(1 4+ s7')} /2 is the sub-Gaussian norm of
Q7 ;/\/s- the entries of the compression matrices.

Proof of Theorem 11. We have

el < Jd"E g = X)| +]d" S, 0d — 675,10

) (1)

We first bound (7). Consider

(D] = 1475kt — )| = 147 E S LE Y20 2 0, — )|

w,c~w

w,c—w

< TS5z 15 S lop 120 (1 = Xg)la -
4, X, As
We bound A; — Aj separately.
For A;, by Assumptions 1 and 6, Yo 2d ~ N(E;lpé, n~'I,). By the triangle inequality and

Proposition 1.1 of [73], the following holds with probability at least 1 — 7 for any n € (0,e71) :

152 dll2 < 15512682 + (1552 = )]l

2¢/plogln™1)  2log(n~)\"*
p 2y/plog(n™)  2log(n )>
n n n

< 125126 + (

log(n™Y)  2¢/plog(n 1) 2plog(n~1)\"?
§||Z;1/25||2+(p gén ) 2D ng(n ) i(n ))

1 -1
< ||E;1/25||2 +C p Og(ﬁ )
n

We now bound A,. By Theorem 5, the following inequality holds with probability at least
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1—n/3:

log(n=1) +p

1280 on < pllop + 20280 S0 = Lollop < 1+ Cy K m

w,cw w,cw
—-1/2

We now bound Ajz. By Assumptions 1 and 6, X, (1, — X,) ~ N(0, n,'1,). By Proposition

1.1 of [73], the following holds with probability at least 1 — 7 :

_ — plog(n=1
522001y — )l < €/ 2B,

Combining the bounds for A;-Aj, with probability at least 1 — 7 :

|dTZ;,1c(Ng - 7g>|

-1 1 1
SC(HE;l/ZéHz+C %)(H@Kf\/log(” Hp)\/plogé" ) (3.6)

m

1 -1
< CR2s, R,
n

where the last inequality came from absorbing lower-order terms into the absolute constant C'.

We now bound (/7). By the triangle inequality and Theorems 12—13, with probability at least

1—n:

TS, kd — 6T ] < dTSLd — d R ) 4 [dT S, — 675,
log(n~! log(n~?
< O K225 w + Col[ =525, %

1 —1
< C (K2 |52 + 552 )y 2B ) P,
m

For s < 0.8, we have K, > 1. Thus,

N loo (11
TS d — 6TEC 18] < O (K220 26]3 + [551/2),) | B )P

(3.7

1 —1
< CR2 (IS5 252 4 551/2])0) /2B P
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Combining (3.6) and (3.7) gives with probability at least 1 — 7 :

1 -1 1 -1
|5£1]| < 01 Kf (HE;U%SH; + ||2;1/25||2> w + C2K82||21_u1/25||2 p Ogén )
1 —1
< O K2 (1252 + 51 2]),) [ el )+ P
m

where the lower-order term has been absorbed into the absolute constant C.

We now focus on bounding ¢,. The triangle inequality gives

leo| = [dT2 L 2, Spkd — 0TS | < |dTEL LR, Sokd — d S ]+ [d S - 6Tt

Al A2

We bound A;-A; separately.

First consider A;. Using identity [, = oAyl gives

Ay = |d" S48, S0kd — dTS,d|
_ ]dTE;l/z(ZL/Qifl 21/2>(2iu/2§71 21/2)2;1/2d N dTE;1d|

w,cw w,c—w

< =5 2d13 IS0 S = Lllop

Let A = E%ﬁi;}cﬂlﬂm. Then ||(E%U/2§];}C211U/2)2 — I||op is bounded above by

11, = A2|lop = [1(1p + A) (L, — A)lop
< ||2]p + (A - ]P)HOPH[P - A||0p

< [2 + ||]p - A”OP] Hlp - AHOP‘

Using the assumption that || I, — Al|o, < 1 and Theorem 14, we have with probability at least 1 —1 :

log(n=!) +p

||[p_A2||0p < 3||—[10_A||0p < OKsQ m

(3.8)

for some absolute constant C' > 0.
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By Theorem 13, the following holds with probability at least 1 — /2 :
1 —1
IS5 2d8 < 1552013 41755 d— 0550 < 1552613+ s 2oy [T )
n

Combining (3.8) and (3.9) proves that the following bound on A; holds with probability at least

1—n:

TS L, S kd — dTE,d]

1 1
< (I|E;1/25||§+C||Z;1/26||2\/p 08(7 )CK%/ 0g(1 (3.10)

log(n=t) +p
e

< CKI(12,'20]2 + [1%,720]13)

To bound Ay, Theorem 13 proves that with probability at least 1 — /2,

1 -1
4ol = 1472, 'd — 072,10 < cuzwlauz\/@.
n

Since A is a smaller-order term compared to (3.10), we absorb it into the absolute constant C'.

Thus, with probability at least 1 — 7 :

) B log(n=1t) +
[e2] < C K550l + 1155,"/4]3) g(nT)p

This completes the proof. ]

Theorem 12. Let the samples X € R"™ P be distributed according to Assumption 1. Let d and
0 € RP be as in Definition 6, and let iw,c be the compressed within-group covariance matrix.

Then with probability at least 1 — 1),

9

_ —
dTSLd— AT < O K2 ||Rn ) e ) P
7 m
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where C > 0 is an absolute constant, and K, = {slog(1 + s~)} /2 is the sub-Gaussian norm of
Q5.

