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ABSTRACT

Fatou-Bieberbach domains are a phenomenon specific to several complex variables. Techniques
for producing such domains are limited and fundamental questions about containment between
two Fatou—Bieberbach are still being raised. We show that given a countable collection of Runge
Fatou—Bieberbach domains with a ball in common and a common point omitted, there exists a
Runge Fatou—Bieberbach domain that contains the union. Additionally, we provide a new con-
struction for Fatou—Bieberbach domains modelled on the attracting basin, using right-side com-
position instead of the prototypical left-side composition. We use this construction to show that
there exists a strictly decreasing family of Fatou—Bieberbach domains whose intersection contains
a Fatou—Bieberbach domain. Additionally, we provide a generalized condition for constructing

attracting basins from a sequence of automorphisms.
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Even a blind squirrel finds a nut once in a while.

-Anonymous
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1. INTRODUCTION

In the 1920’s Fatou and Bieberbach proved the existence of proper domains in C? that are biholo-
morphic to C?. Today these domains are called Fatou-Bieberbach domains. These domains are
specific to Several Complex Variables: indeed it is easy to see using the Riemann mapping theorem
that there is no proper domain in C that is biholomorphic to C. Fatou and Bieberbach produced
examples by using a basin of attraction, that is, the domain {z € C" : lim;_,, F’(z) = p} where
F is an automorphism that fixes point p and F’ denotes F' composed j times. It was proved by
Rudin and Rosay [2] in their seminal paper that if /' is attracting at point p then the corresponding

basin of attraction is biholomorphic to C". Precisely, their theorem states:

Suppose that F' € Aut(C") fixes a point p € C™ and that all eigenvalues Ay, . .., A, of F’(p) satisfy
|\;| < 1. Let Q be the set of all z € C" for which limy_,.. F*(2) = p, where F* = F o F*~1,

F' = F. Then there exists a biholomorphic map ® from 2 onto C".

(It should be noted that Reich [3] attempted to prove the above first and the ideas used seem to
have motivated Rudin and Rosay in their method of proof.) Later, Wold [1] proved a related result

for a sequence of automorphisms. Stated precisely, it says:

Let0 < s < r < 1suchthat r* < s, let § > 0, and let {F;} C Aut,(C") such that s||z — p|| <

||Fj(2) — p|| < r||z — p|| for all z € Bs(p) and all j € N. Then there exists a biholomorphic map

d.0-C"

where Q = {z € C" : lim;_,oc Fj 0 --- 0 Fi(2) = p}.

It is a long standing question whether or not “r* < s” can be removed from the hypothesis. I

provide an interesting generalization to Wold’s [1] Theorem 4.



In addition to this result, Wold [1] also proves that the union of nested increasing Runge Fatou—
Bieberbach domains is biholomorphic to C”. It is a natural question whether or not the complemen-
tary idea is true. That is, is the interior of the intersection of decreasing nested Fatou—Bieberbach
domains a Fatou—Bieberbach domain? Dixon and Esterle [4] have shown (Corollary 7.12) that the
answer is no: it is possible for the intersection of decreasing nested Fatou—Bieberbach domains to
have empty interior. However, I have shown that if each Fatou—Bieberbach domain contains a com-
mon ball and the Fatou—Bieberbach domains can exhibit a certain growth property, then the interior
of the intersection of the decreasing nested Fatou—Bieberbach domains is a Fatou—Bieberbach do-

main!

The proof of this result uses a new construction of Fatou—Bieberbach domains. Fundamentally, the
idea of the construction is to consider an attracting basin of a sequence of holomorphic mappings,
but compose on the right hand side instead of the left hand side. We consider this new construction
to be of real consequence because of the limited number of techniques available to construct Fatou—

Bieberbach domains.

Constructing Fatou—Bieberbach domains that satisfy natural properties has been a notable part of
the research of Fatou—Bieberbach domains. In particular, there is interest in being able to specify
what a Fatou—Bieberbach domain can contain and simultaneously what its complement can con-
tain. For example, Rosay and Rudin [2] have shown: If K’ C C" is compact and strictly convex
and £ C C" \ K is countable, then there is an injective holomorphic mapping F' : C"* — C" so
that £ C F(C") C C"\ K. We provide a result of this flavor, effectively showing that given a
countable collection of Runge Fatou—-Bieberbach domains that contain a common ball and omit
a common point, there exists a Runge Fatou—Bieberbach domain that contains the union of the

collection of Runge Fatou—-Bieberbach domains.

The plan of this dissertation is as follows: In Chapter 2, we provide background information
and context for the results herein as well as formal statements of these results. In Chapter 3, we

provide a convergence result for composing a sequence of holomorphic mappings. This will then



be used to provide a generalization for Theorem 4 in Wold [1]. Then we will show that given a
countable collection of Fatou-Bieberbach domains under some conditions, we can find a Runge
Fatou—Bieberbach domain that contains their union. In the second half of Chapter 3, we offer a
new construction of Fatou—-Bieberbach domains and provide an application for this construction.
The Runge property will be used often throughout this dissertation. In fact, without this property
it is the author’s understanding that many of the related questions quickly become intractable. We
state several conjectures throughout related to (removing) the Runge property. In Chapter 4, we

provide concluding remarks.



2. BACKGROUND INFORMATION AND STATEMENT OF MAIN THEOREMS

2.1 Fatou-Bieberbach Domains

We start by supplying the basic definitions. Our first definition concerns the object of study
throughout this work.
Definition 1. We say that () C C" is a Fatou—Bieberbach domain if Q2 # C" and () is biholomor-

phic to C™.

Our second definition is for a property that will be used throughout this work.
Definition 2. A domain in C" is said to be Runge if for each holomorphic function defined on it
and each compact set in it, there exists a sequence of polynomials that converges uniformly to the

holomorphic function on the compact set.

Next we define the basin of attraction. We will later see that under the right conditions it is biholo-
morphic to C". In fact, throughout the literature it is the typical way a Fatou—Bieberbach domain
is constructed.

Definition 3. Ler F' be an automorphism of C" with fixed point p (i.e. F(p) = p). Then we define
the basin of attraction of F' at p to be

{z€C": lim FI/(z) = p}

j—o0
where FI = F o Fi7' and F' = F.

