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ABSTRACT

Numerical modelling of flow problems in fractured porous media has important applications in
many engineering areas, such as unconventional reservoir simulation and nuclear waste disposal.
Simulation of the flow problems in porous media is challenging as numerical discretization results
in a very fine mesh for capturing the finest scales and high contrast of the physical properties. On
the other hand, the effects of fractures are often modelled by multicontinuum models, resulting
coupled systems of equations describing the interactive flow of different continua in heteroge-
nous porous media. While multicontinuum models are widely adopted by different applications,
for instance, naturally fractured porous media is modelled by dual porosity approach, shale gas
production is modelled by the interactive flow of organic matter, inorganic matter and multiscale
fractures in a heterogeneous media, and vuggy carbonate reservoir simulation is characterized by
the complex interaction between matrix, fractures and vugs, numerical solutions on the fine grid
are often prohibitively expensive in these complex multiscale problems.

Extensive research effort had been devoted to developing efficient methods for solving multi-
scale problems at reduced expense, for example, numerical homogenization approaches and mul-
tiscale methods, including Multiscale Finite Element Methods, Variational Multiscale Methods,
Heterogeneous Multiscale Methods. The common goal of these methods is to construct numeri-
cal solvers on the coarse grid, which is typically much coarser than the fine grid which captures
all the heterogeneities in the medium properties. In numerical homogenization approaches, effec-
tive properties are computed and the global problem is formulated and solved on the coarse grid.
However, these approaches are limited to the cases when the medium properties possess scale sep-
aration. In this dissertation, we discuss and analyze novel multiscale model reduction techniques
with different model problems arising from flows in porous media and numerical discretization
techniques, which can be used for obtaining accurate coarse-scale approximations, even in the
case of absence of scale separation.

On the other end, Bayesian approaches have been developed for forward and inverse problems
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to address the uncertainties associated with the solution and the variations of the field parame-
ters, and neural networks approaches are proposed for prediction of flow problems. In the disser-
tation, we also present methodologies of combining model reduction approaches with Bayesian
approaches and deep learning approaches for efficient solution sampling and prediction for flow

problems in porous media.
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NOMENCLATURE

Spatial domain
Permeability
Fine-scale partition
Coarse-scale partition
Fine mesh size

Coarse mesh size
Coarse grid element
Coarse grid edge
Coarse neighborhood
Partition of unity
Coarse oversampled region
Spectral basis function

Multiscale basis function

vi



TABLE OF CONTENTS

Page
AB ST R ACT o il
ACKNOWLEDGMENTS . v
CONTRIBUTORS AND FUNDING SOURCES ...t v
NOMENCLATURE .. ..o e vi
TABLE OF CONTENTS ...ttt e vii
LIST OF FIGURES ... e ix
LIST OF TABLES . . ..o e Xxii
1. INTRODUCTION ...ttt 1
R N I 1) 1110 1
1.2 Organization of this diSSEIrtation..........coviiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiieeaeaaaan.. 4

2. CONSTRAINT ENERGY MINIMIZING GENERALIZED MULTISCALE DISCON-
TINUOUS GALERKIN METHOD ... 6
2.1 Preliminari€s ........o.uuueei ittt et 7
2.2 Method deSCIiPLION. ... ...ttt ettt et e ettt et e e eaees 10
2.3 Convergence aNalySis . ......oeeuuuuuiee ettt 13
2.4 Numerical TeSULLS. ..o oottt 27

3. CONSTRAINT ENERGY MINIMIZING GENERALIZED MULTISCALE FINITE
ELEMENT METHOD FOR DUAL CONTINUUM MODEL .............coooooia. .. 31
3.1 Dual continuum Model ... 33
3.2 Method deSCIiPlion. ... ...ttt ettt et e ettt e e e et iieaae e e eaas 34
3.3 Convergence ANALYSIS .. ....cooetuuunni ettt 38
3.4 Numerical Examples ... ... 53
341 EXperiment 1. ... oo 54
342 EXPErIMENt 2. ..ttt ettt ettt et e et e 56

4. BAYESIAN MUITLSCALE APPROACH FOR MODELING MISSING SUBGRID
INFORMATION WITH UNCERTAINTIES AND OBSERVATION DATA ................ 61
4.1 PrelimMINATIS ...ttt 62

vil



4.2 Bayesian formulation .............oooiiiiiiiiiiiiiiiii i e 65

4.2.1 Modeling the solution using GMsFEM multiscale basis functions ............ 65
4.2.2 Bayesian formulation on variable selection problem ........................... 66
4.2.2.1 Residual-based Bernoulli prior on indicator functions .............. 68
4.2.2.2 Residual-data-based prior on coefficient vector...................... 69
4.2.2.3 Posterior around fixed solution using residual-data-minimizing
LkelThood .....ooviii 69
4.2.3  Sampling algorithms ...ttt 70
4.2.3.1 Sequential SAMPING ......oovviiiiiiiiii i 71
4.2.3.2  Full posterior MCMC sampling ..........covviiiiiiiiiiniiiinnann.. 72
4.3 NUmMeEIiCal TeSUILS . ..ot e e e e e e e e 73
431 EXperiment L. ........ooooiiiiiii it 75
4.3.2  EBXPEriMeNt 2. ... ...ttt ettt ettt 78
5. DEEP GLOBAL MODEL REDUCTION LEARNING IN POROUS MEDIA FLOW
SIMULATION .. e 81
5.1 Preliminari€s . ...ttt ettt e 82
5.1.1 Proper Orthogonal Decomposition ............coeveiiiiiiiiieeeeiiiiiiinneannn. 83
5.1.2  Fully discrete reduced-order model..............ooooiiiiiiiiiiiiiiiiiiiinn... 85
5.1.3  Construction of nodal basis functions ...............coooiiiiiiiiiii. .. 86
5.2 Deep Global Model Reduction and Learning.............cccoiiiiiiiiiiiiiiinneeae.. 87
S2. 1 MaInidea ...ttt 87
5.2.2 NetWOrk SIIUCTUIES .. .ovviiiiiiiiii it e 90
5.3 Numerical @XampPles ........coiiiiitiiiie ettt 92
531 EXperiment L.....oooooiiiiiiiiiiiiii i 95
5332 EXPEIIMENt 2....ooiiiiiiiiiiiiiii e 97
6. SUMMARY AND CONCLUSIONS ... 101
REFERENCES ... e 103

viil



LIST OF FIGURES

FIGURE Page

1.1

1.2

2.1

2.2

23

3.1

3.2

33

34

Examples of high-contrast permeability fields. Left: a channelized media. Right:
SPE10 benchmark in logarithmic scale. .............cooiiiiiiiiiiiiiiii i, 1

[llustration of fine grid, coarse grid and coarse neighborhood. ...................... .. 2
An illustration of the fine grid and the coarse grid and a coarse element. .............. 8

An illustration of an oversampled domain formed by enlarging K; with 1 coarse
GEIA JAYT. oo 12

The permeability field x for Experiment 1. ..., 29

Media used in numerical experiments. «; (left) and xo (right). Reprinted with per-
mission from “Constraint Energy Minimizing Generalized Multiscale Finite Ele-
ment Method for Dual Continuum Model” by Siu Wun Cheung, Eric T. Chung,
Yalchin Efendiev, Wing Tat Leung and Maria Vasilyeva. To be published in Com-
munications in Mathematical Sciences by International Press of Boston, Inc.......... 54

Plots of numerical solution: p,, (left) and p,,, > (right). Reprinted with permis-
sion from “Constraint Energy Minimizing Generalized Multiscale Finite Element
Method for Dual Continuum Model” by Siu Wun Cheung, Eric T. Chung, Yalchin
Efendiev, Wing Tat Leung and Maria Vasilyeva. To be published in Communica-
tions in Mathematical Sciences by International Press of Boston, Inc.................. 56

Log-Log plot for errors in Experiment 1. Left: energy error; the slope for 6 basis
functions is 2.18 and for 4 basis functions is 2.17. Right: L? error; the slope for
6 basis functions is 3.73 and for 4 basis functions is 3.82. Reprinted with permis-
sion from “Constraint Energy Minimizing Generalized Multiscale Finite Element
Method for Dual Continuum Model” by Siu Wun Cheung, Eric T. Chung, Yalchin
Efendiev, Wing Tat Leung and Maria Vasilyeva. To be published in Communica-
tions in Mathematical Sciences by International Press of Boston, Inc.................. 57

Source function f5 in Experiment 2. Reprinted with permission from “Constraint
Energy Minimizing Generalized Multiscale Finite Element Method for Dual Con-
tinuum Model” by Siu Wun Cheung, Eric T. Chung, Yalchin Efendiev, Wing Tat
Leung and Maria Vasilyeva. To be published in Communications in Mathematical
Sciences by International Press of Boston, Inc.................cooooiiiiiiiiiin. .. 58

1X



3.5

3.6

4.1

4.2

4.3

4.4

4.5

4.6

Plots of numerical solution at different time instants: p,,s (left) and p,,, o (right)
in Experiment 2. Reprinted with permission from “Constraint Energy Minimiz-
ing Generalized Multiscale Finite Element Method for Dual Continuum Model”
by Siu Wun Cheung, Eric T. Chung, Yalchin Efendiev, Wing Tat Leung and Maria
Vasilyeva. To be published in Communications in Mathematical Sciences by Inter-

national Press of Boston, INC........oooiuiiiiii e e e

Log-Log plot for errors in Experiment 2. Left: energy error; the slope for 6 basis
functions is 1.84. Right: L? error; the slope for 6 basis functions is 3.07. Reprinted
with permission from “Constraint Energy Minimizing Generalized Multiscale Fi-
nite Element Method for Dual Continuum Model” by Siu Wun Cheung, Eric T.
Chung, Yalchin Efendiev, Wing Tat Leung and Maria Vasilyeva. To be published

in Communications in Mathematical Sciences by International Press of Boston, Inc.

A schematic illustration of sequential sampling (left) and MCMC sampling (right).
Reprinted with permission from “Dynamic Data-driven Bayesian GMSFEM” by
Siu Wun Cheung and Nilabja Guha, 2019. Journal of Computational and Applied

Mathematics, Volume 353, Pages 72-85, Copyright [2019] by Elsevier. ..............

The permeability field xy. Reprinted with permission from “Dynamic Data-driven
Bayesian GMsFEM” by Siu Wun Cheung and Nilabja Guha, 2019. Journal of
Computational and Applied Mathematics, Volume 353, Pages 72-85, Copyright

[2019] BY EISEVIET. ...ttt ettt ettt

Locations of the centers of the coarse grid elements /;. Reprinted with permission
from “Dynamic Data-driven Bayesian GMSFEM” by Siu Wun Cheung and Nilabja
Guha, 2019. Journal of Computational and Applied Mathematics, Volume 353,

Pages 72-85, Copyright [2019] by EISeVier. ........covveiiiiiiiiiiiii i

Plots of the reference solution (left), sequential sample mean (middle) and full
sample mean (right) of numerical solution at 7" = 0.02. Reprinted with permission
from “Dynamic Data-driven Bayesian GMSFEM” by Siu Wun Cheung and Nilabja
Guha, 2019. Journal of Computational and Applied Mathematics, Volume 353,

Pages 72-85, Copyright [2019] by EISeVier. .......covvieiiiiiiiiiie i

Residual (left) and L? error (right) vs sample using sequential sampling (red dotted
line) and full sampling (blue solid line) at time 7" = 0.02. Reprinted with permis-
sion from “Dynamic Data-driven Bayesian GMSFEM” by Siu Wun Cheung and
Nilabja Guha, 2019. Journal of Computational and Applied Mathematics, Volume

353, Pages 7285, Copyright [2019] by Elsevier. ...........ccoooiiiiiiiiiiiiiiiiii. ..

Source function f in the inflow-outflow problem. Reprinted with permission from
“Dynamic Data-driven Bayesian GMsFEM” by Siu Wun Cheung and Nilabja Guha,
2019. Journal of Computational and Applied Mathematics, Volume 353, Pages 72—

85, Copyright [2019] by EISeVIer. ...coouviiii i

60

71

74

7

79



4.7

5.1

5.2

53

Plots of the reference solution (left), sequential sample mean (middle) and full
sample mean (right) of numerical solution at 7" = 0.02. Reprinted with permission
from “Dynamic Data-driven Bayesian GMSFEM” by Siu Wun Cheung and Nilabja
Guha, 2019. Journal of Computational and Applied Mathematics, Volume 353,
Pages 72-85, Copyright [2019] by EISeVIer. .......ooiiiiiiiii i 80

An illustration of deep neural network. Reprinted with permission from “Deep
Global Model Reduction Learning in Porous Media Flow Simulation” by Siu Wun
Cheung, Eric T. Chung, Yalchin Efendiev, Eduardo Gildin, Yating Wang and Jingyan
Zhang, 2020. Computational Geosciences, Volume 24, Pages 261-274, Copyright

Samples of static permeability field used in single-phase flow. Reprinted with per-
mission from “Deep Global Model Reduction Learning in Porous Media Flow Sim-
ulation” by Siu Wun Cheung, Eric T. Chung, Yalchin Efendiev, Eduardo Gildin,
Yating Wang and Jingyan Zhang, 2020. Computational Geosciences, Volume 24,
Pages 261-274, Copyright [2020] by Springer. ... 93

Illustration of nodal basis functions. Reprinted with permission from “Deep Global
Model Reduction Learning in Porous Media Flow Simulation” by Siu Wun Che-
ung, Eric T. Chung, Yalchin Efendiev, Eduardo Gildin, Yating Wang and Jingyan
Zhang, 2020. Computational Geosciences, Volume 24, Pages 261-274, Copyright
[2020] BY SPIINEET. . ..ttt ettt et ettt 95

X1



TABLE

2.1

2.2

2.3

3.1

3.2

33

34

4.1

LIST OF TABLES

History of convergence with different coarse mesh size H for Experiment 1. .......

Error table with different number of oversampling layers m and a fixed coarse mesh

size H = 1/40 for Experiment 1. ...........cooiiiiiiiiiiiiiiie i,

Comparison of the method of Lagrange multiplier and the relaxation method with

different contrast values for Experiment 1. .......... ...,

History of convergence with 6 basis functions in Experiment 1. Reprinted with
permission from “Constraint Energy Minimizing Generalized Multiscale Finite El-
ement Method for Dual Continuum Model” by Siu Wun Cheung, Eric T. Chung,
Yalchin Efendiev, Wing Tat Leung and Maria Vasilyeva. To be published in Com-

munications in Mathematical Sciences by International Press of Boston, Inc........

History of convergence with 4 basis functions in Experiment 1. Reprinted with
permission from “Constraint Energy Minimizing Generalized Multiscale Finite El-
ement Method for Dual Continuum Model” by Siu Wun Cheung, Eric T. Chung,
Yalchin Efendiev, Wing Tat Leung and Maria Vasilyeva. To be published in Com-

munications in Mathematical Sciences by International Press of Boston, Inc........

Comparison of aq error with different number of layers m and contrast value =
in Experiment 1. Reprinted with permission from “Constraint Energy Minimiz-
ing Generalized Multiscale Finite Element Method for Dual Continuum Model”
by Siu Wun Cheung, Eric T. Chung, Yalchin Efendiev, Wing Tat Leung and Maria
Vasilyeva. To be published in Communications in Mathematical Sciences by Inter-

national Press of Boston, INC......oovvin i e e

History of convergence with 6 basis functions in Experiment 2. Reprinted with
permission from “Constraint Energy Minimizing Generalized Multiscale Finite El-
ement Method for Dual Continuum Model” by Siu Wun Cheung, Eric T. Chung,
Yalchin Efendiev, Wing Tat Leung and Maria Vasilyeva. To be published in Com-

munications in Mathematical Sciences by International Press of Boston, Inc........

Percentage of additional basis selected in the selected subdomains with various o7,
and o4. Reprinted with permission from “Dynamic Data-driven Bayesian GMs-
FEM” by Siu Wun Cheung and Nilabja Guha, 2019. Journal of Computational and

Applied Mathematics, Volume 353, Pages 72—-85, Copyright [2019] by Elsevier....

Xii

Page

.. 28

.. 29

.. 30

N



4.2

4.3

5.1

5.2

L? error in the solution with various o, and o,. Reprinted with permission from
“Dynamic Data-driven Bayesian GMsFEM” by Siu Wun Cheung and Nilabja Guha,
2019. Journal of Computational and Applied Mathematics, Volume 353, Pages 72—

85, Copyright [2019] by EISEVIer. ....ovvuiiiiee et

Maximum observational error with various o7, and o4. Reprinted with permission
from “Dynamic Data-driven Bayesian GMSFEM” by Siu Wun Cheung and Nilabja
Guha, 2019. Journal of Computational and Applied Mathematics, Volume 353,

Pages 72-85, Copyright [2019] by EISeVier. .......covvieiiiiiiiiiiii i

Mean of L? percentage error with different network architectures in Experiment
1. Reprinted with permission from “Deep Global Model Reduction Learning in
Porous Media Flow Simulation” by Siu Wun Cheung, Eric T. Chung, Yalchin
Efendiev, Eduardo Gildin, Yating Wang and Jingyan Zhang, 2020. Computational

Geosciences, Volume 24, Pages 261-274, Copyright [2020] by Springer. .............

History of training cost and prediction error with different discretization in Experi-
ment 2. Reprinted with permission from “Deep Global Model Reduction Learning
in Porous Media Flow Simulation” by Siu Wun Cheung, Eric T. Chung, Yalchin
Efendiev, Eduardo Gildin, Yating Wang and Jingyan Zhang, 2020. Computational

78

97

Geosciences, Volume 24, Pages 261-274, Copyright [2020] by Springer. ............. 100

Xiil



1. INTRODUCTION

1.1 Literature

Many engineering applications require numerical simulation in heterogeneous media. For
example, Darcy flow equation in heterogeneous media is used to describe fluid flow in porous
medium in reservoir simulation, and wave equation in heterogeneous media has been widely used
for subsurface modeling. Physical properties in heterogeneous media possess multiple scales and
high contrast, while the interactive effects between the microscope and the macroscopic scales
have to be taken account in order to obtain accurate solutions. Examples of high-contrast physical

properties are shown in Figure 1.1.
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Figure 1.1: Examples of high-contrast permeability fields. Left: a channelized media. Right:
SPE10 benchmark in logarithmic scale.
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There has been extensive research effort devoted to develop and computational methods for
flow simulations, resulting in a class of mature and well studied numerical methods, such as fi-
nite element methods [1, 2, 3, 4, 5, 6] and discontinuous Galerkin methods [7, 8, 9, 10, 11]. In
order to resolve the multiscale features in numerical approximations, the computational mesh has
to be sufficiently fine to capture the variations of the physical properties in the finest scale. As

a result, direct numerical simulations on the fine grid are often prohibitively expensive in these



Figure 1.2: Illustration of fine grid, coarse grid and coarse neighborhood.

complex multiscale problems. To this end, extensive research effort had been devoted to develop-
ing efficient methods for solving multiscale problems at reduced expense, for example, numerical
homogenization approaches [12, 13] and multiscale methods, including Multiscale Finite Element
Methods (MSFEM) [14, 15, 16, 17, 18], Variational Multiscale Methods (VMS) [19, 20, 21, 22],
Heterogeneous Multiscale Methods (HMM) [23, 24, 25] and and Generalized Multsicale Finite
Element Methods (GMSFEM) [26, 27, 28, 29, 30, 31]. While a fine grid is used to capture all the
heterogeneities in the medium properties, the objective of these methods is to construct numerical
solvers on a coarse grid, which is typically much coarser than the fine grid. An illustration of the
fine grid and the coarse grid and a coarse element are shown in Figure 1.2.

In numerical homogenization approaches, coarse-scale effective properties are computed and
the global problem is formulated and solved on the coarse grid. However, these approaches are
limited to the cases when the medium properties possess scale separation. On the other hand,
multiscale methods construct of multiscale basis functions which are responsible for capturing the
local oscillatory effects of the solution. Once the multiscale basis functions, coarse-scale equations

are formulated. Moreover, fine-scale information can be recovered by the coarse-scale coefficients



and mutliscale basis functions. Meanwhile many existing mutliscale methods, such as MsFEM,
VMS and HMM, construct one basis function per local coarse region to handle the effects of
local heterogeneities. However, for more complex multiscale problems, each local coarse region
contains several high-conductivity regions and multiple multiscale basis functions are required
to represent the local solution space. In the cases where there is no scale separation, a systemic
approach for adding degrees of freedom that capture the interactive effects between different scales
is required.

