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ABSTRACT

The well-known Purcell effect shows that the spontaneous decay rate of an emitter can be
affected by the electromagnetic environment with which the emitters interact. One of the most
famous and popular examples is the squeezed vacuum. Although the squeezed vacuum does not
change the density of states of the electromagnetic modes, it can modify the decay rate as well
as the dephasing rate of the emitters. The interaction between a single atom and the squeezed
vacuum has been widely studied, while only a few publications deal with the multiple-atom system.
Despite the fact that the dipole-dipole interaction induced by ordinary vacuum depends on the
relative separation of atoms, there are only a few papers studying the impact of atomic separation
in the squeezed vacuum. In this dissertation, we show that the interaction induced by the squeezed
vacuum depends on the center of mass positions of the atoms, which is essentially different from
that in the ordinary vacuum. We also illustrate how to choose the coordinate system to make the
center of mass position reasonable and well-defined.

Although the squeezed vacuum theory has been widely studied, it is impractical to generate a
broadband squeezed vacuum reservoir which squeezes all modes in the 3-dimensional (3D) space.
Recently, photon transport in a one-dimensional (1D) waveguide coupled to quantum emitters
(well known as "waveguide-QED") has attracted much attention due to its possible applications
in quantum device and quantum information. In contrast to the 3D case, squeezing in 1D is more
experimentally feasible. Suppression of the spontaneous decay rate and the linewidth of the res-
onance fluorescence atom has been experimentally demonstrated in a 1D microwave transmission
line coupled to a single artificial at om. However many-body interaction in a 1D waveguide QED
system coupled to the squeezed vacuum has still not yet been studied. In this dissertation, we apply
our theory to the 1D waveguide-QED system with the squeezed reservoir. Contrary to the tradi-
tional result that the dephasing rate of a single atom is a constant, our calculation shows that
the dephasing rate is actually position-dependent. As the dipole-dipole interaction is involved in
the atomic system, both the atomic separation and center of mass position have impacts on the

decay .
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rate, dephasing rate, and the emitted resonance fluorescence spectrum. Moreover, the stationary
maximum entangled NOON state can be achieved if atomic transition frequency is resonant with
the center frequency of the squeezed vacuum.

In light of the fact that two qubits can be treated as a whole to be a four level atomic system,
we also study the dynamics of =-type atoms driven by a squeezed vacuum. We get the interesting
result that the atomic system’s steady state is a pure state, and a complete population inversion can
occur when the coupling between the atomic dipole and the squeezed vacuum satisfy some certain
conditions. We also mathematically prove that the steady state of a many-body system is nothing
else but the direct product of that in the single atom case even when dipole-dipole interaction is

involved.
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1. INTRODUCTION!

Due to the well known Purcell effect [1], the spontaneous decay rate of an emitter can be
modified by engineering the electromagnetic bath environment with which the emitters interact.
One example of bath engineering is the squeezed vacuum. Although the squeezed vacuum does
not change the density of the electromagnetic modes, it can still modify the decay rate of the emitter
[2, 3, 4]. A single emitter interacting with the squeezed vacuum has been widely studied [5, 6, 7].
However, there are only a few publications dealing with multiple emitters interacting with squeezed
vacuum. Among these works, most are considering the case where emitters are separated by much
less than an optical wavelength which is the well known Dicke model [8]. It is shown that in a
broadband squeezed vacuum, emitter system evolves into a state whose properties are similar to
those of the squeezed vacuum. Only a very few papers study the case when the separation between
the emitters becomes important [9, 10, 11]. It is found that the dipole-dipole interaction induced by
ordinary vacuum depends on the relative emitter separation, while the interaction induced by the
squeezed vacuum depends on the center of mass coordinate of the emitters. Since it depends on the
position of the center of mass, the choice of the coordinate system should be no longer arbitrary.
However, it is not yet clearly illustrated in these literature on how to choose the coordinate system.
Actually, the dependence on the absolute position comes from the fact that the squeezed vacuum is
not vacuum but generated by a coherent light source. The phase of a coherent source is important
for the dynamics of the emitter system [12] and it is seldom considered in the previous literature[9,
10, 11]. People usually thought this phase can be included in the phase of the correlation function.
However, the phase in the correlation function is usually treated as a constant, while it can be a
function of position. In addition, the previous calculations mainly consider a broadband squeezing

in all directions of the 3-dimensional (3D) space which is difficult to be experimentally realized.

IParts of the Abstract and this section are reprinted with permission from: “Waveguide QED in the Squeezed Vacuum”
by Jieyu You et al, 2018. Physical Review A, 97, 023810, Copyright 2018 by the American Physical Society and
“Steady-state population inversion of multiple =-type atoms by the squeezed vacuum in a waveguide” by Jieyu You,
Zeyang Liao, and M. Suhail Zubairy, 2019. Physical Review A, 100, 013843, Copyright 2019 by the American
Physical Society



Recently, photon transport in a one-dimensional (1D) waveguide coupled to quantum emitters
(well known as “waveguide-QED") has attracted much attention due to its possible applications in
quantum device and quantum information [13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25]. In
these previous studies, the photon modes in the waveguide are usually considered to be ordinary
vacuum modes. The case when the waveguide modes are squeezed is seldom studied. In contrast to
the 3D case, squeezing in 1D is more experimentally feasible. Suppression of the radiative decay
of atomic coherence and the linewidth of the resonance fluorescence have been experimentally
demonstrated in a 1D microwave transmission line coupled to single artificial atom [26, 27, 28, 29].
However, many-body interaction in a 1D waveguide-QED system coupled to squeezed vacuum has
not yet been studied.

In this dissertation we consider the phase of the squeezing source and rederive the master
equation for multi-atom dynamics in the squeezed vacuum based on the Weisskopf-Wigner ap-
proximation. We show that while the collective dipole-dipole interaction due to the ordinary vac-
uum depends on the emitter separation, the collective two-photon decay rate due to the squeezed
vacuum largely depends on the center of mass position of the emitters relative to the squeezing
source. We then apply this theory to the 1D waveguide-QED system with squeezing reservoir.
Contrary to the traditional result that the dephasing rate of a single atom in the squeezed vacuum
is a constant [4, 30], our calculation shows that the dephasing rate is actually position-dependent.
As dipole-dipole interaction is involved, both emitter separation and center of mass coordinate can
affect the decay rate, dephasing rate and the emitted resonance fluorescence spectrum. In addi-
tion, we also show that stationary quantum entanglement can be prepared in this system by the
squeezing reservoir. The stationary maximum entangled NOON state can be approached if the
center-of-mass of the emitters is at certain position.

Considering the fact that two qubits can be treated as a four-level system, the stationary NOON
state implies the occurrence of population inversion in the steady state. The concept of population
inversion is of fundamental importance in laser physics because the population inversion is a key

step of generating laser. However, the population inversion can never exist for a system at thermal



equilibrium because of the spontaneous emission. The achievement of population inversion there-
fore requires pushing the system into a non-equilibrated state [31]. Thus, the spontaneous emission
must be inhibited in order to maintain the population inversion in a steady state. In 1946, Purcell
showed that the spontaneous decay rate of an emitter can be modified by engineering the elec-
tromagnetic bath environment with which the emitters interact [1]. One famous example of bath
engineering is the squeezed vacuum which leads to many novel effects and techniques in quantum
optics and atomic spectroscopy. The reduction of quantum fluctuations below vacuum level by the
squeezed vacuum yields many interesting phenomenons, for example, the suppression of dephas-
ing rate in one direction and enhancment in the other for a two-level emitter 2, 3,4, 7, 8,9, 10, 11],
the subnatural linewidth of resonance fluorescence [32, 29], and improvement of an atomic clock
using squeezed vacuum [33]. The entanglement nature of the squeezed vacuum also leads to inter-
esting results like pairwise excitation of atomic states [34, 35, 36]. In 1993, Ficek and Drummond
studied the dynamical properties of a single three-level atom in the squeezed vacuum where they
showed that a single three-level atom in the cascade configuration coupled to squeezed modes in
a cavity can reach steady state with level population inversion relative to the ordinary laser spec-
troscopy [37, 38, 39]. In their model, they found a population inversion of about 78%.

In this dissertation, we consider multiple =-type atoms coupled to a broadband squeezed vac-
uum in the quasi-1D waveguide where all resonant modes can be technically squeezed. We show
that for a single atom, it can always reach a population inversion of almost 100% or any other
ratio as long as the direction of its transition dipole moment is properly set. We also mathemati-
cally prove that this result can be generalized to arbitrary number of atoms coupled to each other
through dipole-dipole interaction, which may be a scenario for studying two-photon laser or col-

lective atomic effect.



2. SQUEEZED VACUUM RESERVOIR AND TRADITIONAL RESERVOIR THEORY

In this section, we will first introduce the basic properties of the squeezed vacuum and why
it draws so much interests from researchers. Then we will discuss the traditional way to study
the interaction between the atomic system and the squeezed vacuum reservoir. Finally, we will

generalize the theory to multi-atom system where the dipole-dipole interaction is included.
2.1 Introduction to the squeezed vacuum

If two operators satisfy the commutation relation [fl, E] = iC, then according to the Heisen-

berg uncertainty relation, it follows that
X ~ 1 -
2 2\ 5 1 2 .
((AA?) (AB)?) = Z1(O) 2.1)

Thus, either <(A/1)2> > ()] or <(AB)2> > 11(C")| must be satisfied. A state is defined to be

squeezed if one of the following is satisfied:
P 1,4 . 1 .
((AA7) < SHC) or ((AB)?) < 51O (22)

Consider the case for quadrature operator where

S 1
A=X, = (a+al)
12 (2.3)
B:XQZQ—Z_(a—aT)
then we have
[Xl,f(g] - % (2.4)

L\ 2 .\ 2
For a coherent state |«), we have <<AX1> > = <<AX2> > = 1/4 which is the same as that
in ordinary vacuum. Thus, quadrature squeezing, which satisfies one of the equations in Eq.(2.2),

has even less noise than vacuum. One way to generate such a quadrature squeezing state is hitting



the squeeze operator
S(€) = exp B (&a® — §aT2)] (2.5)

on vacuum state |0), which is called "the single mode squeezed vacuum". The fluctuation of the

squeezed vacuum can be calculated as follows:

~ N\ 2 1
< <AX1> > =1 [Cosh2 r + sinh? r — 2sinh r cosh r cos 0}
s ) (2.6)
< <AX2> > =7 [cosh2 r + sinh?r 4+ 2sinh 7 cosh r cos 9}
To study the role of #, we define the rotated quadrature operators Y; and Y5 as follows:
Vi cosf/2 sinf/2 X,
N X (2.7)
Y, —sinf/2 cosf/2 Xo
Substituting Eq.(2.6) , we have
N\ 2 1
((3)) =
(2.8)

(fs) -1

which can be represented in Fig. 2.1. Thus, for the squeezed vacuum, squeezing occurs along /2
in the phase space.

The most famous approach to generate the above squeezed vacuum is based on degenerate
parametric process through nonlinear optical crystal, which is shown in Fig. 2.2 . A degenerate
parametric down-converter pumped by a field of frequency wp can split photons of that field into a
pair of entangled "signal" photons with the same frequency wp /2. This process is called degenerate

parametric down-conversion with the Hamiltonian as below:
H = hwata + hupbth + i@ (a%* . a%) 2.9)

where b is the pump mode operator, a is the signal mode operator, and x(® is the second-order
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Figure 2.1: The error ellipse for the squeezed vacuum. (a) # = 0. (b) A general value of 0.
Reproduced with permission of The Licensor through PLSclear. Original author: Christopher
Gerry, Peter Knight, Introductory Quantum Optics. Copyright by Cambridge University Press.[40]



nonlinear susceptibility of the device. When the pump field is a strong classical field, we can
make the "parametric approximation" whereby the operators b and b' can be replace by Be~“rt

and 3*e™rt, respectively. Thus, the Hamiltonian in Eq.(2.9) can be reduced to
HY = hwala + il (n7a2e™r! — nat2e ) (2.10)

with 7 = x® 3. This Hamiltonian can be simplified further in the interaction picture since energy

is conserved wp = 2w:

Hy=ih (n"a® — na'?) (2.11)

Thus, the associated evolution operator Ul(t) = exp (—z]:] 1t/ h) = exp (n*td2 — nt&”) is exactly
the squeezed operator in Eq.(2.5) with £ = 2nt.

The degenerate four-wave mixing where two pump photons are converted into two signal pho-
tons of the same frequency can also be used to generate the squeezed vacuum, which relies on the
third order nonlinear susceptibility of the device. The calculation is almost identical to the above
process. The photon number statistics of the above squeezed vacuum is interesting. Hitting Eq.

