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ABSTRACT

The surface finite element method is an important tool for discretizing and solving elliptic
partial differential equations on surfaces. Recently the surface finite element method has been
used for computing approximate eigenvalues and eigenfunctions of the Laplace-Beltrami operator,
but no theoretical analysis exists to offer computational guidance. In this dissertation we develop
approximations of the eigenvalues and eigenfunctions of the Laplace-Beltrami operator using the
surface finite element method. We develop a priori estimates for the eigenvalues and eigenfunctions
of the Laplace-Beltrami operator. We then use these a priori estimates to develop and analyze an

optimal adaptive method for approximating eigenfunctions of the Laplace-Beltrami operator.
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NOMENCLATURE

FEM Finite Element Method

SFEM Surface Finite Element Method
AFEM Adaptive Finite Element Method
DOF Degrees of Freedom

PDE Partial Differential Equation

ot Exact surface

Polyhedral approximation of
Piecewise polynomial approximation of ~y

Triangulation of the domain

5 3 =

A family of triangulations
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1. INTRODUCTION

The need for accurate approximations of Laplace-Beltrami eigenpairs arises in a variety of ap-
plications. For example, there are approaches to shape classification based on the Laplace-Beltrami
operator’s spectral properties [2, 3, 4, 5, 6, 7, 8]. More specifically, the spectrum has been used as a
“shape DNA” to create a fingerprint of a surface’s shape. One possible application of shape classi-
fication is medical imaging. In this scenario the underlying surface v is not known precisely, but is
instead sampled via a medical scan. The spectrum that is studied is thus that of a reconstructed ap-
proximate surface rather than the underlying surface ~y. Often this reconstruction is represented as
a polyhedral approximation (triangulation). Bootstrap methods are another potential application of
Laplace-Beltrami spectral calculations [9]. Finally, Laplace-Beltrami eigenvalues on subsurfaces
of the sphere characterize singularities in solutions to elliptic PDE arising at vertices of polyhedral
domains [10, 11, 12]. Many of these papers use the surface finite element method (SFEM) in order
to calculate Laplace-Beltrami spectral properties. While these methods show empirical evidence of
success, there has to date been no detailed analysis of the accuracy of the eigenpairs calculated us-
ing SFEM. Some of these papers employing SFEM also propose using higher-order finite element
methods to improve accuracy, but do not suggest how to properly balance the discretization of ~
with the degree of the finite element space. Guidance for understanding the interaction between
geometric consistency and Galerkin errors in the context of spectral problems is needed.

In this work we study the approximation properties of SFEM when applied to computing eigen-
pairs of the Laplace-Beltrami operator. In the remaining sections of this chapter we provide an
overview of both a priori and adaptive finite element results for the source problem and eigen-
value problem on flat (Euclidean) domains and surfaces that are relevant to the rest of this work. In
Chapter 2 we present an a priori analysis of the SFEM approximations of eigenpairs of the Laplace-
Beltrami operator based on our work in [1]. In Chapter 3 we develop and analyze an SFEM-based

adaptive algorithm for approximating the eigenfunctions of the Laplace-Beltrami operator.



1.1 A Priori Estimates for the Source Problem on Flat Domains

We begin by examining a prototypical example problem for testing the finite element method
(FEM). We solve the source problem with homogeneous Dirichlet boundary conditions defined on

a convex domain (), i.e.

—Au=f on {2
(1.1)

ulaQ = 0

with f € Ly(£2). We can define a weak formulation of this problem: Find u € H}(£2) such that

/ VuVov dS) = / fodQ)  Yve Hy(9). (1.2)
Q Q
We call the left hand side of (1.2) the bilinear form and denote it as
a(u,v) = / VuVu dQ.
Q

We use the shorthand (f, v) for the L, inner product on the right hand side of (1.2).
We say a bilinear form a(u, v) is continuous on a space V' if there exists a constant M/ > 0 such
that

la(u, v)] < Mljully[lollv— Vu,veV.

We say a bilinear form is V' -elliptic if there exists a constant ¢ such that
a(u,u) > cljul|} Yu,v e V.

The V-ellipticity and continuity properties of the bilinear form guarantee a unique solution to (1.2)

thanks to the following result from Lax and Milgram.

Lemma 1.1 (Lax-Milgram). Let a(-,-) : V XV — R be a continuous coercive bilinear form. Then



for each f € V* the variational equation

a(u,v) = (f,v) YoeV

has a unique solution v € V', furthermore the a priori estimate

1
Jully < =1 £ -

is valid. Here, by V* we mean the dual of V.

Essential to the finite element method is the creation of a mesh 7 which we will assume to
be triangular unless specified otherwise. Given a mesh 7 of (), we can define a degree-r finite

element space for the weak problem (1.2) as
V= {v, € Hy(Q) : v|lr € P'(T), T € T}.
We define the finite element problem as: find the solution u;, € V such that
a(up,vp) = (f,vp) Yu, € V.

In this situation u;, can be thought of as a unique projection Gy : u +— wu; onto the finite

element space V. Noting that since V C H}(Q) we have for v, € V
a(u,vp) = (f,vn) = alun, vp),
we then define the Galerkin projection operator Gy, : H}(€2) — V as the operator satisfying
a(u,vp) = a(Gpu, vp) Y, € V.

A natural question to ask is how close is the finite element solution u; to u and in what sense?



Common norms used for measuring the finite element error are Lo, H land L. A priori error
estimates seek to characterize error if we know the regularity of u.

We say that a family of meshes is shape-regular if there exists a constant C' such that for any
mesh 7 in the family and every triangle 7" € T the ratio of the longest edge length A to that of

the radius pr of the largest inscribed ball is bounded by C), i.e.

hr e
%

For a quasi-uniform mesh a priori estimates in the L, and H' norms for flat domains state that if
u € H*1(Q), f € Ly(R), and € is convex, then the error when using a degree-r finite element

method with mesh size h satisfies the following bounds:

lu = Grull gy < PR |y g o (1.3)

Hu — GhUHLQ(Q) S hmin(T+l’k+1)|u|Hk+1(Q). (14)

1.2 A Priori Estimates for the Eigenvalue Problem on Flat Domains

The spectrum of the Laplacian is ubiquitous in the sciences and engineering. Consider the

eigenvalue problem
—Au = \u
ulogn =0

on a flat domain (2. There is then a sequence 0 < A} < Ay < A3 < ... of eigenvalues with
corresponding Lo-orthonormal eigenfunctions {u;}. Given a finite element space V. C H} (1), the

natural finite element counterpart is to find (uy, Ay) € V x R such that

/ Vuy, - Vo, dQ) = )\h/ upvy, dS2, Yu, € V.
Q) Q



Finite element methods (FEM) are a natural and widely used tool for approximating spectra
of elliptic PDE. Analyzing the error behavior of such FEM is more challenging than for source
problems because of the nonlinear nature of the problem. A priori error estimation for FEM ap-
proximations of the eigenvalues and eigenfunctions of the Laplacian and related operators in flat
space is a classical topic in finite element theory; cf. [13, 14, 15, 16]. We highlight the review ar-
ticle [17] of BabuSka and Osborn in this regard. These bounds are all asymptotic in the sense that
they require an initial fineness condition on the mesh. More recently, sharp bounds for eigenvalues
(but not eigenfunctions) appeared in [18]. These bounds are notable because they are truly a priori
in the sense that they do not require a sufficiently fine mesh. Finally, over the past decade a number
of papers have appeared analyzing convergence and optimality of adaptive finite element methods
(AFEM) for eigenvalue problems [19, 20, 21, 22, 23, 24]. Because sharp a priori estimates are
needed in order to analyze AFEM optimality properties, some of these papers also contain im-
proved a priori estimates. We particularly highlight [21, 23] as our analysis of eigenfunction errors
largely employs the framework of these papers.

Also, the constants in the first estimate are asymptotically independent of A\, while the constants
in the second estimate depend in essence on the separation of A from the remainder of the spectrum
and the degree to which the discrete spectrum respects that separation. Corresponding “cluster-
robust” estimates also hold for simultaneous approximation of clusters of eigenvalues.

Of particular interest to us will be what are known as eigenvalue clusters. Given an interval
[A, B], we define the eigenvalue cluster to be the set of all eigenvalues within the interval [A, B]
and their associated eigenfunctions. The assumptions on eigenvalue clusters are slightly weaker
and only require that for any \; € [A, B] we have \;; € [A, B].

When measuring the approximation errors for eigenfunctions one must be more careful and
cannot just measure © — uy, like in the context of the source problem. We illustrate this through
a simple example. Suppose —A has an eigenvalue A with geometric multiplicity two. There will
then be two FEM eigenvalues A, 1, Ay 2 converging to A\; Ap 1, A\p2 — A. The eigenvalue \ will

have two eigenfunctions u; and u, and the FEM eigenvalues will have two eigenfunctions uy, ;



and up, 2. The issue occurs when we try to ask if uj; ; converge to u,. It is just as valid to ask if
up,1 converge to ug or any linear combination of u; and us, but u; ; can only converge to a single
function.

The correct question to ask when studying eigenfunction approximation becomes how well
does the subspace of FEM eigenfunctions associated with the cluster approximate the eigenfunc-

tions of the cluster. We can express this through the language of projection operators. Define
Wi, := span{un;}ic-
Let Pp, : Ly(Q2) — W), be the Lo projection onto W, i.e.
(u, wy) = (Pru, wy) Ywy, € Wy,

In the case of eigenvalue clusters on flat domains, if w € H"1(Q) the a priori estimates when

using degree-r finite elements are typically of the form

||u — Phu”Hl(Q) 5 ||u — GhuHHl(Q) 5 hr|u|Hr+1(Q)
||u — PhU||L2(Q) 5 h||u - Ghu”Hl(Q) 5 hr+1|u|Hr+1(Q) (15)

|)‘ - )\h| 5 ||U - Ph“”%{l(g) 5 h2r|U|%Ir+1(Q).

We see in (1.5) that the convergence rates for eigenfunctions match the rates in (1.3) and (1.4)
that we’ve come to expect for FEM solutions to the source problem. However, the eigenvalues
converge much faster. In fact, they converge at twice the rate of the eigenfunctions.

While P;, is commonly used in eigenfunction error estimates, it is sometimes convenient to
characterize the eigenfunction error in terms of a different projection operator. We will regularly
use the projection operator

7z, = PhGh : Hé(Q) — Wy,



We note that Z, is the Galerkin projection onto W;, C V, i.e.
a(u,vp) = a(Zpu,vy), Yo, € Wy,
It can be shown that for u € H" "1, Z,, satisfies similar a priori estimates to those of Pj:

|IU — ZhuHHl(Q) 5 ||U — GhuHHl(Q) 5 hr|u|H’V‘+1(Q)

U — LRU|Ly(Q) S U — Gru HY(Q) X u HT™1(Q)-
lu = Znull o) < Pllu — Guullar o) S B ul

1.3 A Posteriori Estimates and Adaptivity for the Source Problem on Flat Domains

While a priori estimates are a useful tool in the study of convergence, we sometimes do not
know anything about the true solution u. A posteriori estimates seek to estimate the finite element
error based solely on computable quantities. Early studies of a posteriori estimation were carried
out in 1978 by Babuska and Rheinboldt [25]. We will focus solely on what is known as the residual

estimator. For the source problem with a triangulation 7 and FEM solution U it takes the form

nr(U,T)? := hi|lf + AU,z + Z hr|n® - VU* 40~ - VU7, (1.6)
SeoT

nr(U)? =Y nr(U,T).

TeT
The estimator 17 (U, T') can be used to locally estimate the finite element error in the H'(£2) norm
for the source problem. It can be shown that this estimator is equivalent to ||u — up|| g1 (o) up to
higher order terms. Let H,% denote the Ly projection onto P"(7T). There exist constants C,; and

Ces¢ such that

lu = Ul ) < Crany, (1.7

Corpir < llu—Ullfnq) + Oser(f,U)?, (1.8)



where

Oscr(f,U)? =Y hill(id — 113, ,)(f + AU)|[3,

TeT

+ D hell(id =TI, ) (0" - VUT 4+ 0™ - VU7)|[Z )
Seor

is higher order than the finite element degree. The bounds in (1.7) and (1.8) are commonly referred
to as a posteriori estimates. The upper bound in (1.7) is commonly referred to the reliability bound.
It guarantees that the estimator 77-(U) does not underestimate the H! error. The lower bound in
(1.8) is commonly referred to as the efficiency bound. It guarantees that up to the higher order
oscillation term the estimator 77-(U) does not overestimate the error.

With the ability to estimate error contributions on individual mesh triangles comes the possibil-
ity of driving mesh refinement based on these estimates. Rather than creating a family of meshes
that is quasi-uniform, it is possible to create a family of meshes T such that the mesh 7, is a
refinement of 7; in regions where the error is estimated to be largest according to 77, (Us, T'). We
call such systems of refinement adaptive algorithms. Typical adaptive mesh refinement algorithms

consist of looping over the sequence of 4 steps:
SOLVE — ESTIMATE - MARK — REFINE.

The 4 steps break down as follows:
1. SOLVE: Solve the finite element problem on the mesh 7, for U, € V,.
2. ESTIMATE: Estimate the error using 17, (U, T').

3. MARK: Mark a set of triangles M, of minimum cardinality satisfying

S UaT)? >0 nr (U T)?,

TeM, TEeT,

where 0 < 6 < 1 is a user specified quantity called the bulk parameter which can roughly be

8



interpreted as the fraction of the total error that the user wants marked for refinement. This

style of marking is called Dorfler or bulk marking.

4. REFINE: Refine the elements of M, b > 1 times and refine additional elements to ensure

the new mesh 7, is conforming with V, C V., ;.

In 1984 Babuska and Vogelius gave an adaptive convergence analysis for 1D problems [26]. In
1996 Dorfler [27] provided foundational ideas for analysis of adaptive FEM. Binev, Dahmen,
DeVore used ideas from nonlinear approximation theory in 2004 [28] to establish optimality of
AFEM. Stevenson’s work in 2007 [29] establishes optimality of a standard AFEM. In 2008 Cas-
con, Kreuzer, Nochetto, and Siebert [30] established a standard recipe for linear elliptic scalar

problems. The ingredients are as follows:
1. A posteriori upper bounds as in (1.7).
2. Orthogonality

Lemma 1.2 (Orthogonality). If for any pair T, T, € T with T < T, there holds V(T) C
V(T), then

lu = U3y = e = Ul o) + 1T = Udllz o
forU € V(T) and U, € V(T,).

3. Estimator Reduction

Lemma 1.3 (Estimator Reduction). For T € T and M C T let T, € T be given by
T, := REFINE(T,M). If X := 1 — 2 > 0 then there holds for any V € V(T) and
V. € V(T.) and any § > 0

N7 (T Va)? < L+ 0) (T3 V)P = Mpr(MiV)?) + Crea(l + 07 [V = Vi -

4. Contraction Property



Theorem 1.4 (Contraction Property). There exist constants $ > 0 and 0 < p < 1 depending

on the shape regularity of Ty, the refinement level b, and the bulk parameter 0 such that

it = Uesalmgeon + By, (Tesa; Uesa)* < p (Ilu = Uslliycoy + B (Ta: U)?)

for any two consecutive mesh refinements Ty < Ty, < Tyi1.

When the ingredients are combined the recipe yields a result that says if the solution data pair

(u, f) belongs to a specific approximation class A

-

. N - _ 2 22
o(N;v, f):= TleanN vég(ffr) (HU Vi@ + Oser(V,T) )

A = {(v,f) o, fla.s = Jsvli%(Nsa(N;v,f)) < oo}

then the adaptive algorithm will recover the expected optimal order s convergence rate.

Theorem 1.5 (Theorem 5.11 of [30]). If the bulk parameter 0 << 1 is sufficiently small, then
the adaptive algorithm using the estimator in (1.6) generates dicrete solutions with optimal rate of
convergence. Let u be the solution and let {7y, Vy, Uy } >0 be the sequence of meshes, finite element

spaces, and discrete solutions produced by AFEM. Let (u, ) € A, then
(Ile = Uelidy @) + Oser(Ue, 1)2)" < Clu, Fla(#Ts = #T5) .

1.4 Adaptivity for the Eigenvalue Problem on Flat Domains

Just as it is possible to create an a posteriori estimator to measure errors for the source problem,
it is also possible to derive an a posteriori estimator to measure eigenfunction errors for the eigen-

value problem. For example, in [23, 24] the estimator used for eigenfunctions associated with an

10



eigenvalue cluster indexed by the set J takes the form

7 (L) = Wl ArUsy + AU Ty + > hrln® - VU + 07 - VU6 (1.9)
jeJ Sear
Notice that this is just the residual estimator in (1.6) with f = A, ;U, ; for individual eigenfunctions
summed over the cluster.

Unfortunately, the form of this estimator does not lend itself well to deriving the necessary
ingredients for proving optimality of an AFEM algorithm. In particular, it is difficult to compare
FEM solutions on different meshes since the estimator depends explicitly on the discrete eigen-
functions. In [22] the idea of analyzing an AFEM algorithm for eigenfunctions using a theoretical
estimator which avoids the pitfalls of working with the original estimator was introduced. The
algorithm is analyzed as if the theoretical estimator is used for driving refinement and then the
theoretical estimator is shown to be equivalent to the actual computable estimator. In the case of

eigenvalue clusters this theoretical estimator which is equivalent to 77, (.J, T') takes the form

jedJ SeorT

The proof of optimality of adaptive eigenfunction approximation not only contains analogues to
all of the steps presented in the work of [30] for the source problem, but it also contains additional
assumptions on the maximum mesh size of 7, much like the a priori analysis for the eigenvalue
problem. In fact, in order to handle the nonlinearities present in the eigenvalue problem in the
theoretical analysis it is necessary to have a priori H' and L, estimates for eigenfunctions associ-
ated with the cluster. These estimates are used to measure the nonlinearity present in the problem
and their presence in the analysis results in restrictions on the initial mesh resolution before the

adaptive mesh refinement algorithm runs. The analysis culminates in the following theorem.

Theorem 1.6 ([23, 24]). If u; € A,, j € J, the bulk parameter 0 << 1 is sufficiently small,

and the maximum mesh size H is sufficiently small, then the adaptive algorithm using estimator

11



(1.9) generates a set {Ty, Vo, {(U;, A j) }ies beso of meshes, finite element spaces, and discrete

eigenpairs satisfying

N

(Z llu; — quj”%fl(ﬁ)) S #Te—#To)~° (Z Iuj!i;)

Jj€J Jj€J

1.5 A Priori Estimates for the Surface Finite Element Method

In this section we briefly explain the ideas behind the surface finite element method when
applied to the source problem on surfaces. More details about the SFEM formalism specific to the
topics in Chapters 2 and 3 can be found in their respective chapters.

Lety C R4+ be a smooth, closed, orientable d-dimensional surface, and let A, be the Laplace-
Beltrami operator on «y. Given an f satisfying f7 f do = 0 one can define the source problem on 7

as

_A’Yu = f7

/udcr:O.
N

One can also write a weak form as: find u € H}(v)

/kuvvu do = /fv do Vv e Hy(y), (1.10)
Y Y

where V., denotes the tangential gradient on v and H(7y) is to be interpreted as functions in H'(7)

satisfying f,y u do = 0. We call the left hand side of (1.10) the bilinear form and denote it as

a(u,v) = /Vyuvvv do.
Y

The right hand side of (1.10) is the L5 inner product for functions defined on -y and will be denoted
by the more compact notation m(u, v) := f7 uv do.

SFEM allows us to approximate solutions to (1.10). The SFEM corresponding to the cotangent
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method was introduced by Dziuk [31] in 1988. In [32] Demlow developed a natural higher order
analogue to this method. Given a surface + an approximate polyhedral surface I" with shape-
regular triangular faces of diameter ~ having vertices on -y is introduced. We assume the presence
of a bijective mapping ¢ : I' — . This provides a piecewise linear approximation of . It
is possible to create a higher order approximation if we take each of the triangular faces of the
polyhedron T and create a degree-k Lagrange interpolant of 1, 1y, := I;1). We then define the new
piecewise polynomial surface I' = 1), (T"). The mappings ¢/ and v, give a way to relate functions
defined on ~y and I' through compositions of mappings. These concepts are illustrated in Figure

1.1.

Figure 1.1: Typical surface approximation in SFEM. Surface v with approximate surfaces T, T,
and mappings.

A weak formulation can then be introduced on the new surface I': Find U € H,(T") such that
AU, V) ::/VFUVFV dE:/UF d¥ = M(U,V), VYV € Hy(T).
r r

Here F' is a function related to f that satisfies the mean O condition on I'. For instance, if the
measures on 7y and " satisfy a relation of the form do = %dZ, then F' = f % is a valid choice.

Let 7 denote the mesh on I" and V' denote functions originally defined on I'. We define a finite
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element space
V:={VeH) : V=Vouy. ' withV]zecP(T) YT €T}

Here P"(T') denotes the space of polynomials of degree at most ~ on 7. Its subspace consisting of

zero mean value functions is denoted V:

V= V(D) = {V €V : /VdE:O}.

The surface finite element problem is then: seek U € V. such that
AU, V)= M(F,V), VV € V. (1.11)

It is immediately clear from comparing (1.11) with (1.10) that the bilinear forms, Lo inner
products, and functions f and F' differ. This leads to variational crimes. All of these crimes are
due to the geometric approximations. We commonly refer to these errors as geometric consistency
errors. Taking G to be the Galerkin projection onto V., the results of the a priori analysis of
Demlow [32] are stated in Theorem 1.7. It can be seen that SFEM exhibits two error sources, a

standard Galerkin error and a geometric consistency error due to the approximation of v by I'.

Theorem 1.7 (Corollary 4.2 of [32]). Letu € H" "' (~y) and y be a C*™ surface. If a degree-r finite

element method is used and a degree-k surface interpolant is used, then

lu— Gull iy < C(R |ullgreiy + BV ull 2o (1.12)

u—Gu—(/u—Guda)
Y

1.6 An Adaptive Surface Finite Element Method

< U oy + H Vo). (L13)
La(v)

A posteriori estimators and adaptive algorithms based on SFEM have been developed for the

source problem on surfaces [33, 34, 35, 36]. Our adaptive algorithm for eigenfunctions in Chapter
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3 borrows from [35] and so here we summarize the ideas of [35] relevant to this work.

With the need to approximate the surface comes the need to modify the adaptive algorithm
of Section 1.3. We envision a situation where the surface has low regularity and quasi-uniform
refinement cannot recover the expected convergence rates. One might naively hope that the surface
version of the estimator (1.6) in (1.14) could be used to drive mesh refinement, but that does not

control the geometric consistency errors.

(U, T)? = hal|F + AcUly) + Y hrlln® - VeU* 407 - ViU~ |, (114)
SedT

The form of the a priori estimates in Theorem 1.7 offers some intuition as to what should be
expected. In (1.12) the finite element approximation errors are bounded by the A" ||u|| r+1(,) term
while the surface approximation errors are bounded by the h**1|| V. u||1,(,) term. There are two
independent quantities bounding the total error. From this one should suspect that surface AFEM
should consist of two estimators, one which locally estimates the surface approximation errors and
another which estimates the FEM solution error. The geometric estimator used in [35] is equivalent

to

CT) = IV =)l ) (1.15)

This estimator measures the surface interpolation error in W1,

When (1.15) is used in tandem with (1.14), these two estimators lead to a successful adaptive
algorithm. We now summarize the AFEM algorithm of [35] and its two modules that drive mesh
refinement, ADAPT_SURFACE which is driven by (1.15) and ADAPT_PDE which is driven by
(1.14).

AFEM Algorithm: Given an initial triangulation 7, and parameters ¢, > 0, 0 < p < 1, and

w>0,setk=0.

1. 7;* = ADAPT_SURFACE(T;, we;)
2. [Upi1, Tis1] = ADAPT_PDE(T;*, ;)
3. €1 =peg; k=k+1
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4. goto 1.

Module ADAPT_SURFACE: Given a tolerance ¢ > 0 and an admissible subdivision 7, 7, =

ADAPT_SURFACE(T , we) refines the mesh until the new subdivision 7, > T satisfies

CT(7> < we,

i.e. until the geometric error as measured by the geometric estimator is sufficiently reduced. This
module is based on a greedy algorithm and acts on a generic mesh 7T :

T, = ADAPT_SURFACE(T, we)
it M:={TeT:((7,T)>we} =0

return(7") and exit
2. T = REFINE(T, M)
3. goto 1.

Module ADAPT_PDE: Given a tolerance ¢ > 0 and an admissible subdivision 7T, [U,,T,] =

ADAPT_PDE(T ¢) outputs a refinement 7, > 7 and the associated FEM solution U, such that

nr(Us) < e

This module is based on the sequence:
[U., T.] = ADAPT_PDE(T¢)
1. U = SOLVE(T)
. Anr(U,T)}rer = ESTIMATE(T,U)
3.ifnr <e

\S]

return(7, U;) and exit
. M =MARK(T, {n7(U,T)}rer)
. T =REFINE(T, M)
. goto 1.

AN L B

When ADAPT_SURFACE and ADAPT_PDE are combined in the AFEM algorithm the pres-

ence of the w term in ADAPT_SURFACE guarantees that once ADAPT_SURFACE exits we have
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¢r(v) < nr(U) for the duration of ADAPT_PDE. This means that during ADAPT_PDE the H'
error satisfies the equivalent of flat domain a posteriori estimates with respect to n7(U). It can
then be shown that within ADAPT_PDE the rest of the ingredients necessary for the flat domain
analysis of [30] are provably true. This eventually culminates in the following bound assuming

(u, f,) belongs to the appropriate order s approximation class A.

