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ABSTRACT

This dissertation consists of the two independent studies on statistical inference in high-
dimensional models. The first study considers high-dimensional linear model where the number of
predictors is greater than the sample size. The second study covers high-dimensional association
tests in genomics where the number of features exceeds the sample size.

In the first study, we develop a new method to estimate the projection direction in the debiased
Lasso estimator. The basic idea is to decompose the overall bias into two terms corresponding
to strong and weak signals respectively. We propose to estimate the projection direction by bal-
ancing the squared biases associated with the strong and weak signals as well as the variance of
the projection-based estimator. Standard quadratic programming solver can efficiently solve the
resulting optimization problem. In theory, we show that the unknown set of strong signals can be
consistently estimated and the projection-based estimator enjoys the asymptotic normality under
suitable assumptions. A slight modification of our procedure leads to an estimator with a poten-
tially smaller order of bias comparing to the original debiased Lasso. We further generalize our
method to conduct inference for a sparse linear combination of the regression coefficients. Numer-
ical studies demonstrate the advantage of the proposed approach concerning coverage accuracy
over some existing alternatives.

The second study presents a novel two-stage approach for more powerful confounder adjust-
ment in large-scale multiple testing to strike a balance between the Type I error and power. Specif-
ically, we use the unadjusted z-statistics to enrich signals in the first stage and then use the adjusted
z-statistics to remove the false signals due to confounders in the second stage. We develop a new
way of simultaneously choosing the two cutoffs in both steps. This is based on our estimates for
the false rejections by using nonparametric empirical Bayes approach. We show that our proposed
method provides asymptotic false discovery rate control and delivers more power than the tradi-
tional one-stage approach. Promising finite sample performance is demonstrated via simulations

and real data illustration in comparison with existing competitors.
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1. INTRODUCTION

This dissertation consists of the two independent studies on statistical inference in high-
dimensional models where the number of predictors (or features) exceeds the sample size. The
first study focus on high-dimensional linear model in Chapter 2. The second study considers high-
dimensional association tests in genomic association analysis in Chapter 3.

Chapter 2 : Projection-based Inference for High-dimensional Linear Models

Though the statistical properties of Lasso have been extensively studied, relatively little is
known about its statistical inference. It is a challenging problem because the Lasso does not have
a tractable asymptotic limit. To tackle this problem, the debiased Lasso is recently introduced in
the seminal works such as Zhang and Zhang (2014), van de Geer et al. (2014) and Javanmard
and Montanari (2014). Zhang and Zhang (2014) introduced the idea of regularized projection,
which is designed to remove the bias in the Lasso. The resulting debiased Lasso is shown to have
an asymptotic normal limit. However, its empirical performance often turns out to be relatively
unstable and can be very undesirable in some numerical experiments.

Chapter 2 is motivated by an attempt to more directly taking into account the bias term. As the
asymptotic normality depends on the bias term, the debiased Lasso would have performed well if
it had fully removed the bias term. However, the original debiased Lasso often showed the larger
bias for some finite samples. Also, it could be numerically observed that the bias term associated
with the strong signals contributes more to the overall bias.

The main contribution of the project is to propose an alternative way to find the projection
direction for the debiased Lasso estimator. Specifically, taking into account different contribution
of signal strengths to the overall bias, we formulate an optimization problem which appropriately
balances the squared biases associated with the strong and weak signals as well as the variance of
the projection-based estimator for efficiency. For a more adaptive estimation, we assign different
weights to the squared bias terms associated with the strong and weak signals in the objective

function. The resulting optimization problem can be cast into a quadratic programming problem



which can be efficiently solved using a standard quadratic programming solver.

For the method to be self-contained, we further address the following two points: (1) the esti-
mation of the set of strong signals and (2) the selection of the weights to the squared bias terms.
For (1), we develop a new method to obtain a surrogate set, which is shown to estimate the set
of strong signals consistently. For (2), we employ the residual bootstrap approach to estimate the
coverage probabilities associated with different choices of weights and select the one that delivers
the shortest interval width while ensuring that the bootstrap estimate of the coverage probability is
close to the nominal level.

In theory, under suitable assumptions, we show that the newly obtained projection-based es-
timator enjoys the asymptotic normality. Also, a slight modification of our procedure leads to an
estimator with a potentially smaller order of bias compared to the original debiased Lasso. We
further generalize our method to conduct statistical inference for a sparse linear combination of the
regression coefficients under a suitable assumption on a loading vector. By extensive simulations,
it could be verified that the proposed approach shows promising performance and smaller bias than
some alternatives do.

Chapter 3 : Two-Stage Large-Scale Multiple Testing with Confounding Factors

In genome-wide association studies, it is important to identify genomic features that are asso-
ciated with a variable of interest such as disease status. However, due to the constraint of clinical
sample collection, potential confounding factors exist. While failing to adjust for confounding fac-
tors may lead to inflated type I error, adjustment for confounding effects can exacerbate the already
low statistical power in genome-scale association tests.

Thus, to strike a balance between type I error and power, we propose a novel two-stage ap-
proach for more powerful confounder adjustment in large-scale multiple testing. Given m features

and thresholds ¢1, %, > 0, the two-stage procedure can be described as follows:
Step 1. Use the unadjusted statistics to determine a preliminary set of features D; =
{1<i<m:|Z7]| >4},
Step 2. Reject the null hypothesis for the i-th feature Hy; when |Z{}| > t, and i € D;. As a
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result, the final set of discoveries is given by D, = {1 <i<m:|ZY| >t,|Z3 > tg},

where ZU, Z# denote the unadjusted and adjusted z-statistics associated with the i-th feature,
respectively. In the first step, we try to enrich the signals by using the unadjusted statistics. In the
second step, we then remove the false signals due to confounders and try to control the FDR at the
desired level. Since we use a more lenient p-value cutoff in the second step due to a much less
multiple testing burden, the two-stage procedure achieves a way better power than the commonly
used adjusted procedure. We also propose an approach of simultaneously selecting both cutoffs.
Specifically, the thresholds are chosen to control the estimate for the FDR while maximizing the
number of rejections.

The main difficulty here is to estimate the expected number of false rejections, which depends
on the effects of the confounding factors on each feature. As the number of features could be
in the thousands, it thus requires estimating a large number of nuisance parameters. To tackle
this difficulty, we adopt an empirical Bayes approach by assuming that the nuisance parameters
are generated from a common prior distribution, which allows us to express the expected number
of false rejections as a functional of the prior distribution. Therefore, we can translate the task
into estimating the prior distribution instead of direct estimation of a large number of nuisance
parameters. The prior distribution is estimated via the general maximum likelihood empirical
Bayes estimation, as in Jiang and Zhang (2009) and Koenker and Mizera (2014), which can be cast
into a convex optimization problem. Under suitable assumptions, we show that our estimate for the
expected number of false rejections is consistent, and the proposed method provides asymptotic
FDR control. Through extensive numerical studies, we demonstrate that the recommended two-

stage procedure outperforms the commonly used approaches in a wide range of settings.



2. PROJECTION-BASED INFERENCE FOR HIGH-DIMENSIONAL LINEAR MODELS

2.1 Introduction

Uncertainty quantification after model selection has been an active field of research in statistics
for the past few years. The problem is challenging as the Lasso type estimator does not admit a
tractable asymptotic limit due to its non-continuity at zero. Standard bootstrap and subsampling
techniques cannot capture such non-continuity and thus fail for the Lasso estimator even in the low-
dimensional regime. Several attempts have been made in the recent literature to tackle this chal-
lenge. For example, (Multi) sample-splitting and subsequent statistical inference procedures have
been developed in Wasserman and Roeder (2009) and Meinshausen et al. (2009). Meinshausen
and Biihlmann (2010) proposed the so-called stability selection method based on subsampling in
combination with selection algorithms. Chatterjee and Lahiri (2011, 2013) have considered the
bootstrap methods that can provide valid approximation to the limiting distributions of the Lasso
and adaptive Lasso estimators, respectively.

For statistical inference after model selection, Berk et al. (2013) developed a post-selection in-
ference procedure by reducing the problem to one of simultaneous inference. Lockhart et al. (2014)
constructed a statistic from the Lasso solution path and showed that it converges to a standard ex-
ponential distribution. To account for the effects of the selection, Lee et al. (2016) developed an
exact post-selection inference procedure by characterizing the distribution of a post-selection es-
timator conditioned on the selection event. By leveraging the same core of statistical framework,
Tibshirani et al. (2016) proposed a general scheme to derive post-selection hypothesis tests at any
step of forward stepwise and least angle regression, or any step along the Lasso regularization
path. Barber and Candes (2015) proposed an inferential procedure by adding knockoff variables
to create certain symmetry among the original variables and their knockoff copies. By exploring
such symmetry, they showed that the method provides finite sample false discovery rate control.

The knockoff procedure has been extended to the high dimensional linear model in Barber and



Candes (2019) and the settings in which the conditional distribution of the response is completely
unknown in Candes et al. (2018).

Along with a different line that is more closely related to the current work, Zhang and Zhang
(2014) first introduced the idea of regularized projection, which has been further explored and
extended in van de Geer et al. (2014) and Javanmard and Montanari (2014). The common idea
is to find a projection direction designed to remove the bias term in the Lasso estimator. The
resulting debiased Lasso estimator which is no longer sparse was shown to admit an asymptotic
normal limit. To find the projection direction, the nodewise Lasso regression by Meinshausen and
Biihlmann (2006) was adopted in both Zhang and Zhang (2014) and van de Geer et al. (2014),
while Javanmard and Montanari (2014) considered a convex optimization problem to approximate
the precision matrix of the design. Zhang and Cheng (2017) and Dezeure et al. (2017) proposed
boostrap-assisted procedures to conduct simultaneous inference based on the debiased Lasso es-
timators. Belloni et al. (2014) developed a two-stage procedure with the so-called post-double-
selection as first and least squares estimation as second stage. Ning and Liu (2017) proposed
a decorrelated score test in a likelihood based framework. Zhu and Bradic (2018a,b) developed
projection-based methods that are robust to the lack of sparsity in the model parameter. More re-
cent advances along this direction include Neykov et al. (2018) and Chang et al. (2019). Focusing
on the theoretical aspects of debiased Lasso, Javanmard and Montanari (2018) studied the opti-
mal sample size for debiased Lasso and Cai and Guo (2017) showed that the debiased estimator
achieves the minimax rate. Although the methodology and theory for the debiased Lasso estimator
are elegant, its empirical performance could be undesirable. For instance, the average coverage
rate for active variables could be far lower than the nominal levels in finite sample [see, e.g., van
de Geer et al. (2014)].

A natural question to ask is whether there exist alternative projection directions that can im-
prove the finite sample performance in the original debiased Lasso estimator. In this paper, we
propose a new method to estimate the projection direction and construct a novel Bias Reducing

Projection (BRP) estimator, which is designed to further reduce the bias of the original debiased



Lasso estimator. Different from the nodewise Lasso adopted in both Zhang and Zhang (2014) and
van de Geer et al. (2014), we propose a direct approach to estimate the projection direction. Our
method is related to the procedure in Javanmard and Montanari (2014) but differs in the following
aspects. (i) We formulate a different objective function which appropriately balances the squared
bias and the variance of the BRP estimator; (ii) We decompose the bias term into two parts accord-
ing to a preliminary estimate of the signal strength: one associated with the strong signals and the
other one related to the weak signals and noise; (iii) We develop new methods to estimate the set
of strong signals and to select the tuning parameters involved in the objective function.

Our approach relies crucially on the following observation in finite sample: the bias term as-
sociated with the strong signals contributes more to the overall bias. Motivated by this fact, we
estimate the projection direction by minimizing an objective function that assigns different weights
to the squared bias terms associated with the strong and weak signals. The set of strong signals
is unknown but can be consistently estimated based on a preliminary debiased Lasso estimator.
The resulting optimization problem can be cast into a quadratic programming problem which can
be efficiently solved using a standard quadratic programming solver. We use residual bootstrap to
estimate the coverage probabilities associated with different choices of weights and select the one
that delivers the shortest interval width while ensuring that the bootstrap estimate of the coverage
probability is close to the nominal level.

In theory, we show that the unknown set of strong signals can be consistently estimated by a
surrogate set based on a preliminary projection-based Lasso estimator, where the projection direc-
tion is obtained using a novel formulation. The BRP estimator is shown to enjoy the asymptotic
normality under suitable assumptions. As one of the main contributions, we prove that a slight
modification of our BRP estimator leads to an estimator with a potentially smaller order of bias
comparing to the original debiased Lasso. We further generalize our BRP estimator to conduct
statistical inference for a sparse linear combination of the regression coefficients under suitable
assumptions on a loading vector. We demonstrate the usefulness of the proposed approach by

comparing it with the state-of-the-art approaches in simulations.



The rest of Chapter 2 is organized as follows. We introduce the projection-based estimator and
develop a new formulation to find the projection direction in Section 2.2. We propose a method
to estimate the set of strong signals and show its consistency in Section 2.3.1. We establish the
asymptotic normality of the BRP estimator in Section 2.3.2 and the modified BRP estimator which
could result in a potentially smaller order of bias compared to the original debiased Lasso is pro-
posed in Section 2.3.3. Section 2.4 generalizes the method to conduct inference for a sparse linear
combination of the regression coefficients. In Section 2.5, we discuss several details about the
implementation of our new method including a bootstrap-assisted procedure for choosing the tun-
ing parameters. Section 2.6 presents some numerical results. Technical details and additional
numerical results are gathered in Section A.1 and A.2, respectively.

Throughout Chapter 2, we use the following notations: For a matrix A € R?*? and two sets
I,J Cd :={1,2,...,d}, denote by A; ; (A_; _) the submatrix of A with (without) the rows
in I and columns in J. Write Ajg _; = A_;. Similarly for a vector a € RY, write a; (a_j) the
subvector of a with (without) the components in /. Let ||a||, with 0 < ¢ < oo be the [, norm of a
and write ||a|| = ||a||2. For two sets S1, Sa, let S; \ Sa be the set of elements in S; but not in S,.
Denote by |S;| the cardinality of S;. For a square matrix A, let A\, (A) and A\, (A) be its largest
and smallest eigenvalues respectively. Define ||A| = ||Allop = Sup,csa—1 ||Aal| as the operator
norm of A, where S¢~! is the unit sphere in R?. The sub-gaussian norm of a random variable
X which we denote by || X ||y, is defined as || X||y, = sup,; ¢ /*(E|X|?)"/?. For a random
vector X € RY its sub-gaussian norm can be defined as || X||y, = sup,cga-1 ||a’ X||y,. The
sub-exponential norm of a random variable X which we denote by ||.X||,;, is defined as || X||,, =
SUPg>1 ¢ '(E|X|?)"9. For a random vector X € R, its sub-exponential norm can be defined as
| X4, = Supgesa-1 |la” X ||y, Let (M, p) be a metric space and let £ > 0. A subset N of M is
called an e-net of M if every point z € M can be approximated within & by some point y € N,

i.e., p(x,y) < e. The minimal cardinality of an e-net of M is called the covering number of M.



2.2 Projection-based estimator

To illustrate the idea, we shall focus on the high-dimensional linear model:
Y =X +¢, (2.1)

where Y = (y1,...,y,)" € R™*!is the response vector, X = (X1,..., X,) € R"*? is the design
matrix, 3 = (81,...,8,)" € RP*1is the vector of unknown regression coefficients with || 3]|o = o

and € = (e1,...,€,)" is the vector of independent errors with the common variance o2
2.2.1 Motivation

Suppose we are interested in conducting inference for a single regression coefficient 3; for

1 <5 < p. We first rewrite model (2.1) as
n; = Y — X—jﬁ—j = Xjﬁj + €. (22)

If the value of 7); is known, the problem would reduce to the inference about 3; in a simple linear
regression model. As 7); is not directly observable, a natural idea is to replace 7n; by a suitable

estimator defined as

~

=Y =X B =X;8+e+ X (B, By), 23)

where B is a preliminary estimator for 5. Here (2.3) is an approximation to (2.2) with the extra
term X_;(5_; — B_j) due to the estimation effect by replacing 5_; with B_j. In this paper, we

focus on the Lasso estimator given by

A

.1 3 3
[ = argmin {%HY — Xp|I” + AHﬁHI}

BeRP

whose properties have now been well understood [see e.g. Biithlmann and van de Geer (2011);

Hastie et al. (2015)]. We also try the alternative Lasso formulation without penalizing 3; in our



numerical studies and find that it does not improve the finite sample performance. Now given a
projection vector v; = (vj1,...,0;,)" € R™ such that v X; = n, we define the projection-

based estimator for j3; as

1 -+, 1
5]' (’Uj) = EUJTT]J‘ = ﬂj + E’UJTE + R(’Uj, ﬁ_]’), (24)

where R(v;, 3_;) =n"'v] X_;(f_; — (3_;) is the bias term caused by the estimation effect. (2.4)

implies that

Vi(Bi(v;) — B;) = %%-TE + VnR(vy, B-;).

To ensure that Bj(vj) has asymptotically tractable limiting distribution, we require the bias term
VnR(vj, —;) to be dominated by the leading term n~Y ijTe, which converges to a normal
limit under suitable assumptions. In other words, the bias term \/nR(v;, 3_;) controls the non-
Gaussianity of Bj (vj). A practical challenge here is that the bias \/nR(v;, f—;) can be hardly

estimated directly from the data. It is common in the literature to replace |\/nR(v;, 5_;)| by a

conservative estimator using the [, — [, bound, i.e.,

IVR(B—; = Bl lIn v Xl o (2.5)

See Zhang and Zhang (2014), van de Geer et al. (2014), Javanmard and Montanari (2014). We

note that the variance of n~'/2

v/ € is equal to o®n~"|jv;]|*. To achieve efficiency, we shall also
try to minimize o*n~!||v;||* given that the bias \/nR(vj, 3_;) is properly controlled. Because the
first term in (2.5) is independent of v;, we can seek a projection direction to minimize a linear

combination of [[n~'v] X_;||2, and the variance o*n""||v;||>. However, the [; — [, bound on the

whole bias term could be conservative as it does not take into account the specific form of the bias



term. We note that the bias term can be written as

VnR(v;, B-) \/—Z TXk Bk)

k#j

Z v] X (B — Br) + \/— Z 0] X (B — Br) (2.6)

k68<1)( ) kes® (v)

:\/ER( (UJ> )_'_\/_R (Ujv )7

where S](l)(z/) =8(v)\{j} and Sj@) (v) == S()%\ {5} denote the index sets (except ;) associated
with the strong and weak signals respectively for S(v) := {k : [8x| > v} and both R)(v;, 8—;)
and R2)(v;, B—;) are defined accordingly. Here v is a threshold that separates the coefficients into
two-groups namely the group with strong signals and the group with weak or zero signal. For
example, one can set v = CO\/W for some large enough constant ¢y, which is the minimax
rate for support recovery.

The formulation (2.6) using the decomposition associated with signal strengths can be em-
prically motivated. Specifically, it generally provides a smaller bias than the one without such
decomposition with the simulated data. Figure 2.1 illustrates one such representative case where
we make a comparison of the biases for projection vectors calculated based on two different meth-
ods: the one solves (2.8) by using the estimated set of strong signals as in Section 2.3.1 (denoted
by “With Decomposition™) and the other one solves the same problem but with .Aél) = () (denoted
by “Without Decomposition”). It can be seen that “With Decomposition” shows a smaller bias

than “Without Decomposition.” Similar results could be observed in various simulation settings.
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Overall Bias with and without decomposition

bias

With Decomposition Without Decomposition
formulation

Figure 2.1: Boxplots of the absolute values of the normalized bias terms defined in (2.25) by
“With Decomposition" and “Without Decomposition.” The non-zero j3;’s are independently gen-
erated from U(0,4) with s = 10. All the simulation settings are the same as the case with the
Toeplitz covariance structure and standard normal error in Section 2.6. The results are based on
100 simulation runs.

2.2.2 A new projection direction

In this subsection, we propose a novel formulation to find the projection direction. When
|S§1)(V)| < n, we have the freedom to choose v; to make the term ||n~'v X SO ) || arbitrarily
small. In fact, we can always choose v; such that it is orthogonal to all X, with k& € S](-l)(l/). The
basic idea here is to find a projection direction v; such that it is “more orthogonal" to the space
spanned by { X}, _ 50() 3 compared to the space spanned by {Xj}, _ sP0)" With this intuition

in our mind and the goal to balance the squared bias with the variance, we formulate the following

11



optimization problem

min [y max |n~ UTXk|2+72 max |n~ vTX 1>+ o’n v, |,
vj kest (v) kes? (v)

st. v X;=n, (2.7)

where 71,2 > 0 are tuning parameters which control the trade-off between the squared bias and

the variance. The term 7, max § Xil? (72 max |n v X,|?) corresponds to

kest™ (v) In~tv kes? (v

the {; — [ bound for R(1 (R(Q)) By introducing two ancillary variables u;1, u;2, (2.7) can be cast
into the following quadratic programming problem

min (717@1 + ’72u§2 + 02”_1””]’”2)7
Uj1,Uj2,V5

S.t. vaXj =n,
—uj < n_lvaXk <wuj, ke S](-l)(y),

— Ujp < n_lvaXk <wj, ke S](-2)(1/),

which can be solved efficiently using existing quadratic programming solver.
The set S](l)(y) is generally unknown and needs to be replaced by a surrogate set .,45-1) with
|A§-1) | < n.InSection 2.3.1, we describe a method to select A;l) based on a preliminary projection-

based estimators. We show that Ag.l) converges asymptotically to a nonrandom limit, i.e.,

for a nonrandom subset B](.l) of [p]. We remark that Bj(l) does not need to agree with 8;1)(1/) for
our procedure to be valid. To ensure that the remainder term is negligible, the theoretical analysis
in Section 2.3.2 suggests that 7; and 7, should both be of the order O (o*n/log p). Combining

the above discussions, we now state the optimization problem for obtaining the optimal projection

12



direction

n n
min C)——u2, + Co—u2, +n w12 ),
Uj1,U52,0; ( llogp il Zlng j2 | ]H

T
s.t. v Xj =n, 2.8)
— Uj S TL_IUJTXk S Uj1, k € ./45-1),

— Uj2 S n_lvaXk S Uj2, k € ./45-2),

C
where A;Q) = (A;”) \{j} and C}, Cy > 0 are tuning parameters whose choice will be discussed

in Section 2.5.1.

Remark 2.1. A related method is the refitted Lasso by Liu and Yu (2013). The idea is to refit the
model selected by the Lasso and conduct inference based on the refitted least squares estimator.
Such an estimator fits into the framework of the projection-based estimators. To see this, let S be
the set of active variables selected by the Lasso and note that Bk =0fork ¢ S. For each J € S,
let w; be the projection of X; onto the orthogonal space of X S\ Then the refitted least squares
estimator is given by w, (Y — X_; B ;)/ (] X;). Ttis easy to see that the bias for the refitted least
squares estimator is proportional to » ks ijX Ok, which disappears when the selected model
contains all significant variables. However, when the model selection consistency fails, such a

procedure is no longer valid due to the nonnegligible bias.

2.3 Methodology
2.3.1 Surrogate set

We describe a procedure to estimate the set of strong signals based on a preliminary projection-
based estimator. It should be noted that the estimator here is different from the original debiased
Lasso because it is based on the novel formulation (2.8). Specifically, for some 7 > 0, we define

our estimate for the set of strong signals as

A(r) :={l:|T)| > \/7logp} where T, = _VnBi(@) (2.9)

o1 /2 ][]
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where & is an estimator of the noise level o and 3, (7;) is a projection-based estimator with ¢; being

the solution to the following optimization problem

. n _
min (Co ulz +n 1||Uz||2> )
ug,v log p

s.it. v X; =, (2.10)

—u < n_lvlTXk <w, k#L

In practice, both Cjy and 7 need to be appropriately chosen. The details for the selection are
discussed in Section 2.5.2. Note that (2.10) is a special case of (2.8) when we have no knowledge

about the set of strong signals, that is, .Al(l) = (). We define the surrogate sets to be
My . : @)y .— C\
A (r) =AM\ {7} A7) = A"\ {it (2.11)
Throughout the paper, we consider the variance estimator
o1 A2
6* =~y = Xp| (2.12)

which appears to outperform an alternative estimator || — X3|[2/(n — ||3||o) studied in Reid et
al. (2016), see Figure A.11 in the supplementary material for a comparison. Before presenting the

main result of this subsection, we introduce some assumptions.

Assumption 2.1. There exist a set B C [p| ={1,2,...,p} and 0 < dy < d; such that

max Ol < V/dylogp,

legt o
Ilniél Ok > \/dy logp.
€ o

Assumption 2.2. The error € is a mean-zero sub-gaussian random vector with the sub-gaussian

norm Ke.