Next we need a definition to describe when an automorphism will be attracting or repelling at point

P-

Definition 4. Let F' be an automorphism of C" that fixes point p. Then:

1. If each eigenvalue of matrix F'(p) is less than 1 in modulus, we say that the fixed point p is



attracting.

2. If each eigenvalue of matrix F'(p) is greater than 1 in modulus, we say that the fixed point p

is repelling.

This brings us to an important result by Rosay and Rudin:
Theorem 1. Suppose that F' € Aut(C") has an attracting fixed point at p. Let ) be the basin of

attraction of F at p. Then there exists a biholomorphic map ® from ) onto C™.

In their seminal paper, Rosay and Rudin used this theorem to produce many interesting examples

of Fatou—Bieberbach domains.

We now provide a generalized definition of basin of attraction.
Definition 5. Let {F}} be a sequence of automorphisms of C" each with fixed point p. Then we
define the basin of attraction of sequence I; to be

{zeC": liijon,lo-qul(z):p}.

Jj—00
Throughout this work, we will often abuse notation and write {F} o --- o F; — p} instead of
{z€C": limj oo Fjo Fj_10- -0 Fi(z) = p}.

Wold [1] Theorem 4 provides a semi-analogous result to the above Theorem by Rosay and Rudin,
it states:
Theorem 2. Wold [1] Theorem 4

Let {F;} C Aut,(C"™). Suppose that there are 0 < s < r < 1 and ¢ > 0 such that

sllz = pll < [[F5(2) = pll < rllz = pl| on Be(p) for all j € N.

Further suppose that r* < s. Then {Fj o --- o Fy — p} is biholomorphic to C".



Here B.(p) denotes the ball {z € C" : ||z — p|| < €}.

One of our main results is a generalization to Wold’s result:

Theorem 3. Let {F;} C Aut,(C"). Suppose that there are 0 < s; < r; < 1 and ¢ > 0 such that
sjllz = pll < [|F5(2) = pl| < 7jllz = pl| on Be(p) for all j € N.

. ’,’2 T’?
Further suppose inf;{s;} > 0and 3, /() (35) < oo
Then {F} o --- o Fy — p} is biholomorphic to C" and is Runge.

Here Aut,(C") is the set of automorphisms on C" that fix the point p € C".
r? . . . ..
Notice that the hypothesis allows for the possibility that é > 1 for infinitely many j. This is the

main distinction between this result and Wold’s.
Important Aside

An important result used in the proof of the above theorem that is not used in Wold’s proof follows.
Proposition 1. Let U C C" be a nonempty set. Let U; C C" (1 € N) be connected open sets with
U C U for each i € N and let f; : U1 — U; be holomorphic mappings.

Suppose >, \/||fi — id||y < co. Then the sequence f1 o foo---o fj_1 o f; converges uniformly

on compacta on U.

We believe this result to be interesting in its own right. Indeed, as far as the author is aware, there

are few results of this flavor.

However, an analogous result that is easier to prove appears in Esterle and Dixon [4] as Lemma
8.3:
Proposition 2. Let F; be a sequence of holomorphic mappings from C" into C". If

Yo L= Fllp,. ) < oo for each m > 1, then the sequence I o --- o F; converges uniformly



on compact subsets of C" to a mapping F : C"* — C™.

Here || - ||, (0) is the sup norm on the ball B,,(0).

2.2 Containment of Fatou—Bieberbach Domains

Throughout the history of Fatou-Bieberbach domains there has been a desire to construction
Fatou—Bieberbach domains with given properties. For example, Rudin and Rosay have shown
precisely:

Theorem 4. If K C C" is compact and strictly convex and E C C" \ K is countable, then there

is a injective holomorphic mapping F : C* — C" so that E C F(C") C C"\ K.

And as another example consider the following result by Globevnik [5]:
Theorem 5. Let Q C C be a bounded open set with boundary of class C* whose complement
is connected. Let 0 < R < oo be such that @ C RA. There are a domain Q) C C? and a

volume-preserving biholomorphic map from ) onto C? such that

(i) Q C{(z,w) : |z| < max{R,|w|}}

(ii) QN R(A x A) is a arbitrarily small C'-perturbation of Q x RA.
Here A denotes the unit disk in C.

One of our main results shows that Fatou—Bieberbach domains are in some sense “big.” Note: In
what follows, we use the term “countable” to mean countably infinite or finite.

Theorem 6. Let {€);} be a nonempty countable set of Runge Fatou—Bieberbach domains in C"
such that U;§); # C". Let K be a compact set that is polynomially convex. Suppose there exist
€ > 0and p € C" such that B.(p) € N;Q; and B.(p) C K. Let {a;} be a countable set of
points in (U;82;)°. Let {by,...,b} be a nonempty finite set of points in (U;Q;)° and suppose
{b1,...,b;} N (Uj{a;} U K) = @. Then there exists a Runge Fatou—Bieberbach domain ) such

that Uij - Q, Uj{aj} - QK - Q, and {bl, cee bl} - QF.



2.3 A Construction: Reverse Semi-basin of Attraction

In this section, we provide the background information leading to a new type of construction for
Fatou—Bieberbach domains. Throughout the literature on Fatou—-Bieberbach domains, the typical
construction uses the attracting basin construction. In fact, the author is aware of only a few
constructions of Fatou-Bieberbach domains that do not rely on constructing an attracting basin.

For instance see, Stensgnes [6] and Weickert [7].

We now introduce the concepts necessary for a new construction of Fatou—Bieberbach domains.

Definition 6. Let A; C C" be a sequence of sets. We define
oliminf, ,  A; = {2 € C"| there exists m > 0, ¢ > 0 such that B.(2) C NizmA;}.

Definition 7. Let U; C C™ (i € N) be connected open sets with B.(p) C U, for each i € N and let
F; 2 Uiy — U; be biholomorphic mappings. We define the reverse semi-basin of attraction for a

ball B.(p) to be

5. = oliminf;_,  F;"(Bc(p)) Uoliminf;_,_ (Fj o Fj1) ™ (Be(p)) U -~

— U goliminf,_, (F(j +1,7)) " (Be(p))

where F(j +14,j) = Fj o Fj41 00 Fjy,.

The reverse semi-basin of attraction should be viewed as semi-analogous to the attracting basin,
but with taking composition on the right side instead of the left.