Theorem 1.8 (Theorem 8.3 of [35]). Let the initial mesh Ty have an admissible labeling for refine-
ment, and 0 € (0,0,), w € (0,w,) for 0., w, sufficiently small. If (u, f,~) € A, then the sequence
{T¢, T, Us} generated by AFEM satisfies

lw— Uel| ) + Oscr(Ue, F) + w™'¢ S (#T0 — #7T0) "

In Chapter 3 we will combine the geometric estimator used in ADAPT_SURFACE with the
surface equivalent of the eigenfunction cluster estimator (1.9) to create an adaptive surface finite

element algorithm for eigenvalue clusters.
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2. A PRIORI ERROR ESTIMATES FOR FINITE ELEMENT APPROXIMATIONS TO
EIGENVALUES AND EIGENFUNCTIONS OF THE LAPLACE-BELTRAMI
OPERATOR*

In this chapter we present a priori error estimates for the SFEM approximation of the eigenpairs
of the Laplace-Beltrami operator based from our work in [1]. In particular, we develop a priori error

estimates for the SFEM approximations to the solution of
—Au=Au

onvy. Let 0 = \yg < Ay < Xy < ... be the Laplace-Beltrami eigenvalues with corresponding
Lo(y)-orthonormal eigenfunctions {u; }. We show that the eigenvector error converges as the error

for the source problem, up to a geometric term. Our first main result is:
i — Zui|| i) < Cllus — Gui| gy + C(A)R*TE < C(N) (R + hFT). 2.1)

We also prove L, error bounds and explicit upper bound for C'()\;) in terms of spectral proper-
ties. In addition to eigenfunction convergence rates, we prove the cluster robust estimate for the

eigenvalue error:

where as above, explicit bounds for C'()\;) are given below.
Numerical results presented in Section 2.6 reveal that (2.2) is not sharp for £ > 1. The deal.ii

library [37] uses quadrilateral elements and Gauss-Lobatto points to interpolate the surface. The

*Reprinted with permission from “A Priori Error Estimates for Finite Element Approximations to Eigenvalues and
Eigenfunctions of the Laplace-Beltrami Operator" by Andrea Bonito, Alan Demlow, and Justin Owen. First published
in SIAM Journal on Numerical Analysis Volume 56 Number 5, published by the Society for Industrial and Applied
Mathematics (SIAM). Copyright () by SIAM. Unauthorized reproduction of this article is prohibited.
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geometric consistency error for every shape we tested using deal.ii was found to be O(h?*) rather
than O(h**!) as in (2.2). This inspired our second main result which is stated in Theorem 2.20 in
Section 2.5:

N — Ay S hP + A% hth

Here / is the order of the quadrature rule associated with the interpolation points used to construct
the surface. Thus with judicious choice of interpolation points, it is possible to obtain superconver-
gence for the geometric consistency error when £ > 1. This phenomenon is novel as a geometric
error of order h**! has been consistently observed in the literature for a variety of error notions.
We also investigate this framework in the context of one-dimensional problems and triangular ele-
ments.

We finally comment on our proofs. Geometric consistency errors fit into the framework of vari-
ational crimes [38]. Banerjee and Osborn [39, 40] considered the effects of numerical integration
on errors in finite element eigenvalue approximations, but did not provide a general variational
crimes framework. Holst and Stern analyzed variational crimes analysis for surface FEM within
the finite element exterior calculus framework and also briefly consider eigenvalue problems [41].
Their discussion of eigenvalue problems does not include convergence rates or a detailed descrip-
tion of the interaction of geometric and Galerkin errors. The recent paper [42] gives a variational
crimes analysis for eigenvalue problems that applies to surface FEM. However, their analysis yields
suboptimal convergence of the geometric errors in the eigenvalue analysis, considers a different er-
ror quantity than we do, and does not easily allow for determination of the dependence of constants
in the estimates on spectral properties.

In Section 2.1 we give preliminaries. In Section 2.2, we prove a cluster-robust bound for the
eigenvalue error which is sharp for the practically most important case £ = 1. We also establish
spectral convergence, which is foundational to all later results. In Section 2.3 we prove eigenfunc-
tion error estimates. In Section 2.4 we numerically confirm these convergence rates and investigate
the sharpness of the constants in our bounds with respect to spectral properties. In Section 2.5 we

prove superconvergence of eigenvalues and in Section 2.6 provide corresponding numerical results.
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2.1 Surface Finite Element Method for Eigenclusters
2.1.1 Weak Formulation and Eigenclusters

We first define the set

Hy(y) = {v € H'(v): Lvda = 0} c H'(y).

The problem of interest is to find (u, \) satisfying —A.,u = Au with f7 u = 0. The corresponding

weak formulation is: Find (u, \) € Hj () x R* such that
/Vyu -V,vdo = )\/uv do Yo € Hy(7). (2.3)
gl g

In order to shorten the notation, we define the bilinear form on H'(v) and the L, inner product on

Ly(7y) respectively as

a(u,v) := /Vvu -V v do, (2.4)
v

m(u,v) = /uv do. (2.5)
v

We equip H'(v) with the norm ||.||; := +/a(.,.).We also use the (., .) bilinear form to define the
Ly norm on v: ||.|| := /m(.,.). We denote by {u;}3°, a corresponding orthonormal basis (with
respect to (-, -)) of HJ () consisting of eigenfunctions satisfying (2.3).

We wish to approximate an eigenvalue cluster. For n > 1 and N > 0, we assume
A1 < Ay and AN < ApgN+1 (2.6)

so that the targeted cluster of eigenvalues \;, i € J := {n,...,n + N} is separated from the

remainder of the spectrum.
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2.1.2 Surface approximations

Distance Function. We assume that « is a compact, orientable, C'*°, D-dimensional surface
without boundary which is embedded in RP*!. Let d be the oriented distance function for ~y taking
negative values in the bounded component of RP*+! delimited by . The outward pointing unit
normal of  is then v := Vd. We denote by N C RP*+! a strip about ~ of sufficiently small width

so that any point 2z € N can be uniquely decomposed as
r=(z) +d(z)v(z). (2.7)

1 () is the unique orthogonal projection onto v of z € N. We define the projection onto the
tangent space of v at z € N as P(z) := I — v(z) ® v(z) and the surface gradient satisfies
V., = PV. From now, we assume that the diameter of the strip / about ~ is small enough for the

decomposition (2.7) to be well defined.
2.1.2.1 Approximations of vy

Multiple options for constructing polynomial approximations of v have appeared. We prove
our results under abstract assumptions in order to ensure broad applicability. Let I' be a polyhedron
or polytope (depending on D = dim(~y)) whose faces are triangles or tetrahedra. This assumption
is made for convenience but is not essential. The set of all triangular faces of I is denoted 7.

The higher order approximation I of y is constructed as follows. Letting T € T, we define the
degree-k approximation of 1(T) C + via the Lagrange basis functions {¢;, ..., ¢, } with nodal

points {z!,...,2™} on T. For x € T, we have the discrete projection L : T — T' defined by
nk . . .
L(z) = L(2’)¢;(x), where |L(z/) —v(a’)| < CHF. (2.8)
j=1

Since we have used the Lagrange basis we have a continuous piecewise polynomial approximation
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of v which we define as
I={L(x):2zel} and T :={LT):TecT}) (2.9)

The requirement |L(z7) — 1p(27)| < Ch*! ensures good approximation of v by I while allowing
for instances where I" and -y do not intersect at interpolation nodes, or even possibly for y N T = ().
This could occur when I' is constructed from imaging data or in free boundary problems. The
assumption (2.8) also allows for maximum flexibility in constructing I', as we could for instance

take L(27) = I(z7) with I a piecewise smooth bi-Lipschitz lift I : T —  (cf. [43, 44, 35]).
2.1.2.2  Shape regularity and quasi-uniformity

Associated with a degree-k approximation I" of v, we follow [45] and let p := p(T) be its

shape regularity constant defined as the largest positive real number such that
plé| <|DFr(z)¢| < p7'l¢], VEERP, VIeTandzeT,

where

Fy:=LoFr (2.10)

with F' the natural affine mapping from a Kuhn (reference) simplex T C RP to T. Further, the

quasi-uniform constant ) := n(7) of T is the smallest constant such that
h = diam(7") < in diam(7").
max diam(7") < 7 1nin iam(7")

TeT

We recall that v = Vd : N' — RP*! is the normal vector on ~ and let N be the normal vector
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on I'. The assumption (2.8) yields

|| ooy < CRF, 2.11)
lv — N1 < CR", 2.12)
IL = Yllyicey <CR TeT, 0<i <k+1, (2.13)

where C'is a constant only depending on p(7T ), n(7) and ~.
2.1.2.3 Function Extensions

We assume I' is contained in the strip . If @ is a function defined on ~, we extend it to N as
u = @ o 1, where ¥ is defined in (2.7). Note that | : [ — - is also a smooth bijection. We
can leverage this to relate functions defined on the two surfaces. For a function u defined on I we
define its lift to y as & = w o 9| !, As a general rule, we use the tilde symbol to denote quantities

defined on « but when no confusion is possible, the tilde symbol is dropped.
2.1.2.4 Bilinear Forms on I'

Given a degree-k approximation I" of v, let H4,(T') := {v € HY(I') : [Lvd¥ = 0} € HY()
and define the forms on H'(T):

A(u,v) == /vau -Vrvdy, M(u,v):= /Fuv dx. (2.14)

The energy and L, norms on I" are then ||.|| 4 := \/A(.,.) and ||.||»s :== /M (.,.).
We have already noted that |1 provides a bijection from I" to . Its smoothness (derived from
the smoothness of +) guarantees that H'() and H'(T") are isomorphic. Moreover, the bilinear

form A(.,.) on H*(T) can be defined on H'(v)

A, 9) = /Avvya V.0 do = /vau Vo dS = A(u,v) (2.15)
Y
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and similarly for the L? inner product
~ 1
M(u,?) := /uv— do = /uv d¥ = M(u,v). (2.16)
¥ Q r

Here ()Qd¥ = do and A, depends on the change of variable © = W(z). We refer to [31, 32] for
additional details. Again, we use the notations ||.|| 7 := \/A(.,.) and 57 == M(.,.). For the

majority of this paper we will work with these lifted forms.
2.1.3 Geometric approximation estimates

The results in this section are essential for estimating effects of approximation of y by I'. Recall
that we assume that the diameter of the strip V" about ~y is small enough for the decomposition (2.7)
to be well defined and that I' C V.

The following lemma provides a bound on the geometric quantities A, and () appearing in
(2.15) and (2.16); cf. [32] for proofs. As we make more precise in Section 2.1.4, we write f < ¢

when f < C'g with C' a nonessential constant.

Lemma 2.1 (Estimates on ) and A,). Let P = I — v ® v be the projection onto the tangent plane

of v. Let A, and Q) as in (2.15) and (2.16) respectively. Then
11 =1/Qllr ) + 145 = Pllzaiy S A5 (2.17)

The above geometric estimates along with (2.15) and (2.16) immediately yield estimates for

the approximations of 71(.,.) and a(., .) by M (,.) and A(., ) respectively.

Corollary 2.2 (Geometric estimates). The following relations hold:

(7 = M) (v, w)| S B ollallwllm,  Vo,w e L2(7) (2.18)

(@ — A, w)| S B ollallwlls,  Yo,we H'(y). (2.19)
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The following relations regarding the equivalence of norms are found e.g. in [32]:
Hzsllas iz and Lz S ks S 5 (2.20)

They are valid under the assumption that the diameter of the strip A/ around ~ is small enough and
that ' € A. We now provide a slight refinement of the above equivalence relations leading to

sharper constants.

Corollary 2.3 (Equivalence of norms). Assume that the diameter of the strip N around ~y is small
enough. There exists a constant C' only depending on vy and on the shape-regularity and quasi-

uniformity constants p(T ), n(T) such that

Mz < @+CR DIl Nl < 0+ ChM L 5, (2.21)

sz < @+ D llas lla < @+ CRM L7 (2.22)

Proof. For brevity, we only provide the proof of (2.21) as the arguments to guarantee (2.22) are

similar and somewhat simpler. Let v € H'(v). We have
[oll% = o[l = A(v,v) = a(v, v) = (A = a@)(v,v) (2.23)
so that in view of the geometric estimate (2.21), we arrive at

oll < [loll3 + [(A = @) (v, v)] < (1+CR*)]o]2.

When = > 0, the slope of v/1 4 x is greatest at x = 0 with a value of %, sovli4+zxr <1+ %x
Thus 1+ ChF+1 <1+ %C’hk“, and the first estimate in (2.21) follows by taking a square root.

The remaining estimates are derived similarly. 0
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2.1.4 Surface Finite Element Methods

We construct approximate solutions to the eigenvalue problem (2.3) via surface FEM consisting

of a finite element method on degree-k approximate surfaces. See [32, 31] for more details.
2.1.4.1 Surface Finite Elements

Recall that the degree-k approximate surface I" and its associated subdivision 7 are obtained
by lifting T and 7 via (2.9). Similarly, finite element spaces on I consist of finite element spaces
on the (flat) subdivision 7 lifted to I" using the interpolated lift L given by (2.8). More precisely,

for r > 1 we set
V=V, T):={VeH) : V=VoL' withV|z€P(T) VT €T} (2.24)

Here P"(T') denotes the space of polynomials of degree at most ~ on 7. Its subspace consisting of

zero mean value functions is denoted V 4:

Vy =Vu[)={VevV: /de:c)}.

2.1.4.2 Discrete Formulation

The proposed finite element formulation of the eigenvalue problem on I" reads: Find (U, A) €
V4 x R such that

AU, V)=AMU,V) VYV eV (2.25)

By the definitions (2.15), (2.16) of Z(, .) and M (.,.), relations (2.25) can be rewritten
AU, VYy=AMU,V) VWV eV

We denote by 0 < Ay < ... < Agimevy) and {Uy, ..., Ugim(v,)} the positive discrete eigen-

values and the corresponding M -orthonormal discrete eigenfunctions satisfying M (U;, 1) = 0,
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i=1,...,dim(Vg). From the definition (2.16) of M(.,.), {Ui}ﬁi:r?(v#) are pairwise )M —orthogonal

and M(U;,1) =0, fori = 1,...,dim (V).
2.1.4.3 Ritz projection

We define a Ritz projection for the discrete bilinear form
G:H'(y) = Vy

for any © € H'(7y) as the unique finite element function Go := W € V4 satisfying

AW, V)=A®®,V), VYV eV (2.26)

2.1.4.4 Eigenvalue cluster approximation

We recall that we target the approximation of an eigencluster indexed by .J satisfying the sep-
aration assumption (2.6). We denote the discrete eigencluster and orthonormal basis (with respect

to M(, N by {An, ..., Apyn} CRT and {U,, ..., Upsn} C V. In addition, we use the notation
W :=span{U, : i € J}

to denote the discrete invariant space. We also define the quantity

A
A =N’

(2.27)

J) =
HUT) =

which will play an important role in our eigenfunction estimates. It is finite provided A is suffi-

ciently small, see Remark 2.7.

27



2.1.4.5 Projections onto Wy

We denote by P : H'(y) — W, the M(.,.) projection onto Wy , ie., for & € H'(v),
Py =W ¢ Wy satisfies

MW, V)y=M®,V), VYV Wy
The other projection operator onto W, is defined by
Z:H'(y) = Wyst. A(Zo,V) = A5, V), VYV € Wy
Notice that Z can be thought of as the Galerkin projection onto W, since

Zi = P(G(7)). (2.28)

2.1.4.6 Alternate surface FEM

In our analysis of eigenvalue errors we employ a conforming parametric surface finite element

method as an intermediate theoretical tool. For this, we introduce a finite element space on +:
V:={V : VeV
The space of vanishing mean value functions (on -y) is denoted by ’V#:

Vu:={VevV: /Vda:()}.

v

Fori=1,...,dim(Vy), we let (U7, A7) € V4 x R* be finite element eigenpairs computed on

the continuous surface v, that is,

a(U), V)= ANm(U}, V) YV e V. (2.29)
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2.1.4.7 Notation and constants

Generally we use small letters (v, u, v,...) to denote quantities lying in infinite dimensional
spaces in opposition to capital letters used to denote quantities defined by a finite number of pa-
rameters (I', U, V). We also recall that for every function v : I' — R defines uniquely (via the lift
W|r) a function ¥ : v — R and conversely. We identify quantities defined on + using a tilde but
drop this convention when no confusion is possible, i.e. v could denote a function from I' to R as
well as its corresponding lift defined from ~ to R.

Whenever we write a constant C' or ¢, we mean a generic constant that may depend on the reg-
ularity properties of vy and the Poincaré-Friedrichs constant C' in the standard estimate ||v||z,(y) <
Crlvlla> v € Hy(v) and on the shape-regularity p(7) and quasi-uniformity 7(7") constants, but
not otherwise on the spectrum of —A and h. In addition, by f < g we mean that f < Cg for such

a nonessential constant C'. All other dependencies on spectral properties will be made explicit.
2.2 Clustered Eigenvalue Estimates

Theorem 3.3 of [46] gives a cluster-robust bound for cluster eigenvalue approximations in the
conforming case. We utilize this result by employing the conforming surface FEM defined in
(2.29) as an intermediate discrete problem. We first use the results of [46] to estimate |\, — A]|
in a cluster-robust fashion and then independently bound |A] — A;|. Note that if \; is a multiple
eigenvalue so that \,_, = ... = \; = ... = A\, ;, then our bounds also immediately apply to
N — Ay|, fori —k <j<i+k.

Because our setting is non-conforming, we introduce two different Rayleigh quotients defined

forv € V:

where we exclude the case of division by zero. We invoke the min-max approach to characterize
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the approximate eigenvalues

A} = rsncig I‘I/lzelé(Ra(V) and Aj = Ignci{?l I‘T/léelé(Rg(V). (2.30)
dim(S)=j+1 dim(S)=j+1

Notice that we do not restrict the Rayleigh quotients to functions with vanishing mean values. Thus
we consider subspaces of dimensions dim(S) = j + 1 rather than the usual dim(S) = j. The extra
dimension is the space of constant functions.

The bound for |A] —A,| given in the following lemma shows that this difference is only related

to the geometric error scaled by the corresponding exact eigenvalue A;.

Lemma 24. Fori=1,...,dim(V) — 1, ler A] and A; be the discrete eigenvalues associated with

the finite element method on ~y and 1" respectively. Then, we have
AT — Al S ATRMTL 2.31)

Proof. We use the characterization (2.30) and compare R,(.) and R;(.). Using the finer norm

equivalence properties (2.21) and (2.22), we have for V' € v

Ri(V) < (1+ Ch*H2a(V, V)

= wm(V,V)/(L+ ChF 1) — (1+ CRE ) R (V).

Thus

A; < min max(1+ CR" MR, (V) = (1 + ChFTH*AT,
Ne' Ves
dim(S)=i+1 (2.32)

A, — A < ATRFL
A similar argument gives A] — A; < A;RFH < ATREFHL where we used (2.32) in the last step. This
implies (2.31), as claimed. 0

We now translate Theorem 3.3 of [46] into our notation in order to bound |\; — A}] in a cluster-

robust manner. First, let G” be the Ritz projection calculated with respect to a(-,-). That is, for
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v e H'(y), Gv € Vu satisfies
a(Gv, V) =a(v,V), VYV eV,

Next, let T : Hy(v) — H(v) be the solution operator associated with the source problem (re-
stricted to H, (7))
Q(Tf,0) = m(f,0),  Voe Hy().

Finally, let Z be the a-orthogonal projection onto the space spanned by
{U]}iz1..n—1, that is, onto the first n — 1 discrete eigenfunctions calculated with respect to @ and

m, see (2.29). Theorem 3.3 of [46] provides the following estimates.

Lemma 2.5 (Theorem 3.3 of [46]). Let j € J, and assume that

‘_lmin ) |A] — N #0. (2.33)
Then,
A — )\ AT)Z )2
0< BTN |y A - ez

)\j i=L,..,n—1 |A7, - /\J| veH (7)

llvlla=1

< s (-G
wespan(uy : kEJ)
lwlla=1

We now provide some interpretation of this result. Because G is the Ritz projection defined

with respect to a(-, -), we have

1= Golla = inf flo—V]a. (2.34)

VGV#

That is, the term Sup,,cqpan(uy - ke, full=1 I|(I — G”)w||3 measures approximability in the energy

sllwlla

norm of the eigenfunctions in the targeted cluster span(u; : k € J) by the finite element space.

Next, we unravel the term ||(I — G”)T'Z]v||z. For v € Hy(y), we have Z)v € Vi C
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H;}#(V) Because v is assumed to be smooth, a standard shift theorem guarantees that for f :=
Zlv € Hy(v), Tf € H*v) N Hy(v) and || T f[|gs¢y) S || flmr ). Thus, TZ)v € H?(7), and
|TZ7v| g3y S |Jvllaigy)- Therefore, ||(I — G7)T Z] vz measures the Ritz projection error of

v € H3() in the energy norm, and so (cf. [32])

sup (I = GNTZv|s < A2} (2.35)

vEH (v), [lvlla=1
Combining the previous two lemmas with these observations yields the following.

Theorem 2.6 (Cluster robust estimates). Let j € J, and assume in addition that min,_; __,,—1 |A] —

Aj| # 0. Then

. AT)2)\2
=l S A7 (1 Crm e 205

i=1,..n—1 |A] — >\j|2

(2.36)
X sup inf [Jw— V|2 + Ch*'A].
wesplclm(uk ckeJ)VeVy
wl|zg=1

Remark 2.7 (Asymptotic nature of eigenvalue estimates). The constant
AN . o . o

max;—1,. n—1 ﬁ is not entirely a priori and could be undefined if by coincidence \] — Aj=0
i J

for some i < n. Because this constant arises from a conforming finite element method, however,

its properties are well understood; cf. [46, Section 3.2] for a detailed discussion. In short, conver-

AN

An_1)
=L AT =X

‘)‘nfl_kj‘ ’

gence of the eigenvalues \] — \; is guaranteed as h — 0, so max;_ —
Because j > n and we have assumed separation property (2.6), namely \,, > \,_1, this quantity
is well-defined.

In the following section we prove eigenfunction error estimates under the assumption that the

quantity j1(.J) = maxec; max;¢; ﬁ‘ defined in (2.27) above is finite. The observation in the
3]

preceding paragraph and (2.36) guarantee the existence of hy such that j(J) < oo for all h < hy,.

Thus there exists hg such that for all h < hg the discrete eigenvalue cluster respects the separation

of the continuous cluster from the remainder of the spectrum in the sense that \,, > \,_1 and

Apin < AN
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Remark 2.8 (Constant in (2.36)). The spectrally dependent constants in (2.36) are expressed with
respect to the intermediate discrete eigenvalues A;’ instead of with respect to the computed discrete
eigenvalues A ;. It is not difficult to essentially replace A} by A; at least for h sufficiently small by
noting that Lemma 2.4 may be rewritten as |A; — AJ| < A;h*™. We do not pursue this change

here.

2.3 Eigenfunction Estimates
2.3.1 L, Estimate

We start by bounding the difference between the Galerkin projection GG of an exact eigenfunc-
tion and its projection to the discrete invariant space. It is instrumental for deriving L? and energy

bounds (Theorems 2.10 and 2.11).

Lemma 2.9. Let {\; };c; be an exact eigenvalue cluster satisfying the separation assumption (2.6).
Let {A]}dlm Y#) be the set of approximate FEM eigenvalues satisfying j1(J) < oo, where p(J) is
defined in (2.27). Fix1 € J and let u; € H #(7) be any eigenfunction associated with \;. Then for

any o € R, there holds
1Gu; = Zuyl|z7 < (1 + u(J)) (lui — Gui — el 57 + B wil 5). (2.37)

Proof. Our proof essentially involves accounting for geometric variational crimes in an argument

given for the conforming case in [21] (cf. [23]).

