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ABSTRACT

Simulations for obtaining quantities of interest of neutron transport problems need to be accu-

rate and inexpensive. Discretization in energy has been a historical problem due to the resonances.

There are two main approaches for discretization of the energy variables: multigroup (MG) and

multiband(MB) methods. However, MG method only converges once resonances are resolved,

which requires a large number of energy unknowns. The MB method is not applicable to problems

with multiple resonant nuclides in different regions because the band structure becomes multiply

defined. Finite-Element-with-Discontiguous-Support(FEDS) method was first proposed by Till[1],

and is a novel energy discretization method that is able to capture resonance behavior in the refer-

ence solutions with a modest unknown count[1, 2]. The goal of this work is to further improve the

FEDS method in order to yield better accuracy with fewer degrees of freedom.

Similar to MB method, FEDS has a discontiguous group structure. However instead of defining

the group structure in terms of material total cross section, as in the MB method, the discontiguous

group structure in FEDS method is determined by using the hierarchical clustering algorithm to

solve a minimization problem on multiple reference solutions. In this way, FEDS method can be

applied to problems with multiple resonant nuclides in different areas. In addition, FEDS cross

sections have a form that can be accommodated by any standard MG solver.

In this work, the following modifications have been made and tested to the FEDS method:

introducing the energy-dependent escape cross section from Monte Carlo (MC); introducing the

analytical spatial-dependent escape cross section; implementing the FEDS discontiguous group

structure in SERPENT for cross sections weighting.

We tested the NJOY-FEDS method with energy- and space-dependent escape cross sections on

a 2D UO2 pin cell problem. We also tested the SERPENT-FEDS method on a 2D UO2 pin cell

problem, a 2x2 MOX and UO2 pin cell problem, CASL1B and CASL1E problems. The results are

compared to that from a standard MG method and a continuous-energy MC method.

It is observed that introducing the energy-dependent escape cross section improves the NJOY-
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FEDS performance when the number of energy unknowns is small. Introducing the spatial res-

olution for cross sections in the fuel dramatically improves the accuracy of NJOY-FEDS results.

Implementation the FEDS discontiguous group structure in SERPENT for cross sections weighting

greatly reduces the error in spatial absorption and fission rate compared to standard SERPENT-MG

method. Overall, SERPENT-FEDS cross sections consistently give the best results for keff for all

the test problems and always give better performance for power distribution.
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1. INTRODUCTION

The Boltzmann equation for neutron transport can be expressed as follows:

1

v

∂ψ(t, r,Ω, E)

∂t
+ Ω ·

−→
∇ψ(t, r,Ω, E) + Σt(r, E)ψ(t, r,Ω, E)

=

∫ ∞
0

∫
4π

Σs(r,Ω
′ ·Ω, E ′ → E)ψ(t, r,Ω′, E ′)dΩ′dE ′

+
χ(r, E)

4π

∫ ∞
o

νΣf (r, E
′)φ(t, r, E ′)dE ′ + q(t, r,Ω, E) ,

(1.1)

where ψ(t, r,Ω, E) is the angular flux, q(t, r,Ω, E) is the external inhomogeneous source, Σs(r,

E ′ → E,Ω′ · Ω) is the scattering kernel expressed in terms of the differential macroscopic cross

section, Σt(r, E) is the total macroscopic cross section, ν is the average number of neutrons per

fission, χ(E) is the normalized fission spectrum, and Σf (r, E) is the macroscopic fission cross

section. This equation involves seven dimensions, three in space, two in direction, one in time and

energy, respectively. There are two fundamental ways to solve the above transport equation. One is

known as Monte Carlo (MC), which simulates the individual particles and sums up the contribution

from each particle to the quantities of interest (QOI). The other is known as the deterministic

method, which discretizes the partial differential equation (PDE) and solves the resultant linear

equation.

Simulations for obtaining QOIs of neutron transport need to be accurate and inexpensive. Dis-

cretization in energy has been a historical problem due to the resonances, where the probability of

interacting with a particle changes many orders of magnitude for a very small change in incident

energy due to quantum mechanical effects. The total and elastic scattering cross section of U-238

is plotted in Fig.1.1 obtained from JANIS software as an example.

Although these resonances may be well-characterized for the continuous energy domain, re-

solving them for deterministic schemes requires more memory than is currently affordable. There

are two main approaches for discretization of the energy variable in order to generate smaller cross

section data sets. One is called the multigroup (MG) method, which averages over continuous en-

1



Figure 1.1: Total and elastic scattering cross section of U-238. Plot obtained from JANIS software.

ergy domains called groups, and the other is called the multiband (MB) method, which discretizes

in cross section space instead of energy space. However, the MG method only converges once res-

onances are resolved, which requires a large number of energy unknowns. The MB method is not

applicable to problems with different resonant nuclides in different regions because the band struc-

ture is multiply defined in each region, and mapping fluxes with different band structure across

regions is problematic.
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1.1 Multigroup Method

In the MG method, the entire energy domain is divided into G contiguous intervals called

groups. There is one angular flux unknown per group, which is the integral of the angular flux

over that group. The MG transport equation for group g is obtained by formally integrating the

transport equation over group g. Specifically, for the case of isotropic scattering, we obtain:

1

vg

∂ψg
∂t

+ Ω ·
−→
∇ψg + Σt,gψg =

1

4π

G∑
g′=1

[Σs,g′→gφg′ ] +
χg
4π

G∑
g′=1

[νΣf,g′φg′ ] + qg , (1.2)

where

ψg =

∫ Eg−1

Eg

ψ(t, r,Ω, E)dE , (1.3a)

φg =

∫ Eg−1

Eg

φ(t, r, E)dE , (1.3b)

1

vg
=

∫ Eg−1

Eg

1
v
ψ(t, r,Ω, E)dE∫ Eg−1

Eg
ψ(t, r,Ω, E)dE

, (1.3c)

Σt,g =

∫ Eg−1

Eg
Σt(r, E)ψ(t, r,Ω, E)dE∫ Eg−1

Eg
ψ(t, r,Ω, E)dE

, (1.3d)

Σs,g′→g =

∫ Eg−1

Eg

∫ Eg′−1

Eg′
Σs(r, E

′ → E)φ(t, r, E ′)dE ′dE∫ Eg′−1

Eg′
φ(t, r, E ′)dE ′

, (1.3e)

χg =

∫ Eg−1

Eg

χ(E)dE , (1.3f)

νΣf,g′ =

∫ Eg′−1

Eg′
νΣf (r, E

′)φ(t, r, E ′)dE ′∫ Eg′−1

Eg′
φ(t, r, E ′)dE ′

, (1.3g)

qg =

∫ Eg−1

Eg

q(t, r,Ω, E)dE . (1.3h)

Note from Eq. (2.14) that all QOIs go from integrals over each group to sums over groups.

The process of averaging the variables over energy groups is exact, however, two problems arise

simultaneously. The first is that the weighting functions require knowledge of the angular flux

3



solution, which is unknown. Thus approximate solutions must be used. The second problem is

that it gives physical quantities spatial and angular dependencies that they would not otherwise

have. Thus approximate solutions, which are piecewise constant in space and isotropic in angle,

are used. Moreover, the MG cross sections are also defined by lookup tables, which are built by

computations for a variety of escape cross sections and material compositions. In addition, the

background cross section, moderator ratios, etc. are also calculated and combined into the lookup

table for later interpolation using the actual problem specification.

There are three main approximations associated with MG cross sections. The first comes from

the approximate physics in the calculations for building the lookup table, which often uses interme-

diate resonance (IR) approximations. The second comes from using the shape function calculated

from an approximate general geometry and material composition for a more specific problem. The

third comes from the fact that MG cross sections in practice, have a crude spatial dependence and

have no angular dependence at all. When it comes to preserving the reaction rate, MG can do a

much better job for integrated reaction rates. This is largely due to error cancellation. A typical

inaccuracy arises due to the difficulty of treating self-shielding in a reactor. Since self-shielding is

often averaged over a material, this introduces errors in the spatial shape of the power distribution.

The errors associated with MG cross sections from the above three approximations are significant

when it comes to the resonance treatment. The resonances dramatically increase the required num-

ber of groups to resolve the energy dependences. Also the lack of resonance shielding and interface

effects make the general shape function less applicable to specific problems.

1.2 Multiband Method

In the multiband (MB) method, the energy domain is initially divided into G contiguous coarse

groups as in the MG method. Then each group g is further subdivided into B discontigous sub-

groups that span the group g. The B subgroups are defined by B total cross section bands, with

each band corresponding to a contiguous range of total cross section values. The number of bands

can vary per group, but for each group, the bands are non-overlapping and span the whole range of

total cross section values for that group. Let band b in group g be defined by (Σt,g,b−1,Σt,g,b), then
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E is an energy in subgroup gb if and only if Σt(E) ∈ (Σt,g,b−1,Σt,g,b). The cross section bands,

the subgroups, and the total cross section dependence for group g are illustrated in Fig.1.2.

31 2 3 2 1 2 2 133

Σt,0

Σt,1

Σt,2

Σt,3

E

Σt

Eg Eg−1

Figure 1.2: Example of MB group structure for group g.

The MB unknown for subgroup gb is the integral of angular flux over subgroup gb:

ψgb =

∫
∆Egb

ψdE . (1.4)

We obtain the transport equation for ψgb by integrating Eq. (1.1) over discontiguous subgroup gb.

For the case of isotropic scattering, we obtain:

1

vgb

∂ψgb
∂t

+ Ω ·
−→
∇ψgb + Σt,gbψgb =

1

4π

G∑
g′=1

B∑
b′=1

[Σs,g′b′→gbφg′b′ ] +
χgb
4π

G∑
g′=1

B∑
b′=1

[νΣf,g′b′φg′b′ ] + qgb ,

(1.5)
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where

ψgb =

∫
∆Egb

ψ(t, r,Ω, E)dE , (1.6a)

φgb =

∫
∆Egb

φ(t, r, E)dE , (1.6b)

1

vgb
=

∫
∆Egb

1
v
ψ(t, r,Ω, E)dE∫

∆Egb
ψ(t, r,Ω, E)

, (1.6c)

Σt,gb =

∫
∆Egb

Σt(r, E)ψ(t, r,Ω, E)dE∫
∆Egb

ψ(t, r,Ω, E)dE
, (1.6d)

Σs,g′b′→gb =

∫
∆Egb

∫
∆Eg′b′

Σs(r, E
′ → E)φ(t, r, E ′)dE ′dE∫

∆Eg′b′
φ(t, r, E ′)dE ′

, (1.6e)

χgb =

∫
∆Egb

χ(E)dE , (1.6f)

νΣf,g′b′ =

∫
∆Egb

νΣf (r, E
′)φ(t, r, E ′)dE ′∫

∆Eg′b′
φ(t, r, E ′)dE ′

, (1.6g)

qgb =

∫
∆Egb

q(t, r,Ω, E)dE . (1.6h)

It can be seen from Eq. (1.5) that the MB equations and MG equations are identical in form, ex-

cept that cross sections with only downscatter do not numerically lead to a lower diagonal coupling

between MB fluxes. So algebraic upscatter can appear even thought there is no physical upscatter.

Thus the MB equations can be solved by an MG solver al long as the solver can treat upscatters.

However, the discontiguous subgroup structures defined by the interval of the material total

cross section vary over materials, which makes MB method fail to solve the problem with multiple

resonant materials [4].

1.3 Finite-Element-with-Discontiguous-Support Multigroup Method

Finite-Element-with-Discontiguous-Support (FEDS) Multi-Group method, which uses finite

elements with discontiguous support to treat the energy variable, is a method first proposed by Till

[1, 2]. It was shown that FEDS-MG method can yield convergence with fewer degrees of freedom
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(DOF) than the MG method and can be applied to multiple resonant materials [2]. Our goal is to

further improve FEDS-MG method.

There are several similarities between FEDS-MG and MB methods:

• both of them usually have a contiguous coarse group structure,

• each coarse group contains discontiguous energy subgroups,

• they both introduce algebraic upscatters due to the discontiguous energy mesh,

• their transport equations have the same forms as the MG equations, thus, the cross sections

can be directly used in a standard MG solver as long as it effectively treat upscatters.

The differences between FEDS-MG and MB methods are summarized as follows:

• The subgroup structures in the MB method are defined in term of the material total cross

section, Σt(E). Whereas in the FEDS-MG method, the subgroup structures are defined in

terms of the approximate solutions, φ(E).

• In particular, the subgroup structures in the FEDS-MG method are to minimize the variance

of the approximate solutions within each subgroup over all the whole problem domain.

• The resulting minimization problem is not practically solvable, thus the clustering algorithm

is applied to approximately solve the minimization problem.

• Clustering algorithms are used to determine the discontiguous energy mesh in order to min-

imize the variance of the approximate solutions within each subgroup over all the resonant

materials. In this way, FEDS-MG method can be applied to the problems with multiple res-

onant nuclides in different areas, and the same energy mesh will be applied to the whole

domain.

The workflow for generating FEDS-MG cross sections is summarized as follows:

1. generate the discontiguous group structures:
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• obtain problem-relevant approximate solutions from solving infinite-medium slowing-

down calculation with an escape cross section,

• determine generalized energy mesh by using clustering algorithm to solve the mini-

mization problem over the approximate solutions.

2. generate the FEDS-MG cross sections:

• two concepts are introduced to described the discontiguous group structure: contigu-

ous energy subelements and discontiguous energy elements. The contiguous energy

subelements span the whole energy domain. Each discontiguous energy element con-

tains several energy subelements, thus the summation of energy elements also span the

whole energy domain.

• generate the cross section on the contiguous energy subelement using standard MG

processing system (e.g. NJOY),

• condense the cross section on the subelement to generate the cross section on the dis-

contiguous energy element.

We have made two main improvements to FEDS:

• in the process of generating the energy mesh, we are trying to improve our approximate

solutions, therefore, energy- and space-dependent escape cross sections are introduced and

calculated from pin cell calculation in MC , and applied to the calculation of the approximate

solutions;

• in the process of generating the cross section, we are trying to improve the weighting func-

tions, therefore, MC code SERPENT [5] is applied to flux weight the FEDS-MG cross sec-

tions rather than semi-analytic approximation in standard MG processing system.

The thesis is organized as follows. In section 2, a detailed description of the FEDS-MG method is

presented. In section 3, the current study results are listed. In section 4, the conclusion and future

work are summarized.
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2. FINITE-ELEMENT-WITH-DISCONTIGUOUS-SUPPORT THEORY

2.1 Generalized Energy Mesh Definition

The discontiguous group structure in the FEDS-MG method is referred to as the generalized

energy mesh (GEM). This mesh is illustrated in Fig.2.1.

Group 3

331 3 1 2

1 2 6
E (eV)

2 122

4.52.5 87 9.5 104

2

Group 2

Group 1

Figure 2.1: Example of generalized energy mesh in the FEDS-MG method.

There are several different components of energy groups used in the FEDS-MG method. In

particular, there are contiguous coarse groups, contiguous fine groups, contiguous hyperfine groups

and discontiguous groups. The discontiguous groups are the fundamental groups for which we

define flux unknowns and cross sections. The various contiguous groups are simply used in the

construction of the discontiguous groups as displayed in Fig. 2.2:

• The whole energy domain is divided into C non-overlapping contiguous coarse groups. The

coarse groups span the whole energy domain.

• Each coarse group c is spanned by Nc non-overlapping discontiguous groups. Each discon-

tiguous group can only belong to one coarse group.

• There are N = N1 + ...Nc+ ...NC discontiguous groups spanning the whole energy domain.

9



• Each discontiguous group e is spanned by ne non-overlapping contiguous fine groups. Each

contiguous fine group can only belong to one discontiguous group.

• There are G = n1 + ... + ne + ... + nN contiguous fine groups spanning the whole energy

domain.

• Each contiguous fine group g is spanned by eg non-overlapping contiguous hyperfine groups.

Each hyperfine group can only belong to one contiguous fine group.

• There are H = e1 + ...eg + ...+ eG contiguous hyperfine groups spanning the whole energy

domain.

Ncd Discontiguous Groups 23 3 1 2 3 12

Emax

Nc Coarse Groups

Ndf Contiguous Fine Groups

Nh Hyperfine Groups

Emin

Emin

Emax

Figure 2.2: Generalized energy mesh in the FEDS-MG method.

We denote the fine group g by the energy domain

Ξg = (Eg+1/2, Eg−1/2), g = 1, ..., G , (2.1)

where Eg+1/2 < Eg−1/2.

Each discontiguous group Ee is defined by a union of fine groups. The indices of these fine

groups for discontiguous group e are given by g1(e), g2(e), ..., gne(e). Thus,

Ee = Ξg1(e) ∪ Ξg2(e) ∪ ... ∪ Ξgne (e) (2.2)
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For example, with the energy domain range [1, 10] eV, there is 9 contiguous fine groups and 3

discontiguous groups, as plotted in Fig.2.1.

N = 3, G = 9. (2.3)

The contiguous fine groups are listed as follows:

Ξ1 = (9.5, 10) eV

Ξ2 = (8, 9.5) eV

Ξ3 = (7, 8) eV

Ξ4 = (6, 7) eV

Ξ5 = (4.5, 6) eV

Ξ6 = (4, 4.5) eV

Ξ7 = (2.5, 4) eV

Ξ8 = (2, 2.5) eV

Ξ9 = (1, 2) eV

(2.4)

Then the discontiguous groups can be described as:

g1(1) = 1, g2(1) = 5, g3(1) = 9, E1 = (9.5, 10) ∪ (4.5, 6) ∪ (1, 2) eV ,

g1(2) = 3, g2(2) = 6, g3(2) = 8, E2 = (7, 8) ∪ (4, 4.5) ∪ (2, 2.5) eV ,

g1(3) = 2, g2(3) = 4, g3(3) = 7, E3 = (8, 9.5) ∪ (6, 7) ∪ (2.5, 4) eV .

(2.5)

For FEDS-MG method, the number of discontiguous groups is usually much smaller than the

number of fine groups, N � G.

In Fig.2.3, a simple example for the energy mesh in MG, MB and FEDS-MG for 5 unknowns

is plotted. First, the energy domain is divided into three coarse group. In coarse group 2, more

energy unknowns are needed in order to resolve the mesh. For MG method, consistent index is
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1

FEDS−MG

MB

MG 1

1

1

4 3 2

32344 25

3

5

3

2,3 2,1 2,2 2,3 2,2 2,22,1

Coarse Group 3 2

Figure 2.3: Comparison of energy mesh in MG, MB and FEDS-MG methods for 5 unknowns

used for group definition. For MB method, in coarse group 2, three discontiguous subgroups are

defined and names as (g, b) as explained in the previous chapter. For FEDS-MG, we adopt the

consistent index as used in the MG method.

2.2 Generalized Energy Mesh Determination

The generalized energy mesh is determined to minimize the variations of approximate solutions

in each discontiguous group. The approximate solutions are called snapshots and are hyperfine flux

solved from an infinite-medium slowing down calculations for each material of interests. There

are three components needed for the determination of GEM:

• a hyperfine group structure, which resolves all desired resonances with a minimal number

of points, such as Eh±1/2, h = 1, ..., H (O (10,000)). The generation of hyperfine group

structure is documented in Appendix 2.1.

• P representative high-resolution snapshots of the solution on the hyperfine structure are ob-

tained, φp,h, p = 1, ..., P . The details of constructing approximate solutions are documented

in Sec. 2.2.1.

• a final number of discontiguous groups, N .
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2.2.1 Snapshot Generation

The snapshots are approximate solution from an infinite-medium equivalent, fixed source prob-

lem.

[
Σe + Σt(E)

]
φ(E) = q(E) . (2.6)

For a thermal system, as explained in Appendix 1, the source is approximated by a watt fission

spectrum in the high energy, 1/E in the resonance energy range and Maxwellian spectrum for

thermal energy range.

q(E) = [
1

Ethermal
+

χ(Ethermal)

Efastχ(Efast)
]

M(E)

M(Ethermal)
(if E < Ethermal)∑

zi>90

[ Ni

1− αi

∫ E/αi

E

dE ′
φ(E ′)σs,i(E ′)

E ′
]

+ [
1

E
+

χ(E)

Efastχ(Efast)
](if Ethermal ≤ E ≤ Ehigh)

[
1

Ehigh
+

χ(E)

Efastχ(Efast)
](if Ehigh ≤ E)

(2.7)

where αi = [(Ai − 1)/(Ai + 1)]2.

2.2.2 Minimization Problem

2.2.2.1 Hierarchical Agglomerative Clustering Definition

The hierarchical agglomerative clustering is used for determination of GEM. The basic algo-

rithm is plotted in Fig. 2.4 and described as follows:

• Start with each point in a cluster of its own.

• Iterate until there is only one cluster:

– look for the closest pair of clusters

– merge them to form a new cluster

• Return tree of cluster-mergers.
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Iteration  1

A B C D E

A B

D E

A B C

A B C D E

Iteration 2

Iteration 3

Iteration 4

Figure 2.4: Example for hierarchical agglomerative clustering.

The hierarchical agglomerative clustering generates a nested partitioning structure, where in

each level up two clusters are merged for the lower partition. In order to define how close two

clusters are, Ward’s method is employed. In Ward’s method, the distance between two clusters, A

and B, is calculated as the the sum of increased squares in case of merging two:

∆(A,B) =
∑
i∈A∪B

||−→x i −
−→
mA∪B||2 −

∑
i∈A
||−→x i −

−→
mA||2 −

∑
i∈B
||−→x i −

−→
mB||2 (2.8)

where
−→
m j is the center of cluster j and ∆ is the merging cost of combing clusters A and B.

2.2.2.2 Mapping Minimization Problem to Clustering

The energy mesh is determined by minimizing the variance between P snapshots and those

within N disontiguous group. Minimizing the variance encounters a wide range of flux magni-

tudes, the normalization of the data points is described as follows:
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• In the generation of snapshot, we used q(E) as the source. Here we define f(E) ' q(E) as:

f(E) = [
1

Ethermal
+

χ(Ethermal)

Efastχ(Efast)
]

M(E)

M(Ethermal)
(if E < Ethermal)

+ [
1

E
+

χ(E)

Efastχ(Efast)
](if Ethermal ≤ E ≤ Ehigh)

[
1

Ehigh
+

χ(E)

Efastχ(Efast)
](if Ehigh ≤ E) .

(2.9)

Then,

φnormalized 1
p,h =

φp,h
fp,h

. (2.10)

• Instead of treating φnormalized
p,h as an average over group h, we treat it as a point wise value,

then

φnormalized 2
p,h =

φnormalized 1
p,h

∆Eh
(2.11)

• We further normalize the variables in order to make their median datas with a value of 0.

log10 φ
normalized 3
p,h = log10 φ

normalized 2
p,h − log10 {φnormalized 2

p,median } (2.12)

• In order to reduce the magnitude of the variables, we apply the operator of log10 to the

variables, and name as observation[1]
−→
O h. The p element of the vector

−→
O h is:

−→
O h,p = wp log10 φ

normalized 3
p,h , (2.13)

where wp is the weight of snapshot p.

Now, the minimization problem is simplified as clustering H vectors into N clusters.

2.2.3 Hierarchical Energy Mesh

Coarse group structures are also included in the GEM generation, making it as a hierarchical

energy mesh method. The above level is to divide the whole energy domain into coarse groups.
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The below level is to divide each course group into discontiguous groups. There are three main

advantages associated with this nested partitioning. First, it is easier to check the reaction rate

edits on certain energy range with coarse group structures. Second, it’s easier to treat the termed

explicitly depending on energy, such as 1/v streaming term. Third, it helps to bound the effective

upscattering, which is the upper-diagonal terms in the scattering matrix and produced by using the

discontiguous energy ranges. Suppose a MG scattering matrix, which is lower-triangular, it will be

block low-triangular in FEDS-MG method. With coarse group, the upscattering block is bounded

by the energy range of each coarse group.

There are two problems associate with the coarse groups: one is to determine the group bound-

aries, and the other is determine how many discontiguous groups to be used in each coarse group.

The number of discontiguous groups in each coarse group should be equal or larger than 1 and

be proportional to the relative standard deviation in the coarse group. The detailed process is

documented in Appendix B.2.