Proof of Theorem 12. We have

A" S ed — d" S, | = |dTS, 28,5, — £, SY2e, A

< |1Z52d15 123 S0e=l = Lllop

w,c—w

By Theorem 14, with probability at least 1 — 1/2,

log(n=!) +p

||E%u/2§_1 21/2 - Ip”Op < CKSQ
m

w,cw

for some absolute constant C' > 0, and where K, = {slog(1+s')}~1/2 s the sub-Gaussian norm
of Q7 ;/+/s by Lemma 18.
By the triangle inequality and Theorem 13, with probability at least 1 — 7 :
1S,12d))3 = |d"E d = 6TE, 10+ 678,
1 -1
< I 2015 + 1725 — 675 ] < 182613 + Y2 /L),
n

Combining the two displays above and absorbing the lower order term into the absolute con-

stant C', we have that with probability at least 1 — n

\dew}cd_dewld\S(sz”é!\%+0!rzw”25!!2 p—ogén >>CIK3 Og(nm)+p

1 -1
< O K21z o8 ) P
m

]

Theorem 13. Let the samples in X € R"*P be distributed according to Assumption 1, and let d

and § be as in Definition 6. Then forn € (0,e™ 1), the following upper bound holds with probability
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at least 1 — ),

l —1
TSN — 8TS8] < O 25y PR )
n

for some absolute constant C' > 0.

Proof of Theorem 13. Completing the square gives

|d"S ) d — 6T = |(d = 6) TS, (d = 6) 4+ 2(d — 6) "8,

< 1351720 = 913 + 2055202 15512 (d = 6)l2.

Assumptions 1 and 6 give ¥,/ *(d—6) ~ N(0,n7'I,). By Proposition 1.1 of [73], with probability

at least 1 — 7,

2/plog(n~ 1) 2log(n™*
p 2yplog(y!) | 2log(n ")
n n n

I=,12(d = 0)]; <
Forn € (0,e™!), we have log(n~1) > 1. It follows that

2 1 -1 21 -1

n n n
-1 -1 -1
Splog(n )+2 plog(n )+2p10g(77 )
n n n
—1
SCplog(n )'
n

Then

1=012(d = 013 + 2[5, %82 [125,12(d — 8)l2

log(n~! log(n—1!
<cp gT(ln )+02H2;”25H2 p gT(JJ )

1 -1
S CHE;1/26H2 b Og(n )
n
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Theorem 14 (Inverse Covariance Bound). Let the samples X € R"*P be distributed according to
Assumption 1 with shared covariance 3., € RP*P. Let iw,c be the within-group sample covariance

matrix of the compressed data with sparsity parameter s > 0. Then with probability at least 1 — ),

w,cTw

1, — SYELLSY, < O 12 ) E D
< C KL

for some absolute constant C' > 0, and where K, = {slog(1 + s~*)}~'/2 is the sub-Gaussian

norm of Q7 ;/\/s.

Proof. For A :=%,"*S,,Su""?, the above is of the form || ||opl|A~* — I||op. By Theorem 15

|1 — Allop < 1 with high probability. Then A has the geometric sum expansion of its inverse
“1=%"",(I— A)*. Thus,

o

Ip B Z([p -

k=

HIp - A_1H0p =

Z(Ip -
op k=1

A”op Z ||I A||I;p -1

L L= Ally

= = = |1y = Allop + 0p([[1p = Allop),
1= [[1, = Allop L=l = Allep ™7 B "

op

Mg

B
Il
—

where the last equality comes from the Taylor Expansion of the function ¢/(1 — ¢) centered at 0
Applying Theorem 15 and absorbing the lower-order o,,(||

» — Al|op) into the absolute constant

C proves that with probability at least 1 — 7,

HJ’ 21/22 El/?“op < CKE 1Og<77_1) +p

w,c—w
m

Theorem 15 (Covariance Bound). Let the samples X € R™? be distributed according to As-

sumption 1 with shared covariance Y, € RP*P. Let iw,c € RP*P be the within-group sample
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covariance matrix of the compressed data with sparsity parameter s > (. Then with probability at

least 1 —n:

P —1
15,128,802 — L]l < C K2 log(n™!) +p (3.11)

)
m

for some absolute constant C' > 0, and where K, = {slog(1 + s~')}~/2 is the sub-Gaussian

norm of Qf ;/\/s.
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Proof of Theorem 15. By the definition of £, ¢,

E;/in Cz;l/Q

2 mg
1 ~ - = _
= E E § :Ewl/Q(X?,c - Xg)(x_?,c - ‘)(_tl)—rzwl/2

g=1 j=1
1 1 &
= — 2;1/2 (— Qg'i(ng - 79) + 7g - 79)

1 Mg ( 1 g e 1 g e T
_ L Q152! ug)) ( Q1,22 — py)

g=1 j=1 =1
A
1 2 my 1 ng 1 Ng T
e Q4,5 (g — X ))( Q4,5 (xd — >>
A
L ( Q152 Xg>)( Q50 Xg>>
m g=1 j=1 e — Mg5 )
P

We bound A; — A, separately. We do this by considering a fixed v € R? with norm ||v|[s = 1. We

first bound each v A,v and then generalize to a norm bound using an e-net argument.
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Consider

Taw=33 v 2 (e et - wg - )

g=1

g 1 Mg 1 1 1
- Zz{gzg@;i ?,g}—@w”Q(X?—ug),v} (5220 — 1), )
=14 /6= 9 i_

J=1

:122: L 207 R, 2
2g:1ngmg g

where Z9 € R™ is the vector with i-th coordinate <E;1/ (x9 — ug),v>, and R, = 1Q97QY €

R™*"s. By Assumption 1, Z9 ~ N(0, I,,,). By Lemma 15, with probability at least 1 — 17 :

2

1 1 log(n1
v (A — L] = v Ajw — 1| = ‘ > Z9TR, 79 — 1‘ <CK? %. (3.12)

2 — Mg My

The terms A, and Aj are transposes of each other, and so we handle them simultaneously. Left

and right multiplying by v gives

%if{ﬂ;i(

7j=1

LA g>)(¢i—gsf_1

By Assumption 1, <E 1/2(% -X,), v> ~ N(0,n;"'). By the Gaussian concentration in-
equality, with probability at least 1 — 7/3:

-1 -1
<o o) _ o, flogln”h)
Ng n

‘ (S, (g — Xg), v) (3.13)

for some absolute constants C', C’ > 0. The last equality comes from Assumption 6.
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By the general Hoeffding’s Inequality, Theorem 2.6.3 of [74], with probability at least 1 —7/3 :

ZQ“ < CK,\/log(n1) (3.14)

V1S
where K, = {slog(1 + s~')} /% is the sub-Gaussian norm of Q¢ /\/s by Lemma 18.