[1]Recall that {U; dlm V# € V., denotes the collection of discrete M-orthonormal eigenfunctions
# g

dlm(V#)

associated with {A Fie . Forl e {1,...,dim(Vx)} \ J, U, € Ran(Il — P) C V. is M-

orthogonal to the approximate invariant space W, = span(U; : j € J}. According to relation

(2.28), we then have M (Zu;, U;) = M(PGu;, U;) = 0, which implies
M(Gu; — Zu;, Uy) = M(Gu;, U3). (2.38)

In addition, W := Gu; — Zu; = (I — P)Gu; can be written as W = Z?mf V#) 3,0, for some
IgJ
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B € R, so that, together with (2.38), we have
- N dim(V)
W2 = MW, W) =M | Gui, Y BU |- (2.39)

=1
147

We now proceed by deriving estimates for M (Gu;, Up), L ¢ J. Since U is an eigenfunction of

the approximate eigenvalue problem associated with A;, we have
AM(V,U) = AM(ULV) = A(U, V) = AV, U), VYV € V.
Choosing V' = Gu; gives
MM (Gu;, U) = A(Guy, Uy) = A(u;, Uy) = au;, Uy) + (A — @) (ui, Uy).
We now use the fact that u; is an eigenfunction of the exact problem to get

AIM(GU,Z', Ul) = /\lfn(u“ Ul) + (A — &)(UZ, Ul)

= AN M (ui, Uy) + Ni(i — M) (ui, Uy) + (A — @) (u;, U).
Subtracting )\iM (Gu;, Up) from both sides yields
(Ar = X\)M (Guy, Uy) = A M (u; — Gug, Uy) + Ni(i — M) (ui, Uy) + (A — @) (u;, Uy),
or
1

M(Guz, Ul) = m )\ZM(’U% — Gui, Ul) + )\Z<m — M)(u“ Ul> -+ (A/— C~L>(’U,Z, Ul)] .
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Returning to (2.39), we obtain

dim(V)

— — i
W% =MW, W) =M | ;- Gui —a, Y Al—/\ﬂlUl
g
. 1 - dim(V) Y
om0+ G- | v S R
127

where we used M (U, 1) = 0 to incorporate o € R into the estimate. To continue further, we use

the orthogonality property of the discrete eigenfunctions to obtain

2

dim(V) \ dim(Vy) A\, 9
d i 2 2 2
- Ul < u( )W |5~
I¢ i IgJ
. 2 . .
and similarly ?;T(V#) Az/\—i/\ﬂlUl < N(J)”WHZA? since A(U;,Uy) = NM (U, Uy). Thus the
gJ ¢ i

geometric error estimates (Corollary 2.2) and a Young inequality imply

W% < w(Dllw: = Gui — allge W l5 + CH () s | 57l Wl 57

u(J)? 1
+ O = w5 + W

i

(2.40)

To bound ||| ;, we recall that P o G and G are the A(-,-) projections onto W, and V.,

respectively, and that P is the L, projection onto W. Thus

||W||?1 =AW, W) = A((I — P)Gu;, (I — P)Gu;) = A(Gu;, (I — P)Gu,)

= A(ui, (I — P)Gu;) = A(u;, W).

To isolate the geometric error, we rewrite for any € R the right hand side of the above
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equation as

a(wi, W) + (A — a)(ug, W) = Mm(u;, W) + (A — @) (ui, W)
= A (1 — M) (wi, W) + MM (u; — Gug, W) + MM (Gu; — Zuy, W) + (A — @)(us, W)

= X (1 — M) (i, W) + MM (u; — Gus — o, W) + NM(W, W) + (A — @) (u;, W),

upon invoking the orthogonality relations (2.38) and M (W, 1) = 0. We take advantage again of

the geometric error estimates (Corollary 2.2) to arrive at

W% < NCR M will 57 W 7 + Aillwi = Gui — el g7l W |57 + Xl W[5 241

+ O sl 21 5.

Now, noting that ||u;]| 1 < |luilla = v/Aillwil|m by (2.20) and using Young’s inequality to absorb

the last term by the left hand side gives

W% < CRM N wll 5 W sz + 2Xillws — Gui — all5Z Wl + 20 W15 242)

+ OBy |2

Using (2.42) in (2.40) gives

1
W1 < (5 + 10 ) s = G = gVl + A (L4 () sl W

1
+ CP2 (14 (1)) il + 55
We apply Young’s inequality again to arrive at
W7 < (14 u(N))? [llui = Gui — all37 + Pl 7 + P2l 3]

which yields the desired result upon taking a square root. 0
Theorem 2.10 (L? error estimate). Let {\;},cs be an exact eigenvalue cluster satisfying the sep-
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aration assumption (2.6). Let {A; }?izni(v#) be the set of approximate FEM eigenvalues satisfying
u(J) < oc. Wefix i € J and denote by u; € Hy(vy) any eigenfunction associated with \;. Then

for any a € R, the following bound holds:

|wi — Pu; — allz; < llui — Zu; — |37

(2.43)
S U+ p(D)llws = Gus = allgr + (1 + p( ) luall 72"
Proof. Because Pao = Za = 0 and P is the M-projection onto W, we have
(i = 0) = Pusll 7 = s — & — Plus = )|z < [l — @) = Z(u; — )|z
= [Ju; — Zu; — al|37 < [Jui — Gu; — |37 + [|Gui — Zu; |57
The second leg is bounded using Lemma 2.9. [

2.3.2 Energy Estimate

We now focus on estimates for ||u; — Zu;|| 5.

Theorem 2.11 (Energy estimate). Let {\;};c; be an exact eigenvalue cluster satisfying the sep-

aration assumption (2.6). Let {Aj}?i:n;(v#) be a set of approximate FEM eigenvalues satisfying
w(J) < oo. We fixi € J and denote by u; € H#('y) any eigenfunction associated with \;. Then

for any a € R, the following bound holds:

i = Zuil|; < Jui = Guill 5 + O/ N1+ p(I) s — Gui — a7

+ CV/ N1+ (D) |57

(2.44)

Proof. Let W := Gu; — Zu;. We restart from the estimate (2.42) for ||W|| 3, apply Young’s

inequality, and take advantage of the L? error bound (2.37) to deduce

W% S M2 il 37 + llwe — Gui — ol 37 + [W15)

S A+ u())2 (AP w2 + [lus — Gui — o %)
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The desired result follows from ||u; — Zw;|| ; < ||u; — Gus|| 7 + [|W]| 5- O

We end by commenting on (2.44). Because G is the Galerkin projection onto V. with respect

to A(-, -), we have for the first term in (2.44) that
A I~ < i . = - ~ )
Jus = Gl < inf flus = V5 = juf s = Vi3 (2.45)

Here we used that A(#,1) = 0, v € H(y). The last term above may be bounded in a standard
way (cf. [34] for definition of a suitable interpolation operator of Scott-Zhang type in any space
dimension). Similar comments apply to (2.43).

Bounding |lu; — G||3; is more complicated. Because I' is not smooth, it is not possible
to directly carry out a duality argument to obtain L, error estimates for G with no geomet-
ric error term. Abstract arguments of [32] however give error bounds for u; — Gu; satisfying
a(u; — Gui, V) = F(V) VYV € V. Letting F(V) = (@ — A)(u; — Guy, V), the fact that
A(9,1) = 0 for any v € H(v) yields

a(u; — Gu;, V) =F(V) VYV eV.

Choosing a = ﬁ fﬁ/ G (u — u;), [32, Theorem 3.1] along with (2.19) then yield

~

|ui — Gu; — a|lm < h{}lei{} Ju; = Vla + By — Guilla S hI‘}lei{} |ui — V|| 5.

Thus the L, term above may also be bounded in a standard way.
2.3.3 Relationship between projection errors

Many classical papers on finite element eigenvalue approximations contain energy error bounds
for the projection error ||v — Pu||5 [16, 17]. We briefly investigate the relationship between this
error notion and our notion ||v — Zv/||5. Because Z is a Galerkin projection, we have |[v — Zv|| 7 <

|v— Pv|| ;. In Proposition 2.13 we show that the reverse inequality holds up to higher-order terms.
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These two error notions are thus asymptotically equivalent.

Lemma 2.12. Let {\;};c; be an exact eigenvalue cluster indexed by J satisfying the separation
assumption (2.6). Let {/; }dlm %) be set of approximate FEM eigenvalues satisfying j(J) < oc.
We assume that for an absolute constant B, there holds max{ A, ,y} < B. Then forv € H'(v),

we have

|Pvllz < VBlvll5

Proof. Since Pv € W, there exists 3;, j € J, such that Pv = Zjej B;U;. Thus

|Pv|% = A(Pv, Pv) =Y B;A(U;, Pv) = > B;A;M (U, Pv)

JjeJ jeJ
= BNMULY BU) =D BIAM(U;,Uy) < B||Pol%; < Blol%;
jeJ j€J jeJ
where we used that the discrete eigenfunctions {U; } are M -orthogonal. [

Proposition 2.13. Let {\;};c; be an exact eigenvalue cluster indexed by J satisfying the sep-
aration assumption (2.6). Let {A,; }dlm Y#) be set of approximate FEM eigenvalues satisfying
u(J) < oo. Furthermore, assume that for some absolute constant B, Ay, < B. Let u; be
an eigenfunction with eigenvalues \;, for some 1 € J. Then the following bound holds for any
acR:

lu; — Puil| 5 < ||wi — Zuwil 5 + VB|wi — Gu; — o 5.

Proof. By the triangle inequality we have:
i = Pugllz < llus — Zusl| 5 + | 2w — Puil| 3 = [[wi — Zuwi|| 7 + | P(w; — Gui — a)| 5.
Applying Lemma 2.12 for the last term gives

|P(u; — Gu; — a)|| 5 < VB|lu; — Gu; — al|37,
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and as a consequence

lw; — Pus|| 5 < |Jw; — Zwi|| 5 + VB|lw; — Gu; — o 57

2.4 Numerical Results for Eigenfunctions

Let ~y be the unit sphere in R3. The eigenfunctions of the Laplace-Beltrami operator are then
the spherical harmonics. The eigenvalues are given by ¢(¢ + 1), ¢ = 1,2, 3..., with multiplicity
2¢ 4+ 1. Computations were performed on a sequence of uniformly refined quadrilateral meshes
using deal.ii [37]; our proofs extend to this situation with modest modifications. When comparing
norms of errors we took the first spherical harmonic for each eigenvalue /(¢ + 1) as the exact
solution and then projected this function onto the corresponding discrete invariant space having

dimension 2/ + 1.
2.4.1 Eigenfunction error rates

We calculated the eigenfunction error ||u; — Puy || y; and ||u; — Puy || 4 for the lowest spherical

harmonic corresponding to A; = 2. From Theorem 2.10 and the results of [32], we expect
Jur — Puq||jy S CO) (BT + hFH). (2.46)
From Proposition 2.13 and Theorem 2.11, we expect
|ur — Puy|| 3 S C(A)(R" + B*HH). (2.47)

We postpone discussion of dependence of the constants on spectral properties to Section 2.4.2.
When » = 1 and k£ = 2, the L, error is dominated by the PDE approximation (Figure 2.1),
¥t = p3 < h? = ™1, Whenr = 3 and k = 1 we see the L, error is dominated by the

geometric approximation (Figure 2), h"+! = h* < h? = h**+1. This illustrate the sharpness of our
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theory with respect to the approximation degrees. The energy error behavior reported in Figure 2.1

similarly indicates that (2.47) is sharp.

llu— Pull

h h

Figure 2.1: Convergence rates of the approximate invariant eigenspace corresponding to the first
eigenvalue on the sphere: L, errors (left) and energy errors (right). Reprinted from [1].

2.4.2 Numerical evaluation of constants

In the left plot of Figure 2.2 we plot ﬁHu_PuHA vs. h forr = 3 and k = 1 to evaluate the

(1+u( )R+

quality of our constant in Theorem 2.11. Here the Galerkin error is O(h*) and the geometric error
O(h?), so the geometric error dominates. Consider the eigenvalues A = ¢(¢ + 1), £ =1, ..., 10 and
corresponding spherical harmonics. We chose two different exact spherical harmonics for ¢/ = 10

to determine whether the choice of harmonic would affect the computation. In the left plot of

|lu—Pul| 5

Figure 2.2, we see that the ratio ()R T

decreases moderately as A increases, indicating that

llu—Pull 4
VA(2+4/u( )R+
this quantity to be more stable as A increases (see the right plot of Figure 2.2). Thus it is possible

the constant in Theorem 2.11 may not be sharp. We thus also plotted and found
that the dependence of the constant in front of the geometric error term in Theorem 2.11 is not
sharp with respect to its dependence on p(.J). Our method of proof does not seem to provide a
pathway to proving a sharper dependence, however, and our numerical experiments do confirm
that the constant in front of the geometric error depends on spectral properties.

In Figure 2.3 we similarly test the sharpness of the geometric constant in the eigenvalue error
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estimate (2.36) by plotting |’>\;§\ . This quantity is very stable as A increases, thus verifying the

sharpness of the estimate as well as the correctness of the order, O(hk+1) for £ = 1. In Section 7
we observe that for k > 2 the geometric error is between h**! and h?*. We delay giving numerical

details until laying a theoretical foundation for explaining these superconvergence results.

~
R

SR

S2

¥ 110-2

||+

Sl

ZQ Q)
e 3220 g —*—A=20
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—-—-A=110a —~—-A=110a
—s—A=110b —¥—A=110b
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h h

Figure 2.2: Dependence of geometric portion in energy errors on spectral constants: Theoretically

. ||u—Pu||A . . H“—PUHA
established constant TR () (left) and conjectured alternative constant NS

(right). Reprinted from [1].

—— =2
—* A=6
—+-a=12
—*—\=20
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—— =56
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——-A=110a
—¥—A=110b

10"

Figure 2.3: Dependence of geometric portion of eigenvalue errors on spectral constants, £ = 1:
Theoretically established constant M/\;LQ' for eigenvalues /(¢ + 1), ¢ = 1, ..., 10. Reprinted from [1].
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2.5 Superconvergence of Eigenvalues

In this section we analyze the geometric error estimates (2.16) and (2.17) from the viewpoint
of numerical integration. Our approach is not cluster robust, but allows us to analyze superconver-
gence effects and leads to a characterization of the relationship between the choice of interpolation
points in the construction of I' and the convergence rate for the eigenvalues. We show that we
may obtain geometric errors of order O(h*) for k + 1 < ¢ < 2k by choosing interpolation points
in the construction of I" that correspond to a quadrature scheme of order /. Because these super-
convergence effects require a more subtle analysis, we do not trace the dependence of constants
on spectral properties in this section and are only interested in orders of convergence. We de-
note the untracked spectrally dependent constant by C'y, which may change values throughout the
calculations.

We first state a result similar to [39, Theorem 5.1], where effects of numerical quadrature on
eigenvalue convergence were analyzed. Let \; be an eigenvalue of (2.3) with multiplicity V. Let
W and W be the spans of the eigenfunctions of )\; and the N FEM eigenfunctions associated

with the approximating eigenvalues of \;.

Lemma 2.14. Eigenvalue Bound. Let P, be the projection onto W using the Ly inner product
m(-,-). Let U; be an eigenfunction in Wy such that ||\U,||,, = 1 and A(U;,U;) = A;M(U;, U;).
Then

CL(P)\jUj,P)\].Uj) Z(Uj,Uj)

I\ — A = - = <||P\U; = Ujl12
TN m(PL UL PLUY) (UL U) r (2.48)

+ NP U; — Uil + Aylm(Uy, Uy) — MU, Uy)| + [A(U;, Uy) — a(Uy, U;).

Proof. Since (Z(P,\jUj,Uj) = )\j?’fL(P)\jUj, U]) and ||P)\jUj||2 = )‘jHPAjUjH?n’
1P, U = Uil = NPTy = Uil = 1P UsE + U511 — 2a(Py,U;, Uy)

NP U2, + 20m(PyU;, Uy) — NlIU 2, = a(U;, Uy) — M| U; 12
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Noting the assumption that ||U;|],,, = 1, we get
=\ = 1P\ U; = Ujlla = Ml P U; = U, — a(U;, U;). (2.49)

Because Av(Uj, U;) — Aj]\A](Uj, U;) = 0 we get

~Xj = |PxUj = Ujl2 = NP, Uy — Uy, + [AU;, Uy) — a(Uy, Uy)] — A M(U;, Uj).

Adding A; = Aym(U;, U;) to both sides and taking absolute values gives the result. 0

We now give a series of results bounding the terms on the right hand side of (2.48). Recall that

P denotes the M projection onto W .

Lemma 2.15. For h small enough, {Pu : w € W} forms a basis for span{U : U € W,}.

Moreover, for any U € W with ||U||,,, = 1,

N
S e < O, (2.50)
i=1
Proof. The proof follows the same steps given in the proof of [23, Lemma 5.1]. [

Lemma 2.16. Let h be small enough that { Pu : w € W} forms a basis for span{U : U € W_}.

Let {u;}Y, be an orthonormal basis for W with respect to m(-, ). Then

U= Py, Ulla < Cx max_|Ju; — Puillo S h" + s (2.51)
U = Py, Ulln < Cx max |fu; — Pugllm < R 4 R (2.52)

foranyu € Wand U € W.

Proof. Recall that N = dim(W). Since U € span{Pu : u € W}, there holds U = .~ o, Pu;
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with the coefficients satisfying (2.50). Thus
N N N
P, U-U= Zm(z a; Pug, ug ) ug, — ZaiPui.
k=1 i=1 i=1

Adding — Zf\il a;m(u;, ug)u; + Zfil a;u; = 0 and using m(u;, ug) = 0, ¢ # k, yields

N N
P, U-U= Zai (Z m(Pu; — w;, ug)ug + (u; — Pu1)> ) (2.53)

=1 k=1

Using m(Pu; — u;, ug) = Aija(Pui — u;,uy), noting (2.50) and applying || - ||, to both sides
of (2.53) yields the first inequality in (2.51), while applying || - ||,, to both sides of (2.53) yields
similarly the first inequality in (2.52). The second inequality in (2.51) follows from Proposition
2.13 and (1.12).

To obtain the second inequality in (2.52), we first use (2.43) and || - ||, = || - ||

lur = Pugllm S llun — Gug|lm

~

(2.54)
< ||ug — Gug — m(ur, — Gug, 1)||;m + ||m(ur, — Gug, 1) || m.

Since m(ug, 1) = M (uy, 1) = 0, we have from (2.18) that

[ (ux — Gug, 1)|[m = [m(Gug, 1) [m

= VI [m(Gug, 1) — M(Guy, 1)] < V|| Gug || 5715

Also, ||Guy| 37 S [|Gukllz S lluklle S Cx. Bounding the first term on the right hand side of

(2.54) using (1.13) completes the proof. [

Lemma 2.17. Let v € Hy(y), let d(x) be the signed distance function for +, let {(x) be the

closest point projection onto v, let v be the normal vector of vy, let N be the normal vector of T,
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and {e;}"_, be the eigenvectors of the Hessian, H, of 7, then

la(v,v) — A(v,v)| <

/F d(z)H [Vro]” vadZ‘

/F d(x) (Z () [Vro)” [es @ e vpv> 0

i=1

+2 + O(h?),

’m(v,v) — M(v,v)| <

/F v2d(x)7—l,d2' + O(h?).

Here H =Y., k;(¥(x)) is the scaled mean curvature of .

Proof. We shall need the two identities from [33]:

N®v
N-.-v

L NATT (1= dly . Fi@ (@) -
do = N[g(l d()1+d(a:)m(w(x))>]dz' Qds.

R T

We note that since |1 — v - N| = 1[v — N|* < #** and ||d| . ) S P,

Q= (1—dH) + O(h™).

Using (2.57) and (2.59) we then have

|a(v, v) = A(v,v)| =

/ [V, 0"V, vdo — /F [vpv]TvpudE'

Y

<

vV

X I—N®V
N-v

Expanding the Hessian H as on page 425 of [33], we obtain:

[ [T ST 0 ) - k)

] VF’U [1 - d(l’)?‘[] - [VFU]TVFUdZ‘ + O(h2k)

(2.55)

(2.56)

(2.57)

(2.58)

(2.59)

(2.60)

(T dB)(@)] " =v@v+ ) [1+d@)m(())e @ e =T+ ) dx)mi((z)e @ e

=1
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Usinge; L vande; L e;, 1 <i,75 <n,yields
[0 = aB)(@)) (L= dH) ()] ! =T+ 2} d(w)ri((n))e: @ e; + O(h).

Combining the above and carrying out a short calculation yields

-t - - a1
— {I - VN®1V\I} T+2 ZZ::al(yc)f-zi(lp(x))ei ® €] {I - T\I@):} +O(h?)

vr@N N®v VRV

—I1— —
N.v N-V+(N'V)2
n N e N-.e\?
+2;d(m)m(¢(m)) e ®e; — N‘?<y®ei+ei®y)+(N.eﬂl) V@ v
+ O(h?).

Let Pr :=1— N ® N. Then

v@N N(X)l/+ VU
N-v N-v (N-v)

I

v v
“he(Ng) e (N x)
2 rt N.-v © N-.v

= Pr + O(h*).

We know ||N — v||o, < h*, s0 N - e; = O(h*) which means all terms containing d(x)N - e; are of

order h2**+1, Therefore we have

} [I(T = dH) (2)]~']*[(X — dH) ()] [1 - Tf]

1 r@ N
N.v

n (2.61)
=Pr+2) d(z)ri((x)) [e; @ €] + O(h).

i=1
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Multiplying equations (2.61) and (2.59) gives

|:I_I/®N

N-v } [(T — dE) ()] 7] (T — dH) ()]~ {I _ 1;@9:] 0

= Pr(1—d(x)H) + 2 d(x)r(¢(2) [e; @ e + O(h™).
Inserting the above into (2.60) and noting that PrVrv = Vo yields

la(v,v) — A, v)] < ’/d(:c)mvpu\?dz‘

(Zd )k (Y(x)) [Vro]” [e; @ e vpv> dy)

+O(h?).

This is (2.55). The proof of (2.56) follows directly from (2.59). [

We next define a quadrature rule on the reference element:

where {w;}!_, are weights and {q;}}_, is a set of quadrature points. Recall the definition (2.10)

of Fr: T — T. The mapped rule on a physical element 7" C I' is

/Tso(w)dE ~ Zwis@(qi),

where w; = Q. (¢;)W;, Qr, = \/det(JTJ) with J the Jacobian matrix of Fr, and ¢; = Fr(§;).

The quadrature errors on the unit and physical elements are

Ep(p) = /T Zw @(Gi Er(p) = /Tgo(x)dZ - ZU)W(%’)‘ (2.62)

We say that a mapping F'r is regular if |Fr|yicoy < h', 0 < ¢ < k. This is implied by

assumption (2.13). Note also that | Fr[y 7y = 0,1 > k.
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Lemma 2.18. Suppose E;+(x) = 0Vy € IP)gfl(T), d € W*(T), and Fr is a regular mapping.

Then there is a constant C, independent of T, such that

Proof. We use standard steps from basic finite element theory [47]. For each 7',

Br(dp) = By (A(Fr)Qr, 1) (264

Since E4(x) = 0,Vx € P1(T), it follows from the Bramble-Hilbert Lemma and (2.62) that

@)l = inf [B:(g =l < 1nf g =Xl < Clolwes

Substituting § = d(Fr)QF. @1, we thus have

‘ET <d(FT>QFT¢7ZJ>‘ <C ‘d<FT)QFT¢7J} .

WZ,OO(T)

We now apply equivalence of norms over finite dimensional spaces and scaling arguments noting

that D¢ = D¢ = 0 for |a| > r to get

min{r,¢}

AP 20|, < D |APD@erhyeicsey Bl [Pl
i,j=0
1—i—5>0

min{r,¢}
S Z ’d(FT)QFT‘WE*i*ijO(T) |¢

7‘7.]:0
0—i—5>0

Hi(T)‘w’HJ'(T)'

Through standard arguments we have

|95 Hi(;ﬁ)|¢|Hj(T) 5 hi+j||QF;1||Loo(T)|95 Hi(T)|¢|HJ'(T)-
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Noting that |Qr |yyr.ce 7y S h"*J and ||QF 1|y S ™™ along with

l—i—j
A(F7)Qr |yreimsooidy S D 1Qrs ynoeqy [AF D) lypemicsioo
k=0
and
|AE L) lyyeimsrooiry S T Nl icsioe(ry
gives
AFD)QErRV| o S WAl @ llllpmncrs oy [l s
which is the desired result. 0

We now consider the effects of constructing I" by interpolating 1.

Lemma 2.19 (Superconvergent Geometric Consistency). Let QUAD; be a degree { — 1, R point
quadrature rule on the unit element with quadrature points {G;}2.,, V € V be degree-r function,
and assume that d(x)H € W (N'). If the points { L(x7)} % in (2.8) and {q;}}-, coincide and
in addition L(x?) = 4 (x7), then

la(V, V) — A(V, V)| < i ld(@)H ey VI, minre) (py + O(h?"), (2.65)

m(V,V) = M(V,V)| < B ld(@) Ay ey VI, mintrt) () F O(h*). (2.66)

Here a subscript 7 denotes a broken (elementwise) version of the given norm.

Proof. We prove (2.66). (2.65) follows from similar arguments. Recalling (2.56) and partition the

first integral based on the underlying mesh.

#elements

/F v%(@mz‘ < )

j=1

/T VEd(a)HdS) .

J
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Let g be a quadrature point on 7. By assumption L(q) = 1(q), so d(g) = 0 and

/T V2d(z)HdS

J

/ V2d(z)HdY — QUADy, (VZd(x)H)

J

— B, (d(e)HV?) S Wl oV B

(1)

by Lemma 2.18. Summing over all of the elements yields (2.66). [

Theorem 2.20 (Order of eigenvalue error). If I be constructed using interpolation points that

correspond to a degree ! — 1 quadrature rule as in Lemma 2.19, then
1A — Aj| S AP+ R 4 R (2.67)

Proof. Standard arguments (adding and subtracting an interpolant and applying inverse inequali-
ties) yield ||U||g+ < [|Pa,U|| g#+:. Combining Lemma 2.19 and Lemma 2.16 into Lemma 2.14

~Y

completes the proof. O

Remark 2.21. Our proofs carry over to the setting of quadrilateral elements with appropriate
modification of the definition of regularity of the mapping F'r. If Gauss-Lobatto points are used
on the faces of T as the Lagrange interpolation points to define the surface T, then the O(R') term
in (2.67) is the error due to tensor-product k + 1-point Gauss-Lobatto quadrature, which is exact
for polynomials of order 2k — 1. Thus ¢ = 2k and |\; — N;| < h*" + h?*. We demonstrate this

numerically below.