2.3 Derivation of FEDS-MG Transport Equation

The FEDS-MG transport equation for discontiguous group e is obtained by formally integrat-

ing the transport equation over discontiguous group Ee. Specifically, for the case of isotropic

scattering, we obtain:

1

ve

∂ψe
∂t

+ Ω ·
−→
∇ψe + Σt,eψe =

1

4π

Ne∑
e′=1

[Σs,e′→eφe′ ] +
χe
4π

Ne∑
e′=1

[νΣf,e′φe′ ] + qe , (2.14)
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where

ψe =

∫
Ee

ψ(t, r,Ω, E)dE , (2.15a)

φe =

∫
Ee

φ(t, r, E)dE , (2.15b)

1

ve
=

∫
Ee

1
v
ψ(t, r,Ω, E)dE∫

Ee
ψ(t, r,Ω, E)dE

, (2.15c)

Σt,e =

∫
Ee

Σt(r, E)ψ(t, r,Ω, E)dE∫
Ee
ψ(t, r,Ω, E)dE

, (2.15d)

Σs,e′→e =

∫
Ee

∫
Ee′

Σs(r, E
′ → E)φ(t, r, E ′)dE ′dE∫

Ee′
φ(t, r, E ′)dE ′

, (2.15e)

χg =

∫
Ee

χ(E)dE , (2.15f)

νΣf,g′ =

∫
Ee′
νΣf (r, E

′)φ(t, r, E ′)dE ′∫
Ee′
φ(t, r, E ′)dE ′

, (2.15g)

qg =

∫
Ee

q(t, r,Ω, E)dE . (2.15h)

2.4 FEDS-MG Cross Section Generation

There are two main separate steps for generating FEDS-MG cross sections:

• Generate the generalized energy mesh (GEM):

1. Generate PENDF tapes for all nuclides in the material, where all resonance parameters

is converted into point-wise cross sections fitting for linear interpolation with certain

accuracy. A hyperfine group structure is generated to resolve the resonances of all the

relevant nuclides based on the energy grid from PENDF tapes.

2. Select the material compositions and temperatures, which are either actual material

compositions or approximate compositions that will occur in the later problem, such as

a depletion calculation.

3. Perform an infinite-medium slowing-down with analytical escape cross section calcula-

tion on the hyperfine group structure for each selected material to construct the library
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of snapshots.

4. Determine the number of discontinuous groups in each coarse group.

5. Apply the hierarchical clustering algorithm to the library of snapshots to generate the

energy mesh in each coarse group.

• Generate cross sections on GEM. There are two different ways for FEDS-MG cross section

generation, one is to use the standard MG method and the other is use to use MC method.

– Standard MG method:

1. Generate standard MG cross sections and transfer matrix on the continuous energy

subelements using NJOY or other standard MG cross section generation codes.

One thing to noticed is that the basis function used in NOJY is approximated by

containing a thermal Maxwellian at low energies, a 1/E function at intermediate

energies and a fission spectrum at high energies. This approximate basis function

has no information about resonances.

2. Generate FEDS-MG cross section by combing cross sections on the subelements,

where the basis functions are generated from an infinite-medium slowing-down

with analytical escape cross section calculation.

– MC method: Serpent, as a Monte Carlo particle transport code, can be used to generate

few group constants. Here, the GME is applied in SERPENT for FEDS-MG cross

section, in which a more accurate basis function is obtained.
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3. COMPUTATIONAL RESULTS

3.1 Simple 2D Pin Cell Calculation

3.1.1 Problem Description

We did calculations using multiple versions of NJOY-FEDS cross section in comparison to the

results from the continuous-energy MC method using the same ENDF/B-VII.1 library data. A set

of runs are also performed using SERPENT-MG cross section with SHEM-361[6] group bound-

aries and FEDS GEM, respectively. We solved a k-eigenvalue problem for a 2D infinite lattice

of a pin cell made of UO2 fuel: 10.29769 g/cm3, 96% U-238, 4% U-235, and H2O moderator:

0.740582 g/cm3 at room temperature. The radius of fuel is 0.39218 cm, the length of pitch is

1.25984 cm. Reflective boundary conditions are applied.

The fuel region is further divided into 4 regions (50%, 30%, 15%, 5% of volume) for QOIs

comparisons. A resolution study in space/angle/scattering moment was performed in PDT to

achieve a difference in keff and total absorption rate less than 1 pcm. P3 scattering is used. The

mesh is plotted in Fig. 3.1. There is 4, 2, 2, 3, 8 number of cells in radial direction and 12, 12, 16,

32, 32 number of cells in azimuthal direction. Gauss-Chebyshev product quadrature is used for

angular quadrature with 16 polar angles and 32 azimuthal angles.

We created the energy mesh hierarchically. We first divided the whole energy range into 12

coarse group, listed in Table 3.1[3]. For the energy range outside the reserved resonance range

(RRR), we applied the SHEM-361 group boundaries. Inside the RRR, from coarse group 3-10, we

applied the FEDS method to determine the discontiguous group structure. We chose our 12 coarse

groups to be hierarchical to the SHEM-361 group boundaries.

This problem was originally tested in previous work [3] using NJOY-FEDS cross sections,

denoted as 1-FEDS-X where X = 166, 195, 244, 361, or 417. The previous GEM was generated

used two spectra, both for fuel pin of UO2, one with U-238 only and another with 4% U-235. The

results using the exact problem material composition for snapshot generation are listed, denoted as
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Figure 3.1: PDT mesh for 2D pin cell problem.

Table 3.1: Coarse group structure[3].

Coarse Group Upper Energy (eV) Uses Discontiguous Group Structure
I 2.00000× 107 No
II 1.40000× 105 No
III 2.26994× 104 Yes
IV 9.11881× 103 Yes
V 2.08410× 103 Yes
VI 5.39204× 102 Yes
VII 1.54176× 102 Yes
VIII 5.17847× 101 Yes
IX 2.78852× 101 Yes
X 9.50002× 100 Yes
XI 4.21983× 100 No
XII 6.24999× 10−1 No
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Table 3.2: Errors in keff for different types of cross section data (NJOY-FEDS, SERPENT-SHEM,
NJOY-SHEM) for 2D pin cell problem.

Method Unknowns Keff Epcm Efficiency
(RRR) 1

|Error|×DOF

1-FEDS-166 30 1.47075 417±1 8.0
1-FEDS-195 59 1.46837 254±1 6.7
1-FEDS-244 108 1.46680 147±1 6.3
1-FEDS-361 225 1.46545 55±1 8.1
1-FEDS-417 281 1.46529 44±1 8.1
2-FEDS-166 30 1.46951 332±1 10.0
2-FEDS-195 59 1.46656 130±1 13.0
2-FEDS-244 108 1.46630 112±1 8.2
2-FEDS-361 225 1.46564 68±1 6.6
2-FEDS-417 281 1.46537 49±1 7.3

NJOY-SHEM-166 30 1.46875 280±1 11.9
NJOY-SHEM-244 108 1.46875 207±1 4.5
NJOY-SHEM-361 225 1.46410 -38±1 11.8

SERPENT-SHEM-166 30 1.46057 -279±1 11.9
SERPENT-SHEM-244 108 1.46250 -147±1 6.3
SERPENT-SHEM-361 225 1.46366 -68±1 6.6

2-FEDS-X where X = 166, 195, 244, 361, or 417. For comparison, the results using NJOY-SHEM

cross sections and SERPENT-SHEM cross sections are also included.

The errors in keff decrease with increased number of groups in resolved resonance region (RRR)

for each set of cross sections. It is also observed that using the spectra with exact problem material

composition further reduces the error in NJOY-FEDS method, especially for the cases of 166

and 195 groups. It reduces approximately 85 and 124 pcm in the error for 166 and 195 groups,

respectively. This indicates that more accurate reference solutions can improve the discontinuous

group structure to better capture the resonance behavior. The NJOY-SHEM method gives the best

result for the cases of 166 and 361 groups, which is perhaps expected since the SHEM group

structure is highly hand-tuned. However, there is little difference between the NJOY-FEDS and

NJOY-SHEM methods at the highest resolution. For SERPENT-SHEM cross sections, it only
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gives better results than NJOY-FEDS method in the case of 166 groups.

The unit pcm is also used in the comparison for reaction rate errors as defined as :

Errorc =
TallyPDT

c − TallyMCNP
c∑

c TallyMCNP
c

105 pcm (3.1)

where c is the notation for coarse group. L1 Error is defined to avoid error cancellation as:

L1 Errorc =
|TallyPDT

c − TallyMCNP
c |∑

c TallyMCNP
c

105 pcm (3.2)

The errors in absorption and fission rates in 50%, 30%, 15%, 5% fuel regions for different types of

cross sections for 166 groups are plotted in Figs.3.2-3.3, respectively. The errors in in absorption

and fission rates for the whole fuel for different types of cross sections for 166 groups are plotted

in Figs.3.4, and 3.5, respectively. Errors in absorption rates and fission rate for different types of

cross section data for different unknown numbers are summarized in Tables 3.3-3.4, respectively .

L1 errors in absorption rates and fission rates for different types of cross section data for different

unknown numbers are summarized in Tables 3.5-3.6. Both the errors and L1 errors in reaction rates

decrease with increased number of unknowns in RRR for each set of cross sections as observed

in the results of keff. While it’s not obvious from the comparison of errors in reaction rates for 1-

FEDS and 2-FEDS methods, there is consistent reduction in L1 errors for 166 and 195 groups when

using more accurate snapshots in NJOY-FEDS methods. It is also noticed that the absorption errors

plotted in Fig.3.2 using SERPENT-SHEM and NJOY-SHEM show similar behavior: in the 50%,

30%, 15% fuel regions, the maximum coarse group absorption errors reach about 1000 pcm, and

in the outer 5% fuel region, the maximum coarse group error can be a magnitude larger than that

from NJOY-FEDS methods. The first largest resonance of U-238 occurs at energy 6.67 eV, which is

among the energy range [4.21983, 9.50002] eV corresponding to the maximum coarse group error.

Although SERPENT-SHEM method uses a more accurate spectrum for cross section weighting

while NJOY-SHEM uses an approximate solution with NR approximation, both of SERPENT-

SHEM and NJOY-SHEM fail to resolve the resonance in RRR. Hence, the low errors for keff for
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Table 3.3: Errors in integrated absorption rates for different types of cross section data (NJOY-
FEDS, SERPENT-SHEM, NJOY-SHEM) for 2D pin cell problem.

Method 50% fuel 30% fuel 15% fuel 5% fuel fuel
1-FEDS-166 255 -35 -174 -1684 -34
1-FEDS-195 113 -14 -126 -676 -18
1-FEDS-244 69 -10 -110 -314 -10
1-FEDS-361 41 -11 -66 -142 -5
1-FEDS-417 41 -7 -69 -137 -4
2-FEDS-166 279 33 -356 -1587 -26
2-FEDS-195 140 -20 -177 -625 -12
2-FEDS-244 81 -17 -128 -309 -9
2-FEDS-361 45 -10 -76 -153 -5
2-FEDS-417 40 -7 -65 -138 -4

SERPENT-SHEM-166 2755 1419 -2971 -20161 -138
SERPENT-SHEM-244 1360 732 -1423 -11392 -149
SERPENT-SHEM-361 533 -94 -979 -3141 -152

NJOY-SHEM-166 2833 1590 -2701 -19864 14
NJOY-SHEM-244 1487 893 -1166 -11080 22
NJOY-SHEM-361 734 95 -813 -2998 36

SERPENT-SHEM and NJOY-SHEM methods are due to the error cancellation.

3.1.2 Adding Energy-Dependent Escape Cross Sections

Equivalence theory treats leakage as an absorption term, then the escape cross section, Σe(E),

is defined as the ratio of the partial outgoing current to the total flux within a region:

Σe(E) =

∫
∂D
dS
∫
Ω·n≥0

dΩ|Ω · n|ψ(r,Ω, E)∫
D
dV
∫

4π
dΩψ(r,Ω, E)

(3.3)

Then for steady state problem and lumping together all the local source into q(r,Ω, E), the
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(e) 1-FEDS-30% fuel (f) 2-FEDS-30% fuel (g) SERPENT-SHEM-30% fuel
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(h) NJOY-SHEM-30% fuel
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(i) 1-FEDS-15% fuel (j) 2-FEDS-15% fuel (k) SERPENT-SHEM-15% fuel
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(l) NJOY-SHEM-15% fuel
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(m) 1-FEDS-5% fuel (n) 2-FEDS-5% fuel (o) SERPENT-SHEM-5% fuel
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Figure 3.2: Absorption errors in multiple regions of the fuel between MCNP and PDT for differ-
ent types of cross section data (1-FEDS-166, 2-FEDS-166, SERPENT-SHEM-166, NJOY-SHEM-
166) for 2D pin cell problem (pcm in 95% condifence). Columns have the same cross sections.
Rows have the same QOIs.
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(a) 1-FEDS-50% fuel
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(b) 2-FEDS-50% fuel
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(c) SERPENT-SHEM-50% fuel
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(d) NJOY-SHEM-50% fuel

10 2 100 102 104 106

Energy (eV)

100

0

100

200

300

400

500

600

700

Re
ac

tio
n 

Ra
te

 D
iff

er
en

ce
 (p

cm
)

(e) 1-FEDS-30% fuel
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(f) 2-FEDS-30% fuel
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(g) SERPENT-SHEM-30% fuel
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(h) NJOY-SHEM-30% fuel
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(i) 1-FEDS-15% fuel
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(j) 2-FEDS-15% fuel
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(k) SERPENT-SHEM-15% fuel
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(l) NJOY-SHEM-15% fuel
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(m) 1-FEDS-5% fuel
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(n) 2-FEDS-5% fuel
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(o) SERPENT-SHEM-5% fuel
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Figure 3.3: Fission errors in in multiple regions of the fuel between MCNP and PDT for differ-
ent types of cross section data (1-FEDS-166, 2-FEDS-166, SERPENT-SHEM-166, NJOY-SHEM-
166) for 2D pin cell problem (pcm in 95% condifence). Columns have the same cross sections.
Rows have the same QOIs.
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(a) 1-FEDS fuel (b) 2-FEDS fuel (c) SERPENT-SHEM fuel
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(d) NJOY-SHEM fuel

Figure 3.4: Absorption errors in the whole fuel between MCNP and PDT for different types of
cross section data (1-FEDS-166, 2-FEDS-166, SERPENT-SHEM-166, NJOY-SHEM-166) for 2D
pin cell problem (pcm in 95% condifence).
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(a) 1-FEDS fuel
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(b) 2-FEDS fuel
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(c) SERPENT-SHEM fuel
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(d) NJOY-SHEM fuel

Figure 3.5: Fission errors in the whole fuel between MCNP and PDT for different types of cross
section data (1-FEDS-166, 2-FEDS-166, SERPENT-SHEM-166, NJOY-SHEM-166) for 2D pin
cell problem (pcm in 95% condifence).
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Table 3.4: Errors in integrated fission rates for different types of cross section data (NJOY-FEDS,
SERPENT-SHEM, NJOY-SHEM) for 2D pin cell problem.

Method 50% fuel 30% fuel 15% fuel 5% fuel fuel
1-FEDS-166 526 446 363 320 465
1-FEDS-195 341 291 230 201 301
1-FEDS-244 221 188 140 119 193
1-FEDS-361 120 98 58 44 100
1-FEDS-417 107 88 50 36 89
2-FEDS-166 410 374 323 299 380
2-FEDS-195 201 172 127 111 176
2-FEDS-244 172 159 126 117 158
2-FEDS-361 126 114 82 74 113
2-FEDS-417 108 95 62 52 94

SERPENT-SHEM-166 -255 -323 -406 -464 -311
SERPENT-SHEM-244 -133 -183 -250 -294 -175
SERPENT-SHEM-361 -57 -100 -159 -188 -93

NJOY-SHEM-166 365 300 219 163 312
NJOY-SHEM-244 274 231 171 134 237
NJOY-SHEM-361 22 -12 -62 -84 -7
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Table 3.5: L1 errors in absorption rates for different types of cross section data (NJOY-FEDS,
SERPENT-SHEM, NJOY-SHEM) for 2D pin cell problem.

Method 50% fuel 30% fuel 15% fuel 5% fuel fuel
1-FEDS-166 936 1135 1161 2480 1122
1-FEDS-195 633 704 726 1152 699
1-FEDS-244 470 485 506 623 481
1-FEDS-361 329 341 325 339 329
1-FEDS-417 300 310 302 313 302
2-FEDS-166 805 844 1134 2212 902
2-FEDS-195 455 548 624 976 532
2-FEDS-244 416 455 490 592 440
2-FEDS-361 331 345 340 355 334
2-FEDS-417 291 301 291 310 293

SERPENT-SHEM-166 3669 2396 2987 20173 768
SERPENT-SHEM-244 1995 1432 2196 11403 485
SERPENT-SHEM-361 1005 446 1125 3153 334

NJOY-SHEM-166 2857 2070 3382 20410 1116
NJOY-SHEM-244 1519 1180 2413 11482 624
NJOY-SHEM-361 883 310 1010 3120 268
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Table 3.6: L1 errors in fission rates for different types of cross section data (NJOY-FEDS,
SERPENT-SHEM, NJOY-SHEM) for 2D pin cell problem.

Method 50% fuel 30% fuel 15% fuel 5% fuel fuel
1-FEDS-166 820 871 889 911 850
1-FEDS-195 501 520 513 519 509
1-FEDS-244 372 374 354 351 369
1-FEDS-361 300 289 259 250 288
1-FEDS-417 280 267 235 225 266
2-FEDS-166 669 676 660 662 670
2-FEDS-195 449 448 423 416 443
2-FEDS-244 379 361 324 309 361
2-FEDS-361 301 280 242 227 282
2-FEDS-417 270 252 215 202 253

SERPENT-SHEM-166 435 418 463 496 421
SERPENT-SHEM-244 226 229 272 301 228
SERPENT-SHEM-361 109 120 170 193 117

NJOY-SHEM-166 669 676 660 662 670
NJOY-SHEM-244 430 438 427 442 431
NJOY-SHEM-361 251 247 225 223 244
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derivation can be described as follows for each material region:

Ω ·∇ψ(r,Ω, E) + Σt(E)ψ(r,Ω, E) = q(r,Ω, E) ,∫
D

dV

∫
4π

dΩ[∇ ·Ω + Σt(E)]ψ(r,Ω, E) =

∫
D

dV

∫
4π

dΩq(r,Ω, E) ,∫
D

dV [Σe(E) + Σt(E)]φ(r, E) =

∫
D

dV q(r, E)+

∫
∂D

dS

∫
Ω·n≤0

dΩ|Ω · n|ψ(r,Ω, E) .

The energy-dependent escape cross sections are obtained from MCNP for 12 coarse groups,

listed in Table 3.7. In the previous calculations, the escape cross section is approximated by the

average chord length S/4V , 1.27492 cm−1. This approximation assumes that neutrons are created

isotropically and are mono-energetic. From Table 3.7, it is observed that outgoing escape cross

sections have larger values in high energy and smaller value in thermal energy, while the ingoing

cross sections show the opposite behavior. The very high energy neutrons are mainly produced

from fission in the fuel which accounts for the large value of outgoing escape cross sections in

very high energy. Elastic scattering becomes dominant in the RRR range, and neutrons will lose

most of their energy in the collision with small atomic nuclides in the moderator outside of the

fuel. Hence, the incoming escape cross sections are larger in low energy range.

The results for keff using energy-dependent escape cross sections are listed in Table 3.8, de-

noted as 3-FEDS-X where X = 166, 195, 244, 361, or 417. From Table 3.8, it is observed that

introducing energy-dependent escape cross sections only reduces the error in keff for 166 groups.

There is slight increase in the error for 195, 244 and 361 groups compared to 2-FEDS-X. However,

the differences are below 17 pcm, which can be neglected.

The errors in absorption and fission rates in 50%, 30%, 15%, 5% fuel regions for NJOY-FEDS

method with energy-dependent escape cross sections for 166 groups are plotted in Figs.3.6-3.7,

respectively. The errors in in absorption and fission rates for the whole fuel region for NJOY-

FEDS method with energy-dependent escape cross sections for 166 groups are plotted in Figs.3.8,

and 3.9, respectively. Errors in absorption rates and fission rate for NJOY-FEDS method with

energy-dependent escape cross sections for different unknown numbers are summarized in Tables
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Table 3.7: Escape cross sections from MCNP for 12 coarse groups for 2D pin cell problem.

Coarse Group Upper Energy (eV) Incoming Escape XS (cm−1) Outgoing Escape XS (cm−1)
6.24999× 10−1 1.54077 1.14241
4.21983 × 100 1.30933 1.25631
9.50002× 100 1.47026 1.20571
2.78852× 101 1.37553 1.23578
5.17847× 101 1.39364 1.23913
1.54176× 102 1.34536 1.25519
5.39204× 102 1.32090 1.26424
2.08410× 103 1.30651 1.26994
9.11881× 103 1.29184 1.27108
2.26994× 104 1.28071 1.27275
1.40000× 105 1.25357 1.28684
2.00000× 107 1.17094 1.33863

Table 3.8: Errors in keff for NJOY-FEDS method with energy-dependent escape cross sections for
2D pin cell problem.

Method Unknowns Keff Epcm Efficiency
(RRR) 1

|Error|×DOF

2-FEDS-166 30 1.46951 332±1 10.0
2-FEDS-195 59 1.46656 130±1 13.0
2-FEDS-244 108 1.46630 112±1 8.2
2-FEDS-361 225 1.46564 68±1 6.6
2-FEDS-417 281 1.46537 49±1 7.3
3-FEDS-166 30 1.46865 273±1 12.2
3-FEDS-195 59 1.46678 146±1 11.6
3-FEDS-244 108 1.46663 135±1 6.9
3-FEDS-361 225 1.46571 72±1 6.1
3-FEDS-417 281 1.46536 49±1 7.3

SERPENT-SHEM-166 30 1.46057 -279±1 11.9
SERPENT-SHEM-244 108 1.46250 -147±1 6.3
SERPENT-SHEM-361 225 1.46366 -68±1 6.6
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3.9-3.10, respectively . L1 errors in absorption rates and fission rates for NJOY-FEDS method with

energy-dependent escape cross sections for different unknown numbers are summarized in Tables

3.11-3.12. L1 errors in absorption and fission rates decreases after applying the energy-dependent

escape cross sections in NJOY-FEDS method for 166 groups, which is also observed in the results

of keff.

Table 3.9: Errors in integrated absorption rates for NJOY- FEDS method with energy-dependent
escape cross sections for 2D pin cell problem.