Assumption 2.3. The preliminary estimator satisfies that

V|8 = Bl = Op(s0y/10g(p)).

Assumption 2.4. The variance estimator G2 is consistent in the sense that /o % 1.

Assumption 2.5. Suppose the design matrix X € R"*P has i.i.d. rows with zero population mean

and covariance matrix 3 = (X; ;); ;_,. Assume that

1. max; X;; < oo,

2. Amin(X2) > Apin > 0;

3. The rows of X are sub-gaussian with the sub-gaussian norm x < oQ.
Assumption 2.6. n,p and s satisfy the rate condition sologp/+/n = o(1).

Assumption 2.1 allows the strengths of strong and weak signals to be the same order and thus is
much weaker than the “beta-min” condition which requires the weak signals to be of smaller order.
Assumptions 2.3 and 2.4 are satisfied for the Lasso estimator and the variance estimator ¢ in (2.12)
under suitable regularity conditions [Bithimann and van de Geer (2011)]. Assumptions 2.2 and 2.5
require the error and design to be sub-gaussian. Similar assumptions have been made in van de
Geer et al. (2014). Like Javanmard and Montanari (2014), the validity of our method does not
rely on the sparsity of the precision matrix of the design, which is required in the nodewise Lasso
regression for the original debiased Lasso. In view of Cai and Guo (2017), the rate condition in
Assumption 2.6 cannot be relaxed without extra information. Zhu and Bradic (2018a,b) proposed
testing procedures in high-dimensional linear models which impose much weaker restrictions on
model sparsity or the loading vector representing the hypothesis. However, their methods require
certain auxiliary sparse models, which are not needed for our procedure.

Define ) _; = %;; — %; ;X°}_%_;; and koj = 2 <1 + ,/A;}nzj,j) k2for1 < j <p.

The following proposition shows that the surrogate set A;l) (7) with a properly chosen 7 converges
o B\ {j}.
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Proposition 2.1. Define A;l)(r) and .AE-Q) (1) as in (2.11) and let ¢, be the solution to (2.10) for

[ # j. Suppose dy, d; and T satisfy

o2
32ek?

(\/;— dg InlaXElJ)z >1

and \/d;/M — /7 > 0 where

2 -1
: .11
= (i =) (200 (12 57 ““2)

Then under Assumptions 2.1-2.6, we have

P <max |T;| < \/TIng> — 1,

(2)
leB].

P (min |T;| > \/Tlogp> — 1,

1)
leB;

C
where Bj(l) .= B\ {j} and BJ(?) — <BJ(.1)> \ {j}. As a consequence, P <A§1)(T) = B](l)) — L

Remark 2.2. As shown in Proposition 2.1, the surrogate set in (2.11) has an asymptotic (nonran-
dom) limit, which implies that the projection direction obtained in (2.8) is asymptotically inde-
pendent of the random error €. This fact is useful in the proof of Theorem 2.1 later. To ensure
the independence between the projection direction and the random error, we can also employ the
sample splitting strategy, i.e., we split the samples into two subsamples, estimate the set of strong
signals based on the first subsample and construct the projection-based estimator based on another
subsample. As we use all samples in building the projection-based estimator, our method is more

efficient than the sample splitting strategy.

Remark 2.3. When dy = 0, B coincides with the support of 3. Proposition 2.1 suggests that one

can consistently recover the support of 3 by thresholding the projection-based estimator.
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2.3.2 Bias reducing projection (BRP) estimator

In this subsection, we introduce the bias reducing projection (BRP) estimator and study its
asymptotic behavior. Let v; be the solution to (2.8) based the surrogate sets in (2.11). Then the

BRP estimator j3;(#;) is defined as

- 1 1. 1+ .
B(05) = v = —0; (¥ = X;5-).
In the following, we introduce the two asymptotic results depending on whether the surrogate set is

estimated from the same data set used to find the projection direction. We first state the following

theorem on the asymptotic normality when the surrogate set is estimated via (2.11).

Theorem 2.1. Denote by ©; the solution to (2.8) with A§1)(7) and A§-2) (7) in (2.11). Suppose the

assumptions in Proposition 2.1 hold and further assume that for some § > 0,

15ll246 = 0a.s.([[5;1])- (2.13)

Then we have

Jn (Bj@j) - ﬁj) 4 N(0,1). (2.14)

o2

Thus an asymptotic 100(1 — a)% confidence interval for j; is given by

Cl(l1—a)= {b cR: V(B (@;) = b)

o124

< Zla/z} : (2.15)

where z1_,/7 is the 1 — a/2 quantile of N (0, 1).

(2.13) is a Lyapunov type condition which implies the central limit theorem. This type of
assumption regarding the projection direction has also been imposed in Dezeure et al. (2017). It
can be dropped under the Gaussian assumption on the errors. If the surrogate set is chosen based
on prior knowledge or estimated from an independent data set (e.g., based on sample splitting),

then Assumptions 2.1-2.2 can be relaxed and we have the following result.
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Corollary 2.1. Suppose the surrogate set .Ag-l) is independent of the data. Under Assumptions
2.3-2.6 and further assuming that for some § > 0, E[|¢;|*™°] < oo and ||9;||21s = 0a.s.(]|7;]|), then

(2.14) still holds.

2.3.3 Modified bias reducing projection (MBRP) estimator

We introduce a modified bias reducing projection (MBRP) estimator which is motivated by
Proposition 2.1 and the refitted Lasso idea. This new estimator would lead to a potentially smaller
order of bias compared to that of the original debiased Lasso estimator under suitable assumptions
as shown in Proposition 2.2. Thus, it is expected to provide better empirical coverage probability.
See more details in Section 2.6. To motivate the MBRP estimator, we note that the bias associated

with the BRP estimator based on some estimator B for 3 can be written as

VnR(v;, B_;) = % ZUJ-TXk(Bk — Br)

ket
1 T 3 ]' T 2
= v; Xp(Br — Br) + — v Xi(Br — Br)
keBS keB;

where B](-l), Bj@) are the same as in Proposition 2.1. When \BJ(.U\ < n, we can always require v; to
be exactly orthogonal to XB;”' So, the bias associated with the set of strong signals becomes zero.
Thus it suffices to control the bias term associated with Bj@) by properly choosing v; and /3, which
will be clarified below.

To find the projection direction for the MBRP estimator, we consider the optimization problem

: no 9 11, 1|2
min (021ogp“ﬂ+" oyl )

st.ov] X = ,
Vi (2.16)

n_lvaXk =0, ke A;-l),

— Ujp < n_lvaXk <wuj, ke A;-z).

Different from (2.8), we require the projection direction to be orthogonal to the column space of
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X, 1n (2.16). Instead of using the Lasso estimator B we shall adopt the refitted least squares

)
'Aj

estimator (3 as our preliminary estimator, i.e.,

1 - 3
B 4o = argmin %HY ~ X wblIl’, By =0. (2.17)
J B J J

The MBRP estimator is then defined as

N 1 . 1
Bi(0;) = =0, (Y = X_;8_;) = B; + 5?7;6 + R(vj, B-5) (2.18)

n

where R(v;, _;) = n~'v] X_;(6-; — 3_;) and v; is the solution to problem (2.16). The MBRP
estimator can be viewed as an intermediate estimator between the refitted Lasso and the BRP
estimator based on (2.8). While (2.16) is a variant of (2.8) seeking for a projection direction that is

exactly orthogonal to the column space of X the modified procedure uses the refitted estimator

for [ as the refitted Lasso does as noted in Remark 2.1.
We argue that the bias term \/nR(9;, —;) which controls non-Gaussianity could have a potne-

tially smaller order compared to that of the original debiased Lasso estimator in the following.

Proposition 2.2. Denote by v; the solution to (2.16) with .Ag-l)(r) and A§2)(7) defined in (2.11).
Let /3 be the refitted least square estimator in (2.17). Conditional on the event {Af) = Bj(?)}, we

have

1
VAR, 6-)] < O, (Jd_ouﬁgfmo%) 2.19)

under Assumptions 1 and 5. If we further assume that

Vol|Bgeo [lo = o(s0). (2.20)

the bias /nR(7;, 5_;) is asymptotically negligible with smaller order than that of the original

debiased Lasso given by O,(sq log p/y/n).

In particular, (2.20) holds if dy = o(1) and d; = O(1), i.e., the strength of weak signals is
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of smaller order compared to the strong signals. It is more stringent than Assumption 2.1 where
the magnitudes of the set of strong signals and weak signals are allowed to be of the same order.
However, it should be mentioned that Proposition 2.2 is not necessary for the asymptotic normality
in Corollary 2.2 to be achieved. The following result shows the asymptotic normality of (2.18)

which can be proved by using similar arguments as those for Theorem 2.1.

Corollary 2.2. Under the assumptions in Theorem 2.1, we have

NG (5;’@‘) - ﬁj) 2 N(0,1),

on=12|v;
where (3;(7;) is defined in (2.18) and @, is the solution to (2.16).

2.4 Inference on a sparse linear combination of parameters

In some applications, one may be interested in conducting inference on a'/3 for a (sparse)
loading vector a = (ay, ..., a,)" € RP with |jallp = s < n. Denote by S = S(a) = {1 <j<p:
a; # 0} the support set of a. Our method can be generalized to construct estimator and conduct

inference for a' 3 = a/ 3. Recall that B is the preliminary estimator of 3. Define
ns =Y —X_gf_5=Xgfs+ ¢
and
s =Y — X_gB_s = Xsfs + €+ X_s(B_s — Bs).

. Ta 1, T T
We construct an estimator for a ' in the form of n~'v, g, where v, = (vVg1,...,0.,) is a

projection direction such that n~1v, f)s has tractable asymptotic limit. Notice that

n~wlhs =n ") Xgfs +n v e +n o] X s(Bg — Bs)

=alBs+ (n ') Xg —ag)Bs +n"tv, e +ntu] X (g — B_s).
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Under the equality constraint that n~'v) Xg — al = 0 and by rearranging the above terms, we

have

\/ﬁ(n’lvgﬁs — agﬁs) = n’l/Qv;re +vnR(v,, B_s), (2.21)

where R(v,,_s) = n" o) X_g(B_g — B_S). Similar to (2.6), the bias term can be decomposed
into two parts corresponding to different strengths of the signals. Let Ag) be the surrogate set
for the set of strong signals (excluding the elements in S), which can be obtained in a similar
way as described in Section 2.3.1. Following the derivations in Section 2.2, we can formulate the
following optimization problem to find v,
min (C’liuzl + C2LU32 + n_1||Ua||2) )
Ua1,Ua2,Va log p log p

s.t. v Xg = nal,

a s S (2.22)

— g <) Xy <ug, k€ A,(S'1)7

— gy <) Xy S g, k€ «4(52)7

C
where A(SQ) = (.A(Sl) U S) . Denote by (i1, a2, U4 ) the solution to (2.22). Our estimator for ' 3

is thus given by n =19 fjs whose asymptotic normality is established in the following theorem.

Theorem 2.2. With |jal]l¢ = s < n, suppose the assumptions in Proposition 2.1 hold and
|1Tal|2+6 = Oas.(||7a]|) for some 6 > 0. Then, we have

Vi (n'o) s —a' B)

on1/2| vl

4 N(0,1). (2.23)

Thus an asymptotic 100(1 — )% confidence interval for a ' 3 is given by

< Zl—a/?} ’

Vi (n~'9, s — b)

o3| 0|

CI(l—a):{bER:

where 2,_,/2 is the 1 — /2 quantile of N(0,1).
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We mention some existing works for inference on linear combinations of 5. When the spar-
sity level s is known, Cai and Guo (2017) obtained the minimax expected length of confidence
intervals for a' 3 in both the sparse and dense loading regions. They further showed that without
the knowledge of sy, rate-optimal adaptation in the sparse loading regime is only possible under
Assumption 2.6 and in the dense loading regime, adaptation to sq is impossible. In Zhu and Bradic
(2018Db), the authors proposed a test for linear hypothesis, which does not impose restriction on
model sparsity or the loading vector representing the hypothesis. Nevertheless, compared to our
method, the method by Zhu and Bradic (2018b) requires an additional sparse model to account for
the dependence between the so-called synthesized feature and the stabilized feature.

Parallel to Corollary 2.1, if the surrogate set is estimated based on prior information or an
independent data set, Assumptions 2.1-2.2 can be dropped and the asymptotic normality can be

established as follows.

Corollary 2.3. Suppose the surrogate set AE-I) is independent of the data. Under Assumptions
2.3-2.6 and further assuming that for some § > 0, E||¢;|*™] < oo and || ||216 = 0a.s.(||Tal|), then

(2.23) still holds.
2.5 Implementation details

2.5.1 Selecting the tuning parameters

Bootstrap for debiased Lasso has been recently studied in both Zhang and Cheng (2017) and
Dezeure et al. (2017) to approximate the sampling distribution of the debiased Lasso estimator.
Here we propose a bootstrap-assisted approach for choosing the tuning parameters in (2.8), (2.10)
and (2.16). Specifically, the residual bootstrap is used to obtain the empirical coverage rate and its
standard error for selecting the optimal tuning parameters. We focus our discussions on (2.8) and

remark that the procedure is applicable to (2.10) and (2.16) as well. Let

e=(e1,....e0) =Y —X}j
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and §; = ¢, —n! Z;‘:l €; be the centered residual where B denotes the cross-validated Lasso
estimator. Given a sequence of tuning parameters {(cljj,(k),c2’j’(k))}§:1, we first calculate
j (€1,5,(k)» C2,4,(»)) Which is the solution to (2.8) given (c1j k), C2,j,k)). Note that the projec-
tion direction v; only needs to be calculated once for each pair of tuning parameters. Given

{’IN}j (Cl,j,(k)a Cg7j7(k)) }le, we do the following.

1. To generate the b-th bootstrap sample, we sample n residuals with replacement from {&;}" ,
and denote the corresponding samples by €; = (¢ 5, - - - , sgm)T. Then, generate Y," such that

Yy = Xj3 4 ¢
2. With (X,Y}"), calculate the cross-validated Lasso estimator B,;“ as well as the projection-
based estimator

. Vj(Crk)s Cagm) (Y — X565 )

B (0 (crj k) C25.(k)) = - :

where ﬁ};_j denotes 3 without the j-th component. We then calculate the 100(1 — )%
confidence interval CI; ; ) by using (2.15). For each j, calculate 1 (B; € Cl; ; (x)) whichiis 1
if Bj is covered by CI ; ) and O otherwise. Also, calculate the length of CI} ; () and denote

itasLeng ; .

3. Repeat the above steps for B bootstrap samples. We then obtain the bootstrap coverage rate

for each (3, as

B 5 ¥
— " I(B; € CI7 .
Cover, (i = qu (B]B b,y,(k)))
and its standard error
— Cover, (1 — Cover;
SE(Cover; 1)) = \/ ZCL B ]’(k)),
and its average length
B
. Len; .
AngenL(k) = —Zb*l 3 b’]’(k).
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4. We choose the tuning parameters for [3; as

(cf7j7(k), c§7j7(k)) = argznin Avglen; ;)

S.t. 6\761‘]'7(@ + SE(ﬁj,(k)) >1—a.

In words, the optimal pair of tuning parameters is selected with the minimum average interval
length among all the pairs whose empirical coverage rate increased by one standard error is

at least the nominal level 1 — .

2.5.2 Empirical analysis of the effect of tuning parameters

We empirically investigate the sensitiveness of our method to the choice of tuning parameters.
Throughout this subsection, we suppose the rows of X € R9%50 are ii.d realizations from
N(0,X) with 3, = 0.9Y =kl (Toeplitz) or ¥;r = 0.8 (Equicorrelation) for j # k and ¥X;; = 1.
Regression coefficients 3;’s are generated by either Case 1 with s5 = 10 or Case 2 with sy = 4
as described in Section 2.6. The errors are independently generated from the standard normal
distribution. The nominal level is 95% and results are based on 100 independent simulation runs.

We first explore the effect of Cy on the estimation of the surrogate set and the impact of C; and
(5 on the coverage rate and interval width of the BRP-based confidence interval. The results for
B; generated from Case 2 with sy = 4 and Toeplitz covariance X are summarized in Figure 2.2.
As seen from Panel A, the surrogate set .A(7) with 7 = 2 correctly identifies the large coefficients
when Cy > 2. Panels B-D provide the average coverage rate, bias and length of the BRP-based
confidence intervals for the active set over a prespecified set of grid points for (Cy,C5). The
coverage probability and interval width both tend to increase with the values of C; and C5. These
results appear to suggest that fixing one parameter at a reasonably large value while choosing the
other parameter to balance the coverage probability and interval width would generally deliver
similar results as simultaneously selecting the two parameters.

To confirm this intuition, we set Cy = 2, C'| = 8 and use the procedure in Section 2.5.1 to
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select (5 over the following prespecified grid points
{ca;0 ), = {0.3,0.6,- - ,14.7,15.0} . (2.24)

We denote the corresponding procedures by “Fix-BRP" and “Fix-MBRP" and compare their per-
formance with the procedures that select all tuning parameters automatically using the method in
Section 2.5.1. Notice that fixing Cjy and C; would significantly ease the computational burden.
Figure 2.3 presents the empirical coverage probabilities and lengths of the 95% confidence inter-
vals and the normalized overall bias as in (2.25). Fix-BRP and Fix-MBRP perform equally well in
terms of the coverage accuracy and bias as compared to BRP and MBRP but with a much lower
computational cost. Indeed similar results are observed for the other simulation setups in Sec-
tion 2.6.1. For the rest of the paper, we shall adopt the above procedure by fixing Cj and C' to
implement the proposed method.

Finally, we study the impact of B and 7. Figure 2.4 summarizes the performance of the BRP
and MBRP-based confidence intervals with different values of B and 7. The results are not sen-
sitive to the bootstrap sample size B. We also observe that a larger 7 tends to deliver higher
coverage for MBRP in the equicorrelation case. Unreported numerical studies show that similar
phenomenon can be observed for the other simulation setups. In Section 2.6 below, we shall fix

B =200and 7 = 2.

25



4 non-zero coefficients for BRP with Toeplitz

A Average cardinalities of the surrogate sets B Average coverage
15-
-
10-
< O
1- 5-
0- 0
0.5 2 35 5 6.5 g 9.5 0 5 10 15
co c1
c Average bias D Average Length
15- 15-
107 112 115 148 12 123 123 128
107 112 115 148 12 122 124 125
107 112 116 4148 12 122 123 123
10- 10-
107 111 115 148 119 121 123 124
o~ o~ 107 111 114 447 119 121 122 124
[&] Q
106 111 114 4146 118 12 121 123
5- 5- 1.1 113 145 118 12 12 122
1.08 113 114 116 118 1.2 12
11 112 1432 118 117 118
107 108 141 113 1.4
0- 0-
0 5 10 15 0 5 10 15
C1 c1

Figure 2.2: The first set of figures on empirical analysis of the effect of tuning parameters for BRP.
Panel A shows the barplots of the average cardinality of .A(7) against Cy. Error bars in the barplots
represent the interval within one standard error of the average value. Panel B (C or D) shows the
heatmap of the average coverage rates (bias or length) by the BRP estimator over a prespecified
grid points for (C, Cy). The number represents the average coverage probability (bias or length)
of the 95% confidence intervals for the active set.
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4 non-zero coefficients for BRP with Toeplitz
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Figure 2.3: The second set of figures on empirical analysis of the effect of tuning parameters for
BRP. Panel A shows the barplots of the empirical coverage and Panels B-C display the boxplots
for the length and bias of the 95% confidence intervals of each method. In Panel A, the horizontal
line indicates the nominal level and error bars represent the interval within one standard deviation
of the empirical coverage. Panel D shows the boxplots of the computation time (in seconds) for
each method.
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10 non-zero coefficients for different values of B with tau = 2
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10 non-zero coefficients for different values of tau with B = 200
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Figure 2.4: Set of figures on empirical analysis of the effect of tuning parameters 53 and 7. Barplots
for the empirical coverage and boxplots for the length and bias of the 95% confidence intervals for
both the active and inactive sets with different values of B and 7. The horizontal line in the
barplots indicates the nominal level. Error bars in the barplots represent the interval within one
standard deviation of the empirical coverage. The data are independently generated from Case 1
with sy = 10 and standard normal error as in Section 2.6.
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2.6 Numerical results
2.6.1 Confidence interval for a single regression coefficient

We conduct simulations to evaluate the finite sample performance of the proposed BRP and
MBRP estimators. We use the R package quadprog to solve the quadratic programming prob-
lems involved in our methods and the R package doMC with 5 cores for parallel computation. All
the other implementation details are the same as described in Section 2.5. For comparison, we
implement the debiased Lasso in van de Geer et al. (2014) (denoted by DB) using the R package
hdi and the method in Javanmard and Montanari (2014) (denoted by JM) using the code posted
on the authors’ website. As we encounter some numerical issue when implementing JM’s code for
the equicorrelation covariance structure of X in (ii). Therefore, we only report the results of JM for
the toeplitz covariance structure of X. In addition, we present the results of the double selection
approach in Belloni et al. (2014) (denoted by BCH) using the R package hdm. Due to the high
computational cost of BCH in the case of equicorrelation covariance, we only report the result for
the active set. We also implement the method in Zhu and Bradic (2018b) (denoted by “ZB" and
“ZB2"). The only difference between ZB and ZB2 lies on the choice of the constant ¢ in the tuning
parameter 1 = \/m in (12) of their paper. In ZB, we set ¢ = 2 as suggested by the authors
while in ZB2, we let ¢ = 1073.

In (2.1), the rows of X are considered to be i.i.d realizations from N (0, X) with ¥;; = 1 under
two scenarios: (i) X5 = 0.9Y—*l (denoted as Tp); (ii) X, = 0.8 for all j # k (denoted as Eq). To

generate (3, we consider the following two cases,
Case 1: 3; "% U(0,4) with s, = 3,5, 10, 15.

Case 2: Half of the non-zero j3;’s are independently generated from U(0,0.5) and the rest

are generated from U(2.5, 3) with so = 4, 8,12, 16.

The errors are independently generated from (a) the standard normal distribution; (b) the studen-

tized ¢(4) distribution, i.e., t(4)/ V/2; (¢) the centralized and studentized Gamma(4,1) distribution,
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i.e., (Gamma(4, 1) — 4)/2. The simulation results for (b) and (c) are summarized in the supple-
mentary material. To save space, we only included the results of BCH, ZB and ZB2 for case (a).
Throughout the simulations, we set n = 100, p = 500 and the nominal level 1 — o = 0.95. All the
simulation results are based on 100 independent simulation runs.

We summarize the empirical coverage probabilities, the corresponding confidence interval

lengths and the absolute value of the overall normalized bias defined as

[vVnR(v;, B (2.25)

ont|us|?

Bias =

for both the active set and the inactive set in Figures 2.5-2.8. The R code of Javanmard and Monta-
nari (2014) makes a finite sample adjustment. To avoid unfair comparison, we do not include their
method in the bias comparison. As inverting the test statistic in Zhu and Bradic (2018b) doesn’t
provide a closed form of confidence interval, the interval lengths of ZB and ZB2 are numerically
calculated by using the bisection-type method. To avoid computational burden therein, we only
calculate the lengths of 5 confidence intervals of ZB and ZB2 for inactive set in each simulation
runs.

We observe that (i) BRP and MBRP generally provide more accurate coverage for the active
set in comparison to DB and JM. The coverage probability for the active set based on DB can be
significantly lower than the nominal level. While BCH shows similar or slightly higher coverage
rate than BRP for the Toeplitz covariance structure, its coverage rate is lower than the nominal
level in the equicorrelation case; (i1) The interval length of BCH is generally similar or wider than
the lengths of BRP and MBRP, which is in turn wider than that of DB for the active set. Both ZB
and ZB2 tend to provide wider confidence intervals compared to the other methods. (iii) For the
equicorrelation covariance structure and sy > 10, ZB2 delivers the most accurate coverage rate
followed by MBRP. In contrast, the other methods significantly undercover in these cases. (iv) The
better coverage of the active set for our method is closely related to the smaller bias. Interestingly,

the coverage rate for the inactive set seems not sensitive to the bias; (v) The computation time of
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our method is between those of DB and ZB as shown in Table 2.1; (vi) The bias associated with
the active set tends to be larger than that with the inactive set especially in the case of Toeplitz
covariance. BRP seems to overally reduce the bias associated with both the active and inactive sets
in such case; (vii) The coverage rate for the inactive set is usually close or above the nominal level
for all methods except for ZB. According to our extensive simulations, the over-coverage is partly
caused by the overestimation of the noise level as illustrated in Figure A.11 in the supplementary
material. Overall, our proposed method appears to outperform DB, JM, BCH and ZB in terms of

coverage accuracy.

