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ABSTRACT

Determining the complexity of matrix multiplication has been a central problem in complex-
ity theory ever since Strassen showed, in 1969, that one can multiply matrices in O(n?3!)
arithmetic operations, strictly better than with the usual algorithm. Bini reduced the prob-
lem of the complexity of matrix multiplication to one in multilinear algebra, that of de-
termining the border rank of the matrix multiplication tensor. In this thesis, I prove new
border rank bounds, both upper and lower, on certain matrix multiplication tensors as well
as on the little Coppersmith-Winograd tensor and its recently introduced skew variant, aux-
iliary tensors relevant to the study via Strassen’s laser method. Upper bounds are obtained
through explicit rank and border rank decompositions. The lower bounds are are obtained
principally through representation theory, both of finite and Lie groups. In particular, I
present new results for matrix multiplication coming from a recent development in lower

bounds due to Buczyniska and Buczynski, the idea of border apolarity.
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1. INTRODUCTION AND BACKGROUND

1.1 The complexity of matrix multiplication

Linear algebra is central to applications of mathematics, and matrix multiplication is the
essential operation of linear algebra. The standard algorithm to multiply two n x n matrices
uses n? multiplications. In 1969, while attempting to show that the standard algorithm was
optimal, V. Strassen [1] discovered an explicit algorithm to multiply 2 x 2 matrices using
seven multiplications rather than eight. This algorithm may also be used to multiply n x n

matrices using O(n?®!) arithmetic operations rather than the usual O(n?) (see §1.2).

The exponent w of matrix multiplication is defined as

w :=1inf{7 | n x n matrices may be multiplied using O(n") arithmetic operations}.

Trivially, w > 2, as any matrix multiplication must at least look at all n? entries of the matrices
to be multiplied, and it is conjectured that, in fact, w = 2. There was steady progress in the
research for upper bounds from 1968 to 1988: after Strassen’s famous w < 2.81, Bini et. al. [2],
using border rank (see §1.4), showed w < 2.78, then a major breakthrough by Schonhage [3]
(the asymptotic sum inequality, §1.6) was used to show w < 2.55, and then Strassen’s laser
method was introduced and used by Strassen to show w < 2.48, and refined by Coppersmith
and Winograd to show w < 2.3755 [4] (§1.7). Then there was no progress until 2011 when a
series of improvements by Stothers, Williams, and Le Gall [5, 6, 7] lowered the upper bound

to the current state of the art w < 2.373.



1.2 Strassen’s algorithm

Consider the product of a pair of 2n x 2n matrices, where we have blocked them into n x n

quadrants,
A Ap||Bu B Cii Ch

A21 A22 BZl B22 C(21 022

Computing the C;; blockwise via the usual algorithm for 2 x 2 matrix multiplication takes

eight block multiplications:

C11=A11By1 + A12Byy
Cio = A11 B2 + A12Bsy
Ca1 = Ag1 Byy + A9 By

Co1 = A1 B + Aga Bog,

If, however, we instead compute

I= (A1 + Agp) (B + Bao)
IT = Ay1(Bg + Bao)
I1] = (Ag — Ayn) By
IV = (A13 + Ag)(Bo1 — Ba) (1.1)
V = Ay (By1 + Ba)
VI=(-Ay + A12)Boy

VII = (A +Ay)(-Byy + Byo),



we may form

CH=[+[V—V+VI

Cro=IT1+VI
(1.2)

021=]II+V
Coo=1-I11+1I1+VII.

That is, we may compute the product of a pair of matrices using only seven block multipli-
cations. This is enough to obtain an algorithm for square matrix multiplication which uses

asymptotically fewer arithmetic operations than the standard algorithm.

Let A and B be n x n matrices. First, if n = 1, return the product. Otherwise, if n is odd,
reduce to the even case by padding each of A and B with a row and column of zeroes. Divide
A and B into quadrants as above, and compute the products I-V II by recursively calling

this algorithm. Finally, form the C;; as above and return the corresponding C'.

We analyze the above algorithm. Let T'(n) denote the number of arithmetic operations
required to carry out the above algorithm on nxn matrices. The formation of the appropriate
linear combinations of blocks to compute the arguments to the recursive calls, and then to
compute the C;; from the results takes O(n?) arithmetic operations. Then, we have T'(1) = 1,
T(n) =7T([5]) + O(n?). Applying the master theorem of [8], we obtain 7'(n) = O(n'°&27),
where log, 7 = 2.81.

1.3 Reduction to tensor rank

The existence of Strassen’s algorithm depends only on the existence of the equations 1.1 and
1.2. These equations have a special structure such that a corresponding algorithm for fast
matrix multiplication can be derived. We will describe this special structure in geometric
terms as a property of matrix multiplication considered as a tensor. The notion we define will
be independent of coordinates, so our presentation will be in the coordinate free language of

composition of linear maps, rather than multiplication of matrices.



In what follows, we will make extensive use of finite dimensional vector spaces over C. We
denote such vector spaces with capital letters and by convention use the corresponding bold
lower case letter to denote dimension. Define the tensor product U®V as the C-vector space

with basis {(u,v) | ue U,v € V} modulo the relations

(u+u,v) = (u,v) + (u,v)
(u,v+v") = (u,v) + (u,v")

(au,v) = a(u,v) = (u,av),

where u,u’ € U, v,v" € V, and a € C. We write u ® v for the equivalence class of (u,v) in
U ® V. Then, for instance, dimU ® V' = uv. Any bilinear map ¢ : U x V — W satisfies
d(u,v) = p(u®v) for some unique linear map ¢: U®V — W, and U ® V is characterized by

this property.

Denote by Hom (U, V') the vector space of linear maps U — V| and write U* for Hom (U, C).
When U and V are finite dimensional, the natural inclusion V ® U* - Hom(U,V), v ® f
[u vf(u)] is an isomorphism. Write Idy € Hom(U,U) = U ® U* as the identity operator
under this identification. Similarly, the natural inclusion V' — (V*)*, v = [f = f(v)] is an
isomorphism. Finally the map (Hom(U, V) ® Hom(V,U))*, A® B ~ trace(AB) is a perfect
pairing, yielding a natural isomorphism Hom(U,V)* - Hom(V,U). We will freely identify

spaces under these isomorphisms.

Linear maps W — V and V — U may be composed, and the composition operator is bilinear.
In other words, there is a tensor M, vw) € Hom(Hom(V,U) ® Hom(W, V), Hom(W,U)).
This tensor is called the matriz multiplication tensor. There are additional ways to conceive
of this tensor, modulo the identifications above. For instance, under the natural isomorphism
to the space (Hom(V,U) ® Hom(W, V) ® Hom(U, W))*, My v w) has the form A@ B C +
trace(ABC'). Under the natural isomorphism to the space (U®U*)® (Ve V*)e (W W*),



Muyvwy = Idy ® Idy ® Idyy. We will most frequently consider M,y w) to lie in the space
(U"eV)e (V*e@W)e (W*eU). The grouping of the terms is significant in what follows.

We write M(n) = M(n’mn).

We define a notion of complexity of tensors, called rank, which, for the matrix multiplication
tensor, corresponds up to a factor of two to the minimal number of multiplications needed to
compute matrix multiplication via an arithmetic circuit [9, Equation 14.8]. More precisely,
for a tensor T'e A® B® C, its rank R(T') is the smallest r such that T'= ¥7_; a; ® b; ® ¢;
for some a; € A, b; € B, ¢c; € B. We will call such an expression of 7" as a sum of rank one
tensors a rank decomposition, even in cases where the number of terms is not minimal. For

instance, R(M22.9)) <7, as Strassen’s algorithm (§1.2) may equivalently be written

Mgy = (u'vg + u?v2) ® (v'wy + v’ws) ® (w'uy + wus)
+ulv; @ (Viwy + v*ws) ® (wiuy — w?us)
+ (U — u?vy) ® viwy ® (whug + wuy)
+ (ulvg + u?vy) ® (V2w — v2wy) ® whu, (1.3)
+ 1%y ® (viwy + viwy) ® (whug — wluy)

+ (utvg — u'vy) ® v?wy ® (wuy + whuy)

+ (v +ulvy) ® (viws — viwy) ® wus.

Here we have written wu;, v;, w; for bases of U, V and W, i € {1,2}, and u*, v* and w® for
the corresponding dual bases of U*, V* and W*, and we have suppressed the tensor product

sign for elements of U* @V, V* @ W, and W* @ U.

Given a rank r decomposition of M, there is a corresponding algorithm to multiply
square n x n matrices. Namely, if n < ng, return the matrix product via the usual algorithm.
Otherwise pad with zero rows and columns to reduce to the case that n is divisible by ngy, so

that each matrix can be blocked into ng blocks of dimensions [ 3+ ]x[ 2-]. For each summand of



the rank decomposition, form the appropriate corresponding linear combination of the blocks
and recursively call the fast multiplication algorithm. Finally, form the blocks of the answer
as appropriate linear combinations of the products as prescribed by the rank decomposition.
As with Strassen’s algorithm, the formation of all required linear combinations of blocks
requires O(n?) arithmetic operations, so if 7'(n) is the number of arithmetic operations to
multiply a pair of matrices via this algorithm, then 7'(n) satisfies T'(n) = rT'([-]) + O(n?),
and by the master theorem, it follows 7'(n) = O(n'*®0"). Hence, if R(M)) < 7, then

w < log,, r. Strassen showed the converse holds in the following sense.
Theorem 1.3.1 (Strassen [1]). w = liminf, . log, R(My))

Hence, the study of the exponent of matrix multiplication can be entirely reduced to the
study of the rank of the matrix multiplication tensor. In fact, the problem can be further
reduced to a more geometric question. Unlike the matrix rank, the set of tensors in A@ BC'
with tensor rank at most r does not form a closed set, either in the Euclidean or Zariski

sense. There is thus an additional notion in the context of tensors, that of border rank.
1.4 Tensor border rank

For a tensor T'e A® B® C, its border rank R(T') is the smallest r such that T lies in the
closure of the set of rank at most r tensors, either in the Euclidean or Zariski sense. That is,
the set of tensors of border rank at most  is precisely the cone over o, (Seg(PAxPBxPC)),
the r-th secant variety of the Segre variety of rank one tensors. In fact, R(7T") < r if and only
if there is an expression T' = lim;_¢ >.;_; a;(t) ® b;(t) ® ¢;(t). We call such an expression for T
a border rank decomposition. The set of tensors of border rank at most r is by definition a
closed set. Thus, from the standpoint of geometry, border rank is a more natural measure of
complexity. Moreover, from the standpoint of the complexity of matrix multiplication, there

is no loss in generality, in view of the following.

Theorem 1.4.1 (Bini [10]). w = liminf,_, log, R(My))



One has R(T) < R(T") and the inequality can be strict: let T =a; ® by ® co + a1 ® by ® ¢1 +

as ® by ® c1, then R(T") =3 and R(T') =2 as

1
T= thn%) ;[(al + tCLQ) ® (b1 + tbg) ® (Cl + tCQ) -a1 ® bl ® Cl]. (14)

In [11], it was shown that R(M() = 7. Until the results of chapter 3, this was the only
nontrivial matrix multiplication tensor whose border rank was known exactly. In chapter 3,
we prove R(Ms23y) = 10 and R(M233)) = 14, expanding the list of tensors whose border

rank is known from one to three, as well as giving other significant new bounds.
1.5 Waring (border) rank and symmetrized matrix multiplication

The symmetric group on k elements acts on the space A®* by permuting factors, and we call
tensors invariant under this action symmetric. The space of symmetric tensors is written
Sk(A) c A®F. For symmetric tensors 7', there is a more specialized notion of rank and
border rank, namely, the symmetric or Waring rank Rg(T') is the smallest r so that T can
be written as the sum of r symmetric rank one tensors, and we call such an expression a

Waring decomposition. The Waring border rank R (T") is defined analogously.

Define the symmetrized matrix multiplication tensor sM) € S*(V* ® V) as the result of
symmetrizing My € (V*®V)®3 under the action of the symmetric group on three elements.
For the complexity of matrix multiplication, there is no loss in generality to study Waring

(border) rank of sMy), in view of the following.
Theorem 1.5.1 ([12]). w = liminf, o log, Rs(sMy)) = liminf, . log, R (sMxn))

In chapter 4, I show Ry(sM3)) < 18 and Ry(sM4) < 40 by providing explicit Waring

decompositions.



1.6 Asymptotic sum inequality

Schonhage’s advance comes from his discovery that it can be more efficient to perform
two matrix multiplications together than one at a time. For tensors T'e A® B ® C' and
T e A’ ® B’ ® (', define a new tensor T @71’ ¢ (Ao A')® (B B')® (C ® C'") whose
computation is equivalent to computing 7" and T’. He gave explicit examples of matrix
multiplication tensors where R(T' & T") < R(T') + R(T"). To explain how he exploited this

we need some more definitions:

Given T'e A B C and T" € A’ ® B’ ® (', the Kronecker product of T and T" is the
tensor TRT :=T®T' e (A® A')® (B® B')® (C ® ("), regarded as 3-way tensor. Given
TeA® B®C, the Kronecker powers of T are T®N € A®N @ B®N @ C®N | defined iteratively.
We have R(TwT") < R(T)R(T"), and similarly for border rank. The matrix multiplication
tensor has the following important self-reproducing property, corresponding to the fact that

matrices may be multiplied block-wise: M mn) ® My m vy = My mm’ no')-

Given T, T" ¢ A® B®C, we say that T degenerates to T" if T' € GL(A) x GL(B) x GL(C) - T,
the closure of the orbit of 7" under the natural action of GL(A)xGL(B)xGL(C) on AQ B&C'.
Here, GL(A) denotes the general linear group of invertible linear maps A — A. We extend
this notion to tensors T e A® B® C and T" € A’ ® B’ ® C' by picking inclusions A and A’
into a common space A”, and likewise for B and C. Border rank is upper semi-continuous

under degeneration: if 7" is a degeneration of T', then R(7") < R(T).

Schonhage observed that if one takes a high Kronecker power of M mn) ® My mr ), that
because of the reproducing property, it will be a sum of matrix multiplication tensors, some
of them quite large. One can then perform a degeneration to obtain a single very large
matrix multiplication tensor and exploit the strict sub-additivity to get an upper bound on

this large matrix multiplication tensor. This reasoning results in the celebrated



Theorem 1.6.1 (Shonhage’s asymptotic sum inequality [3]). For all I;, m;, n; with 1 <i < s,

S

Z(mznl )5 <R (@an)

i=1

1.7 Strassen’s laser method

After Schonhage, Strassen realized that the starting tensor need not be a sum of matrix
multiplication tensors, as long as some high power of it degenerates to a large matrix mul-
tiplication tensor. This gave rise to his laser method, where the starting tensor “resembles”
the sum of disjoint matrix multiplication tensors. All upper bounds since 1984 are obtained

via Strassen’s laser method. The best starting tensor for Strassen’s method (so far) was

discovered by Coppersmith and Winograd, the big Coppersmith-Winograd tensor,

Tew,g = Za0®b ®cj+a;j®by®cj+a;®b;®cy
7=1

+ag ® by ® Cqr1 + g ®byy ® o+ gy ® by ® cy € (CTH2)®3,

It was used to obtain the current world record w < 2.373 and all bounds below w < 2.41 [4].

In 2014 [13] gave an explanation for the limited progress since 1988, followed by further
explanations in [14, 15, 16, 17]: there are limitations to the laser method applied to the big
Coppersmith-Winograd tensor and other auxiliary tensors. These limitations are referred
to as barriers. We are interested in two kinds of barriers: to proving the exponent is two,
and barriers to proving the exponent is less than 2.3. In [13], it was shown that the big
Coppersmith-Winograd tensor is subject to this second kind of barrier, that the laser method

applied to it is not sufficient to prove w < 2.3.

The second best tensor for the laser method so far has been the little Coppersmith- Winograd



tensor,

q
Tcw,q = Z ag ® bj ®cj+a; ® by ® cj+a; ® bj ®cy € (Cq+1)®3. (15)
j=1

The laser method implies the following.

Theorem 1.7.1. [4] For all k and q,

w < log, (5 (R(TEE,))"). (1.6)

cw,q

It is a fact that R(Tew,) = ¢ +2 [4]. Applying Theorem 1.7.1 with k£ =1 and ¢ = 8 yields
w < 2.404. In chapter 2, we address [18, Problem 9.8], which was motivated by Theorem

1.7.1: Is R(T22 ) < (¢ +2)%? We give an almost complete answer:

cw,q

Theorem 1.7.2. For all ¢ >2, R(T%2, ) = (¢ +2)?, and 15 < R(T®?,) < 16.

cw,q cw,2

We also examine the Kronecker cube:

Theorem 1.7.3. For all ¢ >4, R(T=3,) = (¢ +2)3.

cw,q
Proofs are given in §2.2.