Method 50% fuel 30% fuel 15% fuel 5% fuel fuel

2-FEDS-166 279 33 -356 -1587 -26

2-FEDS-195 140 -20 -177 -625 -12

2-FEDS-244 81 -17 -128 -309 -9

2-FEDS-361 45 -10 -76 -153 -5

2-FEDS-417 40 -7 -65 -138 -4

3-FEDS-166 283 25 -323 -1612 -22

3-FEDS-195 158 -11 -206 -735 -13

3-FEDS-244 85 -11 -140 -336 -10

3-FEDS-361 45 -9 -76 -155 -5

3-FEDS-417 39 -6 -64 -141 -4

SERPENT-SHEM-166 2755 1419 -2971 -20161 -138

SERPENT-SHEM-244 1360 732 -1423 -11392 -149

SERPENT-SHEM-361 533 -94 -979 -3141 -152

32



(a) 2-FEDS-50% fuel (b) 3-FEDS-50% fuel (c) SERPENT-SHEM-50% fuel

(d) 2-FEDS-30% fuel (e) 3-FEDS-30% fuel (f) SERPENT-SHEM-30% fuel

(g) 2-FEDS-15% fuel (h) 3-FEDS-15% fuel (i) SERPENT-FEDS-15% fuel

(j) 2-FEDS-5% fuel (k) 3-FEDS-5% fuel (l) SERPENT-SHEM-5% fuel

Figure 3.6: Absorption errors in multiple regions of the fuel between MCNP and PDT for different 
types of cross section data (2-FEDS-166, 3-FEDS-166, SERPENT-SHEM-166) for 2D pin cell 
problem (pcm in 95% condifence). Columns have the same cross sections. Rows have the same QOIs.
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(a) 2-FEDS-50% fuel
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(b) 3-FEDS-50% fuel
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(c) SERPENT-SHEM-50% fuel
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(d) 2-FEDS-30% fuel
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(e) 3-FEDS-30% fuel
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(f) SERPENT-SHEM-30% fuel
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(g) 2-FEDS-15% fuel
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(h) 3-FEDS-15% fuel
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(i) SERPENT-SHEM-15% fuel
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(j) 2-FEDS-5% fuel
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(k) 3-FEDS-5% fuel
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(l) SERPENT-SHEM-5% fuel

Figure 3.7: Fission errors in in multiple regions of the fuel between MCNP and PDT for different 
types of cross section data (2-FEDS-166, 3-FEDS-166, SERPENT-SHEM-166) for 2D pin cell 
problem (pcm in 95% condifence). Columns have the same cross sections. Rows have the same QOIs

34



(a) 2-FEDS fuel (b) 3-FEDS fuel (c) SERPENT-SHEM fuel

Figure 3.8: Absorption errors in the whole fuel between MCNP and PDT for different types of
cross section data (2-FEDS-166, 3-FEDS-166, SERPENT-SHEM-166) for 2D pin cell problem
(pcm in 95% condifence).
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(a) 2-FEDS fuel
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(b) 3-FEDS fuel
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(c) SERPENT-SHEM fuel

Figure 3.9: Fission errors in the whole fuel between MCNP and PDT for different types of cross
section data (2-FEDS-166, 3-FEDS-166, SERPENT-SHEM-166) for 2D pin cell problem (pcm in
95% condifence).
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Table 3.10: Errors in integrated fission rates for NJOY- FEDS method with energy-dependent
escape cross sections for 2D pin cell problem.

Method 50% fuel 30% fuel 15% fuel 5% fuel fuel

2-FEDS-166 410 374 323 299 380

2-FEDS-195 201 172 127 111 176

2-FEDS-244 172 159 126 117 158

2-FEDS-361 126 114 82 74 113

2-FEDS-417 108 95 62 52 94

3-FEDS-166 350 314 263 240 320

3-FEDS-195 213 188 147 132 191

3-FEDS-244 195 180 147 138 180

3-FEDS-361 130 118 86 77 117

3-FEDS-417 113 99 66 56 98

SERPENT-SHEM-166 -255 -323 -406 -464 -311

SERPENT-SHEM-244 -133 -183 -250 -294 -175

SERPENT-SHEM-361 -57 -100 -159 -188 -93

36



Table 3.11: L1 errors in integrated absorption rates for NJOY- FEDS method with energy-
dependent escape cross sections for 2D pin cell problem.

Method 50% fuel 30% fuel 15% fuel 5% fuel fuel

2-FEDS-166 805 844 1134 2212 902

2-FEDS-195 455 548 624 976 532

2-FEDS-244 416 455 490 592 440

2-FEDS-361 331 345 340 355 334

2-FEDS-417 291 301 291 310 293

3-FEDS-166 672 762 1024 2175 814

3-FEDS-195 467 557 672 1103 556

3-FEDS-244 439 470 523 636 460

3-FEDS-361 330 341 340 358 329

3-FEDS-417 291 297 291 314 289

SERPENT-SHEM-166 3669 2396 2987 20173 768

SERPENT-SHEM-244 1995 1432 2196 11403 485

SERPENT-SHEM-361 1005 446 1125 3153 334

37



Table 3.12: L1 errors in integrated fission rates for NJOY- FEDS method with energy-dependent
escape cross sections for 2D pin cell problem.

Method 50% fuel 30% fuel 15% fuel 5% fuel fuel

2-FEDS-166 669 676 660 662 670

2-FEDS-195 449 448 423 416 443

2-FEDS-244 379 361 324 309 361

2-FEDS-361 301 280 242 227 282

2-FEDS-417 270 252 215 202 253

3-FEDS-166 627 634 617 617 627

3-FEDS-195 461 455 427 419 452

3-FEDS-244 375 359 323 309 359

3-FEDS-361 292 272 234 219 273

3-FEDS-417 262 243 207 193 244

SERPENT-SHEM-166 435 418 463 496 421

SERPENT-SHEM-244 226 229 272 301 228

SERPENT-SHEM-361 109 120 170 193 117

3.1.3 Testing Analytical Chord Length Models for Escape Cross Sections with Multiple

Regions in Fuel

The effect of adding the spatial-resolution for cross sections generation in fuel material for

NJOY-FEDS method is also invested. The fuel is further divided into two region, based on equal

radius (ER) or equal volume (EV). Cross sections are generated for each region in the fuel. The

escape cross sections in the hollow cylinder is approximated by the average chord length, given as
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[7]

l̄MCD = d− di, l̄OCD =
d2 − d2

i

d
(3.4)

where l is the chord length, MCD is short for multichod distribution, and OCD is short for one-

chord distribution.

The results for keff for NJOY-FEDS method with different chord length models with two regions

in the fuel with equal radius and equal volume divisions are listed in Tables 3.13 and 3.18, respec-

tively. Introducing the spatial resolutions greatly reduces the errors in keff for NJOY-FEDS method,

while there is no accuracy improvement in the results for keff for SERPENT-SHEM method. The

absolute errors in keff for NJOY-FEDS method with MCD model are all blow 45 pcm with equal

volume division, while it reaches 81 pcm for equal radius division. For NJOY-FEDS method with

OCD model, the errors in keff are both around 190 pcm for 166 groups with both equal radius and

equal volume divisions.

The errors in absorption and fission rates in 25%, 25%, 30%, 15%, 5% fuel regions for NJOY-

FEDS method with different chord length models with two divisions in the fuel for 166 groups

are plotted in Figs.3.10, 3.11, 3.14 and 3.15. The errors in in absorption and fission rates for

the whole fuel region for NJOY-FEDS method for 166 groups are plotted in Figs.3.12,3.13, 3.16

and 3.17, respectively. Errors in absorption rates and fission rate for NJOY-FEDS method with

different chord length model for different unknown numbers are summarized in Tables 3.14,3.15,

3.19, and 3.20 respectively . L1 errors in absorption rates and fission rates for NJOY-FEDS method

with different chord length models for different unknown numbers are summarized in Tables 3.16,

3.17, 3.21, and 3.22.

After introducing the spatial resolution in the fuel for cross section generation, there is re-

duction in absorption errors in thermal range in the multiple regions of the fuel for NJOY-FEDS

method with both chord length models. With both division, the absorption errors slightly increase

in the energy range [2.08410× 103, 9.11881× 103] eV in 25%, 25%, 30% of fuel region for MCD

model. There is minor improvement in the accuracy of absorption rate in the RRR range in the

outer 5% of fuel regions for SERPENT-SHEM method with equal volume division. However, the

39



absorption error in the outer 5% fuel for SERPENT-SHEM method is one magnitude larger than

that in NJOY-FEDS method. Comparing the L1 errors in absorption rates, NJOY-FEDS method

with MCD model give better results than OCD model in every tested fuel region with the same

number of unknowns for both divisions. In addition, the L1 errors in absorption rates are in gener-

ally smaller in equal volume division than that in equal radius division.

Table 3.13: Errors in keff for different types of cross section data (MCD-FEDS, OCD-FEDS,
SERPENT-SHEM) with two regions in fuel with equal radius division for 2D pin cell problem.

Method Unknowns Keff Epcm Efficiency

(RRR) 1
|Error|×DOF

MCD-FEDS-166 30 1.46494 19±1 170.9

MCD-FEDS-195 59 1.46399 -45±1 37.9

MCD-FEDS-244 108 1.46488 16±1 58.8

MCD-FEDS-361 225 1.46466 1±1 496.9

MCD-FEDS-417 281 1.46455 -7±1 51.2

OCD-FEDS-166 30 1.46747 193 ±1 17.3

OCD-FEDS-195 59 1.46556 62 ±1 27.2

OCD-FEDS-244 108 1.46543 53 ±1 17.4

OCD-FEDS-361 225 1.46516 35 ±1 12.9

OCD-FEDS-417 281 1.46486 14 ±1 25.2

SERPENT-SHEM-166 30 1.45928 -367 ±1 9.1

SERPENT-SHEM-244 108 1.46130 -229 ±1 4.0

SERPENT-SHEM-361 225 1.46262 -139 ±1 3.2
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(a) MCD-FEDS-25% fuel
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(b) OCD-FEDS-25% fuel
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(c) SERPENT-SHEM-25% fuel
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(d) MCD-FEDS-25% fuel
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(e) OCD-FEDS-25% fuel
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(f) SERPENT-SHEM-25% fuel
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(g) MCD-FEDS-30% fuel
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(h) OCD-FEDS-30% fuel
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(i) SERPENT-FEDS-30% fuel
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(j) MCD-FEDS-15% fuel
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(k) OCD-FEDS-15% fuel
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(l) SERPENT-SHEM-15% fuel

Figure 3.10: Absorption errors in multiple regions of the fuel between MCNP and PDT for differ-
ent types of cross section data (MCD-FEDS-166, OCD-FEDS-166, SERPENT-SHEM-166) with
two regions in fuel with equal radius division for 2D pin cell problem (pcm in 95% condifence).
Columns have the same cross sections. Rows have the same QOIs.
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(m) MCD-FEDS-5% fuel
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(n) OCD-FEDS-5% fuel
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(o) SERPENT-SHEM-5% fuel

Figure 3.10: Continued.

Table 3.14: Errors in integrated absorption rates for different types of cross section data (MCD-
FEDS, OCD-FEDS, SERPENT-SHEM) with two regions in fuel with equal radius division for 2D
pin cell problem.

Method 25% fuel 25% fuel 30% fuel 15% fuel 5% fuel fuel

MCD-FEDS-166 372 240 9 -210 -1634 0

MCD-FEDS-195 153 112 7 -143 -509 6

MCD-FEDS-244 86 68 1 -84 -281 4

MCD-FEDS-361 56 49 4 -63 -156 5

MCD-FEDS-417 46 45 7 -55 -136 5

OCD-FEDS-166 514 114 -52 -209 -1578 -11

OCD-FEDS-195 293 81 -38 -227 -584 -1

OCD-FEDS-244 163 45 -25 -123 -291 1

OCD-FEDS-361 97 34 -14 -83 -160 2

OCD-FEDS-417 83 34 -8 -75 -138 3

SERPENT-SHEM-166 -240 3559 2355 -1985 -19271 -133

SERPENT-SHEM-244 -343 1827 1224 -833 -10784 -144

SERPENT-SHEM-361 -181 681 154 -716 -2904 -147
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(a) MCD-FEDS-25% fuel
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(b) OCD-FEDS-25% fuel
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(c) SERPENT-SHEM-25% fuel
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(d) MCD-FEDS-25% fuel
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(e) OCD-FEDS-25% fuel
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(f) SERPENT-SHEM-25% fuel
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(g) MCD-FEDS-30% fuel
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(h) OCD-FEDS-30% fuel
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(i) SERPENT-SHEM-30% fuel
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(j) MCD-FEDS-15% fuel
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(k) OCD-FEDS-15% fuel
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(l) SERPENT-SHEM-15% fuel

Figure 3.11: Fission errors in multiple regions of the fuel between MCNP and PDT for differ-
ent types of cross section data (MCD-FEDS-166, OCD-FEDS-166, SERPENT-SHEM-166) with
two regions in fuel with equal radius division for 2D pin cell problem (pcm in 95% condifence).
Columns have the same cross sections. Rows have the same QOIs.
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(m) MCD-FEDS-5% fuel
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(n) OCD-FEDS-5% fuel
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(o) SERPENT-SHEM-5% fuel

Figure 3.11: Continued.

(a) MCD-FEDS fuel (b) OCD-FEDS fuel (c) SERPENT-SHEM fuel

Figure 3.12: Absorption errors in the whole fuel between MCNP and PDT for different types of
cross section data (MCD-FEDS-166, OCD-FEDS-166, SERPENT-SHEM-166) with two regions
in fuel with equal radius division for 2D pin cell problem (pcm in 95% condifence).
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(a) MCD-FEDS fuel
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(b) OCD-FEDS fuel
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(c) SERPENT-SHEM fuel

Figure 3.13: Fission errors in the whole fuel between MCNP and PDT for different types of cross
section data (MCD-FEDS-166, OCD-FEDS-166, SERPENT-SHEM-166) with two regions in fuel
with equal radius division for 2D pin cell problem (pcm in 95% condifence).
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Table 3.15: Errors in integrated fission rates for different types of cross section data (MCD-FEDS,
OCD-FEDS, SERPENT-SHEM) with two regions in fuel with equal radius division for 2D pin cell
problem.

Method 25% fuel 25% fuel 30% fuel 15% fuel 5% fuel fuel

MCD-FEDS-166 86 93 69 28 7 69

MCD-FEDS-195 13 24 6 -28 -40 4

MCD-FEDS-244 68 83 68 39 28 65

MCD-FEDS-361 49 67 55 27 16 50

MCD-FEDS-417 42 59 47 18 7 42

OCD-FEDS-166 308 258 227 179 154 243

OCD-FEDS-195 134 122 108 79 68 111

OCD-FEDS-244 123 115 100 70 58 102

OCD-FEDS-361 97 97 84 55 43 83

OCD-FEDS-417 75 77 64 34 23 63

SERPENT-SHEM-166 -303 -260 -321 -401 -459 -322

SERPENT-SHEM-244 -178 -135 -178 -241 -285 -183

SERPENT-SHEM-361 -89 -50 -87 -143 -173 -92
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Table 3.16: L1 errors in integrated absorption rates for different types of cross section data (MCD-
FEDS, OCD-FEDS, SERPENT-SHEM) with two regions in fuel with equal radius division for 2D
pin cell problem.

Method 25% fuel 25% fuel 30% fuel 15% fuel 5% fuel fuel

MCD-FEDS-166 547 517 527 619 1863 542

MCD-FEDS-195 236 236 280 318 620 270

MCD-FEDS-244 273 295 312 302 433 302

MCD-FEDS-361 226 242 249 240 279 240

MCD-FEDS-417 214 226 228 217 248 222

OCD-FEDS-166 683 707 757 763 2016 752

OCD-FEDS-195 391 390 455 547 828 421

OCD-FEDS-244 317 342 363 381 483 343

OCD-FEDS-361 271 302 308 306 324 291

OCD-FEDS-417 236 254 259 258 270 247

SERPENT-SHEM-166 767 4477 3279 2120 19283 794

SERPENT-SHEM-244 621 2456 1861 1962 10795 501

SERPENT-SHEM-361 356 1132 615 926 2916 334
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Table 3.17: L1 errors in integrated fission rates for different types of cross section data (MCD-
FEDS, OCD-FEDS, SERPENT-SHEM) with two regions in fuel with equal radius division for 2D
pin cell problem.

Method 25% fuel 25% fuel 30% fuel 15% fuel 5% fuel fuel

MCD-FEDS-166 322 342 336 314 308 329

MCD-FEDS-195 211 226 213 183 169 209

MCD-FEDS-244 230 244 231 200 184 227

MCD-FEDS-361 204 215 199 166 150 196

MCD-FEDS-417 196 208 192 160 144 189

OCD-FEDS-166 465 527 530 517 515 509

OCD-FEDS-195 322 349 334 301 284 326

OCD-FEDS-244 264 291 276 244 228 269

OCD-FEDS-361 247 266 249 215 199 245

OCD-FEDS-417 220 237 220 187 173 216

SERPENT-SHEM-166 464 445 426 455 489 437

SERPENT-SHEM-244 256 226 226 262 290 236

SERPENT-SHEM-361 130 100 107 152 176 116

47



Table 3.18: Errors in keff for different types of cross section data (MCD-FEDS, OCD-FEDS,
SERPENT-SHEM) with two regions in fuel with equal volume division for 2D pin cell problem.

Method Unknowns Keff Epcm Efficiency

(RRR) 1
|Error|×DOF

MCD-FEDS-166 30 1.46347 -81 ±1 41.2

MCD-FEDS-195 59 1.46446 -13 ±1 127.8

MCD-FEDS-244 108 1.46530 44 ±1 20.8

MCD-FEDS-361 225 1.46456 -6 ±1 71.0

MCD-FEDS-417 281 1.46451 -10 ±1 36.7

OCD-FEDS-166 30 1.46749 194 ±1 17.2

OCD-FEDS-195 59 1.46455 -7 ±1 252.5

OCD-FEDS-244 108 1.46491 18 ±1 51.3

OCD-FEDS-361 225 1.46489 16 ±1 27.4

OCD-FEDS-417 281 1.46465 0 ±1 1628.8

SERPENT-SHEM-166 30 1.45915 -376 ±1 8.9

SERPENT-SHEM-244 108 1.46116 -238 ±1 3.9

SERPENT-SHEM-361 225 1.46256 -142 ±1 3.1
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(a) MCD-FEDS-25% fuel

10 2 100 102 104 106

Energy (eV)

50

0

50

100

150

200

250

300

Re
ac

tio
n 

Ra
te

 D
iff

er
en

ce
 (p

cm
)

(b) OCD-FEDS-25% fuel
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(c) SERPENT-SHEM-25% fuel
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(d) MCD-FEDS-25% fuel
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(e) OCD-FEDS-25% fuel

10 2 100 102 104 106

Energy (eV)

300

250

200

150

100

50

0

Re
ac

tio
n 

Ra
te

 D
iff

er
en

ce
 (p

cm
)

(f) SERPENT-SHEM-25% fuel

10 2 100 102 104 106

Energy (eV)

25

0

25

50

75

100

125

Re
ac

tio
n 

Ra
te

 D
iff

er
en

ce
 (p

cm
)

(g) MCD-FEDS-30% fuel
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(h) OCD-FEDS-30% fuel
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(i) SERPENT-FEDS-30% fuel
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(j) MCD-FEDS-15% fuel
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(k) OCD-FEDS-15% fuel
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(l) SERPENT-SHEM-15% fuel

Figure 3.14: Absorption errors in multiple regions of the fuel between MCNP and PDT for different
types of cross section data (MCD-FEDS-166, OCD-FEDS-166, SERPENT- SHEM-166) with two
regions in fuel with equal volume division for 2D pin cell problem (pcm in 95% condifence).
Columns have the same cross sections. Rows have the same QOIs.
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(m) MCD-FEDS-5% fuel
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(n) OCD-FEDS-5% fuel
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(o) SERPENT-SHEM-5% fuel

Figure 3.14: Continued.

Table 3.19: Errors in integrated absorption rates for different types of cross section data (MCD-
FEDS, OCD-FEDS, SERPENT-SHEM) with two regions in fuel with equal volume division for
2D pin cell problem.

Method 25% fuel 25% fuel 30% fuel 15% fuel 5% fuel fuel

MCD-FEDS-166 26 -123 274 177 -1195 7

MCD-FEDS-195 -10 -68 153 39 -410 6

MCD-FEDS-244 -17 -43 100 13 -225 3

MCD-FEDS-361 -1 -10 63 -12 -126 6

MCD-FEDS-417 -1 -4 54 -10 -111 6

OCD-FEDS-166 163 41 114 75 -1540 -11

OCD-FEDS-195 95 47 67 -113 -472 3

OCD-FEDS-244 56 28 38 -69 -244 3

OCD-FEDS-361 32 24 23 -47 -133 3

OCD-FEDS-417 30 27 22 -44 -122 5

SERPENT-SHEM-166 263 -538 3983 -333 -17771 -132

SERPENT-SHEM-244 44 -515 2061 105 -9787 -141

SERPENT-SHEM-361 17 -324 515 -348 -2558 -149
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(a) MCD-FEDS-25% fuel
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(b) OCD-FEDS-25% fuel
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(c) SERPENT-SHEM-25% fuel
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(d) MCD-FEDS-25% fuel

10 2 100 102 104 106

Energy (eV)

0

100

200

300

400
Re

ac
tio

n 
Ra

te
 D

iff
er

en
ce

 (p
cm

)

(e) OCD-FEDS-25% fuel
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(f) SERPENT-SHEM-25% fuel
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(g) MCD-FEDS-30% fuel
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(h) OCD-FEDS-30% fuel
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(i) SERPENT-FEDS-30% fuel
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(j) MCD-FEDS-15% fuel
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(k) OCD-FEDS-15% fuel
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(l) SERPENT-SHEM-15% fuel

Figure 3.15: Fission errors in multiple regions of the fuel between MCNP and PDT for different
types of cross section data (MCD-FEDS-166, OCD-FEDS-166, SERPENT- SHEM-166) with two
regions in fuel with equal volume division for 2D pin cell problem (pcm in 95% condifence).
Columns have the same cross sections. Rows have the same QOIs.
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(m) MCD-FEDS-5% fuel
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(n) OCD-FEDS-5% fuel
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(o) SERPENT-SHEM-5% fuel

Figure 3.15: Continued.

(a) MCD-FEDS fuel (b) OCD-FEDS fuel (c) SERPENT-SHEM fuel

Figure 3.16: Absorption errors in the whole fuel between MCNP and PDT for different types of
cross section data (MCD-FEDS-166, OCD-FEDS-166, SERPENT- SHEM-166) with two regions
in fuel with equal volume division for 2D pin cell problem (pcm in 95% condifence).
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(a) MCD-FEDS fuel
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(b) OCD-FEDS fuel
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(c) SERPENT-SHEM fuel

Figure 3.17: Fission errors in the whole fuel between MCNP and PDT for different types of cross
section data (MCD-FEDS-166, OCD-FEDS-166, SERPENT- SHEM-166) with two regions in fuel
with equal volume division for 2D pin cell problem (pcm in 95% condifence).

52



Table 3.20: Errors in integrated fission rates for different types of cross section data (MCD- FEDS,
OCD-FEDS, SERPENT-SHEM) with two regions in fuel with equal volume division for 2D pin
cell problem.

Method 25% fuel 25% fuel 30% fuel 15% fuel 5% fuel fuel

MCD-FEDS-166 -69 -65 17 -24 -42 -33

MCD-FEDS-195 3 13 75 43 31 35

MCD-FEDS-244 65 78 126 97 87 93

MCD-FEDS-361 20 35 68 41 31 42

MCD-FEDS-417 19 34 62 34 24 39

OCD-FEDS-166 245 247 263 216 193 244

OCD-FEDS-195 32 47 56 27 18 42

OCD-FEDS-244 60 74 80 50 39 67

OCD-FEDS-361 58 74 76 48 37 65

OCD-FEDS-417 43 59 59 31 20 49

SERPENT-SHEM-166 -283 -323 -317 -399 -454 -331

SERPENT-SHEM-244 -168 -186 -176 -238 -279 -192

SERPENT-SHEM-361 -82 -88 -80 -135 -164 -96
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Table 3.21: L1 errors in integrated absorption rates for different types of cross section data (MCD-
FEDS, OCD-FEDS, SERPENT-SHEM) with two regions in fuel with equal volume division for
2D pin cell problem.

Method 25% fuel 25% fuel 30% fuel 15% fuel 5% fuel fuel

MCD-FEDS-166 369 466 419 351 1404 412

MCD-FEDS-195 277 335 268 229 576 277

MCD-FEDS-244 345 375 296 287 437 333

MCD-FEDS-361 227 247 235 214 259 230

MCD-FEDS-417 206 222 217 192 232 205

OCD-FEDS-166 585 700 624 559 1985 699

OCD-FEDS-195 297 338 312 362 643 341

OCD-FEDS-244 279 310 292 299 407 301

OCD-FEDS-361 258 278 270 259 284 268

OCD-FEDS-417 220 238 232 223 247 229

SERPENT-SHEM-166 1258 635 4918 1682 17783 814

SERPENT-SHEM-244 784 542 2705 1825 9798 520

SERPENT-SHEM-361 533 351 974 663 2569 338
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Table 3.22: L1 errors in integrated fission rates for different types of cross section data (MCD-
FEDS, OCD-FEDS, SERPENT-SHEM) with two regions in fuel with equal volume division for
2D pin cell problem.