Theorem 7. Let € > 0. Let U; C C™ (i € N) be connected open sets with B.(p) C U, for each
1 € Nand let F; : U1 — U; be biholomorphic mappings. Let U; = C". Suppose that there are

0<s; <r; <1, andc; > 0 such that

sillz = pll < 1F5(2) = pll < 7jllz = pl| on Be(p) forall j € N



and

|A;(Fy(2) — p) — (z = )|l < ¢jllz — pl|* on Be(p) for all j € N.

TZ~2 r2
s::) e (j)) < oo. Further

Also assume sup;{r;} < 1, inf;{s;} > 0, and sup,(cx + Zf:ll i

suppose there exists 0 > 0 such that for each k € N, there is a By, < oo such that

sup [[Fiph 00 Fi (2] < Br.

(2
2€Bg (p)
€N

Then there exists a domain F' B, biholomorphic to C", such that

Qp7€

(r;y © F'B C limsup U \ U2, liminf(Fy o Fyo---0 F;)7H(C™\ B%(p)).

Additionally, if each U; is Runge, we may arrange that domain F'B is Runge.



3. RESULTS AND PROOFS

3.1 Generalization of Wold [1] Theorem 4

Our first lemma provides estimates for inverse holomorphic mappings given estimates on the holo-
morphic mappings.

Lemma 1. Let {F;} be a set of holomorphic mappings that are injective on B.(p) C C", map into
C", and fix the point p. Suppose that there are 0 < s; < r; < oo and € > 0 with inf;{s;} > 0 and

sup,{r;} < oo such that
sillz = pll < ||Fj(2) — pl| < 7jllz — pl| on Bc(p) for all j € N.
Then there exists an € > 0 such that

1 _ 1 :
Sz =Pl S NI (2) = pll < 1z = pll on Bo(p) for all j € N.
J J

Proof. Without loss of generality suppose p = 0. The assertion is clear once we can show there is

an open ball about the origin in the set N, £;(B(0)).

Suppose, for sake of contradiction, that there is no open ball about the origin contained in the set
N; F;(B:(0)). Then we can find a sequence f; in {F; : i € N} such that B% (0)\ £;(B:(0)) # @.
By Montel’s Theorem, there is a subsequence f;, that converges on B.(0) to some holomorphic
mapping f. Further, we have inf;{s;} - ||z|| < ||f(2)|| on B(0). Therefore J f(0) is invertible.
Thus there is some small ball B.(0) C B.(0) on which f is injective. Hence f(B(0)) is open
and so contains some small ball Bs(0). But f;, (2) — f(z) uniformly on B.(0), so for large £,

[ (Be(0)) D B%(O) contradicting B%(O) \ fi.(B(0)) # 2. O

Lemma 2. Let o, 5 > 0 and let I" be a family of holomorphic mappings that are injective on

10



B.(0), fix the origin, and satisfy o||z|| < ||F(2)|| < B]|z|| for each F € T and z € B.(0). Let
Ap = JF(0). Then there exist C,C’, €' > 0 such that for each F' € T,

145" F(2) — 2|l < Cl|z|[* for = € B.(0)
1F~ Ap(2) — zI| < C'||z]]* for 2 € Bu(0)
Proof. By Lemma 1, there exists ¢’ > 0 such that
1 1
BHZ” <[IE7 @I < Iz

on B.»(0). There exists ¢ > 0 such that B.(0) C Ap'(B.(0)) for each F € T

Using the hypothesis, we have for each F' € T,

B

- - s
IAF F() = 2| < AR FI +112l] < 2zl + 112l < (G + 1)e

on B.(0). Similarly, we have for each F' € T,

- - 8 8
1F7 Ap(z) = 2l < IFT Ar(2)l + Izl < Szl + 1211 < (5 + 1)e

on By (0). The conclusion follows directly from the Schwarz lemma. [l

The following is a technical result that is needed for the convergence proposition below.

Lemma 3. Let a; > 0 (i € N). Then the following are equivalent:
(i.) Y, /a; < o0
(ii.) 32, ai < oo and there exists b; > 0 (i € N) such that 3, b; < oo and y_; 3+ < 0o
Proof. (i.) = (ii.) Assume ) . /a; < oo. Clearly ) . a; < oo. Letting b; = ,/a;, the assertion

11



follows.

(i1.) = (i.) Assume ) . a; < oo and that there exists b; > 0 (¢ € N) such that ) . b; < oo and

Zi % < o0. Using the inequality, 2,/xy < x 4+ y for z,y > 0, we see that

X X ) X
(2 (2 (2

3.1.1 An Important Convergence Result

The following convergence result is necessary in the proof of Theorem 3 below. However, given
its precise bound it seems to be of interest on its own.

Proposition 3. Fix r > 0. Let U; C C" (i € N) be connected open sets with {||z|| < r} C U; for
each 1 € N and let f; : Ui — U; be holomorphic mappings.

Suppose

Z \/Hfz - Z'dH{”ZHQ«} < 0.

Then sequence fi o fyo---o f;_1 o f; converges uniformly on compacta on {||z|| < r}.

Proof. Notice that if ||f; — id||{|./<r} = 0, then f; = id by the identity theorem. So without

loss of generality assume || f; — id||{|z/<r} > O foreachi € N. Lete > O and € < m By

) —id|| 12w
Lemma 3, there exists a sequence ¢; > 0 such that >, ¢; < coand }, % < 00. Next,

[ fi

: —id :
there exists an N € Nsuchthat Y .. & < eand Y .y m < e. (Note that this means

€ > || fi—id||{)z||<r} fori > N.) It suffices to show that the sequence fyo fx;10---o f; converges

uniformly on {||z|| < r — €}.

We proceed with strong induction.

12



Base Case (j = N): Notice that for (2, w) € {||z|| < r}?,

1fn(2) = v ()| < ([ I+ [ v ()] < (e 4 [[2]]) + (e + [[w]]) < 2(e+7) <2(2+7).

Now by the Schwarz Lemma, we have for (z,w) € {||z|| < r}?,

(7“+2)

|2 = wl].

For sake of notation, we write Sy in place of {||z|| < r — Z’;\,H €pt-
Strong Induction Hypothesis: For (z,w) € S7,

2(r+2)

(r = 2N & — [lwl])

[fno---ofi(z) = fyo o fj(w)]] < [z —wl].

