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ABSTRACT

The advent of single molecule microscopy enabled the study of subcellular processes at the
single molecule level, which was not possible before through conventional microscopy. This work
makes contributions to parameter estimation in two important applications of single molecule mi-
croscopy: single molecule super-resolution microscopy and single molecule tracking.

In single molecule super-resolution microscopy, images of subsets of stochastically photoacti-
vated fluorophores are acquired over a sequence of frames. In order to construct a high-resolution
image of the structures labeled by these fluorophores, the locations of the fluorophores are accu-
rately estimated in each frame. In this study, we develop a novel state space-based fluorophore
localization method from multi-emitter super-resolution images. An important property of our
proposed method is its capability to distinguish very closely spaced molecules and estimate their
locations accurately. Moreover, in contrast to most of the available methods that need prior knowl-
edge about the number of emitting fluorophores in the image, our method determines this number
using a procedure that utilizes a least-squares criterion.

Study of intercellular and intracellular trafficking processes of single molecules plays an impor-
tant role in biological studies. Most of available single molecule trajectory parameter estimation
methods are limited to Brownian motion and Gaussian measurement models.

Another contribution of this research is the development of a stochastic framework to calcu-
late the maximum likelihood estimates of the biophysical parameters of biomolecular interactions,
e.g., drift and diffusion coefficients, where the motion of an object of interest, e.g., single molecule,
is modeled more generally by stochastic differential equations, and the measurements are the de-
tected photons emitted by the moving fluorescently labeled object using both ideal unpixelated and
practical pixelated detectors, such as charge-coupled device (CCD) and electron multiplying CCD
(EMCCD) cameras.

More importantly, we develop a general framework to calculate the Cramér-Rao lower bound

(CRLB), given by the inverse of the Fisher information matrix, for the estimation of unknown
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parameters and use it as a benchmark in the evaluation of the standard deviation of the estimates.
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1. INTRODUCTION

The advent of optical microscopy has revolutionized biological investigations by providing a
powerful tool for the observation of cellular structures at a high magnification that enables the
revelation of many details of the structures that are not visible with the naked eye. Among all
microscopy modalities, fluorescence microscopy has been of particular interest in biological re-
search. In contrast to basic optical microscopy methods, in which light passes through a sample
of interest and is captured by a detector, in fluorescence microscopy, the sample is labeled by flu-
orescent markers and illuminated by an excitation light with a specific wavelength. As a result,
the fluorescent molecules emit light with a higher wavelength, which further will be captured by a
detector and form an image of the sample. It allows biologists to observe specific molecules within
their cellular context, which is not possible through other microscopy modalities.

During the recent past decades, the performance of fluorescence microscopy methods has been
improved significantly due to the advances in technological developments. Examples include the
developments of highly sensitive detectors, e.g., charge-coupled devices (CCDs), electron multi-
plying CCD (EMCCD) and scientific complementary metal-oxide semiconductors (sCMOS) cam-
eras, high speed computers used to control imaging experiments and microscopy image analysis
algorithms. Moreover, many fluorescent markers, e.g., fluorescent proteins (FPs), organic dyes
and quantum dots, have been developed to label protein molecules in living cells. These advances

enable the study of cellular processes at the single molecule level.
1.1 Single molecule microscopy

Traditionally, microscopy studies were bulk studies, i.e., the information from such studies
came from several closely spaced molecules. Therefore, these studies reflected the behavior of
ensembles of molecules as opposed to individual ones [1]. Single molecule microscopy, the No-
bel prize-winning technique, has revolutionized the field of microscopy by providing quantitative

information on the behavior of individual molecules in cellular environments, which were not



available before through bulk studies [2, 3, 4, 5, 6, 7]. Understanding the intracellular dynamics
through different molecular pathways has been greatly benefited from the analysis of data acquired
using single molecule microscopy techniques [8, 9]. There are many challenges that need to be ad-
dressed in the application of single molecule microscopy techniques. Here, we study two specific
applications of these techniques: single molecule super-resolution microscopy and single molecule
tracking.

Single molecule super-resolution microscopy enables imaging at sub-diffraction limit resolu-
tion by producing images of subsets of stochastically photoactivated fluorophores over a sequence
of frames. In each frame of the sequence, the fluorophores are accurately localized, and the esti-
mated locations are used to construct a high-resolution image of the cellular structures labeled by
the fluorophores.

Another important application in the realm of single molecule data analysis is single molecule
tracking, which plays an important role in the study of dynamic processes in living cells. Protein
transport within and across cells is vital in maintaining normal cellular function. In biological stud-
ies, single molecule tracking methods have been used to study intracellular trafficking processes,
which is very important to understanding the molecular basis of different types of diseases caused
by the defects in these processes. In the following, we review the state-of-the-art methods proposed

in the fields of single molecule super-resolution microscopy and single molecule tracking.
1.2 Single molecule super-resolution microscopy

Single molecule super-resolution methods have been successful at achieving sub-diffraction-
limit resolution based on two key innovations: photoactivable fluorophores and powerful fluo-
rophore localization algorithms [10]. In these methods, a fluorescently labeled cellular structure
is imaged over a sequence of frames. In each frame, only a small number of stochastically pho-
toactivated fluorophores are detected. In order to construct a high-resolution image of the cellular
structure, the locations of individual emitting fluorophores are estimated with sub-pixel precision
from each frame and used to re-render the structure. Many fluorophore localization methods are

available, and they typically comprise the following separate steps: a detection step that identifies



the regions in the image that contain emitting fluorophores, and an estimation step that determines
the locations of these fluorophores accurately. In recent years, several methods have been devel-
oped that use fitting-based algorithms to solve the estimation problem. The basis of most of these
methods is to fit a point spread function (PSF) model to the acquired data and estimate the parame-
ters of the model by minimizing the difference between the data and the model through an iterative
approach. For example, in [11], a method was proposed that uses the maximum likelihood estima-
tor to localize multiple emitters simultaneously within a two-dimensional (2D) fitting subregion.
Similarly, the DAOSTORM algorithm [12] fits multiple PSFs in a recursive approach by analyzing
pixel clusters in the residual image. In this algorithm, the fluorophore locations are determined by
minimizing a least-squares criterion.

Fitting-based algorithms are not the only approaches used to solve the estimation problem
for multi-emitter images. Many other localization methods have been developed that use non-
fitting algorithms for the estimation problem. These methods are preferable when accurate PSF
and noise models are not available. As an example, the QuickPALM software uses the simple
centroid method [13, 14]. In this method, the fluorophore location is estimated as the average
photon location, or centroid. However, the image background causes a systematic deviation in
centroid-based methods. To solve the background bias problem in centroid-based methods, the
virtual window center of mass (VWCM) method has been demonstrated to be a good background-
corrected centroid estimator [15]. Although centroid methods are fast and computationally simple,
their accuracy is not comparable to that of good fitting-based methods. Another important class
of non-fitting algorithms has been developed based on sparse support recovery methods [16]. The
compressive-sensing-based method CSSTORM [17], structured sparse model and Bayesian infor-
mation criterion (SSC-BIC) [18], and fast localization algorithm based on a continuous space for-
mulation (FALCON) [19] are well-known examples of such algorithms. Among them, CSSTORM
has been shown to achieve accurate localization for emitter densities as high as 10 emitters/ym?
[20]. In this method, a large-scale convex optimization problem needs to be solved in an itera-

tive approach [21]. Huang et al. [20] have proposed a non-fitting algorithm by transferring the



molecule localization problem to the frequency domain. Their proposed algorithm is based on
a 2D spectrum-estimation method called matrix enhancement and matrix pencil (MEMP) [22].
MEMP can provide a significant speed advantage over CSSTORM while retaining the same level
of accuracy (it is 100 times faster than CSSTORM with 11-homotopy [20]). Huang et al., however,
assume that the PSF can be approximated by a Gaussian function, which can be problematic in

practice due to the fact that the Gaussian model is often not an accurate analytical PSF.
1.3 Single molecule tracking

The ability to track objects of interest, e.g., subcellular organelles and molecules, in cellular
environments plays an important role in studying biological systems. In particular, single molecule
tracking, which enables following subcellular processes at the single molecule level, has become
a vital tool in cell biology [23, 24, 25, 26]. In biological studies, single molecule tracking meth-
ods have been used to study the intracellular trafficking of fluorescently labeled antibodies, e.g.,
prostate-specific membrane antigen (PSMA) antibodies [27, 28], by analyzing the velocity and
path of the fluorescent molecules.

In general, the motion of an object in cellular environments is subject to different types of
forces, e.g., deterministic forces due to the environment and random forces due to random colli-
sions with other objects [29, 30]. It has been shown that the motion of a moving object in such en-
vironments can be modeled by stochastic differential equations (SDEs) [31]. In particular, in many
biological applications, solutions of linear SDEs are good fits to experimental single molecule tra-
jectories [32, 33, 34]. In a basic fluorescence microscope, a fluorescently labeled object of interest
is imaged by a detector which detects the photons emitted by the object during the acquisition
time. Since the detection process of the emitted photons is inherently a random phenomenon, the
acquired measurements are stochastic in nature. These measurements, according to the optical
diffraction theory, can be modeled by different distributions. For example, a typical distribution
for an in-focus molecule is an Airy profile [35], whereas, classical Born and Wolf profiles [36]
are used instead for out-of-focus molecules. In some cases, it is possible and computationally

beneficial to approximate these complex profiles with simple Gaussian models [37].



In many dynamical systems, the time points of the measurements are assumed to be equidistant.
However, the time points of detection of the photons correspond to the arrival times of a Poisson
process [6, 7]. This gives rise to the non-uniform sampling of the continuous-time stochastic
process that describes the motion of the object. Since the parameters of the motion model of
the object are highly time-dependent, this randomized non-uniform sampling causes significant
fluctuations in the values of these parameters.

In recent years, many methods have been developed to analyze the trajectories of a molecule
in cellular environments. In most of these methods, the model for the motion of the molecule is
assumed to be limited to a Brownian motion (pure diffusion) model described only by the diffu-
sion coefficient, and only a small number of the available methods consider more general motion
models. The methods developed to analyze pure diffusion models are mostly based on the mean
square displacement approach [38], in which the diffusion coefficient is estimated by a linear re-
gression of the mean square displacement of the Gaussian distributed observed locations of the
molecule as a function of the time lag [39, 40, 41]. Mean square displacement-based methods are
not the only approaches used to estimate the diffusion coefficient from a set of measurements. For
example, Relich et al. [42] have proposed a method for the maximum likelihood estimation of the
diffusion coefficient, with an information-based confidence interval, from Gaussian measurements.
In all of these methods, the motion of a molecule is assumed as a pure diffusion model, and the
measurements are modeled by independent and identically distributed Gaussian random variables
[26].

However, in general, the motion of a molecule is not limited to the pure diffusion model,
and the diffusion coefficient is only one of the parameters that play a role in the motion of the
molecule. Also, the Gaussian assumption for the measurements is problematic in practice due
to the fact that the Gaussian model is often not an accurate analytical model. In [43], Ashley
and Andersson have proposed a simultaneous localization and parameter estimation algorithm for
more complex motion models, such as confined [31] and tethered motions [44], which employs the

expectation maximization algorithm, in conjunction with sequential Monte Carlo methods [45].



For the general object tracking problem, in [46, 47], a sequential Monte Carlo method has been
developed for the parameter estimation from nonlinear non-Gaussian state-space models. Briane
et al. [30] have developed a method for classifying the object trajectories in living cells into three
types of diffusion: Brownian motion, subdiffusion (diffusion in a closed domain or a crowded
area) and superdiffusion (diffusion in a specific direction). In [32, 33, 34], the motion of a moving
object has been described more generally by a linear SDE, and the parameters of the model have
been estimated using a maximum likelihood estimation method. However, they do not consider
the randomness of the time points at which the measurements occur. Their proposed framework

also does not allow for non-Gaussian measurements.
1.4 Overview of the thesis

Estimation of the parameters of stochastic models that describe the image formation of single
molecules and their trajectories in cellular environments from microscopy data is a critical task
in the analysis of single molecule data. In summary, We propose (1) a novel location estimation
method from super-resolution single molecule microscopy image data, and (2) a stochastic frame-
work in which we calculate the maximum likelihood estimates of the biophysical parameters of
the molecular interactions, e.g., diffusion and drift coefficients, from single molecule trajectory
data. More importantly, we develop a general framework to calculate the Cramér-Rao lower bound
(CRLB), given by the inverse of the Fisher information matrix, for the estimation of unknown
parameters and use it as a benchmark in the evaluation of the standard deviation of the estimates.

The organization of the dissertation is as follows. Chapter 2 is devoted to introducing a state
space algorithm for single molecule localization in a non-iterative manner. Generally, a single
molecule fluorescence image contains multiple peaks of intensity that correspond to emitting flu-
orophores. Our solution is to model such an image by the frequency response of a multi-order
system, as the locations of the poles of such a system determine the peak locations in the fre-
quency domain. To realize this localization algorithm, we take advantage of the balanced state
space realization algorithm used in [48, 49, 50] for the reduction of noise in fluorescence mi-

croscopy images. This realization algorithm is based on the singular value decomposition (SVD)



of a Hankel matrix. To associate the peak locations in the image with the poles of the underlying
system, we apply this realization algorithm to the inverse Fourier transform of the image rather
than to the image itself. In our algorithm, the number of emitting fluorophores, which correspond
to the most significant peaks in the image, is ultimately determined using a procedure that utilizes
a least-squares criterion. Our algorithm also allows us to derive a theoretical reconstruction of the
image. A reconstructed image is an image that looks similar to the original image, but is specified
analytically in terms of the state space parameters of the system calculated using our proposed
localization algorithm.

In Chapter 3, we introduce a general state space system to model the motion of a fluorescently
labeled molecule in cellular environments. We assume that we have an ideal and unpixelated
detector and the measurements are the locations and time points of the detected photons emitted by
the molecule, referred to as the fundamental data model. Our model allows for Poisson time points
and arbitrary distributed, e.g, Airy and Born and Wolf, locations. We then develop a stochastic
framework in which we calculate the maximum likelihood estimates of the parameters of the model
that describes the motion of the molecule in cellular environments.

Chapter 4 discusses the performance of the proposed estimation method in Chapter 3, in terms
of the standard deviation of the estimates. For the purpose of evaluating the performance of our
proposed estimation method, we develop a general framework to calculate the Fisher information
matrix of the unknown parameters of the general motion model. There are some cases in which
Gaussian approximations of measurements are very useful due to, for example, the ability to use
computationally efficient algorithms in linear systems or the Kalman filter formulae. In particular,
for Gaussian measurements, we calculate the Fisher information matrix by taking advantage of
its relationship with the Kalman filter formula through a computationally efficient algorithm. To
the best of our knowledge, even for Gaussian measurements, there currently exists no systematic
methodology to evaluate the standard deviations of the estimates using the CRLB for the general
motion model considered here.

Chapter 5 deals with the effect of pixelation of the detector on the parameter estimation of



single molecule trajectories and Fisher information matrix. In Chapters 3 and 4, we focused on
the fundamental microscopy data model, in which the image of a molecule is acquired by an
unpixelated detector. However, in practice, pixelated detectors, e.g., CCD cameras, are commonly
used for acquiring the image of the fluorescently labeled molecule. In this chapter, we extend our
previous results obtained from unpixelated detectors to pixelated detectors.

Finally, a summary of the thesis and conclusions are provided in Chapter 6.



2. A STATE SPACE APPROACH TO SINGLE MOLECULE LOCALIZATION IN
FLUORESCENCE MICROSCOPY*

2.1 Introduction

Single molecule super-resolution microscopy enables imaging at sub-diffraction-limit resolu-
tion by producing images of subsets of stochastically photoactivated fluorophores over a sequence
of frames. In each frame of the sequence, the fluorophores are accurately localized, and the es-
timated locations are used to construct a high-resolution image of the cellular structures labeled
by the fluorophores. Many methods have been developed for localizing fluorophores from the im-
ages. The majority of these methods comprise two separate steps: detection and estimation. In
the detection step, fluorophores are identified. In the estimation step, the locations of the identified
fluorophores are estimated through an iterative approach.

In this chapter, we propose a non-iterative state space-based localization method which com-
bines the detection and estimation steps. Generally, a single molecule fluorescence image contains
multiple peaks of intensity that correspond to emitting fluorophores. Our solution is to model such
an image by the frequency response of a multi-order system, as the locations of the poles of such
a system determine the peak locations in the frequency domain. To realize this localization al-
gorithm, we take advantage of the balanced state space realization algorithm used in [48, 49, 50]
for the reduction of noise in fluorescence microscopy images. This realization algorithm is based
on the singular value decomposition of a Hankel matrix. To associate the peak locations in the
image with the poles of the underlying system, we apply this realization algorithm to the inverse
Fourier transform of the image rather than to the image itself. In our algorithm, the number of
emitting fluorophores, which correspond to the most significant peaks in the image, is ultimately
determined using a procedure that utilizes a least-squares criterion. Our algorithm also allows us

to derive a theoretical reconstruction of the image. A reconstructed image is an image that looks

*Reprinted with permission from “State space approach to single molecule localization in fluorescence mi-
croscopy,” by M. R. Vahid, J. Chao, D. Kim, E. S. Ward, and R. J. Ober, 2017. Biomedical Optics Express, vol.
8, no. 3, pp. 1332-1355, Copyright 2017 by Optical Society of America.



similar to the original image, but is specified analytically in terms of the state space parameters of
the system calculated using our proposed localization algorithm.

Note that the realization algorithm from [50] was developed for the reduction of noise in a
three-dimensional (3D) data set comprising a z-stack of microscopy images. Here, we apply a 2D
version of that realization algorithm because the super-resolution microscopy data sets for which
we develop our localization algorithm consist of 2D images that are analyzed independently of one
another. Our localization algorithm, however, can be extended to the 3D localization of fluorescent
emitters from a z-stack by simply applying the 3D version of the realization algorithm as presented
in [50]. In the following, we first show the existence of minimal and asymptotically stable systems

that realize a 2D image in the frequency domain.
2.2 System identification using frequency measurements

In this section, we show the existence of minimal and asymptotically stable systems that re-
alize a finite 2D sequence in the frequency domain. We begin by demonstrating the existence of
minimal and asymptotically stable systems for finite one-dimensional (1D) sequences in Lemma
1, using a subspace-based method similar to that described in [51], and then extend the result to
two dimensions in Theorem 1. The basis of Lemma 1 is given by Proposition 1, which states that a
finite 1D data set can be expressed as the impulse response of a minimal and asymptotically stable
system [50]. Note that the stability of subspace methods was analyzed previously by Maciejowski

in [52], where similar results were reported.

Proposition 1. For positive integer N, let X(n) € CP*™ pom € Nyn = 1,2,..., N, be a 1D
matrix-valued sequence. Then, there exists a minimal and asymptotically stable system (A, B, C'),
such that

X(n)=CA"'B, n=1,2,..,N. (2.1)

Proposition 1 enables us to write the following lemma, which shows the existence of a minimal

and asymptotically stable system that realizes a finite 1D sequence in the frequency domain.

Lemma 1. Let X(k) € R,k = 1,2,.... N, be a finite 1D sequence. Forn = 1,2,....N, let
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X(n) := (IDFT(X))(n) = % 21]::1 X (k)e®™/N pe the inverse discrete Fourier transform
(inverse DFT, or IDFT) of X. Then, there exists a minimal and asymptotically stable system
(A, B, C), such that

X(n)=CA"'B, n=1,2,..,N. (2.2)

Moreover,

X (k) =C(e** N1 — A)7'B, k=1,2..,N, (2.3)
where A :== A, B := (I — AN)B,C = C. If AN =0, then (A, B,C) = (A, B, 0).

Proof. Let X(k:) eR,k=1,2,..., N, be a finite 1D sequence. Let

N
X(n) :== (IDFT(X))(n) = %Z)N((k)eiQWk”/N, n=1,2..N, (2.4)

k=1

be the IDFT of X. Then, according to Proposition 1, there exists a minimal and asymptotically

stable system (A, B, C), such that
X(n)=CA"'B, n=1,2,..,N. (2.5)
According to Egs. (2.4) and (2.5), we then have, for k = 1,2,..., N,

X (k) = (DFT(X))(k)
— ZX(n)e—iQﬂ'kn/N

— CBe—iQTrk/N + CABe—i47rk/N 4t CAN_lBe_iQWkN/N

_ Cve—iQﬂ'k/N (]+Ae—i27rk/N 4. _|_AN—16—i27rk(N—1)/N) B

N—-1

Z (A67i27rk:n/N) n

n=0

= Cle 2mk/N B. (2.6)

For a square matrix 7' € C"™*™ m € N, where the number 1 is not an eigenvalue of 7', we have

11



the identity 25:_01 T = (I —T)"Y(I — T"). Then, since the realization (4, B, C) is asymp-

totically stable, i.e., |[\(A)] < 1 holds for any eigenvalue A\(A) of A, the number 1 is not an

eigenvalue of Ae=">™/N | =1, ... N (or equivalently, ] — Ae=">™*/N | =1, ... N, is invertible),

and S0 (Ae /MY = (T — Ae=?m/N)=1(] — AN). Substituting this expression into Eq.

(2.6), we have, for k =1,2,..., N,

X(k) — C€7i27rk/N([ o Aefika/N)fl<[ . AN)B

C(eiZﬂ'k/N[_A)fl<[_AN)B

— Cf(eiZWk/NI . A)71B7

where A := A, B := (I — AN)B,C = C.If AN =0, then (A, B,C) = (A, B, 0).

2.7)

]

In the following theorem, we extend the results obtained for 1D sequences to 2D sequences.

Theorem 1. Let X(kl,kg) e Rk =1,2,....N;,1 = 1,2, be a finite 2D sequence. For n; =

1,2, Ny, i=1,2, let

_ 1 N1 N2

X(nl,ng) = (IDFTQD(X))(nl,HQ) = N1N2

k1=1ko=1

be the inverse 2D DFT of X. Then, there exist minimal and asymptotically stable systems

(A;, Bi, Cy),i = 1,2, such that

X(nl,ng) = Xl(nl)XQ(ng), n; = 1, 2, ...,Ni, 7= 1, 2,

where, fori =1, 2,

XZ(’I"LZ> = CZ'A?i_lBZ', n; = 1, 2, 7Nz

Moreover,

X(kl,kg) == Xl(kl)Xg(kg), kl = 1,2, ceey Ni, 1= 1,2,

12

Z Z X(k_17 k2)6i27r(k1n1/N1+k2’n2/N2)7

(2.8)

(2.9)

(2.10)

(2.11)



where, for k; =1,2,...,N;,7 =1,2,

Xj(ky) = Cy(e®™/Nil — A;)7' B,

(2.12)

where A; .= A;, By = (I — A;-Vj)Bj,CN’j = (. Forj = 1,2, ifAj-Vj = 0, then (A;, B;, C;) =

(A;, B, Cy).

Proof. Let)~((l€1, ko) € Ry k; =1,2,..., Ny, i = 1,2, be afinite 2D sequence. Forn; = 1,..., N;,i =

1,2, let

X(nl,ng) = (IDFTQD(X))<nl7n2) =

be the inverse 2D DFT of X. Arrange the entries of X to form a matrix Q as

X(1,1)
X(2,1)

N1 N,

1

X(1,2)
X(2,2)

X (N, 1) X(Ny,2)

Ny

Z Z X(k,1’ k2)6i27r(k1n1/N1+k2n2/N2)7

k1=1ko=1

X(1, Ns)
X(2,N,)

X (Ny, Ny)

(2.13)

(2.14)

Decompose @ via SVD as Q = UXV, where forr € N, U € CM>*" ¥ € C™" and V € C"*Mz,

Forn; =1,2,...,N;,i = 1,2, define X;(n;) € C*" and X5(ny) € C™!, such that

X,(1)
X1(2)

Xl(Nl)

Then

X(ny,n2) = X1(n1)Xa(ng),

=US2 | Xy(1) Xu(2)

13

Xo(Ny)| =SV

ni:1,2,...,Ni, Z:1,2

(2.15)

(2.16)



Moreover, according to Proposition 1, there exist minimal and asymptotically stable systems

(Ai7 Bi7 Cz);l = 1, 2, such that, fori = 1, 2,

According to Egs. (2.13) and (2.16),

X (k1, ks) = (DFTop (X)) (1, k2)

N1 N2

= Z Z X(nbn2)e*i27r(k1n1/N1+k;2n2/N2)

ni=1ns=1

N1 Ny
(Z Xl (n1>6—i27rk1n1/N1) (Z XQ(n2)6—i27rlc2n2/N2>

ni=1 no=1

= X (k)Xo(ks), ki=1,2,...N;, i=1,2, (2.18)

where Xz(kl) = (DFT(X;))(ki), k; = 1,2,..., N;;i = 1,2. Then, according to Lemma 1, for
ki=1,2,,...N;j=1,2

X;(kj) := Cj(e™i/Ni] — A;)7' By, (2.19)

where Aj = Aj,Bj = (I - Aj-vj)Bj,éj = Gj. FOI'j = ]_,2, if Ajvj = 0, then (Aj,éj,éj) =
(Aj7Bj7Cj>‘ [

2.3 Location estimation

So far, we have shown the existence of minimal and asymptotically stable systems (A;, B;, C;),
i = 1,2, that realize a finite 2D sequence X (ky, ks) € R, k; = 1,2, ..., N;,i = 1,2, in the frequency
domain. Here, we summarize our overall localization approach. Given that Xisa single molecule
image with multiple peaks of intensity, we determine the locations of the molecules by calculating
the pole locations of (A;, B;, C;),i = 1,2.