Method 25% fuel 25% fuel 30% fuel 15% fuel 5% fuel fuel

MCD-FEDS-166 255 275 213 185 178 226

MCD-FEDS-195 211 224 188 153 140 189

MCD-FEDS-244 244 257 231 195 178 224

MCD-FEDS-361 197 207 177 147 134 182

MCD-FEDS-417 187 198 173 143 130 176

OCD-FEDS-166 488 515 484 471 469 490

OCD-FEDS-195 279 291 263 230 213 266

OCD-FEDS-244 244 257 233 201 186 234

OCD-FEDS-361 231 242 222 188 173 221

OCD-FEDS-417 206 217 198 166 153 197

SERPENT-SHEM-166 494 453 440 449 482 451

SERPENT-SHEM-244 263 252 232 260 284 247

SERPENT-SHEM-361 130 120 105 143 167 121

Investigation is also performed for three regions in the fuel for cross section generation for

NJOY-FEDS method using MCD model compared to SERPENT-SHEM method with EV and ER

division.

The results for keff for NJOY-FEDS method with MCD model with three regions in the fuel are

listed in Tables 3.23 and 3.28. However, the errors in keff increase for NJOY-FEDS method with

MCD model after further increasing the spatial resolution from two regions to three regions in the

fuel. In addition, NJOY-FEDS method show better results in keff in ER division than EV division,
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which is not the case in two regions calculation. There is no difference in keff for SERPENT-SHEM

method for adding spatial resolution.

The errors in absorption and fission rates in 11%, 22%, 11%, 22%, 19%, 15%, 5% fuel regions

for NJOY-FEDS method with MCD model with two divisions in the fuel for 166 groups are plotted

in Figs.3.18, 3.19, 3.22 and 3.23. The errors in in absorption and fission rates for the whole

fuel region for NJOY-FEDS method for 166 groups are plotted in Figs.3.20, 3.21, 3.24 and 3.25,

respectively. Errors in absorption rates and fission rate for NJOY-FEDS method with MCD model

for different unknown numbers are summarized in Tables 3.24, 3.25, 3.29 and 3.30 respectively .

L1 errors in absorption rates and fission rates for NJOY-FEDS method with different chord length

models for different unknown numbers are summarized in Tables 3.26, 3.27, 3.31, and 3.32.

Further increasing the spatial resolution in the fuel for cross section generation, there is reduc-

tion in absorption errors in thermal range in 11%, 22%, 11%, 22%, 19%, 15%, 5% fuel regions for

NJOY-FEDS method with MCD model with both division, as is observed in two region calcula-

tions. The absorption errors slightly increase in the energy range [2.08410×103, 9.11881×103] eV

in 11%, 22%, 11%, 22%, 19%, 15%, of fuel region for NJOY-FEDS method with MCD method

with both division. For SERPENT-SHEM method, with ER division, the maximum absorption

errors in RRR are all below 100 pcm in the inner 11%, 22%, 11% fuel regions. There is minor im-

provement in the accuracy of absorption rate in the RRR range in the outer 5% of fuel regions for

SERPENT-SHEM method with equal volume division. However, the absorption error in the outer

5% fuel for SERPENT-SHEM method is one magnitude larger than that in NJOY-FEDS method.

The L1 errors in absorption rates are in generally smaller in equal volume division that that in equal

radius division for both methods. While no obvious improvement is observed in the results in keff,

the L1 errors in absorption rates for the outer 5% fuel region decrease after further increasing the

spatial resolutions in the cross section generation.
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Table 3.23: Errors in keff for different types of cross section data (MCD-FEDS, SERPENT-SHEM)
with three regions in fuel with equal radius division for 2D pin cell problem.

Method Unknowns Keff Epcm Efficiency

(RRR) 1
|Error|×DOF

MCD-FEDS-166 30 1.46161 -208 ±1 16.1

MCD-FEDS-195 59 1.46329 -93 ±1 18.2

MCD-FEDS-244 108 1.46404 -41 ±1 22.4

MCD-FEDS-361 225 1.46446 -13 ±1 33.6

MCD-FEDS-417 281 1.46433 -22 ±1 16.2

SERPENT-SHEM-166 30 1.45911 -378 ±1 8.8

SERPENT-SHEM-244 108 1.46109 -243 ±1 3.8

SERPENT-SHEM-361 225 1.46254 -144 ±1 3.1
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(a) M-11% fuel
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(c) M-22% fuel

10 2 100 102 104 106

Energy (eV)

300

200

100

0

100

Re
ac

tio
n 

Ra
te

 D
iff

er
en

ce
 (p

cm
)

(d) S-22% fuel
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(e) M-11% fuel
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(f) S-11% fuel
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(g) M-22% fuel
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(h) S-22% fuel
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(i) M-19% fuel
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(j) S-19% fuel
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(k) M-15% fuel
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(l) S-15% fuel
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(m) M-5% fuel
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Figure 3.18: Absorption errors in multiple regions of the fuel between MCNP and PDT for different
types of cross section data (MCD-FEDS-166, SERPENT-SHEM-166) with three regions in fuel
with equal radius division for 2D pin cell problem (pcm in 95% condifence). Columns have the
same cross sections. Rows have the same QOIs.
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(a) M-11% fuel
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(d) S-22% fuel
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(e) M-11% fuel
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(h) S-22% fuel
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(i) M-19% fuel
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(j) S-19% fuel
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(k) M-15% fuel
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(l) S-15% fuel
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(m) M-5% fuel
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Figure 3.19: Fission errors in multiple regions of the fuel between MCNP and PDT for different
types of cross section data (MCD-FEDS-166, SERPENT-SHEM-166) with three regions in fuel
with equal radius division for 2D pin cell problem (pcm in 95% condifence). Columns have the
same cross sections. Rows have the same QOIs.
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(a) MCD-FEDS fuel
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(b) OCD-FEDS fuel

Figure 3.20: Absorption errors in the whole fuel between MCNP and PDT for different types of
cross section data (MCD-FEDS-166, SERPENT-SHEM-166) with three regions in fuel with equal
radius division for 2D pin cell problem (pcm in 95% condifence).
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(a) MCD-FEDS fuel

10 2 100 102 104 106

Energy (eV)

400

350

300

250

200

150

100

50

0

Re
ac

tio
n 

Ra
te

 D
iff

er
en

ce
 (p

cm
)

(b) OCD-FEDS fuel

Figure 3.21: Fission errors in the whole fuel between MCNP and PDT for different types of cross
section data (MCD-FEDS-166, SERPENT-SHEM- 166) with three regions in fuel with equal ra-
dius division for 2D pin cell problem (pcm in 95% condifence).
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Table 3.28: Errors in keff for different types of cross section data (MCD-FEDS, SERPENT- SHEM)
with three regions in fuel with equal volume division for 2D pin cell problem.

Method Unknowns Keff Epcm Efficiency

(RRR) 1
|Error|×DOF

MCD-FEDS-166 30 1.46086 -259 ±1 12.9

MCD-FEDS-195 59 1.46198 -182 ±1 9.3

MCD-FEDS-244 108 1.46373 -63 ±1 14.8

MCD-FEDS-361 225 1.46421 -30 ±1 14.8

MCD-FEDS-417 281 1.46425 -27 ±1 13.0

SERPENT-SHEM-166 30 1.45913 -377 ±1 8.8

SERPENT-SHEM-244 108 1.46117 -237 ±1 3.9

SERPENT-SHEM-361 225 1.46257 -142 ±1 3.1

3.1.4 Weighting FEDS Cross Sections with SERPENT

The FEDS discontiguous group structure is also applied in SERPENT for cross sections weight-

ing. The results for keff for SERPENT-FEDS method for 2D pin cell problem is listed in Table 3.33.

It is observed that SERPENT-FEDS method gives the best results for keff even with smallest num-

ber of unknowns.
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Figure 3.22: Absorption errors in multiple regions of the fuel between MCNP and PDT for different
types of cross section data (MCD-FEDS-166, SERPENT-SHEM-166) with three regions in fuel
with equal volume division for 2D pin cell problem (pcm in 95% condifence). Columns have the
same cross sections. Rows have the same QOIs.
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Figure 3.23: Fission errors in multiple regions of the fuel between MCNP and PDT for different
types of cross section data (MCD-FEDS-166, SERPENT-SHEM-166) with three regions in fuel
with equal volume division for 2D pin cell problem (pcm in 95% condifence). Columns have the
same cross sections. Rows have the same QOIs.
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Figure 3.24: Absorption errors in the whole fuel between MCNP and PDT for different types of
cross section data (MCD-FEDS-166, SERPENT-SHEM-166) with three regions in fuel with equal
volume division for 2D pin cell problem (pcm in 95% condifence).
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Figure 3.25: Fission errors in the whole fuel between MCNP and PDT for different types of cross
section data (MCD-FEDS-166, SERPENT-SHEM-166) with three regions in fuel with equal vol-
ume division for 2D pin cell problem (pcm in 95% condifence).
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Table 3.33: Errors in keff for SERPENT-FEDS method for 2D pin cell problem.

Method Unknowns Keff Epcm Efficiency

(RRR) 1
|Error|×DOF

NJOY-FEDS-166 30 1.46865 273±1 12.2

NJOY-FEDS-244 108 1.46663 135±1 6.9

NJOY-FEDS-361 225 1.46571 72±1 6.1

NJOY-SHEM-166 30 1.46875 280±1 11.9

NJOY-SHEM-244 108 1.46875 207±1 4.5

NJOY-SHEM-361 225 1.46410 -38±1 11.8

SERPENT-SHEM-166 30 1.46057 -279±1 11.9

SERPENT-SHEM-244 108 1.46250 -147±1 6.3

SERPENT-SHEM-361 225 1.46366 -68±1 6.6

SERPENT-FEDS-166 30 1.46394 -48±1 68.8

SERPENT-FEDS-244 108 1.46401 -42±1 22.0

SERPENT-FEDS-361 225 1.46398 -39±1 11.4

The errors in absorption and fission rates in 50%, 30%, 15%, 5% fuel regions for different

types of cross sections for 166 groups are plotted in Figs.3.26-3.27, respectively. The errors in in

absorption and fission rates for the whole fuel region for different types of cross sections for 166

groups are plotted in Figs.3.28, and 3.29, respectively. Errors in absorption rates and fission rate

for different types of cross section data for different unknown numbers are summarized in Tables

3.34-3.35, respectively . L1 errors in absorption rates and fission rates for different types of cross

section data for different unknown numbers are summarized in Tables 3.36-3.37.

After applying the FEDS discontiguous group structure in SERPENT, it greatly reduce the
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absorption errors in the RRR region: the maximum absorption error in RRR for 166 groups drops

from about 8000 pcm to 400 pcm in the outer 5% fuel region. And there is also reduction in the

absorption and fission errors in the thermal range. It is also observed that SERPENT-FEDS method

give the smallest L1 errors in the absorption and fission rate for the whole fuel.

Table 3.34: Errors in integrated absorption rate for SERPENT-FEDS method for 2D pin cell prob-
lem.

Method 50% fuel 30% fuel 15% fuel 5% fuel fuel

NJOY-FEDS-166 283 25 -323 -1612 -22

NJOY-FEDS-244 85 -11 -140 -336 -10

NJOY-FEDS-361 45 -9 -76 -155 -5

NJOY-SHEM-166 2833 1590 -2701 -19864 14

NJOY-SHEM-244 1487 893 -1166 -11080 22

NJOY-SHEM-361 734 95 -813 -2998 36

SERPENT-SHEM-166 2755 1419 -2971 -20161 -138

SERPENT-SHEM-244 1360 732 -1423 -11392 -149

SERPENT-SHEM-361 533 -94 -979 -3141 -152

SERPENT-FEDS-166 143 -110 -483 -1600 -154

SERPENT-FEDS-244 128 -91 -412 -1087 -155

SERPENT-FEDS-361 117 -77 -358 -996 -157
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(a) NJOY-FEDS-50% fuel (b) SERPENT-SHEM-50% fuel (c) SERPENT-FEDS-50% fuel

(d) NJOY-FEDS-30% fuel (e) SERPENT-SHEM-30% fuel (f) SERPENT-FEDS-30% fuel

(g) NJOY-FEDS-15% fuel (h) SERPENT-SHEM-15% fuel (i) SERPENT-FEDS-15% fuel

(j) NJOY-FEDS-5% fuel (k) SERPENT-SHEM-5% fuel (l) SERPENT-FEDS-5% fuel

Figure 3.26: Absorption errors in multiple regions of the fuel between MCNP and PDT for different types of 
cross section data (NJOY-FEDS-166, SERPENT-SHEM-166, SERPENT-FEDS-166) for 2D pin cell 
problem (pcm in 95% condifence). Columns have the same cross sections. Rows have the same QOIs.
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(a) NJOY-FEDS-50% fuel
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(b) SERPENT-SHEM-50% fuel
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(c) SERPENT-FEDS-50% fuel
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(d) NJOY-FEDS-30% fuel
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(e) SERPENT-SHEM-30% fuel
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(f) SERPENT-FEDS-30% fuel
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(g) NJOY-FEDS-15% fuel
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(h) SERPENT-SHEM-15% fuel
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(i) SERPENT-FEDS-15% fuel
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(j) NJOY-FEDS-5% fuel
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(k) SERPENT-SHEM-5% fuel
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(l) SERPENT-FEDS-5% fuel

Figure 3.27: Fission errors in multiple regions of the fuel between MCNP and PDT for different types of 
cross section data (NJOY-FEDS-166, SERPENT-SHEM-166, SERPENT-FEDS-166) for 2D pin cell 
problem (pcm in 95% condifence). Columns have the same cross sections. Rows have the same QOIs.
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(a) NJOY-FEDS fuel (b) SERPENT-SHEM fuel (c) SERPENT-FEDS fuel

Figure 3.28: Absorption errors in the whole fuel between MCNP and PDT for different types of
cross section data (NJOY-FEDS-166, SERPENT-SHEM-166, SERPENT-FEDS-166) for 2D pin
cell problem (pcm in 95% condifence).
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(a) NJOY-FEDS fuel
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(b) SERPENT-SHEM fuel
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(c) SERPENT-FEDS fuel

Figure 3.29: Fission errors in the whole fuel between MCNP and PDT for different types of
cross section data (NJOY-FEDS-166, SERPENT-SHEM-166, SERPENT-FEDS-166) for 2D pin
cell problem (pcm in 95% condifence).
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Table 3.35: Errors in integrated fission rate for SERPENT-FEDS method for 2D pin cell problem.

Method 50% fuel 30% fuel 15% fuel 5% fuel fuel

NJOY-FEDS-166 350 314 263 240 320

NJOY-FEDS-244 195 180 147 138 180

NJOY-FEDS-361 130 118 86 77 117

NJOY-SHEM-166 365 300 219 163 312

NJOY-SHEM-244 274 231 171 134 237

NJOY-SHEM-361 22 -12 -62 -84 -7

SERPENT-SHEM-166 -255 -323 -406 -464 -311

SERPENT-SHEM-244 -133 -183 -250 -294 -175

SERPENT-SHEM-361 -57 -100 -159 -188 -93

SERPENT-FEDS-166 -24 -69 -130 -160 -61

SERPENT-FEDS-244 -23 -72 -126 -166 -64

SERPENT-FEDS-361 -25 -67 -134 -156 -64
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Table 3.36: L1 errors in absorption rate for SERPENT-FEDS method for 2D pin cell problem.

Method 50% fuel 30% fuel 15% fuel 5% fuel fuel

NJOY-FEDS-166 672 762 1024 2175 814

NJOY-FEDS-244 439 470 523 636 460

NJOY-FEDS-361 330 341 340 358 329

NJOY-SHEM-166 2857 2070 3382 20410 1116

NJOY-SHEM-244 1519 1180 2413 11482 624

NJOY-SHEM-361 883 310 1010 3120 268

SERPENT-SHEM-166 3669 2396 2987 20173 768

SERPENT-SHEM-244 1995 1432 2196 11403 485

SERPENT-SHEM-361 1005 446 1125 3153 334

SERPENT-FEDS-166 557 322 518 1612 265

SERPENT-FEDS-244 438 220 390 1126 246

SERPENT-FEDS-361 403 220 367 1088 221
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Table 3.37: L1 errors in fission rate for SERPENT-FEDS method for 2D pin cell problem.

Method 50% fuel 30% fuel 15% fuel 5% fuel fuel

NJOY-FEDS-166 627 634 617 617 627

NJOY-FEDS-244 375 359 323 309 359

NJOY-FEDS-361 292 272 234 219 273

NJOY-SHEM-166 669 676 660 662 670

NJOY-SHEM-244 430 438 427 442 431

NJOY-SHEM-361 251 247 225 223 244

SERPENT-SHEM-166 435 418 463 496 421

SERPENT-SHEM-244 226 229 272 301 228

SERPENT-SHEM-361 109 120 170 193 117

SERPENT-FEDS-166 73 74 132 163 73

SERPENT-FEDS-244 72 78 128 169 76

SERPENT-FEDS-361 76 73 135 159 76

We also tested the SERPENT-FEDS method for two regions in the fuel for cross section gener-

ation for 166 groups. The errors in absorption and fission rates in 50%, 30%, 15%, 5% fuel regions

for different types of cross sections for 166 groups are plotted in Figs.??, 3.34, 3.31 and 3.35, re-

spectively. The errors in in absorption and fission rates for the whole fuel region for different types

of cross sections for 166 groups are plotted in Figs.3.32, 3.36, 3.33 and 3.37, respectively. Errors in

absorption rates and fission rate for different types of cross section data are summarized in Tables

3.38-3.39, respectively . L1 errors in absorption rates and fission rates for different types of cross

section data for are summarized in Tables 3.40-3.41, respectively. Similar results are observed in

this two region calculation: SERPENT-FEDS method performs better in EV division than in ER
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division. In addition, SERPENT-FEDS give the smallest value in L1 errors in absorption rates in

the outer 5% fuel region and gives the best results for the absorption and fission rate in the whole

fuel regions.

Table 3.38: Errors in integrated absorption rates for different types of cross section data (MCD-
FEDS, OCD-FEDS, SERPENT-SHEM, SERPENT-FEDS) with two regions in fuel for 2D pin cell
problem.

Method 25% fuel 25% fuel 30% fuel 15% fuel 5% fuel fuel

ER-MCD-FEDS-166 372 240 9 -210 -1634 0

EV-MCD-FEDS-166 26 -123 274 177 -1195 7

ER-OCD-FEDS-166 514 114 -52 -209 -1578 -11

EV-OCD-FEDS-166 163 41 114 75 -1540 -11

ER-SERPENT-SHEM-166 -240 3559 2355 -1985 -19271 -133

EV-SERPENT-SHEM-166 263 -538 3983 -333 -17771 -132

ER-SERPENT-FEDS-166 -184 216 -12 -357 -1465 -152

EV-SERPENT-FEDS-166 -44 -255 125 -196 -1282 -152
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(a) MCD-FEDS-25% fuel
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(b) SERPENT-SHEM-25% fuel
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(c) SERPENT-FEDS-25% fuel
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(d) MCD-FEDS-25% fuel
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(e) SERPENT-SHEM-25% fuel
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(f) SERPENT-FEDS-25% fuel
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(g) MCD-FEDS-30% fuel
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(h) SERPENT-SHEM-30% fuel
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(i) SERPENT-FEDS-30% fuel
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(j) MCD-FEDS-15% fuel
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(k) SERPENT-SHEM-15% fuel
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(l) SERPENT-FEDS-15% fuel

Figure 3.30: Absorption errors in multiple regions of the fuel between MCNP and PDT for different
types of cross section data (MCD-FEDS-166, SERPENT-SHEM-166, SERPENT-FEDS-166) with
two regions in fuel with equal radius division for for 2D pin cell problem (pcm in 95% condifence).
Columns have the same cross sections. Rows have the same QOIs.
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(m) MCD-FEDS-5% fuel
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(n) SERPENT-SHEM-5% fuel
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(o) SERPENT-FEDS-5% fuel

Figure 3.30: Continued.

Table 3.39: Errors in integrated fission rates for different types of cross section data (MCD-FEDS,
OCD-FEDS, SERPENT-SHEM, SERPENT-FEDS) with two regions in fuel for 2D pin cell prob-
lem.

Method 25% fuel 25% fuel 30% fuel 15% fuel 5% fuel fuel

ER-MCD-FEDS-166 86 93 69 28 7 69

EV-MCD-FEDS-166 -69 -65 17 -24 -42 -33

ER-OCD-FEDS-166 308 258 227 179 154 243

EV-OCD-FEDS-166 245 247 263 216 193 244

ER-SERPENT-SHEM-166 -303 -260 -321 -401 -459 -322

EV-SERPENT-SHEM-166 -283 -323 -317 -399 -454 -331

ER-SERPENT-FEDS-166 -65 -20 -59 -116 -147 -65

EV-SERPENT-FEDS-166 -56 -64 -50 -106 -137 -68
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(a) MCD-FEDS-25% fuel
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(b) SERPENT-SHEM-25% fuel
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(c) SERPENT-FEDS-25% fuel
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(d) MCD-FEDS-25% fuel

10 2 100 102 104 106

Energy (eV)

350

300

250

200

150

100

50

0

50
Re

ac
tio

n 
Ra

te
 D

iff
er

en
ce

 (p
cm

)

(e) SERPENT-SHEM-25% fuel
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(f) SERPENT-FEDS-25% fuel
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(g) MCD-FEDS-30% fuel
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(h) SERPENT-SHEM-30% fuel
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(i) SERPENT-FEDS-30% fuel
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(j) MCD-FEDS-15% fuel
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(k) SERPENT-SHEM-15% fuel
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(l) SERPENT-FEDS-15% fuel

Figure 3.31: Fission errors in multiple regions of the fuel between MCNP and PDT for different
types of cross section data (MCD-FEDS-166, SERPENT-SHEM-166, SERPENT-FEDS-166) with
two regions in fuel with equal radius division for for 2D pin cell problem (pcm in 95% condifence).
Columns have the same cross sections. Rows have the same QOIs.
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(m) MCD-FEDS-5% fuel
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(n) SERPENT-SHEM-5% fuel
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(o) SERPENT-FEDS-5% fuel

Figure 3.31: Continued.

(a) MCD-FEDS fuel (b) SERPENT-SHEM fuel

10 2 100 102 104 106

Energy (eV)

150

125

100

75

50

25

0

Re
ac

tio
n 

Ra
te

 D
iff

er
en

ce
 (p

cm
)

(c) SERPENT-FEDS fuel

Figure 3.32: Absorption errors in the whole fuel between MCNP and PDT for different types
of cross section data (MCD-FEDS-166, SERPENT-SHEM-166, SERPENT-FEDS-166) with two
regions in fuel with equal radius division for for 2D pin cell problem (pcm in 95% condifence).
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(a) MCD-FEDS fuel
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(b) SERPENT-SHEM fuel
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(c) SERPENT-FEDS fuel

Figure 3.33: Fission errors in the whole fuel between MCNP and PDT for different types of cross
section data (MCD-FEDS-166, SERPENT-SHEM-166, SERPENT-FEDS-166) with two regions
in fuel with equal radius division for for 2D pin cell problem (pcm in 95% condifence).
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(a) MCD-FEDS-25% fuel
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(b) SERPENT-SHEM-25% fuel
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(c) SERPENT-FEDS-25% fuel
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(d) MCD-FEDS-25% fuel
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(e) SERPENT-SHEM-25% fuel
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(f) SERPENT-FEDS-25% fuel
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(g) MCD-FEDS-30% fuel

10 2 100 102 104 106

Energy (eV)

250

0

250

500

750

1000

1250

1500

Re
ac

tio
n 

Ra
te

 D
iff

er
en

ce
 (p

cm
)

(h) SERPENT-SHEM-30% fuel
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(i) SERPENT-FEDS-30% fuel
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(j) MCD-FEDS-15% fuel
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(k) SERPENT-SHEM-15% fuel
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(l) SERPENT-FEDS-15% fuel

Figure 3.34: Absorption errors in multiple regions of the fuel between MCNP and PDT for differ-
ent types of cross section data (MCD-FEDS-166, SERPENT-SHEM-166, SERPENT-FEDS-166)
with two regions in fuel with equal volume division for for 2D pin cell problem (pcm in 95%
condifence). Columns have the same cross sections. Rows have the same QOIs.
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(m) MCD-FEDS-5% fuel
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(n) SERPENT-SHEM-5% fuel
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(o) SERPENT- FEDS-5% fuel

Figure 3.34: Continued.