Proposition 2.2.1 below, combined with the proofs of Theorems 1.7.3 and 1.7.2, implies

Corollary 1.7.4. For all ¢ >4 and all N,

w

R(T50) 2 (¢+1)" (g +2)°,

and R(T®VN,) > 36 x 5N-2.

w,4

Previously, in [19] it had been shown that R(T2N ) > (¢+ 1) +2V -1 for all ¢, N, whereas

cw,q

the bound in Corollary 1.7.4 is (¢+ 1)V +3(¢+ 1)V 1+ 3(¢+ 1)V 2+ (¢+ 1)V 3.

10



Previous to this work one might have hoped to prove w < 2.3 simply by using the Kronecker
square of, e.g., T,,, 7. Now, the smallest possible calculation to give a new upper bound
on w from a tensor that has been used in the laser method would be, e.g., to prove the
fourth Kronecker power of a small Coppersmith-Winograd tensor achieves the lower bound
of Corollary 1.7.4 (which we do not expect to happen). Of course, one could work directly
with the matrix multiplication tensor, in which case the cheapest possible upper bound
would come from proving the border rank of the 6 x 6 matrix multiplication tensor equaled

its known lower bound of 69 from [20].
1.8 New tensor for the laser method not subject to barriers
In light of the bad news for upper bounds of §1.7, we have the following.

Problem 1.8.1 (AFL Challenge [13]). Find new tensors for Strassen’s laser method not

subject to known barriers.

One promising tensor is the following skew cousin of the little Coppersmith-Winograd tensor,
first introduced in [21] and defined when ¢ is even.
q 3
Tokewewq = Y, a0 ®bj®@c;+a; @by ®c; + Y (ag ® beva —ag s ®be) ®co € (CrhH®. (1.7)

J=1 &=1

In the language of [9], Tskewew,q has the same “block structure” as Ty, 4, which immediately

implies Theorem 1.7.1 also holds for Tsgewew,q:

Proposition 1.8.2. For all k,

3

w< logq(%(ﬂ Ti’zwcwﬂ))ﬁ). (1.8)

In particular, the known barriers do not apply to Tsgewew,2 for proving w = 2 and to any

Tskewew,q for ¢ <10 for proving w < 2.3. Unfortunately, we have

11



Proposition 1.8.3. R(Tskewew,q) > ¢ + 3.

Proposition 1.8.3 is proved in §2.2.
Thus R(Tskewew.q) > R(Tew,q) for all ¢, and in particular R(Zskewew,2) = 5.

However, unlike 7., 5, substantial strict sub-multiplicativity holds for the Kronecker square

of Tskewcw,Q:
Theorem 1.8.4. R(TZ2 ., ) = 17.

In fact, the tensor Tiiwcwg is much more familiar than it may at first seem. We say that

two tensors are isomorphic if they are the same up to a change of bases in A, B and C.
Let dets € (C?)®3 and permg € (C?)®3 be the 3 x 3 determinant and permanent polynomials

considered as symmetric tensors.

Proposition 1.8.5. We have the following isomorphisms of tensors:

K2 ~
Ty = permg

T2 = detg.

skewcw,2 =

Proposition 1.8.5 is proved in §2.1.1. Hence, Theorem 1.8.4 is a consequence of the following.

Theorem 1.8.6. R (det3) = R(dets) = 17.

Proof. R (detz) <17 is proved in §2.3.2. R(dets) > 17 is Theorem 3.1.2 and proved in §3.5.
The theorem then follows as R(dets) < R (dets). O

We also prove the following in §2.3.1 (note that the first inequality is trivial).

Theorem 1.8.7. R(det;) < Rg(dets) < 18.

12



2. KRONECKER POWERS OF LASER METHOD TENSORS

Write G, for the symmetric group on k letters. The wedge product aq A -+ A ay is defined as
Y ges,, S8N(0) Ag(1) Aoy € A®F, where a; € A. The span of all such wedge products is denoted
by A¥A c A®k. The special linear group SL(A) c GL(A) is set of linear automorphisms with
determinant one or, equivalently, those that preserve a; A---Aa, under the induced action on
A®2 where aq,...,a, is a basis of A. Write GL,, = GL(C") and SL,, = SL(C"). For X c A,

X+:={aeA*|a(r) =0,z € X} is its annihilator.
2.1 Symmetry groups of tensors and polynomials

The group GL(A) x GL(B) x GL(C) acts naturally on A® B® C. The map ¢ : GL(A) x
GL(B)xGL(C) - GL(A® B® () has a two dimensional kernel ker ® = {(Ald4, uldg, vId¢) :
Apv =1}~ (C)2.

In particular, the group (GL(A) x GL(B) x GL(C)) /(C*)*? is naturally identified with a
subgroup of GL(A® B® (). Given T'e A® B® C, the symmetry group of a tensor T is the
stabilizer of T in (GL(A) x GL(B) x GL(C)) /(C*)*2, that is

Gri=1{g e (GL(A) x GL(B) x GL(C)) /(C*)2| ¢-T =T). (2.1)

2.1.1 Proof of Proposition 1.8.5

Let

dets = > sgn(T)ao(1)r(1) ® bo(2)r(2) ® Co(3)r(3)

0,7€63
permg = Z Ao (1)r(1) ® bo(2)r(2) ® Co(3)r(3)

0,7€63

be the 3 x 3 determinant and permanent polynomials regarded as tensors in C°? @ C° @ C°.
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Proof of Lemma 1.8.5. After the change of basis IN)O = —by and ¢; = ¢o, C9 1= —c1, We obtain

Tskewch=a0®b1®52—a0®b2®61+6L2®l~70®61

—al®Bo®5g+a1®b2®60—0,2®bl®00.

This shows that, after identifying the three spaces, Tskewew,2 = @o A a1 A ag is the unique (up
to scale) skew-symmetric tensor in C? ® C3 ® C3. In particular, Tsgewew 2 18 invariant under

the action of SL; on C3? ® C? ® C3.

Consequently, the stabilizer of T%2 . in GL(C?) contains (and in fact equals) SL}> xZs.
This is the stabilizer of the determinant polynomial dets. Since the determinant is charac-

terized by its stabilizer, we conclude.

The tensor T, o is symmetric and, after identifying the three spaces, it coincides with ag(a? +
a3) € S3C3. After the change of basis a; := a;+az, @z := a;—as, we obtain Ty, 2 = agayag € S3C?
is the square-free monomial of degree 3. The stabilizer of T, 2 under the action of GL3 on
S3C3 is TSY x &3, where T3" denotes the torus of diagonal matrices with determinant one,

and G3 acts permuting the three basis elements.

Consequently, the stabilizer of 7%, in GL(C?) contains (and in fact equals) (T5" x &3)** »
Zy. This is the stabilizer of the permanent polynomial perm;. Since the permanent is

characterized by its stabilizer, we conclude. O]

Remark 2.1.1. For the reader’s convenience, here are short proofs that det,,, perm,, are
characterized by their stabilizers: To see det,, is characterized by its stabilizer, note that

SL,, xSL,, = SL(F) x SL(F) acting on S™(FE ® F') decomposes it to

P S,E® S, F

|m|=m.

14



which is multiplicity free, with the only trivial module Sim E ® SimF' = A™E ® A™F. Here,
we have written S, for the Schur functor corresponding to the partition 7. To see that
perm,, is characterized by its stabilizer, take the above decomposition and consider the
TSUE) x TSH(F)-invariants, these are the weight zero spaces (S;E)o ® (S,F)o. By [22], one
has the decomposition of the weight zero spaces as &F x &F -modules to (S E)o® (S F)o =

[7]g ® [7]r. The only such that is trivial is the case 7 = (d).

Remark 2.1.2. Even Kronecker powers of Tgewew 2 are invariant under SL;Qk, and coincide, up
to a change of basis, with the Pascal determinants (see, e.g., [23, §8.3]), T52* = PasDety, 3,

skewcw,2

the unique, up to scale, tensor spanning (A3C3)®2F c S3((C3)®2F).

Remark 2.1.3. One can regard the 3 x 3 determinant and permanent as trilinear maps C3 x
C3 x C3 - C, where the three copies of C? are the first, second and third column of a 3 x 3
matrix. From this point of view, the trilinear map given by the determinant is Tsgepcw 2 as a
tensor and the one given by the permanent is T, 2 as a tensor. This perspective, combined
with the notion of product rank, immediately provides the upper bounds R(perm;) < 16

(which is also a consequence of Lemma 1.8.5) and R(dets) < 20, see [24, 25].

Remark 2.1.4. A similar change of basis as the one performed in the second part of proof of
Lemma 1.8.5 shows that, up to a change of basis, Tsgewew,q € A2Co*L. In particular, its even

Kronecker powers are symmetric tensors.
2.2 Koszul flattenings and lower bounds for Kronecker powers
In this section we review Koszul flattenings, prove a result on propagation of Koszul flattening

lower bounds under Kronecker products, and prove Theorems 1.7.2 and 1.7.3.

Respectively fix bases {a;}, {b;}, {cx} of the vector spaces A, B,C. Given T =}, T"*a; ®
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bj®cr e A® B® (), define the linear map

T :A\PA® B* > AP Ae C

X® ﬁ — szkTZ]k,B(b])(a, A X) ® Ck.

Then [26, Proposition 4.1.1] states

rank(77}")

(dim(;l)—l) ’

R(T) > (2.2)

This type of lower bound has a long history: in general, one takes the space A® B ® C' and
linearly embeds it into a large space of matrices. Then if a rank one tensor maps to a rank
q matrix, a rank r tensor maps to a rank at most rq matrix, so the size rq + 1 minors give
equations testing for border rank r. In this case the size of the matrices is (;)b X (pil)c and

. -1
a rank one tensor maps to a matrix of rank (ap )

In practice, one takes a subspace A" ¢ A* of dimension 2p + 1 and restricts 7' (considered
as a trilinear form) to A" x B* x C* to get an optimal bound, so the denominator (dim(ﬁ)_l)
is replaced by (2;’) in (2.2). Write ¢ : A - AJ(A"”™)t = A’ for the projection onto the
quotient: the corresponding Koszul flattening map gives a lower bound for R(#(7")), which,
by linearity, is a lower bound for R(7"). The case p = 1 is equivalent to Strassen’s equations

[27]. There are numerous expositions of Koszul flattenings and their generalizations, see,

e.g., [23, §7.3], [28, §7.2], [29], [30, §2.4], or [31].
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Proof of Proposition 1.8.3. Write g = 2u. Fix a space A’ = (e, e1,e3). Define ¢ : A - A’ by

¢(ao) = eo,
ola;))=e; fori=1,... u,

¢lag) =€y fors=u+1,...,q.

As an element of A3A, we have Tsgewew,q = G0 A Dojeg Gi A Gy

We prove that for T' = Typewew,q, One obtains rank(74}) = 2(¢+2) + 1. This provides the lower
bound R(T') > [%] =q+3.

We record the images via T4} of a basis of A’ ® B*. Fix the range of i =1,...,u:

Ti (eo® Bo) = (eoAer) ® Titcusi — (€0 Aer) ® Tiici,
TiHeo® Bi) = (eg Aea) ® co,
Ti} (e0 ® Busi) = (eg Aer) ® co,
Tht(e1® Boy) = (e1 Aer) ® T Cusis
Tit(e1® Bi) = (eg Aer) ® curi + €1 A ey ® co,
Thl (e1 ® Busi) = € A €1 ® ¢,
Tit(e2® By) = (e1 A ea) ® ity ci,
ThH(ea ® ;) = eg A ea ® Cusi,

TQ}(GQ ® Buﬂ) = (60 A 62) ®c; —e1 Nex®Cy.

Notice that the image of ¥i.,(e1 ® 5;) — Yiti(e2 ® Busi) — €0 ® Po is (up to scale) e; A ey ® co.
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This shows that the image of T4} contains

NA ®co+er Aea® (Tiici, Siqcusi) + (o Aer,eg Aea) ® (ci,y ..., ).

These summands are in disjoint subspaces, so we conclude

rank(T47) >3 +2+2q =2q + 5.

2.2.1 Propagation of lower bounds under Kronecker products

A tensor T'e A® B® C, with dim B = dim C' is 14-generic if T(A*) ¢ B ® C contains a full
rank element. Here is a partial multiplicativity result for Koszul flattening lower bounds

under Kronecker products:

Proposition 2.2.1. Let T} € A; ® B; ® C; with dim B; = dim C be a tensor with a Koszul
flattening lower bound for border rank R(T) > r given by Tl%i (possibly after a restriction
¢). Let Ty € Ay ® By ® Cy, with dim By = dim Cy = by be 14,-generic. Then

rank(77°7) - b
I_{(Tng)z[ (1) 21.

()

rank (T} IA‘{; )

In particular, if e €Z, then R(Ty ® Ty) > rby.

Proof. After applying a restriction ¢ as described above, we may assume dim A; =2p+ 1 so

that the lower bound for 77 is

E(TI) > [M]

2p
()
Let o € A} be such that T'(«a) € By ® Cy has full rank by, which exists by 14,-genericity.
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Define ¢ : A;® Ay - Ay by ¢ = 1ds, ®a and set ¥ := ¢ ®1dp,ec,0B,e0,- Then (V(T1=T5)Y

provides the desired lower bound.

Indeed, the linear map (V(7; ® 73)) coincides with 71 ®Ti(a). Since matrix rank is

multiplicative under Kronecker product, we conclude. Il

2.2.2 A short detour on computing ranks of equivariant maps

We briefly explain how to exploit Schur’s Lemma (see, e.g., [32, §1.2]) to compute the rank
of an equivariant linear map. This is a standard technique, used extensively e.g., in [33, 34]
and will reduce the proof of Theorems 1.7.2 and 1.7.3 to the computation of the ranks of

specific linear maps in small dimension.

Let GG be a reductive group. In the proof of Theorems 1.7.2 and 1.7.3, G will be the product
of symmetric groups. Let Ag be the set of irreducible representations of GG. For A € Ag, let

W) denote the corresponding irreducible module.

Suppose U, V' are two representations of G. Write U = @yea, WY, V = @®xrer, Wy  where
m,, is the multiplicity of W) in U and /¢, is the multiplicity of W) in V. The direct summand

corresponding to A is called the isotypic component of type .

Let f: U — V be a G-equivariant map. By Schur’s Lemma [32, §1.2], f decomposes as
f =@f\, where f,: Wf\BmA - szk. Consider multiplicity spaces M), Ly with dim My = m
and dim Ly = ¢, so that W;Bm* ~ M, ® W) as a G-module, where G acts trivially on M), and

similarly Wf\B Sy A Q@ Wy

By Schur’s Lemma, the map fy: My ® W) — Ly ® W, decomposes as f\ = ¢, ® Id[,), where
¢x: My — Ly. Thus rank(f) is uniquely determined by rank(¢,) for A € Ag.

The ranks rank(¢,) can be computed via restrictions of f. For every A, fix a vector wy € Wy,

so that M)y ® (w,) is a subspace of U. Here and in what follows, for a subset X c V, (X)
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denotes the span of X. Then the rank of the restriction of f to M, ® (w,) coincides with
the rank of ¢,.

We conclude

rank(f) = ¥, rank(¢,) - dim W,.

The proof of Theorem 1.7.2 and proof of Theorem 1.7.3 will follow the algorithm described
above, exploiting the symmetries of T, ,. Consider the action of the symmetry group &, on
A® B® C defined by permuting the basis elements with indices {1,...,q}. More precisely,
a permutation o € &, induces the linear map defined by o(a;) = a,(;) for i = 1,...,¢ and
o(ap) = ap. The group &, acts on B, (' similarly, and the simultaneous action on the three

factors defines an &4-action on A® B ® C. The tensor T, , is invariant under this action.
2.2.3 Proof of Theorem 1.7.2

When ¢ = 3, the result is true by a direct calculation using the p = 2 Koszul flattening with
a sufficiently generic C5 ¢ A*, which is left to the reader. In what follows we treat the case

q>3.

