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ABSTRACT

The effectiveness of patent system design has been studied for decades from both

microeconomic and macroeconomic perspectives. The existing literature demon-

strates that innovations provide product diversity, supporting the view that special-

ization leads to increasing returns. Moreover, innovators are often rewarded patent

rights to recover the cost of innovation. The monopolistic power provided by patents,

on the other hand, can result in deadweight loss, hurting social welfare. Traditional

studies on designing effective paten systems have investigated the effect of human

capital on growth-assuming infinite patents. This thesis, however, investigates two

issues: how various factors influence the optimization of patent policy, under which

the mechanism designer controls the expected length of patent to guarantee maxi-

mization of social welfare; and how the incumbent patentee reacts to the new entrant

in the market according to existing patent policies.

In this thesis, we first analyze the environment in which innovators can engage

in research that produces technological improvements. Each invention represents a

new type of intermediate input. The social planner faces a tradeoff between the

needs of encouraging the innovators, and the fact that the monopolistically compet-

itive equilibrium provides less intermediate inputs. In this study, we find that the

optimal patent policy is a two-stage arrangement. To counteract the slower tech-

nological growth resulting from monopolistic power, the social planner first grants

no monopolistic power to the innovators. Then, after the critical time point when

the resource in the economy becomes rich, the social planner grants the innovators

infinite protection.

From the view of market participants, we evaluate a patent-holding incumbent’s
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incentives to litigate, settle with, and accommodate a new market entrant. Patent

protection is uncertain and is characterized by patentability standards and patent

breadth determined during litigation. While litigation has the benefit of blocking

an infringing product, it carries a risk of patent invalidation. As a result, the in-

cumbent accommodates large improvements. Improving the incumbent’s market

position strengthens his litigation incentives, but it can also benefit the entrant since

a stronger incumbent mitigates market competition from non-patented product.
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1. INTRODUCTION

Isaac Newton, one of the most influential scientists, said, ”If I have seen further,

it is by standing on the shoulders of giants.” New ideas or more effective devices

and processes are not created in a vacuum but are built sequentially and cumula-

tively upon prior arts. Innovation is one of the most important driving forces of

economic growth. In the process of innovating activity, the cost to innovate needs

to be recovered and the rights of the innovators need to be safeguarded. Therefore,

methods are needed to reward the innovators and to incentivize R&D efforts. The

patent is currently one of the most popular methods in most legislation. By granting

a patent, policy makers allow the patent holders to use monopolistic power which

provides patent holders with positive profit as well as causing certain welfare loss.

This dissertation consists of two sections that observe both macro and micro ways

to study the patent system, each providing contributions to the field. One section

searches for an optimal patent policy from the angle of the social planner. The sec-

ond section studies the market participants? reaction to each other and to certain

patent policies.

This first essay focuses on the role of technological change in economic growth.

The existing literature has shown that the accumulation of knowledge is associated

with a positive externality. However, previous literature (e.g. Romer (1987)) about

the technology’s role in economic growth typically operates under an infinite-living

assumption for the patent.Thus, it is worth investigating whether the infinite-living

patent is optimal for social welfare, and if not, what is the optimal policy design?

Ethier (1982) suggests reinterpreting the utility function used by Dixit and Stiglitz

(1977) to capture a preference for variety as instead a production function. This
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paper studies the optimal patent policy under Romer (1987)’s endogenous growth

model, where productivity growth comes from the fact that innovators develop an

ever-increasing number of intermediate inputs. The main difference between this

study and Romer’s is that Romer assumes an infinite-living patent as an efficient

option. This paper, on the other hand, attempts to find an optimal patent policy

that is not necessarily infinite.

The reward to innovators takes the form of stochastic patent rights. That is,

innovators become monopoly sellers of their innovations only if they win a patent

lottery. The government chooses the winning probability of the lottery, which may

vary over time. In this case, the optimal patent policy is a step function: the

winning probability of the patent lottery is initially zero, and becomes one after a

certain threshold. This policy is a consequence of the protection strength increasing

consumption growth while, at the same time, decreasing technological growth by

reducing total output. If there is no resource constraint, the social planner sets the

winning probability to one in order to maximize the social welfare, which is measured

by the discounted utility of consumption. However, the social resource is limited.

Thus, in order to boost the economy, the social planner chooses to set the winning

probability to zero at first. When the economy reaches the critical time point, the

resource becomes rich enough to provide the highest level of consumption without

discouraging innovation. Therefore, the first section of this dissertation provides

evidence that the prevalent fixed-length patent protection is suboptimal and not the

most advisable of policy to utilize in practice.

The second essay contributes to the literature about the game between market

participants and how patent policy affects market outcomes and innovating incen-

tives. We model an infinite game between patent holding incumbent and newly

coming entrant, and study thincumbent’s incentive to litigate, settle with and ac-
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commodate the entrant, as well as the impact of the patent policy. Our first contri-

bution is that we study sequential innovation rather than pure imitation. Innovations

are often sequential in their nature, because each subsequent innovation is usually

built upon existing technology and makes improvement over them. However, once

disseminated, the new technology becomes a public good where others can use it

without incurring any additional costs. Also, due to innovation’s sequential nature,

there is a possibility for overlapping intellectual property rights and thus patent dis-

pute. This paper also contributes to the field by modeling stochastic measurements

of the strength of patent protection. This model is critical since there is a great deal

of uncertainty surrounding the legal process due to many subjective and objective

reasons, such as the knowledge level of the court and how it favors the patent holder.

In equilibrium, the incumbent takes into account the uncertainty of the litigation

outcome and the size of the entrant’s improvement when he/she chooses to litigate,

accommodate or settle with the entrant. We find that the incumbent accommo-

dates large improvements, which are both less likely to be infringing and less profit

eroding for the incumbent. Litigation occurs for incremental improvements since the

innovator is stochastically more likely to win in court and such innovations are in

closer competition with the incumbent’s product. Lastly, settlement takes place for

moderate improvements, which are sufficiently differentiated from the incumbent’s

product, but whose litigation is still preferred to accommodation. Interestingly, we

find that the entrant’s innovation incentives may be increasing in the incumbent’s

product quality and thus more significant innovations may encourage higher future

investment in R&D. An important implication of the entrant’s benefit from facing

a stronger incumbent is that the entrant’s innovation incentives may be higher if

the current leading product on the market is protected by a patent. This observa-

tion is in stark contrast to the existing literature on cumulative innovation (see e.g.
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Duchêne and Serfes (2012)), which argues that patent protection discourages future

innovations due to the threat of litigation. While this effect presents in our model as

well, we show that the market competition effect may dominate the litigation effect

when the incumbent is sufficiently small.

This dissertation investigates an optimal design of patent policy to maximize

social welfare and the strategies of the market participants under certain protection

strength. We found that the infinite-living patent is not an optimal design and newly

comer into the market might benefit from a stronger patent holding incumbent.
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2. OPTIMAL PATENT DESIGN

2.1 Introduction

It is well known that economic growth hinges on technological progress. To

enhance technological progress, many countries rely on patents to reward innovators:

during the patent period, innovators are granted sole rights to market and profit from

their innovations. When patent duration is too short, it may not provide enough

incentives to innovators; when patent duration is too long, the dead-weight loss

associated with monopoly rights would significantly reduce social welfare. In this

paper, we study the important policy question of exactly how to design an efficient

patent system. We show that the optimal patent is not stationary: later innovators

should receive more patent rights than earlier innovators.

Our paper is built on Romer (1987), Dixit and Stiglitz (1977), and Ethier (1982),

in which the final good is produced from a continuum of intermediate inputs. Be-

cause the aggregate productivity increases with the varieties of intermediate inputs,

innovating more types of intermediate inputs leads to higher productivity and eco-

nomic growth. In Romer (1987), each innovator is granted a permanent patent after

developing a new type of intermediate input. In contrast, the patent system in our

model is endogenous: the government uses a lottery to determine which innovators

have patent rights. For simplicity, we assume that in each period all innovators have

the same probability of winning the lottery, but we allow the winning probability to

vary over time. This probabilistic view of patent comes from the concept of weak

patent introduced by Shapiro (2003).

We show that the optimal patent system is a step function: the winning prob-

ability of the patent-rights lottery is initially zero, and becomes one after a certain
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threshold. This implies that late innovators receive permanent patent rights, but

early innovators do not. The intuition for this result is as follows. Consider a patent

system with constant winning probabilities. If we reduce the winning probability

at time zero, this lower probability has two effects: the first effect reduces house-

holds’ consumption in the second period, through the Euler equation in households’

utility maximization problem; the second effect increases total resource, because less

monopoly rights at time zero reduces dead-weight loss and increases output. The

second effect always dominates the first effect before the economy has accumulated

enough resource to implement permanent patents. Therefore, in the optimal system,

the winning probability is set to zero until a very high level of resource is reached.

The methodology in this essay is conjecture and verify. The conjecture does not

come from air. Firstly, we find out that when the state variable is not in the conner,

smaller winning probability improves social welfare. A natural guess is that winning

probability is zero at least for the very beginning. Then we verify that this designed

policy is indeed optimal.

There are many existing literature discusses how research improves economic

growth. Romer (1986) shows an endogeneous growth model where the accumulation

of capital (or knowledge) relates to the availability of technology. Romer (1987)

constructs a model where agent in the economy can choose whether to engage in

innovation that provides technological improvements. Each innovation stands for

a technology for producing a new type of intermediate input that can be used to

produce final goods without affecting the marginal product of existing intermediate

inputs. The expansion of the range of intermediate inputs enables the economy to

obtain growth. The individuals will expend resources on developing research only

if they are granted monopolistic power, say, the patent. Romer has assumed an

infinite-living patent to solve for a monopolistically competitive equilibrium. Patent
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and the associated market power are necessary for the development of research in

a decentralized equilibrium. However, the efficiency in the economy requires the

price equals the marginal cost. Therefore, the patent system is actually hurting the

economic efficiency. Because it generate a lower supply of intermediate input and

growth rate than social optimal.

Many works have focused on how to design an optimal patent. Most of them

discuss rewarding accumulative works. In spirit of Green and Scotchmer (1995),

Scotchmer (1996), O’Donoghue et al.(1998), O’Donoghue (1998), and Hopenhay et

al. (2006), Mitchell and Zhang (2015) has shown a optimal patent policy where

there exists shared rights, which means both the prior innovator and later ones can

benefit from the innovation at the same time. Hopenhayn and Mitchell (2012) has

described another possibility. In the duopoly economy, one competitor is almost

promised every thing and eventually monopolies forever. Our model start from a

different angle of view: the innovations are not built on prior art. They don’t directly

compete in the market or for the market. Every innovation is just an intermediate

input which is used to produce final goods. And we assume the final good market is

perfectly competitive. Therefore, every innovator is treated equally, no matter what

intermediate input they provide. The social planner only cares about how many of

them hold patent but not who of them does.

The reminder of the paper is organized as follows. Section 2.2 describes the model

under the setting of discrete time horizon for the sake of simplicity of description.

Section 2.3 lays out the model under continuous time. Section 2.4 describes the

stationary patent design problem. Section 2.5 finds a recursive formulation of the

patent design problem. Section 2.6 derives the optimal policy. Section 2.7 concludes.
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2.2 Base model

We firstly consider the following dynamic economy in discrete time, then we’ll

extend it to continuous time in next section. There is a unit measure of identical

households with preferences

∞∑
t=0

βtln(ct)

where ct is the household’s consumption at time t and β ∈ (0, 1) is the discount rate.

Each household supplies L units of labor inelastically.

There are also a large number of firms each of whom develops one unit of in-

novation, which is the driven force of the technological improvements. We use the

concepts of range and quantity of ”intermediate input” to stand for the level and

improvement of the technology in this economy. At time t, the continuous range of

intermediate input i ∈ [0, At] equals the total number of firms in the market at t.

For input i, the quantity is Zt(i). The range of the input can be augmented for the

production function of next period at a constant marginal cost κ.

The production function in the economy is F (L,At, Zt(i)) = L1−α ∫ At
0
Zt(i)

αdi,

α ∈ [0, 1]. Therefore, the improvement of technology can be caused by both the

extension of the range and enlargement of the quantity.

We seek for an optimal patent policy in this economy. At time t, the social planner

observes current range of intermediate input At and consumption ct, thus the ratio

between them λt, then announces a winning probabilityPrt and draws a lottery

among all innovators according to this rate to determine which ones in the market

will keep their patent and which ones will lose it. Firms calculate their expected

profit πet according to this announced winning probability: πet =
∑∞

t=0 β
tπt ∗ Prt,
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where πt is the profit earned by the firm at time t. The firms who are going to

keep their patent will still earn their monopolistic profit while others will earn zero

as a perfectly competitive firm. For the new firms, if and only if the calculated

expected profit exceeds the cost to enter the next moment, κ, they would like to

enter the market and develop their innovation. Which means, if and only if πet ≥ κ,

the innovators will enter the market.

2.2.1 Monopolistic competition outcome

In this study, in order to concentrate on investigating the social planner’s strategy,

we assume the final-good sector is perfectly competitive:

Assumption 1 The final-good sector is perfectly competitive.

Thus, a competitive outcome prescribes that each element of input is paid its marginal

product, ωt is the wage rate at time t and pt(i) is the price of intermediate input i

in terms the final good. We have

ωt = (1− α)L−α
∫ At

0

Zt(i)
αdi

pt(i) = αL1−αZt(i)
α−1

The profit at time t is

πt(i) = (pt(i)− 1)Zt(i) (2.1)

where the cost of supplying one unit of input is one unit of output, that is, the cost

is 1.

More specific, we use pat (i) to denote the monopoly price, which is claimed by the

patent holding firms, pdt (i) to denote the price claimed by other firms; we use Za
t (i)

to denote the quantity of intermediate inputs produce by patent holding firms, Zd
t (i)

to denote that of other firms. To maximize the profit, the monopoly firms will set
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the price pat (i) as a markup above the marginal cost, 1, and the markup is inversely

related to the absolute value of the demand elasticity of input i, |εt(i)|:

pat (i) =
1

1 + εt(i)−1

εt(i) = [
∂pat (i)

∂Za
t (i)

Za
t (i)

pat (i)
]−1 < −1

Because the marginal cost, 1, and the elasticity are both constant, the monopoly

price and the quantity are time-invariant and type-invariant:

pat (i) =
1

α

Za
t (i) = α

2
1−α ∗ L

and for the competitive firms,

pdt (i) = 1,

Zd
t (i) = α

1
1−α ∗ L

The profit flow in this economy is

πat (i) = (1− α)α
α+1
1−α ∗ L ≡ Ωa

πdt (i) = 0

Now we can see that the profit for both patent holding firms and other firms are all

time-invariant and range-invariant.
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2.2.2 Promise of the social planner

The social planner has to keep his promise to all of the innovators to safeguard

their expected profit. After the social planner announces the winning probability

for the patent lottery, the interest rate is pinned down then all consumers would

determine the amount of consumption for following moment. We use a standard

way as in Romer (1987) to characterize the social marginal rate of inter-temporal

substitution. The equilibrium interest rate Rt satisfies

βRt =
u′(ct)

u′(ct+1)
=
ct+1

ct
(2.2)

The social planner must keep his promise on the expected profit. Therefore, the

promise-keeping constraint (PK) is:

πet = PrtΩ
a +

πet+1

Rt

(2.3)

where Prt ∈ [0, 1] is the probability to be a monopolist at time t. Equation 2.3

explains inter-temporal relation between πet and πet+1. At time t, the expected profit

equals expected profit for time t plus discounted profit for future.

2.2.3 Resource

In this economy, the intermediate inputs are not only used to provide consump-

tion, but also to produce new type of intermediate goods. One unit of intermediate

input can be produced from one unit of output. To produce the intermediate in-

put for time t + 1,
∫ At

0
Zt(i)di should be used. Also, to extend the range of input,

(At+1 − At)κ is needed at time t.
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The resource constraint in this economy is

ct +

∫ At

0

Zt(i)di+ (At+1 − At)κ = L1−α
∫ At

0

Zt(i)
αdi (2.4)

The left-hand side of equation (2.4), in order, are consumption, intermediate input

used to produce intermediate input for time t+ 1, and input to do innovation. The

right-hand side of equation (2.4) is total production in this economy during time t

to t + 1. Now we are able to rearrange the resource constraint since the quantities

for both active firms and other firms are all time-invariant and range-invariant:

ct = Lα
α

1−αAt[Prtα
α

1−α + (1−Prt)]−Lα
1

1−αAt[Prtα
1

1−α + (1−Prt)]− (At+1−At)κ.

(2.5)

For simplicity, we standardize the labor to 1 and merge the constant in equation

(2.5). After rearrangement, we can easily see that the total of consumption and

innovation expense equals the linear combination of At, which stands for production

in this economy.

ct + (At − At−1)κ = PrtO1At + (1− Prt)O2At, (2.6)

where

O1 = α
2α

1−α − α
2

1−α ,

O2 = α
α

1−α − α
1

1−α .

It is easy to verify that O1 < O2.

Lemma 1. Ωa < O1 < O2.
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This lemma is important for our future discussion: in section 2.2.4, we will in-

vestigate the relationship between the policy Prt and the state for next period λt+1.

We need the lemma above to figure out that λt+1 is increasing in Prt, which means

the consumption is increasing in the patent protect policy. This is significant for

our analysis, since if there’s no resource constraint, we can see that the optimal pol-

icy to maximize the consumption is Prt = 1. However, we certainly have resource

constrain, therefore we need to design an optimal patent policy.