We prove this for j 4 1. First observe that

j
[[fvo fxyro---0 fimn — fullsn < Z||fNO"'sz‘+1 — fno-o fillsi, (3.1

j
2(r+2) ‘
< E : : || fis1 — id|]s,
i= ZN-{-I €p — ||Zd||5j+1) g

by the strong L.H.(7)

L 2(r+2)
€it1 €

Hfi+1 - id||Sj+1
i=N
L o(r + 2)

€it+

IA

||fz+1 Zd||5j+1
i=N

<2(r+2)e

< 1.

(TNote that since €;11 > || fiy1 — d||{)jz)<r} We have that (fiy1(2),id(z)) € S? for z € S;q C

13



Siy1-)

Now since || fy o fyi10---0 fji1 — fulls,,, <1, we have

HfNofN+1 O"'ij+1HSj+1 <1+ HfNHSjJrl
<1+ HidHSjH +€

<r42.

Thus, for (z,w) € S,

[fvo---ofir(z) = fno-ofip(w) <|[fyo---ofi(2)||+[|[fxo--o fip(w)]

<|[fxo---o fixills;s + I fv o0 firills;

<2(r+2)

Now, with the aid of the Schwarz Lemma, we have that for (z, w) € S j+12,

2(r +2)

1
(r =N & — [lwl])

[fx oo fipa(z) = fyo--ofin(w)] <

This completes the induction.

Notice that in the course of the induction we have shown from (3.1) that

Z | fyo--ofixi— fno--o fillgr<r—ag <1
=N

||z — wl].

since ), € < €. Thus sequence fy o fyi10---o f; converges uniformly on {||z]| < r — €}.

We are now ready to prove Proposition 1.

14
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Proof. Let K be a compact set in U. Since K is compact there exist finitely many balls B, (p1),

.., B, (pr) such that K C U¥_, B..(p;) and U%_| By, (p;) C U. Now by applying Proposition 3 it
is straightforward to see that for given i € {1,...,k}, sequence f; o - -- o f; converges uniformly
on compacta on By, (p;). Thus, for given i € {1,...,k}, fi o--- o f; converges uniformly on

B.,(p;). Therefore fi o --- o f; converges uniformly on K C U¥ | B, (p;). O

Lemma 4. Let U; be Runge domains in C". Let U be a domain in C". Let f; : C" — U; C C" be a
sequence of biholomorphic mappings that converges (uniformly on compacta) to a biholomorphic

mapping f : C* — U C C". Then U is Runge.

Proof. Let K be a compact in U and g be a holomorphic function defined on U. We show that g
can be approximated by polynomials on K. Notice that (g o f) o f;! —;_, g uniformly on K.
Thus for some (large) N € N, (go f)o f ]\’,1 approximates g. Of course g o f can be approximated

by polynomials on f~!(K) and f5' can be approximated by polynomials on K. [
3.1.2 The Proof

We are now ready to prove Theorem 3. Throughout, we will use the notation F'(j) to mean

Fjo---o Fy. Analogously, we will use the notation A(j) and A~*(j).

Proof. First let us note that since ) . (g) e (2—2) < oo we have [, :—2 =0,andso [[,; = 0.

Without loss of generality it suffices to prove the assertion for p = 0. First we remark that the
attracting basin {F); o --- o F; — 0} is a connected open set. Notice that since [[,7; = 0 and
sup{ri} < 1, {Fjo---0F — 0} = U;F(i)"}(B(0)) and U; F (i)~ (B.(0)) is the union of

connected open sets each containing the origin.

Define automorphisms ®; = A(j)"'F(j) and ¥; = F(j) *A(j). Clearly ®; o ¥; = idc» and
U, 0 ®; = idcn for each j € N. We show that sequence ®; converges on {Fj o ---o F; — 0} and

that sequence V; converges on C".

15



Let C,C’, € be as in Lemma 2 for T' = {F; : i € N}, « = inf;{s;}, and 5 = sup;{r;}.

Let K be a compactin {Fjo---0F; — 0}. Then there exists an [ € N such that F'({)(K) C B.(0).

Now notice that for j > [:

1541(2) — @;(2)[| < [JAG) ™ (A7 Fia (F(5)(2) — F()(2))]]
<stee 3;1 -C||F(5)(2)||* by Lemma 2

-1 -1 2.2 2
Ssl sj 'C.T'T'—lll'rl—‘,—l.e

r? r2
< Cesytes ! (ﬂ) (—‘7) for z € K.
Si+1 Sj

Since Zz(g) e (Z—?) < 00, ®; converges uniformly on K. Thus ®; converges uniformly on

k3

compacta to a holomorphic map ¢ : {F;o---0 F; — 0} — C™

Now we show sequence W; converges on C". Let K’ be a compact in C". Since [ [, r; = 0, there
exists an [ € N such that 4; - - - A;(K') C Bu(0). We show that sequence Fj--- Fy W ;A7 At

= F - F; 1A Ay converges as j — oo. We see

E~-'F1‘IfjAI1---AflZlell'--F}_lAj---Am

= Fljrll . "Ff_llGjqu oA
= F}jyll"'F}zllAjfl"'Al+lHj
= Fl;llAlHHzH - H; 1 H;

— Hyy - Hj

where we define automorphisms G; := F, 'A; and H; := (A;_y -+ Ajy1) PGiAi 1 -+ Ay Now

notice Gi(z) = 2z + g¢i(z) where ||g;(2)]| < C'||z]]*> on B«(0) by Lemma 2 and
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HZ(Z) =z + hz(Z> where hz = (Ai—l s AH_l)ilgiAi_l cee Al+1 SO

! — ’ 7“2 7“22_
@I < A - - Ast) "l Ars - APl < © (—) ( ) 1212

Si—1

T2 T . o .
on Be(0). Since |[H;(z) — z[| < C"(35) - - (;—j)||z||2 on B (0) it follows by Proposition 1 that

sequence H; --- H; converges uniformly on compacta on B.(0). Thus sequence ¥; converges

uniformly on K’. Thus ¥; — W for some holomorphic mapping ¥ : C* — C".