GMSFEM is developed to allow systematic enrichment of the coarse-scale space with fine-scale
information and identify the underlying low-dimensional local structures for solution representa-
tion. The main idea of GMsFEM is to extract local dominant modes by carefully designed local
spectral problems in coarse regions, and the convergence of the GMsSFEM is related to eigenvalue
decay of local spectral problems. For a more detailed discussion on GMsFEM, we refer the readers
to [32, 26, 33, 27, 34, 29, 35, 36, 37, 38] and the references therein. One of the main key feature
of GMSsFEM is a relation between the numbers of high-conductivity regions and multiscale ba-
sis functions used in local coarse neighborhoods for obtaining good approximations as supported
by analysis. In general, an error estimate dependent on the coarse mesh size is non-trivial for
multiscale model reduction methods, which is an emerging field in research [39, 40, 35, 41].

In many real-life applications, media properties may contain uncertainties and limited observa-
tion data about the flow profile may be available. It is important to take the effects of uncertainties
and data into account to obtain quality solutions. Through using a Bayesian framework, one can
include uncertainties in the media properties and compute the solution and the uncertainties as-
sociated with the solution and the variations of the field parameters. Bayesian approaches have
also been widely used for forward and inverse problems [42, 43, 44, 45, 46, 47, 48, 49, 50, 51].
On the other side, there have been many works discovering the expressivity of deep neural nets
theoretically [52, 53, 54, 55, 56, 57]. The universal approximation property of neural networks
has been investigated in a lot of recent studies. It has been shown that deep networks are powerful

and versatile in approximating wide classes of functions. Many researchers are inspired to take ad-



vantages of the multiple-layer structure of the deep neural networks in approximating complicated
functions, and utilize it in the area of solving partial differential equations and model reductions.
For instance, in [58], the authors propose a deep neural network to express the physical quantity of
interest as a function of random input coefficients, and shows this approach can solve parametric
PDE problems accurately and efficiently by some numerical tests. There is another work by E et.
al [59], which aims to represent the trial functions in the Ritz method by deep neural networks
(DNN). Then the DNN surrogate basis functions are utilized to solve the Poisson problem and
eigenvalue problems. In [60], the authors build a connection between residual networks (ResNet)
and the characteristic transport equation. Increasingly more research efforts have been devoted
to build robust neural network techniques for approximations of multiscale problems related to

reservoir simulation [61, 62, 63, 64, 65, 66, 67].
1.2 Organization of this dissertation

In this dissertation, we will study the development of a new class of local multiscale model
reduction framework, namely Constraint Energy Minimizing Generalized Multiscale Finite Ele-
ment Methods (CEM-GMSsFEM), on flow problems in porous heterogeneous media. The new
approach is motivated by GMsSFEM and achieves spectral convergence. Through the design of
local spectral problems, our method results in the minimal degree of freedom in representing high-
contrast features. At the same time, the new multiscale method exhibits convergence on coarse
mesh size independent of scales and contrast. Two formulations, namely the symmetric interior
penalty discontinuous Galerkin (IPDG) model reduction for Darcy flow and coupled model reduc-
tion for multicontinuum flow problems, are considered. The advantages of the method is verified
both theoretically and numerically. We establish a criterion for the oversampling size which is
sufficient for linear coarse-mesh convergence independent of the contrast. Numerical results are
presented to show the performance of the method for simulation on flow problem in high-contrast
heterogeneous media.

In the later chapters of this dissertation, we will study the application of the model reduc-

tion techniques to solution sampling and prediction in the scenarios with limited observation data



and subject to uncertainties, with the use of probabilistic and machine learning tools. We propose
Bayesian and neural network approaches for addressing the difficulties in these problems and high-
light the advantages brought by the model reduction techniques, which justify the usefulness and

importance for accurate and reliable reduced-order models.



2. CONSTRAINT ENERGY MINIMIZING GENERALIZED MULTISCALE
DISCONTINUOUS GALERKIN METHOD

In this chapter, we present Constraint Energy Minimizing Generalized Multiscale Discontinu-
ous Galerkin Method (CEM-GMsDGM). There are two key ingredients of the presented approach.
The first main ingredient is the local spectral problems in each coarse block for identification of
auxiliary basis functions. The low-energy dominant modes, which are eigenvectors corresponding
to small eigenvalues of local spectral problems, are used as auxiliary basis functions for further
construction. The auxiliary basis functions possess the information related to high conductivity
channels and it suffices to use the same number of auxiliary basis functions as the number of chan-
nels in a coarse block. The second ingredient is the constraint energy minimization problems for
definition of multiscale basis functions. Each of the auxiliary basis functions sets up an indepen-
dent constraint and uniquely defines a corresponding multiscale basis function. The multiscale
basis functions will then be used to span the multiscale space and used to solve the coarse-scale
global problem in IPDG formulation. We remark that the local spectral problems and the constraint
energy minimization problems are carefully designed and supported by our analysis. Thanks to
the design of local spectral problems, the auxiliary space is of minimal dimension for representing
high-contrast features and obtaining a contrast-independent convergence. Due to the fact that the
dimensions of the auxiliary space and the multiscale space are identical, the multiscale space is of
minimum dimension as well. In the construction of multiscale basis functions, the constraints are
responsible for handling non-decaying components represented by the auxiliary basis functions in
the high conductivity regions and achieving linear convergence in coarse mesh size. On the other
hand, the multiscale basis functions are supported in oversampled coarse regions and allowed to
have discontinuity on the coarse grid. Therefore, the IPDG bilinear form is also used to define
the energy term in the constraint energy minimization problems. The advantages of the method is
verified both theoretically and numerically. We analyze the method for solving Darcy flow prob-

lem and establish a criterion for the oversampling size which is sufficient for linear coarse-mesh



convergence independent of the contrast. Numerical results are presented to show the performance
of the method for simulation on flow problem in high-contrast heterogeneous media.

The chapter is organized as follows. In Section 2.1, we will introduce the notions of grids,
and essential discretization details such as DG finite element spaces and IPDG formulation on the
coarse grid. The details of the proposed method will be presented in Section 2.2. The method will

be analyzed in Section 2.3. Numerical results will be provided in Section 2.4.
2.1 Preliminaries

We consider the following high-contrast flow problem

—div(kVu) = fin Q, (2.1)

subject to the homogeneous Dirichlet boundary condition v = 0 on 952, where @ C R? is the
computational domain and f is a given source term. We assume that the permeability field « is
highly heterogeneous with very high contrast kg < kK < K.

Next, we introduce the notions of coarse and fine meshes. We start with a usual partition TH
of ) into finite elements, which does not necessarily resolve any multiscale features. The partition
TH is called a coarse grid and a generic element K in the partition 7 is called a coarse element.
Moreover, H > 0 is called the coarse mesh size. We let NV, be the number of coarse grid nodes and
N be the number of coarse elements. We also denote the collection of all coarse grid edges by £F.
We perform a refinement of 7% to obtain a fine grid 7", where h > 0 is called the fine mesh size.
It is assumed that the fine grid is sufficiently fine to resolve the solution. An illustration of the fine
grid and the coarse grid and a coarse element are shown in Figure 2.1.

We are now going to discuss the discontinuous Galerkin (DG) discretization and the interior
penalty discontinuous Galerkin (IPDG) global formulation. For the ¢-th coarse block K;, we denote

the restriction of the Sobolev space H*({2) on K; by V(K;). We let V,(K;) be the conforming



Figure 2.1: An illustration of the fine grid and the coarse grid and a coarse element.

bilinear elements defined on the fine grid T"in K, i.e.
Vi(K;) = {v e V(K;):v|, € Q'(r) forall 7 € T"and 7 C K}, (2.2)

where Q! (7) stands for the bilinear element on the fine grid block 7. The DG approximation space
is then given by the space of coarse-scale locally conforming piecewise bilinear fine-grid basis
functions, namely

Vi = N Vi(K;). (2.3)

We remark that functions in V}, are continuous within coarse blocks, but discontinuous across the
coarse grid edges in general. The global formulation of IPDG method then reads: find v, € V),
such that

apg (up, w) = / fwdz forall w € Vj,, (2.4)
Q



where the bilinear form ap¢ is defined by:

ape (v,w) = > /K/va-dex— > /E{/in-nE}[[w]]da

KeTH EeeH 2.5)
— Z /{me-nE}[[v]] da—i—% Z /E[[v]]ﬂw]] do,
pegn P pegn

where 7 > 0 is a penalty parameter and ng is a fixed unit normal vector defined on the coarse edge

E € &8, Note that, in (2.5), the average and the jump operators are defined in the classical way.

Specifically, consider an interior coarse edge £ € £ and let K+ and K~ be the two coarse grid

blocks sharing the edge F, where the unit normal vector ng is pointing from K to K. For a

piecewise smooth function G with respect to the coarse grid 7%, we define
(G} =5(G"+6),

(2.6)
[G] =Gt -G,

where G = G|k+ and G~ = G|x-. Moreover, on the edge E, we define & = (kx+ + kg-) /2,
where k= is the maximum value of x over K*. For a coarse edge E lying on the boundary 012,
we define {G} = [G] = G, and k = ki on E, where we always assume that ng is pointing
outside of (2.

First, we define the energy norm on the space V' of coarse-grid piecewise smooth functions by
|wl|]? = apg(w,w) forall w € V. (2.7)

We also define the DG-norm on V' by

|w||he = Z /m]Vw|2d:c+% Z /E[[w]]QdaforalleV. (2.8)
K E

KeTH EceH

The two norms are equivalent on the subspace of piecewise bi-cubic polynomials in V': there exists



Co > 1 such that

Co Hlwlla < Jwllpe < Collwlla- (2.9)

The continuity and coercivity results of the bilinear form aps with respect to the DG-norm is
ensured by a sufficiently large penalty parameter v. While the method works well for general
highly heterogeneous field ~, we assume « is piecewise constant on the fine grid 7" for the sake

of simplicity in our analysis presented in Section 2.3.
2.2 Method description

In this section, we will present the construction of the multiscale basis functions. First, we
will use the concept of GMSFEM to construct our auxiliary multiscale basis functions on a generic
coarse block K in the coarse grid. We consider V},(K;) as the snapshot space in K; and perform a
dimension reduction through a spectral problem, which is to find a real number )\y) and a function

¢\ € Vi(K;) such that

J J

o (¢(i>,w) — A, (¢‘.“> w> for all w € Vi (k) (2.10)

where a; is a symmetric non-negative definite bilinear operator and s; is a symmetric positive
definite bilinear operators defined on V},(K;) x V,,(K;). We remark that the above problem is

solved on the fine mesh in the actual computations. Based on our analysis, we can choose

a; (v,w) = / kVv - Vwdz,
K 2.11)

s; (v, w) :/ Kow dzx,
K;

where & = Z;V:cl KIVX75> and {x]** é\f:cl are the standard multiscale finite element (MsFEM)

basis functions. We let )\g-i) be the eigenvalues of (2.10) arranged in ascending order in j, and use

the first L; eigenfunctions to construct our local auxiliary multiscale space

V0 =span{¢!” : 1< j < L;}. 2.12)

10



The global auxiliary multiscale space V"

. 1s then defined as the sum of these local auxiliary

multiscale spaces

Vs = @il\ilv(i)

aux*

(2.13)

For the local auxiliary multiscale space V.\i)., the bilinear form s; in (2.11) defines an inner product
with norm [|v||4k,) = s (v,v) 3. These local inner products and norms provide a natural definitions

of inner product and norm for the global auxiliary multiscale space V,,,., which are defined by

si (v,w) forall v, w € Vg,
1 (2.14)

s(v,w) =

M-

)

[v]ls = s (v,0)7 forall v € V.

We note that s (v, w) and ||v|| are also an inner product and norm for the space V},. Before we
move on to discuss the construction of multiscale basis functions, we introduce some tools which
will be used to describe our method and analyze the convergence. We first introduce the concept
of ¢-orthogonality. For 1 < ¢ < Nand 1 < 5 < L;, in coarse block K;, given auxiliary basis

function ¢§i) € Vaus, we say that ¢ € Vj, is ¢§i)-orthogonal if
s (,00)) = 6,05 forall 1 < ' < Lyand 1 <7 < N. (2.15)

We also introduce a projection operator 7 : Vj, — Vi by m = Zf\il m;, where

L g, <U ¢(.i))
AT 60 :
———— ¢’ forallv € V}, foralle =1,2,..., N. (2.16)
, @ @)
j=1 S ¢j 7¢j

mi(v) =

Next, we construct our global multiscale basis functions in V},. The global multiscale basis function

w](i) € V}, i1s defined as the solution of the following constrained energy minimization problem

wj(i) = argmin {aDG (Y, ) e Vyis gby)—orthogonal} : (2.17)

11



By introducing a Lagrange multiplier, the minimization problem (2.17) is equivalent to the follow-

ing variational problem: find w]@ €V, and ug-i) € V,uz such that

apga <¢J(-i), @D) +s <w, ,ué”) =0 forall ¢ € V},,

e 2.18)
s (1/}](1) . ¢§z)7ﬂ/> = (0 for all JIRS ‘/auit‘

Now we discuss the construction our localized multiscale basis functions. We first denote by K ,,
an oversampled domain formed by enlarging the coarse grid block K; by m coarse grid layers.
An illustration of an oversampled domain is shown in Figure 2.2. We introduce the subspace
Vi (Ki.m), which contains restriction of fine-scale basis functions in V}, on the oversampled domain
K . We also define Vj, o (K;.n) = Vi(K;m)NVH} (K, ) by the subspace of functions in Vj, (K ,,)

vanishing on the boundary of the oversampled domain K; ,,,. Motivated by the construction of our

K;

Figure 2.2: An illustration of an oversampled domain formed by enlarging K; with 1 coarse grid
layer.

global multiscale basis functions, the method for construction of the localized multiscale basis

functions are as follows: The localized multiscale basis function 1/1](Z,)n5 € Vi, (Kim) is defined as

12



the solution of the following constrained energy minimization problem

@D] ;¢ = argmin {aDG (Y, ) 1 €V, (K pm) is ¢§i)—orthogonal} . (2.19)

Using the method of Lagrange multiplier, the minimization problem (2.19) is equivalent to the

€ Vi, (K;m)and ,u(-i) € Ok, cKim Va(ﬁg such that

following variational problem: find w ms

7,ms

apg <¢] ms,w> + 5 <7,ZJ,MJ ms) =0forally € V), (K, ),

(2.20)
<¢] s — ¢] ), M) = O fOI‘ all ,LL E @Ki/CKz m‘/:lur

We use the localized multiscale basis functions to construct the multiscale DG finite element space,
which is defined as

Vins = span{yl) :1<j < L;,1<i< N} 2.21)

We remark that the multiscale finite element space V. is a subspace of V},. After the multiscale
DG finite element space is constructed, the multiscale solution u,,s is given by: find wu,,s € Vs
such that

apc (Ums, W) = / fwdzx forall w € V. (2.22)
Q

2.3 Convergence analysis

In this section, we will analyze the proposed method. Besides the energy norm and the DG

norm, we also define the s-norm on V' by
lw]? = > //{|w|2dx (2.23)
KeTH

Given a subdomain ' C €2 formed by a union of coarse blocks K € TH, we also define the local

s-norm by

w2y = Z/K|w|2dx (2.24)

KCo
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The flow of our analysis goes as follows. First, we prove the convergence using the global
multiscale basis functions. With the global multiscale basis functions constructed, the global mul-

tiscale finite element space is defined by

Viio = span{t\) : 1 < j < L;,1 <i < N}, (2.25)
and an approximated solution ug, € Vj, is given by

apc (Ugio, W) = /wa dx for all w € V. (2.26)

We remark that the construction of global multiscale basis functions motivates the construction
of localized multiscale basis functions. The approximated solution u,, will also be used in our
convergence analysis. Next, we give an estimate of the difference between the global multiscale

functions ¢](-i) and the localized multiscale basis functions w(i)

J,ms?

in order to show that using the
multiscale solution wu,,s provide similar convergence results as the global solution u,. For this
purpose, we denote the kernel of the projection operator 7 by Vi,. Then, for any Q/JJ@ € Vo, We
have

ape (2/1@, w) — 0 forall w € V, (2.27)

J

which implies Vi C ngo, where V:qlLO is the orthogonal complement of V,;, with respect to the inner
product ap¢ (-, -). Moreover, since dim (V,) = dim (V,,,), we have v, = Vgﬁ and Vj, = ng@ffh.
The convergence analysis will start with the following lemma, which concerns about the con-

vergence of the approximated solution by the global multiscale basis functions.

Lemma 2.3.1. Let u;, € V), be the solution of (2.4) and ug, € Vi, be the solution of (2.26)
with the global multiscale basis functions defined by the constrained energy minimization problem

(2.17). Then we have up, — ug, € 17;1 and
_l~_1
|un — ugiolla < A72||R 2JEHLQ(Q)a (2.28)
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where

A= min A, . (2.29)

1<i<N

Moreover, if we replace the multiscale partition of unity {X;ﬁs} by the bilinear partition of unity,
we have

[t — Ugiolla < CHA™Z |52 f| 12(0y- (2.30)

Proof. By the definitions of u, in (2.4) and u, in (2.26), we have

apg (up, w) = / fwdz forall w € Vj,
Q

(2.31)
apa (Uglo, W) = / fwdx forall w € Vi,.
Q
Since Vj, € V), this yields the Galerkin orthogonality property.
ape (up — g, w) = 0 for all w € Vi, (2.32)

which implies uj, — ug, € VglLo = ‘~/h. In particular, if we take w = w4, in (2.32), together with

(2.4), we have

Huh - uglo”i = apqg (Uh, Up — Uglo)
= (f7 Up — uglo)O,Q (233)
~_1
< 572 fllez lun — ugiol|s-

Since uj, — ug, € Vj, we have 7 (up, — ngo) = 0. Furthermore, since K; are disjoint, we have

7 (up — ug,) = 0foralli =1,2,..., N. This implies

N
Huh - Uglo”i = Z Huh - Ugloug(Ki)
i=1

N (2.34)
= Z | (1 — i) (un — ugio) ||3(Ki)
i=1

15



By the s;-orthogonality of the eigenfunctions ¢§-i), we have

. —1
(= ) (= o) Wy < (M) aiCan = ttgon = 1)

(2.35)
< A ha(un = Ugio, Un — Ugto)-
Therefore, we have
N
g s —
lun — ugiolls < A Z ai(Un — Uglo, Un — Uglo)
i=1 (2.36)

< A7 lun — ugiolf5.

Using (2.33) and (2.36), we obtain our desired result. The second part of the result follows from

the property |Vx;| = O (H™') of the bilinear partition of unity. O

The next step is to prove the global basis functions are indeed localizable. This makes use of
the following lemma, which states some approximation properties of the projection operator 7. In
the analysis, we will make use of the Lagrange interpolation operator and a bubble function in the
coarse grid. We define the Lagrange interpolation operator [, : C°(2) N H}(Q2) — C°(Q) NV,
by: for all u € C°(2) N H} (), the interpolant I,u € C°(Q2) NV}, is defined piecewise on each
fine block 7 € T" by

(Inu)(z) = u(zx) for all vectices x of T, (2.37)

which satisfies the standard approximation properties: there exists C; > 1 such that for every

uwe C%Q) N HYHD),

on each fine block 7 € T". For any coarse grid block K, we define a bubble function B on K, i.e.