Table 3.40: L1 errors in integrated absorption rates for different types of cross section data (MCD-
FEDS, OCD-FEDS, SERPENT-SHEM, SERPENT-FEDS) with two regions in fuel for 2D pin cell
problem.

Method 25% fuel 25% fuel 30% fuel 15% fuel 5% fuel fuel

ER-MCD-FEDS-166 547 517 527 619 1863 542

EV-MCD-FEDS-166 369 466 419 351 1404 412

ER-OCD-FEDS-166 683 707 757 763 2016 752

EV-OCD-FEDS-166 585 700 624 559 1985 699

ER-SERPENT-SHEM-166 767 4477 3279 2120 19283 794

EV-SERPENT-SHEM-166 1258 635 4918 1682 17783 814

ER-SERPENT-FEDS-166 298 617 399 408 1477 271

EV-SERPENT-FEDS-166 420 291 532 352 1294 276
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(a) MCD-FEDS-25% fuel
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(b) SERPENT-SHEM-25% fuel
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(c) SERPENT-FEDS-25% fuel
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(d) MCD-FEDS-25% fuel
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(e) SERPENT-SHEM-25% fuel
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(f) SERPENT-FEDS-25% fuel
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(g) MCD-FEDS-30% fuel
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(h) SERPENT-SHEM-30% fuel
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(i) SERPENT-FEDS-30% fuel
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(j) MCD-FEDS-15% fuel
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(k) SERPENT-SEHM-15% fuel
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(l) SERPENT-FEDS-15% fuel

Figure 3.35: Fission errors in multiple regions of the fuel between MCNP and PDT for differ-
ent types of cross section data (MCD-FEDS-166, SERPENT-SHEM-166, SERPENT-FEDS-166)
with two regions in fuel with equal volume division for for 2D pin cell problem (pcm in 95%
condifence). Columns have the same cross sections. Rows have the same QOIs.
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(m) MCD-FEDS-5% fuel
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(n) SERPENT-SHEM-5% fuel
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(o) SERPENT-FEDS-5% fuel

Figure 3.35: Continued.

(a) MCD-FEDS fuel (b) SERPENT-SHEM fuel

10 2 100 102 104 106

Energy (eV)

150

125

100

75

50

25

0

Re
ac

tio
n 

Ra
te

 D
iff

er
en

ce
 (p

cm
)

(c) SERPENT-FEDS fuel

Figure 3.36: Absorption errors in the whole fuel between MCNP and PDT for different types
of cross section data (MCD-FEDS-166, SERPENT-SHEM-166, SERPENT-FEDS-166) with two
regions in fuel with equal volume division for for 2D pin cell problem (pcm in 95% condifence).
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(a) MCD-FEDS fuel
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(b) SERPENT-SHEM fuel
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(c) SERPENT-FEDS fuel

Figure 3.37: Fission errors in the whole fuel between MCNP and PDT for different types of cross
section data (MCD-FEDS-166, SERPENT-SHEM-166, SERPENT-FEDS-166) with two regions
in fuel with equal volume division for for 2D pin cell problem (pcm in 95% condifence).
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Table 3.41: L1 errors in integrated fission rates for different types of cross section data (MCD-
FEDS, OCD-FEDS, SERPENT-SHEM, SERPENT-FEDS) with two regions in fuel for 2D pin cell
problem.

Method 25% fuel 25% fuel 30% fuel 15% fuel 5% fuel fuel

ER-MCD-FEDS-166 322 342 336 314 308 329

EV-MCD-FEDS-166 255 275 213 185 178 226

ER-OCD-FEDS-166 465 527 530 517 515 509

EV-OCD-FEDS-166 488 515 484 471 469 490

ER-SERPENT-SHEM-166 464 445 426 455 489 437

EV-SERPENT-SHEM-166 494 453 440 449 482 451

EV-SERPENT-FEDS-166 89 70 68 117 148 77

ER-SERPENT-FEDS-166 93 75 72 108 138 79

Moreover, calculations are performed for the four regions in the fuel for cross sections gener-

ation. The results for keff for different type of cross sections for 2D pin cell problem is listed in

Table 3.42. It is noticed that NJOY-SHEM method gives much worse results than the ones in the

single ring calculation. This may be mainly caused by that the approximate weighting spectrum in

NJOY code doesn’t work for the multiple fuel rings case. In order to exclude the possibility of a

code bug, we further test the case for infinite medium problem with NJOY-SHEM cross sections,

and the results are listed in Appendix.
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Table 3.42: Errors in keff for different types of cross sections (NJOY-FEDS,NJOY-SHEM,
SERPENT-SHEM, SERPENT-FEDS) with four regions in fuel for 2D pin cell problem.

Method Unknowns Keff Epcm Efficiency

(RRR) 1
|Error|×DOF

NJOY-FEDS-166 30 1.46047 -286 ±1 -8.0

NJOY-FEDS-244 108 1.46435 -20 ±1 -7.2

NJOY-FEDS-361 225 1.46449 -11 ±1 -4.2

NJOY-SHEM-166 30 1.41018 -3719 ±1 -8.0

NJOY-SHEM-244 108 1.43766 -1843 ±1 -7.2

NJOY-SHEM-361 225 1.44718 -1193 ±1 -4.2

SERPENT-SHEM-166 30 1.45927 -367 ±1 -8.0

SERPENT-SHEM-244 108 1.46100 -249 ±1 -7.2

SERPENT-SHEM-361 225 1.46260 -141 ±1 -4.2

SERPENT-FEDS-166 30 1.46361 -71 ±1 -8.0

SERPENT-FEDS-244 108 1.46380 -58 ±1 -7.2

SERPENT-FEDS-361 225 1.46377 -60 ±1 -4.2

The errors in absorption and fission rates in 50%, 30%, 15%, 5% fuel regions for different

types of cross sections for 166 groups are plotted in Figs.3.38 and 3.39, respectively. The errors in

in absorption and fission rates for the whole fuel region for different types of cross sections for 166

groups are plotted in Figs.3.40, and 3.40, respectively. Errors in absorption rates and fission rate for

different types of cross section data are summarized in Tables 3.43-3.44, respectively . L1 errors

in absorption rates and fission rates for different types of cross section data for are summarized in

Tables 3.45-3.46, respectively.
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(a) NJOY-FEDS-50% fuel
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(b) NJOY-SHEM-50% fuel
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(c) SERPENT-SHEM-50% fuel
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(d) SERPENT-FEDS-50% fuel
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(e) NJOY-FEDS-30% fuel
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(f) NJOY-SHEM-30% fuel
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(g) SERPENT-SHEM-30% fuel
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(h) SERPENT-FEDS-30% fuel
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(i) NJOY-FEDS-15% fuel
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(j) NJOY-SHEM-15% fuel
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(k) SERPENT-SHEM-15% fuel
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(l) SERPENT-FEDS-15% fuel
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(m) NJOY-FEDS-5% fuel
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(n) NJOY-SHEM-5% fuel
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(o) SERPENT-SHEM-5% fuel
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(p) SERPENT-FEDS-5% fuel

Figure 3.38: Absorption errors in multiple regions of the fuel between MCNP and PDT for dif-
ferent types of cross section data (NJOY-FEDS-166, NJOY-SHEM-166, SERPENT-SHEM-166,
SERPENT-FEDS-166) with four regions in fuel for 2D pin cell problem (pcm in 95% condifence).
Columns have the same cross sections. Rows have the same QOIs.
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(a) NJOY-FEDS-50% fuel
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(b) NJOY-SHEM-50% fuel
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(c) SERPENT-SHEM-50% fuel
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(d) SERPENT-FEDS-50% fuel
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(e) NJOY-FEDS-30% fuel
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(f) NJOY-SHEM-30% fuel
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(g) SERPENT-SHEM-30% fuel
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(h) SERPENT-FEDS-30% fuel
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(i) NJOY-FEDS-15% fuel
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(j) NJOY-SHEM-15% fuel
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(k) SERPENT-SHEM-15% fuel
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(l) SERPENT-FEDS-15% fuel
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(m) NJOY-FEDS-5% fuel
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(n) NJOY-SHEM-5% fuel
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(o) SERPENT-SHEM-5% fuel
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(p) SERPENT-FEDS-5% fuel

Figure 3.39: Fission errors in multiple regions of the fuel between MCNP and PDT for dif-
ferent types of cross section data (NJOY-FEDS-166, NJOY-SHEM-166, SERPENT-SHEM-166,
SERPENT-FEDS-166) with four regions in fuel for 2D pin cell problem (pcm in 95% condifence).
Columns have the same cross sections. Rows have the same QOIs.
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(a) NJOY-FEDS fuel
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(b) NJOY-SHEM fuel
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(c) SERPENT-SHEM fuel
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(d) SERPENT-FEDS fuel

Figure 3.40: Absorption errors in the whole fuel between MCNP and PDT for different types
of cross section data (NJOY-FEDS-166, NJOY-SHEM-166, SERPENT-SHEM-166, SERPENT-
FEDS-166) with four regions in fuel for 2D pin cell problem (pcm in 95% condifence).
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(a) NJOY-FEDS fuel
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(b) NJOY-SHEM fuel
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(c) SERPENT-SHEM fuel
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(d) SERPENT-FEDS fuel

Figure 3.41: Fission errors in the whole fuel between MCNP and PDT for different types of cross
section data ( NJOY-FEDS-166, NJOY-SHEM-166, SERPENT-SHEM-166, NJOY-SHEM-166)
with four regions in fuel for 2D pin cell problem (pcm in 95% condifence).
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Table 3.43: Errors in integrated absorption rate for different types of cross section data (NJOY-
FEDS, NJOY-SHEM, SERPENT-SHEM, SERPENT-FEDS) with four region in fuel for 2D pin
cell problem.

Method 50% fuel 30% fuel 15% fuel 5% fuel fuel

NJOY-FEDS-166 -302 317 447 -137 17

NJOY-FEDS-244 -102 98 126 10 3

NJOY-FEDS-361 -54 59 72 -26 2

NJOY-SHEM-166 -1921 1612 3571 1219 251

NJOY-SHEM-244 -927 936 1607 503 143

NJOY-SHEM-361 -507 601 889 227 104

SERPENT-SHEM-166 29 -78 -325 -1085 -137

SERPENT-SHEM-244 -85 -99 -235 -584 -148

SERPENT-SHEM-361 -127 -152 -195 -191 -150

SERPENT-FEDS-166 -125 -161 -222 -128 -152

SERPENT-FEDS-244 -119 -157 -209 -113 -140

SERPENT-FEDS-361 -115 -155 -206 -121 -136
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Table 3.44: Errors in integrated fission rate for different types of cross section data (NJOY-FEDS,
NJOY-SHEM, SERPENT-SHEM, SERPENT-FEDS) with four region in fuel for 2D pin cell prob-
lem.

Method 50% fuel 30% fuel 15% fuel 5% fuel fuel

NJOY-FEDS-166 -349 -160 -127 -136 -245

NJOY-FEDS-244 -36 65 93 97 23

NJOY-FEDS-361 -13 63 82 83 31

NJOY-SHEM-166 -3838 -3615 -3590 -3616 -3719

NJOY-SHEM-244 -1917 -1750 -1731 -1758 -1827

NJOY-SHEM-361 -1222 -1131 -1118 -1130 -1172

SERPENT-SHEM-166 -300 -332 -373 -416 -327

SERPENT-SHEM-244 -197 -211 -231 -246 -209

SERPENT-SHEM-361 -94 -100 -109 -113 -99

SERPENT-FEDS-166 -71 -74 -81 -83 -74

SERPENT-FEDS-244 -67 -68 -78 -80 -68

SERPENT-FEDS-361 -67 -74 -80 -82 -73
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Table 3.45: L1 errors in absorption rate for different types of cross section data (NJOY-FEDS,
NJOY-SHEM, SERPENT-SHEM, SERPENT-FEDS) with four region in fuel for 2D pin cell prob-
lem.

Method 50% fuel 30% fuel 15% fuel 5% fuel fuel

NJOY-FEDS-166 571 714 704 666 549

NJOY-FEDS-244 268 215 238 239 213

NJOY-FEDS-361 221 215 226 232 206

NJOY-SHEM-166 4312 7291 9002 7139 5851

NJOY-SHEM-244 2498 3929 4504 3671 3277

NJOY-SHEM-361 1823 2625 2867 2477 2219

SERPENT-SHEM-166 1027 882 602 1099 817

SERPENT-SHEM-244 646 596 501 598 546

SERPENT-SHEM-361 401 351 269 310 347

SERPENT-FEDS-166 344 274 246 260 286

SERPENT-FEDS-244 325 265 232 240 267

SERPENT-FEDS-361 324 262 229 245 265
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Table 3.46: L1 errors in fission rate for different types of cross section data (NJOY-FEDS, NJOY-
SHEM, SERPENT-SHEM, SERPENT-FEDS) with four region in fuel for 2D pin cell problem.

Method 50% fuel 30% fuel 15% fuel 5% fuel fuel

NJOY-FEDS-166 354 271 270 260 264

NJOY-FEDS-244 176 163 170 172 155

NJOY-FEDS-361 171 152 159 158 151

NJOY-SHEM-166 3843 3617 3591 3616 3722

NJOY-SHEM-244 1920 1797 1799 1801 1829

NJOY-SHEM-361 1226 1132 1118 1131 1174

SERPENT-SHEM-166 490 455 425 418 461

SERPENT-SHEM-244 278 262 253 248 267

SERPENT-SHEM-361 133 122 116 115 125

SERPENT-FEDS-166 92 82 82 85 85

SERPENT-FEDS-244 88 75 80 81 79

SERPENT-FEDS-361 88 81 81 83 84

3.2 2X2 Pin Cell Calculation

The SERPENT-FEDS method is also tested on simple 2x2 MOX and UO2 pin cell problem.

The UO2 pin cell is of the same material compositions and dimensions in the previous calculation.

The MOX fuel is composed of 95% of U-238 and 5% Pu-239 with a density of 10.29769 g/cm3.

The same procedure is applied for comparison of different cross section generation methods. The

fuel region is further divided into 2 regions (95%, 5% of volume) for QOIs comparisons. P3 scat-

tering is used. The mesh is plotted in Fig. 3.42. There is 6, 3, 8 number of cells in radial direction

and 16, 32, 32 number of cells in azimuthal direction. Gauss-Chebyshev product quadrature is
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used for angular quadrature with 16 polar angles and 32 azimuthal angles.

Figure 3.42: PDT mesh for 2x2 pin cell problem

The results for keff for different type of cross sections for 2X2 pin cell problem is listed in

Table 3.47. For each method, the errors in keff decrease as the number of unknowns increases. And

SERPENT-FEDS method gives the best results for keff.

The absorption errors in the outer 5% fuel in UO2 and MOX pin cells for different types of

cross sections for 166 groups are plotted in Figs. 3.43 and 3.44, respectively. The errors in in

absorption and fission rates for UO2 and MOX fuel region for different types of cross sections
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Table 3.47: Errors in keff for different types of cross sections (NJOY-FEDS, NJOY-SHEM,
SERPENT-SHEM, SERPENT-FEDS) for 2X2 pin cell problem.

Method Unknowns Keff Epcm Efficiency
(RRR) 1

|Error|×DOF

NJOY-FEDS-166 30 1.51128 414 ±1 -8.0
NJOY-FEDS-244 108 1.50697 128 ±1 -7.2
NJOY-FEDS-361 225 1.50664 106 ±1 -4.2
NJOY-SHEM-166 30 1.50529 16 ±1 -8.0
NJOY-SHEM-244 108 1.50466 -26 ±1 -7.2
NJOY-SHEM-361 225 1.50153 -234 ±1 -4.2

SERPENT-SHEM-166 30 1.49979 -350 ±1 9.5
SERPENT-SHEM-244 108 1.50190 -209 ±1 4.4
SERPENT-SHEM-361 225 1.50304 -134 ±1 3.3
SERPENT-FEDS-166 30 1.50345 -106 ±1 31.4
SERPENT-FEDS-244 108 1.50362 -95 ±1 9.7
SERPENT-FEDS-361 225 1.50357 -98 ±1 4.5

for 166 groups are plotted in Figs.3.45, 3.46, 3.47 and 3.48, respectively. L1 errors in absorption

rates and fission rates for different types of cross section data for different unknown numbers are

summarized in Tables 3.48. The absorption errors in the outer 5% UO2 and MOX fuel show similar

behavior for each set of cross section data. The SERPENT-FEDS method gives the best results for

the absorption errors in the outer 5% fuel for 166 groups in both pin cells and gives the best results

in the L1 errors in the absorption rates for the while fuel.
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(a) NJOY-FEDS-166 (b) SERPENT-SHEM-166 (c) SERPENT-FEDS-166

Figure 3.43: Absorption errors in outer 5% UO2 fuel between MCNP and PDT for different types
of cross section data (NJOY-FEDS-166, SERPENT-SHEM-166, SERPENT-FEDS-166) for 2X2
pin cell problem (pcm in 95% condifence).
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(a) NJOY-FEDS-166
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(b) SERPENT-SHEM-166
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(c) SERPENT-FEDS-166

Figure 3.44: Absorption errors in outer 5% MOX fuel between MCNP and PDT for different types
of cross section data (NJOY-FEDS-166, SERPENT-SHEM-166, SERPENT-FEDS-166) for 2X2
pin cell problem (pcm in 95% condifence).

(a) FEDS-166 (b) SERPENT-SHEM-166 (c) SERPENT-FEDS-166

Figure 3.45: Absorption errors in UO2 fuel between MCNP and PDT for different types of cross
section data (NJOY-FEDS-166, SERPENT-SHEM-166, SERPENT-FEDS-166) for 2X2 pin cell
problem (pcm in 95% condifence).
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(a) FEDS-166
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(b) SERPENT-SHEM-166
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(c) SERPENT-FEDS-166

Figure 3.46: Absorption errors in MOX fuel between MCNP and PDT for different types of cross
section data (NJOY-FEDS-166, SERPENT-SHEM-166, SERPENT-FEDS-166) for 2X2 pin cell
problem (pcm in 95% condifence).
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(a) FEDS-166
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(b) SERPENT-SHEM-166
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(c) SERPENT-FEDS-166

Figure 3.47: Fission errors in UO2 fuel between MCNP and PDT for different types of cross section
data (NJOY-FEDS-166, SERPENT-SHEM-166, SERPENT-FEDS-166) for 2X2 pin cell problem
(pcm in 95% condifence).
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(a) FEDS-166
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(b) SERPENT-SHEM-166
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(c) SERPENT-FEDS-166

Figure 3.48: Fission errors in MOX fuel between MCNP and PDT for different types of cross
section data (NJOY-FEDS-166, SERPENT-SHEM-166, SERPENT-FEDS-166) for 2X2 pin cell
problem (pcm in 95% condifence).
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Table 3.48: L1 errors in QOIs for different types of cross section data (NJOY-FEDS, NJOY-SHEM,
SERPENT-SHEM, SERPENT-FEDS) for 2x2 pin cell problem

Method UO2 fuel abs. UO2 fuel fiss. MOX fuel abs. MOX fuel fiss.

NJOY-FEDS-166 1247 1036 1264 1044

NJOY-FEDS-244 504 436 509 453

NJOY-FEDS-361 443 387 422 380

NJOY-SHEM-166 1988 803 1695 992

NJOY-SHEM-244 1923 774 1500 871

NJOY-SHEM-361 1235 549 958 539

SERPENT-SHEM-166 667 131 683 533

SERPENT-SHEM-244 505 132 460 374

SERPENT-SHEM-361 465 189 363 294

SERPENT-FEDS-166 432 232 324 263

SERPENT-FEDS-244 292 159 217 180

SERPENT-FEDS-361 232 128 184 141

3.3 CASL1B Calculation

We solved a k-eigenvalue problem for CASL1B problem at 600 K as defined in the refer-

ence[8]. The fuel radius is 0.4096cm, and there is air around the fuel with thickness of 0.0084 cm.

The thickness of clad is 0.057cm, and the size of pitch is 1.26 cm. The compositions of materials

are listed in Table P1-4 in reference [8] on Page 23. The PDT mesh is plotted in Fig. 3.49. The fuel

region is further divided into 4 regions (50%, 30%, 15%, 5% of volume) for QOIs comparisons.

P3 scattering is used. There is 4, 2, 2, 3, 8 number of cells in radial direction and 12, 12, 16, 32, 32

number of cells in azimuthal direction. Gauss-Chebyshev product quadrature is used for angular
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Figure 3.49: PDT mesh for CASL1B problem

quadrature with 24 polar angles and 32 azimuthal angles.

The results of keff for different types of cross sections for CASL1B problem is listed in Table

3.49. For NJOY-FEDS method, the errors in keff decrease as the numbers of unknowns increases.

SERPENT-FEDS method gives the best results in keff.

The errors in absorption and fission rates in 50%, 30%, 15%, 5% fuel regions for different

types of cross sections for 166 groups are plotted in Figs.3.50-3.51, respectively. The errors in in

absorption and fission rates for the whole fuel region for different types of cross sections for 166

groups are plotted in Figs.3.52, and 3.53, respectively. Errors in absorption rates and fission rate
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Table 3.49: Errors in keff for different types of cross sections (NJOY-FEDS, SERPENT-SHEM,
SERPENT-FEDS) for CASL1B problem.

Method Unknowns Keff Epcm Efficiency
(RRR) 1

|Error|×DOF

NJOY-FEDS-166 30 1.18918 619 ±1 -5.4
NJOY-FEDS-244 108 1.18748 476 ±1 -1.9
NJOY-FEDS-361 225 1.18564 320 ±1 -1.4

SERPENT-SHEM-166 30 1.17920 -225 ±1 14.8
SERPENT-SHEM-244 108 1.17879 -260 ±1 3.6
SERPENT-SHEM-361 225 1.17903 -240 ±1 1.9
SERPENT-FEDS-166 30 1.18113 -62 ±1 54.0
SERPENT-FEDS-244 108 1.18119 -57 ±1 16.3
SERPENT-FEDS-361 225 1.18117 -59 ±1 7.6

for different types of cross section data for different unknown numbers are summarized in Tables

3.50-3.51, respectively . L1 errors in absorption rates and fission rates for different types of cross

section data for different unknown numbers are summarized in Tables 3.52-3.53. In the absorption

error in the multiple regions of the fuel, SERPENT-SHEM method fails to resolve the errors in

RRR, which are of one magnitude larger than that in both FEDS methods. NJOY-FEDS method

show larger errors in thermal range in both absorption and fission rates in 50%, 30%, 15%, 5% fuel

regions for 166 groups. Overall, SERPENT-FEDS gives the best results for absorption and fission

errors in the multiple fuel regions for 166 groups. In addition, SERPENT-FEDS consistently gives

the best performance in L1 errors in fission rates in multiple regions of the fuel and in absorption

rate in the whole fuel.

3.4 CASL1E Calculation

We solved a k-eigenvalue problem for CASL1E problem at 600 K as defined in the reference[8].