Remark 2.22. It follows from (2.66) that computation of area(vy) using quadrature may also be
superconvergent. This has been observed numerically when using deal.ii [37, Step 10 Tutorial].
2.6 Numerical results for eigenvalue superconvergence

In this section we numerically investigate the convergence rate of the geometric term in the
eigenvalue estimate of Theorem 2.20. Using the upper bound we derived as a guide, we set the

order r of the PDE approximation so that 22" is higher order in the experiments.
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We first approximated the unit circle using a sequence of polygons with uniform faces. For
higher order approximations we interpolated the circle using equally spaced points and points
based on Gauss-Lobatto quadrature. The left plot in Figure 2.4 shows convergence rates for \; for
various choices of k for both spacings. The error when using Gauss-Lobatto points follows a trend
of h?¥ as predicted by our analysis in Section 2.5. The errors when using equally spaced Lagrange
points are O(h**1) for odd values of k and O(h**2) for even values of k. These quadrature errors
arise from the Newton-Cotes rule corresponding to standard Lagrange points, yielding for example

Simpson’s rule with error O(h*) = O(h**?) when k = 2.

Figure 2.4: Left: Convergence rates of the first eigenvalue for the circle using typical equally
spaced Lagrange basis points and Gauss-Lobatto Lagrange basis points. Right: Convergence rates
of the first eigenvalue for (z — 2?)% + y* + 22 + 1 (z — 0.1)(y + 0.1)(2 + 0.2) — 1 = 0 surface using
a quadrilateral mesh with Gauss-Lobatto Lagrange basis points. Reprinted from [1].

In our next experiment we used a quadrilateral mesh to approximate the surface (z — 2%)2 +
y?+ 22+ Lz —0.1)(y + 0.1)(2 + 0.2) — 1 = 0. We used Gauss-Lobatto quadrature points on
each face to construct the interpolated surface. Convergence rates for the first eigenvalue using
k = 2,3 are seen in the right plot in Figure 2.4. The trend of order h?* convergence predicted by
our analysis holds for surfaces in 2D when using Gauss-Lobatto interpolation points. Experiments

yielding similar convergence rates were also performed on the sphere and torus.
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We next investigated convergence on triangular meshes. We first created a triangulated approx-
imation of the level set (z — 22)? + 4? + 22 — 1 = 0 using standard Lagrange basis points. These
points do not correspond to a known higher order quadrature rule. In the left plot in Figure 2.5,
we see convergence rates of order h**! for odd values of k and h**2 for even values of k. Unlike
in one space dimension, these results cannot be directly proved using our framework above. More
subtle superconvergence phenomenon may provide an explanation. For example, it is easy to show
that the Newton-Cotes rule for £ = 2 corresponding to standard Lagrange interpolation points
exactly integrates cubic polynomials on any two triangles forming a parallelogram. It has previ-
ously been observed that meshes in which most triangle pairs form approximate parallelograms
may lead to superconvergence effects, and it has been argued that many practical meshes fit within

this framework; cf. [48].

10° 10°
—e—r=2, k=2
e p=3, k=2
4 | ——r=3 k=3 _
1079w 107
< =
107t 107t
= =<
-4 -8 - —e— Unperturbed
10 + 10 —8— Centered Perturbed ||
4’7]32‘@56(1 Perturbed
TR
. — il
10 8 " 1 10 : 1 0
10 10 10 10
h h

Figure 2.5: Left:. Convergence rates of an eigenvalue for (z — 2%)? + ¢y + 22 — 1 = 0 surface
using triangular mesh and typical Lagrange basis points. Right: Convergence rates of the first
eigenvalue for spherical surface using triangular mesh and unperturbed interpolation points, ran-
domly perturbed interpolation points from a uniform distribution centered at O displacement, and
randomly perturbed interpolation points from a uniform distribution centered at 0.5h**! displace-
ment. Reprinted from [1].

Finally, we attempted to break this even-odd superconvergence behavior by perturbing the
points used to interpolate the sphere. First we perturbed points by O(h**!) using a uniform dis-

tribution on A**1(—1,1). In expectation we then have a radial perturbation of 0. The supercon-
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vergence of O(h*2) for even k values persisted for this situation. We then biased the previous
distribution to be h¥*1(—0.5,1.5) so that perturbations tended to be outward of the surface of the
sphere. This led to convergence of O(h**!) for both even and odd values of k. Numerical results
for the error of the first eigenvalue of the sphere when » = 3 and £ = 2 for an unperturbed sphere

as well as these two perturbations are seen in the right plot in Figure 2.5.

Remark 2.23. The perturbations of interpolation points on the sphere described above satisfy
the abstract assumptions (2.11) through (2.13) and so fit within the basic eigenvalue convergence
theory of Section 2.2. That theory is thus sharp without additional assumptions, but clearly does

not satisfactorily explain many cases of interest.

Remark 2.24. The superconvergence effects we have observed appear to be relatively robust.
They may still occur even in applications where the continuous surface is not interpolated exactly
as long as surface approximation errors at the interpolation points are uniformly distributed inside

and outside of y with zero mean.
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3. OPTIMALITY OF ADAPTIVE FINITE ELEMENT METHODS FOR EIGENFUNCTIONS
OF THE LAPLACE-BELTRAMI OPERATOR

In this chapter we develop a quasi-optimal adaptive finite element method (AFEM) based on
SFEM to approximate eigenfunctions associated with a cluster J of eigenvalues associated with
the eigenvalue problem

—Ayu=A on 7. (3.1

We take v C R%*! to be a closed hypersurface, which is globally Lipschitz and piecewise in a
Besov class that embeds into C* with « € (0, 1]. Here, A, is the Laplace-Beltrami operator on
7.

We combine tools from SFEM with those from the analysis of AFEM and eigenvalue problems.
In addition to the usual Galerkin approximation errors, the SFEM framework introduces geometric
consistency errors. In the adaptive context this means that not only must the solution be resolved
by the mesh, but the surface must also be sufficiently resolved by the mesh. One approach for
adaptively approximating solutions to the source problem via SFEM has been analyzed in [35].
In the framework of [35] two estimators are used to drive refinements, one for the Galerkin error
and another for the geometric error with each estimator having a separate dedicated refinement
procedure.

Unlike the source problem, the eigenvalue problem is nonlinear which makes for a more chal-
lenging problem to analyze. Over the past decade a number of papers have appeared analyzing
convergence and optimality of AFEM for eigenvalue problems on flat domains. These papers re-
quire a priori Lo estimates which are used to control the nonlinearity of the eigenvalue problem
and lead to minimal mesh resolution requirements to guarantee the nonlinearity has been resolved.
We summarize these requirements in Table 3.1. For the purposes of proving a priori Ly estimates
we require and prove a new regularity result for the source problem on globally W1 piecewise

Ch surfaces.
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(HI)

(H2)

(H3)

(H4)

(H5)

(H6)

(H7)

(H8)

5294

D(J) := maxge; max;¢; ‘ﬁ < 00
maxjes ||uj — Zuj| ) < 1+ 2L)7 =1
A2 Ko HE® < 5
(B2 HE + (14 X2, ) + X2, ) CHE® < min { ]
(BsKy+ K H2)\2, CHZ < 0.2
(K2(1+ Xa) + Aax + 5 K0N ) CHG® < 0.2
C(1+42B3)\2, H* + C(1+2B3)Ko(1 4+ X2, VHE + CK A
CE N H < 5

8B3(2C1+Ca) 4—2£02>

&
8

2

242s 1
maxHO < 2

Lemma 3.14

Lemma 3.22

Lemma 3.24

Theorem 3.31

Lemma 3.41

Lemma 3.41

Lemma 3.43

Lemma 3.43

Table 3.1: The restrictions on the maximum mesh size , and where they are first used.

Our approach borrows heavily from [35]. Our adaptive algorithm (AFEM) consists of loops

made up of an ADAPT_SURFACE step followed by an ADAPT_EIGENFUNCTION step.

The ADAPT_SURFACE step is the same as that of [35] and employs the same geometric estimator

(. It should be noted that in [1] the a priori analysis for approximating eigenfunctions with SFEM

found that the geometric error for a piecewise degree-k approximation of the surface was O(h**1)

when the surface is of regularity C*!, & > 1. Unfortunately, the geometric estimator we use

from [35] is heuristically only O(h*) for C**! surfaces. A new geometric estimator for C**1,

k > 1 surfaces that is heuristically O(h**!) has recently been introduced in [36]. We choose
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to use the geometric estimator used in [35] since it can handle surfaces of lower regularity and
the adaptive algorithm for the source problem has been shown to be optimal unlike the algorithm
using the heuristically O(h**1) estimator in [36]. Even in the context of the source problem,
the discrepancy between the order h*™! geometric errors observed for C? surfaces and the order
h* geometric errors that have been proved for less regular surfaces is not well understood. Our
ADAPT_EIGENFUNCTION step uses a residual type estimator, 7, to control the eigenfunction
error. This estimator will be analyzed via a theoretical estimator, j, in a similar fashion to what
was done for flat domains in [23]. We show that 1 and 7 are equivalent up to geometric error terms
which can be controlled by (. We will show in Section 3 that this implies any results proven for
the estimator y are also true for n within ADAPT_EIGENFUNCTION. We will also develop an
L, a priori estimate for eigenfunction approximations on piecewise C'* globally W1 surfaces.
In order to extend the a priori estimates of [1] from C? surfaces to these lower regularity surfaces
we must prove a regularity estimate in Section 2 for eigenfunctions on on piecewise C'* globally

W1 surfaces which is our first main result:

Let ~y be a piecewise CY globally W' d-dimensional closed surface in R4, Let
f € Ly(vy). Let uw € H'(7y) solve —Au = [ in a weak sense subject to fv udo = 0.
Then

||V7u|

oy) Sl Laey)-

It should be noted that this result not only extends the a priori estimates for eigenfunctions on
surfaces of [1], but it can also be used to extend the a priori estimates of [32] for the source
problem from C? surfaces to piecewise C1“ globally W °° surfaces.

The rest of the paper is laid out as follows. In Section 2 we introduce the surface approximation
scheme used as well as the geometric estimator (, the Galerkin formulation, surface finite element
method, and our regularity result stated above. In Section 3 we prove a posteriori estimates for the
theoretical estimator. In Section 4 we introduce our modified eigenfunction version of the AFEM

algorithm used in [35] for the source problem. The major change is the replacement of the residual
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based PDE estimator of [35] with our residual based eigenfunction estimator 7. In Section 5 we

prove our second main result, a conditional contraction property:

If the parameter w > (0 is small enough and the largest mesh size Hy is small enough,
then there exist constants 3 > 0 and an 0 < « < 1 such that for all iterate 0 < j < R

of ADAPT_EIGENFUNCTION we have

ST 2 + AU ) < of(z IV 12, 0 +B(uj(J))2)-

ieJ ieJ

Moreover, the number of inner iterates of ADAPT_EIGENFUNCTION is uniformly
bounded.

In Section 6 we give a partial characterization of our approximation classes A’, in terms of Besov

regularity. In Section 7 we prove convergence rates:

If {(uj, Nj,7) }jes € AL(J) for some 0 < s < n/d, w > 0 is small enough, and the
largest mesh size H is small enough, then there exists a constant C, depending on
the Lipschitz constant L of 7y, Aax, the refinement depth b, the initial triangulation T,

and AFEM parameters 0, w, p such that

> e(Ziuy) + Oser, (\Pruy, Ziug, y) + 1716 (7) < CLT Ay (#Te — #7To) ™.

jeJ

. In Section 8 we verify the convergence rates with numerical experiments.
3.1 Preliminaries

In this section we present the necessary background information from the differential geometry
of surfaces as well as a priori estimates for the approximation of eigenfunctions. The latter esti-
mates will be necessary for handling higher order terms which appear in the a posteriori analysis.
Our presentation in this section closely follows that of [35], and we refer to that work for more

details.

58



3.1.1 Parametric Surfaces

We assume that the surface ~y is the deformation of a
d-dimensional polyhedral surface 'y, with vertices on +, and described by a globally Lipschitz
homeomorphism P, : [y — 7 C R4, The overline notation for Iy is to emphasize the piecewise
affine nature of the surface. If [j = Ule Fé is made up of F' polyhedral faces Fé, 1=1,...,F,we
denote by Pi : T, — R4+ the restriction of P, to T',. The macro-elements T, induce a partition
{+*}£, of ~ upon setting
7= Pi(Ty).

This non-overlapping decomposition allows for piecewise smooth surfaces v with possible kinks
aligned with the decomposition {7'}/_,. We assume that the macro-elements are simplices, i.e.
there exists a closed reference simplex 2 C R? and a mapping X} : R? — R?"! such that
T, = Xi(Q).

We define x' := Pio 78 : 2 — ~' to be the mapping from the reference simplex to a member
~" of the partition of v which is also bi-Lipschitz, i.e. there exists a constant L > 1 such that for
1<i<F

L'x—9 < X&) —X'@)| < Lx—y|, VxyeqQ,

which implies

L7'w| < [VX'(x)w| < Llw|,  VweR?
We also note that a function v* : v — R uniquely defines two other functions 7° :  — R and
DEE fﬁ] —R
7'(X) =v"('(X)) vXe€N and 7' (X) =0 (P(X)) Vx€ ff).

In fact, given any of the functions v¢, 7%, or ¥° the other two are automatically and uniquely de-
fined. Throughout this paper we will drop the superscript and denote all three functions by v. The

meaning should be clear from context.
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3.1.2 Finite Element Spaces and Surface Approximations

The partition of Iy into macro-elements creates a conforming triangulation of I'y, which we will
denote by ﬁ]. We denote the class of conforming meshes generated by successive bisections of 7T
as T. A triangulation 7 € T produces triangulations of F' copies of {2 and a piecewise polynomial
approximation I' of 7. Any number of conforming graded bisections of each macro-element ﬁ)
generate via (X{)~! a partition of the local parametric domain Q C R¢ denoted 7*() or 7" for
short.

Letn > 1and Vi := V(7A'i) denote the finite element space of globally continuous piecewise
polynomials of degree < n subordinate to the partition T, Let Iri : C°(Q) — Vi be the Lagrange

interpolation operator. We shall also denote the componentwise Lagrange interpolant operator as

Ly : (CO(Q))? — (V)4. We define
Xii=Ipx'  THh=Xn(Q) T ={T:=X.(1):TecT}

to be the piecewise polynomial interpolations of \‘, 7%, and the associated mesh. The global
parametric space denoted Q2 consists of F' copies of 2. Its subdivision is denoted 7 and defined

as

F
7T
i=1
Each triangulation 7 € T uniquely determines T. This allows us to define the forest

~

T:=T(7):={T :T €T}

It should be noted that T does not necessarily correspond to F' copies of the same forest, but
rather F different compatible forests. The bisection rule is governed by the topology of 7 and
dictates which initial bisection of each separate (2 is performed. Refinement of a macro-element

in T induces a partition of its boundary which must be compatible with refinements of adjacent
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macro-elements. The global subdivision 7 is given by

F
T=T
=1

and the corresponding forest is

It should be noted that 7, = T only for polynomials of degree n = 1. The global polynomial

surface and parameterization X of I' are given by
r=J71  Xr={X5},.
TeT
We say that (7,T) is a mesh-surface approximation pair when 7 € T and I' = T's. For a

subdivision 7 € T we denote by S+ the set of interior faces.

We define the two finite element spaces on I':

V(T) := {V € COI') : V| is the lift of some V' € V' via X7}

and

Vu(T) = {VEV(T):V:Oon(?For/V:Oifﬁl“:@}.

r

The refinement procedure consists of bisecting elements in 7 and propagating its effects on
7 and T via the mappings X, ' and X o X!, respectively. For T, T, € T, we use the notation
T. > T tomean that T, is a conforming refinement of T . Given two subdivisions T,T. €T, we
write 7, > 7Tto indicate that 7, > 7. It should be noted that given 7,7, € T with 7, > T, the
finite element space V(7) is not a subspace of V(7,) since the associated surface approximations I

and T, do not match. Fortunately, we still have the nested property V(7)) C V(77) for1 <i < F.
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The three different subdivisions 7T, 7@ and 7 have various uses. 7 is the triangulation on the
flat surface and drives the refinement procedure; T is the triangulation on 2 and used to evaluate
such quantities as oscillation and the geometric estimator; 7 is made of the curved faces that define

I' = I'7 where the approximate eigenvalue problem is solved.
3.1.3 Shape Regularity and Geometric Estimators

Definition 3.1 (Shape regularity). We say that the class of conforming meshes T is shape regular

if there is a constant Cyy only depending on T, such that T €T, andalli = 1,..., F,
CylR -9 < |X(R) - Xn(3)| < Colx—y|  vx,yeT, VIeT. 3.2)
It should be noted that (3.2) also implies
Cyllw| < VXL (R)w| < Colw|  vYw e R

We define the elementwise geometric error estimator to be

Cri(vT) = IV = X))l = IVOE = Irx D

and the corresponding global geometric error estimator to be

= i T . .
¢r(v) i:rllflg?jmrzlea;g(’f (7, T) (3.3)

We will need the following two Lemmas about (7 () from [35].

Lemma 3.2 (Quasi-monotonicity of the geometric estimator (Lemma 2.3 of [35])). There exists
a constant By > 1 solely dependent on T, the polynomial degree k used to construct T, and the

dimension d such that

Cr.(7) < BoGr(v) (3.4)
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forany T,,T € T with T, > T. This bound holds elementwise as well.

Lemma 3.3 (Shape regularity (Lemma 2.4 of [35])). The forest T = T(Ty) is shape-regular with

constant Cy = 2L provided

with L > 1 the non-degeneracy constant.

3.1.4 The Laplace-Beltrami Operator

We now introduce the basic notions from differential geometry that will be necessary for the

remainder of the paper. Let T € R(®t1)*" be the matrix

~

T .= [51)(, oo, OnX]-
The first fundamental form of v is the symmetric positive-definite matrix G € R™*" defined by
G = (9ix"9;x)1<ijea = TTT.
We define D to be the matrix satisfying
Vv = VuD.

The inverse of G can be expressed as G~! = DD?. We define the measure on  to be

q = Vdet G.

~ ~

We denote the measure on subfaces of x(7') € x(7) by ¢°. We denote the unit normal vector of

~ as n. We denote the analogues of G, D, ¢, ¢°, and n on I' by appending a ' subscript. When
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X € C?*(Q) and v € H?(v), we have
1~ =
A= gdlv(quG ).
In this case we also have the integration by parts formula

/Vywvyv do = / —A wv do + / (Vyw -n)v d(07).
N

ol Oy

3.1.5 Variational Formulation and Galerkin Method

We define the space H'(7) to be
H'(y) = { € Ly(7) : Vou' € [La(y))] v = v ony' N9, 1 <4, j < F}
and the space H () to be

Hy(v) = {v € H'(v): [yv do = 0}.

We define the bilinear form and L, inner product on 7 to be:

a(u,v) ZZ/V»YUV,YU do and m(u,v) ::/uv do
ol v

respectively. The weak formulation of (3.1) is then: Find an eigenpair (u,A\) € Hj(v) x RT such
that

a(u,v) = Am(u,v) Vv € Hy(y), (3.5)

where the eigenvalues satisfy 0 = Ay < A\ < Ay < A3 < .... We define the bilinear form and L,

inner product on I" to be:
A(u,v) == /Vpuvpv d¥ and M(u,v):= /uv >
r r
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respectively. The corresponding finite element problem associated with (3.5) is: Find an eigenpair

(U,A) € V4 (') x RT such that

AU, V) = AM(U,V) WV € V(D). (3.6)

3.1.6 Eigenvalue Clusters

We now define what it is to be an eigenvalue cluster as well as various projection operators

essential to our analysis. Letp > 1, N > 0 and

)\p,1 < )\p and )\p+N < )\p+N+1- (3.7)

We define the set of eigenvalues \; associated with the index set

J:={p,..,p+ N}

to be an eigenvalue cluster. We denote by {u;}5°, a corresponding orthonormal basis (with respect
to m(-,-)) of Hj (7). We denote the span of the FEM eigenfunctions {U;} ¢ associated with the

eigenvalue cluster with index set .J as

W(J) := span{U,}e. (3.8)

We define the Galerkin projection operator R : H'(I') — V4 (I") with respect to the discrete

bilinear form as the operator satisfying:

A(u,V) = ARu, V) VYV e Vu(I).

We define the Lo-projection P : Ly (T") — W(.J) as the operator satisfying:

M(u,V) = M(Pu,V) YV € W(J). (3.9)
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We define the Z projection operator as:

Z = PR. (3.10)

It should be noted that Z satisfies:

A, V) = A(Zu, V) YV € W(J) (3.11)

as seen in [1].

We next present Lemma 3.4 which is the surface finite element analogue of Lemma 2.2 of [23].
Lemma 2.2 of [23] gives an algebraic identity relating Zu to APw in terms of the bilinear form and
Ly inner product on flat domains. Our version is similar, but the effect of using an approximate

surface manifests itself in the form of extra geometric consistency terms.

Lemma 3.4 (Algebraic Identity). Let {(u;, \;) }jes be the set of eigenpairs associated with a clus-
ter that satisfies (3.5). Let W(J), P, and Z be defined as in (3.8), (3.9), and (3.10). Then for any

exact eigenpair (u, \) € Hj(y) x R" associated with the cluster, we have

A(Zu, V) = A\M(Pu, V) + [A(u, PV) — a(u, PV)] + Ajm(u, PV) — M(u,PV)] VV € V(I).
(3.12)

Proof. Noting that Zu = )

A(Ru,U; A(u,U;
jEJM(Rua Uj)U; = Zje] ( A, J)Uj = Zjej (Aj ])Uj, we get the
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following:

A(zu,V):A(ZA(TUJ,V ZA (u, U))A(U;, V)

= Z(AM(u, Uj) + [A(u, Uy) = AM (u, Up)|) M (U;, V')
M(Pu,V) + Z a(w, U;) + Am(u, U;) — AM (u, U;)| M (U;, V)

=AM (Pu,V) + [A(u, PV) — a(u, PV)] + A\[m(u, PV) — M (u, PV)].

3.1.7 Geometric Error and Estimator

We now elaborate on the relationship between the geometric estimator defined in (3.3) and the
geometric consistency errors. Following [35], we express the difference between the bilinear forms
as

/vava dx — /V,yvvvw do = /VW’UEFVW’LU do Yv,w € Hl(fy),
r

v Y

where Ep € R(»+1)x(n+1) gtands for the error matrix
1 —1 —I\pT
Er := 5T(QFGF —q¢G)T".

The following lemma shows that if the initial mesh 7 is sufficiently refined as measured by (, then

the difference of the bilinear forms is bounded by the geometric estimator (.

Lemma 3.5 (Corollary 5.1 of [44]). If (1, () satisfies

1

() < 6B

(3.13)

then we have for T € T,

IErll, @ S &r(v,T) VT eT, (3.14)
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The next lemma from [35] states that all other forms of geometric consistency errors we will

encounter are bounded by the geometric estimator (.

Lemma 3.6 (Geometric Consistency Error Bounds (Lemma 4.1 of [35])). If (1, (7y) satisfies (3.13),
then the matrices G and Gr have eigenvalues in the interval [L™2, L?| and [LL=2 3 L?), respec-

tively. Moreover, the forest T is shape regular, L™" < q,qr < L", and for T € T

la = arll, ) + 16" = @bl om) + IV — vl @ (3.15)

+G-Grl, 7 +IID=Drll, 7 < &0T) YT €T
where we recall that I' = I'r.

It follows from (3.15) that the difference of the L, inner products satisfies

/Fvw d> — /vw do < CT(”Y)HUHLz(v)HwHLz(v)'
Y

Lemma 3.7 (Equivalence of norms (Lemma 4.2 of [35])). If (7,(7) satisfies (3.13), then the fol-

lowing equivalence of norms holds for all T € T with constants depending on Ty and L:
[0l = Mollaeny = W0l gy, 0l = Wl = g YT T, (3.16)

where T = x7 (T) and T = X(f) It follows that the equivalence of norms holds globally.

Lemma 3.8. Let Z and P be the projection operators onto W(.J) defined in (3.9) and (3.10). Let
vE HY(y)and V € V(T), then

HVVZUHLz(’Y) 5 ||vvv||L2(’Y) (317)
VAPV L) S VAV Loy (3.18)
1PV 2oty S 1Vl 2ay)- (3.19)
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Proof. Inequality (3.17) follows from (3.16) and (3.11):

IV, 202,00y S 11V 20l o) = A(Zo, Zv) = A(v, Zo)

<N Vrol| I VrZol| Ly S VA0 llam) [V Z0]] Ly

Inequality (3.18) follows from (3.16), the definition of P, and eigenfunction properties:

IVoPVIL,0) S IVEPV 7,0 = APV, PV) = A(D  M(V,U;)U;, PV)
jeJ
=Y MV, U)AU;,PV) = > M(V,U;)A;M(U;, PV)
jeJ jedJ
=Y M(V,U)AM(U;, V) =) M(V,U)AU;, V)
JjeJ jeJ
=AMV, U)U;, V) = APV, V) S IVePV | Ly VeV | L
jeJ

,S HVVPVHLz(W)vavHLz(v)

Inequality (3.19) follows from the fact that P is an Lo-projection with respect to Lo (I):

IPvlirae) S 1Pz < 0llzam) S ol

3.1.8 Regularity of Solutions on C* Surfaces

We now prove that weak solutions to
—A,u = f on piecewise C* globally W surfaces have more than H' regularity. The main

result of this subsection is the following theorem.