(2.5) on vacuum gives

o0
1€) ! > (-1 m Y 2! e (tanh )™ |2m) (2.12)
\/m — 2mm)
whose photon number probability vanishes for all odd photon numbers, as shown in Fig. 2.3.
Quantum damping is a very significant topic in quantum optics, which is caused by interacting
with a system with a large number of degrees of freedom. Such a system is called reservoir. For
example, Atomic decay and decoherence is caused by electromagnetic interaction between atomic
dipole and radiative fields. Engineering the reservoir requires modifying the infinite number of
modes in the reservoir. For vacuum, all the electromagnetic modes are in the ground state with zero
photon. For black body radiation in a thermal equilibrium at temperature 7', the photon number
distribution in each mode can be described by the Bose-Einstein distribution[30]. For the single-
mode squeezed vacuum, it is implausible to engineer a reservoir with all modes in the single-mode

squeezed vacuum state because different modes requires different materials and pump fields of
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Figure 2.2: An SPDC scheme with the Type I output.  This figure is licensed un-
der the Creative Commons Attribution-Share Alike 3.0 Unported license: https:

//en.wikipedia.org/wiki/File:Scheme_of_spontaneous_parametric_
down—-conversion.pdf[41].
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Figure 2.3: The photon number distribution for the single mode squeezed vacuum. Reproduced
with permission of The Licensor through PLSclear. Original author: Christopher Gerry, Peter
Knight, Introductory Quantum Optics. Copyright by Cambridge University Press.[40]
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Figure 2.4: An SPDC scheme with the Type II output. This figure is licensed under the Creative
Commons Attribution-Share Alike 3.0 Unported license: https://en.wikipedia.org/
wiki/File:Scheme_of_spontaneous_parametric_down-conversion.pdf[41]
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different frequency. To engineer such a squeezed vacuum reservoir, we need two-mode squeezed
vacuum. The two-mode squeezed vacuum can be generated by the spontaneous parametric down-

conversion process described by the following Hamiltonian:

H = hwydla + hwph'd + hwpété + ihy @ (&13@* _ dTiﬂa) 2.13)

which is the non-degenerate form of (2.10), with the process shown in Fig. 2.4. We can impose the
same parametric approximation to replace ¢ by ye~*** and define 7 = x¥~. Then the Hamilto-
nian becomes

H®Y = fuata + hyb'h + il (n*e"“"t&f? — ne’i“’}’thBT) (2.14)

Considering the energy should be conserved for this three-wave mixing process, we have the fol-

lowing Hamiltonian in the interaction picture:
H = ih (n*&z} . na*iﬁ) 2.15)

Thus, the associated evolution operator is

A

U(t,0) = exp [—iﬁlt/h} (2.16)
Defining £ = nt, we have the two-mode squeezed vacuum
€)2 = C(£,0)[€)2 = $(€)10, 0) = exp (£7ab — €a'dl) [0,0) 2.17)

Expanding the exponential operator, we have

o0

Z(—l)”eme(tanh r)"n,n) (2.18)

n=

1
coshr

[£)2 =

It is interesting that this two-mode squeezed vacuum state is a photon number entangled state with

photons in the correlated modes always generated by pair, as shown in Fig. 2.5
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Figure 2.5: The photon number distribution for the two-mode squeezed vacuum. Reproduced with
permission of The Licensor through PLSclear. Original author: Christopher Gerry, Peter Knight,
Introductory Quantum Optics. Copyright by Cambridge University Press.[40]
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However, when we only focus on one mode by taking the partial trace of the other mode, we

can find that each mode seems to be in the thermal state:

pa=3_ (]€)2(&]2Ins)
"bzlo N (2.19)
= > (=1)reem (tanh )" ng) (4]
whose photon number distribution is
. (tanh )"
P, = = 2.20
(nlolm) =iy (220

which is exactly the Boltzmann distribution with the average photon number (n) = sinh®r. The
two-mode squeezed vacuum is also a squeezed state. Considering the following quadrature opera-

tors:

A

1 .
_ P ~T T
X1—23/2 (a—l—a +b—i—b>

N 1 A o
_ it h—
XQ = 23/2% (CL a'+b—0b )

(2.21)

which satisfies the commutation relation [X 1 X 2] = 1/2, we have the fluctuations as follows:

N2 1
< <X1> > =1 [cosh2 r + sinh? r — 2sinr cosh r cos 0}
9 1 (2.22)
< (Xz) > =1 [Cosh2 r + sinh? 7 + 2sinr cosh r cos 9}

This is identical to Eq. (2.6). Thus, the two-mode squeezed vacuum is also a squeezed state. If all
modes are squeezed in the above way, the reservoir is called the squeezed vacuum reservoir.
However, it is worth nothing that generating the two-mode squeezed vacuum in all modes with
the same mid frequency wy and the same squeezing parameter 7 is still experimentally impossible
due to many reasons. The most significant reason is that, both the three-wave mixing and four-
wave mixing must satisfy the phase-matching condition so that both energy and momentum must
be conserved, as depicted in Fig. 2.6. Thus, it is theoretically impossible to squeeze all modes

in all directions in the 3D space with one pump field. Furthermore, even those squeezed modes

13



do not have a uniform squeezing parameter r, since the second-order nonlinear susceptibility x(®
depends on the frequency of the output field. Hence in experiments, the concept of "broadband
squeezed light" is used. Instead of the single-mode quadrature operators in Eq. (2.3) or two-mode

quadrature operators in Eq. (2.21), collective quadrature operators are considered:

Xty = % (B + O] .
4 (6) = o [B90) ~ BO) |

where the annihilation part is £ (r, t) = i D ks 2(’;“60 e®a(®) (k) r—rt and the creation part

is EC)(r,t) = =i, sr-e()al () (k)e~ Tt If we have the following commutation rela-

tion measured from experiments
[ B (1), BO) (t)] —C (2.24)

then we have
7

[X§°>,X§C>] = 5C (2.25)

Thus, the broadband squeezing is defined if

<(A;z,.<c>)2> <lo

is satisfied for¢ = 1 or ¢ = 2.
2.2 Traditional reservoir theory

Considering the fact that a reservoir is a system with a large number of degrees of freedom, the
reservoir can be interpreted as an open system. Thus, if an atom in the excited state interacts with
the reservoir, the atom will decay to the ground state with photon emitted to the reservoir and never
re-absorbed by the atom, which is called quantum damping. Since the reservoir requires so many

degrees of freedom to be fully described, we can apply Markovian assumption on this process that
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Figure 2.6: The phase matching condition in SPDC process. This figure is li-
censed under the Creative Commons Attribution-Share Alike 3.0 Unported license:
https://upload.wikimedia.org/wikipedia/commons/7/74/Spontaneous_
Parametric_Downconversion.png[41].

the damping destroys memory of the past. Thus, for a system represented as p° interacting with a

reservoir represented as p’, its evolution can be described by the following equation[30]:

55 = — LTrg[V (1), p(0) @ p* (0)]

h
t
1 (2.26)

- T [ V0. V(= 1), 5% =) 5 O)r

where V() is the interaction Hamiltonian in the interaction picture. For a two-level system (qubit)

in free space, the interaction Hamiltonian is

V(t) =d-E = hluS"'(t) + w5~ ()] - [atrs (rs)ins (1) + uip, (1)}, (1)) (2.27)
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where S~ = |b)(al is the lowering operator and S* = |a)(b| is the raising operator of the qubit.
In the interaction picture, we have S (t) = SFe™ot, . (1) = apse ™!, and af (1) = af e™rs".

ugs(7;) is the mode function which is typically given by

w S ik-r;
g (1) = \/ 260’%‘/8’“’86 b (2.28)

where s indicates the polarization. For a thermal reservoir which is described by the density oper-

Fivy, hwgbl by
PR = H [1 — exp (—kB—Tﬂ exp (- T (2.29)

k,s

ator

where kp is the Boltzmann constant and 7 is the thermal equilibrium temperature, we have

(2.30)

hvy,
kT

where 1y, ; is the average photon number with 7y, s = ﬁ Substituting them into Eq.(2.26)

and applying Wigner-Weisskopf approximation, we have

dp® 1
% == 51N +1) (o758~ + 5757p° —287p%87)
2 2.31)
— 57]\[ (p°S~ St + 57 5%p° — 28T 57)
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1 4wdp?
4mey 3hc3

where v = is the spontaneous decay rate and NV is the average photon number in the

resonant frequency mode. Analyzing each element in Eq.(2.31), we have

Paa = — (N + 1) YPaa + N7y puy
) . 1
Pab = Ppg = — <N + 5) Y Pab (2.32)

P = —Nvppy + (N + 1) Ypaq

AtT = 0, this reduces to

paa = —YPaa
pab - _%pab (233)
pbb = YPaa

In general, for N, multi-level atoms interacting with the electromagnetic field, the total Hamil-
tonian can be written as

H=Hjs+ Hp+ Hpp (2.34)

where the atomic free Hamiltonian is

Na
Hy=Y Y hwele) (el (2.35)

=1 e=a,b,c

with |e;) representing the energy state of the /th atom with energy 7w, ;. The Hamiltonian of the

EM field is

a1
Hp =Y Thwps(af, ans + 5) (2.36)
ks

where dy, and &), are the annihilation and creation operators of the filed mode with wavevector k

and polarization s. The interaction Hamiltonian in the electric-dipole approximation is

Ng
HAF = —ZFLZ Z Z[u’l’i . ’U,kS(’I‘l,i)Sl—;CAZkS + [,LZ:Z . uks(rl,i)S&dks — HC] (237)
ks i I=1

where ¢ denotes the ith atomic transition. Transforming the total Hamiltonian A into the interac-
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tion picture, and substituting them into Eq.(2.26), considering the thermal reservoir described in
Eq.(2.30), we have the following equation[42]: (The calculation will be derived in a very detailed

manner in section 2, here we just jump to the conclusion)

=—1 E Azgkl k P ]el(w'i_wl)t

ijkl

1
= 32 viam(L+ N)(p5S 580, + S8 = 255,58 ) et (2.38)

ijkl
1 — -\ ,—t(wj—w,
- §Z%jklN(PSS¢,j5+ +S Sklp Sklp Si,j)e (g =)t
ijkl
The collective energy shifts A;;;; and decay rates ;;,; due to the ordinary vacuum are given by
[43, 42]
3 cos(kor;
Aijkl = 1—14 //yz]’ykl{—<]. — COS2 Q)%
sin(kory)  cos(korix)
(korix)? (korix)?

Yijkt = /Yij Y F (koTix)

where subscripts 7, k label the atom index, j(l) labels the transitions of the ith(kth) atom, v =

+ (1 —3cos® a)| (2.39)

m is the spontaneous decay rate of the atom in ordinary vacuum and F'(z) = 3{(1—cos? o) 322+

(1 — 3cos? @) [%E — =z]},

T

However, if we apply the above calculations to a single atom interacting with the squeezed

vacuum, we will have some weird result. Since we have

—_= <aTk:,S> —_= 0

sinh2 rék/késs/

~

<ak,s

<a/1’;:78ak/?sl

<ak,sa2,7s, COSh2 T(Sk/késs/ (240)
Tt

<ak:,sak’,s’

<ak,sak’,s’

I

—e™ cosh(r) sinh(r)0g oky—k0ss’

= —e" cosh(r) sinh (1) 0k’ ory—k0ss

~—
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Substituting them into Eq.(2.26), we have

dp® . reo+ S o+
= sinh(r) cosh(r)y'(STp”S™ + H.c.)
1
- 57 cosh?(r)(p°STS™ + STS~p% — 257 p%S™) (2.41)
1
— 57 sinh?(r)(p° S~ ST + 578t p" — 257 p557)

with 7, = vF(2kor)). However, although the position of atom is well-defined, its coordinate is
ill-defined since there is no requirement on the origin of the coordinate system. This value varies
from O to «y by the value of r, which is not physical. For example, if we choose » = 0, then
7i; = 7 which is the perfect squeezing; if r is the zero point of F(2kor), Eq.(2.41) reduces to the
thermal reservoir as Eq.(2.31). As we mentioned before, the choice of » completely depends on
the coordinate system, which can be built arbitrarily. Thus, the above theory cannot be applied on

the squeezed vacuum, and putting forward a modified theory is the main goal of this dissertation.
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3. A MODIFIED RESERVOIR THEORY IN THE SQUEEZED VACUUM!

In the last section, we discussed about the limitation of the traditional reservoir theory when
it is applied on the squeezed vacuum. In this section, we will bring forward a modified theory.
We will show that this theory works properly with the squeezed vacuum, and remains consistent
with the traditional theory in the thermal reservoir case. We will discuss the new behaviors of the

system based on our new theory.
3.1 A new master equation from a modified mode function

First of all, we need to analyze the origin of the unphysical quantity 7’ in Eq.(2.41), and here we
start from the most typical single-qubit case with transition frequency w. The interaction Hamilto-
nian is

V(t) = —z’hZ[u s (1) ST () s () + - Ups (1) S™ (1) ags(t) — H.c.] (3.1

Wks ik-r
Ups (1) = | QEO;V ense™ (32)

Considering that (ag s) = <a;rc s> = 0 for both thermal reservoir and the squeezed vacuum reser-

with the mode function

voir, we can drop the first term in Eq. (2.26), so we have the master equation

S t
T et (UONA A
=— % thTrF{V(t)V(t — 1)t — 1)t + p (t = ) V(- T)V (D) (3.3)

— V() (t =)Vt —7) =Vt —7)p(t —7)p"V (1)}

IPart of this section is reprinted with permission from: “Waveguide QED in the Squeezed Vacuum” by Jieyu You

et al, 2018. Physical Review A, 97, 023810, Copyright 2018 by the American Physical Society and “Steady-state
population inversion of multiple Ks-type atoms by the squeezed vacuum in a waveguide” by Jieyu You, Zeyang Liao,
and M. Suhail Zubairy, 2019. Physical Review A, 100, 013843, Copyright 2019 by the American Physical Society.
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which is of the second order in the interaction Hamiltonian V' (¢) and mode function wys(7;). To

make the derivation simple in form, we define
D(t) = [p - wps(r)ST(t) + p* - wp 5(r)S™ (¢)] (3.4)
so the interaction Hamiltonian Eq.(3.1) becomes
V(1) = —ih 3 [D(t)ans(t) — D*(t)af, (1) (3.5)
ks

Here we just show the way to deal with the first term in Eq.(3.3), the remaining terms can be
calculated in the same way. For the first term, we have
t
~ 2 drTrp{V OV (t —7)p°(t — 1)p"'}
0

:/0 dr > ADH)D(t — 7)Trplp" ars(t)awy (t — 7)) = D(E)DT(t — 7)Trp(p" ars(t)al,, (t — 7)]

— DY (O)D(t — T)Trelpal,(Dawe(t — 7)) + DF(O)D* (¢ = 7)Trelp”al (Dab (t - 7)]}o(t — 7))},

(3.6)
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Using the correlation functions Eq.(2.40), we have the following result under the rotating wave

approximation (RWA):

drTre{V OV (t —1)p°(t — 7)p"'}

B2
h* Jo
— E / dT{p/ - Ups (T’)S—l—ezwtp, Uy (7,,)S“l‘elw(t—’T)e—Z((A}kS“rwk/S/)t+lwk/5/7
0
ks,k’s’

X [—sinh(r) cosh(r) 0k’ 2k, —k0ss']

—iw(t—T) ,—iwpr T

— - ug(r) ST ut - uk, . (r)S e e cosh? 76 0gs

, , . (3.7)
— U (1) STe T - u, (1) ST e T e TR T cosh? 16 b
— o ul (1) STe T - gy (1) ST T e T Ginh? 16 b
— -l (1) ST U - Uy (r)STe W) e T Ginh? 16 b
bt () ST el (1) S e ) gk i T
x [ sinh(r) cosh(r)da ok, —r0ss' | }0° (t — )

For the second to the fifth terms, wgs(r)u;, (r)’s positional dependence is canceled. However,

ik-r

and the sixth term depends on e?*". This is not an issue for the thermal

reservoir since (ay sag s) = (aL sa;;, ») = 0 so these two terms vanish. For the squeezed vacuum,

the first depends on e

these terms are positional dependent. What’s more, since there is no constraint on the choice of
coordinate system, r can be arbitrary which yields the arbitrary value of the first and sixth terms in
the above equation. This unphysical behavior originates from the definition of the mode function in
Eq.(3.2). However, this formula is so famous that it appears in almost every textbook on quantum
mechanics and quantum mechanics, so challenging it should be very cautious. We noticed that
the usage of Eq. (3.2) is always related to the quantization of radiation field with the running
wave boundary condition, for example in Quantum Optics by M.O. Scully and M.S. Zubairy[30].
However, if the standing wave boundary condition is applied, ¢**"" should be replace by cos(k-r) or

sin(k-r). Thus, equation (3.2) can only be used when the space translational symmetry is satisfied.