The fuel radius is 0.4096cm and there is integral fuel burnable absorber(IFBA) with thickness of

0.001 cm around fuel. The thickness of air is 0.0074 outside of the absorber, and the clad thickness

is 0.057 cm. The length of pitch is 1.26 cm. The compositions of materials are listed in Table
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(a) NJOY-FEDS-50% fuel
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(b) SERPENT-SHEM-50% fuel
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(c) SERPENT-FEDS-50% fuel
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(d) NJOY-FEDS-30% fuel
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(e) SERPENT-SHEM-30% fuel
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(f) SERPENT-FEDS-30% fuel
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(g) NJOY-FEDS-15% fuel
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(h) SERPENT-SHEM-15% fuel
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(i) SERPENT-FEDS-15% fuel
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(j) NJOY-FEDS-5% fuel
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(k) SERPENT-SHEM-5% fuel
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(l) SERPENT-FEDS-5% fuel

Figure 3.50: Absorption errors in multiple regions of the fuel between MCNP and PDT for different types of 
cross section data (NJOY-FEDS-166, SERPENT-SHEM-166, SERPENT-FEDS-166) for CASL1B problem 
(pcm in 95% condifence). Columns have the same cross sections. Rows have the same QOIs.
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(a) NJOY-FEDS-50% fuel
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(b) SERPENT-SHEM-50% fuel

10 2 100 102 104 106

Energy (eV)

60

50

40

30

20

10

0

10

20

Re
ac

tio
n 

Ra
te

 D
iff

er
en

ce
 (p

cm
)

(c) SERPENT-FEDS-50% fuel
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(d) NJOY-FEDS-30% fuel
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(e) SERPENT-SHEM-30% fuel
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(f) SERPENT-FEDS-30% fuel
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(g) NJOY-FEDS-15% fuel
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(h) SERPENT-SHEM-15% fuel
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(i) SERPENT-FEDS-15% fuel
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(j) FEDS-5% fuel
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(k) SERPENT-SHEM-5% fuel
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(l) SERPENT-FEDS-5% fuel

Figure 3.51: Fission errors in multiple regions of the fuel between MCNP and PDT for different types of 
cross section data (NJOY-FEDS-166, SERPENT-SHEM-166, SERPENT-FEDS-166) for CASL1B problem 
(pcm in 95% condifence). Columns have the same cross sections. Rows have the same QOIs.
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(a) NJOY-FEDS-166
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(b) SERPENT-SHEM-166
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(c) SERPENT-FEDS-166

Figure 3.52: Absorption errors in the whole fuel between MCNP and PDT for different types of
cross section data (NJOY-FEDS-166, SERPENT-SHEM-166, SERPENT-FEDS-166) for CASL1B
problem (pcm in 95% condifence).
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(a) FEDS-166
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(b) SERPENT-SHEM-166
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(c) SERPENT-FEDS-166

Figure 3.53: Fission errors in the whole fuel between MCNP and PDT for different types of cross
section data (NJOY-FEDS-166, SERPENT-SHEM-166, SERPENT-FEDS-166) for CASL1B prob-
lem (pcm in 95% condifence).

Table 3.50: Errors in integrated absorption rate for different types of cross sections (NJOY-FEDS,
SERPENT-SHEM, SERPENT-FEDS) for CASL1B problem

Method 50% fuel 30% fuel 15% fuel 5% fuel fuel
NJOY-FEDS-166 358 -25 -5 -1793 29
NJOY-FEDS-244 156 68 6 -162 82
NJOY-FEDS-361 148 92 36 -32 100

SERPENT-SHEM-166 5123 1823 -6136 -28508 -140
SERPENT-SHEM-244 5106 1838 -6102 -28473 -135
SERPENT-SHEM-361 2475 911 -1797 -17619 -147
SERPENT-FEDS-166 114 -262 -173 -1792 -182
SERPENT-FEDS-244 117 -265 -180 -1481 -163
SERPENT-FEDS-361 106 -267 -172 -1407 -182
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Table 3.51: Errors in integrated fission rate for different types of cross sections (NJOY-FEDS,
SERPENT-SHEM, SERPENT-FEDS) for CASL1B problem

Method 50% fuel 30% fuel 15% fuel 5% fuel fuel
NJOY-FEDS-166 650 609 565 543 619
NJOY-FEDS-244 440 437 422 418 435
NJOY-FEDS-361 319 320 307 305 317

SERPENT-SHEM-166 -172 -242 -324 -394 -229
SERPENT-SHEM-244 -208 -277 -358 -428 -264
SERPENT-SHEM-361 -198 -254 -321 -379 -243
SERPENT-FEDS-166 -24 -78 -131 -156 -63
SERPENT-FEDS-244 -25 -76 -131 -158 -65
SERPENT-FEDS-361 -21 -78 -130 -153 -63

Table 3.52: L1 errors in integrated absorption rate for different types of cross sections (NJOY-
FEDS, SERPENT-SHEM, SERPENT-FEDS) for CASL1B problem

Method 50% fuel 30% fuel 15% fuel 5% fuel fuel
NJOY-FEDS-166 1198 1376 1183 2692 1320
NJOY-FEDS-244 769 788 733 751 759
NJOY-FEDS-361 557 570 548 512 547

SERPENT-SHEM-166 6013 2766 6136 28508 709
SERPENT-SHEM-244 6040 2823 6102 28473 757
SERPENT-SHEM-361 3314 1803 3698 17619 654
SERPENT-FEDS-166 615 310 569 1792 292
SERPENT-FEDS-244 613 314 561 1481 273
SERPENT-FEDS-361 610 313 568 1407 293
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Table 3.53: L1 errors in integrated fission rate for different types of cross sections (NJOY-FEDS,
SERPENT-SHEM, SERPENT-FEDS) for CASL1B problem

Method 50% fuel 30% fuel 15% fuel 5% fuel fuel
NJOY-FEDS-166 1051 1105 1128 1147 1084
NJOY-FEDS-244 592 606 600 599 598
NJOY-FEDS-361 487 495 486 483 489

SERPENT-SHEM-166 458 402 393 426 418
SERPENT-SHEM-244 480 425 425 458 441
SERPENT-SHEM-361 367 343 372 393 337
SERPENT-FEDS-166 102 89 135 165 78
SERPENT-FEDS-244 100 89 134 162 78
SERPENT-FEDS-361 102 88 134 167 76

P1-4 in reference [8] on Page 23. The PDT mesh is plotted in Fig. 3.54. The fuel region is further

divided into 4 regions (50%, 30%, 15%, 5% of volume) for QOIs comparisons. P3 scattering is

used. There is 4, 2, 2, 3, 8 number of cells in radial direction and 12, 12, 16, 32, 32 number of cells

in azimuthal direction. Gauss-Chebyshev product quadrature is used for angular quadrature with

24 polar angles and 32 azimuthal angles.

The results of keff for different types of cross sections for CASL1E problem is listed in Table

3.54. For NJOY-FEDS method, the errors in keff decrease as the numbers of unknowns increases.

SERPENT-FEDS method gives the best results in keff.

The errors in absorption and fission rates in 50%, 30%, 15%, 5% fuel regions for different

types of cross sections for 166 groups are plotted in Figs.3.55-3.56, respectively. The errors in in

absorption and fission rates for the whole fuel region for different types of cross sections for 166

groups are plotted in Figs.3.57, and 3.58, respectively. Errors in absorption rates and fission rate

for different types of cross section data for different unknown numbers are summarized in Tables

3.55-3.56, respectively . L1 errors in absorption rates and fission rates for different types of cross

section data for different unknown numbers are summarized in Tables 3.57-3.58. In the absorption

error in the multiple regions of the fuel, SERPENT-SHEM method fails to resolve the errors in
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Figure 3.54: PDT mesh for CASL1E problem
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Table 3.54: Errors in keff for different types of cross sections (NJOY-FEDS, NJOY-SHEM,
SERPENT-SHEM, SERPENT-FEDS) for CASL1E problem.

Method Unknowns Keff Epcm Efficiency
(RRR) 1

|Error|×DOF

NJOY-FEDS-166 30 0.77471 459 ±1 7.3
NJOY-FEDS-244 108 0.77352 305 ±1 3.0
NJOY-FEDS-361 225 0.77276 206 ±1 2.2
NJOY-SHEM-166 30 0.76584 691 ±1 4.8
NJOY-SHEM-244 108 0.76491 812 ±1 1.1
NJOY-SHEM-361 225 0.76891 294 ±1 1.5

SERPENT-SHEM-166 30 0.76956 -208 ±1 16.0
SERPENT-SHEM-244 108 0.76931 -241 ±1 3.8
SERPENT-SHEM-361 225 0.76923 -251 ±1 1.8
SERPENT-FEDS-166 30 0.77029 -115±1 29.1
SERPENT-FEDS-244 108 0.77048 -90±1 10.3
SERPENT-FEDS-361 225 0.77060 -74±1 6.0

RRR, which are of one magnitude larger than that in both FEDS methods. NJOY-FEDS method

show larger errors in thermal range in both absorption and fission rates in 50%, 30%, 15%, 5% fuel

regions for 166 groups. Overall, SERPENT-FEDS gives the best results for absorption and fission

errors in the multiple fuel regions for 166 groups. In addition, SERPENT-FEDS consistently gives

the best performance in L1 errors in fission rates in multiple regions of the fuel and in absorption

rate in the whole fuel.

Calculations are performed for the four regions in the fuel for cross sections generation. The

results for keff for different type of cross sections for CASL1E problem is listed in Table 3.59.

It is noticed that NJOY-SHEM method gives much worse results than the ones in the single ring

calculations. In order to exclude the possibility of a code bug, we further test the case for infinite

medium problem with NJOY-SHEM cross sections, and the results are listed in Appendix.
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(a) NJOY-FEDS-50% fuel
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(b) SERPENT-SHEM-50% fuel
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(c) SERPENT-FEDS-50% fuel
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(d) NJOY-FEDS-30% fuel
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(e) SERPENT-SHEM-30% fuel
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(f) SERPENT-FEDS-30% fuel
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(g) NJOY-FEDS-15% fuel
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(h) SERPENT-SHEM-15% fuel
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(i) SERPENT-FEDS-15% fuel
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(j) NJOY-FEDS-5% fuel
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(k) SERPENT-SHEM-5% fuel
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(l) SERPENT-FEDS-5% fuel

Figure 3.55: Absorption errors in multiple regions of the fuel between MCNP and PDT for different types of 
cross section data (NJOY-FEDS-166, SERPENT-SHEM-166, SERPENT-FEDS-166) for CASL1E problem 
(pcm in 95% condifence). Columns have the same cross sections. Rows have the same QOIs.
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(a) NJOY-FEDS-50% fuel
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(b) SERPENT-SHEM-50% fuel
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(c) SERPENT-FEDS-50% fuel
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(d) NJOY-FEDS-30% fuel
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(e) SERPENT-SHEM-30% fuel
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(f) SERPENT-FEDS-30% fuel
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(g) NJOY-FEDS-15% fuel
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(h) SERPENT-SHEM-15% fuel
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(i) SERPENT-FEDS-15% fuel
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(j) NJOY-FEDS-5% fuel
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(k) SERPENT-SHEM-5% fuel
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(l) SERPENT-FEDS-5% fuel

Figure 3.56: Fission errors in multiple regions of the fuel between MCNP and PDT for different types of 
cross section data (NJOY-FEDS-166, SERPENT-SHEM-166, SERPENT-FEDS-166) for CASL1E problem 
(pcm in 95% condifence). Columns have the same cross sections. Rows have the same QOIs.
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(a) NJOY-FEDS-166
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(b) SERPENT-SHEM-166
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(c) SERPENT-FEDS-166 fuel

Figure 3.57: Absorption errors in the whole fuel between MCNP and PDT for different types of
cross section data (NJOY-FEDS-166, SERPENT-SHEM-166, SERPENT-FEDS-166) for CASL1E
problem (pcm in 95% condifence).
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(a) NJOY-FEDS-166
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(b) SERPENT-SHEM-166
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(c) SERPENT-FEDS-166

Figure 3.58: Fission errors in the whole fuel between MCNP and PDT for different types of cross
section data (NJOY-FEDS-166, SERPENT-SHEM-166, SERPENT-FEDS-166) for CASL1E prob-
lem (pcm in 95% condifence).
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Table 3.55: Errors in integrated absorption rate for different types of cross sections (NJOY-FEDS,
NJOY-SHEM, SERPENT-SHEM, SERPENT-FEDS) for CASL1E problem

Method 50% fuel 30% fuel 15% fuel 5% fuel fuel
NJOY-FEDS-166 203 -354 -561 -2869 -324
NJOY-FEDS-244 -23 -144 92 -892 -107
NJOY-FEDS-361 22 -57 134 -637 -34
NJOY-SHEM-166 7490 3195 -7254 -34358 577
NJOY-SHEM-244 7489 3246 -7173 -34284 611
NJOY-SHEM-361 3623 1557 -1734 -20808 250

SERPENT-SHEM-166 6798 2487 -7922 -34846 -100
SERPENT-SHEM-244 6790 2522 -7862 -34790 -79
SERPENT-SHEM-361 3306 1285 -2153 -21714 -115
SERPENT-FEDS-166 234 -309 -420 -2518 -245
SERPENT-FEDS-244 166 -267 -387 -2152 -222
SERPENT-FEDS-361 189 -266 -377 -2123 -218

Table 3.56: Errors in integrated fission rate for different types of cross sections (NJOY-FEDS,
NJOY-SHEM, SERPENT-SHEM, SERPENT-FEDS) for CASL1E problem

Method 50% fuel 30% fuel 15% fuel 5% fuel fuel
NJOY-FEDS-166 515 452 327 384 461
NJOY-FEDS-244 321 312 232 324 305
NJOY-FEDS-361 218 212 133 225 204
NJOY-SHEM-166 -662 -747 -910 -911 -738
NJOY-SHEM-244 -787 -870 -1030 -1030 -861
NJOY-SHEM-361 -266 -342 -495 -485 -334

SERPENT-SHEM-166 -128 -221 -384 -378 -207
SERPENT-SHEM-244 -163 -254 -416 -410 -241
SERPENT-SHEM-361 -186 -260 -403 -379 -251
SERPENT-FEDS-166 -57 -124 -246 -174 -112
SERPENT-FEDS-244 -54 -113 -217 -153 -105
SERPENT-FEDS-361 -53 -104 -209 -151 -96
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Table 3.57: L1 errors in integrated absorption rate for different types of cross sections (NJOY-
FEDS, NJOY-SHEM, SERPENT-SHEM, SERPENT-FEDS) for CASL1E problem

Method 50% fuel 30% fuel 15% fuel 5% fuel fuel
NJOY-FEDS-166 1176 1452 1397 3538 1420
NJOY-FEDS-244 750 781 416 1292 725
NJOY-FEDS-361 570 574 285 958 534
NJOY-SHEM-166 8109 4099 7371 34444 2811
NJOY-SHEM-244 8218 4251 7290 34371 2893
NJOY-SHEM-361 4068 1708 4612 20912 1065

SERPENT-SHEM-166 7803 3563 7922 34846 851
SERPENT-SHEM-244 7830 3631 7862 34790 905
SERPENT-SHEM-361 4278 2327 4879 21714 805
SERPENT-FEDS-166 925 391 982 2518 412
SERPENT-FEDS-244 805 336 863 2152 367
SERPENT-FEDS-361 788 333 847 2123 358

Table 3.58: L1 errors in integrated fission rate for different types of cross sections (NJOY-FEDS,
NJOY-SHEM, SERPENT-SHEM, SERPENT-FEDS) for CASL1E problem

Method 50% fuel 30% fuel 15% fuel 5% fuel fuel
NJOY-FEDS-166 1003 1061 1035 1167 1031
NJOY-FEDS-244 529 537 472 573 524
NJOY-FEDS-361 442 448 382 485 437
NJOY-SHEM-166 846 855 945 915 860
NJOY-SHEM-244 876 895 1036 1034 898
NJOY-SHEM-361 299 358 500 537 344

SERPENT-SHEM-166 537 461 491 430 487
SERPENT-SHEM-244 552 478 518 459 503
SERPENT-SHEM-361 432 395 484 402 396
SERPENT-FEDS-166 168 144 254 189 144
SERPENT-FEDS-244 147 130 224 166 133
SERPENT-FEDS-361 146 120 216 164 122
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Table 3.59: Errors in keff for different types of cross sections (NJOY-FEDS, NJOY-SHEM,
SERPENT-SHEM, SERPENT-FEDS) with four regions in fuel for CASL1E problem.

Method Unknowns Keff Epcm Efficiency

(RRR) 1
|Error|×DOF

NJOY-FEDS-166 30 0.77198 104 ±1 31.9

NJOY-FEDS-244 108 0.77338 286 ±1 4.7

NJOY-FEDS-361 225 0.77319 262 ±1 2.6

NJOY-SHEM-166 30 0.67559 -12395 ±1 0.3

NJOY-SHEM-244 108 0.68027 -11787 ±1 0.1

NJOY-SHEM-361 225 0.72726 -5694 ±1 0.1

SERPENT-SHEM-166 30 0.77035 -107 ±1 21.7

SERPENT-SHEM-244 108 0.77012 -136 ±1 4.3

SERPENT-SHEM-361 225 0.76993 -160 ±1 1.8

SERPENT-FEDS-166 30 0.77073 -57 ±1 31.8

SERPENT-FEDS-244 108 0.77085 -42 ±1 7.2

SERPENT-FEDS-361 225 0.77083 -44 ±1 3.4

The errors in absorption and fission rates in 50%, 30%, 15%, 5% fuel regions for different

types of cross sections for 166 groups are plotted in Figs.3.59 and 3.60, respectively. The errors in

in absorption and fission rates for the whole fuel region for different types of cross sections for 166

groups are plotted in Figs.3.61, and 3.61, respectively. Errors in absorption rates and fission rate for

different types of cross section data are summarized in Tables 3.60-3.61, respectively . L1 errors

in absorption rates and fission rates for different types of cross section data for are summarized in

Tables 3.62-3.63, respectively.
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(a) NJOY-FEDS-50% fuel
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(b) NJOY-SHEM-50% fuel
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(c) SERPENT-SHEM-50% fuel
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(d) SERPENT-FEDS-50% fuel
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(e) NJOY-FEDS-30% fuel
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(f) NJOY-SHEM-30% fuel
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(g) SERPENT-SHEM-30% fuel
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(h) SERPENT-FEDS-30% fuel
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(i) NJOY-FEDS-15% fuel
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(j) NJOY-SHEM-15% fuel
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(k) SERPENT-SHEM-15% fuel
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(l) SERPENT-FEDS-15% fuel
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(m) NJOY-FEDS-5% fuel
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(n) NJOY-SHEM-5% fuel
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(o) SERPENT-SHEM-5% fuel

10 2 100 102 104 106

Energy (eV)

150

100

50

0

50

Re
ac

tio
n 

Ra
te

 D
iff

er
en

ce
 (p

cm
)
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Figure 3.59: Absorption errors in multiple regions of the fuel between MCNP and PDT for dif-
ferent types of cross section data (NJOY-FEDS-166, NJOY-SHEM-166, SERPENT-SHEM-166,
SERPENT-FEDS-166) with four regions in fuel for CASL1E problem (pcm in 95% condifence).
Columns have the same cross sections. Rows have the same QOIs.
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(a) NJOY-FEDS-50% fuel
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(b) NJOY-SHEM-50% fuel
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(c) SERPENT-SHEM-50% fuel
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(d) SERPENT-FEDS-50% fuel
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(e) NJOY-FEDS-30% fuel
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(f) NJOY-SHEM-30% fuel
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(g) SERPENT-SHEM-30% fuel
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(h) SERPENT-FEDS-30% fuel
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(i) NJOY-FEDS-15% fuel
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(j) NJOY-SHEM-15% fuel
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(k) SERPENT-SHEM-15% fuel
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(l) SERPENT-FEDS-15% fuel
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(m) NJOY-FEDS-5% fuel
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(n) NJOY-SHEM-5% fuel
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(o) SERPENT-SHEM-5% fuel
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(p) SERPENT-FEDS-5% fuel

Figure 3.60: Fission errors in multiple regions of the fuel between MCNP and PDT for dif-
ferent types of cross section data (NJOY-FEDS-166, NJOY-SHEM-166, SERPENT-SHEM-166,
SERPENT-FEDS-166) with four regions in fuel for CASL1E problem (pcm in 95% condifence).
Columns have the same cross sections. Rows have the same QOIs.
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(a) NJOY-FEDS fuel
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(b) NJOY-SHEM fuel
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(c) SERPENT-SHEM fuel
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(d) SERPENT-FEDS fuel

Figure 3.61: Absorption errors in the whole fuel between MCNP and PDT for different types
of cross section data (NJOY-FEDS-166, NJOY-SHEM-166, SERPENT-SHEM-166, SERPENT-
FEDS-166) with four regions in fuel for CASL1E problem (pcm in 95% condifence).
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(a) NJOY-FEDS fuel
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(b) NJOY-SHEM fuel
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(c) SERPENT-SHEM fuel
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(d) SERPENT-FEDS fuel

Figure 3.62: Fission errors in the whole fuel between MCNP and PDT for different types of cross
section data ( NJOY-FEDS-166, NJOY-SHEM-166, SERPENT-SHEM-166, NJOY-SHEM-166)
with four regions in fuel for CASL1E problem (pcm in 95% condifence).
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Table 3.60: Errors in integrated absorption rate for different types of cross section data (NJOY-
FEDS, NJOY-SHEM, SERPENT-SHEM, SERPENT-FEDS) with four region in fuel for CASL1E
problem.

Method 50% fuel 30% fuel 15% fuel 5% fuel fuel

NJOY-FEDS-166 -337 862 1043 92 276

NJOY-FEDS-244 -70 258 275 108 97

NJOY-FEDS-361 30 188 174 69 103

NJOY-SHEM-166 -2122 15268 25624 15911 8943

NJOY-SHEM-244 -1923 14672 24228 13709 8461

NJOY-SHEM-361 -857 7403 12641 4596 4211

SERPENT-SHEM-166 87 -27 -167 -376 -24

SERPENT-SHEM-244 109 -3 -141 -418 -6

SERPENT-SHEM-361 15 74 61 -1172 -52

SERPENT-FEDS-166 -159 -242 -281 -50 -195

SERPENT-FEDS-244 -140 -220 -289 51 -162

SERPENT-FEDS-361 -146 -211 -292 63 -157
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Table 3.61: Errors in integrated fission rate for different types of cross section data (NJOY-FEDS,
NJOY-SHEM, SERPENT-SHEM, SERPENT-FEDS) with four region in fuel for CASL1E prob-
lem.

Method 50% fuel 30% fuel 15% fuel 5% fuel fuel

NJOY-FEDS-166 -168 369 339 390 99

NJOY-FEDS-244 199 361 359 441 284

NJOY-FEDS-361 202 305 307 393 259

NJOY-SHEM-166 -12801 -12427 -12514 -12445 -12627

NJOY-SHEM-244 -12193 -11805 -11880 -11807 -12009

NJOY-SHEM-361 -6041 -5584 -5643 -5582 -5819

SERPENT-SHEM-166 -48 -124 -212 -229 -104

SERPENT-SHEM-244 -78 -152 -239 -254 -134

SERPENT-SHEM-361 -120 -177 -236 -210 -159

SERPENT-FEDS-166 -46 -66 -77 3 -54

SERPENT-FEDS-244 44 -55 -45 13 -39

SERPENT-FEDS-361 -35 -51 -54 20 -41
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Table 3.62: L1 errors in absorption rate for different types of cross section data (NJOY-FEDS,
NJOY-SHEM, SERPENT-SHEM, SERPENT-FEDS) with four region in fuel for CASL1E prob-
lem.

Method 50% fuel 30% fuel 15% fuel 5% fuel fuel

NJOY-FEDS-166 1025 1137 1313 1213 994

NJOY-FEDS-244 705 712 613 767 647

NJOY-FEDS-361 550 530 441 668 522

NJOY-SHEM-166 13686 30509 39309 25435 23751

NJOY-SHEM-244 13043 29101 37183 22722 22479

NJOY-SHEM-361 6802 14323 18863 10421 10937

SERPENT-SHEM-166 1013 860 627 382 835

SERPENT-SHEM-244 1065 913 680 425 882

SERPENT-SHEM-361 910 922 820 1179 769

SERPENT-FEDS-166 464 376 298 334 380

SERPENT-FEDS-244 393 333 241 232 315

SERPENT-FEDS-361 394 322 213 220 308
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Table 3.63: L1 errors in fission rate for different types of cross section data (NJOY-FEDS, NJOY-
SHEM, SERPENT-SHEM, SERPENT-FEDS) with four region in fuel for CASL1E problem.