Min Q1 Median Q3 Max

BRP | 107.60 | 125.30 | 126.70 | 127.80 | 135.20

MBRP | 89.65 | 104.34 | 105.21 | 106.35 | 109.03

DB 26.29 | 3345 | 34.41 | 35.66 | 38.20

ZB | 45790 | 471.30 | 476.50 | 483.20 | 499.50

Table 2.1: Computation time (in seconds) of each method for constructing 500 confidence intervals
calculated by the R package microbenchmark. The five number summaries are obtained based
on 100 independent simulation runs.

Figures 2.9-2.10 plot the bias and length of BRP and MBRP against (5 selected by the proce-
dure in Section 2.5.1. It is interesting to note that for BRP, the interval width generally increases
while the bias decreases with C'y. The pattern is less obvious for MBRP with most of the values of

(5 concentrate around the lower end of the grid points in (2.24).
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3 non-zero coefficients in Case 1
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Figure 2.5: Simulation results for Case 1 with s = 3,5 and standard normal random error.
Barplots for the empirical coverage and boxplots for the length and bias of the 95% confidence
intervals. The horizontal line in the barplots indicates the nominal level. Error bars in the barplots
represent the interval within one standard deviation of the empirical coverage.
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10 non-zero coefficients in Case 1
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Figure 2.6: Simulation results for Case 1 with sq = 10,15 and standard normal random error.
Barplots for the empirical coverage and boxplots for the length and bias of the 95% confidence
intervals. The horizontal line in the barplots indicates the nominal level. Error bars in the barplots
represent the interval within one standard deviation of the empirical coverage.
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4 non-zero coefficients in Case 2
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8 non-zero coefficients in Case 2
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Figure 2.7: Simulation results for Case 2 with s = 4,8 and standard normal random error.
Barplots for the empirical coverage and boxplots for the length and bias of the 95% confidence
intervals. The horizontal line in the barplots indicates the nominal level. Error bars in the barplots
represent the interval within one standard deviation of the empirical coverage.
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12 non-zero coefficients in Case 2
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Figure 2.8: Simulation results for Case 2 with sy, = 12,16 and standard normal random error.
Barplots for the empirical coverage and boxplots for the length and bias of the 95% confidence
intervals. The horizontal line in the barplots indicates the nominal level. Error bars in the barplots
represent the interval within one standard deviation of the empirical coverage.
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3 non-zero coefficients for BRP with Toeplitz
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Figure 2.9: Scatterplots of the bias and length of the BRP-based confidence interval for the active
set with sqg = 3 and Toeplitz covariance structure for X against the selected C5. The point shapes
and colors indicate whether the constructed confidence intervals include the true parameter or not.

8 non-zero coefficients for MBRP with Equicorrelation
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Figure 2.10: Scatterplots of the bias and length of the MBRP-based confidence interval for the
active set with so = 8 and equicorrelation covariance structure for X against the selected C\.
The point shapes and colors indicate whether the constructed confidence intervals include the true

parameter or not.
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2.6.2 Confidence interval for a sparse linear combination of regression coefficients

In this subsection, we investigate the finite sample performance of the method in Section 2.4.
We consider the case where a linear contrast for two coefficients is of interest. We set the true
regression coefficient 3 = (by, by, by, bs, 0, -+ ,0) T, where by, bo, b3 are drawn independently from

U(0,4). Depending on a, we consider the following two cases:
1. Contrast 1: a = (1,—1,0,--- ,0)" and a' 3 = by — by = 0;
2. Contrast 2: a = (0,0,1,—1,,0,---,0)" anda' 3 = by — b3 # 0.

We adopt the same procedures as before for choosing the surrogate set and the tuning parameters
but the results are based on 300 independent simulation runs. The configuration for € is the same
as in the previous subsection. The results for t-distributed and gamma errors are presented in the
supplementary material.

Figure 2.11 shows the empirical coverage rates, the corresponding confidence interval widths
as well as the bias for each contrast. For the Toeplitz covariance structure, BRP and MBRP provide
closer coverage rate to the nominal level but with wider interval length than DB does. In particular,
MBREP delivers the smallest bias. Thus, the better coverage for our method is again closely related
to the smaller bias in the finite sample. For the equicorrelation covariance structure, the coverage
rates of all the methods are close to the nominal level. We also note that ZB2 provides satisfactory
coverage probabilities while ZB significantly undercovers in the case of Toeplitz covariance struc-
ture. Similar to the case for a single regression coefficient, the lengths of ZB and ZB2 are generally

wider than those of the other methods.
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Figure 2.11: Simulation results for a sparse linear combination of 3 and standard normal random
error. Barplots for the empirical coverage and boxplots for the length and bias of the 95% confi-
dence intervals for each contrast. The horizontal line in the barplots indicates the nominal level.
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coverage.
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2.6.3 Real data analysis

As a real data application, we consider a dataset of riboflavin (vitamin Bs) production by
Bacillus subtilis. The dataset is available in the R package hdi and has also been analyzed in van
de Geer et al. (2014) and Javanmard and Montanari (2014). It contains n = 71 observations of
p = 4088 covariates of gene expressions and a response of riboflavin production. We model the
data using (2.1) and consider the following multiple hypothesis testing for the significance of each
gene:

ijzﬁj:() for jzl,,4088

We use Theorem 2.1 and Corollary 2.2 to calculate the p-values based on BRP and MBRP respec-
tively. The Holm procedure is adopted for multiplicity adjustment with the 5% significance level.
Neither of our methods finds any significant predictors, which is also the case for DB while there

turn out to be two significant genes Y XLD-at and Y XLE-at identified by JM.
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3. TWO-STAGE FALSE DISCOVERY RATE CONTROL FOR CONFOUNDER
ADJUSTMENT IN GENOMICS STUDIES

3.1 Introduction

One central theme of genomic data analysis is to identify genomic features that are associated
with a variable of interest such as disease status. The associated features are subject to further
replication and validation, and the validated features could then be followed up for more in-depth
mechanistic study or be used as biomarkers for disease presentation, diagnosis, and prognosis
if they have sufficient predictive power. Due to the constraint of clinical sample collection, the
variable of interest is often correlated with other variables, which may potentially confound the
associations of interest. One example is the identification of microbiome biomarkers for endome-
trial cancer based on a comparison between benign and malignant tumor samples. Patients with
benign tumors are usually much younger than those with malignant tumors since the progression
to malignancy requires multiple genomic events. Age has also been known to be associated with
the female genital microbiome. Therefore, age is a confounding factor, and we need to control it if
the aim is to identify cancer-related microbiome biomarkers reliably. Controlling the confounders
could significantly increase the rate of successful validation, reduce the overall cost and shorten the
time from discovery to clinical tests. However, confounder adjustment exacerbates the already low
statistical power for genome-scale association tests due to a substantial multiple testing burden. If
no confounder adjustment is performed, we are faced with a severely inflated type I error, with
the extent of inflation depending on the number and strength of associations with the confounder.
Increasing the statistical power for a confounded association study while controlling for the false
positives is a statistical topic of critical importance. Surprisingly, few statistical efforts have been
made for this important topic. Some recent contributions include Price et al. (2006), Leek and
Storey (2008), Sun et al. (2012) and Wang et al. (2017).

The traditional way of confounder adjustment for high-dimensional association tests is to adjust
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for confounders for each genomic feature and further correct the individual association p-values
for multiple testing using false discovery rate (FDR) control. This procedure seems a standard
statistical practice for genomic association analysis with the aim to maintain the correct type I error
rate level. Here we show that such a method is subject to lower statistical power and we propose
a novel two-stage FDR procedure for more powerful confounder adjustment. In the first stage, we
use the unadjusted z-statistics to enrich signals (for both false and real signals). We then remove the
false signals in the second stage due to confounders by using the adjusted z-statistics and control
the FDR at the desired level. Since in the second step we use a more lenient p-value cutoff due to a
much less multiple testing burden, we could achieve a way better power than the commonly used
adjusted procedure. A particular challenge is the choice of the cutoff values in the two stages. Our
main contribution is to propose a new way of simultaneously selecting both cutoffs. By choosing
two thresholds simultaneously, we automatically take into consideration the selection effect caused
by the first stage. The proposed method can be viewed as a two-dimensional generalization of
the classical Benjamini-Hochberg (BH) procedure, where we search for the cutoff values in a
two-dimensional region. In the BH procedure, one replaces the number of false rejections by its
expectation under the null to come up with a (conservative) estimate for the FDR. The threshold
is chosen to control the estimate for the FDR while maximizing the number of rejections. An
intrinsic difficulty in our case is that the expected number of false rejections depends on the effects
of the confounding factors on each feature. As the number of features could be in the thousands, it
thus requires estimating a large number of nuisance parameters. To tackle this challenge, we adopt
an empirical Bayesian viewpoint by assuming that the nuisance parameters are generated from a
common prior distribution. The Bayesian viewpoint allows us to express the expected number of
false rejections as a functional of the prior distribution. Therefore, we can translate the task into
estimating the prior distribution instead of a direction estimation of a large number of nuisance
parameters. It is worth mentioning that the problem we are facing is in a similar spirit to the
g-factor of intelligence of Spearman (1904). The prior distribution is estimated via the general

maximum likelihood empirical Bayes estimation [Jiang and Zhang (2009); Koenker and Mizera
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(2014)], which can be cast into a convex optimization problem. Under suitable assumptions, we
show that the empirical Bayes estimate of the expected number of false rejections is consistent and
the proposed method provides asymptotic FDR control. Through extensive numerical studies, we
demonstrate that the recommended two-stage procedure outperforms the commonly used one-stage
approach in a wide range of settings.

The rest of this chapter proceeds as follows. We introduce the two-stage FDR controlling pro-
cedure in Section 3.2. Section 3.3 justifies the asymptotic validity of the proposed procedure. We
conduct asymptotic power analysis in Section 3.4. Section 3.5 presents numerical results from both
simulations and real data analysis. As modern genomics data are generated based on sequencing,
the response Y; in (3.1) would not be necessarily continuous. For such case, we extend the pro-
posed two-step procedure to generalized linear model in Section B.2. The technical details are
gathered in Section B.3.

In Chapter 3, we use the following notations: For z,y € R, let z V y = max(x,y) and
x Ay = min(z,y). Let du(f,g9) = (1/2) [(/f(z) — /g(x))*dz be the Hellinger distance
between two densities f and g. For a matrix C, denote by Pc = C(CTC)~'CT the projection
matrix associated with the column space of C and define P& = I — Pc. Let ||C||; and || C||max
be the spectral norm and the elementwise maximum norm of C, respectively. Denote by A, (C)
and Apax(C) the minimum and maximum eigenvalues of C. Let ¢(-) and ®(+) be the probability
density function and cumulative distribution function of the standard normal distribution. Denote

by X3 the chi-square distribution with & degrees of freedom.
3.2 Methodology
3.2.1 Basic setup

Consider the following linear models:

Y = Loxib+ Xai + ZB; + €1, e < N(0,021,), 1<i<m, (3.1)
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where Y; € R™*! is the response vector, X = (X1,...,X,,)" € R™! is the covariate of interest,
Z = (21,...,2,)" € R™9 ig the design matrix associated with the confounding factors, and
a; € Rand B; = (Bi1, - .- ,ﬁid)T € R%! are the parameters associated with the covariate and
confounding factors respectively. By centering the response, covariate and confounding factors,
we can assume without loss of generality that b = 0 throughout the following discussions.

Under (3.1), there are four different categories to consider
A. Solely associated with the variable of interest: a; # 0, 3; = 0;
B. Solely associated with the confounder: o; = 0, 3; # 0;
C. Associated with both the variable of interest and confounder: «; # 0, 3; # 0;
D. Not associated with either the variable of interest or confounder: o; = 0, 3; = 0.

The goal of this work is to develop a multiple testing procedure for simultaneously testing m
hypotheses

Hy;:a; =0 versus H,,:a; #0, i=1,2,...,m,

while adjusting for the confounding effects. We let &' be the estimator of o after adjusting for the
confounding effect, and &Y be the unadjusted version without taking into account the confounding

factors. Specifically, we have

G = (X"PrX) ' XTP;Y; = a; + (X "P; X) ' X Pje;,

AV =(X"TX)' XY=+ (XTX)TIXTZ8 + (XTX) ' X e,
Under (3.1), the estimator of the noise level o7 is given by

1 ~ ~
62=——(Vi— X&' —78)7 (Y, — Xar — Z83,) =

Y." P& Y;
' on—d-1 CowWeD

n—d—1

where B; = (ZTPLZ) 'ZTPLY;and W = (X,Z). Let Q = X' X/n, T = X Z/n, Qxjz =

X TPZLX /n and Qzix = ZTP)%Z /n. The adjusted and unadjusted z-statistics for testing H; can
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be defined as

Z = 6 )60 = Vo /65 + QX T Prei/(vngy),

7V = Q' 26V 6, = a2y )6+ QAT B 6+ Q72X Tes ) (Vnd),

where we have used the variance estimator under model (3.1) for both statistics.
Figure 3.1 shows that the average power of the traditional approach only using the adjusted
statistics decreases as the confounding effect gets stronger. Motivated by this fact, we propose a

novel two-stage procedure which can be described as follows: given the thresholds ¢;,%5 > 0,

Step 1. Use the unadjusted statistics to determine a preliminary set of features D; =

{1<i<m:|ZY] > t:}.

Step 2. Reject Hy; for \ZZ-A| >ty and ¢ € D;. As aresult, the final set of discoveries is given

The first two plots in Figure 3.2 illustrates the above procedure step by step. The basic idea
of this procedure is to find the threshold for the unadjusted statistics in step 1 to screen out a
large number of noises in Category D. This step enriches both true and false signals. Then, the
second step tries to find out another threshold for the adjusted statistics to separate true signals in
Categories A and C from false signals in Category B. Although the unadjusted statistics are unable
to distinguish the noise in Category B from the signals, they can preserve or even increase the
signal strength. To see this, we note that

1/2 1/2

When 8; = 0, the unadjusted statistics can better preserve the signal strength comparing to the

adjusted one.

44



r1 ri1s r2

100+

True Positive Rate

0.004

One-Step Two-Step One-Step Two-Step One-Step Two-Step
Method

Figure 3.1: Barplots of the true positive rates for the different values of 7 in (B.1). Here r is propor-
tional to the correlation between X and Z which thus represent the magnitude of the confounding
effect. The data generation scheme is shown in Section B.1. Error bars in the bar plots represent
the interval within two standard devation of the true positive rate.

Two-step procedure : Step 1 Two-step procedure : Step 2 One-step procedure

Category

Za|
1Zal
Zal

.
125 0.0 25 5.0 75 100 125 0.0 25 50 75 100 125
|Zu] |Zu]

Figure 3.2: Scatter plots of | ZV | against | Z!| to illustrate the traditional one-step method and two-
step procedure. The figures are based on a single dataset generated as described in Section B.1
with » = 2. While the first two plots describes the two-step procedure where the red vertical and
horizontal lines denote the chosen cutoff. The plot on the far right shows the traditional one-step
method where the horizontal line denotes the cutoff found by the Storey’s procedure.
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3.2.2 Approximation of the false discovery proportion

Recall that ¢; is the threshold in Step ¢ for 7 = 1,2. We propose a method to simultaneously

select the two thresholds. Note that the 7th hypothesis will be rejected if and only if
1ZV| >t and |Z1| >t

In Step 2, all rejections from Categories B and D («o; = 0) will be considered as false rejec-

tions/discoveries. Therefore, the false discovery proportion (FDP) is defined as

FDP(t,, t5)
Do HIZY| = 40,28 > 1}
S W27 > 1,1 28] > to}
> vanco HIVRQTYVT B /6 + Q72X Te; [ (Vnds)| > t, |Q;;§XTPZL@- /(V/n6;)| >t}
S HIZY) = 4,128 > b} '

(3.2)

Let (V1, V) be the bivariate normal random variables such that

_ 1/2
AL 1 Q1205

Vs o) \aypa 2 1

Replacing the numerator by the corresponding expectation (conditional on X, Z and 3;’s) and &;

by o; in (3.2), we obtain

Zmizo L(l’l’ivtlth) < Zlil L(ﬂ’ivtlth)
S K| ZP | > 1, |28 >t} T Y | ZY ] = 1, |21 >t}

FDP(t,,t,) ~ (3.3)

where 11; = ;. = /nQ V2B /oy and L(p, t1,t2) = P (|4 Vi| > t1, [Va| > ta|p).

The major challenge here is the estimation of the expected number of false rejections given by
Sy L(pi, t1, t2), which involves a large number of nuisance parameters /i;’s. A natural strategy is
to estimate each p; separately by /i;, and replace L(u;,t1,t2) by the plug-in estimate L(f;, t1, t2).

It seems natural to use the least squares estimator given by i, = /n2™/ 21“[31 /;. However,
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this method does not lead to a consistent estimation of the number of false rejections when there
is non-negligible proportion of weak confounding factors.! To see this, we note that /i; approxi-
mately follows a normal distribution with mean y; and variance A2 = Q~1/ 2FQE|1X I7Q~1/2. Some

algebra shows that

L(fu;,t1,t2) = P(|pi + ‘71| > ty, |‘~/2| > to|pi) # L, t, ta),

where

- _ 1/2
AL 14+ A2 Q200
Vs o) \aya 2 1

Compared to the joint distribution of (17, V5), we see that the least squares estimator introduces
extra variation to the first component of the bivariate normal distribution. We have also consid-
ered soft and hard thresholding estimators for ;. The consistency of these regularized estimators
requires a minimum signal assumption which again rules out the case of weak confounding fac-
tors. To overcome the difficulty, we shall adopt a Bayesian viewpoint by assuming that y;’s are
generated from a common prior distribution. The Bayesian viewpoint allows us to borrow cross-
sectional information (from different linear models) to estimate the number of false rejections

without estimating individual x;’s respectively.
3.2.3 Nonparametric empirical Bayes
In this subsection, we propose a nonparametric empirical Bayes approach to estimate the num-

ber of false rejections. Define

. Q-2r . .
a= y €z = \/E/Bi/o—ia 51 = \/ﬁﬁz/al
T I

—1/2

'A confounding factor is said to be weak if its coefficient 3; decays to zero at the rate n or faster. In this case,

limsup,,_, , o |fti,n| = 6; € [0, 400).
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Under (3.1) and conditional on W = (X, Z), we have the Gaussian location model,

M =1 + € (3.4)
where 7; = &', is an estimator for 7; = 4" &; and ¢ R N(0,1).

Suppose &;’s are independently generated from some distribution, see Assumption 3.5. Under
suitable assumptions detailed in Section 3.3, we can show a 2% a for a defined in (3.9). Denote
by Gy the (prior) distribution for a'¢;. The goal here is to estimate Gy based on {#;}. It will
become clear later that how the estimate of (i is useful in estimating the expected number of false
rejections. Following Kiefer and Wolfowitz (1956) and Jiang and Zhang (2009), we consider the

general maximum likelihood estimator (GMLE) émn for (G,, defined as

m

@m,n = argmax Z log fa(m:) (3.5)
Geg

where G denotes the set of all probability distributions on R and fg(z) = [ ¢(x — u)dG(u) is the
convolution between GG and ¢. As o;’s are generally unknown in practice, however, @mn is not

obtainable. To obtain a feasible estimator, we consider the GMLE émn defined as

G = argmax Y _ log fo (i) (3.6)
Geg T4

where 7); = éTéi for él = \/ﬁBZ /6. By the Carathéodory’s theorem, there exist discrete solutions

to (3.5) and (3.6) with no more than m + 1 support points . Thus we can write the solutions as
Goun(w) =Y #1{8; <u}, Gualu) =Y 71{5; < u}
j=1 j=1

where Y7 7; = Y00 T = 1 for 7,75 > 0, {81, , 8y} and {31, , 5} are two sets of
support points for @myn and CNvan, respectively. From the definition of @myn and fg , the support

of G () is always within the range of 7); due to the monotonicity of ¢(z—w) in |z —u/. Similarly,
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the support of émn(u) is always within the range of 7). These observations would be useful for
our theoretical analysis, see Section B.3. It is also worth noting that the optimization in (3.6) can
be cast as convex optimization problem that can be efficiently solved by modern interior point

methods. The readers are referred to Koenker and Mizera (2014) for more detailed discussions.
3.2.4 Two-stage Benjamini-Hochberg procedure

Given the feasible estimator CNJmm of the prior distribution and in view of (3.3), we consider an

approximate upper bound for FDP(t;, t5) defined as

S L(Ax ty, t2)dGr () m [ L(Ax,t1,t2)dGoy ()
S L ZY | >t |28 >ty ST 1| 2] >, | 28] > 6}

I:T]\)—l/)(tl, tg) =
For a desired FDR level ¢ € (0, 1), we choose the optimal threshold such that

(Ty,Ty) = argmax Zl{\ZH > 11, |2 >t} (3.7)

(t1,t2)6}—q i=1

where F, = {(t1,t2) € Rt x R* : FDP(t1,1,) < ¢} with R* = (0, 4-00). This procedure can be
viewed as a variant of the Benjamini-Hochberg (BH) procedure adapted to the two-stage approach

introduced in Section 3.2.1.

Remark 3.1. The rejection region we consider is of the form
{(z7,2%) 1 127 > 1, |2] = ta}

In particular, if ¢; = 0, it reduces to the usual rejection region {z4 : 24| > ¢,} from the one-
stage approach based on the adjusted statistics. Therefore, our approach produces at least as many
rejections as the one-stage approach as we are searching over a larger class of rejection regions to

maximize the number of discoveries.

It is well known that when the number of signals is a substantial proportion of the total number

of hypotheses, the BH procedure will be overly conservative. To adapt to the proportion of signals,
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we develop a modification of John Storey’s approach [Storey (2002)] in our setting. To illustrate

the idea, we assume that Z/! approximately follows the mixture model:
TN (0,1) + (1 — m) N (e, 1)
where ,uZ =/n O ZO‘%/ o; and 7, denotes the probability that a; = 0.2 Notice that
P(|1ZH < A) = m0i(1 = 28(=N)) + (1 — 7o) P(IN (1, 1)| < A) = mos(1 = 28(—N)),

provided that P(|N(p*,1)| < A) ~ 0. Thus 1 {|Z] < A} /{1 — 2®(—A)} can be viewed as a

conservative estimator for the mixing probability 7y;. We note

m

1
— Z (i t1,t) = — Z H{a; = 0} (s, 1, t2)

zal =1

/ (A$ tl, tg dGm n Z 04

/ L(A2, 11, 12)dCh ()~ ZlgiTm

A
/ L(Az, t17t2>dGmn< )mZ%

In view of the above derivation, we consider the FDR estimate given by

fL(Al'7t17t2)dém,n(x) > 1 {|ZzA| < /\}

FDP, (¢, t,) =
Mt t2) (1=20(=N) Y2, 1{| 27 > 11,12 > ta}

where ) is a prespecified number as in John Storey’s approach. With this modification, for a desired

FDR level g € (0, 1), we choose the optimal threshold such that

m

(T¥,T3) = argmax Zl{\ZZU] > t1,| 7 >t} (3.8)

(t1,t2)€Fgn =1

2We emphasize that the validity of our procedure does not rely on the mixture model assumption which is merely
used to motivate John Storey’s procedure.
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where

.Fq,/\ = {(tl,tg) c RJF X RJF : I:‘TIST))\(tl,Ib) S q} .

3.3 Asymptotic FDR control

The two-stage procedure is shown to provide asymptotic FDR control under suitable assump-
tions. Denote by mg and m; the number of null and alternative hypotheses among the m hypotheses
respectively. Let ZZU and ZZA be the z-statistics by replacing &; with o; in ZU and Z#, respectively.

Define Lo(j, t1,ta) = P(|p + V4| > t1, |Va| > to|p) where

- L1212
AN 1 E[Q] 720
Vs 0/ \CYzEQ? 1
with Cxz = E[Q] — E[[JE[¥]'E[]" for ¥ = Z'Z/n. We also let A3 =

E[Q]/*E[[]CZ xE[l] "E[Q]~"/* and

T E[C)) '/ E[T] 49
VEIQ] - 2E[[1C, \EITTE[Q)-/2

where Cz x = E[¥] — E[Q]'E[[']"E[[']. We first introduce the following definitions and assump-

tions.

Definition 3.1. A random variable X € R is said to be sub-gaussian with the variance proxy o if

E[X] = 0 and its moment generating function satisfies

2t2

Elexp(tX)] < exp (%) foranyt e R.