2.2.4 Bellman equation

As we mentioned, at time t, the social planner observes current range of inter-

mediate input and consumption then makes his announcement. Therefore, the state

variable is λt = ct
At−1

and the control variable is Prt. We have

At =
At−1κ− ct

κ− (PrtO1 + (1− Prt)O2)
=

κ− λt
κ− (PrtO1 + (1− Prt)O2)

At−1,

ct+1 =
κβct

κ− PrtΩa
=

κβλt
κ− PrtΩa

At−1.

As we discussed in Lemma (1), O1 < O2, thus we have At decreases in Prt because

more protection reduces the total output, and hence reduces the resource available for

innovation. On the other hand, ct+1 increases in Prt, which means more protection

allows more consumption. Combine above two equations, we have

λt+1 =
ct+1

At
=

κβλt
κ− λt

κ− (PrtO1 + (1− Prt)O2)

κ− PrtΩa
(2.7)

As we showed in Lemma (1), Ωa < O1 < O2, from equation (2.13) we can see λt+1

increases in Prt.

Giving the recourse constraint we derived in equation (2.13), we have the Bellman
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equation:

W (λt) = max
Prt

ln(λt) + βW (λt+1) +
β

1− β
ln(

κ− λt
κ− (PrtO1 + (1− Prt)O2)

)

s.t. λt+1 =
κβλt
κ− λt

κ− (PrtO1 + (1− Prt)O2)

κ− PrtΩa
.

Since Prt ∈ [0, 1], the state variable λt has an upper bound λ̄ = (1−β)κ+βO2. And

there is a lower bound λ = κ(1− β κ−O1

κ−Ωa
), below which the solution is closed form.

2.3 Continuous time

From this section on, we focus on continuous time horizon. Therefore, we need

to transform everything in discrete time model to continuous time. We begin with

the discount factor

β = e−rdt. (2.8)

Therefore, we can just write out the utility of consumption

∫ ∞
0

e−rt ln(ct)dt,

and from equation (2.2) and equation (2.8), the equilibrium interest rate Rt satisfies

e−rdtRt =
u′(ct)

u′(ct+dt)
=
ct+dt
ct

. (2.9)

Also, from equation (2.3) and equation (2.8), the social planner’s promise-keeping

constraint (PK) becomes

πet = PrtΩ
adt+

πet+dt
Rt

. (2.10)
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Moreover, during time period dt, the resource flow in this economy becomes

ctdt+ (At − At−dt)κ = (PrtO1At + (1− Prt)O2At)dt, (2.11)

and the firms’ expected profit under continuous time is

πet =

∫ ∞
0

e−rtπtPrtdt. (2.12)

Similarly as in discrete case, λt = ct
At−dt

, therefore we have

At =
At−dtκ− ctdt

κ− (PrtO1 + (1− Prt)O2)dt
=

κ− λtdt
κ− (PrtO1 + (1− Prt)O2)dt

At−dt,

ct+dt =
e−rdtκct

κ− PrtΩadt
=

e−rdtκλt
κ− PrtΩadt

At−dt.

Thus,

λt+dt =
ct+dt
At

=
e−rdtκλt
κ− λtdt

κ− (PrtO1 + (1− Prt)O2)dt

κ− PrtΩadt
. (2.13)

A rational innovator would not produce anything if the expected profit is less than

the cost. Then the social planner would set the expected profit just equal the cost:

κ = πe. Consider both the inter-temporal substitution condition (equation (2.2))

and promise keeping constraint (equation (2.3)), we have

κ = PrtΩ
adt+ κe−rdt

ct
ct+dt

.

Then we can derive the law of motion for ct:

ċt = (
PrtΩ

a

κ
− r)ct, (2.14)
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and from the resource constraint ctdt+ (At −At−dt)κ = (PrtO1 + (1− Prt)O2)Atdt,

we can derive the law of motion for At:

Ȧt =
(PrtO1 + (1− Prt)O2)At − ct

κ
. (2.15)

2.4 Stationary policy

If Prt ≡ Pr is time invariant, then the patent policy is a stationary policy. Most

legislations in current world are using a fixed patent term, which is equivalent to a

stationary policy. In this section we characterize the stationary policy and solve for

the optimal stationary patent policy. Under this environment, c0 must be set at a

level so that ct and At grows at the same rate, which means λ remains at the same

level, otherwise the plan is either infeasible or suboptimal.

Because λ = c
A

, we get the motion of λt

λ̇t =
ċA− cȦ
A2

=
(PrΩ

a

κ
− r)c
A

− PrO1 + (1− Pr)O2 − λt
κ

λt

=

(
PrΩa

κ
− r − PrO1 + (1− Pr)O2 − λt

κ

)
λt

When λ remains the same, the system is

λ̇t =

(
PrΩa

κ
− r − PrO1 + (1− Pr)O2 − λt

κ

)
λt = 0,

which implies

λt = (PrO1 + (1− Pr)O2)− PrΩa + rκ, ∀t, (2.16)

16



or

Pr(λ) =
O2 + rκ− λ

Ωa +O2 −O1

. (2.17)

Note that Pr(λ̄) = 0 and Pr(λ) = 1.

The social planner’s objective is to maximize the utility from consumption,

∫ ∞
0

e−rt ln(ct)dt =
ln(c0)

r
+

PrΩa

κ
− r

r2

=
1

r

(
ln(c0) +

PrΩa

κr

)
− 1

r

=
1

r

(
ln((PrO1 + (1− Pr)O2)− PrΩa + rκ) +

PrtΩ
a

κr

)
− 1

r
.

We can write down the stationary value function V s(A0, λ) as

V s(A0, λ) =
ln(c0)

r
+

PrtΩa

κ
− r

r2

=
ln(A0λ)

r
+

Ωa(O2+rκ−λ)
κ(Ωa+O2−O1)

− r
r2

.

The first term can be interpreted as the level effect of λ, while the second term can

be interpreted as the slope effect of λ.

2.4.1 The optimal stationary policy

Among all the stationary policies, we would like to pick the best one and compare

it to our designed optimal policy in the future. If we can show the best stationary

policy is sub-optimal, then any stationary is not as good as our designed policy. The

first-order condition for Pr is

Ωa +O2 −O1

(PrO1 + (1− Pr)O2)− PrΩa + rκ
=

Ωa

κr
,

17



or

O2 −O1

Ωa
=

(PrO1 + (1− Pr)O2)− PrΩa

κr
,

or

Pr =
ΩaO2 − (O2 −O1)κr

Ωa(Ω +O2 −O1)
. (2.18)

Note that if the above formula implies Pr /∈ [0, 1], then the optimal solution is at

the corner.

2.5 Recursive formulation of the general problem

In this section, we lay out the general problem and explain the intuition which

is the base of our guess of optimal policy. For the sake of readability, we repeat the

law of motion of ct and At here:

ċt = (
PrtΩ

κ
− r)ct

In the above condition, protection probability Prt increases consumption growth.

When Prt is higher, interest rate must be higher to maintain the promise-keeping

constraint. The private sector responds to this higher interest rate with higher con-

sumption growth.

Ȧt =
(PrtO1 + (1− Prt)O2)At − ct

κ
.

In the above condition, protection probability Prt decreases technology growth. This

is because more protection reduces total output (as more monopolistic firms cause

more deadweight loss), and less output leaves less resource for innovation of technol-
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ogy.

We derived the motion of λ in section 2.4, λ̇t =
(
PrtΩ
κ
− r − PrtO1+(1−Prt)O2−λt

κ

)
λt.

Using similar scheme, if Prt = 0, then λ̇t =
(
−r − O2−λt

κ

)
λt = 0 implies λ̄ = κr+O2;

if Prt = 1, then λ̇t =
(

Ω
κ
− r − O1−λt

κ

)
λt = 0 implies λ = κr +O1 − Ω.

In the absence of resource constraint, the policy Prt ≡ 1,∀t is optimal because it

allows for the highest consumption growth among all policies. However, this policy

is not always resource feasible. Therefore, in next subsection, we discuss the policy

under different states.

2.5.1 Intuition

At any time point t, the social planner observes At and ct, thus λt. There are

several possibilities, as we list below:

If λ ≤ λ, current economy consumes less than the consumption level implied by

the highest Pr, then the policy Prt = 1,∀t is resource feasible. Hence, Prt = 1 is

optimal.

If λ = λ̄, current economy consumes at the top level, so there is no recourse to

do innovation, then only the policy Prt = 0,∀t is resource feasible.

If λ > λ̄, there is no policy that is resource feasible.

What is the optimal policy if λ ∈ (λ, λ̄)? There are at least three options for the

planner. First, Prt is initially set at 0, then λt would decrease and eventually meet

λ. Second, Prt is initially set at 1, then λt would increase and eventually meet λ̄.

Third, Prt is set between 0 and 1 and is chosen so that λ̇t = 0, then λt is stationary,

that is λt = λ0, ∀t. In the next section, we will prove that the first option is optimal.

In this section, we attempt to offer some intuition for this result.

To get the intuition, we compare the stationary policy with its epsilon variation.

The stationary policy satisfies Prt = O2+rκ−λ
Ω+O2−O1

,∀t, while its epsilon variation satisfies
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P̃ r0 = Pr0 − ε, but is stationary after t̃, that is, λ̃t = λ̃t̃, ∀t ≥ t̃. The stationary

policy delivers utility

V s(A0, λ) = ln(A0λ) + e−rt̃V s(At̃, λ)

= ln(A0λ) + e−rt̃

(
ln(ct̃)

r
+

Ωa(O2+rκ−λ)
κ(Ω+O2−O1)

− r
r2

)
,

while its epsilon variation delivers utility

ln(A0λ) + e−rt̃V s(Ãt̃, λ̃t̃)

= ln(A0λ) + e−rt̃

 ln(c̃t̃)

r
+

Ωa(O2+rκ−λ̃t̃)
κ(Ωa+O2−O1)

− r
r2

 .

Recall that

ct̃ = c0 + (
Pr0Ωa

κ
− r)c0dt,

c̃t̃ = c0 + (
(Pr0 − ε)Ωa

κ
− r)c0dt,

λ̃t̃ = λ− Ωa +O2 −O1

κ
λεdt.

The marginal effect of ε is both on the level and on the slope. The level effect is

− 1

rct̃

Ωa

κ
ct ≈ −

Ωa

rκ
εdt,

while the slope effect is

Ωa

r2κ(Ωa +O2 −O1)

Ωa +O2 −O1

κ
λεdt =

(
Ωa

rκ
εdt

)
λ

rκ
.

Since λ ≥ λ > rκ, the slope effect dominates the level effect. Hence, welfare is
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improved when ε > 0, which happens when Pr0 is reduced. In fact, we show below

that in the optimal contract Pr0 is set to 0.

This intuition continues to hold at time t̃. By choosing Prt̃ = 0, the planner can

replace the stationary policy at t̃ with another policy that is better.

2.6 Optimal policy

We have already had our conjectured optimal policy: Pr0 = 0. In this section,

we are going to specify our conjecture and then prove that it indeed is the optimal

policy.

2.6.1 HJB equation

In the continuous time horizon, we need to drive the HJB equation first. Because

V (λt, At) = W (λt) + ln(At)
r

, we have

rV = max
Prt

ln(ct) + Vλλ̇t + VAȦt = max
Prt

ln(λtAt) + Vλλ̇t + VAȦt.

After simplification, we have

rW = max
Prt

ln(λt) +W ′(λt)λ̇t +
PrtO1 + (1− Prt)O2 − λt

rκ

= max
Prt

ln(λt) +W ′(λt)

(
PrtΩ

κ
− r − PrtO1 + (1− Prt)O2 − λt

κ

)
λt

+
PrtO1 + (1− Prt)O2 − λt

rκ
.

The first-order condition for the interior Prt is

W ′(λt)(Ω +O2 −O1)λt +
O1 −O2

r
= 0. (2.19)
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2.6.2 Conjecture

Here we only discuss the case that λ0 = λ > λ, since the optimal policy in other

cases are straight-forward. We conjecture that the optimal Prt is a step function:

for some T > 0,

Prt

 = 0, if t < T,

= 1, if t ≥ T,
(2.20)

where T is the time when λt reaches λ, i.e., T satisfies λT = λ. The next lemma

defines T as a function of λ0 = λ.

Lemma 2. T satisfies

T (λ) =
ln
(

λ
rκ+O2−λ

)
− ln

(
λ

rκ+O2−λ

)
r + O2

κ

. (2.21)

When λ = λ0, T (λ0) =
ln
(

λ0
rκ+O2−λ0

)
−ln

(
λ

rκ+O2−λ

)
r+

O2
κ

. Now we can see that the optimal

policy is pinned down at time 0, since T is a function of λ0. Therefore, at time 0,

the social planner observes the state A0 and determines the consumption c0 so that

ct grows according to it’s law of motion and eventually At and ct can grow at the

same pace. Then the social planner decides the ”critical point” T , before which the

winning probability for the patent lottery equals 0. After T , the winning probability

begins to equal 1 until forever.

Under the conjectured policy, the consumption path satisfies

ct =

 λ0e
−rt, if t ≤ T (λ0);

λ0e
−rT e( Ωa

κ
−r)(t−T ), if t > T (λ0).

(2.22)
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The lemma below computes the discounted utility derived from the consumption

path in equation(2.22).

Lemma 3. The value function is

W (λ) =
ln(λ)

r
− 1

r
+ e−rT (λ) Ωa

κ

1

r2
.

We already have the conjectured optimal policy in equation (2.20). Then having

this lemma allows us to verify that the conjectured policy is indeed optimal: Lemma

3 gives out the value function which is only a function of λ. Then we are able to

obtain some properties of W (λ) Moreover, we have the first-order condition for the

interior Prt in equation (2.19). Thus, given conjectured Prt, it is easy for us to verify

if it satisfies the first-order condition when it’s in inferior region.

2.6.3 Verification

In this section, we will verify that the conjectured policy is indeed optimal. The

lemma below shows some properties of W ′(λ)λ.

Lemma 4. W ′(λ)λ has following properties:

(i) W ′(λ)λ = O2−O1

r(O2−O1+Ω)
;

(ii) W ′(λ)λ is decreasing in λ.

Having established the properties of λW ′(λ), we can prove that the conjectured

policy is optimal.

Proposition 1. The conjectured Prt is indeed optimal.

This proposition shows that when t < T , λ > λ, the first order condition shows

the solution is at the corner, so the optimal policy is to set the winning probability
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to 0. When t > T , Prt = 1 gives the first order condition thus it’s the optimal

policy. The rationality is that the economy at first does not have enough resource to

give a high level of consumption, then it is optimal to grant no protection and boost

the technological development. After the economy arrives at time T , λ = λ, which

implies a high At versus ct, there is plenty resource to allow high level of consumption

without limiting growth pace.

The next proposition shows that W achieves its maximum at some λ∗ > λ.

Therefore, the optimal choice for λ0 is λ∗.

Proposition 2. There is a λ∗ such that

W ′(λ)

 > 0, if λ < λ∗,

< 0, if λ > λ∗.
(2.23)

The proposition above shows that the optimal λ0 is in the interior region. This

in turn supports our designed optimal policy: at time 0, the state λ ∈ (λ, λ̄). Now

the social planner sets the winning probability to 0, which makes λ keeps decreasing

until T is reached. When it hits T , λ arrives at its lower bound λ. After T , the social

planner sets winning probability to 1 and λ remains at λ. Now we use a corollary to

summarize our optimal patent policy:

Corollary 1. The social planner observes the state λ and announces optimal winning

probability subject to λ:

• If λ ≤ λ, the optimal policy is Prt = 1,∀t;

• If λ ∈ (λ, λ̄), the optimal policy is a step function:

Prt

 = 0, if t < T,

= 1, if t ≥ T,
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where T (λ0) ≡ t(λ) =
ln
(

λ0
rκ+O2−λ0

)
−ln

(
λ

rκ+O2−λ

)
r+

O2
κ

;

• λ = λ̄, the optimal policy is Prt = 0,∀t.

2.7 Summary

This essay highlights an optimal patent policy, overlooked by existing literature,

that could improve social welfare comparing to the infinite stationary protection. It

shows that the social planner should let the innovators wait for a certain period of

time to get protected. Since the progress of technology is usually jeopardized by

monopolistic power, granting zero protection allows the technology in this economy

to be boosted and to grow at a faster pace. After the critical point, the social

planner grants full protection to all of the innovators and allows maximum level

of consumption which is much higher than the consumption under the traditional

simple stationary policy. One of the future works might be carefully calibrating the

welfare gain under our designed policy.
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3. ENTRY, SETTLE AND LITIGATION UNDER SEQUENTIAL

INNOVATIONS

3.1 Introduction

Innovation plays the role of key driver of economic growth. Often, innovations are

sequential in nature where each subsequent innovation often utilizes the know-how

acquired for previous innovations and/or are an improvement over them. Accord-

ingly, the technical know-how from past innovations has a significant impact on

following innovations. In fact, the social returns to any innovation are maximized

only when its technical know-how is disseminated through imitation and licensing.

However, once disseminated, it becomes a public good where others can use it with-

out incurring any additional costs. Due to positive externalities generated by these

innovations and risk of appropriability of returns by a third party results in less than

efficient investment in R&D activities and suboptimal knowledge sharing. Patents

are put in place to tackle this problem.