R — Ihu)HLQ( S ’

H%V(U—Ihu)H | §th‘

n%qu , (2.38)
L2(7 L2(7)

B(x) = 0forall z € 0K and B(z) > 0 forall z € int (K). More precisely, we take B = [, X},

where the product is taken over all the coarse grid nodes lying on the boundary d/K . We can then

16



define the constant

~ 9
C, = sup —fK i

— . 2.39
KETH,HGVauz fK K:B/J'2 ( )

In our following analysis, we will assume the following smallness criterion on the fine mesh size
h:
CrCHO% + A 1O 2o < 1, (2.40)

where C' is the maximum number of vertices over all coarse elements K € 7 and

, (2.41)
0= Vil
J
Lemma 2.3.2. Assume the smallness criterion (2.40) on the fine mesh size h. For any vy, € Vayz,

there exists a function v € C°(Q) NV}, such that

(V) = Vaue, ||U||Z < D||vau$||§, supp(v)  supp(Vauz), (2.42)

where the constant D is defined by

2

20:(1 4 C3) (C% + Apaz)
1- CwCI (C% + )\ma:ﬂ) HQHEOO(Ki)h

D = (2.43)

Proof. Let vy, € Va(&%c We consider the following constraint minimization problem on the block

Ki:

v = argmin {apg(v, v) v € VoK), si(v,v) = 8i(Vgug, v) forall v € 174 (2.44)

aux

The minimization problem (2.44) is equivalent to the following variational problem: find (v, 1) €

17



Vio(K;) X V2. such that

a; (v,w) + s; (w, u) = 0 for all w € V}, o(K;),

(2.45)
S; (U — Vgug, v) = 0 forall v € V,9) |
The existence of solution of (2.45) is based on an inf-sup condition:
. Si(w7 V)
inf sup — >0, (2.46)

VeV, wevi o (Ki\ {0} @i(W, W)

where > 0 is a constant independent to be determined. Pick any v € V. We take w =
I,(Bv) € C°(Q) NV}, Since v € V,(K;) and B(x) = 0 for all vertices of K;, we have w €

Vio(K;). First, we see that

si(w,v) = /K kB +/Kiif:(1h(Bu) — Bv)v

> O Ivllay — IHn(By) = Byl [vllsx,)

2.47)
> ¢! — Crh ‘ RV(B .
ey — Cob |98, Il
L 1
> O ey = CrllOl b |9 (B, o Il
On the other hand, we observe that
2
a;(w,w) <2 (’ K%V(BV)H + ‘ IiQV By — Ih(Bl/))’ )
L2(K;) L2(K;)
(2.48)
201+ C2) ||w3v(B ‘ .
1+ |||,
It remains to estimate the term ‘ I{%V(BV)H - Since 0 < xj7** < 1, we have 0 < B < 1 and
L2(K;

|VB|? < C20. Using these facts together with V(Br) = (VB)v + B(Vv), we imply

. 2
k2V(Bv) . < CoWwlZ ik, + ai(v,v) 0.49)

< (Cgr + /\max> HVHg(K)

18



By taking the inf-sup constant

B 1— CWC[ (072- + )\max) ||@||z°°(Kz)h
- 2C,(14 C?) (C2 + Mpaw)

(2.50)

we prove the inf-sup condition (2.46) and therefore the existence of (v, u) € Vi o(K;) X Vi in

(2.45). It is then direct to check that the solution v € V}, o(K;) satisfies the desired properties. [

We remark that, without loss of generality, we can assume D > 002(1 + CIQ) We are now
going to establish an estimate of the difference between the global multiscale basis functions and
localized multiscale basis functions. We will see that the global multiscale basis functions have a
decay property, and their values are small outside a suitably large oversampled domain. We will
make use of a cutoff function in our proof. For each coarse block K; and M > m, the oversampling
regions K ps and K ,, define an outer neighborhood and an inner neighborhood respectively. We

define y'"" € span{x}**} such that 0 < ™ < 1and
X\ =1in K;,, and ;"™ = 0in Q \ K, . (2.51)

Moreover, we define the following DG norm for w € V on K; y \ K ..

Y _
Ky CK; m\Kim Eec&H (K p\Kim) E

where E# (K s \ Ki.m) denotes the collection of all coarse grid edges in E# which lie within in

the interior of K »s \ K, and the boundary of K; p;. We remark that the definition also applies

to a region 2 \ K, in the case when M is sufficiently large.

Lemma 2.3.3. Assume the smallness criterion (2.40) on the fine mesh size h. Suppose m > 2 is the
number of coarse grid layers in the oversampled domain K ,, extended from the coarse grid block

K;. Let gzﬁgz) € Vs be a given auxiliary multiscale basis function. Let w](z) € Vo be the global
(1)

multiscale basis function obtained from (2.17), and ;.. € Vy, (K; ) be the localized multiscale
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basis function obtained from (2.19). Then we have

_1 1-m
where E = 40D3(1 4+ A1) (1—1—6D—2 (1—|—A—%) ) .

Proof. By the variational formulations (2.18) and (2.20), we have
ape (¢§ — 1/1) + s, (¢, n — uﬁ-?ns) — 0 forall ¢ € Vi(K; ). (2.54)
By Lemma 3.3.2, there exists %Z) € V}, such that
w(@) =6, 1612 < DIl Iy supp (87) < K. 2.55)

We take n = @ZJ](-i) — %1) € Vyand ¢ = 5; @ZJ]) € Vi(K;m). By definition, we have () =

ms

7(¢) = 0 and therefore n, ¢ € V.. Again, by Lemma 3.3.2, there exists p € V}, such that

m(p) = 7L 0),  pllz < Dw(Iu(™™ " )12, supp (p) € Kim \ Kin-1. (2.56)

Take 7 = p—1I, (X" 'n)) € V},. Again, 7(7) = 0 and hence T € V},. Taking ¢ = 7—C € Vj,(K;.m)

in (2.54) and making use of the fact 7 — ¢ € Vh, we have

e (w§” — ) - c) — 0, (2.57)

and therefore

. . 2 . .
[0 = || = ave (4 = vihn+¢)
— apg (0" = 0+ 7) (2.58)
(%)
< || = | 1+ 7
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which in turn implies

. . 2
U =g, < Mt

= [ B =" ) + o
<2 (|| = x|l + lol?) 2.59
< 2 (CE {1 = X" ) [ + l2)

<2 (2C3(1+ C |1 =Xl + o)

For the first term on the right hand side of (2.59), by using V ((1 — X" ")) = = VX" "'n +

1— ™™ HVnpand 0 < 1 — y"™ ! < 1, we have
n i

)

m,m— 2 2
=il < 2 (Il s + 10 ) - (2.60)

For the second term on the right hand side of (2.59), using the definition of p in (2.56) and 0 <

m,m—1

1—x; < 1, we obtain

lpllz < DIz n)lIz < DI 0112 < Dllnll3@, - (2.61)

(2 3

Moreover, since 1 € Vi, by the spectral problem (2.10), we have

Il <A™ Y ann). (2.62)

KkCQ\K¢7m71

Combining all these estimates, we obtain

. . 2
|69 = 6. < 10D+ Al e@c, 2.63)

Next, we will provide a recursive estimate for 7 in the number of oversampling layers m. We take

E=1—x""""2 Then0<¢<land€=1inQ\ K;,,_1. Using V(%) = 2V + 26nVE¢,
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for every K € T, we have
/ KV - V(&%) = / KV - (§2Vn + 260VE) = / K[V (En)]* — / KIVEPD.  (2.64)
K K K K
In addition, using V(£n) = £Vn + nVE, for every E € EX, we have

~ [ 0n- el = [ eV nehil + 7 [ Rl
—— [t el = [ An(@Vn+26096) ne} o)+ ] [ wlallel

(2.65)
=2 ([ tevn-nadten + [ Gunve neeal) + 7 [ wlenp
_ ) - 2
=2 [ evien) - nobien + 7 [ #leal®
Summing over K € T and £ € £, we obtain
€015 < apa(n, €1) + 1103k, \Ki 25 (2.66)

where we make use of the fact that V& = 0 outside K; ,,_1 \ K ,,—2. We start with estimating the
first term on the right hand side of (2.66). For any coarse element K, € Q\ K;,,_1, since £ = 1 in

Ky andn € ‘N/h, we have
s (5277, ¢§.’“>> —s (n, ¢§-k)) —Oforall j =1,2,..., L. (2.67)
On the other hand, for any coarse element K}, € Kj ,,,_2, since { = 0 in K, we have
s (5277, ¢§.’“>> —Oforall j =1,2, ..., L. (2.68)
Therefore, supp(7(1;(£°1))) C Kim-1 \ Kim_o. By Lemma 3.3.2, there exists o € V}, such that
w(0) = 7(In(&%n),  [VIlz < Dlw(Iu(€n)I3,  supp(0) C Kim1 \ Kim-2. (2.69)
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For any coarse element K, C K;,;,—1 \ K; -2, since 0 < ¢ < 1 and 7(n) = 0, we have

17 (Ta(& ) ey < (€M ey < )3y = Inll2e,y < A aw(n,m). (2.70)

Summing over K, C K; ;-1 \ K m—2, We obtain

7w (In(En))]2 < A7 > ak(n,m). (2.71)

Ky CKim—1\Kim—2

We take 0 = I,,(£2n) — 0. Again, 7(6) = 0 and 6 € V},, which yields

ape (;z)}“, 9) — 0. (2.72)

On the other hand, supp(f) C Q \ K;,,—» and supp(%i)) C K. Since 0 and $§” has disjoint
supports, we have

e (;55@, 9) —0. 2.73)
Therefore, we obtain

ana(n,8) = ape (wj(?) — 30, 9) — 0. (2.74)

Recall from the definition that ,(£?n) = 6 + o and supp(c) C K; 1 \ K m_o. Hence we have

apc(n, 1n(&%n)) = apa(n, o)

< COHnHDG(Ki,m—l\Ki,m—z)HUHCL (2.75)

1
< COD2 ||77HDG(Ki,m—1\Ki,m—2)||7T(Ih(£2n)>HS

_1
< DA™z HTIH%DG(Ki,mfl\Ki,mfz)'

On the other hand, making use of the fact that £ = 0in K, o and & = 1in Q \ K, 1,

we observe that £2n = I;,(£%n) outside K; 1 \ K;m_2. Moreover, £2n — I,,(£%n) is globally
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continuous. Thus, we obtain

apa(n, 5277 - Ih(£277)> < CanHDG(Ki,m—l\Ki,m—Q) H§277 - [h(§2n> HDG(Ki,mfl\Ki,m—Q)
< CC1lInll e\ 1€ pore, s (2.76)

D 2 2112
S 5 <||TIHDG(Ki,m71\Ki,m72) + ||£ n||DG(K¢ﬁm_1\K¢7m_2)> '
Again, using V(&%) = £2Vn + 26nVE, we have
2|2 2 2
H§ 77HDG(K1-,,,L_1\KW_2) < 2[0llDak, pm\Kimz) T 05K\ i) (2.77)

Combining (2.66), (2.75), (2.76) and (2.77), we arrive at

3 _1
e < D (5447 ) Wilbotssims + Bk i) @79

Moreover, since 7(n) = 0, we have

_1
||n||S(Ki,m—1\Ki,m72) < A2 ||/’7||DG(Ki,m71\Ki,m72)7 (279)

which implies

_1
lenli2 < 6D (1+ A Inlboe, i) (2.80)

By the equivalence of norms, we have

_1
I, < CRIENIE < 6D (14 A7) nlbeim, o 28D

‘We obtain the recurrence estimate

||77||2DG(Q\Ki,m_2) = ||77||3)G(Q\Ki,m_1) + ||77”?DG’(Ki7m_1\Ki,m_2)

o (2.82)
> (14607 (14278 Il
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Inductively, we have

- . 1 1-m
ilberensn < (146072 (144757 ) Inllbo,

N 1om (2.83)
<D (1 46D (1 + A—%) ) 7112,
Combining (2.63) and (2.83), we see that
O _ 0 | N
‘ O = | < 10D (1+ A7) (1 +6D 2 (1 + A‘E) ) 1115 (2.84)
By the energy minimizing property of @b](-i), we have
i ( 0 1o,
Il < 157l + 165 la < 20165”lla < 2D216)” sy (285)
We obtain the desired result. ]

Now, we are ready to establish our main theorem, which estimates the error between the solu-

tion u, and the multiscale solution u,,,.

Theorem 2.3.4. Let uy, € V), be the solution of (2.4), ug, € Vg, be the solution of (2.26) with the
global multiscale basis functions defined by (2.17), and u,,s € Vs be the multiscale solution of
(2.22) with the localized multiscale basis functions defined on an oversampled domain with m > 2

coarse grid layers by (2.19). Then we have
1~ 1 1
Huh — umSHa S OA_2 ||li 2f||L2(Q) —|— Cde2 ||uglOHS, (286)

Moreover, if we let k = O (log (%)) and replace the multiscale partition of unity {XTS} by the

bilinear partition of unity, we have

[tth — Umslla < CHAZ |67 f| 2. (2.87)
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Proof. First, we write 1, in the linear combination of the basis {¢)"’}

N L
ugo =y Yoy, (2.89)
i=1 j=1
and define u,,, € V,,, by
N L
s = ) D0 U0, (2:89)
i=1 j=1

From (2.4) and (2.22), we obtain the Galerkin orthogonality
apg(up — Ups, w) = 0 for all w € V,, (2.90)

which gives

||Uh - ums”a S ||uh - ams”a S ||Uh - uglo”a + ||uglo - ams”a- (291)

Using Lemma 3.3.3, we see that

2

2. oW — i)

lugto = Tmslla =

i=1 j=1 u
N || Li 2
<Cm®y D" a0y — i)
i=1 || j=1 " (2.92)
N || L; 2
<omtEy |30l
i=1 || j=1 5

= Cm"Eljugo|;,

where the last equality follows from the orthogonality of the eigenfunctions in (2.10). Using the

estimates (2.28) and (2.92) in (2.91), we have
Lo 1 d 1
|un = Umslla < AT2||E2 fll12(0) + Cm2 E2 [[ugp|s. (2.93)
This completes the first part of the theorem. Next, we assume the partition of unity functions are
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bilinear, and we are going to estimate ||ug;,||s. Using the fact that [V x| = O(H '), we have
lagioll? < CH 21|yt 320 (2.94)
Then, by Poincaré inequality, we have
ltgiol 22y < Cig* llugioll- (2.95)
By taking w = ug, € Vg, in (2.26), we obtain
lugiol12 = (F:tgio)o < IF2 2o luguolls: (2.96)
Combining these estimates, we have
lttgiolls < CH g s |72 £l 1200 (2.97)
To obtain our desired result, we need
H 2m2E? = O(1). (2.98)

Taking logarithm, we have

d 1— !
log(H %) + log(s1) + 5 log(m) + ™ log (1 + A*a) = 0(1). (2.99)
Thus, taking m = O (log (%)) completes the proof of the second result. [

2.4 Numerical results

In this section, we will present numerical examples with high contrast media to demonstrate
the convergence of our proposed method with respect to the coarse mesh size H and the number

of oversampling layers m, and illustrate possible improvements in error robustness with respect
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to contrast by employing the idea of constructing multiscale basis function by relaxation method
introduced in [39]. In all the experiments, the IPDG penalty parameter in (2.5) is set to be v = 4,
so as to ensure the coercivity of the bilinear form aps. We consider a highly heterogeneous
permeability field  in 2 = [0.1]? as shown in Figure 2.3, with the background value is x = 1 and
the value in the channels and inclusions is 10%. and the resolution is 400 x 400, i.e.  is piecewise
constant on a fine grid with mesh size h = 1/400. The coarse mesh size varies from H = 1/80
to H = 1/10, and the number of oversampling layers varies from m = 3 to m = 6. In all these
combinations, there are no more than 3 high conductivity channels in a coarse block K € T,
As aresult, we have 3 small eigenvalues in a local spectral problem (2.10), and it suffices to use 3
auxiliary basis functions per coarse block to construct the correspoding localized multiscale basis

functions. The source function is taken as

f(z,y) = 2n?sin(rx) sin(7y) for all (x,7) € Q. (2.100)

Table 2.1 records the error when we take the number of oversampling layer to be approximately
m = 4log(1/H)/log(1/10). The results show that the method provides optimal convergence in
energy norm, which agrees with our theoretical finding in Section 2.3, and the L? error converges
with second order. Table 2.2 records the error with various number of oversampling layers and a
fixed coarse mesh sizes H = 1/40. It can be observed that increasing the number of oversampling
layers improves the quality of approximations, but the decay in error is limited when the oversam-
pling region is sufficiently large. This numerically verifies that the multiscale basis functions can

indeed be localized.

H | Energy error  L? error
1/10 | 7.4625%  0.7653%
1/20 1.5392%  0.0625%
1/40 |  0.7266%  0.0160%
1780 | 0.3433%  0.0035%

I o I N

Table 2.1: History of convergence with different coarse mesh size H for Experiment 1.

28



F 17000

r 16000

r 15000

[ 74000

Figure 2.3: The permeability field x for Experiment 1.

Energy error L2 error
84.7517%  72.3079%
19.0936% 3.6716%
2.6687% 0.0720%
0.7836% 0.0161%
0.7266% 0.0160%
0.7259% 0.0160%

0 J N L~ WS

Table 2.2: Error table with different number of oversampling layers m and a fixed coarse mesh
size H = 1/40 for Experiment 1.

Next, we present the idea of the relaxed formulation of (2.19). Instead of using the method of
Lagrange multiplier as in (2.20), the ¢-orthogonality is imposed weakly by a penalty formulation.

The localized multiscale basis function 1/1](?% € Vj, (K, ) is defined as the solution of the following

relaxed constrained energy minimization problem

0. = avgmin {apg (6,0) + 5 (7 (1) = 6", 7 (1) = 6)") 1w € Vi (Ki) |- 2.101)
The minimization problem (2.101) is equivalent to the following variational problem: find w](?m €

29



Vi, (K 1) such that

ape (Ve ¥) +5 (7 (00) 7 (@) =5 (.7 (1) forall p € Vi (Kip) . 2102)

The construction of multiscale finite element space and coarse-scale model then follow (2.21) and
(2.22) respectively. We compare the performance of the multiscale method with multiscale basis
functions constructed by method of Lagrange multiplier (2.20) and the relaxation method (2.102)
at different contrast values, where the coarse mesh size is taken as H = 1/10 and the number of
oversampling layers as m = 4. In Table 2.3, we record the energy error and L? error with different
contrast k1, where xk; > 1 is the value of « in the high conductivity channels. It can be seen that

the relaxation method is more robust with respect to contrast.

Lagrange multiplier Relaxation

k1 | Energy error  L? error | Energy error L? error
10* | 7.4625% 0.7653% 6.3757%  0.6395%
105 | 12.6299% 1.6977% 6.3986%  0.6467%
108 | 32.1465% 10.5146% | 6.4020%  0.6478%
107 | 64.1190% 41.8127% | 6.4049%  0.6481%
108 | 77.1229%  60.4947% | 6.4301%  0.6503%

Table 2.3: Comparison of the method of Lagrange multiplier and the relaxation method with dif-
ferent contrast values for Experiment 1.
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3. CONSTRAINT ENERGY MINIMIZING GENERALIZED MULTISCALE FINITE
ELEMENT METHOD FOR DUAL CONTINUUM MODEL *

Dual continuum models are used to describe a wide range of scientific and engineering applica-
tions, for example, complex processes in shale reservoirs, where such models are used to describe
a complex interaction of the organic and inorganic matter. In real world applications, properties
of the dual continuum models are highly heterogeneous and leads to the construction of the fine
grids to resolve also small scale heterogeneity in level of mesh construction. Direct simulation on
the fine grid is computationally expensive. In this chapter, we consider a dual continuum model
for describing fluid flow in porous media with highly connected fracture network, where we have
coupled system of equations for porous matrix and for fracture network with specific mass transfer
between them. We present Constraint Energy Minimizing Generalized Multiscale Finite Element
Method (CEM-GMsFEM) as a model reduction technique for the dual continuum model. We es-
tablish theoretical results showing that the method provides a convergence depends only on the
coarse mesh size and independent of scales and contrast. we will construct a set of local auxil-
iary multiscale basis functions, as in GMsFEM. These functions are dominant eigenfunctions of
local spectral problems, and the number of these functions is the same as the number of high con-
trast channels. We emphasize that this is the minimal number of degrees of freedoms required to
represent channelized effects. We also remark that these eigenfunctions are crucial in the construc-
tion of localized basis functions. The second key component is multiscale basis functions. These
functions are obtained by minimizing an energy functional subject to certain constraints. These
constraints are formulated using the auxiliary functions with the purpose of obtaining localized
multiscale basis functions. In particular, for each of the auxiliary function, the constraints require
the minimizer of the energy functional is orthogonal, in a weighted L? sense, to all other auxiliary

functions except the selected one. For the selected auxiliary functions, the constraints require the

* Reprinted with permission from “Constraint Energy Minimizing Generalized Multiscale Finite Element Method
for Dual Continuum Model” by Siu Wun Cheung, Eric T. Chung, Yalchin Efendiev, Wing Tat Leung and Maria
Vasilyeva. To be published in Communications in Mathematical Sciences by International Press of Boston, Inc.
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minimizer of the energy functional to satisfy a normalized condition. Combining the effects of
auxiliary functions and energy minimization, we show that the minimizer of the energy functional
has exponential decay property, and is very small outside an oversampling region obtained by the
support of the selected auxiliary function. Moreover, the resulting multiscale method obtained by
a Galerkin formulation has a mesh dependent convergence rate.