Definition 3.2. A random variable X € R is said to be sub-exponential with the parameter 0 if
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E[X] = 0 and its moment generating function satisfies

242

Elexp(tX)] < exp (9775) forany |t| <

| =

Assumption 3.1. Suppose mq/m — 7y € (0, 1).

Assumption 3.2. Assume that

Zi:ai:O 1 {|Z7,U| Z tl? ’ZU'LA| Z t2}
mo
Zi:aﬁéo 1 {|ZzU| > ti, |ZZA| > tQ}

m

% Ko(ty, ty),

a.s

for every (t1,t2) € RT x R, where
Ko(t1,ts) = Eare[Lo(Aoa’ €, t1,t2)] for a'€ ~ G, (3.10)

and K(t1,ts), K1(t1,t2) are both non-negative continuous functions of the arguments (t,ts).

Assumption 3.3. Assume that

Amin(Czix) > 0, Auin(E[V]) >0, E[X7] >0,

0 < min 0; < max g; < 0.
1<i<m 1<i<m

Assumption 3.4. Assume that the components of Z and X are both sub-gaussian.

Assumption 3.5. Assume {Ei}?zl is a sequence of i.i.d. continuous random vectors with the density

h whose support set is given by {x € R? : ||z||max < B(logm)®} for some B,b > 0.

Assumption 3.6. Assume m = m(n) such that m(n) — +oo0 as n — +oo and

limsup,,_, | o TZ%) < oo for some py > 0.

Assumption 3.1 requires the asymptotic null proportion to be strictly between zero and one.

Assumption 3.2 allows certain forms of dependence, such as m-dependence, ergodic dependence
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and certain mixing type dependence. Assumption 3.3 implies that C’Z_EX exists and the noise level
is uniformly bounded from below and above. Assumption 3.4 allows us to use concentration
inequalities for sub-gaussian and sub-exponential random variables. Assumption 3.5 implies that
Gy has a bounded support that expands slowly with m. From Assumption 3.6, the number of
features m is some function of n and m is allowed to be polynomially larger than the sample size

n.

Remark 3.2. The assumption that &; has a density is merely used to simplify the presentation of
the proof of Lemma B.7. When §; has a discrete distribution, the similar arguments in the proof
of Lemma B.7 can be modified to obtain a similar result. We omit the details here to conserve the

space.

Before stating the main result, we introduce the following lemma which establishes the uniform

convergence of [ L(Az, t1, t5)dG ().

Lemma 3.1. Let ém’n be the estimator of G as defined in (3.6). Under Assumptions 3.3-3.6, for

any t, ty, > 0, we have

a.s.

/ L(Az, t1, £2)dCon () — / Lo( Ao, 11, 12)dGo ()] 3 0.

sup
1<t 2 <t}

Let

i:a;=0 1:0; 70

FulN) = - S L{IZ0 S A}, FO) = mo(1 = 20(-2) + (1= m)(1 — Ki(0, V)

The following lemma shows the almost sure convergence as in Assumption 3.2 with (ZU, Z4)

replaced by (ZY, Z#).
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Lemma 3.2. Under Assumptions 3.2-3.3 and 3.6, we have

1 a.s. ]- a.s. a.s.
m_vm(t17t2> — Ko(ti,t2), —Sm(ti,ta) = Ki(t1,t2), Fn(A) = F(N).
0

my
Recall that

[ L(Az, 11, t5)dG () S0 1124 < A
(1=20(=A)) >0 1H{|ZY| > 11, | 2] > o}

FDP) (t1,ty) =

and (Tl*, T;) is the optimal threshold as defined in (3.8). By Lemmas 3.1-3.2, under Assumptions
3.1-3.2, it then follows that

FDP, (t1,15) “3 FDP (1, 1)
where

EaTg[Lo(AoaTg,tl,tQ)] {71'0(1 — 2(13(—>\)) + (1 — ’/To)(l - Kl((), )\))}

FDPSC(tq, to) := (1 —=2D(—=\))K(ty,ts)

and K (t1,t2) = moKo(t1, t2) + (1 — mo) K1 (t1, t2). We impose the following assumption to reduce

the searching region for (¢, t3) to a rectangle of the form [0, ¢]] x [0, t5].

Assumption 3.7. Assume that there exist t} and t such that FDP (t7,0) < ¢, FDP°(0,t5) < ¢

and K (t3,t3) > 0.

Let o
Vi (17, T5)

FDR,, = E T I
Vi (T7, T) + S (17, T5)

We show the asymptotic FDR control in the following theorem.

Theorem 3.1. Under Assumptions 3.1-3.7, we have

lim sup Pfﬁkm <gq.

m
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3.4 Power analysis

In this section, we derive the asymptotic power of the two-stage John Storey procedure. Our

derivation is heuristic but can be made rigorous under suitable assumptions. Define

(TI,TW07T2,TW0): argmax K<t17t2)
(tlth)EFq,Two

where

Famwo = {(t1,12) € R" x RT : FDPY'(t1,12) < q} .

Then, the asymptotic power of the two-stage procedure is given by

Powerry, = lim Zi:o‘#o 1 {|Z’U| > T 1o, |Zz’4| > Tz,Two}
Two —

m—0o0 ml

= Kl (Tl,Twm T2,TW0) .
As a comparison the asymptotic power of the one-step procedure is equal to
Powerone = K1(0, 75 0ne)

where Ty one = argmax,cr , K(t1,12) with Fyone = {t2 € R" : FDPY’(0,%) < ¢}. Since
‘F%One C -Fq,Two, we have

K(Tl,Twm TQ,Two) 2 K(O, TQ,One)7
that is, the two-stage procedure delivers more rejections.

Lemma 3.3. Suppose FDPS (t1,ts) is a continuous function of (t1,t3). Then, we have Powerr,,, >

Powerg,,.

Proof of Lemma 3.3. Let M(\) = (1 — 2®(—\))"'(1 — m)(1 — K;1(0,\)). Since FDP (4, ¢5)
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is a continuous function of (t, t2), we must have

70 K0 (11 Twos T21wo) + M (N) Ko(T1 1wos T2.1wo) .
K (T} twor Totwo) -
m0Ko(0, To,0ne) + M(N)Ko(0, To,0ne)
K(0, T2,0ne) B

(3.11)

The fact that K(TI,TWO; TQVTWO) 2 K(07T2,One) 1mphes both K0<T1,Tw07T2,Two) Z Ko(o, T2,One)
from (3.11) and

(1 - 7To)Kl (TI,TWO; T2,Two) - M(/\)KO(TLTWO; Tz,Two)
:(1 - Q)K(TI,TWW T2,Two)

2(1 - Q)K(Oy TQ,One) - (1 - 7"-O)l(l (07 TQ,One) - M()\)KO(Oa T2,0ne)

after rearranging the terms in (3.11). As Ko(71 twos 121wo) = Ko(0, T5 0one ), it follows that

(1 — 7o) K1 (T 1wos Totwo) = (1 — 7o) K1(0, To.0ne) + M (N) { Ko(T1 1wos T2two) — Ko(0, T2.0ne) }

> (1 —mo)K41(0,T%,0ne)

which completes the proof. &

3.5 Numerical studies
3.5.1 Simulation
3.5.1.1 Simulation setup

We conduct extensive simulations to evaluate the finite-sample performance of the proposed
method. As the numbers of hypotheses could range from thousands to millions in genome-scale
multiple testing, we set m = 10,000 and n = 100. For demonstration purpose, we consider
X,Z € R™! and generate the response Y;’s by (3.1) with o; = 1. To have a comprehensive
study of the performance of the proposed method under different scenarios, we vary the following

parameter configurations for simulations:
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Config 1: The correlation between X and Z (denoted by Corr(X, Z)).

Config 2: The density and strength of the signals of interest (c; # 0).

Config 3: The density and strength of the confounding signals (3; # 0).

Config 4: The number of co-location of the signals of interest and confounding signals.

For Config 1, we induce the correlation between X and Z by simulating
XO ~ Nn(Ona In)a X|XO ~ Nn(pX07 In)a Z|X0 ~ Nn(pX07 In)a

where p = 0.5, 1.25 and 2, which correspond to Corr(X, Z) = 0.2,0.6 and 0.8 (denoted as “low",

“medium" and “high" in Figures 3.3-3.9), respectively. For Config 2 and Config 3,
T . T .
a;, B; ~ §Un1f(—l —r,=l) + §Un1f(l, [+7)+(1—m)o(0),

where §(0) denotes a point mass at 0. Here, we try three levels of signal density 7 = 0.05,0.01
and 0.20 (denoted as “low", “medium" and “dense" in Figures 3.3-3.9) and three levels of signal
strength [ = 0.2, 0.3 and 0.4 (denoted as “weak", “moderate" and “strong" in Figures 3.3-3.9) with

r = 0.2. For Config 4, we consider the following two cases:
1. No co-location: «;3; = 0 for all 7.

2. 50% co-location: |S,g| = 0.5 x min{|S,|, |Sg|} where
Sag = {ileiB; # 0}, Sa = {ilas # 0}, Sp = {iIB; # 0}

One assumption of our method is the independence of the errors across different features. Such
assumption may be violated in some real applications. We thus study the robustness of our method
to the violation of the independence assumption. Specifically, we investigated the robustness of

the proposed method to correlated errors by considering
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1. AR(1) correlation structure with Corr(e;;, ;) = 0.6=* where €;; and ¢;;, denote the j-th

and k-th element of ¢; = (&1, ..., €)', respectively.

2. Block correlation structure of random errors where we simulate 100 blocks with within-

block correlation 0.6.

Our proposed approach is denoted by “TwoStage-T" in Figures 3.3-3.9. For comparison, we

also report the results of the following methods:

(i) OneStage-U: linear regression with the covariate of interest without adjustment of the con-

founder.

(i) OneStage-A: linear regression with the covariate of interest adjusting the confounder; This

is the traditional procedure.

(ii1) TwoStage-N: a naive two-stage procedure, which first runs “OneStage-A", and if the con-

founder is not significant, “OneStage-U" is applied.

All the methods (1)-(ii1) use the g-value approach by Storey (2002) for multiplicity control after
the computation of feature-wise p-values. We evaluate the performance based on FDR control and
power with a target FDR level of 5%. Results are averaged over 100 simulation runs. Both the

means and their 95% Cls are reported in the bar plots.
3.5.1.2  Simulation results

Figure 3.3 shows the performance of the proposed method under varying signal density and
signal strength of X with the different degrees of Corr(X,Z). We first note that both OneStage-
A and TwoStage-T control the FDR at the target level across the settings while OneStage-U and
TwoStage-N show the inflated type I error rates which gets even higher as Corr(.X, Z) increases.
Thus, we make a power comparison between TwoStage-T and OneStage-A in Panel B. Clearly,
our proposed method has a substantial increase in power when the confounding is strong while

the power is comparable when the confounding is weak. The power improvement is more striking
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when the signal is weak or moderate. Thus, TwoStage-T could be particularly useful for real
applications where it is challenging to identify weak signals among many potential confounders.

Figure 3.4 shows the effect of the density and strength of the confounding signal with 7 = 0.1
and the moderate strength for ;. Our proposed approach provides FDR control at the target level
across settings and has the same power advantage when the confounding is not weak. However, the
power difference decreases as the confounding signal becomes denser. Such phenomenon seems to
be natural since the traditional OneStage-A, which adjusts the confounder for every feature, would
be effective when the confounder affects every feature. The strength of the confounding signal also
reduces the power difference slightly, which could be explained by the increased statistical power
of OneStage-A due to significant reduction of the error variance.

Figure 3.5 summarizes the result for Case 2 where the signal of interest and the signal from
the confounder have co-locations. Our proposed approach still turns out to be more powerful than
the traditional approach when the signal density of the confounder is low or the confounding is
strong. However, as the density of the confounding signal gets denser, the power improvement
decreases. Also, TwoStage-T is slightly less powerful than OneStage-A when the confounding is
weak. Therefore, our method is more advantageous when the confounding signal is not dense and
the confounding signal does not tend to co-locate with the signal of interest.

The simulation results of the block and AR(1) correlation structure are shown in Figures 3.6-
3.7. Under both covariance structures, the proposed method controls the FDR around the target
level and its power is comparable to that of the independent error case, indicating the robustness
of our method.

As our proposed method provides asymptotic FDR control for a large number of features, it
would be worth to see how its finite sample performance changes under a much smaller feature size
than m = 10, 000. The results with the feature sizes of 100 and 500 are shown in Figures 3.8-3.9.
We note FDR is controlled at the target level with m = 500, but the FDR is slightly inflated with
m = 100, especially when Corr(X, Z) is high. Thus, a relatively large m needs to be set for our

method for FDR control while a conservative target FDR level should be used for a small m.
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Figure 3.3: Performance comparison across different densities (sDensity) and strengths (sEffect)
of the signal from the covariate of interest. The density of the confounding signal is 10% with a

medium strength.
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Figure 3.4: Performance comparison across different densities (cDensity) and strengths (cEffect)
of the signal from the confounder. The density of the signal of interest is 10% with a medium

strength.
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Figure 3.5: Performance comparison across different densities (cDensity) and strengths (cEffect)
of the signal from the confounder when 50% of the confounding signal having co-locations with
the signal of interest. The density of the signal of interest is 10% with a medium strength.
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A CovErr: AR(1)
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Figure 3.7: Performance comparison across different densities (cDensity) and strengths (cEffect)
of the signal from the confounder when the errors from different features have an AR(1) correlation
structure. The density of the signal of interest is 10% with a medium strength.
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Figure 3.8: Performance comparison across different densities (cDensity) and strengths (cEffect)
of the signal from the confounder at m = 500. The density of the signal of interest is 10% with a

medium strength.
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Figure 3.9: Performance comparison across different densities (cDensity) and strengths (cEffect)
of the signal from the confounder at m = 100. The density of the signal of interest is 10% with a

medium strength.
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3.5.2 Real data analysis
3.5.2.1 Application to Metabolomics data

We apply OneStage-A and TwoStage-T in Section 3.5.1 to the real data in Metabolomics from
the association studies of insulin resistance (IR) and serum metabolome. In this data set, IR is
estimated by homeostatic model assessment (HOMA-IR) and serum metabolome profiles consist
of 325 polar metabolites and 876 molecular lipids with n = 289. The details of the data can be
found in Pedersen et al. (2016).

We fit the model (3.1) with HOMA-IR and each serum metabolome as X and Y;, respec-
tively. In addition, Body mass index (BMI) is included in the model as confounder Z because
HOMA-IR is known to be largely influenced by BMI in epidemiological studies. Figure 3.10
shows that TwoStage-T discovers more metabolites/lipids significantly associated with HOMA-IR
than OneStage-A does.

It is worth to explain the metabolites/lipids significantly associated with HOMA-IR in terms
of Biology. Pedersen et al. (2016) introduces the notion of clusters to group a large number of
serum metabolomes and biologically explains the data in view of clusters. In short, a set of polar
metabolites (or that of molecular lipids) constitutes a cluster. Such cluster is referred as either IR-
metabotype or insulin sensitivity (IS)-metabotype if it is positively or negatively correlated with
HOMA-IR. For more details, see Pedersen et al. (2016).

Figure 3.11 implies that the number of discoveries by TwoStage-T is comparable to that by
OneStage-A for IR-metabotype while TwoStage-T discovers 11 more serum metabolomes for IS-
metabotype. We can briefly mention the biological insights for some illustrative discoveries by

TwoStage-T.

1. IR-metabotype: Similar to the result by Pedersen et al. (2016), OneStage-A finds 4 amino
acids in cluster labelled as M10. TwoStage-T not only successfully discovers those branched
chain amino acids but also M_75_Hydrocinnamic acid. Importantly, hydrocinnamic acid is

a known inhibitor of branched-chain a-keto acid dehydrogenase kinase, which regulates the
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breakdown of branched chain amino acids by Tso et al. (2013).

2. IS-metabotype: According to Pedersen et al. (2016), IS-metabotype is solely made up with
lipids, phospholipids and triacylglycerols with odd carbon number and high double bond
content. TwoStage-T discovers 4 more phospholipids (L_175_PE(38:3), L_162_PE(34:0),
L_300_PC(36:5), L_734_PC(30:0e)) than OneStage-A does. Interestingly, L_14_ sphin-
gomyelin(d18:1/16:0) in cluster L.14 and L_825_SM(d18:1/26:2) in cluster L.20 are founded

by TwoStage-T only.

Metabolites

OneStage-A TwoStage-T

15

Lipids

OneStage-A TwoStage-T

27 56

Figure 3.10: Venn diagrams of the number of polar metabolites and molecular lipids significantly
associated with HOMA-IR by OneStage-A and TwoStage-T.
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TwoStage-T
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Figure 3.11: Venn diagrams of the number of polar metabolites and molecular lipids in either IR-
metabotype or [S-metabotype that are significantly associated with HOMA-IR by OneStage-A and
TwoStage-T.

3.5.2.2 Application to Methylation data

We also apply OneStage-A and TwoStage-T for the Methylation data in Huang et al. (2020). 54
EWAS datasets are summarized from 51 Gene Expression Omnibus (GEO) methylation datasets
grouped by phenotype, tissue source and cell type. Each EWAS dataset is sequenced by Infinium
Human Methylation 450K BeadChip platform and is preprocessed including data normalization,
quality control for samples and quality control for probes. To capture the significant sources of
variability, surrogate variable analysis is implemented by the packages isva and SmartSVA in
Teschendorff et al. (2011) and Chen et al. (2017), respectively. As a measure for DNA methylation,
we use M-values transformed from beta values. For more details about the data, see Huang et al.
(2020).

54 EWAS data are independently analyzed each of which has its own phenotype such as disease

status, smoke, etc. Specifically, for each EWAS data, we fit the model (3.1) with M-values as Y;’s,
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the phenotype as X and the surrogate variables as Z. In this context, the number of discoveries is
often said to be the detected number of differentially methylated CpG positions (DMPs). Panel A
in Figure 3.12 shows that log of the number of discoveries by OneStage-A and TwoStage-T. The
median of detected DMPs by TwoStage-T is 55 while that by OneStage-A is 22.5. Thus, compared
to OneStage-A, our proposed method provides more discoveries of genomic features.

We next conduct the down-sampling analysis with EWAS22 dataset with n = 111 and smoke
as phenotype. The goal here is to see whether TwoStage-T finds more DMPs than OneStage-A
does at a smaller sample size. We first define a list of “gold standard” fDMPs from the association
p-values based on the full dataset by applying Bonferroni correction (o« = 0.05). We draw the
stratified sub-sample from the full data with size 20, 40, 60, 80 and 100 as the phenotype is binary.
Then, we compare the percentage of fDMPs detected by OneStage-A to that by TwoStage-T. Panel
B in Figure 3.12 shows the result of down-sampling analysis with 100 independent replications.
While the power gradually increases as the sub-sample size gets bigger for both methods, it is clear
that our proposed method detects more fDMPs than OneStage-A at any sample sizes.

To examine whether the additional discoveries by TwoStage-T is by random or not, we per-
form validation analysis on the five age-associated EWAS datasets (EWAS26, EWAS27, EWAS30,
EWAS39 and EWAS45). Given the exclusively identified DMPs (the phenotypes found to be not
significant by TwoStage-T only) for each EWAS data, we compare the distributions of the associ-
ation p-values corresponding to those discoveries in the other 4 EWAS datasets with the estimated
density of the association p-values in each EWAS dataset. In Figure 3.13, the histograms in the
first four columns show steep slopes while the density in the last column has relatively gentle slope
for each age-associated EWAS dataset. This implies that the extra findings by TwoStage-T is not
random. If those are randomly detected, the overall trend of histograms shall be similar to that of

the corresponding density.
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Figure 3.12: Figures for the application to Methylation data. Panel A shows boxplots of log of
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Figure 3.13: A set of figures for validation of the additional discoveries by TwoStage-T in age-
associated EWAS datasets. The distributions of the association p-values corresponding to the ad-
ditional discoveries by TwoStage-T are shown in the first 4 columns. The plots in the last column
illustrate the density of the association p-values for each EWAS dataset. Each EWAS dataset is
shown in one color.
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4. SUMMARY AND CONCLUSIONS

In Chapter 2, we have proposed a new method to find the projection direction in the debiased
Lasso estimator and demonstrated its advantage over the original debiased Lasso estimator in van
de Geer et al. (2014) and the method in Javanmard and Montanari (2014). The main contributions

of this work are summarized below.

e We propose a new formulation to estimate the projection direction by properly balancing the

biases associated with the strong and weak signals respectively.

e We show that the set of strong signals can be consistently estimated and establish the asymp-

totic normality of the proposed estimator.

e We further propose a modified estimator which can lead to a smaller order of bias comparing

to the original debiased Lasso both theoretically and empirically.

e We generalize our idea to conduct inference for a sparse linear combination of regression

coefficients.

As for future research, we expect that our method can be extended to other settings such as the
generalized linear models, the Cox proportional hazards model and nonparametric additive models.

In Chapter 3, a novel two-stage procedure is developed for high-dimensional association tests
in genomics with the presence of confounding variables. The main contributions of this work can

be summarized as follows.

e We propose a way of simultaneously selecting both cutoffs in the proposed method. Specif-
ically, the thresholds are chosen to control the estimate for the FDR while maximizing the

number of rejections.

e This estimate for the FDR is based on the nonparametric empirical Bayes approach to ap-
proximate the expected number of false rejections rather than directly estimating the nui-

sance parameters.
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e We show that our estimate for the expected number of false rejections is consistent and the

newly proposed method provides asymptotic FDR control.

For future research, it would be interesting to apply the idea of the two-step procedure to jointly

analyze multiple p-values which are readily available these days from different studies.

73



REFERENCES

Barber, R. F. and Candes, E. J. (2015). Controlling the false discovery rate via knockoffs. The
Annals of Statistics, 43(5), 2055-2085.

Barber, R. F. and Candes, E. J. (2019). A knockoff filter for high-dimensional selective inference.
The Annals of Statistics, 47(5), 2504-2537.

Benjamini, Y. and Hochberg, Y. (1995). Controlling the false discovery rate: a practical and pow-
erful approach to multiple testing. Journal of the Royal statistical society: series B (Method-
ological), 57(1), 289-300.

Belloni, A., Chernozhukov, V. and Hansen, C. (2014). Inference on treatment effects after selection
among high-dimensional controls. The Review of Economic Studies, 81(2), 608-650.

Berk, R., Brown, L., Buja, A., Zhang, K. and Zhao, L. (2013). Valid post-selection inference. The
Annals of Statistics, 41(2), 802-837.

Biihlmann, P. and van de Geer, S. (2011). Statistics for high-dimensional data: methods, theory
and applications. Springer Science & Business Media.

Cai, T. T. and Guo, Z. (2017). Confidence intervals for high-dimensional linear regression: Mini-
max rates and adaptivity. The Annals of Statistics, 45(2), 615-646.

Candes, E., Fan, Y., Janson, L. and Lv, J. (2018). Panning for gold: ‘model-X’ knockoffs for
high dimensional controlled variable selection. Journal of the Royal Statistical Society: Series
B (Statistical Methodology), 80(3), 551-577.

Chang, J., Chen, S. X., Tang, C. Y. and Wu, T. T. (2019). High-dimensional empirical likelihood
inference. arXiv preprint arXiv:1805.10742.

Chatterjee, A. and Lahiri, S. N. (2011). Bootstrapping lasso estimators. Journal of the American
Statistical Association, 106(494), 608-625.

Chatterjee, A. and Lahiri, S. N. (2013). Rates of convergence of the adaptive LASSO estimators
to the oracle distribution and higher order refinements by the bootstrap. The Annals of Statistics,

41(3), 1232-1259.

74



Chen, J., Behnam, E., Huang, J., Moffatt, M. E., Schaid, D. J., Liang, L. and Lin, X. (2017). Fast
and robust adjustment of cell mixtures in epigenome-wide association studies with SmartSVA.
BMC genomics, 18(1), 413.

Dezeure, R., Bithlmann, P. and Zhang, C.-H. (2017). High-dimensional simultaneous inference
with the bootstrap. Test, 26(4), 685-719

Fahrmexr, L. (1990). Maximum likelihood estimation in misspecified generalized linear models.
Statistics, 21(4), 487-502.

Hastie, T., Tibshirani, R. and Wainwright, M. (2015). Statistical learning with sparsity: the lasso
and generalizations. CRC press.

Huang, J., Bai, L., Cui, B., Wu, L., Wang, L., An, Z., Ruan, S., Yu, Y., Zhang, X. and Chen,
J. (2020). Leveraging biological and statistical covariates improves the detection power in
epigenome-wide association testing. Genome biology, 21, 1-19

Javanmard, A. and Montanari, A. (2014). Confidence intervals and hypothesis testing for high-
dimensional regression. The Journal of Machine Learning Research, 15(1), 2869-2909.