Write a;; = a; ® a; € A®? and similarly for B®? and C'®2. Let A’ = (e, e1,e2) and define the

linear map ¢, : A%? > A’ via

$2(aoo) = d2(ao) = P2(aro) = €0 + e,
$2(a11) = €o,

$2(aos) = P2(az) = €1+ €2

¢2(az2) = d2(as1) = €2

$2(a02) = ¢2(az0) = €1

P2(agi) = pa(aig) =€y fori=4,....q

¢2(a;;) =0  for all other pairs (1, 7).
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For ¢ > 4, we apply the p = 1 Koszul flattening map to the restriction of 722 determined by

cw,q
P2

The tensor T, , is invariant under the action of &, acting on the indices {1, ..., ¢} of the basis
elements of C#*1. Therefore T%2 is invariant under the action of §,x &, on A®2® B®2@ (C'®2.

cw,q

Let ' := 643 x §,_3 where &, 3 is the permutation group on {4,...,q}; T&;, is invariant

under the action of T'.

The projection ¢, is invariant under the action of I', so (¢o(T22,)%} is T-equivariant, because

in general Koszul flattenings are equivariant under the product of the three general linear

groups, which is GL(A’) x GL(B®?) x GL(C®?) in our case.
We now apply the method described in §2.2.2 to compute rank((7;)%7).

Let [triv] denote the trivial &, s-representation and let V' denote the standard representation,
that is the Specht module associated to the partition (¢—4,1) of ¢—3. We have dim[triv] =1

and dimV = ¢ —-4. When ¢ =4 only the trivial representation appears.

The spaces B, C' are isomorphic as &,_3-modules and they decompose as B = C' = [triv]®* @ V.
After fixing a 5-dimensional multiplicity space C5 for the trivial isotypic component, we
write B* = C' = C5 ® [triv] ® V. To distinguish the two &, s-actions, we write B*®* =

triv]® @ V1) ® ([triv]%® @ Vi) and similarly for C'®2
L R
Thus,
B*®* = 0®2 =C5** & ([triv], ® [triv]z)®
C'® ([triv],® Vz) @&

C'® (VL ® [tI‘iV]R) &

(VL ® VR)
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Write Wy, ..., W for the four irreducible representations in the decomposition above and let

My, ..., My be the four corresponding multiplicity spaces.

Recall from [35] that a basis of V' is given by standard Young tableaux of shape (¢ —4,1)
(with entries in 4,...,q for consistency with the action of &, 3); let wyq be the vector
corresponding to the standard tableau having 4,6, ...,q in the first row and 5 in the second
row. We refer to [35, §7] for the straightening laws of the tableaux. Let wy,, be a generator
of the trivial representation [triv]. Writing C4*! = (ey, ..., e,), we explicitly have wyq = e5—e4
and the multiplicity space 5-dimensional multiplicity space of the trivial representation is

(607 ...,€3, ZZQj).

For each of the four isotypic components in the decomposition above, we fix a vector w; € W

*®2

and explicitly realize the subspaces M; ® (w;) of B*®* as follows:

(Bij:4,5=0,...,3)®
(Z;I':z; 5ij:i:07---73)®

[triv], ® [triv]r  Wgiy ® Wiy 25 (S, Bi;=0,....3)®
(%70 8i5)
[(triv]l ® VR Wiy ® Wt ) (B(ggif 51?153))@
Viotivly  waa®wey 5 Vg e
VL ® Vg Wstd ® Wstd 1 (Bss5 = Bas = Bsa + Baa).-

The subspaces in C®? are realized similarly.

Since (T22 )’ is T-equivariant, by Schur’s Lemma, it has the isotypic decomposition (T2 )%
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f1® fo® f3& f4, where

fit A® (M; @ Wy) - A2A"® (M; @ Wy). (2.4)

As explained in §2.2.2, it suffices to compute the ranks of the four restrictions @, : A’® M; ®

(w;) > A2A’® M; ® (w;) to the multiplicities spaces.

The four matrices representing ®4,..., P, are computed by a routine which exploits their
structure. The script to compute the matrices and their ranks is available at
https://www.math.tamu.edu/~jml/CGLVkronsupp.html, Appendix D. The method to com-

pute the matrices is explained in Section 2.4.

The script provides an expression for the entries of the matrices ®; which are univariate
polynomials in ¢ up to a global univariate polynomial factor. The expressions are valid for

q 2 5. The rank of the Koszul flattening in the cases ¢ = 3 and ¢ = 4 is computed directly.

We determine a lower bound on rank(®;) by computing a matrix P; - ®; - Q);, where P; is a
rectangular matrix whose entries are rational functions of ¢ (well defined for ¢ > 5) and Q); is
a rectangular matrix whose entries are constant. The resulting matrix P;- ®;-(); is a square
matrix, upper triangular with £1 on the diagonal, so that the size of P;®;(Q); gives a lower

bound on rank(®;).

We summarize the results of the script in the following table.

Wi dimW; dim M; rank(®;) contribution to total rank
[tI‘iV]L ® [triV]R 1 25 72 72
[tTiV]L ® Vg q—4 5 12 12(q—4)
Vi ® [triv]g q-4 5 12 12(q-4)
V, @ Vi 1 (g-4)?2 2 2(q - 4)?2
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Adding the total contributions, we obtain

rank(74') =2-(q-4)*+12-(¢-4)+12-(¢-4) +72-1=2(q + 2)%

This concludes the proof of Theorem 1.7.2.
2.2.4 Proof of Theorem 1.7.3

We will give a lower bound on R(7®2 ) by computing its Koszul flattening for p = 2. Write

cw,q

aijk = a; ® a; ® a € A% and similarly for B®3 and C®3. Let {a;;,} ¢ A*®3 be the dual basis
to {aijx} c A®. Let A’ = (e, ...,es) be a 5-dimensional space and let {e°,..., e*} be the
dual basis of {eg,...,es} and define ¢3 : A®3 - A’ to be the linear map whose transpose

¢F AT - A*®3 i given by

¢3T(€0) = Qo0

5 (e') = o1 (cioo + aoio + 0;)

¢3T(€2) = Qo1 + Q1o + Q12 + Qo2 + Qi1 + Q21 + Qigp0 + Q211
¢3T(€3) = Qo2 + Q3o + Qipz1 + Qi + Qo3 — Q120 + Q210 + Q212 + Q300

T/ 4
®3 (6 ) = Opop2 + Opp4 + Qip11 + Qip14 + Qoo + Q23 T Gp32 + Qg0 + (100 + (122 + Qi2gg + (i303.

Let T, = ¢3(1%3 ) € A’ ® B®3 ® C'®3 and consider the Koszul flattening

cw,q

(T,))2: A2A"® B*® - A3A @ O3,
We will show rank((7;)%7) = 6(¢ +2)3, which implies R(T23 ) > (¢ +2)3.

We employ the same method as in Section 2.2.3 in the case of T22 . The Koszul flattening

cw,q*

is equivariant for the action of I' = 6;;1 where &,_4 acts on {5,...,¢}. In particular Cd*!
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splits under the action of &, 4 into a 6-dimensional subspace of invariants C8 ® [triv] =
(€0,...,€4,e5+ - +¢,) and a copy of the standard representation V = (e; —e5:i=6,...,q),

with dimV = ¢ -5.

Hence, the spaces B®3 and C'®3 split into the direct sum of 8 isotypic components for the
action of I" as follows (we use indices 1, 2, 3 to denote the trivial or the standard representation

on the first, second or third factor):

B*® ~ 03 = (C%)® @ ([triv], ® [triv]y ® [triv]s)
® (C*2 @ [([mv]1 ® [triv], ® V3)
® ([triv]; ® Vo ® [triv]s)
@ (Vi ® [triv],  [triv];)
o (C%) 8 [([trivli ® V> & V3)
® (V1 ® Vy ® [triv]s)
o (Vi ® [triv], ® V3) |

eVielhel;

Similarly to the square case, for each of the eight isotypic components, we consider w; € W
where W; is the corresponding irreducible and we compute the rank of the restriction W, :

AN2A"® M; @ (w;) > AN3A" @ M; ® (w;) of the Koszul flattening.

The matrices representing the maps ¥, are computed exploiting the structure of the tensors
involved, following the method described in Section 2.4. The expression computed by the
script is valid for ¢ > 6. The case g =5 is computed explicitly. Their ranks are computed by

reducing W; to a triangular matrix as in the previous case.

The ranks of the restrictions are recorded in the following table:

25



W; dim W; dim M; rank(W;) total contribution

[triv], ® [triv]s ® [triv] 1 63 = 216 2058 2058

triv]; ® [triv], ® V- qg-5 62 = 36 294
[wivh e [tivkoVs  (¢-5) P
(and permutations) (three times) (three times) (three times)

triv]; ® Vo ® Vs qg-5)2 6 42

[triv; ® V2 ® V3 ( ) 3-42(q-5)2
(and permutations) (three times) (three times) (three times)

Viel,® Vs (¢-5)° 1 6 6(¢-5)°

Adding all the contributions together, we obtain
rank(7%?) =6(q—-5)*> +3-42(q—5)*+3-294(¢-5) +2058 -1 =6- (g + 2)3.

This concludes the proof of Theorem 1.7.3.
2.3 Upper bounds for Waring rank and border rank of det;
2.3.1 Proof of upper bound in Theorem 1.8.7

We give the rank 18 decomposition for dets explicitly, as a collection of 18 linear forms on
C? = C3®C3 whose cubes add up to detz. The linear forms are given in coordinates recorded
in the matrices below: the 3 x 3 matrix ((;;) represents the linear forms Y ,;; (;jzi;. This

presentation highlights some of the symmetries of the decomposition.

Let ¥ = exp(27i/6) and let 9 be its inverse. The tensor dets = T w2 = det(z;) € S3(C3 @

C3) satisfies
18
det3 = Z L?
1
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where Ly, ..., Lig are the 18 linear forms given by the following coordinates:

-9 0 0 -9 0 0 -9 0 0
Li=l0o -1 0 Ly=10 -1 0 Ly=10 L9 0
0 0 9 0 0 o 0 0 o
-1 0 0 9 0 0\ 9 0 0
Lyi=lo o0 -9| Ls=]0 0 1 Le=l0 0 -0
0 -39 0 0 -39 0 0 -39 0
0 9 0 0 9 o0 0 9 0
Li=l-9 0 0 Ly=-9 0 0] Lo=|-9 0 0
0 0 1 0 0 v 0 0 1
0 -39 0 0 -39 0 0+ 0
Liw=l0o 0o 9| Lu=l0 0 9| Le2={0 0 -1
-1 0 0 -1 0 0 -1 0 0
0 0 1 0 0 1 0 0 1
Liz=1-1 0 0 Lu=|9 0 0 Lis=19 0 0
0 -+ 0 0 29 0 0 39 0
0 0 9 0 0 9 0 0
Lig=10 -39 o ZLir=]10 -39 0| Lis=|0 -1J 0
1 0 0 -9 0 0 1 0 0

The equality can be verified by hand. A Macaulay?2 file performing the calculation is available

at https://www.math.tamu.edu/~jml/CGLVkronsupp.html, Appendix B.
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2.3.2 Proof of Theorem 1.8.6

As in the case of Theorem 1.8.7, we prove Theorem 1.8.6 by explicitly giving 17 linear forms,
depending on a parameter ¢, whose cubes provide a border rank 17 expression for dets. The

algebraic numbers involved are more complicated than in the previous case.

The result was achieved by numerical methods, which allowed us to sparsify the decom-
position and ultimately determine the value of the coefficients. The linear forms in the

decomposition are described below.
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Consider

L1(t) =

Ly(t) =

Lq(t) =

Llo(t) =

L13(t) =

The coefficients zq, ..

z 0 0 Z3
0 2t O Ly(t) = 24
-1 0 0 26
0 0 t 0
—z 00 | Ls(®)=|o0
0  z2st —2z35t -1
zio 21t 0O Z15
212 0 23t Lg(t) = | 216
214 0 0 218
-z 0 0 222
0 00 Li1(t) = | 293
-z44 0 0 225
Z9g Zogt 0 Z31
230 0 —t Liu(t)=1] 0
0 t 0 0
236 23t 0O
Lig(t) =238 0 230t
0 24t -t

0 O
0 =zt Ls(t) =
0 O
—z19t  —290t
0 0 | Le(®)=
0 0
-t 0
0 z7t Lo(t) =
0 0
0 0
0 294t Lis(t) =
0 O
239t 0
0 0 Lus(t) =
233t -t
2y Zagl
Liz(t)=] 0 Z43t
zaa O

29

—Z36 Z7t

—Z38 0 —Zggt

0 0 t

—299 th 0

293 0 —294t

0 0

—Z25
0 Zlgt Zgot

0 22125 0

1 0 0

—2z31 26t O

0 227t 0

0 0 ¢

0 0 -t

234 0 0

0 0 =zt
0
0
0

., z44 are algebraic numbers described as follows. Let ¥, be a real root



of the polynomial

22T =220 4 1722 — 2922 + 8122 + 52222 — 726221 + 3451220 — 109012 + 25738218 -
5066327 + 72133216 - 729732'° + 104442 + 13886013 — 30861122 + 4273442}
—2674162'° — 1960962 + 7627362° — 12367362" + 10923522 — 5376002° — 4224024+

6840322° — 113664022 + 11468802 — 520192.

For i = 1,...,44, we consider algebraic numbers y; in the field extension Q[y.], described
as a polynomial of degree (at most) 26 in y, with rational coefficients. Notice that all
the y;’s are real. The expressions of the yi,...,ys in terms of y, are provided in the file
yy_exps.m2 at https://www.math.tamu.edu/~jml/CGLVkronsupp.html, Appendix C. Let

zj be the unique real cubic root of y;.

We are going to prove that, with this choice of coefficients z;,

t2dets + O(t?) = iLi(t)3. (2.5)

The condition 2dets + O(t3) = Y17, L;i(t)? is equivalent to the fact that the degree 0 and
the degree 1 components of ;7 L;(¢)3 vanish and that the degree 2 component equals dets.
Given the sparse structure of the L;(t), this reduces to a system of 54 cubic equations in the
44 unknowns zq, ..., 244. Our goal is to show that the algebraic numbers described above are

a solution of this system.

We show that the z;’s satisfy each equation as follows. After evaluating the equations at the

z;’s, there are two possible cases

1. all monomials appearing in the equation are elements of Q[y.]; we say that this is an
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equation of type 1; there are 14 such equations;

2. at least one monomial appearing in the equation is not an element of Q[y.]; we say

that this is an equation of type 2; there are 40 such equations.

For equations of type 1, we provide expressions of each monomial in terms of y,. To verify
that each expression is indeed equal to the corresponding monomial, it suffices to compare
the cube of the given expression and the expression obtained by evaluating the monomial
at the y;’s. Finally, the equation can be verified in Q[y.]. This is performed by the file

checkingTypeleqns.m2.

For equations of type 2, let u be one of the monomials which do not belong to Q[y.]. We
claim that it is possible to choose the monomial in such a way that Q[u?] = Q[y.]. For each
equation, we choose one of the monomials and we verify the claim as follows. The element
u? has an expression in terms of y, which equals the chosen monomial evaluated at the y;’s.

Let M, be the 27 x 27 matrix with rational entries such that
(17u37 " u3'26) = (17y*7 cee 7936) ’ Mlu

M, can be computed directly by considering the expressions of the powers of u3 in terms of

y.. Then Q[u?] = Q[y.] if and only if M, is full rank.

In particular y, has an expression in terms of u3, which can be computed inverting the matrix

M,. A consequence of this is that Q[u] = Q[y., u].

At this point, we observe that Q[u] contains the other monomials occurring in the equation
as well. To see this, we proceed as in the case of equations of type 1. For each monomial
occurring in the equation, we provide an expression in terms of u (in fact, to speed up
the calculation, we provide an expression in terms of u and y., which is equivalent to an

expression in u because Q[u?] = Q[y.] and y, has a unique expression in terms of u3); we
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compare the cube of this expression (appropriately reduced modulo the minimal polynomial
of y. and the relation between u? and y,.) with the expression obtained by evaluating the
monomial at the y;’s (expressed in terms of y,). This shows that all monomials occurring
in the expression belong to Q[u], and verifies that the given expressions are indeed equal to
the corresponding monomials. Finally, the equation is verified in Q[u] as in the case of type

1. This is performed by the file checkingType2eqns.m2. O
2.3.3 Discussion of how the decomposition was obtained

Many steps were accomplished by finding solutions of polynomial equations by nonlinear
optimization. In each case, this was accomplished using a variant of Newton’s method
applied to the mapping of variable values to corresponding polynomial values. The result of

this procedure in each case is limited precision machine floating point numbers.