Method 50% fuel 30% fuel 15% fuel 5% fuel fuel

NJOY-FEDS-166 518 459 428 481 349

NJOY-FEDS-244 488 444 442 535 427

NJOY-FEDS-361 455 404 399 492 416

NJOY-SHEM-166 12810 12431 12516 12446 12633

NJOY-SHEM-244 12201 11808 11881 11808 12014

NJOY-SHEM-361 6048 5587 5644 5583 5824

SERPENT-SHEM-166 502 445 363 235 448

SERPENT-SHEM-244 515 460 379 258 462

SERPENT-SHEM-361 373 334 291 214 335

SERPENT-FEDS-166 82 83 85 28 77

SERPENT-FEDS-244 63 70 51 16 58

SERPENT-FEDS-361 64 65 60 9 59

3.5 Depletion Calculation for a NSC Pin Cell

A quasi-static depletion calculation at 300 K for a Nuclear Science Center (NSC) pin cell is

performed using NJOY-FEDS and SERPENT-FEDS cross sections. The material compositions

of fuel are listed in Table 3.64, including the nuclides whose densities will grow as time going

on. The material compositions of the coolant are listed in Table 3.65. The fuel radius is 1.8 cm,

and the length of pitch is 2 cm. Reflective boundary conditions are used. The mesh is plotted in

Fig. 3.63. The fuel region is further divided into 4 regions (50%, 30%, 15%, 5% of volume) for

QOIs comparisons. There is 4, 2, 2, 3, 8 number of cells in radial direction and 32, 32, 32, 32, 32
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Figure 3.63: PDT mesh for the 2D NSC pin cell depletion calculation.

number of cells in azimuthal direction. Gauss-Chebyshev product quadrature is used for angular

quadrature with 24 polar angles and 32 azimuthal angles. The flux is normalized at a pin power

of 6500 W. The simulation time is one year. Implicit euler is used for time stepping scheme with

5-day broad time step and 0.25 day Bateman sub-cycles.

The results for keff over one year is plotted in Fig. 3.64. The atom densities of U-235, Pu239

and Xe-135 over one year are plotted in Figs. 3.65, 3.66, and 3.67. It is observed as time goes on,

the errors in keff and the above three atom densities grow for both SERPENT-FEDS and NJOY-

FEDS methods. SERPENT-FEDS method gives slightly better results than NJOY-FEDS method.
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Table 3.64: Initial fuel material composition for the 2D NSC pin cell depletion calculation (density
units atom

b-cm ).

Nuclide Density Nuclide Density Nuclide Density
U-234 7.12E-06 Pu-240 0 Er-166 7.68E-05
U235 1.08E-03 Pu-241 0 Er-167 5.27E-05
U-236 6.24E-06 Pu-242 0 Er168 0
U-237 0 Am-241 0 Zr-90 1.65E-02
U-238 4.30E-03 Am-242 0 Zr-91 3.60E-03
U-239 0 Am-243 0 Zr-92 5.51E-03
Np-237 0 Cm-242 0 Zr-94 5.58E-03
Np-238 0 Cm-243 0 Zr-96 8.99E-04
Np-239 0 Xe-135 0 C-12 1.78E-03
Pu-238 0 Sm-149 0 H-1 4.89E-02
Pu-239 0 Sm-150 0 Nb-95 0
Mo-99 0 Tc-99 0 Rh-103 0
I-131 0 Xe-133 0 Ce-141 0

Pm-147 0 Pm-149 0 Sm-151 0
Eu-155 0 Sm-150 0

Table 3.65: Coolant composition for the 2D NSC pin cell depletion calculation (density units atom
b-cm )

Nuclide Density
H-1 6.67E-02

O-16 3.33E-02
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Figure 3.64: Eigenvalue over one year for the 2D NSC pin cell depletion calculation.
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Figure 3.65: U-235 atom density ( atom
b-cm ) in 50%, 30% 15% and 5% fuel region over one year for

the 2D NSC pin cell depletion calculation.
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Figure 3.66: Pu-239 atom density ( atom
b-cm )in 50%, 30% 15% and 5% fuel region over one year for

the 2D NSC pin cell depletion calculation.
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Figure 3.67: Xe-135 atom density ( atom
b-cm ) in 50%, 30% 15% and 5% fuel region over one year for

the 2D NSC pin cell depletion calculation.
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4. SUMMARY AND CONCLUSIONS

4.1 Conclusions

We have further improved and tested the Finite-Element-with-Discontiguous-Support Multi-

group (FEDS-MG) method by introducing energy-dependent escape cross sections, tested the

FEDS method with analytical spatial-dependent escape cross sections, and also implemented FEDS

discontiguous energy group structure in SERPENT for SERPENT-FEDS cross section generation.

Calculations are performed using NJOY-FEDS, NJOY-SHEM, SERPENT-SHEM, and SERPENT-

FEDS cross sections for multiple problems. The results for keff, spatial absorption rate and fission

rate are compared to that obtained from continuous-energy Monte Carlo (MC). It is observed that

the errors associated with the above QoIs decrease with the number of energy unknowns for each

set of cross sections. Introducing the energy-dependent escape cross section improves the NJOY-

FEDS performance when the number of energy unknowns is small. Overall, SERPENT-FEDS

cross sections consistently give the best results for keff for all the test problems. Regarding the

spatial absorption rate, the errors associated with SERPENT-SHEM and NJOY-SHEM cross sec-

tions show similar behavior, and can be an order of magnitude larger than the errors associated

with NJOY-FEDS cross sections. This indicates the discontiguous energy mesh in FEDS is more

accurate than the standard MG structure for resolving the spatial and energy self-shielding. The

implementation of FEDS energy mesh in SERPENT greatly reduces the error in spatial absorption

and fission rate compared to SERPENT-SHEM results.

After introducing the spatial resolution for cross sections in the fuel, there is dramatic improve-

ment in FEDS-NJOY results for all calculated QoIs, while the error in keff increases in SERPENT-

SHEM results. Comparing the spatial chord length models, the MCD model for escape cross

sections in hollow cylinders consistently exhibits better accuracy than the OCD model, especially

for spatial reaction rates. The equal volume division exhibits better accuracy in NJOY-FEDS than

equal radius division for spatial reaction rate. Further increasing spatial resolution in NJOY-FEDS
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does not guarantee improvement in the accuracy of results based on the test problems.

4.2 Further Work

There are several advantages using the nested energy mesh with discontiguous group within

coarse groups as explained in the previous chapter. However, determining the optimal number and

the boundaries of the coarse groups still remains to be a question. Resolution of the solution in

some coarse groups may be more important than in others for an accurate quantities of interest,

such as absorption rate in the outer 5% of the fuel region. Weighting the standard deviations of the

snapshots with importance information on certain coarse groups may yield better accuracy in the

results.

The generation of snapshots can be improved. Several assumptions are made for the current

snapshots calculations: the source from the moderator is of the same shape as the weighting spec-

trum in NJOY and the heterogeneity effects is accounted for the escape cross section. An alter-

native way to generate the snapshots would be use the existing ultra-fine code, such as CENTRM

continuous energy discrete ordinates code [9], and the Japanese lattice physics code AEGIS [10].

Further improvement is still needed for resolving the spatial energy self-shielding, especially in

the fuel region near the moderator. More spatial resolution for fuel cross section generation should

be added toward the fuel outer layer. Also, more studies should be performed to incorporate the

resonances of important nuclides not present in the chosen bounding material, such as the snapshots

of the zirconium cladding near the fuel.

Further tests to compare FEDS-NJOY and SERPENT-FEDS methods in time dependent and

radiative transfer problems would be of interests.
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APPENDIX A

APPENDIX TO SECTION 1

A.1 Neutron Energy Distribution

For an infinite homogenous medium where the spatial effects can be neglected, the neutron

scalar flux within a differential energy interval dE for a steady state can be described as follows:

[Σa(E) + Σs(E)]φ(E)dE = [

∫ ∞
0

dE ′Σs(E
′ → E)φ(E ′) +

χ(E)

k∞

∫ ∞
0

dE ′νΣf (E
′)φ(E ′)]dE

(A.1)

A.1.1 Fission Source Energy Range

At very high energy range, the neutrons directly produced by fission become dominant, and

the number of those direct fission neutrons are much larger than the number of those which are

scattered into dE. Therefore, by neglecting the scattering source, Eq. (A.1) can be simplified as:

φ(0) ' 1

Σt(E)

χ(E)

k∞

∫ ∞
0

dE ′νΣf (E
′)φ(E ′) =

χ(E)

Σt(E)
× Const. (A.2)

The solution for scalar flux can be further improved by plugging the above term into the scattering

source, which leads:

φ(1) ' 1

Σt(E)
[

∫ ∞
0

dE ′Σs(E
′ → E)φ(0)(E ′) + χ(E)× Const.]

=
1

Σt(E)
[

∫ ∞
0

dE ′Σs(E
′ → E)

χ(E ′)

Σt(E)
× Const. + χ(E)× Const.]

=
χ(E)

Σt(E)
× Const.[1 +

1

χ(E)

∫ ∞
0

dE ′Σs(E
′ → E)

χ(E ′)

Σt(E)
]

(A.3)

Therefore, the improved neutron scalar flux has a shape of fission spectrum divided by total cross

section times the summary of 1 and a correction factor. Numerical evaluation for typical com-

positions indicates that φ(E) = χ(E)/Σt(E) represents the energy distribution well for energies
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E ≥ 0.5 MeV [11].

A.1.2 Slowing-Down Energy Range

For 1 eV< E < 0.5 MeV, there is little fission or inelastic scattering, and elastic scattering

becomes the dominant reaction. Then Eq. (A.1) can be simplified as follows:

Σt(E)φ(E) =

∫ ∞
0

dE ′Σs(E
′ → E)φ(E ′) =

∑
j

∫ E/aj

E

dE ′
Σj
s(E

′)φ(E ′)

E ′(1− αj)
(A.4)

where the elastic scattering transfer function is

Σs(E
′ → E) =


Σs(E′)
E′(1−α)

, E ≤ E ′ ≤ E
α

0, otherwise
(A.5)

Assuming Σt(E)Eφ(E) is a slowly varying function of E over the scattering-in interval E to

E/αj , it leads to:

E ′Σj
s(E

′)φ(E ′) = EΣj
s(E)φ(E) +

d

d lnE
[EΣj

s(E)φ(E)] ln
E ′

E
+ ... (A.6)

If the scattering-in interval is small, then Eq. (A.4) can be written as:

Σt(E)φ(E) =

∫ ∞
0

dE ′Σs(E
′ → E)φ(E ′)

≈
∑
j

{Σj
s(E)φ(E) +

1

E
(1 +

αj lnαj
1− αj

)
d

d lnE
[EΣj

s(E)φ(E)]}

= {Σs(E)φ(E) +
d

dE
[Eξ̄(E)Σs(E)φ(E)]}

(A.7)

where ξj = 1 +
αj lnαj

1−αj
.

Integrating the above equation from E to arbitrary E1, we have:

φ(E) =
E1ξ̄(E1)Σs(E1)φ)(E1)

Eξ̄(E)Σs(E)
exp

[
−
∫ E1

E

dE ′
Σa(E

′)

E ′ξ̄(E ′)Σs(E ′)

]
(A.8)
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Since for most of the slowing-down energy range, Σa(E) � Σs(E) except at resonances, the

neutron flux in the slowing down region has the form of φ(E) ∼ 1
ξ̄(E)Σt(E)E

.

A.1.3 Thermal Energy Range

In the thermal energy range E < Eth, Eq. (A.1) can be written as:

[Σa(E) + Σs(E)]φ(E) =

∫ Eth

0

dE ′Σs(E
′ → E)φ(E ′) + S(E), E < Eth (A.9)

where S(E) =
∫∞
Eth

dE ′Σs(E
′ → E)φ(E ′). Assuming slowing down density is zero and no

absorption, an equilibrium distribution can be achieved:

Σs(E)φ(E) =

∫ Eth

0

dE ′Σs(E
′ → E)φ(E ′) (A.10)

In order for the above equation to be valid, the principle of detailed balance must be achieved,

which states:

Σs(E → E ′)φ(E) = Σs(E
′ → E)φ(E ′) (A.11)

According to the principle, the Maxwell-Boltzmann distribution multiplying the neutron speed

satisfies the above equation, where the Maxwell-Boltzmann distribution is:

M(E, T ) =
2π

(πkT )3/2

√
E exp

(
− E

kT

)
(A.12)

A.2 Resonance Flux

A.2.1 Resonance Flux in a Homogeneous Material

Consider a homogeneous mixture made of a moderator and a resonance absorber, assuming

the scattering cross section of the moderator is much larger than its absorption cross section and is

fairly constant, we have:

ΣM
t (E) ≈ ΣM

s (E) = ΣM
p (A.13)
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Σt(E) = ΣA
t (E) + ΣM

t (E) ≈ ΣA
a (E) + ΣA

s (E) + ΣM
p (A.14)

The neutron balance for slowing-down energy range containing resonances in the homogeneous

mixture can be written as:

Σt(E)φ(E) =

∫ E/αM

E

dE ′

E ′
ΣM
s φ(E ′)

1− αM
+

∫ E/αA

E

dE ′

E ′
ΣA
s (E ′)φ(E ′)

1− αA
(A.15)

Since the scattering-in interval of the moderator is normally much larger than the practical

width of the resonance, the asymptotic value of the flux is applied to the first integral.

Γp � E0(1− αM)

φasy(E) ∼= 1/E

(A.16)

Then Eq. (A.15) can be simplified as:

Σt(E)φ(E) =
ΣM
s

E
+

∫ E/αA

E

dE ′

E ′
ΣA
s (E ′)φ(E ′)

1− αA
(A.17)

A.2.1.1 Narrow Resonance

If the practical width of the resonance is also small compared to the scattering-in interval of

resonance absorber,

Γp � E0(1− αA)

φasy(E) ∼= 1/E

(A.18)

∫ E/αA

E

dE ′

E ′
ΣA
s (E ′)φ(E ′)

1− αA
∼=

ΣA
p

1− αA

∫ E/αA

E

dE ′

E ′
1

E ′
(A.19)

it leads to:

φNR(E) =
1

E

ΣM
s + ΣA

p

Σt(E)
(A.20)
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A.2.1.2 Wide Resonance

If the practical width of the resonance is much larger than the scattering-in interval of the

resonance absorber,

Γp � E0(1− αA)

αA → 1

(A.21)

∫ E/αA

E

dE ′

E ′
ΣA
s (E ′)φ(E ′)

1− αA
→∼= ΣA

s (E)φ(E) (A.22)

it leads to:

φWR(E) =
1

E

ΣM
s

[Σt(E)− ΣA
s (E)]

(A.23)

Generally speaking, the WR approximation is more applicable to the lowest-energy resonances.

A.2.2 Resonance Flux in a Heterogeneous Fuel-Moderator Lattice

Consider a heterogeneous case with fuel (F) and a moderator (M), then the neutron balance in

the fuel can be described as:

ΣF
t (E)φF (E)VF

=VF [1− PF0(E)][

∫ E/αf

E

dE ′
Σf
s (E

′)φF (E)

(1− αf )E ′
+

∫ E/αm

E

dE ′
Σm
s (E ′)φF (E)

(1− αm)E ′
]

+VMPM0(E)

∫ E/αM

E

dE ′
ΣM
s (E ′)φM(E)

(1− αM)E ′

(A.24)

where m is the notation for added moderator in the fuel (e.g. the oxygen in UO2 fuel), PF0(E) is

the probability that neutrons in the fuel slowing down to energy E will make its next collision in

the moderator, PM0(E) is the probability that neutron in the moderator slowing down to energy E

will make its next collision in the fuel. Here, PF0(E) and PM0(E) are assumed to be uniform in

the fuel and moderator, respectively.

Consider the fact that the scattering-in interval of the both moderators is much larger than the
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practical width the resonance, the asymptotic form of the neutron flux can be applied in the added

moderator and moderator scattering sources:

Γp � E0(1− αM), Γp � E0(1− αm),

φasy(E) ∼=
1

E

(A.25)

then Eq. (A.24) can be written as:

ΣF
t (E)φF (E)VF

=VF [1− PF0(E)][

∫ E/αf

E

dE ′
Σ

(
sE ′)φF (E)

(1− αF )E ′
+

Σm
s (E)

E
]

+VMPM0(E)
ΣM
s (E)

E

(A.26)

According to the reciprocity theorem , we have [11]:

PF0(E)ΣF
t (E)VF = PM0ΣM

t (E)VM (A.27)

further assuming the absorption cross section in the moderator is much smaller than the scattering

cross section, it leads to:

ΣF
t (E)φF (E)

=[1− PF0(E)][

∫ E/αf

E

dE ′
Σf
s (E

′)φF (E)

(1− αf )E ′
+

Σm
s

E
]

+PF0(E)
ΣF
t (E)

E

(A.28)
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A.2.2.1 Narrow Resonance

If the practical width of the resonance is also small compared to the scattering-in interval of

resonance absorber,

Γp �E0(1− αf )

φasy(E) ∼=1/E

(A.29)

it leads to:

φNR(E) =
1

E

PF0(E)ΣF
t (E) + [1− PF0(E)](Σf

p + Σm
s )

ΣF
t (E)

(A.30)

A.2.2.2 Wide Resonance

If the practical width of the resonance is much larger than the scattering-in interval of the

resonance absorber,

Γp � E0(1− αf )

αf → 1

(A.31)

∫ E/αf

E

dE ′

E ′
Σf
s (E

′)φ(E ′)

1− αf
→∼= Σf

s (E)φ(E) (A.32)

it leads to:

φWR(E) =
1

E

PF0(E)ΣF
t + [1− PF0(E)]Σm

s

[ΣF
t (E)− [1− PF0(E)]Σf

s (E)]
(A.33)

A.2.2.3 Intermediate Resonance

The intermediate resonance is suggested by comparison of the narrow and wide resonances.

Applying the Wigner rational approximation [12]:

PF0 =
1

Σtl̄ + 1
=

Σe

Σe + ΣF
t

(A.34)
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to define escape cross section Σe for simple convex objects, it leads to:

Σe =
1

l̄
=

1

4V/S
(A.35)

where l̄ is the mean chord length, V is the volume and S is the surface area of convex objects.

Then, we have:

φ
(1)
NR(E) =

1

E

Σe + Σf
p + Σm

s

ΣF
t + Σe

,

φ
(1)
WR(E) =

1

E

Σe + Σm
s

Σf
a + Σm

s + Σe

,

φ
(1)
IR(E) =

1

E

Σe + λΣf
p + Σm

s

Σf
a + λΣf

s + Σm
s + Σe

,

(A.36)

where λ ∈ (0, 1) is known as Goldstein-Cohen parameter [13].

Therefore, while evaluating resonance integral, it is often observed that the approximate flux

has the form of φ(E) ∼M(E)× fss(Σt(E)), where M(E) is energy-dependent spectral function

and fss is the cross section dependent self-shielding factor while neglecting spatial difference.

A.2.2.4 Equivalence Theory

When introducing microscopic cross section, the term background cross section σ0 is em-

ployed, for a resonant nuclide r assuming no overlap of resonances, using NR flux as an example

:

• for a homogeneous system:

φ
(1)
NR(E) =

1

E

σp,r + σhomo0

σt,r + σhomo0

(A.37)

• for a heterogeneous system:

φ
(1)
NR(E) =

1

E

σp,r + σhet0

σt,r + σhet0

(A.38)
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where

σhomo0 =
∑
k 6=r

Nkσt,k
Nr

(A.39)

σhet0 = σhomo0 +
Σe

Nr

(A.40)

Here, the spatial self-shielding effect is represented by the escape cross section divided by the

nuclide atom density, and the energetic self-shielding effect is represented by the homogeneous

background cross section. It is observed that the depression of neutron flux at the resonance peak

is reduced by the background cross section. The above equations shows that the neutron flux in

both heterogeneous and homogeneous systems can be approximated in the same analytic form,

which is the principle of the equivalence theory. Therefore, when the effective cross section are

tabulated for various background cross section, the results can be used for both homogeneous and

heterogeneous systems.

In Eq. (A.34), Wigner rational approximation is used for defining the escape probability in or-

der to derive the similar analytical solution between the homogeneous and heterogeneous systems.

Here, we listed some of other available expressions of escape probability:

• Introducing Bell factor aB [14]:

PF0(E) =
aB

ΣF
t (E)l̄ + aB

=
aBΣe

ΣF
t (E) + aBΣe

(A.41)

where aB = 2 (l̄)2

l̄2
.

• N-Terms Rational Approximations:

PF0 =
N∑
n=1

bnan
ΣF
t (E)l̄ + an

(A.42)

where
∑N

n=1 bn = 1 and
∑N

n=1 bnan = 1
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A.3 History of Multiband Theory

The probability table is the notation for describing the cross section functions by sets of dis-

crete values. The idea was first briefly stated in 1963 [15], and named as subgroup method. In

1972, Levitt independently proposed his probability table method for treating the resonance self-

shielding in the unresolved resonance region in Monto Carlo calculations [16]. And later, Cullen

combined Nikolaev’s and Levitt’s probability table method and Goldstine’s work on IR approx-

imation in order to develop the multiband method for neutron transport in 1974[17]. The no-

tation “probability table” is focused on establishing the tables and their probability, the names

“subgroup method” and “multiband method” are focused on the application of these tables to

neutronic calculations. Many authors have contributed to the development and evolution of MB

methods[4, 18–31].

A.3.1 Derivation of Probability Table

In energy range (Eg, Eg−1), the cross section σ is divided into N internals. A simple example

is given in Fig. A.1. One thing is noticed from the figure is that defined probability table is not

sensitive to the permutation of resonances.