Javanmard, A. and Montanari, A. (2018). Debiasing the lasso: Optimal sample size for Gaussian
designs. The Annals of Statistics, 46(6A), 2593-2622.

Jiang, W. and Zhang, C. H. (2009). General maximum likelihood empirical Bayes estimation of
normal means. The Annals of Statistics, 37(4), 1647-1684

Kiefer, J. and Wolfowitz, J. (1956). Consistency of the maximum likelihood estimator in the pres-
ence of infinitely many incidental parameters. The Annals of Mathematical Statistics, 887-906.

Koenker, R. and Mizera, 1. (2014). Convex optimization, shape constraints, compound decisions,
and empirical Bayes rules. Journal of the American Statistical Association, 109(506), 674-685.

Laurent, B. and Massart, P. (2000). Adaptive estimation of a quadratic functional by model selec-
tion. The Annals of Statistics, 28(5), 1302-1338.

Lee, J. D., Sun, D. L., Sun, Y. and Taylor, J. E. (2016). Exact post-selection inference, with appli-
cation to the lasso. The Annals of Statistics, (44)(3), 907-927.

Leek, J. T. and Storey, J. D. (2008). A general framework for multiple testing dependence. Pro-

75



ceedings of the National Academy of Sciences, 105(48), 18718-18723.

Liu, H. and Yu, B. (2013). Asymptotic properties of Lasso+mLS and Lasso+Ridge in sparse high-
dimensional linear regression. Electronic Journal of Statistics, 7, 3124-3169.

Lockhart, R., Taylor, J., Tibshirani, R. and Tibshirani, R. (2014). A significance test for the lasso.
The Annals of Statistics, 42(2), 413-468.

Meinshausen, N. and Bithlmann, P. (2006). High-dimensional graphs and variable selection with
the lasso. The Annals of Statistics, 34(3), 1436-1462.

Meinshausen, N., Meier, L. and Biihlmann, P. (2009). P-values for high-dimensional regression.
Journal of the American Statistical Association, 104(488), 1671-1681.

Meinshausen, N. and Biihimann, P. (2010). Stability selection. Journal of the Royal Statistical
Society: Series B (Statistical Methodology), 72(4), 417-473.

Neykov, M., Ning, Y., Liu, J. S. and Liu, H. (2018). A unified theory of confidence regions and
testing for high-dimensional estimating equations. Statistical Science, 33(3), 427-443.

Ning, Y. and Liu, H. (2017). A general theory of hypothesis tests and confidence regions for sparse
high dimensional models. Annals of Statistics, 45, 158-195.

Pedersen, H. K., Gudmundsdottir, V., Nielsen, H. B., Hyotylainen, T., Nielsen, T., Jensen, B. A. H.,
Forslund, K., Hildebrand, F., Prifti, E., Falony, G., Chatelier, E. L., Levenez, F., Dore, J., Mattila,
L., Plichta, D. R., P6ho, P., Hellgren, L. 1., Arumugam, M., Sunagawa, S., ... and Pedersen, O.
(2016). Human gut microbes impact host serum metabolome and insulin sensitivity. Nature,
535(7612), 376-381.

Price, A. L., Patterson, N. J., Plenge, R. M., Weinblatt, M. E., Shadick, N. A. and Reich, D. (2006).
Principal components analysis corrects for stratification in genome-wide association studies.
Nature genetics, 38(8), 904.

Reid, S., Tibshirani, R. and Friedman, J. (2016). A study of error variance estimation in lasso
regression. Statistica Sinica, 35-67.

Rigollet, P. and Hiitter, J. C. (2015). High dimensional statistics. Lecture notes for course

185997, Massachusetts Institute of Technology. Available at http://www-math.mit.

76


http://www-math.mit.edu/~rigollet/PDFs/RigNotes17.pdf
http://www-math.mit.edu/~rigollet/PDFs/RigNotes17.pdf

edu/~rigollet/PDFs/RigNotesl7.pdf.

Spearman, C. (1904). The proof and measurement of association between two things. The Ameri-
can Journal of Psychology, 15(1), 72-101.

Storey, J. D. (2002). A direct approach to false discovery rates. Journal of the Royal Statistical
Society: Series B (Statistical Methodology), 64(3), 479-498.

Sun, Y., Zhang, N. R. and Owen, A. B. (2012). Multiple hypothesis testing adjusted for latent
variables, with an application to the AGEMAP gene expression data. The Annals of Applied
Statistics, 6(4), 1664-1688.

Teschendorff, A. E., Zhuang, J. and Widschwendter, M. (2011). Independent surrogate variable
analysis to deconvolve confounding factors in large-scale microarray profiling studies. Bioinfor-
matics, 27(11), 1496-1505.

Tibshirani, R. J., Taylor, J., Lockhart, R. and Tibshirani, R. (2016). Exact post-selection inference
for sequential regression procedures. Journal of the American Statistical Association, 111(514),
600-620.

Tso, S. C., Qi, X., Gui, W. J., Chuang, J. L., Morlock, L. K., Wallace, A. L., Ahmed, K., Laxman,
S., Campeau, P. M., Lee, B. H., Hutson, S. M., Tu, B. P., Williams, N. S., Tambar, U. K.,
Wynn, R. M. and Chuang D. T. (2013). Structure-based design and mechanisms of allosteric
inhibitors for mitochondrial branched-chain a-ketoacid dehydrogenase kinase. Proceedings of
the National Academy of Sciences, 110(24), 9728-9733.

van de Geer, S., Biithlmann, P., Ritov, Y. and Dezeure, R. (2014). On asymptotically optimal confi-
dence regions and tests for high dimensional models. The Annals of Statistics, 42(3), 1166-1202.

Vershynin, R. (2010). Introduction to the non-asymptotic analysis of random matrices. arXiv
preprint arXiv:1011.3027.

Vershynin, R. (2012). How close is the sample covariance matrix to the actual covariance matrix?
Journal of Theoretical Probability, 25(3), 655-686.

Wang, J., Zhao, Q., Hastie, T. and Owen, A. B. (2017). Confounder adjustment in multiple hypoth-
esis testing. The Annals of Statistics, 45(5), 1863-1894.

77


http://www-math.mit.edu/~rigollet/PDFs/RigNotes17.pdf
http://www-math.mit.edu/~rigollet/PDFs/RigNotes17.pdf

Wasserman, L. and Roeder, K. (2009). High dimensional variable selection. The Annals of Statis-
tics, 37(5A), 2178-2201.

Zhang, C. H. (2009). Generalized maximum likelihood estimation of normal mixture densities.
Statistica Sinica, 1297-1318.

Zhang, C. H. and Zhang, S. S. (2014). Confidence intervals for low-dimensional parameters with
high-dimensional data. Journal of the Royal Statistical Society: Series B (Statistical Methodol-
ogy), 76(1), 217-242.

Zhang, X. and Cheng, G. (2017). Simultaneous inference for high-dimensional linear models.
Journal of the American Statistical Association, 112(518), 757-768.

Zhu, Y. and Bradic, J. (2018a). Significance testing in non-sparse high-dimensional linear models.
Electronic Journal of Statistics, 12(2), 3312-3364.

Zhu, Y. and Bradic, J. (2018b). Linear hypothesis testing in dense high-dimensional linear models.

Journal of the American Statistical Association, 113(524), 1583-1600.

78



APPENDIX A

SUPPLEMENTARY MATERIAL TO CHAPTER 2

A.1 Technical Details
A.1.1 Concentration Inequalities

We first define several quantities which will appear throughout the supplementary material. Let

Qj = Xj — X_jb_j and

b_j = z{rgmin EHXj - X—jBHg = Eial‘ﬁjz—jﬂ"
beRp—1

Define k) = 2k2, ky; = 2k21 /A1 3,5 and k3 = 2x2A 1 30, 5.

The following lemmas shows the concentration inequalities for sub-exponential and sub-

gaussian random variables which are motivated by Lemmas 5.5, 5.15 and Propositions 5.10, 5.16

in Vershynin (2010).
Lemma A.l. Let Xy,---, Xy be iid mean-zero sub-exponential random variables with
| Xi||y, = Ki1. Then, for every a = (ay, -+ ,ay)' € RN and any t > 0, we have

S

N
]:ED <
i=1

2 t
Xil 2] < 2expy—mi | |
> )— exp{ mm(sfewauw% 46K1Ha”°o>}

Proof of Lemma A.1. We first derive an upper bound of the moment generating function of X.

By expanding the exponential function in the Taylor series, we have

Elexp(\X;)]=FE

QX)L e VEXT]
1+>\XZ-+Z o _1+Z2T
- o

AP( Klp - (eAK,)?
1+ § =14 ) (KPP =1+ —— U
p/e p2( 1) 1= (6)\K1)

p=2
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provided that |eAK| < 1. The inequality follows by the definition of sub-exponential norm

E[X7] < (Kip)?

and Stirling’s approximation p! > (p/e)P. In addition, if |e K| < 0.5, the quantity on the right

hand side can be bounded above by

1+ 2(eAKp)* < exp(2(eAK;)?).

Thus, combining all of the above implies

1
26K1 )

Elexp(AX;)] < exp(2(eAK;)?) for |\ < (A.1)

Next, for A > 0, we have

P (i a; X; > t) =P (exp (AiaiXZ) > exp(At))

exp <)\ Z aiXi)] = exp(—At) H Elexp(Aa; X;)]

=1

< exp(—At)E

by the exponential Markov inequality for ZZ]L a;X;. If X\ is small enough so that |\ <
(2eK1]|alloo) ™, (A1) gives
i=1 i=1

N N
P (Z a; X; > t) < exp(—At) Hexp(2(e)\aiKl)2) = exp(— At + 2 N?|a|*K7).

By choosing A = min (¢(4¢€?||a]|>K?) !, (2eK]||al|«) '), we obtain

P ZN:aX >t <e min £ t
iV 2 S ex - , .
P 82 [P K2’ ek, [lal|os

i=1
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The second term in min can be obtained as follows. When A = (2¢ K ||al|~) ™!, we have

C
2efilall " 2alle = ekl

— At 4 2e*N|a||PKE =

where the last inequality follows as

1 t

A= <
2eKilalls — (4€?[all*KF)

which implies
o> _
llalleoe — 2eK;

By repeating the same argument for —X;, we get the same bound for P(— Zf\il a; X; > t), which

completes the proof. &

Lemma A.2. Let Xy, - , Xy be i.i.d. mean-zero sub-gaussian random variables with || X; ||y, =

Ks. Then, we have the following results.

1. Forany |w| <1,

X2
2 % 2
E {exp (wl 46K22>] < exp(wy). (A2)
2. Forwy, € R,
Elexp(ws X;)] < exp(8eKjw3). (A3)
3. Foreverya = (ay, -+ ,ay) € RN and any t > 0,
N 42
P X >t <2 . A4
(Z - >— o (- sz (A

81



Proof of Lemma A.2. LetY; = X;/(2+/eK>). We note that, for [w}/2| < 1,

0 2I<:E Y2k
Elexp(wiY?)] = Z wi BV

2w%k) e [(wh F (1 w2\ !
B 2) 2
k=1 k=0

by the Taylor series expansion of the exponential function and Stirling’s approximation. We can

| /\

(]

further bound

Elexp(wiY?)] < exp(w?) for |wi| <1

by using the inequality (1 — )~ < exp(2x) for 0 < z < 0.5, which completes (A.2).

For (A.3), we notice that

Elexp(wY;)] < E[wY; + exp(w?Y?)] < exp(w?) (A.5)

for |w| < 1 where the first inequality follows by ¢” < z + e*” for any z € R and the second one

does by (A.2). If |w| > 1, we have

Elexp(wY;)] < exp(w?)Elexp(Y;?)] < exp(w? 4+ 1) < exp(2w?) (A.6)

due to wY; < w? + Y2 for any w, Y; and (A.2). Thus, combining (A.5) with (A.6) gives

Elexp(wY;)] < exp(2w?).

for any w € R. Letting wy = w/(24/eK>) completes (A.3).
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For (A.4), notice that

E
i=1
N

< Hexp(Sngwga?) = exp(8eKjws||al|?).

=1

exp(ws Z aiXi)] = H E [exp(w2a;X;)]

For wy > 0, we have
N N
P (Z a; X; > t) =P (exp <w2 Z aiXi> > exp(wﬂ))
i=1 =1
N
exp (Cdg Z aiXi> ]
i=1

< exp(—wat + 8ew; Kj ||al|?)

t2
< -
= eXp( 326K§Ha!l2>

< exp(—wat)

and the same bound can be obtained for P (— sz\il a; X; > t). Thus, combining those bounds

gives (A.4). &

A.1.2 Technical details in Section 2.3

Lemma A.3. Under Assumption 2.5,

_ [log p 1 &
1T J
P (n HGj X _illoo > €0j n ) < 2exp { (1 302 (KJOJ’)Q logp

for 0 < gg; < Kgjy/n(logp)—L.

Proof of Lemma A.3. Let Z = (Zy--- Z, 1) =n (X} X_; — b, X_;"X_;). Then we have

1 n
Z==3 (Xi;—blX )X
1=1
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where X ; is the value of the jth predictor of the ith observation and

X' = (Xm e X1, Xy "Xivp)'

=

Fix some k € {1,2,...,p} \ {j} and let Z-(k-) = (X — 01X, j)X( )., where X( ) - denotes the

(2 j’

kth element of X; ;. Then Z,, = n~' > | where £ [Z ] = 0 and Z )>s are independent

z]’

across 1 <11 <n.

We derive an upper bound for ||ZZ-(§) ||, - Notice that

k k k
1Z8 g = 1Ky — 0T, X0 ) Xy, < 201Xy — ijXz',fijaHXi(,_)ijg
= 20| X, vl | X N

< 267|752
2<1 + \V/ Ammz ) )

where X;| = (X;;, X;" ;) and T, = (1, b ). Here, the first inequality holds from the fact that

1 XY [, < 2/|X || [|Y ||, for any two random variables X, Y'; the second inequality comes from
¢ PBIX DY = Myl PLEIX (v /=3 DI < =l
and the third inequality follows from

[v=jllz = /1 + o[> < T+ [[bs] <1+ \//\max(zigl',fj)zj,j-

By Lemma A.1, for any € > 0, we have

1< 1 (e 1 ¢
P - ) > e | <2exp] —nmin = (—) , —— .
n|= 8e* \ Koj 4e Ko,
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Choosing € = eg;+/n~! log p and assuming that n > €3 (kq;) > log p, then

1 log p 1 &
P(— > o —— | <2 ————2] .
(n “ VT ) - exp{ 8¢ (rgy)?

The result follows from the union bound over k£ € {1,2,...,p — 1}. O

37
=1

An implication of Lemma A.3 is that

log p

n 0] X o < oy -

(A.7)

with probability tending to 1 for a fixed £, such that €5 > (k;)?8e*. We introduce an additional

result below for a later use.

Lemma A.4. Under Assumption 2.5, we have

1 /322 c\?2
P( Sg”) 21‘2“"{‘8—2 () }
(& K1
L (Zh ey i
_2exp{—@ (W) n
for 0 < ey, < min{(Sp_,;) "L, 4min(ky, £o;)(Sp,) "2} and
[ L a2 Y
]P’<‘ - — Y| Segi | 21— 2exp T8 \ 30, n » — 2exp ~37 o n
1 -\ 2
—2exp —— €2j n
8e? 3/€3j

n 1
¢9JTXJ Ej\—j

for 0 < g9 < 3min(ky, 2Kg;, Kaj)-

Proof of Lemma A.4. We notice that

n p—1

k
I, =X X; - 3N b xM X,

i=1 k=1
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where b_; . is the kth element of b_; and X Z-(’k_) j is the kth element of X _;. Then, we see that

T n

1 “ k) _
J Zj\—j — - Z(XQ E Z (Z b_] kX( Ej,—jz—},—jz—jvj> .

=1

By Lemma A.1,

1 (6\°
Pn kaXEEE <6 | >1-2 L4
S 1 I Y

for 0 < §; < min(ky, ko). Also, for ey; < (X;_;)" ", we have
n 1

{ X, S
»2 .
ThllS, for €1j S min{(Ej\_j)_l, 4min(/<;1, HJQj)(Zj\_j)_2}, we have
1 22-\_ i€1j ?
IP’( gglj> 1—2exp{ - (ﬁ) 0
1 232'\_ €15 ?
_9 I e A
exp { 3e2 < P ) n

J\J }

k
z (zb-mx X —x, z)
1=1 k=1

n 1

OJTX] Zj\—j
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which proves the first inequality. Next, we note that

6,2 XTX, XTX
16l Ypj = ( I — Em) —2 <J—] - 2%]’) DR Y

n n n

~ —~~

(*) ()
X _TX_.
+ Ej,sz_l' (# - 2]7]> 2_1 »2,]'7]' .

—J:=J n =17
N -~ 7

(s

The concentration inequalities for (x) and (xx) are given respectively as

2
€9j 1 €2j
P <=1>1-2 —— | = A.8
( < 3)_ exp{ < (3K1> n} (A8)

1 n

~ > (XE = 35)
=1

and

1 £9i \ 2
21—26Xp{—@ (%) n} (A.9)

for 0 < e9; < min(3ky, 6k2;). Also, we notice that

n

2
1 L B
(ex) == > (Z X (ﬁ—)jbask> — %535 5
k=1

=1 =

Lemma A.1 gives us

i=1 k=1
1 E9j 2
>1—2 -— 1 A.10
> exp{ o (3%) n} (A.10)
for 0 < g5; < 3k3;. Combining (A.8), (A.9) and (A.10) finishes the proof. &

The following result directly follows by Lemmas A.3 and A.4.
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Corollary A.1. Let v; = nf;/(0] X;) and i; = n~"||0] X_j||c. Under Assumption 2.5, v; satis-

oT 3y
fies v; X;=n,

. 1 ’
P (n Yo |I? < (2'\ -+ Elj) (B + Ezj))
INT
1 £2j ’ 1 €2 2 1 €24 ?
>1-2 SR —2 — (=% —2 - (==
- exp{ Re2 (3/4)1]‘) n} exp{ Re2 (6/€Qj) " P Re2 353]' "
2 2 2 2
Re2 4/4,1]‘ Re2 4/€2j ’

logp( 1 )
P Zj'gﬁo' + €15
( J j n A J
>1-2 1———2 )1 —9 B R\ Al
1 zew{ (1 g o] 2o g ()
1 22'\7'81' ?
-9 Y (A A
eXp{ 862( Atig; ) "

for gj, €15, €25 given in Lemmas A.3 and A.4.

and

Lemma A.5. Let R = n_lf)lTX_l(ﬁ_l — B_l) where 0, and 1; denote the solution to (2.10). Then,
max Ry = 0,(1).

Proof of Lemma A.5. According to the definition of v,

n n

Cs

a2 +n7 ol <
log p log p

iif +n” o)

where @y = n 7|6, X_]|oo, 91 = n6;/6," X; and 1 = n{|#,X _;||oo. Then, we have

n n
y < Oy
log p log p

Cs

i +n )
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which implies

2
Coy max 0 X ]|oe < (mlaX(El\_l)_l + 53) <02(86)2 +max Yo+ 6/2)

n
log p
with probability tending to 1 by (A.12). Therefore,

max Ry < max [0 X i lao/A| — Bl = 0,(1)

by Assumptions 2.3 and 2.6. 9

The following inequalities are direct consequences of Lemmas A.3-A.4 and the definition of

A

(UN

Corollary A.2. Let U; be the solution to (2.10). Then, we have

1 1 1
P (mlaxn_IH&lTX_zHOO > & ﬂ) < 2exp {——2 (min —2> (0)* logp + 2logp} :
n

P (mlax WLXl < mlax(El\_l)_l + 5’1) >1—2exp

l n

9 2
P (maxM < mlaXEZ\,l +5’2) >1—2exp {——
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and

1 1
P (rnauxrle@lH2 < M’) >1—2exp {—@ (mlm ("101)2> (e5)?logp + 210gp}

1 (En-)* 2

— 2exp {—@ (mlm (In)? (e1)*n +logp
1 () 9

— 2exp {—@ (mlm (Grn)? (e1)°n +logp

1 2

— 2exp {_862(3ﬁ1)2 (e5)°n + logp}
1 1 )

— 2exp ~ gz | min Grea)? (e5)"n + logp

2 ! L) et
—2exp{ ——— | min g5)’n+1lo
P78 \ M (3kg)2 ) * 2 &Py
where
M = (mlax(z:l\,l)*l + &1)?(Coef + max X + £h) (A.11)

for 0 < g < (min; kg;)y/n(logp)=,0 < &) < min; {min((Zp_;) ", 4min(ky, £e)(Xn_1) ")}

and 0 < €}y, < min;(min(3k1, 6Ka;, 3K3;)).
Under Assumption 2.6, Corollary A.2 implies that

1
maxn 10X ]| < ey ok
n

n _
max o < max () + €],

07X — (A.12)

mlaxnleGlHQ < mlax 3n + &y,

mlaxn_le)lH2 < M,

with probability tending to 1 for a fixed (f)? min;(ko;) 2 > 16€? and fixed &, £} as in Corollary

A2
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Proof of Proposition 2.1. Noting that (n=/2||9||)~* < || X;||/+/n, we have

T =2 Vi(Bu(t) = B) n Vnb
YT on 2ol T on 24
- (= R _ VTR
o |on=2||o| <\/ﬁvl e+n l) " on=12||o|
o nR n
<7 (jz)+| | | V0
o on =12 ||| on= 12| 5|
o X nRk X n
Sr(lZzlJrH l||‘\/_l+|| 1l f@z)j
o vn | o vno| o
" Yo, ViR
g npo; niy
> 2 (|- gy o | Y
nl=3 ( o] Y | R Pt T )
o VB | Xl [ v/n R
Z ~ T - |Zl| - 9
o \|on=12||5| n| o

where R; = nilfleX_l(ﬁ_l — B_l). We also observe that

{

Vnly

g

+D'm \/_ﬁ V7logp
163(2)

(C {max|T)| < +/7logp ¢,
18

o
- -1/ < Z|+ D
- ‘_5}m{max| 1| + D' max

1eB! 1eB?

A s 20 < )

VB

o2 o]

and

X Vil

— max |Z;| — D' m
o

min
1eBd 1eBd 1eB{Y
J

N2 -1 <<} {mpe 2 gpf}] C {3;5 7| > @}

g
and where D' = |/max; X;; + ¢ for 0 < &’ < 2x%. Note that

> \/Tlogp}

X 1 N2
P{mlax% < D’} > 1—26Xp{ % Qf)4n+logp} (A.13)

We prove Proposition 2.1 in the following two steps.
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1. Under Assumption 2.1, it suffices to show that

D’
P (max |71 + — max |VnR| < civ/ logp) — 1,
1B

18!

where ¢; = /7 — D'\/dy. We have, for &” > 0,

P | max |Z)]| —|——max|\/_Rl| <clx/logp>
1eB?

(2
i
e

D/
max |Z)| < c1/logp —&" ﬂ — max lVnR)| <¢&”
1B 0 ke
D "
>P max |Z1| < c14/logp — +P| — max WnR| <& | -1

ZEB 9 leB

D’ 1 _ N2
>P (— max |v/nRy| < 6”) —2pexp{—a (c1logp — &) }

O es? 32ek?

Here the last inequality follows by Lemma A.2 under Assumption 2.2, i.e.,

P max|Zl|>cl logp —&”
1eB?

<P U {|Zl| > logp—s”}
1eB® (A.14)

S]B§2)| xP( - chx/logp—&t”>

1 .
T Vi€
oAl Zl
§]8§2)| X 2 X exp {—

conditional on v;. By the assumption

2

g / 2
32—@/§;z<\/;_ domlaxzu) > 1,

we have

;> 1

32er?
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for small enough £’. Together with (A.13), Lemma A.5 and Assumption 2.4, we obtain

P (max T < \/Tlogp> — 1.