First, we attempted to solve the equations describing a Waring rank 17 decomposition of dets
with nonlinear optimization, namely, dets = Z}Zl(wg)@’g’, where w] € C33. Instead of finding a
solution to working precision, we obtained a sequence of local refinements to an approximate
solution where the norm of the defect is slowly converging to to zero, and some of the
parameter values are exploding to infinity. Numerically, these are Waring decompositions of

polynomials very close to dets.
Next, this approximate solution needed to be upgraded to a solution to equation (2.5).

We found a choice of parameters in the neighborhood of a solution, and then applied local
optimization to solve to working precision. We used the following method: Consider the
linear mapping M : C17 — S3(C3*3), M(e;) = (w))®3, and let M = UXV* be its singular
value decomposition (with respect to the standard inner products for the natural coordinate
systems). We observed that the singular values seemed to be naturally partitioned by order
of magnitude. We estimated this magnitude factor as ty » 1073, and wrote ¥/ as ¥ where

we multiplied each singular value by (t/tg)*, with k chosen to agree with this observed
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partitioning, so that the constants remaining were reasonably sized. Finally, we let M’ =
UX'V*, which has entries in C[[t]]. Thus M’ is a representation of the map M with a

parameter ¢.

Next, for each i, we optimized to find a best fit to the equation (a; + tb; + t2¢;)® = M'(e;),
which is defined by polynomial equations in the entries of a;, b; and ¢;. The a;, b; and ¢; we
constructed in this way proved to be a good initial guess to optimize equation (2.5), and we
immediately saw quadratic convergence to a solution to machine precision. At this point,
we greedily sparsified the solution by speculatively zero-ing values and re-optimizing, rolling
back one step in case of failure. After sparsification, it turned out the ¢; were not needed.

The resulting matrices are those given in the proof.

To compute the minimal polynomials and other integer relationships between quantities, we
used Lenstra-Lenstra-Lovéasz integer lattice basis reduction [36]. As an example, let ¢ € R
be approximately an algebraic number of degree k. Let N be a large number inversely
proportional to the error of (. Consider the integer lattice with basis {e; + | N(?|exs1} ©
Zk+2 for 0 < ¢ < k. Then elements of this lattice are of the form wvgeg + -+ + vpey + Fep.,
where E ~ Np((), p = vg + v1x + ---xx®. Polynomials p for which ¢ is an approximate root
are distinguished by the property of having relatively small Euclidean norm in this lattice.
Computing a small norm vector in an integer lattice is accomplished by LLL reduction of a

known basis.

For example, the fact that the number field of degree 27 obtained by adjoining any z3 to Q
contains all the rest was determined via LLL reduction, looking for expressions of z3 as a
polynomial in zg for some fixed 8. These expressions of z2 in a common number field can be
checked to have the correct minimal polynomial, and thus agree with our initial description
of the z,. LLL reduction was also used to find the expressions of values as polynomials in

the primitive root of the various number fields.
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After refining the known value of the parameters to 10,000 bits of precision using Newton’s
method, LLL reduction was successful in identifying the minimal polynomials. The degrees
were simply guessed, and the results checked by evaluating the computed polynomials in the

parameters to higher precision.

Remark 2.3.1. With the minimal polynomial information, it is possible to check that equa-

tion (2.5) is satisfied to any desired precision by the parameters.

2.4 A method to compute flattenings of structured tensors

In this section, we explain how to compute the matrices ®,...,®, in Section 2.2.3 and the
matrices Uy, ..., Wg in Section 2.2.4.
The matrices ®4,...,P4 and ¥q,..., Ug arise via a series of tensor contractions of highly

structured tensors. In this section, we introduce the notion of box parametrized sequence of
tensors. Lemma 2.4.2 below shows that contraction of box parametrized tensors gives rise
to box parametrized tensors; in addition, the expression of the tensors resulting from the

contraction is particularly easy to control.

We will then show that the tensors in Section 2.2.3 and Section 2.2.4 which give rise to the
matrices ®q,..., P4 and Wyq,..., Ug are box parametrized. This allows us to track down the

entries of the final matrices as functions of the dimension gq.

The full calculation of the matrices is left to the scripts available in Appendix D at https:

//www.math.tamu.edu/~jml/CGLVkronsupp.html.

The point of view is partially inspired to the interpretation of tensors in communication

models, where a tensor on k factors is regarded as a function from N x--xN — C with
| —

k
finite support sending a k-tuple of integers to the corresponding coefficient of the tensor.

Explicitly, for every j =1,...,k fix a basis {vl.(j )} on the j-th factor: given a finite support
(k)

i

¥ ¢ N*# the tensor T = 2 (i i )5 tih_,_ﬂ-kv(l) ® - ®U

i corresponds to the function defined
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by T(i1,...,ik) =t;. .- We do not explicitly write the dimensions of the factors.

Let T = {T, : ¢ € N} be a sequence of tensors of order k. We say that 7T is basic boz-

parametrized if, for every ¢

k
T=p(q) Y oPe-eu®
(il,...,ik)EEq

where p(q) is a univariate polynomial in ¢ and the support ¥, is defined by conditions
njq+19; <i; < Hjq+©; for n;, H; € {0,1} and ¥;,0, € Z(, and any number (not depending

on q) of equalities i; = iy among indices. Without loss of generality, assume that the
inequalities are sharp for every j, in the sense that for every 7; satisfying the j-th inequality,
the basis element vz(j ) does appear in T;. We often say that 7 is basic box-parametrized for

q > qo for some ¢q, in the sense that the sequence has the desired structure for g > ¢q.

Example 2.4.1. The sequence Tj, = U(()l) ® ! v ®vi(3) is basic box-parametrized for ¢ > 1,

i=1 "1

with support ¥, defined by the conditions

We define a contraction operation between the ji-th and the jo-th factor of 7, obtained by
summing over the corresponding indices: in other words, the contraction is the image of T
via the trace map Zugﬁ) ® ugjz) applied to the j;-th and jo-th factors, where {ugj)} is the

dual basis to the fixed basis {UZ-(j )} on the j-th factor.

Lemma 2.4.2. Let T, T’ be basic box-parametrized tensors for q > qo and q > q{, respectively.

Then
e T ®T' is basic box-parametrized for q > max{qo, q,};

o the contraction of T on factors j, and js is basic box-parametrized for ¢ > max{|d;, —
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), |, 105, = ©4,],q0}; moreover, if the univariate coefficient p(q) of T is a polynomial of
degree e, then the coefficient of the tensor resulting from the contraction has degree at

most e + 1.

Proof. The first statement is immediate.

For the second statement, without loss of generality assume j; = 1 and j; = 2. First observe
that if 7 is basic box-parametrized, then summing over the first index, or equivalently
applying the linear map Y, ugl), generates a basic box-parametrized tensor; the coefficient of
this tensor has the same degree as the coefficient of 7 unless the first index ¢; is not related
by equality to any other index, and 7, = 0 and H; = 1; in the latter case, the degree of the

coefficient is increased by one.

Now, contraction of 7 on factors 1 and 2 is equivalent to first imposing the equality i1 = i3 on
the support ®, and then summing up on the first and second index. Imposing the equality

11 = iq effects the inequalities of i; and iy as follows:
max{nlq + 191, Toq + 192} < le = ig < IIllIl{qu + @1, HQQ + @2}

Each of the two bounds can be replaced by one the two linear functions (uniformly in ¢)
whenever ¢q > {|J1 — ¥5],|©1 — O2]}. This, together with the previous observation, concludes

the proof. O

Given two sequences of tensors 7M1, T2 of order k, we define their sum as 7; + 75 = {Tq(l) +
Tq(Q) :q € N}. We say that a sequence T is box parametrized (for q > qo) if T is a finite sum of
basic box-parametrized sequences of tensors(for g > go). Observe that a sequence of tensors
with constant dimensions is box parametrized if and only if its coefficients are univariate

polynomials in q.
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We will show that the maps ®4,..., P4 in the proof of Theorem 1.7.2 in Section 2.2.3 and

the maps Wy, ..., Wy in the proof of Theorem 1.7.3 in Section 2.2.4 are box parametrized.

The scripts in Appendix D perform the contraction of box parametrized tensors according to
Lemma 2.4.2, keeping track of the univariate polynomial coefficients and of the lower bound
qo for which the expressions are valid. The final result is that the maps ®4,...,®4 are box

parametrized for ¢ > 5 and the maps Wy, ..., Ug are box parametrized for ¢ > 6.

In the following, we show that the tensors involved in the various contractions are box
parametrized. Lemma 2.4.2 guarantees that the results of the contractions are box parametrized

as well.

First, notice that T, 4 is box parametrized for ¢ > 1, as it is the sum of three tensors as

the ones described in Example 2.4.1. By Lemma 2.4.2, we deduce that 722 (regarded as a

cw,q

tensor of order 6) and T8, (regarded as a tensor of order 9) are box parametrized. In all

three cases, the polynomials defining the coefficients have degree 0.
2.4.1 Restriction

We show that the two restriction maps ¢, : A®2 — C? and ¢3 : A®3 - C® are box parametrized

as tensors of order 3 and 4 respectively.

Write ¢g = Xg®ep+ X1 ®e1+ Xo®eq, where C3 = (eg, €1, 2) and X, X1, Xy € A®2". Tt suffices
to show that X, X1, X5 are box parametrized, regarded as tensors of order two. Using a

basis dual to the basis of A®2, we have

Xo=og®a+a1 ®ap+ a1 ® oy

_ q q
X1 —@0@210@-’1—21&1’@@0
Xo=apg®ag+ s ®ap+ s ®a; +3® as.

This shows that Xy, X1, X5 are box parametrized.
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Similarly, write ¢3 = Yy®eg+--+Y;®ey4, where C° = (e, ..., e4) and Yy, ..., Y, € A®3". Directly
from the definition in Section 2.2.4, it is immediate that Yy, ..., Y, are box parametrized and

therefore ¢3 is box parametrized as well.

Applying Lemma 2.4.2, we deduce that the two sequences ¢o(722 ) and ¢3(T783,) are box

cw,q cw,q

parametrized.
2.4.2 Koszul maps

The Koszul differentials on C3? and C° used in the definition of the Koszul flattenings are the
skew-symmetric projections C3 @ C3 - A2C3? and A?C5 @ C> - A3C®. They are both fixed

size, therefore they are box parametrized.

By Lemma 2.4.2, we deduce that the resulting Koszul flattenings (¢ (722 )" and (¢5(7T23,))"?

cw,q cw,q

are box parametrized, regarded as tensors of order 6 and 8 respectively.
2.4.3 Diagonalizing maps
Recall that the maps ®q,...,®, in the proof of Theorem 1.7.2 and the maps ¥q,..., Uy

in the proof of Theorem 1.7.3 are the restrictions of (¢2(722,))" and (¢3(T23,))"? to the

cw,q cw,q

multiplicity spaces of the isotypic components for the action of &,_3 and &,_s.

We analyze the square case in detail. For the square case, let M be the matrix of change

of basis on C? from the basis {ej,...,e,} to the basis {e1,es,e3, Y5 €165 —€4,...,6,— €41}
Explicitly
_ . -
1 1 1
M = -1 1
L _1 1 p

In particular, M diagonalizes the action of G,_3 and therefore the change of basis defined by

Ides ® M®2 on C3 ® B®? brings the matrix representing (¢2(72_))" into a block diagonal

cw,q
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matrix, whose diagonal blocks are matrices representing the maps f; : C? ® (M; ® W;) —

A2C3 ® (M; ® W;) from (2.4); denote the diagonal blocks by fM, ..., f{.

Because of our choice of basis, the multiplicity subspaces C?® (w;) ® M; and A2C3® (w;) ® M;
described in Section 2.2.3 are spanned by basis vectors, so that the matrices representing
®y,...,P4 are given by submatrices of fM,..., f{*. More precisely, setting m,,, Tsa to be

the matrices of the two coordinate projections of C? onto (eq,...,es) and (e5), we have

o, = (IdA2C3 Tinv 71-z'nv) ° fiA/t ° (Id(C3 Tinv 7Ti7w)T7
— M T

®, = (IdA2C3 Tinv 71-std) ° f2 °© (Id(C3 Tinv 7Tstd) )
— M T

O3 = (IdA2C3 Tstd ﬂinv) ° f3 ° (Id(C3 Tstd ﬂ-im)) s

Dy = (Idpecs R g B ya) © f17 0 (Ides B Mo B aa)”

Since the composition can be performed on the single factors, by Lemma 2.4.2 it suffices to

show that the four matrices M~ton] =~ M=torl = m;p,0 M and mgq0M are box parametrized.

muv’

From the structure of M, it is clear that 7m;,, c M and w4 o M are box parametrized. The

T

computation of M1 is straightforward, and it is easy to see that M~ton] =~ M-Lonl are

box parametrized.

This shows that ®q,..., P, are box parametrized. The script available in Appendix D com-
putes the box parametrized representation of ®q, ..., &4 starting from the box parametrized
version of T, the restriction map ¢, the Koszul differential and the four matrices M~torl

Mtorl | Tiny o M and gy 0 M.

The cube case is similar. Now, restriction space C3 is a C5, the top left block in the matrix
M is a 5 x 5 identity block, the result of the conjugation by M is block diagonal with 8

blocks, corresponding to the eight isotypic components. The coordinate projections m;,, and
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Tstq are onto (eq, ..., eg) and (e7). The script computes the box parametrized representation

of the matrices ¥y, ..., Us.
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3. BORDER APOLARITY OF TENSORS

3.1 History of border rank lower bounds

This chapter deals exclusively with border rank lower bounds. Initially border rank lower
bounds for tensors were obtained by finding a polynomial vanishing on the set of tensors
of border rank at most r, 0,(Seg(PA x PB x PC')), and then showing the polynomial is
nonzero when evaluated on the tensor in question. These polynomials were found by reducing
multi-linear algebra to linear algebra [37], and also exploiting the large symmetry group of
0,.(Seg(PA x PB x PC')) to help find the polynomials [38, 33]. Such methods are subject
to barriers [31, 39] (see [40, §2.2] for an overview). A technique allowing one to go slightly
beyond the barriers was introduced in [41]. The novelty there was, in addition to exploiting
the symmetry group of o,(Seg(PA x PB x PC")), to also exploit the symmetry group of the
tensor one wanted to prove lower bounds on. This border substitution method of [41] relied
on first using the symmetry of the tensor to study its degenerations (via the Normal form

lemma), and then to use polynomials on the degeneration of the tensor.

The classical apolarity method was introduced for studying the decomposition of a homo-
geneous polynomial of degree d into a sum of d-th powers of linear forms (Waring rank).
It was generalized to study ranks of points with respect to toric varieties. To prove rank
lower bounds with it, one takes the ideal of linear differential operators annihilating a given
polynomial P and proves it does not contain an ideal annihilating r distinct points. In [42],
Buczynska and Buczynski introduce new language that enables them to extend this classical
method to the border rank setting. They then extend the normal form lemma to the entire
ideal associated to the border rank decomposition of the tensor (their Fized ideal theorem).
(In the language introduced below, the Normal form lemma is the (111) case of the Fixed

ideal theorem.) Our contribution to their theory is to convert their Fixed ideal theorem
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into an effective algorithm in the situation of tensors with large symmetry groups and to
successfully apply it to important tensors. This contribution was obtained while [42] was

being developed and in regular discussions with Buczynska and Buczynski.

Given r, the algorithm builds a candidate ideal step by step, starting in low (multi)-degree
and building upwards. At each building step, there is a test that, if the so-far built ideal
fails to pass, it is eliminated from consideration. If at any point there are no candidates,
one concludes there is no border rank r decomposition. All the results of this chapter just
use the first steps of this algorithm. For tensors with symmetry, the Fixed ideal theorem

drastically reduces the candidates one needs to consider, see §3.2.3 restriction (iv).

The eliminations are obtained when the ranks of certain linear maps are too large. The linear
maps are multiplication maps. On one hand, in order for a candidate space of polynomials
to be an ideal, it must be closed under multiplication. On the other hand, our hypothesis
that the ideal arises via a border rank r decomposition upper-bounds its dimension in each

multi-degree (in fact one may assume it has codimension r in each multi-degree).

We use representation theory at several levels: The border apolarity method applied to
tensors involves the study of an ideal of polynomials in three sets of variables, so we have
a Z3-graded ring of polynomials. This enables us to study a putative ideal I in each multi-
degree. For tensors with “large” symmetry groups, for each (i,7j,k) € Z3 the Fixed ideal
theorem reduces the possible candidate [;;;,’s to a short list. Given such data, one then must
compute the ranks of the above-mentioned multiplication maps for each candidate. One
can do this by computer. This is how we obtain our results for M3y and dets, although, in
both cases, since the matrices are large, numerous, and with parameters appearing, several

innovations were required to perform the computations.