Similar to Chapter 2, we will first construct a set of local auxiliary multiscale basis functions.
These functions are dominant eigenfunctions of local spectral problems, and the number of these
functions is the same as the number of high contrast channels. We emphasize that this is the mini-
mal number of degrees of freedoms required to represent channelized effects. We also remark that
these eigenfunctions are crucial in the construction of localized basis functions. Using the auxiliary
basis functions, we define multiscale basis functions by minimizing an energy functional subject to
certain constraints. These constraints are formulated using the auxiliary functions with the purpose
of obtaining localized multiscale basis functions. In particular, for each of the auxiliary function,
the constraints require the minimizer of the energy functional is orthogonal, in a weighted L? sense,
to all other auxiliary functions except the selected one. For the selected auxiliary functions, the
constraints require the minimizer of the energy functional to satisfy a normalized condition. Com-
bining the effects of auxiliary functions and energy minimization, we show that the minimizer of
the energy functional has exponential decay property, and is very small outside an oversampling re-
gion obtained by the support of the selected auxiliary function. Moreover, the resulting multiscale
method obtained by a Galerkin formulation has a mesh dependent convergence rate.

The chapter is organized as follows. In Section 3.1, we will introduce the dual continuum
model. Our multiscale method will be presented in Section 3.2 and analyzed in Section 3.3. Finally,

in Section 3.4, we will present some numerical tests.
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3.1 Dual continuum Model

We consider the following dual continuum model

0 .
C1ﬂ —div(k1Vp1) + o(p1 — p2) = f1,
ot (3.1)

0 )
Cz% - le(/f2Vp2) - U(I?l - pz) = f2;

in a computational domain €2 C R2. Here, for i = 1, 2, ¢; is the compressibility, p; is the pressure,
k; 1s the permeability, and f; is the source function for the ¢-th continuum. In addition, the continua
are coupled through the mass exchange, and o is a parameter which accounts for the strength of
mass transfer between the continua. One particular application of the dual continuum model 3.1 is
to represent the global interactive effects of the unresolved fractures and the matrix.

Let 2 be domain with high conductive channels (heterogeneous media)
Q=D UD}, Dj=UZ Dy, (3.2)

where indices m and f represent the two subdomains with low and high permeability, n; is the
number of high conductive channels, 7 is the continuum.  We prescribe the initial condition

pi(0,-) = p in © and the boundary condition p;(,-) = 0 on O for ¢t > 0. Furthermore, we have

r € D!, ar, xe D!

m

7
ECCEE A
(2 Y]
Kiz © € Dy, G T € DYy,

m
7
f

where lﬁ{ , and clf ; are the permeability and compressibility on the /-th channel for the continuum :
in subdomain D}J; k™ and ¢ are the permeability and compressibility in subdomain D! . Here,

we assume the permeability fields are uniformly bounded, i.e.

0<k<gki(z)<kE forxe, fori=1,2. (3.3)
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Let V = [H}(Q)]%. Also, for a subdomain D C €, we denote the restriction of V on D by
V(D), and the subspace of V(D) with zero trace on 0D by Vy(D). The weak formulation of 3.1

then reads: find p = (p1, p2) such that p(t,-) € V and

0
c (8_§’0> +ag(p,v) = (f,v), (3.4)

for all v = (vy,v9) with v(t,-) € V. Here, (-,-) denotes the standard L?(f2) inner product.

Moreover, the bilinear forms are defined as:

(e 1) — My oy J oy g — . -
¢i(pi, ;) /D;'n cl'pv; de + Z/}J ¢ ;pivi dx /ch(ac)plfuZ dz,
c(p,v) = Zci(pi,vi),
Gi(pi,vi) = /Di
a(p, U) = Z%(pm%%
q(p,v) = ;;Lo(pi—pz)vi dz,
aQ(pvv) :a(p,v)—l—q(p,v), (f,U) :Z<fiavi>>

2

k'Vp; - Vv, dx + Z/ /flfini -V, de = / ki(x)Vp; - Vo, dx,
L (3.5)

3.2 Method description

In this section, we will describe the details of our proposed method. To start with, we introduce
the notions of coarse and fine meshes. We start with a usual partition 7 of (2 into finite elements,
which does not necessarily resolve any multiscale features. The partition 7 is called a coarse
grid and a generic element K in the partition 7# is called a coarse element. Moreover, H > 0 is
called the coarse mesh size. We let N, be the number of coarse grid nodes and /N be the number
of coarse elements. We also denote the collection of all coarse grid edges by £f7. We perform a

refinement of 7 to obtain a fine grid T" where h > 0 is called the fine mesh size. It is assumed
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that the fine grid is sufficiently fine to resolve the solution. An illustration of the fine grid and the
coarse grid and a coarse element are shown in Figure 2.1. We remark that the fine grid is only
used in solving local problems numerically. In our analysis, the fine grid does not play a role as
we assume that all local problems are solved continuously.

We define local bilinear forms on a coarse element K; by:

agj)(pi,w) = / ki) Vpi - Vo, du,
K

J

a(J)(p) U) - ZGE])Q?Z?Ul)a
00) =33 [ ol = musde,
i1 UK

a(p,v) = a9 (p,v) + ¢V (p, v),

ng)(pi,vz‘) :/ Ei(ﬁ)pivid%
K

J

(3.6)

s (p,v) = s (pi, va),

where %; = k; 30°, [ Vxk|? and {x} is a set of bilinear partition of unity functions for the coarse

grid partition of the domain €. We also define the bilinear form s by:

s(p,v) =Y _ sV (p,v). 3.7)

Next, we will use the concept of GMsFEM to construct our auxiliary multiscale basis functions.
The auxiliary basis functions are coupled, and defined by a spectral problem, which is to find a real

number )\,(f ) and a function qzﬁ,(cj ) e V(K;) such that

ag)( U 0) = A0 (0D v) forall v € V(K;). (3.8)

We let /\,Ej ) be the eigenvalues of 3.8 arranged in ascending order in k, normalize the eigenfunctions

in the norm induced by the inner product s, and use the first L; eigenfunctions to construct our local
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auxiliary multiscale space

V) = span{o\) : 1 < k < L;}. (3.9)

The global auxiliary multiscale space V,,, is then defined as the sum of these local auxiliary
multiscale spaces

Vs = &Y, V) (3.10)

aux*

Before we move on to discuss the construction of multiscale basis functions, we introduce some
tools which will be used to describe our method and analyze the convergence. We first introduce
the notion of ¢-orthogonality. In a coarse block K, given an auxiliary basis function gb,(j ) e Vs

we say that ¢ € V' is gb,(cj )—orthogonal if
s (¢, ¢,(j,")> = 6, 6k forl <K < Lyand1<j <N. 3.11)

We also introduce a projection operator 7 : [L*(2)]? — Vi by 7 = Zjvzl mj, where ; :

[L*(K;)]* = Vaus is given by

L;
S sl (v Cbk ) 2 2

(b forall v € [L*(K;)]*. (3.12)
213@ ¢k =¢k ) ’

Next, we construct our global multiscale basis functions. The global multiscale basis function

Q/JJ(-i) € V is defined as the solution of the following constrained energy minimization problem

Y = argmin {aQ(w,w) Y eVis (b,(j)—orthogonal} . (3.13)

The minimization problem 3.13 is equivalent to the following variational problem: find 1/1,9 Jev

and uk € V,uz such that

ag() w) + s(w, u) = 0 forall w € V, G

o ]gj) _ l(cﬁ’y) =0forallv € V.
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Motivated by the construction of global multiscale basis functions, we define our localized
multiscale basis functions. For each element K;, an oversampled domain formed by enlarging the
coarse grid block K; by m coarse grid layers. An illustration of an oversampled domain is shown
in Figure 2.2. The localized multiscale basis function ¢1(g{7)715 € Vo(Kj,m) is defined as the solution

of the following constrained energy minimization problem

¢ = argmin {aQ(w, 0) 11 € Vo(Kjm) is ¢,(j'>-orthogona1} . (3.15)

The minimization problem 3.15 is equivalent to the following variational problem: find 1/1,(52% €

VO(Kj,m) and #(j) € @Kj/cK,- VL(Z;) such that

k,ms J,m

ag(Y), . w) + s(w, ) ) =0 forall w € Vo(£ ), 16

s(W), — o v) = 0forallv € &k ,cx,, VI

j,m = auxr *

We use the localized multiscale basis functions to construct the multiscale finite element space,
which is defined as

Vops = span{e!) 1<k <L;1<j<N}. (3.17)

k,ms

The multiscale solution is then given by: find p,s = (Pins.1, Pms2) With pps(t, ) € Vi, such that

for all v = (vy,vo) with v(t,-) € Vi,

c(%,v) + a6 (Pms, v) = (f,0). (3.18)
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3.3 Convergence Analysis

In this section, we will analyze the proposed method. First, we define the following norms and

semi-norms on V:

IpllZ = c(p,p),
Ipllz = alp,p),
pl2 = a(p,p), (3.19)

Ipllz, = aq(p:p),

Ipll2 = s(p, p).

For a subdomain D = [J._,; K; composed by a union of coarse grid blocks, we also define the

jeJ

following local norms and semi-norms on V':

HpHZ(D) = Z @(j)(pap),

JjeJ
2oy =D a¥(p,p),

7€ (3.20)
Pl ) = ad (p.p),

jeJ
Pl =D sV (0. p).

jeJ

The flow of our analysis goes as follows. First, we prove the convergence using the global multi-
scale basis functions. With the global multiscale basis functions constructed, the global multiscale

finite element space is defined by

Voo = span{w,ij) 1<k<L;1<j<N}, (3.21)

38



and an approximated solution pyi, = (Pgio 1, Pgio,2), Where pg,(t, <) € Vo, is given by

Ipgio
c ( g? 7U> + aQ(pglovv) = (fav)7 (322)

for all v = (vy,vy) with v(t,-) € V. Next, we give an estimate of the difference between the

global multiscale functions w,(fj ) and the local multiscale basis functions w,(g{;w, in order to show

that using the multiscale solution p,,, provides similar convergence results as the global solution

Pglo- For this purpose, we denote the kernel of the projection operator 7 by V. Then, for any
,ij) € V10, we have

ag( ,(cj),w) =0forallw e 17, (3.23)

which implies V C V& where V-

o> Jlo 18 the orthogonal complement of V;, with respect to the inner

product ag. Moreover, since dim(V;,) = dim(V/,,,), we have V=ViandV = Vo ® V.

In addition, we introduce some operators which will be used ingz)our analysis, namely Ry, :
V' — Vi, given by: for any u € V, the image Ry ,u € Vy, is defined by
ag(Rgou,v) = ag(u,v) forall v € Vy,, (3.24)
and similarly, R,,s : V' — V,,s given by: for any u € V/, the image R,,;u € V., is defined by
ag(Rmsu,v) = ag(u,v) forall v € V. (3.25)
We also define C : V' — V given by: for any u € V, the image Cu € V is defined by

(Cu,v) = c(u,v) forallv € V. (3.26)

Moreover, the operator A : D(A) — [L?*(2)]? is defined on a subspace D(A) C V by: for any
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u € D(A), the image Au € [L*(Q2)]? is defined by
(Au,v) = ag(u,v) forall v € V. (3.27)

We will first show the projection operator 17, onto global multiscale finite element space has

a good approximation property with respect to the ag-norm and L?-norm.

Lemma 3.3.1. Let u € D(A). Then we have u — Ry,u € V and

lu = Ryoullag < CHE™2 A" | Aulliz2ope, (3.28)
and
Hu - RglouH[L?(Q)P S CH2571A71HAUH[L2(Q)]2, (329)
where
— i ()
A= 1g}lgnN AL 41 (3.30)

Proof. From 3.24, we see that u — Rg,u € ngo = V. Taking v = Rg,u € Vi, in 3.24, we have

aq (U - Rglo“v Rglou) = 0. (331)

Therefore, we have

lu = Roull3, = ag(u — Ryiou, u — Rgou)
= ag(u — Ryou, u)
= ag(u,u — Ryou) (3.32)
= (Au,u — Ryou)

1
< [[&72 Aullz2 @y lu — Rgioulls,
where k(z) = min{k;(z), k;(z)}. Since u — Ryou € V, we have mj(u — Ryou) = 0 for all
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j=1,2,...,N and

lu = Rgpoul|§ = ZHU— Rgott|| 3,

Z — ;) (u — Rgou) ||§(K )

=1

By the orthogonality of the eigenfunctions gb,(f ), we have

N
1
Z — ;) (u — Rgou) ” ) S+ Z lu — glou”ZQ(Kj) < KHU - RglouHiQ

Finally, using the fact that [Vx;z| = O(H '), we obtain the first estimate 3.28.

For the second estimate 3.29, we use a duality argument. Define w € V' by
ag(w,v) = (u — Ryou,v) forallv € V.

Then we have

||lu — RglouH[QLg(Q)P = (u— Ryou, u — Ryou) = ag(w,u — Ryou).

Taking v = Rg,w € Vi, in 3.24, we have

ag(u — Ryou, Rgow) = 0.

41

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)



Note that w € D(A) and Aw = u — Ry,u. Hence

Ju— Rglou”[2L2(Q)]2 = ag(w — Rgow, u — Ry,u)
< [Jw = Rgiowllag llu — Rgiotlaq

o o (3.38)
< (CHEEA’EHAmemP) (CHE?A*EHAUH[L?(Q)P)

< CHQE_IA_lnu — Rglou||[L2(Q)]2 ||AU||[L2(Q)}2.

We remark that the quantity A is contrast independent as we include all eigenfunctions corre-
sponding to small contrast dependent eigenvalues in our basis construction.

We are now going to prove the global basis functions are localizable. For each coarse block
K, we define B to be a bubble function with B(z) > 0 for all x € int(K) and B(x) = 0 for all
x € OK. We will take B =[] ; X' where the product is taken over all vertices j on the boundary
of K, and {x;} is a set of bilinear partition of unity functions for the coarse grid partition of the

domain ). Using the bubble function, we define the constant

s(v,v)
C, = sup — (3.39)
KETH,VEVuuz 8<BV7 V)
We also define
Amezr = MaxX max )\,(gj). (3.40)
1<j<N 1<k<L;

Lemma 3.3.2. For all v,y € Vaus, there exists a function v € V' such that

(V) = Vauas  |[0lla, < Dllvawllzs  supp(v) C supp(vaus)- (3.41)

We write D = 2(1 + 2030@‘1)(07 + A2 ), where C is the square of the maximum number of

max

vertices over all coarse elements, and C, is a Poincaré constant.

Proof. Let v4, € V.9 with |Vauzl|s(x;) = 1. We consider the following minimization problem
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defined on a coarse block K.

v = argmin {ag (1, ¥) : ¥ € Vo(K;), sV(¥,v) =59 (vgys,v) forally € VO L. (3.42)

aux

We will show that the minimization problem 3.42 has a unique solution. First, we note that the
minimization problem 3.42 is equivalent to the following variational problem: find v € V;(Kj)

and p € V) such that

(Ig)(v’ w) —+ 3(])(w’ Iu) — O for all w € ‘/E)(K])7

(3.43)
59 (0 = Vguz, v) = 0 forall v € VU
The well-posedness of 3.43 is equivalent to the existence of v € V() such that
S(j)(vavaux) Z O””aux”?([{ﬂ, ”UHCLQ(K]') S CHUaust(Kj)a (344)

where C' is a constant to be determined. Now, we take v = Bv,,, € V;(K;). Then we have
S(j) (Uv Uaux) = S(j) (Bvau:m Uaux) Z CglsHvautz(Kj)' (345)

On the other hand, since Vv; = V(BUuuzi) = VauziVB + BVUgusi, |B] < 1 and [VB]? <
Cr Y. VX%, we have

”U”i(Kj) < 2(CT||Uaua:||§(Kj) + HvauxHSLQ(Kj))- (3.46)
By the spectral problem 3.8, we have

(4)
HUauxHaQ(Kj) S 1;222)2]- /\k ||Uaux||s(K]~)- (347)
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Moreover, by Poincaré inequality, we have
2 2 2 —1,112
olg < 20([vllz2(x;) < 26,067 |vlla,)- (3.48)
Combining these estimates, we have

1]z < (42005 DvlGx,) < 201+ 20505~ ) (C7 + Ao v iy (3.49)

max

This shows that the minimization problem 3.42 has a unique solution v € V;(X;), which satisfies

our desired properties. 0

Here, we make a remark that we can assume D > 1 without loss of generality.
In order to estimate the difference between the global basis functions and localized basis func-

tions, we need the notion of a cutoff function with respect to the oversampling regions. For each

coarse grid /; and M > m, we define X;W,m € span{x}"*} such that 0 < X;‘/[’m < 1and X;\/I,m =1
on the inner region K, and X;w " = 0 outside the region K; y/.

The following lemma shows that our multiscale basis functions have a decay property. In par-
ticular, the global basis functions are small outside an oversampled region specified in the lemma,

which is important in localizing the multiscale basis functions.