Patents safeguard the innovators’ returns to their investments by granting tem-

porary monopoly rights to the innovator. In his application to receive a patent,

an innovator provides detailed information regarding his innovation. In return of

this full public disclosure, the patent holder earns the right to exclude others from

making, using and selling his innovation for a definite period of time. The protec-

tion provided by patents depends on its scope and term. As evidenced in the rising

number of patent disputes, this protection is far from perfect. This is so because

while the term of most patents is set at 20 years, the range of innovations which are

covered by it is often unclear. That makes it harder for an innovator to exercise his

right of exclusion. Upon observing a potential violation, the patent holder has three
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options: (1) litigate the alleged infringer and rely on courts to reinforce his right; (2)

settle outside of court and forfeit his right of exclusion; and (3) accommodate the

new entrant. In 2014, over 7000 patent lawsuits were filed in US courts suggesting

the widespread use of courts for enforcing property rights 1. A large proportion of

these lawsuits are subsequently resolved through out of court settlements Lanjouw

and Schankerman (2004). Lawsuits which go to trial stage are surrounded by a great

deal of uncertainty due to ambiguity regarding patent’s scope. The alleged infringer

often questions the validity of the patent for his defense, thereby exposing the patent

to the risk of invalidity 2.

Given this environment, a question arises of what type of innovations tend be

litigated, settled and accommodated and how the structure of the patent system and

the strength of patent protection affect these choices. Apart from understanding

the proclivity for litigation, studying patent protection in the context of cumulative

innovation is also important in understanding its impact on innovation incentives

and thus the pace of technological progress.

This paper contributes to the theoretical literature on cumulative innovation

by studying an infinite horizon game, in which innovators build on each other by

introducing a quality improving innovations. In this respect, an entrant is not simply

an imitator, but an innovator who adds quality variety to the market. This is in stark

contrast to some of the existing literature on patent infringement that models new

entrants as pure imitators. Allowing for quality improving entrants has important

implications on the possible market outcomes. Unlike the pure imitation models, in

which there is no surplus from settlement, our model accounts for all three empirically

observed outcomes of litigation, settlement and accommodation.

1Source:https://www.patexia.com/ip-research/lawsuits
2Challenging the validity of the patent in question is one of the most common defenses employed

by the alleged infringers in court. See any textbook in patent law, e.g., Bouchoux (2012) pp. 424-425
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In each period, a new firm is endowed with an innovation capacity and chooses

how much to invest in R&D to realize a higher quality product. Upon successful

innovation and entry into market, the innovating firm faces a threat of litigation by

a current patent holding incumbent. Patent protection in our model is characterized

by a patentability standard, patent breadth and patent length. To account for un-

certainty in court’s proceedings, we model the patentability standard as a stochastic

variable that determines the minimum improvement that a new innovation needs to

attain in order to be patentable. Thus, the larger the incumbent’s improvement,

the more likely it is that his patent will withstand the court’s scrutiny. Similarly,

patent breadth is modeled as a stochastic standard that determines whether a new

improvement is infringing on a current patented technology. A larger improvement is

thus associated with a lower likelihood of being found infringing. Finally, the patent

length determines the time duration for which an innovation enjoys patent protec-

tion, which is normalized to two periods in our model. This allows each innovator

to play the role of an entrant in one period and an incumbent in the next.

Our model gives rise to the prediction that the incumbent accommodates large

improvements, which are both less likely to be infringing and less profit eroding for

the incumbent. The lower profit erosion effect of larger improvements is driven by

the consumer’s heterogenous willingness to pay for quality, which introduces product

differentiation in our model. In contrast, litigation occurs for incremental improve-

ments since the innovator is stochastically more likely to win in court and such

innovations are in closer competition with the incumbent’s product. Finally, set-

tlement takes place for moderate improvements over the existing technology. Such

improvements are sufficiently differentiated from the incumbent’s product to prevent

significant profit erosion upon entry, but are still close enough to give the incumbent

a reasonable chance of prevailing in a lawsuit and obtaining an injunction against
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the entrant during the remainder of the incumbent’s patent life.

As expected, improving the incumbent’s market position by increasing the quality

of his product or the strength of his patent increases the range of improvements that

are being litigated and reduces the accommodation region. Interestingly, the set-

tlement region may respond non-monotonically to a stronger incumbent. When the

incumbent is fairly weak, strengthening his position causes his litigation incentives

to increase faster than his settlement incentives. This is due to the fact that when

choosing between litigation and accommodation, the incumbent does not take into

account the negative impact of litigation on the entrant’s payoff. In contrast, negoti-

ating a settlement agreement in the presence of a credible litigation threat causes the

incumbent to internalize this negative impact of litigation on the entrant’s profits.

As a result, the settlement region grows. When the incumbent is sufficiently strong,

however, the settlement region may go down with the incumbent’s improved market

position as accommodation incentives fully dissipate, while the litigation incentives

continue to rise.

While strengthening the incumbent’s position increases the likelihood of litiga-

tion, we show that this is not necessarily detrimental to the entrant’s profits. This

is so because a stronger incumbent may also mitigate market competition coming

from inferior non-patented technologies. In particular, improving the quality of the

incumbent’s product may benefit the entrant as it mitigates market competition by

increasing quality differentiation. As a result, the entrant’s profit may increase in

the incumbent’s quality improvement as the positive product differentiation effect

dominates the negative litigation effect. Similarly, we show that strengthening the

incumbent’s patent validity claim may increase the entrant’s profit. Intuitively, a

weaker patentability standard affects the entrant through his current profit as an

entrant and his expected continuation profit as an incumbent. Increasing the likeli-
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hood of patent validity above zero improves the entrant’s continuation payoff as it

enables him to pursue litigation and settlement against incremental future innova-

tions. At the same time, a moderate increase in the likelihood of patent validity is

likely to have little effect on the current entrant’s profits if his innovation is fairly

significant as it provides weak incentives for litigation for the current incumbent.

As a result, we show that the impact of stronger validity claim has higher impact

on the entrant’s continuation payoff than the current payoff when the patentability

standard is sufficiently weak. This points to the desirability of some degree of patent

protection by future innovators.

An important implication of the entrant’s benefit from facing a stronger incum-

bent is that the entrant’s innovation incentives may be higher if the current leading

product on the market is protected by a patent. This is due to the fact that patents

are instrumental in reducing existing market competition, which makes entry more

profitable. This observation contrasts some of the existing literature on cumula-

tive and overlapping innovations (see e.g. Bessen and Maskin (2009),Hunt (2006),

Scotchmer (1991)), which argues that patent protection discourages cumulative in-

novations due to the threat of litigation. While this effect is present in our model as

well, we show that the market competition effect may dominate the litigation effect

when the incumbent is sufficiently small.

This paper is closely related to the theoretical literature that studies patent litiga-

tion and the role of patents in discouraging profit eroding imitation. Meurer (1989),

Choi (1998), Aoki et al. (1999), Duchêne and Serfes (2012) study litigation incen-

tives when the entrant is a pure imitator, which contrast with our setting in which

the entrants is an innovator himself. Notable exceptions are Crampes and Langinier

(2002) and Llobet (2003) who allow for entry with differentiated products. Cram-

pes and Langinier take a reduced form approach to competition and endogenize the
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monitoring effort of the incumbent that facilitates imitation detection. Our model

complements theirs by considering how the degree of quality improvement affects the

incumbent’s litigation incentives. In this respect, our model is closer to Llobet’s who

also considers a quality improving entrant. However, while his model conjectures

homogeneous consumers, resulting in only the best quality product being active on

the market, we allow for heterogeneity in quality valuation among consumers. This

has important implication on the market outcome. While in Llobet’s model accom-

modation is never an attractive option for the incumbent, who retains zero market

share under such strategy, the incumbent in our model may find accommodation at-

tractive since he retains the consumers with lower willingness to pay and thus realizes

positive profits under accommodation.

Our work is also related to a growing literature that studies the role of patents

in incentivizing innovation. Gilbert and Shapiro (1990), Klemperer (1990), Gallini

(1992) study the socially optimal mix of patent breadth and length in awarding the

innovator a compensation of a fixed size. While imitation in these models is allowed

to the extent that patent breadth is narrow enough to allow inferior products Klem-

perer (1990) or costly invention around the patent Gallini (1992), the patent holder’s

rights are assumed to be perfectly enforceable and thus never violated in equilibrium.

In contrast, our model accounts for the uncertainty in the patent system, which re-

sults in litigation and possible patent infringement judgement by the court. In this

respect, our paper is closest to the literature that studies the role of weak patents.

Krasteva (2014) points out that an innovator with cost reducing innovation may

benefit from imitation, which arises as a result of (stochastically) weak patent rights,

since it encourages efficient imitation by competitors with inferior technology and

some of the efficiency gain is transferred to the innovator via court’s appointed dam-

ages or settlement in the shadow of litigation. Since stronger protection discourages

31



imitation, she finds that innovation incentives are maximized for intermediate level

of protection. In contrast, our model considers cumulative and quality improving

innovations, in which imitation is never desirable from the innovator’s point of view.

Similar to the existing literature on cumulative innovation (e.g. Bessen and Maskin

(2009); Hunt (2006); Scotchmer (1991)), our model features a discouraging effect of

stronger protection on future innovations due to the threat of litigation. However,

this effect is countered by the positive effect of patents on mitigating existing com-

petition on the market, which makes new entry more profitable. In this respect, we

highlight an important aspect of patent protection not considered by the existing

literature –namely its role in increasing not only the incumbent’s profits, but also

the potential entrant’s profits via a less competitive market.

The rest of the paper is organized as follows. Section 3.2 sets up the base model,

followed by the equilibrium analysis of litigation, settlement and accommodation

outcome in Section 3.3. Section 3.4 discusses the impact of the incumbent’s size

and patent policy on the equilibrium incentives to accommodate, settle and litigate,

as well as on the equilibrium payoffs. Given the equilibrium market outcome and

profits, Section 3.5 studies the optimal investment in R&D and how it is impacted

by the patent policy. The proofs of formal results are relegated to an appendix.

3.2 Base model

The environment consists of an infinite horizon discrete-time game, in which each

period provides an opportunity for a quality improving innovation. In each period

t, the market consists of at least one incumbent firm (I) and a potential entrant

(E) firm. Product market is defined by the collection of patented and non-patented

products of various qualities.

There is a continuum of consumers with heterogeneous willingness to pay for

32



quality. If q denotes product quality and θj- consumer j’s willingness to pay for

quality, j’s utility from consuming a product of quality q and price p is

uj(q, p, θj) = qθj − p.

Based on their quality preference, θj, consumers are uniformly distributed be-

tween 0 and 1. They base their consumption choice both on the available products’

prices as well as on their individual quality preferences.

The firms in the market compete by setting their prices. There is free entry in

the market and thus in absence of patent protection, the profit from new innovations

would be instantaneously dissipated as firms freely appropriate the new technologies.

However, a quality improving innovation enjoys patent protection for a limited time.

We describe the patent environment below.

The patent policy is characterized by three policy variables: patentability stan-

dard, patent breadth and patent length.

The patent law requires that a new invention is novel, non-obvious and useful

in order to enjoy patent protection. While USPTO makes an initial determination

of the patentability of a particular innovation, patent validity is often challenged in

court when a patent holder initiates a patent infringement lawsuit. The patentability

standard applied by the court determines the likelihood of a given patent being inval-

idated. Since patent validity is usually surrounded by a great deal of uncertainty, we

model the patentability standard as a random variable ∆v drawn from some distribu-

tion F (·|τv) where ∆v denotes the minimum improvement that an innovation needs

to attain relative to prior art in order to be considered patentable. The parameter τv

captures the stringency of the patentability standard, with higher τv denoting a more

patentee friendly policy (i.e. Fτv(·|τv) > 0). Suppose that in period t a new innovator

33



enters the market with a quality product qt, which improves upon the existing prior

art qt−1 by ∆t = qt − qt−1. Then, the likelihood that the inventor t’s patent will be

upheld by the court if challenged is γ(∆t, τv) = F (∆t|τv).

Note that for simplicity we treat the USPTO office as a deterministic agency that

automatically grants patents to new innovators and instead focus on the court as the

main source behind the uncertainty in patent protection. This interpretation is for

expositional ease and can be easily relaxed without affecting our qualitative results.

Patent breadth determines how far reaching the patent is, i.e. the minimum

size of improvement that another inventor must realize in order to be deemed non-

infringing3. A wider patent breadth provides stronger protection from new market

entrants, but the actual breadth of a particular patent is highly uncertain and subject

to the court’s determination during a patent infringement lawsuit. Similar to the

patentability standard, patent breadth is modeled as a random variable ∆b, which

is drawn from some distribution G(·|τb), where ∆b is the minimum inventive step

that a new entrant needs to achieve in order to be deemed non-infringing. Higher

τb denotes stochastically wider patent breadth (i.e. Gτb(·|τb) < 0). Then, given a

new entrants innovation size ∆t, the innovation is deemed infringing with probability

β(∆t, τb) = 1−G(∆t|τb) where β(0, τb) = 1.

The patent length is simply the length of time during which an innovator enjoys

patent protection. In our base model, we consider a patent length of t = 2. This

allows for each firm that enters the market to play the role of an entrant in one

periods, risking a patent infringement lawsuit, and an incumbent in the subsequent

period, having to defend its market share from a new market entry.

Given the above patentability environment, the complete timing of the game is

3In our model, we focus on the leading breadth of the patent, which pertains to quality improving
innovations and assume that the lagging patent breadth, which covers products with inferior quality
that enter the market, as infinite.
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described as follows. In each period t, a new firm has an opportunity to invest in R&D

and draw a new innovation. The firm chooses its investment amount Rt and realizes

a new innovation with probability p(Rt) where R&D has increasing and diminishing

returns, i.e. p′(Rt) > 0 and p′′(Rt) ≤ 0. The quality of the new innovation ∆t is

a random draw from a stationary distribution H(∆), where ∆ denotes the quality

improvement of the new innovation. Investment Rt is associated with an increasing

in convex cost function c(Rt). Upon realizing an innovation, the firm obtains a patent

with strength γ(∆t, τv) and β(∆t, τb), making the innovation public knowledge, and

becomes an entrant in period t. If in period t there is an incumbent with a valid

patent, the incumbent chooses whether to litigate, settle or accommodate the new

entrant. Before proceeding to the equilibrium characterization for this game, we

provide a more detailed description of the market competition in light of the patent

environment laid out previously.

3.2.1 Market Competition in Period t

In each period t, there may be a number of non-patented technologies whose

patents have expired. For simplicity, we assume that each new innovation enjoys 0

marginal production cost, which implies that only the best non-patented technology

is present in the market at a particular period. The market price of the non-patented

technology is p∗ = 0 due to free entry.

In period t, there may also be a patent holding incumbent (I), who has entered

in period t − 1 and has a product with quality improvement over the best non-

patented technology of ∆t−1 = qt−1 − qt−2. If no new entry occurs in period t, the

marginal consumer who is indifferent between the incumbent’s patented product and
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the non-patented product is given by

θIqt−2 = θIqt−1 − p =⇒ θI =
p

∆t−1

. (3.1)

Therefore, I earns a market share of 1− p
∆t−1

and a corresponding profit of

π(∆t−1, p) =

(
1− p

∆t−1

)
p

Setting his price optimally at p∗ = ∆t−1

2
, the incumbent’s corresponding equilib-

rium profit in period t is given by

Π(∆t−1) =
∆t−1

4
. (3.2)

Suppose instead that a new entry occurs in period t with quality improvement

∆t over I’s technology. There are three possible ways in which the incumbent may

respond to new entry. First, he can choose to accommodate (A) the entrant, in

which case the two firms compete on the product market by simultaneously setting

their prices. Second, he can choose to litigate (L) the entrant, in which case the

court has to determine whether the incumbent’s patent is valid and infringed upon.

Finally, the two parties can choose to settle (S) their dispute outside the court

through negotiating a mutually beneficial licensing agreement. Below we describe

the corresponding payoffs in period t for each outcome σ = {A,L, S}.

If the incumbent chooses to accommodate the entrant, the two firms compete

by simultaneously setting their prices. The marginal consumer who is indifferent

between the incumbent’s and entrant’s product is given by

θEqt−1 − pI = θEqt − pE =⇒ θE =
pE − pI

∆t

. (3.3)
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Therefore, the incumbent’s and the entrant’s corresponding profit functions are given

by:

πI(∆t−1,∆t, p
I , pR) =

[
pE − pI

∆t

− pI

∆t−1

]
pI

πE(∆t−1,∆t, p
I , pE) =

[
1− pE − pI

∆t

]
pE

Solving for the Nash equilibrium prices of this simultaneous move game results

in the following equilibrium profits for the incumbent and the entrant in period t:

ΠI(∆t−1,∆t, A) =
(∆t + ∆t−1) ∆t∆t−1

(4∆t + 3∆t−1)2
(3.4)

ΠE(∆t−1,∆t, A) =
4 (∆t + ∆t−1)2 ∆t

(4∆t + 3∆t−1)2
(3.5)

Litigation carries the risk of invalidating the incumbent’s patent with probability

1− γ(∆t−1, τv), but also has the benefit of obtaining injunction against the entrant’s

product with probability β(∆t, τb). An injunction prevents the entrant from pro-

ducing until the incumbent’s patent expires.Therefore, the expected profits from

litigation in period t for the incumbent and the entrant are given by:

ΠI(∆t−1,∆t, L) = γ(∆t−1, τv)
[
β(∆t, τb)Π(∆t−1) + (1− β(∆t, τb))Π

I(∆t−1,∆t, A)
]

(3.6)

ΠE(∆t−1,∆t, L) = γ(∆t−1, τv)(1−β(∆t, τb))Π
E(∆t−1,∆t, A)+(1−γ(∆t−1, τv))Π(∆t)

(3.7)

The above payoffs reflect the possibility that the incumbent’s patent is invali-

dated by the court, in which case the incumbent’s profits are fully dissipated by

free entry into his product variant. Then entrant’s resulting profit is Π(∆t). Upon
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upholding the incumbent’s patent, with probability γ(∆t−1, τv), and finding the en-

trant’s product infringing, with probability β(∆t, τb), the incumbent realizes profits

of Π(∆t−1), while the entrant’s realizes 0 profits as his production is blocked until the

incumbent’s patent expires. If the entrant’s product is found non-infringing, the two

firms will compete in Bertrand fashion with corresponding profits given by equations

(3.4) and (3.5).