For M nny and M3, ny a computer calculation is not possible for all n. Here we show there

are no Borel-fixed (110)-spaces that could possibly be extended to ideals by splitting the
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problem into a local and a global problem: We show that the total contribution to a test
can be computed by adding local contributions. This enabled us to set-up an optimization
problem to bound all possible sums of local contributions, which we then solved (Lemma
3.7.9) by showing a modification of it is convex. We emphasize that this method for proving

lower bounds is completely different from previous techniques.

We also make standard use of representation theory to put the matrices whose ranks we
need to lower-bound in block diagonal format via Schur’s lemma. For example, to prove
R(M3)) > 6, the border apolarity method produces three size 24 x 40 matrices whose ranks
need to be lower bounded. Decomposing the matrices to maps between isotypic components
reduces the calculation to computing the ranks of several matrices of size 4 x 8 with entries

0,+1, making the proof easily hand-checkable.

To enable a casual reader to see the various techniques we employ, we return to the proof that
R(Mz)) > 6 multiple times: first using the general algorithm naively in §3.4, then working
dually to reduce the calculation (Remark 3.4.1), then using representation theory to block
diagonalize the calculation in §3.6.2, and finally we observe that the result is an immediate

consequence of our localization principle and Lemma 3.7.1 (Remark 3.7.2).
3.1.1 Results

Theorem 3.1.1. R(M3)) > 17.
The previous lower bounds were 14 [37] in 1983, 15 [33] in 2015, and 16 [41] in 2018.
Theorem 3.1.2. R(det3) > 17.

In [43] a lower bound of 15 for the Waring rank of dets was proven. The previous border rank

lower bound was 12 as discussed in [44], which follows from the Koszul flattening equations

(§2.2).
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Previous to these results My was the only nontrivial matrix multiplication tensor whose
border rank had been determined, despite fifty years of work on the subject. We add two

more cases to this list:
Theorem 3.1.3. R(M323)) = 10.

The upper bound dates back to Bini et. al. in 1980 [2]. Koszul flattenings give R(M2.9.n)) >
3n [33]. Smirnov [45] showed that R(M22)) <3n+1 for n <7, and we expect equality to
hold for all n.

Theorem 3.1.4.
1. E(M(2,3,3)) = 14.

2. We have the following border rank lower bounds:

n R(Mponn) 2 n R(Mpgann)) > n R(Mpgann)) >
4 22=4+6 11 136=112+15 18 348 =182+24
5 32=52+7 12 161=122+17 19 387=19%+26
6 44=6%+8 13 187=13%+18 20 427 =20%+27
7 58=7*+9 14 215=14%2+19 21 470 =21%+29
8 75=82+11 15 246 =152 +21 22 514 =22%+30
9 93=92+12 16 278 =162 +22 23 561 =23%+32
10 114=10%+14 17 312=17*+23 24 609 = 242 + 33.

3. For 0 < e< 1, and n > g%, R(Mignn) 2 02+ (3V6 - 6 - €)n. In particular,

R(Mpnn))2n?+1.32n+1 when n > 25.

Previously only the near trivial result that R(Mpnyn)) > n? + 1 was known by [46, Rem.
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pl75], see §3.8.

The upper bound in (1) is due to Smirnov [45], where he also proved R(M244)) < 24, and
R(Ms55y) < 38. When n is even, one has the upper bound R(M 2, n)) < In? by writing

Mignny = Mz22) R M n ).
Theorem 3.1.5. For all n > 18, R(M(3 ) > 1n? + \/gn >n? + 1.6n.

Previously the only bound was the near trivial result that when n >4, R(M3nyn)) > n? +2

by [46, Rem. pl75], see §3.8.

Using [46, Rem. p175], one obtains
Corollary 3.1.6. For alln>18 and m > 3, R(M(mnn)) >1n% + \/gn +m - 3.

Remark 3.1.7. Koszul flattenings fail to give border rank lower bounds for tensors in A@ BC'
when the dimension of one of A, B,C is much larger than that of the other two, such as
Minny e C*0C™ e C»* and Mignn e CreCe C»*. Theorems 3.1.4 and 3.1.5 show

that the border apolarity method does not share this defect.
3.2 Preliminaries

Projective space is PA = (A\{0})/C~, and if x € A\{0}, we let [x] e PA denote the associated
point in projective space (the line through ). For a set Z c PA, Z c PA denotes its Zariski
closure, Z ¢ A denotes the cone over Z union the origin, I(Z) = I(Z) c Sym(A*) denotes
the ideal of Z, and C[Z] = Sym(A*)/I(Z), denotes the homogeneous coordinate ring of Z.
Both I(Z), C[Z] are Z-graded by degree.

We will be dealing with ideals on products of three projective spaces, that is we will be
dealing with polynomials that are homogeneous in three sets of variables, so our ideals with
be Z3-graded. More precisely, we will study ideals I ¢ Sym(A*) ® Sym(B*) ® Sym(C*), and

I denotes the component in S?A* ® S7B* @ SkC*.
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Given T ¢ A® B® C, we may consider it as a linear map Ty : C* - A® B, and we let
T(C*) ¢ A® B denote its image, and similarly for permuted statements. A tensor T is
concise if the maps Ty, Tg, T are injective, i.e., if it requires all basis vectors in each of

A, B,C to write down in any basis.
3.2.1 Border rank decompositions as curves in Grassmannians

A border rank r decomposition of a tensor 7" is normally viewed as a curve T'(t) = ¥%_, T;(t)
where each T}(t) is rank one for all ¢ # 0, and lim, ., (7'(¢) = 7. It will be useful to change
perspective, viewing a border rank r decomposition of a tensor T'e A® B ® C as a curve

E;c G(r,A® B ® () satisfying
1. for all ¢t # 0, E; is spanned by r rank one tensors, and
2. T e Ej.

For example the border rank decomposition

.1
b ®cr+a1®by®c1+a,®b; ® ¢y :thr%g[(al +tag) ® (b +thy) ® (¢1 +tea) — a1 ® by ® ¢q
may be rephrased as the curve

Ei=[(a1 @b ®ci) A (ar +taz) ® (b +1tba) ® (c1 +tca)]
=[(a1®01®c1) A (a1 ®b1®c1+t(a1 ®D1 @ ca+a1 ®by® 1+ a2 @by ® ¢1)
+12(a1 ®by®Cy+ a3 ® b1 ® o+ ® by ® 1) + 1205 ® by ® )]
=[(a1®b1®c1)A (a1 ®b1 ®Ca+a; ®by®c1 +a3® b ® ¢4
+t(a1®by® o+ a3 ® by ® oy +ay ® by ® 1) + 12 ® by ® ¢3)]

cG(2,A®B® ().
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Here

E0=[(a1®bl®01)/\(CL1®b1®62+a1®b2®01+a2®b1®Cl)].

3.2.2 Multi-graded ideal associated to a border rank decomposition

Given a border rank r decomposition T' = lim, ., o ¥.7_; Tj(t), we have additional information:
Let
I; c Sym(A*) ® Sym(B*) ® Sym(C*)

denote the Z3-graded ideal of the set of r points [T1(¢)]u---u[T,(t)], where L, c STA* ®
SiB* @ SkC*. 1If the r points are in general position, then codim(l;;x¢) = r as long as
r < dim S?A* @ STB* @ SFC* (in our situation r will be sufficiently small so that this will
hold if at least two of 7, j, k are nonzero, see e.g., [47, 39, 48]). For all (ijk) with i+j+k > 1,

we may choose the curves such that codim(Z;;) = by [42, Thm. 1.2].

Thus, in addition to Ey = [f;;, defined in §3.2.1, we obtain a limiting ideal I, where we
define I, == limy , ¢ /;jx; and the limit is taken in the Grassmannian G(dim(S?A* ® STB* ®
SkC*)—r,S1A* ® STB* @ SFC*). We remark that there are subtleties here: the limiting ideal

may not be saturated. See [42] for a discussion.

Thus we may assume a multi-graded ideal I coming from a border rank r decomposition of

a concise tensor T satisfies the following conditions:

(i) [ is contained in the annihilator of T". This condition says 119 ¢ T(C*)*, I101 ¢ T'(B*)*,

Ip11 C T(A*)l and I3 cT+ c A*® B* ® C*.
(ii) For all (ijk) with i+ j+k>1, codim I, = r.

(iii) [ is an ideal, so the multiplication maps

Ii—l,j,k A" ® Ii,j—l,k ® B*® Iz‘,j,lc—l ®C* > S'A*®S'B*® SkC'* (31)
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have image contained in I;j.

One may prove border rank lower bounds for 7" by showing that for a given r, no such [
exists. For arbitrary tensors, we do not see any way to prove this, but for tensors with a
nontrivial symmetry group, we have a vast simplification of the problem as described in the

next subsection.
3.2.3 Lie’s theorem and consequences

Lie’s theorem may be stated as: Let H be a solvable group, let W be an H-module, and let

[w] e PW. Then the orbit closure H - [w] contains an H-fixed point.

Assume Gr (see §2.1) is reductive (or contains a nontrivial reductive subgroup). Let By ¢ Gr
be a maximal solvable subgroup, called a Borel subgroup. By Lie’s theorem and the Normal
Form Lemma of [41], in order to prove R(T) > r, it is sufficient to disprove the existence of

a border rank decomposition where Ej is a Bp-fixed point of PAT(A® B® C).

By the same reasoning, as observed in [42], we may assume [;;; is Bp-fixed for all 4, j, k.

When Gr is large, this can reduce the problem significantly.

Thus we may assume a multi-graded ideal I coming from a border rank r decomposition of

T satisfies the additional condition:
(iv) Each I, is By-fixed.

As we explain in the next subsection, Borel fixed spaces are easy to list.
3.2.4 Borel fixed subspaces

We review standard facts about Borel fixed subspaces. In this chapter only general and
special linear groups and products of such appear. A Borel subgroup of GL,, is the group of
invertible matrices that are zero below the diagonal, and in products of general linear groups,

the product of Borel subgroups is a Borel subgroup. Let C™ have basis eq,...,e,,, with dual
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basis el, ..., e™. Assign e; weight (0,...,0,1,0,...,0), where the 1 is in the j-th slot, and e’
weight (0,...,0,-1,0,...,0). For vectors in (C™)® wt(ef" & -®em'™) = (ai,...,a,) and
the weight is unchanged under permutations of the d = a; + --- + a,, factors. Partially order
the weights so that (i1,...,%m) = (J1,-- -, Jm) if Xor1ia > Yo 1 ja for all s. The action of the
Borel on a monomial p sends it to a sum of monomials whose weights are higher than that of
w1 in the partial order plus a monomial that is a scalar multiple of . FEach irreducible GL,,
module appearing in the tensor algebra of C™ has a unique highest weight which is given by
a partition 7™ = (p1,...,pn) and the module is denoted S,C™. Write d = |7| = ¥ p;. See any
of, e.g., [30, §8.7], [49, §9.1], or [50, I.A] for details. Let T c GL,, denote the maximal torus
of diagonal matrices. A vector w (or line [w]) is a weight vector (line) if the line [w] is fixed

by the action of T. For reductive groups G, we let B denote a choice of Borel subgroup.

We will use SL,, weights, which we write as cjw; + --- + ¢;y-1Wp-1, Where the w; are the
fundamental weights. Here wt(e;) = wy, wt(e,,) = —wp-1, for 2<s<m—1, wt(es) = ws —ws_1

and for all j, wt(e’) = —wt(e;). See the above references for explanations.

After fixing a (weight) basis of C™, an irreducible G-submodule M of (C™)®9 has a basis of
weight vectors, which is unique up to scale if M is multiplicity free, i.e., there is at most one
weight line of any given weight. In this case the B-fixed subspaces of dimension k, considered
as elements of the Grassmannian G(k, M), are just wedge products of choices of k-element
subsets of the weight vectors of M such that no other element of G(k, M), considered as
a line in A¥M, has higher weight in the partial order. In the case a weight occurs with
multiplicity in M, one has to introduce parameters in describing the subspaces. In the case
of direct sums of irreducible modules M; @ M,, a subspace is B-fixed if it is spanned by
weight vectors and, setting all the Ms-vectors in a basis of the subspace zero, what remains

is a B-fixed subspace of M; and similarly with the roles of M;, M, reversed.

In discussing weights, it is convenient to work with Lie algebras. Let b denote the Lie algebra

of B and let u c b be the space of upper triangular matrices with zero on the diagonal. We

49



refer to elements of u as raising operators. A vector (or line) is a highest weight vector (line)
if it is a weight vector (line) annihilated by the action of u. A subspace of M of dimension

k is B-fixed if and only if, considered as a line in A*¥M, it is a highest weight line.

73 ®y? (112]1)
%y% —xém /(1|0|1)\
2 o2 T 1o 2 I
1 ® Y3 x ® i (1]2]-1) (=12[1)
' 22 @ y! T i (1]-21) 1
TI® Yy~ T3 Y5 r1®y; —ryey;  (1)0]-1) (=1jo[1)
1 e 1 I C12-1) I
T30 Y, 0 5 ® Yy (1]-2|-1) 0 (=1]-2[1)
wty% - .L% ® ?J% \—1|0|—1/

T ® Y5 (-1]-2-1)

Figure 3.1: Weight diagram for U* @ sl(V) ® W when U =V = W = C2. Left are the weight
vectors and right the weights: since sly weights are just jw;, we have just written (i|j|k) for
the sl(U) @ sl(V') @ s[(1V) weight. Raisings in U* correspond to NW (north-west) arrows,
those in W to NE arrows and those in s[(V') to upward arrows.

Example 3.2.1. When U, V, W each have dimension 2, Figure 3.1 gives the SL(U) x SL(V") x

SL(W)-weight diagram for U* ® sI(V') ® W. Here, in each factor u is spanned by the matrix

01
(raising goes from bottom to top). There is a unique B-fixed (highest weight) line,

0 0

spanned by z] ® y7, (here 2% = u' ® v;, ¥} = v' ® w;, and 2} = w' ® u;) three highest weight
2-planes, (r2@yi, r1®yl), (£2@y?, 22®y5), and (23 ®y?, 3@y —r3®y}), four highest weight 3-
planes, (z7®yf, 11®y7, 21®y; —z3@Y7), (r1®y, i@y -238Y7, 2i®Y;), (vi®y], 718y, 118y3),

and (22 @ y},2? @ y — 22 @y}, 23 ® Y1), etc..

Example 3.2.2. Let dim U = 3. Figure 3.2 gives the weight diagram for U® U = S2U & A2U.
There are two B-fixed lines ((u;)?) and (uj Aus), there is a 1-(projective) parameter [s,t] € P!

space of B-fixed 2-planes, ((u1)?, sujug + tug Aus) plus an isolated one (uq A ug, uy A us) ete..
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U% 2&)1

U1U2 U1 N U W9
u1u5 (a I\ Uus W1 — Ws
—2w1 + 2w
\
U2U3 U2 N U3 —W1
U% —2w2

Figure 3.2: Weight diagram for U ® U when U = C3. There are 6 distinct weights appearing,
indicated on the right. On the far left are the weight vectors in S?U and in the middle are
the weight vectors in A2U.

Example 3.2.3. Figure 3.3 gives the weight diagram for sl3. Here v§ =v; ® v'. The oval is
around the two-dimensional weight zero subspace, which has four distinguished vectors: two
with only two weight vectors above them in the partial order, and two with only two weight
vectors below them in the partial order. Equivalently, the distinguished vectors up to scale

are images and kernels of the two raising operators.
The B-fixed subspaces of dimension 3 are X = (v}, v3, 2v3—(v{+v3)), X = (v}, v, 2v] —(vV3+v3))
and X = <U17U%7U§)

The B-fixed subspaces of dimension 4 are a family parametrized by [s,t] € P': X = (v, 03, s(2v3-

(v +03)) + (207 = (v3 +v3))).

The B-fixed subspaces of dimension 5 are, the weight > 0 space, X = (v3,v3 v3,v2 - v3,v2),

2,3 o1 _ 2 1
and X = (v}, 07,03, v] - v3,v3).