Lemma 3.3.3. Given qﬁ,(j ) e V) and an oversampling region K ,,, with number of layers m > 2.
Let w,(fr)ns be a localized multiscale basis function defined on K, given by 3.15, and 1/),(5 ) be the

corresponding global basis function given by 3.13. Then we have

I — ) 12, < Bllo? 1Pk, (3.50)

1-m
Az

where E = 24D?*(1 + A1) (1—1— 1) .
2%

2
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Proof. By Lemma 3.3.2, there exists 5,(3 ) € V such that

7)) =0, o1, < Dlef |2, supp(4y)) C K;. (3.51)

We take n = ,ij) — 5,(3) e Vand( = gg,(cj) — € Vo(Kjm). Then m(n) = n(¢) = 0 and hence

kms

7,¢ € V. Again, by Lemma 3.3.2, there exists 5 € V' such that

7(8) =m0 ), IBIE, < DlxOG ™z supp(8) C Ky \ Kjm-1. (3.52)

Take 7 = 8 — xj""~ 'n € Vo(K,m). Again, 7(7) = 0 and hence 7 € V. Now, by the variational

problems 3.14 and 3.16, we have
ag(vy) — 1/1,(5,)713, w) + s(w, p — pt ) = 0 forall w € Vo(Kj). (3.53)
Taking w = 7 — ¢ € Vp(Kj,,,) and using the fact that 7 — ¢ € V, we have
a5 = Uy ™ = () =0, (3.54)

which implies

le(cj)_ kms” = ( wkms? k' _wl(cJ,Zns)
:aQ(wl(c wkzms?n—i_T)

< e = 9 Nalln + Tllag-

(3.55)
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Therefore, we have

I — ) 2, < lIn+ 7112,

= 1= X" m+ BII2, (3.56)
<2 (0= i, +1BI2,)
For the first term on the right hand side of 3.56, since V ((1 — x"""~ 1)m) = (L—xj"™" YV —
niVX;”’m and |1 — """ !| < 1, we have
(1= ;""" )i 2 <2 (an iL(Q\Kj,m,l) + {7 i(Q\Km,l)) - (3.57)
On the other hand, we have
(1= X7 nlg < Il o) (3.58)
For the second term on the right hand side of 3.56, we first see that for K; C Kj,,1,
s (0 7) = 50 (30 ) = 599 (m,0f7) =0, (3.59)
since XT M1 — 1 on K;m_1andn € V. On the other hand, for Ky Cc Q\ Kjpn,
S( m,m—1 (bk ) _ ) (X;n’milTI? I(cj )) _ O, (360)
since X ;""" "= 00nQ\ Kj,,. Therefore, we have supp (m (X" ! 1) C Kjm \ Kjm—1. Using

3.52 and |Xmm 1] < 1, we have

m,m— 1 m,m—
HBHi < DHW( )H2 (K \Kjm—1) = DHX 177”3(KJ,7,L\KJ-,W,1) < DHU\E(KJ-,WL\K]-,,,L,l)'
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Since 1 € v, by the spectral problem 3.8, we obtain

17120k, 1650y < AT IR 0 - (3.62)

Combining these estimates, we have

I — o) 12, < (A+4AT +2DAT) )2 ok, < 6DA+A) IR ok, ) (3.63)

Next, we will prove a recursive estimate for ||77||§Q (K1) Wetake & =1— X;"_l’m_z. Then

£=1inQ\ K1 and 0 < ¢ < 1. Hence, using V(£2n;) = &2V, + 26n,VE, we have

€nlz = a(n, €n) + 113 0\ ijms): (3.64)
which results in

Ileq @i 1) < 1€nlag < aq(m, &) + N3, 00 \iey - (3.63)

We will estimate the first term on the right hand side of 3.65. First, we note that, for any coarse

element K C () \ Kjm1,since{ =1in Ky andn € ‘7, we have
s (5277, gzs,ﬁ”,'") —s (n, qb,(j,“)) —Oforall k' = 1,2,...,L;. (3.66)
On the other hand, for any coarse element K;; C Kj,,_o, since { = 0 in K ,,_2, we have
s (5%, ,8") —Oforall k' = 1,2,...,L;. (3.67)
Therefore, supp(7(£°1)) C Kj -1\ Kjm—o. By Lemma 3.3.2, there exists v € V such that

m(y) =7(&n), vz, < DInE@nE,  supp(y) € Kjm1 \ Kjm-a.  (3.68)
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Take 6 = £2) — ~. Again, 7(6) = 0 and hence § € V. Therefore, we have
ag(¥),6) = 0. (3.69)

Additionally, supp(d) C © \ Kj,,_o. Recall that, in 3.51, we have supp(gl(f )) C K. Hence 6 and

(’5’(5 ) have disjoint supports, and

ag(dy,0) = 0. (3.70)
Therefore, we obtain
ag(n,0) = ag(vy,0) — a4y, 0) = 0. (3.71)

Note that £2 = 6 + . Using 3.68, we have

aqg(n, &) = aq(n,)

< ||77H(IQ(Kj,m—1\Kj,m—2)||7H¢1Q(Kj,m—1\Kj,m—2) (3.72)
1
< D: ||n||aQ(Kj,m—1\Kj,m—2) H7T(f277) ||S(Kj,m—1\Kj,m—2)'
For any coarse element K;; C K ,,,_1 \ Kj 2, since m(n) = 0, we have
_1
(& lsec,) < 1€ M5, < llsereyy < A2l - (3.73)
Summing up over all K;y C Kj,,,—1 \ Kj,—2, We obtain
_1
”7-((527])HS(Kj,m—l\Kj,m—Z) < A2 H77||GQ(Kj,m—1\Kj,m—2)' (374)
Hence, the first term on the right hand side of 3.65 can be estimated by
2 1,1 2
a’(n7§ 77) S ‘DQA 2 ||77HaQ(Kj,m_1\Kj,m_2)' (375)

For the second term on the right hand side of 3.65, a similar argument gives supp({1) C Kjm—1 \
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Kij_Q , and

_1
HnHS(Kj,m,—l\Kj,m,—Q) < A2 HT}HGQ(Kj,m—I\Kj,m—2)' (376)

Putting 3.65, 3.75 and 3.76 together, we have

1 _1 1.1
Il @i,y < (L D2A2 0I5 e, Ky ) < 2D2AT2 H77||¢21Q(Kj,m_1\Kj,m_2)~ (3.77)

Therefore,

A3
||77||¢21Q(Q\Kj,m_2) = ||77||¢21Q(Q\Kj,m_1) + ||77||2Q(Kj,m_1\1<j,m_2) 2 (1 + ) ||77||ZQ(Q\K]-,m_1)'

2D3
(3.78)
Inductively, we have
Al 1-m Al 1—m

2 e <1y 2 2 o<1y 2 2 3.79
171001y < ( or ) Il < (1r s ] il 379

Finally, by the energy minimzing property of w,(j ) and 3.51, we have
— o, @) _ T < 9pW) < 9D5 |69 3.80
1nllaq = 15" = &5 llag < 20195 lag < 2D2 (05" |ls(x)- (3.80)
Combining 3.63, 3.79 and 3.80, we obtain our desired result. O]

The above lemma motivates us to define localized multiscale basis functions in 3.15. The
following lemma suggests that, similar to the projection operator 7y, onto the global multiscale
finite element space, the projection operator R?,,,s onto our localized multiscale finite element space

also has a good approximation property with respect to the ag-norm and L?-norm.

Lemma 3.3.4. Let u € D(A). Let m > 2 be the number of coarse grid layers in the oversampling

regions in 3.15. If m = O (log (%)) then we have

[t = Rynstllag < CHr™2A™2]| Aul| 20y, (3.81)
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and

Hu — RmsuH[Lz(Q)]z < CHzﬁflAilnAuH[Lz(Q)]z (382)

Proof. We write Rj,u = Zjvzl Zé”zl ag)l/z,ij), and define w = Z;VZI Zijzl oz,(cj) = By

k,ms

the Galerkin orthogonality in 3.25, we have
4 = Runstillag < 1t = wllag < 1t = Rytotllag + | Rttt = wllag. (3.83)

Using Lemma 3.3.3, we see that

N Lj
1Rgow — w]?, = 3" a0 — v )
j=1 k=1
aQ
N L; 2
< @m+ )33 ol @ - vi)
=1 || k=1 wo (3.84)
N L; 2
<Em+1)"Y" |1 afsd
j=1 || k=1

S

= E(2m + 1)"|| Rgoul2,

where the last equality follows from the orthogonality of the eigenfunctions in 3.8. Combining

3.83, 3.84, together with 3.28 in Lemma 3.3.1, we have
[t = Ronsttllag < CHE™ZA™2 || Aul|z20yp + B2 (2m + 1)%|| Ryou) 5. (3.85)
Next, we are going to estimate || Ry,ul|s. Using the fact that | Vx| = O(H '), we have

| Rgoul|? < CH*%HRgloquLZ(Q)P. (3.86)
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Then, by Poincaré inequality, we have
| Rytotalzonz < Cot™ | Ryt (3.87)
By taking v = Rg,u in 3.24, we obtain
||Rgl0u||2Q = ag(u, Rgou) = (Au, Ryou) < CHE_%||Au||[L2(Q)]2||Rglou||8. (3.88)
Combining these estimates, we have
| Ryouulls < CH R~ || Aul| 2 @ (3.89)

To obtain our desired result, we need

H2R(2m +1)2E2 = O(1). (3.90)

Taking logarithm, we have
log(H?) + log(R) + g log(2m + 1) + ! —2m log (1 + 3?;) =0(1). (3.91)
Thus, taking m = O (log (%)) completes the proof of 3.81. The proof of 3.82 follows from a

duality argument as in Lemma 3.3.1. [

We are now ready to establish our main theorem, which estimates the error between the solution

p and the multiscale solution p,,, .

Theorem 3.3.5. Suppose f € [L*(Q))% Let m > 2 be the number of coarse grid layers in the

oversampling regions in 3.15. Let p be the solution of 3.4 and p,,s be the solution of 3.18. If
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m =0 (1og (%)) then we have

T T
wwm—wﬂwM+Anwmm@wsam@m1@ﬂ@+énm@mmﬁ.

0
Proof. Taking v = a—ZZ in 3.4, we have

2 11 dp 1 2

dp 2 2 dp
—_— — —_— < 2 2 — || —=

Integrating over (0,7), we have
1 /T
2.Jo

Similarly, taking v =

1 T
3!

On the other hand, from 3.4, we see that

8p2

ot

OPms
ot

in 3.18 and integrating over (0, 7), we have

OPms
ot

2 T
1
dt + 5 |[pms (T, i, £C (IIPOIIZQ +/ Hf”[QL?(Q)Pdt) :
c 0

dp

and therefore

Ip
Mplizsape < © (Il + | 2

)

By the definition of p in 3.4 and p,,, in 3.18, for all v € V,,,5,t € (0,7T"), we have

. (8(19 — Pms)

ot 70) + aQ(p _pmwv) = 0.
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Therefore, we have

1d 9 9
2dth pmSH + Hp _pmS“aQ
a D — Pms
=cC ((T>7p - pms) + ClQ(p — Pmss P _pms>
a D — DPms
=c (%7]) - RmsP) + aQ(p — Pms: P — Rmsp)
P — Pms)
sH—————- el + 19— Poallaclp — Rl

= ([l

Integrating over (0,7") and using 3.97 with Lemma 3.3.4, we have

H OPrms

1 T
ST = p T+ 5 [ =l

1 (&

IA

H ODims

1 T

T ap 8]? 2 % T % 1 T
< e dt — R,,spl|? dt Rsp||? dt
_<A Tl ) ) (e mc) +2/|@ ol
ap 8pm8 2 ? T 4 —24 —92 ap
< dt H A 2 2 -
_< %% C+ 5 C) ) (/0 CH's | flliz2 @z + 5
dp 2
L/ CUY%fiA_l(HfHM%mP-%H—- ) it
0 c
2 1 apms 2

Finally, combining 3.94, 3.95 and 3.100, we obtain our desired result.

3.4 Numerical Examples

(3.99)

1 1
)= Rl + 3l = ol + 5110~ Rl

2\ 2
ya)

(3.100)

]

In this section, we present two numerical examples. We perform numerical experiments with

high-contrast media to see the orders of convergence of our proposed method in energy norm and

L? norm. We will also study the effects of the number of oversampling layers m on the quality
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of the approximations. In all the experiments, we take the spatial domain to be 2 = (0,1)? and
the fine mesh size to be h = 1/256. An example of the media x; and k5 used in the experiments
is illustrated in Flgure 3.1. In the figure, the contrast values, i.e. the ratio of the maximum and
the minimum in €, of the media are %; = 10* and &, = 10*. We will also see the effects of the

contrast values of the media on the error, while the configurations of the media remain unchanged.
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5000 5000
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250 250

50 100 150 200 250 50 100 150 200 250

Figure 3.1: Media used in numerical experiments. x; (left) and x5, (right). Reprinted with permis-
sion from “Constraint Energy Minimizing Generalized Multiscale Finite Element Method for Dual
Continuum Model” by Siu Wun Cheung, Eric T. Chung, Yalchin Efendiev, Wing Tat Leung and
Maria Vasilyeva. To be published in Communications in Mathematical Sciences by International
Press of Boston, Inc.

34.1 Experiment 1.

In this experiment, we consider the dual continuum model in the steady state, i.e.

—div(k1Vp1) + o(p1 — p2) = f1,
(3.101)

—div(k2Vpe) — a(p1 — p2) = fo,

where the configuration of the media x; and k- are illustrated in Flgure 3.1. The conductivity
values in the background are fixed to be k7" = 1 and x5' = 1, while the conductivity values /{{

and mg in the channels are high. The physical parameter for mass transfer is set to be 0 = 1. The
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source functions are taken as fi(x,y) = 27%sin(7x) sin(ny) and fo(x,y) = 1 for all (z,y) € Q.

The steady-state equation 3.101 has a weak formulation: find p = (py, p2) with p; € V such that

aq(p,v) = (f,v), (3.102)

for all v = (v, v2) with v; € V. The numerical solution is then given by: find p,,s = (Pims.15 Pms.2)

with p,,s; € Vs such that

aq(Pms,v) = (f,v), (3.103)

for all v = (vq, vy) with v; € V,,,5. In other words, we have p,,s = R,,sp according to the definition
3.25, and the theoretical orders of convergence follow Lemma 3.3.4.

Figure 3.2 illustrates the numerical solution of the steady-state flow problem. Tables 3.1-
3.3 record the error in L? norm and ag norm with various settings. In Table 3.1, we take the
conductivity values in the channels to be /4;{ = 10* and mg = 105, We use 6 basis functions
per oversampled region since there are 6 small eigenvalues in the spectrum, and according to our
analysis, we need to include the first 6 spectral basis functions in the auxiliary space to have good
convergence. As we refine coarse mesh size H, we fix the number of oversampling layers to be
m =~ 9log(1/H)/log(64), which is suggested by our analysis. The results show that the numerical
approximations are very accurate, and the errors converge with refinement of the coarse mesh size.
Table 3.2 shows the same quantities when the number of basis functions used in each coarse region
is reduced to 4. By comparing to Table 3.1, it can be seen that the errors are larger than those
when we use 6 basis functions. Figure 3.3 depicts the log-log plot (in exponential base) of L? error
and energy error against coarse mesh size /1. The least-squares fit suggests that we obtain a better
convergence order in our numerical experiment compared with the theoretical result. Table 3.3
compares the aq error with various combinations of number of layers m and contrast value F,
where the conductivity values in the channels are the same, with 6 basis functions per coarse
region and coarse mesh size H = 1/16. It can be seen that with a larger oversampled region, the

error decreases. On the other hand, the error increases with the contrast value.

55



100

0.04
0.15 S0 1
0.1
0.02
0.05 100 1
150 1 -0.05 150 4
-0.02
-0.1
r 1 -0.15 200 4
-0.04
-02
250 . . . 5 -0.25 250 . . _ " o -0.06
50 100 150 200 250

Figure 3.2: Plots of numerical solution: p,,,; (left) and p,,so (right). Reprinted with permis-
sion from “Constraint Energy Minimizing Generalized Multiscale Finite Element Method for Dual
Continuum Model” by Siu Wun Cheung, Eric T. Chung, Yalchin Efendiev, Wing Tat Leung and
Maria Vasilyeva. To be published in Communications in Mathematical Sciences by International
Press of Boston, Inc.

H |m | agerror |order || L?error | order
1/8 | 4 | 33.4293% | - 15.8783% | -
1/16 | 6 | 5.7191% | 2.55 | 0.6265% | 4.66
1/32 | 7 | 1.2437% | 2.20 | 0.0504% | 3.64
1/64 | 9 | 0.3585% | 1.79 || 0.0067% | 2.91

Table 3.1: History of convergence with 6 basis functions in Experiment 1. Reprinted with permis-
sion from “Constraint Energy Minimizing Generalized Multiscale Finite Element Method for Dual
Continuum Model” by Siu Wun Cheung, Eric T. Chung, Yalchin Efendiev, Wing Tat Leung and
Maria Vasilyeva. To be published in Communications in Mathematical Sciences by International
Press of Boston, Inc.

3.4.2 Experiment 2.

In this experiment, we consider the time-dependent dual continuum model 3.1. We are inter-
ested in finding a numerical approximation in the temporal domain [0, 7], where the final time
is set to be 7" = 5. The configuration of the media x; and k are illustrated in Flgure 3.1. The
conductivity values in the background are set to be k7" = 10~! and 5" = 10°, while the values in

the channels are taken as /i{ = 10" and /@g = 10°. The velocities in the background are taken as

56



H | m | agerror | order L? error | order
1/8 | 4 | 43.9247% - 34.2923% -
1/16 | 6 | 7.7963% | 2.49 1.0463% | 5.03
1/32 | 7 1.5417% | 2.34 || 0.0709% | 3.88
1/64 | 9 | 0.4993% | 1.63 || 0.0124% | 2.52

Table 3.2: History of convergence with 4 basis functions in Experiment 1. Reprinted with permis-
sion from “Constraint Energy Minimizing Generalized Multiscale Finite Element Method for Dual
Continuum Model” by Siu Wun Cheung, Eric T. Chung, Yalchin Efendiev, Wing Tat Leung and
Maria Vasilyeva. To be published in Communications in Mathematical Sciences by International
Press of Boston, Inc.

Log-log plot of energy error Log-log plot of L2 error

Log of energy error
Log of L2 error

Figure 3.3: Log-Log plot for errors in Experiment 1. Left: energy error; the slope for 6 basis
functions is 2.18 and for 4 basis functions is 2.17. Right: L? error; the slope for 6 basis functions
is 3.73 and for 4 basis functions is 3.82. Reprinted with permission from “Constraint Energy
Minimizing Generalized Multiscale Finite Element Method for Dual Continuum Model” by Siu
Wun Cheung, Eric T. Chung, Yalchin Efendiev, Wing Tat Leung and Maria Vasilyeva. To be
published in Communications in Mathematical Sciences by International Press of Boston, Inc.

¢ = 10" and ¢ = 103, while the values in the channels are taken as ¢] = 102 and ¢} = 10%. The
physical parameter for mass transfer is set to be 0 = 25. The source functions are taken as time-
independent, where f(t,z,y) = 0 for all (¢,x,y) € [0,T] x Q and f; is depicted in Figure 3.4.
The initial condition is given as p; (0, ,y) = 0 and p2(0, z,y) = 0 for all (z,y) € €.

Figure 3.5 illustrates the numerical solutions at time instants t = 1.25, ¢ = 2.5 and ¢t = 5
respectively. Tables 3.4 records the error in L? norm and ag norm with 6 basis functions per

oversampled region and number of oversampling layers set to be m =~ 9log(1/H)/log(64). Again,
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mi| E=10* | ®x=10> | ®=10°

3 | 22.4683% | 51.0835% | 69.4279%
4 6.3274% | 10.1892% | 25.6786%
5 5.7205% | 5.7978% | 6.4329%
6 57122% | 5.7220% | 5.7231%

Table 3.3: Comparison of ag error with different number of layers m and contrast value ¥ in
Experiment 1. Reprinted with permission from “Constraint Energy Minimizing Generalized Mul-
tiscale Finite Element Method for Dual Continuum Model” by Siu Wun Cheung, Eric T. Chung,
Yalchin Efendiev, Wing Tat Leung and Maria Vasilyeva. To be published in Communications in
Mathematical Sciences by International Press of Boston, Inc.
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Figure 3.4: Source function f; in Experiment 2. Reprinted with permission from “Constraint
Energy Minimizing Generalized Multiscale Finite Element Method for Dual Continuum Model”
by Siu Wun Cheung, Eric T. Chung, Yalchin Efendiev, Wing Tat Leung and Maria Vasilyeva. To
be published in Communications in Mathematical Sciences by International Press of Boston, Inc.

the results show that the numerical approximations are very accurate, and the errors converge with
with refinement of the coarse mesh size. Figure 3.6 shows the log-log plots of the energy error and
L? error against coarse mesh size H in exponential base. The least-squares fits again illutstrate our

method provides good convergence rates.
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Figure 3.5: Plots of numerical solution at different time instants: p,,,; (left) and py,s o (right) in
Experiment 2. Reprinted with permission from “Constraint Energy Minimizing Generalized Mul-
tiscale Finite Element Method for Dual Continuum Model” by Siu Wun Cheung, Eric T. Chung,
Yalchin Efendiev, Wing Tat Leung and Maria Vasilyeva. To be published in Communications in
Mathematical Sciences by International Press of Boston, Inc.
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H m| At ag error | order L? error | order
1/8 | 4 1 92.0441% - 58.6453% -
1/16 | 6 0.5 20.9725% | 2.13 || 5.2984% | 3.47
1/32| 7 | 0.25 6.7504% | 1.64 | 0.7718% | 2.78
1/64 | 9 [ 0.125 | 1.9074% | 1.82 | 0.0934% | 3.05

Table 3.4: History of convergence with 6 basis functions in Experiment 2. Reprinted with permis-
sion from “Constraint Energy Minimizing Generalized Multiscale Finite Element Method for Dual
Continuum Model” by Siu Wun Cheung, Eric T. Chung, Yalchin Efendiev, Wing Tat Leung and
Maria Vasilyeva. To be published in Communications in Mathematical Sciences by International
Press of Boston, Inc.