In Theorem 1, we have shown that there exist minimal and asymptotically stable systems
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(A;, B;, Cy),i = 1,2, such that
X (ki ko) = X1 (k) Xo(ks), ki=1,2,..,N;, i=1,2, (2.20)
where, for k; = 1,2,...,N;,7 = 1,2,
X;(k;) == Oy i/Ni] — A;))71B;, (2.21)

where A; .= A;, B; == (I — A \Bj,and C; := C;. Forj = 1,2, if 4; N = 0, then (A;,B;,C;) =
(A;, Bj,C;). If we diagonalize A;,7 = 1,2, then the diagonal elements of the resulting matrix
A; give the poles of the system. In the following, we use matrix diagonalization in Eq. (2.20) to

express X in terms of the poles of the system.
For s1,s9 € Nand A; € C**% ¢ = 1, 2, which are diagonalizable, i.e., fort; = 1,2, ..., 5;,1 =
1,2, and some invertible 7; € C***, we have the diagonal matrix A; = TiAiTi_l = diag(at, - -,

where b; € C*" b7 € C,¢f € C,cj, e C' t; =1,2,..., 8,0 =1,2,fork; =1,2,...,N;,j =

1,2, we can write X in terms of the poles of the system as

T
al),a; € C, then with B; := T;B; = {717 ’bi} Gy = CT ! = [c%i’... o } i=1,2,

2
127rk~ N A1
X (k1, ko) =H 1N — A;)7'B;
[ blc2 be2 o bics, i
(e7F1/N1 —gl) (ei27F2/N2 —q2) (e27F1/N1 —gl)(e?27F2/N2 —q2) (e?27F1/N1 _a%)(eiQWkQ/NQ_agz)
bic? b102‘ . béciz
_ (e27F1/N1T —al) (e27F2/N2 —q2) (eZmF1/NT —al) (e27F2 /N2 —q2) (e27R1/NT —aT)(e?27F2 /N2 —g2 ) _
= Cl 2 BQ
bi cf bilcg bilci
_(6127rk1/N1 70‘% )(ei27rk2/N2 7(1?) (eizwkl/Nl *aé1)(eizﬂk2/N27¢z§) e (eiQWkl/Nl 7a11)(e"27‘k2/N27a§2)_
S1 82 bl1 2b2
= ZZ i2nky /N 1 ]L;Trk /N 2" (2.22)
=1 =1 (e2mhi/Nt — ap) (er?mh2/N2 — aF)

Equation (2.22) provides an analytical expression for the reconstructed image, in which the poles
of X occur at (a;,,a3),t; = 1,...,s;,0 = 1,2. (Note that for t; = 1,...,s;,i = 1,2, if the row
b;, of B, and the column ¢ of C, are perpendicular, i.e., b, c;, = 0, then the residual of the

pole (a;,, a)) is equal to zero, and (a;,, a7,) is not associated with a peak in the corresponding 2D
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image.)
We next obtain the locations of the molecules in the object space in terms of the phase of the
calculated poles. Let the 2D sequence X denote the pixel intensities of our N; x N, image with

pixel width Az and pixel height Ay, obtained by sampling the image at the center of each pixel.

Assume agj - a{j ¢ .0 < ng <2mt; =1,..,sj,j = 1,2. Then, by linearly mapping a 27 X

27 square region in the frequency domain to the region with area /V; x IV, pixels in the image space
(between the center of the first pixel and the center of the last pixel) and converting from image
space units to object space units, the set containing the peak locations (i.e., the molecule locations)

in the object space is given by {(z4,,ys,) : ¢} b} b2 # 0,8, =1, ..., 8;,i = 1,2}, where

_ Azw; Ny N Az _ Ayw Ny N Ay

oMx oM T Tone o (2.23)

Tiqy -

and M > 0 denotes the lateral magnification of the microscope system.
2.4 Algorithm

We now explain our proposed approach in more detail. In Section 2.3, we have calculated
the poles of a 2D single molecule image X in terms of the elements of minimal and asymptoti-
cally stable systems (A;, B;,C;),i = 1,2. Here, using the balanced state space realization algo-
rithm introduced by Maciejowski [52], we propose a step-by-step algorithm to calculate systems
(A;, B;, C;),i = 1,2, that realize X, and to determine the locations of the single molecules using

the realization.

Algorithm 1. Let X (ki,ky) € R, k; = 1,2, ..., N;,i = 1,2, represent the acquired image data.
1. Subtract an estimated background level B, e.g., the average of the data points near the bound-
ary of the image data X, from the image data X, and define the background-subtracted image Xy,

as

Xos(k ko) = X (kv ko) — B, ki =1,2,..N;, i=1,2. (2.24)
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II. Let X be the 2D IDFT of Xy, i.e.,

X (n1,n3) := (IDFTyp(Xps))(n1, na),

II1. Arrange the entries of X to form a matrix () as

X(1,1)
X(2,1)

X(1,2)
X(2,2)

X (N1, 1) X(Ny,2)

n;, = 1, 2, ceey Ni,

X(1, Ns)
X(2,Ny)

X (Ny, Ns)

i=1,2. (2.25)

(2.26)

Decompose ) via SVD as () = UXV. Let the positive integer r < K, K = min(Ny, Ny),
denote the number of retained singular values (see Section 2.4.1). Partition >. = dz’ag(f], f]), IS
Crr. U = [U U] UeCV andV = [f/ f/r, VeC ™, Forn; =1,2,..,Ni,i = 1,2,
define X7 (ny) € CY*" and X5(ny) € C™1, such that

X7(1)
X7(2) . o
= Uz, {Xé" (1) X3(2) - Xp()| =500 @2
X7(V)]
IV, Construct the Hankel matrices Hy € CIV1HD)x(NADr . o CIN241)rx(N2+1) g
X7(1) X[(2) X{(Ni—1) X7(N;) 0
X (2) X7(3) X7 (Ny) 0 0
H; = , 1=1,2, (2.28)
XT(N;) 0 e 0 0 0
0 0 e 0 0 0]
where 0 denotes a block of zeros of the corresponding size. For i = 1,2, decompose H; via
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SVD as H; = U;X;V;. Let the positive integers s; < N;,1 = 1,2, denote the numbers of
retained singular values in the respective SVDs (see Section 2.4.2). For i = 1,2, partition

Sio= diag(%:, %), € CoU; = [U U] Uy € Cithxa Ty e CVetlrese, gpg

T

Vi = [f/z f/z] L Ve CoxNitbr po e C2X (Nt conformally.  Let C7° € CY' and
Cy™ € C"**2 be the first row of Ulf]}/z and the first v rows of Ugi;/z, respectively. Also, let
B € C'*" and By** € C*2*! be the first v columns of 2}/2‘71 and the first column of 2;/2‘72,

respectively. Assuming
Ui

U=1| |, i=12, (2.29)
0,

r7d
| Ui

where U,lbl € Clxs1 U,QLZ eC2n;=1,..N;+ 1,i = 1,2, define

Us Ui
=1 : |, U=|:1], i=1.2 (2.30)
U]Z'\QJrl U]zvz

Then, let A7 = S PUFUIS? € Coxsi i = 1,2,

V. Diagonalize A;;Sj € C9*% 5 =1,2ie, fort; = 1,2,...,5;5,j5 = 1,2, and some invertible

—— . . ) . g )
Tj € Csi%si, let A;73J — TjA;,sJijl _ diag(a]l, e al )’aij _ Gij o c (C,O < ng < 27, be

Y Sj

T
a corresponding diagonal matrix for A;;Sj. Also, let B;;Sj = TjB;;Sj = {b{, e ’bij} , C’;;Sj =
CioT = [Ci, 7%}, j = 1,2, where b; € C>" b} € C,¢, € C,¢f € C™¢t; =
1,2,y 555 = 1,2.
Note that in theory, there is a possibility that AT®' and/or Ay** are not diagonalizable. In

practice, however, because the diagonalization is numerically computed, A7" and/or Ay** can be

expected to be diagonalizable. In the unlikely scenario where AT*" and/or A5y are not diagonal-
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izable, very small perturbations of the data can be introduced to alter slightly their eigenvalues
and make them diagonalizable. A perturbation can be achieved, for example, by simply adding a
very small value to a pixel of the image.

VI. For h = min(sy, s2), calculate, in the object space, the estimated peak locations (xy, yx),

xp €421, Tsy b Yk € {01, Usy k= 1,..., h, where

Tty = Yp, =

2Mm OM’

Azw; Ny N Ax _ Ayw; N, N Ay

; =12 s, i=12 (231
oMr | 2M’ 5 * (23D

where Ax and Ay are the width and height of each pixel of the image, respectively, and M > 0

denotes the lateral magnification of the microscope system.

The proposed algorithm crucially depends on SVD. Most of the singular values resulting from
an SVD are relatively small and are considered to correspond to noise [50]. Here, an important
question is how many singular values are associated with noise and should be discarded in each
SVD? In the following subsections, we describe the determination of the number of retained sin-
gular values in the three SVDs of the algorithm, and importantly, the number of single molecules
in the given image. In addition, we give a description of the maximum likelihood estimator with
which we will demonstrate the use of the results of the algorithm as the initial conditions for an

estimation routine.
2.4.1 Determination of the number of retained singular values in the first SVD

Let o7 > ... > o > 0, K = min(Ny, Ns), denote the singular values in the first SVD. For
r=1,..,K,let E, := ), o? be the energy of the sequence 0;, 7 = 1, ..., 7. Estimate the optimal

number of retained singular values 7 in the first SVD as
E,
7= minK {r = > T} , (2.32)

where Fy = Zfil o? is the energy of the sequence of all singular values and 7 € R denotes a

threshold value typically chosen in the range [0.8, 0.9] [20]. In Section 2.6.1.3, we examine the
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effect of different threshold values on the detection rate of the algorithm.

2.4.2 Determination of the number of retained singular values in the second and third

SVDs, and the number of single molecules in the image

Let 0f > ... > o) > 0,i = 1,2, be the singular values in the second and third SVDs,

respectively. For [; = 1,..., N;;1 = 1,2, let

) B,
I = mmN{zi: L >TZ}, (2.33)

l;=1,...,N; ENi

where F, := 2?21(0;)2 and Ey, := Z;.\Zl(a;)Q are the energies of the sequences o7, ..., o/ and
ol ..., a}'Vi, respectively, and 7; € R denotes a threshold value which is again typically chosen in
the range [0.8, 0.9] (see Section 2.6.1.3). The estimates l},i = 1, 2, thus denote the number of
singular values that remain after discarding those that are considered to obviously correspond to
noise.

We next try to reduce further the number of singular values to retain using an optimization

approach that minimizes the difference between the original image and the reconstructed image

obtained by the estimated locations of the peaks of the image. For s; = 1, ..., l}-,i = 1,2, let

151222
st . s1 s9 c;bycibs . . .
X7ionsa (kg ky) = S0, 0% (emklml_all)(iigw/%_az),kt =1,..., Ny, t = 1,2, be the estimated
J

data calculated via the algorithm by retaining 7 singular values in the first SVD and s; and s5 singu-
lar values in the second and third SVDs, respectively. In other words, X512 ig the reconstructed
image of Eq. (2.22) after discarding the singular values corresponding to noise. Denoting the poles
of X715 by (a},a}),al, € {al,--- . al },a = |a}] e, 0 < wh < 2m k=1,.. 58,1 =1,2,
and their corresponding product of coefficients in the numerator by p, € C, k = 1, ..., 5159, assume
the peak magnitudes to be |p1| > - -+ > [ps,s,| > 0.

Let h = min(sy, $2) denote the number of single molecules, assuming that we retain s; and

so singular values in the second and third SVDs, respectively. In the following, we estimate the

optimal number of single molecules. Let 8" := (6, ...,0,) € R?" 6, = (2,,0,) € R2,n =
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1, ..., h, such that

Ar 2N, Az Ay wlN, Ay
2, = —

— = , 234
oM« o T oy Tom (2.34)

are the estimated locations of the h peaks with the largest magnitudes. In general, we consider
all possible h-combinations of the poles of X "S1:52 - but in most cases, the single molecules are
associated with the peaks with the largest magnitudes. Let {zl, o sz.x} denote our acquired
data, where N,;, denotes the number of pixels in the image. Then, the estimated number of single
molecules  is given by

Npi:v
h = arg min (2 — pgn (k) | (2.35)

h=min(s1,s2), si=1,..., I;,i=1,2 k=1

where, in the case that the single molecule image is modeled with a 2D PSF, we have, for & =

1, ..., Nyiz, the mean number of photons detected in the k' pixel given by[7]

h
N, n x A Yy ~ nh h :
fign (k) := ; ]\;g /Ck q <M — Tn, i yn) dedy, 0" eR*™, h= min(sy, sg), (2.36)
where N,,,, is the expected number of photons due to the n'® molecule that impact the detector
plane during the image exposure, C}, C R? denotes the region in the detector plane occupied by
the k" pixel, and ¢ is the 2D PSF of the optical system. If the PSF is the Airy profile, then ¢ is

given by
J? (2”%\@2 + y2>

(22 + y?)

q(z,y) = . (z,y) R, (2.37)

where n, denotes the numerical aperture of the objective lens, A denotes the emission wavelength
of the molecule, and .J; denotes the first order Bessel function of the first kind.
2.4.3 Fitting single molecule images using the maximum likelihood estimator

The molecule locations estimated with the proposed algorithm can be used as the initial condi-
tions in any estimation routine. In this chapter, we demonstrate this using the maximum likelihood

estimation routine [37, 6]. In the following, we briefly explain the basis of the maximum likelihood

21



estimation.
Let © denote the parameter space that is an open subset of R™. The maximum likelihood

estimate émle of § € O, for data incorporating Gaussian readout noise, is given by

~

Omie = arg min (—L(Q]zl, ey sziz)) , (2.38)
9co

where {21, ..., zn,,, } denotes an image with N,,;, pixels and L is the log-likelihood function given

by [7]

i 0 .

1 [,ug(k:) —|—ﬂk] e~ 1o (k)+Bx] _l<w>2

L(lel,...,sz)_Zlog< o Z( e 2\ o . (2.39)
k=1 21moy, —0 [!

In Eq. (2.39), in the case of one molecule, 1y(k) is the mean photon count in the k' pixel due to
the molecule and is given by

N, x Y
M@(k) = Mpz/cv' q (M — Zo, M - ?JO) dxdya k= 17 cey Npiata (240)
k

where 0 = (zg,y9) € R? denotes the location of the molecule in the object space, N, is the
expected number of photons from the molecule that are detected over the detector plane, and q is
the Airy profile given by Eq. (2.37). Also, 3 is the background level in the k" pixel, and 7, and o},

denote the mean and standard deviation of the Gaussian readout noise in the k" pixel, respectively.
2.5 Methods
2.5.1 Simulation parameters

To analyze the performance of the proposed algorithm, we simulated different data sets us-
ing parameters commonly used in single molecule experiments. Some data sets comprise repeat
images of one molecule, and some comprise repeat images of more than one molecule. Also,
some data sets are such that each image contains a different set of molecules whose locations are

randomly chosen based on uniform distributions that place the molecules within different spatial
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intervals inside the image. Regardless of the data set, the image of a molecule was generated with
the Airy profile of Eq. (2.37) with a numerical aperture of n, = 1.4 and an emission wavelength
of A = 485 nm. Furthermore, a lateral magnification of M = 100, a detector pixel size of 6.5 ym
X 6.5 pum, and a zero-mean Gaussian readout noise with standard deviation 0 = 6 e~ per pixel,

were assumed. Also, we assumed that all simulated images are background-subtracted.
2.5.2 Imaging experiments
2.5.2.1 Sample preparation

High-performance Zeiss coverslips (#1.5) were prepared as follows: coverslips were sonicated
with the following solutions in succession (each for 20 minutes): 50% HPLC-grade ethanol, 1mM
HCI with 50% HPLC-grade ethanol, 1M KOH with 50% HPLC-grade ethanol, and 50% HPLC-
grade ethanol. The cleaned coverslips were attached to MatTek dishes. 200 pl of Poly-L-lysine
(PLL) solution (Sigma-Aldrich) were added to the glass bottom area of the dishes for 10 minutes
at room temperature. PPL was removed and 250-pM Alexa Fluor 647 fluorescent dye (Invitrogen)
in 200 pl of phosphate-buffered saline (PBS) was applied for 10 minutes at room temperature. The
sample was then washed with PBS twice at room temperature followed by the addition of 1 ml of

PBS to the sample.
2.5.2.2 Microscopy setup

Custom laser excitation optics were installed for a Zeiss Axio Observer.Al microscope. The
laser optics were configured with 635-nm and 405-nm diode lasers (OptoEngine) for the excita-
tion and photoactivation, respectively, of Alexa Fluor 647. The excitation light was reflected using
a dichroic filter (Di01-R405/488/561/635-25x36; Semrock) and focused on the back focal plane
of a 63x, 1.46 NA Zeiss objective lens. The emission light from the Alexa Fluor 647 dye was
collected by the objective lens and filtered using a single bandpass filter (FFO1-676/29-25; Sem-
rock). The images were recorded using an electron-multiplying charge-coupled device camera
(iXon DU897-BV; Andor) in conventional readout mode. The camera pixel size was 16 ym X 16

pm. All components, including lasers, shutters and cameras, were controlled and synchronized

23



using custom software written in the C programming language.
2.5.2.3 Super-resolution imaging

We first removed PBS from the single molecule sample prepared in Section 2.5.2.1 and added
the imaging buffer (50-mM beta-mercaptoethylamine (MEA), 0.5-mg/ml glucose oxidase, 40-
pg/ml catalase in PBS, pH 7.4, with 10% glucose). The sample was sealed with a coverslip and
then positioned on the sample stage of the microscope for 5 to 10 minutes for temperature equi-
libration and the oxygen scavenging process. Images were subsequently acquired at a rate of 20
frames per second. The sample was illuminated with the 635-nm and 405-nm diode lasers alter-
nately with photoactivation by the 405-nm laser every third frame. The frames with 405-nm laser

illumination were excluded from data analysis.
2.6 Results and discussion

In this section, we present and discuss the results of the proposed algorithm when applied to

both simulated and experimental images of single molecules.
2.6.1 Results for simulated data

Using simulated data sets, we first examine the performance of the algorithm in terms of the
detection rate. We then analyze the bias and accuracy of the algorithm. The bias is assessed by the
average of the deviations of the estimated molecule locations from the ground truth. The accuracy
is assessed by looking at the square root of the average of the squared deviations from the ground
truth. For repeat images of the same molecules, however, we look instead at the standard deviation
of the estimates. In particular, for data sets containing repeat images of one molecule, we compare
the standard deviation of the estimates with the limit of the localization accuracy given by the
square root of the CRLB. Besides these analyses, we examine the effect on the detection rate when

different threshold values are used in the first, second, and third SVDs of the algorithm.
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2.6.1.1 One molecule

Here, to evaluate the detection rate of the algorithm, we first simulated data sets in which each
image contains one molecule, whose location was randomly chosen based on a uniform distribution
that places it within the image. For a given data set, the mean photon count is the same for the
molecule in every image. Different data sets differ by this mean photon count, which ranges from
500 to 4500. For each mean photon count, we simulated 200 images. To establish statistical
measures of the detection rate, we needed to pair the molecules localized by the algorithm with
the molecules from the ground truth. For this purpose, we used the Hungarian algorithm with
a search area of radius 100 nm [53]. Then, we categorized the localized molecules which were
successfully paired with ground truth molecules as true positives. The ground truth molecules
that were not paired with any localized molecule and the localized molecules which were not
paired with any ground truth molecule were categorized as false negatives and false positives,
respectively. Denoting the number of true positives by 7P, the number of false negatives by
F'N, and the number of false positives by F'P, we define the precision (PRFE) and recall (REC')
measures as [53]

TP TP

PRE:= —————  REC:
+

. N (2.41)
FN+TP

Figure 2.1 shows the results of the measures of the detection rate for data sets consisting of
images containing one molecule each. It can be seen that for all mean photon counts considered,
there are no false negatives and the recall is 1. Also, the figure shows that by increasing the
mean photon count, the precision increases. However, it is important to note that even when the
mean number of photons is as low as 500, a relatively large number of detected molecules are true
positives (about 86%).

We next examine the bias of the algorithm for a data set in which each frame contains one
molecule whose location in the image is chosen randomly. For this purpose, we simulated 1000
15 x 15-pixel images, each containing one molecule with a mean photon count of 1500 photons.

In each image, the location of the molecule was drawn from a uniform probability distribution
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Figure 2.1: Analysis of the detection rate of the algorithm, applied to data sets in which each image
contains one molecule, whose location in the image is chosen randomly according to a uniform
probability distribution. For a given data set, the same mean photon count is used to simulate the
molecule in each image. Different data sets differ by this mean photon count. For each mean
photon count, 200 images of size 30 x 30 pixels were simulated using the parameters given in
Section 2.5.1. The Hungarian algorithm with a search area of radius 100 nm is used to pair the
localized molecules with the ground truth molecules. Reprinted with permission from [54].
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Figure 2.2: Analysis of the error of location estimates obtained from a data set in which each frame
contains one molecule whose location in the image is chosen randomly. Shown in the left and
right plots are the differences between the x-estimates and the true x-values, and the differences
between the y-estimates and the true y-values, respectively, for the true positives obtained with
the algorithm. The data set consists of 1000 15 x 15-pixel images, each of a molecule with a
mean photon count of 1500 photons whose location is randomly chosen from a uniform probability
distribution that places the molecule between the 2"¢ and 14'" pixel in both the = and y dimensions.
The images were simulated using the parameters given in Section 2.5.1. Reprinted with permission
from [54].
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that places it between the 2"¢ and 14'" pixel in both the = and y dimensions. (We assumed that
no molecule was located near the edges of the 15 x 15-pixel image.) As shown in Fig. 2.2,
the deviations of both the x and y location estimates from the ground truth are, overall, centered
around 0 nm. Therefore, the results suggest that, in the case where there is only one molecule per
image, there is no systematic bias associated with the algorithm in this case (the average of = and
y deviations are 0.321 nm and 0.335 nm, respectively). Also, the square root of the average of the
squares of the z and y deviations are 9.123 nm and 9.467 nm, respectively, which are close to the
standard deviations of the estimated locations obtained for a data set consisting of repeat images of
one molecule with the same mean photon count of 1500 photons (analysis of data sets with repeat
images is presented next). This suggests that the variation of the deviations about the ground truth
is reasonable.

To examine further the bias of the algorithm, we simulated data sets containing repeat images
of one molecule. The data sets differ by the mean photon count of the molecule, which we assume
does not vary from frame to frame in a given data set. This mean photon count ranges from 500
to 4500 for the different data sets. For each data set, we simulated 1000 repeat images. Figure 2.3
shows, as a function of the mean photon count, the differences between the averages of the x- and
y-estimates for the correctly detected (i.e., true positive) molecules and the corresponding true x-
and y-coordinates. Similar to the case of data sets with non-repeat images [Fig. 2.2], the evenness
of the spread of the estimated bias about O nm for both coordinates suggests that when there is only
one molecule per image, there is no systematic bias associated with our proposed algorithm.

We next evaluate the performance of the algorithm in terms of the standard deviation of the
estimates for the sets of repeat images. For nine of the data sets from Fig. 2.3, we calculated
the standard deviations of the z-estimates and y-estimates for the correctly detected (i.e., true
positive) molecules. The percentage differences between the standard deviations and the CRLB-
based limits of the z-localization accuracy and y-localization accuracy [7] are shown in Fig. 2.4.
The percentage difference is the absolute difference between the standard deviation of the estimates

and the corresponding limit of accuracy, expressed as a percentage of the limit of accuracy. As
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Figure 2.3: Analysis of the average of location estimates obtained from repeat images of one
molecule. Shown in the left and right plots are the difference between the average of the z-
estimates and the true z-value, and the difference between the average of the y-estimates and
the true y-value, respectively, for data sets that differ by the mean photon count assumed for the
molecule per image. For each mean photon count, the data set consists of 1000 images of size
15 x 15 pixels, simulated using the parameters given in Section 2.5.1. Reprinted with permission
from [54].
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Figure 2.4: Analysis of the standard deviation of location estimates obtained from repeat images of
one molecule. (a) The standard deviations of the x- and y-estimates for nine of the data sets from
Fig. 2.3. (b) The percentage difference between the standard deviation of the x-estimates and the
limit of the x-localization accuracy, and the percentage difference between the standard deviation
of the y-estimates and the limit of the y-localization accuracy. The percentage difference is the
absolute difference between the standard deviation of the estimates and the corresponding limit of
accuracy, expressed as a percentage of the limit of accuracy. Reprinted with permission from [54].
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Figure 2.5: Analysis of the standard deviation of location estimates produced by the maximum
likelihood estimator when the location estimates obtained with the algorithm are used as the initial
conditions. (a) The standard deviations of the maximum likelihood z- and y-estimates for the
same data sets as in Fig. 2.4, which comprise repeat images of one molecule. (b) The percentage
difference between the standard deviation of the z-estimates and the limit of the x-localization
accuracy, and the percentage difference between the standard deviation of the y-estimates and the
limit of the y-localization accuracy. Reprinted with permission from [54].
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Figure 2.6: Analysis of the detection rate of the algorithm, applied to data sets in which each image
contains multiple molecules whose locations in the image are chosen randomly. For a given data
set, the mean photon count is the same for each molecule in every frame. The location of each
molecule is drawn from a uniform distribution that places it inside the image, with the constraint
that the distance between each pair of molecules is not less than the minimum distance d,,;,. For
each data set, we simulated 200 images of size 30 x 30 pixels using the parameters given in Section
2.5.1. For data sets in which there are two molecules per image, the precision and recall measures
are shown as a function of d,,;, in (a), where the mean photon count is 2500 photons/molecule,
and as a function of the mean photon count in (b), where d,,;,, = 100 nm. For data sets in which
there are three molecules per image, the precision and recall measures are shown as a function of
dmin 1n (), where the mean photon count is 2500 photons/molecule, and as a function of the mean
photon count in (d), where d,,,;, = 100 nm. The Hungarian algorithm with a search area of radius
100 nm 1is used to pair the localized molecules with the ground truth molecules. Reprinted with
permission from [54].
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shown in Fig. 2.4, when the mean number of photons increases, the standard deviation of the
estimates decreases. Also, as can be seen in the second row of Fig. 2.4, the differences between
the standard deviations of the estimates and their respective limits of the localization accuracy are
around twice (i.e., around 200% of) the limits of accuracy. This difference likely arises from the
fact that our algorithm approximates an Airy profile with the frequency response of a first-order
system, and there is a difference between the shape of the peak of an Airy profile and that of the
first-order system in the frequency domain. In Appendix A, we applied our algorithm to images
simulated using the frequency response of a first-order system rather than an Airy profile, and in
that case, the standard deviations of the x- and y-estimates came close to their respective limits of
accuracy.

Also, we used the location estimates obtained with the algorithm from a set of repeat images as
initial conditions for the maximum likelihood estimation of the location of the molecule from those
same images. This maximum likelihood estimator fits an Airy photon distribution profile to the
image data, and the equations that describe how the maximum likelihood estimates are calculated
are given in Section 2.4.3 [Egs. (2.38) and (2.39)]. We calculated the standard deviations of the
resulting x-estimates and y-estimates, and the percentage differences between them and the limits
of the z-localization accuracy and y-localization accuracy [Fig. 2.5]. We only considered those
estimates for which the estimated locations were within the image. As can be seen in Fig. 2.5, the
standard deviations are substantially smaller compared to those obtained with the algorithm [Fig.