Finally, we will show that ® : {F; o--- 0o F} — 0} — C" is bijective by using Theorem 5.2 in
Dixon and Esterle [4]. To this end, we see that if z ¢ {Fj o--- o F; — 0} then the sequence
®,(z) diverges: if z ¢ {F;o0---0F, = 0} = U;F(i)"'(B.(0)), then |F(5)(z)| > e for each j so
12;(2)|| = [|AG) ' F()(2)]] > (%) e (%)e — ;300 00. Thus {Fj o -+ o F; — 0} is the largest
connected open set on which sequence ®; converges uniformly on compacta. Of course, C" is the
largest connected open set on which sequence V; converges uniformly on compacta. Also note that
id = J®;(0) — J®(0) = id, thus ® is nondegenerate. Therefore by Theorem 5.2 in Dixon and
Esterle [4], ® is injective. Similarly, ¥ is nondegenerate and thus by Theorem 5.2, image(V) C
{Fjo---0F — 0}. Hence C" = image(® o V) = ®(image(V)) C ®({Fjo---0oF; — 0}). Thus

® is surjective.

Finally, applying the Lemma 4 to ¥;, we conclude W(C") = {F} o--- o F; — 0} is Runge. [l

As remarked earlier, the main distinction between the above Theorem and Wold [1] Theorem 4, is

r2

that it is now possible that - < 1 for infinitely many .

Si

3.2 On Containment Between Fatou—-Bieberbach Domains

The following is a minor generalization of Lemma 1.2 from Rosay and Rudin [2].

Lemma 5. Suppose that ¢ > 0 and that

(i.) ay,...,an, are points in a compact convex set K C C"
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(ii.) by, ..., by, are points in C" \ K

(iii.) p and q are points in a hyperplane 11 C C" (of complex dimension n — 1) which does not

intersect K U{by,...,bn,}.

Then there is an automorphism (in particular, a shear) T which moves p to q, fixes every a;, fixes

every b;, and moves no point of K by as much as e.

Proof. See the corresponding proof of Lemma 1.2 in Rosay and Rudin [2] and notice that polyno-

mial g can additionally be chosen so that g(Ab;) = 0 (1 < i < my). O

Analogous to Corollary 1.3 from Rosay and Rudin [2], we have:
Lemma 6. [f properties (i) and (ii) of Lemma 5 hold, and p, q are points in C"\ (K U{b1, ..., bm,}),
then some automorphism (in particular, some composition of two shears) moves p to q, fixes every

a;, fixes every b;, and moves no point of K by as much as e.

Proof. There exist hyperplanes 11" and I1”, through p and ¢, respectively, which do not intersect
K U {by,...,by,} and which are not parallel. Choose w € II' N I1” and apply Lemma 5 twice,

moving p to w and then w to q. [

Lemma 7. (Pushing-Points Lemma) Suppose that ¢ > 0 and that
(i.) ay,...,an, are points in a compact convex set K C C"
(ii.) P1,-- -3 Dmys Q1 - - - » Gmy are distinct points in C" \ K

Then there exists an automorphism (in particular, a composition of 2 - my shears) which moves p;

to q; for eachi € {1,...,my}, fixes every a;, and moves no point of K by as much as € > 0.

Proof. Use the previous lemma my times: let ¢; denote a composition of two shears such that

oi(qr) = qx for k < i, ¢;(p;) = qi», and ¢;(px) = pi. for k > i. Take ¢y, © Gpy—10 -+ 0 Py1. ]

18



A variation of the above lemma appears in Forstneri¢’s book [8, Corollary 4.12.7].
Lemma 8. Let Uy, Uy C C" be nonempty connected open sets and let f : Uy — U, be a biholo-
morphic mapping. Suppose that U, is Runge and suppose that V' C U, is a nonempty connected

open set that is Runge. Then f(V') is Runge.

Proof. Let g : f(V) — C" be holomorphic. Write ¢ = (g o f) o f~1. Of course, g o f can be

approximated by polynomials on V and f~! can be approximated by polynomials on Us. [
We are now ready to prove Theorem 6.

Proof. For simplicity we will assume sets {€2;} and {a;} are countably infinite, the other cases are
similar. Without loss of generality assume p = 0. And let T(O) CK ]1 CK j2 C --- be a compact
exhaustion of €2;. To prove the assertion, we will construct an attracting basin and apply Theorem
3 (or Theorem 4 from [1]). By Dixon and Esterle [4] Corollary 5.3, the Fatou—Bieberbach domain
that we obtain is Runge. As the sequence of automorphisms to be applied is rather complicated, we
describe the automorphisms to be applied in stages where the set of functions in stage j is applied

after stage j — 1. We denote the composition of all automorphisms in stage j by S;. .S; will have

the following properties:
(b) Sj(Sj,1 O---0 Sl(aj)) € BE<O>

----- b}

(d) forj >1,8;(S;_10---08(U_ K7)) C B,(0)

Each automorphism in the composition of S; will satisfy the hypothesis of Wold [1] Theorem 4.
Thus, it is clear that €2, the attracting basin that is constructed from the automorphisms is equal

to {z € C" : lim; ;o S; 0 --- 0S1(2) = 0}. Noting this, together with the above properties
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ensure that the constructed Fatou—Bieberbach domain satisfies the properties of the conclusion of

the assertion. In particular, since each S; fixes {b1,..., b}, {b1,..., b} C Q.

Stage 1: Letr € (0, 1) be small enough such that r K’ C B,(0). Let 6 € (0, 1) be small enough that
(r+6)><r—23dandr + 4§ < 1. Now, applying Corollary 4.12.4 from Forstneri¢ [8] and then the

above point-pushing lemma it is straightforward to see that, there exists ¢; € Auty(C™) such that

(r =)=l < ller ()| < (r + 9)][2|

on B(0), ¢1(K) C B(0), and ¢1]1p,,..5,3 = id|(s,,... 5,3 [To see this, apply Corollary 4.12.4 from

Forstneri€ [8] to get automorphism 7; such that

7~ 7l
on K and
I~ I
on {by,...,b}. By a translation, we can assume without loss of generality 71(0) = 0. By the

Schwarz lemma,

(r =Nl < Mm@ < (r+ =]l

on B.(0). Now by the point-pushing lemma there is an automorphism 7 such that 7, =~ I on B,(0),

75(0) = 0, and 7 o 7-1|{b1 77777 b} = id|{b1 ,,,,, b} By the Schwarz lemma,
(L == < [lm(2)]] < (1 +£")]|2]

on B,(0). Thus

(=N =&zl < |l e n(2)]] < 1+ + )|zl
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on B.(0) and 75 o 71 (K') C B.(0). Take ¢y = 1o 0 71. |