In our base model, we consider a settlement of fixed fee. Suppose that the two

parties agree on a licensing transfer fee Ft from the entrant to the incumbent. Then,

the corresponding profits in period t are given by

ΠI(∆t−1,∆t, S) = ΠI(∆t−1,∆t, A) + Ft (3.8)

ΠE(∆t−1,∆t, S) = ΠE(∆t−1,∆t, A)− Ft. (3.9)

Since an entrant in period t plays the role of an incumbent in period t+1, the total

expected payoff for an entrant also includes his continuation payoff as an incumbent

in the next period given by

E∆t+1(ΠI(∆t,∆t+1, σt+1)) = p (Rt+1) ΠI (∆t,∆t+1, σt+1) + (1− p (Rt+1)) Π(∆t)

ΠI (∆t,∆t+1, σt+1) denotes the incumbent’s payoff in period t+ 1 in the presence of

a new entry in period t+ 1, which occurs with probability p (Rt+1) . Otherwise, the

incumbent in period t+ 1 becomes the only firm with a patented product and earns

the profits given by equation (3.2).

In section 3, we characterize the equilibrium of the subgame in which a new entry

occurs on the market.

38



3.3 Equilibrium Derivation

3.3.1 When do accommodation, litigation and settlement occur?

We consider a Markov Perfect Equilibrium of the subgame, in which the incum-

bent chooses how to respond to new entry. In such equilibrium, players’ strategies

depend only on the payoff relevant variables ∆t−1,∆t, τv and τb and not on the

calendar time.

As described above, an incumbent responds to entry by either litigating, accom-

modating or settling with the entrant. The entrant and incumbent may settle outside

the court only if the entrant has a credible threat to litigate. Lemma 5 characterizes

the conditions under which such credible threat exists.

Lemma 5. There exists an unique ∆A
t (∆t−1, γ, β) ∈ [0,∆max] such that the incum-

bent prefers accommodation over litigation if and only if ∆t ≥ ∆A
t (∆t−1, γ, β) where

∆A
t (∆t−1, 0, β) = ∆A

t (∆t−1, γ, 0) = 0 and ∆A
t (∆t−1, 1, β) = ∆max.

Lemma 5 states that there exists a threshold level of improvement, ∆A
t (∆t−1, γ, β),

above which the incumbent never litigates. Given equations (3.4) and (3.6), the

incumbent prefers litigation if ΠI(∆t−1,∆t, L) > ΠI(∆t−1,∆t, A).4 Or equivalently,

the incumbent holds a credible threat to litigate if

γ(∆t−1, τv)β(∆t, τb)
[
Π(∆t−1)− ΠI(∆t−1,∆t, A)

]
(1− γ(∆t−1))ΠI(∆t−1,∆t, A)

> 1 (3.10)

The left-hand size of equation (3.10) represents the benefit-cost ratio of litigation

relative to accommodation. The numerator denotes the incumbent’s expected benefit

from litigation. From the incumbent’s point of view, the benefit of litigation lies

in his ability to block the entrant’s production whenever the entrant’s product is

4We break the incumbent’s indifference in the favor of accommodation over litigation. Such
tie-breaking rule is efficient whenever litigation is costlier than accommodation.
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found infringing, which limits market competition and increases the incumbent’s

profit by Π(∆t−1) − ΠI(∆t−1,∆t, A). The denominator denotes the incumbent’s

expected costs of litigation. The drawback of litigation for the incumbent consists

of the risk of patent invalidation, resulting in profit loss of ΠI(∆t−1,∆
A
t , A). For

low values of ∆t, the likelihood of an infringement verdict β(∆t, τb) is high, making

litigation an appealing option. In particular, for ∆t = 0 , ΠI(∆t−1, 0, A) = 0 and

thus the benefit-cost ratio exceeds 1. An increase in ∆t has two effects. First,

it decreases the likelihood β(∆t, τb) of successful litigation. Second, it decreases

the relative profitability of litigation over accommodation, Π(∆t−1)
ΠI(∆t−1,∆t,A)

, as greater

product differentiation between the entrant and the incumbent mitigates competition

and improves the accommodation profit. Both effects reduce the benefit-cost ratio

of litigation, explaining the lack of litigation incentives above ∆A
t (∆t−1, γ, β).

As anticipated, ∆A
t (∆t−1, γ, β) is affected by the patent strength. At the extreme

of no protection (i.e. either γ = 0 or β = 0), the benefit-cost ratio is 0 and the incum-

bent never finds it optimal to litigate, i.e. ∆A
t (∆t−1, γ, β) = 0. At the other extreme

of iron-clad patent ( i.e. γ = 1), the benefit-cost ratio goes to infinity and thus the

incumbent always prefers litigation over accommodation, i.e. ∆A
t (∆t−1, γ, β) = ∆max.

A credible threat of litigation gives rise to the possibility of settlement. From the

incumbent’s point of view, settlement avoids the risk of patent invalidation, but also

allows entry by the improved technology. Lemma 6 states that settlement occurs for

intermediate levels of product improvement.

Lemma 6. Given ∆A
t (∆t−1, γ, β) > 0, there exists an unique ∆S

t (∆t−1, γ, β) ∈ (0,∆A
t

(∆t−1, γ, β)) such that settlement arises if and only if ∆t ∈
[
∆S
t (∆t−1, γ, β),∆A

t (∆t−1, γ, β)
]
.

To understand this result, note that settlement is mutually beneficial if the joint

payoff from settlement exceeds the joint payoff from litigation, i.e. ΠT (∆t,∆t−1, S) ≥
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ΠT (∆t,∆t−1, L) where ΠT (∆t,∆t−1, σt) ≡ ΠI(∆t−1,∆t, σt)+ΠE(∆t−1,∆t, σt)+E∆t+1

(ΠI(∆t,∆t+1, σt+1)). Or, equivalently, settlement is optimal if and only if

γ(∆t−1, τv)β(∆t, τb)
[
Π(∆t−1)− ΠI(∆t−1,∆t, A)− ΠE(∆t−1,∆t, A)

]
(1− γ(∆t−1)) [ΠI(∆t−1,∆t, A) + ΠE(∆t−1,∆t, A)− Π(∆t)]

≥ 1 (3.11)

The left hand side of equation (3.11) denotes the benefit-cost ratio of litiga-

tion over settlement. The numerator represents the expected benefit of litigation,

which is the gain in joint profits from limiting market competition through suc-

cessful litigation, i.e. Π(∆t−1) − ΠI(∆t−1,∆t, A) − ΠE(∆t−1,∆t, A). The denomi-

nator represents the expected cost of litigation, which is the reduction of market

profits as a result of the incumbent’s patent invalidation, i.e. ΠI(∆t−1,∆t, A) +

ΠE(∆t−1,∆t, A) − Π(∆t). Note that invalidation of the incumbent’s patent is bad

news for both parties. The incumbent loses all its profits. The entrant faces more

competition from the incumbent’s product variant, which enters the public domain

(i.e. Π(∆t) < ΠE(∆t−1,∆t, A)). Note that for ∆t = 0, the cost of litigation is 0 since

ΠI(0,∆t−1, A) = ΠE(0,∆t−1, A) = Π (0) = 0. In contrast, the benefit from litigation

is positive since Π(∆t−1) > 0. Thus, litigation is always preferred for ∆t = 0. As

∆t increases, both the likelihood of successful litigation, β(∆t, τb), and the relative

profitability of successful litigation go down. The litigation profitability decreases

because greater product differentiation increases the joint accommodation payoff,

ΠI(∆t−1,∆t, A) + ΠE(∆t−1,∆t, A), relative to the profit from patent invalidation,

Π(∆t). As a result, the benefit-cost ratio of litigation over settlement decreases with

∆t, explaining the preference for settlement for ∆t ≥ ∆S
t (∆t−1, γ, β).

To establish the existence of the settlement region, i.e. ∆S
t (∆t−1, γ, β) < ∆A

t (∆t−1,

γ, β), note from equations (3.5) and (3.7) that accommodation is always preferred

over litigation by the entrant . Therefore, at the point, in which the incumbent is
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indifferent between accommodation and litigation, ∆A
t (∆t−1, γ, β), the joint payoff

from settlement exceeds the joint payoff from litigation. This implies that the set-

tlement region
[
∆S
t (∆t−1, γ, β),∆A

t (∆t−1, γ, β)
)

is always non-empty as long as the

incumbent has a credible threat to litgate, i.e. ∆A
t (∆t−1, γ, β) > 0.

Combining the observations made by Lemmas 5 and 6, the equilibrium of the

stage game is summarized by following Proposition.

Proposition 3. If 0 < γ (∆t−1, τv), β (∆t, τb) ≤ 1, there exist cutoffs ∆S
t (∆t−1, γ, β) <

∆A
t (∆t−1, γ, β) such that σ∗ = L for ∆t ∈

[
0,∆S

t (∆t−1, γ, β)
)
, σ∗ = S for ∆t ∈[

∆S
t (∆t−1, γ, β),∆A

t (∆t−1, γ, β)
)

and σ∗ = A for all ∆t ≥ ∆A
t (∆t−1, γ, β).

Proposition 3 states that if the patent offers some level of protection, i.e. γ(∆t−1,

τv) > 0 and β (∆t, τb) > 0, all three market outcomes can be realized depending

on the level of improvement of the entrant’s innovation. Since litigation incentives

are diminishing in the size of the entrant’s innovation, accommodation takes place

for large improvements, while litigation takes place for small improvement. For

intermediate improvement levels settlement is mutually beneficial.

Having characterized the equilibrium of the stage game, we next study how the

incumbent’s innovation size and the strength of his patent protection impacts the

likelihood of litigation and market profits. The effect that these variables have on the

market outcome is important not only because of their impact on the incumbent’s

and entrant’s profits, but also because of their role in incentivizing new product

improvements. In Section 4, we analyze the comparative static effects of ∆t−1, τv and

τb on the market outcome and firm profitability. Section 5 discusses how changes in

these variables impact innovation incentives.
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3.4 The impact of the incumbent’s size and patent policy on the equilibrium

outcome.

3.4.1 The impact of the incumbent’s size

The more significant the incumbent’s innovation, the stronger is his patent va-

lidity claim. Intuitively, this should make the incumbent more willing to engage

in litigation. While Proposition 4 confirms this intuition, it also shows that the

propensity to reach a settlement agreement with a new entrant is non-monotonic in

the incumbent’s innovation size.

Proposition 4. ∆A
t and ∆S

t are increasing in ∆t−1. Moreover, if ∆A
t > 0, then

there exist ∆′t−1 < ∆′′t−1 such that ∆A
t −∆S

t increases with ∆t−1 for ∆t−1 < ∆′t−1 and

decreases with ∆t−1 for ∆t−1 > ∆′′t−1.

Proposition 4 states that as the incumbent’s quality improvement increases, he

is less willing to accommodate new entry. To understand this result, note that at

∆t = ∆A
t > 0, the benefit-cost ratio of litigation over accommodation given by equa-

tion (3.10) is exactly equal to 1. An increase in ∆t−1 has two effects on this benefit-

cost ratio. First, it increases the incumbent’s patent validity claim, γ(∆t−1, τv),

which clearly increases the benefit-cost ratio. Second, ∆t−1 increases the relative

profitability of litigation over accommodation, Π(∆t−1)
ΠI(∆t−1,∆t,A)

, as the incumbent’s prof-

its are more responsive to the size of the innovation when facing less competition, i.e.

∂Π(∆t−1)
∂∆t−1

> ∂ΠI(∆t−1,∆t,A)
∂∆t−1

> 0. Therefore, both effects work in the same direction of

increasing the benefit-cost ratio of litigation over accommodation, making litigation

relatively more appealing.

Proposition 4 further states that as incumbent’s product gets increasingly novel,

litigation arises for a wider range of entrant’s improvements. To see this, note that

at ∆S
t , the joint litigation and settlement payoff are exactly equal to each other,
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implying that the benefit-cost ration of litigation over settlement given by equation

(3.11) is exactly equal to 1. Clearly, the impact of ∆t−1 through the increase in

patent validity, γ(∆t−1, τv), has a positive impact on this ratio. An increase in

∆t−1 also increases the relative market profitability of litigation over settlement,

Π(∆t−1)−ΠI(∆t−1,∆t,A)−Π(∆t−1,∆t,A)
ΠI(∆t−1,∆t,A)+ΠE(∆t−1,∆t,A)−Π(∆t)

. This is so because as competition intensifies, market

profits become less responsive to changes in the size of incumbent’s innovation i.e.

∂Π(∆t−1)
∂∆t−1

> ∂ΠI(∆t−1,∆t,A)
∂∆t−1

+ ∂ΠE(∆t−1,∆t,A)
∂∆t−1

> 0. Therefore, the litigation region expands

as the incumbent’s innovation becomes more significant.

Further, Proposition 4 states that the range of improvements over which settle-

ment arises is non-monotonic in ∆t−1. For low values of ∆t−1, ∆A
t − ∆S

t increases

with ∆t−1. Intuitively, the incumbent’s choice between litigation and accommoda-

tion takes into account only the incumbent’s relative payoff under the two strategies,

while ignoring the entrant’s payoff. A settlement agreement, in contrast, internal-

ized both the incumbent’s and the entrant’s payoff from avoiding litigation. Since

the entrant’s payoff from accommodation always exceeds his payoff from litigation,

accounting for the entrant’s payoff makes settlement a more attractive option and

causes ∆S
t to rise at a slower rate than ∆A

t . Eventually, though, the accommodation

cutoff reaches the maximum innovation size, i.e. ∆A
t (∆t−1, γ, β) = ∆max, indicating

a credible litigation threat for any feasible product improvement. Since ∆S
t is always

increasing in ∆t−1, this causes the settlement region to decrease with the size of the

incumbent’s improvement.

Next, we study the impact of the incumbent’s innovation size on the market

profits.

Proposition 5. (Equilibrium payoffs) The impact of ∆t−1 on the equilibrium payoffs

is as follows:
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• For all ∆t > 0, there exist ∆E
t−1 ∈ [∆A

t−1,∆
max] such that the entrant’s pay-

off ΠE(∆t−1,∆t, σ
∗
t ) + E∆t+1

[
ΠI(∆t,∆t+1, σ

∗
t+1)
]

is increasing in ∆t−1 for all

∆t−1 ≤ ∆E
t−1.

• There exists ∆I
t−1 ∈ [∆A

t−1,∆
max] such that the incumbent’s payoff ΠI(∆t−1,∆t,

σ∗t ) is increasing in ∆t−1 for all ∆t−1 ≤ ∆I
t−1. Moreover, if the entrant has

all the bargaining power in the settlement negotiation vis-a-vis the incumbent,

∆I
t−1 = ∆max.

Proposition 5 states that both the incumbent and the entrant may benefit from

stronger incumbent in terms of the incumbent’s product size. To understand this

comparative statics, consider first following Corollary.

Corollary 2. Given ∆t, there exist cutoffs ∆A
t−1(∆t, γ, β) =

(
∆A
t (∆t−1, γ, β)

)−1
and

∆S
t−1(∆t, γ, β) =

(
∆S
t (∆t−1, γ, β)

)−1
such that σ∗ = A for ∆t−1 ≤ ∆A

t−1(∆t, γ, β),

σ∗ = S for ∆t−1 ∈ (∆A
t−1(∆t, γ,

β),∆S
t−1(∆t, γ, β)] and σ∗ = L for ∆t−1 > ∆S

t−1(∆t, γ, β) where ∆A
t−1(∆t, 1, β) = 0,

∆A
t−1(∆t, 0, β) = ∆A

t−1(∆t, γ, 0) = ∆max and ∆S
t−1(0, γ, β) = 0.

Corollary 2 is an immediate consequence of Proposition 3 and the fact that

∆A
t (∆t−1, γ, β) and ∆S

t (∆t−1, γ, β) are continuous and monotonically increasing in

∆t−1 (see Proposition 4). Therefore, given entrant’s innovation size ∆t, the incum-

bent accommodates if his own innovation size is sufficiently small. Moreover, we

know from equations (3.4) and (3.5) that the accommodation profits of both the

incumbent and the entrant are increasing in ∆t−1 since being further away from the

best non-patented technology reduces market competition, which in turn allows for

higher market profits. Therefore, higher ∆t−1 can benefit both the patent-holding

incumbent as well as the entrant, explaining Proposition 5.
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As ∆t−1 increases beyond ∆A
t−1(∆t, γ, β), the incumbent switches his response

to entry from accommodation to settlement. Interestingly, the impact of such re-

sponse on the equilibrium profits of the incumbent is ambiguous. In particular,

if the incumbent has all the bargaining power in the settlement negotiations, it is

possible for the incumbent to experience a decrease in his profit in the settlement

region as ∆t−1 increases. To see this, note that with an ability to make a take-it-

or-leave-it offer, the incumbent’s settlement profits are given by ΠI(∆t−1,∆t, S) =

ΠI(∆t−1,∆t, A) + ΠE(∆t−1,∆t, A) − ΠE(∆t−1,∆t, L) as he keeps the entrant at a

reservation payoff of ΠE(∆t−1,∆t, L). While the joint payoff from accommodation

is increasing in ∆t−1, the entrant’s litigation payoff may also increase with the in-

cumbent’s innovation size. This occurs because higher ∆t−1 reduces the likelihood

of the incumbent’s patent being invalidated, which mitigates the competition that

the entrant faces from the incumbent’s technology. The following example illustrates

this point.