In the thermal reservoir, the space translational symmetry is satisfied. However, this is not the case
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Figure 3.1: Demonstration for squeezing all modes in a single direction. The Electromagnetic
wave propagates in two opposite directions, so two pumps are needed to squeeze all modes.

for the squeezed vacuum reservoir. Considering the squeezed vacuum reservoir in one dimensional
case, two pump beams interacting with the nonlinear crystal from opposite directions are needed
to form a broad-band squeezed vacuum, which is shown in Fig. 3.1. Due to the existence of the
nonlinear crystal and the pump field, the space translational symmetry is broken. Thus, we cannot
use Eq. (3.2) as the mode function. Here we propose a new mode function which incorporate both

the existence of the squeezing source and the nature of running wave of the squeezed vacuum:

Wk,s ik-(r;—o
s (13) = w/—260"’7%Vekse’“<z ko) (3.8)

where ok includes the effects of the initial phase and the position of the squeezing source with
wavevector ks. Here we need to make two assumptions: first, one specific mode is generated from
a single source, i.e., mode ks is only generated from the source located at ogs; second, the phases
of all modes can be well defined by k - (7 — 0ks). In the ordinary vacuum or thermal reservoir,
there is no source and we can set ogs = 0, so the mode function shown in Eq. (3.8) is reduced
to the normal cases as Eq. (3.2). In fact, ogs can be any value since their effects will be canceled
in Eq. (3.6). Considering the fact that the squeezed vacuum is generated by the pump field from
different directions, oy should be different for different modes.

Next, we will derive the master equation from Eq. (3.6) based on the new mode function
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Eq.(3.8). We start from a more general case where atoms are not identical but w; ~ w;, and we
make the squeezing center frequency wy = » w;/l. Then we can rewrite the interaction Hamilto-

1

nian as

()= =N IPOews) = D el 0] (9

where

D(t) = [ - wes(rs) ST (£) + g - g o(r:) S; (1)) (3.10)
Therefore, we have

dp® 1

. m dTT?‘F{[ @), [V(t—7),p5(t — 7)p"}

= hlz thTTF{V( OVt —7)p°t—1)p" + o5t — )"Vt —7)V()  GID

— V) (t =1)p"V(t —7) = V(t —7)p°(t = 7)p"V(t)}.
Here we just show how to deal with the first term in Eq.(3.11), the remaining terms can be
calculated in the same way. For the first term, we have

- [ AT OV - D - )

/ dr Z {Dt)D(t — 7)Trp|p" aps()apy (t — 7)) — D(t)DT(t — T)T’T’F[,OF(Iks(t)aL,S, (t—71)]

— DY (O)D(t — ) Trelp"al (Dawa(t — 1) + DF(OD*(t = 7)Trelo"al (Dak (t — D)}t — 7).

(3.12)

Considering that the time scale ¢, we care satisfies wyty > 1, the average effects of the oscilla-

tions terms like e™* are ceased. Thus, we impose the rotating wave approximation(RWA), which
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discards all terms containing . Using Eq.(3.10) and the correlation function Eq.(2.40), we have

1 t
) drTre{V(OV(t —7)p%(t —7)p"}
t
_ Z Z / dT{I-l'z . uks(ri)si—i-eiwit“j Uy (T‘j)S;_Giwj (t—T)e—i(wks-l—wklsl)t-l-iwk/sx7'
ij ks,k’s’ 0

X [—sinh(r) cosh(7) 0k’ 2k, —k0ss']

—iw;(t—7) e—iwk/S/T

+ Jtw;t, * * — 2
— i U (1) S € - up o (1) S e cosh” 70k Ossr

, , . (3.13)
— ] s (13) 5] € - g (ry) S €T T T 08D O O

— ) (1) Sy e - g (1) S e TD T sinh? 1o B

—iw; (t—T) eiwk/S/T

— i - up (13)S; e g (1) S5 e sinh? 70gg O,y

)

o e .
] (1) 7 T (1) S e el

X [— sinh(r) cosh(r)ék/,gko_késsz]}ps(t —7)

Assuming all oy are located on the spherical surface with distance D to the origin (0,0, 0), for
the thermal terms (the second to the fifth terms), we can replace the summation of discrete modes

with the integral of continuous modes in the free space in the limit of L — oo:

L3 9
> = g [ ok | (3.14)
k k

In Ref. [42], it has been shown that the integral can be calculated as

L . VI [
—)i’)/dek/Q Z“i U (1) 1 - Ug (1) A 3j dww® F (krj) (3.15)
k

(27 - 2wy
with
3 sin(kr;;) cos(kri;)  sin(kr;;)
F(kr::) = ={[1 — 2 R SV A 1— 2 J) J
(hry) = 501 = cos® o ) 1 — st o) (1) — Sy
W2 (3.16)
L 3meghc?
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where r;; = 7, — 1, Ty =

a is the angle between 7;; and p;, and the approximation in

Eq.(3.15) becomes equality when w; = w,. We can also show that

LS
(27)3 /dek;/Q Z“Z’ U (1) Ly Uako—k,s (75)

\/%% / do?

27rw0

(3.17)

k
20)0 — W)F(kig|k

7ij —|—27"]D 2iko R

where R is the distance from the sources to the center mass of two atoms, and the approximation
becomes equality when w; = ws. Next, we will show how to calculate the first and the second
terms in Eq.(3.13), and the remaining terms can be approached in the same way. Using Eq.(3.15),

the second term in Eq.(3.13) can be simplified as

t
Z/ AT ;- g (ri) S ™ W - ug (1) Sy e T e M cosh? rp® (t — 7)
ks 70

V1i5

2rw

(3.18)
= cosh®r

/ dT/ dww? F (kryj)et@imwitgilwi=wn TS+S Pt —17)

with F'(kr;;) given in Eq.(3.16). We here calculate the integral of the first term in F'(kr;;) (i # j)

and the other terms can be calculated similarly.

1 & 7 L ; (s
COSh2 \/QW 3/ / dk’kgsznkr] i(wj—wp TS+S p ( )el(wz wj)t

U

= COSh2 %IYJC 3/ / d/{/{Q i(k—kj)rij+ikjri; _ (kfkj)rij*ikjﬁj)
mj

27w
% e—i(k—kj CTSJ_SJ_P (t . T)ei(wi—wj)t
VI3

1 | | |

~ h? drk2 S(ry; — ikjriy; _§ ” —ikjrij| g+ G S (4 — i(wi—w;)t

oS T 271'(,00 2[; zr”[ (rj CT)e (TJ+CT)6 ] i Mg P ( T)e

Vet 3 ,
=~ COSh2 2’.};[_2/}]3 QkJQ ZC’]; Zkﬂ“ij Sj_S]_pS <t>6Z(UJi—Wj)t
0 ij

3 9 etkorij Yo S (i)t

~ Z«/%’Yj cosh” r Zkor S Sip (t)e' i
tj

(3.19)
In the second line of the equations, we replace fooo dk by [ fooo dk since the main contribution comes
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from the frequency around w, and the negative frequency part leads to fast-oscillating term such
that its integration fg dt vanishes. From the second line to the third line, the Weisskopf-Wigner
approximation[30] is applied and k is replaced by k; because the contribution comes mainly from
the resonant frequency. From the third line to the fourth line, we assume that the two atoms are
very close that the time-retarded effect can be neglected. In the last line, we use the fact that
Wi = Wy

The other terms in Eq.(3.18) can be calculated in a similar way, and the result is given by

t o]
Nl : . 1
RLtE / dr / Ak F (ki) el et @i gh 8= pS(t — 1) = (§%j+mij)sjs;p5(t) elwimw;)t
0

2rwd

(3.20)

where

cos(korij) sin(korij) — cos(korij)

FUmser TG T e Y )

3
Aij = 7= (1 = cos” a)
Yis = \/’Yz"YjF(k‘oTij)

k’oﬁ'j

All the other terms with the combination of S;” and S; can also be calculated in the same way.
Thus, all the thermal terms and oscillation terms in Eq.(3.6) can be given.

Next we need to calculate the squeezed vacuum terms containing S;*S;" or S;”S;. Here we
calculate the first term in Eq.(3.6) as an example. Inserting Eq.(3.17), the first term of Eq.(3.6)

yields

) / 7 [ s w0y ()6 7S] e )

ks,k’s’

i ¢ Fo k ; ‘
_ Ve / dr / Ak \/k(2ko — k) F (Kol 7=y + 2m )0 SES S (¢ — e

2w

\/ i k .
77] / / dk‘F k0|k, TZ]+27,J|) i(w —wo TS+S+ S( )62zkzoR

(3.22)

From the second line to the third line, we make the following approximations: (1) The integral limit
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is extended to +o0o because the principal part is near wy, &~ w;. (2) k*\/k(2ky — k) is pulled out of
the integral as a constant k} according to the Weisskopf-Wigner approximation. To calculate one
term with fixed ¢, 7, we need to rebuild the coordinate system where r; +7; = 0 for ¢ # j(We need
to build different coordinate systems for different pairs of ¢, j). For example, we here consider the
first two atoms, 4, j = 1,2. When ¢ = j, this term directly gives 1~ cosh® rF'(2ko|r;|)S;"S;t p% ().
When i # j, since there is a singular point at & = ky, the calculation is a little bit more complicated
but can still be calculated. We have the following integrals:
/ dksm i e~ tker — 16’1(7‘“ —cT),

7"” rij

(3.23)

_ — 0o (7. —
(krij)?  (krij)? 2r} 2(riy = e7)

]

/oo ” [cos kri;  sinkr;; o—iker (et — rij) (T + 14j)

where 6, »(z) are step functions: ¢, »(z) = 0 when x < 0, 61 2(z) = 1 when z > 0, and 6, (0) =

1/2 and 05(0) = 0. Since F(k:d%’rij +2r;|) = F((k — ko)ri2), we have

/ dr / dkF([(k — ko)ria]e! @007 oS (t — 1)

= / dT [(1 — cos® a)— L (1 — 3cos? a)W(CT —rig)(er + Tij)]ps(t —7) (3.24)
0 2 Tij 27"?]-

T
—P° (1),

In Eq.(3.24), the emitter separation is assumed to be small and the Markovian approximation is

applied such that p°(t — 7) ~ p(t). Hence, Eq.(3.22) gives sinhr cosh T%S;_ S pS(t) with

vi; = e** By F(kolr; 4+ 7;|) after transforming the above results to the original coordinate sys-

tem(Although replacing k by k¢ in Eq.(3.22)’s last line yields the same result, it is not always safe

to do so since F'(x) is an oscillating function). Having dealt with all the squeezed vacuum terms,
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we can get the final master equation in the 3D free space for arbitrary number of qubits:

dpS 1 S Qo Qo aQa S a S Qo
E:_QZZ%J'M@ SiSj +Si5jp _2Sjﬂ S3)

a=+ 1i,j
. n N - (Wi —w;j
- EZW“ + N)(p°S;F Sy + S;S; p% =287 p° S )elimeilt

3.25
1 S o— o+ - q+ 5 + .S —i(w;—w;)t ( )
- §Z%J'N(P S; Sj +5; Sj 25 Si e ’

— iy Ay[SFS;, p¥lettient
i#]
where the last three terms agree with the traditional reservoir theory in the thermal reservoir
case, and the first term is the collective decay due to the squeezed vacuum. We have M =
sinh(r)cosh(r) and average photon number N = sinh®(r). The collective energy shifts A;; and
decay rates 7;; due to the ordinary vacuum are the same as those given by [43, 42], which are

shown as follow:
Aij = z\/%_%{—(l — cos? a)—cos(k‘orij)
sin(kori;)  cos(korij)
(kori;)? (Koriz)?

kOTij

+ (1 — 3cos® )|

I}
Yij = Vi E (korig)

where v = 5—%— is the spontaneous decay rate of the atom in ordinary vacuum. Different from

37reoﬁ
the thermal reservoir terms, the squeezed vacuum can contribute to the additional collective two-

photon decay rate of the system which is given by
%(j = ’yemkoRF(kol’r‘i + ’l"j‘). (326)

Thus, the collective decay due to the squeezed vacuum depends on the position of the center of
mass of the emitters instead of their separation. One may think this reult is identical to the privious
work[9, 10] except the phase e**, but that is not true. No matter how the coordinate system

is built, to reach the neat form of Eq.(3.26), r; must still be interpreted as the displacement from
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the center of squeezing sources to the ith atom. When their center of mass is at equal distances
from all squeezing sources (i.e., r; + r; = 0), the decay induced by the squeezing is the strongest
due to the perfectly constructive interference of the two-photon excitation from all directions. It
decreases when it deviates from the center due to the destructive interference.

One way to verify the validity of our theory is to prove the positive definition of Eq.(3.25).
The above master equation can be transformed to the Lindblad form [44] and the density matrix is
positive. The phase factor e2**0- can be effectively regarded as an controllable phase of M, which
can be incorporated into f. The master equation can be transformed as

dp® _ _, s r_ Lo i
o= —iY [H,p°1+ > B (LnpLi, — 5 (PLy Lo+ Ly, Lup)) (3.27)

% m,n

where

H=> AySts;
i#]

Li=8),Ly=5,L3=295;,Ly=5;
[ Y11 sinh? r Y12 sinh? 7 vy sinhrcoshr 4}, sinh 7 cosh r- (3.28)

) Y12 sinh® r 11 sinh? r ~iasinhrcoshr  ~j, sinhr coshr

- vy sinhrcoshr  ~, sinhr coshr 411 cosh? 7 Y12 cosh? r

_%2 sinhrcoshr 4}, sinhrcoshr 75 cosh®r Y11 cosh? 7 |

here for simplicity, we have already used the relations: Vi, = V51, 712 = Y21, Y11 = Y22, Vi1 = Vao-
The last relation v;; = 75, is not always satisfied, but without it we cannot diagonalize matrix A

analytically. Hence we set r; + 7; = 0. Now matrix % can be diagonalized:

G

=l ¢ u (3.29)

C3

Ca

30



where u is a unitary matrix, and

1 : .
G = 5[(711 — 712)(1 + 2sinh®r) — \/(711 — Y12)2 4 4sinh® r cosh? r(7}; — 74y)?]
1 : .
G = 5[(’711 — 712)(1 + 2sinh®r) + \/(711 — Y12)2 + 4sinh® r cosh® r (7}, — 45)?]
1 (3.30)
G = 5[(711 + 12) (1 + 2sinh?7) — \/(711 + Y12)2 + 4sinh? r cosh? (4, + 7}0)?]
1 : .
<4 = 5[(’)/11 + ’712)(1 + 2 Slnh2 7’) —+ \/(’}/11 -+ ”)/12)2 + 4smh2 r COSh2 7’(’)/11 =+ 712)2]
We noticed that since |11 — v12| = |11 — V12| for r; +7; = 0, none of the eigenvalues is negative,

so the density matrix is completely positive for any initial condition. For arbitrary 7;,r;, we can
only get the positive eigenvalues numerically.