Now we work on satisfying property (b). Using Forstneri¢-Rosay [9] Theorem 2.3 and then the

above point-pushing lemma it is straightforward to see that, there exists p; € Auty(C") such that

(r =)= < o1 ()] < (r + )||=]]

.....

on B(0), pro¢i(ar) € B(0), and py 0 d1 s,

Rosay [9] Theorem 2.3 to get automorphism 77 such that

by = id[{b1, ..., b;}. [To see this, apply Forstneric-

~rl

on B.(0), 71 (¢1(a1)) € B(0) \ B,(0), and
m~1
on {by, ..., b }. Without loss of generality we can assume 7;(0) = 0. By the Schwarz lemma,
(r =2l < I < (r+ A

on B.(0). Now by the point-pushing lemma there is an automorphism 7 such that 7, ~ T on B(0),

72(0) = 0, 7271 (p1(a1))) = 71(d1(a1)), and 75 © T [gp,.... 4,3 = id|{s,,...5,}- By the Schwarz lemma,

(I =eNllzll < Hlm(2)]] < A +£M)l=|

on B.(0). Thus

(1 =&")(r=&Nllzll < llmon(2)ll < (1+")(r + &)l

on B,(0) and 75 0 7 (¢1(a1)) € B.(0). Take p; = 75 0 74. ]

21



Thus S} := p; o ¢y satisfies properties (a), (b), and (¢) (and (d) vacuously.)

Stage j (for j > 2): Letl; € Nsuch thatr(S;_jo-- ~051)(Kf) C B.(0). Since {by, ..., b 1N =

@, wehave {by,...,b}NS;_10---051(Q;) = @. Now since {by,...,b}NS;_10---05(Q) =2
and S;_y o --- 0 51(£2;) is Runge, by Wold [1] Lemma 4, there exists ¢; € Aut(C") such that
¢1~idon S;_o0---08(KJ)and ¢;({by,...,b;}) C B(%)LIG(O)C. Without loss of generality we
can assume ¢1(0) = 0. By Forstneri¢-Rosay [9] Theorem 2.3 and then the above point-pushing

lemma it is straightforward to see that, there exists 1)1 € Auty(C™) such that

(r = 0)lz[] < [l ()] < (r + )|

on B.(0) and ¢y o (rI) o --- 0 (r]IZo('r(bl) = id|gpy,..00)-

v~

-1
Notice that 1 o (rD)o---o(rl)o(rey) satisfies property (c) and

l1—1

Yro(rl)o---o (rl)o(rg;)oS; 10---08,(KJ) C B.(0). We can do the same for K}, K}, ..., K.

N J/

-~
1—1

This gives

which satisfies properties (c) and (d).

Now we work on satisfying property (b). Using Forstneri¢-Rosay [9] Theorem 2.3 and then the

above point-pushing lemma it is straightforward to see that, there exists p; € Auty(C") such that

(r =)zl <Ilps(A < (r + d)][]|
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on B.(0), pj o T'(a;) € B.(0), and p; o T|p,,... 5,3 = id|{b1, ..., b;}. Thus

.....

Sj = pjo; ogrl[) 0---0 (T]IZO(ngSj) otpj_q0---0tpyo(rl)o---o0 (T]IZO(qu)l)

N

Vv Vv
li—1 lhi—1

satisfies properties (a) (vacuously), (b) and (¢) and (d). O

We conjecture that if the word “Runge” is removed from Theorem 6 that the statement remains
true:

Conjecture 1. Let {Q;} be a nonempty countable set of Fatou—Bieberbach domains in C" such
that U;$); # C". Let K be compact set that is polynomially convex. Suppose there exist € > (
and p € C" such that B.(p) C N;Q; and B.(p) C K. Let {a;} be a countable set in (U;Q;)°. Let
{b1,...,b;} be a nonempty finite set in (U;2;)¢ and suppose {by,..., b} N (Uj{a;} N K) = @.
Then there exists a Fatou—Bieberbach domain ) such that U;Q; C Q, U;{a;} C Q, K C Q, and

(b1, ..., b} CQF.

Of course, Theorem 6 above shows that given a Runge Fatou-Bieberbach domain we can find a
strictly larger Runge Fatou—Bieberbach domain that contains it. We now record some properties
for containment in the other direction.

Lemma 9. Let Uy, Uy C C" be nonempty connected open sets and let f : Uy — U, be a biholo-
morphic mapping. Suppose that Uy is Runge and suppose that V' C U, is a nonempty connected

open set that is non-Runge. Then f (V') is non-Runge.

Proof. If f(V) is Runge, then by Lemma 8, V = f~!(f(V)) is Runge, a contradiction. O

Corollary 1. Every Runge Fatou—Bieberbach domain contains a proper Runge Fatou—Bieberbach

domain.

Proof. Let €) be a Runge Fatou—Bieberbach domain. Let ' : C" — () be a biholomorphic map-
ping. Clearly F'(£2) is biholomorphic to C", F'o F(C") = F(Q2) C 2, and by Lemma 8, F'(£2) is
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Runge. O

Corollary 2. Every Runge Fatou—Bieberbach domain contains a (proper) non-Runge

Fatou—Bieberbach domain.

Proof. 1t was shown in Wold [10] that a non-Runge Fatou-Bieberbach exists in C”, say ¢'. Let Q2
be an arbitrary Runge Fatou—-Bieberbach domain in C™ and let F' : C* — () be a biholomorphic

mapping. Then F(Q)') C €2 is a Fatou-Bieberbach domain and is non-Runge by the above lemma.

]

Corollary 3. Every non-Runge Fatou—Bieberbach domain contains a proper non-Runge Fatou—

Bieberbach domain.

Proof. Let €)' be a non-Runge Fatou-Bieberbach domain and let F' : C" — 2’ be a biholomorphic
mapping. Consider the Fatou-Bieberbach domain F(€'). Of course F'(2') C Q. If F(Y) is
non-Runge then we are done, so suppose F'(£2) is Runge. Then by Corollary 1, F'(€)’) contains a

proper non-Runge Fatou—Bieberbach domain. [

Rather surprisingly, asking whether a non-Runge Fatou—-Bieberbach domains contains a Runge
Fatou-Bieberbach domain seems to be a hard question.
Conjecture 2. Every non-Runge Fatou—Bieberbach domain contains a (proper) Runge Fatou—

Bieberbach domain.
3.3 A New Construction

The following is a technical lemma needed in the upcoming proof.