1B

2. We define ¢c; = \/d; /M" — /T, where

. 220, ( 1\
M" = (rnlln Yo+ 8/1> (@ (Hllln W) + mlax S+ 28;)

by letting (£})% = 2 ((8¢2) ! min (ko) 2) " + &, in (A.11). We have, for ¢” > 0,

R
P | min \/1_ﬁl — max |Z;| — D' max Vil > /T logp
e |on 2|0l 1eBY sV o
D’

>P | ¢ min \/l_fl — max |Z)| > \/7Tlogp+¢&” ﬂ — max [vnR| < ¢”

leBM [N /2|l 1eBd T 1estt

1 1

>P | < min . max |Z)| > \/7Tlogp + £" ﬂ min —— >

eV oV M" | iesl! e n 2ol T VM

D/
+P —max|\/_Rl|<5" -1

9 leB

>P <min
&)
lGBj

D/
+P —max|\/_Rl|<5” —2

g ZGB

VB
o M//

— max | Z)| > Tlogp+€”> +P <rnag() nH|o)? < M”)
leB

)
€B; j

>P (max |Z1| < con/logp — ) +P (maz}()n Y|dy|2 < M//)
)

1BV len

D/
+P —max|\/_Rl]<5” -2

o leB

2
>1—2|BW|exp{ - logp —&")? ¢ + P | max n o> < M”
’ 32 keB(?
D/
+P | — max IWVnRy <& | -2
0 ket
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where the last inequality follows from (A.14). By the assumption \/d;/M — /7 > 0, we
have c; = \/dy/M" — /7 > 0 for small enough ¢}, 5. Since ‘ ' ‘ < 59 < p, by (A.12),
(A.13), Lemma A.5 and Assumption 2.4, we get P <m1n w T3] > /7 log ) — 1.

%

Proof of Theorem 2.1. The argument below is conditional on the event {A§-k) (1) = BJ(-k) for k =

1,2} which occurs almost surely by Proposition 2.1. Let @;; = max n~'|o] Xi| and

6h)
ke A (1)

v —15T o . VN .
Ujp = maxkeA;Q)(T) n |vj Xj| where 0; is as in Corollary A.1. Then, (@1, @j1,7;) is a feasible

point to problem (2.8). By the definition of v;,

011 C'2 j2 + nilH@jH2 <Ch

C 2 =115 .12
og p jl ng 2 j2+n ||v]||7

10 p i+ log p

where @;; = max, _ ) n‘1|73jTXk| and Uj> = max _1|1§]-TX;€|. Then, for ¢ = 1,2, we must
>

@n
keA;

have

n 1 2 1 2
Cy—iij; < C1, Ch)el [ =— : —Fey ) (B ),
logpuj < max{C} 2}50J (Ej\j +51]) + <2j\j +51]> (X +e95)

with probability tending to 1 by Corollary A.1. Then, by Assumptions 2.3 and 2.6,

VAR, B-5) =0~ 0] X (6 = boj)l < 7! max 9] XelVallB-; = Bl = 0p(1).
Hence, we obtain
v, o €+ 0,(1). (A.15)

Note that

S Bl ) BEC ol
02+6||17j‘|2+6 T g2t H@jHQH = 0g.5.(1).
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Conditional on the event that {||9;|/24s/||7;]| — 0}, the Lyapunov condition is satisfied and thus
0] e/{o||;||} converges to N(0,1). If e ~ N(0,0°1), 0] ¢/{c]|5;||} ~ N(0,1) conditional on o;.

The conclusion thus follows from (A.15) and Assumption 2.4 by the Slutsky’s theorem. &

Proof of Proposition 2.2. All the arguments below are conditional on the event {Af) = BJ(-Q) }
which occurs almost surely by Proposition 2.1. With the projection direction v; from (2.16) and

the refitted least square estimator B, the bias (2.6) reduces to

VnR(vj, B-;) ZU Xe(Br — Br)
k#ﬂ
— % Z o) Xu(Br — Br) + % Z 0} Xi(Br — Br)

keB(l) keB(.Q)

Ql

Z v; T X0(Br — i) +— Z v; T Xk(Be — Br)
keAl!

keA<2)

T
= % _;Xkﬁka

where we have used the fact that ﬁjTXk = 0for k € A§1) from (2.16) and B @ = 0 by (2.17).
J

Thus, we have

VIR, 5-5)] < 1075 X oo /8 g0 s
< 15 X lloerv/do Tog pll B o

lo
<Op (\/ ip) o/ dy 10ngﬁB;_2>Ho

where the second inequality holds by Assumption 2.1 under the event {.Agg) = B](?)}. The last

inequality follows from the fact that ||n"'0] X_;||sc = O,(1/logp/n), which can be verified by
using similar arguments as in the proof of Corollary 1 together with the definition of v; under

Assumption 2.5. The last statement follows immediately from condition (2.20). &
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A.1.3 Technical details in Section 2.4

We first state the following results which are parallel to Lemma A.3 and the first inequality in

Corollary A.2. As the proof is similar to the one in Lemma A.3, we omit the details.

Corollary A.3. Let 0, = X; — X_gb, with by = argmin; E||X; — X_Sl;Hzforl € S. Under

Assumption 2.5,

1 52
P (6] X sl > oy =L ) < 2exp { <1 P 2) 1ogp}
sn s(or)

for 0 < &u < koy/sn(logp)~! where ¢, s > 0 is an absolute constant and ko =

2 (1 + 4/ Amiln2u> k% As a consequence, we have

1
P(rglasxnlnefxs||wzfg ng> szexp{—<m;n )(56)210gp+210gp}-
S

Cig} S(Fdol)2

for 0 < &) < min; kg\/sn(logp)—1t.

The following results are introduced for the proof of Theorem 2.2 which follows from a direct

application of Proposition 2.1 in Vershynin (2012) .

Lemma A.6. For every d > 0, we have

4 s 2
P XIXg—2 < /=—Zlog=)>1-96
(I XEXs - Zasl < /5 210w 3 ) 21 -6

where C. > 0 is an absolute constant which only depends on § and k.

We next introduce the following lemma which provides an upper bound for the operator norm

of a matrix.

Lemma A.7. Let B be a m x m matrix and N_. be an e-net of the unit sphere S™ ! for some
e € (0,1/2). Then

IB|| < (1—2¢)~" sup |¢'Bd|.
c,deN:
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Proof of Lemma A.7. For any c¢,d € 8™, we can choose cy,dy € N. such that max{|jc —

enll, [|d — du||} < e. Some algebra gives us
¢'Bd = c\Bdy + (c — cp) 'Bd + e\ B(d — dy),
which implies that

|c"Bd| < 2¢|B||+ sup |eyBdw|.
N

cnr,da ENe
Taking supremum over all ¢, d € S™! and rearranging terms give us the desired result. O

Lemma A.8. Forevery § > 0, we have

8 2
P <||(n‘1X§X_S — X5 9) 25X ss <34/ 5 los 55) >1-0
I H/ n

where C,, > 0 denotes an absolute constant which only depends on k' = 2k%+/ A;lilnDQ.

Proof of Lemma A.8. We prove the result in several steps. First, we bound the operator norm by
using the so-called e-net argument. Then we apply the concentration inequality for sub-exponential
random variables and finally use the union bound to finish the proof. For two vectors a,b € R?*!,

write (a,b) = a'b. By Lemma A.7 and Lemma 5.2 in Vershynin (2012), we have

[(n™' XX s — Bs-5)E 75 _sB-ss

n

1 _ _
= sup g Z (<Xi’s, C><ES77527‘19775XZ'775, d> — CTESﬁSE,}g,,Szfs,Sd)
c,deSs—1 i—1
1 ¢ . -1 A T -1
<3 dSIj\I/) - Z ((Xis, ) (Bs -5 _sXi—s5,d) —¢' Bg_sE_5_ ¥ _55d)
c,a€Ny /3 i=1

where V3 denotes a 1/3-net of S*~! with the covering number [N /3| < 7.
Letus fixc,d € MV} /3. Because each row of Xg and X _ g is independent sub-gaussian random

vector, we can apply the concentration inequality in Corollary 5.17 of Vershynin (2010). Specifi-
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n

cally, we have
1
- Z ((Xis, ) (Bs—sT_5_sXi—g,d) — CTES,—SE:}Q_SE—S,SCZ)

(3 )
<2exp <—cn<5>2>

provided that €2 < (x)?, where ||( X s, ¢) (25 _sX_5_¢X; s, d)|ly, < #"and ¢ > 0is an absolute

constant. Applying the union bound over ¢, d € N3, we have

n

1
— Z ((Xis, ) (Bs—sB2§ _gXis,d) — ¢ (Bg_sX°5_gB_s.5)d)

n <
i=1

sup
c,dGNl/g

> €

with probabiliity at most 2|7 /5| exp [—cne®/(x')?], which implies

- - €\?
P([[(n'X5X g — B )25 2 gl < 3¢) > 1= 2Nyl exp [—cn (=) 1

>1—2exp [43 — neQC’HI}

where C,; = ¢/(x’)%. Then by letting €2 = (8/C,/) log(2/d)(s/n), we have

8 , 2
P <||(n—1X§X_S — 35 )X 5 B 5s] <3 7 log 55) >1-46
b K// n

which completes the proof. &

Lemma A.9. Let A = n‘ngG) and A = Xgg — 257,52:;752,375. Under the assumption

that s/n = o(1) and ||A™|| < B for some constant B > 0, we have ||w| = O,(||as]|).

Proof of Lemma A.9. Note that

lw]| = [(n"'X$0) as|| < [|A™"||as]-
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We want to bound || A~!||. Using the properties of operator norm, we have
JAT < AT = AT+ AT < AT AT 1A — Al + AT
Rearranging the terms, we obtain
IATHI(L = AT A — Al < [|A7].
With the assumption ||A~!|| < B, we have
L—A7||A - Al >1- BJA - A].

Under the assumption s/n = o(1), by Lemmas A.6 and A.8, we have |A — A|| = 0,(1). Thus
1—||A~Y|||A — A|| is bounded from below by a positive constant with probability tending to one.
Thus

AT < (1= [AT|lA = A)THAT < (1 - BJA - AT AT

which implies that || A~!|| = O,(1). The conclusion follows directly. &

Lemma A.10. Let © € R"*® where the |-th column vector is 0; for | € S as in Corollary A.3 and
U, = Ow where w = (n X, O) lag. Then, under Assumption 2.5 and ||as| = O(1), we have

n=H = Op(1).

Proof of Lemma A.10. We note that

lOw]* < [[Xs = X_sX75_¢Bssll*wlls < 2{|[Xs[* + [X_sE5_sX_ss]I*} [lwll5-

-~

1
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We shall control / below. Lemma 5.3 in Vershynin (2012) gives us
1Xs|]? < 4Cr€nA%>/<2 ¢ XsXse,

IX_s2T§ _¢B_ss]® < 4 max A5 5874 ¢ X X X5 3 _ssd.

1/2
Let Q = 25,752:}%,5 (n_lXTSX,S — 2,57,5) E:é’fsz,&s. Since the elements of the terms
inside the maximization can be expressed as a sum of independent sub-exponential random vari-
ables, we can use similar arguments as in the proof of Lemma A.3 to show that for every o > 0,

4 s 2
< J—ZlogZ) <1—
P (HQH < Cnlnlog 5) <1-9§

where C,, > 0 is an absolute constant which only depends on &’ = 2x21/A_1 D2, Together with

min

Lemma A.6, we have

n Xl + X5 _sE_s.50*} <Co {0p(1) + Amax(Bs,5) + Amax (Bs,-sE "5 _sZ_s5)}

<Co {0p(1) + 2Amax(Es5)}

for some constant Cj. Therefore, we have

min

nH[©wll; < 2Co(0p(1) + 2A,5)Op([las]|*) = Oy(1).

&

Proof of Theorem 2.2. The arguments below are conditional on the sets Ag) and Afﬁ) which
have nonrandom limits by Proposition 2.1. Let U, = max, _,w n~ o) Xy and g =
J
max, _ ) n~ 1o, Xi|, where 9, is as in Lemma A.10. Then, (tq1, U2, ¥,) is a feasible point
J

to problem (2.22). By the definition of v,

O @2, 4+ Co 2y + Y52 < O
log p log p

n n
77’21 -+ 02@1\232 + n_lH’(uJaHQ.

log p
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Then, for + = 1, 2, we must have

CiLﬂm- < max{C}, Cy} n maxn " t|w' O Xy + nt|v,|?
log p logp k¢s

< max{Cy, Ca}|u]|(€)* + M,

with probability tending to 1 for 0 < &) < min; ko;+/sn(log p)~! and some constant M, according

to Corollary A.3 and Lemma A.10. Then, by Assumptions 2.3 and 2.6,

VR (B4, Bs)| =025 X _5(B_s — fs)| <n”' s |64 Xelv/nl|5-s — Bslly = 0,(1).

Hence, we obtain

Vi(Bs(Ba) — ad Bs) = %@Je +o,(1). 1)

Finally we can apply the central limit theorem as in the proof of Theorem 2.1, which completes

the proof. %
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A.2 Additional numerical results

3 non-zero coefficients with t-distributed error for Case 1
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5 non-zero coefficients with t-distributed error for Case 1
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Figure A.1: Simulation results for Case 1 with sy = 3,5 and ¢-distributed random error. Barplots
for the empirical coverage and boxplots for the length and bias of the 95% confidence intervals.
The horizontal line in the barplots indicates the nominal level. Error bars in the barplots represent
the interval within one standard deviation of the empirical coverage.
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10 non-zero coefficients with t-distributed error for Case 1
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15 non-zero coefficients with t-distributed error for Case 1
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Figure A.2: Simulation results for Case 1 with sy = 10, 15 and ¢-distributed random error. Barplots
for the empirical coverage and boxplots for the length and bias of the 95% confidence intervals.
The horizontal line in the barplots indicates the nominal level. Error bars in the barplots represent
the interval within one standard deviation of the empirical coverage.
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4 non-zero coefficients with t-distributed error for Case 2
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8 non-zero coefficients with t-distributed error for Case 2
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Figure A.3: Simulation results for Case 1 with sy = 4, 8 and ¢-distributed random error. Barplots
for the empirical coverage and boxplots for the length and bias of the 95% confidence intervals.
The horizontal line in the barplots indicates the nominal level. Error bars in the barplots represent
the interval within one standard deviation of the empirical coverage.
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12 non-zero coefficients with t-distributed error for Case 2
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16 non-zero coefficients with t-distributed error for Case 2
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Figure A.4: Simulation results for Case 1 with sy = 12, 16 and ¢-distributed random error. Barplots
for the empirical coverage and boxplots for the length and bias of the 95% confidence intervals.
The horizontal line in the barplots indicates the nominal level. Error bars in the barplots represent
the interval within one standard deviation of the empirical coverage.
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3 non-zero coefficients with Gamma distributed error for Case 1

Active_Tp Inactive_Tp Active_Eq Inactive_Eq
1.0-
o 0.0-
o
©08-
s
Z07-
S oa-
05-
BRP DB JM MBRP BRF DB Jm MBRP BRP DB MBRP BRF DB MBRP
Active_Tp Inactive_Tp Active_Eq Inactive_Eq
' -
20-
515-
5
— 1.0- i ; ;
05-
BRP JM I'v1EIRF' BRF’ JM I'v1EIRF' EIRF' I'v1EIRF' BRF DB MBRP
Active_Tp Inctive_Tp Active_Eq Inctive_Eq
L] -
6- [] []
g 4- L] - . (]
= 5 - - -
9 -
. _ * I ! ! A | l
BRP DB MBRP BRP DB MBRP BRP DB MERP BRP DB MBRP
method method
5 non-zero coefficients with Gamma distributed error for Case 1
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Figure A.5: Simulation results for Case 1 with sy = 3,5 and Gamma-distributed random error.
Barplots for the empirical coverage and boxplots for the length and bias of the 95% confidence
intervals. The horizontal line in the barplots indicates the nominal level. Error bars in the barplots
represent the interval within one standard deviation of the empirical coverage.
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10 non-zero coefficients with Gamma distributed error for Case 1
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15 non-zero coefficients with Gamma distributed error for Case 1
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Figure A.6: Simulation results for Case 1 with sy = 10, 15 and Gamma-distributed random error.
Barplots for the empirical coverage and boxplots for the length and bias of the 95% confidence
intervals. The horizontal line in the barplots indicates the nominal level. Error bars in the barplots
represent the interval within one standard deviation of the empirical coverage.
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4 non-zero coefficients with Gamma distributed error for Case 2
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8 non-zero coefficients with Gamma distributed error for Case 2
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Figure A.7: Simulation results for Case 2 with sy = 4,8 and Gamma-distributed random error.
Barplots for the empirical coverage and boxplots for the length and bias of the 95% confidence
intervals. The horizontal line in the barplots indicates the nominal level. Error bars in the barplots
represent the interval within one standard deviation of the empirical coverage.

108



12 non-zero coefficients with Gamma distributed error for Case 2
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16 non-zero coefficients with Gamma distributed error for Case 2
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Figure A.8: Simulation results for Case 2 with sy = 12,16 and Gamma-distributed random error.
Barplots for the empirical coverage and boxplots for the length and bias of the 95% confidence
intervals. The horizontal line in the barplots indicates the nominal level. Error bars in the barplots
represent the interval within one standard deviation of the empirical coverage.
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Figure A.9:

Toeplitz with t-distributed error
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Simulation results for a sparse linear combination of /5 and ¢-distributed random error.

Barplots for the empirical coverage and boxplots for the length and bias of the 95% confidence
intervals for each contrast. The horizontal line in the barplots indicates the nominal level. Error

bars in the

barplots represent the interval within one standard deviation of the empirical coverage.
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Toeplitz with Gamma distributed error
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Figure A.10: Simulation results for a sparse linear combination of 5 and Gamma-distributed ran-
dom error. Barplots for the empirical coverage and boxplots for the length and bias of the 95%
confidence intervals for each contrast. The horizontal line in the barplots indicates the nominal
level. Error bars in the barplots represent the interval within one standard deviation of the empiri-

cal coverage.

111



Toeplitz

1.4- )

1st 2nd 1st 2nd 1st 2nd 1st 2nd
Error Std. Estmates

Equicorrelation

3 5y 10 15
25- »
[ ]
20-
=zb

15- T
10——*————*—-——+—-——*—-——* ———— i ——————— + ——————————

1st 2nd 15t 2nd 15t 2nd 15t 2nd

Error Std. Estimates

Figure A.11: Boxplots of the two different error variance estimators. Data i s generated by Case
1 with so = 3,5,10 and 15. “Ist" denotes the estimator ||Y — X 3||2/n and “2nd" denotes the
estimator ||Y — X3||2/(n — ||3]|o). The number on the top of each panel denotes the number of
non-zero coefficients. The horizontal dashed line corresponds to the true error variance.
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APPENDIX B

SUPPLEMENTARY MATERIAL TO CHAPTER 3

B.1 Data generation for Figures 3.1-3.2

To generate Figures 3.1-3.2, 300 independent simulation runs are conducted with n = 100,

m = 2000 and d = 1. We simulate X = (Xl, ce ,XlOQ)T,Z = (Zl, ce ,Zloo)T by

Xy ~ N(reg, 1), Zy~ N(rep, 1) (B.1)

where r = 1.0,1.5,2.0 and &} "% N(0,1). We generate ¥; € R'%0*! under (3.1) with @ =

(a1,...,am) and B = (By,..., L)  such that

Category A: ay, = 0.5 x 17,, Br, =0y,, CategoryB:ay, =0y ,, b =051,

Category C: ay, = 1, = 0.5 x 1|1, Category D: o, = B, = 0j7,,

where 14, Ip,Ic,Ip C {1,..., M} denote some mutually disjoint index sets. We fix |I4] =
67,|Ip| = 66,|Ic| = 66 and randomly generate these index sets for each simulation run. And the

following R command is used to generate the grids for thresholds ¢;, ¢, are used:
for t, : seq(min|ZY|, max|ZY|, 1en = 250), fort, : seq(min |Z#|, max |Z|, 1en = 250).

B.2 Extension of the two-step procedure to GLM

Our goal here is to extend the idea of the two-step procedure under the model (3.1) to the

generalized linear model (GLM) setup.

B.2.1 Setup

Assume we have the response vector Y; = (Y, ... ,Ym)T € R™! fori = 1,...,m and let

X=(X,....X,)T eR™ and Z = (Z,,...,Z,)" € R be the covariate of interest and the

113



design matrix associated with the confounding factors, respectively. Under the GLM framework,
the response is often modeled by the exponential family with the probability density such that

Yij0i; — K(0i5)

f(Yz‘J'QQz‘ja@:eXP{ : () +C(Yz’jv¢>)} (B.2)

where 6,; is called the natural parameter and ¢ is the fixed dispersion parameter and «(-), a(-), c(-)
are the known function. Recall that the GLM relates the linear predictor n;; = X a0, + Z ]T Bo; to

the mean of the response i;; by using the link function g such that
BYj;] = #'(6:5) = pui; = g~ (n5)

where ag; € R and By € R¥! denote the true parameters associated with the covariate and
confounding factors, respectively. If g is chosen to be the so-called canonical link function' such

that 0,; = 7,;, the log-likelihood is

Co(0v, Bi) = Z {Yw i+ % %)(gb)m(XJOéZ %A

+ c(Y35, gb)} (B.3)

=1

under (B.2). Recall that our main interest is to conduct multiple testing for the set of the null
hypotheses { Hy; : «; = 0}, by using both the unadjusted and adjusted z-statistics which will be

defined in the following section.
B.2.2 Unadjusted and Adjusted z-statistics in GLM with the canonical link

Let &' be the estimator of «y; after adjusting for the confounding effect and &Y be the unad-

justed version without taking into account the confounding factors. Then, &Y and & are defined

as
a¥ = argmax (Y (1;) = argmax /£,,(;, 0),
; i (B.4)
(6, 5" = argmax £, (e, ;).
a;,Bi

"We consider the canonical link for g just to simplify the notation. The similar arguments in the next section can
be also used to define the unadjusted and adjusted z-statistics for the other choice of g.
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Recall that the asymptotic joint distribution of & and &;' needs to be derived to define the ad-
justed and unadjusted z-statistics. To do so, we follow the same idea in the classical MLE theory:
applying the Taylor expansion and Central Limit Theorem (CLT).