Example 1. In the following example, γ (∆t−1, τv) = 1 − e−∆t−1τv , β (∆t, τb) =

0.01e
−∆t
τb , τv = 0.1, τb = 1, ∆t = 0.1 and ∆max = 12. Incumbent has all the bar-

gaining power. Figures (3.1a) and (3.1b) illustrate the effect of increasing ∆t−1 on

the entrant’s and the incumbent’s respective equilibrium profits. As can be seen, the

firms’ profits are maximized for a positive ∆t−1 and are non-monotonic in ∆t−1 .

The example above illustrates two important points. First, it shows that an en-

trant may benefit from a more powerful incumbent, who possesses a larger innovation,

and thus a stronger patent. This is due to the fact that a larger product improvement

by the incumbent mitigates competition by the best non-patented technology, which

has positive spillover effect on subsequent entrants. The entrant’s ability to bene-

fit from stronger incumbent has important implications on the entrant’s incentives
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Figure 3.1: Equilibrium profits as a function of ∆t−1.

to innovate as we illustrate in Section 5. Interestingly, the example also illustrates

that this positive spillover effect may result in lower profits for the incumbent in the

settlement negotiations as higher profit by the entrant has an adverse effect on the

incumbent’s share of bargaining surplus in a settlement negotiation. Thus, larger

innovation size by the incumbent may reduce his profit.

3.4.2 The impact of the patentability standard

In this Section, we study the impact of (stochastically) lower patentability stan-

dard on the market outcome and profits. Recall from Section 1 that higher τv in-

creases the likelihood of the incumbent’s patent being upheld in court, i.e. ∂γ(∆t−1,τv)
∂τv

> 0. The following Proposition describes the impact of higher τv on the incumbent’s

incentives to litigate, settle and accommodate new market entry.

Proposition 6. (Equilibrium cutoffs) ∆S
t and ∆A

t are increasing in τv. Moreover,

there exist τ ′v < τ ′′v such that ∆A
t − ∆S

t increases with τv for τv < τ ′v and decreases

with τv for τv > τ ′′v .

A weaker patentability standard reduces the likelihood of patent invalidation,

which increases the benefit-cost ratio of litigation over accommodation and settle-

ment. As a result, the accommodation region decreases, while the litigation region
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goes up. In contrast, the settlement region responds non-monotonically to stronger

τv. Clearly, for τv = 0, γ(∆t−1, 0) = 0 and the incumbent has no credible threat to

litigate, precluding a settlement. As τv increases above 0, the accommodation cutoff

∆A
t grows with a higher rate than the settlement cutoff ∆S

t because when choosing

between accommodation and litigation, the incumbent does not account for the neg-

ative impact of litigation on the entrant’s profit, making him more willing to litigate

than jointly optimal. Similar to the comparative statics with respect to ∆t−1, there

exists τ ′′v such that ∆A
t = ∆max. Thus, above this value, the incumbent always has

a credible threat to litigate, causing the settlement region to shrink as τv increases

beyond τ
′′
v .

Next, we study the impact of a weaker patentability standard on the equi-

librium payoffs. In particular, we look at how the incumbent’s expected payoff

E∆t [Π
I(∆t−1,∆t, σ

∗
t )] changes with the patentability standard while keeping the en-

trant’s innovation incentives, and thus the likelihood of new entry p(Rt), constant.

This payoff sheds light on the expected benefit of being an incumbent, which impacts

the entrant’s expected payoff from market entry in period t since he plays a dual role

of an entrant in period t and an incumbent in period t+ 1.

Proposition 7. (Equilibrium payoffs) The impact of τv on the equilibrium payoffs

is as follows:

• For all ∆t−1 > 0, there exists τ Iv such that the incumbent’s expected payoff

E∆t [ΠI(∆t−1,∆t, σ
∗
t )] is increasing in τv for all τv ≤ τ Iv . Moreover, if the

entrant has all the bargaining power in the settlement negotiation vis-a-vis the

incumbent, the incumbent’s expected payoff is always increasing in τv.

• For all ∆t > 0, there exist τEv such that the entrant’s expected payoff ΠE(∆t−1,∆t,

σ∗t ) +E∆t+1

[
ΠI(∆t,∆t+1, σ

∗
t+1)
]

is increasing in τv for all τv ≤ τEv .
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Proposition 7 points out that from the incumbent’s point of view, a weaker

patentability standard is payoff enhancing at least for lower values of τv. Note that

for τv = 0, γ(∆t, 0) = γ(∆t+1, 0) = 0, so that accommodation always takes place in

equilibrium, i.e. ∆A
t (∆t−1, 0, β) = 0. By Proposition 6, increasing the patentabil-

ity standard above τv = 0, gives the incumbent a credible threat to litigate, which

(weakly) increase the incumbent’s payoff as it enables him to pursue litigation or

settlement against incremental innovations. While the incumbent’s accommodation

payoff is independent of τv, his litigation payoff is always increasing in the patent

strength. As a result, if the entrant has all the bargaining power in the settlement

negotiations, such that the incumbent receives his litigation payoff, the incumbent’s

expected payoff is always increasing in τv. Interestingly, this might not be the case

if the incumbent has a significant bargaining power in the settlement negotiations.

This is due to the fact that higher likelihood of patent validity for the incumbent

may be beneficial to the entrant who is being litigated since it reduces the likelihood

of facing a perfectly competitive incumbent’s market. As a result, higher patentabil-

ity standard may reduce the bargaining surplus, and in turn reduce the incumbent’s

settlement payoff. This can introduce non-monotonicity in the incumbent’s expected

payoff for sufficiently large τv.

Proposition 7 also states that the entrant may also benefit from weaker patentabil-

ity standard, despite the fact that this increases his chance of being litigated. To

see this, note that τv affects the entrant through his current payoff as an entrant,

ΠE(∆t−1,∆t, σ
∗
t ), and his continuation payoff, E∆t+1(ΠI(∆t,∆t+1, σ

∗
t+1)), from being

an incumbent in the next period. From the comparative statics of the incumbent’s

expected payoff, we know that entrant’s continuation payoff should be increasing in

the τv for small levels of τv. In contrast, his current payoff would be unchanged for

sufficiently low values of τv such that ∆t > ∆A
t (∆t−1, γ(τv), β) since the incumbent
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would still find it optimal to accommodate the entrant. Thus, for sufficiently low

values of τv, the impact of weaker patentability standard will have a stronger effect

on the entrant’s continuation payoff relative to his current payoff, causing the en-

trant’s expected payoff to increase with τv. Intuitively, for any quality improving

innovation ∆t > 0, there is always a positive probability that the current entrant

will face an even smaller future entrant when he becomes an incumbent in the next

period, making stronger patent protection desirable for the entrant.

The possibility that the entrant benefits from weaker patentability standard has

important implications on the entrant’s innovation incentives as we discuss in Section

5.

3.5 Optimal Innovation Incentives

In this section, we consider the entrant’s problem of choosing the optimal invest-

ment in innovation. Recall that the entrant with innovation capacity in period t

chooses investment amount Rt and realizes a new innovation with probability p(Rt).

The new innovation is drawn from a stationary distribution with cdf H(∆). While

the success probability has increasing and diminishing returns, i.e. p′(Rt) > 0 and

p′′(Rt) ≤ 0, investment is associated with convex cost function c(R).

In period t, the potential entrant faces the following optimization problem:

max
Rt

p(Rt)E∆t

 ΠE (∆t−1,∆t, σ
∗,Λt) +

p(Rt+1)E∆t+1

[
ΠI (∆t,∆t+1, σ

∗, 1)
]

+ (1− p(Rt+1))ΠI (∆t)

−c(Rt)

(3.12)

where Λt = 0 denotes a market without a patent-holding incumbent and Λt = 1

denotes a market with a patent-holding incumbent. The objective function above

captures the fact that with probability p(Rt) the entrant succeeds in generating an
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innovation, in which case he obtains an entrant’s equilibrium payoff of ΠE(∆t−1,∆t

, σ∗,Λt) in the current payoff and an incumbent’s continuation payoff in the next

period p(Rt+1)E∆t+1

[
ΠI (∆t,∆t+1, σ

∗, 1)
]

+(1−p(Rt+1))ΠI (∆t), which is a function

of the next period’s investment level Rt+1. We are looking for a stationary Markov

equilibrium, R∗(∆t−1,Λt), which is only a function of the current state of the market

captured by the best technology characteristic ∆t−1 and its patent status Λt, and

does not depend on the calendar time. Given stationarity, the first order condition

in period t is given by

p′(R∗(∆t−1,Λt))E∆t

 ΠE (∆t−1,∆t, σ
∗,Λt) + ΠI (∆t)−

p(R∗(∆t, 1))
[
ΠI (∆t)− E∆t+1

[
ΠI (∆t,∆t+1, σ

∗, 1)
]]


= c′ (R∗(∆t−1,Λt))

(3.13)

The above condition simply states that at the optimum, the entrant equates the

marginal benefit of investment, which is the marginal increase in expected profits

due to the higher investment level, and the marginal cost of investment, captured by

c′ (R∗(∆t−1,Λt)). Since R∗(∆t−1, 1) = R∗(∆t, 1) and E∆t+1

[
ΠI (∆t,∆t+1, σ

∗, 1)
]

=

E∆t

[
ΠI (∆t−1,∆t, σ

∗, 1)
]

for ∆t = ∆t−1, we can rewrite equation (3.13) as

p′(R∗(∆t−1, 1))

 E∆t

[
ΠE (∆t−1,∆t, σ

∗, 1)
]

+ E∆t−1

[
ΠI (∆t−1)

]
−

E∆t−1

[
p(R∗(∆t−1, 1))

[
ΠI (∆t−1)− E∆t

[
ΠI (∆t−1,∆t, σ

∗, 1)
]]]


= c′ (R∗(∆t−1, 1))

(3.14)

51



The above equation completely determines the equilibrium value of R∗(∆t−1, 1).

Having obtained R∗(∆t−1, 1), the equilibrium value of R∗(∆t−1, 0) follows from equa-

tion (3.13).

Given equations (3.13) and (3.14) that characterize the optimal investment level

by the incumbent, we are interested in how this investment level varies with the

incumbent’s size, ∆t−1, and the patent policy, captured by τv and τb.

From Proposition 4, we know that a stronger incumbent in terms of his inno-

vation size, increases the likelihood of the entrant facing litigation upon entry as it

improves the incumbent’s patent validity claim and increases his relative profitability

of litigation over accommodation, Π(∆t−1)
ΠI(∆t−1,∆t,A)

. Intuitively, this should have a dis-

couraging impact on innovation investment by the entrant. However, we also know

that the entrant’s accommodation profit ΠE(∆t−1,∆t, A) is increasing in the incum-

bent’s product quality as a stronger incumbent also implies a less competitive market.

This tends to increase the benefit of entry, and thus innovation incentives. The fol-

lowing proposition states that for a sufficiently small incumbent, the entrant’s benefit

from softer competition outweighs the cost of higher litigation likelihood, causing the

entrant to increase his investment level in response to higher ∆t−1 .

Proposition 8. The entrant’s investment level in the presence of a patent-holding in-

cumbent, R∗(∆t−1, 1), is maximized for a positive value of ∆t−1. Formally, lim∆t−1→0

∂R∗(∆t−1,1)
∂∆t−1

> 0.

Proposition 8 is an immediate consequence of Proposition 5, which shows that

the entrant’s current payoff is increasing in ∆t−1 for sufficiently small values of ∆t−1.

This is due to the fact that as ∆t−1 goes to 0, the litigation threat disappears and

the entrant is more concerned about the impact on the incumbent’s size on the

market competition. A stronger incumbent results in a greater product differentiation
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between the best patented and non-patented technology, which makes entry more

attractive.

An immediate Corollary of Proposition 8 is that the entrant’s innovation incen-

tives may be higher if the existing best technology on the market is protected by a

patent.

Corollary 3. There exists ∆̃t−1 > 0 such that for all ∆t−1 ∈ (0, ∆̃t−1], R∗(∆t−1, 1) >

R∗(∆t−1, 0).

Note that for Λt = 0, the entrant does not face a litigation threat by the best

non-patented technology and realizes a profit of Π(∆t) in period t. This payoff is

equivalent to the payoff when Λt = 1 and ∆t−1 = 0 since litigation never takes place

and ΠE(0,∆t, A) = Π(∆t). Since the entrant’s payoff is increasing in ∆t−1 for suffi-

ciently small values of ∆t−1, it follows that the entrant would favor a patent holding

incumbent as long as the incumbent is not too powerful to generate a significant

litigation threat.

Corollary 3 highlights an important role of the patent system that has been

overlooked by the existing literature. While Scotchmer (1991) and Bessen and Meurer

(2006) emphasize the negative impact of patents of generating substantial litigation

threat for future innovators, and thus discouraging entry, we find that patents also

play the role of reducing existing market competition, which can in turn make entry

of improved products more profitable. As a result, innovation incentives for future

entrants may be higher if the current leading product on the market is protected by

a patent.

Next, we turn our attention to the impact of strengthening patent protection via

weaker patentability standard τv. As pointed out by Proposition 6, this increases the

incentives of the incumbent to litigate since he faces a lower threat of patent invali-
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dation. This, however, is not necessarily bad news for the entrant. As pointed out by

Proposition 7, the entrant may benefit from weaker patentability standard, and thus

stronger incumbent, since he takes into account the impact of such policy not only

on his current payoff, but also on his future payoff as an incumbent. The following

Proposition states that this might translate into stronger innovation incentives for

the entrant.

Proposition 9. There exists ∆̂t−1 > 0 such that for all ∆t−1 ∈ [0, ∆̂t−1], the en-

trant’s investment level in the presence of a patent-holding incumbent is maximized

for a positive value of τv. Formally, limτv→0
∂R∗(∆t−1,1)

∂τv
> 0 for ∆t−1 ∈

[
0, ∆̂t−1

]
.

Proposition 9 states that the entrant’s investment level increases in τv if the

patentability standard is sufficiently weak and the entrant faces a relatively small

incumbent. Intuitively, with a weak incumbent, strengthening the patentability

standard will have little effect on the current entrant’s profit as it would provide

only moderate litigation incentives in the current period. However, an increase in

the patentability standard can have a significant positive effect on the entrant’s con-

tinuation payoff by strengthening his litigation threat against incremental future

innovations. As a result, the trade-off between the current adverse effect and the

future positive effect of stronger patent protection is realized in favor of stronger

protection when the current incumbent is sufficiently weak.

3.6 Summary

This paper studies the litigation choices made by the existing patent holder when

facing the entrant into the market. It shows that the incumbent inclines to litigate

incremental improvement, settle with intermediate and accommodate significant in-

novations. An important finding of this paper, which is overlooked by most existing

literature, is that a stronger incumbent may act as an incentive to potential inno-
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vator, since he can help with mitigating the competition from existing technology

the entrant has to face. The findings also suggests that the entrant’s innovation

incentives can be higher if the incumbent is protected by a patent. A fruitful topic

for future work includes exploring the effect of longer patent term on the innovation

incentive and social welfare.
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4. CONCLUSION

This dissertation studies the patent system from macro and micro view, respec-

tively. Two important questions are addressed: the existing literature on economic

growth overlooks the impact of patent policy on social welfare; moreover, literature

on game between market participants neglects the uncertainty surrounding legal pro-

cess.

In the first essay, we investigate the optimal patent policy under Romer (1987)’s

economic growth model. We show that any stationary policy such as fixed-term

patent policy which is used in most legislations, is suboptimal. Moreover, we suggest

that in order to boost economy which is still at the infant stage, social planner should

grants no protection to innovators. By doing this, the pace of technology growth will

stay at high level for certain period of time. After the critical time point, the social

planner should grant full protection to all of the innovators and allow highest level of

consumption. The rationality is that this economy already enters the path at which

the resource is rich enough to provide maximum consumption without jeopardizing

technology growth.

The second essay investigates the incentive for the patent holding incumbent to

litigate, settle with and accommodate the entrant into the market under sequential

innovating process. It models the stochastic measurements of the patent protect

strength to capture the uncertainty surrounding legal process. We find the cutoffs of

the entrant innovation size for the incumbent to switch between strategies. Moreover,

we prove that the entrant’s benefit, thus his innovation incentives, may be increasing

in the incumbent’s quality due to the mitigation of market competition. The strength

of patent protect also impacts the strategies of the two parties of the game in non-
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monotonic way. The entrant trades off current negative effect from a strong patent

protection with future positive effect. When future effect dominates current effect, a

strong patent protection may also benefit the entrant and give him/her more incentive

to innovate.
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APPENDIX

Proof. Lemma 1

First, we show O1 < O2. It follows from ln(α) < α− 1 and ln(1 + α) < α that

0 =
α

1− α
(α− 1) + α >

α

1− α
ln(α) + ln(1 + α)

= ln(α
α

1−α (1 + α))

= ln(α
α

1−α + α
1

1−α ).

Therefore, 1 > α
α

1−α + α
1

1−α . Hence O1 = O2(α
α

1−α + α
1

1−α ) < O2.

Second, we show Ωa < O1. Because

Ωa = (1− α) ∗ α
α+1
1−α

= α
α+1
1−α − α

2
1−α

and

O1 = α
2α

1−α − α
2

1−α ,

we only need to show α
α+1
1−α < α

2α
1−α . Because α

2α
1−α

α
α+1
1−α

= α−1 > 1, O1 > Ωa.