It is worth noting that the master equation derived from the traditional reservoir theories[8, 9,
10] does not have the positive definition in the first place. In fact, the coefficients in their equations

are modified by hand to enforce the positive definition.
3.2 Master equation in the quasi-one-dimensional waveguide

In practice, it is very difficult to squeeze all photon modes in 3D case. Since squeezing in 1D is
experimentally achievable [28, 29], in this section we discuss the dynamics of the waveguide-QED
in the squeezed vacuum. Here, we consider a perfect rectangular waveguide with negligible loss
out of the waveguide as is shown in Fig. 3.2(a). We assume that the cross section of the waveguide
is a square with dimensions a X b. The origin of the coordinate system is chosen to be at the center
of the two squeezing sources with the positions of the sources to be (0,0, =R). The emitters are
located along the longitudinal centerline of the waveguide at (0,0, ;) (: = 1,2, -+, N,) with the
squeezed vacuum injected from both ends by the parametric process. Compared with the 3D case,
the master equation in the 1D case is the same as Eq. (3.25) except that the values of ~;;,7;;, Ai;
are different.

Different from the free-space case, the square waveguide can only support certain photon
modes. Generally, the allowed modes in the waveguide are very complex which need to be ex-

pressed in terms of the Dyadic Green functions[45]. Here we consider the simplest case, which
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Figure 3.2: (a) Schematic setup for waveguide-QED in the 1D squeezed vacuum where the vac-
uum is squeezed from both directions. (b) The dispersion relations inside the waveguide. Here the
atomic transition frequency is 1'%%, which is below the cut-off frequency of 7'F1; mode. Consid-
ering the fact that the atomic dipole moment is along y-axis and E, # 0 only for T'E,, we only
need to consider T'E;o mode in our calculation.
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is the perfect reflective rectangular waveguide with cross section a x b. The rectangular waveg-
uide can support both TE and TM electric field modes and they are given as follows(To get a

neat expression of field equation, we set the origin of our coordinate system at the corner of the

waveguide):
x . nny mmx nmy .
ETM Eysin sin—=¢= HT® = Hjcos cos —=¢th=*
a b a b
ik, mm mnxr . NIy 1w b N mnx . NIy
E™ — g n cos sin—- 2 eth=* ETE = H, I 08 sin—-= 2 eth=2
2., G a 2., a a
ik, nm . mmx nmy WL MT | MTT nmy
E;FM = Ey 7 —sm cos eZkZz, E;FE = —H, S sin cos —Z¢k=?
hZ, a b hz, a a b
zwke nmw . mnT nmy ik, mm . m7wx nwy
H™ = E, 2——8m cos —2eke?, H'® = —H, 2Z —sin cos ——¢'k=*
h2, a b hZ, a a b
TWLE MT mnrxr . nmy 1k, nm mnrx . nwy
HyTM = —FEy5—— cos sin—=2et=* HyTE = —Hy,5—— cos sin—=2¢tk=?
hZ, a a b hZ, a a b
(3.31)
where Ay, = /("5)% + (57)?%, €(p) is the permittivity (permeability), and Hy, E are arbitrary

constants. For quantized modes, we have Ey = \/4hh2,, [e2uv LS and Hy = \/4hh2,, /eu?v LS[46].
The dispersion relation inside the waveguide is given by w?/c* = (mn/a)? + (n7/b)? + k2. For
simplicity, we here consider the waveguide with square cross section, i.e., @ = b and the dispersion
curves of different modes are shown in Fig. 3.2(b). For square waveguide, T'E,,,(TM,,,) and
T Eym (T M,,,) modes are degenerate, and T'Eyy and T'Ey; have the lowest energy.

We assume that the all emitters’ transition frequencies are the same and they are below the
cutoff frequency of T'F; and T'M;; modes. Since the rectangular waveguide cannot support the
T My and T'My; mode, the emitter can only couple to the 7' Ey; or T'E;y modes. Here, without
loss of generality we assume that the transition dipole moment of the emitter is in the y direction.
Thus, it can only couple to the 7'y mode. The emitters are assumed to be located at the center of

the waveguide cross section, i.e., (5, §,7;) and (§

5 ) In this case, the mode function for 7' F

27 2 T
. . h ~ _ . . .
mode is given by uy, (r;) = |/ Zgge("~k:) with S = a®. By reducing the cross section, we

can increase the amplitude of the mode function and therefore the coupling strength. are shown in
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Fig. 3.2(b). To simplify the problem, we assume that the transtion dipole moment of the emitter
is along the y direction and the size of the waveguide satisfies \g/2 < a < \g/v/2 where )y =
27c/wy with wy being the transition frequency of the emitter. In this case, the emitter is mainly
coupled to the T'Fp mode (Fig. 3.2(b)). The density of states of EM field in the waveguide is
Dlv)==2L W The coupling strength between the emitter and the 7'F,o mode is therefore
givenby g = p- E/h = u\/m [46]. The single emitter decay rate due to the waveguide
modes is

2 2M2W8 _
Y1id = 27TZ|Q(V)| (5(&)0 — l/) = M = Mo, (332)

where 7 = 3\g\o./(27a?) is the enhancement factor, \g, = 27 /ky, is the effective longitudinal
wavelength and 7 is the spontaneous decay rate in the free space. Around the cutoff frequency,
we have Ly, — 0 and therefore  — o0, i.e., the spontaneous decay rate can be greatly enhanced.
The dispersion relations

Then we need to derive the master equation in the waveguide case. Compared with the free
space case, the only modification to the calculation for the waveguide is ), - — >, in Eq.(3.13).

We here calculate the first and the second term in Eq.(3.13) as an example. For the second term,
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we have
t . . .
- Z / AT p; - s (rs) S0 s - ugy g (Tj)SJ-_B_WO(t_T)e_W’“’S’T cosh? rp%(t — 7)OpnOss
k=

L Wik i 2 s
=— — dk; / dretome T 2 _ otk (ri=ri) cogh rS;STp7(t —7)

27 eoLSh
L iwoT ,—i[wo+c — wolr Wk 2 ik (1:—T1; ik (i —1s _
~ — % ; de/ dT€ 0 e [ 0+ Qkoz(kz kOZ)/ 0} EOLl;’h[e kz( i ]) + e kz( i ])] COSh2 ,',,SZ—{-SJ pS(t _
~ L 8] dék /’t d 6717-0 ka(;kz/wo wk,LL [el(konrékz)(n*rj) + efi(ka‘i’(Skz)(Ti*’r‘j)] COSh2 TS+SipS<t .
27T EoLSh L
~ / dsk. / dre —i(c?koz0kz /wo)T ;:Zf;h[ i(koz+0kz)(ri—rj) + e—i(k()z—o—ékz)(ri—rj)] cosh? TS;_Sj_pS@ . 7_)
2 2
~ wo:u ikoz(ri—m;) cko —ikos (ri—74) ko,
~ d 2 0 J 5 P - ) — J 6 P — .
~or ), Talsh mle ((rs =my) = =T +e ((ri = m5) + = =7)]

x cosh? rS; S5 p°(t — 7)

L ko Tss w0u2 wo 2 _
~ — —¢tkosTij 2 h?rS:FS=pS(t
o eoLSh 7TchOZ COSH Toi 05 P ®)

— [% cos(ko,rij) + i%sm(k’oﬁij)] cosh? rS;S5 p°(t)

=— (72” + M) cosh® rS; ST p%(t)

Q

(3.33)

where emitter separation r;; = |r; — 1|, Y14 = 2p*wi /hegScPko, is the spontaneous decay rate
in the waveguide, 7;; = 714 cos(ko,7;;) is the collective decay rate, and A;; = 714 sin(ko.ri;)/2
is the collective energy shift. In the third line we expand wj, = c¢/(%)? + (k.)? around k. = ko,
since resonant modes provide dominant contributions. In the fifth line we extend the integration
ffzoz dk, — f fooo dk, because the main contribution comes from the components around 6k, = 0.

In the next line, Weisskopf-Wigner approximation is used. Thus, we have obtained 7;; and A;;.
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Next we need to calculate the first term (squeezing term) in Eq.(3.13):

t
Z/ dT{p; + Uony—1e(rs) S; pj - wr(r;) S €07 [— sinh(r) cosh(r)] p° (t — 7)
k. “0

L 2ko- t
- dkz / dTei(wkZ 7w0)76i(2k0z*kz)(m701)eikz(rjfol)
0

— 5 :
2
/W Wk —
% k. W2ko, —k, M Sinh(’f‘) COSh(T)S;_S+pS (t _ 7_) (334)
eoLSh !
0 t
_ £ dkz/ dre!(Whz—wo)T gi(—2ko=—k2)(ri—02) ik (rj—02)
27T —2ko» 0
N R T
o Vks W 2ho: k. [ sinh(r) cosh(r)SfS;rpS(t —7)

EoLSh

For ¢ = j, Eq.(5.8) reduces to

t
Z/ dr{p; - woy—k(r:)S; ;- uk(rj)S;“ei(w’“_wO)T[— sinh(r) cosh(r)]p”(t — 7)
k. 70

L 2ka t iC2kOZ _ o Wi W _ 2
= dkz/ dre’ w0 Bemho2)T Jidko. (ri—o1) V k= EkgfthM sinh(r) cosh(r)S;rS;-rpS(t—T)
™ 0 €o
L [° t ks (b g Ve N TR T
T )y, | are oo B 1) cosh(1) 55 170 7)

= —£[6i2k02(”_01) + e_i%(”(r"_”)]wko—z'u2 /t d727r5(02k02 7)sinh(r) cosh(r)Sf S p%(t — 7)
2m eoLSh J, Wo v

B S A / r2m3(“ ) s cosh(r) 5 5 ¥t~ 7)
2m eoLSh J, “o o
_ _i2%ko:R wip’ i S
— e YT cos(2ko.r;) sinh(r) cosh(r)S;"S p” ()
€0V C7R,

= —e"QkozR% cos(2ko,r;) sinh(r) cosh(r)S;rS;“pS(t)

(3.35)

where we have used the fact that the origin of coordinate system is at equal distant from two

sources(i.e., o, = —o0; = R) in the second last line. Thus, we have 7}, = 714 cos(2k.r;). For
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it # 7, Eq. (5.8) reduces to

t
Z/ dr{p; - Wopy—k(r:)S; ;- uk(rj)S;re"(w’“""O)T[— sinh(r) cosh(r)]p®(t — 7)

2k0z c ko
Z(ky—ko)T _ il — g
_ dl{} / dTe @0 ) 612]602(7’C 01)6 i(kz—koz)(ri—rj)

y \/mﬂ smh( )cosh(r)S;rS*pS(t —7)
EoLSh ’

= dk / dTe WO —kz—koz)T 722]602(71 02)67i(]€z+k0z)(7‘1‘77”j)
_2k02

We_ W_ —ks
o VO kb sinh(r) cosh(r) St SF o5 (¢ — 7)

GOLSh
2ko- t g,
- _ £ ’ dkz/ dTGZTkOL(kz_k02>7—ei2k02(rcfol)efi(szk()z)(mfrj)
2m
w Zw z— Iz 2 .
X = keoik;’hk a sinh(r) cosh(r)SfS;rpS(t—T)
2ko- T
o £ 0 dkz/ dTel WkOO (kZ*kOZ)Te—szQZ(TC—OQ)e—i(—kz+koz)(7‘i—7’j)
27
w— zw_ z z 2 .
X keoLQ,SIj;i theHl sinh(r) cosh(r)S;’S*pS(t - 7)
L ioko. (re—on) ) Whos ™ / / ka=ho2)T —i(k.—k
_ i2koz(re—o z dk, | dre = = i(kz—Fkoz)(ri—7;)
27?6 eoLSh re’

x sinh(r) cosh(r)S;t ST p%(t — 7)

L —12ko ( 2) ko Who. / / —koz) - i—T;
_ Y —i2koz(re—o 2 dk. d oo (k=—koz) o(kz—koz)(ri—r;)
o coLSh e

x sinh(r) cosh(r)S;t S5 p°(t — 7)

02 k()z

7)]

L oe.r wop? /t i2k ko —i2k
=— —e" " —— [ dr2m|e e (r; — 1y — T) 4+ e =0y (ry — 1y +
2 EoLSh [ ( ! wo ) ( ’ wo

x sinh(r) cosh(T)S;’S;'pS(t —7)
i2ko. R wypt” i2ko.resgn(i—j) o+ o+ S Vd i2ko.R +at .S
= — g'2koz me =re S Sy p7(t) — e cos(koz(ri +15))S;"S; p” (t)
(3.36)

where sgn(i — j) is the sign function. The last arrow is because we need to sum over 4, j, so the

12k R

imaginary part of ¢/20:7*9"(i=) vanishes and the neat result is that 7}, = ¢ Y14 cos(ko. (r; +
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r;))- As for S;"p®(t)ST terms, the combination of the last two terms in Eq.(3.11) will make the

imaginary part of ¢/?%0:7e*9"(i=3) yanish. Thus, we have 7}, = /%

Boyiacos(kos(ri + 7;)). If one
needs to get 7;;, 7;; and A;;in the unidirectional waveguide case, we just need to discard the second
terms in the parenthesis of Eq.(5.7) and Eq.(5.10).

In conclusion, the master equation in the 1D waveguide is also given by Eq. (3.25), but the

coefficients are replaced by:

Yij = Y1d cos(ko7i;)

Ay = % sin(kosri;) (3.37)

Vi; = Y1a coslko. (r; + 7))

where ko, = /(*2)? — (<)? is the wave vector along the waveguide direction and r;; = |r; — 1|
is the separation between two emitters. It is worth noting that Eq. (3.25) is valid not only for the
rectangular waveguide, but also for arbitrary type of waveguide with arbitrary atomic transition
frequency. The only difference for different types of waveguide and different transition frequency
is the value of 14 in Eq. (5.13).

Similar to the 3D case, the two-photon decay rate induced by the squeezed vacuum depends on
the center of mass of the emitters. This can be explained by the interference shown in Fig. 3.2(b).
The emitters can absorb two photons from the squeezing sources either from the left or the right.