C

A
B

c

AB

Eg−1 Eg
Eg

σσσ

S3

S1

S0

(p3, σ3)

(p2, σ2)

(p1, σ1)

S2

Eg−1 p(σ)

Figure A.1: Examples of probability tables
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There is (pi, σi) associated for each interval i:

pi =

∫ Eg−1

Eg
δ(σ(E), i)dE

Eg−1 − Eg
(A.43)

where

δ(σ(E), i) =


1, if Si−1 ≤ σ(E) ≤ Si

0, otherwise .
(A.44)

There are different ways to define (pi, σi). Soviets originally used the least square method

to calculate (pi, σi) [26]. The original multiband method used equal band weights. Cullen and

Pomraning later concluded that it’s a moment problem, where (pi, σi) is defined by equating 2N

moments of σ(E) distribution to the same 2N moments of (pi, σi) from I to I + 2N − 1:

mn ≡
1

∆Eg

∫
∆Eg

σn(E)dE =
∑
i=1

piσ
n
i ≡Mn (A.45)

where a Riemann integral can be written as a Lebesgue integral:

mn ≡
∫
σ

σnp(σ)dσ (A.46)

The above equations are further solved by padé approximation[26]. Other possible method is the

Tchebichev integration formula [26]. The simple way to solve the partial cross section xi is:

I =

∫
xf(σt)dE =

∑
i

f(σt,i)
∑
j

wijxj =
∑
i

f(σt,i)xi (A.47)

Then only a single value xi associated with σt,i is required. The discrete value xi is defined by

equalizing N moments implying the partial cross section:

1

∆E

∫
∆E

xσnt dE =
∑
i

pixiσ
n
t,i (A.48)
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A.3.2 Calculation of Multiband Parameters

1

vgb

∂ψgb
∂t

+ Ω ·
−→
∇ψgb + Σt,gbψgb =

1

4π

G∑
g′=1

B∑
b′=1

[Σs,g′b′→gbφg′b′ ] +
χgb
4π

G∑
g′=1

B∑
b′=1

[νΣf,g′b′φg′b′ ] + qgb ,

(A.49)

ψgb =

∫ Σt,g,b

Σt,g,b−1

dΣ∗t

∫ Eg−1

Eg

ψ(t, r,Ω, E)δgb[Σt(E)− Σ∗t ]dE , (A.50a)

φgb =

∫ Σt,g,b

Σt,g,b−1

dΣ∗t

∫ Eg−1

Eg

φ(t, r, E)δgb[Σt(E)− Σ∗t ]dE , (A.50b)

1

vgb
=

∫ Σt,g,b

Σt,g,b−1
dΣ∗t

∫ Eg−1

Eg

1
v
ψ(t, r,Ω, E)δgb[Σt(E)− Σ∗t ]dE∫ Σt,g,b

Σt,g,b−1
dΣ∗t

∫ Eg−1

Eg
ψ(t, r,Ω, E)δgb[Σt(E)− Σ∗t ]dE

, (A.50c)

Σt,gb =

∫ Σt,g,b

Σt,g,b−1
dΣ∗t

∫ Eg−1

Eg
Σt(r, E)ψ(t, r,Ω, E)δgb[Σt(E)− Σ∗t ]dE∫ Σt,g,b

Σt,g,b−1
dΣ∗t

∫ Eg−1

Eg
ψ(t, r,Ω, E)δgb[Σt(E)− Σ∗t ]dE

, (A.50d)

Σs,g′b′→gb =

∫ Σt,g,b

Σt,g,b−1
dΣ∗t

∫ Σt,g′,b′

Σt,g′,b′−1
dΣ∗

′
t

∫ Eg−1

Eg

∫ Eg′−1

Eg′
Σs(r, E

′ → E)φ(t, r, E ′)δgbδg′b′dE ′dE∫ Σt,g′,b′

Σt,g′,b′−1
dΣ∗

′
t

∫ Eg′−1

Eg′
φ(t, r, E ′)δg′b′dE ′

,

(A.50e)

χgb =

∫ Σt,g,b

Σt,g,b−1

dΣ∗t

∫ Eg−1

Eg

χ(E)δgb[Σt(E)− Σ∗t ]dE , (A.50f)

νΣf,g′b′ =

∫ Σt,g′,b′

Σt,g′,b′−1
dΣ∗

′
t

∫ Eg′−1

Eg′
νΣf (r, E

′)φ(t, r, E ′)δg′b′ [Σt(E
′)− Σ∗

′
t ]dE ′∫ Σt,g′,b′

Σt,g′,b′−1
dΣ∗

′
t

∫ Eg′−1

Eg′
φ(t, r, E ′)δg′b′ [Σt(E ′)− Σ∗

′
t ]dE ′

, (A.50g)

qgb =

∫ Σt,g,b

Σt,g,b−1

dΣ∗t

∫ Eg−1

Eg

q(t, r,Ω, E)δgb[Σt(E)− Σ∗t ]dE . (A.50h)

It is also proved that the MB parameters in Eq. (A.50) can be derived from the existing group’s

self-shielded data [32,33]. A normal MG cross section for reaction R in group g, using approximate

flux derived from resonance approximation φ(E) ∼ M(E)fss(Σt(E)) (see Appendix 1), can be
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derived as:

ΣR,g =

∫ Eg−1

Eg
ΣR(E)φ(E)dE∫ Eg−1

Eg
φ(E)dE

=

∫ Eg−1

Eg
ΣR(E)M(E)fss(Σt(E))dE∫ Eg−1

Eg
M(E)fss(Σt(E))dE

=

∫ Eg−1

Eg

∑B
b=1

∫ Σt,g,b

Σt,g,b−1
dΣ∗tΣR(E)M(E)fss(Σ

∗
t (E))δgb[Σ

∗
t − Σt]dE∫ Eg−1

Eg

∑B
b=1

∫ Σt,g,b

Σt,g,b−1
dΣ∗tM(E)fss(Σ∗t (E))δgb[Σ∗t − Σt]dE

.

(A.51)

Defining:

pgb(Σ
∗
t ) =

∫ Eg−1

Eg
M(E)δgb[Σ

∗
t − Σt]dE∫ Eg−1

Eg
M(E)dE

, (A.52)

ΣR,gb(Σ
∗
t ) =

∫ Eg−1

Eg
ΣR(E)M(E)δgb[Σ

∗
t − Σt]dE∫ Eg−1

Eg
M(E)δgb[Σ∗t − Σt]dE

, (A.53)

and integratiing Eq. (A.51) over energy first, it leads to:

ΣR,g =

∑B
b=1

∫ Σt,g,b

Σt,g,b−1
dΣ∗tΣR,gb(Σ

∗
t )fss(Σ

∗
t )pgb(Σ

∗
t )∑B

b=1

∫ Σt,g,b

Σt,g,b−1
dΣ∗tfss(Σ

∗
t )pgb(Σ

∗
t )

. (A.54)

Therefore, the Riemann integral over energy in can be transformed into the Lebesque integral over

total cross section. It is observed that Eq. (A.52) is the definition of total cross section probability

density and p(Σ∗t )dΣ∗t is the probability of the total cross section with dΣ∗t with energy interval

[Eg, Eg−1], satisfying:
B∑
b=1

∫ Σt,g,b

Σt,g,b−1

pgb(Σ
∗
t )dΣ∗t = 1 (A.55)

Further simplifying Eq. (A.54) from a practical computational view leads to:

ΣR,g =

∑B
b=1 ΣR,gbfss(Σ

∗
t,gb)Pgb∑B

b=1 fss(Σ
∗
t,gb)Pgb

, (A.56)
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where

Pgb =

∫ Σt,g,b

Σt,g,b−1

pgb(Σ
∗
t )dΣ∗t (A.57)

is the band weight for band b. Since ΣR(Σ∗t ) is much smoother than ΣR(E) over the resonance

energy range, using a quadrature approximation rather than the actual integral is feasible and can

be accurate.

Both MG and MB methods are aimed to preserve reaction rates. While MG method attempts

to approximate the Riemann form of the integral over energy of cross section multiplied by flux

moments, MB method attempts to approximate the Lebesgue form of the integrals. By using

resonance approximation of the flux, MB method transforms integrals of a flux-response quantity

over energy into integrals over cross section space. Then instead of MG method resolving many

thin resonances in energy space, MB resolves a slowing varying function in cross section space,

which reduces the number of unknowns.

Using the idea from probability table, moment methods is applied to calculate the multiband

parameters (ΣRb, Pb) as described in Eq. (A.56) and Eq. (A.57), respectively. Defining a general-

ized self-shielding factor is of the form:

fss(E) =
1

[Σt(E) + Σ0]n
(A.58)

the multiband parameters can be calculated for various n and Σ0. Generally,

• n = 0 represents the unshielded flux for weighting,

• n = 1 represents the totally self-shielded flux for weighting,

• n = 2 represents the totally self-shielded current for weighting.

Consider a simple case with two bands, the multiband parameters are (Pb,Σt,gb) for b = 1, 2.

Giving the restriction Σt,g1 < Σt,g2 for uniqueness of the solution, the following relationships are
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obtained for various n:

Σ0
t,g =

Σt,g1P1 + Σt,g2P2

P1 + P2
, n = 0

Σ1
t,g =

P1 + P2

P1

Σt,g1
+ P2

Σt,g2

, n = 1

Σ2
t,g =

P1

Σt,g1
+ P2

Σt,g2

P1

Σ2
t,g1

+ P2
Σ2

t,g2

, n = 2

(A.59)

After algebraic manipulation, the solutions are :

P1/2 =
1

2
± δ, .Σt,1/2 =

1

A±B
(A.60)

where

δ =
1− A(Σ1

t,g)

2BΣ1
t,g

A =
1

2Σ2
t,g

Σ0
t,g − Σ2

t,g

Σ0
t,g − Σ1

t,g

B2 =
1

Σ0
t,gΣ

1
t,g

[1− 2AΣ1
t,g + Σ0

t,gΣ
1
t,gA

2]

(A.61)

Once (Pb,Σt,gb) for b = 1, 2 are known, it can be applied to solve for any reaction ΣR,gb. The same

procedure can be applied for N bands (Pb,ΣR,gb) for b = 1, ..., N . Giving 2N sets of self-shielded

cross section, (Pb,Σt,gb) are solved from Eq. (A.56) and Eq. (A.57). Then ΣR,gb for b = 1, ..., N

can be further solved form linear system of Eq. (A.56) for various reaction type. For Σ0 = 0 and

different value of N , it is the Hausdroff moments problem [34], while for N = 1, and different

values of Σ0, it is the Stieltjes-Hilbert moments problem[34].

In a normal MG method, the scattering cross section from an initial group g′ to final group g

only depends on the scattering cross section g′ and the transfer matrix:

Σs,g′→g = Σs,g′Tg′→g (A.62)
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where Tg′→g is independent of the cross section in either group g′ and group g. For MB method,

various definition of the scattering transfer have been studied:

• The NR approximation, which assumes there is no correlation between the initial and final

scattering cross section, defines that the neutrons scattered into band gb only depends on the

weight of each band in group g:

Σs,g′b′→g = Σs,g′b′Tg′→g (A.63)

Then,

Σs,g′b′→gb = PbΣs,g′b′Tg′→g = PbΣs,g′b′→g. (A.64)

• The WR approximation assumes there is no slowing-down due to the absorber, which indi-

cates the scattered neutron will stay in the same group.

Σs,g′b′→gb = Σs,g′b′δb′bδg′g (A.65)

In this case, there is correlation between the initial and final cross sections.

• The IR approximation is a linear combination of NR and WR approximation, which sug-

gests[35]

Σs,g′b′→gb = [λPb + (1− λ)δb′b]Σs,g′b′Tg′→g. (A.66)

where λ is a group-averaged value, and also available in MG libraries[32,36]. Therefore, the

MB weights and cross section can be derived from the existing self-sheilded MG libraries.

A.3.3 Correlations in Multiband Method

There are several problems arising for MB method when it comes to a practical calculation: the

overlapping of the resonances from different resonant nuclides in the same material (also called

the resonance interference effect) , the space-dependent mixture of resonant nuclides, and the same
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resonant nuclides at different temperatures. Various methods have been proposed to solve those is-

sues. Takeda et. al. introduced the conditional probability that a nuclide takes a certain band under

the condition that the other nuclide takes another band [37]. Ribon and Hebert used a correlated

weight matrix to represent this effect for the elastic slow-down scattering at low energy[4, 26],

which is briefly explained here. In lethargy space, the elastic slowing-down scattering for a single

resonant nuclide can described as:

1

(1− α)∆ug

∫ ug

ug−1

du

∫ u

u−ε
du′eu

′−uf [σ(u)]g[σ(u′)] =

∫ max(σ)

0

dσ

∫ max(σ)

0

dσ′Πs(σ, σ
′)f(σ)g(σ′)

=
K∑
k=1

K∑
l=1

Wk,lf(σk)g(σl)

(A.67)

where α = (A−1
A+1

)2 , ε = ln 1
α

, Πs(σ, σ
′) is the conditional probability density, f(σ) and g(σ) are

arbitrary functions of the total cross section, Wk,l is the slowing-down weight matrix, expected to

be normalized as:
K∑
k=1

Wk,l = Wl,
K∑
l=1

Wk,l = Wk (A.68)

The above normalization can not be achieved simultaneously, since the integral range of (u− ε, u)

indicates that the initial energy value u′ may be in group g − 1 while quadrature points σk and σl

are only defined in group g. For a pair of resonant nuclides a and b with K and L order of the

probability tables, respectively , it has:

1

∆ug

∫ ug

ug−1

duf [σa(u), σb(u)] =

∫ max(σa)

0

dσa
∫ max(σb)

0

dσbΠ(σa, σb)f(σa, σb)

=
K∑
k=1

L∑
l=1

wabk,lf(σak , σ
b
l )

(A.69)
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where the conditional probability is defined as:

Π(σa, σb) =
K∑
k=1

L∑
l=1

δ(σa − σak)δ(σb − σbl )wabk,l (A.70)

Then, the moment problem for two correlated nuclides is: :

Mm,n =
1

∆ug

∫ ug

ug−1

duσa(u)mσb(u)m =
K∑
k=1

L∑
l=1

wabk,l(σ
a
k)
m(σbl )

n (A.71)

The correlated weight wabk,l can be solved by the method proposed in the reference [38]. A de-

tailed derivation of mutual resonance shielding model including correlation can be find in the

reference[4].

155



APPENDIX B

APPENDIX TO SECTION 2

B.1 Energy Penalty

The energy is included in the observation to bound the energy element also in energy not just

flux. This is called energy penalty. The magnitude of the energy penalty determines its importance

in the clustering and therefore should be balanced compared to other information in the observa-

tion. The observation of the energy penalty over selected energy range is chosen as:

Og,energy = β
√
N log10[

φmax

φmin

]
log10Eg

log10
Emax

Emin

(B.1)

whereN is the number of other observations. In this way, the magnitude of energy penalty to other

observations only depends on the value of β. In the later calculation, β = 0.96 is used and energy

bounding is mostly relied on coarse group structure.

When it comes to energy bounding, it is observed that using coarse group structure is more

effective than using energy penalty. However, using coarse group structure requires manually

carefully selecting group boundaries and an apportioning algorithm to automatically allocate the

number of energy elements in each coarse group, which is described in the next section. The reason

in introduce the energy penalty is to make the minimization process have the maximum freedom

to chose its energy mesh.
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B.2 Apportioning Algorithm

The apportioning algorithm is defined as follows:

yg ≡
vg
vtot

Ntot (B.2a)

Mg ≡ max(1, yg) (B.2b)

Mtot ≡
∑
g

Mg (B.2c)

γg ≡
Mg − 1

Mtot −G
(B.2d)

N̂g ≡ bγg(Ntot −G)c+ 1 (B.2e)

δg ≡ (γg(Ntot −G) + 1)− N̂g (B.2f)

∆ ≡ Ntot −
∑
g

N̂g (B.2g)

where vg is the metric in coarse group g, vtot =
∑

g vg, andNtot is the total number of discontiguous

group. Define:

Ng =


N̂g ifg ∈ a

N̂g + 1 ifg /∈ a
(B.3)

where a is a list of g related to ∆ largest δg. There are three properties regrading the algorithm:

1. The algorithm ensures that each coarse group has at least one group, Ng ≥ 1, which can be

derived as follows:

Mtot =
∑
g

max(1, yg) =
∑
g

max(1,
vg
vtot

Ntot) ≥ Ntot ≥ G (B.4)

It is also obvious tat Ntot ≥ G, where Ntot = G is the simplest case where no apportioning

algorithm is needed as one coarse group has exactly one group.

Mg ≥ 1 =⇒ γg ≥ 0 (B.5)
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Therefore,

bγg(Ntot −G)c ≥ 0

=⇒ N̂g ≥ 1

=⇒ Ng ≥ 1

(B.6)

2. The algorithm ensures the summation of number of discontiguous groups in each coarse

group is the user defined Ntot.

∑
g

N̂g = bγg(Ntot −G)c+ 1 ≤
∑
g

γg(Ntot −G) +G = Ntot

=⇒ ∆ ≥ 0

(B.7)

Therefore, ∑
g

Ng = ∆ +
∑
g

N̂g = Ntot (B.8)

3. The algorithm ensures that the number of discontiguous groups in each coarse group is

proportional to the relative metric in that coarse group, which can be derived as:

Ng '
Mg − 1

Mtot −G
(Ntot −G) + 1 (B.9)

Define

r ≡ Ntot −G
Mtot −G

, and G ≤ Ntot ≤Mtot

=⇒ 0 ≤ r ≤ 1

(B.10)

Then
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Ng '
vg
vtot

Ntotr + (1− r)1, (B.11)

Ng

Ntot

' vg
vtot

r + (1− r) 1

Ntot

, (B.12)

(B.13)

Therefore, when r is close to 1, the number of discontiguous groups in each coarse group

is approximately proportional to the metrics in each coarse group; while when r is close

to 0, in which there is little difference of the variance in each coarse group, the number of

discontiguous groups in each coarse group is close to 1.

B.3 Generation of the Hyperfine Energy Grid

The hyperfine group structure is chose as follows:

1. Create a list of all problem relevant materials and corresponding temperatures, including

actual problem material and approximate problem material may appear in the later process.

2. Derive a list of all nuclides at their corresponding temperatures.

3. Create a PENDF for each nuclide at its corresponding temperature.

4. Create a hyperfine (unionized) energy grid over all above PENDF.

5. Compute Σt for each material over the unionized energy grid.

6. Iteration to remove energy grid if the error calculated at this point using a linear interpolation

of its neighbor points is below the tolerance for all material at its temperature. No multiple

consecutive points should be removed.

7. Iteration to add midpoint if the relative difference between two neighbor points is larger than

the tolerance.
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8. Compute Σt for each material over the unionized energy grid.

9. Iteration to remove energy grid if the error calculated at this point using a linear interpo-

lation of its neighbor points is below the tolerance for all material at its temperature. No

consecutive points should be removed.

10. Iteration to add midpoint if the relative difference between two neighbor points is larger than

the tolerance.

B.4 NJOY Work Flow

FEDS-NJOY and SHEM-NJOY cross sections on fine contiguous groups are processed through

NJOY code, which is composed of a set of modules performing defined tasks. The workflow

for generating FEDS-NJOY or MG-NJOY cross sections are displayed in Fig. B.1. Each mod-

ule in NJOY has a specific processing task. RECONR reconstructs point-wise cross sections on

unionized energy grid using ENDF resonance parameters and nonlinear interpolation schemes.

BROADR generates Doppler-broadened cross sections at the user-defined temperatures. UNRESR

generates effective self-shielded cross sections in the unresolved energy range. THERMR gener-

ates neutron scattering cross sections for free or bound scatterers at the thermal energies. GROUPR

generates flux-weighted multigroup cross sections from point-wise cross sections. In GROUPR

with the narrow resonance approximation, the l-th Legendre component of angular flux φl can be

approximated as:

φl =
C(E)

[Σt(E)]l+1
, (B.14)

where C(E) is selected as mid-life pressurized water reactor spectrum consisting of thermal Max-

wellian at low energies, a 1/E function at intermediate energies and a fission spectrum at high

energies with a fusion peak added. With equivalence theory, for isotope i, the above equation can

be further written as:

φil =
C(E)

[σt(E)i + σi0]l+1
, (B.15)
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Discontiguous Group Structure

THERMR

GROUPR

UNRESR

BROADR

RECONR

NJOY

ENDF Library
List of Nuclides

(Z, A, T)

Fine Group 

Structure

Material Composition

Geometry

Weighting Spectrum

GENDF Reader

Total XS 

(Background XS)

Converged

Not Converged

Bondarenko Iteration

or

MG−NJOY XS

FEDS−NJOY XS

Figure B.1: Work flow for FEDS-NJOY or MG-NJOY cross sections generation
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where the background cross section σ0 represents all the effect from other nuclides in the mate-

rial. For heterogeneous systems, considering the escape effects, the background cross section in

material for nuclide i can be written as:

σi0,g =
1

ρi
{Σe +

∑
j 6=i

ρjσ
j
t,0,g(σ

j
0,g, T )} (B.16)

where the escape cross section Σe is approximated by the average chord length. Then the total

material cross sections are:

Σt,l,g =
∑
i

ρiσ
i
t,l,g(σ

i
0, T ) (B.17)

where

σit,l,g(σ0, T ) =

∫
g

C(E)σi
t

[σ0+σi
t(E,T )]l+1dE∫

g
C(E)

[σ0+σi
t]
l+1dE

. (B.18)

The output file of GROUPR is named GENDF, which contains the microscopic fine group cross

sections as a function of temperature T and σ0. The escape cross section for each material can be

obtained from the geometry information. The material total cross section and the background

cross section for each nuclide can be built by Eq. (B.17) through the Bondarenko iteration [32].

For standard MG group structure, each discontiguous group only contains one fine group.
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APPENDIX C

APPENDIX TO SECTION 3

C.1 Results for Two and Three Coarse Groups for 2D Pin Cell Problem

We also tried to generate FEDS-NJOY cross sections with only one big coarse group for

energy range [4.21983, 22699.4] eV. However, due to the memory issue on NUEN cluster, we

were only able to generate the FEDS-NJOY cross sections with two and three coarse groups in

the above energy range. The coarse group boundaries are [4.21983, 2.084.10, 22699.4] eV and

[4.21983, 51.7847, 2084.10, 22699.4] eV, respectively.

Table C.1: Errors in keff for 2D pin cell problem with 2 coarse groups

Method Unknowns Keff Epcm Efficiency

(RRR) 1
|Error|×DOF

NJOY-FEDS-166 30 1.46726 -178 ±1 18.7

NJOY-FEDS-195 59 1.46644 -122 ±1 13.9

NJOY-FEDS-244 108 1.46618 -105 ±1 8.8

NJOY-FEDS-361 225 1.46565 -69 ±1 6.5

NJOY-FEDS-417 281 1.46509 -30 ±1 11.7
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Table C.2: Errors in keff for 2D pin cell problem with 3 coarse groups

Method Unknowns Keff Epcm Efficiency

(RRR) 1
|Error|×DOF

NJOY-FEDS-166 30 1.47043 -395 ±1 8.4

NJOY-FEDS-195 59 1.46694 -156 ±1 10.8

NJOY-FEDS-244 108 1.46615 -102 ±1 9.0

NJOY-FEDS-361 225 1.46545 -55 ±1 8.1

NJOY-FEDS-417 281 1.46545 -55 ±1 6.5

It is observed that with fewer coarse groups, there is an improvement in accuracy of results in

keff.

C.2 Comparisons of MCNP and SERPENT Tally Values

Both MCNP and SERPENT are Monte Carlo codes. MCNP is widely used for neutron, photon,

and electron transport simulation. SERPENT is mainly for lattice reactor physics burn up calcu-

lation. SERPENT uses woodcock delta-tracking method [39] and a single unionized energy grid

for all reaction cross sections [40], to optimize the performance at a cost of memory usage. When

computing the QoIs in k-eigenvalue problems, the MCNP results are used as references[1,25]. For

each SERPENT run, we always check and make sure that the difference in keff between MCNP

and SERPENT results is below two standard deviations. Here, we also include a section for the

comparison of coarse group absorption rates in the whole fuel.The results from MCNP and SER-

PENT are consistent. In the calculation results section, MCNP results are used as references for

two reasons: SERPENT doesn’t have the direct tally functions as MCNP does.
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Table C.3: Comparison of fuel absorption rate from MCNP and SERPENT for 12 Coarse group
for 2D pin cell

Upper energy (eV) SERPENT MCNP Relative Error

6.24999× 10−1 1.3119E+00 ± 6.70E-05 1.3119E+00 ± 1E-04 3.27E-05

4.21983× 100 6.3675E-02 ± 1.97E-04 6.3666E-02 ± 1E-04 1.28E-04

9.50002× 100 1.1513E-01 ± 3.60E-04 1.1515E-01 ± 2E-04 -1.80E-04

2.78852× 101 9.3427E-02 ± 3.40E-04 9.3426E-02 ± 2E-04 4.93E-06

5.17847× 101 6.2150E-02 ± 4.00E-04 6.2166E-02 ± 2E-04 -2.60E-04

1.54176× 102 6.9574E-02 ± 3.10E-04 6.9591E-02 ± 2E-04 -2.43E-04

5.39204× 102 5.3979E-02 ± 3.00E-04 5.3974E-02 ± 2E-04 8.96E-05

2.08410× 103 3.9441E-02 ± 2.80E-04 3.9447E-02 ± 2E-04 -1.57E-04

9.11881× 103 2.8120E-02 ± 2.40E-04 2.8114E-02 ± 2E-04 1.91E-04

2.26994× 104 1.2877E-02 ± 2.50E-04 1.2877E-02 ± 1E-04 -2.41E-05

1.40000× 105 1.8064E-02 ± 1.30E-04 1.8064E-02 ± 1E-04 -1.18E-06

2.00000× 107 9.2920E-02 ± 1.03E-04 9.2915E-02 ± 1E-04 5.58E-05

C.3 Results for an Infinite Medium Problem

Significant errors are observed in results for 4 rings in fuel using NJOY-SHEM cross sections.

This may be mainly caused by that the approximate weighting spectrum in NJOY code doesn’t

work for the multiple fuel rings case. In order to exclude the possibility of code bug, we further

test the case for infinite homogeneous medium problem. The material has the same composition

as the fuel material in CASL1E problem. The errors in keff for infinite medium problem is listed in

Table C.4.
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Table C.4: Errors in keff for NJOY-SHEM cross sections for an infinite medium problem

Method Unknowns Keff Epcm Efficiency

(RRR) 1
|Error|×DOF

NJOY-SHEM-166 30 0.65361 875 ±1 18

NJOY-SHEM-244 108 0.65282 753 ±1 4

NJOY-SHEM-361 225 0.65256 713 ±1 2
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