Lastly,

IS (S - )

mg:l]:l
2 Ng
1 1 (1 1 g)
= - —_— — - = 7.9 Zg

7;/+/s, then by Lemma 18 the sub-Gaussian

(3.15)

where the Z/ are as above. Let X;;, = m;l Z;”:gl
norm of X, is K/v/m. Conditioning on vectors Z9 = (Z{,..., 2] ), and applying Hoeffding’s

Inequality to Qﬁ ; gives that with probability at least 1 — 7 /6 :

i

2 g Mg
=S (a2 -
‘le C— mgjzl\/g s glzl

log<n—1> 1213+ 12213\
m n

< CK;

-
Let 7 = (ZlT ZQT) € R™. By Theorem 3.1.1 of [74],

P(| 21~ 1) 2 ¢) = B(1Z1. ~ VAl 2 Vi) < 2exp(-cne?)

This is equivalent to the following upper bound holding with probability at least 1 — /6 :

71112 72|12 1/2 1 1 -1
n NLD n

where C' > 0 is an absolute constant. Combining the above two displays gives the following bound

93



for (3.15), which holds with probability at least 1 — /3 :

[1og(n ) [1og(n )
= ng(HCQ ng> (3.16)

Putting (3.13), (3.14) and (3.16) together shows that with probability at least 1 — 7,

B? i( ZJ”@”

We have used Assumption 8 in the last inequality.

For Ay, left and right multiplying by v gives

S %) (s ) |

where the last equality is true since Yot 2( gy — X ) is independent of 4, j, and /.

By Assumption 1, <E 12 (g — X,), U> ~ N(0, ng_l). The Gaussian concentration inequal-

ity proves that with probability at least 1 — /2 :

log(n™")
ng

’ (5o, — %), 0y | < 18T
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The squared terms

(2

g 2

>a)

i=1

are sub-Exponential because they are the squares of sub-Gaussian random variables. By Lemma

2.7.6 of [74], the sub-Exponential norm satisfies

IGExe)l,

where C' > 0 is an absolute constant and K is the sub-Gaussian norm of @/ ;/1/s by Lemma 18.

— OK”,

HWZQ

Thus, by Bernstein’s Inequality, with probability at least 1 — n:

o ()

-1 —-1 -1
< CK? max{log(n ) [log(n )} <oz s
9

)
my m my

Combining the above displays, with probability at least 1 — 7, [v" A4v]| is bounded above by

log(n)~! log(n™") _ 2 los(n})

lv" Ay| < CK?
my ng n

Y

where we have used Assumptions 6 and 8.

Combining the above bounds for A; — A4 shows that with probability at least 1 — 7 :

128 1/2 2 ) 2 210g (n")
lv (Z Ywely ' — L) < C K} + s K + C3K;
~ CK? \/—bg
o

We now generalize to a norm bound via an e-net argument. Let A/ be a 1/3-net on the unit
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sphere of R?. There exists a 1/3-net such that |N'| < 77 (see Corollary 4.2.13 of [74]). Thus,

P(Sup T (2128, 2012 — L)o| > t) — 1P>< | {07 (2528022 = L)o| > t})
veEN
veEN

<Y P (5,280,682 = L)o| > 1)

veEN
Cmt?
< Z eXp < o 1 )
veEN KS
Cmt?
= INleXp(— 7 )
Cmt?
< exp(plog(7)) exp ( - i )

This tail inequality is equivalent to the following upper bound holding with probability at least

1—mn:

log(n=!) + Cap
m

sup |UT(Z;1/2§W7CE;1/2 —L)v| < C4 Kf\/
veEN

-1
< C'K? max{1,/Cy} w_
m

Absorbing max{1,1/C5} into the absolute constant C; gives a uniform bound on the e-net \.

Applying Lemma 14 proves the final reuslt. ]

Lemma 14 (page 88 of [74] ). Let ¢ € [0,1/2). Then for any c-net N of the unit sphere of R?, we
have

sup |UT(2w,c - Ew)v| S ||Ew,c - Ew”op S sup |UT(Ew,C - Zw)v|-
veN 1 —2¢ yen

Lemma 15. Forg = 1,2, let Z9 ~ N(0, I,,,), let Q9 € R™s*"s consist of i.i.d. sparse Rademacher

random variables with sparsity parameter s, and let Ry, = QY QY /s. Then with probability at least
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ZgTRZg—l <O K? M
g — S m )

1 1

2
’2 =1 g g

where C' > 0 is an absolute constant, and K, = {slog(1 + s~')}~'/2 is the sub-gaussian norm of
Qi;/ Vs

Proof of Lemma 15. By Lemma 17, with probability at least 1 — 1/2:

1 1

2 — NgMy

Z9TR,Z9 — 1
1 17g Mg !
(3.17)
c log(n~") 1
- 0] t —1
(1t B |

g g Mg

WE

N | —

79" R, 79 — 1‘ <

g

A
DO =
Mm

1

Q
Il

for some absolute constant C' > 0. We bound each term individually.

By Lemma 16, with probability at least 1 — /2 :

2 2
]_ 1 -1 1 -1 1 —1 1 -1
O3 LRyl B < 03 k214 \/ )] \/ o) _ ¢ oo, [0
=1 Mg g=1 g My m

where we have absorbed the lower-order term into the absolute constant C' and used Assumption 6.