Theorem 3.9 (Regularity of u). Let v be a piecewise C1* globally W' d-dimensional closed

surface in R4 Let f € La(v). Let u € H'(y) solve —Au = f in a weak sense subject to
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fw u do = 0. Then there exists some 5 < « such that for all s € [0,3] we have

IVl

1) Sz

Remark 3.10. We note that in contrast to our regularity result in Theorem 3.9, it was recently
shown in Lemma 4 of [49] that if -y satisfies the stronger assumption of being globally Wﬁ (which

embeds into C'* for 0 < a =1 — 9) then the solution to —Ayu = f is H for f € Ly(7).
In order to prove Theorem 3.9 we require some results from [50]. Let Qr C R be a flat

domain. Define A : H}(Qr) — H'(QF) by

(Au, v) g-1(Qp),H1 () ::/ EVuVv dQr Yv € HY(QF)

Qp

where £ € L. (Qp, C¥*4) denotes a matrix-valued function which is assumed to be uniformly

positive definite with multiplier property
Ef e H*(Qp) forall f € H*°(Qp) with some s, € (0,1/2).

The results of [50] address the regularity of the weak solution to the problem with flat domain 2

and data f € H~'(Qp): Find u € H}(Qr) such that

<AU7U>H—1(QF),H(}(QF) = <f7U>H—1(QF),H3(Qp) Vv € H&(QF)‘ (3.20)

The following theorem is a reformulation of Theorem 3 of [50] for the weak problem in (3.20).

It is also the flat domain version of Theorem 3.9.

Theorem 3.11 (Theorem 3 of [50]). Let Qp be a flat domain of RY. There exists some s € (0, so),

depending on Qr C RY, the boundary 0y, and E, such that for all s € [0,3] and u € H}(QF)
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with Au € H*"'(QF) one has Vu € H*(Qr) and

IVallrsoe < Co(IVuliaap + Aul

Hsfl(QF)>’

with some constant Cyy € (0, 00) independent of s and u.
In addition to Theorem 3.11 we will need the following two lemmas to prove Theorem 3.9.

Lemma 3.12 (Lemma 1 of [50]). Let Qp C R? be a Lipschitz domain and let s € (0, %] Then

there exists a constant Cs € (0, 00) such that

< Cs|jw]

sl m-s @)

Qp

for all vector fields w € H*(S), C%) and functions g € H'(Q).

Lemma 3.13 (Lemma 2 of [50]). Let Qr C R¢ be a Lipschitz domain and let s € (0, %] Assume

further that the function h : R® — C has the form

h=> Xehu,
k=1

where the bounded functions hy, € C*(R%) are Holder continuous for o > s, and the x; are

characteristic functions for Lipschitz domains in R?. Then

gh € H*(Qp) forall g € H*(QF)

Proof of Theorem 3.9. Let {U"}Y_, be a finite covering of y with charts {¢,, }2_, and let {¢,, } .

form a partition of unity subordinate to {U™" . For u,v € Hj(v) we have

/Vquda—Z/ (Ynu Vvda—z V 1/Janvda
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Noting that the presence of 1, in the integrands makes integrals over a single patch equal to
integrals over all of v, we then have
V., (Ypu)Vyv do = /kuvv(wnv) do — /(Vyuvwdzn)v do + /(Vyvvvwn)u do
ur v v v

= [ rwwrdo— [ do + [(909 e

v v

(3.21)

We now map the integral (3.21) from U™ to a flat Lipschitz domain Q7. := ¢, }(U") C R% Let

Ve H{(Qm) and V := V o o' € HY(U™). Then

V., ($nu)V,Vdo = /

O

V| (0 pu)(wo )| G VY V/[det(G)] A2

Un

We define A" : H} (%) — H~'(Q%) to be the operator satisfying:
(AU, V) s oy i) = / VUG 'VV/[det(G)] d WV € HL(QD).

Qf

By the regularity of u, 1, and ¢, we have (¢, 0 ©,)(u o ,)] € HL(Q%). We now prove
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A"(Yy00,)(uop,)] € H¥1(Q%) in order to apply Theorem 3.11. From equation (3.21) we have

(A"[(Yn 0 on)(uo @), V) g-1(quy,min) = (fr¥nV Vg ~1(y),Hl () — /(V uV, 1)V do

.
+ / (VL V'V b, )u do
= (f,uV ) Hl('y)_/ (VyuV. b, )V do
i
+ / (VL V'V b )u do

< [{f,vnV ) vy, EL U] T+

(V,uV. 1, )V do
Un

+

/n [vve—lv(z/;n o %)] (10 o)/ TAeL(GY] A2

:[1+IQ+[3.

Noting that 0 < v),, < 1, we have

< Naf a1V llzaey < 1F a1V Il zaqom)

- Hfum)\/ | vaVIae@lde < 1o IVIH@ o 1V o

S AL IV | reay)-

= [(f, vV > 1(Un) Hl(Un)| = ’/ fan do

with 0 < a < 1 and the boundedness of /| det(G)| owing to ¢, € W1>(Q"). Using similar

arguments to those used to bound /;, we get the following for /5:

Iy = < ANVatall Lo ) IVl Lo 1V [ oy

< /|| V]det(G)] IVatbull Lo IV ull Lo 1V [ ()
Loo(7)

S I oo 1V | agan)

/ (VyuV. 1)V do

We now bound /5 by applying Lemma 3.12 with ¢ = V" and
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w =G 'V(¢,00,)(uop,)\/| det(G)| and noting that in w the C* terms are Sobolev multipliers
of H5(Q%) to get

I3§CS

GV o g)(wo ) VTG Vg

S Nl oIV | - ()

S e IV [ =sap)-

Here we have used that w € H*({2}), which we justify as follows. Since G is constructed from the
derivatives of piecewise C** maps and GG~! = 1, we have that both G and G~! are piecewise
C. Since G is a Riemannian metric, it is positive definite. Thus /| det(G)| is piecewise C'* as
well. By the definition of v, we have that 1, o ¢,, € C'*™°. Finally, since , € W (Q%) and
u € H}(v), we have that u o ¢, € H'(Q}). Noting that \/[ det(G)|G " is of the same form as h
in Lemma 3.13, we can apply Lemma 3.13 to w to get w = /] det(G)[G 'V (¢, 0 0,.) (w0 p,) €
H*(Qp) for s € (0, min(3, a)].

Combining the bounds on [, /5, and /3 and noting that the regularity of V' is limited by that of

I3 then gives
{(A™[(n 0 @n)(uwo @n)l, Vir-viap)myp) S I lao IV -5 p), s € (0,min(1/2, ).
By Theorem 3.11 we then have
V(@m0 @n)(uoen)] € H ()
for each (.. We now map everything back to ~. It is well known from differential geometry that
(Vou)lon = V(vo )G (Vi)'
where on Q% we have G = (V,)T(Vp,). Taking v = 1,u, we know V(v o ¢,) € H*(Q%).
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Noting that G and V¢, are piecewise C* and applying Lemma 3.13 then gives

Vo () € H™(U™).

Since (,u)|sun = 0, we can extend by O to all of v to get Vyn(¢pu) € H* (7). Let sg =

min, {s,}2_;. Exploiting the linearity of V., and stitching the patches together then gives

N N
va(¢nu) = v’y(z Ypu) = Vyu € H*(7) and IVyullgey S M llza)-
n=1 n=1

3.1.9 A Priori Estimates

We will need the following lemma which is a modification of Theorem 4.2 from [1]. We
assume lower surface regularity than that of [1] and thus use a different geometric estimator. We
bound the geometric consistency errors of Theorem 4.2 of [1] with the geometric estimator (3.3)
rather than a power of h since geometric consistency errors in the AFEM algorithm are controlled
through the geometric estimator. The steps of the proof are essentially the same and we do not

repeat them here.

Lemma 3.14 (L, Eigenfunction Bound). Let 7y be a piecewise C** globally W' surface. Given

a mesh of maximum mesh size Hy with H sufficiently small so that

e
A~ A

<00 (H1)

D(J) := max max
ted j¢J

and an eigencluster J with eigenpairs {(u;, \;) }ics, fix i € J. Then the following bound holds:

S (1 + D)) ||lui — Ruy — uy — R || ) + ().
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We now give an a priori estimate for ||u; — Ru; — u; — Ru;||1,(,) in terms of the maximum
mesh size Hy. The following lemma can be viewed as a generalization to C* surfaces of the L

estimate in Theorem 3.1 of [32].

Lemma 3.15 (L, A Priori Estimate). Let 7y be a piecewise C** globally W1 surface. Given a
mesh of maximum mesh size Hy satisfying (H1) and an eigencluster J with eigenpairs {(u;, \;) }ic s,

fix i € J. Then the following bound holds:

i — Ry — ui — R|| 0y S Hol| Vo (ui — Rg) || ()

Proof. Let e := u; — Ru;. Let z be the solution to the dual problem: Find z € HJ () such that
a(v,z) =m(e —€,v) Vo € Hy(7).

~

Since (|27, = a(z,2) = m(e =& 2) < |le = @l oy l|2]l o), we also have [[Vo2]| L,y S
|e — €||£,(y)- Using this bound on ||V 2| 1, (), Galerkin orthogonality, equivalence of norms, and

the results of Theorem 3.9, we have

lle — €||%2(7) =ale,z) =Ale,z) + (a— A)(e,2) = Ale,z — Iz) + (a — A) (e, 2)
SIVrellmllz = Inzll oy + GIIVaell o Va2 s
S IVaellamllz = Inzllae) + IVaellam V42l Lo (3:22)
S IVaellam PV yzllas ) + rIVyell oo Va2l

S IVaellamh®lle = ellzae) + crlIVaellaemlle = ellzae)

which gives

|ui — Ry — us — Rugl| 2,4y S (HF + Cr(v) IV (wi — Ry || )
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Recalling that (7(7) = max;—;,_p maxpcri %(X’ — I, (7> and applying standard argu-

-----

ments gives (7 (7y) S HE|x|w1+aco(q). By Theorem 3.9 we have that a < s, so

i = R = s — Ratil| () $ HG IV (s = Rti) | o)-

Combining Lemma 3.14 with 3.15 yields the following corollary.

Corollary 3.16 (A Priori Estimates). Given a mesh of maximum mesh size Hy satisfying (H1) and
an eigencluster J with eigenpairs {(u;, \i) }ics, fix i € J. Then for any oo € R, the following
bound holds:

(3.23)

S (L+ D) Hl[ Vo (ui = Zi) || o) + C7(7)

Lemma 3.17 (H' Eigenfunction Bound). Let v be a piecewise C1 globally W' surface.
Given a mesh of maximum mesh size H satisfying (H1) and an eigencluster J with eigenpairs

{(us, Mi) }ies, fix i € J. Then the following bound holds:

IV (i = Zi) [ Lyi) S (1 4+ D)V (i = R L) + G ()

3.2 A Posteriori Error Analysis
3.2.1 Upper and Lower Bounds for Energy Error

In this section we introduce the computable and theoretical estimator for the eigenfunctions.
The FEM eigenpair (U;, A;)7, generated on the mesh 7 may not approximate the same eigenpair
as (Uj, A;)7. for T, > T. The computable estimator’s dependence on (U;, A;) causes difficulty

in comparing estimators 77 and 77.. The theoretical estimator approach, first introduced in [22]
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for flat domains, overcomes this comparison difficulty through the use of projection operators onto
W(.J). Our analysis throughout the paper will be carried out using the theoretical estimator which
allows for comparison between finite element solutions on different meshes. We show that the
theoretical estimator is reliable and efficient. We also show that the two estimators are equivalent
up to geometric consistency errors and our results for the theoretical eigenfunction estimator are
indeed enough to prove optimality of the AFEM algorithm.

Given an FEM eigenpair (U, A) and a triangle 7' € T, we define the computable local error

indicator (A, U, T') for the eigenpair as
nr(N U, T)? = h3||AU + AU |5 + he|[[VeU] 2, VT €T.
We define the computable estimator for the eigenpairs {(U;, A;)},c; of a cluster as

= nr(A, U T VT ET.

JjeJ

Let (u, A) be an eigenpair of (3.5) associated with the cluster of eigenpairs {(u;, A;) }jcs. Let Z
and P be the projection operators associated with the cluster. We now derive a theoretical residual
estimator for ||V, (v — Zu)|| 1,(,) which will depend entirely on projections P and Z onto W(.J)

rather than explicitly on { (U}, A;)};e;. We introduce the theoretical interior and jump residual
Ry = APul|r + ArZu|r, Jor = {Ts}scor VI'eT,

NERE VFZU+|5I1§ + VFZU_|5I1§ VS € Sr.

Let (u, \) be an eigenpair associated with the cluster {(u;, A;) } ;e and letv € H*(v). Our strategy
will be to express a(u — Zu, v) in terms of the computable bilinear form and L, inner product on
I'. This will result in the expected residual terms plus geometric consistency errors and a higher

order Lo projection error term which can be reabsorbed later on. Through standard manipulaitons
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we have

a(u — Zu,v) = dm(u,v) — a(Zu,v) = Am(u,v) — A(Zu,v) + [A(Zu,v) — a(Zu,v)]
= Im(u — Pu,v) + Am(Pu,v) — A(Zu,v) + [A(Zu,v) — a(Zu,v)]
= Am(u — Pu,v) + A\M (Pu,v) — A(Zu,v)

+ A[m(Pu,v) — M (Pu,v)] + [A(Zu,v) — a(Zu,v)].
Adding and subtracting V' € V(I') and applying Lemma 3.4 to A(Zu, V') then gives

a(u — Zu,v) = Mm(u — Pu,v) + AM (Pu,v) — A(Zu,v — V) — A(Zu, V)
+ A[m(Pu,v) — M(Pu,v)] + [A(Zu, v) — a(Zu, v)]
= Am(u — Pu,v) + AM(Pu, v) — A(Zu,v — V)
— AM(Pu,V) — [A(u, PV) — a(u, PV)] — Am(u, PV) — M(u, PV)]
+ A[m(Pu,v) — M(Pu,v)] + [A(Zu, v) — a(Zu, v)]
= dm(u — Pu,v) + AM(Pu,v — V) — A(Zu,v — V)]
+ [a(u, PV) — A(u, PV)] + [A(Zu, v) — a(Zu, v)]

+ MM (u, PV) — m(u, PV)| + Ajm(Pu,v) — M (Pu,v)].

After integration by parts, we then have

a(u—Zu,v)—)\m(u—Pu,v)—i—Z/TRT(U—V) HESY /SJS(U—V) s

TeT SeS
+ [a(u, PV) — A(u, PV)] + [A(Zu,v) — a(Zu,v)] (3.24)
+ MM (u, PV) — m(u, PV)] + Ajm(Pu,v) — M (Pu,v)]

=L+L+L+1,+ 1+ 1+ I7.

Motivated by the above calculations, the higher order nature of /;, and the fact that I, through I
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are geometric consistency errors, we define the theoretical eigenfunction error indicator as
pr(APu, Zu, T)? == h | Relli, ) + hell Torllr VT €T,
and the eigenfunction error indicator for the cluster {(u;, A;)}jes as
pr(JT) = pr(\Puj, Zu;, T)> VT €T.
j€J

We now show that the theoretical estimator is reliable. Similar to the reliability estimate in [23] for
flat domains, a higher order term of the form H{||V,(u — Zu)||,() is present. This term may be

reabsorbed for H, sufficiently small.

Theorem 3.18 (Reliability of Theoretical Estimator). Let Hy satisfy (H1). Let {(u;j, \j)};es be
an exact eigenvalue cluster indexed by J and satisfying the separation assumption (3.7). Let
(u, A) € {(uj, \j)}jes be any eigenpair associated with the cluster. Let (1,(7y) satisfy (3.13)and
(T,T) be a pair of mesh-surface approximations. Then there exist constants Cy, By, and K,

depending only on T, the Lipschitz constant of -y, and \, such that

IV, (u = Zu)|[ 7, < Crur (N w)? + Bilr(v)® + Ko Hy* M|V (u = Zu) |1,

Proof. We begin by bounding the terms in (3.24) with v € HJ, (). Throughout the proof we take
V to be the Scott-Zhang interpolant built on T and lifted to I'. Noting that for v € H. ;# (v) we have

that m(a, v) = 0 for € R, we compute

I, = /)\(u — Pu—a)vdo < Mu—Pu— ) [|0]l o)
vy

< Mu —Pu — |, Crl| V0| Ly

S M [V (u = Za)|| 1,0 Ol Vvl Loy + A () Ol Va2l -
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We now turn to bounding /5 and /3:

L= /TRT(U —V)dS = |[Rellanllo = Vil S \/Z W IR, oy Vvl 2oty

TET TeT rer
I3 :=— Z /jg(v —V)dE < Z hTHjSH%Q(T)HV’YUHIQ('Y)
sesr S Sest

Combining /5 and /3 and enforcing shape regularity gives

Ll < \/Zh%HRT||%2(T>+\/ S hellTs I | 195000

TeT SeSr

The bounds for I, through /7 follow from (3.14), (3.15), and Lemma 3.8

Iy = { / VrZuViv dS — / V,ZuVlv da} = / V,ZuErViv do
I

v v

S TNV Zull Lo VA0l oy S TGOVl oo V50l 2o )

= Gr(V)VAIVo 2l a0y

I = { / V., uV., PV do — / VruVrPV dE} = / V. uErVIPV do
Y r Y

S TNVl VAPV Loy S CrVaull oo VAV e

S TV ull o Vo0l 2at) = GrVAIV 0l 2oy

Iy = [/ APV dY — /Aqu da} = Z/A)\UPV(CIF —q) T
r K 77T

S ATl o [PV 2oy S AT ull Lo IV 1 2oy

S ATl vl 2y S AT (VCEIIVAv | Ly
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I; .= [/ APuw da—/)\Puv dZ} = Z//\Puv(qp —q)dS
K r TeT T

S AT Pl Loy [0l 2oy S AT (Ml o0l 22y
< A (DIl o) CrlIVAvliLay = A (NCRIIV2] Loy
The rest follows from taking « = v — Pu := m(u — Pu, 1) and applying Young’s inequality. [

Before proving the efficiency bound, we introduce the oscillation for a single eigenpair (u, \)

of the cluster {(u;, A\;)}jcs onatriangle T' € T

La(T) (3.25)

where P and Z are the projection operators associated with the cluster.

Remark 3.19. It is possible to remove the qr term on APu, but this comes at the cost of changing
the other terms in the definition of the oscillation. We choose this form for ease of comparison with

the oscillations involved in the definition of the approximation classes used in [35].

We now show that the theoretical estimator is efficient. Once again, like the reliability estimate,

a higher order term appears.

Theorem 3.20 (Efficiency). Let Hy satisfy (H1). Let {(u;, \;)};es be an exact eigenvalue cluster
indexed by J and satisfying the separation assumption (3.7). Let (u, \) € {(u;, \;)}jes be any
eigenpair associated with the cluster. Let (1, () satisfy (3.13)and (T, T") be a pair of mesh-surface
approximations. Then there exist constants Csy, By, and Ky depending only on Ty, the Lipschitz

constant of vy, and ), such that

Copr(APu, Zu)® < ||V, (u = Zu)|[7, ) + Oser(APu, Zu,7)* + BiGr () (3.26)

+ Ko Hg™ N[V, (u — Zu) |11, )
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Proof. We begin by pulling the residual on a triangle 7" € I" back to the reference element T:

1Rellzacry = || (WPu a5 div(ar (VZ) G ) Ve,
2

1 1/2 - N

<= )(APuqF+div(qF(vzu)G;1)>‘ X
qr || Lo (T) Lo(T)
1 1/2 g R

<= H(id—ngn,Q) (APuqF—i—diV(qp(VZu)Gl?l))‘ A (3.27)
qr || Lo (T) Ly (T)
1 1/2 g . )

+|= Hﬂn ()\Pu + div(gr(VZu)Gy )‘ A

‘QI‘ . 2n—2 ar (ar( )Gr ') La(F)

SR - RTIIM) Rl )

where 117, denotes the best L, approximation operator onto the space IP,,, of polynomials of degree

< m and
Rr =115, , ()\Pqu + q{lai;(qF(§Zu)G;1)>
on T and zero elsewhere. We now set out to bound ||Ry|| Lo(7)- Let @7 be the standard bubble

function on 7 given by the product of the barycentric coordinates on T. Using the equivalence of

norms on different triangles (3.16) gives

IRAE 5y S INGrRalE gy S IO Rl ) = [ 00(Rr =R+ R d
S IVor(Re = Ra)loaen Rl + | Rer(Reom) d (3.28)
T

S IWor(Re = Ro)ll i IRrl ) + /TRT@WT) dx
Using (3.24) with V =0 and v = ﬁTqu < Hl(y), and noting that ¢ = 0 on 97 we have

/ V,(u—Zu)V,(Rror) do = X / (u — Pu)(Rror) do + /F Rr(Rror) d¥

~

+ |:/ VFZUVF(ﬁTQﬁT) d> — /VWZUVW(ﬁTQST) dO':|
r

v

+ A [ L Pu(Rror) do — /F Pu(Rror) dZ] :
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which reduces to

/~V7(U - Zu)v“x<ﬁT¢T) do = )\/~

(u — Pu) (ﬁTd)T) do + / RT(ﬁTQbT) dy
T T T

+ { / ViZuVr(Rror) d¥ — [ V., ZuV . (Rrér) da}
T T

+ A { /T Pu(Ryor) do — /T Pu(Rror) dZ].

This then implies

/T Re(Rrér) dS < Mu — Pull,, | (Reor) |z,

IV (u = Zu) ||, i V5 (Reér) | 1y

B B (3.29)

+ / VFZ’U,VF<RT(Z5T) d> — /~V7ZuV7(RT¢T) do
T T

+ A

~PU(ﬁT¢T> do — / PU(%T(ﬁT) dZ‘ .
T T

Noting that

1w = Pu)ll 7 < lu—Pu—u—Pul,z +lu—Pul,z
= |lu — Pu—u— Pu Pul[,, 7 +|u—Pu||T|1/2

<l —Pu—wu— PuHL —i—\u—Pu|hd/2

we now bound [u — Pul. Since u € Hy(7), m(u,1) = 0. We also know that since Pu € V4(I'),

M (Pu, 1) = 0. These mean 0 conditions then yield

1 1
—Pu=—m(u—Pu.l) = — 1) — —m(Pu. 1) = —m(Pu. 1
u=Pu=pymlu=Pu 1) = m(u, 1) = gym(Pu, 1) = =pam(Pu, 1)
1 1 1
= O =) (P ) = LM = O = m) (P ) S Gl
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Combining these results yields
—— d/2
I = Pu)ll ez S lu— Pu—a— Pl ) + Cr(7) ull o b (330)
Combining the inequalities (3.30), (3.29), and (3.28) then yields

||ﬁT||iQ(f) SIVér(Re = Ro)ll @ IR7ll L,
+ Ml —Pu—u—Pul 7 (Rrér) ||,
e — _
+ )\CT(’V)HUHLz(w)hT/QH(RT¢T)HL2(T) + IV (u = Zu)| 1, 3 VA (Rrdr) | 1, 7

+ / VrZuVr(Rror) d — /~ V., ZuV(Rrér) do
T T

+ A /~PU(ﬁT¢T) do — / PU(%TQST) dZ‘ .
T T

Applying an inverse inequality yields
IVe(Rrér) o) S b IRrér || aery S b Rl acr) - (3.31)

Applying (3.31), equivalence of norms, and ||v/¢7(Rr — Rr) o7 S I(Rr — Rr) |1, (7) we get

IR7lI7, 7 S IRy = Rell o) IRl 7y + Al (w = P — u =P, i Rl 1, 7
/27 - =
+ ATl o b7 IRl ) + Bz IV (0 = Za) |y ) Rl

+ /VFZUVF(ﬁT(ﬁT) dZ—/VVWZuVW(ﬁTCbT) do
T T

A / Pu(Rrér) do — / Pu(Rorir) dZ‘ (3.32)
T T

S Rr = Rell o) 1R || iy + Ml (= Pu = u = Pu)ll 7 Rl 1, 7
/217> - =
+ AT (el o h IRl iy + 1 1V (= Z) |y ) R

+ DIV Zull oy b IRz ||y 7y + A (D IP Loy | R [l 7
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Combining (3.27) with (3.32) and equivalence of norms on triangles then gives

hol|Rell g S hrllRr — Rerll o) + hrA||(w — Pu — u — Pu)| L,
d
+ AT (Nl oy 7>+ 1V (w = Za) |, 7 (3.33)

+ T (DIVLZull ) + e A (9) [Pl 1, 79

Squaring (3.33), summing over the triangulation, and using the bound (3.23) gives

SRR, ) S S W Re — Rl + (L HEN) [V, (0 — Z)[3,
TeT TeT (3.34)

+ (e X Wl Zai) + 1V ZullLy) + DEN Pl o)) Gr()*

The jump terms follow in a similar manner

1Tslzas) = || VeZut|sng + ViZu|sng][ o

+ AN = AN
= (Y Zut (G '8t + LVZu (Gr) '8 )/ir

rr rr

La(S)

G VZut (GH) 0T + o VZu (Gr)'a-

\/T_F Loo(S)
<|lda-m2,_)) (qWZu*(G;)-W i q;%u—(G;)-lﬁ-)

Lo(S)

Lo (S)

+ HH%M (qff%Zqu(Glf)_lﬁJ“ + qF§Zu_(GF)_1ﬁ_>

La(8)

S Ts — TSHLQ@) + H78HL2(§)=
where we define
Taim 1 (6920 (@) R+ 920 (G i)

-~

to be the L, projection onto Py, (.S) and extending it to the edge patch wg by extending constantly

along the normals to S. Let ¢s be the standard bubble function on the edge patch wg of S. We
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then have

IT512, 5, < 1Vl ) S IVGsT sl = [ 65(Fs = Ts-+ T s dS

(3.35)
< 1V6s(Ts = T9)ll e [ Tsll s, /S TsT 565 dS

Using (3.24) with V = 0 and v = J g¢g gives

| ot~ 209 Tts) do =) [ (w =P T o) do+ [ ReTsos) i
—/3.75(73%) ds
+ [ /F ViZuVr (T s¢s) dX — L V., ZuV (T s65s) da}

A l /7 Pu(Ts6s) do — /F Pu(Ts05s) dE] |

Rearranging terms and restricting to supports then gives

/S Ts(Ts0s) dS = — [ V. (u—Zu)V. (T sbs) do + A / (u — Pu)(Tsos) do

ws

—|—/ RT(7S¢S) dE —+ |:/ VFZUVF(75¢S) dZ —/~ VWZUV,Y<75¢S) d0':|

+/\{ / Pu(Ts¢s) do — / Pu(J s¢s) dE]

wg ws

Applying Cauchy-Schwarz then gives:

/5.75(75%) dS S |V (u = Zu) || 1,@6) | Vo (T 508) | La@s) + Al — Pull 1y @0) || T 505 L2@s)

F Rl Laws) | T s85 | La(ws) + TNV 2| 1y@6) [ VA (T 509 La@s)

+ ACT(’Y)HPUHM(QS)||7S¢S||L2(°~Js)‘
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Applying (3.30) on the patch wg and standard arguments then give

/S Ts(Tss) dS < IVt — Z) oy h 2N T )l acs)

+ Alu —Pu — u — Pul| @0 [T

I 22@) | T sl Las) (3.36)
o —1/2=
IRl 2o [T sla09) + IV Zulaorhr [ T s s

_ iy
+ AT IPUll o) [T sl zacsy + Tl Loy Y N T sl acs)-

Using (3.36) in (3.35) just as we did when using (3.29) to handle (3.28) yields the result final

result. H
We now show that the theoretical estimator satisfies a discrete reliability condition.