2.4], and come close to the limits of accuracy, consistent with the results in [37] and [6].
2.6.1.2  Multiple molecules

So far, we have evaluated the performance of the algorithm in the case where we have only one
molecule in any given image. Here, we analyze the results obtained when the algorithm was used
to simultaneously localize molecules from images that contain multiple closely spaced molecules.
As before, we first analyze the detection rate of the algorithm. For this purpose, we simulated
data sets containing images of either two or three molecules. For each image, the location of

each molecule is randomly chosen from a uniform probability distribution that places the molecule
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Figure 2.7: Reconstruction of images containing two or three closely spaced molecules. (a) Images
of size 60 x 60 pixels of 2, 3, and 2 closely spaced point sources separated from one another by
a distance d of 300 nm, 250 nm, and 50 nm, respectively. The images are simulated using the
parameters given in Section 2.5.1. (b) Mesh plots of the images shown in (a). (c) Mesh plots of
the magnitude of the reconstructed image (algorithm result), showing the detection of 2, 3, and 2
single molecules in the image. Reprinted with permission from [54].
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inside the image, with the constraint that the distance between each pair of molecules is not less
than a minimum distance d,,;,. In one case, all data sets are simulated with the same minimum
distance of d,,,;, = 100 nm, but differ by the mean photon count per molecule, which ranges from
500 to 4500. More specifically, each data set comprises 200 images, where each image contains
molecules with the same given mean photon count. In another case, the mean photon count is the
same for all data sets at 2500 photons/molecule, but the data sets differ by d,,;,, which ranges
from 100 nm to 500 nm. Here, each data set comprises 200 images, where each image contains
molecules separated by the same given minimum distance d,,;,. Figure 2.6 shows the precision
and recall measures for the different data sets (similar to the one-molecule case, the Hungarian
algorithm with a search area of radius 100 nm was used to pair the localized molecules with the
ground truth molecules). Specifically, the figure shows that the recall for all data sets is more than
95%. The precision is likewise quite good, as even when the mean number of photons is as low as
500 photons/molecule, or the minimum distance between each pair of molecules is as small as 100
nm, a relatively high percentage (around 85%) of the detected molecules are true positives. We
also analyzed the detection rate for data sets with more molecules per image (5, 7, and 9 molecules
per image), and obtained similar results. To give examples of the reconstructed image calculated
from our algorithm, we simulated images of size 60 x 60 pixels containing two or three closely
spaced molecules separated by a distance d of 50 nm, 250 nm, and 300 nm, with a mean photon
count of 1500 photons/molecule. We then reconstructed each image by applying our algorithm.
As shown in Fig. 2.7, in all cases we were able to distinguish the closely spaced molecules from
each other.

We next analyze the bias and accuracy of the algorithm when applied to data sets consisting of
repeat images of multiple molecules. Unlike the one-molecule case, bias is observed here. We first
characterize this bias by demonstrating its dependence on the distances between the molecules
relative to the image size. In the following, we focus on data sets comprising images of two
molecules, though we also analyzed data sets with three and five molecules and obtained similar

results. We simulated data sets comprising 15 x 15-pixel, 20 x 20-pixel, and 40 x 40-pixel images
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Figure 2.8: Analysis of the average of the location estimates obtained from sets of repeat images
of two molecules. Shown in the left and right plots are the differences between the average of
the z-estimates and the true z-value for the first and second molecules, respectively, for data sets
comprising 15 x 15-pixel, 20 x 20-pixel, and 40 x 40-pixel images. For each image size, distances d
between the two molecules are chosen around half of the side length of the square region occupied
by the image in the object space. For a given data set, we simulated 500 images with a mean
photon count of 2500 photons/molecule and the parameters given in Section 2.5.1. The results for
d = s/2, where s = 65N nm is the side length of the square region occupied by an N x N-pixel
image in the object space, are shown with filled symbols. Reprinted with permission from [54].

in order to evaluate different combinations of the distance d between the two molecules and the
image size. For a given data set, we simulated 500 images with a mean photon count of 2500
photons/molecule, a pixel size of 6.5 ym x 6.5 pum, and a lateral magnification of 100. For these
settings, the area occupied by an N x N-pixel image in the object space is an s X s square region,
where s = 65N nm (e.g., for N=20, s = 1300 nm). For each data set, the difference between the
average of the estimated x-locations for the correctly detected molecules and the corresponding
true x-coordinate is plotted in Fig. 2.8. For each image size considered, the figure shows that as
d approaches s/2 (e.g., for N=20, s/2 = 650 nm), i.e., as the difference between the phases of
the poles of the second-order system resulting from the algorithm approaches the maximum of 7
rad on the unit circle, the effect of the poles on each other decreases and the estimated bias for the
location of each molecule approaches 0 nm. The results for d = s/2 are shown with filled symbols
in Fig. 2.8. Also, we calculated the results for the y-estimates and obtained similar results.
Having characterized the nature of the bias, we next analyze, as we did in the case of one

molecule, the bias and accuracy of the algorithm as a function of the mean photon count per
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Figure 2.9: Analysis of the average and standard deviation of location estimates obtained from
sets of repeat images of two molecules as a function of the mean photon count per molecule.
Two scenarios are considered - one in which the distance d between the two molecules is 650
nm, and one in which d is 487.5 nm. For each scenario, the data sets differ by the mean photon
count per molecule. For each mean photon count, the data set consists of 500 repeat images
of size 20 x 20 pixels, simulated using the parameters given in Section 2.5.1. (a) Differences
between the average of the estimated x-locations and the corresponding true x-coordinates for the
two molecules. (b) The standard deviations of the estimated x-locations for the two molecules.
Reprinted with permission from [54].
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molecule. For this purpose, we simulated data sets which contain repeat images of two molecules.
These data sets again differ by the mean photon count per molecule, which we assume does not
vary from frame to frame. This mean photon count ranges from 500 to 4500 for the different data
sets. We simulated 500 20 x 20-pixel images per data set. In one case, the distance d between
the two molecules is 650 nm (which corresponds to the filled circle in Fig. 2.8), and in another
case, d = 487.5 nm (which corresponds to the first open circle to the left of the filled circle in Fig.
2.8). Looking at the two distances allows us to verify the effect of different distances between the
molecules relative to the image size. To assess the bias of the algorithm, for each molecule in a
given data set, we calculated the difference between the average of the estimated z-locations and
the corresponding true x-coordinate. As can be seen in Fig. 2.9, when d = 650 nm, the estimated
bias is around O nm for both molecules. On the other hand, when d = 487.5 nm, the estimated bias
levels are around 3.5 nm and -3.5 nm for molecules 1 and 2, respectively. These bias results are
consistent with the illustration of bias in Fig. 2.8. Note that we also analyzed the y-estimates and
obtained similar results.

For each distance d, we calculated the standard deviations of the estimated x-locations for nine
of the data sets. As shown in Fig. 2.9, for both distances, as the mean number of photons per
molecule increases, the standard deviation of the estimates decreases. Also, even when the mean
photon count is as low as 500 photons/molecule, the plots show that our algorithm can still localize
the molecules with relatively high accuracy (the standard deviations of the x-estimates are around
30 nm for both molecules when d = 487.5 nm, and around 27 nm when d = 650 nm). Similar

results were obtained for the y-estimates.
2.6.1.3 Analysis of the effect of threshold values on the detection rate of the algorithm

In Sections 2.4.1 and 2.4.2, typical threshold values in the range [0.8, 0.9] are suggested for
the first, second, and third SVDs of the algorithm. Here, we carry out a more in-depth analysis on
the effect of the threshold values on the detection rate of the algorithm. The results of our analysis
show that in the case that we have a relatively large number of photons per molecule, the detection

rate of the algorithm is not very sensitive to the threshold values. Provided that a relatively high
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Table 2.1: Detection rate of the algorithm as a function of the threshold values used for the retention
of singular values in the first, second and third SVDs.

Data set Mean photon count | Threshold for | Threshold for the Recall | Precision
per molecule the 15 SVD | 2"¢ and 3"¢ SVDs
0.7 0.7 1 0.857
0.7 0.8 1 0.850
0.7 0.9 1 0.850
0.8 0.7 1 0.786
1 500 0.8 0.8 1 0.768
0.8 0.9 1 0.768
0.9 0.7 0.994 0.755
0.9 0.8 0.994 0.722
0.9 0.9 0.994 0.722
0.7 0.7 0.994 0.933
0.7 0.8 0.994 0.933
0.7 0.9 0.994 0.933
0.8 0.7 0.994 0.933
2 1000 0.8 0.8 0.994 0.933
0.8 0.9 0.994 0.933
0.9 0.7 0.994 0.933
0.9 0.8 0.994 0.933
0.9 0.9 0.994 0.933
0.7 0.7 0.994 0.994
0.7 0.8 0.994 0.994
0.7 0.9 0.994 0.994
0.8 0.7 0.994 0.994
3 2500 0.8 0.8 0.994 0.994
0.8 0.9 0.994 0.994
0.9 0.7 0.994 0.994
0.9 0.8 0.994 0.994
0.9 0.9 0.994 0.994

Results are shown for three simulated data sets that differ by the mean photon count per molecule
per image. Each data set consists of 100 images in which there are two molecules per image. The
location of each molecule is randomly chosen from a uniform distribution that places the
molecule inside the image, and is subject to the constraint that the distance between the two
molecules is not less than 400 nm. Reprinted with permission from [54].
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Figure 2.10: Result of the algorithm applied to an experimental super-resolution image. (a) Image
of individual Alexa Fluor 647 molecules acquired using the microscopy setup described in Section
2.5.2. The pixel size and image size are 16 yum x 16 ym and 192 x 192 pixels, respectively. (b)
The magnitude of the reconstructed image obtained with the algorithm. Reprinted with permission
from [54].

threshold value (e.g., in the range [0.7, 0.9]) is used to ensure that singular values corresponding
to signal are not discarded, it appears that the optimization procedure of Section 2.4.2 is able to
remove the singular values corresponding to noise and yield the correct result. On the other hand,
in the case of a low number of photons per molecule, the differences between the singular values
that correspond to noise and the singular values associated with signal are often small, and there is
no straightforward guideline to choose the threshold values.

In our analysis, we consider three simulated data sets in which there are two molecules per
image. The three data sets differ by the mean photon count per molecule per image, which we
chose to be 500, 1000, and 2500. As can be seen in Table 2.1, when the mean photon count is 1000
or 2500 per molecule, the recall and precision remain unchanged for threshold values of 0.7, 0.8,
and 0.9. However, in the case of the low mean photon count of 500 per molecule, use of a high
threshold value, such as 0.8 or 0.9, for the first SVD, leads to the retention of more noise singular

values and results in a nontrivial reduction of the precision.
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Figure 2.11: Results of the algorithm applied to an ROI from an experimental super-resolution

image. (a) A 41 x 41-pixel ROI of the super-resolution image shown in Fig. 2.10. (b) The magni-

tude of the reconstructed image (algorithm result). (c) The image reconstructed using Eq. (2.36),

in which the single molecule locations estimated using our algorithm are used in the computation

of the Airy profile ¢ in Eq. (2.37), and in which the mean photon counts N, , and the parameter
27N

o := =it are separately estimated with a maximum likelihood estimator. (d), (¢), and (f) show the

mesh plots of the images in (a), (b), and (c), respectively. Reprinted with permission from [54].
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2.6.2 Results for experimental data

Here, we present the results obtained by applying the proposed localization algorithm to ex-
perimental single molecule image data acquired as described in Section 2.5.2. Both the acquired
image and the reconstructed image are shown in Fig. 2.10, demonstrating that we were able to
recover the locations of the significant peaks in the original image that are associated with the
locations of individual Alexa Fluor 647 dye molecules.

We next applied the algorithm to a relatively small 41 x 41-pixel region of interest (ROI) [Figs.
2.11(a) and 2.11(d)] in the acquired image so that a better visual comparison can be made between
the reconstructed image obtained with the algorithm and the actual image. In addition to the image
reconstructed in terms of the parameters of the multi-order system [Figs. 2.11(b) and 2.11(e)], an
image is reconstructed using Eq. (2.36), in which the single molecule locations estimated using
our algorithm are used in the computation of the Airy profile ¢ [Figs. 2.11(c) and 2.11(f)]. For this
purpose, we separately estimated the mean photon counts N, ,, in Eq. (2.36) and the parameter
o= 2”% in Eq. (2.37) using a maximum likelihood estimator. The reconstruction using the Airy
profile provides a better visual comparison with the actual image by showing peaks with more

comparable intensities.
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3. PARAMETER ESTIMATION OF SINGLE MOLECULE TRAJECTORIES*

3.1 Introduction

Tracking of objects in cellular environments has become a vital tool in molecular cell biol-
ogy. A particularly important example is single molecule tracking which enables the study of the
motion of a molecule in cellular environments by locating the molecule over time. As mentioned
in the introduction chapter, the performance of available single molecule trajectory data analysis
methods are limited by several limiting factors. For example, most available methods only fo-
cus on Gaussian measurements that occur at equidistant time points. Here, in order to address
these limitations, we consider a dynamical system where the motion of an object is modeled by
stochastic differential equations, and measurements are the detected photons emitted by the mov-
ing fluorescently labeled object, which occur at discrete time points, corresponding to the arrival
times of a Poisson process. The measurements are distributed according to the optical diffraction
theory, and therefore, they would be modeled by different distributions, e.g., an Airy profile for an
in-focus and a Born and Wolf profile for an out-of-focus molecule with respect to the detector. For
some special circumstances, Gaussian image models have been proposed. Although in most of the
available approaches, the motion of the molecule is limited to Brownian motion (pure diffusion)
model, the dynamical system considered here allows for more general motion models.

In the following, we present the statistical description of the acquired data, and derive a gen-
eral formula for the likelihood function of the described data model. Here, we use the following

notation
Cl X R%t} = {(Th”' y T, T, 0 7Tl) |T17"' » Tl eC,to STI <7 St}a (31)

where C := R%, ¢ty € R, and [ = 1,2, - - -. If there is no bound on 7;, we denote the set in Eq. (3.1)

*From “Fisher information matrix for single molecules with stochastic trajectories,” by M. R. Vahid, B. Hanzon,
and R. J. Ober, submitted to SIAM Journal on Imaging Science.
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by C! x R!

[oo]®

3.2 Fundamental data model

A basic setup of an optical system considered here is shown in Fig. 3.1, where an object is in the
object space and its image is captured by a planar detector in the image space. In the fundamental
data model, we assume that the microscopy image data is acquired under ideal conditions. It
assumes the use of an image detector that has an unpixelated photon detection area. The detection
of a photon is intrinsically random in terms of both the time and the location on the detector at
which the photon is detected. In general, the temporal part of the detection of the emitted photons
can be modeled as a counting process { N (7), T > to}. Here, we assume that {N(7),7 > to} isa
Poisson process referred to as the photon detection process that is characterized by the intensity
function A(7), T > t¢, referred to as the photon detection rate. The spatial component of the photon
detection process is specified by random variables, referred to as the photon location variables, that

describe the locations at which photons emitted by the object of interest are detected.

<+————— Object space Pl Image space ——MMM

4
Xo(T  AYo Lens system Detector
9( ) ¢ (objective lens

and tube lens)

Optical
axis

G

xo/ : \p\ xiA/Image

detector
plane 7 plane

Object o

N,
N,
N,
N,
N,
N,
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Figure 3.1: Schematic of an optical microscope. An object located in the object (focal) plane is
imaged by an optical lens system and the image of the object is acquired by the planar detector in
the image space. A 2D random variable Xy(7), T > t(, describes the location of the object in the
object plane at time 7.
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In the following definition, we define a spatio-temporal process referred to as the image de-
tection process, which models the acquired data, for two different acquisition methods, one when
the time interval over which photons are detected is given and the other when the total number
of detected photons is given. For a fixed acquisition time, due to the stochastic nature of photon
emission, the total number of detected photons varies for every image, while in the other case, the

number of detected photons remains the same.

Definition 1. Let C := R? denote a non-pixelated detector. Let R",n = 1,2,---, be the n-
dimensional full parameter space. Let the parameter space © describe an open subset of R" con-
taining the true parameters. Elements in © are described by a parameter vector 0 € ©. Let the 1D
random variables T1,T5, - - -, describe the time points of detection of the photons that impact the
detector C, which are arrival time points associated with a Poisson process with intensity function
A(T), 7 > to,tg € R. Let Uy, Us, - - -, be 2D random variables that describe the locations of de-
tection of the photons that impact the detector C. For| =1,2,---, letU; := (Uy,--- ,U;) ,Uy = 0,
and T, := (T1,--- , 1)), To = 0. Assume that the current location of the detected photon, given
the current and previous time points, is independent of the future time points, i.e., for r € C and

o <711 <Tp<---,

PULIT: (7’|7’1,--- ,Tk> = pum (7’|7’1,--- ,Tl>, forallk,l=1,2,---, k>I,

where, for random vectors X and Y, the conditional probability density function of X, given 'Y, is
denoted by px|y.

1. For a fixed acquisition time interval [t, t], an image detection process Gy ( (Z/{[t], 7],5}) ,.C, @>
for a time interval [t,t] is defined as a spatio-temporal process whose temporal part T and
spatial part Uy describe the time points and the locations of detection of the photons that impact

the detector C in the time interval [ty t], respectively, i.e., for w € ), where <) is the sample space,

USt(w) = TSt(w) = @, St(w) =0,



and
ﬁt} (w) = (Tl(w)’ T 7TSt(w) (w)) ) u[t] (w) = (Ul(w)’ T ’USt(w) (w)) ’ St(w) >0,

where tg < Ty (w) < -+ < Tg,w)(w) < t, and Sy is a discrete 1D random variable that takes its
values in the non-negative integers such that Ts, .y (w) < t, Ts,(w)+1(w) > t, Si(w) > 0.

2. Given a fixed number L = 1,2, - - -, of photons, an image detection process Gy, ( (U, Tz),C,
@) for a fixed number L of photons is defined as a spatio-temporal process whose temporal and
spatial parts describe the time points and the locations of detection of the L photons that im-
pact the detector C, respectively. Moreover, given Ty, = (11, ,71),to < 71 < Ty < -+ <
To, Gryoory ( U, T),C, @) is referred to as the image detection process at fixed time points

T, s TL-

In Theorem 2, we state expressions for the probability/probability density functions of image
detection processes for a fixed time interval and for a fixed number of photons in terms of the
conditional distributions of the locations of the detected photons, given the previous locations and
the current and previous time points of the detected photons. We further show that each of these
conditional distributions can be expressed in terms of a scaled and shifted version of the image of
the object and the distribution of the prediction of the object location, given the previous locations
and time points of the detected photons. We drop the parameter vector # € ©, when it is clear from

the context.

Theorem 2. Let Gy ( (L{[t], ﬁt]) ,C, @> and QL< UL, Tr),C, @) be image detection processes for
a time interval [t, t| and for a fixed number L of photons, respectively. Let Dy := (L{[t], 7}]) , Dy :=
Uy, T)  k=0,1,---

1. Then, the probability of Dy = () and N(t) = 0 is given by

P(Dy =0, N(t) =0) = e~ fo O,
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and the probability density function pyy of Dy and N (t) is given by

K
- (dK, K) — o Jig M)dr H Alrp)
k=1

K
1_[10U1|TZ,DH (Tl\Tl,dz—1)] , (3.2)

=1

where di; € C* x Rff], K =1,2,---, and py, 1, p, , denotes the conditional probability density

function of Uy, given T;, D;_, with py, |1, p, <T1 |71, d0> = puyImy <r1 |7'1>.
2. Moreover, the probability density function py, of Dy, is given by

L
PL <dL) =e ftgL Ar)dr H A(Tk>

k=1

L
HPU”T,,DH (Tl\Tl,d11>] , dpeclx R[Loo}- (3.3)
=1

Proof. 1. According to [55, 56] and Lemma 4 (see Section B.6), the probability P(DM =

0,N(t) = O) is given by

P(D[t] —0,N(t) = 0) - P(N(t) - 0) = ¢ o MDY
Also, the probability density function py; of Dy and N (t) is given by
Pit) (deK) = Pl | T, N(¢) (Tl,"' JTR|TL, aTKvK)pTK\N(t) (71,"' 77K|K)P(N(t) = K>7 (3.4)

where d; € C' x R, and K = 1,2, ---. According to Lemma 4 (see Section B.6),

[t]

P<N(t):K>:ie‘fto </A dT> K =0,1,--- (3.5)

and
KT
pTK|N(t)(7—17”' 7TK|K> - tHkl ( >7 K= 1727”' ) (36)
(Jo Atrir)
and using the assumption of Definition 1 (it is assumed that U;,l = 1,--- | K, is only dependent
of the previous and current time points 77, - -- ,7;, and is independent of the future time points
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Ti41, -+, Tk and the total number N (t) of the detected photons),

DU | T ,N(t) (7’1,"' STER|TL ,TK,K)
= DU T (T1, TR ’TK)
= PUk|Tw D1 (TK|TK7 61lK—1)PUK_1|TK_1.,TK,DK_2 (TK71|TK717 TK dK72>
X X Puy | T (T1|7—17"' ,TK)
= PUk|Tx ,Dx—1 (TK|7'Ka ClK—l)pUK,l|TK,1,DK,2 (""K—1|7'K—17 dK—z)

- X Puy Ty (7“1\7’1)

>< ..
K

= HPUZ|TZ,DL,1 (Tl|Tz,dz—1), 3.7)
=1

where py, i, D, (7“1|7'1, do) = PuyIm, <r1\ﬁ>. By substituting Egs. (3.5)-(3.7) into Eq. (3.4), we

have

K
Pl (dK; K) —e ftto A(T)dr H A(mg)
k=1

K
HPU”TZ,DZ,l (7‘1\71, dz1)] :

=1

2. The probability density function p;, of Dy, is given by

pL<dL) = Pur |71 (?”1,"' ,TL!Tl,'" JL)pTL (Tb"' ,TL)

L
= ll_IPU”T,,Dl1 (Tl\Tl,d11)] DT (717"' ,TL>7 (3.8)

-1
where d; € C! x Rloo] and whereby Lemma 4 (see Section B.6),

L
pry (- o7 = A0 [T Am). (39)

k=1

By substituting Eq. (3.9) into Eq. (3.8), we have

L L
pL (dL> — e ftOL A(r)dr H A(7) !HpUlez,Dz1 (7‘[’7’1, dl_1>] ,

k=1 =1
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and it completes the proof. O

Note that, as can be seen in the above theorem, the probability density function of an image
detection process for a time interval [t,t] depends on the integral of the photon detection rate
A(T), T > to, over the time interval [y, t], and the probability density function of an image detec-
tion process for a fixed number L of photons depends on the integral of the photon detection rate
over the time interval [ty, 77|, where 77, denotes the time point of the L' (last) detected photon.

The probability density function of the location at which a photon emitted by the object of
interest is detected, is referred to as the image profile of the object. So far we have made no
assumptions about the specific functional form of the image profile of the object. In many practical
cases, the image profile can be described as a scaled and shifted version of the image function. In
such cases, an image function describes the image of an object on the detector plane at unit lateral
magnification. Also, in general, the trajectory of the object can be described by a random process.
In the following definition, we define image detection processes driven by a stochastic trajectory

of the object and the image function for a fixed time interval and for a fixed number of photons.

Definition 2. Let Gy ( (Z/l[t], 7@]) ,C, @) and Gy, ( U, T),C, @) be image detection processes for
a time interval [ty,t] and for a fixed number L of photons, respectively. Let X (1), T > to, denote
a 3D random process that describes the 3D stochastic trajectory of the object. Also, let { f,},cps
defined on the detector C, be a family of image profiles of an object located at x € R? in the object
space. Assume that the current location of the detected photon, given the current location of the

object, is independent of the previous locations and time points of the detected photons, i.e., for all

x € R3,

PUL|X(T))/T1, Dy <7“l|93,Tz,d5—1> = PU,IX(m) <7“l|93> = fo(r), mec,

where d; € C' x Rl[t] for Gy, d; € Cl x Rfm] for G, pu,x(1)1,,p,_, IS the conditional probability
density function of Uy, given X (1), T}, D;_1, and py, x (=) denotes the conditional probability den-

sity function of Uy, given X (1;). Assume that there exists a function q.,: R* — R, zy € R, such that
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for an invertible matrix M € R**? and x := (¢, yo, 20) € R,

o 1 -1, T
o 1) = ey (M1 = o)), rec (3.10)

In the above equation, q.,, which is referred to as the image function, is a function that describes,
at unit lateral magnification, the image of the object in the detector plane when the object is located
at (0,0, zo) in the object space.

Image detection processes Gy (X, (Z/{[t], 7],5}) ,q,C, @) and Gy, (X, U, T),q,C, @> driven by
the stochastic trajectory X and image function ¢ for a time interval [t, ¢] and for a fixed number L

of photons are defined as the spatio-temporal processes Gy and G, respectively.

In the classical case of a measurement error, the image function ¢, is defined as a function
of (r — M (o, yO)T), which is the deviation between two locations in the image space. Here,
however, in order to be consistent with our previous framework developed for a static object, g,
is defined as a function of (M Ly — (a0, yO)T) , which is the difference between two points in the
object space.

We next illustrate specific image functions that describe the image of a point source. According
to the optical diffraction theory, when a point source is in-focus with respect to the detector, the
intensity distribution of the image of the point source is described by an Airy profile given by [7]

(see Fig. 3.2(a))

Jp (e Ja2 4 )

T (2?2 + y?)

q(z,y) = . (z,y) eR? (3.11)

where n, denotes the numerical aperture of the objective lens, A denotes the emission wavelength
of the molecule, and J; denotes the first order Bessel function of the first kind. The 2D Gaussian
profile, on the other hand, which has been widely used to approximate the Airy profile, is given by

L e”(%) (z,y) € R?, (3.12)

¢(2,y) = 55
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where o > 0.
For an out-of-focus point source, the image function can be obtained by the classical Born and

Wolf model given by [36]

2

, (z,y) €R? (3.13)

2
4mn?

)\2

0 (T,y) =

1 )
2 a ﬁngz
/ JO (WTH x2+y2p> 6] noxop2pdp
0

where J; is the zeroth-order Bessel function of the first kind, n, is the refractive index of the

objective lens immersion medium, and 2z, € R is the z-location of the point source on the optical
axis in the object space. When the point source is in-focus with respect to the detector, i.e., it lies

in the object plane, then z; = 0 and Eqgs. (3.11) and (3.13) are equivalent.

~
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Figure 3.2: Image function examples. (a) Airy and (b) symmetric Gaussian profiles, which describe
the images of an in-focus point source, simulated by Eqgs. (3.11) and (3.12), respectively, with the
parameters given in Section 3.4.1. (c) Born and Wolf profile simulated by Eq. (3.13) with the
out-of-focus level 2y = 1 um, and the parameters given in Section 3.4.1.

We calculate py,1,p, ,,! = 1,2,---, for more general cases. In the following corollary to
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Theorem 2, by describing these conditional probability density functions in terms of the image
function, we derive expressions for the probability density functions of the image detection pro-
cesses driven by the stochastic trajectory X and image function ¢ for a time interval [t, ¢] and for
a fixed number L of photons.

Corollary 1. Let Gy (X, (U[t], 7@5]) ,q,C, @) (orGr, (X, U, T1) ,4,C, @)) be an image detection
process driven by the stochastic trajectory X and image function q for a time interval [ty,t] (or

for a fixed number L of photons). Then, the conditional probability density function py, 1, p, ,,l =

1,2,---,in Eq. (3.2) (or in Eq. (3.3)) of Theorem 2 is given by, for x := (z0, yo, 20) € R3,

Pu, 1,04 (Tl\Tl,dl—1> :/ Je (Tz)pprl <I’Tl,dl—1)dI
R3

1

= —|det(M)| \ qz (M—lm — (0, Y0) )pprl (wln, dl_l)dx, (3.14)
R

where d; € C' x ]Rl (or d; € C' x ]Rl ]) Ppr, = DX(T)|T,D,_, denotes the distribution of the
prediction of the object location, p,,, (x|7’1,d0> = Dpr <x|7'1>, and f,,x € R3 is the image

profile of an object located at x in the object space.