Since tr(R,) = [|QY/+/3||3, by Hoeffding’s Inequality, Theorem 2.6.3 of [74], the following

inequalities hold with probability at least 1 — 7/2:

tr(R,) — 1
Ny My r(Ry) ‘
2 2 2 Ng Mg 2
1 1 1 1
= — — 09 — 1l == 9 _
2 Mg My ||V S ‘ 22 ZZ{( Q”) H
=1 g=1 i=1 j=1

2 -1 1
< 12[(82 log(n™!) _ , o2, [lo8(1 )7
2 n nm

where Assumption 6 was used in the last equality.
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Combining the above two displays with (3.17), and absorbing the lower order terms gives

2
1 1 1 -1
‘— ZgTRng—l‘gCKf log(n~")
2~ ngmy m
g=1
with probability at least 1 — 7 for some absolute constant C' > 0. ]

Lemma 16 (Norm Bound). Let Q € R™*" be a matrix consisting of i.i.d. sparse Rademacher

random variables with sparsity parameter s, and let R = Q' Q/s. Then with probability at least

1—mn:

where C > 0 is an absolute constant, and K, = {slog(1 + s~')}~'/2 is the sub-gaussian norm of
Qig/ V.

Proof of Lemma 16. By Lemma 18, K, = {slog(1 + s7')} /2 is the sub-Gaussian norm of
Qij/+/s. By Theorem 4.4.5 of [74], with probability at least 1 — 7 :

IRllop = < CK2(/m+ v/n + /log(n=1))?

|,

Including the scaling (nm)~! gives

o K? K? log(n=1)1?
HRHPZC —= (v/im v/ + /log(n1))? = ¢ Sl’/%HJF log(n”") )}

nm m n

2 —1\72 2 -1
< 0K {2+ log(n )1 < CK, {1+ log(n )]’

T m n m n

where we have expanded the square and absorbed the lower-order terms into the absolute constant

C > 0. O
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Lemma 17 (Conditional Hanson-Wright). Let Z ~ N(0, 1), and let R € R"*"™ be a matrix of

rank m. Conditioning on R, and forn € (0,e™1), the following upper bound holds with probability
atleast 1 —n :

1

C | -1 1
— 7"RZ — 1’ < EHRHOP og(n") +

nm

nm

r(R) — 1|, (3.18)

where C' > 0 is an absolute constant.

Proof of Lemma 17. Since Z ~ N (0, I,,), the conditional expectation equals
E[Z'"RZ|R) =t(R1,) +0 RO = tr(R).
The Hanson-Wright Inequality, Theorem 6.2.1 of [74], gives the conditional tail bound

P(|Z"RZ —tw(R)| >tnm|R)=P(|Z'"RZ —E[Z"RZ|R]| > tnm|R)
2m?n® tmn
§2exp<—0min< , ))
IR 1R llop

for some absolute C' > 0. This is equivalent to the following upper bound holding with probability

at least 1 — n:

1 C _
2Rz~ w()] < R fogl ). |l ot .

Using the fact that || R||r < /m||R||op and m > log(n~!) for n < e, this is further bounded by

1 C _
127 RZ — )] < - { VPl /T8 [ Rl

log(n~') log(n™)| _C log(n~")
< Rl max { WY )y 8,

slQ

)
m

(3.19)
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Applying the triangle inequality and substituting (3.19) gives the final result:

1 1 1
—ZTRZ—I' < —ZTRZ——tr(R)‘Jr @—1‘
nm nm nm nm
C 1 -1 tr(R
n nm

Lemma 18 (Sub-Gaussian Norm). Let X be sparse Rademacher random variable satisfying for
some s € (0,1)

P(X=0)=1—-s P(X=1)=PX=—-1)=s/2.

Then the sub-Gaussian norm of X is K = {log(1 + s™1)}~/2, and the sub-Gaussian norm of
X/\/sis K, = {slog(1+s71)}"V/2. Additionally, the sub-Gaussian norm of X* /s is s~ *{log(1 +
s 12,

Proof. By definition of sub-Gaussian norm,

K =inf{t > 0: Eexp(X?/t?) < 2}.

Consider for some ¢t > 0,

Eexp(X?/t?) = exp(0/t*)(1 — 5) + exp(1/t*)s = 1 — s + exp(1/t?)s.

Then E exp(X?/t?) < 2 is equivalent to

1 —s+exp(l/t?)s <2
exp(1/t*)s <1+ s
exp(1/t*) <1+s7!
1/t <log(l+s7')

t2 > {log(1 +sH} L
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The term K, = {slog(1 + s~!)} /2 follows from scaling X by s~%/2.
Additionally, the sub-gaussian norm of the squared X?/s is || X?/s||¢, = || X?||s,/s. Because

X has values 0 and +1, it follows that X4 = X2. Thus,

Eexp(X*/t?) <2
Eexp(X?/t?) <2
exp(1/t?)s < 1+s
exp(1/t*) <1+s7"
t/t* <log(l+s71)

t2 > {log(1 +s )}

Hence, the sub-gaussian norm of X?2/s is s~ {log(1 + s7!)} /2. O
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4. R PACKAGE FOR SPARSE KERNEL OPTIMAL SCORING AND COMPRESSED
LINEAR DISCRIMINANT ANALY SIS

4.1 Introduction

biClassify is an R package for adapting Linear Discriminant Analysis (LDA), Quadratic Dis-
criminant Analysis (QDA), and Kernel Discriminant Analysis to a variety of situations where the
conventional methods may not work. In particular, this package implements methodology for the

following problems:

1. Linear and Quadratic classification in the large-sample case with small-to-medium sized
number of features. The available compressed LDA and QDA methods of Sections 3.2 and
3.4.2 provide alternatives to random sub-sampling which are shown to produce lower mean

misclassification error rates and lower standard error in the misclassification error rates.