These two processes can interfere with each others and we have
’y;-j oc 5157 + SESE = 2e**0=F coglk. (r; + 7;)]

which is a periodic function with period \o,. Thus, when the center of mass happens to be at the

antinodes (nodes) of the standing wave, the two-photon decay rate is maximized (minimized).
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Figure 3.3: (a) The dephasing dynamics of a single emitter in the squeezed vacuum. The black and
red solid curves are the results of o, and o, respectively. The blue dotted line is the result when
there is no squeezing (thermal reservoir). (b) The dephasing rates of o, and o, as a function of the
emitter position. For (a)&(b), the squeezing parameters are chosen to be r» = 0.5.
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3.3 Dynamics of a single qubit

In this section, we will show the difference between the traditional theory and our theory when
applied to the single two-level atom case. We still assume that the atom is located at (0, 0, ), with
the transition dipole moment along the y-axis. By eliminating the terms with ¢ # j, the master

equation shown in Eq.(3.25) is reduced to the single-atom case which is given by

dp® 4
% = sinh(r) cosh(r)y' (e** =St p5 ST + H.c.)

1
— 357 cosh?(r)(p°STS™ + STS™p” — 287 p°S™H) (3.38)

—-%ygnh%rxpSsS+4-Ss+p5-25+pss)

with v = 714 and v' = 714 cos(2kod). It is worth noting that the squeezing terms like S*p°S+
and S~ p°S~ in Eq. (5.15) only affect the non-diagonal terms but not the diagonal terms. Thus, for
single emitter, the squeezing can only modify the dephasing rate rather than the population decay
rate. We also notice that the dephasing rate due to the squeezed vacuum is dependent on the emitter
position because the interference between the two squeezing sources generates a standing wave.

The dynamical equations for the expectation value of o, and o_ are given by

o o
% (04) U (04) (3.39)
(o) (o)
where
—(N +3) Me=2%0:R co5(2kq,6)
U =4 | ? . (3.40)
M e%*o=F co5(2k.0) —(N+3)

The eigenvalues of U are vy, + = [N + % + M cos(2ko.0)]y14 which are the dephasing rate.
In fact, such a position-dependent property of the dephasing rate can be associated with the

variance in the quadrature phases of the squeezed field at the site of the atom. Considering
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the operator X (6, c, 3) = ﬁ(e"(k(’ﬁkﬂ‘sakoﬁkzem + eilho:=k=)oq, e + H.c.) which de-
scribes the entangled modes of the two-mode squeezing, we can find its variance AX (9, o, ) =
2[N+1— M cos(2ko.0+a+ 3)]. Therefore, we have the relation that v, = 2AX (6, a+ 3 = 0)
and v4, - = 2AX(6,a+ B = ).

We can see that when there is no squeezing, i.e., M = 0, both o, and o, have the same
dephasing rate cosh?(r)7y14/2 (blue dotted line in Fig. 3.3(a)). However, if there is squeezing, i.e.,
M # 0, 0, and o0, have different dephasing rates with one being enhanced and the other one being
suppressed (solid lines in Fig. 3.3(a)). The dephasing rate can be tuned by changing the position
of the emitter. In Fig. 3.3(b), it is shown that the dephasing rates of o, and o,, vary periodically as
the emitter position changes. At some regions, o, decays faster than o,, while at other regions, o,
decays slower than o,. This result challenges the traditional conclusion where dephasing rate is a
position-independent constant[4, 30].

The power spectrum of the resonance fluorescence can also be calculated and the result is

similar to Ref. [32] with the simple replacements of M by M+’ and the phase of M by e%#o=E,

3.4 Dynamics of multiple qubits coupled by the dipole-dipole interaction

Next, we consider the two-emitter case where dipole-dipole interaction can occur and two-
photon process is allowed. In Fig. 3.4(a), we show the dynamics of the transverse polarization o,
and o,. Here, we compare two different emitter separations r;2 = 0.5\, and 12 = 1.0\¢,. In both
cases, the = and y polarizations have the same decay dynamics in the thermal reservoir. However,
in the squeezed vacuum, the two orthogonal polarizations have different decay rates with one being
enhanced and the other being suppressed. When r15 = 0.5),, 0, decays faster than that in the
thermal reservoir, but o, decays much slower than that in the thermal reservoir. While opposite
result occurs when 713 = 1.0)g,. This is similar to the one-emitter case.

Different from the one-emitter case, as is shown in Fig. 3.4(b), the squeezed vacuum can affect
the population decay of the two-emitter system. This is because two-photon process is allowed
in the two-emitter system. Without the squeezed vacuum, the system is finally in the thermal

equilibrium state (dotted lines). However, the squeezed vacuum can deplete the populations on
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Figure 3.4: Two-emitter case: Transverse polarization decay of the first emitter as a function of
time. (a) r12 = 0.5\, for superscript (1) and 715 = 1.0\, for superscript (2), »r = 0.5 and r. = 0;
(b) population decay as a function of time when r12 = 0.5\p,, r = 0.5 and . = 0. Solid lines
are the results in squeezed vacuum and the dotted lines are the results in the thermal reservoir with
N = sinh®(r). Here the dynamics of p,, and p__ are highly identical. (c) Dephasing rate as
a function of atom separation with the center of mass fixed at r. = 0. (d) Dephasing rate as a
function of center of mass position with atom separation fixed at 7;; = Ao., where the two-atom
case is plotted in solid lines and the five-atom case is plotted in dashed lines.
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| + +) and | — —) with |£) = %(|61>|gg> + |g1)|e2)). In fact, the atomic pair evolves into an
entanglement state in this case and we will discuss it later.

We also study the dephasing rate as a function of emitter separation and position of the center
of mass which are shown in Fig. 3.4(c) and (d) respectively. Here the dephasing rate is defined
to be the inverse of time for o, (o) to damp to 1/e of its initial value. Similar to the one-emitter
case, the dephasing rate is a periodic function of both r, and r.. However, due to the dipole-
dipole interaction, the dephasing rate is no longer a constant even in the thermal reservoir (dotted
line in Fig. 3.4(c)) so that the value ranges of o, and o, are no longer the same in the squeezed
vacuum(solid lines in Fig. 3.4(c)). Itis noted that when 115 = 0.5n)\, (n is any integer) o, does not
decay to 1/e of its initial value due to the subradiance effect. When we fix the atom separation and
change the center of mass(Fig. 3.4(d)), the dephasing rate changes periodically and harmonically
like one-emitter case. Therefore, the dephasing rate is tunable by changing the atom separation or
position of center of mass. Usually, the positions of the atoms are not easy to be tuned. However,
we can easily tune the position of the squeezing sources to effectively change the center of mass
of the atoms. Figure 3.4(d) also shows the result when there are five emitters (dashed lines). The
dephasing rate is significantly increased when N, increases due to the collective effect, which

depends on the number of atoms but not its parity.
3.5 Generalization to multi-level atoms

In this section, we will consider a more general case for atoms of arbitrary number of energy
levels in the squeezed vacuum reservoir. For the rectangular waveguide, there is no 7'My, or T'M
mode. Assuming b < a, T'F is the ground mode with the lowest cutoff frequency. For simplicity,
we assume that all electronic transitions only coupled to 7'Fy mode.

The atom-field system is described by the Hamiltonian

H=Hjs+ Hp + Hap (3.41)

where Hy = S_0 S hwe |e;) (e] is the atomic Hamiltonian, and |e;) is the energy state of
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the /th atom with energy fw, ;. The Hamiltonian of the EM field is Hp = ), hwks(d;csdks + %)
where a, and dLs are the annihilation and creation operators of the filed mode with wavevector
k, polarization s (in waveguide, it represents 1'E,,,, or T'M,,,), and frequency ws s. The inter-
action Hamiltonian in the electric-dipole approximation is Hap = —ih) , > i, SO [ -
uks(rl,i)Sﬁi&ks + i uks(rl,i)Sl;&ks — H.c.] where p,; is the electric dipole moment for the ith
transition of the /th atom, where i = 1 denotes the transition from |a) to |b), and 7 = 2 denotes the
transition from [b) to |c). Here, S;; and S;; are the raising and lowering operator for the transition

1 of the [th atom. The mode function of the squeezed vacuum in the 7'E;y mode is given by

N — Wis ik-(1i—Oks) 342
Ups(T5) 3eohV ¢ (3.42)

Thus, the interaction Hamiltonian is where
D(t) = [mi - wns(ris) SHi(0) + 17 s - s (r1.0) S5(1)] (3.43)

Li
The reduced master equation of atoms in the reservoir is:

dp® 1

TRl drTre{[V(t),[V(t —7), p°(t — 7)p"}

=— % thTrF{V(t)V(t — T)ps(t — T)pF + ps(t — T)pFV(t —7)V(t) (3.44)
— V(@) (t =1)p"V(t —7) = V(t = 71)p°(t = 7)p"V ()}

Here we just show how to deal with the first term in Eq. (3.11), the remaining terms can be
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calculated in the same way. For the first term, we have

— o [ AT OV - D6 - )
/ dr Z {D)D(t — 7)Trp[p" ars(t)ap (t — 7)) — DE)DT(t — 7)Trplpf ars(t)al, , (t — 7)]

— DY (O)D(t — ) Trelp"al (Dawa(t — 7] + D*(OD*(t = 7)Trelp"al (Dak (t — D)}p5(t — 7).

(3.45)

Under the rotating wave approximation(RWA), we have
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* — _—iw;t * + iw;(t—7)  —iw T 2
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X [= M6k o105 }0° (t — T)

where [, m are used for labeling different atoms, and i, j are used for transitions within an atom.

Here we just calculate the first and second term. Since all atoms are identical, w;; = w;, |p;| =

|pi|, and 7; = 7, can be used to simplify Eq. (3.46). For simplicity, we define j; to be the
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projection of pt; on the x axis. For the second term(thermal term), we have
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(3.47)

where emitter separation 7y, = |r; — r,,|, collective decay rate v; = 2u2w?/hegSck;., and col-
lective energy shift A;; = /7:7; sin(ko.7i;)/2. In the third line we expand wy, = ¢\/(%)? + (k-)?
around k, = kg, since resonant modes provide dominant contributions. In the fifth line we extend
the integration | fzjz dk, — ffooo dk, because the main contribution comes from the components
around 0k, = 0. In the next line, Weisskopf-Wigner approximation is used.

Next we need to calculate the first term (squeezing term) in Eq. (3.46), putting aside the overall
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For terms with r; = r;, Eq. (5.8) reduces to
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where we have used the fact that the origin of coordinate system is at equal distant from two

sources(i.e., 0o = —0; = R) in the second last line. Incorporating index [ into ¢, we have %{j =
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/Yi7v; cos(2kq.r;). For r; # r;, Eq. (5.8) reduces to
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(3.50)

where sgn (1, — r.,) is the sign function. The last arrow is because we need to sum over i, j, so the
imaginary part of e?2k0="e97(i=7) yanishes, so the neat result is that / i = €70 A cos (ko (ri+
r)). As for S;p®(t)S; terms, the combination of the last two terms in Eq. (3.11) makes the

imaginary part of e?2ko="es9n(ri="m) yanish. Doing similar calculations for the remaining terms, we
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have the master equation

dpS . + o— 87 i(wj—w)t
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a=+ ijkl
with
Yijkt = /Y3 cos(koaTik)
Aiswa = Y sin(hoera) (3.52)

Yijk = /5 cos[ko. (ri + 1))

The above equation reduces to Eq. (3.25) when [ = 0 indicating that the atom can be treated as a

qubit.
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4. THE STEADY STATE PROPERTIES OF ATOMS IN THE SQUEEZED VACUUM!

It is worth noting that in our scheme, the squeezed vacuum reservoir is not affected by the
atomic behaviors because of there are a great number of modes in the reservoir. What’s more, the
squeezed vacuum is pumped into the waveguide endlessly so that the effects left by the atoms will
be erased eventually. Therefore, the behaviors of the steady state of the atoms in the squeezed
vacuum are expected to be quite different from those in the ordinary vacuum or thermal reservoir.

In this section, we will study the properties of the steady state with different atomic structures.
4.1 Quantum entanglement of two qubits

Quantum entanglement is an important resource of the quantum information and quantum
metrology [47, 48]. Preparation of the maximum entangled state is still a central topic of inter-
est. It has been shown that stationary quantum entanglement can be dissipatively prepared by
engineering the bath enviroment [49, 50, 51, 52]. By squeezing the enviroment, quantum entan-
glement between emitters can be also created [53, 34, 35]. However, it is shown in Ref. [34] that
stationary maximum entanglement can not be reached by the squeezed vacuum for identical emit-
ters. Here, we show that identical emitters coupled to the 1D waveguide can also be driven to a
stationary maximum entangled NOON state by the squeezed vacuum as long as the center of mass
is put at the proper position.

The quantum entanglement can be measured by the concurrence which is defined as [54]:
¢ = max{0,\; — Ay — A3 — Ay} in which A\, Ao, A3, A4 are eigenvalues, in decreasing order, of
the Hermitian matrix R = \/\/pp,/p with p = (o, & 0,,)p* (0, ® 7). For a pure two-qubit state
|U) = alee) + Bleg) + v|ge) + |gg) with |al* + |8]* + |7|* + |[§]* = 1, the concurrence is given
by ¢ = max{0,2|ad — B|}. According to the master equation Eq. (3.25) describing qubits in

the waveguide, the concurrence of two qubits as a function of time for different initial states can

IPart of this section is reprinted with permission from: “Waveguide QED in the Squeezed Vacuum” by Jieyu You
et al, 2018. Physical Review A, 97, 023810, Copyright 2018 by the American Physical Society and “Steady-state
population inversion of multiple Ks-type atoms by the squeezed vacuum in a waveguide” by Jieyu You, Zeyang Liao,
and M. Suhail Zubairy, 2019. Physical Review A, 100, 013843, Copyright 2019 by the American Physical Society.
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be calculated, which is shown in Fig. 4.1(a) where r = 1,7. = 0, and r15 = 0.25)¢,. Different
curves correspond to different initial states. We can see that no matter what the initial state is,
the two-emitter state will be driven to a very high entangled state. To see what the stationary
state is, we also show the fidelity of the emitter state with respect to the maximum entangled state
\/%(] gg) — |ee)) which is shown in Fig. 4.1(b). We can see that the stationary state is very close
to it. Therefore, under these parameters the two emitters can be driven to the maximum entangled
state which may find important applications in quantum information and quantum computation.