Proof. The conditional probability density function py,|7, p,_, in Egs. (3.2) and (3.3) of Theorem

2 can be written as, for = := (g, yo, 20) € R?,

PU|T;, Dy 1<7“I\Tz,d171>
/ PULLX(T))|T3, D 1(7“1,575\777611 1)d
RS
/SpUl|XTl )T, Dy 1(7“l|fU Ty, dy— 1) X(Tl)|Tl,Dl_1<9€|Tladl—1)dl‘
R

= / fz (11) Ppry (mlTl, dlfl)dx'
R3

1 —
= W /RS 4z (M 17‘[ - (IL’O) yO))pprl (ﬁ’Tl, dl_l)dl’, (315)

where d; € C! x R | for Gy (or d; € C! x Rl | for G1), ppr, = px(ayimp,_ 11 = 1,2, -+, denotes
the distribution of the prediction of the object location, and p,,,, (:c\ﬁ, dg) = Dpry (:c]ﬁ> , in which

we have used the assumption of Definition 2. O
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As can be seen in the above corollary, the expression of the probability density function of
the image detection process depends on the distribution p,,,,l = 1,2, - - -, of the prediction of the
object location, given the previous locations of the detected photons and the current and previous
time points. In the following section, we introduce linear stochastic systems and calculate p,,,, [ =
1,2, -, for them.

In Theorem 2, we expressed the probability density functions of image detection processes in
terms of conditional probability densities py, 1, p, ,,! = 1,2,-- -, of the locations of the detected
photons, given the previous locations and the current and previous time points of the detected
photons. In particular, for an object with a deterministic trajectory or a static object, the conditional
probability densities py,7,p, ., = 1,2, -, are given as follows. For an object with deterministic

trajectory X (7) € R3, 7 > t,, we have

PUT D (7”1|7‘z, dl—l) = puyn,(1i|T) == fxem) (1) - (3.16)

Also, for a static object with position X, € R*, we have
PU|T), Dy <7’l!Tl, dz-1) = pu,(r1) = fx, (1) 3.17)

3.3 Linear stochastic systems

In general, the motion of an object in cellular environments is subject to different types of
forces, e.g., deterministic forces due to the environment and random forces due to random colli-
sions with other objects [29, 30]. The 3D random variable X (7) denotes the location of the object
at time 7 > ty. Then, the motion of the object is assumed to be modeled through a general state

space system with state X (1) € R¥, 7 > tg, as

X(m1) = o(m, i) X (1) + W, 1), Toi=to < <o <Tpg < -+, (3.13)
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where we assume that there exists a function g: R¥ — R3 such that X (1) = g (X (T)) , T > to,

d(7, T141) € R¥*¥ is a state transition matrix, and

{W(Tl, Tiv1), L =1,2,---} is a sequence of k-dimensional random variables with probability

density functions py,, . .
The general system of discrete evolution equations described by Eq. (3.18) can arise, for

example, from stochastic differential equations [31]. In particular, in many biological applications,

solutions of linear stochastic differential equations are good fits to experimental single-molecule

trajectories [31]. As an example, we assume that the motion of the object of interest, e.g., a single

molecule, is described by the following linear vector stochastic differential equation [57, 34]
dX (1) = (V+ F(1)X(7))dr + G(r)dB(r), 7 = to, (3.19)

where the 3D random process X (7) describes the location of the object at time 7 > to, F' €
R3*3 and G € R3*" are continuous matrix time-functions, V' € R? is a zero order drift, and
{B(r) € R", 7 >t} is arandom process [58].

Here, we assume that { B(7) € R", 7 > {,} is an r-vector Brownian motion (Wiener) process
with E {dB(7)dB(1)"} = L, > to, where I,, is the r x r identity matrix [32, 33, 34]. Then,

the solution of Eq. (3.19) at discrete time points 7o =ty < 73 < -+ < Tj41 < --- is given by [59]
X(1141) = (71, 1i41) X (1) + a7, Tig1) + W, Tiga), (3.20)

where the continuous matrix time-function ¢ € R3*3 is given by

=F(t)p(t,7), ¢(r,7) = I3x3, forallt, > to,

o(t,7)o(7,¢) = ¢(t,v), forallt, 7,9 > t,
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and the vector a(7;, 7111) € R**! is given by

Ti+1

a(m, Tig1) = o(1, 1) Vdr.
Tl

Also, in this case, {Wg(n, Ti41) == f;l“ o(1,1141)G(7)dB(71),l =1,2,- - } is a zero mean white

Gaussian sequence with covariance Q,(7;, 74+1) € R**® given by

Ti41

Qqy(T1, T111) = O(7,1141)G(T)GT (1) " (7, i1 ).

U

X()

By letting X (1) := eERLX(1)=g (X(T)) = [[3X3 ngl} X(7),7 > to, where 03

1

is the 3 x 1 zero matrix, we obtain expressions of the form of Eq. (3.18), where the continuous

matrix time-function ¢ € R*** is given by

~ ¢(Tl,Tl+1) G(Tz77'z+1)
(71, Ti41) = :
O1><3 1

Wg(TlaTlJrl)
0

As an another example, for pure diffusion motion, when V' and F'(7),7 > 0, in Eq. (3.19) are

and W(Tl, Tl—i-l) = e R

equal to zero, the discrete motion model is given by

X(1g1) =X (1) + Wy(r,m141), Toi=to <7 <--- <Tpp1 <---. (3.21)

Setting X (7) := X (7),7 > to, with ¢ the identity function, ¢(7;, 7141) = (71, Ti41) = I3x3, and
W (71, 7141) = Wy(71,Ti11), we again obtain expressions of the form of Eq. (3.18).

The above discussion motivates us to model the motion of the object, in the following defini-
tion, by Eq. (3.18) with, in general, an arbitrary distributed process noise W.In particular, we also

consider the special case of Gaussian distributed process noise Wg, separately.

33



Definition 3. Ler Gy (X, (Z/lm, ﬁt]) ,q,C, @) and G, (X, U, T) ,q,C, @) be image detection
processes driven by a stochastic trajectory X and image function q for a fixed time interval [t, t]
and for a fixed number L of photons. Let px ) be the probability density function of the initial
location X (ty) of the object. We assume that

a. the motion of the object is modeled through a general state space system with state X (1) €

R, 7 > to, as

X(m1) = o(m, i) X (1) + W, 1), Toi=to < <o <Tpq < -+, (3.22)

where we assume that there exists a function g: R* — R3 such that X (1) = g (X (T)) T > to,

o(m, Ti41) € ®, where @ = {(;E(T,Q/J)}w N is a family of k x k invertible real-valued state-
t

>T1>t0

transition matrices, and {W(Tl, Tig1),l=0,1,2,--- } is a process noise sequence of independent
k-dimensional random variables with probability density functions PV (ryman)
b. We assume that
Ul:Z(X(Tl>>7 l:172a ; (323)

where {Z (X (1)) ,l = 1,2,-- -} is a measurement sequence of independent 2D random variables
with probability density functions pz(x(r)) = [x(r), where Z is a random function that maps the
object space into the image space, fx () is the image profile of an object located at X (1;) defined
in Definition 2 and

c. We assume that the sequences {W(Tl, Ti+1),l=0,1,--- 1, {Z(X(n)),l=1,2,---}, and
X (to) are independent of one another.

The image detection process Gy (X, (L{[t], 7],5}) .q,C, @) (or G, (X, UL, Tr) ,4,C, @)) with
the additional properties (a)-(c) is called an image detection process with expanded state space X
for atime interval [to, t] (or for a fixed number L of photons), and is denoted by Gy ( <)~( . G, W, Z ) ,
(Z/l[t],ﬁt]) . ®.C, @) (or QL( (X,g, W, Z) (UL, TL), d,C, @)).

We further assume that
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. {Wg(n, Tiv1) = W(m,141),l = 0,1, - } is a white Gaussian sequence with mean zero
and covariance matrix Qg(1, 7i41) € R™* Q4 (71, 1111) > 0,

.
Z<X(Tl)) :M/X(Tl)+Zg,l [ = 1727"' ) (324)

where M' = {M 02“} € R?3, in which M € R?*? is an invertible magnification matrix
used in the definition of the image function (Eq. (3.10)), where 0y is the 2 X 1 zero matrix,
and {Z,;,l =1,2,---} is a measurement noise sequence of independent 2D Gaussian random
variables with mean zero and the same covariance matrix 2, € R**? 3, > 0.

~. We assume that the initial state X (to) is Gaussian distributed with mean Ty € R* and
covariance matrix Py € R¥* Py > 0.

If, in addition, an expanded image detection process has the properties (a)-(7y), it is called an
image detection process with expanded state space X and Gaussian process and measurement noise
models, and is denoted by G, ( (5(, 9, W,, Zg> (thy, Ty) , ®, M, C, @) (or gg( (X, 9, W,, Zg) :
U, Tr) , o, M'.C, @))for a time interval [to, t] (or for a fixed number L of photons).

In Corollary 1, we calculated the probability density function of the image detection process
in terms of the image function ¢ and the distribution p,,,,l = 1,2,---, of the prediction of the
object location, given the previous locations of the detected photons and the current and previous
time points. In the following theorem, for a linear stochastic system and Gaussian process and
measurement noise, we calculate these distributions using the Kalman filter formulae. Also, for
a more general Markov motion model described by a first order system with arbitrary distributed

process and measurement noise, we calculate these distributions recursively.

Theorem 3. Let G ( (X g, W, Z) (U, T) . @, C, @) (or gL( (X g, W, Z) UL, Tr), B, C,

@) ) be an image detection process with expanded state space X for a time interval [to, t] (or for a
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fixed number L of photons). Let Dy, := (Uy, Tx) ,k =0,1,---, and

ﬁprl <51~3|7_l7 dl_1> = pX(TlNTh'Dl—l (li‘|7’l7 dl—l) , = Rk7

where d; € C! x Rl[t] (ord; € Ct x Rl[oo} ), be the distribution of the prediction of the object location,
and ppy, (i|7’1, d0> ‘= Dpry (i]ﬁ).

1. Then, p,y,,l =0,1,2,---, can be calculated through the following recursive formula

- - 1 - 1 - T
T ) = ) ) o it — Yo 0 2
SO ) PR Y AP R O

where dy = (), and the distribution py;, <:ﬂdl) = Dxm)m (i‘|dl> of the filtered object location is

given by

Pz(g(x)) (1) Ppr, (i\ﬁ, dl—1>

Dfi, (:Eldz> = (3.26)

ka Pz(g(0)) (Tl) ﬁprl (jo‘le dl—l) dz,

2.0 Let Gy ( (X9, W, 2, ), Uiy, Ti) .. 0M',C,0) (0r G ( (X9, Wy, 2, ), U, T2) .,
M'.C, @) ) be an image detection process with expanded state space X and Gaussian process and
measurement noise models for a time interval [ty,t] (or for a fixed number L of photons). Assume

that

X(1)= g(X(T)) =GX(1), T >t

where G € R*** and let C :== M'G. Then, forl =0,1,---,

1

27 [det(Pll_H

1 . -1 )
)]1/2 exp <_2(f’3 — &))" (Pll+1> (T — l‘§+1)> , ZeRF

Dprisq <£E\dz, Tl+1> =

(3.27)

where dl € Cl XRIM (OFdl € Cl XRI[OO}), ii'(l] = &(To,Tl)jﬁo, Plo = &(7’0, Tl)PoﬂgT(To, 7'1)+Qg(7'0,7'1),
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and forl =1,2,---,

ii%-{-l = &(Tlv Tl-‘rl)ié)

Pl = é(m, 1) PLoT (1, 1) + Qg1 i), (3.28)
with

-1
K = PcT (CRTICT +3,)
i = a7t Ky (r - 2,

pl =P - K,CP. (3.29)

2.2. Moreover, the conditional probability density function py, 1, p,_, is given by

1 1 . - .
pUllTl7Dl—1 (Tl|7—l7 dl—l) = 1/2 eXp ( - i(rl - rl)TRl l(rl - T‘l))? (330)

27 [det (Ry)]

where d; € C' x Ri (or dy € C' x R{_), Ry := CP/"'C" + ¥, and 7, := Ciy".

Proof. Let Gy ((X,9.W,2), (U, Tiy) , #,€,0) (or Go( (X,9.W,2), U T2), 8,€.0))
be an image detection process with expanded state space X for a time interval [to, t] (or for a fixed

number L of photons). Let Dy, := (U, Tx) ,k =0,1,---, and

ﬁpm <SﬂTl, dl—1> = pX(Tz)ITz,szl (fﬂTh dl—l), = Rk7

where d; € C! x ]th] (ord; € C' x Rl[oo]), be the distribution of the prediction of the object location,
and fyy, (:7;|71, d0> = Byrs (jm).
1. Then, p,,, can be calculated through the following steps:

Step 1. For [ = 0, Eq. (3.22) becomes

X(Th) = d(to, TV X (to) + W (to, T}).
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Then, by conditioning the both sides of the above equation on 77 = 7, the conditional probability

density function pg 4,y is given by

Pxrym (57|Tl> = <pq§(t0,n))2(to) *PW(tO,Tl)> (),

where 7 € R*, and * denotes the convolution operator. Then,

Pors <i"|ﬁ> T PRmym <5’3‘ﬁ>

= /Rk Pi(t0,m)X (o) <j°>pw(to,71) (37 - 1’) dZo
1 / 11 - N
- . Px (Gb (to, T1)Io>pv~v to.r (J: — x0> dz,.
‘det <¢<t0, 7-1)) RE (to) (to,m1)

Step 2]. Forl =1,2,---, let
Al = {X(Tl) = f} s Bl = {Ul = 7’1}, and Cl = {Tl = Tl} N {Dl—l = dl—l}-

Then, according to Bayes’ rule, we have the relation between the conditional probability densities

of A;, B, and C; as follows

P(Bl’Az,Cl>p<Az\Cz)
/(516

p<Az\Bz,Cz> =
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1.e.,

pUlpz(Tl)aTlle—l (Tl|l’, i dl_1>p)~((Tl)|Tz,Dl_1 <x|7-l7 dl—l)

Px(m)ip; (f|dl> =
Puy|1,,D_, (7’1|Tl, dzf1>

PuyX(1), 11,014 (Tl|x7 Tl dl—l)PX(Tl)m,Dl_l <$|Tz, dl_1>

Jer Po 3 1)im D1 (7”1, To| T, dl71>dxo

Pu,|x (1), 11,014 (”W Uz dl—1>pX(Tl)\Tl,Dl_1 (Ilm dz—1>

— (3.31)
ka pUz|)~((Tl),Tl,Dl,1 (7’[‘33‘0, 71, dl*1>p)2(Tl)|Tl,’Dl,1 <$O|Tl, dlfl) dT,

Since initial location of the object, observation noise, and process noise are mutually independent,

according to Eq. (3.23) and Theorem 2.7 of [59], we have

Puy | X(T). 1,01 (7’1|f, gt dz—1) = Py (n) <T1|1i> =pz@ (1), T€RM (3.32)

Therefore, by substituting Eq. (3.32) into Eq. (3.31) (note that we calculated p,,, in the previous

step),

Dri, (53|dl> C=Px(m)p, (f|dl>
P2(z) (11) Ppr, (9?|7'z7 dz—1>

ka Pz(z,) (rl) ﬁpm <~i'o’7—ly dkl) dz,

Step 2{ 4 1. By conditioning the both sides of Eq. (3.22) on 71 = 7341 and D; = d;, we have
,forl=1,2,---,

PX(Ti41)IT141.D1 (x|7—l+1’ dl)

- pd;(Tl’T‘H*I)X(,Tl)l,TH»l)Dl <x|7—l+17 dl) * pW(Tlvn+l)|Tl+17Dl <x‘7—l+17 dl) ’
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which, according to the independence of W(Tl, T4+1) and Uy, T;—1, becomes

PX(Ty11)|Ti41,Dy (iﬁ|7—l+1a dl)
~ Potmmin X (@ (j‘dl> *PW(r,7144) (j:)

- /Rk P(r,7141) X (Ty) Dy (fo|dl>1)w(ﬂm+l) (i - io)dio
1

. ‘det (‘ZE(TZ, Tl+1)> ‘ /Rk rrmm (Qg_l(n, Tl+1)jo|dl>pw(7lﬂ+1) (i B jo) dZo,

or equivalently (note that we calculated py;, in the previous step),

- . 1 - _ N R N
Ppriiq (x|7—l+17 dl) = ’d . ((E)( ) /]Rk Pri, ((b l(TlaTl+1)m0|dl>pW(n,Tz+1) (x - IEO) dz,. (3.33)
€ Tl TI+1 )‘

2.1. See Theorem 7.2 of [59].
2.2. Setting C := M'G, Eq. (3.24) becomes

U =2(X(1)=CX(1)+Zyy, 1=1,2,---, (3.34)
where
pz., (1) ! exp ( 17"T217“> recC
= Xp | —= , .
Za 27 [det(3,)]"/? 2 1

Since Z,, is independent of D;_;, T} and X, then, according to Eq. (3.34), Z(X (7;)) is the sum of

two independent Gaussian random variables and its probability density function is given by

Pu,|Ty,D; (7“1|Tz7 dl—1> = P2(X(n))IT1, D11 (rl|7—l7 di—1

1
T on(det (R 2T (_

N —

(ry— 7)) R (r — m) : (3.35)

where R; := C’Pll*lC'T + ¥, and 7y := C’if’l. O
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3.4 Maximum likelihood estimation

The main purpose of the presented materials in the previous section is to provide a mathemat-
ical framework to estimate the parameters of interest, such as the parameters of the model that
describes the motion of a moving object with stochastic trajectories, from the acquired data. Here,
we use the maximum likelihood estimation approach as follows. For a general parameter esti-
mation problem, denoting the acquired data by d € R™,m = 1,2, -- -, the maximum likelihood

estimate émle of § € O, if it exists, is given by

O,mie = argmin ( —log £(0|J)>,
90

where £ denotes the likelihood function. In our specific problem, the acquired data for the fixed
time interval [to,t] acquisition case is denoted by dr € C¥ x ]R{f] ,K = 0,1,---. Then, the
likelihood function Ly of Gy < (Z/l[t}, ﬁt]) ,C, @) is given by, according to Theorem 2 (see also
[55, 56]), for 6 € O,

( | ) ) o ftto A@(T)d‘f" K = O’
L1 (01dxc) = (3.36)
— [t Ag(7)dr — ==
e Jro Ro(m)d Hlf:l Ag(Ti) [Hllil p?]z\Tl,Dz—l (TZ‘Tla dl—l)} , K=1,2,--,

and the likelihood function £, of gL( U, Tz) . C, @) is given by

_ L L
L(0ldr) = p(dr) = eI O [T A7) [Hp&:n,pl_l Gl dH)] . 33D

k=1 =1

where d;, € C* XR[LOO},L: 1,2,---.

In appendix Section B.1, we provide an example to illustrate our results for the specific case that
the motion model is described by a simple linear stochastic differential equation and the parameter
vector contains the drift and diffusion coefficients.

In the following, we present and discuss the results of the proposed maximum likelihood es-

timation method when applied to simulated data sets containing linear stochastic trajectories of a

single molecule.
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3.4.1 Simulated parameters

To analyze the performance of the proposed maximum likelihood estimation method, we sim-
ulated different data sets using parameters commonly used in single molecule experiments. Unless
otherwise stated, the images of in-focus and out-of-focus molecules were generated with Airy and
Born and Wolf profiles (Egs. (3.11) and (3.13)), respectively, where n, = 1.4,A = 520 nm,
n, = 1.515, and 2y = 1 pum. For the Gaussian measurement case, the image of a molecule was
generated with a zero-mean Gaussian measurement noise with the probability density function
given by Eq. (3.12), where ¢ = 70 nm, which is related to the corresponding Airy profile.

Furthermore, a measurement (magnification) matrix M = 100545 was assumed to map the

object space to the image space.
3.4.2 Estimation results

Using simulated data sets, we first examine the performance of the maximum likelihood esti-
mation method used to estimate the parameters of the linear motion model of a moving molecule
in terms of the bias of the method. The bias is assessed by the average of the deviations of the
estimates from the true value. For this purpose, we simulated 100 data sets, each containing a tra-
jectory of an out-of-focus molecule simulated using Eqgs. (B.1) and (3.23), with the Born and Wolf
profile (Eq. (3.13)) and the parameters given in Section 3.4.1, with a mean photon count of 500
photons in the time interval [0, 100] ms, where the first order drift coefficient /' = —10/s and the
diffusion coefficient D = 1 pum?/s. In Figs. 3.3(a) and 3.3(b), an example of a molecule trajectory
in the object space and its image in the image space are shown. For these data sets, we calculated
the maximum likelihood estimates of the diffusion and the first order drift coefficients, separately.
For this purpose, we needed to obtain the distributions of the prediction in the likelihood function
expressions (Egs. (3.36) and (3.37)) through Eqgs. (3.25) and (3.26), which in general is a computa-
tionally expensive problem. We approximated the distributions of the prediction using a sequential
Monte Carlo algorithm proposed in [45]. The overall approach is explained in appendix Section

B.2 in detail. In Figs. 3.3(c) and 3.3(d), the differences between the maximum likelihood estimates
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Figure 3.3: Analysis of the error of diffusion coefficient and drift coefficient estimates produced by
the maximum likelihood estimation method for the Born and Wolf measurement model. (a) A typi-
cal two-dimensional single molecule trajectory in the object space simulated using Eq. (B.1) where
the time points are drawn from a Poisson process with mean 500 in the time interval [0, 100] ms
with the first order drift coefficient F' = —10/s and the diffusion coefficient D = 1 um?/s. Also, we
assume that the initial location of the molecule is Gaussian distributed with mean zy = (4.4,4.4)7
pum and covariance Py = 10I5,5 nm?. (b) Detected locations of the photons emitted from the
molecule trajectory of part (a) in the image space, which are simulated using Eq. (3.23) with the
Born and Wolf profile (Eq. (3.13)) and the parameters given in Section 3.4.1. (c) Differences be-
tween the diffusion coefficient estimates and the true diffusion coefficient value for 100 data sets,
each containing a trajectory of a molecule simulated using Egs. (B.1) and (3.23) with the Born and
Wolf profile, and the parameters given in parts (a) and (b). (d) Differences between the first order
drift coefficient estimates and the true first order drift coefficient value for the data sets of part (c).
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of the diffusion and the first order drift coefficients and the true values are plotted. As can be seen,
the deviations of the estimates from the ground truth are, overall, centered around 0 nm, which
suggests that there is no systematic bias associated with our proposed method (the average of the
diffusion coefficient deviations and the first order drift coefficient deviations are -0.0319 zm?/s and

0.0307/s, respectively).
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Figure 3.4: Predicted locations of the molecule for the Born and Wolf measurement model. (a) and
(b) Means of the distributions of the prediction of the molecule z- and y-locations, where the first
order drift coefficient is unknown, and the true x- and y-locations of the molecule for the same data
set as in Figs. 3.3(a) and 3.3(b). The measurements transformed from the image space to the object
space are also shown. (c) and (d) Means of the distributions of the prediction of the molecule x-
and y-locations and the true x- and y-locations of the molecule over the time interval [0, 27.5] ms.

We further investigate the distribution p,,,,l = 1,2,---, of the prediction of the molecule
location, given previous observations, for the molecule trajectory shown in Figs. 3.3(a) and 3.3(b).
The means of the distributions of the prediction of the molecule z- and y-locations, where the first
order drift coefficient is unknown, and the true z- and y-locations are shown in Fig. 3.4(a) and

3.4(b). We also show the measurements transformed from the image space to the object space.
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For a better visual comparison, the means of the distributions of the prediction of the molecule
locations and the true locations for z- and y-coordinates are also shown over a shorter time interval
in Figs. 3.4(c) and 3.4(d). As can be seen, the predicted locations are able to track the true locations
of the molecule for both z- and y-coordinates. We also show the differences between the means of
the distributions of the prediction of the molecule locations and the true locations of the molecule
in Fig. B.3 (see Section B.11 in Appendix B). We also applied the proposed method to trajectory
data of an in-focus molecule simulated using an Airy profile, with the same standard deviation
as the Born and Wolf data, and obtained similar results (see Figs. B.1, B.2 and B.4 in appendix
Section B.3).

As mentioned, in some applications, it is useful to approximate the point spread function of an
optical system with a Gaussian profile. We analyzed the error of the estimates for simulated data
sets with Gaussian measurement noise, with the same standard deviation as the Born and Wolf data,
and obtained similar results (see Figs. 3.5, 3.6 and B.5). In order to calculate the predicted locations
of the molecule for Gaussian measurements, we took advantage of the relationship between the
likelihood function and Kalman filter formulae (see Theorem 3). It improved the computational

efficiency significantly.
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Figure 3.5: Analysis of the error of diffusion coefficient and drift coefficient estimates produced
by the maximum likelihood estimation method for the Gaussian measurement noise case. (a) The
two-dimensional single molecule trajectory simulated in Fig. 3.3(a). (b) Detected locations of the
photons emitted from the molecule trajectory of part (a) in the image space, which are simulated
using Eq. (3.24) with the Gaussian measurement noise (Eq. (3.12)) and ¢ = 0.51 um. (c)
Differences between the diffusion coefficient estimates and the true diffusion coefficient value for
100 data sets, each containing a trajectory of a molecule simulated using Eqs. (B.1) and (3.24)
with the Gaussian profile, and the parameters given in parts (a) and (b). (d) Differences between
the first order drift coefficient estimates and the true first order drift coefficient value for the data
sets of part (c).
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Figure 3.6: Predicted locations of the molecule for the Gaussian measurement noise case. (a) and
(b) Means of the distributions of the prediction of the molecule z- and y-locations, where the first
order drift coefficient is unknown, and the true x- and y-locations of the molecule for the same data
set as in Figs. 3.5(a) and 3.5(b). The measurements transformed from the image space to the object
space are also shown. (c) and (d) Means of the distributions of the prediction of the molecule z-
and y-locations and the true x- and y-locations of the molecule over the time interval [0, 27.5] ms.
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4. FISHER INFORMATION MATRIX AND CRLB*

4.1 Introduction

In any estimation problem, the performance of the estimator can be evaluated by calculating
their standard deviations from the true parameter values. According to a well-known result from
estimation theory, assuming that the estimator is unbiased, its standard deviation is then at best
equal to the square root of the CRLB, which is given by the inverse of the Fisher information
matrix [35, 7, 6]. In other words, according to the Cramér-Rao inequality, the covariance matrix
of any unbiased estimator 6 of an unknown vector parameter 6 is bounded from below by the
inverse of the Fisher information matrix 1(6), i.e., Cov(d) > I~'(6). Therefore, a benchmark on
the standard deviation of estimates can be obtained by the square root of the inverse of the Fisher
information matrix. Note that the Fisher information matrix only depends on the statistical nature
of the acquired data and is independent of the applied estimation technique. In the following, we

introduce a mathematical framework to calculate general expressions for the CRLB and Fisher

information matrix relating to the parameter estimation problem.
4.2 Fisher information matrix

Since this concept is very important when we have fixed time points, as we defined image
detection processes and their probability density functions at fixed time points in Section 3.2, here,
we first introduce a notation for the Fisher information matrix of these processes in Definition 4,
and use it to calculate the Fisher information matrix of image detection processes for the fixed time
interval and for the fixed number of photons in Theorem 4.