Lemma 10. Ler U; C C™ (i € N) be connected open sets with B.(p) C U; for each i € N and
let F; : Uiy1w — U; be biholomorphic mappings. Suppose 0 < r; < 1 and € > 0 such that
sup;{r;} < land||F;(2) — p|| < rj||z — p|| on Be(p). Then Qf{’;j} is a nonempty connected open

set and Q< . = QP

(F) (i for each € € (0, €).
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Proof. The hypothesis implies that
oliminf; o (F(j +1,7))" (Be(p)) C oliminf; oo (F(j + i +1,) " (Be(p))

and so Qf{’ ) is the union of nested connected open sets, and is therefore connected.

Clearly QY C QZ{”;],}. For the other direction, note that there is an I € N such that ¢ >

{F}
(sup{r;})'e. Thus

FioFi10---0 Fz‘+l—1(Be<p)) - Be’(p)

for each i € N. Hence(F; o Fj 1 0---0 F;y; 1) ' (Ba(p)) 2 Be(p) for each i € N. It follows that

Qpe o QP

iy 2 Yy —

We now prove Theorem 7.

Proof. Without loss of generality assume p = 0.

Using the hypothesis and Lemma 1, we see

-~ -~ _ _ 1 Sup;17i
74y all = 4 B =D )G < 61 Al < 6 5ol < o e
J

on B/ (0) for some small ¢ > 0.

Thus by shrinking €, allowed by the above lemma, we can without loss of generality assume that

1F5 Aj = 2|| < Dej|=|I*

on B.(0) where D := [ﬁﬁ%gl}}]]z < 0.

Define biholomorphic mappings ®; : U;y; — C" by ®; = Aj_1 ARy - Fyand U5 0 C1 -
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Ujt1 by ¥; = Fj_1 e FflAl .-+ Aj. (Note that ¥; is everywhere defined since U; = C".) We
show that there is a subsequence of ®; that converges on Q?’;j} and diverges on
U, liminf;(F} o Fy 0 --- o F;)7}H(C™ \ B%(O)). We also show that there is a subsequence of

W that converges on C".

First we show ®; is uniformly bounded on B,(0). We write A;'F; = 2 + fi(2) where || fi(2)|| <

ci||z||? on B.(0). Then
(I)jzAj_l---Al_lFl---P}
:Aj_l...Agl(]I+f1)F2...F’j
:A]-_l---A2_1F2---Fj—i—Aj_l---AQ_lleg---Fj
7j—1
i=1

Thus for z € B.(0),

7j—1
125 < M2l + 1+ D NAT - AL fiFi - B
i=1

2 2
1
Setoll2l+ Y (=) (D)
i1 Si+1 Sj

r2 r2
) (DI
+1 S

J

j—1
=e+(c;+ Y il
=1

S

< M for some M > 0.

Next we show ®; is locally uniformly bounded on Q({)}?j}. Let K C Q({];j} be a compact. By

compactness there is an [ € N such that K C oliminf; o (F (i + [,7 + 1))~ (B.(0)). Thus, for j
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sufficiently large we have

1951 ()l = [147 - A

J+L - J+1
1 1 —-1 -1
— o —— = sup [|A;N AR Fy(w)]

Sj+1 Sj+1  weB(0)

(A7t ATYFL - By Figy - Fia(2)]|

< — e —M

Sj+l - Sj+1
1 l
< M

This shows that ®; is locally uniformly bounded on Q?}?j}. Therefore by Montel’s Theorem there

is a subsequence ;) that converges uniformly on compacta on Q?}?j}.

Define d; = Dcj. Choose o« > 0 such that /o < ¢ and /o < ¢ and
[1 + sup(di + Zf;ll dl(i) e (g))]a < y/a. We show ¥; is uniformly bounded on B, (0).

Si+1

We write F, ™ A; = z + fi(z) where || f;(2)|| < di]|z||? on B(0). Then

q;j:Ffl...Fl—lAl...Aj
=F RN FTTAD A, - A,
=F' FytAy - AJH,

= H,---HyH,
where H; = (Ajq - A;) 7L (F7 A (Aiyy - -+ Aj). Now notice

Hi(2)[] = 2+ (A - A7) 7 i A A))|
2

r? r
< [zl + di( ) - (

“11211? on B.(0).
) () on B0
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So for z € B,(0),

1W5(2)[] = [IH; - - Ha(2)]]

r2 r?
SSup||Hj"'H2((a+dl(i)"'(ﬁ)a)Bl(O))||
J
r2 7'2 r2 7’2,
<sup||H;- - H3((a+di(-2) - (L)a + da(2) - - - (L)) B1(0))]] by our choice of
S9 Sj S3 Sj
g
<M+di+ Y d(—2H) - (D)
1+ 3o (D)

<+Va <.

Next we show U, is locally uniformly bounded on C". Let K’ C C" be a compact. By compact-
ness, there exists an ' € N such that (sup;{r;})* K’ C B,(0). Thus, we have for z € K’,
Vs (| = [ Ey - FRy (F e FU A A A+ A (2]
< sup HF;;_ll/ T Fj_Jrll(Fj_l UM AL--- Ap)(Ba(0))]

< sup||F};

v Fii(Bs(0)]] < By

This shows ¥; is locally uniformly bounded on C". Therefore by Montel’s Theorem there is a

subsequence W ;) that converges uniformly on compacta on C".

Of course, ®;j(;)) converges uniformly on compacta on Q({]}ij}. Let F'B denote the connected

component containing 0 of the largest open set where @ (;/(;)) converges uniformly on compacta.
Obviously, C" is the largest open set on which W;(;/(;»)) converges uniformly on compacta. By
Dixon and Esterle [4] Theorem 5.2, it follows that F'B is biholomorphic to C" and that F'B C

lim sup, U; .