The other B-fixed subspaces are clear from the picture.
3.3 The algorithm

Input: An integer r and a concise tensor T' e A ® B ® C' whose symmetry group contains a
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/\
\/\

L 203 — ('01 +032) - vl -v2  2uf - (v2 +03)
/‘ LN

2 1
V3 \ / Uy
1
Us

Figure 3.3: Weight diagram for sl3.

reductive group with Borel subgroup Bp.

Output: Either a proof that R(T") > r or a list of all Borel-fixed ideals that could potentially

arise in a border rank r decomposition of 7.

The following steps build an ideal I in each multi-degree. We initially have Iyog = Ip19 =

Ipo1 = 0 (by conciseness), so the first spaces to build are in total degree two.

(i) For each Br-fixed weight subspace Fiig of codimension r-c in T(C*)* ¢ A*® B* (and

codimension r in A* ® B*) compute the ranks of the multiplication maps

FllO A" > S2A* & B*, and (32)

If both have images of codimension at least r, then Fipg is a candidate I119. Call these

maps the (210) and (120) maps and the rank conditions the (210) and (120) tests.
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(i)

(iii)

Perform the analogous tests for potential I1g; ¢ T(B*)* and Iy ¢ T(A*)* to obtain

spaces Fio1, Foi1.

For each triple F19, Fio1, Fo11 passing the above tests, compute the rank of the map

F110®C*®F101®B*®F011®A*—>A*®B*®C*. (34)

If the codimension of the image is at least r, then one has a candidate triple. Call this
map the (111)-map and the rank condition the (111)-test. A space Fjp; is a candidate

for I11; if it is of codimension r, contains the image of (3.4) and it is contained in 7.

For each candidate triple Fi1g, Fio1, Fo11 obtained in the previous step, and for each
Br-fixed subspace Fyyy c S2ZA* of codimension r, compute the rank of the maps Fi19®
A*® Fopp® B* - S2A*®@ B* and Fig1 ® A* @ Fyyo® C* — S?A*® B*. If the codimension

of these images is at least r, then one may add Fygg to the candidate set.

Do the same for Bp-fixed subspaces Fuog and Fpygo, and collect all total degree two

candidate sets.

Given an up until this point candidate set {Fy,.} including degrees (i - 1,7, k), (i,7 -

1,k), and (4,7,k - 1), compute the rank of the map

Fijx®@A"@F,; 1,®9B ®F ;190" > S'A* @ S'B*® S*C". (3.5)

If the codimension of the image of this map is less than r, the set is not a candidate.
Say the codimension of the image is £ > r. The image will be Bp-fixed by Schur’s
Lemma, as (3.5) is a By-module map. Each (€ - r)-dimensional Bp-fixed subspace of
the image (i.e., codimension r Br-fixed subspace of S?A* ® S7B* @ S*C* in the image)

is a candidate Fjjy.
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(vi) If at any point there are no such candidates, we conclude R(T") > r.

Despite appearances, the algorithm is finite: it must stabilize at latest in multi-degree (7,7, 1),
see [42]. That is, if all maps up to that point have the correct ranks, the higher degree maps
also will and there will be no new generators of the ideal in higher multi-degrees. Thus the
output is either a certificate that R(7") > r or a collection of multi-graded ideals representing
all possible candidates for a Bp-fixed border rank decomposition. In current work with
Buczynska and Buczynski we are developing tests to determine if a given multi-graded ideal

comes from a border rank decomposition.

The algorithm above in total degree three suffices to obtain the lower bounds proved in this

article.

Sometimes it is more convenient to perform the tests dually:

Proposition 3.3.1. The codimension of the image of the (210)-map is the dimension of the

kernel of the skew-symmetrization map

Fi,®A— AA®B. (3.6)

The codimension of the image of the (ijk)-map is the dimension of

(Fijp1®C) N (F 1, ® B)n (Filyj, ® A). (3.7)

Proof. The codimension of the image of the (210)-map is the dimension of the kernel of its

o4



transpose,

S?PA® B - Fjj,9 A=[(A® B)/Fi,]® A
=AQA®B/(Fijy® A)

=(A’A®@ Bo S?A® B)/(F}y,® A).

Since the source maps to S2A ® B, the kernel equals (S2A ® B) n (F};, ® A), which in turn

is the kernel of (3.6).

The codimension of the image of the (ijk)-map is the dimension of the kernel of its trans-
pose. Let X € S'/A® S1B ® S*C. Write Proj;; 1 (X) = Xmod I, | ® C, Proj;_; ,(X) =
Xmod Fj;_, , ® B, and Proj;_; ;,(X) = Xmod F!, ;; ® A. The transpose is the map

S'A® S'B® S*C — F}:

1 ®CeF , @BeF, ;®A

X = Proj; o1 (X) @ Proj; j_y 1 (X) & Proj;_y j,(X)

so X is in the kernel if and only if all three projections are zero. The kernels of the three

projections are respectively (F;, ,®C), (£}

iix®B), and (F} 5, ®A), so we conclude. [

3.4 Matrix multiplication

Let A=U*®V, B=V*®W, C =W*®U. The matrix multiplication tensor M, v w) €
A®B®C is the re-ordering of Idy ®1dy ®Idy. Thus Gay,,, . 2 GL(U)xGL(V)xGL(W) = G.
As a G-module A*®B* = Usl(V)eW*aUeldy®W*. We have M,y w)(C*) = U*@ldy@W.

We fix bases and let B denote the induced Borel subgroup of G.

For dimension reasons, it will be easier to describe E;j;, = Fzék c STA® STB® SkC than Fjjy.

Note that E;;;, is B-fixed if and only if Ej]k is.

Any candidate Ejy( is an enlargement of U* ® Idy ® W obtained from choosing a B-fixed
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(r — wu)-plane inside U* @ sl(V) ® W. Write Eyy9 = (U* @ Idy ® W) @ Ej,,, where Ej;, c
U*®sl(V)® W and dim B}, = r - wu.

Since M, has Zs-symmetry (via cyclic permutation of factors), to determine the candidate
I10, T01 and Igp; it will suffice to determine the candidate I119’s. Similarly, since My n)

has Zs-symmetry, the list of candidate I11¢’s is isomorphic to the list of candidate Ip11’s.

First proof that R(M;9)) =7. Here u=v =w = 2. We disprove border rank at most six by
showing no B-fixed six dimensional Fjjq (i.e., two dimensional E,,) passes both the (210)

and (120) tests. The weight diagram for U* ® s[(V') ® W appears in Figure 3.1.

By Figure 3.1, there are three B-fixed 2-planes in U* @ s{(V) @ W

(o) e (v*ew), (u'ev)e (vew)),
(W o) e (v*ew), (v*ev)® (v ew)),

and (v’ e ) ® (vPew), (v ev)® (v ew) - (u? @) ® (v ®w)).

For the first, the rank of the 24x40 matrix of the map Ej;,® A* - S2A*®B* is 20 > 24-6 = 18.
For the second, by symmetry, the rank of the (120)-map is also 20. For the third the rank

of the (210)-map is 19 and the result follows. O

For readers unhappy with computing the rank of a sparse 40 x 24 matrix whose entries
are all 0,+1, the following remark reduces to 24 x 24 matrices, and in §3.6.2, using more
representation theory, we reduce to 4 x 8 matrices whose entries are all 0, +1. Finally we give

a calculation free proof in Remark 3.7.2.

Remark 3.4.1. One can simplify the calculation of the rank of the map £, ,® A* - S?A*® B*

by using the map (3.6). In the case above, the resulting matrix is of size 24 x 24. The images
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of the basis vectors of E1jp® A in the case Ef, = (22 @ y?, 21 ® y?) are

1o 202 1 ,,.20.2 .2 .2 2
TINTIOY1, Ty AT ® YT, To AT @Y7,

1ol o2 2, 1 o2
Ty AT ® Y, Ty AT ® YT,
1 Lo 1, o0 o2\ 1 Lol ol o2y 22 Lol ol o2\ 2 Lo 1, 01,2
A (@Y +230U1), 23 A (21 @y + 13 ®Y7), 21 A (2 ® Yy + 230 Y1), T3 A (21 ® Yy + 75 ® Y1),
1 201202y A1 2 01 2o 2Y 2 2 o1 2o 2\ 2 201, 202
A (7Y + 21U ), 23 A (2T QY + 21 ®Y;), 21 A (27 ® Yy + 250 Y1), T3 A (TT ® Yy + 25 ® Y1),

1 201202y A1 2 012 o 2Y 2 2 o1 2o 2\ 2 201, 202
TIA(TT® Y + 25 @ Y5), 0o A(TT @Y + 25 @ Y3), BT A (TT @ Yo + 15 ® Y3), T3 A (T] ® Yy + 25 ® Y3)

1 201 202y 1 2 0 1 2o 2Y 2 2 12 o 2\ 2 201, 202
TIA(TT® Y + 5@ Y5), T A(TT @Y + 25 ® Y3), BT A (TT @ Yo + 15 ® Y3), T3 A (T ® Yy + 25 ® Y3)

and if we remove one of the two 2% A (22 ® yl + 23 ® y?)’s we obtain a set of 20 independent

vectors.
3.5 Explanation of the proofs of Theorems 3.1.1 and 3.1.2

The actual proofs to these theorems are in the code at the webpage https://www.math.
tamu.edu/~jml/bapolaritycode.html. What follows are explanations of what is carried

out.

In the case of M3y, the weight zero subspace of sl3 has dimension two, so there are B-fixed
spaces of dimension 7=16-3-3 in U* ®sl(V)® W c A® B that arise in positive dimensional
families. (Here 16 is the border rank we wish to rule out and 3-3 = dimU~* ® Idy ® W.)
Fortunately the set of 7-planes that pass the (210) and (120) tests is finite. When there are
no parameters present, these tests consist of computing the ranks of the 144 x 405 matrices
of Bf,,® A* - S2A* @ B*, and E{;, ® B* - A* ® S2B*. When there are parameters, one
determines the ideal in which the rank drops to the desired value. There are eight 7-planes
that do pass the test, giving rise to 512 possible triples (or 176 triples taking symmetries

into account). Among the candidate triples, none pass the (111)-test.

We now recall the relevant module structure for the determinant, first discussed in §2.1.1:
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Write U,V =C™ and A; =---=A,, =U ® V. The determinant det,,, considered as a tensor,
spans the line AU @ A™V c A1®---QA,,. Explicitly, letting A, have basis x¢

i)

detm = Y 58(0T)Z001y,(1) @ OT 0y (m)-

0,7€G

We will be concerned with the case m = 3, and we write A;® As® A3 = A BQC'. As a tensor,
dets is invariant under (SL(U) x SL(V')) x Zy as well as S3. In particular, to determine the
candidate FEjjo’s it is sufficient to look in A ® B, which, as an SL(U) x SL(V')-module is
U2@Ve?2 =520 5%V & S2U @ A2V @ A2U ® S?V & A2U ® A%V, and det3(C*) = A2U @ A?V.

In the case of dets, each of the three modules in the complement to det3(C*) in A® B are
multiplicity free, but there are weight multiplicities up to three, e.g., uus ®v1vs, U1 Uz ® V1 AV,
and uj Auz ® V109 each have weight (w¥|wy ). We examine all 7-dimensional B-fixed subspaces
of S?U ® S2V @ 52U ® A’V @ A2U ® S?V. There are four candidates passing the (210) and

(120) tests, but no triples passed the (111) test.

In both cases, for the E£],, with parameters, the tests all reduce to determining the ideal in
which a given matrix with polynomial entries drops rank to at most a given value r. If the
matrix or r is small enough, we can simply take the ideal of r + 1 x  + 1 minors. Sometimes,
however, this is computationally infeasible. In this case, we use the following algorithm,
which effectively allows us to do row reduction: First, generalize to matrix entries in some
quotient of some ring of fractions of the polynomial ring, say R. If there is a matrix entry
which is a unit, pivot by it, reducing the problem. Otherwise, select a nonzero entry, say p.
Recursively compute the target ideal in two cases: 1. Pass to R/(p), the computation here is
smaller because the entry is zeroed. 2. Pass to R,, the computation here is smaller because
now p is a unit, and one can pivot by it. Finally lift the ideals obtained by 1 and 2 back to
R, say to J; and Jo, and take J;Js. Its zero set is the rank < r locus and computing with it

is tractable.
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3.6 Representation theory relevant for matrix multiplication

Theorems 3.1.3 and 3.1.4(1),(2) may also be proved using computer calculations but we
present hand-checkable proofs to both illustrate the power of the method and lay groundwork

for future results. This section establishes the representation theory needed for those proofs.
3.6.1 Refinement of the (210) test for matrix multiplication

Recall A=U*@V, B=V*e@W, C =W~*®U. We have the following decompositions
as SL(U) x SL(V')-modules: (note V,,,.w, , does not appear when v = 2, and when v = 3,

Vw2+wv,1 = ‘/2(.02 >:

NU V)V =(SPU e V,,)® (AU e V,,) & (S2U* @ Vyiw, ) ® (NU* ® Vau,1u )

(3.8)

SEHU*@ V)@ V* = (S2U* @ Vay, 4wy, ) ® (N2U* ® Vi, ,) ® (SPU* @V, )@ (AU 0 V,,),
(3.9)

A® Muyw)(C*)=(U* V) (U*eldy @ W) =(S*U*®V,, e W) & (AU V,, 8 W),
(3.10)

V ®5[(V) = VUJ1 @ ‘/20.)1+wv_1 @ VWQ-FUJV_l) (311)

(U e V) (U*®sl(V)) = (S*U* ® Vau,swy,) ® (A2U* ® Va1, ) ® (SPU*®V,,)  (3.12)

® (AZU* ® le) ® (52(]>€ ® Vw2+wv-1) ® (AZU* ® Vw2+wv—1)'

Here we have written V,,, for embedded submodules isomorphic to V. Note that

2

: _1 1,2 . _1 1
dim(Vow, 4wy, ) = 5V3 +5v2=v,  dim(Viysw, ) = 5V - 5vi-V.

The map (U@ V)@ (U*eldy @ W) - A2(U* e V) ® (V*® W) is injective, which implies:
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Proposition 3.6.1. Write Ey1p := Muv,w)(C*) ® E};,. The dimension of the kernel of the

map (3.6) Ey10® A - A2A® B equals the dimension of the kernel of the map

Elg®A—S2U @V e, , ®W & NU* ® Va0, ® W, (3.13)

and the kernel of (3.13) is

(B0 A)n[U*2 @V, W & S?U* ® Vay i, , W @ N U@V 10, , @ W] (3.14)

The second assertion follows by applying Schur’s lemma using (3.12) as the map (3.13) is

the restriction of an equivariant map.
3.6.2 R(My) > 6 revisited
In this case the map (3.13) takes image in A2U* ® S?V @ V* @ W. We have the following

images:

For the highest weight vector 22 ® y? times the four basis vectors of A (with their sI(V)-
weights in the second column, where we suppress the w; from the notation), the image of

(3.13) is spanned by

riATI®Yl 3

riariey’ 1

(Note, e.g., 2 ® 2% ® y? maps to zero under the skew-symmetrization map as u?® u? projects

to zero in A2U*.) For 22 ® y| — 22 ® y? (the lowering of 22 ® y? under s[(V)), the image is
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spanned by

1 2001 2o 2
riA(riey; —250y7) 1

wyn(ziey —130y) -1

Since W has nothing to do with the map, we don’t need to compute the image of, e.g.,
A® r? ®y3 to know its contribution to the kernel, as it must be the same dimension as that

of A® 22 ® y?, just with a different W-weight.

Were R(Msy) = 6, E{,, would have dimension two and be spanned by the highest weight
vector and one lowering of it, and in order to be a candidate, its image in A2U* ® S3V @ W
would have to have dimension at most two. Taking Ej,, = (% ® y?, 23 ® y} — 23 ® y?), the
image of (3.13) has dimension three. Taking Ef,, = (23 ®y?, 23 ®y3), the image of (3.13) has
dimension four. Finally, taking E},, = (z] ® y?, 22 ® y?), by symmetry (swapping the roles of
U* and W, which corresponds to taking transpose), the image of the (120)-version of (3.13)

must have dimension four, and the result follows.
3.7 Proofs of Theorems 3.1.4 and 3.1.5

Let Ef,, c U*®sl(V)®W be a B-fixed subspace. Define the outer structure of E},, to be the
set of sl(U) @ sl(W) weights appearing in E7,,, counted with multiplicity. We identify the
s[(U) weights of U* and the s[(1W') weights of W each with {1,...,n}, where 1 corresponds
to the highest weight. In this way we consider the outer structure of Ej,, as an n x n
grid, with each grid point labelled by the dimension of the corresponding weight space. In
what follows, we will represent such filled grids by the corresponding Young diagrams on the
nonzero labels, where the upper left box corresponds with the highest weight. Here, labels
weakly decrease going to the right and down. We speak of the inner structure of Ei,, to
be the particular sl(V')-weight spaces which occur at each weight (s,t) € n x n. The set of

possible inner structures over a grid point (s,t) corresponds to the set of B-fixed subspaces
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of sI(V') that are contained in or equal to the chosen B-fixed subspaces at sites (s—1,t) and

(s,t-1).