Definition 4. Forty <1 < - - < 7k, let G, ... 7 ( (U, Tk) ,C, @) be an image detection pro-

cess at fixed time points 1, - - - , Ti. We introduce the following notation for the Fisher information

*From “Fisher information matrix for single molecules with stochastic trajectories,” by M. R. Vahid, B. Hanzon,
and R. J. Ober, submitted to SIAM Journal on Imaging Science.
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matrix of G, ... 1y ( (U, Tk) ,C, @) as, for a row parameter vector 6 € O,

T
310821’2,}(‘7}( (T1;K|T1:K> ) (310gPZKTK (T1;K|71:K) )

IT1,"' TK (0) L= EZ/IK\TK:TLK ( 90 90

) 310ngK|TK <r1:K|7—1:K>
:/C.”/cpuKlTK (7"1:K|7'1:K> 20
dlog p}, T |TK
X ( uKlTK( ) dry---drg,

T

00
forto <m <---<7k,and I, ... ;.(0) = 0, otherwise, where ry.,c :== (11, ,Tx)
T Tk € CoTig = (T, Tr), K = 1,2, -+, and By, 7=, denotes the expected value

with respect to the conditional probability density function pZ{K‘TK of Uy, given T = T1.k.

Theorem 4. Let Gy, ( (L{[t], ﬂt]) ,C, @) and QL( U, Tr),C, @) be image detection processes for
a time interval [to, t] and for a fixed number L of photons, respectively. Let Dy := (U, Tyg) , Dy :=
(U, Tr) , k = 0,1,---. Assume that the conditional probability density functions pUl|Tl»Dl—17l =
1,2,-+-, of U, given T; and D,_, satisfy the following regularity conditions, for = (0, --- ,60,) €
o,

8pUl‘Tl D4 (Tl|7—l di— 1)

exists fori =1,--- . n,

U |Ty, D TlTl:dlfl) .
(b)f St dr <ocofori=1,---n,

where d; € C' x Rl[t] for Gy, d; € C! x Rl for Gr, and p° (7’1|71, d0> =’ (r1|71>.
1.1. Then, the Fisher information matrix Iy of Gy is given by

) oP, (N(t) = 0) " lop, (N(t) - o)
Iy (0) = P, (N(t) — O) 20 20
00 t i T3 pTo 1 (9p[0t] (dK,K) ’ 8p[0t] (dK,K)
+Kz_:1/to/to /to /to l/c'"/Cpft](dK,K) a6 a6

Xd’f’l"‘dTK‘| dTldTQ"'dTKfldTK, (41)

where d; € C' x ]Rl and p[t denotes the probability density function of Dy and N (t).
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1.2. Assume that the photon detection rate A\ is independent of . Then, I can be calculated

as

‘ oo t TK T3 T2 K
Iy(0) = e [ty A(rydr Z / / / / L (0) HA(Tk)
K=1 to Jto to to

k=1

X dTldTQ"'dTK_ldTK R (42)

where the Fisher information matrix I, ... -, of the image detection process at fixed time points

T, TK ng,"',TK ( (UL77-L> 7C7 @) s given by

K T1, 3T
Zl:l IUll‘Tthl_l(e)7 to <7 <--- <7 <{,

Iy (0) = 4.3)
0, otherwise,

in which the Fisher information matrix | [T]i \Tz ’gl_l calculated with respect to the conditional prob-

ability density function anlm p,_, At fixed time points Ti = 11, is given by

T
4 0
LT ) = B 810ngl\Tl,D,_1(rl‘Tlvdl—l) 8long”Tth_l(rl\n,dl_1>
Ul,\Tth—l( ) = Buy 1=, 90 2
:/"'/pgt T <T1;z—1|T1:1—1) / L
c C 1—11/71-1 c

o
pUl‘Tllefl <rl‘7—l7 dl—l)

T
op!? ri|T,di—1 op!? rilT,di—y
% ( UL|TZ»DL—1< ) Ul‘Tth—l( ) dn] dry_y -~ dry, 4.4

o0 00

with iy == (ry, -+ m) T o= (71, , ), and I}, g, given by
T
0 0
I7 o (0) = ! 0Py, <T|Tl) MWy, (T’Tl) d 4.5
nn '\ T a0 90 " (4.5)
pU1|T1 <7"T1>
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2.1. The Fisher information matrix I, of G is given by

o[ L LT L (P (6]

X dridry - - - drp,_1dTyp,

where d; € C' x Rfoo], and pf denotes the probability density function of D,

2.2. Assume that the photon detection rate A is independent of 0. Then, I, can be obtained as

00 TL T3 T2 - L
— / / . / / Iﬁ,--- . (9)67 ftOL A(7)dr H A(Tk)
to to to to k=1

X dridre - - - d1,_1d1y. (4.6)

Remark 1. Note that for K = 1, the time integral of Eq. (4.2) is calculated over the interval [ty, t],

I e., ft 7-1 7'1 d7'1

Proof. Let Gy ( (Z/{[t], ﬁt]) ,C, @) and QL( U, T),C, @) be image detection processes for a
time interval [y, t] and for a fixed number L of photons, respectively. Let Dy = (L{m, ’7@]) , Dy, =
(Uy, Te) , k = 0,1,---. Assume that the conditional probability density functions p?MTth_l,l =

1,2,---,0of Uy, given T} and D,_1, satisfy the following regularity conditions, for 6 = (0y,--- ,0,) €

(@) 30 exists fori =1,--- ,n,
apeULszszfl (TlTlvdlﬂ) .
(b) . 56, dr <ocofori=1,---,n,

where d; € C' x R for G» di € Cl x Rl for Gy, and p’ (rl\ﬁ,do) = (rl\ﬁ).

1.1. Then, the Fisher information matrix / t]( ) of Gy, is given by

In(0)=E

a0 a0 7

<alog L(0)dy) ) g (alog £(9|dK)>] |

where di € CK x R[If] , K =1,2,---, and L denotes the likelihood function. By substituting the
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expression of the likelihood function L, of Gy, (Eq. (3.36)) into Eq. (4.7), according to [55, 56],

we have

dlog Py (N(t) = 0) ) ! (810g Py (N(t) - o) )

Iy (0) = Py (N (t) = 0) ( 20 0

o ot prs pm dlogpf, (dK,K) ! dlog pf (dK,K)
L L oo () ()
K=1"to o Jto

X d’l“l "'d’I“KdTldTg"'dTK

) ) (apg (N(t) - o) ) ! (ape (N(t) - o) )

P, ( N () = 0) 90 90
00 t T3 T2 1 8p[9t] (dK, K) ’ 6])‘[915] (d;{, K)
LA L () (A

X dry - drgdrdr - - drg, (4.8)

where Py <N (t) = O) is the probability of N(¢) = 0 and pft] denotes the probability density

function of Dy and N (1).
1.2. Assume that the photon detection rate A is independent of 6. By substituting Eqgs. (3.4)-
(3.6) into Eq. (4.8), we have

oo

I(0) = 3 P<N(t) :K> /t:/t:3 /: {/C/C Pty 1Tic (’"1""%”4717“‘ ’TK>

K=1
T
6PZKITK (7"1,--- JTR|TL ,TK> 8pZK|TK (7“17“- T, 7TK>
) dry---drg
00 50
X PTiIN(2) (Tl: e ’TK|K)dTld7‘2 e dTRe
g > t T3 pTo K
— o Jig Am)dr > {/ / / Ly 0) T A(Tk)dTldTQ---dTK}’ wo)
k=1 (/to tg Jto flet
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where, fortg < 7 < --- <71 <, I ... 1 1S given by

Lryo i (6)

T
310gPZK|TK (Tl:K|T1:K) 810gsz|TK (T1:K|T1:K)
= Pt Tic=ri a0 a6

T
0 alOgPZK‘TK (leK\ThK) alogPZK‘TK (TLK\TLK)
= pZ/{K\TK (7’1~K|7'1:K) 90 90

X drg ---dry

T
/ / 6leK|TK (TI:K|T1:K> apze/[K‘TK (leKlTl:K)
Cpu T 7“1K|7'1K>

00 00
X drg---dry, 4.10)
Where mM.Kg ‘= (7"1, R ,T’K) ,T1.K «— (7'1, s 77'[() s K = 1, 2, LI SiIlCC
pZKITK (r1:K171:K> = H{ilp&m D, <7’lln,dl,1>, according to Lemma 1 (chain rule for the

Fisher information matrix) of [60], we have

K T1, 5T
Zl:l IUll\Tl,Dlzfl(Q% to < < o-<TK < t7

17'1:"' TK (0) =
0, otherwise,

where the Fisher information matrix //; ‘T o of Uil =1, K, calculated with respect to the

conditional probability density function pUlm p,_, at fixed time points T, = T1.4, is given by

T
g 0
et () =E along”Tl’Dl—l <T‘l‘n7dl_1> BIngUl\TLaDz—l<T1‘Tl7dl_1)
U|T;, D1 = PUTi=T14 90 50

T
o
=/---/p0 <T1-l|7'1<l> 81()ng”lele1 <mTl’dl71>
c ¢ U7 AR 20
dlog pf (Tl\Tz,dlﬂ)
% ( U7y, Dy 1 dry - dr

00

Z/"'/PQ (7"1-1 1l 1) / !
¢ ¢ U—11Ti—1 W= = 0

ri|T, di—
pUl‘Tl,,Dl—1< l‘ 1, A 1)

T
op? ri|m,di—1 op? Tl di—1
« ( UL‘TLle—l( ) UL|TZ»'DL—1( ) dT’l:| dry_y---dri. @11

00 (ol

73



2.1. Moreover, by substituting the expression for the likelihood function £, of G;, (Eq. (3.37))

into Eq. (4.7), the Fisher information matrix I, (6) of G, can be obtained as

wo= [T [ [ [ () (alg;m) (mogge,;(dL)) .

X dridry -+ - dT,

o0 T3 T2 0 g 0
:/to /t /t /C.../Cp%(ldL) (8pL8(9dL)> (apLa(:L)> dry - drpdrdry - -dr,  (4.12)

where d;, € C* x RE_, and pf denotes the probability density function of Dj..

[oo]?

2.2. Assume that the photon detection rate A is independent of . By substituting Eq. (3.3) into

Eq. (4.12), we have, according to Eq. (3.9) and using the similar procedure used in the previous

part,

0o T3 To 9 I T
IL(e):/to /to /tO l/cm/cngu (1 (6puLTng Ll L))

Tz rl:L|7—1:L)

ape T3 (TI:L‘TLL)
« ( Us|Te dr1~~~d'rL]pTL (leL)dTld’TQ'“dTL

00

o T3 T2 . L
:/ / / Iﬁ,...ﬂ(ﬁ)e*ft(f A(T)dr HA(Tk)dTldTQ"'dTL~
to to to

k=1

O

We next derive expressions for the Fisher information matrices of the image detection processes
driven by the stochastic trajectory X and image function ¢ for a time interval [t, ¢] and for a fixed

number L of photons in the following corollary to Theorem 4.

Corollary 2. Let Gy (X, (L[M, 7ft]) ,q,C, @) (or Gp, <X, U, T1) ,q,C, @)) be an image detection
process driven by the stochastic trajectory X and image function q for a time interval [ty,t] (or

for a fixed number L of photons). Let, for a row parameter vector = (0y,--- ,60,) € O, the
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n-dimensional vector F} be given by

Fz€<$adl) ZI\{(dfﬁ(n))T (dpﬁn<x!n,dz_1))T] pgrl(;::j“> , zeR’,  (413)

Block row vector

where d; € C' x ]Rl[t] (or d; € C' x Rfoo]), rig = (ry 1), T = (1,0, T), pﬁrl =

pg((Tl )T D1y pgr ) (m|7’1, d()) = pf,r ) (x|7’1>, denotes the distribution of the prediction of the object

. ol 0 . ..
location, and dp? . = Pory qf0 — s - Assume that the photon detection rate A is independent
Ppr, 20 ' YUz 90 p P

of 0. Then, I, ... ;. in Eq. (4.2) (or Eq. (4.6)) of Theorem 4 is given by

Zl[il f&[’f;,’gl,l(@, to<m < <7 <H,
Lo (0) =

0, otherwise,
where

T1, T 0
I o, () —/C"'/Cpu,1711(7“11—17'1:1—1)
T
() 1)
X / / / dr; | deidxs | dryp_q1---drq, 4.14)
R3 JR3 | JC

0
PUT. Dy (Tl|7'17 di—1

and

-1
p&,lmfl (7’1:171\7'1:171> = H/3 fﬁo (Ti)pf,n (%\ﬂ'ﬂpl)dl'o? (4.15)
i=1 /R

with [ (?1|T1 given by

i 0 T1|T
()= /C/]R3 /R3 S (dfz, (T))T <dp16m <$1|71>)T} pp”( i 1>

P, (rlm) L 7. ()
1T
0 0
d
« PP <$2|Tl) oz (1) dzydodr. (4.16)
ng (r) | den (962\7'1>
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Remark 2. Note that if the image function q is independent of the parameter vector 0, then,

FY (I',dl) = f. (1) (dpgrl <x|Tl,dl_1)>T, r € R?,

ITL Tl

and the expression for I, D,

can be simplified as

T1s T
Ul‘Tla‘lel(G)

= 0 . .
7/(: /Cpuzqul(Tl-l—llﬁ'l—l) {/c P

1
ri| 7, di—
pUl‘TLaDl—1< l‘ 1, 4] 1)

T
1o} 19}
X (89 /R3 Fro (1)) P, (xoThdl—l)dl'o) (89 » Fro (r0) DY, (xo’rlvdl—l)dxo> dm]

X dTl,1 ceedry

b e e ok [

|1, di—
pUl‘Tlle71< l‘ 1, Al 1)

(] T (7]
8pp7‘l (xllThdl—l) 8pp'rl (zQ‘Tlvdl—1>
X fuy (11) faq (1) dry | dzydas pdry_q - - dry. 4.17)

00 o0

Proof. Let G (X, (U Try) 4, C, G)) (or G;, <X, Uy, T1),4q,C, @)) be an image detection pro-
cess driven by the stochastic trajectory X and image function ¢ for a time interval [ty, t] (or a fixed
number L of photons). Assume that the photon detection rate A is independent of #. The Fisher
information matrix I, ... -, in Eq. (4.2) (or Eq. (4.6)) of Theorem 4 is given by

Zz 1 UL\TlDl 1(9)7 to<m1 <--- <7 <H,

T E (9) =

0, otherwise,

where, for i, = (ry,-- , 1), 70 := (71, ,m),l=1,--- | K,

. 1
I5imp,, ( / /Pul AT 7“11 17— 1) {/c .

|, di—
pUl|Tl:Dl—1( 17, dy 1)

T
op? Tl di—1 op? rlmy, di—1
« ( Usz,Dzé( ) Uz\szle1< ) d'r'l:| dry_1---dri, (4.18)

0 00

and I} 0T is given by Eq. (4.5). According to Eq. (3.15), we can express the conditional proba-
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bility density functions p?Jl|Dl—l 7, in terms of the image profile f,,z € R3, as

Wanon (lmedios) = [ 72, 00 8, (sl dios) o (4.19)
R3

where pgrl = pg( (T)|T0Dy s denotes the distribution of the prediction of the object location,
me <x0|71, do> = pfm <x0\71>, and 7, € R? denotes a running variable in the object space. By

substituting Eq. (4.19) into Eq. (4.18), we have, for dpzn = apm and df? := ae ,

T1, 5Tl
IUL‘Tlv'Dl—l(B)

0
=/ .- Tig—1|T10—
/c /(quFlmﬂ( ti—1l7T1a 1){/C 5

1
|, di—
pUl|Tl7DI,—1( l| 1,a1 1)

) T g 0 0 T
X (/RB [(dle (7”1)) Ppry ($1|’Tladl—1) + fzy (1) (dpprl (m\n,dl_l)) dzy
X / dfe (Tl)P <932|Tl di— 1>+f0 (r1) dp? <$2|Tl dl,l) dxo |dr; pdri_1---dry
R3 pry ’ T2 pTy ’
1
/ /Pul 1\7717“111|T1z1 //Rd/msﬂ

ri|T, di—
U, |T;,D;— 1<l‘ 1y 1)

0 0 r 0
x{(dfﬁl(m)T (dpfn-L(zlm,dl_l))T} [pf'”(x”“dl-l)} [pm@”vdl—l)] { dfzy (1) }

12, () 12, () dpty, (w2lm,di1)

X dxyidradr }d7'11 ceedry

= [ [t (i) [/Rg [ (/C o W”’dlﬂ;dn)dm]

pUL|Tl D;_ (TllTlvdl—l

X d?"l,1 s dTl, (4.20)

where forl =1,2,-- -,

(e = [z (o)) [ C ) e

pUl\Tl D 1<Tl|7_l’dl 1 / Zo Tl pp’/‘l (xo|Tl>dl—1>dxoa

p21171|7ff1 (lel—1|7—1:l—1> - H /3 fgo (Ti)pfm (x0|7—i> di—1>dl'oa
i=1 /R
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with [} Uy Th given by

1997“1 x|t
I} 11, (0 //Rs /Rs 1(?“\71 _(df}f1 (n)" (dpgm (mlﬂ))ﬂ ' fg(l (lfr)1>
T

Phr (3«"2!Tl) df?, (r)

dzidzadr.
fgz (T) i dpgrl (J:Q‘Tl)

O

As mentioned in Section 3.2, for special cases of an object with a deterministic trajectory and a
static object, the probability density function of the image detection process G-, ... -, at fixed time
points tg < 7 < --- < T is simplified as given by Egs. (3.16) and (3.17), respectively. We next
in Corollary 3 to Theorem 4 calculate the Fisher information matrix for these special cases, and

show that the obtained results are consistent with the results presented in [6, 61, 54, 62].

Corollary 3. Forto < 7 < -+ < 7Tk, let QTl,...,TK((UK,TK) ,C, @) be an image detection
process at fixed time points Ty, - - - , Tg. Assume that py, 1, p, , <7“l]n, dl_1> = puym, (rl|n> ,d; €
C! x Rl pl=1,2,-

1. Then, the Fisher information matrix I, ... ;,. of Gy ... 7 < (U, Tk) ,C, @) is given by

lell?\T( ), to <1 << Tk,
I (0) = i

0, otherwise,

where forl =1,--- K,

T

() ()Y,

Ulm( )_/2 0 00 00 "
R pUl|Tl T|Tl

2.1. For an object with deterministic trajectory X,(0) := (2.(0),y,(0)) € R2, 7 > t,, assume

that there exists an image function q: R? — R, which describes the image of an object on the
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detector plane at unit lateral magnification and it is assumed to be independent of the parameter

vector § = (6, --- ,0,) € O, such that

1 x Y
p9U1|Tz <T|T) = WQ<M —x.(0), M yT(G)),

where r = (z,y) € R% tg < 7 < t, and M > 1 is a magnification factor. Let D,q and D+q be the
partial derivatives of q with respect to the x- and y-coordinates, respectively. Also, let D;x, and
D;y,,j = 1,--- ,n, denote the partial derivatives of x, and y, with respect to the j parameter

coordinate, respectively. Then, forty < 11 < --- < Tk,

Ly e (0) = Y 1 (6),

where
T
D U, U D u, v
1,(6) = V() / (ulv) (Drg)(u,v) || (D1g)(u, v) dudv | Vo(71),

R2 q\U; (D2g)(u,v) | | (D2g)(u,v)

and
%(Tl) . (Dl.'lf-,-l)<9) e (DTL‘TTI)(G) e RQXTZ.
(Dlyn)(e) (Dnyn)(e)

2.2. For a static object with position Xo(0) = (x0(0),v0(0)) € R?, we have, for ty < 171 <

- < Tk,
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where

T
< (D1g)(u,v) | | (D1g)(u,v)
I10) = v ! dudv | Vp,
!\ fo o (Daa)(w,0)| | (Dag)(,0) 9
and for 0 = (01,--- ,0,) €6,
Ve (D12o)(0) -+ (Dnxo)(0) ——
(Dlyo)(e) (Dny0)<0)

Proof. Forty <7 < .-+ <7k, let G ... o ( (Ui, Tk) ,C, @) be an image detection process at

fixed time points 7, - - - , Tx. Assume that
Puy|T;, D1 <rl’7—l;dl—1) = PuyTy (7’[|TZ), dl ECl X Rl[oo}, | = 1,2’~..

1. According to Eq. (3.16), we have, forr; € R, [ =1,2,---,

K
purric (115 srlrs e mic) = [T oy (i) (4.21)
=1

By substituting Eq. (4.21) into Eq. (4.4), we have

S IR 0), to << <7k,

0, otherwise,
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where forl =1, --- , K,

I

_ 0 9
Uil|T; (6) = /IR? (/R2 DPuy |y (7"1|7'1)d7“1> T </R? Pu, 4|11 <rl_1|7—l_1>drl_1)
T
X 1 <8p%lﬂ (TZ,TI> ) (ap%lﬂ (mn) ) dry
ol7) 00
peUl\Tl (Tl|7_l>
T

1 anglm <T|7—Z) apeUlm <T|TZ)

= . 20 20 dr. 4.22)
R2 pUl\Tz (T‘Tl)

2.1. For an object with deterministic trajectory X, (0) := (x,(0),y.(0)) € R%, 7 > t,, assume

that there exists an image function ¢: R? — R, which is assumed to be independent of the parameter

vector 6, such that for r = (z,y) € R? tq < 7 < t, and a magnification factor M > 1,

1
Pl (’”|T> = fx,0) (r) = Wq(% —2,(0), % - yT(9)>. (4.23)

Then, by substituting Eq. (4.23) into Eq. (4.22), I, := ]lTlesz is obtained as, for 0 = (6,--- ,0,) €
o,

T
) ) 8q<1\”} —21,(0), 55 — Yn (9)>
! M 2
. Q<1\‘Z — Tq (0)7 % —Yn (9))
(77 = a6~ 1n(0))
dxd
X 90 i
; , T
GQ(ﬁ*xn (9),%—%1 (0)) 8Q(ﬁ7mn (9)7%7%'1 (9))
1 1 601 691
- . dxdy.
M? ~/]RQ q (H - x71(9>7 % - yTL(G))

0q( &~ (0), 3~y () | | 09( 55 -2+, (9), 35—y~ (0))
00, 00,

(4.24)
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For each (z,y) € R?, let h,, = (hy, hy): R? — R?, such that, for 6 € O, (z,,(0),y,(0)) € R?,

ha(2+,(0), yr (0)) = % —2,(0),  hy(2,(0),y5,(0)) = % — yn(0).

Then, for d,, = (x,,,y,): © — R?, the composite function (q o h,, o d,,)(6) is given by

(20 hayy © dn)(0) = allay(d (6))) = a (57 = 20(0), 27 =y (6))

and therefore, using the formal definition of partial derivatives, we can rewrite Eq. (4.24) as

(D1(go ha,yodr)) (01, ,0n)| | (D1(qo ha,yodr))(01,---,0n)
1 1
_ 1 S : : dedy. (425
M2 /Rz (40 hay 0 dry)(0) : : ody. (425
(Dn(goha,yodr))(b1, -+ ,0n)| [(Dn(gohayodr))(01, - ,0n)

17, (9)

Assume that d,, is continuously differentiable on all of ©, and h,, ,, is differentiable at d, (¢). Also,

suppose that ¢ is differentiable at h, , (d,(#)) . Then, according to Theorem 8 (see Section B.8),

fori =,1--- n,

(Di(q © hay o dr,))(0) = (D1¢)(hay(dr, (0)))(D1he ) (dr () (Dizr, )(6)
+ (D19) (hay (dr, (0))) (D2he) (dr, (0)) (Diyr, ) (0)
+ (D29) (ha y(dr, (0)))(D1hy ) (dr, (0)) (Dizer, ) (6)
+ (D29) (hay(dr (0)))(D2hy ) (dr, (0)) (Diym ) (0)
= —(D19)(hay(dr (9)))(Diz7,)(0) = (D29)(hay (dr, (8)))(Diyr, ) (6)

(D1q)(hey(dr,(0))) ‘ (4.26)

== (szﬂ)(e) (Dinz)(a)
(D24) (he.y(dr, (0)))
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By substituting Eq. (4.26) into Eq. (4.25), we have, for 6 = (6,--- ,0,) € O,

T

(D19)(ha,y(dr, (0))) ] dxdy] Vo (1)

1, 1
I(0) = 75V (”)[ /R 4(hay(dr (0)) | (Do) (hay (dry (8)))

Jre sty [(D10) (e (e, (0))) iy
Jre 777 (P10) (e, (0))) (D20) (i, (9)) iy

(D19)(hz,y (dr, (6)))
(D24)(he.y(dr,(0)))

Jee sy (P10) (s, (0))) (D) (s (-, <e>>>dxdy] . .

Jer gty [(D20) (hayy (dry (0)))]° dady

where

‘/9(7'1) — (Dlez)(e) T (anrz)(e) c R,
(Dlyﬂ)(e) T (Dnyn)(e)
Let wy: R? — R, such that
1 9 9
wl(uav) = q(u7v) [(DIQ><U7U)] ) (U7U> e R,

be an integrable function. Also, for each § = (6y,---,0,) € O, (2, (0),y,,(0)) € R?, let gp,, =

(967, 96.+,): R? = R?, such that

90 (@,9) = (95 (@.9). 85 (2,9)) = (57 = 20(0), 77 = 9 (0)) = (.0).