According to Fahrmexr (1990)?, under suitable conditions, the quasi-MLE &Y is weakly con-

sistent for 7; := 79;(n) such that 7y, is the root of the following equation:

U(r.
su(;) = E [agg?)} — 0. (B.5)

Let f : R%2 — R9*2 be the function such that

-
oY (r,
f(TOi,aouﬁm) = (% Vgn(Oéouﬂm))
Ti Ti=T0i
Xi{Yij — ' (Xj70) }
. X; {Yij — KX a0 + Z]TﬁOi)}
= > a(¢)”! Zin {Vij — k' (Xja0 + Z] Boi) }
j=1 ‘

Zja {Yz‘j — K(Xjo0; + Z]-Tﬁoz‘)}

where V¢, (v, Bo;) denotes the gradient of ¢,, evaluated at (cv;, B;) and Z]-T = (Zj,..., Zja).
By using the Taylor expansion for the vector-valued function, it follows that
£V, a8, B ~ f(7oi, aoiy Boi) + LD f (Toiy iy Boi) } (&Y — 701, 62 — s, B — Boi) T

For more details about the misspecified GLM, see Fahrmexr (1990).
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where

8267({(7})
o2 01><(d+1)
Df(TOia Qloq, 50i) = b Ti=Toi
O(d+1)x1 V20, (wi, Boi)
_XTQlX 0 01><d
= 0 —XTQQX —XTQQZ
Ogx1 —7TQeX —Z7"QqZ

for

n

Qi = diag {r"(X;70;)/a(9)}}_,, Qo = diag {r" (X0 + Z] foi)/a(¢)}

=1

Let b/ be the k-th row vector of {—V2(,(agi, Boi)}  and W = (Wy,...,W,)T = (X,Z). By

the first-order condition such that f(aY, &, 34) = 04, from (B.4), it follows that

af — 1o n
ot — ag; | ~ {=Df (7oi, a0, Boi)} " f(Toi i, Boi) = Y Vi
B — b
where
(XTQuX) X {Yy — w/(Xm0i)}
Vg | U (Y et 2] )}

de+1W/j {Yij — K (Xjao; + ZJTBOi)}
Since V;’s are the independent (but not identically distributed) random vectors, the multivariate
version of the Lindeberg-Feller CLT can be used. Thus, we have the following asymptotic normal-

ity such that

1 & S
— Z Vi = Ngio <O(d+2)><17 —) (B.6)
n = n

by (B.5) and the fact that E[Y;;] = x/(Xjaq; + Z; Bo;) where S = n™! > E[(V; = E[Vi)(V; —
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E[V;]) ']. By some algebra, > " E[(V; — E[V}])(V; — E[V;]) "] can be calculated as

a6 (XTQ X)) XTMX) M,
M7 M,

where

n

M = diag {E((Y;; — #'(X;00; + Z;—BOZ'))2)}?:1 = diag {+" (X0 + Z} foi)a(e) }

j=1’
M, = ((XTQlX)l(XTMWbl) (XTQ1X)1(XTMWbd+1)),
(bJWTMWb) ... (] WIMWhb,,,)
M2:
(g WIMWbB,) ... (b], W MWbg,,)

Thus, (B.6) implies that the asymptotic joint distribution of &Y and &7 is

2
a; Toi O Pi0;i102
~ N, , (B.7)
2
o Qo Pi0i1042 0o

where 02 = a(¢) (X TQ1X)2(X TMX), 0% = a(¢) 26 W MWb, and

B XTMWb,
VXTMX /6] WTMWb,

Pi

Note that Q;, M and b; depend on the unknown parameters 7y;, cg; and [3y;. Thus, we consider
their estimated versions Q;, M and b; by replacing those with &", a4, 3. Then, 02 and o2 can

be estimated by

6% = a(d) (X TQIX) (X TMX), 62 =a(¢) 2] W MW,
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and the unadjusted and adjusted z-statistics are defined as

~U ~ A
1e% lo%
U _ Y A Y
Zy = —, Zj =——
031 052
and we have
U -1
Z; 051 T0i L pi
~ Ny X ; (B.3)
A —
Z; 09 O; pi 1

from from (B.7).
B.2.3 Two-stage procedure for GLM with the canonical link

Recall that the two-stage procedure rejects the null hypothesis Hy; : ap; = 0 when

1Z7| > t1,|Z8] >ty

for some thresholds t1, ¢, € R™. The false discovery proportion (FDP) can be written as

FDP(t, 1) ~ Zi:H](V); is wue L(031 06, pis 11, 1)
LV 0 H{IZ7] > | 28 > ta}
< S Lo Tos, pis ta, t)
TV |2V = 0,128 > 1}

where L(c;; i, pi; t1, t2) = P(lo 70i + Bi| > t1,|Ba| > ta|o;; 70s, pi) for the bivariate normal

random variables (B, Bs) such that

where p; is the same as (B.7). Recall that our goal at this point is to estimate the numerator of the

upper bound of FDP.
We again use the nonparametric empirical Bayes approach to estimate the prior distribution of

the location parameter o}, 7o; of ZU. One additional thing to deal with is for p;: though it is to be
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known conditional on X, Z in the linear model, that is not the case in the GLM setup. Thus, we

use the plug-in estimates p; for p; calculated by using &7, 42, 5. Note that we have the following

approximate Gaussian location model such that
ZV ~ o g + e, e~ N(0,1)

from (B.8). Suppose that Ji_llTOi i G, where the dependence on n is due to 7y; from (B.5). Then,

we estimate it by using the general maximum likelihood estimator (GMLE) CNJ,,W such that

Gnm = argmaxz log fa(ZY)
Geg T

where G denotes the set of all probability distributions on R and fg(z) = [ ¢(x — u)dG(u) is
the convolution between G and ¢. Based on this, we approximate ) ", L(0;1 70, pis t1, t2) by
S [ Lz, pista, t5)dGy.p (). With a modification of John Storey’s approach, we consider the
FDR estimate given by

D™ 4, 1) = S [ L@, piity, 12)dG, n(2)1 {| Z{] < A}
YRR @ 20(- ) S {1 Z20] > 4| 28] > )

where ) is a prespecified number as in John Storey’s approach. Thus, for a desired FDR level

q € (0,1), we choose the optimal threshold such that

(TEM T9™M) = argmax Y 1{|ZY] > t1,|Z{| >t}

(t1t2)eFM =1

where

——G
FOM . {(tl,tg) € R* x R* : FDP, " (t1,t) < q} .

B.3 Technical Details

We first introduce some concentration inequalities for a later use.
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Lemma B.1. Under Assumptions 3.3-3.4, for xo > 0, we have

P(|Q —E[Q]| > z0) < Choexp {—con(xg/cg A :co/cg)} ,
P ||V — E[¥]|lmax > 20) < Cyexp {—cm(:c%/c’l A xg/c’l’)} ,

P(|IT = E[[|lmax > xo) < Coexp {—cgn(yc?)/c’2 A 130/0/2/)} ,

and, for 0 < xy < 3(1 A D3/Dy A DZE[Q]7Y),

P (||QZ|X — C7) x| max > 9[:1) < Csexp {—cgn(xf/cg A xl/cg)} , (B.9)

-1/
and, for0 < zy < L~ (3A3D2/Dy A3D2E[Q] ") A (1A 22 A (Dyd)!) = I,
0 0

(1ADg™)

P([|a — a|lmax > 72) < Cuexp {—can(a3/cy Axs/c))}, (B.10)
where Cy,c,c;, ¢/ > 0 denote some absolute constants for | = 0,--- .4 and, for wy =
E[N|Cy BT,

L wy® (1A DY) o
6 {d2(1 + 2Dg) Dy + D3D?d?} + Dydwy® (1 A D)

and Dy, Dy, Dy > 0 are some constants such that ||E[I']||max < Do,

-1 2
|Czixllz < Dy and E[X{] >
D,. As a consequence of the above concentration inequalities, we have
—1 a.5 ,~—1
QZ| v — C

a.s. a.s.
ZX Qx‘z — Ox|z, A= Ao.

Proof of Lemma B.1. Each element of ¥ — E[U], ' — E[['] and 2 — E[Q] is sub-exponential.
The first three inequalities thus follow from the union bound and the tail bound for sum of sub-
exponential random variables, see e.g. Corollary 5.17 of Vershynin (2010). For (B.9), some algebra

gives us

120



192)x — Czix|lmax <[V — E[¥]||max + Dg| Q" — E[Q] 7] (B.11)

max

+ {197 —E[Q 7'+ D"} {IT = E[]|30x + 2DolIT = E[T||max } -

Then, for 0 < z; < 3(1 A D%/Dy A DZE[Q]™1), the following inclusion of events can be verified

{HQZ\X - CZ|XHmaX > 951} C

{1 = B0l > 2 U {10~ B0 >
U {Hr — E[ e > (—2(1 o 1) 5}]
{19 = Bl > 2} {102 - 2l > 222

{0 = B0 > (57225511 3}]

The first inclusion follows because, conditional on the events such that

C

{10 - Bl < 3} {107 - Bl < 575 )

N {HP — B[l < (m A 1) %}] |

(B.11) implies that

||QZ|X - C'Z|X||Inax

2 2
T il 1 D2 Xy D2 I 9 I1
<— —+ D —— A1) =+4+2Djg| ——— A1) — Dif——
=3 +(31)3+ 2 ){(2(1+2D0) ) 3T 0(2(1+2D0) > 3}+ 03Dz

T -1 D, T Iy
<—+4+2D; (142D — N1 =4+ = < 2.
S H (0 0>(2(1+2D0) >3+3—5’31
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The second inclusion holds by noticing that

T

fiom - o> 24 = Lo - si0)) > ool 2.}

C ({12 - Bl > 1010175 1oeio > =55 U {ioio < =5 }] B.12)

C|{io-me> P U { i - mio > 22

when 7, < 3DZE[Q] ™! and E[Q] = E[X?] > Ds.

As for the last inequality, we first observe that

la —

E[L]
s = Hf e

max

\{Hr B s + B[} + —— T — B[]

(B.13)
N

max

where w = FQEﬁXFT and wy = E[F]CE‘IXE[F]T. It also follows that, for 0 < z” < w0—1/2’
1
{ —_—— x"} C {‘\/w—\/w0‘>70x”}
w
:{'—fw —1‘ > } (B.14)
Wy 2 ’

T
w w wi?
C { w—0—1'>70:v"} {|W-W0|>%ZL’H}.

122



—1/2
Combining (B.13) with (B.14) implies that, for 0 < 2’ < (3 A (?l/foD )> ,

{lla - all o > '}
1 1|V V!
C[{’\/@_\/w—o‘> \/g}U{HF_E[F]Hmax>%} (B.15)

U{‘% ) %w—] B[] e > %} U{%w— P %}]

C{ 1 1 (1/\D )}U{||P—E[F]Hmax>%/(1/\\/10_0)}]
C {iw—wo|>%'w§/2 (1ADal>}U{||r—Em||mx>%’uww—@}].

Thus, we need to derive the tail bound of |w — wy|. Note that

- w0|<’FQz\XFT E[|0z5EI]" + N0z E - ECZLE)|

’m — R0

[

(%)

2T BT+ IETBIOZ - Clll

and
) = |(0 = EIT)) (2 — Cgl + Cgk ) (0= EIT) +2E[T))

< {Ir — BT + 2T — B IET.} {195k — Collla + 1G5k}

which implies that

lw — wl (B.16)

<d {|I0 ~ E[T)I0c + 2D0lT = [T} {195 = Colilla + D1 } + D3PIl — Cikle.
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‘We have

1925 = Czxll2 = [19)x (Caix — Qzix)Cyx 12
< d|[Qz)x — Czix lmaxl|Qz)x 211 C x |12 (B.17)

< Did||Qzx — Czix|lmax {1 — D1d||Qz)x — CZ|X||max}_1 :

The last inequality holds when [|Qzx — Czx|lmax < (D1d)~" due to the fact that

1975 Iz < 192 — Cz)xll2 + 1C7)x 12
< 19x 211 C7x [121Czx — Qzixl2 + ICo x |l2

< Dyd|| Q)5 [12l1Q21x — Crzixllmax + [IC7)x 2

which is equivalent to ||Q£\1XH2 {1 — DldHQZ|X — CZ|X||maX} S ||CZ_|£(H2

For 0 <z < (1 A (Dyd)™") where k = d*(1 + 2Dy) Dy + D3 D3?d? and
3/2 -1
I wy'” (LA Dgt) "
3/2 -1 ’

[{nam ~ Co e < L} O {IT — BT e < Lm}}

w3/2 (1 /\D_l) (B18)
C{|w—w0|§ 0 5 0 x}

because, conditional on the two events {||Qzx — Czjx|lmax < Lz} and {||I' — E[I']||max < Lz},

we have

(B.16) and (B.17) provide

DidLx DidLx
D, ) D§D}dLx  klx

lw — wo| < & (L?2* + 2Dy Lx) ( + D1> + D§d?

1 — DidLx 1 —DidLx 11— DydLx
< /-zwg/z(l/\Do_l)x <wg/2(1/\D0_1)
~ 6k + Didwy? (1A DyY) — Dydwy” (1A DY)z~ 6

< d*(1+2Dy) Lz (

x.
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1/2

For 0 < zy < L™ (3A3D2/Dy A3DZE[Q]7Y) A <1 A (?1)1)0;*1)
0

A (Dld)_1>, by (B.15) and
(B.18), we have

{la = al|pa > 22}

max

C [{I192/x — Czx|lmax > L2} U {HF — E[I'||max > (M A L) xg}],

which completes the proof by applying the union bound and together the tail bounds of ||Qzx —
CZ\X“maX and HF - E[F]Hmax

A direct implication of the exponential tail bounds is
QS EQ], TSEI], Qzx =3 Czx (B.19)
by the Borel-Cantelli lemma. We next show

iy SOz, Qxz ™3 Oxpz. (B.20)

1 a.s

Since Qzx =¥ Cyzx, we have Oy = Ci\l)( by (B.17). Similarly, it can be shown that Qx|z =%

Cx|z under the assumption that An, (E[V]) > 0. Thus, by the continuous mapping theorem

together with (B.19) and (B.20), we conclude that A ©3' A, &
The following lemma shows the strong uniform consistency of 67 and the tail bound for 62 /o2.

Lemma B.2. Under Assumptions 3.3 and 3.6,

5—12 a.s.
11;2;}; 0_2-2 -1 =0 (B.21)
and, for0 < 6 < (n —d —1)/logm,
62
P (121;?( —5 — 1‘ > ul\/ﬁ‘w> < 2mexp {—01(logm)} (B.22)
<i<m | 0}
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where vy = 4y/logm/(n —d — 1).

Proof of Lemma B.2. Since 6;/02|W ~ x2_, ,/(n —d — 1), by the tail bound for chi-square

random variable as in Lemma 1 of Laurent and Massart (2000), we have

p(|% 152 /% o O ’W < 2exp(—do)
o? n—d—1 n—d—1 = 2 XPAT%

for 6o > 0. By the union bound, we have

)

~2

9i _ 1' > 2 % +2 (;0 1 ‘W) < 2mexp(—dy).

o? n—d—1 "n-—

P max
1<i<m

Letting g = (n — d — 1)9(, for 0 < & < 1,

~2
o

0.2

7

> 2./8) + 26

~2
(o
— - 1‘ > 46,
0j

)

W) <P <max
1<i<m

< 2mexp(—(n —d — 1)d;).

P | max
1<i<m

Thus, under Assumptions 3.3 and 3.6, (B.21) follows by the Borel-Cantelli Lemma because

~2

lor;
£ 1| > 44,
01|

W)] < 2mexp(—(n—d—1)8)).

62
—12—1‘ >456) =Ew []P’(max

o; 1<i<m

P (| max
1<i<m

Choosing 0y = 01 (logm) for 0 < §; < (n — d — 1)/ logm, we have

~2
2_1‘§2<M+ M),W)

o? n—d—1 n—d-—1

~2

o
P ——11 <

0;

W> >P ( max
1<i<m

>1—2mexp{—d(logm)}.

We next derive the tail bounds for maxi<;<,, |7;| and max;<;<,, |7/.

Lemma B.3. Under Assumptions 3.3-3.5, for 0 < 6; < (n —d — 1)/(16logm), dy > 0 and x5 as
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in Lemma B.1, we have

P ( max |7;| > va(1 + (52)) < Cymexp {—can(23/d) N xa/c}) } + 2mexp {—1505}

1<i<m
—1
P (fggx 7] > v (1 - Vl\/5_1> (1+ 52))

<2mexp {—d1(logm)} + Cymexp { —can(x3 /) A xa/c) } + 2mexp {—1303}

where v, = 4\/Togm[(n —d — 1) and vy = (d + |[a]l1) Bllog m)"*3.

Proof of Lemma B.3. Note that
P(le;| < x) > 1 — 2exp(—a?) (B.23)

for any x > 0 by the well known result about the tail bound of a standard normal random variable.

Under model (3.4), we have

P (1] < v2(1+62)) =2 P({[ni] <o} N {lei| < v202})
= P (|| < v2) + P (|6 < 12d2) =1
> P (In;] < v, |6 — @llmax < 22) — 2exp {—1363 }
=P ([|a — allmax < z2) — 2exp {—1503 }

>1—Cyexp{—can(z3/cy Nas/c])} — 2exp {1365}

where the third inequality follows by choosing x = 140, for d; > 0 in (B.23) and the equality

holds by Lemma B.1 because

il =1a" &l < [lall1]|&llmax < (@ — alls + [|all)B(logm)”

< (@ — allmax + lla]ls) Blogm)” (B.24)

< (dzz + ||a[1) B(logm)” < (d + ||all) B(logm)” = v
conditional on the event {||@ — @||max < x2} for z5 as in Lemma B.1 which is smaller than 1.
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Thus, it follows that

P <II£ZE%>§1|7¢IZ| <1+ 52)) =P (Q{WJ < (1l + 52)})
> 1— Cymexp {—can(23/d) N wa/c})} — 2mexp {1503} .

For the second inequality, we first observe that

0; &2
— 1< |2 -1 B.2
o ‘_ o} ‘ (B.25)
and, provided that |6;/0; — 1| < 1,
- 0; « |a'i/0'i_1| N N |’fh|
il = | —1+1] |7 < - i il = - :
il = |2 = 11l < (T2 Yl il =

Thus, we have

—1
0; )
= <{1I§?fn o 1‘ < ”1\/5—1} M {@glm < (1 +52>})

07 A
>P <{121%>5n e 1‘ < u1\/5_1} f {@aggn\m\ < uy(1+ 52)})

>1—2mexp {—d;(logm)} — Cymexp { —can(a3/cy A z2/cf)} — 2mexp {—1503 }

where the last inequality follows due to

~9 ~2
P max &—1 Sl/l\/5_1 =Ew |P| max ﬁ—1 Sl/l\/é_l‘W
1<i<m | 02 1<i<m | 02 (B.26)
>1—2mexp{—d(logm)}
by (B.22). &

We derive the concentration inequalities for m™ """ 7; and m~* Y " 7? in the following

lemma.
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Lemma B.4. Under Assumptions 3.3-3.5, for 3 > 0,0 < 6, < 2°v3 and x5 as in Lemma B.1, we

have

|

and

1 & 62
p. Zﬁl —E[m]| > 53> < 2exp {—%} + Cyexp {—cm(ycg/cﬁ1 A xQ/CZ)} . (B.27)
i=1 3

P( | >54)

<5 mao? 4o mao?
ex — ex —
=P T o P\ 32(d 1 [|a]1)2B2(log m) 2wy

+3Cyexp {—can(z3/c) A w2 /c)},

1 & 9 21
E;m E[UJ 1

where v3 = 4(d + ||a||;)?B*(logm)?® + 1.

Proof of Lemma B.4. We have

P(%Zﬁi—E['fh] >53>

1 .. X .
SIP) < - i — ]E [771] > 537 ||a' - af”max S x?) +IP’(||a - a'“max > :L‘Q) .

Since the model (3.4) can be rewritten as

ni — Elm] =n —E[m] + &

and, by (B.24), |n; —E[n1]| < 2(d+ ||al|;) B(logm)® conditional on the event {||@ — @||nax < 72},
(n; — E[m])’s can be shown to be sub-gaussian with the variance proxy 4(d + ||a||,)?>B?(log m)?.
Thus, (17; — E[n])’s are also sub-gaussian with the variance proxy v; as ¢;’s are sub-gaussian with

the variance proxy one and 7;’s and ¢;’s are independent. Then, the first inequality follows from

Lemma 4 and Corollary 1.7 in Rigollet and Hiitter (2015).
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For the second inequality, we observe that

(7 — Elm])* — El(h — Elm])*] = 97 — Eli5] — 2E[m](7; — Eli])

=1 — B[] — 1 — 2E[n.] (% — E[m])

under model (3.4). By Lemma 1.12 in Rigollet and Hiitter (2015), conditional on the event

{l|la@ — al|max < 2}, it follows that

0 —Elni] — 1 — 2E[m] (7 — Elm])

is sub-exponential with the parameter 16v5. According to Theorem 1.13 in Rigollet and Hiitter

(2015),

]P’<—Z E[n;] — 1 — 2E[n,] (%Zm—mm) >%>
<P ( — Z E[n?] — 1 — 2E[n,] (% Zﬁz — E[m]) > %, |a — al|max < x2>

P(la = allmax > 2)

m 52 (54
<2exp {—5 <2104V§ A 25—1/3) } + Cyexp {—csn(a3/cy A xa/d))}

for any 0, > 0. Since we have
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and

4’E[7h ’

>P ( (% iﬁi - E[Ul]) < Z

MmummB@yme‘“Mwa> (- (B24)

>1—9 méj
= P\ 32(d + [|a]))2B2(log m) Py

P ( (%Zﬁz - E[Uﬂ) < L” ”d - a’”max < x2>

} — 2Cyexp {—csn(a3/chy A xa/d))}

by letting d3 = d4/(4(d + ||a||;) B(logm)®) in (B.27), the proof can be completed

%
Lemma B.5. For 0 < §;

(n—d—1)/(16logm),ds,03 > 0 and 0 < 64 < 2°v3 and x5 as in
Lemma B. 1, under Assumptions 3.3-3.5, we have

(1

m

Zlo me"

vivor  (Eni]+1+04 )
1+ 6){|E J
ﬂ%x‘) > T2 (g Bl + 6
) mao3 mao?
<2mexp {—v303} + 2mexp {—d1(logm)} +2exp ——2 b + 2exp
2us 211y§
+2expq — mdy + (m+4)Cyexp { —can(z3/cy A xa/c)) }
32(d + ||a||1)?B?(log m)? v 4 AT e 2 T
and
- fG 121 1 E[nz] + 1+ (54 V2(1 + 52)
1 o ! E 6
< ZO 1’ 1—1/1\/_( 2 +1—1\/_{‘ X ]\+3})
5 mos mos
<2mexp{—y252} + 4dmexp {—d1(logm)} +2exp{ ——— » +2exp < —
2u5 212
2
+ 2exp {— moy

o 270 "
32(d + ||a||1)232(10gm)2by3} + (m + 4)Cyexp {—ean(a3/c N wa/ ) }

where vy = 4y/logm/(n —d — 1), vy

= (d + ||a||y)B(log m)"2 and v5 = B2(logm)? + 1.
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Proof of Lemma B.5. When |6;/0; — 1| < 1, by (B.25), we have

52
loin
n o2 n maxi<i<m |55 — 1 m
(’“2 _ 2) < _’L _ 1 ~2 < - g ~2
T =) = max 52 M| = 52 UaE
i=1 == 4 i=1 1— maxj<;<m 0_—12 — 1| |5i=1
1
gi 62
m maxj<;<m U_Z —1 m maxj<i<m 0—12 —1 m
~ N i ~
g (1 — )| < - E ni| < = g ni| -
. 1— . Gi 1115 1— . Z 1| |5
i=1 maxj<i<m o i=1 maxj<i<m 2 i=1
7

Recall that G, ,(u) = > i1 7j1{3; < u} denotes the solution of (3.5), where 7; > 0 with

> o7y =1land {31, ,3,} is the set of support points for @mn It follows that

1 & 1 N > S — 85)7;
m 24198 Jen () = aZk’gf@wW o = |

— j1 XD {785 + (N — )55 — &3 /2} j
= _Zlog [exp{ Y — "71 /2} Zj:l exp {msj - 3./2} o ] ‘ (B.28)

< | ;| + ;| max |S; | i + max |n;
<|— E 5 17 = il max |31 - E 5 17 — 0] max ||
=1 =1
&2 &2
maxi<i<m | ;2 1 ) 1<i<m | 52 1
[3 A 7 A
< 52 - E ;i +1T§ii}fn|77z| po — 2
2 <1 — maxji<i<m U% -1 ) i=1 - = 1-— maxi<i<m 71 —1 i=1
k2

where the second inequality follows from the fact that the support of @mn(u) is always within the

range of 7); as noticed in Section 3.2.3. Let

52

R

U L 1241 61 ]E[T]%] + 1 -+ 64
e 1—V1\/E 2

9 _1
2
9

52
4 —
g

maxlgigm maxlgigm

U= + max |7

1<i<m

Zm

oL+ ) (Bl +2)).

1 m
[l

1-— maxi<i<m

2 (1 — MaXj<i<m
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We have the following inclusions of the events

~

52
—5 — 1‘ < V1\/a}

a;

ﬂ{ Z” <53}ﬂ{ Z E[n7] —1 <64} (B.29)
C [{&naéx |7 <V2(1+52)}m{1%a<§n %—1‘ < Vl\/_}
ﬂ{ %Zn S!E[m]!+53}ﬂ{ %Zqﬂ gE[nf]+1+54} C{U < thn} -

Thus, by (B.28)-(B.29), we have

7 (J

>P (max 0] < vo(l+ 52)) +P (max
1<i<

1<i<m
+p (|2 Em:‘—]E[ ]
mi:1771 T

§53>+]P’< 94)_3,

which completes the proof of the first inequality by Lemmas B.3-B.4 and (B.26). Similar argument

Zlog m"(

7rL n

< umn> >P (U < upn)
~2

0-—12—1‘<V1\/_)

0;

1 mAQ 2
—N iR -ER] -1
mi:1771 [771}

can be used to verify the second inequality. &

In the following lemma, we introduce the large deviation inequality for dy; ( fa,. . fgn> which

can be proved by using the similar argument in Theorem 1 in Zhang (2009) with the fact (B.24).

Lemma B.6. Under Assumptions 3.3-3.5 and the event {||a — a@||max < 2} for xo as in Lemma

B.1, if émn satisfies

H {me n 772 } > 6—2t2mcfn/15 (B30)

i=1 fGn 771)

where

p/(2+2p)

3(1 b+3+(bV3)
V2(logm)ta s 7\ /logm {(d+ ||al[,)B V 1} (logm)" ,

Cm = N [ml
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then there exists an universal constant t* such that for all t > t* and logm > 4/p,

t2 2
P (dH (fé ,fGn> > tcm|W> <expl — M < et logm
mn 2logm

The following lemma shows that dy ( fa. fGn> = 04.5.(1).
Lemma B.7. Under Assumptions 3.3-3.6, dy (f S fan ) = 04.5.(1).

Proof of Lemma B.7. Define dy = dy ( fa,. . fGn> and note that dy is indexed by both n and
m. Since dy is indexed by only n under Assumption 3.6, for any € > 0, it suffices to show that
> [ P(dy > ¢) < oo by the Borel-Cantelli Lemma.