Theorem 3.21 (Discrete Reliability). Let Hy satisfy (H1). Let {(u;, \;) }jcs be an exact eigenvalue
cluster indexed by J and satisfying the separation assumption (3.7). Let (u, \) € {(u;j, ;) },ecs be
any eigenpair associated with the cluster. Let (1;() satisfy (3.13). Given any pair (T,,T.), (T,T)
of mesh-surface approximations with T < T, let R := Ry_,1. C T be the set of elements refined
in T to create T,. Let Z, and Z be the cluster projections associated with I, and T', respectively.

Then the following bound holds
19, (Zts — Z) 3,y < Copir(NPu, Zus, R + BiGr() + NEol|Pow — Pl ), (337)

with constants C, By and K defined as in Theorem 3.18.

Proof. We use the shorthand F, = Z,u — Zu. We also use the * subscript throughout to de-
note quantities defined on I',. We follow similar arguments to those used in the derivation of the

reliability estimate in Theorem 3.18, but with I', used in place of v. For V' € V(7") we have

AlZww—Zu,E,) = —A(Zu,V) — A(Zu, E, — V) + Au(Zyu, E,) + [A(Zu, E,) — Ac(Zu, E,))
(3.38)
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We now apply (3.12) to A(Zu, V') to get

A(Zu, V) = AM(Pu, V) + [A(u, PV) — a(u, PV)] + A[m(u, PV) — M(u, PV)].  (3.39)

Combining (3.38) and (3.39) then yields:

A (Zou — Zu, E,) = =AM (Pu,V)) — A(Zu, E, — V)
+ A (Zou, B,) — [A(u, PV) — a(u, PV)] — A[m(u, PV) — M (u, PV)]
+ [A(Zu, E,) — A(Zu, E,))
= AM(Pu,E, —V)) — A(Zu,E, — V)
— [A(w, PV) — a(u, PV)] — A[m(u, PV) — M (u, PV)]
+ [A(Zu, E,) — A,(Zu, E,)] + A.(Z,u, E,) — A\M(Pu, E,)).

(3.40)

We now apply (3.12) to A, (Z,u, E,) to get

A (Zou, E,) = AM.(P.u, E,) + [Ac(u, PLEy) — a(u, PLE,)| + Am(u, P.E,) — M. (u, P.E,)].
(3.41)
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Using (3.41) in (3.40) we then have

AdZww —Zu, E,) = \M(Pu,E, —V)) — A(Zu, E, - V)

— [A(u, PV) — a(u, PV)] — Ajm(u, PV) — M (u, PV)]

+ [A(Zu, E,) — As(Zu, E,)] + A\[M.(P.u, E,) — M(Pu, E,))]

+ [Ai(u, Py EL) — a(u, PLEL)] + Am(u, Py Ey) — M. (u, P.E,)]

(3.42)

— AM(P,u—Pu, E,)) + \M(Pu, E, — V)) — A(Zu, E, — V)]

— [A(u, PV) — a(u, PV)] = Ajm(u, PV') — M (u, PV)]

+ [A(Zu, E,) — A.(Zu, E,)] + A\[M.(P.u, E,) — M(P.u, E,))]

+ [Ai(u, PLEy) — a(u, PLE,)] + Alm(u, PLE,) — M. (u, P.E,)].

We now follow the arguments given in the proof of Lemma 4.6 of [35] to bound AM (Pu, E, —
V) — A(Zu, E, — V) in (3.42). We first construct an approximation V' € V(T) of E, € V(T,).
Let w be the union of elements of R = T \ 7.. Let @ be the corresponding union in 7. Let w;
(resp. w;), 1 < j < N be the connected components of the interior of w (resp. @;). Let T ; be the
subset of elements of 7 contained in @;. Let V(T ;) be the restriction of V(7') to @;. We construct
the Scott-Zhang operator on each @; and use the map X7 o X, ' to lift it to I'. We denote the lifted

interpolant as 7; : H*(w;) — V(7;), with
T = {T:XToXo_l(T) :TE'TJ-} cT.
Let V € V(T) be the following approximation of F, € V(7,):
Vi=mFE, €wj, V = E, elsewhere.
Since V = E, on I' \ w, we get via the same arguments in the proof of Theorem 3.18 that

AM(Pu, E, =V)) — A(Zu, E, — V) S pr(APu, Zu, R) || Ve E, || o).
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Applying the same arguments as in the proof of Theorem 3.18 and equivalence of norms on sur-

faces to the rest of the terms in (3.42) then yields the final result. ]

3.2.2 Properties of the Eigenfunction Estimator and Oscillation

We begin with a lemma that gives the relationship between the theoretical and computable

eigenfunction estimators.

Lemma 3.22 (Relation between Eigenfunction Estimators). Let ur(J,T) and nr(J,T) be the
theoretical and computable estimators, respectively for the cluster indexed by J on a subset S C T .
Let (7(y) be the geometric estimator for the entire domain . Let the largest mesh size Hy be small

enough so that

max [lu; — Zus |, < I+ @) T - 1 (H2)

Then
pr(J,T) < 3n7(J, T)? + Bi|J*¢r(7)* (3.43)
nr(L,T)? < 4ur(J,T)? + Bi|J|[*¢r(v)?, (3.44)

where |J| is the cardinality of J.

Proof. Let (u;, A;) be in the cluster {(u;, A;) }jes. Let {(U;, A;)} ;e be the set of eigenpairs asso-

ciated with the FEM cluster. Then by the definition of P and the properties of eigenfunctions

)\7,Pu7, = )\Z Z:]\J(’U,l7 . = )\ Zm Uz, U + )\ Z u’L? j ('LL“ U)]UJ
jeJ jeJ jelJ
= Z a(u;, U U + A Z (us, Uj m(u;, Uj)]Uj
jedJ JjeJ
jeJ jEJ
+ A DM (i, Uy) = m(us, UpU;
jeJ
=AM (Zug, UpUy + > [NM (u;, Uy) = Alus, Uy)]U;.
jeJ jed
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By the definition (3.10) of Z we have

Zu; =Y M(Zu;, Uy)U;. (3.46)

JjeJ

Taking the Laplacian of (3.46) and adding it to (3.45) yields

P\zPuz + AFZUZ']T = Z M(ZU“ U])[A]U] + AFU]’]T

jeJ
+ Z[AZ-M(W, U;) — A(ui, Uy)]Uj|
jeJ

when restricted to a single triangle. We can write this in matrix format as v = FV + MU, where

—

U; = [NiPu; + ArZulr, Vi = [MU; + ArUilr, U, = Uilr,

FiJ = M(Zui,Uj), M@j = [)\ZM(UJ“U]) —A(U“U])]
Squaring v = FV + MU, then gives
72 = 775 = (FV + MU)"(FV + MU)
= (VTFT + U"™™T)(FV + MU)

= VTFTFV + UTMTMU + UTMTFV + VIFTMU.

Applying Young’s inequality then gives |7]2 < 2VIFTFV +20TMTMU. Since (H2) is satisfied,
we can employ the arguments made in Lemma 3.1 of [24] to get ||[FTF|, < % We now have

|72 < 3|V [? + 2||MTM||o|U|2. Taking a closer look at the elements of M we see that
M = \iM (ui, Uj) = Alui, Uy) = N[M (u, Uz) = m(ui, Uy)] + a(us, Uy) = Awi, Up)] S ¢r(7),

which implies

|(MTM); 5] S J1¢r(0)*
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The largest eigenvalue, 0,4y, of MTM equals |[M?M]||,. By Gershgorin’s theorem,

Tmax < |J12Cr(7)* We now have |7]2 < 3|V|2 + By|J|2Cr(7)? which implies
pr(LT)? < 3nr(1,T)* + BilJP(r(7)?
Going the other way, we have V =F'5—F 'MU. After squaring we get
V)2 < 20" (FHTF L7 + 20MY (FH)TFMU.

Using arguments from Lemma 3.1 of [24] to handle (F~!)?F~! and the above arguments again

we have |V |2 < 4|7)2 4+ By|J|2¢7(7)? which implies
nr(J.T)? < Apr(L,T)* + Bi|lJ[P(r(7)*.

The jump computations follow directly from (3.46). [

The next lemma shows that for a sufficiently small ADAPT_SURFACE parameter w, if the
computable estimator 77-(.J) bounds the geometric estimator within ADAPT_EIGENFUNCTION,
then so does the theoretical estimator p7(.J). This will be important for proving the equivalence

of the error and estimator within the ADAPT_EIGENFUNCTION loop.

Lemma 3.23. Let H satisfy (H2). Define

Wy = S S (W1)

Y V2B B IR

If w < wy and (7(7)* < Baw?nr(J)? then

(r(7)? < 8Biw ur(J)% (3.47)
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Proof. 1f (7(7)? < Biw?nr(J)?, then (3.44) gives
Gr(v)* < Baw’nr(J)* < 4Bgw*nr(J)* + BiBi|J Pw’(r (7))

which implies (7(7)? < % pr(J)?. To simplify the algebra later on we note that bz >
0

_ in the interval [0, 2=1) for b > 1 and a > 0. Taking a = B2B;|J|*, b = 2, and z = w?, we

l—ax

then have for w < ———— that

A/ QBgBl|J|2

4B2)?
(r(7)? < s

J)? < 8B2w ur(J)?.

O
As is customary for flat domains, the definition (3.25) of oscillation guarantees that
Oscr(APu, Zu, v, T) is dominated by pi7(APu, Zu, T'), namely
Oscr(APu, Zu, v, T)* < Cypr(A\Pu, Zu, T)*> T €T, (3.48)

where the constant C'; depends on the surface . We define the eigenfunction error for the cluster

as

Er(J)? = Z IV (u; = Zuy)|I7, () + Oscr(NPuy, Zug,7)?) . (3.49)

jeJ
We now show that if the initial mesh is sufficiently refined and the parameter w > 0 is sufficiently
small, then the eigenfunction error for the cluster is equivalent to the theoretical eigenfunction

estimator for the cluster within ADAPT EIGENFUNCTION.

Lemma 3.24 (Equivalence of error and estimator). Let C, Cs, By be given in Theorems 3.18 and
3.26 and Cs5 be as in 3.48. Let \yax be the maximum eigenvalue in the cluster {\;};c;. Let H
satisfy (H1), (H2), and

1
M Ko HE < 5 (H3)

max
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Define

Cs
= —_—, 2
“2 A\ 16B2 B ] (W2)

If (+(v)? < Biw?nr(J)?* and w < min{w;,ws} as in Lemma 3.23, then there exist constants

Cy > C5 > 0, depending on C, Cs, and Cs, such that

Csur(J) < Er(J) < Capr(J). (3.50)

Proof. Combining Theorem 3.18 summed over .J and (3.47) we get
1 2 CQ 2
5 2 Vsl = Zup)li) < (Gt 5 ) ur())* (3.51)
jed
Combining this with (3.48) gives

1 1
§5T(J)2 =3 (Z IV (u; — Zuy)||7, ) + Oser(APuy, Zuj,7)2>
Ged

¢, ¢
< (01 + 5t 73> pr(J)°.

For the lower bound we combine (3.26) and (3.47) to get

Cy 3 3

(Cz — 7) /J/T(J)2 < 5 (Z ||V7(uj — ZUJ)H%Q(,Y) + OSCT(AJ'PUJ‘, ZUj7’y>2> = §£T(J>2
jeJ

which then implies 2 p7(J)* < E7(J)% O

Lemma 3.25 (Residual Estimator Reduction). Let (u, \) € {(u;, \;)}jcs be an eigenpair associ-

ated with the cluster of eigenpairs. Given a mesh-surface pair (T,1"), let M C T be the subset of

elements bisected at least b > 1 times in refining T to obtain T, > T. If € := (1 —2%9), then there

exists a constant 0 to be defined in Theorem 3.31 as well as constants B and Bs, solely depending
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on the shape regularity of T, and the Lipschitz constant L of ~y such that a

WP, 2o < (1) (P, 2 = G (P Zu, 0)°)
(3.52)

+ (14071 (B3| Vy(Zou — Zu) |17, ) + Bolr(7)? + KiHGN? [ Pou — Pul|7, )

Proof. We begin by bounding the residual on triangles. Let T, € 7, and T' € T satisfy T.cT.

We also define 7" := X7 o X' (T,) C T. The residual term in the error estimator on the triangle

T, then satisfies

|Re. (P, Zot) | oy = g, R (NP, Zet) 7,
< ll?.(Re. (P, Zyu) — Re(\Pw, Zu) |, 7.,
+ ||qé*RT<APu, Z) 7,

AP Zou) — Ryr(AP, Zu))|| ., 7.

Rer.(
1
— ¢ )Rr(APu, Zu)HL )+ ||q13'RT(/\Pu Zu)HL

(3.53)

Leo(T)» the first term on the right hand side of (3.53) can be

Noting the boundedness of ||gr,

bounded as

1
Jaf, (Ra. (AP0, Zu) — Re(APw, Za) 2, S APot = Pl
+ [|Ar.(Zou — Zu)|[ 1,7,
+ [(Ar, — Ar)Zul[;, 7,
(3.54)
5 )\HP*U — PU||L2(T/)

1
[V (Zeu = )1
T

1
+ ﬁCT(% T/)HVF(ZU)HLz(T/)»

96



where the last line follows from inverse inequalities, equivalence of norms, and

I(Ar, = Ar)Zul|, 7, < I(gr) = ar div(ge. VZuG )|, 4,
+ g tdiv((gr. — o) VZuGr)| 1,4,
+ g ' div(gr VZu(Gr, — GrY)ll 7

1
< h—CT(% TV Zul| L1y
Tk

1 1
Noting the boundedness of ||(¢2 + ¢2) " | z..(r.) and using (3.15) to bound ||(gr, — gr) || (r.);

the second term on the right hand side of (3.53) can be bounded as

(a2, — af)Rr(APu, Zu)|| 1,7y = ll(ar. — ar)(ag, + af) " Re(\Pu, Zu) | 7.

S (TR (AP, Zw)|| 1y ¢ (3.55)

1
S, T) (EHVFZUIHLQ(T’) + ||)\PU||L2(T/)) .

Using (3.54) and (3.55) to bound the terms on the right hand side of (3.53) and multiplying by A,

yields

hT*

|P*u — PUHLQ(T/)

RT* ()\P*U,ZU)“LQ(T*) S hT* RT<>\PU, ZU)||L2(T/) + hT*)\

+ C|IV(Ziu — Zu) || Loy + CCr (v, T') (2| Ve Zul| oy + b,

>‘PuHL2(T/))

= (hT* ||RT(/\PU7 Zu) ||L2(T'))

+ (hn

Pt — Pul| o) + C|Vo(Zots — Zt) | L)

+ CCr(v.T") (2/IVrZul| o1y + b [|ANPU|| Ly (1)) )’

where C represents the generic constant in the (3.54) and (3.55) bounds.

Squaring both sides, applying Young’s inequality (with constant ), and summing over triangles
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then yields

S 02 R (P Z)|[ 2y oy < (14 5)( AL zwu%ﬂ/))
T*cTx T*eTx
+(14+61 (Kng/\QHP*u — Pu||im) + C||V(Zu — zu)H%m) + 057(7)2) .

Noting that

> B ARe (NP, Zu)l[7, 0y < Y hEI[Re(APu, Zu) |7, vy

T*eTx T*€Tx
= > | Re(\Pu, Zu)|[7, )
T*eM
completes the proof. The same steps apply to the jumps and can be found in [35]. [

Lemma 3.26. Let (7 () satisfy (3.13). Let (T,T), (7.,T.) be mesh-surface pairs with T < T..
Then, there exist constants Cg, Bs, and Bs depending only on Ty, the Lipschitz constant L of v,

and \, such that

Oscr, (AP u, Zyu,v)* < Cs0scr(APu, Zu,v)? + Bs|| V. (Zou — Zu)||7,) + B2lr(7)*
(3.56)

Proof. Noting thatid —I13, _, is a projection, so ||(id —IT3,_5)v|| ., 7.y < [V 1,7+ and bz, < Ao,
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we have

Oscr. (AP, Z,u,v) = hr, H (id — 113, ,) (/\P*uqF* + ai;(qr*§z*uG1?*l)> )

<y || (id = 113, ) (VPugr + divigr VZuGr)) |

+ hr,

+ hr,

(id — 113, _,) (A\P,uqr, — \Pugr

(id — I3, ,) (grArZu — qr, Ar, Z,u

< by, |Gid = 18, o) (APugr + div(arVZaG))||

+ hT* (ld - Hgn—2) ()\P*UQF* - )\PUQF
+ hr, ||(id — Hgn—Z) ((grAr — gr,Ar,)Zu) ||L2(ﬁ)
+ hr, ||(id — 103, _y)qr. Ar, (Zu — Z.u) HLQ(ﬁ)

< hy H(id — 113, ) (APUC]F + aR’(QF§ZUGfl)> ‘

+ hr,

(AP.ugr, — APuqr)|| .,z

+ hp,

qr. Ar, (Zu — Z,u)

((grAr — qr., Ar*)ZUWLQ(ﬁ) + I,

for the residual portion of the oscillation. The rest of the proof follows from the steps taken in the

proof of Lemma 3.25.

Remark 3.27 (Local perturbation of data oscillation). The previous Lemma is also valid locally,

that is for any subset T C T.. If T = T N T,, the same proof gives (3.56) with Cs = 2,

Oscr.(A\P.u, Zyu, 7)* < 20scr(APu, Zu, 7)* + Bs|| V. (Zou — Zu)||%2(7) + Byl (7)?

+ K1 H3 NP ||Pou — Pul7, )

3.3 AFEM: Design and Properties

In this section we discuss the AFEM algorithm in detail.

AFEM Algorithm: Given 7, and parameters ¢, > 0,0 < p < 1,and w > 0, set £ = 0.
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1. 7,7 = ADAPT_SURFACE(Ty, wey,)

2. {(Uks14y Aes1.0) 1Y, Trv1) = ADAPT_EIGENFUNCTION(7,", €1)
3. €pr1 = persk=k+1

4. goto 1.

3.3.1 Module ADAPT_SURFACE

Given a tolerance ¢ > 0 and an admissible subdivision 7, 7. = ADAPT_SURFACE(T )

improves the surface resolution until the new subdivision 7, > 7T satisfies

¢r(v) <e (3.58)

where (7 is the geometric estimator. This module is based on a greedy algorithm and acts on a
genericmesh 7 = UL, TP e T:

7. = ADAPT_SURFACE(T, ¢)

it M:={TeT:((T)>et=0

return(7") and exit
2. T = REFINE(T, M)
3. goto 1.

We require ADAPT_SURFACE to be t-optimal, i.e. there exists a constant C'(y) such that the

set M of all the elements marked for refinement in a call to ADAPT_SURFACE(T, ¢) satisfies

#M < Cy)e V!

It is shown in [35] and Lemma 3.32 that this assumption is satisfied by a greedy algorithm as long

as X' € By (Ly(Q)) withtqg > 1,0 < g < ocoand td < kforall 1 <i < F.
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3.3.2 Module ADAPT_EIGENFUNCTION

Given a tolerance ¢ > 0 and an admissible subdivision 7 € T, [{(U.;, Avi)}ies, To] =
ADAPT_EIGENFUNCTION(T, ¢) outputs a refinement 7, > 7T and an associated set of FEM

eigenpairs { (U, ;, A, ;) }ics such that
nr.(J) <e (3.59)

This module is based on the sequence:

[{(U.., Av;)Vies, o] = ADAPT_EIGENFUNCTION(T, ¢)
1. {(Ui, A\y) }ies = SOLVE(T)
2. {n7(J,T)}rer = ESTIMATE(T, {(U;, As) }ies)

3.ifnr<e

return(7", {(U;, A;) Yie)
4. M = MARK(T, {nr(T)}rer)
5. T = REFINE(T, M)
6. goto .

Procedure ESTIMATE. Given the FEM eigenpairs {(U;, A;) }ies € V4 (T) x RT associated with

the cluster, we want w to satisfy

w < min{wy, wa, w3, W4, ws }, (3.60)

where we have summarized the restrictions on w in Table 3.2.
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o 1
(W1) wy = N Lemma 3.23

(W2) wy =\ [ Tomsty Lemma 3.24

2
(W3) Wy = P Theorem 3.31
\/512 (32 (1+ﬁ)+ e Aaax+(1+xaax)x20+oxaax) BsBo

(Wd)|w, := Cs Lemma 3.41

J (gBl+QBng+SBQ+SCK2+(gCK0+SCK2+30+2033K0+20K1Hg))\?nax> 8B2|J|

(WS) W5 ‘= \/ﬁ Lemma 3.42

Table 3.2: The set of upper bounds on w and where they first appear.

Given a tolerance ¢ > 0 to be reached by ADAPT_EIGENFUNCTION and starting from the
input subdivision 7 satisfying (7(7) < we, we observe that (3.4) guarantees that 7 as well as all

subdivisions 7, > T constructed within the inner iterates of ADAPT_EIGENFUNCTION satisfy

(7. (7)? < Bi¢r(7)? < Bw?é®.

Within the while loop of ADAPT_EIGENFUNCTION we have 77(.J) > ¢, so we deduce

(r(7)? < Bgw’nr(J)? (3.61)

and so by Lemma 3.23 we have (7(7)? < 2|§|231 pr(J)?. Thus (3.50) is valid within the
ADAPT_EIGENFUNCTION loop.

Procedure MARK. We rely on an optimal Dorfler marking strategy for the selection of ele-
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ments. Given the set of computable indicators {77 (J, T') }re7 and a marking parameter 6 € (0, 1],

MARK outputs a subset of marked elements M C 7T such that
nr(J, M) > 0nr(J). (3.62)

Procedure REFINE. Given a subdivision 7 and a set M C 7 of marked elements, the call
REFINE(7, M) bisects all elements in M at least b > 1 times and performs additional refinements
necessary to maintain conformity. The resulting subdivision is denoted by 7,.. Recall that the
bisection procedure is first executed on faces of the corresponding flat subdivision 7~ and its effext
is transferred to the actual subdivision via interpolation of maps X', o (X§) ! fori=1,...,F.

Since the refinement procedure is performed on 7 or on ? the complexity results of the overall
refinement algorithm proved by Binev, Dahmen, and DeVore for d = 2 [28] and Stevenson [29]

for d > 2 hold in our setting.

Remark 3.28. For d = 1, any subdivision is said to have admissible labeling. For d = 2 we say
To has an admissible labeling is each edge of Ty has an admissible labeling if each edge of Ty
has either a 0 or 1 such that each element of Ty has two edges labeled as 1 and one edge labeled
as 0 [28]; refining an element consists of connecting the middle of the edge labeled zero with the
opposite angle. For d > 2 the condition is much more technical and we omit it. In short the
admissible initial labeling guarantees that the bisection procedure terminates in a finite number of

steps with a conforming mesh and any uniform refinement is conforming.