2. Kernel classification where the data has a medium-to-large number of features. In this case,
one would like to learn a non-linear decision boundary and have simultaneous sparse feature

selection. The sparse kernel optimal scoring method is presented in Section 2.4.

The following is a vignette manual for instructing researchers how to use the the biClassify
R package. Text appearing in the verbatim font denotes R code, commands, or function

arguments.
4.2 Quick Start

The purpose of this Section is to give the user a quick overview of the package and the types
of problems it can be used to solve. Accordingly, we implement only the basic versions of the
available methods, and more detailed presentations are given in later sections.

We first load the package.

library (biClassify)
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Scatter Plot of LDA Training Data
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Figure 4.1: Scatter plot of first two features of LDA training data. Classes are distinguished by
color and shape.

4.2.1 Quick LDA Example

Our first example illustrates the compressed LDA function on data well-suited for LDA. The

first two features of the training data in LDA_Dat a are plotted below:

data (LDA_Data)

plot (LDA_DataS$TrainDatal[, 2] ~LDA_DataS$TrainDatal,1],
col = c("orange", "blue") [LDA_DataS$TrainCat],

pch = c("1","2") [LDA_DataS$TrainCat],

xlab = "Feature 1",
ylab = "Feature 2",
main = "Scatter Plot of LDA Training Data")
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Figure 4.1 displays the resulting scatter plot.

This data set has n = 10, 000 training samples with p = 10 features. It is normally distributed
with class means equal to +1 and a shared covariance matrix with entries ; ; = (0.5)"=. The
test data was independently generated from the same class distributions and proportions, but it has
only n = 1, 000 samples.

Let us use compressed LDA to predict the test data labels.

test_pred <- LDA(TrainData = LDA_DataS$TrainData,

TrainCat = LDA_Data$TrainCat,
TestData = LDA DataS$TestData,
Method = "Compressed")

mean (test_pred != LDA_DataS$TestCat)

[1] O

The automatic implementation of compressed LDA predicted the Test labels perfectly. However,
this is due, in part, to the classes being well-separated and having the same covariance structure.

Let us now consider an example of where LDA will not perform well.
4.2.2 Quick QDA Example

Our next example illustrates the compressed QDA function on data well-suited for QDA. The
first two features of the training data in QDA Data are plotted below:

data (QDA_Data)

plot (QDA_DataS$TrainDatal,2]~QDA_DataS$TrainDatal,1],
col = c("orange", "blue") [QDA_Data$TrainCat],

pch = c("1","2") [QDA_Data$TrainCat],

xlab = "Feature 1",
ylab = "Feature 2",
main = "Scatter Plot of QDA Training Data")
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Scatter Plot of QDA Training Data

Feature 2
-2 0
|

-4

-6

Feature 1

Figure 4.2: Scatter plot of first two features of QDA training data. Classes are distinguished by
color and shape.
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Figure 4.2 displays the resulting scatter plot.

This data set has n = 10, 000 training samples with p = 10 features and equal class sizes. It
is normally distributed with class means equal to £1. The class 1 covariance matrix has entries
%}, = (0.5)7], and the class 2 covariance matrix has entries 37, = (—0.5)""7! The test data
was independently generated from the same class distributions and proportions, but it has only
n = 1,000 samples.

A modification of Quadratic Discriminant Analysis is well-suited to such data. The package

comes with a function QDA for such purposes.

test_pred <- QDA (TrainData = QDA_DataS$TrainData,

TrainCat = QDA DataS$TrainCat,
TestData = QDA_DataS$TestData,
Method = "Compressed")

mean (test_pred != QDA_DataS$TestCat)

[1] O

Compressed QDA gives perfect class prediction.
4.2.3 Quick Sparse Kernel Optimal Scoring Example

What happens if the data is not well-suited to either Linear or Quadratic Discriminant Analysis?
Moreover, what happens if, in addition to a non-linear decision boundary between classes, there
also appear to be variables which do not contribute to group separation?

For example, consider the KOS Data shown below.

data (KOS_Data)

par (mfrow = c(1,2))
plot (KOS_DataS$TrainDatal[, 2] ~K0OS_DataS$TrainDatal,1],
col = c("orange", "blue") [KOS_DataS$TrainCat],

pch = c("1","2") [KOS_DataS$TrainCat],

106



True Features

1.0

0.5
|
1)
NN
N NWN

00 05 10 15

Feature 4

Feature 2
5 0.0
| |
N Ry

~1.0
|
N
Ny,
NNB
NI\J
R
N
—IGQ‘?‘N)N
N
~1.0

Feature 1

Figure 4.3: Scatter plot of the KOS training data. Classes are distinguished by color and shape.

Only the first two features contribute to class separation.

xlab = "Feature 1",
ylab = "Feature 2",
main = "True Features")

Noise Features

Feature 3

plot (KOS_DataS$TrainDatal[, 4] ~KOS_DataS$TrainDatal, 3],

col = c("orange", "blue") [KOS_DataS$TrainCat],

pch = c("1","2") [KOS_Datas$TrainCat],

xlab = "Feature 3",
ylab = "Feature 4",
main = "Noise Features")

par (mfrow = c(1,1))

Figure 4.2 displays the resulting scatter plot.
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For this data set, neither LDA or QDA would suffice. The function KOS is the sparse kernel
optimal scoring algorithm presented in Section 2.4. It is particularly well-suited to such problems,

as can be seen from the following.

output <- KOS (TrainData = KOS_DataS$TrainData,

TrainCat KOS Data$TrainCat,

TestData KOS_Data$TestData)

print (outputS$SWeight)

[1] 1 1 0O
mean (output$Predictions != KOS_DataS$TestCat)
[1] O

plot (output$Dvec,

main = "Discriminant Vector Coefficients",
xlab = "Feature Index",
ylab = "Discriminant Coefficient Value")

Figure 4.4 displays the resulting plot of the discriminant vector coefficients.