To find the stationary state analytically, we rewrite the master equation in Eq. (3.25) as

Pgg = —2N7pgg+ (N + 1)vspir + (N +1)v-p_
+M13p0, (4.1)
Pec = —2(N +1)Ypec + Nvspiy + Ny_p__
+M Y100, (4.2)
Prv = —CN+Dvpir + (N + D)vipee + N pgg
— M~ pu, (4.3)
p—— = =N+ 1)y-p— + (N + D)y-pec + Nv_pyq
—M7_py. (4.4)
pu = —@2N+1)y11py — 2M7 piy — 2M~ p__
+2M715(Pec + Pag)- (4.5)

where pe. = (ee|plee), pgg = (991plgg)s pre = (Elp|E) with |£) = Z5(le1)|gz) £ [g1)]e2)),

—2iko R <

pu = € eelplgg) + e**o=R(gg|plee), and v = Y14, 7+ = Y1a(1 £ cos(ko:r12)), Y12 =

Y14 €08(2ko.7c), ’y;_L = Y1a{cos|2kg,7c| = %[005(21{:027“1) + cos(2kg.r2)]} with r, = W Then the
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Figure 4.1: (a) Concurrence evolution of different initial states in squeezed vacuum, where r = 1,
r. = 0,and ro = 0.25),. (b) Fidelity evolution of different initial states in the same environment.
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steady state solutions are given by

N[=1 =N —2N2 4 (=14 N + 2N?) cos(4ko.r.)]
2(1+ 2N)[—1 — 2N — 2N2 + 2N(1 + N) cos(4ko.r.)]
B N(1+ N)sin*(2ko,r.)
Pr+ = "1 9N — 2N2 + 2N(1 + N) cos(dko.r)
N(1+ N)sin?(2ko.r.)
~ —1—2N — 2N+ 2N(1 + N) cos(4kg.r.)
B —24/N(1 + N) cos(2kq.7.)
Pu= 1+ 2N)[—1 — 2N — 2N2 + 2N(1 + N) cos(dkor.)]

Pee =

(4.6)

pii —=

where we have used the relation M? = N (N + 1). Obviously, the population given by Eq. (5.16)

differs from that given by thermal reservoir: pec(gg) = Phryg) + A0 Pra(——) = PL ) — Ap

N(N41) cos?(2ko.7c) N2 _ N(N+1)

' _ th _ th _  th
with Ap = (1+2N)2(14+2N+2N2—2N(1+N) cos(dko-7c)) and p;, = tzn2 P++ = P— = e

th _ (1+N)?
Pgg = [1312N)2

which obey the Boltzmann distribution. It is interesting that the steady state depends
only on the center of mass but not on the separation between the two emitters. Meanwhile, it is
worth noting that the dark state cannot always be reached since the ergodicity cannot be guaranteed
under every condition. For example, when cos(ko.r12) = 1, |+) becomes a dark state, while it is
|—) when cos(ko,712) = —1.

Eq. (5.16) shows that as 7. gets closer to 7 \o., the magnitude of +.. gets closer to £1 which
leads to smaller population on |+) and |—) as well as bigger concurrence. When the position of

the center mass 7. = % A\, the steady states are given by

. N41
Pos = 112Ny
N
Pee = m7
“4.7)

P+ = p—— =0,

2./ N(1+ N
Pu = (_1)n+1 ( - )

(14 2N)

which corresponds to the state |U,) = ——— (/N + 1|gg) + (—=1)"*'v/N|ee)). The concurrence

V2N+1
of this state is given by ¢ = |pu| — (p4+ + p——) = VA k) ‘(ij\i,(iv;;l)

, which monotonically increases
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with the average photon number N. When N — oo, ¥ — 1 which is a maximum-entangled state
5(l9g) — lee)) (5(199) + |ee))) with even(odd) n.

Fig. 4.2(a) shows the dependence of the stationary quantum entanglement on the photon num-
ber and the center-of-mass position. It is clearly seen that when r. is close to 7 Ao, the system
can be prepared in a high entangled state, while the entanglement can never be formed when
re = %/\Oz because the dipole-dipole interaction 7}, vanishes. In experiments, the center of
mass position of emitters may be hard to control, but it can be effectively controllable by setting
the positions squeezing sources. Thus, as long as the pump beam in SPDC is strong enough to
guarantee the average photon number of the squeezed vacuum, the emitters can definitely evolve
into a NOON state. While the dephasing rate is not very sensitive to the fluctuations of the emit-
ter positions, the stationary quantum entanglement significantly depends on their center of mass.
Only when the center of mass position is around n\/4, the quantum entanglement is nonzero. In
Fig. 4.2(b), we show half the range of center of mass where the quantum entanglement is non-zero.
The larger the squeezing is, the more sensitive the quantum entanglement is to the fluctuation of
center-of-mass. For example, when N = 1, a deviation of about 0.04\ from n\/4 will make the

entanglement vanish.
4.2 Resonance fluorescence of a group of atoms

In this section, we study how the squeezing can affect the resonance fluorescence of the
waveguide-QED system. In the following we study how the collective interaction, squeezing
phase, squeezing degree, emitter separation, and the center of mass affect the resonance fluo-
rescence of this system.

The power spectrum of the resonance fluorescence is given by [30, 55, 56]
S(w) o Re/ drTrio™ (7)ot (0)]e™". (4.8)
0

where we assume that the detector is perpendicular to the waveguide and o= = o} + o3 for the

two-emitter example. The two-time correlation function in the integration can be calculated by
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Figure 4.2: (a) Concurrence of the steady state as a function of average photon number N =
sinh(r)? and the position of the center mass r. = 2 .(b) The impact of r.’s fluctuations on
concurrence for different average photon number N. Ar. is the distance from % Ao, to the position
where the entanglement vanishes.
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Figure 4.3: Resonance fluorescence spectrum of the two-emitter system inside a 1D waveguide.
For better comparison, the spectra are normalized to the intensity at w = wy with the coherent
elastic scattering singularity removed. Coherent driving Rabi frequency is {2z = 4v. In (a) and
(b), the solid curves are the spectra for the coupled emitters, while the dashed curves are the spectra
without emitter-emitter coupling. Parameters: (a) r; = 0,75 = 0.01),, squeezing parameter r =
0.5. (b) r;y = 0,79 = 0.25X¢,, 7 = 0.5. (¢) r1 = 0,79 = Ao, ¢ = w/2, r = 0.5 for black line, r = 1
for red line. (d) 71 = —0.125\q,, 79 = 0.125)\¢, for the red line, r; = —0.25)\q,, 7o = 0.25), for

the black line. ¢ = 0,7 = 0.5.
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the quantum regression theorem. Usually, the analytical result is difficult to get. However, we can
resort to the numerical method to calculate the resonance fluorescence [57].
To observe the resonance fluorescence, we need to apply an external coherent driving field.

The master equation is given by

dp _

= — 4.
o iV, pl+ Lp (4.9)

where Lp is the right hand side of Eq.(3.25) and V = £Eeio(e~ho:ng 4 emthosr2g0) 4 e is
the interaction between the driving field and the emitters with Rabi frequency Qp = 4E. From
Eq. (5.19) we can evolve and obtain the steady state of the system p,s. Next we use (0] + 05 ) pss
as the initial condition to solve a density matrix c(¢) which obeys the same equation of motion as

p in Eq. (5.19). The resonance fluorescence spectrum is then given by [57]
S(w) o Re/ drTrle(t)(of + a5 )]e™T. (4.10)
0

In Fig. 4.3(a) and Fig. 4.3(b) we compare the resonance fluorescence spectrum with and without
the dipole-dipole interaction for different squeezing phases and emitter separations. When ry5 =
0.01)g, and ¢ = 0, we can see that the spectrum is very different with and without dipole-dipole
interaction. Without dipole-dipole interaction, the spectrum is very similar to the typical Mollow
triplet (red dashed line). However, with dipole-dipole interaction, there is a very narrow peak
around the center frequency (red solid line). This is due to the subradiant state induced by the
dipole-dipole interaction. On the contrary, when ¢ = m/2 the spectrum with and without the
dipole-dipole interaction is very similar (black solid and dashed lines). From Fig. 4.3(b) we see
that with dipole-dipole interaction, the spectrum can be asymmetric, i.e., the positive and negative
sidebands are different.

In Fig. 4.3(c) we compare the spectrum with different squeezing degrees. We can see that
greater squeezing parameter leads to the power spectrum in weak-driving-field limit(sidebands

disappear). FIG. 4.3(d) shows that different emitter separation has different spectrum. This is not
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only due to atomic interaction which is described by 712,715, A12, but also due to their positions
which determine the values of 7/, i.e., the effective phase and magnitude of M. Comparing the
red solid curve in Fig. 4.3(b) and the red dashed curve in Fig. 4.3(d) we can see that different

center-of-mass position can also have different resonance fluorescence.
4.3 The steady state population inversion of a single =-type atom by the squeezed vacuum

The concept of population inversion is of fundamental importance in laser physics because the
population inversion is a key step of generating laser. However, the population inversion can never
exist for a system at thermal equilibrium because of the spontaneous emission. The achievement
of population inversion therefore requires pushing the system into a non-equilibrated state [31].
Thus, the spontaneous emission must be inhibited in order to maintain the population inversion in
a steady state. In 1993, Ficek and Drummond studied the dynamical properties of a single three-
level atom in the squeezed vacuum where they showed that a single three-level atom in the cascade
configuration coupled to squeezed modes in a cavity can reach steady state with level population
inversion relative to the ordinary laser spectroscopy [37, 38, 39]. In their model, they found a
population inversion of about 78%. Here, instead of a cavity, we consider that the case in quasi-
one-dimensional waveguide. The dynamic equation can be reduced from Eq. (3.51) with r; = 7y,
r; = r; = 0 and the resonant condition w; + wy = 2wy. It follows from Eq. (3.51) that various

matrix elements satisfy the following equation:

) 1
Paa = — MR’ paa + 115h* pyy — 5 V72 M (pac + pea) (4.11a)
Pob =M (Cthaa - Sthbb) + 72(3h2pcc - Cthbb)
(4.11b)
+ V 7172M(pac + pca)
) 1
Pecc = 720h2pbb - V28h2pCC — 5\/’71’72M(pac + pca) (41 1C)
) 1 9 9
§R[paC] = - 5(710}" + 723h‘ )%[pac]
4.11d)

1
- 5\/ VI/VZM(paa - 2Pbb + pco)
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St - 1 .
§R[euswtpba] = = §m<M - 23h2)8h§}%[ew tpbc]

1 4.11e)
= 5((n +92)ch? + y18h* = M)R[E ppo]
] . 1 —10w
3%[eumpbc] = 5\/’71’72(20h2 — M)R[(e ’ tﬂab]
. (4.111)
— 5((71 + 2)8h? + yach? — 27, M )R (e py]

where R means real part, ch = cosh(r), sh = sinh(r), and 71 = Ya(72 = Tse) is the decay rate
from |a) to |b)(|b) to |c)) in ordinary vacuum due to the waveguide modes. Equations (4.11e) and
(4.11f) are for the off-diagonal elements p;, pp.. The steady state solution of these two equations
1S pap = pr. = 0 because they are homogeneous linear equations. The first four equations Egs.
(4.11a)-(4.11d) also have a steady state solution when they are combined with the normalization
condition p,, + pp + pec = 1. It is also worth noting that Egs. (4.11a)-(4.11d) are independent of
dw, so the difference between w,;, and wy,. does not influence the steady state of the single atom case
as long as both w,;, and wy. are within the squeezing bandwidth. Thus, considering the minimum

uncertainty squeezed vacuum where M = cosh(r) sinh(r), the steady state solution is:

_ sh’ys
Paa = m»

_ ch’n
Pec = ch?vy; + sh?vyy’ 4.12)
= = chshy/7172

ch?y, + sh2y,’

Pob = Poa = P = 0,

which is in fact a pure state of a superposition of |a) and |c).

MAVATI Y S LA TR
v/ ch?vy1 4+ sh?vq v/ ch?vy1 + sh?vq

Since there is no population in the state |b), population inversion can always occur between states

|tss) = (4.13)

|a) and |b) in the steady state. If tanhr >, /2L, population inversion can also occur between the
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state |a) and |c). This result is similar to the result in Ref. [39]. However, in our scheme, the
population inversion can approach 100% with zero population in the ground state and the middile
state if 75 > 1. In comparision, the population inversion in the cavity case shown in Ref. [39] is
about of 78%.

The steady state population distribution for different ratios of % is shown in Fig. 4.4(a). The
mechanism of this population inversion can be interpreted with the help of Fig. 4.5. In Fig. 4.5 we
show that the direct transition between |a), |b), and |c) are allowed just like the thermal reservoir
case. However, in the squeezed vacuum, there are additional paths for the population flow: atom
in any of these three states can evolve into the other two through an intermediate “state” p,..
Although p,. is an off-diagonal element rather than a state, it can be used to elucidate our idea.
When 74, < i, the transition rate for the |a) — |b) transition is negligible compared to 7. and
V/YabVee- Thus the atom in the state |c) can be excited to |a) through |c) — [b) = pa. — |a),
but |a) can not decay back to |c), which results in the population trapping in the level |a). This
phenomenon is similar to the coherent population trapping, but here we achieve the trapping for =
structure with the squeezed vacuum reservoir, which cannot be realized with coherent pump due
to spontaneous emission. Since it is hard to achieve perfect squeezing with M = \/m in
experiments, we also study the effect of different values of M on the steady state population with
parameters Y,, = %ﬂbc and r = 1, which is shown in Fig. 4.4(b). In general, there is population
in all three energy levels. Although the steady state population distribution is very sensitive to the
value of M, the population inversion between |a) and |b) still holds for M = 0.8,/N(N + 1).
Only when M is larger than 0.95 can the population inversion occur between the state |a) and the

state |c).
4.4 The steady state population inversion of multiple =-type atoms by the squeezed vacuum

In the last section, we demonstrated that arbitrary population inversion can occur for a single
=-type atom driven by the squeezed vacuum reservoir. However, with Eq. (4.12), this result can not
be simply generalized to the multi-atom case since 7;;;; = |/7;7; cos[2ko.7;], i.e., different atoms

have different 7, for the usual case unless all the atoms are perioidically distributed with period
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Figure 4.4: (a) The steady state population distribution for different j,;, and p;.. The squeezing
parameter » = 1 and the squeezing is perfect (M = /N(N + 1)). (b) The steady state popu-
lation distribution for non-ideal squeezed vacuum which is characterized by the ratio of M and
/N (N + 1). The squeezing parameter = 1, and ~,, = %ﬂbc-
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Figure 4.5: The allowed population flow in the squeezed vacuum.

nA/2. The squeezing term in Eq. (3.51) vanishes for atoms located around r; = ﬁ + = 2k0 Thus,
for a group of randomly located atoms, if we want to achieve steady state population inversion in
the squeezed vacuum, we need to modify our scheme. Here we consider the following correlation

functions:
ak Sak/ /> — sinh? 1k k0ss

4.14)
aL a};/ ,> = _—¢ ¥ cosh(r) sinh(r)dk — (2k0—k)Oss’

5S

<ak sak/ /> = cosh® réppdss
(ag,sar o) = —€" cosh(r) sinh(r) 0k _ (2ke—k)Oss’

which indicates that the photons are entangled with those from the opposite direction. In principle,

we can split the squeezed vacuum into two beams by a trianglar prism and inject them into opposite
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ends of the waveguide. Then the coefficients in the master equation shown in Eq. (3.51) become

Yijkl = /ViVk COS(kasz),

VYViVk .
Nijir = 5 F sin(ko.7j1), (4.15)

%”jkl = ViV cos(ko.1j1).