Lemma 3.29 (Complexity of REFINE). Assume that the initial triangulation Ty has an admissible

labeling. Let {T;}k>0 be a sequence of triangulations produced by successive calls to T4, =
REFINE(Ty, My), where My, is any subset of Ty, k > 0. Then, there exists a constant C; solely

ddependent on Ty, its labeling, and the refinement depth b, such that

k-1

T —#To < Cr Yy #M;, V> 1
=0
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3.4 Conditional Contraction Property

We show that the procedure
ADAPT_EIGENFUNCTION yields a contraction property. Given a single eigenpair (u;, \;) €
{(uj, \j) }jes. the following shorthand will be used:

J

€

— Jo._

= pr, (M), =, (N w), =G ()

]

(W ()7 = (1), (W)= (ul)2

icJ icJ
We begin by proving a quasi-orthogonality property which will be important for the proof of the

conditional contraction property.

Lemma 3.30 (Quasi-orthogonality). Let (u;, ;) be an eigenpair of the cluster with ||u;|| 1) = 1
and T;j11 > T;. There exists a constant By > 0 depending only on \; and the Lipschitz constant L

of v such that for 5 > 0, we have

. . 1 : .

+12 2 2 2
IV.e; HLQ(V) < va@?HLm) - §HV'YE1‘]HL2(7) + Ba(¢7) (3.63)
+ N llui — PigaullZ, ) + Ko (1 + M) E! |7,

: 3 . , 4
1V:€llia = S IV E o) = Ba() < 1V5el )

+ Mlu; — Pigaul|7, ) + Ko (1 + X[ B,

(3.64)

Proof. We begin with the identity

A - A A
IVyelli0 = IVae T, + ||V7Ef||%2(7) + 2a(u; — Zjyaui, BY). (3.65)

104



Rearranging terms in (3.65) then yields
||V7€g||%2(7) - ||V’YEZJ||%2('7) < ||V~/€z+1||%2(y) + 2[a(u; — Zj+1uz~,Ef)| (3.60)

and

|’V7€g+1||2L2(7) < ||V’Yeg||%2('y) - vaEgHi(y) + 2la(u; — Zjiaus, BY)|. (3.67)

It is apparent from (3.66) and (3.67) that we must bound the term |a(u; — Z ;11 u;, Ef )|. Expanding

j .
a(u; — Zju;, BY) gives

a(u; — Zjyrui, BY) = Nm(ui, B)) — a(Zju;, EY)

= )\Zm(ul — Pj+1ui, Eg) + /\Z‘m(Pj+1Ui, Eg) — CL(Zj+1UZ', Eg)

(3.68)
= Aim(u; — Pjug, B)) + Ni[m(Pjui, B ) — My (P, B}
+ N M (Pyug, BY) — a(Zjaw, EY).
Using the algebraic identity (3.12) on A\; M1 (P, u;, E7) gives
AM; 1 (P, B)) = Aja(Zjaws, EY) + [a(us, Py EY) — Ay (u, Py BY)] (3.69)

+ N[ M (ui, Py B — m(ug, Py ED).
Combining (3.69) with (3.68) then gives

a(u; — Zjaug, BY) = Am(u; — Pyaug, BY) + N[m(Pjau, BY) — My (Pyaus, EY)]
+ [Aj1(Zjaus, BY) — a(Ziaus, ED] + [a(ui, Py BY) — Ajya (wi, P BY)

+ X [Mj (i, Pya BY) — m(ui, Py B
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Applying Cauchy-Schwarz in combination with (3.15) gives

|6L(Ui - Zj+1uia Ef)| < /\zHuz - Pj+1ui||L2(’y)||Ei]||L2(’Y)
+ CNlPjrwill o | B o A+ CMti|| i) | Py1 B || 1y ¢
+ CHVijJrluz'HLz(w)HVvEg”Lz(v)ng

+ OV il Lo [V Py B oy ¢

We now apply (3.19) to HPj+]_U/iHL2('y) and HPjJr]_E;:j”LZ(ry), (3.17) to Hv»\/Zj+]_uiHL2(fy), and (3.18)

0 | V4P 11 ||y to get

|a(u; — Zjprui, BD| < Nillwi — Pyt oo | B 1)
+ ONillwill Lo 1B | oy &+ CNlltil| oo 1B ] 2y 67

+ OVl Lo IV B | Loy + ClINV il Ly VA B | ) 6T

Noting that our assumption ||u; | ,(,) = 1 implies ||V uil|7, ) = Ail|uil|7,(,) = Ais we then have

la(u; — Zjprui, BD| < Nillwi — Pyt oo | B 1)

+ ONNE | 120 T 4 CVNNV LB Ly ¢

Applying Young’s inequality and being careful to make the coefficient of ||V7Eij | £2(y) equal

1 .
to ; gives
j )\12 2 1 2 71|12
la(u; — Zjy1u;, B)| < 7”1%' = Pjulli,e) + 5(1 + O E Ly
1 . 1 i
+ 5 (1202 + LIV B ).
Using (3.4) on (?*! we then have
N 2 1 2)|| B2
|a(ui — Zjrrug, BY)| < —-llui = Proawillz, o) + 5 (1 4+ CA) I ET 12,
9 2 (3.70)
By , 1 j .
+ 7(1 +20%0)(¢7)? + ZHV’YEiJH%z(’Y)'
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Plugging (3.70) into (3.66) and (3.67) gives the final result. ]

With the quasi-orthogonality result just presented, we now prove a conditional contraction
property which holds true within the ADAPT_EIGENFUNCTION module of the AFEM algorithm

described in Section 4.

Theorem 3.31 (Contraction Property). Let 0 € (0,1] be the marking parameter of MARK and
let {T7,Z;,P; }f;l be a sequence of meshes and projection operators associated with the cluster
produced by a call to ADAPT_EIGENFUNCTION(T?, ¢) inside AFEM, i.e., C1y < we. Assume H,

satisfies (H1), (H2), and

Kl 2 2 2 2 2s : 1 5264 592
(283 )\maxHO + (1 + Amax)KQ + )\max C1}10 < min 8B3 (201 + 02) 4 — 2592’ 8 ’
(H4)
Define
2
g i b )

\/ 512 (By (1+ 55 ) + S5 N + (14 M) K2C + CN2 ) BBy
Assume that the AFEM algortihm parameter w used in ADAPT_SURFACE satisfies
w < min{wy, wa, w3},

where wy and wy are given in (W1) and (W2), respectively. Then there exist constants 5 > 0 and

an 0 < « < 1 such that

SV, oy + BT ) < a2(2 1V, + ﬁoﬂu))?), V0<j<R

icJ icJ
Moreover, the number of inner iterates of ADAPT_EIGENFUNCTION is uniformly bounded.

Proof. We apply the quasi-orthogonality upper bound (3.63) in combination with the estimator
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reduction property (3.52) for a single eigenpair (u;, A;) of the cluster J to get

Vel 20 + Bl < IVA€lll, e — %vaEfH%g(»y) + By(¢7)?
+ N llus — Piusll3, iy + KoL+ A)IE|7,
501+ 6) () - M)
+B(1+671) (B3||V7Ezj“%2(7) + By(¢)? + KGN Hp [P jaus — PuglZ, ) -

Regrouping terms then gives

) . ) 1 _ :
IVsel ) + BU ™) < IVael T, + (—5 +B(1+3 1)33) IV Bz
L B(1+9) (<uz>2 _ s<uz</w‘>>2) By(14 B+ 5 (Y
+B(1+ 0 YK N HG||Pjqu; — PjUiH%z(v)

+ A7 |us — Pj+1uiH%Q(7) + Ko(1+ A?)HEZJHQLQ(W)'

(3.71)

We make the coefficient of ||V, £/ ||%2( ) on the right hand side of (3.71) zero by choosing 3 such
that

1
—1 _ _
B+ Bi=5 = B+0) =5 (3.72)

We now have

1960 B+ 8™ < 1956l + 5L+ 0)( ) - )
1 A 1
+ By (1 + 2—33) () + 2—&)K1)\§H§||Pj+1u,~ —Pjuill?, )

(3.73)
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Next, we combine (3.30) and (3.23) with the monotonicity condition (7! < ¢/, to get

1P au; — Pj“z‘”%g(w < CH(?S(HVveg”%Q(y) + Hv’yngdH%g('y)) + C(Cj)2
HEfH%m) = |Zj1u; — Zj“z‘”i@) < CHSS(vaegH%Q(y) + ||Vv€g+1|’%2(y)) + C(Cj)2 (3.74)

- ,
[Ju; — Pj-i-luiH%g(y) < OHSS”Vv@]'Jr ||%2(7) + C(CJ)27

7

where C' is a generic constant derived from the a priori estimates in Section 3. Combining (3.74)

with (3.73) we then have

CK | |
(1 =, NHT (L D ECH - A?CH38> IVl a) + B

CK '
< <1 +5 BlA?HOQS” + <1+A?>K20H§S> IV elllZ,0
3 (3.75)

1 CK ,
+ <32 (1 - 2_33) + 2331 NHY+ CKy(1+ X)) + (JA?) (¢7)?
#3004 0) (G - )

Since w < wy, we have that (¢7)? < 8B2w?(1?(J))? by Lemma 3.23. We now sum (3.75) over the
entire cluster in order to invoke the Dorfler marking property, (3.62), for the theoretical estimator.

Dorfler marking yields
(! (1))? = & (J, M7)? < (1= €0%) (! (7))

We also bound all )\; in the sum by A, to get

CK | ,
(1 -3 B; N HY* T2 = (1 4+ M ) Ko CHE® — AimOHéS) S IV ) + BTH())?
ieJ

CK j
< (1 + 231 N HZT? 4 (1 + Ailax)KzCHgs) > IVelliae
3 icJ

1 CK .
+ (B (14— )+ IX2HZ 4+ (14 X2, )K,C + CN2 ) 8B (1 (J))?
2B; 2B;

#6004 0) (1 ) ()
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We now split the 62 term and regroup to get

CK j
<1_ LX2GHEHE — (14 X2, ) KaCH — X2 CH&S)ZHW#“H%M

233 icJ
+ B (T))
CKl 2 25+2 2 2s 7112
< (14 S M+ (L M) KaCHE ) D196l

" e’ (3.76)
- (s0+ 055 ) oy

1 K )
+ B2 I+ =)+ ¢ lArzrlang + (1 + )\?nax)K2C + C>\I2nax Sngz(/’LJ<J))2
285 285

#5040 (1- ) )

Since w < min{wy, ws}, (3.51) holds:

> V€l ) < (201 + Ca) (1 ()2 (3.77)

icJ
Bounding the (p/(J))? in the — (6(1 + 6)%) (1 (J))? term by (3.77) and replacing 3 using

(3.72) then gives

€(Ho) (Z Vel ) + ﬁ(uj+1(J))2>

icJ

< (14 SRz gz g1 o - i Al > IVLEll
= 2B3 max*+0 max 0 233 (2OI+02) 2 “ vEillLa(y)

1 1 CK ,
+ = (32 (1 + —) + o N 4 (14 X2, ) Ko C + CAiaX) 8Byw A1 (7))

ﬁ 2Bs3 283
o)1= 5 ) s

(3.78)

where €(Ho) == 1 — GEIAL Ho®"? — (1 + )]

max max

VKoCHZS — N2 CHZ* is a monotonic function

max
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of Hy and €(Hy) < 1. Inequality (3.78) then implies

e(Ho) (Z IV el 1, + 5<uj+1(J>>2> < on(6)* Y IV4€elll7, 0 + a2(8)*B(1 ()7,

ieJ ieJ

where

CK ) £6?
2 —1 1,\2 H25+2 1 2 K H25 o
al((s) + 233 )‘max 0 +( +)\max) 20 0 233 (201 + 02) 9
1 OKl 8B0w2
Ni=(By |1+ — A H2 1+ )\ K. A2
OQ( ) < 2( +2B3>+ 2B3 max 0+( + max) QC+C max) ﬁ
02
+(1+5)<1— f—).
2
We now choose ¢ such that
£0? £0? 0
149l -~ =1->- — f=——-. 3.79
(1+ )< 5 1 YT (3.79)
From (3.72) we then have = &7 > & which implies
: 2B5(4—£0%) = §B; p
1 CKl 64B3Bow2 692
N2 <|(By |14+ — A2 H? 1+ X K. A2 _— 11—
Oég() —( 2( +2B3>+ 2Bs max 0+( + max) QC+C max) 502 + 4

The assumption that w < w3 then guarantees that oz% <1-— % < 1. With the choice of ¢ in (3.79)

we have
a? <1+ SESE NHETE (14 X2 ) K,CHE — L &
1= 2B, max 0 max/**2 0 4B; (201 + 02) 4 — 2592 :
We choose Hj small enough so that
CKl 2 2542 2 2s 1 5204
A Ho 2+ (1 + A ) Ko CHG® < (3.80)

2B, 8B; (2C) + Cy) 4 — 2667
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This then implies that

a?<1-— ! S <1
! 8B3 (20 + Cy) 4 — 2662 ~
‘We then have
1 €204 62
2 a2 < 1— 1—2>—
YL %2 = maX{ 8B; (2C1 + Co) 4 —2602°" 8

=1 mi L AN
T ASB, (2C) £ Gy 4 — 2607 8 [

For a contraction property we then need 1, small enough so that

. 5294 592
1 — min { 833(2él+02) 12602 T} -
e(Ho) ’
or
CK, NHZETE (14 X2, )K,CHE + N2 CHY < min L UM
2B3 max”*+0 max 2 0 max 0 833 (201 + 02) 4 — 2502’ 8 )
(3.81)

which also implies (3.80). We then have that there exists an « satisfying
ENWwfwzm+ﬁwﬂRAVSa<§]W¢mim+ﬂm%ﬂf>
ied ieJ
which completes the contraction proof.
The contraction property guarantees that ADAPT_EIGENFUNCTION stops in a finite number

of iterations /. To show that [ is independent of the outer iteration counter k, take £ > 1 and note

that before the call to ADAPT_EIGENFUN CTION(77€+, ;) in AFEM, we have

€ Byw
M= nn () S = Gei= G(0) < BoGrr, (7) < — e
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From (3.52) with § = 1 and (3.63) we have

p7. APy, Zous)* < 27 (NP, Zug)” + 283V (Zews — Zu)lI7, ) + 2Balr(7)? (3.82)

+ 2K HOAS[Pauy — Pugl7, ),

IV(Zetj = Zui)) < 20V5 (5 = Zuy) [ 1y) + 2BaGr(7)° (3.83)
—+ 2)\§||’LLJ — P*“JH%Q("{) + 2K2(1 + /\?)HZ*UJ - Zuj“%z(V)

Combining (3.82) with (3.83) yields

jig ()\jP*Uj7 Z*uj)Q < QMT()\quja Zuj>2 + 4B3HV’Y(UJ - ZUJ)H%Q(’Y)
+ (4B3By + QBZ)CT(”Y)Z + 433)‘?"%‘ - P*“j”%z('y)

(3.84)
Applying (3.74) to (3.84) yields
%% . ()\jP*Uj, Z*Uj)Q S 2/LT<)\jPUj, ZUJ'>2
+ (433 +4B3Ks(1 + X))CHG® + 2K1H§A§CH§S) IV (u; — Zug)|17,
(3.85)

+ (43@?0 + 4B5K5(1+ A\5)C + 2K1H3A§C) HE Vo (uj — Zowy) |7,
+ (43332 + 2By + 4B3A\;C 4+ 4Bs Ky (1 4+ X))C + 2K1H§A§C> Cr(y)%

Applying Theorem 3.18 to ||V, (u; — Zuy)||7,(,, and ||V, (u; — Z.uy)|[7, ) in (3.85) with
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KoHE N2, < 5 yields

7. (AP, Zouy)? < 2p7(APuy, Zuy)®

- (433 +4B3Ky(1+ A))CHY® + 2K1H2A20H28) (201W(APUJ» Zu;)” + 23147(7)2)
+ (4 BsA\3C + 4B5 Ko(1+ X)C + 2K1H2)\20) HEs

X (2Clu7; (NP, Zouj)? +ZBoB1CT(7)2)

+ (43332 + 2By + 4B3\3C + 4B3 Ko (1 + A\2)C + 2K, HIN2C >CT(’Y>2-

(3.86)

Rearranging terms and summing over the cluster then yields

py = pr (1) S+ G S e

The contraction property and the equivalence between p and 1 within ADAPT_EIENFUNCTION

then implies that the number of iterates / will be bounded independent of &. 0

3.5 Approximation Classes

In this section we define our notions of total error and introduce an associated approximation
class A for our eigenfunctions. We then show that our approximation classes are equivalent to
the A; ones used in [35]. With this equivalence in approximation classes in hand, the partial
characterizations of A, in terms of Besov regularity from [35] carry over to our approximation

classes A’.
3.5.1 Total Error

We define the total error for an eigenpair (u;, A;) for j € J as

Er(uj, Xj,7)? = IV (u; — Zuy)||7, () + Oser(\Puy, Zug,~)? + Cr (7). (3.87)
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‘We then have that the total error for the cluster is

Er(J,7) = (IIV (uj — Zuy)|[ 1) + Oser(\Puy, Zuy, ) ) + 16 (7).

JE€J

or Br(J,7)? = Er(Z,J)? + |J|¢(7(v)?. Mapping back to 2 we obtain the following equivalent

notions of total error provided (r; (7y) satisfies (3.13):

Er(uj, 7)== IV (w; = 2|3, 7, + Oser(NPus, Zuy, 7)* + Gr(7)?,
TeT
Er(J,ny Z(va i = Zup);, 7 + Oser(\Puy, Zu;, >)+|J|c7<v>2.
jeJ NTeT

For a single eigenpair (u;, \;) € {(u;, \;)}ics we define the quality of the best approximation

based on the total error for meshes in Ty to be

o' (N;uj, Aj,y) := inf ET(u],)\],'y)

TeTn

where Ty := {T € T : #T — #7Ty < N}. We define our approximation class to be
A= X3,7) 15 €, fug gy ylag = sup (N0 (N5, 45, 7)) < oo}

We will use the shorthand

j€J
3.5.2 Constructive Approximation of u and v

Lemma 3.32 (Constructive Approximation of v, Corollary 7.4 of [35]). Let vy be globally of class
W, and be parameterized by x € [B, " (Lq(Q))]" with tq > 1,0 < q < oo, td < n. Let Tg have

an admissible labeling. Then T,=ADAPT_SURFACE(T ) is t-optimal, i.e.

Cr. <6, #M SOy
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where M denotes the number of elements marked during the execution of the procedure

Lemma 3.33 (Constructive Approximation of u, Corollary 7.5 of [35]). Let u € H(v) be piece-
wise of class

By (Ly(Q)), namely u € [B)**(L,(Q))]", withs—1/p+1/2 > 0,0 < p < coand 0 < sd < n.
Let Ty have an admissible labeling. Then, given 6 > 0 there exists a triangulation T € T such that

inf - Ve <5 < 1/5571/3
Ué%}(ﬂ 1V (u e S0, #M S C(u) )

where M is the set of marked elements to create T and C(u) = |U|Bé+sd(LP(Q)).

We now define a notion of oscillation for any function V' € V(7). Let T € T, then we define

— —~ 2
id — I3, _,)div(qr VVG? ~
( on—2)div(gr r) Lo(P) (3.89)
+ hrll(id = T13,_ ) (g VVH(GH) ™'t + ¢r VYV (Gr) 7 )n |2

Oscr(V,T)* := h3

and

2

Oscr(V)? =Y hi | (id — 113, ,)div(gr VV G ")

TeT

+ hrl|(id = 113, _)(¢f VVH(GE) 'nt + 4o VV - (Gp) )

La(T)

-2
n HLQ(QT)'
Lemma 3.34 (Uniform Decay of Oscr(V'), Proposition 7.12 of [35]). Let y be globally of class
WL, and be parameterized by x € [B;%(Ly(2))]" with tq > 1, 0 < q < 00, td < n. Let Ty have

an admissible labeling and let T > ]y be a refinement of ‘Ty. Then, for any tolerance 6 > 0 there

exists a subdivision Ts € T such that Ts > T and

Oscr; (V)

max ————" <94, (7 (vy) <6, HM < Cy(y)Vt67 1,
VI TV ey~ ) ()

where M is the set of elements marked to create Ts from T and the constant Cs(y) depends on 7.
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Lemma 3.35 (Proposition 7.1 of [35]). Let T := Ulel T be created by successive bisection of
To, which has an admissible labeling. Let 0 < p < oo and letg = {g'}, : Q@ — R be a

vector-valued function and {&1(g, T) }ret be corresponding local error estimators that satisfy
&r(g. ) Shipld'le, r>0, TeT', 1<i<F, (3.90)

o N\1/p
gﬂ%) < |g|q is a given semi-(quasi) norm.

where hy = |T|Y and (Zf;l Y oreri
If |gla < oo, then the module GREEDY (g, T ,0) terminates in a finite number of steps and
the number of elements marked M within GREEDY satisfies

d
HM < |gZ T

Lemma 3.36 (Corollary 7.2 of [35]). Let {7(g) satisfy (3.90) withr = d(s —1/p+1/q) > 0. Let
the initial subdivision Ty have an admissible labeling. Given § > ( there exists a conforming mesh

refinement T € T such that

ler(@)le, S8, #T — #To S#M S Jgld*61e.

Lemma 3.37. Let vy be globally of class W, and be parameterized by x € [By ' (Ly(S2))]" with
tg > 1,0 < q < oo, td < n. Let Ty have an admissible labeling. Then, for any tolerance § > 0

there exists a triangulation T € T such that

Zh ” (id — 113, _,) (Pu;q) HL( S 6, #T —#To < Cg(ﬂy)l/sé—l/s7

TeT

where
Cs(7) == [Ixll ga+a(z, ) + !\X\!’;;+td(Lq(Q>)-
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Proof. We first note the following bound from Lemma 3.2 of [30],

[d — T2)(0V) | o) < 10 = TE2 0l eV (3.91)

for0 <m <n,V € P,(w),and v € Ly (w) for any domain w of R% or R?**, Using (3.91) we

have
hr || (id = T3, ) (Pu;q) ||, 7 < b || (d = T2l 7 IPusl )
S/ hr ”(ld - H’?LCLQ)qHLOO(j'\‘) HPujHLQ(f)
S hp |q|B}1d(Lq(f)) ”P“J'HLz(fw
with 7 = td — d/q and 0 < r < n. The rest follows from Lemmas 3.35 and 3.36. O]

3.5.3 Membership in A/,

We now state a bound for the oscillation in terms of quantities we have shown to be ¢-optimal

in Section 6.2.

Lemma 3.38. Let (uj, \;) € {(u;, \i)}ies, V€ V(T), and the assumptions of Lemma 3.17 be

satisfied. Then
Oscr(\Puj, Zu,,v)?

. 2
S D0 XK |(id = T, o) (Pujar) |5, 7y + Oser (V)2 + [V (u; = V)13, + G ().
TeT

(3.92)

Proof. By Lemma 3.17 we have the following H! a priori bound

1V (1 = Zay) 7,0y S V(5 = Raug)I1,) + Cr(7)*
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By equivalence of norms and the definition of R we have for V' € V(T7)

IV (uj = Ru) L) S IV (5 = V)L,

and so
IV, (u; = Zug) |17,y S IV (w5 = V)L + Gr(9)* (3.93)
By the definition of Oscy(A\;Pu;, Zu;,~y) and standard arguments we have
—_~ A~ 2
Oscr(NjPu;, Zu;,v)? = Z hZ. H(id —113, ) <)\ququ + div(quZujG§1)> ‘ L
TeT 2D
~ ~ 2
e | (id = T, ) (0 V20 (G 4 s V2 (Gr) [
. 2 . —~ & EN(E
< Z hy || (id — H%R_Q))\jPUjQFHLQ(f) + hi. H(ld - Hgn—2)dIV(QFVZUjGF1)‘ La()
TeT
~ ~ 2
b (id 183, ) (6 V2 (GF) 0+ g V2 (Gr) ||
< ST R2|(d - 12, )N\ Pujqr | 2 |ld - 12, dvesve||
S Z T H(l =115, 9)A; uquHLz(f) + Dy | (id — I3,y )div(gr r) Lo(T)
TeT
~ ~ 2
e (i =T, ) (@ VVHGH 0 g OV I(G) |
2 (0T
—~ 2
+ k3 ||(id — 115, _,)div(grV(Zu; — V)G:h||
La(T)
~ ~ 2
b [0~ X, )69 (o, — V)G 0 g Y (2 = V)7 (GE) |
2

Noting that since (id— 113, ,) is a projection we have ||(id—112, )| Lo(T) s Lo(7) < 1 and applying
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inverse inequalities yields

Oscr(A\Puy, Zuj,v)* < Z hi H(id - Hgn—2))\jPUﬂF”iz(ﬂ

TeT
—~ AN 2
2l (id — 112, div(grVV G=E
+ np (1 2n—1) IV(QF r ) Lo(®)

+ hrl|(id = 113, ) (¢t VVH(GE) 0" + e VYV (GR) ™ n 7 [I7 ) o7

+ IV (Zu; — V)H%g(y)

. 2
< 30N d — T3, ) (Pusar) |2, gy + Oser(V) + [V, (Zu; — V)30,

TeT

< 7R [(id — 1B, ) (Pugg)|[2 gy + X203 | Gid — T, ) (Pusar — )| s
TeT

+ Oser(V)? + IV, (Zu; = V)|,

. 2
S DAk [[(d =T, o) (Pusg) [, ) + ATHG llar = all7. ) + Oser(V)?
TeT

+ IV, (Zu; = V)|I1,0)

. 2
< 32 |(d = 1B, ) (Pujar) |17 7y + Oser(V)? + (V5 (u; — V)2,
TeT

+¢r()?,
where in the last line we used (3.93) and (3.15). [

From (3.92) and (3.93) we immediately get that the total error (3.87) is bounded by the optimal
terms in Lemmas 3.32, 3.34, and 3.37.