Proof. Lemma 2

We will compute the time when λt reaches λ. Since Prt = 0 for t ∈ [0, T ), the

evolution of λt is

dλt
dt

=

(
−r − O2 − λt

κ

)
λt,
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or

dt

dλt
=

−1(
r + O2−λt

κ

)
λt

=
−1

r + O2

κ

(
1

λt
+

1

rκ+O2 − λt

)
.

The general solution takes the form:

t(λt) = −
ln
(

λt
rκ+O2−λt

)
r + O2

κ

+ C,

where C is a parameter. Since the solution satisfies λt = λ0 at t = 0, the condition

t(λ0) = 0 determines C as C =
ln
(

λ0
rκ+O2−λ0

)
r+

O2
κ

. Therefore,

t(λt) =
ln
(

λ0

rκ+O2−λ0

)
− ln

(
λt

rκ+O2−λt

)
r + O2

κ

.

When λt reaches λ,

T (λ0) ≡ t(λ) =
ln
(

λ0

rκ+O2−λ0

)
− ln

(
λ

rκ+O2−λ

)
r + O2

κ

.

Proof. Lemma 3
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If λ0 = λ, then the consumption path in equation (2.22) delivers utility

W (λ) =

∫ ∞
0

e−rt ln(ct)dt

=

∫ T

0

e−rt(ln(λ)− rt)dt+

∫ ∞
T

e−rt(ln(λ)− rt+
Ω

κ
t− Ω

κ
T )dt

=

∫ ∞
0

e−rt ln(λ)dt−
∫ ∞

0

e−rtrtdt+

∫ ∞
T

e−rt
Ω

κ
(t− T )dt

= ln(λ)

∫ ∞
0

e−rtdt− r
∫ ∞

0

e−rttdt+ e−rT
Ω

κ

∫ ∞
T

e−r(t−T )(t− T )dt

=
ln(λ)

r
− 1

r
+ e−rT

Ω

κ

1

r2
,

where the last equality uses the identities
∫∞

0
e−rtdt = 1

r
and

∫∞
0
e−rttdt = 1

r2 .

Proof. Lemma 4

It follows from equation(2.21) that T ′(λ) = κ
λ(rκ+O2−λ)

. Therefore,

λW ′(λ) =
1

r
− e−rT (λ) Ω

rκ
T ′(λ)λ

=
1

r
− e−rT (λ) Ω

rκ

κ

(rκ+O2 − λ)

=
1

r
−
(

λ

rκ+O2 − λ

) r

r+
O2
κ

(
λ

rκ+O2 − λ

)− r

r+
O2
κ Ω

r(rκ+O2 − λ)

In particular, if λ = λ, then

λW ′(λ) =
1

r
− Ω

r(rκ+O2 − λ)

=
1

r
− Ω

r(rκ+O2 − rκ−O1 + Ω)

=
1

r
− Ω

r(O2 −O1 + Ω)

=
O2 −O1

r(O2 −O1 + Ω)
.
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To prove λW ′(λ) is decreasing in λ, note

λW ′(λ) =
1

r
−
(

λ

rκ+O2 − λ

) r

r+
O2
κ

(
λ

rκ+O2 − λ

)− r

r+
O2
κ Ω

r(rκ+O2 − λ)

=
1

r
−
(

λ

rκ+O2 − λ

) r

r+
O2
κ Ω

r

1

λ
r

r+
O2
κ (rκ+O2 − λ)

1− r

r+
O2
κ

.

It is sufficient to show that λ
r

r+
O2
κ (rκ+O2−λ)

1− r

r+
O2
κ is decreasing in λ. Its derivative

contains a factor

r

r+
O2
κ

λ
−

(1− r

r+
O2
κ

)

(rκ+O2 − λ)

=

r

r+
O2
κ

(rκ+O2 − λ)− (1− r

r+
O2
κ

)λ

λ(rκ+O2 − λ)

=
rκ− λ

λ(rκ+O2 − λ)
.

It follows from λ ≥ λ = κr +O1 − Ω, that rκ− λ ≤ Ω−O1 < 0.

Proof. Proposition 1

We verify the first-order condition for Prt. If t ≥ T , then λt = λ. Prt = 1 is

optimal because

W ′(λ)λ(Ω +O2 −O1) +
O1 −O2

r
=
O2 −O1

r
+
O1 −O2

r
= 0.

If t < T , then λt > λ. Prt = 0 is optimal because

W ′(λt)λt(Ω +O2 −O1) +
O1 −O2

r
< W ′(λ)λ(Ω +O2 −O1) +

O1 −O2

r
= 0.

this implies that the social welfare decreases in Prt, thus it’s optimal to set Prt = 0.
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Proof. Proposition 2

Recall that

λW ′(λ) =
1

r
−
(

λ

rκ+O2 − λ

) r

r+
O2
κ Ω

r

1

λ
r

r+
O2
κ (rκ+O2 − λ)

1− r

r+
O2
κ

.

It follows from W ′(λ)λ > 0 that W ′(λ) > 0. If λ ↑ rκ + O2, then rκ + O2 − λ ↓ 0

and λW ′(λ) ↓ −∞. This implies W ′(λ) < 0 if λ is close to rκ+O2. Therefore, there

exists λ∗ ∈ (λ, rκ+O2) such that W ′(λ∗) = 0. The monotonicity of λW ′(λ) implies

equation(2.23).

Proof. Lemma 5

Incumbent finds it optimal to accommodate an entrant if and only if

ΠI(∆t−1,∆t, A) > ΠI(∆t−1,∆t, L).

Depending on the values of γ (·) and β (·), there are 3 possibilities:

(i) Either γ (·) = 0 or β (·) = 0 . In this case it is easy to see that for all ∆t, in-

cumbents payoff from accommodation exceeds his payoff from litigation. Then,

∆A
t = 0.

(ii) γ (·) = 1 and β (·) > 0. Notice that ΠI (∆t−1) is higher than ΠI(∆t−1,∆t, A)

and hence, incumbent’s payoff from accommodation is always lower than that

from litigation. Then for any ∆t, incumbent does not find it optimal to accom-

modate and hence, ∆A
t = ∆max in this case.

(iii) For ∆t = 0, incumbent always litigates the entrant because ΠI(∆t−1, 0, A) = 0,

while litigation has a probability β(0, σb) = 1 of finding the entrant infringing.
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In the event that incumbent’s patent is upheld by the court, he earns positive

profits ΠI(∆t−1).

The change in ΠI(∆t−1,∆t, L) is given by

∂ΠI(∆t−1,∆t, L)

∂∆t

= γ((1− β)
∂ΠI(∆t−1,∆t, A)

∂∆t

+
∂β

∂∆t

(Π(∆t−1)− ΠI(∆t−1,∆t, A)))

Notice that ΠI(∆t−1,∆t, A) ≤ Π(∆t−1) because ΠI(∆t−1,∆t, A) reflects in-

cumbent’s profits when he faces additional competition from an entrant with

improved innovation ∆t. Further, ΠI(∆t−1, ∆t, A) is increasing in ∆t. Com-

bining this with the fact that 0 ≤ γ, β ≤ 1 and ∂β
∂∆t

< 0, it can be seen that

∂ΠI(∆t−1,∆t,L)
∂∆t

≤ ∂ΠI(∆t−1,∆t,A)
∂∆t

and incumbent’s incentives to choose accommo-

dation strengthen with ∆t. Hence, there exists a threshold ∆A
t (∆t−1, γ, β)

above which the incumbent no longer finds it optimal to litigate.

Proof. Lemma 6

If either γ (·) = 0 or β (·) = 0, it follows from Lemma 5 that ∆A
t = 0 and incum-

bent finds it optimal to accomodate every entry. Otherwise, for 0 < γ (∆t−1) ≤ 1

and β (∆t) > 0 there exists ∆A
t such that incumbent has a credible threat to liti-

gate entrants with ∆t < ∆A
t and accomodates an entrant with ∆t ≥ ∆A

t . How-

ever, since entrant’s expected payoff from litigation is lower than his payoff from

accommodation, a possibility of settlement might arise if and only if the sum of

entrants and incumbents payoffs from accommodation are higher than the sum of

their payoffs from litigation and a positive surplus can arise if incumbent accommo-

dates the entrant. At ∆t = 0, ΠI (0,∆t−1, A, ) = ΠE (0,∆t−1, A) = ΠI (∆t) = 0
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while ΠI (∆t−1) stays positive. While left hand side of equation (3.11) is zero,

the right hand side remains positive, implying that settlement never occurs for

∆t = 0. Further, the left hand side of equation (3.11) is increasing in ∆t because

∂ΠI(∆t−1,∆t,A)
∂∆t

+ ∂ΠE(∆t−1,∆t,A)
∂∆t

− ∂ΠE(∆t)
∂∆t

= 1
4

∆2
t−1(33∆t−1+28∆t)

(4∆t+3∆t−1)3 > 0. Next we need to

show that right hand side of equation (3.11) is decreasing in ∆t.

∂RHS

∂∆t

= γ (∆t−1, σv)
∂β (∆t, σb)

∂∆t

(ΠI (∆t−1)− ΠI(∆t−1,∆t, A)−

ΠE(∆t−1,∆t, A)])

−γ (∆t−1, σv) β (∆t, σb)

(
∂ΠI(∆t−1,∆t, A)

∂∆t

+
∂ΠE(∆t−1,∆t, A)

∂∆t

)

Since ΠI(∆t−1,∆t, A) and ΠE(∆t−1,∆t, A) are increasing in ∆t and β (∆t, σb) is

decreasing in ∆t, a sufficient condition for RHS to be decreasing in ∆t is

ΠI (∆t−1)− ΠI(∆t−1,∆t, A)− ΠE(∆t−1,∆t, A)] > 0.

At ∆t = 0, RHS is positive and decreasing in ∆t. Since LHS of equation (3.11) is

positive, it has to be the case that ΠI (∆t−1)−ΠI
(
∆S
t ,∆t−1, A

)
−ΠE

(
∆S
t ,∆t−1, A

)
>

0. Since ΠI
(
∆S
t ,∆t−1, A

)
and ΠE(∆S

t ,∆t−1, A) are both increasing in ∆t, it has to be

the case that ΠI (∆t−1)−ΠI(∆t−1,∆t, A)−ΠE(∆t−1,∆t, A) > 0 for all 0 ≤ ∆t ≤ ∆S
t

and hence, RHS is always decreasing for all ∆ ≤ ∆S
t . This implies that the possibility

that RHS increasing can arise only for ∆ > ∆S
t . However, a necessary condition for

RHS to be increasing is that ΠI (∆t−1) − ΠI(∆t−1,∆t, A) − ΠE(∆t−1,∆t, A) < 0.

If this condition is met, then it can be seen from equation (3.11) that its left hand

side would be positive and hence remains higher than its right hand side (which is

negative). This proves that ∆S
t is unique.

On the other extreme, ∆t = ∆A
t , settlement always occurs. This is due to the

67



fact that at ∆t = ∆A
t while incumbent is indifferent between accommodation and

litigation, entrant receives a higher payoff from accommodation versus litigation

giving rise a positive surplus from accommodation.

Hence, if ∆A
t > 0, there exists a unique ∆S

t ∈
(
0,∆A

t

)
such that settlement arises

for ∆t ∈
[
∆S
t ,∆

A
t

]
and litigation happens for ∆t ∈

[
0,∆S

t

)
.

Proof. Proposition 3

Follows immediately from Lemmas 5 and 6

Proof. Proposition 4

We prove each part in sequence:

(i) ∆A
t is increasing in ∆t−1.

Let us denote the incumbent’s surplus from accommodation over that from

litigation as

H(∆t,∆t−1) ≡ (1− γ (∆t−1)) ΠI (∆t,∆t−1, A)

−γ (∆t−1) β (∆t)
(
ΠI (∆t−1)− ΠI (∆t,∆t−1, A)

)

Note that ∆A
t solves H(∆A

t ,∆t−1) = 0. Then, by Implicit Function Theorem,

∂∆A
t

∂∆t−1
= −∂H(∆A

t ,∆t−1)/∂∆t−1

∂H(∆A
t ,∆t−1)/∂∆t

. First of all, H is the incumbent’s surplus from

accommodation over that from litigation, so H is positive when ∆t is above

the point ∆A
t and negative when ∆t is below ∆A

t . And from the continuity of

the payoff, we have that ∂H(∆A
t ,∆t−1)/∂∆t > 0. Now it is sufficient to show
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that ∂H(∆A
t ,∆t−1)/∂∆t−1 < 0.

∂H(∆A
t ,∆t−1)

∂∆t−1

= −∂γ (∆t−1)

∂∆t−1

[ΠI (∆t,∆t−1, A) +

β (∆t) (ΠI (∆t−1)− ΠI (∆t,∆t−1, A))]

+ (1− γ (∆t−1))
∂ΠI (∆t,∆t−1, A)

∂∆t−1

−γ (∆t−1) β (∆t)

(
∂ΠI (∆t−1)

∂∆t−1

− ∂ΠI (∆t,∆t−1, A)

∂∆t−1

)

The first term of above expression is always negative since ∂γ(∆t−1)
∂∆t−1

> 0 and

ΠI (∆t−1)−ΠI (∆t,∆t−1, A) > 0. Now we denote: M(∆A
t ,∆t−1) ≡ (1− γ (∆t−1))

∂ΠI(∆t,∆t−1,A)
∂∆t−1

− γ (∆t−1) β
(
∆A
t

)(∂ΠI(∆t−1)
∂∆t−1

− ∂ΠI(∆A
t ,∆t−1,A)
∂∆t−1

)
.

Since we have H(∆A
t ,∆t−1) = 0, thus we have

γ (∆t−1) β
(
∆A
t

)
=

(1− γ(∆t−1))ΠI(∆t,∆t−1, A)

ΠI(∆t−1)− ΠI(∆t,∆t−1, A)
.

Thus M(∆A
t ,∆t−1) can be simplified to:
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(1− γ)
∂ΠI(∆t,∆t−1, A)

∂∆t−1

− (1− γ) ΠI(∆t,∆t−1, A)

(ΠI (∆t−1)− ΠI(∆t,∆t−1, A))(
∂ΠI (∆t−1)

∂∆t−1

− ∂ΠI(∆t,∆t−1, A)

∂∆t−1

)
=

(1− γ)

(ΠI (∆t−1)− ΠI(∆t,∆t−1, A))(
ΠI (∆t−1)

∂ΠI(∆t,∆t−1, A)

∂∆t−1

− ΠI(∆t,∆t−1, A)
∂ΠI (∆t−1)

∂∆t−1

)
=

(1− γ)

4 (ΠI (∆t−1)− ΠI(∆t,∆t−1, A))(
∆t−1

∂ΠI(∆A
t ,∆t−1, A)

∂∆t−1

− ΠI(∆A
t ,∆t−1, A)

)
= − (1− γ)

4 (ΠI (∆t−1)− ΠI(∆A
t ,∆t−1, A))

(
2∆A

t + 3∆t−1

)
∆A
t ∆2

t−1

(4∆A
t + 3∆t−1)

3 < 0

Thus, clearly we have ∂H(∆A
t ,∆t−1)/∂∆t−1 < 0. This implies that

∂∆A
t

∂∆t−1
> 0.

(ii) ∆S
t is increasing in ∆t−1.

Let us denote the joint surplus from settlement over that from litigation as

D (∆t,∆t−1) ≡ (1− γ (∆t−1)) (ΠI (∆t,∆t−1, A) + ΠE (∆t,∆t−1, A)

−ΠE (∆t))− γ (∆t−1) β (∆t) (ΠI (∆t−1)− ΠI (∆t,∆t−1, A)

−ΠE (∆t,∆t−1, A))

Note that ∆S
t solves D (∆t,∆t−1) = 0. Then, by Implicit Function Theorem,

∂∆S
t

∂∆t−1
= −∂D(∆S

t ,∆t−1)/∂∆t−1

∂D(∆S
t ,∆t−1)/∂∆t

. First of all, D is the joint surplus from settle-

ment over that from litigation, so D is positive when ∆t is above the point

∆S
t and negative when ∆t is below ∆S

t . And from the continuity of the pay-

off, we have that ∂D(∆S
t ,∆t−1)/∂∆t > 0. Now it is sufficient to show that
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∂D(∆S
t ,∆t−1)/∂∆t−1 < 0.

∂D(∆S
t ,∆t−1)

∂∆t−1

= −∂γ (∆t−1)

∂∆t−1


ΠI
(
∆S
t ,∆t−1, A

)
+ ΠE

(
∆S
t ,∆t−1, A

)
−ΠE

(
∆S
t

)
+ β (∆t

t) (ΠI (∆t−1)−

ΠI
(
∆S
t ,∆t−1, A

)
− ΠE

(
∆S
t ,∆t−1, A

)
)


+ (1− γ (∆t−1))

(
∂ΠE

(
∆S
t ,∆t−1, A

)
∂∆t−1

+
∂ΠI

(
∆S
t ,∆t−1, A

)
∂∆t−1

)
− γ (∆t−1)

β
(
∆S
t

)(∂ΠI (∆t−1)

∂∆t−1

−
∂ΠI

(
∆S
t ,∆t−1, A

)
∂∆t−1

−
∂ΠE

(
∆S
t ,∆t−1, A

)
∂∆t−1

)

Firstly, D(∆S
t ,∆t−1) = 0 gives us that

β
(
∆S
t

)
(ΠI (∆t−1)− ΠI

(
∆S
t ,∆t−1, A

)
− ΠE

(
∆S
t ,∆t−1, A

)
) =

1− γ(∆t−1)

γ(∆t−1)
(ΠI

(
∆S
t ,∆t−1, A

)
+ ΠE

(
∆S
t ,∆t−1, A

)
− ΠE

(
∆S
t

)
)

. Thus the first term of the equation above can be write as −∂γ(∆t−1)
∂∆t−1

1
γ(∆t−1)(

ΠI
(
∆S
t ,∆t−1, A

)
+ ΠE

(
∆S
t ,∆t−1, A

)
− ΠE

(
∆S
t

))
, and it’s clearly negative.