If each U; is Runge, then applying Lemma 8 to W (;/(;»), we conclude that F'B is Runge.
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We have shown that Q?}ij} - FB. It remains to show that
FB C limsupU; \ U2, liminf;(F} o Fy 0 -+- o F;)~HC™ \ B1(0)). It suffices to show that
®;(jr(jy) diverges on U2 liminf,;(Fy o Fy 0 --- o [5)71(C™\ B1(0). If z € U2, liminf;(F o
Fyo-- 0 13)71(C"\ B1(0)), then z € liminf;(Fy o Fy 0 -+ 0 15)7(C" \ B1(0)) for some k; so

for large j, [|®;(2)[| = [|A; % - AT P Fy(2)]] = () - () —joee 00 B

Because the reverse semi-basin of attraction is defined in terms of oliminf, it is possible that there
are points that are in the “basin” infinitely often, but not eventually. In order to specify the semi-
basin of attraction as much as possible, and include some points that are infinitely often in the
“basin” we introduce the following notion:

Definition 8. Let U; C C" (i € N) be connected open sets with B.(p) C U, for each i € N and let
F; : Uiy1 — U, be biholomorphic mappings. Let {n;} be a strictly increasing sequence of positive

integers. We define the reverse semi-basin of attraction for a ball B.(p) with respect to {n;} to be

{nj}Qj{D’;j} = oliminf; F’jl(Be(p)) U oliminf;_, .o (F,,—1 0 F,,) " (Be(p)) U - - -

—o00Tn

= UZgoliminf; o (F(n;,n; — i)~ (Be(p))
where F(nj,n; —i) = F, joF, ;10---0F,.
Note we use the convention that F} is the identity when j < 0.
The lemma below is a mild generalization of Lemma 10 with a near identical proof.
Lemma 11. Ler U; C C" (i € N) be connected open sets with B.(p) C U, for each i € N and let

F; : Uiy1 — U, be biholomorphic mappings. Let {n;} be a strictly increasing sequence of positive

integers. Suppose 0 < r; < 1 and € > 0 such that sup,{r;} < 1 and ||F;(z) — p|| < r;||z — pl|

on B.(p). Then {nj}Q@?j} is a nonempty connected open set and (,, ,S)Y By = {nj}Qj{D’;;} for each

€ € (0,¢).
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Theorem 8. Let U; C C" (i € N) be connected open sets with B.(p) C U, for each i € N and
let F; : Uiy1 — U; be biholomorphic mappings. Let Uy = C". Let {n;} be a strictly increasing

sequence of positive integers. Suppose that there are 0 < s; < r; <1, ¢; > 0, and € > 0 such that
sjllz = pll < [|F;(2) — pl| < rjllz = pl| on Be(p) for all j € N

and
||AJ_1(FJ(Z) —p) — (2 = p)|| < ¢llz — pl|* on B(p) forall j € N.

7".2 s
). () < oo, Further

Si4+1 Sk

Also assume sup;{r;} < 1, inf{s;} > 0, and sup;,(cx + 321 ¢i(

suppose there exists 6 > 0 such that for each k € N, there is a By, < oo such that

sup [|[Fto-eo B ) (2)]] < By
Ze'g?\l(p)

Then there exists a domain F'B that is biholomorphic to C" such that

{nj}Q%{’;j} CFBC limisup Un, \ Upey limiinf(Fl oFyo---0F,) H(C"\ B1(p))-

Additionally, if each U; is Runge, we may arrange that domain F' B is Runge.

Proof. The proof is analogous to the one above, replacing V; by ¥,,. and ®; by ®,, .. [

Corollary 4. Let U; C C" (i € N) be connected open sets with B.(p) C U; for each i € N and
let F; : U1 — U, be biholomorphic mappings. Let Uy = C" and {n;} be a strictly increasing
sequence of positive integers. Assume 0 < s < r < 1 withr* < s, and ¢ > 0 such that
s||z —pl|| < ||F;(2) —pl|| < r||z —pl|| on B.(p) for all j € N. Also suppose there exists 6 > 0 such

that for each k € N, there is a By, < oo such that

sup |[Fto--o Bt (2)]| < By (3.2)
Zeilf\l(p)
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Then there exists a domain F'B that is biholomorphic to C" such that

{n]-}Q%j} CFBC limisup Un, \ U2, limiinf(Fl oFyo---0F,) HC"\ B%(p)).

Additionally, if each U; is Runge, we may arrange that domain F' B is Runge.

Proof. Apply Lemma 2 to Theorem 8. ]

Theorem 9. For each Runge Fatou—Bieberbach domain ), there exist Runge Fatou—Bieberbach

domains €2, s, Q3,Qy, ... C C" such that 0y 2 Qs D - -+ and Q) C N;$2;.

Proof. Let €)1 be a Runge Fatou-Bieberbach domain in C". Let p € 2;. Without loss of generality
assume p = 0. There exists € > 0 such that B.(0) C ;. Let § > 0 be small enough so that
(3 +0)* < (3 — &). Now since )y is Runge, there exists a biholomorphic map f : €; — C" such
that

G~ Dl <7 < (5 + )l

on B,(0). [To see this, notice that since 2; is Runge, there exists a biholomorphic map ¢ : ; —
C” such that ¢ is close to the identity map id on B.(0), and without loss of generality ¢(0) = 0.
(See for instance the proof of Wold [1] Lemma 4.) Let f := %gzﬁ.] For each i € N, let €; :=

flo-- o f7HCM). Clearly, each , is Runge. Notice by construction that Q; D 2, D Q3 D - - -.
—_—

Now let F; = f|q, and n; = ¢ for each i € N. Note that (3.2) from Corollary 4 is satisfied since for
fixed &, Fjjrlk 0---0 Fjjrll (B(0)) is the same for every j. Now apply Corollary 4. By construction,
Conjecture 3. For each non-Runge Fatou—Bieberbach domain (), there exist non-Runge Fatou—

Bieberbach domains €)3,()3,... C C" and a Fatou—Bieberbach domain () such that {1 2 s D
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Conjecture 4. Suppose 21 O s D Q3 D - -+ are (non-Runge) Fatou—Bieberbach domains such

that B.(p) C N8, for some p € C" and € > 0. Then int(N;$);) is a Fatou—Bieberbach domain.
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4. CONCLUSION

In conclusion, we have demonstrated the importance of the Runge property in a number of results.
We have shown that given a Runge Fatou—Bieberbach domain there exists one strictly larger such
that infinitely many points can be prescribed to be included in the domain. We have given a precise
convergence result for composition of maps on the right-hand side. We have generalized Wold
[1] Theorem 4. And we have given a new type of contruction for Fatou—Bieberbach domains and
demonstrated its usefulness. And we hope that the conjectures provided herein will inspire future

research.
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