For the same x5 in Lemma B.1 and large enough n, it follows that

P(dg > ) <P(dp > tey) (B.31)

<P(dy > tey, ||a — allmax < x2) + P (]|a — a||max > x2)

where the first inequality follows because c,,, can be made arbitrary small for large enough n under

Assumption 3.6. By noticing that

]P)(dH Z tcm: ||a’ - a”max S 112'2)

m

fa,. ) _ 22
<P (dﬂ > tem, 1@ — allmax < 22, — Zlo = 1§m

fG’n 772)

~ z 2t2€12n
+ ]P Ha - a”max S Xo, — Zlog fG 77 15 )

we aim to get an upper bound for each term on the right hand side. Lemma B.6 provides

" fG 771) 2t262
P dy > te, |6 — allme < 2o, log LGmn 17 5 20 B.32
(H ol Al = 220 ZO Jo (1) 5 (832
" fG 771 QtC
—Bw |P [ dy > ten, — S log Lomn m‘w 1{]|a — @y < < Dym™?
w <H- c Z PROCRRT. {1 — @l < 22} | < Dym
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for some constant D3 > 0 and large enough ¢.

Also,

1< fa, () 222
Pl — 1 - <= Cm max S
(m Z 08 fGn( ) 15 H a” T2

(S ) S S et
%élog e < 2 10— ol <) ®.3)
<p (2 %ilg ﬁeﬁx + iélog ;G:,:Eij) la aumx<x2>
<P | 2upy., < lﬁ;log ??::EZZ; + ;g;log th::§23 e — al|max < Ig)
<P | umm < glog ;Z::EZ:; ) +P (umn < E glog jiz::(li )

where the second inequality follows due to the fact that, conditional on the event
{H& - a’Hmax < 3:2}’

)b+%+(bvl)

 vi/o E[n?] +1+ 6, B (logm 2
Upp = 1—1/1\/5_1( 5 +V2(1—|—(52)(|E[771H+(53)) =0 ( 7 )

by (B.24) and

2622, _ 2% (logm)" 2D 2 (logm)titva) 21

15 =15 me/) = 15D, /n = 15D,D5 " Umn (B.34)

for large enough n and ¢ > (t* V /15D, D5) where Dy, D5 > 0 denote some constants such that

b+3+(v3)

0 < DZL% and m?/(+P) < Dy /n under Assumptions 3.5-3.6.
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Thus, for large enough n, combining (B.31) together with (B.32) and (B.33) implies that

-2 252 _ _m5?2) _ mo}
<D3m™? + dmexp {—1303 } + 6mexp {—&;(logm)} + 4 exp S + 4exp 51,2

B mao?
32(d + Jallh) 2B (log m) v,

+4exp{ } + (2m + 9)Cyexp { —can(a3 /)y Ao /) }

by Lemma B.5. Then, under Assumption 3.6, each infinite series with respect to n on the right
hand side can be shown to be finite with the choice of §, > 2 and &, > v/2/((d + ||a||;) B). This

implies > 7 | P (dy > €) < oo, which completes the proof. O
We next show dy (fa,, fa,) = 0a.s.(1) in the following lemma.
Lemma B.8. Under Assumptions 3.3-3.6, we have dy (fa,, fc,) = 0as.(1).

Proof of Lemma B.8. We first note that d% (fq,,, fa,) < drv (fa,, fa,) where dry denotes the

total variation distance such that

iy e fe) =3 [ | [ 940 =0 {aP(@Te < y1W) - aPlaTe; < )} e

The main idea of the proof is to find an upper bound of drvy (fg, , fo,) in terms of ||a — a|

Let £ = (&, -+ ,&;)" be arandom vector with a density h and a = (ay,- -+ ,aq)". Without

loss of generality, we suppose the first [ elements of a are zero and the rest is non-zero for some

0 <1 < d. Then, the density of a’& can be written as

ad

d=1 oo
m%fh<zla"‘ 7Zd17w> dzy---dzq_q forl < d,
faTﬁ(y) =
dy=o forl=4d

where Zd_lﬂ a;z; 18 defined to be 0 if | = d — 1. We show this when [ < d because it is

1=l
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straightforward if [ = d. When [ < d, the joint density of (a1, -« , ag€q) is

!
1 241 24
ga(z = 5Zi: —hfl (—’ SR _)
| <z11 0) [Ty lail i1 aq

where [T 0,.—¢ is defined to be 1 if [ = 0 and h_; denotes the density of ({1, -+ ,&y). Then,
=1 "% y +

the density of a "€ is

1 Zi+1 Yy — Zj:_llﬂ Z;
fateW) = ———— [ h . dzieq -+ dzgr
[Tiziii lail Ai+1 d

d—1

1 Y= D i Qi%i
= Taal ho | 201,00 5 za-1, dzpqr -+ dzgy
d

aq

d—1
1 Y= iz
i=l+1 Yi~i
=— [ h|z, -, 24-1, dzy -+ dzqg_1.
|aql aq

Without loss of generality, we also consider the first k& elements of a are zero and the rest is non-

zero for some 0 < k < d. Similarly, the density of a' ¢ is

Y= ih i
ﬁfh(zl,---,zd_1,¢> dzy -+ dzg—1 fOI'kZ<d,

aq

fate(y) =
0y=o fork =d.

Though we only show the case [ < d and k < d below, it can be verified that drv (fq,, fa,) is
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upper bounded by 1 [| [ {¢(z — a"z) — ¢(x — a"z)} h(z)dz| dx for the other cases. Note that

Y— 2 = a;%;
drv (fa,, fa,) = /‘/¢ !@d\ <Z1,"' y Zd—1, Z k+1 )dzl"-dzd—ldy

Qg

Nl
/¢ ] / (21,“' ) Zd—1, ! Z;dlﬂ alzz> dzy -+ - dzg_1dy
_2/'/¢ h(z)dz — ¢(z — a' z)h(z)dz

_2//\¢> — ¢(v — a'z)| deh(z)dz

< §/{e>q:>{|(:;l—a) 2”} — 1} h(z)d

L[ o dBllogm)& — allu
<5 [ VIG=a)TaPhiaia < N

dx

dz

under the event that || — a||max < (dB(logm)®)~1e for 0 < e < 1 because e* < 1 + 2z for any

0 <z < 1and
(& —a)Tz]* < ||a—allZ,lzl]} < (dB(logm)")*||a— al?,,.

under Assumption 3.5. Then, for 0 < ¢ < /2dB (logm)°L’ where L’ is the same as in Lemma

B.1, it follows that

{@1(fous fon) > £/2} C |[{drv(fa,s fou) > /2, & = allmax < (dB(logm)) "<}

U{Hé—a”max (dB(logm)®) 5}}

{dB(log m)°||a —
V2

{112 — allmax > (dB(logm)") 5}]

C

aHmax = 5/2, Hé — aHmaX < (dB(lOgm)b)_lg}

C {18 = allmax > (dBogm)") 'e/v2}
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Under Assumption 3.6, for large enough n and any fixed 0 < r < 1, we have
P (& (fon: fa) > £/2) <P (/&= allwax > (dBllogm)") 2/ V2)

£
<Pl |a—almex > —=———
- <H | \/EdB(logn)b)

6/
<Pl|a—allpax > ———
O

where Dg > 0 is some constant such that (logm)® < Dg(logn)® for large enough n which must
exist under Assumption 3.6. The last inequality follows by the fact that logn < n’/? for large
enough n. Thus, we can conclude that dy (fg,, fa,) = 0a.s.(1) by the Borel-Cantelli lemma with

Lemma B.1. ¢
Now we introduce the proofs of Lemmas 3.1 and 3.2, respectively.

Proof of Lemma 3.1. Note that

‘/L(A{L’,tl,tg)dém’n(l') —/Lo(AoI,tth)ng([L’)

S ‘/ {L(Al‘,tl,tg) — LO(A0$,t1,t2)}dém,n(x)

+ '/LO(AOm,tl,tQ)(dém,n(m) — dGo(z))| -

It thus suffices to show that

sup |L(Az,t1,t5) — Lo(Aoxw, t1,t2)] 230, (B.35)

t1 St/l ,to Sté ,ZER

sup
1<t} t2<t},

/ Lo(Agz, t1,12)(dGrn(z) — dGo(z))| L3 0. (B.36)

We first verify the pointwise convergence in (B.35), (B.36) and proceed to show the uniform con-
vergence as stated. As émn = ém(n),n under Assumption 3.6, throughout the proof, we denote

CNJm,n by CNJn for the notational simplicity.

1. Pointwise convergence

Let a, = ay(t1,t2) = ‘f Lo(Agz, t1,t5)(dG, () — dGy(x))| under Assumption 3.6. By
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Lemmas B.7 and B.8,
du(fa, (2), fo,(2)) < dulfg,(2), fa, (%) + du(fa,(2), fa,(2)) = 0as(1).  (B.37)

Since [ |f(2) — g(@)lde < 2du(f.9)y/2 — & (J,g) and fu(x) < 1/v/2r for any G, we

have

[ a0 = fan(@)Pie < 2= [ 15, 0) = faulolde = 00, (1)

For a density function or distribution function f, denote by f* its Fourier transformation. By

the Parseval’s identity, we have

[ 16,0~ fa@Pds = [|o0Gi0 - o @630
- o0y

Consider any convergent subsequence of a,, say a,,. As [ ¢*(t)?

2

dt

G (1) — ()| dt = ons (1).

2

Gy (t) = Gy(t)| dt =

0a.5.(1), there exists a further subsequence @j‘”k (t) such that

G (1) %3 Gt

for almost every ¢ with respect to the measure ¢*(¢)dt (and thus also with respect to the
Lebesgue measure). By the continuity theorem, @njk (t) ©¥ Gy(t) for any continuous point
t of Gy(t). Then, we have an;, — 0 by the Portmanteau theorem. As a,; is convergent, it

must converge to zero as well. Since a,, is an arbitrary convergent subsequence, we have
a, = ‘/LO(AOz,tl,tz)(dén(x) —dGy(2))| %30 (B.38)

for any ¢y, t,. To show that |L(Ax, t1,t5) — Lo(Aoz,t1,t)| “3 0 for given z,t; and t,, we

note that the covariance matrix of (V7, V) converges almost surely to the covariance matrix
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of (f/l, 172) by Lemma B.1. It follows from the continuous mapping theorem that

|L(A$,t1,t2) — Lo(AQZE,tl,tQ)| a;s>. 0.

. Uniform convergence

We first show (B.35). For any 6 > 0, we can choose a large enough M’ = M’(0) such that

/ dGo(z) < 6. (B.39)
|z|>M’

For such M’, using similar argument as above, we can verify that

220. (B.40)

/ |>M,(d(§n(:c) — dGy(x))

We partition the rectangular region [0, ¢;] x [0,#,] into finite disjoint sets U;<;<p, V; such

that uniformly over j,

sup /(LO(A().T, tl, tg) — LQ(AoiL', t~1, EQ))CZGQ((E) < 5, (B41)
(tl,tg),(£1,£2)EVj
and also for |z| < M’
sup }Lo(Aol', tl, t2> — Lo(AUZ', 1?1, 7:[2)‘ < 0. (B42)

(tl 7t2)7(t~1 752)€Vj
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We have for large enough m and uniformly over 7,

sup
(t1,t2),(f1,02)€EV;

/ (Lo(Aoz, t1.12) — Lo(Aoz, F1, 1) )dCin (2)

< sup
(t1,t2),(f1,82)€V;

/ (Lo(Aoz, t1,t2) — LO(AOI>£17£2))dén(x)
|z| <M’

+ sup
(t1,t2),(t1,E2)€V;

/ (Lo(Aoz, t1,t2) — LO(AOx,t~17E2))dén(I)
|z|<M’

(B.43)

/ (Lo(Aoz, t1,t2) — LO(A0$,£1,£2))dén($)
|z|>M"

< sup
(t1,t2),(t1,t2)€V;

/ |>M/(dén(:17) — dGy(z) + dGo(x))

+2 <50

almost surely from (B.39),(B.40) and (B.42). Choosing (t{, té) eV forl <j < By, we

have

sup
t1<t] t2<t},

/ Lo( Aoz, 11, £2)(dCin (2) — dGo(x))

= sup
(t1,t2)€EU1<j<BV;

/ Lo(Aoz, tr, t2)(dGn(z) — dGo(z))

= max  sup
1<j<B (t1,t2)€V;

/ {LO(AOxatlth) - LO(A0x7t]17t%) + LO(A0I7t{7 tJZ)}

<60 + max
1<j<B1

(dG () — dGo(x))

/ Lo( Aoz, H, 8)(dG(x) — dGo(x))

by (B.41) and (B.43). The proof for (B.35) is completed in view of (B.38).

To show (B.36), by the triangle inequality, it suffices to show that

sup |L(Az,t1,t5) — Lo(Ax, t1,t5)] ©3 0, (B.44)

t1 St’l ,to StIQ ,2ER

sup |L0(A$,t1,t2) — Lo(AOZE,tl,t2>| a%s. 0. (B45)
t1 Stll,tzgté,xER

Then, (B.44) follows by applying the Scheffe’s Lemma with the pointwise almost sure con-

vergence of the probability density of (V;,V5) to that of (Vi,V5) by Lemma B.1. We next
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show (B.45). We first observe that, for any a,t1,%5 € R,

Lo(a,ti,ts) = Pla+ Vi > t1,Va > ) + Pla+ Vi < —t1, Vo > 1)
FPla+ Vi > by, Vo < —ty) + Pla+ Vi < —ty, Vo < —ty)
={P(—ta) — ®(t;1 —a) + VU1(t; — a,t2)} (B.46)
FB(—t — a) — Uy (—ty — a,to)} + {D(—ts) — Uy (1 — a, —t)}

+ \Ill(—tl — a, _tQ),

where U, (t1,t9) = IP’(‘U/l < ty, Vy < ts). For any § > 0, we can choose some large enough

M"(6,t),t,, Ag) > 0 such that

{@(t) — AM") VW (1 — A", 1)} <6,

(B.47)
{P(—t] + ApM") Ny (—t) + AgM",—t5)} > 1—§
which implies, for any x > M" t; <t} ts <1,
(I)(—tl - AQI) S (S,
\Dl(—tl — A()ZL‘, —tg) S (5, (B48)
\Ill(tl - ona _t2) < 57
and, for any x < —M",
1—-96 S q)(tl — A()ZL‘),
1—-96 S \Ijl(—tl - A()ZE, tQ), (B49)

1— 5 S \Ifl(tl - Aol‘,tg).
Here we use the fact that ® and W, are non-decreasing continuous function. Thus, to show

(B.45), it suffices to show that

sup |L0(A$’, tl, tg) — L()(Ao.l’, tl, tz)l (E). 0, (BSO)

t1 <t to <ty |z[>M"
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sup |L0(A.Z'7t1,t2) — L0<A0{L‘7t1,t2)| a;s; 0.

by <t 2 <th|z|<M"

By (B.46),

sup ‘L()(A.’E,tl,t2> — Lo(Agﬂﬁ,tl,tQ)’

t1 <t b2 <ty x| >M"

< sup |D(—t; — Ax) — O(—t; — Apz)|

t1 <t ,ta<th,|z|>M"

+ sup |(I)(t1 — AI) — (I)(tl — Aol’)|

t1 <ty b <th |z| > M

+ sup |\I/1(—t1 — AJ], —t2> — \Pl(—tl — A()I, —t2)|

t1 <t ta<ty,|x[>M"

+ sup |\I/1(—t1 — Al',tg) — \Pl(—tl — AOI, t2)|

t1 <t ta <ty x| >M"

+ sup |\I]1(t1 — A{lf, —tz) — \Ifl(tl — Ao.’L’, —t2)|

1 <t 2 <th|z|>M"

—+ sup ‘\Pl(tl — A[IZ’,tQ) — \Ifl(tl — on,tg)‘ .

t1 <t ta <ty x| >M"

(B.51)

Since A %% Ay, by (B.47), there exists some N(M"(6,t),t}, Ag,w)) > 0 such that n >

N(M"(0,t,t,, Ag,w)) implies that

O, — AM"YV W, (. — AM", )} < 6,
1 1 2

{D(—t) + AM") N (=t + AM", —t))} > 1 -0

Since ® and W, are non-decreasing continuous function, for |z| > M”,

(I)(—tl — A.T) S (5,
Uy (—t; — Az, —t3) <6,

Wy (t — Ax, —t3) <6,
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or

1 -0 <Pty — Ax),
1—6 <0y (—t; — Az, to), (B.53)
1—0 < Uy(t; — Ax, to).

Therefore, (B.50) can be verified by (B.48)-(B.49) and (B.52)-(B.53) as ¢ can be arbitrary.

For (B.51), since L is Lipschitz with respect to the first argument, it follows that

6 6M"
Lo(Ax,t1,ts) — Lo(Agz, t,t0)| < —=|Ax — Apx| < —=|A — A B.54
|Lo(Ax, ty,t2) — Lo(Aoz, 1, t2)| 27r‘ 0| \/ﬁ’ ol (B.54)
which completes the proof because A %3 A,.
¢

Proof of Lemma 3.2. We first note that

Vit t2) = 30 V{127 2 ity |20 = #ita } = V(i 7ita)

i:a; =0

where 7; = ;/0;. Define an event

A= { max |67 /0?7 — 1| — 0}

1<i<m
ﬂ sup — 0.
1<ty t2 <t}

Then, P(A) = 1 by Assumption 3.2 and Lemma B.2. For any w € A and 6 > 0, we have

mgt S0 {122 0,120 = o} — Kolt, 1)

2:0;=0

1 —6 <7; <1+ ¢ forany < when m is large enough. For this w, we have

Vin (14 0)t1, (14 0)ta) < Vilty, ta) < Vi (1 — 8)ty, (1 — 0)ta)
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for large enough m. By Assumption 3.2, we get

1 1
K()((l—l—(S)tl, (1+5)t2> S hm ll’lf Evm(tl,tg) S hm sup m—Vm<t1, tg) S K0(<]_—5)t1, (1—(5)t2)
m 0 m 0

As K is continuous and ¢ is arbitrary, we have V,,,(t1, t2) /mo — Ko(t1,t2) for any w € A. Similar

arguments can be used to show the rest. &
Theorem 3.1 is proved as follows.

Proof of Theorem 3.1. By the Glivenko-Cantelli lemma, we can show that the convergence in

Lemma 3.2 holds uniformly, i.e.,

Vm t 7t a.s. Sm t ;t a.s.
sup M — Ko(tl, t2) -0 and sup M — Kl(tbtg) = 0.
t1<t],t2<t3 Mo t1<t],t2<t3 my
This implies, under Assumption 3.1,
sup VCm<t1,t2) — K(tl,t2)| a._s>. 0 (BSS)

t1 <t ta <t

where Ky, (t1, t2) = m™  { Vi (t1, ta) + Sm(t1, t2) }. We next show that

sup  |[FDPy(t1, 1) — FDPY (¢, t5)] =3 0, (B.56)

1<t} 1<t}

Vm(tla t?) . WOKO(tl’ t2) a;s>. 0 (B 57)

sup
t<er ta<ts | Vin(t1,t2) + Sim(ty, t2) K(t1,t2)

To show (B.56), we first observe that, for large enough m,

K(tq,t
[Km(t1,t2) = K (b1, 12)] < M

which implies
2 - 2

|Km(t1,t2)| > >0
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because infy, <4r 1, <t

K(t1,t2)] > K(t7,t5) > 0. For large enough m, it follows that

IFDP,\(t1, t5) — FDPS (¢4, 1)

1
(1 =20(=N))|KCrn (1, t2) K (21, t2)|

/ L(Az, ty, t5)dGo () Frn (N K (£, 1)

— EaTE[Lo(A()G,TE, tl, tg)]F()\)K:m(tl, tg)

2
1 —20(=N\))K(t3,t35)?

S( /L(Al‘,tl,tg)dGm(l')Fm()\)K(tl,tQ)

— EaTg[Lo(AoaTE, tl, tg)]F()\)Km(t1, tg)

Thus, for (B.56), it suffices to verify that

sup
t1 <t} ta <t}

/ L(Az, tr,£2)dC () (V) K (11, £2)

a.s.

_EaTg[LO(AoaT£7tlatZ)]F()\)Km(tl,tQ) — 07

which can be shown by (B.55) and Lemmas 3.1-3.2. We can also show (B.57) by using similar

argument.

As FDP{°(t7,0) < ¢ and FDPS®(0, t5) < ¢, we have for large enough m,

lﬁ)/PA(t’{,O) <q and FflﬁDA(O,t;) < q,
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which implies that Tl* <17 and ’_ZNE* < t5. Thus we have

L T o
liminf{FDPA(Tl*,TQ*)— - ‘{T< L 2)~ - }
m Vin (17, 13) + Su(T7, T5)

. . —— Vm(t17t2>
>1 f  {FDP,(t, ty) —
- ITInntlgtl*{r,thSt; { /\( ! 2) Vm(t17t2) + Sm<t1, t2>

o Ko(t1,t2) Vin(t1, t2)

=i inf  { FDP,(t,,ty) — FDP° (¢, ¢ -
lnrint1<tl’1‘r,1t2<t’2‘{ )\< ! 2) A ( ! 2) + K(tl,tg) Vm(tl,tz) -+ Sm(tl,tz)
moKo(t1,t2)

FDPS$C(t1,t9) — ————————2 5 >0

+ T(th, t2) K(t1, 1) 2

by (B.56), (B.57) and the fact that

moKo(t1,t2)

FDP (ty, ) — Kty >

from (3.10). As FDP,(T7, T5) < g, we obtain

lim su Vo T, 15) <
p T T T ) T q-
m Vi (T3, T5) + Sin (T, T5)

Finally by Fatou’s lemma, we get

lim sup FDR,,, < E [lim sup — ‘i( 1 2)~ =
m m Vm(Tl*aTZ*) + Sm(Tl*aTék)

<q.

We justify (3.10) as follows.

Corollary B.1. Under Assumptions 2.3-2.6, for every t1,ts > 0, we have

‘/ LA, ty )G () ~ [ LolAuz b1, t2)dGo(a)| “5 .
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Proof of Corollary B.1. Note that

‘/ L(Ax, t1,t)dG,( Lo(Aor, t1,t2)dGo()

Lo(AofL' tl,tQ dG ( )

0 f
0/

‘/Lo (Aoz, t1,t2)dG,(x) — /Lo(Aoﬂf t1,t2)dGo(x)]| .

‘/ Al’ tl,tg dG

Thus, it suffices to show that

‘L(A‘Tatlat2> - Lo(AU$’t17t2)’ (g O,

a.s.

‘ / Lo(Aoz, t1, 1) (G () — dGo ()| %5 0,

both of which can be verified by using the similar arguments as in Lemma 3.1.

149



	ABSTRACT
	DEDICATION
	ACKNOWLEDGMENTS
	CONTRIBUTORS AND FUNDING SOURCES
	TABLE OF CONTENTS
	LIST OF FIGURES
	LIST OF TABLES
	Introduction
	PROJECTION-BASED INFERENCE FOR HIGH-DIMENSIONAL LINEAR MODELS 
	Introduction
	Projection-based estimator
	Motivation
	A new projection direction

	Methodology
	Surrogate set
	Bias reducing projection (BRP) estimator
	Modified bias reducing projection (MBRP) estimator

	Inference on a sparse linear combination of parameters
	Implementation details
	Selecting the tuning parameters
	Empirical analysis of the effect of tuning parameters

	Numerical results
	Confidence interval for a single regression coefficient
	Confidence interval for a sparse linear combination of regression coefficients
	Real data analysis


	TWO-STAGE FALSE DISCOVERY RATE CONTROL FOR CONFOUNDER ADJUSTMENT IN GENOMICS STUDIES 
	Introduction
	Methodology
	Basic setup
	Approximation of the false discovery proportion
	Nonparametric empirical Bayes
	Two-stage Benjamini-Hochberg procedure

	Asymptotic FDR control
	Power analysis
	Numerical studies
	Simulation
	Simulation setup
	Simulation results

	Real data analysis
	Application to Metabolomics data
	Application to Methylation data



	SUMMARY AND CONCLUSIONS 
	REFERENCES
	APPENDIX Supplementary Material to Chapter 2
	Technical Details
	Concentration Inequalities
	Technical details in Section 2.3
	Technical details in Section 2.4

	Additional numerical results

	APPENDIX Supplementary Material to Chapter 3
	Data generation for Figures 3.1-3.2
	Extension of the two-step procedure to GLM
	Setup
	Unadjusted and Adjusted z-statistics in GLM with the canonical link
	Two-stage procedure for GLM with the canonical link

	Technical Details