The output Weight is how much weight the kernel classifier gives to each feature. The weight
values lie in [—1, 1], and zero weight means that the feature does not contribute to computing
the discriminant function. The KOS function correctly identifies that the first two features are
important for class separation, and gives them full weight. It also correctly identifies Features 3
and 4 as being “noise”, and it gives them zero weight.

The output Predictions are the predicted class labels for the test data. As we can see, KOS
has perfect classification.

The output Dvec are the coefficients of the kernel discriminant vector (2.3).
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Discriminant Vector Coefficients
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Figure 4.4: Plot of the Discriminant Vector Coefficients generated by the KOS function on the
KOS training data.
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4.3 Compressed Linear Discriminant Analysis

This Section provides a more in-depth treatment to the Linear Discriminant methods available
in biClassify.
There are five separate linear discriminant methods available through the LDA wrapper func-

tion:
1. Full Linear Discriminant Analysis, which is LDA trained on the full data [2, Section 11.5].
2. Compressed Linear Discriminant Analysis of Section 3.2.
3. Projected LDA of Section 3.4.1.

4. Subsampled LDA, where LDA is trained on data which is sub-sampled uniformly from both

classes.
5. Fast Random Fisher Discriminant Analysis of [62].

The individual methods are invoked by setting the Met hod argument. Let us first load the data

for convenience.

TrainData <- LDA_DataS$TrainData
TrainCat <- LDA_ DataSTrainCat
TestData <— LDA_DataS$TestData

TestCat <- LDA_DataS$TestCat

4.3.1 Full LDA

This method is the result of setting Method equal to "Full". This method is traditional
Linear Discriminant Analysis, as presented in [2, Section 11.5]. No additional parameters need to

be supplied, and the code will run as stated.

test_pred <- LDA(TrainData, TrainCat, TestData)

table (test_pred)
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test_pred
1 2

700 300

mean (test_pred != TestCat)

[1] O

The above code produces a list containing a vector of predicted class labels for TestData.
4.3.2 Compressed LDA

Compressed LDA seeks to solve the LDA problem on reduced-size data. The details of com-
pressed LDA are contained in Section 3.2. This method is the result of setting Met hod equal to
"Compressed". Compressed LDA reduces the group sample amounts from n; and ns to m;
and my respectively. It requires the parameters m1, m2, s.

The easiest way to run Compressed LDA is to set Mode to Aut omat ic and not worry about

supplying additional parameters.

test_pred <- LDA(TrainData, TrainCat, TestData,

Method = "Compressed", Mode = "Automatic")
table (test_pred)
test_pred
1 2
700 300
mean (test_pred != TestCat)
[1] O

Automatic is the default value for Mode, and so one could run

test_pred <- LDA(TrainData, TrainCat, TestData,
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Method = "Compressed")
table (test_pred)
test_pred
1 2

700 300

mean (test_pred != TestCat)

[1] O

and obtain the same output.
When Mode is setto Interactive, prompts will appear asking for the compression amounts

m1, Mo, and sparsity level s to be used in compression. The user will type in the amounts:

output <- LDA(TrainData, TrainCat, TestData,

Method = "Compressed", Mode = "Interactive")
"Please enter the number ml of group 1 compression samples: "700
"Please enter the number m2 of group 2 compression samples: "300
"Please enter sparsity level s used in compression: "0.01

and the output is produced.
If the user is interested in running simulation studies or has mastery over the functionality, they

may wish to provide all necessary parameters.

test_pred <- LDA(TrainData, TrainCat, TestData,
Method = "Compressed", Mode = "Research",

ml = 700, m2 = 300, s = 0.01)

table (test_pred)
test_pred

1 2
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700 300

mean (test_pred != TestCat)

[1] O

WARNING: The argument Mode will override any supplied parameters if its value is

Automatic or Research.
4.3.3 Sub-Sampled LDA

Sub-sampled LDA is trains LDA on data sub-sampled uniformly from both classes. To run
sub-sampled LDA, set Met hod equal to Subsampled. It requires the additional parameters m1
and m2.

The easiest way to run Compressed LDA is to set Mode to Automat ic and not worry about

supplying additional parameters.

test_pred <- LDA(TrainData, TrainCat, TestData,
Method = "Subsampled", Mode = "Automatic")

table (test_pred)

test_pred
1 2
700 300

Automatic is the default value for Mode, and so one could simply run

test_pred <- LDA(TrainData, TrainCat, TestData,
Method = "Subsampled")

table (test_pred)

test_pred
1 2
700 300

113



and obtain the same output.
When Mode is setto Interactive, prompts will appear asking for the sub-sample amounts

my1, me for each group to be used. The user will type in the amounts:

test_pred <- LDA(TrainData, TrainCat, TestData,

Method = "Subsampled", Mode = "Interactive")
"Please enter the number ml of group 1 sub-samples: "700
"Please enter the number m2 of group 2 sub-samples: "300

and the output is produced.
If the user is interested in running simulation studies or has mastery over the functionality, they

may wish to give the LDA function all parameters.

output <- LDA(TrainData, TrainCat, TestData,
Method = "Subsampled", Mode = "Research",

ml = 700, m2 = 300)

table (output)
output
1 2

700 300

mean (output != TestCat)

[1] O

WARNING: The argument Mode will override any supplied parameters if its value is
Automatic or Research.