In order to sign the last two terms of
∂D(∆S

t ,∆t−1)

∂∆t−1
, we denote the change of the

joint payoff from settlement as
∂Π(∆S

t ,∆t−1,A)
∂∆t−1

=
∂ΠE(∆S

t ,∆t−1,A)
∂∆t−1

+
∂ΠI(∆S

t ,∆t−1,A)
∂∆t−1

.

Moreover, from D(∆S
t ,∆t−1) = 0, we have γ(∆t−1)β(∆S

t ) = (1− γ (∆t−1))
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Π(∆S
t ,∆t−1,A)−ΠE(∆S

t )

ΠI(∆t−1)−Π(∆S
t ,∆t−1,A)

. Now we want to sign

(1− γ (∆t−1))

(
∂Π
(
∆S
t ,∆t−1, A

)
∂∆t−1

)
− γ (∆t−1) β(∆S

t )(
∂ΠI (∆t−1)

∂∆t−1

−
∂Π
(
∆S
t ,∆t−1, A

)
∂∆t−1

)

= (1− γ(∆t−1))

 ∂Π(∆S
t ,∆t−1,A)
∂∆t−1

−
Π(∆S

t ,∆t−1,A)−ΠE(∆S
t )

ΠI(∆t−1)−Π(∆S
t ,∆t−1,A)

(
∂ΠI(∆t−1)
∂∆t−1

− ∂Π(∆S
t ,∆t−1,A)
∂∆t−1

)


=
(1− γ(∆t−1))

ΠI(∆t−1)− Π (∆S
t ,∆t−1, A)

 ∂Π(∆S
t ,∆t−1,A)
∂∆t−1

(
ΠI(∆t−1)− ΠE(∆S

t )
)
−

∂ΠI(∆t−1)
∂∆t−1

(
Π
(
∆S
t ,∆t−1, A

)
− ΠE(∆S

t )
)


= − 1

16

(1− γ(∆t−1))

ΠI(∆t−1)− Π (∆S
t ,∆t−1, A)

∆S
t

(4∆S
t + 3∆t−1)

3(
48(∆S

t )3 + 52(∆S
t )2∆t−1 + 28∆S

t ∆2
t−1 + 33∆3

t−1

)

It’s obviously negative, and thus
∂D(∆S

t ,∆t−1)

∂∆t−1
< 0 which implies

∂∆S
t

∂∆t−1
> 0.

(iii) If ∆A
t > 0, then there exist ∆′t−1 < ∆′′t−1 such that ∆A

t − ∆S
t increases with

∆t−1 for ∆t−1 < ∆′t−1 and decreases with ∆t−1 for ∆t−1 > ∆′′t−1.

First we show that
∂(∆A

t −∆S
t )

∂∆t−1
> 0 for low values of ∆t−1. When ∆t−1 = 0,

∆S
t = ∆A

t = 0. The result is always accommodation thus the settlement region

is always 0. For ∆t−1 > 0, ∆A
t > ∆S

t . Therefore, by the continuity of the firms’

payoff, there exists ∆′t−1 such that
∂(∆A

t −∆S
t )

∂∆t−1
> 0 for ∆t−1 < ∆′t−1. Next we

show
∂(∆A

t −∆S
t )

∂∆t−1
< 0 for high value of ∆t−1. When ∆t−1 = ∆max, γ = 1. Note

ΠI(∆t,∆t−1, L, 1, β) > ΠI(∆t,∆t−1, A). Since ΠI(∆t,∆t−1, L, γ, β) is increas-

ing in ∆t−1, there exists ∆′′t−1 such that ΠI(∆t,∆t−1, L, γ, β)> ΠI(∆t,∆t−1 , A)

for all ∆t−1 > ∆′′t−1. Thus the result is never accommodation and ∆A
t = ∆max
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and
∂∆A

t

∂∆t−1
= 0 for all ∆t−1 > ∆′′t−1. Since ∆S

t is increasing in ∆t−1,
∂(∆A

t −∆S
t )

∂∆t−1
< 0

for all ∆t−1 > ∆′′t−1.

Proof. Proposition 5

We prove this proposition part by part:

(i) For all ∆t > 0, there exist ∆E
t−1 ∈ [∆A

t−1,∆
max] such that the entrant’s equilib-

rium payoff is increasing in ∆t−1 for all ∆t−1 ≤ ∆E
t−1.

The entrant payoff includes two parts: payoff for current period and continuity

payoff for the future. Since the future payoff is not impacted by the incumbent’s

payoff, we only care about the current period payoff.

From corollary 2, we know that there exists cutoffs ∆A
t−1(∆t, γ, β) < ∆S

t−1(∆t,

γ, β) such that σ∗ = A for ∆t−1 ≤ ∆A
t−1(∆t, γ, β). We also know that entrant

payoff increases in ∆t−1 when accommodation happens. So there exists a cutoff

∆E
t−1 ∈ [∆A

t−1,∆
max] such that the entrant’s equilibrium payoff is increasing in

∆t−1 for all ∆t−1 ≤ ∆E
t−1.

(ii) There exists ∆I
t−1 ∈ [∆A

t−1,∆
max] such that the incumbent’s payoff is increasing

in ∆t−1 for all ∆t−1 ≤ ∆I
t−1. Moreover, if the entrant has all the bargaining

power in the settlement negotiation vis-a-vis the incumbent, ∆I
t−1 = ∆max.

From corollary 2, we know that there exists cutoffs ∆A
t−1(∆t, γ, β) < ∆S

t−1(∆t,

γ, β) such that σ∗ = A for ∆t−1 ≤∆A
t−1(∆t, γ, β). We also know that incumbent

payoff increases in ∆t−1 when accommodation happens. So there exists a cutoff

∆I
t−1 ∈ [∆A

t−1,∆
max] such that the incumbent’s payoff increases in ∆t−1 for all

∆t−1 ≤ ∆I
t−1.
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It is easy to see that ∂ΠI(∆t,∆t−1,L)
∂∆t−1

> 0 and ∂ΠI(∆t,∆t−1,A)
∂∆t−1

> 0. Also, we know

from proof of Corollary (2) that ∆A
t−1(∆t, γ, β) < ∆S

t−1(∆t, γ, β). From the

continuity of the incumbent’s payoff, we only need to focus on the incumbent

payoff under settlement. When settlement occurs, the bargain surplus is given

by:

ΠI(∆t,∆t−1, A) + ΠE(∆t,∆t−1, A)−ΠI(∆t,∆t−1, L)−ΠE(∆t,∆t−1, L) (4.1)

Using Nash Bargaining solution, we get

ΠI(∆t,∆t−1, S) = ΠI(∆t,∆t−1, L) + α(eq.(4.1))

ΠE(∆t,∆t−1, S) = ΠE(∆t,∆t−1, L) + (1− α)(eq.(4.1))

where α ∈ [0, 1] denotes the incumbent’s bargaining power, α = 0 means all

the bargaining power belongs to the entrant, thus the incumbent gets nothing

from the bargain surplus. Rewrite the incumbent payoff from settlement, we

have

∂ΠI(∆t,∆t−1, S)

∂∆t−1

= (1− α)
∂ΠI(∆t,∆t−1, L)

∂∆t−1︸ ︷︷ ︸
+

+

α

 ∂ΠI(∆t,∆t−1,A)
∂∆t−1

+ ∂ΠE(∆t,∆t−1,A)
∂∆t−1

−∂ΠE(∆t,∆t−1,L)
∂∆t−1


When the entrant has all the bargaining power, α = 0, we get
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∂ΠI(∆t,∆t−1, S)

∂∆t−1

=
∂ΠI(∆t,∆t−1, L)

∂∆t−1

> 0

Thus when α = 0, we have ∂ΠI(∆t,∆t−1,S)
∂∆t−1

> 0, this, with the facts that

∂ΠI(∆t,∆t−1, L)

∂∆t−1

> 0

and ∂ΠI(∆t,∆t−1,A)
∂∆t−1

> 0, implies that the incumbent’s payoff is increasing in ∆t−1

in [0,∆max], which is equivalent to ∆I
t−1 = ∆max.

Proof. Corollary 2

(i) When γ = 1, the incumbent’s payoff from litigation is always higher than

that from accommodation no matter how much is ∆t, thus the incumbent will

always sue and ∆A
t−1 = 0.

(ii) Either γ = 0 or β = 0. It’s easy to see that accommodation always happens

and ∆A
t−1 = ∆max.

(iii) When ∆t = 0, the incumbent’s payoff from litigation is positive and that from

accommodation is 0. Thus the incumbent will always litigate, ∆s
t−1 = 0.

Moreover, the existence and uniqueness of ∆A
t−1 and ∆S

t−1 are guaranteed by

the existence and uniqueness of ∆A
t and ∆S

t proved in Lemma 5 and 6, as well

as the fact that ∆t−1 is the inverse function of ∆t, that is ∆t−1(∆t, γ, β) =

∆−1
t (∆t−1, γ, β). ∆S

t < ∆A
t proved in proposition 3 implies that ∆S

t−1 > ∆A
t−1

75



Proof. Proposition 6

We prove this proposition part by part:

(i) ∆A
t is increasing in τv

To prove this part, we repeat the incumbent’s surplus from accommodation

over that from litigation below,

H(∆t,∆t−1) ≡ (1− γ (∆t−1)) ΠI (∆t,∆t−1, A)

−γ (∆t−1) β (∆t)
(
ΠI (∆t−1)− ΠI (∆t,∆t−1, A)

)

By Implicit Function Theorem,
∂∆A

t

∂τv
= − ∂H(∆A

t ,∆t−1)/∂τv
∂H(∆A

t ,∆t−1)/∂∆t
. Then

∂H(∆A
t ,∆t−1)

∂τv
= −∂γ (∆t−1)

∂τv(
ΠI(∆t,∆t−1, A) + β (∆t)

(
ΠI(∆t−1)− ΠI(∆t,∆t−1, A)

))
< 0

We know that when ∆t is above ∆A
t , the incumbent prefers accommodation

over litigation, which means he will get larger surplus from accommodation

over that from litigation, thus ∂H(∆t,∆t−1)
∂∆t

> 0. It follows immediately that

∂∆A
t

∂τv
> 0, thus ∆A

t is increasing in τv.

(ii) ∆S
t is increasing in τv

To prove this part, we repeat the joint surplus for both parties from settlement
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over that from litigation below,

D (∆t,∆t−1) ≡ (1− γ (∆t−1)) (ΠI (∆t,∆t−1, A) + ΠE (∆t,∆t−1, A)

−ΠE (∆t))− γ (∆t−1) β

(∆t)
(
ΠI (∆t−1)− ΠI (∆t,∆t−1, A)− ΠE (∆t,∆t−1, A)

)

We use similar technique as in the last part,
∂∆S

t

∂τv
= − ∂D(∆S

t ,∆t−1)/∂τv
∂D(∆S

t ,∆t−1)/∂∆t
. Since D

is the joint surplus for both parties from settlement over that from litigation, it

gets larger when ∆t exceeds ∆S
t . Therefore, we have ∂D(∆S

t ,∆t−1)/∂∆t > 0.

Now it is sufficient to show that ∂D(∆S
t ,∆t−1)/∂τv < 0

∂D(∆S
t ,∆t−1)

∂τv
= −∂γ (∆t−1)

∂τv


ΠI
(
∆S
t ,∆t−1, A

)
+ ΠE

(
∆S
t ,∆t−1, A

)
−ΠE

(
∆S
t

)
+ β

(
∆S
t

)
(ΠI (∆t−1)

−ΠI
(
∆S
t ,∆t−1, A

)
− ΠE

(
∆S
t ,∆t−1, A

)
)


= −∂γ (∆t−1)

∂τv

 Π
(
∆S
t ,∆t−1, A

)
− ΠE

(
∆S
t

)
−

β(∆S
t )
(
Π(∆S

t ,∆t−1, A)− ΠI (∆t−1)
)
 < 0

Note that the last inequality must hold since D(∆S
t ,∆t−1) = 0, equation (4.1)

implies that

Π
(
∆S
t ,∆t−1, A

)
− ΠE

(
∆S
t

)
=

γ(∆t−1)

 Π
(
∆S
t ,∆t−1, A

)
− ΠE

(
∆S
t

)
−

β(∆S
t )
(
Π(∆S

t ,∆t−1, A)− ΠI (∆t−1)
)
 > 0.

where Π
(
∆S
t ,∆t−1, A

)
= ΠI

(
∆S
t ,∆t−1, A

)
+ ΠE

(
∆S
t ,∆t−1, A

)
.

(iii) There exist τ ′v < τ ′′v such that ∆A
t − ∆S

t increases with τv for τv < τ ′v and
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decreases with τv for τv > τ ′′v

First, we show that
∂(∆A

t −∆S
t )

∂τv
> 0 for low values of τv. Note that γ(∆t−1, 0) = 0,

from Lemma 5 we have that ∆A
t (τv = 0) = ∆S

t (τv = 0) = 0. Moreover, for

τv > 0, ∆A
t > ∆S

t . Therefore, by the continuity of the firms’ payoffs, there

exists τ ′v such that
∂(∆A

t −∆S
t )

∂τv
> 0 for τv < τ ′v.

Note ΠI(∆t,∆t−1, L, 1, β) > ΠI(∆t,∆t−1, A). Since ΠI(∆t,∆t−1, L, 1, β) is

increasing in γ(τv) and γ(τv) is increasing in τv , there exists τ ′′v such that

ΠI(∆t,∆t−1, L, 1, β) ≥ ΠI(∆t,∆t−1, A) for τv ≥ τ ′′v . This, in turn, implies that

∆S
t = ∆max and

∂∆S
t

∂τv
= 0 for all τv ≥ τ ′′v . Since ∆S

t is strictly increasing in τv

for all τv such that γ(τv) < 1, it implies that
∂(∆A

t −∆S
t )

∂τv
> 0 for τv > τ ′′v .

Proof. Proposition 7

We prove this proposition part by part:

(i) For all ∆t−1 > 0, there exists τ Iv such that the incumbent’s expected payoff

E∆t [Π
I(∆t−1,∆t, σ

∗
t )] is increasing in τv for all τv ≤ τ Iv . Moreover, if the en-

trant has all the bargaining power in the settlement negotiation vis-a-vis the

incumbent, the incumbent’s expected payoff is always increasing in τv.

Facing a constant entry probability p(Rt) > 0, the incumbent’s expected payoff
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is

E∆t [Π
I(∆t−1,∆t, σ

∗
t )]

= p(Rt)Π
I(∆t,∆t−1, σ

∗
t ) + (1− p(Rt))Π(∆t)

= p(Rt)(

∫ ∆S
t

0

ΠI (∆t,∆t−1, L) f (∆t) d∆t +

∫ ∆A
t

∆S
t

ΠI (∆t,∆t−1, S) f (∆t) d∆t

+

∫ ∆max

∆A
t

ΠI(∆t,∆t−1, A)f (∆t) d∆t) + (1− p(Rt))Π(∆t)

For τv = 0 and ∆t−1 > 0, the incumbent doesn’t have credible threat thus just

accommodates the entrant, getting expected payoff of p(Rt)Π
I(∆t,∆t−1, A) +

(1−p(Rt))Π(∆t). Since ΠI (∆t,∆t−1, L) ≥ ΠI(∆t,∆t−1, A), ΠI (∆t,∆t−1, S) ≥

ΠI(∆t,∆t−1, A), and p(Rt) is constant, we can see that E∆t [Π
I(∆t−1,∆t, σ

∗
t )] >

p(Rt)Π
I(∆t,∆t−1, A)+(1−p(Rt))Π(∆t). This means the incumbent’s expected

payoff with a positive τv is always larger than that with a τv = 0. This fur-

ther implies that there exists τ Iv such that the incumbent’s expected payoff

E∆t [Π
I(∆t−1,∆t, σ

∗
t )] is increasing in τv for all τv ≤ τ Iv

Now let’s look into the whole range of τv. Since p(Rt) is constant thus does

not respond to the change of τv, we have ∂[(1−p(Rt))Π(∆t)]
∂τv

= 0, applying Leibniz
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Rule,

∂E∆t [Π
I(∆t−1,∆t, σ

∗
t )]

∂τv

= [

∫ ∆S
t

0

∂ΠI (∆t,∆t−1, L)

∂τv
f (∆t) d∆t + ΠI(∆S

t ,∆t−1, L)f (∆t)
d∆S

t

dτv∫ ∆A
t

∆S
t

∂ΠI (∆t,∆t−1, S)

∂τv
f (∆t) d∆t − ΠI

(
∆S
t ,∆t−1, S

)
f (∆t)

d∆S
t

dτv

+ΠI
(
∆A
t ,∆t−1, S

)
f (∆t)

d∆A
t

dτv
+

∫ ∆max

∆A
t

∂ΠI (∆t,∆t−1, A)

∂τv
f (∆t) d∆t

−ΠI(∆A
t ,∆t−1, A)f (∆t)

d∆A
t

dτv
]p(Rt)

Note that ΠI(∆S
t ,∆t−1, L) = ΠI(∆S

t ,∆t−1, S) and ΠI
(
∆A
t ,∆t−1, S

)
− ΠI(∆A

t ,

∆t−1, A) = FS
(
∆A
t ,∆t−1

)
> 0. Substituting these allows us to simplify the

above expression to:

∂E∆t [Π
I(∆t−1,∆t, σ

∗
t )]

∂τv

= p(Rt)[

∫ ∆S
t

0

∂ΠI (∆t,∆t−1, L)

∂τv︸ ︷︷ ︸
+

f (∆t) d∆t +

∫ ∆A
t

∆A
t

∂ΠI (∆t,∆t−1, S)

∂τv
f (∆t) d∆t

+

∫ ∆max

∆A
t

∂ΠI (∆t,∆t−1, A)

∂τv︸ ︷︷ ︸
0

f (∆t) d∆t + FS
(
∆A
t ,∆t−1

)︸ ︷︷ ︸
+

f (∆t)
d∆A

t

dτv
]

It is easy to see that ∂ΠI(∆t,∆t−1,L)
∂τv

> 0 and ∂ΠI(∆t,∆t−1,A)
∂τv

= 0. Because of the

continuity of the incumbent’s payoff, we only need to focus on the incumbent’s

payoff from settlement. Again, we use the Nash Bargaining result defined in

Proposition 5,
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∂ΠI(∆t,∆t−1, S)

∂τv
= (1− α)

∂ΠI(∆t,∆t−1, L)

∂τv︸ ︷︷ ︸
+

+α

 ∂ΠI(∆t,∆t−1,A)
∂τv

+ ∂ΠE(∆t,∆t−1,A)
∂τv

−∂ΠE(∆t,∆t−1,L)
∂τv


When the entrant has all the bargaining power, α = 0, we get

∂ΠI(∆t,∆t−1, S)

∂τv
=
∂ΠI(∆t,∆t−1, L)

∂τv
> 0

Thus when α = 0, we have
∂E∆t [Π

I(∆t−1,∆t,σ∗t )]

∂τv
> 0, this implies that the incum-

bent’s expected payoff is increasing in τv.