Then, we have for the Jacobian J(gy -,) of go -,

995 ., (xy) 095 . (.y)

L0
oz Oy M
J = -
(gele) 895,7—1 (z,y) 893,7—1 (z,y) 0 1 7
oz Oy M
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and the modulus of its determinant is given by

det | =|—|=
e - e

Then, according to Theorem 9 (see Section B.9),

1
/ w1 (u, v)dudv = ]\42/ w1 (go,7, (7, y)) drdy
R2 R2

_ x y

Also, let wy, wsy: R? — R, such that

wa(11) =~ (Drg) (. 0) (Do) (.0). - (1,0) € B,
and
= 1 u,v 2 u, v 2
w3(u>v)_ q(u,v) [(DQ‘])( > )] ) ( ) )GR,

be integrable functions. Similarly, according to Theorem 9 (see Section B.9),

1 x Y ,
/]R2 w;(u, v)dudv = e /]R2 w; (M —x,(0), Vo yTl(6)> dxdy, 1=2,3. (4.29)

Then, by substituting Egs. (4.28) and (4.29) into Eq. (4.27),

S q@},v)(qum@(DQq)(u,v)dudv] i)

Jre m [(D1q)(u,v)]2 dudv
Jze 7ty [(D29) (u, 0)]? dudv

ITI,(Q) = VOT(TZ)
| S W(DNZ)(%U)(DQ(J)(U,v)dudv

T

(D1g)(u, ”)] dudv | V(7).
(D2g)(u,v)

(D1q)(u,v)
(DQQ) (U, U)

= Vo (m) / )

2.2. The results follow by using the similar procedure used in the previous part.
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The material presented in Theorem 4 and Corollary 2 provides a mathematical framework
to calculate the Fisher information matrix of image detection processes for a fixed time interval
and for a fixed number of photons for a moving object with a general stochastic motion model.
As mentioned before, in many biological applications, the motion of a small object in subcellular
environments can be modeled by a linear stochastic differential equation. The solution of this linear
stochastic differential equation can be modeled by a first order system driven by Gaussian noise. In
Corollary 4 to Theorem 4, we obtain recursive expressions for the Fisher information matrices for
both image detection processes for a fixed time interval and a fixed number of photons, in case that
the dynamical system is described by a first order system with Gaussian process and measurement

noise.
Corollary 4. Let g[‘i]( (X,g, Wg, Zg> , (Z/{[t],ﬁt]) D, M, C, @) (or Qﬁ( (f(,g,Wg, Zg> ,
(U, T1) , <i>, M'.C, @> ) be an image detection process with expanded state space X and Gaus-

sian process and measurement noise models for a time interval [to,t] (or for a fixed number L of

photons). Assume that

X(1) = g(X()) = GX(7), T2t

where G € R3>**, and let C := M'G. Assume that the photon detection rate A, C' and Zg are

independent of 0. Let

)

S - Ay (46" = B (8)" =25

(i) &6(7_0,7—1)1‘9,0 ~ 5 T 8((&9(7‘077'1)%9’0) T
S01 = | otanemmrzesy | |(Bo0mE00) (A7) | (4.30)
a0,
where
N bo(T—1,71) Okxk
!

(i
Ae’ ' o (Ti—1,m1) 7 ’ U
=g do(ri—1, ) (Texk — Kou-10)

d(o(ri—1,m)Ko,11)
00;

Béi) o [an(ﬂ—l, Tl)Ka,z—1]

and Ry := CFy'CT + 5, Ky := Py;'CT (CP'CT + S,) 1 =1,2,---, where Pyt is
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obtained through Egs. (3.28) and (3.29).

Then, the Fisher information matrix I, ... ;. in Eq. (4.2) (or Eq. (4.6)) of Theorem 4 can be

yTK

calculated as

Z 7—17 e (9)7 t0§7_1<"'<7—K§t7
Lo (0) = {77 foin s (4.31)

0, otherwise,

where, for 0 = (01,--- ,0,) € ©andl=1,--- | K, thei,j™" i,j =1,--- n, entry [IETJUT.Z:D; 1]

T1y 5Tl
of I LTy, Can be calculated as

e 1 10Rg; __10Ry
[IUtszDll—l(g)L,g 2tmce {Rel 00; Rel 00,

] + trace {R;}C’Sé{;)éT} , (4.32)

with C := |:02><k C}.

Proof. According to Theorem 4, the Fisher information matrix /,, ... -, in Eq. (4.2) (or Eq. (4.6))

can be calculated as

ST 0), to<T < <7<t
ITI;"' s TK (9) = Ul‘Tl Dl '

0, otherwise,

where

0
Ulm D, N / /pul 77 mz - 1) {/CPU1T1,911<TI|Tl»dll>
0 T 0
810ngl‘Tl,Dl71(TllTl»dlfl) alongl‘Tl,D171<TZ|Tl7dl*1)
x drp|dri_qy---dri,

o0 o0

with d; € C! GRl (ord; € C! GRZ ),andrlzl = (ry, o m), g = (1,0 ,m), L=1,2,---

Under the certain regularlty condltlons, ford = (0y,--- ,0,) € ©,i,5 =1,--- ,n, the i, " entry
T1, 5Tl Tl Tl
[[ Ul|Tl»Dl—1:| of I 0., Can be calculated as

s r |7
U,\T,D,1 Z. pMz lml 1:0-1T1:0-1

2 log p{ <7'l|7l dl—l)
_ 0 Ul|Ty, Dy ’
x [ LPU,\TI,DZ_l(rllTl»dZ—1> 20,6, drz} dri_y---dry. (4.33)
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According to Eq. (3.35),

1 1
0 l 1 1
j% B (’I"l|7l, l—1) = ————————5 €Xp — —ep R €0, |, (4.34)
Uy | T, D1 9 [ ot (RO,Z)]l/Q 2 0,179l

where eg; =1, — Cilejll, R, = C’Pé;lCT +¥g,andforl =0,1,---,

~1 It Al
Toi+1 = ¢0(Tlle+1)x0,lv

Py yiq = bo(71,7141) Ph g (11, 7i41) + Qa(71,7141), (4.35)
andfor/=1,2,---,
:clgl = xel + Ko (r — Cﬁcl({ll),

I _ pl—1 [—1
Py, = Pt — Ko, CPy,
—1

Koi = Py 'CT (CPIT'CT +%,) (4.36)
where &y , 1= Tg,0, Py = Py . In order to calculate [Ia’igl_l]ij 4,5 =1,---,n,inEq. (4.33),
we first calculate, for 6 = (64,--- ,6,) € © andi = 1,--- | n, the derivative of logp?]lm p,_, With

respect to 6; as below

0
8longl‘TL,’Dl—l (Tﬂn’dl*1> _ —ltrace R 8R9,l
90; 2 %150,

1 89 ORy 869
—<801Relegl e Ry 861R91691+691R e “37)
7

. . . . . _10
Since the covariance matrix Ry, is symmetric, then, “Rg 1601 = eg’lRe }%, and therefore,

according to Eq. (4.37),(note that trace (69 lRez 8R‘9 L Re L €0 l) = e, lel aRe L Re 1€6.0)s

dlogp! Tl di 1 IR, 1 SR
Uil T, Dra ( ) = —Etrace (Pfl 9, l) + 5trace (69 1y ll 0,4 Re L €0, l)

00; 00; 00;
1 [ Oe eTz 10eg,
_2< 801 R9l691+89lR9l 80
1 1 8Rgl 1 8R91 aeal _1
= —itrace (RG 1 90, 0.1 90, RH 1 ep 169 1) - 90, Re,zee,l
1 _10Ry, - deg,
= —itrace |:(R9l1 20, ) (I - nglleg,leeTyl):| — 879?1%9’}69’[’ (4.38)
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where [ denotes the identity matrix with the corresponding size. Differentiating Eq. (4.38) with
respect to 0;, gives [63]

62 IngeU”Tl,Dl,l (T’[|Tl, dl*l)

00;00;
_10Rg
1 8RG,l 061-‘ -1 T 1 —1 8R9 l H—1 8R9 l H—1 T
— 5trace {(66] (I - ngl(?e,l@g,l) - Qtrace {Re,z 26; Ry, 20, Ry jeo,19,
1 AR ) oel 92 el OR;
+ trace |Ry P S0l pet (SO0 T ) DO | SOt T OLT O
2 ’ 891‘ ’ 89]‘ ’ ’ 69]‘ 891'97‘ ’ ’ 892‘ 89j ’

869T,l _10eg
a0; ~ %t 90; "

Therefore, the inner integral in Eq. (4.33) can be calculated as

92 0
/pg <7’l\Tz 4 1>d IngUl|Tl,D171(Tll'rlvdl—l) i —
c UllTy, D1 P 00,0,

1 oRy Lo

0,0l 90; —1 2] T
— —trace _— I—-R P (Tl‘Tl,dl,1>69’169 ldm) }
2 I a0 ( ol /. Uy|T,Dy—q ,

Term1

1 [ ,—19Re1 ,_10Re,1 1 T
_itrace Ry 6. ol 0 Reyl/Cp?,lm’plil(n\n,dzﬂ)ee,lee’ldm
L 7 J

- T
1 _19Rg; 1 0 Oeg1 1 Oey
+ itrace _Re,l 20, Ry /CpUl‘ThDL—l (rl|frl,dl,1) 20, €o,1 +69’1780j dry

Termsa
d%el del R, 1
— 4 (r T, dj— )inle dr +/ 4 (r T, dj— ) 0,1 0 o 1dr
/chz\T1,7Dl—1 171, di—1 80,6, "o oIt | PUT Dy 171, di—1 20, a9, o1
Terms Termay
oel e
— [ p? (rilmdioa) = Ryt =2, 439
ApUl\Tlle—l 17, di—1 06, 0,1 89j l ( )
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Note that forj =1,--- ,n,

el
f |7, d !
Pu 1y, Dy \TUTL, G1—1 €01 90, 8
c J

9 NG
= /CpUL|Tl,Dl_1(Tl|Tladl71) (Tz = Ciy, )TC dry

T
(25
= /TlpUl\Tl Dy mln,dl 1)d7“z Ci"le,zl/p?]”n,pl1(77|Tz7dl1)dm} 5 cr
c J

. T
= i - cal] o) aéej) cT =0,

N T
U1|T, Dy Tl|Tz,dz 1)( C’il&‘ll)drl} %’QCT

('“3

Similarly, [, p?]l‘Tth—l (rl|n, dl_1> 0(5 5-eg,dr; = 0, and therefore, T'ermy, Terms, and Termy in

Eq. (4.39) are equal to zero. Then, noting that

9 T
/pUlm,Dll <Tl|7la dl—1>€0,l€9,zd7’l = Ry,
c

we have T'erm; = 0, and Eq. (4.39) becomes

. g 0*1og i1, 1, (7‘1|Tl,dz—1> ;
¢ PO P (nimdi) 09,0 "

! aej

1 OR
= ——trace [Rel o

2 90, By,

pl-1 Al—1

- 1% (7“1|Tl di )drz MCTR_lCa%J
2 Uil|Ty, D1 » Gi—1 00; 0,1 00;

T
pl-1 Al—1
ORg, . 1 0Rg,] O (%,z ) Ty
! ! TR 10—, 4.40
R, 00, R, 00; } 06, C Ry © 00; (440)

1 [
= ——trace
2
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By substituting the above equation in Eq. (4.33), we have

1 OR OR
T1ye T _ —1 0,1 ,—1 6,1
[IUZ‘Tlvalfl(e)]i,j - gt {Re’l 20; %t 90, }
T
8(:%2]1) 9311
0 AN oTp-lo 200
+/C /CpMF”TFl(Tufl\n:zq) 90, c RG,lC a0, dri—1 dry
T
- . ~l—1 =1
1 OR OR a(z i
= —trace RgllﬂRgll 0,1 + FE MCTR(;}C 0,1
2 L 691' ’ 86"7' ] 86i ’ 897'
T
- - =1 Al—1
1 OR OR oz a|z
= —trace Rgll 9,1 gll 0,1 + trace R(;llE ooy MCT
2 L 892' ’ 89j ] ’ 89]' 692'
T
- - Al—1 ~l—1
1 AR OR Oy, 0%y,
= —trace Rgll 9.1 gll 0,1 + trace RgllC’E 0.t M cT (4.41)
L 891' ’ 89j ] ’ 89j 8(%
According to Egs. (4.35) and (4.36),
P =0 i 4 K Cilt 1=1,2 4.42
Tpip1 = Po(T,mi41) (Tp, + Kou(ri—Cgp)), 1=1,2,---. (4.42)

Then, according to Lemma 5 (see Section B.7), by differentiating Eq. (4.42) with respectto 6;,7 =

Al-1
) ) ; Ly )
1,---  n, after some straightforward calculations, for Xe(ll) = a”’* , we have the following
’ Lo .1
90;
recursive formulation:
(@) _ 4 (4 (4) _ C_
X@,l—i—l _AB,H-IXB,Z +B€,l+169717 0= (91,-" ,Qn) €O, i=1,---,n, (4.43)
and
A0 bo(T1, Ti41) Ok xk BO . bo(11,T1+1) Ko,
0,1 T ) 0,0+1 B(QZO(TL,TLJrl)KB,l)

141 03 - _
‘”(370’;’” ¢ (71, T141) (Ikxk_KO,lC>
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According to Lemma 6 (see Section B.10) and using Eq. (4.43), we have, for [ =1,2,---,

. T
) i
E {Xé)jl-H (Xe(,l)+1) }
G) &) @ ', 40 v .r (p® T
=E {Ae 1+1Xg7 A0,1+1) + Ag i1 Xg o, (Be,z+1)

— A(])

T . T . . T
+B(sz)+1e9l (X(gz)) (A((a,gﬂ) + Bé{l)+1e‘9xle£l (B(gj,l)ﬂ) }
0,141 {Xogjz) ( }

T . . T
XY (450)" + A% B XD (B8
—_———
0

() O\ (40 () o \T
+ By E {e9,l (Xaz) } (Ae,lH) + By B {eo.1¢ l} (Be z+1>

=4l {0 (x) "} (a)"

+BY),, <CE [(XQ(TZ) — &5, (Xo(n) — #5,") } CT+% ) (Be l)+1)T

= A((aj;z)+1E {Xgl) (X(Sll)) } (A((a %H) + B(S?Z)HR@J (Béjl)H)T- (4.44)

Finally, by rewriting the Fisher information expression (Eq. (4.41)) as (let C = {QQX k C] ,

where 05, denotes the 2 x k zero matrix)

e ()

U Dy = —trace [R

_ 8R9; i T -
2 01 99, — L RL ]—i—trace{R@llCE[ (7) <X6(‘l)> ]CT}7 (4.45)

.1 90, ’
and substituting Eq. (4.44) into Eq. (4.45), we have

T L ~ _10Ry,
[IUll\Tl,Dll,l(G)LJ = §trace [Rez . Wl p

0,1 89

] + trace {R;}éSé{li)éT} ,
A \NT
where Sy’ ﬂ) =F {XG(,JI) (Xe(zl)) } [ =1,2,---, can be calculated recursively as

T T
S(S lll - A(E?JI)HS(J ) (Aé %+1> éjl)JrlRel ( (g]l)ﬂ) ;o 1=23,--,

(J9) _ &9(750,7’1)539,0 1 ~ T (o (to,m1)Fg,0) g
S01 = | atantommeey | | (B0t m)E00) (2257020 ) | (4.46)
90;
and it completes the proof. 0
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In Section B.4, we provide an example to illustrate our results for calculating the Fisher in-
formation matrix for the specific case of a linear trajectory described in the example provided in

Section B.1 of Appendix B.
4.2.1 CRLB and standard deviation of estimates for different photon counts

We next evaluate the performance of our proposed maximum likelihood estimation method
in terms of the standard deviation of the estimates. For this purpose, we simulated data sets of
the detected photons emitted from a molecule, referred to as the images of a molecule, with a
stochastic trajectory, which differ by the mean photon count, i.e., the mean number of detected
photons during the exposure time interval, assumed for each trajectory. This mean photon count
ranges from 250 to 1250. For each mean photon count, the data set consists of 100 repeat images
simulated using the Gaussian profile (Eq. (3.24)) with the parameters given in Section 3.4.1. For
these data sets, we calculated the maximum likelihood estimates of the diffusion and the first
order drift coefficients, separately. Also, for the given data set and time points, we obtained the
square roots of the CRLBs for the diffusion and the first order drift coefficient by calculating the
square roots of the inverse of their corresponding Fisher information matrices at the fixed time
points. It can be seen in Fig. 4.1(a) that the standard deviations of the estimates are close to
the square roots of their corresponding CRLBs, and when the mean number of photons increases,
the standard deviation of the estimates decreases. Also, the percentage differences between the
standard deviations and the square roots of the CRLBs are shown in Fig. 4.1(b). The percentage
difference is the difference between the standard deviation of the estimates and the square root of
the corresponding CRLB, expressed as a percentage of the square root of the corresponding CRLB.

As can be seen in Fig. 4.1(b), these percentage differences are at most around 10%.
4.2.2 Fisher information matrix for non-Gaussian measurement noise

So far, for computational purposes and taking advantage of the Kalman filter formulation, we
have focused on computing the Fisher information matrix and CRLB only for Gaussian measure-

ments. Although the Gaussian assumption is very useful in some applications, there are many
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Figure 4.1: Analysis of the standard deviation of diffusion coefficient and drift coefficient estimates
produced by the maximum likelihood estimation method for the Gaussian measurement noise case.
Shown in the first row are the standard deviations of the diffusion coefficient and the first order drift
coefficient estimates versus the square roots of their corresponding CRLBs for simulated data sets.
The simulated data sets are the detected photons emitted from a molecule, referred to as the images
of a molecule, with a stochastic trajectory, which differ by the mean photon count assumed for each
trajectory. For each mean photon count, the data set consists of 100 repeat images. For a given data
set, the time points of the detected photons are drawn from a Poisson process and are the same for
all trajectories. All trajectories are simulated in the object space using Eq. (B.1) with the first order
drift coefficient F' = —10/s and the diffusion coefficient D = 1 ym?/s. Also, we assume that the
initial location of the molecule is Gaussian distributed with mean z, = (5,5)? um and covariance
Py = 101555 nm?. Detected locations of the photons emitted from the molecule in the image space
are simulated using Eq. (3.24) with the parameters given in Section 3.4.1. Shown in the second
row are the percentage differences between the standard deviation of the diffusion coefficient and
the first order drift coefficient estimates and the square roots of their corresponding CRLBs.
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cases for which this assumption can be problematic in practice due to the fact that the Gaussian
model is often not a suitable approximation for an analytical image profile. As mentioned earlier,
from the optical diffraction theory, a typical point spread function for an in-focus molecule is given
by the Airy profile. Also, for the out-of-focus scenario, the image function is given by a classical
model of Born and Wolf [36].

Here, we computed the Fisher information matrix of both drift and diffusion coefficients for the
Airy measurements case and compared the results with the Fisher information matrix obtained for
the case that the Airy profile is approximated by a 2D Gaussian profile. The typical approximation
of the Airy profile with o := 27n, /A by a 2D Gaussian profile with standard deviation o yields a
value of o = 1.323/a [6]. We only focused on the one photon case, since computing the integrals
of the Fisher information expression for the Airy profile case numerically requires a large number
of samples and it is computationally expensive (see Section B.5 in Appendix B for the detailed
computational procedure). As shown in Fig. 4.2, the difference between the Fisher information

matrices of these two different profiles can be significant.

1.5 T 0.09 T
Y= * Airy * Airy
© c - ~ ) c e - ) 5
c O O Gaussian 6 € 0.08t9 Gaussian O~
g 1f =i ]
E o = . 0.07
S © * — O *k
= c O A %
£ 5 . — £ 006}
5 ‘5 0.5T O g = 3
5 o
= * 2 %5 0.05} *
iL © 0 w
* Q ~ K
0 R . * o) 0.04 R R
1 2 3 4 -20 -15 -5 0

Diffusion coefficient (um?/s) Drift coefficient (1/s)

Figure 4.2: Fisher information matrix for Airy measurement noise versus Gaussian measurement
noise. Fisher information matrix of diffusion and first order drift coefficients for the Airy measure-
ment noise with parameter & = 27n, /A given in Section 3.4.1 and by a 2D Gaussian profile with
standard deviation o = 1.323/«, in case we have one photon with an arrival time of 71 = 20 ms.
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4.2.3 CRLB and Fisher information matrix for different sets of time points

To examine further the CRLB on parameter estimation for a moving single molecule with a
stochastic trajectory, we calculated the square root of the CRLB for the simulated trajectories with
the same parameters as in Fig. 4.1, and different time points drawn from a Poisson process with
a mean value which ranges from 250 to 1250. As can be seen in Fig. 4.3, the square root of the
CRLB for the drift coefficient highly depends on the time points of the observations, and does not
necessarily improve by increasing the number of observations. On the other hand, the square root
of the CRLB for the diffusion coefficient does not depend on the time points of the observations

significantly, and always improves by increasing the number of observations.
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Figure 4.3: Analysis of the square root of the CRLB of the diffusion coefficient and drift coefficient
estimates for different sets of Poisson distributed time points. Medians and standard deviations
of the square roots of the CRLBs of the diffusion coefficient and the first order drift coefficient
estimates are shown by the circles and error bars, respectively, for the simulated trajectories with
the same parameters as in Fig. 4.1, and different time points drawn from a Poisson process with
the same mean value, which ranges from 250 to 1250.

We also show the Fisher information matrices (and Fisher information matrix increments, i.e.,
the amount of information that we get by detecting a new photon) for Poisson distributed time

points and for equally distributed time points in Fig. 4.4. For this purpose, we simulated two data
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sets of single molecule trajectories with Gaussian measurements, first containing a trajectory of a
molecule simulated using Egs. (B.1), where the time points are drawn from a Poisson process with
mean 250 in the time interval [0, 50] ms, and second containing 250 equally spaced time points
in the time interval [0, 50] ms. We then calculated the Fisher information matrix increments and
Fisher information matrix (sum of the increments) on the diffusion coefficient estimation for both
data sets. As can be seen, the Fisher information matrix increments are the same for the equally
spaced time points. However, for different realizations of Poisson time points, Fisher information

matrix increments are different from each other.

0.2 T T T r 20
* Poisson time points * Poisson time points
O Equally spaced time points © Equally spaced time points |

0.15f *

Fisher information
= [
o (&)}

[&)]
T

Fisher information increment

0 0.01 0.02 0.03 0.04 0.05
Time (s)

Figure 4.4: Fisher information analysis of single molecule trajectories simulated using Poisson
distributed and equally spaced time points. Shown in the left are the Fisher information matrix
increments on the diffusion coefficient estimation for data sets of two trajectories, first containing
a trajectory of a molecule simulated using Egs. (B.1), where the time points are drawn from a
Poisson process with mean 250 in the time interval [0, 50] ms, and second containing 250 equally
spaced time points in the time interval [0, 50] ms, with the parameters given in Fig. (4.1). Shown
in the right is the Fisher information matrix (sum of the increments) for both trajectories.
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5. EFFECT OF PIXELATION ON THE PARAMETER ESTIMATION OF SINGLE
MOLECULE TRAJECTORIES AND FISHER INFORMATION MATRIX

5.1 Introduction

In Chapters 3 and 4, we studied the parameter estimation of single molecule trajectories for
the fundamental data model, in which we had an ideal unpixelated detector and the measurements
were the time points and locations of the detected photons. In practice, pixelated detectors are
used in fluorescence microscopy, and therefore, the time points and exact locations of detection
of the photons are not available anymore. In this case, the only information that we have is the
pixel areas in which the photons impact the detector. Hence, the parameter estimation of single
molecule trajectories form pixelated images are not a trivial problem.

The majority of available methods model the effect of pixelation by using an additive noise
in the fundamental data model. However, in general, this approximation does not describe the
underlying stochastic model precisely. For example, in [15, 39, 40], the effect of pixelation is
encapsulated in a Gaussian additive random variable, referred to as the localization uncertainty.
Therefore, there is a need for a systematic approach to analyze the effect of pixelation.

In this chapter, we introduce the practical data model, in which the measurements are the
numbers of the photons detected in each pixel of a pixelated detector. Then, since the number of
detected photons in each pixel can be described in terms of the time points and locations of the
photons on the detector plane, we extend the results obtained for the fundamental data model to

the practical data model.
5.2 Practical data model

In the practical data model, the data acquired by a pixelated detector are the number of de-
tected photons at each pixel (Fig. 5.1). Let the pixelated detector CP be defined as a collection
{Cy, -+ ,Ck} of open and disjoint subsets of C,, a region within R? corresponding to the photon

detection area of the detector, such that Ule Cr = Cs. If C; = R?, the model is referred to as the
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Figure 5.1: Schematic of an optical microscope. An object located in the object (focal) plane is
imaged by an optical lens system and the image of the object is acquired by a pixelated detector
in the image space. A 2D random variable X (¢),¢ > t,, describes the location of the object in the
object plane at time .

full practical data model. We use the random variable S;, k = 1,--- , K, to describe the number
of photons in the pixel C'; that result from the detection of photons from the object of interest.
We also introduce the following notation. For L, K = 1,2, - -, let AL be a set of L-dimensional
vectors (ay,- -+ ,ar),ar, -+ ,a;, = 1,--- K. Foravectorv € AL, let ||v||_.,k =1, , K,
denote the number of the elements of v which are equal to k. For example, for v = (1,1,2) € A3,

we have |[v]|_, = 2, ||v||_, = 1,and [|v||_y = 0. For 21, - -,z = 0,1,---,and 31, 2 = L, let

A (1,0 zi) = {v € AR ol = 2 k=1, K} (5.1)
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For example,

A3 = {(1,1,1),(1,1,2),(1,2,1), (2,1,1),(2,2,1),(2,1,2), (1,2,2),(2,2,2)},
A3(1,2) == {(2,2,1),(2,1,2),(1,2,2)},

A3(2,1) == {(1,1,2),(1,2,1),(2,1,1)},

A3(0,3) = {(2,2,2)},

A3 (3,0) := {(1,1,1)}.

Note that the size [Af (21, - - , zk)| of the set A% (z1,-- -, 2k) is equal to —=—. In Theorem
5, we calculate the joint probability of Sy, --- , Sk. But, we first calculate the joint probability
density function of the locations of the photons detected by an ideal unpixelated detector in Lemma
2. In this chapter, the location of the photon emitted by the object, at time 7 > t;, on the image
plane is described by U(X (7)), where U is a random function that maps the object space into the
image space. Also, we assume that only the locations of the photons emitted by the object can be
detected by the unpixelated detector and the temporal information is not available. This further
helps us to derive the formulae for the practical data model directly from the fundamental data

model formulae.