We may filter E1{,, by B-fixed subspaces such that each quotient corresponds to the inner
structure contribution over some site (s,t). Call such a filtration admissible. Let ¥, c E],,

be an admissible filtration, and put

K,=(3,@ A)n[U*? @V, 8 W @ S?U* ® Vo 10y, W & N2U* @ V10, , ® W], (3.15)

Then the dimension of (3.14) can be written as the sum over g of dim K,/K, ;, and we
may upper bound the dimension of (3.14) by upper bounding each dim K,/K ;. We obtain
bounds on dim K,/ K,y which depend only on s and j := dim ¥,/%,_;. For sl,, this is Lemma
3.7.1, and for sl3, this is Lemma 3.7.3. Bounds on the kernel of the (120) map are obtained

by symmetry; specifically, the bound is the same as that on (3.14) with s replaced by t.

These lemmas reduce the problem to a combinatorial optimization problem over possible
outer structures of fixed total dimension. In particular, the claims on fixed finite values of
n may be immediately settled by enumerating the finitely many possible outer structures
and checking that none gives a large enough kernel for both the (210) and (120) maps. The
claims on infinite sequences of n require us to work more carefully, and we prove the required

bounds on the solution to such problems parameterized by n in Lemma 3.7.6.
3.7.1 The local argument

Lemma 3.7.1. Let dimV = 2, dimU = n. Fix an admissible filtration such that ¥, c E7,,
contains the s{(V')-subspace at site (s,t) and X,_; does not. Write j for the dimension of the
s[(V')-subspace at site (s,t). Then the differences in the dimensions of the kernels of (3.13)

with 3, and ¥,_; in the place of E{,, equals the function a;s + b; where
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1 2 0
2 3 n
3 4 2n.

Lemma 3.7.1 is proved later this section.

Remark 3.7.2. Revisiting the proof that R(M;9) > 6 in this language, the possible outer
structures of B-fixed two planes are [2, , (af1, which, according to Lemma 3.7.1, have (210)
map kernel dimensions 5, 4, and 4, respectively, all of which are smaller than 6. This gives

our shortest proof that R(My) > 6.

Proof of Theorem 3.1.3. Here we take u = 2, w = 3, v = 2. We show that there is no E7,,
of dimension 3 = 9 — 6 passing the (210) and (120) tests. The possible outer structures are
(3, 2[1, @, and . From Lemma 3.7.1, the corresponding (210) map kernel dimensions are
8, 7, 6, and 9, respectively, so only 2 passes. However, 2 has (120) kernel dimension 8, and

fails this test. [l

Proof of Theorem 3.1.4(1),(2). For Theorem 3.1.4(1), u =w =3, v = 2. The outer structures
corresponding to 13 — 9 = 4 dimensional subpaces of U* @ sl(V') ® W are , , , 201,
12, , , , 311, . Of these, , , , and [ pass the (210) test with kernel dimensions of
size 14, 16, 15, and 14, respectively. However, none of these pass the (120) test (this can be

seen as none appear in this list whose conjugate tableau also appear).

For Theorem 3.1.4(2), the result follows by similar complete enumeration of outer structures

on a computer. ]

Lemma 3.7.3. Let dimV = 3, dimU = n. Fix an admissible filtration such that ¥, c E7,,

contains the sl(V')-subspace at site (s,t) and ¥, does not. Write j for the dimension of
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the sl(V')-subspace at site (s,t). The differences in the dimensions of the kernels of (3.13)

with 3, and ¥,_; in the place of EY,, is bounded above by a function a;s +b; where

Joa; b Joa; b
1 3 -2 5 14 n
2 6 0 6 17 n
3 8 n 7 21 2n-6
4 11 n 8§ 21 3n-6.

In order to prove Lemmas 3.7.1 and 3.7.3, we first observe the following;:

Proposition 3.7.4. The included module V,,, ¢ V ® sl(V') has weight basis U; = ¥ ;.;[vv; ®

(v;®@vi)—v; ® (v; @) ]+ (Vv-1)v; ®v; ® v, 1 <i<v.

Proof. The line [7;] has weight w; and is B-stable, and the span of the v; is fixed under the
action of SL(V). O

Proof of Lemmas 3.7.1 and 3.7.3. We begin in somewhat greater generality, not fixing v =
dim V. We must bound dim K, — dim K, ;, K, given by (3.15). Write

K=U"*0V, W& S*U*® Va1, , ®W S NU* @V, s, , ®W (3.16)

so that K, = ¥, ® An K. Write X c sl(V') for the inner structure at (s,t), so that ¥, =
Yo@ur st @ X @w,. Write Vo=a, Vi =V, Vo=V, & Vo sy 1, and Va =V, & Vou 1wy, @

Visrwe 1 =V ®sl(V). Note that V5 = V3 when v =2. Then {V;}; is a flag of V @ sl(V'), and
Sp=U"0UtNeleW+U®?eV;e W+U*®?@ Vs W, )

is a flag of U*®2 ® V5 ® W, where we have written U** = span{u®,...,u**'} and Wy_y) =
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span{wy, ..., w:}. Hence, Syn K, is a flag of K, with K,_; = Sy n K,. Use the isomorphism

KynSy  KynSp+Sp

= 3.17
Kg N Sf,l Sf,l ( )
to obtain the successive quotients of {S; n K} as subspaces of
U@V W U=e2 Vs 14
= ® ® . 3.18
Sf,l U* @ U(s-1) Vf,l W(t—l) ( )

Write K/ for the f-th summand of (3.16), so that K nS; = K/ + K nS;_;. Intersecting
with 3, ® A and adding S;_;, we obtain K, n Sy + S = (K/+Sp1)n (X, ® A) + Sy =
(K'+S)n(Ur@ur1 @V ® X ®w, +S1). We may now pass in each side of the
intersection to the right hand side of (3.18), after which the intersection may be computed

term by term. To compute the intersection in the U*®2/(U* ® U*(>-1)) term, momentarily

write Z = Z + U* @ U*G-1) for Z € U*®2 and observe that S2U* n U* @ yP—s*+1 = U*s @ yP—5+1

and A2U* nU* @ un—s+! = U*(-1) @ u»~s*+1. Therefore, the right hand side of (3.17) may be

written, for f =1, 2, and 3 respectively,

U@ (u + U e (Ve X)nVi]e (w + W)
U@ u "+ U ) [(Ve X +Vi)nVa]® (w,+ W)

761 g (un—s+1 + U*(S—l)) ® [V X + VQ] ® (wt + W(t—l))‘

Write Y = (Ve X)nV, Y =(VeX +V1)nV,)/Vi,and Y = (V & X +13)/V,. We obtain
dim K, =dim K, ; + yn+y’s + y”(s — 1), the sum of the successive quotient dimensions of

{Trn Ky}

Thus, when j = vZ -1, that is, X = sl(V), the desired result follows from y = v, y’ =

dim Vo, 4y, and y” =dim V40, 4 -

In all cases Y has a basis consisting of weight vectors and is closed under raising operators.
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Hence, by Proposition 3.7.4, Y = span{v; |i < y}.

Consider the case j = v2-2, that is X is the span of all weight vectors of sI[(V') except v, ®v!.
Then vy is not an element of Y because in the monomial basis, the monomial v; ® (v, ® v1)
fails to have a nonzero coefficient in any element of Y. Hence y < v — 1, and the trivial

y' <dim Vo, sy 4, and y” <dimV,,, ., , give the asserted upper bounds.

By similar reasoning when v = 3, considering Example 3.2.3, we obtain the bounds y = 0
when j =1,2 and y <1 when j =3,4,5,6. For all values of 5 except 1, the result then follows
from

dimK,-dimK, 1 =(jv-y)s+yn-y"' <(jv-y)s+yn, (3.19)
as y+y’ +y” =jv. The only remaining upper bound for v =2, j =1, is settled similarly.

We must argue more for the j = 1 upper bound for v = 3, namely that y” > 2. For this
consider Vesl(V)eV, =VeVeV*=52VeV* e A2VeV*and A2VeV* =V, ., oV,,.
Because we have y = 0, the dimension y” of the projection of V ® X onto V.., is the same
as that onto A2V ® V*. We have the images vy A v1 ® v3 and v3 A v ® V3 of v, ® v ® v3 and

v3 ® v; ® V3, respectively, whence y” > 2 as required.

To see the upper bounds in the v = 2 cases are sharp, note that in this case V,,,,,_, =@, so
y"” =0. The j =1 case is thus automatic from (3.19), and for j = 2, we must show y > 1. In

this case, however, we have U1 = 20, ® (V1 ®0?) +v1® (V1 @V —V,®0v?) € V@ X, as required. [J

Remark 3.7.5. Although the bounds are essentially sharp when one assumes nothing about
previous sites (o,t) for o < s, with knowledge of them one can get a much sharper estimate,
although it is more complicated to implement the local/global principle. For example, if we
are at a site (s,t) with v=3, =1 and for (o,t) with o <t one also has j = 1, then the new

contribution at site (s,%) is just s, not 3s — 2.
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In Lemma 3.7.6 below the linear functions of s in the lemmas above appear as a,, s +b,,,.
3.7.2 The globalization

Write p for a Young diagram filled with non-negative integer labels. The label in position
(s,t) is denoted psy, and sums over s,t are to be taken over the boxes of u. As before, we

take such p to correspond to outer structures.

Lemma 3.7.6. Fix ke N, 0<a; <---<ag, and b; e R, 1 <1< k. Let u be a Young diagram

filled with labels in the set {1,...,k}, non-increasing in rows and columns. Write p= Y. ; jts;.
Then
‘ a;p? P
mm{ ; Ay S+ by s SZ; ap, b+ bus’t} < max {W + (a; + bj)}}' (3.20)

Remark 3.7.7. The bound in the lemma is nearly tight. Taking p to be a balanced hook
filled with j makes the left hand side equal %(?—z -1)+(a; + bj)f. Hence, for any fixed p, a;,

b;, the maximum of the left hand side is within %maxj a; of the right hand side.

Lemma 3.7.6 is proved in §3.7.3.

Proof of Theorem 3.1.4(3). Let Ej;; c U* ® sl(V) ® W be a B-fixed subspace, and let p be
the corresponding outer structure. We apply Lemma 3.7.6 with £ = 3 and a; and b; from

Lemma 3.7.1 to obtain an upper bound on the smaller of the kernel dimensions of the (120)

3+n

and (210) maps. The resulting upper bound is max{1p? + 2p, £ p? + 32 p, £ p? + 222}

Fix € > 0. We must show that if p = (3v/6 — 6 — €)n, then each of 1p? +2p, % + 22p, and

1—18p2 + %p is strictly smaller than n? + p. Substituting and solving for n, we obtain that

this holds for the last expression when

Lo 63V6+6-c
€ 6V6-¢ ’

and when € < i, this condition implies the other two inequalities. O
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Proof of Theorem 3.1.5. Proceeding in the same way as in the proof of Theorem 3.1.4(3),
we apply Lemma 3.7.6 with u the outer structure corresponding to an arbitrary B-fixed
subspace Ej,, c U*®sl(V)® W, k =8, and a; and b; corresponding to the inner structure
contribution upper bounds obtained in Lemma 3.7.3. We obtain the smaller of the kernel

dimensions of the (120) and (210) maps is at most the largest of the following,

j Lemma 3.7.6 j  Lemma 3.7.6
L §p°+p b p’+ R
2 P’ gp 6 gp®+ 500
3 gpt [ ek
4 %pz + %p 8 %pz + _15;311,0'

Now, if one takes p = [\/gnj, the kernel upper bound for each j is strictly less than n? + p.
This fact for j = 1 follows as \/gn is irrational. This fact for 2 < j < 8 follows from the
restriction on n. Hence, at least one of the kernels of the (120) and (210) maps is too small,

and R(M(snn)) > 02 + p, as required. O

3.7.3 Proof of Lemma 3.7.6

For a partition A = (A1,..., ), write £(\) = ¢ and n(\) = ¥;(i — 1)A;. Let X denote the
conjugate partition. We remark that the results in this section may be used for M mpny for

any n > m.

To establish Lemma 3.7.6 we need two additional lemmas:

Lemma 3.7.8. Let A be a partition not of the form (n,2). Then n(X) < g(|\[+ A= A1)? - 4.

In particular, for all X, n(X) < $(|A| + X = Ap)2.

Proof. We prove the result by induction on Ay = £(A). When £(\) = 1, we have n(\) =

(’\2’1) = 5N —3)2 -3 = s(]A\| + M = \1)? — 5, as required. Now, assume k = £(\) > 1. Write
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p for the partition where (') = k-1 and p) = X, i <k—-1. If A = (3,3), we are done by
direct calculation, hence otherwise we may assume the result holds for p by the induction

hypothesis.

n(A) =n(p) + ()
<L(lpl+ ph = )2 - L+ ()
=s(A =2+ X = (M =1))2 =g+ 50, (N, - 1)

= s+ A = A2 =5 = J(A+ A == A+ (N - 1)

We must show the right hand term is non-positive. If A} =1, this is immediate; otherwise,
we show the first factor is nonnegative. We have |A| = Ay > kXj, =k, so N[+ X[ =X = 2X; +1 >
(N =)+ @(A;C -1)—1. If k = 2, then by assumption \| > 3, and considering separately
the cases A}, = 2 and A} > 3 yields that the first factor is nonnegative. Otherwise £ > 3, and

because A} > 2, the first factor is nonnegative. This completes the proof. O]

Lemma 3.7.9. FixkeN, ¢; 20, d; € R, for 1 <i < k. Write C; = Y0, ¢; and D; = ¥2)_ d.
For all choices of x;, y; satisfying the constraints x; > -+ > x, > 0, y; > -+ >y > 0, and

Y x; +y; = p, the following inequality holds:

2
- 2 d(r e u). S e - d (s P o +Pp.
m1n{i%:€czscz +d;(z; + fz(/l),g];czyz +d;(; + yz)} < {2%2{%2 L+ ij}. (3.21)
Remark 3.7.10. The maximum is achieved when xy =--=x;=y; =--=y; = 2%. and zg,ys =0

for s > j, for some j.

Proof. As both the left and right hand sides are continuous in the ¢;, it suffices to prove the
result under the assumption ¢; > 0. The idea of the proof is the following: any choice of x;

and y; which has at least two degrees of freedom inside its defining polytope can be perturbed
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in such a way that the local linear approximations to the two polynomials on the left hand
side do not decrease; that is, two closed half planes in R? containing (0,0) also intersect
aside from (0,0). Each polynomial on the left strictly exceeds its linear approximation at
any point, and thus one can strictly improve the left hand side with a perturbation. The

case of at most one degree of freedom is settled directly.

Write 2.1 = yr1 = 0, and define 2} = x; — ;41 and Y] = y; — y;+1 so that x; = Z?:i x; and y; =
Z?:i y;. Then zi,y; > 0 and Yr, i(zi+y!) = p. Suppose at least three of the z, y; are nonzero,
we will show the expression on the left hand side of (3.21) is not maximal. Write three of the
nonzero x;,y: as T,y,z. Replace them by T + €1, § + €9, Z + €3, with the ¢; to be determined.
This will preserve the summation to p only if €; + €5 + €3 = 0, so we require this. Substitute
these values into Ef, := Y, cix? +di(z; +y;) and Eg =Y, ciy? +di(x; +y;). View Ep, Eg as
two polynomial expressions in the €;. Then Ep =}, ciS%ﬂ. +Lp+d, Erp=1Y%; 61'512“ +Lp+d
where Sp;, Sp; and Ly, Lg are linear forms in the ¢;, and d € R. Each S ;,Sgr; is a sum of
some subset of the ¢;, and the union of them span the space (€1, €2, €3)/(X €; = 0). Consider
the linear map 7' = L, @ Lg : (€1,€2,€3)/(X €; = 0) = R2. If T is nonsingular, then for any
€ > 0, there are constants €;, with Y.€; = 0 so that T'(€,€,€) = (¢,¢), and it is possible
to choose € so that T + €,y + €,z + €3 > 0. Then this new assignment strictly improves the
old one. Otherwise, if T" is singular, then there is an admissible (€;,€5,€3) # 0 in the kernel
of T, where again we may assume the same non-negativity condition. The corresponding
assignment does not change Ly, Lg, but as the Sy ;, Sk, span the linear forms, at least one
them is nonzero. Consequently, at least one of the modified Ey, Ey is strictly larger after
the perturbation, and neither is smaller. If, say, only E; is strictly larger, and z} > 0, we
may substitute 2} — e and y. + € for 2} and y/ for some € > 0 to make both £, and Eg strictly

larger.