4.3.4 Projected LDA

This method is the result of setting Method equal to "Projected". It is Projected LDA,

as presented in Section 3.4.1. Projected LDA creates the discriminant vector on compressed data

114



and then projects the full training data onto the discriminant vector. Projected LDA requires the
parameters m1, m2, s.
The easiest way to run Projected LDA is to set Mode to Automatic and not worry about

supplying additional parameters.

output <- LDA(TrainData, TrainCat, TestData,

Method = "Projected", Mode = "Automatic")
table (output)
output
1 2
700 300
mean (output != TestCat)
[1] O

Automatic is the default value for Mode, and so one could simply run

output <- LDA(TrainData, TrainCat, TestData,

Method = "Projected")
table (output)
output
1 2
700 300
mean (output != TestCat)
[1] O

and obtain the same output.
When Mode is setto Interactive, prompts will appear asking for the compression amounts

mi, Mo, and sparsity level s to be used in compression. The user will type in the amounts:
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output <- LDA(TrainData, TrainCat, TestData,

Method = "Projected", Mode = "Interactive")
"Please enter the number ml of group 1 compression samples: "700
"Please enter the number m2 of group 2 compression samples: "300
"Please enter sparsity level s used in compression: "0.01

and the output is produced.
If the user is interested in running simulation studies or has mastery over the functionality, they

may wish to give the LDA function all parameters.

test_pred <- LDA(TrainData, TrainCat, TestData,
Method = "Projected", Mode = "Research",

ml = 700, m2 = 300, s = 0.01)

table (test_pred)
test_pred
1 2

700 300

mean (output != TestCat)

[1] O

WARNING: The argument Mode will override any supplied parameters if its value is
Automatic or Research.
4.3.5 Fast Random Fisher Discriminant Analysis

This method is the result of setting Method equal to "fastRandomFisher". Itis the Fast
Random Fisher Discriminant Analysis algorithm, as presented in [62]. Fast Random Fisher creates
the discriminant vector on reduced sample amounts m, and then projects the full training data

onto the learned discriminant vector. The difference between Fast Random Fisher Discriminant

116



Analysis and Projected LDA is that Fast Random Fisher mixes the groups together when forming
the discriminant vector, but Projected LDA does not. Fast Random Fisher requires the parameters
m, and s.

The easiest way to run Fast Random Fisher is to set Mode to Aut omat ic and not worry about

supplying additional parameters.

test_pred <- LDA(TrainData, TrainCat, TestData,
Method = "fastRandomFisher", Mode = "Automatic")
table (test_pred)
test_pred
1 2

700 300

mean (test_pred != TestCat)

[1] O

Automatic is the default value for Mode, and so one could simply run

test_pred <- LDA(TrainData, TrainCat, TestData,

Method = "fastRandomFisher")
table (test_pred)
output
1 2
700 300
mean (test_pred != TestCat)
[1] O

and obtain the same output.
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When Mode is set to Interactive, prompts will appear asking for the total amount of
compressed samples m and sparsity level s to be used in compression. The user will type in the

amounts:

output <- LDA(TrainData, TrainCat, TestData,
Method = "fastRandomFisher", Mode = "Interactive")
"Please enter the number m of total compressed samples: "1000

"Please enter sparsity level s used in compression: "0.01

and the output is produced.
If the user is interested in running simulation studies or has mastery over the functionality, they

may wish to give the LDA function all parameters.

test_pred <- LDA(TrainData, TrainCat, TestData,

Method = "fastRandomFisher",
Mode = "Research", m = 1000, s = 0.01)
table (test_pred)
test_pred
1 2
700 300
mean (test_pred != TestCat)
[1]1 O

WARNING: The argument Mode will override any supplied parameters if its value is

Automatic or Research.
4.4 Compressed Quadratic Discriminant Analysis

This section provides a more in-depth treatment to the Linear Discriminant methods available

inbiClassify.
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There are three seperate quadratic discriminant methods avilable through the QDA wrapper

function:

1. Full Quadratic Discriminant Analyses, which is QDA trained on the full data [33, Section

4.3].
2. Compressed Linear Discriminant Analysis of Section 3.4.2.

3. Subsampled QDA, where QDA is trained on data which is sub-sampled uniformly from

both classes.

The individual methods are invoked by setting the Met hod argument. Let us first load the data

for notational convenience.

TrainData <—- QDA _DataS$TrainData
TrainCat <- QDA _Data$TrainCat
TestData <- QDA_DataSTestData

TestCat <- QDA _DataS$TestCat

4.4.1 Full QDA

This method is the result of setting Method equal to "Full". This method is traditional
Quadratic Discriminant Analysis, as presented in [33, Section 4.3]. No additional parameters need
to be supplied, and the code will run as stated. The function QDA produces predicted class labels

for TestData.

Predictions <- QDA (TrainData, TrainCat, TestData,

Method = "Full")

table (Predictions)

Predictions
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1 2

700 300

4.4.2 Compressed QDA

This method is the result of setting Met hod equal to "Compressed". Itis compressed QDA,
as presented in Section 3.4.2. Compressed QDA reduces the group sample amounts from 7, and
n9 to my and my respectively via compression and trains QDA on the reduced samples.

Compressed QDA requires the parameters m1, m2, s.

The easiest way to run Compressed QDA is to set Mode to Automatic and not worry about

supplying additional parameters.

output <- QDA (TrainData, TrainCat, TestData,
Method = "Compressed", Mode = "Automatic")

table (output)

output
1 2

700 300

Automatic is the default value for Mode, and so one could simply run

output <- QDA (TrainData, TrainCat, TestData,
Method = "Compressed")

table (output)

output
1 2

700 300

and obtain the same output.
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When Mode is setto Interactive, prompts will appear asking for the compression amounts

my, Mo, and sparsity level s to be used in compression. The user will type in the amounts:

output <- QDA (TrainData, TrainCat, TestData,

Method = "Compressed", Mode = "Interactive")

"Please enter the number ml of group 1 compression samples:

"Please enter the number m2 of group 2 compression samples:

"Please enter sparsity level s used in compression: "0.01

table (output)

output
1 2

700 300

and the output is produced.