Log-log plot of energy error Log-log plot of L2 error
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-3
45 -4 -35 -3 -25 -2 -45 -4 -35 -3 -25 -2
log(H) log(H)

Figure 3.6: Log-Log plot for errors in Experiment 2. Left: energy error; the slope for 6 basis
functions is 1.84. Right: L? error; the slope for 6 basis functions is 3.07. Reprinted with permis-
sion from “Constraint Energy Minimizing Generalized Multiscale Finite Element Method for Dual
Continuum Model” by Siu Wun Cheung, Eric T. Chung, Yalchin Efendiev, Wing Tat Leung and
Maria Vasilyeva. To be published in Communications in Mathematical Sciences by International
Press of Boston, Inc.
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4. BAYESIAN MUITLSCALE APPROACH FOR MODELING MISSING SUBGRID
INFORMATION WITH UNCERTAINTIES AND OBSERVATION DATA *

In many science and engineering applications, such as composite material and porous media,
the underlying PDE model may contain high-dimensional coefficient field which varies in mul-
tiple scales. Detailed description of the media at the finest scale often comes with uncertainties
due to uncertainties. Moreover, limited observational data for the solution may be available. It is
therefore desirable to compute realizations of solutions and estimate the associated uncertainties
in a probabilistic setting. Through using a Bayesian framework, one can include uncertainties in
the media properties and compute the solution and the uncertainties associated with the solution
and the variations of the field parameters. An uncertainty band around the solution can be com-
puted. In some applications, there is observational data of the solution available. For example, in
reservoir modeling, oil/water pressure data from different well locations can be measured. This
observational data can serve as an important information and be used as additional constraints on
our solution and basis selection. In practical applications, the accuracy of the data is essential in
the quality of the solution. It is therefore desirable to develop methods for regularizing the solution
in terms of our quantity of interest.

In our approach, we make use of the advantages of numerical discretization of the underlying
PDE by GMsFEM, develop a regression set-up and use Bayesian variable selection techniques to
devise a method for posterior modeling and uncertainty quantification. The main ingredients of

our method include:

e permanent basis functions — dominant modes in local regions for computing an inexpensive

multiscale approximation (called the “fixed” solution),

e additional basis functions — remaining modes in resolving missing subgrid information,

* Reprinted with permission from “Dynamic Data-driven Bayesian GMSFEM” by Siu Wun Cheung and Nilabja
Guha, 2019. Journal of Computational and Applied Mathematics, Volume 353, Pages 72-85, Copyright [2019] by
Elsevier.
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e prior distribution — residual-based probability distribution for sampling realizations of mul-

tiscale solution built around the fixed solution,

e posterior distribution — probability distribution including minimization of residual of the

PDE system and mismatch of the dynamic observational data.

We construct local multiscale basis functions using GMsFEM, and use a few basis functions in
each local region as permanent basis functions. The remaining multiscale basis functions are cate-
gorized as additional basis functions, and are selected stochastically using the residual information.
Using the permanent basis functions, a fixed solution is built and the residual is computed, which
is used to impose a prior probability on the additional basis functions accordingly. Using a like-
lihood for penalizing the residual and the mismatch in observational data, we define our posterior
probability on the additional basis functions.

The chapter is organized as follows. First, we briefly describe the ideas of GMsSFEM in Sec-
tion 4.1. Next, we discuss our Bayesian formulation in Section 4.2. In Section 4.3, we present

numerical examples for our problem.
4.1 Preliminaries

Let €2 be the computational domain. We consider the forward model

% —div(k(z,t)Vu) = f  inQ x (0,7), 4.1)

subject to smooth initial and boundary conditions. Here f is a given source term and L is a
multiscale elliptic differential operator. Using standard numerical discretizations such as finite
element or discontinuous Galerkin methods, the fine-scale solution u;, € V), can be obtained by

solving the variational problem:

T ou T
/ a_ v+ a(u, U) = / / fu forall v € V},, 4.2)
0o Jo Ot 0 Ja
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in a suitably defined H'-conforming finite element space V}, depending on the boundary condition.
In this work, for the sake of simplicity, we assume homogeneous Dirichlet boundary condition
in the numerical examples. The Bayesian approach can be easily extended to other boundary

conditions. Here the bilinear form a(u, v) is a symmetric and positive-definite bilinear form defined

T
a(u,v) :/ /I{VU-VU.
o Jao

However, in practice, the mesh size has to be very small in order to resolve all scales. The resultant

as

linear system is huge and ill-conditioned, and solving such a system is computationally expensive.
The objective of GMSFEM is to develop a multiscale model reduction which allows us to seek
an inexpensive approximated solution by solving (4.1) on a coarse grid (see Figure 1.2 for an
illustration).

We introduce the notation for the coarse and fine grid. The computational domain (2 is par-
titioned by a coarse grid 7. The coarse grid contains multiscale features of the problem and
require many degrees of freedom for modeling. We denote by the numbers of nodes and edges in
the coarse grid by V. and N, respectively. We also denote a generic coarse grid element by K and
the coarse mesh size by H. Next, we let 7" be a partition of {2 obtained from a refinement of 7.
We call 7" the fine grid and h > 0 the fine mesh size 4 > 0. The fine mesh size h is sufficiently
small such that the fine mesh resolves the multiscale features of the problem.

Using GMsFEM, multiscale basis functions, which capture local information, are constructed
on the fine grid 7". A reduced number of basis functions is used in computations, which are done
on the coarse grid 7. For each coarse region w; (or K) and time interval (T,,-1,T,), we identify

local multiscale basis functions ¢’

;0 (7 = 1,..., N,) and seek an approximated solution in the

linear span of these basis functions. For problems with scale separation, a small number of basis
functions is sufficient. For more complicated heterogeneities in many real-world applications, one
needs a systematic approach to seek additional basis functions. Next, we will discuss some basic
ingredients in the construction of our multiscale basis functions.

In each coarse region w;, the necessary information is contained in a local snapshot space
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Ve = span{t);"“" } C Vj,(w;). The choice of the snapshot space depends on the global discretiza-
tion and the particular application. One can also reduce the computational cost by computing fewer
snapshot basis functions using randomized boundary conditions or source terms.

Next, based on our analysis, we design a local spectral problem for our multiscale basis
functions ¢ from the local snapshot space, and construct the local offline space Viygx =
span{gzﬁ?’w’} C Viap's Which is a small-dimensional principal component subspace of the snap-
shot space. Through the spectral problem, we can select the dominant eigenvectors (corresponding
to the smallest eigenvalues) as important degrees of freedom. We will then find an approximated

solution in the linear span of multiscale basis functions in the offline space: find uf; € Vi 4 can

be obtained by solving the variational problem:

n au?{ n n + +
U+ an(ufy,v) + UH(l"a Tn—1)“(33a Tn—l)
1., Ja ot

¢ (4.3)

Tn
:/ /fv—i—/u%_l(x,T;_l)v(x,TJ_l) forall v € Vi o,
Tpo1 /0 Q ’

where Vi = @V and a,, (u, v) = fTTn"_l Jo kVu - V.

We remark that the choice of the spectral problem is important as the convergence rate of the
method is proportional to 1 /A, where A, is the smallest eigenvalue among all coarse blocks whose
corresponding eigenvector is not included in the offline space. Therefore, we have to select a good
local spectral problem in order to to remove as many small eigenvalues as possible so that we can
obtain a reduced dimension coarse space and achieve a high accuracy.

In GMSFEM, the subgrid information is represented in the form of local multiscale basis func-
tions. Local degrees of freedom are added as needed. It results in a set of numerical macroscopic
equations for problems without scale separation and identifies important features for multiscale
problems. Because of the local nature of proposed multiscale model reduction, the degrees of free-
dom can be added adaptively based on error estimators. However, due to the computational cost,
one often uses fewer basis functions, which leads to discretization errors. Next, we discuss the

detailed formulation of our Bayesian approach.
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4.2 Bayesian formulation

We propose a Bayesian approach to resolve the missing subgrid information probabilistically
in multiscale problems. The method starts with constructing multiscale basis functions and uses
a few basis functions as permanent basis functions. Using these basis functions, an approximated
solution can be obtained. Using the residual information, we can select additional basis functions
stochastically. The construction of prior distribution and likelihood, which consists of residual
minimization, is discussed. Such a probabilistic approach is useful for problems with limited
additional information about the solution, as the additional information can be included in the like-
lihood. In this section, using the framework of GMsSFEM, we will discuss a Bayesian formulation

with measured data taken into account as an information on the solution.
4.2.1 Modeling the solution using GMsFEM multiscale basis functions

First, we select the dominant scale corresponding to the small eigenvalues in GMsSFEM spectral
problem to form a set of “permanent” basis functions, denoted by ¢ (,t) € Vjj .. We can solve
the Galerkin projection of (4.3) onto the span of permanent basis functions for an inexpensive fixed

solution

ur[fiﬁxed(x’ t) — Z ﬁZ] ¢?,Wi(x’ t),
2

where f3;';’s are defined in each computational time interval.

n,W;

The rest of the basis functions from local spectral problems, denoted by ¢, are called addi-
tional basis functions and correspond to unresolved scales. Using all the basis functions results a
prohibitively large linear system and therefore, a mechanism that can select a small subset of the
unused basis can be useful. The selected additional multiscale functions constitutes a linear space
and gives a correction to the fixed solution. The coarse-scale solution at n-th time interval can then
be written as the sum of the fixed and the additional part:

7ﬁ d bl
uy =up +ut
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Here, the solution of the coarse-scale system is assumed to be normal around the fixed solution

with small variance. The solution involving unresolved scales can be expanded as
(e, t) =Y B ¢y, t) + > B ¢ps (@, 1),
1,J 1,J

where all but few coefficients 3; ; ; are expected to be zero. Hence, the problem boils down to a
model selection problem involving unused basis functions.

The linearization of a PDE system and the linear form involving additional basis provide a
natural framework for Bayesian variable selection [68, 69, 70]. Suppose some observational data
of D"(u™) depending on the solution u" are available at some grid points with some measure-

ment error. The objective of our Bayesian formulation is to select and add appropriate additional

n,W;

multiscale functions ¢, in a systematic manner.

4.2.2 Bayesian formulation on variable selection problem

In this section, we discuss all the ingredients in our Bayesian formulation, including the prior
and the posterior used in our sampling algorithms. Our proposed algorithm is residual-driven
and also takes mismatch in observational data into account. We sample the correction u’}f by
drawing samples of the indicator functions Z" and J", and the coefficient vector 3. We define
suitable probability function for each of these random variables. Finally, this structure enables us to
compute the posterior or conditional distribution of the basis selection probability and conditional
solution of the system given by the observational data and the coarse-scale model.

We now define the residual and discuss the selection probability on the subregion and additional

basis function based on the residual. Building our solution around the fixed solution, the residual
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operator of equation (4.3) is defined as

ROl /T l/fv+/ L T Yo(T )

a nﬁxed
_ / / 0 an (Ul ) / G T Jo(TE,) (44
T Q

-f

We note that, since the fixed solution is the Galerkin projection onto the linear span of the perma-

Dot an(ulyy0) — / W (e T (T ).
Q

n,W;

nent basis functions, for any permanent basis function ¢;™*, we actually have

R"™(0; ¢7") = 0.

J

For the additional basis functions ¢, the term R"(0; ¢;"1*) provides a correlation of that basis
function. We also denote the fine-scale residual vector by R".

Suppose an observational data model Y™ = D" (u") is supplemented to the PDE model. Here,
observations Y™ are available in some coarse regions, and D" is a function which describes the
relation between the solution u™ and the the observations Y. In general, the function D" can be
nonlinear. In the numerical examples in this paper, D" is taken to be some linear coarse-scale

observations. We denote by £" the mismatch between the given measurement Y and the image

of the coarse-scale solution u%; under D", i.e
E"=Y" — D"(ulfy).

Since we have a linear PDE model and a linear observation function D", the fine-scale resid-
ual R" and the measurement mismatch £" can be written in an affine representation in terms of

coefficients 3 of the additional basis functions, i.e.

R"= K"§7 —b" and E" = §"37 — g"
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4.2.2.1 Residual-based Bernoulli prior on indicator functions

First, we identify some local neighborhoods for which multiscale basis functions should be
added. Independent Bernoulli prior can be assumed for each local region being selected for adding

n,W;

basis. Next, for each local region w; selected, each multiscale basis function ¢, is selected with
another independent Bernoulli prior given that corresponding subregion is selected. The selection
probability for the Bernoulli distribution is given by residual in the fine-scale system, where prior
favors the scales that have more correlation with the residual.

In the construction of the Bernoulli prior on the local subregions, we consider the 1-norm of

the residual vector

alw) =) |R"(0; 955

J

Let N, be the average number of subregions where additional basis functions will be added. Then
we rescale the norm by

==Y N, 4.5)

and set the selection probability of the region w; as min{a(w;), 1}. An indicator function J" can
then be defined according to the activity of the local neighborhoods. In a sample, we use J* =1
to denote the region w; being selected, and J;" = 0 otherwise.

Next, we discuss the prior probability on the additional basis functions. For a selected region

w;, suppose we would select Ny, additional basis functions on average. Then we consider

a(@;y) = [R"(0; 6551,

and rescale it by

0O
a((bn’wl) = =2 w; Nbasi37 (46)
) = 5l
and set the selection probability of the basis function ¢}'** as min{a(¢;7}*), 1}. Similarly, we

n,W;

define an indicator function Z" on the basis functions. We write Z;"; = 1 if the basis function ¢’

is active and Z"; = 0 otherwise.
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4.2.2.2 Residual-data-based prior on coefficient vector

Next, using this residual information, a sequential scheme to add coarse regions and additional
basis functions for each selected region is introduced. The probability of each coarse region region
or additional basis function being selected are proportional to the residual information they con-
tain. Later, using the residual information as prior, a full Bayesian method is developed to select
additional basis functions given the observations and the model. The likelihood of Y™ is

En 2
P(Y"|BT) ~ exp (—” H ) . (4.7)

2
203

Assuming the true solution Gaussian around the fixed model which gives a model based prior of

the form for u%:

n n(gn n n—1 _”Rn“Z
71-(UH|6 (I 7\7 )7uH )Nexp (48)

2
207

where R" is the vector of residual when the test functions are varied over the all fine-scale basis
functions. This gives a pseudo-likelihood for the residuals. For the coefficient vector 5’ indepen-
dent normal priors are assumed with mean zero and a large prior variance, i.e. a flat normal prior
is assumed. The distribution of the new coefficients given the indices corresponding to the basis/

sub-region selection and new observations

P(BLIY™ (2", T"),uf ) o< P(Y™|B)w(uly]| 8™ (X", T, upy ). (4.9)

4.2.2.3  Posterior around fixed solution using residual-data-minimizing likelihood

Using residual information from the PDE model as prior for basis selection, a Bayesian variable
selection method can be devised. Posterior estimates are computed in each time interval sequen-
tially from the estimates of the earlier time intervals. In each time interval, one or more coarse
regions are selected by the ad hoc cut off min{a(w;), 1} on the rescaled residual norm defined in

(4.5). At each selected coarse region, extra useful basis functions are selected from the following
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posterior distribution involving the joint prior distribution based on the PDE model and the prior

on the coefficient:

m (B, (I, T, ufy) ~ w (|8, T, vy )

CHEARVID I VA VAD I UARVADE

(4.10)

for a model dependent constant ¢4(Z", J™). On 37 flat normal priors are used. The model de-
pendent constant c4(Z", J") depends on the PDE model and the design matrix for the observation

D"(u};). The posterior is then given by:

PG IMY™) ~ POYT|BY(EZ, TM)m (B, (2%, T"), ufr)- (4.11)

Remark 4.2.1. The term cq(Z™, J") is proportional to the square root of the determinant of the
information matrix of 37 for given I", J", in the posterior distribution without the normalizing
term cg4, and gives a empirical Bayes type prior for the model probability. This choice is motivated
by selecting basis based on only likelihood and the residual information and not penalizing the
model size. The term c, is cancelled in the MCMC step (given later) after integrating out the

coefficient 31!

4.2.3 Sampling algorithms

Based on our Bayesian formulation, we propose two different sampling methods, namely se-
quential sampling and full posterior MCMC sampling, for modeling unresolved scales. The se-
quential sampling method uses prior information to directly select additional basis functions and is
inexpensive. The MCMC sampling method requires full posterior sampling and is more accurate
than the sequential sampling method. A schematic representation of the methods is presented in

Figure 4.1.
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Figure 4.1: A schematic illustration of sequential sampling (left) and MCMC sampling (right).
Reprinted with permission from “Dynamic Data-driven Bayesian GMSFEM” by Siu Wun Cheung
and Nilabja Guha, 2019. Journal of Computational and Applied Mathematics, Volume 353, Pages
72-85, Copyright [2019] by Elsevier.

4.2.3.1 Sequential sampling

First, we present a sequential sampling method which uses the prior distributions as discussed

in the previous section to generate realizations of the solution.

Algorithm 1 Generation of sequential sample

1: Sample J" according to Bernoulli prior
2: Sample Z" in the regions w; for which J* = 1 according to Bernoulli prior
3: Sample 37 according to (4.7), (4.8) and (4.9).

4: return 1", J", B
The sequential sampling method directly makes use of the prior information given from the

fixed solution. While the sequential sampling method is inexpensive, the usefulness of the selected
basis functions in sequential sampling method therefore heavily depends on the quality of the fixed
solution. In order to provide a better distribution of the additional basis functions, a full posterior

sampling method is proposed to model the resolved scales.
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4.2.3.2  Full posterior MCMC sampling

Next, we present the details of full posterior MCMC sampling for modeling unresolved scales.
More precisely, we discuss the details of the acceptance-rejection mechanism in a Markov-chain
Monte Carlo (MCMC) method. In a sampling step for a particular basis function gbyf, suppose
we have a original configuration Z™ for the indicator function on the additional basis functions.
We define two configurations Z? and Z" by setting ¢, active in Z? and inactive in Z", while
indicators on all other additional basis functions being the same as Z". (One of these two configu-
rations should be exactly Z" itself.) For each configuration, the mode of the posterior distribution

is achieved by the solution of their respective linear system

2
207 o

1
20%

1

K" Tbn
(K7) + 203

(ST, (4.12)

while the solution minimizes a weighted sum of the residual and the mismatch in each system. If
we denote the residual and the mismatch by Rl and E?! for the system for the configuration Z7,

and R" and £™ similarly for Z", then the acceptance-rejection probability ratio is given by

(4.13)

pox) _ _aldh) (_I!Ril\2 ol L P s HEEHQ>
1—p(e;y)  1—a(é;y) 207 207

Then we update the configuration with Z? and Z" with probability p(¢}"1*) and 1 — p(¢;"}") re-
spectively.

The posterior sampling can be performed by a Gibbs sampling algorithm after marginalizing
over 37. Here we present a flow of the MCMC algorithm. The posterior distribution given the

index set Z" follows multivariate normal with mean with 5™ (Z") . In the generation of a particular

example, the MCMC steps go as follows:
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Algorithm 2 Generation of MCMC sample
1: Sample J" according to Bernoulli prior

2: Sample Z" in the regions w; for which J* = 1 according to Bernoulli prior

3: for all ¢," with 7" = 1 do

k,+
4: Generate the linear system (4.12) for each of configurations Z'! and Z"
5: Solve for modes 37 of posterior distribution in the two systems (4.12)

6: Calculate p(¢}'") by (4.13)
7: Generate a random number & ~ U0, 1]

8 if& < p(¢;y”) then

9: I" It 1e. I < 1
10: else

11: I" 1" ie. I}, < 0
12: end if

13: end for

14: return Z", 7", 3%

4.3 Numerical results

In this section, we present two numerical examples. In both examples, the computational

domain is 2 = (0, 1)%. We consider the parabolic equation

u .
i div(kVu) = f,

where f is a given source term, and « is a space-time permeability field. The initial permeability

max K
field ko = k(+,0) are shown in Figure 4.2, and the contrast — is Increasing over time ¢ as
min K
max K
—— = 10000€?°%. For simplicity, homogeneous Dirichlet boundary condition is prescribed.
min K

Next, we discuss the discretization used in the examples. We divide the domain €2 into a 10 x 10

73



10000
9000
8000
7000
6000
5000
4000
3000
2000
1000
10 20 30 40 50 60 70 80 90 100

Figure 4.2: The permeability field xy. Reprinted with permission from “Dynamic Data-driven
Bayesian GMSFEM” by Siu Wun Cheung and Nilabja Guha, 2019. Journal of Computational and
Applied Mathematics, Volume 353, Pages 72-85, Copyright [2019] by Elsevier.

coarse grid and 100 x 100 fine grid. For the sake of simplicity, we make use of the continuous
Galerkin formulation in spatial discretization, use local fine-scale spaces consisting of fine-grid
basis functions with a coarse region w; as our snapshot basis functions, construct multiscale basis
functions independent of time, and employ the implicit Euler formula in temporal discretization.
At each time instant ¢,,, we seek numerical solution uZ“ in the standard conforming bilinear finite

space space V}, on the fine grid 7", i.e.
Vi = {v e Co(Q) : v|, € Q'(r) forall T € T"} C Hy ().