We can see that 7;;;; is now independent of the atomic position because r;; = 0. The resulting
master equation is the traditionally studied master equation for atoms in squeezed reservoir [34].
The detailed derivation of these coefficients will be derived later. Based on the master equation in
Eq. (3.25) with coefficients given by above, we can show that a single atom can reach population
inversion anywhere in the waveguide. When there are multiple atoms in the waveguide where the
dipole-dipole interaction should be considered, our calculation shows that the population inversion
can still occur for all the atoms. In fact, it is very interesting that the final state of the multiple-atom
case is just the direct product of the steady state of independent atoms despite of the dipole-dipole
interaction. This result can be proved by the mathematical induction.

Considering the fact that |w; — ws| > ~;, it is reasonable to apply the secular approximation
on Eq. (3.51) such that those terms with e**(“1=%2)t and ¢+¥(2wi=2w0)! are dropped and the master

equation is then given by

dps . + Q- S
= ZZAz‘jkl (535355, P

ik
1 _ _
=52 i1+ N) <{PS, S35k} — QSk,jpSSiJ,rj)
ik
4.16
1 S o ot + S 1o
- 52%‘%11\7({0 S St — 2500 Sm‘)
igk
1 (6% (6% « (6%
) Z Z 7£jklM<{pSv Syt — QSkaSSi’j)
a==t ik Al

In the following, we use mathemtics induction to prove that steady state of this system is direct

product of the steady state of a single atom. Assume that the steady state of N-atom system is p° =
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Figure 4.6: (a) Fidelity evolution with different atomic separations. The atomic separations of
Ao, 0.1Ag, 0.2)\g are plotted. Squeezing parameter r = 1, decay rate 3—; = i and time unit
T = 1/\/YabVse is the geometric mean of the transition |a) — |b) and |b) — |c)’s spontaneous
emission rates in ordinary vacuum. (b) Fidelity evolution with different squeezing parameters. De-
cay rate % = }1, and atomic separation r15 = \¢. (c) Fidelity evolution with different decay rates.
Squeezing parameter » = 1, and atomic separation 115 = A.
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h = (Ala, MW Ala: , A= M2 o
p1pa-..pn Where p; = (Ala;) + Cle;)) (A{ai] + C(ci]) and N C e+l
Then for (N + 1)-atom case, the extra terms induced by the (/N 4 1)th atom on the right hand side
of Eq. (4.16) are composed of three parts: © = k = N + 1terms, i = N+ 1,k =1,2,--- N
terms,and ¢ = 1,2,--- N,k = N 4+ 1 terms. The : = k = N + 1 terms are the exact terms for

the the (IV + 1)th atom as a single independent atom, so the net result of this term is 0. The terms

withi=N+1,k=1,2,--- /N are

— iZAN+1,j,k,j [SJJ\?H,J’SI;J" P’]

Jk

1 _ _
- §ZWN+1,j,k,jCh2 (‘{PS, SJJ\?H,J‘S;C,J'} - 25k7jpSS]—~\_f+1,j>
3k

1 4.17)
- 527N+1,j,k,j5h2 <{PS7 S&ﬂ,jslj,j} - QSI:jPSSRrH,j)
.k
M (0% (0% (0% (6%
- Z Z 7§v+1,j,k,j7 <{Psa SN+1,jSk,l} - 2Sk,lpSSN+1,j>'
a==i,k,j#l
For the energy shift term (the first term) in expression (5.12), we have
S¥ 155,07 = pro(Spox) PN (SR 41 jpni1) = 0 wis)

PSSXrH,jS;;l = 101---(ka];l)-‘-pN(pN—l-lS]J\rf—H,j) =0
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For the thermal terms (the second and third terms) in expression (5.12), we have

P SNi1,5Sk; =Sns1 S0 =0

PSSJQHJSIIJ :SJ?[-FLjSl::jpS =0

Seif”Sti1; =p1-(Seion)-pn(pn+1SH 1 )
=p1-(Sp1Pk) PN (PN+1S%411)
=p1---(Albr)) (Afax| + Clckl)..pn

® (Alan41) + Clent1)) (Albna|)

S;:jPSSX/H,j :Pl---(Szijpk)---ﬂN(PNHS&H,j)
:Pl---(Sliﬂ)k)-~-/)N(PN+IS;7+1,2>
=p1...(C|bp)) (Aax| + C{ck|)...pn

® (Alan41) + Clen11))(C(bxa])

For the squeezed vacuum terms(the fourth term), we have

PSSJO\CIHJS/Z{I = Sﬁfﬁtl,jsl(:,lps =0
SLPSSJJ\;HQ = Pl---(Slj,wk)~-~PN(PN+1SJJ§+1,2) =0
SIIQPSS]—G-i-l,l = Pl~-~(51j,20k)---PN(PN+1SJJ\F7+1,1)
= p1...(C|bg) ) (Alag| + C{ckl|)...on
® (Alani1) + Clen1)) (Alby 1)),
1P Syi12 = Pro-(Sppr)--pn (px41SN41.2)
= p1...(Albg)) (Alag| + C{ckl])...on
® (Alans1) + Clen 1)) (Cbya])

Sl;ZPSSJQ+1,1 = Pl---(Si;QPk)-~-PN(PN+1S;/+1,1) =0
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On substituting from Egs. (5.13)-(5.15) into expression (5.12), we have

2 o— Sa+ 20+ Sa—
E YN+1,1k1(Ch )Sk,uo SN+1,1 + § :7N+1,27k723h Sk,Qp SN+1,2
k .k

a S oo
+ Z Z 7§V+1,j,k,lChShSk,lp SN41,4

a==1i,k,j#l

=> v+ (o1 (Abi)) (Adar| + Clerl)--pn(Alan1) + Clen+1)) (Alby1)

+ > yni12k25h 01 (Clbe)) (Alar] + Cler))--px(Alan 1) + Clen 1)) (C by 1) “21)
- .

+ Y v grachshlpr(Clbe)) (Alar] + Ofexl)-pn(Alanss) + Clexs1)) (Alby+a)

+ o1 (Albe)) (Alar| + Clexl)-pn(Alan11) + Clen 1)) (Clon1a])]

:Z(7N+1,1,k,10h2A2 4 "}/N+1’271€728h202 + 2’y§\,+17j7k7lchshC’A)
k
X p1---(|bx)) (Afar| + Clck|)-.on(Alans1) + Clen+1)) ((On1])-

It is not difficutlt to prove that ch®A*yn 111 + sh*C*yni12k2 + 2¢hshCAYy ., = 0 by
substituting the expressions of A, B, C. Hence, the extra terms with the atom index ¢ = N + 1
and £ = 1 ~ N when we add the NV + 1th atom are 0. Similarly, the terms with 7 = 1 ~ N and
k = N + 1 also vanish. Thus, we prove that the right hand side of Eq. (4.16) is zero when the state
of the system is direct product of the steady state of single atom. This indicates that direct product
of the steady state of single atom is the steady state of the multiple atoms driven by the squeezed
vacuum. It is interesting to note that while introducing the dipole-dipole interaction between the
atoms affects the evolution of the system, the final steady state still remains unaffected. Therefore,
for multiple atoms, a population inversion of almost 100% can also be achieved even the dipole-
dipole interaction is considered, under the condition that the dipole direction for all atoms are
properly oriented to satisfy v,, << 75.. Actually, in the normal squeezed vacuum with correlation
shown in Eq. (2.40), the steady state of the atoms can also be direct product of the steady state of
a single atom if all the atoms are in the nodes of the standing wave.

To verify the above proof, we will do the numerical simulation to show that the steady state
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of multiple atoms is indeed the direct product of steady state of single atom. Since the cost for
numerical simulation increases exponentially as the number of atoms increases, we only show the
fidelity of two-atom state with respect to theoretical steady state as a function of time in Fig. 4.6,
where the system is initially in the ground state. From Fig. 4.6(a), we can see that different atom
separations have different evolution dynamics because they have different dipole-dipole interac-
tions. However, we can see that the system finally evolves into the following equation regardless

of the atomic separation, squeezing parameter, and the ratio of decay rate .5/ 7pc:

shy/ ch./
|1s5) :< i |a1) — 1 |01>>
\ch?yy + sh?y, ch?y; + sh?v, 422)
- ( shy/72 a) — chy/7 |02>> .
Vch?yy + sh?y, ch?y; + sh?v,

From Fig. 4.6(b), we see that the system takes less time to evolve into the steady state for a smaller

squeezing parameter. Fig. 4.6(c) shows that while smaller ~,; results in higher population inver-

sion, it takes much longer for the system to evolve into the steady state.
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5. CAVITY-CAVITY INTERACTION IN THE SQUEEZED VACUUM

In the previous sections, we studied the interactions between the squeezed vacuum and atoms,
or fermions with discrete energy levels. In this section, we study the interactions between the
squeezed vacuum and the harmonic oscillators, or bosons with continuous energy levels. A practi-
cal model is a leaky cavity, where the modes inside and outside the cavity are essentially harmonic

oscillators, and their coupling can be described by the () factor[30].
5.1 General master equation of cavity-cavity interaction

In this section, we will derive the master equation for two single-mode leaky cavities placed
inside the waveguide with the squeezed vacuum injected from both ends. The schematic setup
is shown in Fig. 5.1. Then we will study how the modes inside the cavity will evolve under the

influence of the squeezed vacuum. The free Hamiltonian of cavity and waveguide modes is:

1 1
Hy =) hwilafai+ ) + 7Y wilaf ais + 5) (5.1)
) k,s

2
where a stands for the modes in the waveguide and a; is the field operator of the single mode inside
1th the cavity. The waveguide is saturated with the squeezed vacuum with the center frequency wy.

The interaction Hamiltonian between the cavity mode and waveguide modes is:

V = —ih) [Dag, — D*al ] (5.2)
ks
where
D = Z[gzkvsaj + Gi k5] (5.3)

(2
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Here we define ¢; s = |Gi x.s| e~ =T where 7; is just a phenomenological parameter describing the

location of cavity. The reduced master equation of atoms in the reservoir is[30]

S
ddit— hlz drTre{[V(t),[V(t —1),p°(t — 7)p"}
= 7;2 thTTF{V( OV (t—1)p°(t = 7)p" + p°(t = T)p"V (t = T)V (1) (5.4)

—V)p it = 7)p"V(t —7) = V(t = 7)p°(t = T)p"V (1)}
Here we just show how to deal with the first term in Eq.(5.4), the remaining terms can be calculated
in the same way. For the first term, we have

t

~ L [ Tre V(= =)

R
/ dr Z {Dt)D(t — 7)Trp|p ars(t)apy (t — 7)) — D(t)DT(t — T)TTF[pFaks(t)aL,s, (t—71)]
ks,k's’
= D (t)D(t = 7)Trplp"al,(Haps (t = 7))+ DF(£) D" (t = 7)Tre[p"al ()l (¢t = 7)]}p5(t — )}
(5.5)
Under the rotating wave approximation(RWA), we have
1/t
“ g [, ArTre VOV - 7)p°(t = 1)p"}
= Z Z / dr{g;}. s foiwit G, a;eiwﬂ'(t_T)e_i(“’“erk’S’)t““k’S’T[— sinh(r) cosh(r)0x 2ky—k0ss’]
ij ksk's'
— g;k’sajei“itgxk/,sf aje’i“f (t=7) =105 co8h? 1O Ossr
— Gik,sQi€ “"Ztg;k, /aTe“"J (t=T)e=h1s T cogh? TO0kk Oss!
— Gik,sQi€ ’“’Ztg;k, ,aTewﬂ =) eir's' T 5inh? 1 0pp Ossr
= Gi.saic ale™it Gj i s Cj€ —w; (=7) g T G h? Qe Ot
+ Gigs@ie @t g gaze” @i ikt )t T ginh (1) cosh (1) Ogs ag kO] }0° (t — T)

(5.6)
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Here we just calculate the first and second term to show how to get the master equation. For the

second term, we have
— E / dTngysajelwitgj,kfys/aje’wj(t’T)e’““k’S’T cosh? 7p° (t — 7) O Ossr
0
k-

L o] t
t(wi—wj)t WWT — Wk, T
= - —6( i) dkz dre™me ke |gi,k,sgj7k,s|
27 —00 0

x e#=(ri="3) cogh? mjajps(t —7)

L o [ et il ik, ) s
~ — _el(wl wj)t dk, dre™iTe ilwjtckjz (ka kJZ)/w]}T‘gi,k,sgj,k,s‘
2m 0 0

< [ez’kz(rrrj) + e*i’fz(”*”)] cosh2 Tajaj/)s(t - T)

L > : :
~ (wi—w;)t —iTc?k; 0k, Jw;
r — —elwims) / d5/€z/ dre 520K/ 71 Gi ks Gjoke,s |
— 0

27T ko
X [ei(kj”(s’“z)(”_”) + 6_i(kfz+5kz)(ri_rj)] cosh? rajajps(t —7)