Lemma 2. The conditional probability density function py(x )y, v(x ) ne of U(X(T1)), - - -,
U(X(Ty)), given N(t), can be calculated as

PUX(T))) UX(TL)N() (7157, TL|L)
/ / .fa’:1 7’1 f?cL TL / / / / pX (11) X(t1) (Ila"' 7IL)
(f )" I w
to
L
X HA(Ti)dTldTQ"'dTL_ldTL>dl‘1"'d$L, 5.2)
=1
where r1,--- ,r;, € R? and DX (1), X () to < 11 < -+ < 7 < U, is the joint probability

density function of X(71),--+ , X (). If {X(m), -+, X(70)} is a Markov sequence, then, for
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Ty, -, 2L GRQ;
PX(r1) X () (T1 0+ TL) = PX ()X (71) (TLITL-1) * Px ()| x(r1) (T2]71) Px () (1),

where px(r)\x(r_1): !l = 2, , L, is the conditional probability density function of X (1;), given
X(7i-1), and px () is the probability density function of X ().
Proof. We have

Pu(x (1)), ,U(X(TL))|N(t) (re,---,ro|L)

= /2 "'/QPU(X(Tl)),m,U(X(TL)),X(Tl),m,X(TL)|N(t) (ri.0,w1.0|L)dog - - - doy
R R

= /2 : "/QPU(X(Tl)),m,U(X(TL))|X(T1),~~,X(TL),N(t) (riclwin, L) px (1), x )N (1ol L) dry - - - doy
R: R

= AQ"‘AQPU<X<T1>>|X<T1> (rilz1) -+ pux ) x ) (reler)

t TL T3 T2
X (/ / / / Px(1y), -, X(Tv), Ty, , TL|N(¢) (w10, T1.L|L) dTlde"'dTL—ldTL> drp - -dxy
to Jto to to
t TL T3 T2
= / / PU(z) (Tl)"'pU(wL) (TL) / / / / Px (1), ,X(Te)|T1, , Tr,N(t) ($1:L|7'1:L7L)
R2 R2 to Jto to to

X pTl,“' ,TL|N(t) (T1;L|L) dT1d7'2 tee dTL_ldTL> d$L s d.]?l

/R2 / for (r1) -+ fay, (rr (// / / PX(r)o X(re) (@1:8) (LI'HI 1 ())

X dTldTg“'dTL1dTL>d.’BL-~'dCC1

:W/R?m szm(?“) “fup (TL) </to/to /t(J /t(J PX (1), X () (T1:L)

L
X HA(Tl)dTld7'2 R dTleTL> dzy - dxq,

=1
where 7.1, = (3517 T ,QSL), L = (7’1, T J’L), Ti:L = (717 T 7TL), and DX (1), X () to <
71 < -+ < 11 <,1is the joint probability density function of X (71),--- , X (7). O
In the following theorem, we calculate the probability Pr [S; = z1,- -+ , Sk = zk]| in terms of

PUX(Th)),- U(X(T))|N(¢) calculated in the above lemma.
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Theorem 5. [. In the practical data model, for z,,--- ,zx = 0,1,---, and Zszl z, = L, the

probability Pr S| = z,--- , Sk = zk]| is given by

P?“[Slzzl,"',SK:ZK]:Z( Z
vi=(v1,-

z=0 ',UL+z)€Af(-fl(Zl,”' V2K Z)

/ / PUX(T1)), UX(Te )N (11 Tz | L+ 2) drpg, - 'd7”1>>
Cuy VL 4z

(5.3)
where py(x(1y)), UX(Tr..)IN@t), 2 = 0,1, -+, is the conditional probability density function of

UX(Th)), - ,U(X(TL+z)), given N(t).

2. In the full practical data model, we have

Pr{S) = s11eve S = 2x] = S
vi=(v1,,vp)€AL (21, ,2K)
/ / PUX (T, UX(T)INE) (71, v L) drp - - - dry. 5.4
c, Ja,

Proof. 1. Let the random variable Sk describe the number of photons in the complement pixel
Crq1 = R? — Uszl (' that result from the detection of the photons emitted from the object of

interest. Then, according to the definitions of Sy, --- , Sk1, we have, for zy,--- ,zx = 0,1,---,
and L = Zle 2o
Pr(S) =z, -,k = 2k]

ZZPT[S1 =z, , 8k = 2K, Sk41 = 2]
2=0

=1

9] L+z
=> Pr U { () U(X(T)) € Cy) IN(t) = L + z} . (55)
z=0 2K ,Z)

vi=(v1," ,UL+Z)€Af(izl (21,

Since the events { HE(U(X(T)) € Cvl)} are mutually exclusive, we have

L+z
b U {ﬂ (U(X(Tz))ECW)N(t)_L+Z}
1)::(’111,...7:UL+Z)6A§’(121(21,...7ZK7Z) =1

L+z
() (U(X(T) € Coy) IN(t) = L+ 2| ,
=1

= Z Pr

vi=(v1, ,UL+Z)€Af{fl (21,7 ,2K,2)
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and therefore,

Pr[Sy =z, ,Sk = 2K]

Z Pr

vi=(vy, ,’11L+Z)EAf<Jfl(21 2K Z)

( Z / / PUX(T1)), UX (T )IN@) (M1, Togz| L+ 2)
C, C,
1};:(1]17...7 1 L+z

L+z
() (U(X(T) € C) IN(t) = L + 2
=1

e 10

z=0 'UL+Z)EA§;::_Z1(ZL7"'7ZK,Z)
X drpq, - ~dr1> : (5.6)
2. The result follows using the similar approach used in part 1. 0

5.3 Maximum likelihood estimation

Let © denote the parameter space that is an open subset of R"”. The maximum likelihood

estimate 6,,;, of § € O is given by

émle = argmin ( —log £,(0)z, - - - ,zK)>,
0co

where the likelihood function £,, for the practical data model is given by
Ep(0|217." 7ZK) = PTQ[SI =21, 7SK = ZK]:

inwhich {zy,- -+, zx}, 21, , 2k =0,1,--- | L = Z,{;l 2y, denotes an image with K pixels. In
the above equation, the probability Prf [S; = 21,--- , Sx = 2] is given by Egs. (5.3) and (5.4)
for the practical and full practical data models, respectively.

In general, computing the integrals of the likelihood function is not a trivial task. Here, based
on the Monte Carlo approach provided in [45], we develop an algorithm to approximate these
integrals. The basis of our algorithm is the law of large numbers which can be stated as follows. Let

X(m),-++,X(11) be 2D random variables that describe the locations of the object at time points
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o=ty <7 < --- <71 <t Let px(n),.. . x(r,) be the joint distribution of X (7y),---, X (7).

For h: R¥*E 5 R v := (v, -+ ,vg) € Ak (21, ,2K) , 21, - ,zK:O,l,--~,andZ§zlzk =
L, let
L
Wy, x) = [[le, (@), a1, 2, €R?, (5.7)
=1

where, for an invertible magnification matrix M € R?*2,

I, (x) = [ fo(r)dr =

1 -1
_ q(M™r — ) dr. (5.8)
Cuy |det(M)] Je,, ( )

Also, let

E{h(X(r), - X(m))} :/ ~--/2h<x1,--- L) DX (e () (@1, ) dag -,
R2 R

be the expected value of i (X (1), -+, X(77)) with respect to px(r,)... x(r,)- Then, according to

the law of large numbers,

M L L
1 "
]\/}EHOOMWLZZI (l];IlICvl (‘Tl )) = /RZ”‘/]R? (HIC”Z (:El)> Px(r),,X(r) (‘Tla"' ,Q?L) de"'dxla

=1

where {X™ := (2", - - ,x’f)}n]‘f:l,x}” e R%,l=1,---,L,m = 1,---, M, is a sequence of

independent and identically distributed samples drawn from the distribution px(r,).... x(r,). In case

that { X (Tl)}f: | is a Markov sequence, i.e.,

L
Px (e X () (@1, 21) = pxiey (1) [ [ DXy (@ilica) w1, g € R?,
1=2
we draw X™ m =1, M, through the following Monte Carlo algorithm:

Algorithm 2 (Monte Carlo method). Step 1. Draw independent and identically distributed (i.i.d.)
samples {le}f\il according 10 px(ry(x),r € R? ie, 2} ~ pxry(x),i=1,--- | M.

Step 2. Draw ii.d. samples {x%}f\il according to pX(TQ)‘X(Tl)(ﬂxﬁ),x € R? ie, 74 ~
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pX(Tz)\X(n)(iU!mil),i =1,---, M.

Step L. Draw i.i.d. samples {xﬁ;}f\il according 10 px(r,)|X(rp_1) (:U|x3:_1),ac € R? ie., 2, ~
PX ()| X (rp-1)
<x|xi_1>,i =1,---, M.

Step L+ 1. Forv := (vy,--- ,v) € A% (21, ,25), 21, 2 = 0,1, -+, and S| 2, =

L, approximate the probability Pr [ﬂle (X(n) € C’vl)} as

N(X(m) € Cy)

=1

Pr

L
= / T / (H ]Cvl (I1)> PX(r),,X(7r) (w1,--+ ,2p)drp - - dry
R2 R2

1 M L -
m=1 =1

In the following example, we assess the performance of the above algorithm in the computation

of the likelihood function for a simple scenario.

Example 1. Assume that we have a typical two-dimensional single molecule trajectory X (7) in
the object space, where the time point 7 = 0.01 ms is fixed, with the first order drift coefficient
F = 10/s and the diffusion coefficient D = 1 u*/s. Also, we assume that the initial location of
the molecule is known and given by x¢ = (2.4,2.4)T pm. In the fundamental data model, detected
locations of the photons emitted from the molecule in the image space are simulated using a zero-
mean Gaussian profile with covariance matrix ¥ = 0.0115.o p’m. In the practical data model,
a 60 x 60 pixelated detector with square pixels of a width of W = 16 um is used to acquire the
pixelated image of the molecule trajectory. Assume that the photon emitted from the object hits the
pixel Cy centered at (ci, cé) = (230.75,237.25)T pum at the image space. Then, using Algorithm 2

we have

Pr((X(r) e Cy] = /

M
1 m
2 IC'1 (.I)pX(T)(CL’)dCL’ ~ M mZZIICH (I‘ ) )
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Figure 5.2: Convergence of the Monte Carlo method. The probabilities Pr [(X (1) € C}] for dif-
ferent number M of Monte Carlo samples, where X (7) is a two-dimensional single molecule
trajectory, are shown in which the time point 7 = 0.01 ms is fixed, with the first order drift coef-
ficient F' = 10/s and the diffusion coefficient D = 1 p?/s. Also, assume that the initial location
of the molecule is known and given by 2y = (2.4,2.4)7 yum. Detected locations of the photons
emitted from the molecule in the image space are simulated using a zero-mean Gaussian model
with covariance matrix ¥ = 0.01/5,5 p*m. A 60 x 60 pixelated detector with square pixels of a
width of W = 16 pum is used to acquire the pixelated image of the molecule trajectory. Assume
that the photon emitted from the object hits the pixel C'; centered at (c;, c;) = (230.75,237.25)T
pm at the image space.
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where, for an invertible magnification matrix M € R**?,

1
I = M 'r —x)d
: e M dr,d R? 5.9
 |det(M)| a-w Ja_w q( (ra,my) — ) drydr,, =€ R? (5.9)
and {xm}%ﬂ am e RE m=1,--- M, is a sequence of independent and identically distributed

samples drawn from the distribution px ;) using Algorithm 2. In Fig. 5.2, we have shown the
probabilities Pr [(X (1) € Cy| computed for different number M of Monte Carlo samples. As can

be seen in Fig. 5.3, the standard deviation of the probabilities decreases by increasing the number

of samples, which suggests the convergence of these probabilities.

(a)10000 F L L— (b) 600 — . .

Std=0.0055649 Std=0.0013887

- . 400} ]
c [=
§ 5000 §

200
0 t t t t t 0
0.1 0.2 0.3 0.4 0.5 0.242 0.244 0.246 0.248 0.25 0.252
Probability Probability
(c) (d)
600 T T 600 T T
Mean=0.24735 Mean=0.24735

w4001 1 400} 1
[= [=
=] =
3 3

200 200
0
0.244 0.246 0.248 0.25 0.244 0.246 0.248 0.25
Probability Probability

Figure 5.3: Histograms, means and standard deviations of the probabilities computed using the
Monte Carlo method. Gaussian models fitted to the histograms of the probabilities computed

using the Monte Carlo method are shown for (a) first, (b) second, (c) third and (d) fourth quarters
of the data sets of Fig. 5.2.
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We next examine the performance of our proposed parameter estimation method. For this
purpose, we simulated pixelated images of single molecule trajectories. These trajectories were
simulated using Eq. (B.1) with four time points, where the time points were drawn from a Poisson
process, and the first order drift coefficient /' = —10/s and the diffusion coefficient D = 1.5
pm?/s. Also, we assumed that the initial location of the molecule was fixed at (2.4,2.4)" ym.
The locations of the photons emitted from the molecule trajectories, in the image space, were
simulated using Eq. (3.23) with the Gaussian measurement noise (Eq. (3.12)) and ¢ = 0.1 pm.
We assumed that these photons were detected using a pixelated detector of pixel size and image
size of 6.5 X 6.5 um and 60 x 60 pixels, respectively. We then estimated all parameters of the
trajectories, e.g., initial location of the molecule, drift and diffusion coefficients, together using
Algorithm 2, where the number of Monte Carlo samples at each step is equal to 2500. The errors
(estimate - true value) of the estimation are shown in Figs. 5.4 and 5.5. As can be seen in these
figures, the spreads of the errors are around zero and there is no systematic bias associated with
the estimates.

We also applied the algorithm to the pixelated images of single molecule trajectories simulated

2TNg

using an Airy point spread functions with o = =%

= 13.23, which corresponds to a Gaussian
profile with 0 = 0.1 pm. The parameters of the molecule trajectories were the same as the param-
eters of the data set of Fig. 5.4. As can be seen in Figs. 5.6 and 5.7, we have obtained the similar
results as the Gaussian case.

We further evaluate the performance of the proposed method in terms of the standard deviation
of the estimates. In order to do this, we simulated the pixelated images of a stationary object using
a pixelated detector of pixel size and image size of 6.5 X 6.5 um and 60 x 60 pixels, respectively,
assuming that three photons were detected by the detector. The locations of the photons in the
image space were simulated using Eq. (3.23) with the Gaussian measurement noise (Eq. (3.12))
and 0 = 0.1 pum. We then estimated the location of the molecule using Algorithm 2, where the

number of Monte Carlo samples at each step is equal to 10000. The errors of the location estimates

are shown in Fig. 5.8. As before, the errors are spreading around zero and no systematic bias can be
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Figure 5.4: Analysis of the error of initial location estimates from pixelated images of single
molecule trajectories for the Gaussian measurement noise case. Differences between the estimates
of the initial zy- and yp-location of the molecule and their true values from the images of the
molecule trajectories simulated using Eqs. (B.1) with four time points, where the time points are
drawn from a Poisson process, and the first order drift coefficient /' = —10/s and the diffusion
coefficient D = 1.5 ym?/s. The initial location of the molecule is fixed at Xy := (zg,v0) =
(2.4,2.4)T pm. The locations of the photons emitted from the molecule trajectories, in the image
space, are simulated using Eq. (3.23) with the Gaussian measurement noise (Eq. (3.12)) and
o = 0.1 pum. These photons are detected using a pixelated detector of pixel size and image size of
6.5 x 6.5 pum and 60 x 60 pixels, respectively.
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Figure 5.5: Analysis of the error of diffusion coefficient and drift coefficient estimates from pixe-
lated images of single molecule trajectories for the Gaussian measurement noise case. Differences
between the diffusion (first order drift) coefficient estimates and the true diffusion (first order drift)
coefficient value for data sets of Fig. 5.4.
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Figure 5.6: Analysis of the error of initial location estimates from pixelated images of single
molecule trajectories for the Airy measurement noise case. Differences between the estimates of
the initial x(- and yy-location of the molecule and their true values from the images of the molecule
trajectories simulated using the parameters of the data set of Fig. 5.4. The locations of the photons
emitted from the molecule trajectories, in the image space, are simulated using an Airy model with
2“% = 13.23. These photons are detected using a pixelated detector of pixel size and image
size of 6.5 x 6.5 um and 60 x 60 pixels, respectively.
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Figure 5.7: Analysis of the error of diffusion coefficient and drift coefficient estimates from pix-
elated images of single molecule trajectories for the Airy measurement noise case. Differences
between the diffusion (first order drift) coefficient estimates and the true diffusion (first order drift)
coefficient value for data sets of Fig. 5.6.
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seen. We also calculated the standard deviations of the estimates. These standard deviations, which
are computed as 57.4 nm and 59.6 nm for the zy- and yy-locations of the molecule, respectively,
are close to the localization accuracy, i.e., the square root of the CRLB, which is given as 58.37
nm for both z- and y-directions, reported in [6].

Here, we only consider a small number of photons, since, in general, the computation of the
likelihood function (Eq. (5.4)) is expensive. It is mostly because of the large number of the mem-

|

#K,, when L increases. In the future, using

bers of the set AL (z1,--- , zx), which is equal to PR

more advanced computational methods, the formulae provided in this chapter can be implemented

more efficiently.
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Figure 5.8: Analysis of the error of location estimates from pixelated images of a stationary
molecule for the Gaussian measurement noise case. Differences between the estimates of the
initial zy- and yy-location of the molecule and their true values from the simulated images of a
stationary molecule using a pixelated detector of pixel size and image size of 6.5 x 6.5 pm and
60 x 60 pixels, respectively, assuming that three photons are detected by the detector. The locations
of the photons in the image space are simulated using Eq. (3.23) with the Gaussian measurement
noise (Eq. (3.12)) and 0 = 0.1 pm.

5.3.1 Fisher information matrix

In the previous chapter, we provided a recursive formulation for the Fisher information matrix.
Here, we calculate a new expression for the Fisher information matrix for the fundamental data

model. Next, we use this new result to derive an expression for the Fisher information matrix for
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the practical data model. We first, in Definition 5, introduce a notation for the Fisher information
matrix of the fundamental data model given the number of photons.
Definition 5. Let the parameter space © describe an open subset of R™ containing the true param-

eters. For L = 1,2, ---, and a row parameter vector 0 € ©, we introduce the Fisher information

matrix of the fundamental data model given N(t) = L, as

0 T
I, oy (0) : = Eyo 108y (x (1)), wexanive (MiLlk)
N@®=L\"/ " PUX(T1)). U(X(TL)IN(H)=L o0

x (alogpewxmny--- U(X(TL) N () (T“M|L)) }

a0
dlog p? r
I A (raplD) [ BPUK ), X N @I (r1:2|L)
T Jee o PUK @) UK @)IN) 1L 00
dlogp? (ri..|L
X( o) vesave Tl 5.10)
a0
where 1.1, 1= (Tlv T 7TL> T, T € RQ’ EP%(X(Tl))r'-,U(X(TL))|N(t)=L is the expected value

with respect to the probability p?](x(Tl)),--- U (X (T1))|N(t)=L’ and p%(x(Tl)),--- U (X (TL)N (1) is the con-

ditional probability density function of U(X(T1)),--- ,U(X(TL)), given N(t).

In the following theorem, we calculate the Fisher information matrix of the fundamental data
model defined in the above definition. In the rest of this paper, we only focus on the estimation of
the parameters of the motion model of the object, such as the initial location of the object, drift and

diffusion coefficients, i.e., we assume that A and f, are independent of 6.

Theorem 6. For a row parameter vector § € O, the Fisher information matrix 1 ]J;( " (0),L =

1,2, -, of the fundamental data model given N (t) = L, can be calculated as
. ! ‘ I (rip, 1.
[]{Z(t):L(o) = ;L/ / ] LAGEILTY) dry---drg, (5.11)
(ffo A(w)dzb) B2 JR2 PU(x(my)), - Ux ()i (M1 7Ll D)
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. / / / 2
where, for ri.;, = (r1,--- ,rp), v, = (- ,ry),andry, - Jrp, el 1 € RE

Iy T, rtopTL T2
Ig (T1:L7T,1:L) ::/ / / / / / / / / / dFéT (leLaxlzLaTl:L)
R2 R2 JR2 R2 to Jto to to Jto to

x dFy (ry.p,@%.0,71..)dr - drp_1drpdr] -+ dTi_ldri}dzl <dwpdxy - daly,

pg[(X(Tl)) U(X(Tw))IN () (r:o|L) = /Rz /R2 </ / / Fy (ri.p, 4., i) dT{/"'dT£—1d7g>

x dz z,
FG (Tl LyX1:L,7T1: L (H fa:l T‘Z )px(ﬁ) X(TL)(xla"' ,.’L'L),

0
dFp (r1:0, 1.0, T1:1) = 2010 (T1:05 1.0, T1:1) (H foi(ri) A > ApSeiry e x ey (@1, s 2L),  (5.12)

. . o / . / / ! / 2 R
in which x1.;, := (x1, - ,xp), 2y = (2}, - ,27), 21, ,xp, 2, xp € R% 1 =

(T1,c - smL) Ty o= (T, s TL)to S < oo <1 < ttg <71 < - <71 <t and

ops, (1, ,2r)
0 . PX(ry)ye X () VT
de(n),..‘7X(TL)($17 ,Tp) = 90 .

Proof. For a row parameter vector § € O, the Fisher information matrix Iy ;)—1(¢), given N(t) =

1, can be calculated as

f _ 1
IN(t):l(e) - ‘/Z) A(Q/))d’g/]
/ Jzz Jge fo(r) far {fto j;o (cle(T1 (l‘))Tdpg((7_2)(x/)A(Tl)A(Tg)dTldTQ} dzdx’ )
X r,
e Jur £20) (i oy () A (7)) da”

ap? T
where dpéxm (1) = %)(), z € R2, 7 > t,. In general, the Fisher information matrix /7, N(y=L(0);

given N (t) = L, can be calculated as, according to Eq. (5.10) of Definition 5,

0 T
1% (9);:/ / 1 Oy (x (1)), wx v (el
N=r we e Phixcn) - vxive (L) o

op? ri..|L
x ( PU(x (1)), w v (it )> dry ---dry, (5.13)

06
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where, for ry.p := (ry,--+ ,rz),7r1, - ,rp € R,

L L
Phixery, - vixeyng (e roll) = ﬁ/;"/z [ 700
(i Awyag) = i

t TL T2 L
X / / / ng(n)’...’x(m)(:m,“' 7$L)HA(Tj)d7‘1"'dTL71dTL dxy---dxp,
to v to to j=1

(5.14)

and pg{(ﬁ),m,X(rL)’tO < 7n < --- < 71 < tg, is the joint probability density function of
X(7),---,X (7). By substituting Eq. (5.14) into Eq. (5.13), we have

IJ{](t):Lw):m/ﬂﬂm/w/r@m/w{/f,:/t:Lm/t:/t:/t;Lm/t;Z

[15y fay (ri) TT5—y fa1,(r)
Jz

T,, 7_//
S Fap () (ffo JOE .. 2 pi(fil)’m 1X(T/L/)($/1/7... L) TIE, A(rf)dry - ..dfgildfg) ot/ - da'f
0 T 0 / ’ = = ’ ’ ’ ’
X dry - --drp, (dPX(rl),---,X(TL)<IIY"‘ 7IL)) de(T{),~-~,X(7/L)<Il"H ,IL)HA(Ti> HA(Tj)dﬂ'l-»»dTL,ldTLdfl»udﬂ'L_ldTL
i=1 j=1

Xdacl-wdach:c/lv--dx/L

| L L - - - -
) (ftto A(LT/J‘)dil’)L /]Rz R A/JRQ (/1{2 h A/RQ /Rz B ./[Rz 11;[1 fzi(m)j[% fT; (Tj){ /t:) /toL A ”/foz /t: /toL N A/toz

(4P (ryy, o x (g @1 ,m)poi((T{),__ Xy @ @) TTEey Ar) TTECy A(r))dry - - drp_qdrpdr - ~dT’L,1dT’L}
X 1 =y
fr S Tl Fagg () (g I+ T gy gy () Tl Al yar ) doff - o
><dacl---dach:c/l---dm/L)drl---er, (5.15)
0 O (ry), X (g @1 2L) 2
Wherede(Tl)7,,,’X(TL)(:C1,~~ ,.CEL) = 90 , L1, 0, X eR o< <o <
TL, S t.

In the following lemma, for an object’s motion modeled by a linear stochastic system, we
calculate the derivatives dpg((n) X (1) in the Fisher information matrix (Eq. (5.15)) derived in

the above theorem.

Lemma 3. Let the parameter space © describe an open subset of R™ containing the true parame-

ters. For 6 = (01,--- ,0,) € O, let

X(r) = () X () + Wo(m,m), mo=to<n<---<m, =12,
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where the 2D random variable X (1;) denotes the location of the object at time 7, ¢° (1, 7141) €
R2%2 s the state transition matrix, and {We(n, Tiy1), 0 =1,2,--- } is a sequence of independent
zero mean Gaussian random variables with covariance Q°(1;,741) € R*2 Q%(7m, 141) > 0.

Also, assume that the initial location of the object is given by X (1y) = xo € R?. Then,

8]9?((71)7._. X (1) (xl, R er)
00;

.0 3logp§((ﬁ)w7x(m) (21, ,7L)

7pX(Tl)7"',X(TL)(‘/E17"' y UL 50,
- 3logp§( T (xl) - alogpg( )| X (T (SC[|£C[,1)

:pg((ﬁ) (l’l)Hpg((n)\X(nfl) (zy|x1-1) ( aé-ﬂ + Z ()| a(gl.i ) . (5.16)
1=2 i — ;

where

M — 71trace {((Qe(ﬂhﬁ))l W) ([ — (Q9(7-077'1))71 679_077_1 (xo,x1) (6.,0_077_1 (wo,xl))T)}

0 (e, r, (w0, 21))"

- 90, (Q°(r0,m)) " €4, 1, (w0, 1), (5.17)

and

0108 P () x (r,_y) (F1l1-1)
0,

O(m_1,m -
= 7%trace K(Qe(n—hﬁ))l W) (I (Qg(n_l,n)) ! eﬁlfm (z1-1,27) (eflim (xl_l,:cl))T>]

T
0 (ef_ (@i, xl)) 1
— — 189 (QQ(TlflaTlD e?’z_l,rz(xlfl,l'l)a l=2,---,L, (5.18)
where 6797—1,77 (-1, 1) == 21 — ¢ (Ti_1,7)T1-1,1 = 1,--- , L, and I denotes the identity matrix

with the corresponding size.
Proof. See the proofs of Theorem 3 and Corollary 4. [

We next use the results obtained in the previous section to calculate the Fisher information
matrix for the practical data model. We first, in the following definition, introduce a notation for

the Fisher information matrix of the practical data model.

Definition 6. Let the parameter space © describe an open subset of R" containing the true pa-
rameters. We introduce the following notation for the Fisher information matrix of the practical
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data model, for a row parameter vector € ©

P Olog Pro [Sy = z1,+++ ,SKk = 2] T dlog Prf[S1 = 21,--- , Sk = 2k]
I (0)::EPr9[51:Z1,~“,SK:ZK] 00 o0

oo oo log P 6 — = T

- 3 3 Pt e ol (L e S =]

_ _ o0

forpn Z

y (alogPr9 [S1 =21, ,SK=ZK]) (5.19)
20 ' '

In the following theorem, we calculate the Fisher information matrix of the practical data model

introduced in the above definition.
Theorem 7. 1. For a row parameter vector € O, the Fisher information matrix I'7(0) of the full

practical data model can be calculated as

D SR S
a0 ze=o ([ Aw)dy)
;
D= (w1, 01 ) EAL (21.50) 2o = () o ) )EAL (o) S, e, f% "'fo,U,L Iy (rup, ) drlf - -dridrg - dry
>< 9
Lol ) eAk (r) Jo, y "'fcvg PY () DX TN e |LY drt
(5.20)
-— P — K o e — “ e 0
where 2. = (217 7ZK) L= Zkzl Rky 21, 2k = 0,1, , and Pux (), UX(TL) N ()

I are given by Eq. (5.12) of Theorem 6.
2. The Fisher information matrix I*(0) of the practical data model can be calculated as

17(6) = Z Z Z Z (L + 2)! (L+z’)!L+Z/
D0 m05=0a= o(t () d ) (ft ¢)d¢)
X, =(v1, w4 2) EARET (21:0¢,2) Zu/::@;,m,U'L“,)eAf(tj’(zl:K,zf) fcvl “'fchJrz Je., ut fc e Ig (TI:L+277’/1:L+Z')
Zz” =0 =l et <21zx»z“>f0vg "'va/Lf+z,, P X (T1)y UK (T )IN D) (T1:L+ ~|L+Z”) dr oo dry
X dry, --dridrpy, - -dry, (5.21)
where ., . = (7"’1’, e ,T’L’+Z,,) e €RE 2T =01,

Proof. It results by substituting Egs. (5.3) and (5.4) of Theorem 5 into Eq. (5.19) of Definition 6
O

and using the same procedure as the proof of Theorem 6
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6. SUMMARY AND CONCLUSIONS

Single molecule microscopy is a powerful tool to study the dynamics of individual molecules
within living cells, which previously were masked through bulk microscopy due to the averaging
over a group of closely spaced molecules. In this thesis, we have developed parameter estimation
methods to analyze single molecule microscopy data. In particular, we have focused on two im-
portant applications of single molecule microscopy: single molecule super-resolution microscopy
and single molecule tracking.