The variational formulation is given by: find uZH € V}, such that

n+l _ n
/ Y uhv—f—//iVuZH'VU:/fU forall v € V.

The multiscale basis functions are obtained from eigenfunctions in the local snapshot space

with small eigenvalues in the following spectral problem: find (¢3*, \}) € V&' x R such that

a; (¢, w) = Nos;(¢5",w)  forall w e Vi .
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Here the bilinear forms a; and s; are defined by

ai(v,w):/ koVv-Vw and si(v,w):/ Kovw,

K3

where ko = Zf\;l ko|VX"$|? and x7** are the standard multiscale finite element basis functions.
The eigenvalues )\;- are arranged in ascending order, and the multiscale basis functions are con-
structed by multiplying the partition of unity to the eigenfunctions. We will use the first L; eigen-

functions to construct our offline space V;* ;. We construct the offline space Vi o = B; V" -
4.3.1 Experiment 1

In the first example, we investigate the performance our proposed method. The source function
is taken as f = 1. We will compare the solutions at the time instant 7" = 0.02.

We compute 2 permanent basis functions and 18 additional basis functions per coarse neighbor-
hood. The permanent basis functions are used to compute “fixed” solution and use our Bayesian
framework to seek additional basis functions by solving small global problems and making use of

given dynamic observational data. In this example, we consider four observational data

DZn:/ u", 1=1,2,3,4,
K;

where the locations of the centers of the coarse grid elements K; are shown in Figure 4.3. On
average we select 27 local regions at which multiscale basis functions are added. In these coarse
blocks, we apply both sequential sampling and full sampling and generate 100 samples.

Figure 4.4 shows the reference solution and the sample mean at 7" = 0.02. The L? error for
the mean at 7' = 0.02 is 0.63% in the full sampling method, lower than 1.92% in the sequential
sampling method.

In Figure 4.5, the residual and L? errors are plotted over the sampling process. We observe that
the errors and the residual in full sampling decrease and stabilize in a few iterations. Moreover, the

full sampling gives more accurate solutions associated with our error threshold in the residual.
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Figure 4.3: Locations of the centers of the coarse grid elements /;. Reprinted with permission
from “Dynamic Data-driven Bayesian GMSFEM” by Siu Wun Cheung and Nilabja Guha, 2019.
Journal of Computational and Applied Mathematics, Volume 353, Pages 72-85, Copyright [2019]
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Figure 4.4: Plots of the reference solution (left), sequential sample mean (middle) and full sam-
ple mean (right) of numerical solution at 7' = 0.02. Reprinted with permission from “Dynamic
Data-driven Bayesian GMsFEM” by Siu Wun Cheung and Nilabja Guha, 2019. Journal of Com-
putational and Applied Mathematics, Volume 353, Pages 72-85, Copyright [2019] by Elsevier.

In Table 4.1, we compare the percentages of additional basis selected by the full sampling
method with different combinations of o, and o,. Tables 4.2 and 4.3 record the L? error of the

solution and the maximum observational error, i.e.

/| (W)

with these combinations of o and o,4. It can be observed that a smaller o, results in a larger

max

1<i<4 ’
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Figure 4.5: Residual (left) and L? error (right) vs sample using sequential sampling (red dotted
line) and full sampling (blue solid line) at time 7" = 0.02. Reprinted with permission from “Dy-
namic Data-driven Bayesian GMSFEM” by Siu Wun Cheung and Nilabja Guha, 2019. Journal of
Computational and Applied Mathematics, Volume 353, Pages 72-85, Copyright [2019] by Else-
vier.

number of additional basis functions selected and a significant improvements in the L? error of the
numerical solution. On the other hand, a smaller o4 does not significantly increase the number of
additional basis functions selected, but improves the quality of our solution by greatly reducing
the mismatch with observational data. This shows our method is useful when the accuracy of the

observational data is important.

04

oL 1x107% 1x107% 1x10°
5x107% | 74.49%  72.22%  73.46%
1x1073 | 48.15%  47.94%  48.15%
2x107% | 32.10%  31.07%  32.30%

Table 4.1: Percentage of additional basis selected in the selected subdomains with various o,
and 04. Reprinted with permission from “Dynamic Data-driven Bayesian GMsFEM” by Siu Wun
Cheung and Nilabja Guha, 2019. Journal of Computational and Applied Mathematics, Volume
353, Pages 72-85, Copyright [2019] by Elsevier.
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0d

or, 1x107% 1x107% 1x10°
5 x 1074 0.39% 0.51% 0.63%
1x1073 1.35% 1.35% 1.07%
2 x 1073 1.54% 1.52% 1.29%

Table 4.2: L? error in the solution with various o, and o4. Reprinted with permission from “Dy-
namic Data-driven Bayesian GMsSFEM” by Siu Wun Cheung and Nilabja Guha, 2019. Journal of
Computational and Applied Mathematics, Volume 353, Pages 72—-85, Copyright [2019] by Else-
vier.

0q
oL 1x10°° 1x 1073 1 x 10°
5x 1074259 %x 1072 1.33x 1075 2.98 x 1072
1x1073 ] 1.79x 100" 1.98 x 107° 1.33 x 1072
2x 1072 19.72x 1072 1.07x10™® 5.61 x 1072

Table 4.3: Maximum observational error with various o, and o,. Reprinted with permission from
“Dynamic Data-driven Bayesian GMSFEM” by Siu Wun Cheung and Nilabja Guha, 2019. Jour-
nal of Computational and Applied Mathematics, Volume 353, Pages 72—-85, Copyright [2019] by
Elsevier.

4.3.2 Experiment 2

As a second example, we employ our method to simulate an inflow-outflow problem. The
source function is taken as f = x x, + Xk, — Xks — Xk,- The source term f is shown in Figure 4.6.
The dynamic observational data is the average value on the coarse grid regions K3 and Ky, i.e.

_ Ji, " no_ Jie, "
[Ks| © 7 K|

Dy

In real situations, /(5 and K, are the locations of the production wells, while K; and K are the
locations of the injection wells. In practice, the accuracy of the average value at the production
wells are essential.

We compute 2 permanent basis functions and 18 additional basis functions per coarse neighbor-

hood. The permanent basis functions are used to compute “fixed” solution and use our Bayesian
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Figure 4.6: Source function f in the inflow-outflow problem. Reprinted with permission from
“Dynamic Data-driven Bayesian GMSFEM” by Siu Wun Cheung and Nilabja Guha, 2019. Jour-

nal of Computational and Applied Mathematics, Volume 353, Pages 7285, Copyright [2019] by
Elsevier.

framework to seek additional basis functions by solving small global problems and making use of
given observational data. On average we select 27 of local regions at which multiscale basis func-
tions are added. In these coarse blocks, we apply both sequential sampling and full sampling and
generate 100 samples. The thresholds are setas o, = 9x 107 % and 0y = 1x10~7. We also compare
our proposed method when there is no available observation data and only a residual-minimizing
likelihood is used.

In the numerical simulation, 49.79% of the additional basis functions are selected in the se-
lected subdomains using our proposed method, compared with 49.18% in the absence of obser-
vation data. Figure 4.7 shows the reference solution and the sample mean at 7' = 0.02. The L?
error for the mean at 7" = 0.02 is 2.71% and 2.61% respectively. Moreover, the maximum error in
observational data in our proposed method is 1.72 x 107!2, much lower than 3.54 x 10~* in the
absence of observation data.

These results demonstrate that our proposed Bayesian approach is able to select important basis
functions to model the missing subgrid information, both in minimizing the residual of the problem

and reducing the error in the targeted observational data.
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Figure 4.7: Plots of the reference solution (left), sequential sample mean (middle) and full sam-
ple mean (right) of numerical solution at 7" = 0.02. Reprinted with permission from “Dynamic
Data-driven Bayesian GMsFEM” by Siu Wun Cheung and Nilabja Guha, 2019. Journal of Com-
putational and Applied Mathematics, Volume 353, Pages 72—85, Copyright [2019] by Elsevier.
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5. DEEP GLOBAL MODEL REDUCTION LEARNING IN POROUS MEDIA FLOW
SIMULATION *

In this chapter, we use deep learning concepts combined with Proper Orthogonal Decompo-
sition (POD) model reduction methodologies constrained at observation locations to predict flow
dynamics. We consider a neural network-based approximation of nonlinear flow dynamics. Flow
dynamics is regarded as a multi-layer network, where the solution at the current time step depends
on the solution at the previous time instant and associated input parameters, such as well rates and
permeability fields. This allows us to treat the solution via multi-layer network structures, where
each layer is a nonlinear forward map and to design novel multi-layer neural network architectures
for simulations using our reduced-order model concepts. The resulting forward model takes into
account available data at locations and can be used to reduce the computational cost associated
with forward solves in nonlinear problems.

We will rely on rigorous model reduction concepts to define unknowns and connections for
each layer. Reduced-order models are important in constructing robust learning algorithms since
they can identify the regions of influence and the appropriate number of variables, thus allow us-
ing small-dimensional maps. In this work, modified proper orthogonal basis functions will be
constructed such that the degrees of freedom have physical meanings (e.g., represent the solution
values at selected locations). Since the constructed basis functions have limited support, it will al-
low localizing the forward dynamics by writing the forward map for the solution values at selected
locations with pre-computed neighborhood structure. We use a proper orthogonal decomposition
model with these specifically designed basis functions that are constrained at locations. A principal
component subspace is constructed by spanning these basis functions and numerical solutions are
sought in this subspace. As a result, the neural network is inexpensive to construct.

Our approach combines the available data and physical models, which constitutes a data-driven

* Reprinted with permission from “Deep Global Model Reduction Learning in Porous Media Flow Simulation”
by Siu Wun Cheung, Eric T. Chung, Yalchin Efendiev, Eduardo Gildin, Yating Wang and Jingyan Zhang, 2020.
Computational Geosciences, Volume 24, Pages 261-274, Copyright [2020] by Springer.
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modification of the original reduced-order model. To be specific, in the network, our reduced-order
models will provide a forward map, and will also be modified (4AIJtrainedaAl) using available
observation data. Due to the lack of available observation data, we will use computational data
to supplement as needed. The interpolation between data-rich and data-deficient models will also
be studied. We will also use deep learning algorithms to train the elements of the reduced model
discrete system. In this case, deep learning architectures will be employed to approximate the
elements of the discrete system and reduced-order model basis functions.

We will present numerical results using deep learning architectures to predict the solution and
reduced-order model variables. In the reduced-order model, designated basis functions allow in-
terpolating the solution between observation points. A multi-layer neural network based is then
built to approximate the evolution of the coefficients and, therefore, the flow dynamics. We exam-
ine how the network architecture, which includes the number of layers, and neurons, affects the
approximation. Our numerical results show that with a fewer number of layers, the flow dynamics
can be approximated. Our numerical results also indicate that the data-driven approach improves
the quality of approximation.

The chapter is organized as follows. In Section 5.1, we present a general model and some
basic concepts of POD. Section 5.2 is devoted to our model learning. In Section 5.3, we present

numerical results. We conclude in the last section.
5.1 Preliminaries

In this section, we introduce a general problem setting and review the concept of POD based
global model reduction, which is a technique of dimensionality reduction of large-scale system of
ordinary differential equations (ODE) and its application to nonlinear partial differential equations
(PDE). Consider a time-dependent PDE in the general form

%uzﬁ(u)—i—g inQ x (0,7), (5.1
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where €2 is the spatial domain, (0, 7) is the temporal domain, L is a spatio-differential operator on
the unknown w and g is a given source function. The flow dynamic is prescribed to some given
initial condition and boundary condition. We consider spatial discretization procedure by finite
element method on a Eulerian mesh 7}, for the spatial domain (2. Let V}, be a finite element space

spanned by the nodal basis {¢;}7_, on 7. We seek numerical solution of (5.1) by an expansion

u(x,t) = Zyj(t)¢j<x)7 (52)

which yields a system of ODE in the form

d

LYt = By(t) + f(y (1)), (5.3)

where y(t) € R" is the state vector, B € R™*" is a constant matrix, and f : R™ — R" is a nonlinear
function. In our applications, the dimension n corresponds to the number of physical grid points
in the mesh. In general, the dimension 7 is huge and model reduction techniques provide efficient

reduced-order models and bring computational savings.
5.1.1 Proper Orthogonal Decomposition

Proper Orthogonal Decomposition is a popular mode decomposition method, which aims at
reducing the order of the model by extracting important relevant feature representation with a
low dimensional space. In this section, we briefly discuss the POD method. For a more detailed
discussion of the use of POD on dynamic systems, the reader is referred to [71, 72]. In POD, a low-
dimensional set of modes, i.e., important degrees of freedom, are identified based on processing
information from a sequence of snapshots, i.e., instantaneous solutions from the dynamic process,
and extracting the most energetic structures in terms of the largest singular values. In the statistical
point of view, the extracted modes are uncorrelated and form an optimal reduced order model, in
the sense that the variance i1s maximized and the mean squared distance between the snapshots and

the POD subspace is minimized.
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Proper orthogonal decomposition starts with a collection of N < n instantaneous snapshots
{y;};Z1 € R", where the snapshot times in the above sequence is assumed to be equidistant. The
snapshots span a snapshot space of dimension 7 and are arranged in a matrix form known as the
snapshot matrix

Y=[y1y2 - yn] € R, (5.4)

The idea of POD is to seek the subspace of a certain dimension which best approximates the linear
space spanned by the snapshots. Among all subsets of m < r orthonormal vectors in R", we seek
the POD basis {v;}72, by solving a minimization problem

2

; (5.5)

2

m

yi— Y {yivi) v,

J=1

N
argmin 5
{v;}L R 5

(vi,vj)=0s;

The minimzation problem is processed by performing a singular value decomposition on the snap-

shot matrix Y

Y = VAWT, (5.6)
where V = [vi,vo, -+, v,] € R and W = [wy, W, -+, w,] € RV*" consist of the left-
singular vectors and right-singular vectors of Y respectively, and A = diag(oy,09, -+ ,0,) €

R™" is the diagonal matrix consisting of the singular values of Y. Constructively, we denote
the correlation matrix from the snapshot sequence by C = YTY, and compute the eigenvalue

decomposition on C

Cq; = \jq;, 5.7

and obtain the singular values {c;}’_, and singular vectors {v;}}_; by

1
0; = \/)\j and V= O_—Yqj (58)

J

Here the singular values are arranged in descending energy ranking, i.e., 01y > g9 > - -+ > 0, > 0,

which correspond to the energy content of a mode. The energy ranking provides a measure of
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the importance of the mode in capturing the relevant dynamic process. The POD basis, i.e. the
solution of the minimization problem (5.5), is then given by selecting the first m singular vectors

{v;}j2,. In this case, we have

2 r
=) o (5.9)

2 j=m+1

<Yz‘, Vj> V;
1

yi —

N
i=1

m

J

The size m of the POD basis has to be sufficiently large to include the first few largest singular
values and ensure a good approximation to the snapshot matrix. The number of basis can be pre-
defined or determined by means of fractional energy, i.e. fixing a threshold £, pick the smallest

integer m such that
m 2
2105
T 2
210

In general, a few basis is needed if the singular values decay quickly. The rate of decay depends

E = > Ly, (5.10)

on the intrinsic dynamics of the system and the selection of the snapshots.
5.1.2 Fully discrete reduced-order model

Using the aforementioned POD basis {v;}L,, we can express the solution as
y(t) ~ ) E(t)v; = Ve(t), (5.11)
j=1

where &(t) = (¢1(t), (), ..., m(t))" € R™ is the coordinates of y(t) with respect to the POD

basis. We therefore derive a reduced-order ODE system

%E(t) = VIBV(t) + VI (Ver)), (5.12)

and further reduce it to an algebraic system. We consider a partition 0 = 5 < t; < ... <

ty = T for the temporal domain (0, 7). Using, for example, implicit Euler method for temporal
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discretization, we obtain a recurrence relation
AT ="+ (tyyr — t,) (VIBVET + VIf(VET), (5.13)

where ¢ denotes the numerical solution of ¢(¢) at the time instant ¢ = ¢,,. The nonlinear term f can
be handled with different techniques, such as direct linearization method, fixed point iterations and
Discrete Empirical Interpolation Method (DEIM), depending on situations and need for accuracy

in particular applications.
5.1.3 Construction of nodal basis functions

Next, we present the construction of basis functions in the POD subspace. The basis functions
are designed such that the degrees of freedom have physical meanings (e.g., represent the solution
values at selected locations). Since the constructed basis functions have limited support, it will al-
low localizing the forward dynamics by writing the forward map for the solution values at selected
locations with pre-computed neighborhood structure.

Given a set of nodes {xj}7 in the mesh 73, which correspond to particular physical points
in the spatial domain €2, we construct nodal basis functions by linear combinations of POD modes

{v;}7,. More precisely, we seek coefficients a;; such that
j=1

We remark that V; is the nodal evaluation of the interpolant of v; in the finite element space V),

at the node x;. The nodal basis 1, at the node z;, is then defined by
Ve = gV (5.15)
j=1

The set of nodal basis spans exactly the POD subspace. A reduced-order state vector y () in the
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POD subspace can then be written in the expansion

m

y(t) = cr(t)th, (5.16)

k=1

where the coefficients ¢y (t) represent the nodal evaluation of the finite element approximation of
u(z,t) at the node xj. Furthermore, the coefficients ¢" of the original POD basis functions and ¢"

of the POD nodal basis functions are related by

where V,, € R"™*™ is the submatrix obtained from V by taking the rows corresponding to the

nodes {xy } 7" ;.
5.2 Deep Global Model Reduction and Learning
5.2.1 Main idea

We will make use of the reduced-order model described in Section 5.1 to model the flow dy-
namics, and a deep neural network to approximate the flow profile. In many cases, the flow profile
is dependent on data. The idea of this work is to make use of deep learning to combine the reduced-
order model and available data and provide an efficient numerical model for modelling the flow
profile.

First, we note that the solution at the time instant n 4+ 1 depends on the solution at the time
instant n and input parameters 1™, such as permeability field and source terms. Here, we would
like to use a neural network to describe the relationship of the solutions between two consecutive
time instants. Suppose we have a total m sample realization in the training set. For each realization,
given a set of input parameters, we solve the aforementioned reduced-order model and obtain the
coefficients at particular points

{0, "} (5.18)
at all time steps. Our goal is to use deep learning techniques to train the trajectories and find a

87



network " to describe the pushforward map between ¢ and ¢! for any training sample.

A (M T, (5.19)

where 1™ is an input parameter which could vary over time, and A is a multi-layer network to
be trained. The network N will approximate the discrete flow dynamics.

In our neural network, ¢" and ™! are the inputs, ¢"*! is the output. One can take the coeffi-
cients from time 0 to time k£ — 1 as input, and from time 1 to & as output in the training process.
In this case, a universal neural net A/ is obtained. The solution at time 0 can then be forwarded all

the way to time k by repeatedly applying the universal network £ times, that is,

FANWN- N TY - TN, 1), (5.20)

After a network is trained, it can be used for predicting the trajectory given a new set of input

parameters /™! and realization of coefficients at initial time c2,, by

Chew ~ NN - N, 1Y) -+ IV, 19). (5.21)

new

Alternatively, one can also train each forward map for any two consecutive time instants as needed.

That is, we will have ¢"*1 ~ A/, (¢, I"*1), forn = 0,1,...,k — 1. In this case, to predict the
final time solution c¥,, given the initial time solution c,e,’, we use k different networks Ny, - - - , A
Cr]few ~ Nk(Nk—l o 'Nl(cgewv [1) T [k_l)v Ik) (5.22)

We remark that, besides the solution «™ at the previous time instant, the other input parameters
I™"! such as permeability or source terms can be different when entering the network at different
time steps.

In this work, we would like to incorporate available observed data in the neural network. The
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observation data will help to supplement the computational data which are obtained from the un-
derlying reduced order model, and improve the performance of the neural network model such
that it will take into account real data effects. From now on, we use {c?,---  c*} to denote the
simulation data, and {c?, - - - | ¢*} to denote the observation data.