"700

"300

If the user is interested in running simulation studies or has mastery over the functionality, they

may wish to give the QDA function all parameters.

output <- QDA (TrainData, TrainCat,

TestData, Method = "Compressed", Mode = "Research",

ml = 700, m2 = 300, s = 0.01)

table (output)

output

1 2

700 300
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4.4.3 Sub-Sampled QDA

Sub-sampled QDA is just QDA trained on data sub-sampled uniformly from both classes. To
run sub-sampled QDA, set Method equal to Subsampled. It requires the additional parameters
ml and m2.

The easiest way to run sub-sampled QDA is to set Mode to Aut omat ic and not worry about

supplying additional parameters.

output <- QDA (TrainData, TrainCat, TestData,
Method = "Subsampled", Mode = "Automatic")

table (output)

output
1 2

700 300

Automatic is the default value for Mode, and so one could simply run

output <- QDA (TrainData, TrainCat, TestData,
Method = "Subsampled")

table (output)

output
1 2

700 300

and obtain the same output.
When Mode is set to Interactive, prompts will appear asking for the sub-sample amounts

my, mo for each group to be used. The user will type in the amounts:

output <- QDA (TrainData, TrainCat, TestData,
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Method = "Subsampled", Mode = "Interactive")
"Please enter the number ml of group 1 sub-samples: "700

"Please enter the number m2 of group 2 sub-samples: "300

table (output)

output
1 2

700 300

and the output is produced.
If the user is interested in running simulation studies or has mastery over the functionality, they

may wish to give the QDA function all parameters.

output <- QDA (TrainData, TrainCat, TestData,
Method = "Subsampled", Mode = "Research",

ml = 700, m2 = 300)

table (output)

output
1 2

700 300

WARNING: The argument Mode will override any supplied parameters if its value is
Automatic or Research.
4.5 Sparse Kernel Optimal Scoring

This section presents the kernel optimal scoring method available in the biClassify pack-

age. Kernel optimal scoring is presented in Section 2.2.2. Sparse kernel optimal scoring finds the
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kernel discriminant coefficients o € R" of (2.3) and feature weights w € [—1, 1]7.

Let us load the data set used in kernel optimal scoring

TrainData <- KOS_DataS$TrainData
TrainCat <- KOS _Data$TrainCat
TestData <— KOS_DataS$TestData

TestCat <— KOS_DataS$TestCat

4.5.1 Parameter Selection

This subsection details how KOS selects the parameters o2, v, and .
The gaussian kernel parameter o is selected based on the {.05,.1,.2,.3,.5} quantiles of the

set of squared distances between the classes

{llz:, — 23, |13 : i, € C1, x4, € Ca}

The ridge parameter 7 is selected by adapting a kernel matrix shrinkage technique of [14] to the
setting of ridge regression. The sparsity parameter \ is selected using 5-fold cross-validation to
minimize the error rate over a grid of 20 equally-spaced values. More details of parameter selection
are contained in Section 2.5.

The function SelectParams implements these methods automatically.

SelectParams (TrainData, TrainCat)

$Sigma

[1] 0.7390306

SGamma

[1] 0.137591
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SLambda

[1] 0.02902946

If parameters are not supplied to KOS, the function first invokes SelectParams to generate any

missing parameters.
4.5.2 Hierarchical Parameters

Sparse kernel optimal scoring has three parameters: a Gaussian kernel parameter Sigma, a
ridge parameter Gamma, and a sparsity parameter Lambda. They have a hierarchical dependency,
in that Sigma influences Gamma, and both influence Lambda. The ordering is

Top Sigma

Middle Gamma

Bottom Lambda

When using either of the functions, the user is only allowed to specify parameter combinations
which adhere to the hierarchical ordering above. That is, they can only input parameters which go
from Top to Bottom. For example, they could specify both Sigma and Gamma, but leave Lambda
as the default NULL value. On the other hand, the user would not be allowed to specify only

Lambda while leaving Sigma and Gamma as their default NULL values.

SelectParams (TrainData, TrainCat, Sigma = 1, Gamma = 0.1)

S$Sigma

(11 1

SGamma

[1] 0.1

SLambda

[1] 0.01078724
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If the user supplies parameter values which violate the hierarchical ordering, the error message

Hierarchical order of parameters violated. will be returned

SelectParams (TrainData, TrainCat, Gamma = 0.1)

Error in SelectParams (TrainData, TrainCat, Gamma = 0.1)

Hierarchical order of parameters violated.

4.5.3 KOS

This package comes with an all-purpose function for running kernel optimal scoring.

Sigma <- 1.325386
Gamma <- 0.07531579

Lambda <- 0.002855275

output <- KOS (TestData, TrainData, TrainCat, Sigma = Sigma,
Gamma = Gamma, Lambda = Lambda)
print (output$SWeight)

[1] 1 10O

table (output$Predictions)

1 2

26 68
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5. CONCLUSIONS

Linear Discriminant Analysis is a common classification tool. However, it has several dis-
advantages. The first is that it underfits the data when the true decision boundary is non-linear.
Secondly, it uses all data features which constructing the classification rule, and thus can overfit
in the high-dimensional setting where not all features are important for class separation. Lastly,
Linear Discriminant Analysis is expensive to train on large sample data.

In this dissertation, we propose several adaptations of Linear Discriminant Analysis which
address the above limitations. In particular, Chapter 2 proposes a kernel discriminant classifier
with simultaneous sparse feature selection. Chapter 3 proposes a sample reduction scheme for
discriminant analysis based on compression using sparse random matrices. Chapter 4 presents an
R package ‘biClassify’ containing implements of the proposed methods.

Future directions for research could investigate how to effectively compute the compressed
kernel matrix presented in Chapter 3. An additional avenue of future research is investigating the

effects of compressing a data matrix in both the sample space and feature space.
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