Thus, the left hand side is maximized at an assignment where at most two of x} and y. are

nonzero. It is clear that at least one of each of 2} and y; must be nonzero, so there is exactly
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one of each, say x = « and y; = 5. It is clear at the maximum that Y., c;a? + d;(z; + ;) =
Yicn Ciy2 + di(x; + y;), from which it follows that a?Cys = Y, cia? = Y ciy? = 2C; and
an/Cys = B+/Cy. We also have sa+t5 = p. Notice that

s\/Cy + /Ty’

o/ Cy

TN

satisfy the equations, so that the optimal value obtained is

C.,C,
a7+ di(xi +yi) = *Cs + aDg + BDy = _p — _p Al CDy CsDy |.
;€ch+ (z; + 1) = 2Cy + aD, + BD, o C’s(s = CS+\/ D, +/ ;

By the arithmetic mean-harmonic mean inequality, we have

W00 p_p[OWG OV
s\/Cr + /Ty C\/E \/—_4 s t ’

so that

CSC’ CNC, CnCy
N R

VG + /T s
_ S ;t [sa(4820 N SDS) t_<@ct )]
S\/a+t\/a

p

P P
{43 C + DS,ECt Dt}

with the last inequality from the fact that % tﬁ = 1. Multiplying both sides by \/_+ W

we conclude the optimal value is achieved at one of the claimed values. O

Proof of Lemma 3.7.6. For each 1 <i <k, let \' be the partition corresponding to the boxes
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of p labeled > . Write ag = by = 0. Then

Zs,t Aug S+ bus,t = Zs,t isit(az‘ - ai—l)s +b; = by
= Zfﬂ Zs,tw(ai - ai—l)s +b; = by
= Y% (a; = ai)n(ND) + (a; — aq + by — bi_y) ||

, . . 2 ,
< Z?:l [%(Cll - ai_l)] (%(|)\’L| + (/\l)ll - )\11)) + [CLZ' — Q-1 + bz - bi—l] |)\Z| (322)
where we have used Lemma 3.7.8 to obtain the last inequality. Set

Ci = %(Gi - ai—l)

di=a; = ai-1+b; = b

zi = (N ()1 = A1)

yi = 3 (N = (A)f +A0).
Then (3.22) becomes

k
Y cix? +di(x; + ;).
i

Similarly, ¥, @, t + by, < iy ciy? + di(zi + ;). Now, ¥, 2 +y; = X;|A| = p and the z; and

y; are each nonnegative and non-increasing. Hence, by Lemma 3.7.9,

a;p?
Hlin { Et:aus,ts + b,ufs,t? zt:a'ﬂs,tt + bﬂs,t} = ma’X{g‘]TPQ + (a’] + b])§}7

1<j<k

as required. 0

72



3.8 Proof that R(Mimun)) > R(Mi_1mn)) +1

Here is a simple proof of the statement, which was originally shown in [46]. By the border

substitution method [41], for any tensor T e A® B® C

E(T) > HlinAch* E(TlA’®B*®C’*) + 1,

where A’ ¢ A* is a hyperplane. Moreover, if T" has symmetry group G, and G has a unique
closed orbit in PA*, then we may restrict A’ to be a point of that closed orbit by the Normal
Form Lemma of [41]. In the case of matrix multiplication, G, ., @ SL(U) x SL(V) can
degenerate any point in PA = P(U* ® V) to the annihilator of x{, so it amounts to taking
T|aep+oc+ to be the reduced matrix multiplication tensor with z{ = 0. But now we may
(using GL(A) x GL(B) x GL(C')) degenerate this tensor further to set all 2} and y} to zero

to obtain the result.

73



4. SYMMETRIZED MATRIX MULTIPLICATION UPPER BOUNDS

4.1 A rank 18 Waring decomposition of sMs)*

Let V have dimension three. Pick a basis of V' to fix an identification of 3 x 3 matrices with

V*®V, and consider the 18 matrices my, ..., migz below, where ¢ = €27/3 and a = —21/3.

0 0 0 0 -2 1 20 1
0 0 O 1 0 -1 1 -C 0
mg=10 1 -2 ms={0 0 0 me=|-¢> 1 0
0 -¢ 1 -1 0 1 0O 0 0
1 0 -2 1 = 0 00 0
mz=10 0 0 mg=|-C 1 O] mog=]0 1 -1
0 1 0 0 0 0 -1 1
a 0 0 0 10 0 01
mip=10 a 0 mip=10 0 ( miz=1¢% 0 0
00 a 20 0 0 ¢ 0
01 0 001 10 0\
miz=10 0 (2 mia=|1 0 0 mis =10 ¢ 0
C 0 0 010 00 ¢
0 0 1 1 0 0 010
mig=1¢ 0 0 miz=10 (2 0 mis=10 0 1
0 ¢ 0 00 ¢ 100

*Acknowledgement: This section is derived in part from an article published in Experimental Mathe-
matics April 5, 2019 ©Taylor & Francis 2019, available online: 10.1080/10586458.2018.1547231
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Theorem 4.1.1. sM 3y = % lefl mg?’). That is, the m; form a rank 18 Waring decomposition

of 6SM<3).

The group I' = GL(V* ® V') naturally acts on S3(V* ® V'), and the stabilizer of s\, is
Ui,y = PGL(V) % Zy [51]. Here the action of PGL(V') is induced by its natural action on
V* @V, and, after choosing a basis and its dual, Z, acts as matrix transposition. Such a

choice of matrix transposition is not canonical, but any choice generates the same group

modulo PGL(V).

Notice that any m; could be replaced by {(m; as these matrices define the same rank 1 tensor.
4.1.1 Symmetries of the decomposition

To study symmetry, we wish to consider the m; modulo this identification. Therefore, write
T; = mz@ , the rank one symmetric tensors corresponding to the m;, and define the symmetry
of the decomposition as the subgroup I's of T'sp,, which leaves the set S = {T1,...,Tis}
invariant under the natural induced action on subsets of S3(V* ® V). A symmetry of the

decomposition preserves the set {mq,...,mig} up to powers of .
Theorem 4.1.2. The symmetry group I's = (Z2 x SL(2,F3)) x Zy, which has order 432.

The expression in parentheses is the PGL(V') action, and the Z, is generated by matrix
transposition with respect to the basis of the decomposition. To describe the PGL(V') part
of the action, we label each 3 x 3 block of matrices with elements of the vector space F% as

follows:

(0,0) (0,1) (0,2)
(1,0) (1,1) (1,2)

(2,0) (2,1) (2,2).
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Then Z2 x SL(2,F3) acts on the first 3 x 3 block as affine transformations of F2 according to
this labelling: Z2 acts by translation and SL(2,F3) acts by linear transformation. On the
second 3 x 3 block, Z2 acts trivially and SL(2,F3) again acts as linear transformations. One
can alternatively view the action of Z3 » SL(2,F3) on the second 3 x 3 block as equivalent to

the action on its normal subgroup Z2 by conjugation.

The decomposition is also closed under complex conjugation, which acts by transposing each
3 x 3 block. A Galois-type symmetry like this is not in general in I' and represents another
kind of symmetry of decompositions of tensors defined over Q. There are no other nontrivial
Galois symmetries for this decomposition, for any such symmetry must be an automorphism
of Q[(] fixing Q. Including complex conjugation as a symmetry of the decomposition yields

a group of order 864.

Proof of Theorem 4.1.2. We first describe the representation p : Z2 x SL(2,F3) — PGL(V)
explicitly by giving the images of a generating set. These elements of PGL(V') can then be
observed to act as claimed on the 3 x 3 blocks. Let e, and e; denote the generators of Zg

corresponding to translation right and down, respectively, and denote elements of SL(2,F5)
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by their matrices with respect to the standard basis of F2. Then

0 01 0 0 1
ple:)=1¢2 0 o] plea)=|C 0 0

0 ¢ 0 0 20
-C+1 ?-1 2(+1
11
p =lc2-1 —¢c+1 2c+1
0 1

—-C+1 -¢+1 —-C+1

-C?+1 (-1 -+1
) (-1 —C+1 -C+1
(-1 ¢-1 -2¢-1
1 00
( o

00 (2

It remains to show there are no symmetries of the decomposition other than those claimed.
Name the entries of a 3 x 3 block by the numbers 1,...,9, like on a telephone. Since all
symmetries of I'spr,, preserve matrix rank, we first observe that any symmetry of the de-
composition must preserve in particular the first 3 x 3 block. This, combined with the fact
that there is evidently a matrix transposition in I'g, shows it is sufficient to check the set of
PGL(V') symmetries of the first 3 x 3 block is as claimed. Call this group G. We wish to
show G = Z2 x SL(2,F3). The first block consists of only rank 1 matrices, so they uniquely
determine column vectors up to multiplication by scalars. Let H denote the symmetry group
of the corresponding projective configuration of points in P2. The vectors corresponding to
matrices (1,3,4,6) are in general linear position, so each element of H determines at most
one element of PGL(V') which induces it. Hence, the natural homomorphism G - H is

injective, so it suffices to show H < Z2 x SL(2,F3).

7



First we show Z2 x GL(2,F3) is the symmetry group of the combinatorial affine plane con-
sisting of 9 points and 12 lines determined by the points and collinearity relations of the
configuration (Figure 4.1). Clearly Z2 are symmetries of this configuration. To see that
GL(2,F3) are also symmetries, notice that we may identify points of the configuration with
the group Z?/372, and any line through points in the lattice Z? projects down to one of our
12 lines when modding out by 3Z2. Then since GL(2,Z) preserves the lines of Z2, it must be
that GL(2,F3) preserves the lines of our configuration Z?2/3Z2, as desired. Observe that any
symmetry is determined by the image of 3 noncollinear points. For instance, fixing the image
of 1,2, and 5 determines by collinearity the image of 3,8, and 9, which in turn determines
the image the remaining 3 points. Then, since Z2 x GL(2,F3) are all indeed symmetries of
the configuration, the full symmetry group has order at most 9-8-7 = 504 and contains a
subgroup of size 9-48 = 432. The only possibility is then equality with Z2 x GL(2,F3), as

claimed.

Figure 4.1: The configuration determined by column vectors of the rank one block. This is
classically known as the Hesse configuration [52].

Now we show that the elements of Z2xGL(2,F3) where the second factor has determinant —1
do not induce symmetries of the projective configuration of points. Because Z2 x SL(2,F3)
does induce such symmetries, it suffices to show the failure for only one element. A convenient

choice is the map F2 — F2 which interchanges coordinates. The unique matrix taking the
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general frame (1,2,7,8) to (1,4,3,6) is

0 -2 -1
2 0 =\
0 0 (2

and one readily checks this matrix does not send, e.g. 3 to any of the other points. Hence
Z2xSL(2,F3) < G < H <Z2xSL(2,F3), and the full symmetry group is (Z2 xSL(2,F3)) % Zo,

as claimed. O

The rank one block of the decomposition consists of orthogonal projections onto one dimen-
sional subspaces times a factor of two. In this sense, each such matrix is determined by
its column space. We have already seen that these 9 points of P2 form a certain projective
configuration (Figure 4.1). It is a classical fact that any set of 9 points in this configuration
are the inflections points of a plane cubic. Indeed, our configuration is precisely the inflection
points of 3 + y3 + 23 = 0. Equivalently, it is determined as the zeros of 3 + 33 + 23 = 0 and

its Hessian zyz = 0.

The Waring decomposition presented here was derived from a numerical decomposition given
in [12]. I would like to thank Grey Ballard for his work transforming that numerical decom-

position into a sparse numerical one.
4.2 A rank 40 Waring decomposition of sMy,

Let V have dimension four, and fix a basis, with respect to which all matrices in PGL(V)

and V* ® V will be presented. Let I' < PGL(V'), be the group generated by the following
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matrices,

100 0) {o-10 o) (Li+d io0 Li-1
001 0 0 0 0 -1 -ii-1 00 -4i-1
010 0 i 0 0 0 Li-3 00 -Li+l
000 -1 0 0 —i 0 Livd 0 i -Li+l

Consider the following matrices my, mq, and mg of V*® V' (here i2 = -1).

1 1 1 1, 1. 1 1. 1 1. 1
2 2 T2 3¢ ity —gi-g —gi-g 0
1 1 1 1. 1. 1 1. 1 1. 1
2 2 T2 2¢ _ 5 ity ittty 0 ity
my = ) mg = 9
00 0 O 0 -1l 0 0
4 4
1. 1
00 0 0 li-1 0 0 0
1 1
0 0 0 _ZLZ_Z
1. 1
\3/_ 0 0 ZZ‘FZ 0
ms = 2
1. 1 1 1, 1 1, 1
ity T3 gty Titty
1. 1. 1 1. 1 1. 1
—at gttty ottty TitT g

Theorem 4.2.1. I" 2 &4, and the orbits of the m; under I' acting by conjugation form a

rank 40 Waring decomposition of sM 4y, with orbit sizes 8, 8, and 24, respectively.

We omit the proof, but the claims can be verified entirely computationally.
4.2.1 Symmetries of the decomposition

The decomposition of §4.2 there is an orbit consisting of rank one matrices, similar to the
decomposition of §4.1. If we consider the eight column vectors associated to this rank one
orbit as points of P® and compute which subsets of them lie on a common plane, we find that
there are exactly six nontrivial such planes which contain four points. Moreover, one can
identify the eight points of P3 with the vertices of a cube in such a way that the coplanarity

relations precisely correspond to the faces of the cube.

80



Now, any symmetry of the decomposition must preserve this configuration, so must in par-
ticular must be contained inside the symmetries of the cube, &4 x Zy. One can then argue
similarly to the proof of Theorem 4.1.2 to see that in fact there are no other symmetries of
the decomposition beside I' (that is, one checks that a nonproper symmetry of the cube does

not actually induce a symmetry of the decomposition).

What is not as obvious here is that there is a transpose symmetry. However, the action

following element of PGL(V") after transposition preserves the decomposition,

0 -2 1 0
-2 0 0 i
10 0 i
0 30 3i 0

More specifically, this symmetry fixes the first orbit pointwise, and transposes pairs of points

in the other two orbits.
We have proved

Theorem 4.2.2. The symmetry group I's = &4 x Zy, which has order 48.
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5. CONCLUSIONS

In this chapter I discuss possible improvements and future work regarding the contents of

this thesis.

Theorem 1.7.2 and 1.7.3 were proved with Koszul flattenings, but this technique could not
prove results for the smallest values of ¢. It remains to decide the border rank of T 51;2,2 and
TEs, for ¢ = 2,3,4. Assuming that multiplicativity also holds for these values, this result

requires proving lower bounds, and a natural idea is to apply the lower bound technique of

chapter 3. Carrying out this process is future work.

The technique of §2.3.3 remains to be fully understood and automated; I anticipate that it

may be used to obtain border rank decompositions for many other small tensors.

The border apolarity technique of chapter 3 is still new, and it is current work to obtain
further lower bounds for the ordinary matrix multiplication tensor. In §3.7, the technique
was used in its most basic form to obtain results on an infinite sequence of tensors, but only
the (210) and (120) tests were applied. One direction of generalization is therefore to apply
the higher tests of border apolarity, in particular the (111) test, to infinite families of tensors.
Another direction for future work is implied by the algorithm of §3.3, which can fail to prove
a border rank lower bound by producing a list of candidate ideals. If this happens, the next
step is to either rule out these candidate ideals via some other method or to use them to

construct a border rank decomposition.

The results of chapter 4 are suggestive that it may be profitable to search for decomposi-
tions with large symmetry groups for symmetrized matrix multiplication. For instance, if
a symmetry group and orbit structure may be guessed in advance, the search space for a

fixed small decomposition may be reduced to the point of tractability. If one can find small
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decomposition examples whose corresponding symmetry groups and representations occur
in natural infinite families, one may be able to generalize to an infinite sequence of decom-
positions. If this program were successful, it would imply an upper bound to w by Theorem

1.5.1.
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