One can get the observation data from real field experiment. However in this work, we generate
the observation data by running a new simulation on the “true permeability field” using standard
finite element method, and using the results as observed data. For the computational data, we
will perturb the “true permeability field”, and use the reduced-order model, i.e., POD model for
simulation. In the training process, we are interested in investigating the effects of observation data
in the output. One can compare the performance of deep neural networks when using different
combinations of computation and observation data.

For the comparison, we will consider the following three networks

e Network A: Use all observation data as output,

co" T~ No(es™, 1) (5.23)

e Network B: Use a mixture of observation data and simulation data as output,

Cm™ T~ N (g™, T (5.24)

e Network C: Use all simulation data (no observation data) as output,

e~ No(e™, 1M1 (5.25)

where ¢, is a mixture of simulation data and observed data.
The first network (Network A) corresponds to the case when the observation data is sufficient.

One can merely utilize the observation data in the training process. That is, the observation data at
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time n + 1 can be learnt as a function of the observation data at time 7. This map will fit the real
data very well given enough training data; however, it will not be able to approximate the reduced-
order model. Moreover, in the real application, the observation data are hard to obtain, and in order
to make the training effective, deep learning requires a huge amount of data. Thus Network A is
not applicable in real case, and we will use the results from Network A as a reference.

The third network (Network C), on the other hand, will simply take all simulation data in
the training process. In this case, one will get a network describes the simulation model (in our
example, the POD reduced-order model) as best as it can but ignore the observational data effects.
This network can serve as an emulator to do a fast simulation. We will also utilize Network C
results as a reference.

We are interested in investigating the performance of Network B, where we take a combina-
tion of computational data and observational data to train. It will not only take in to account the
underlying physics but also use the real data to modify the reduced-order model, thus resulting in

a data-driven model.
5.2.2 Network structures

Mathematically, a neural network A of L layers with input x and output y is a function in the
form

N(x;0)=c(Wro(---o(Woo(Wix +b1) + bg) ) + by),

where 0 := (W, -+ Wy, by,- -+ ,bp) is a set of network parameters, 11’s are the weight matrices
and b’s are the bias vectors. The activation function ¢ acts as entry-wise evaluation. A neural
network describes the connection of a collection of nodes (neurons) sit in successive layers. The
output neurons in each layer is simultaneously the input neurons in the next layer. The data prop-
agate from the input layer to the output layer through hidden layers. The neurons can be switched
on or off as the input is propagated forward through the network. The weight matrices 1’s control
the connectivity of the neurons. The number of layers L describes the depth of the neural network.

Figure 5.1 depicts a deep neural network in out setting, in which each circular node represents a
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neuron and each line represents a connection from one neuron to another. The input layer of the

neural network consists of the coefficients ¢’ and the input parameters /™.

Input Hidden layers Output

Figure 5.1: An illustration of deep neural network. Reprinted with permission from “Deep Global
Model Reduction Learning in Porous Media Flow Simulation” by Siu Wun Cheung, Eric T. Chung,
Yalchin Efendiev, Eduardo Gildin, Yating Wang and Jingyan Zhang, 2020. Computational Geo-
sciences, Volume 24, Pages 261-274, Copyright [2020] by Springer.

Given a set of data (x;,y,), the deep neural network aims to find the parameters 6* by solving

an optimization problem

N

* 3 1

0* = arggnlnﬁ Z ly; — N(x;;0)]5,
j=1

where N is the number of the samples. Here, the function L(§) = + Zévzl lly; — N(x;;0)|]3 is
known as the loss function. One needs to select suitable number of layers, number of neurons in
each layer, the activation function, the loss function and the optimizers for the network.

As discussed in the previous section, we consider three different networks, namely N, V,, and
N,. For each of these networks, we take the vector x = (¢,", I"™!) containing the numerical solu-

tion vectors and the data at a particular time step as the input. In our setting, the input parameter

I™*1 if present, could be the static permeability field or the source function. Based on the avail-
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ability of the observational data in the sample pairs, we will select an appropriate network among
(5.23), (5.24) and (5.25) accordingly. The output y = ¢,""! is taken as the numerical solution at
the next time instant, where o« = o, m, s corresponds to the network.

Here, we briefly summarize the architecture of the network N, where o = o, m, s for three
networks we defined in (5.23), (5.24) and (5.25) respectively.

As for the input of the network, we use x = (c,”, I"™!), which are the vectors containing the
numerical solution vectors and the input parameters in a particular time step. The corresponding
output data are y = ¢!, which contains the numerical solution in the next time step. In between
the input and output layer, we test on 3—10 hidden layers with 20-400 neurons in each hidden layer.
In the training, there are N = mk sample pairs of (x;,y;) collected, where m is the number of
realizations of flow dynamics and % is the number of time steps.

In between layers, we need the activation function. The ReLLU function (rectified linear unit
activation function) is a popular choice for activation function in training deep neural network
architectures [73]. However, in optimizing a neural network with ReLLU as activation function,
weights on neurons which do not activate initially will not be adjusted, resulting in slow con-
vergence. Alternatively, leaky ReLU can be employed to avoid such scenarios [74]. We choose
leaky ReLU in our network structure. As for the training optimizer, we use AdaMax [75], which
is a stochastic gradient descent (SGD) type algorithm well-suited for high-dimensional parameter

space, in minimizing the loss function.
5.3 Numerical examples

In this section, we present numerical examples. We apply our method to predict the evolution
of the pressure in a nonlinear single-phase flow problem. Using POD global model reduction
technique, we obtain coefficients of numerical solutions in the reduced-order model and use as
training samples to construct neural network approximations of the corresponding nonlinear flow
dynamics. All the network training are performed using the Python deep learning API Keras [76].

As a first example, we consider a simple nonlinear single-phase flow in the spatial domain
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Q= 1[0,1] x [0, 1]:

?9_1; —div(k(z,u)Vu) =g in €, (5.26)

subject to homogeneous Dirichlet boundary condition u|s = 0. This equation describes unsatu-
rated flow in heterogeneous media, which are widely used [77, 78, 79, 80, 81]. In our simulations,
we will use an exponential model x(x,u) = k(x)exp(au). Here, u is the pressure of flow, g is a
time-dependent source term and « is a nonlinearity parameter. The function x(x) is a stationary
heterogeneous permeability field of high contrast, i.e., with large variations within the domain (2.
In this example, we focus on permeability fields that contain wavelet-like channels as shown in
Figure 5.2. In each realization of the permeability field, there are two non-overlapping channels
with high conductivity values in the domain €2, while the conductivity value in the background is
1. Channelized permeability fields are challenging for model reduction and prediction and, thus,
we focus on flows corresponding to these permeability fields. The numerical tests for Gaussian
permeability fields ([82, 83]) show a good accuracy because of the smoothness of the solution with

respect to the parameters.

Figure 5.2: Samples of static permeability field used in single-phase flow. Reprinted with per-
mission from “Deep Global Model Reduction Learning in Porous Media Flow Simulation” by Siu
Wun Cheung, Eric T. Chung, Yalchin Efendiev, Eduardo Gildin, Yating Wang and Jingyan Zhang,
2020. Computational Geosciences, Volume 24, Pages 261-274, Copyright [2020] by Springer.

Next, we present the details of numerical discretization of the problem. Suppose the spatial

domain (2 is partitioned into a rectangular mesh 7, and a set of piecewise bilinear conforming
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finite element basis functions {v;} is constructed on the mesh. We denote the finite element space

by Vj, = Q! (71). Using direct linearization for the nonlinear term, implicit Euler method for tem-

poral discretization and a Galerkin finite element method for spatial discretization, the numerical
n+1

solution u, " at the time instant n + 1 is obtained by solving the following variational formulation:

find u) ™' € Vj, such that

n+l _ n
/ S hy / kexp(ouy ) Vup ™ - Vo = / g"t'v  forall v € V. (5.27)

Here At is the time step and A is the mesh size. With a slight abuse of notation, we again denote the

coefficients of the numerical solution with the piecewise bilinear basis functions by u}"'. Then,

the variational formulation can be written in the matrix form
uptt = (M + AtA(u})) " (Mu} + Aty™), (5.28)

where M, A(u}) and ™! are the mass matrix, the stiffness matrix and the load vector with respect

to the bilinear basis functions v;, i.e.,

S— S—

[A(up)li; =

n+l __ n+1
b; —/g ;.
Q

In our simulation, the flow is simulated from an initial time ¢ = 0 to a final time ¢ = 0.01

kexp(auy)Vu; - Vo, (5.29)

in 10 time steps. Realizations of flow dynamics are computed using independent and uniformly
distributed initial conditions. We use POD to extract dominant modes from snapshot solutions and
construct POD nodal basis functions. Examples of POD nodal basis functions are shown in Fig-
ure 5.3. Simulation data of the dynamic process under the reduced-order model are then obtained
and used in the training set. Different forms of inputs, depending on situations, are investigated.

Using these data as samples, universal multi-layer networks are trained to approximate the flow
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dynamics. We use the trained networks to predict the output with some new unseen inputs, and
reconstruct the numerical solution using the predicted coefficients. We examine the quality of our
n

networks by computing the L? error between our predicted solution Upreq and the reference solution

0
Uy, 1.€.,

1

2
iy — el oy = ( [ =l dx) ,
Q@ (5.30)
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Figure 5.3: Illustration of nodal basis functions. Reprinted with permission from “Deep Global
Model Reduction Learning in Porous Media Flow Simulation” by Siu Wun Cheung, Eric T. Chung,
Yalchin Efendiev, Eduardo Gildin, Yating Wang and Jingyan Zhang, 2020. Computational Geo-
sciences, Volume 24, Pages 261-274, Copyright [2020] by Springer.
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5.3.1 Experiment 1

In this experiment, we consider flow in a fixed static channelized field x and a time-independent

source g fixed among all the samples. The nonlinearity constant is chosen as o = 20. We use
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POD to extract 10 dominant modes from 1000 snapshot solutions and construct POD nodal basis

functions. In the neural network, we simply take the input and output as

x=c¢" and y=c¢,"L (5.31)

In the generation of samples, we consider independent and uniformly distributed initial conditions
. We generate 100 realizations of initial conditions c,", and evolve the reduced-order dynamic
process to obtain ¢," forn = 1,2,...,10 . We remark that these simulation data provide a total of
1000 samples of the pushforward map.

We use the 900 samples given by 90 realizations as training set and the 100 samples given by 10
remaining realizations as testing samples. Using the training data and a given network architecture,
we find a set of optimized parameter #* which minimizes the loss function, and obtain optimized

network parameters 6*. The network A is then used to predict the 1-step dynamic, i.e.,

c" T = N(e,™; 0%). (5.32)

We also use the composition of the network A to predict the final-time solution, i.e.,

O R NN N(e2%0%) - 6%);6%). (5.33)

We use the same set of training data and testing data and compare the performance of different
network architectures. We examine the performance of the networks by the mean of L? percentage
error of the 1-step prediction and the final-time prediction in the testing samples. The error is
computed by comparing to the solution formed by the simulation data c,".

The results are summarized in Table 5.1. It can be observed that if thee network architecture is
too simple, i.e. contains too few layers or neurons, the neural network built may become useless

in prediction.
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Layer | Neuron || 1-step | Final-time
20 0.1776 | 3.4501e+09
3 100 0.0798 6.3276
400 0.0613 4.9855
20 0.1499 | 6.5970e+06
5 100 0.0753 6.3101
400 0.0602 4.8137
20 0.1024 5.4183
10 100 0.0750 4.3271
400 0.0609 1.8834

Table 5.1: Mean of L? percentage error with different network architectures in Experiment 1.
Reprinted with permission from “Deep Global Model Reduction Learning in Porous Media Flow
Simulation” by Siu Wun Cheung, Eric T. Chung, Yalchin Efendiev, Eduardo Gildin, Yating Wang
and Jingyan Zhang, 2020. Computational Geosciences, Volume 24, Pages 261-274, Copyright
[2020] by Springer.

5.3.2 Experiment 2

In the second experiment, we consider flow in static channelized fields ~ and a time-independent
source g fixed among all the samples. The nonlinearity constant is chosen as o = 10. The coeffi-
cient fields x differ in the conductivity value in channels. The high conductivity values in the two

channels are parametrized by

k1 = 10000e™,
(5.34)

Ko = 5000e™,

where 7 = (1, 1)) is taken from a uniform distribution in [—0.5,0.5]2. We use POD to extract 5
dominant modes from 1000 snapshot solutions and construct POD nodal basis functions. In the

neural network, we simply take the input and output as

x=(c,",n) and y ="M (5.39)
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We generate 100 realizations of initial conditions c,” and parameters 7, and evolve the reduced-
order dynamic process to obtain ¢, for n = 1,2,...,10. We remark that these simulation data
provide a total of 1000 samples of the pushforward map. We use the 900 samples given by 90 real-
izations as training set and the 100 samples given by 10 remaining realizations as testing samples.
Using the training data and a given network architecture, we find a set of optimized parameter 6*
which minimizes the loss function, and obtain optimized network parameters 6*. The network N

is then used to predict the 1-step dynamic, i.e.,

c" T = N (e, n; 0%). (5.36)

We also use the composition of the network N to predict the final-time solution, i.e.,

O R NN N (e n; 07) - 05 07),m;0%). (5.37)

In this example, we investigate the advantage of our approach of combining deep learning
with POD nodal basis functions. Instead of using the coefficients of the solution with respect to
POD nodal basis functions {¢}~, for representing the flow dynamics, one can also use other
discretizations, for example, the standard bilinear elements nodal functions or the POD basis func-
tions {v;}7, Using the same idea as in Section 5.2, we can learn from the respective data and
construct corresponding neural networks for approximations. In this experiment, we compare the
training cost and the performance of the neural networks using different underlying discretizations,
by using the same set of training data and testing data. All networks consist of 3 hidden layers of 20
neurons and are trained in 500 epochs. We examine the performance of the networks by comparing
the 1-step prediction and the final-time prediction to the corresponding numerical method.

A comparison of discretizations is presented in Table 5.2, which suggest that the model re-
duction technique brings several advantages to neural network approximation of flow dynamics.

First, the use of POD reduces the number of trainable parameters in the network and thus short-
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ening the elapsed time for network training. In our simple experiment, as shown in Table 5.2, the
elapsed time for training the networks in POD reduced-order models is around 1/10 of elapsed
time for training the networks in the standard nodal coordinates. Second, instead of extracting
features solely in the learning process, the reduced order model predefines some features which
are important in representing the flow and facilitates the learning process. This allows the infor-
mation propagates more easily through the multi-layer networks and provides a smaller prediction
error. Lastly, learning the evolution in the standard nodal coordinates becomes infeasible in large-
scale computation. Both elapsed runtime for sample generation and memory required for sample
storage grow dramatically with increased number of degree of freedom. The reduced-order model
provides a cheap alternative for learning the flow dynamics in this scenario. As shown in Table 5.2,
the CPU time for one forward run in the full model is 0.4499 seconds, which is short due to the
simplicity of the linearization scheme in the simple experiment. However, with the reduced order
model, the CPU time for a single forward run is reduced to 0.0003 seconds. We remark that the
use of reduced-order models will be even more advantageous in complicated problems. For exam-
ple, for repeatedly modelling highly nonlinear flows in highly heterogeneous flows, the nonlinear
solver in the high-fidelity space will be computationally expensive. Moreover, the prediction error
using POD nodal basis functions {1}, is smaller than using the original POD basis functions
{v;}7,. This suggests that nodal values provide a more stable and well-conditioned coordinate

system.

Remark 5.3.1. The wide neural network using standard nodal coordinates can be viewed as a
generalization of dynamic mode decomposition (DMD) [84]. DMD is a dimensionality reduction
technique which extracting dynamical features from flow data. Given a sequence of snapshots
{ud ul, ... ul}, DMD seeks a linear mapping A which fits the snapshots by u}f“ = Au}, which
can be seen as the simplest neural network with linear activation function and without bias and
hidden layers that maps uy, to UZH. Optimal mode decomposition (OMD) [85], a variant of DMD,

seeks a linear mapping A with a user-defined rank k, which is equivalent to seek a wide neural
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Coordinates H Standard nodal POD POD nodal

Dimension 9801 5 5
Forward runtime (seconds) 0.4499 0.0003 0.0003
# trainable parameters 403161 1525 1525
Training time (seconds) 587.14 62.60 57.56
L? error for 1-step 0.9529% 0.5751% | 0.3957%
H? error for 1-step 2.9588% 0.6020% | 0.4395%
L? error for final time 4.8563% 3.4943% | 3.0266%
H?" error for final time 5.9270% 3.7307% | 3.3762%

Table 5.2: History of training cost and prediction error with different discretization in Experiment
2. Reprinted with permission from “Deep Global Model Reduction Learning in Porous Media Flow
Simulation” by Siu Wun Cheung, Eric T. Chung, Yalchin Efendiev, Eduardo Gildin, Yating Wang
and Jingyan Zhang, 2020. Computational Geosciences, Volume 24, Pages 261-274, Copyright

[2020] by Springer.

network in the form

uptt = WoWyul, (5.38)

i.e. a 2-layer network with linear activation and no bias, and with k neurons in the immediate
hidden layer. In this sense, we can build more general neural networks than DMD or OMD, which

provides higher interpretability for more complex and nonlinear flow dynamics.
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6. SUMMARY AND CONCLUSIONS

Lastly, we conclude this dissertation with a brief summary. Flow problems in porous heteroge-
neous media give rise to high-dimensional fine scale systems. In order to reduce the computational
expense, we make use of rigorous mathematical tools to develop model reduction, statistical and
machine learning approaches for efficient numerical solvers.

In Chapter 2, we present CEM-GMsDGM, a local multiscale model reduction approach in the
discontinuous Galerkin framework. The multiscale basis functions are defined in coarse oversam-
pled regions by a constraint energy minimization problem, which are in general discontinuous on
the coarse grid, and coupled by the IPDG formulation. Thanks to the definition of local spec-
tral problems, the dimension of auxiliary space is minimal for sufficiently representing the high
conductivity regions, and provides the most locally compressed multiscale space. In our analysis
for the Darcy flow problem, we show that the method provides optimal convergence in the coarse
mesh size, which is independent of the contrast, provided that the oversampling size is appropri-
ately chosen. The convergence of the method for solving Darcy flow is theoretically analyzed and
numerically verified.

In Chapter 3, we present the CEM-GMSsFEM for a dual continuum model. Auxiliary basis
functions, obtained from local coupled spectral problems, are used to identify high contrast chan-
nels and fracture networks. Then, we solve an energy minimization with some constraints related
to the auxiliary functions. We show that the basis functions are localized and that the resulting
method has a mesh dependent convergence. Numerical results are presented to confirm the theory.

In Chapter 4, we propose a dynamic data-driven Bayesian approach for basis selection in mul-
tiscale problems, in the Generalized multiscale finite element method framework. The method is
used to solve time-dependent problems in heterogeneous media with available dynamic observa-
tional data on the solution. Our method selects important degrees of freedom probabilistically.
Using the construction of offline basis functions in GMSFEM, we choose the first few eigenfunc-

tions with smallest eigenvalues as permanent basis functions and compute the fixed solution. The
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fixed solution is used to compute the residual information, and impose a prior probability distri-
bution on the rest of basis functions. The likelihood involves a residual and observational error
minimization. The resultant posterior distribution allows us to compute multiple realizations of
the solution, providing a probabilistic description for the un-resolved scales as well as regularizing
the solution by the dynamic observational data. In our numerical experiments, we see that our
sampling process quickly stabilizes at a steady state. We also see that the design of our likelihood
and posterior is useful in reducing the error in observational data.

In Chapter 5, we combine some POD techniques with deep learning concepts in the simulations
for flows in porous media. The observation data is given at some locations. We construct POD
modes such that the degrees of freedom represent the values of the solution at certain locations.
Furthermore, we write the solution at the current time as a multi-layer network that depends on the
solution at the initial time and input parameters, such as well rates and permeability fields. This
provides a natural framework for applying deep learning techniques for flows in channelized media.
We provide the details of our method and present numerical results. In all numerical results, we
study nonlinear flow equation in channelized media and consider various channel configurations.
Our results show that multi-layer network provides an accurate approximation of the forward map
and can incorporate the observed data. Moreover, by incorporating some observed data (from true
model) and some computational data, we modify the reduced-order model. This way, one can use

the observed data to modify reduced-order models which honor the observed data.
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