(ii) For all ∆t > 0, there exists τEv such that the entrant’s expected payoff ΠE(∆t−1

,∆t, σ
∗
t ) + E∆t+1

[
ΠI
(
∆t,∆t, σ

∗
t+1

)]
is increasing in τv for all τv ≤ τEv .

For τv = 0, the incumbent does not have a credible threat to litigate and thus

accommodation always happens. Therefore,

ΠE (∆t−1,∆t, σ
∗
t ) = ΠE(∆t−1,∆t, A)

Now consider τEv > 0, which is still small enough to make the incumbent

accommodate the entrant, then, the current payoff for the entrant is still

ΠE(∆t−1,∆t, A). From the proof of last part, we can also see that for all ∆t > 0,

there exists τ Iv such that the entrant’s continuation payoff E∆t+1 [ΠI(∆t,∆t+1

, σ∗t )] is increasing in τv for all τv ≤ τ Iv . Since ΠE(∆t−1,∆t, A) does not respond

to τv, now as long as we can find a τEv that is smaller than τ Iv , we can state that
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ΠE (∆t−1,∆t, σ
∗
t ) +E∆t+1

[
ΠI
(
∆t,∆t, σ

∗
t+1

)]
is increasing in τv for all τv ≤ τEv .

Proof. Proposition 8

From our setting, we have c′(R∗t ) > 0, c′′(R∗t ) > 0 and p′(R∗t ) > 0, p′′(R∗t ) < 0.

Differentiate eq.(3.14) with respect to ∆t−1 results in

∂E∆t

[
ΠE(∆t−1,∆t, σ

∗, γ, β, 1)
]

∂∆t−1

− c′′(R∗t )p
′(R∗t )− p′′(R∗t )c′(R∗t )

[c′(R∗t )]
2

∂R∗t (∆t−1, 1)

∂∆t−1

= 0

Rearrange it, we have

∂R∗t (∆t−1, 1)

∂∆t−1

=
∂E∆t

[
ΠE(∆t−1,∆t, σ

∗, γ, β, 1)
]

∂∆t−1

[c′(R∗t )]
2

c′′(R∗t )p
′(R∗t )− p′′(R∗t )c′(R∗t )

(4.2)

Note that
[c′(R∗t )]2

c′′(R∗t )p′(R∗t )−p′′(R∗t )c′(R∗t )
> 0 and

∂E∆t

[
ΠE(∆t−1,∆t, σ

∗, γ, β, 1)
]

∂∆t−1

=

∫ ∆S
t

0

∂ΠE(∆t−1,∆t, L)

∂∆t−1

f(∆t)d∆t +

∫ ∆A
t

∆S
t

∂ΠE(∆t−1,∆t, S)

∂∆t−1

+

[ΠE(∆t−1,∆
A
t , S)− ΠE(∆t−1,∆

A
t , A)]f(∆A

t )
∂∆A

t

∂∆t−1

+∫ ∆max

∆A
t

∂ΠE(∆t−1,∆t, A)

∂∆t−1

f(∆t)d∆t

From Proposition 4, we know the both ∆A
t and ∆s

t increase in ∆t−1, therefore,

lim∆t−1→0 ∆A
t = lim∆t−1→0 ∆S

t = 0, which makes the first two terms of the equation

above approach to 0. Moreover, lim∆t−1→0 ΠE(∆t−1,∆
A
t , S) = lim∆t−1→0 ΠE(∆t−1,

∆A
t , A) = 0. This implies that
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lim
∆t−1→0

∂E∆t

[
ΠE(∆t−1,∆t, σ

∗, γ, β, 1)
]

∂∆t−1

= lim
∆t−1→0

∫ ∆max

0

∂ΠE(∆t−1,∆t, A)

∂∆t−1

f(∆t)d∆t > 0

Plug the term above into (4.2) and take limit w.r.t ∆t−1, we have

lim
∆t−1→0

∂R∗t (∆t−1, 1)

∂∆t−1

=

lim
∆t−1→0

[
[c′(R∗t )]

2

c′′(R∗t )p
′(R∗t )− p′′(R∗t )c′(R∗t )

∫ ∆max

0

∂ΠE(∆t−1,∆t, A)

∂∆t−1

f(∆t)d∆t

]
> 0

Proof. Corollary 3

The corollary follows immediately from Proposition 8 and the continuity of R∗.

Proof. Proposition 9

Let W (R∗t (∆t−1,Λt)) =
c′(R∗t (∆t−1,Λt))

p′(R∗t (∆t−1,Λt))
. Then, by eq. (3.14) , R∗t (∆t−1, 1) solves

W (R∗t (∆t−1, 1))− E∆t [Π
E(∆t−1,∆t, σ

∗, 1)] =

E∆t−1 [ΠI(∆t−1)]− E∆t−1

[
p(R∗t (∆t−1, 1))

[
ΠI(∆t−1)− E∆t(Π

I(∆t−1,∆t, σ
∗, 1))

]]
Since the RHS of last equation does not vary with ∆t−1, for a ∆̂t−1 > ∆t−1, we

also have
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W (R∗t (∆̂t−1, 1))− E∆t [Π
E(∆̂t−1,∆t, σ

∗, 1)] =

E∆t−1 [ΠI(∆t−1)]− E∆t−1

[
p(R∗t (∆t−1, 1))

[
ΠI(∆t−1)− E∆t(Π

I(∆t−1,∆t, σ
∗, 1))

]]
Differentiating w.r.t. τv,

∂W (R∗t (∆̂t−1, 1))

∂R

∂R∗t (∆̂t−1, 1)

∂τv
− ∂E∆t [Π

E(∆̂t−1,∆t, σ
∗, γ, β, 1)]

∂τv
= −E∆t−1[

p′(R∗t (∆t−1, 1))
∂R∗t (∆t−1, 1)

∂τv

[
ΠI(∆t−1)− E∆t(Π

I(∆t−1,∆t, σ
∗, γ, β, 1))

]]
+E∆t−1

[
p(R∗t (∆t−1, 1))

∂E∆t [Π
I(∆t−1,∆t, σ

∗, γ, β, 1))]

∂τv

]

Rearrange it, we have equation 4.3

∂W (R∗t (∆̂t−1, 1))

∂R

∂R∗t (∆̂t−1, 1)

∂τv
+ (4.3)

E∆t−1

[
p′(R∗t (∆t−1, 1))

∂R∗t (∆t−1, 1)

∂τv

[
ΠI(∆t−1)− E∆t(Π

I(∆t−1,∆t, σ
∗, 1))

]]
=

∂E∆t [Π
E(∆̂t−1,∆t, σ

∗, 1)]

∂τv
+ E∆t−1

[
p(R∗t (∆t−1, 1))

∂E∆t [Π
I(∆t−1,∆t, σ

∗, 1))]

∂τv

]

We denote W (Rt(∆̂t−1, 1))+E∆t

[
ΠE(∆̂t−1,∆t, σ

∗, γ, β, 1)
]
−E∆t [Π

E(∆t−1, ∆t,

σ∗, γ, β, 1)] as x, so we have
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∂R∗t (∆t−1, 1)

∂τv
=

∂W−1(x)

∂x
∗ ∂x
∂τv

=
∂W−1(x)

∂x
∗ [

W ′(Rt(∆̂t−1, 1)) ∗ ∂R
∗
t (∆̂t−1,1)

∂τv
−

∂E∆t (Π
E(∆̂t−1,∆t,σ∗,1))

∂τv
+

∂E∆t (Π
E(∆t−1,∆t,σ∗,1))

∂τv

]

Now we rewrite the second term of eq. 4.3 by plugging for
∂R∗t (∆t−1,1)

∂τv
above.

W ′(R∗t (∆̂t−1, 1))
∂R∗t (∆̂t−1, 1)

∂τv
E∆t−1

 p′(R∗t (∆t−1, 1))∂W
−1(x)
∂x[

ΠI(∆t−1)− E∆t(Π
I(∆t−1,∆t, σ

∗, 1))
]


−∂E∆t(Π
E(∆̂t−1,∆t, σ

∗, 1))

∂τv
E∆t−1

 p′(R∗t (∆t−1, 1))∂W
−1(x)
∂x[

ΠI(∆t−1)− E∆t(Π
I(∆t−1,∆t, σ

∗, 1))
]
+

E∆t−1

 p′(R∗t (∆t−1, 1))∂W
−1(x)
∂x

∂E∆t (Π
E(∆t−1,∆t,σ∗,1))

∂τv[
ΠI(∆t−1)− E∆t(Π

I(∆t−1,∆t, σ
∗, 1))

]


Now we plug the transform of the second term of eq. (4.3) above back into eq.
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4.3, and get

∂W (R∗t (∆̂t−1, 1))

∂R

∂R∗t (∆̂t−1, 1)

∂τv
+

W ′(R∗t (∆̂t−1, 1))
∂R∗t (∆̂t−1, 1)

∂τv
E∆t−1

 p′(R∗t (∆t−1, 1))∂W
−1(x)
∂x[

ΠI(∆t−1)− E∆t(Π
I(∆t−1,∆t, σ

∗, 1))
]


−∂E∆t(Π
E(∆̂t−1,∆t, σ

∗, 1))

∂τv
E∆t−1

 p′(R∗t (∆t−1, 1))∂W
−1(x)
∂x[

ΠI(∆t−1)− E∆t(Π
I(∆t−1,∆t, σ

∗, 1))
]
+

E∆t−1

 p′(R∗t (∆t−1, 1))∂W
−1(x)
∂x

∂E∆t (Π
E(∆t−1,∆t,σ∗,1))

∂τv[
ΠI(∆t−1)− E∆t(Π

I(∆t−1,∆t, σ
∗, 1))

]
 =

∂E∆t [Π
E(∆̂t−1,∆t, σ

∗, 1)]

∂τv
+ E∆t−1

[
p(R∗t (∆t−1, 1))

∂E∆t [Π
I(∆t−1,∆t, σ

∗, 1))]

∂τv

]

Rearrange it, we have

∂W (R∗t (∆̂t−1, 1))

∂R

∂R∗t (∆̂t−1, 1)

∂τv
+

W ′(R∗t (∆̂t−1, 1))
∂R∗t (∆̂t−1, 1)

∂τv
E∆t−1

 p′(R∗t (∆t−1, 1))∂W
−1(x)
∂x[

ΠI(∆t−1)− E∆t(Π
I(∆t−1,∆t, σ

∗, 1))
]


=
∂E∆t [Π

E(∆̂t−1,∆t, σ
∗, 1)]

∂τv
+ E∆t−1

[
p(R∗t (∆t−1, 1))

∂E∆t [Π
I(∆t−1,∆t, σ

∗, 1))]

∂τv

]

+
∂E∆t(Π

E(∆̂t−1,∆t, σ
∗, 1))

∂τv
E∆t−1

 p′(R∗t (∆t−1, 1))∂W
−1(x)
∂x[

ΠI(∆t−1)− E∆t(Π
I(∆t−1,∆t, σ

∗, 1))
]
−

E∆t−1

 p′(R∗t (∆t−1, 1))∂W
−1(x)
∂x

∂E∆t (Π
E(∆t−1,∆t,σ∗,1))

∂τv[
ΠI(∆t−1)− E∆t(Π

I(∆t−1,∆t, σ
∗, 1))

]


Here, to simplify the equation, we denote E∆t−1 [ΠI(∆t−1)−E∆t(Π
I(∆t−1,∆t, σ

∗,
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1))] as Z > 0, then take the limit w.r.t τv and rearrange it to get equation (4.4),

lim
τv→0
{W ′(R∗t (∆̂t−1, 1))︸ ︷︷ ︸

+

∂R∗t (∆̂t−1, 1)

∂τv
(1 + E∆t−1

[
p′(R∗t (∆t−1, 1))

∂W−1(x)

∂x

]
Z)︸ ︷︷ ︸

+

}

= lim
τv→0

∂E∆t [Π
E(∆̂t−1,∆t, σ

∗, 1)]

∂τv︸ ︷︷ ︸
0

lim
τv→0

E∆t−1

[
p(R∗t (∆t−1, 1))

∂E∆t [Π
I(∆t−1,∆t, σ

∗, 1))]

∂τv

]
︸ ︷︷ ︸

+

+

lim
τv→0

∂E∆t(Π
E(∆̂t−1,∆t, σ

∗, 1))

∂τv
E∆t−1

[
p′(R∗t (∆t−1, 1))

∂W−1(x)

∂x

]
Z︸ ︷︷ ︸

0

−

lim
τv→0

E∆t−1

[
p′(R∗t (∆t−1, 1))

∂W−1(x)

∂x

∂E∆t(Π
E(∆t−1,∆t,σ

∗, 1))

∂τv

]
Z︸ ︷︷ ︸

−

(4.4)

Firstly, we want to show that ∂W−1(x)
∂x

> 0, remember that W (Rt(∆t−1,Λt)) =

c′(R∗t (∆t−1,Λt))

p′(R∗t (∆t−1,Λt))
. Thus, W−1(x) is essentially Rt and x = W (Rt(∆̂t−1, 1)) + E∆t [Π

E(

∆̂t−1 ,∆t, σ
∗, γ, β, 1)]− E∆t

[
ΠE(∆t−1,∆t, σ

∗, γ, β, 1)
]
, which is essentially

c′(R∗t (∆t−1,Λt))

p′(R∗t (∆t−1,Λt))
. Now we have ∂x

∂W−1(x)
=

∂[c′(R∗t (∆t−1,Λt))/p′(R∗t (∆t−1,Λt))]

∂R
= c′′p′−p′′c′

p′′
> 0.

The positive of ∂x
∂W−1(x)

has proved the positive of ∂W−1(x)
∂x

.

Secondly, let us look into the right-hand side of equation (4.4): When ∆̂t−1

is small enough, the incumbent will always accommodate, then the entrant’s payoff

does not respond to the change of patentability, this implies that
∂E∆t (Π

E(∆̂t−1,∆t,σ∗,1))

∂τv

= 0, thus the first and third terms equals to 0 as ∆̂t−1 gets sufficiently small. Now

we look into
∂E∆t [Π

I(∆t−1,∆t,σ∗,1))]

∂τv
, from the proof of the second part of proposition

7, we have lim
τv→0

∂E∆t [Π
I(∆t−1,∆t,σ∗,1))]

∂τv
> 0, thus the second term is positive. For

∂E∆t (Π
E(∆t−1,∆t,σ∗,1))

∂τv
, when τv = 0, the entrant can be accommodated anyway, so
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when it increases by a small amount, the entrant’s payoff will decrease, so we have

lim
τv→0

∂E∆t (VE(∆t−1,∆t,σ∗,1))

∂τv
< 0, thus the forth term is negative. To sum up, the right-

hand side is positive when ∆̂t−1 is sufficiently small, which implies the positive of

the lim
τv→0

LHS.

Finally, let’s look into the left-hand side of equation (4.4): The first term W ′(R∗t

(∆̂t−1, 1)) =
∂[c′(R∗t (∆t−1,1))/p′(R∗t (∆t−1,1))]

∂R
= c′′p′−p′′c′

p′′
> 0. Obviously, the term 1 +

E∆t−1

[
p′(R∗t (∆t−1, 1))∂W

−1(x)
∂x

]
Z is positive. Therefore, we have lim

τv→0

∂R∗t (∆̂t−1,1)

∂τv
> 0

when ∆̂t−1 is sufficiently small. And because we choose ∆̂t−1 randomly, this inequal-

ity holds for any ∆t−1 < ∆̂t−1.
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