In order to solve the localization problem for single molecule super-resolution images, we have
developed a non-fitting state space algorithm. In single molecule fluorescence images, the locations
of peaks of intensity correspond to the locations of molecules. Our proposed algorithm models
such an image by the frequency response of a multi-order system obtained using a state space
realization algorithm based on the singular value decomposition of a Hankel matrix. The locations
of the poles of such a system determine the peak locations in the frequency domain, and therefore
correspond to the locations of molecules. To assess the performance of the proposed localization
algorithm, we applied the algorithm to both simulated and experimental data comprising images
of closely spaced molecules. In the case of simulated data, we evaluated the detection rate of
the algorithm for molecules with different mean photon counts and different distances between the
molecules. We also analyzed the bias of the algorithm. The bias was evaluated as the average of the
deviations of the estimated molecule locations from the ground truth. In the case where there was
only one molecule per image, our results suggested that there was no systematic bias associated
with the algorithm. In the case of data sets consisting of repeat images of multiple molecules,
however, the results showed that bias existed which we found to be dependent on the distances
between the molecules relative to the image size. Also, the accuracy of the algorithm, determined
by how far the estimates were spread out from the ground truth, was assessed by looking at the
square root of the average of the squared deviations from the ground truth. In the case that we had

repeat images of the same molecules, we looked at the squared deviations of the estimates from
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their average, i.e., the accuracy was given by the standard deviation of the estimates. Importantly,
for data sets comprising repeat images of one molecule, the standard deviation of the estimates was
compared with the limit of the localization accuracy, a theoretical accuracy benchmark given by
the square root of the CRLB. The results showed that the accuracy of the algorithm was reasonable,
but the difference between the accuracy and the limit of accuracy was nevertheless around twice
the limit of accuracy. We showed, however, that by using the obtained location estimates as the
initial conditions for a maximum likelihood estimator, we can decrease the standard deviation
of the estimates and approach the limit of accuracy, as is usually possible with the maximum
likelihood estimator for standard single molecule estimation problems. We further demonstrated
with experimental data that the algorithm could recover the locations of the significant peaks in the
original image that correspond to the locations of individual Alexa Fluor 647 dye molecules.

To analyze single molecule tracking data, we have proposed a maximum likelihood estimation
method to estimate the parameters of the molecule trajectories in cellular environments. In our
method, we have considered a dynamical system where the motion of an object of interest, e.g.,
single molecule, is modeled generally by stochastic differential equations, and the measurements
are the time points and locations of the detected photons emitted by the moving fluorescently la-
beled object using an ideal pixelated detector, referred to as the fundamental data model. More
importantly, we have calculated the CRLB-based limit of accuracy, given by the inverse of the
Fisher information matrix, for the estimation of the unknown parameters. To examine the per-
formance of the proposed estimation method, we applied it to simulated data sets comprising
linear two-dimensional trajectories of a molecule with Gaussian, Airy and classical model of Born
and Wolf measurements. The results showed that there was no systematic bias associated with
the method. In addition, we showed that the means of the distributions of the prediction of the
molecule locations were able to follow the true locations of the molecule for all different types of
measurements. In particular, for data sets comprising repeat trajectories of a molecule with Gaus-
sian measurements, it was shown that the standard deviations of the diffusion and drift estimates

were close to the square roots of their corresponding CRLBs. We also showed that, in the case
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that we had one detected photon, the Fisher information matrices obtained for an Airy and its cor-
responding approximating Gaussian profile were different from each other, and therefore, the use
of the Gaussian approximation can be problematic in some applications. We showed that equally
sampled time points, which have been commonly used in most dynamical systems, and Poisson
distributed time points can lead to significantly different Fisher information matrices. We further
showed that even the results obtained for different realizations of a Poisson process could vary
notably.

In the fundamental data model, we assumed that the time points and locations of the photons,
which are detected by an ideal unpixelated detector, are available. However, in practice, pixe-
lated detectors, such as charge-coupled device (CCD) and electron multiplying CCD (EMCCD)
cameras, are commonly used for acquiring the image of the object. In this case, referred to as
the practical data model, the measurements, i.e., the fluorescence microscopy images, include the
numbers of the photons detected in each pixel. Therefore, the temporal information of the detec-
tion of the photons is not available anymore. Moreover, instead of having the exact locations of
detection of the photons, we only know the pixel areas in which the photons impact the detector.
These challenges make the analysis of single molecule trajectories from pixelated images a com-
plex problem. We addressed these challenges by extending our framework to the practical data
model. In cases that we had a small number of photons, the results showed that we were able to
estimate the parameters of the molecule trajectory from simulated fluorescence microscopy images

using our proposed method.
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APPENDIX A

FREQUENCY RESPONSE OF A MULTI-ORDER SYSTEM AS THE PSF MODEL

In this section, we present the results of the proposed algorithm applied to images simulated
using the frequency response of a multi-order system. In this case, instead of Eq. (2.36), 1, is

given as

1 h

c

pign (ky, k) = ki=1,..,N;, i=12 (Al

Y

> v
(eizﬂ'kl/Nl _ C_L )(eiQWkg/Ng _ C_l%)

1
n=1 n

N N ) .
where C' := > ;"1 2 is the normalization factor. Here, to
ki=1 2 ko=1

ZLl (eiz”’“l/Nl76}1)1(61'2”’“2”276%)
analyze the performance of the algorithm, we simulated data sets containing repeat images of one
molecule using the frequency response of a first-order system, i.e., using Eq. (A.1) with h=1. The
data sets differ by the mean photon count N, ; for the molecule. For each mean photon count,
the data set consists of 1000 repeat images of size 20 x 20 pixels. In Figs. A.1(a) and A.1(b), an
example of an image with a mean photon count of V,; = 1000 is shown. To assess the bias of
the algorithm, we calculated the differences between the averages of the z- and y-estimates and
the corresponding true x- and y-coordinates. Similar to the case of images simulated with the Airy
profile [Fig. 2.3], the evenness of the spread of the estimated bias about 0 nm for both coordinates
[Fig. A.1(c)] demonstrates that there is no systematic bias associated with our proposed algorithm
when there is only one molecule per image.

Also, we calculated the standard deviation of the estimates for nine of the data sets and com-
pared the results with the limit of the localization accuracy calculated using the approach for ex-
perimental PSFs presented in [64]. It can be seen in Fig. A.2 that when the image of the molecule
is simulated as the frequency response of a first-order system, the accuracy of the algorithm comes

close to the limit of the localization accuracy.
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Figure A.1: Analysis of the bias of location estimates obtained from repeat images containing
exactly one molecule, simulated using the frequency response of a first-order system. (a) Image of
a point source simulated using the frequency response of a first-order system, i.e., using Eq. (A.1)
with & = 1, and a mean photon count of N,; = 1000. (b) Mesh view of the image shown in
(a). (c) Difference between the average of the x-estimates and the true z-value, and the difference
between the average of the y-estimates and the true y-value for data sets that differ by the mean
photon count per image assumed for the molecule. For each mean photon count, the data set
consists of 1000 repeat images of size 20 x 20 pixels, simulated using the frequency response of a

first-order system.
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APPENDIX B

COMPUTATION OF MAXIMUM LIKELIHOOD ESTIMATES AND
FISHER INFORMATION MATRIX

B.1 Example of maximum likelihood estimation

Let the 2D motion of an object be given by the following continuous-time stochastic differential

equation
dX(7) = FlpeX(7)dT + V2D LodB(7), 72t ®B-1)

where /5.5 denotes the 2 x 2 identity matrix, F* € R and D > 0 denote the first order drift
and diffusion coefficients, respectively, and {B(7) € R 7 > t,} is a 2-vector Brownian mo-
tion process with E {dB(7)dB(1)"} = ILs. Also, let X(ty) be Gaussian distributed with
mean r, € R? and diagonal covariance matrix Py = pglaxa, po > 0, which is assumed to
be independent of B(7). Assume that the photon detection rate A, the magnification matrix
M = mlyxo,m > 0, and the covariance matrix Y, = vlayxo,v > 0, of the measurement noise
are independent of the parameter vector # € ©. Also, for the corresponding discrete system at
time points 79 (= tp < T4 < T < --- < T < ---, let the transition matrix be given by
o(m—1,m) = ¢*(1_1, 1) Iaxa, ¢°(11_1, 1) € R, and the process noise covariance matrix be given
by Qq(7i—1,71) = ¢*(T1—1,T1)Lax2, ¢°(11—1,71) > 0. Then, the covariances of the states, which can
be calculated through the Kalman filter formulae recursively, are also scalar matrices, i.e., can be

defined as Pgljl = plejlllgw, pl@jll >0,l=1,2,---. Also, let il@jll denote the means of the states.
Then, the maximum likelihood estimate émle of @ = (64, ,6,) is the solution of the follow-

ing equation, according to Eq. (4.38), for the acquired data denoted by dx € C¥ x RE K =

[oo]
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T
il = 2 | gt and dply M = 2250 can be calculated through the fol
=6, Loi = |pg, dpg, ,and dpy, 1= —55- can be calculated through the fol-

lowing recursive formulas, by combining the Kalman filtering equations (Egs. (3.28) and (3.29))

and their derivatives, and using Lemma 5 (see Section B.7),
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where the Kalman gain and its derivative are given by

-1 s I-1,i
mpy, kg, _ mudpy

-1 ’ _ 2°
mPpg, +o 00 (m2plt 4 o)

Koy = kg lox2, ki, := (B.5)
1.If F # 0, then, forl =1,2,---,

D
¢ (i1, m) = P gt () = o (e2Fm=m-) 1)

(a) If the only unknown parameter is the first order drift coefficient F, i.e., § = F', then, for

ATy =T — T,

eFAT+1 )00 022
Ap 41 = ;
_AT1+1€FA”“12x2 eF'AT1 (T —mKy )
eFATH_l KG .
By 11 = ’ )
elAm (aggf’l + ATz+1K9,z)
(1 —mkj l) e2F AT 0
Co41 = ’ o ;
(1 — mk;l) 2AT 2RI m—pg* e2F AT (1 — mk‘“;’l) 2P AT
and
GFATliL'O 62FA7'1 po + D (62FA7'1 _ 1)
& F
Xo1 = , Py = . (B.6)
Arief' ATz, 20712 AT py + Be2FAT (— L 4 2AT) + L

(b) If the only unknown parameter is the diffusion coefficient D, i.e., § = D, then,

N FA
e 2T [y o O2x2 e 2T Ky
Ag i1 = oA , Boip1= eAr 0K
0,1
O2x2 el BT (Inyo —mKy ) er AT
(1 — mkj l) 2F AT 0
C = ’
0,+1 Ok, 2F AT s 2F AT,
—M—5e~¢€ tH 1 —mkg, e ’“
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and

eFATl zo eQFATlpo + % (62FA7'1 _ 1)
Xg1 = , Pp1= : (B.7)
02><1 2A7_1€2FA7'1PO + % (62FA7'1 o 1)

2.If F =0, then, forl=1,2,---,

¢*(ni—1,m) =1, ¢ (n-1,m) =2D (1 —1—1).

If the only unknown parameter is the diffusion coefficient D, i.e., 6 = D, then,

I 022 Ko, 1 —mkg, 0
Aoi41 = v Boari=, |, Corn= oks ;
O2x2  Toxa —mKy, - —m=—pgt 1 —mkj,

o0 o6

and

A o) po + 2DAT;
Xo1 = , Py = . (B.8)

02 X1 2A7—1

B.2 Sequential Monte Carlo method

Here, for the acquired data denoted by d; € C' x Rfoo] (or d; € C' x th]), Il =1,2,---,
we approximate the distribution p,,, <$z+1 | 7141, dl) through the sequential Monte Carlo method

provided in [45]. Note that

Ppris ($l+1\7'l+17 dl) = PX(T141)|T141,D; <$l+1|7'l+1, dl)
= /BPX(TZH),X(TZMTZHDZ (xm,x!ml, dl>dl‘
R
= /3pX(Tl+1)X(Tl),Tl+1,Dl <$l+1’l’a Ti+1, dl)]’X(Tl)\TlH,Dl (ﬂf\TlHa dl)dw
R

= /R3 PX(T141)| X (T1).Tisr Dy (sz+1 |z, 7141, dl)sz'l ($|dl> dr, (B.9)
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where py;, (x|dl) = Px(m)|D, (:L"dl>,$ € R3, and for the linear stochastic system with state
X(1) € R* 7 > to, zero-mean Gaussian process noise with covariance matrix Q,(7,74+1) €

R3**3,Q, (71, T141) > 0, and state-transition matrix ¢(7;, 741) € R3*3, we have, for z; € R3,

PX (Ty1)|X(T1), it 1,0y (fﬂl+1 EIRGRSE dl)

= Px(T 01X (1) (Tialer)

1
2 [det (Qy(m, 71+1))]/?
X exp <—;($z+1 — (1, mip)2) T Qy (10, i) (wigr — ¢(TI>TZ+1)5UI)> : (B.10)

The distribution py;, of the filtered object location can be approximated as [45]

N
Pri (l“zldz) ~ > wi(r)s (z — i) | (B.11)
i=1

where 4 is the Dirac delta function, and the samples #} and their corresponding weights w?(r;),i =
1,---, N, are given through the following sequential Monte Carlo algorithm. Finally, by substi-
tuting Egs. (B.10) and (B.11) into Eq. (B.9), the distribution p,,,,, can be approximated as

)
Ppri <$z+1|7'l+1,dl) 7’1 px (T11)|X(Ty) <$z+1|xl>

~ L

1 y
det (Q (le Tl+1))]1/2 exp < — §($l+1 — ¢(Tl, Tl—}—l)l’l)T

X Q;l(Tz,TlH)(ﬂ?lH - ¢(Tl,7'l+1)jf§)>'

Sequential Monte Carlo (particle filter) algorithm: [45]
1. Draw initial samples {xé}f\il according to px () (o), i.e.,
Th ~ Px()(®0),i=1,--- ,N,and set | = 1.
2. Draw independent and identically distributed samples {x%}fvzl according to

PX(T)|X(Ty-1) <$'l|5‘3§71>, i.e., &} ~ px(n)|x(1i_y) (izle,1> =1, N.
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3. Compute the weights sequence {wf(rl)}i]il as

; Jai (11
wf(n):%, Z:]_,,N
i=1 f;r} (Tl)
4. Resample new particles a:{ ,j=1,---, N, from the set {x}}fil according to the importance

weights wf(rl), 1.e., according to
P(xf :xﬁ) =wj(r), i=1,---,N,

where P (] = i) denotes the probability of x] = .

5. Increment [ — [ + 1 and return to step 2.
B.3 Estimation results for Airy measurements

Here, we analyze the error of the diffusion and drift coefficient estimates for simulated data
sets with the Airy measurement profile, with the same standard deviation as the Born and Wolf and
Gaussian data presented in Figs. 3.3-3.6, and obtain similar results (see Figs. B.1 and B.2). We
also show the differences between the means of the distributions of the prediction of the molecule

locations and the true locations of the molecule in Fig. B.4 (see Section B.11).

B.4 Example for Fisher information calculation

For the data model described in the example provided in Section B.1, the Fisher information
matrix is given by Eqs. (4.31) and (4.32), where Sp;,l = 1,2,---, is given recursively by, for
0=(6,---,0,)€Oandi,j=1,---n,

i . i i T . VA
s~ aghsiit, (A6 = o (580" =28,

)

and

9o (70,71)T0,0) 90;
J

. ®6 (70, T1)T0,0 P, T
Séfl) = [(@be(To,Tl)l’e,o)T <(¢9( sl 9’0)) } )
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Figure B.1: Analysis of the error of diffusion coefficient and drift coefficient estimates produced
by the maximum likelihood estimation method for the Airy measurement model. (a) The two-
dimensional single molecule trajectory simulated in Fig. 3.3(a). (b) Detected locations of the
photons emitted from the molecule trajectory of part (a) in the image space which are simulated
using Eq. (3.23) with the Airy profile (Eq. (3.11)) and o := 2“% = 2.59. (c¢) Differences between
the diffusion coefficient estimates and the true diffusion coefficient value for 100 data sets, each
containing a trajectory of a molecule simulated using Egs. (B.1) and (3.23) with the Airy profile,
and the parameters given in parts (a) and (b). (d) Differences between the first order drift coefficient
estimates and the true first order drift coefficient value for the data sets of part (c).
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with coefficient matrices given through Eqgs. (B.3)-(B.5). In Section B.1, we calculated these

coefficient matrices for drift and diffusion coefficients estimation problem in different scenarios.
B.5 Computation of general Fisher information matrix

We calculate the Fisher information matrix numerically, for the case that we have one pho-
ton, through the following algorithm (here, it is assumed that § = D, where D is the diffusion

coefficient).

1. Fora,b e R,a <b,letx; :=a+1ih,y; :==a+ih,i=0,--- ,n,and h := b;—“ Approximate

Px(r) as

Px(r)(T1) = /R2 Px(m)X(t) (Z1]2) Px (o) () do

~ Y Y i) (1@ 95) xo (@095), w1 € B2
2. APPTOXimate de(Tl) = % as

dpx(r) (1) = /R2 dpx (m)X (to) (1|7) Px(20) (®) d

~ B Y dpximix) (1] (@ 95) Pxao) (Ti,y;) . @ €RY (B.12)

i=0 j=0

3. Approximate py, |1, as
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o (1m) = | ) @) (k) d

= /RZpX(n) ($> f:): (T) dx

B 1
|det( ) ]R2

\det | ZZPX (m1) xzyy] (M 17' — (l’“yj)) , re .

=0 7=0

Px(n) () g (M ™' — z) da

. ap
4. Approximate dpy, |7, == i as

dponr, (r|m) = / dpx (o (2) fo (1) d

|det |/ dpx(r) ( (M~ —z) dz
~ o |szpx o @oy) a (M7 = (riy), reC
=0 7=0

5. Letr,, = Mz, ry, = My;,1 = 0,--- ,n, and h, = Mh. Approximate the Fisher informa-

tion matrix /(D) of diffusion coefficient D as

1
I(D :/—d 2 r|m)dr
( ) pUl‘Tl( |7_1) pU1‘T1( | 1)

Nfﬂzz

=0 j=0 DPui|m (<T$17Tyj)|7—

)dp2U1T1 ((Taciv Tyj)|7—1) .

B.6 Joint probability distribution of arrival time points for a Poisson process

Lemma 4. Forty € R, let {N(7), T > to} be a Poisson process with intensity function A(1), T >

to. Let T, := (11, - - - ,Tl)T Jd=1,---  N(1),7 > to, where the 1D random variable T, describes

137



the I arrival time points of {N (1), T > to}.
1. Then, N (1), T > to, is Poisson distributed with mean ff; A(W)dy, i.e., for L =0,1,---, the
probability P(N(T) = L) is given by

T L
/ Aw)dw) AWy

to

2. Fortg<m <---<711,L=1,2---, the probability density function py, of Ty, is given by

L
PTL (7'1,"' ,TL) = (H A(Tl)) ¢ Jig MDT
I=1

3. Forty <1 < - <71 < t,L = 1,2, -, the conditional probability density function

DTN () IS given by

pTL‘N(t)(Th e aTLlL) =

Proof. See Section 2 of [55]. OJ

B.7 Derivative of state estimates

Lemma 5. Let O denote a parameter space that is an open subset of R", and let 11 € R. For

0:(917.'. 7971)e@arlecalzl,Q,"',andTl<T2<---,le[

i = do(momn) (2! + Koa(n = CaY)) .y € RY, (B.13)

where ¢g(11, T141) € R .C € R¥>* Ky, € R¥2, and their derivatives with respect to ;i =

i'l_l
. i) . 0, L ~l—1
.-+, n, exist. Let Xe,z = et and eg) == 1] — CSE@,Z . Then,

00;

() _ 40) (4) (4) _
Xezl+1 = AGZ,Z—HXG?Z + Be?z+1€0,ly =12,

)
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where

IO o (1, 7141) Ok xk
001 = | g o . ,
%@;m) Go(11, T141) (Texcrk — Koy M)

b0 (71, 7141) Ko,

B(Z) .
0,0+1 "= | - Ko | 0do(ri,miq1)
¢0(Tl,Tl+1) 90, + a0 Kg’l

Proof. By differentiating Eq. (B.13) (Kalman state estimate update formula) with respect to 6;,1 =

17... ,n,wehaVe,fOI'l:l,Z,u.,

02,1 [ o5 zg,'
) + _ o s 7 )
20, [‘z"’(;gf’*” b0 (11, Ti41) Tk — Ke,zc)] o3
90;
~ 0Koy  0¢o(1i, Ti41)
: K B.14
+ <¢0(Tz,ﬂ+1) 90, + 20, 0, | €a,, (B.14)
N
Then, by combining Egs. (B.13) and (B.14), for X e(zl) =1, ﬂf’;l , | » we have the following recursive
96,
formulation
(@) _ 4@ (4) (4)
Xoip1=Ap111Xp; + Bpja€00,
where
(i) bo(T1, Ti41) Ok x K
AQ’Z—H . 3o (mi,mir1) I ’
L= do(T, Tir) (T — K C)
(i) bo(1,7141) Koy
Be,l+1 I 0Ko 1 9o (T1,T141)
_¢9(Tl77—l+1) 60«;, + 89)1 -+ Ke,l
O

B.8 Chain rule

Theorem 8. Let S be an open set in RX and let ¢ be a point of S. Let d = (dy,--- ,dy) be a

function mapping S into an open set H in R, i.e., d: S — H, that is differentiable at c. Let
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h = (hy,--- ,hy) be a function mapping H into an open set Q in RY, i.e., h: H — Q, that is

differentiable at d(c). Let q be a real-valued function defined on Q) that is differentiable at h(d(c)).

Then,
N M
(Dilgohod)(e) = > 3" (Dig) (h(d(©))(Dihi) [A(e)(Dsdy)(e), k=1, K.
i=1 j=1
Proof. See the proof of Corollary 8.4.3 of [65]. [

B.9 Integral transformation theorem

Theorem 9. Let g = (g1,92, - ,9n): B C R™ — R" be an injective and continuously dif-
ferentiable function. Let w: R™ — R be an integral function and A C R", then the integral

transformation theorem is given by

/ w(yt,y2, -+, Yn)dyrdys - - - dyn = / w(g(xy, z2, -+ ,xn))
g(A) A

x |det(J(g)(x1,z2,- - ,xn))| drrdxs - - - dp,

where the Jacobian matrix is given by

891(93173327"':3371) 8!]1(11712»“'@71) ... 691($1,I2,'--,In)
oz Oz 0zn
0g2(z1,2,,@n)  0g2(x1,2,,®n) . Og2(z1,%2,,Tn)
o oxr1 Oxa Ozn
J(g) = _ _ _
Ogn (21,22, ,®n)  Ogn(T1,T2,,%n) . Ogn(z1,72,,Tn)
L oz Oz Ozn, _
Proof. See Section 10.3 of [65]. O

B.10 Innovation representation of the state space model

Lemma 6. Let g[gﬂ( (X,g, Wg, Zg) , (U[t], 7@5]) ..M. C, @) (or Qg( (X,g, Wg, Zg) UL, TL),
d,M',C, @) ) be an image detection process with expanded state space X and Gaussian process

and measurement noise models for a time interval [ty,t] (or for a fixed number L of photons).

140



Assume that

X(1) = g(X()) = GX(7), 72>t

where G € R¥*, and let C := M'G. Assume that C and Z, are independent of the parameter vec-

-1
, z
- o 6,0 .
tor € ©. For 0 = (0y,---,0,) and 3" .= E | Xo(n)|ri_1,--- 71|, let X(gll) = | i | 1=
) ) Z‘G,l
0,
1,--- ,n, be the extended state vector and ey, := 1, — Ci4,' be the prediction error. Then,

B lenXfl)| =00 =1 n.

Proof. Since the measurement noise Z,, the process noise Wg, and the initial condition of the state

vector X are independent, the prediction error ey, and the extended state vector X ézl), t=1,---,n,

are independent (see the proof of Theorem 5 of [66]), and we have
E [Xéfl)eg,l] =F Xé?l) E [69,1]
= BX1] B [C(Xo(m) - 2f3") + 2]

= E Xe(zl) {C(E [Xe(ﬂ)] —E [E [Xe(ﬂ)!ﬁ—lw“ ﬂ“l” > + E[Zg,] }

According to the law of total expectation, F [E [XQ(TZ)|7’1_1, . ,rlﬂ =F [Xg(n)} , and there-

fore, we have

B.11 Analysis of the error of the predicted locations of the molecule

In this section, the errors between the means of the distributions of the prediction of the
molecule locations and the true locations of the molecule for Born and Wolf, Airy and Gaussian

measurements are shown in Figs. B.3, B.4 and B.5, respectively.
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Figure B.3: Analysis of the error of the predicted locations of the molecule for the Born and Wolf
measurement model. Shown in the left and right plots are the differences between the means of the
distributions of the prediction of the molecule z-locations, where the first order drift coefficient is
unknown, and the true z-values, and the means of the distributions of the prediction of the molecule
y-locations and the true y-values, respectively, for the data sets of Fig. 3.4.
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Figure B.4: Analysis of the error of the predicted locations of the molecule for the Airy mea-
surement model. Shown in the left and right plots are the differences between the means of the
distributions of the prediction of the molecule z-locations, where the first order drift coefficient is
unknown, and the true z-values, and the means of the distributions of the prediction of the molecule
y-locations and the true y-values, respectively, for the data sets of Fig. B.2.
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Figure B.5: Analysis of the error of the predicted locations of the molecule for the Gaussian
measurement noise case. Shown in the left and right plots are the differences between the means
of the distributions of the prediction of the molecule z-locations, where the diffusion coefficient is
unknown, and the true z-values, and the means of the distributions of the prediction of the molecule
y-locations and the true y-values, respectively, for the data sets of Fig. 3.6.
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