L ) o] t )
~— —el(“’i_“’j)t/ dékz/ dTe_l(C%jzékz/wj)T|gz‘,k,sgj,k,s|
—00 0

(5.7

27

x [eilhiztoka)(rimry)  oilkizt0k)(ri=r;)] cogh? m;fajps@ —7)

t
R — el / A7l gi ks Gks 2™ TS ((r = ) —
0

2

. k.
+ e ki ((ry — 1) + ° 5 7)] cosh? rala;p(t — 7)
Wo

ik]'zTij

Ww; O
gi,k,sgj,k,s|27rc2k]0 cosh® rafa;p® (t)e'“ =)
z

RV
2

L
— —e

2w
B [\/%‘%‘

Q

sin(ko.7;)] cosh? ?"a;fajps(t)ei(wz‘—wj)t

cos(ko,1ij) + 1

Q

— ( 2Z 4 iA;;) cosh? rala,p® (t)el @it

2| o
)

where r;; = |r; — ;| is also a phenomenological parameter indicating the relative position between
cavities. y; = L|gix,|* is the leaking rate for the ith cavity, and A;; = Vs sin(kozri;) /2 is the
energy shift. In the third line we expand wy = cy/(%)? + (k.)? around k., = ko, since resonant
modes provide dominant contributions. In the fifth line we extend the integration ffzoz dk, —
f fooo dk. because the main contribution comes from the components around dk, = 0. In the next

line, Weisskopf-Wigner approximation is used.
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Next we need to calculate the first term (squeezing term) in Eq.(5.6):

t
et 205 [ g, yalgpale e [ sinb(r) o)) (¢ — 7
k. V0

L . Zkoz Lo , ,
— _ez(wi+wj72wo)t / dk’z / dTez(wkz fwj)Tez(Qkiszz)(rifol)ezkz (rj—o1)
27 0 0

. 5.8
X | i 2ko—k G k| SINL(7) cosh(r)a;ra;ps(t —7) (5:8)

L . 0 Lo , .
. _61(w¢+wjf2wo)t / dk’z / dTez(wkz 7w]~)7'ez(72k¢szz)(r¢702)ezkz (rj—o2)
27T —2ko» 0

X |9i 2k0—k 1| Sinh(7) cosh(r)&!a;ps(t —7)

Putting the overall factor ¢*(“it%i=220)t aside, for i = j, Eq.(5.8) reduces to

t
S [ dr{gian, walgipale s [ sinh(r) cosh(r)} (¢ — 7
k. YO

L [?ko: t i Shiz (ka—ki)T
T / dre o B TR T g0 rimon | g,y gl sinh(r) cosh(r)alalpS (t — 7)
™ Jo 0

L 0 t ,L'C2kiz
- — / dk, / dre wi
27 —2kos 0

L. ; i ! Qkiz
— —2—[612]{”(”’01) + 672%02(”702)] |9i 2k0— K Gi k| / d7'27r(5(c 7) sinh(r) cosh(r)a;fazps(t —7)
™ 0

(ke =his)T —i2koz(ri—o02) |Gi 2k0—kGi k| SINh(7) cosh(r)a;rajps(t —7)

7

— —eiszZR% cos(2ko.r;) sinh(r) cosh(r)alal p°(t)

(5.9)

where we have used the fact that the origin of coordinate system is at equal distance from two

sources(i.e., oo = —o0; = R) in the second last line. Thus, we have ], = ~; cos(2ko,r;). For
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r; # rj, Eq. (5.8) reduces to

t
Z/ dT{gi,gko,kajgjka;ei(‘“’“’“jﬁ[— sinh(r) cosh(r)]p*(t — 7)
k. VO
2ko> t Pk,
- £ 0 dk’z/ dTelTjJ(szka)TeiZkoZ(Tc—ol)e—i(kz—k:()z)(ri—rj)
2m Jo 0

X | i 2k0—k Gj g | SN (7) cosh(r)aza}ps(t —7)

2
L [° O Ll £ S ,
_ 5 dkﬁz dre “i ( i) e—leOZ(Tc—Oz)e—Z(kz-f-ka)(Ti—T’j)
T J 2k, 0

X |gsy—g3 sinh(r) cosh(r)alalp® (¢ — )

2

L . o0 b (k)

i2ko, (re—o - 2—Kjz

= — el g ok dk. [ dre “i
27T —00 0

x e ilk=—ko)(ri=ry) ginh () cosh(r)aj&;ps(t —7)

2
L _. > Al g
—i2kos (re— 12 (s, — k.
_ e~ 12ko (re O2)|gi,2ko—kgj,k| dkz dre “i
2 —00 0

w ikz—koz)(ri—r;) sinh(r) COSh(T)CLIa;[‘pS(t —7)

2
i2ko- R c“ko-

~— —e

2

t
9i 2ko—kJjk / dr2m[e?o="e6 (r; — rj— 7)
0

wo

. 2
+ 672%02”(5(72‘ —r;+ ¢ o 7)] sinh(r) cosh(r)aja}ps(t —7)
wo
~ eiZkOZRngi,kogj,ko |eiQkOZrcsgn(i—j)a}'a;[pS(t)

\/71‘7' i
o S I oi2kozR cos(ko, (r; + Tj))a;raiﬂs(t)

(5.10)

where sgn(i — j) is the sign function. The last arrow is because we need to sum over i, j, so the

imaginary part of e*2%0:7<s9"(i=J) yanishes and the neat result is that i, = el A cos(kos (ri+

r;)). As for alpS (t)a} terms, the combination of the last two terms in Eq.(5.4) will make the

imaginary part of e/?%0:7<*9"(:=3) vanish. Thus, we have ~/; = ™=/ /A7 cos(ko. (r; + 1;)).

Doing the above calculation for all terms in Eq.(5.4), we have the general equation for cavity-
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Figure 5.1: (a) Schematic setup: two single-mode cavities are placed inside the waveguide with
the broadband squeezed vacuum incident from both ends.

cavity interaction in the squeezed vacuum as follows:

p = Z Yij COSh2 T‘(—IOCLICL]‘ — ala‘jp + 2aipa;)ei(wi—wj)t

j

+ Y iysinh® r(—pasal — aialp + 2alpaj)e ) (5.11)
ij

+ Z 7,5 coshrsinh r[(e” pa;a; + e®a;a;p — €¥2a,pa;)e” @it 4 H.c]

ij

5.2 Steady state of non-resonant cavities

First, we study two non-resonant cavities coupled to the squeezed vacuum reservoir. The eigen
frequencies of these two cavities are w; = wy — dw and wy = wy + dw. Under the rotating wave

approximation(RWA), Eq.(5.11) becomes:
p= Zy(l + N)(—pagai — ajaip + QGipaZT)

+ ) AN (—paia] — azalp + 24l pa;) (5.12)

- Z yM (e pasa; + e aza;p — 2¢®aipa; + h.c.)
1#£]

74



where we have assumed ;; = -y for simplicity. The above equation can be re-arranged as:

p =3 LI=pleosh(r)a] — ¢ sinh(r)a;)(cosh(r)a; — e~ sinh(r)a])
i#]

— (cosh(r)al — ¢ sinh(r)a;)(cosh(r)a; — e~ sinh(r)a})p

i_

(5.13)

+ 2(cosh(r)a; — e sinh(r)al) p(cosh(r)al — € sinh(r)a;)]

J i

we use the following Bogoliubov transformation[58]:

S = exp(n*aa; — naja})
A; = STa;S = cosh(r)a; — e sinh(r)a} (5.14)

A = StafS = cosh(r)a; — e” sinh(r)a;

i J—

so the master equation Eq.(5.13) becomes:
p=> yl—pAlA; — AlA;p + 24;pA]] (5.15)
Next we redefine the density matrix: p, = SpST. Thus Eq.(5.15) becomes:

ps =) _[-psala; — afaip, + 2aip.a]]
‘ (5.16)

rt o r

= Z v[=alldlps — allal ps + 2alal py]) = Lp,

Here we define superoperator {a!, a.' }({a?, !} ) only acting to the left(right) on density operator

1) 17T

p [59, 60]. These operators have the following commutation relations:

ror l r r l r l T
[aivajf] = 52']" [ai>ajT] = _5ij7 [aivajf] = [aévaj] = [aijrvaj} = [az’T’ ajT] =0 (5.17)

Thus, the steady state of Eq.(5.16) can be solved by solving Lp = 0, which requires the diagno-

lization of superoperator L. Applying the similarity transformation U = e—alar —ahay g Eq.(5.16)
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, since we have U~ (a/", al, a?, d!"\U = (] +d!T, a7 4+ a!, a}, al), the right hand side of Eq.(5.16)

zawzaz 7 Y i i g

becomes:
RHS = 3 207 [malla) = ailal + 20100 p, = 3 nl-alal — allallU s .19

The only solutionto Lp = 0is U~ !p, = |0,0)(0, 0|, which yields p = STpgS = STe K-17K-2|0,0)(0,0|S =

S110,0)(0,0|.S which is the two mode squeezed vacuum.
5.3 Steady state of resonant cavities

Next we study the case where two cavities are identical, i.e., w; = ws = wy. Then the master

equation becomes:

p =) 7cosh® r(—paja; — ala;p + 2a;pal)
+ Z ~y sinh? r(—paia} — aia;r-p + QOL;,Oai) (5.19)

+ Z ~ coshrsinh r(e” pa;a; + e a;a;p — €2a,pa; + h.c.)
(]

This equation can be rearranged as follows:

o= Z v[—p(coshral — ¢ sinhra;)(coshra; — e~ sinh Ta;r-)
— (coshral — € sinhra;)(coshra; — e sinh ra;)p (5.20)
+ 2(coshra; — e~ sinh m})p(cosh ral — ¢ sinh ra;)]
We introduce the Bogoliubov transformation:
1 1
S; = exp(én*a? - 5770&2)
A; = S+a;S; = cosh(r)a; — e~ sinh(r)a] (5.21)

Af = SFafS; = cosh(r)al — e sinh(r)a;
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so master equation Eq.(5.20) becomes

p= yl—pAlA; — AlA;p+ 24;pA]]

]

Next we define p, = S155pS; S5 so the master equation is reduced to:

= Z’Y[_psa;‘raj - a;‘[ajps + 2“]‘/05&:;[]
ij

To diagnolize this Lindblad equation, we introduce the transformation:

Ly

(a1 — az)

L,

S o

(Cll + a2>

where [L;, L! il = dij, and the master equation becomes:

bs = Y[=2ps LY Lo — 2L5 Lop, + 4Lop,LY]
= ~[-2L5 Lyp, — 2Ly Lhp, + ALY LY p,|

Operator Lg has the following properties:

oy — L _
Ly|0) = \/5(\01> +1[10)) = [11,)

1
\/—(|01> +110)) = V2[5(102) + v211) + 20))] = v2[2p,)

L;%(m) +/2[11) + [20)) = V3]
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7<|03> +/3[12) + V/3|21) + |30))] =

(5.22)

(5.23)

(5.24)



while the operator LJ{ has the following properties:

L}|0) = —=(—01) +[10)) = |11,)

§H

Li

1 1
7100 +110)) = V2[5(102) = v2[11) + [20))] = V22,)
1 1
Li5(102) = V2[11) + |20)) = \/5[2—@(—103» +V/3[12) — V3[21) + [30))] = V331,

Thus, L, and L, is just another representation of a; and as. Then we use the similarity transfor-
mation: U = e~LL% | which yields U~ (L4!, Lb, LY, 1)U = (L3t + LY, LY + Ly, LY, L5). Thus,

the master equation Eq.(5.25) becomes:
RHS = AU Y -LYL, — LYy + 2Ly LN UU Y p, = A [-LY LY — LT Ly u—tp,  (5.25)

The solutions to the steady state are p, = e~%L2 [0, my, YO, np,| = |my,){(ng,| which yields

T —G/I — . . .
p = st;ﬁ(alﬁ 2 )™0)(0| ﬁ(%)"é’l&. This solution degenerates to the single mode
squzeed vacuum in two modes when m = n = 0. Generally, aninitial state p(0) = >_, . Crunpg|mn)(pq| =
Zmnpq Crinpg MLy DLy ) (ML, qr, | Willevolveinto Y S G| my, ) (n, | where Gy, = Zmnp Cronpp-
Therefore, we have shown that the entangled modes in the squeezed vacuum can be physically

separated by the resonant cavities, without any loss of entanglement between them.
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6. SUMMARY AND CONCLUSIONS!

In this dissertation, we systematically studied the interactions between the squeezed vacuum
and the atoms. We challenged the traditional reservoir theory which fails to consider the effect of
the squeezing source. We put forward a new reservoir theory by modifying the mode function of the
electromagnetic fields, which includes the position information of the squeezing source. Then we
derived a master equation of the atomic dynamics based on the Weisskopf-Wigner approximation.
In our formalism, the density matrix is naturally positive-definite. We then apply this theory to the
1D waveguide-QED system where the squeezing in one direction is experimentally achievable. We
show that the enhancement and suppression of the dephasing rate caused by the squeezed vacuum
is actually dependent its position in the waveguide. In single-atom case, the squeezing does not
affect its population dynamics. However, in multi-atom case, the squeezing can strongly affect the
population dynamics of the system because two-photon absorption and emission are allowed in
multi-atom system. We also show that dipole-dipole interaction influences dephasing rate and we
can tune the position of the squeezing source to tune the dephasing rate of the system. Moreover,
we show that stationary entangled state can be achieved in this system independent of the initial
state and the emitter separation. Particularly, when the center of mass is close to n\g,/4 and
the squeezing is large, the system can be prepared in GHZ state. Moreover, we study the power
spectrum of the resonance fluorescence. It is demonstrated that the phase of the squeezed vacuum,
emitter separation, and the center-of-mass position can affect the bandwidth and the intensity of
the sidebands.

We further generalized our theory to arbitrary atomic structures. We studied the =-type atoms
coupled to a broadband squeezed vacuum reservoir in a quasi-one-dimensional waveguide, with

the overall transition frequency w,. = 2wy. We showed that a single atom evolves into a steady

IPart of this section is reprinted with permission from: “Waveguide QED in the Squeezed Vacuum” by Jieyu You

et al, 2018. Physical Review A, 97, 023810, Copyright 2018 by the American Physical Society and “Steady-state
population inversion of multiple Ks-type atoms by the squeezed vacuum in a waveguide” by Jieyu You, Zeyang Liao,
and M. Suhail Zubairy, 2019. Physical Review A, 100, 013843, Copyright 2019 by the American Physical Society.
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state which is a superposition of the second excited state and the ground state. If the decay rate
from the second excited state to the first excited state is much smaller than that from the first excited
state to the ground state, the population can be almost 100% trapped in the second excited state,
which is a great improvement compared to the maximum ratio of 78% in Ref. [39]. What is more,
we proved that the above result can be generalized to an arbitrary number of atoms interacting
with each other via dipole-dipole interaction, and the system’s final steady state is a direct product
of that in the single-atom case with modified squeezed vacuum shown in Eq. (4.14). This is one
of the most interesting results here and its physical insight still needs further studies. We also
argued that the arbitrary ratio of the two transitions’ decay rates can be effectively controlled by
different waveguide structure. This population-inversed system is experimentally feasible since
the experiments on the broadband squeezed vacuum coupled to the artificial atom in a 1D cavity

have been widely conducted[26, 28, 29, 61, 62, 63].
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