Corollary 3.39. Let (uj, \j) € {(u;,\;)}; € J, V € V(T), and the assumptions of Lemma 3.17
be satisfied. Then

Er(uj, Aj,7)? = IV (u; — Zuy) |7,y + Oscr(\Puy, Zug,7) + ¢r(7)?

A~ . 2
SOV = VI, i + D302 [[id = T3, ) (Pusar) ||, 70 (3.94)
TeT

+ Oser(V)? + ¢r(7)%.

120



Theorem 3.40 (Membership in A’). Let Hy satisfy (H1). Let v be globally of class W1 and
be parameterized by x € (B}t (Ly(Q))]F withtq > 1,0 < ¢ < oo, td < n, and let k :=
|td] 4 1. Let u € H () be piecewise of class B)"*%(L,(S2)), namely u € [B}**4(L,(2))]¥, with
s—1/p+1/2>0,0<p <00 and0 < sd < n. Let Ty have an admissible labeling and (7;(7y)
satisfy (3.13). Then,

(uja )‘jaf)/) € A;a

i.e. given a § > 0 there exists a conforming refinement T such that

ET(’LL]',)\]‘,"}/>§5, #7—_#765 ’uja)‘j>7

1 1

sAt N

A 6 SAt
sAt

Proof of Theorem 3.40. By Lemmas 3.33 and 3.37, there exist triangulations 7, 7, € T such that

inf |[|[V(u—V
vé{}m)” (u=V)|lLo

SO H#M, ST

~Y

Z hi H(id - H%n—2)<PujQ)HiZ(w S 6, #T, —#To < Cgm/)l/safl/s’
TeT

By Lemma 3.34 there exists a mesh 7, € T with 7, > 7, such that

Oscr, (V)

max ————— <4, (7. (7) <6, HM., < Cy(y) /o~ 1E
) oVl ~ " ) 73 G

By Lemma 3.29 we then have that

H#T, — #To SHM, +H#M, S CH)Y Y+ Ou) i

< (C(»y)l/(s/\t) + C(uy, )\j)l/(sl\t))(sfl/(s/\t).

~Y

Let 7 = 7T, ® 7T, be the overlay of the meshes 7, and 7,. By Lemma 3.7 of [30] the cardinality
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#T — #7o is bounded by #7, + #7T-, — 2#7To, whence

1 _ 1t
SAt SA
A/ 5

sAt

#T_ #76 5 Iujv)‘j7r7

By (3.94) E7 (uj;, Aj,y) S 6 which implies (u;, A;,7) € AL,

3.6 Convergence Rates

Define

Wy =

Cs

\/<% +2B3B; + 5By + 3CK, + (%5 + 3K, + 3+ 2B3 Ko + 2K, H{)

and
Cs

o \/2 (4C1 + C5 4 C1Bs) |

6

Lemma 3.41 (Dérfler Marking). Let H satisfy (H1), (H2), (H3),
(BsKo+ K HY)\2, CHF < 0.2,

max

and

3
(Kza A2+ A §K0Afnax) CHZ <02,

Let (1, () satisfy (3.13), and the parameter 0 and w satisfy

0<6<é,, 0 < w < min{w,ws, wy},

)scBg|J|

(W4)

(3.95)

(H5)

(H6)

where 0., wy are defined in (3.95) and (W4). Let k := %w /1 — g—i and (', T, Z) be the approximate

surface, mesh, and discrete projection operator produced by an inner iterate of
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ADAPT_EIGENFUNCTION. If (L', Ts, Z.) is a surface-mesh-resolution triple with T, > T, such

that the eigenfunction error satisfies
then the refined set R := T \ T. satisfies Dorfler property with parameter 0, namely

pr(Z, R, J) = Opr(J). (3.97)

Proof. Since w < min{wy,w»} and A2, KoHg* < 1, we combine the lower bound of (3.50) with

(3.96) to get

(1-26%)Cspi < (1= 26%) Y (IV,e(Zuy)|[3 ) + Oser(Zuy, 7)?)

jed

< IVLelZw)l[7, ) = 20 Ve Zatty) |17, + Oscr(Zuy, 7)? — 20scr, (Zuuy, )
jeJ

(3.98)

We begin by bounding the oscillation terms. From (3.48) we know that
Oscr(Zu;, R)? < Caur(Zuj, R)?.
For 7. N'T, (3.57) with the roles of 7, and T reversed, yields

Oscr(Zu;, T NT.)? — 20scr. (Zyuj, ) < B3|V, (Zou; — Zuj)||%2(7) + Byl (7)?

+ K HIN2 Py — Puglf3, ).
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Combining these estimates with (3.37) and noting that 7 = (7 N 7.) U R yields

Oscr(Zu;,v)? — 20scr. (Zyuj, v)* = Oscr(Zuj, R)* + Oscr(Zuy, T N'T,)?
—20scr. (Zyuj, )
< (C3 + BsCi)ur(Zuj, R)* + (B3 By + B2)(r ()’

+ (BsKy + K1H02))\32'||(P*uj - Puj“%g(w)'

Applying (3.74) to the ||(P,u; — Puj||%2(y) term then gives

Oscr(Zu;,v)? — 20scr. (Zyuj, v)* < (Cs + BsCh)pr(Zu,, R)?

+ (ByBa + By + C[BsKo\2 + K A2 H2))(r (7)? (3.99)
+ (B3 Ky + Kng))\?CHgSHVv(uj - ZUj)H%g(y)
+

(BsKo + Ky HY)N,CH ||V (uj — Zuu) ||,
Using (3.99) in (3.98) then yields

(1 —2x%)Csp5 < Z IVe(Zu))||7, ) — 2IVye(Zouy)lZ,
jed

+ Oscr(Zuj,v)? — 20scr (Zyu;, v)?
j J

< 2(03 + C1Bs)pur(Zuj, R)?

JjeJ

+) <1 + (B3Ko + Klﬂg)xgmgs) IV, (uy — Zuy)|I2,)
jeJ

=X (2 (B KHNCHE )19, 0, - 2w
JjeJ

+ |J| <3332 + By + CB3 Ko\ + CKl)\?Hg) Cr(7)?
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We enforce that (B3 Ko + K1 H3) A2, CHF < 0.2 to get

(1-— 2&2)05,u2¢ < Z(C?, + ClB3)NT(ZUjaR)2
jeg

+ 3 1.2V, (u; — Zuy) |17,y — L8IV4 (1 — Zuwy) |7, (3.100)

jeJ

+ | J] (3332 + By + CB3Ko)\; + CK1A§H§> Cr(7)?.
From (3.64) we have

3
IVse(Zup)lz, ) = IVe(Zatg) 2y < 51V (Zuw; = Zug)llz,) + Bolr(7)”

+ Allluy — P70 + Kao(1 + M) 2wy — Zuy]|7,-

Reducing using (3.74) then gives

3
IVye(Zuy) |7,y — 1Vre(Zawy) |7, §§\|V7(Z*uj — Zuy)|17,)
+ (By + COKo(1 4+ N\2) + C\? 2
( 2 2( j) ])CT(’Y) (3101)
+ (Ko(1+ A3) + X)CH ||V ye(Zouy)||7

+ (Ko(1+A2) + X)CH ||V ye(Zuy) |7,

From (3.37) and (3.74) we have

IVA(Zauy — Zuy) |7, ) < Crpr(NPuy, Zug, R)? 4 BiGr(v)? + A Kol [Pauy — Puyi7, )
< Cpr(\Puy, Zuj, R)? + (By + CKoA)(r(7)?
+ CKoN HG Vo e(Zay) |12, )
+ CRoN HG (Vo e(Zuy) |12, ).

(3.102)
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Combining (3.101) and (3.102) then gives

3
IVse(Zuj) L) = Vae(Zatg)iaiy < 5CuT(APUs, Zug, R)?

3 3
+ (531 + §CKOA§ + By + CKy(1+ X)) + CA?) Cr(7y)?

3 o
n <K2(1 A N+ oAi) CH Vel 12,0

3 .
T <K2(1 +A2) + A2+ §K0A§) CH* ([ V,elll2,0)-

Using the Hy assumption (Kp(1+ A2, ) + A2

max) max

+ 2KoA2 ) CHZ® < 0.2 then gives

max

3
08119 6(Zu) I3y~ 120V (Zett) 3 < SCrpr (A Putj, Zats, R)?

3 3
+ (581 + §CK0A§ + By + CEy(1+ A5) + CA;%) Cr(v)?,

or

9
1.2||Ve(Zu;) |7,y — 18IV e(Zuus) |17, ) < ZLOl:uT()‘quj’ Zu;, R)?

3 /3 3 (3.103)
+3 (531 + §CKOA§ + By + CKy(1+ \3) + (L\?) Cr(y)2
Combining (3.103) with (3.100) then gives
2 2 9 2
(1 — 2K )C5[L7- § Z (ch + 03 + ClBg> [L7-<)\jPUj, Zu]', R)
jed
Ip 9 2 35 3 2 3.104
+ |J| ZBI + ZCKO)‘maX + §B2 + §CK2(1 + )‘max) ( ) )

max

3
+ ECAQ + B3By + By + OBsKo\2 . + Cmfmﬂg) Cr(y)%

By the assumption w < min{ws,ws}, we have within ADAPT_EIGENFUNCTION that (3.47)
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holds which implies (7(7) < v/8Bywyur(J). Using this inequality with (3.104) then gives

9
(1 =23 C2ur(J)?* < (ch + Cs + ClBg) E pr(\Puj, Zuj, R)?
jeJ
9 5 3
+ <ZB1 + B3 By + QBQ + §CK2

9 3 3

By the assumption that w < w, and the definition of 6, we then have

C? C?
(1= 26*)CEpr(J)? < 2052 > nr(APuy, Zuy, R)* + 75MT(J)2
* jed

which implies

(1= 4k*)02u7 (1) <Y ur(\Puj, Zuy, R),

jeJ

The choice of « implies the final result. 0

Lemma 3.42. Let H satisfy (H2). Let M C T and define

0
Wy 1= . (W5)
\/6B1]J|?
Let w < ws. Within the ADAPT_EIGENFUNCTION loop we have that if Our(J) < pur(M,J),
then
() < (M. J)
\/ﬁT}T =NT ) .
Proof. From (3.43) we have
7 (J)? < pr(M, J)* < 3nr(M, J)* + Bi|J]*¢r(7)?. (3.105)
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Since w < wy within ADAPT_EIGENFUNCTION we have w? < ﬁ, which implies

2

2 < J)?. 3.106
¢r(7)” < 631|J|2n7( ) (3.106)
Combining (3.106) with (3.44) then gives
1 62 2 2 1 2 04 2 2 2 2
N\1=— )00 ()" = (07— — ) nr(J)” < O pur(J])". (3.107)
4 6 4 6
Using (3.106) and (3.107) in (3.105) and noting that §* < #2 for 0 < # < 1 then gives
1/0%2 0t 02 , 1762 ¢* 62 62
A <2 (== % 2 _ U 2 - 2
(G- %) mrsg (-5 5) m2 = Hurla? <ar(M o,
which completes the proof. ]
Lemma 3.43 (Cardinality of M). Let Hy satisfy (H1), (H2), (H3), (HS), (H6),
1
C(1+2B3)\2, HE* + C(1+2B3)Ko(1 4+ X2, VH® + CK N2, Hot* < 3 (H7)
and
1
CK\\2, H < 5 (H8)

Let (7, () satisfy (3.13) and the procedure MARK select a set M with minimum cardinality and

bulk parameter \/%. Let the parameters 6 and w satisfy

0<6<9,, 0 < w < min{wy, wy, Wy, ws }

with 0,, wi, ws, wy, and ws given in (3.95), (W1), (W2), (W4), and (W5) respectively. Let

{(uj, X)) }jes be solutions of (3.5), and let (I', T, Z) be produced within
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ADAPT_EIGENFUNCTION. If {(u;, \;,7)}Y;es € A., then

HM S| T A5 E7(Z,T) 7

Proof. We set

02 = R*Er(Z, J)? = R* (Z e(Zu;)? + OSCT(ZUJ')2>

jeJ

for0 <k < k= % 1—- g—z < 1 sufficiently small to be determined later. Throughout we shall use

the shorthand notation e(Zu) = u — Zu. Since (u;, A;,v) € A, there exists a subdivision 75 € T

with projection Z; satisfying

#T5 — #To S 1,7

1 1

&5 )

Er,(J,7) =Y IVae(Zswy)l[} () + Osers (Zsuy)? + 171G (1) < 6%
jeJ

Let 7. = T @ 75 be the overlay of 7 and 7Ty, i.e. the smallest common refinement which satisfies
#T. <H#T +#Ts — #7To (3.108)

Let Z, be the projection operator associated with 7,. We observe that 7, > 75, T, and invoke the

upper bound (3.63) along with (3.56) to get

IV e(Zu;) 17,0 + Oser. (A Pauy, Zoug, 7)? < | Vae(Zsug)||T, i + Balr (7)?
+ My = Py, + Kol + M) Zuy — Zsuyl7
g 11%7 I La(y) J J I La(y) (3.109)
+ CGOSC%()\]'P(SUJ‘, Z(;uj’ ’}/)2 + BSHVW(Z*'UJJ — ZJUJ)H%Q(’Y)

+ Balr; (7)? + KL HIX [Py — Psug7, -
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Using (3.63) once again to bound ||V (Z,u; — Zsu;)||1,(,) gives

IV (Za; = Zisw)l[1, ) < 20IVae(Zisus) 1, ) + 2Balr (7)?

(3.110)
+ 20 luy = Po7,p) + 2B2(1 + M) Zowy — Zisuyl7, ).
Using (3.110) in (3.109) then gives
IV e(Zuj)|7, ) + Oser. (\Paug, Zoug, ) < (14 2Bs) | V4e(Zsug) |17,
+ (24 2B3) BoGr; (7)7 + (1 + 2B3) A3 |lu; — Pyl
(3.111)

+ (14 2B3) Ky (1 + X)) Zowj — Zsu;|7, )

+ CeOscr; (\Psuy, Zsug, 7)? + Ky HEA Py — Psugll7, -

We now use (3.74) to bound [|u; — P.u;l|1,(y), [|[Pstt; — Pstjl|y(y), and ||Ziu; — Zsu;|| 1y in

(3.111) to get
IV, e(Zou) |2, ) + Oser (A Py, Zoug, )
< (1284 OO B+ NYH 5 O HE X ) I¥-0Zo
+ (0(1 + 2B3) N HG® 4 C(1+ 2B3) Ko (1 + X)) H® + CK1H§+28A§) IV e(Zus)||7, 0
+ ((2 +2B3) By + (1 +2B3)A2C + (1 + 2B3) Ky (1 + A2)C + K1H§A?0> 13 (7)°
+ CsOser, (\Psuj, Zsuj, 7)>,

(3.112)

Enforcing

1
VHY + CK N2, Hy™ < =

max 2

C(1+2B3)\2, Hy* + C(1+2B3)Ky(1 + X2,

and

CK\?

max

1
H?2< Z
0 =9
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in (3.112) and rearranging terms yields

3
IV e(Zuj)||7, ) + Oser. NPy, Zoug, 7)? < 2<§ + 233) IV e(Zsu))||7, 0
1
-+2<@-%2Bﬁfh+—Ur+2BQAﬁ?+-O=+ZBQBbO=+AﬁCﬁ+i)gngw2 (3.113)
+ 20608673 ()\jP(gu]’, Z(;uj, "}/)2

K

We now choose k = to end up with

\/max{206,3+433,2 ((2+233)BQ+(1+2B3)/\?C+(1+2B3)K2(1+)\?)C+%) }

> IVye(Zou) |17, ) + Oser. (A Py, Zuug, 7)?

jeJ

1
< max {206, 34 4B3,2((2 + 2B3) By 4 (1 4 2B3)A5C + (1 + 2B3) K (1 + X)C + 5)} 5

= K> ( Z IVe(Zuy)||7, ) + Oser(APuy, Zuy, 7)2>.

jed

Thus by Lemma 3.41 the set R—_,7. C 7T satisfies the Dorfler property (3.97)

QMT(J) < H’T(Zv R, J)

which implies
0
= nr

Since M is the smallest cardinality set satisfying

(J) <nr(Z, Rro7s J).

\/%nT(J) < nr(M,J)

and thus we have

1 1
S 1
Agé S,

H#M S HR < H#T —#T <#T5 —#To S |,y
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O]

Theorem 3.44 (Convergence Rate of AFEM). Let Hy satisfy conditions (H1) through (HS). Let

€ < m be the initial tolerance, and the parameters 0, w, p of AFEM satisfy

0<6<4d,, 0 < w < w, := min{wy, we, w3, Wy, ws }, 0<p<l,

where 0,, wi, wy, ws, wy, and ws are given in (3.95), (W1), (W2), (W3), (W4), and (W5), respec-
tively. Let Ty have an admissible labeling, and let the procedure MARK select sets with minimal
cardinality. Let {(u;j, \;)}jes be the solutions of (3.5) and {LU'y, Tr, Ziyu}i>o be the sequence of
approximate surfaces, meshes, and solutions generated by AFEM.

If {(uj, \j,7) }jes € Al for some 0 < s < n/d, then there exists a constant C, depending on
the Lipschitz constant L of 7, Amax, the refinement depth b, the initial triangulation Ty, and AFEM

parameters 0, w, p such that

Z e(Zyu;) + Oser, (NjPruj, Zyuj,v) + |J|Cr. () < ClJ, v

jed

w,(#Te —#To)~",  (3.114)

where |J, 7| s is defined in (3.88).

Proof. We start by noting that since wey < the output of the procedure

-
ADAPT_SURFACE fulfills CTJ (v) < m which is (3.13) and implies that T(7;") is shape
regular.

There are two instances where elements are added, inside ADAPT_SURFACE and inside
ADAPT_EIGENFUNCTION. We observe that ADAPT_SURFACE is s-optimal with

C(y) < |, 7|X,S, whence the set of all the elements marked for refinement in the k-th call to

ADAPT SURFACE satisfies

_1 -1 s -1
HM S Cw e S Il e
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Within the ADAPT_EIGENFUNCTION loop we apply Lemma 3.43 for the <th loop to get
#M, S 1A (Z e(Zyu;j) + Oscri(APju;, ZZ“jW)) 0<i< I
j€d
We also have (3.50) within ADAPT_EIGENFUNCTION which implies
> e(Ziuy) + Osceri(Ziuy) = Y e(Ziug) + pg (). (3.115)
JET jed

Finally, the contraction property (Theorem 3.31) holds within ADAPT_EIGENFUNCTION

and gives

Z e(Zy tuy) + ,uTszl(J) <ol (Z e(Ziuj) + Oscfflj(ZZUj)> . (3.116)

jed jed

Combining (3.115) with (3.116) then gives

(Z e(Ziu;) + Oschi(ZZuj)> <a o <Z e(Zi " uy) + ,UszI—l(J))

jeJ

Summing over the inner iterates then gives

I—1
STHEM S Tl Za S
=0

Counting the marked elements from ADAPT_SURFACE, we then have by Lemma 3.29

k—1 k—1
#n—#%s&Z(#xw +Z#M> S 6°
=0 =0
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Noting that €11 = pey as part of the AFEM algorithm together with p < 1 we obtain

k-1 k—1
-5 _ -3 i -1
€5 =6 1) PP SE"
j=0 7=0
Hence
_1
#Te— #To S 1 e (3.117)

Noting the stopping criteria (3.58) and (3.59) are satisfied gives

> e(Ziuy) + Oser, (\Pruy, Zyug, ) + w ' (. (7) < &

jeJ

The bound (W1) implies |.J| < w™" which implies

Z G(ZkUj> + OSCE<AijUj, ZkUj, ’7) + |J|C7'k (’y) 5 €L. (3118)
jeJ
Combining (3.117) with (3.118) yields the final result. OJ

3.7 Numerical Experiments

In this section we numerically investigate the rates of convergence for our adaptive algorithm.
We choose the cluster associated with the interval [1,50]. We use the C* surface defined as the
graph of z(z,y) = (3 —a® — y2)i+a on the unit square 2 = (0,1)? and assume homogeneous
Dirichlet boundary conditions. We use piecewise linear finite elements to approximate the solution
and surface. It is shown in Section 9 of [44] that for o = % v is a member of an order % approx-
imation class when measured by (7 (), i.e. in terms of degrees of freedom (() converges as
DOF~'2, Our analysis of the regularity of the eigenfunctions showed that the eigenfunction had
regularity H'** for some s < «. In Figure 3.1 we have plotted the values of the geometric estima-
tor (7(y) during both the ADAPT_SURFACE and ADAPT_EIGENFUNCTION loops. We have
plotted the values of 17 (J) only during ADAPT_EIGENFUNCTION. We see the eigenfunction

1/2

estimator is converging at the best rate we could expect, DOF~"/=. We also see strong evidence

134



that (7(v) is indeed order % For ~ corresponding to @ = % the results of [44] say that the

Total Error
EigenFunction Estimator
Geometric Estimator

A RK!

Slope = -0.456
%, \ o Slope = -0.497
- === Slgpe = -0.443

109

Errar

107!

T
10° 10° 10*
DOF

Figure 3.1: Convergence rates of total error, geometric error estimator, and eigenfunction cluster

estimator in AFEM when o« = %

expected rate of (7() is DOF 4. We see in Figure 3.2 that (7(7) is indeed order 0.4 and so is

the eigenfunction estimator.
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—- Geometric Estimator
—+= Slope = -0.352
----- Slope = -0.401
=== Slope = -0.415

107 4

Error

107 1

T
10° 10° 10*
DOF

Figure 3.2: Convergence rates of total error, geometric error estimator, and eigenfunction cluster

estimator in AFEM when o = %
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4. SUMMARY AND CONCLUSIONS

In this dissertation we have developed the theory of approximation of eigenvalues and eigen-
functions of the Laplace-Beltrami operator using the surface finite element method. In Chapter 2
we presented a priori estimates for eigenpairs of the Laplace-Beltrami operator on C'*° surfaces
based on joint work with Andrea Bonito and Alan Demlow. Our analysis showed that the SFEM
eigenfunctions converge with the same rates as the SFEM solutions to the source problem. There is
the usual FEM approximation error we see when solving problems on flat domains plus an O(h**1)
term which accounts for the geometric consistency errors introduced by the SFEM framework. We
were able to verify that our estimates for the convergence rates were sharp through numerical tests
which matched the theoretical rates. We developed a priori estimates for the convergence of the
SFEM eigenvalues and showed that for clusters of eigenvalues we could not guarantee better than
the usual error for flat domains plus an O(h**!) term which accounts for the geometric consis-
tency errors introduced by the SFEM framework. However, for single eigenvalues we developed
new theoretical tools based on the theory of numerical quadrature for analyzing geometric con-
sistency errors. Using this new theoretical framework we were able to show that it is possible
to attain superconvergent geometric consistency errors on quadrilateral meshes. The framework
also showed a clear way of improving geometric consistency errors by using surface interpolation
points in the construction of I' which coincide with a quadrature rule. This culminated in a best
possible convergence rate of O(h?*) when using Gauss-Lobatto quadrature points for interpolation
rather than the typical O(h**1) rate that results from using equally spaced Lagrange interpolation
points. We also proved that these theoretical results were sharp via numerical experiments.

In Chapter 3 we developed and analyzed an adaptive algorithm for approximating eigenfunc-
tions with SFEM. We used a modified version of the adaptive algorithm for the source problem
on surfaces presented in Section 1.6 as our template. We employed the theoretical tools discussed
in Section 1.4 for an adaptive eigenfunction algorithm on flat domains with proper modifications

for SFEM to analyze our algorithm and prove it is optimal. In the process we introduced a new
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regularity result for solutions to the source problem on piecewise C1 globally W surfaces.
We then used this result to extend the a priori estimates for eigenfunctions results of Chapter 2 to
piecewise C* globally W surfaces. We then used these new a priori estimates to show that
if our eigenfunctions and surface belong to an approximation class A, then for a sufficiently fine
initial mesh 7 our eigenfunction estimator does indeed lead to optimal order s convergence rates.
We also provided a partial characterization of our approximation classes in terms of Besov spaces.

There is still room for future improvement and extension of our results. The geometric esti-
mator we used is heuristically O(h*) for C* surfaces. Based on a priori analysis we would hope
to find an estimator that is heuristically O(h**!) for C*° surfaces. Recently a new heuristically
correct geometric estimator for surfaces of regularity C? or better was introduced in [36]. This
estimator should bound all of the geometric consistency errors encountered in our analysis from
Chapter 3. Algorithmic performance has not yet been theoretically analyzed, but we would expect
the performance of this new estimator when used in our adaptive algorithm to offer an advantage
when working with C? surfaces. In the future we hope to analyze this new estimator and improve

our algorithmic performance on higher regularity surfaces.
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