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ABSTRACT

Understanding the development of localization effects, such as shear and
compaction bands, observed in sand specimens under compression, has been of research
interest to understand elemental soil failure mechanisms. Various experimental and
numerical methods had been performed from micro (grain particle level) to macro-scale
(soil specimen) level to understand this phenomenon. Recent studies had incorporated
different imaging techniques to capture localization effects observed on sand compression
specimens. Pictures and its associated displacement fields can be captured during the
experiment to study the development of localization effects using digital image correlation
technique. The following work aims at a better understanding of the development of
localization effects by utilizing continuum mechanics kinematics operators of ThreeDimensional (3D) displacement fields. In addition, continuum kinematics operators are
utilized to identify early indications of localization effects.
The proposed methods will include the implementation of divergence, curl, and
gradient of displacement fields as defined in MATLAB Calculus Toolbox. The results of
the divergence and curl of displacement fields are presented in 2D and while 3D
representation is presented for the gradient of displacement field.

The use of continuum

kinematics operators allows for the identification of compression/ expansion (divergence),
rotation (curl), and the rate of compression/ expansion (gradient) in various directions
along the surface of the specimens. The effects of varying confining pressure have also
been proposed.
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The results of kinematics operators' implementation showed that it is possible to
identify the development of localization effects as early as the beginning of strain
softening or slightly after peak strength. In comparison, the localization effects observed
visually by the human eye is found to develop at the end of strain softening towards the
beginning of the critical volume. The effect of varying confining pressure affects the
clarity, amount, rate, and location of localization observed.
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1. INTRODUCTION AND
LITERATURE REVIEW

The failure mechanism in geomaterials had been associated with the presence of
localization effects, such as shear and compaction bands (Besuelle and Rudnicki, 2003).
Various experimental and numerical techniques had been performed to understand
deformation in granular material at the micro- scale level (grain particle level), meso- scale
level (grain cluster), and the macro- scale levels (Abedi, 2012; Alshibli, 2001; Iwashita &
Oda, 2000; Medina-Cetina, 2006; Rechenmacher & Saab, 2002). Traditionally,
experimental technique had been carried out using triaxial and biaxial test at the macroscale level. Correlations were then performed on the formation of localization effects with
the constitutive theory of granular materials (Desrues, 2004; Mooney et al, 1998). The
constitutive models developed at the macro- scale levels typically yield to global, averaged
material response (Viggiani and Hall, 2008).
Recent development in imaging techniques had made possible the characterization
and quantification of localization effects at a finer scale. Based on the aim of
measurements, two types experimental imaging techniques can be defined (Rechenmacher
and Finno, 2004). The first category measures the density variations between the shear
bands and surrounding materials (Alshibli, 2001; Desrues, 2004; Hall et al, 2010; Higo et
al, 2013;), while full- field displacement is measured in the second category (Iwashita and
Oda, 2000; Medina-Cetina, 2006; Rechenmacher, 2005; Song, 2012).
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In first approach, X-ray Computed Tomography (XRCT or X-ray Micro-CT) and
Synchrotron Micro- Tomography (SMT) had been utilized in studying the density
variation observed within shear bands and surrounding materials. The internal
characteristic of the development of localization effects had also been studied by Alshibli
et al (2000). More recent studies had incorporate kinematics effects at the micro- scale
level. Hall et al (2010) utilized CT scan and developed ID- Track, a discrete particle
tracking method, to determine particle translational and rotational fields (particle
kinematics). Cil et al. (2014) investigated the 3D kinematics and strength behavior of
granular materials in micro- scale level. 3D X-ray Diffraction (3D- XRD) was utilized to
measure volume averaged lattice strain of individual grains under 1D compression
loading. This was performed to understand the force transmission mechanism of granular
sand particles within the granular structure. Overall, CT method is an effective method to
capture density variations and micro-scale kinematics. However, testing with CT
technique cannot be performed under typical confinement applied on traditional tests due
to the required radiation source (Rechenmacher et al, 2013).
The full- field measurement had been utilized in the study of development of
localization effects since 1963 (Viggiani and Hall, 2008). X- Ray radiography (Roscoe et
al, 1963) and False Relief Stereophotogrammetry (Butterfield, 1970; Desrues and
Viggianni, 2004) were used to measure strain field and full- field displacement of soil
deformation. Recently, the Digital Image Correlation (DIC) technique had been used
extensively to measure triaxial specimens incremental surface displacement based on the
boundary information obtained on a sequence of images captured during triaxial testing at
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a specified strain rate (Sutton et al, 2009). The results from DIC Analysis performed in
previous studies had yield to information on shear band evolution as function of stressstrain, deformation, kinematics (Abedi, 2012; Omidvar et al 2015), spatial density
(Rechenmacher et al, 2012), void ratio, force chains (Rechenmacher et al, 2011), and
volume correlation utilizing Digital Volume Correlation (Sjödahl Et al, 2012).
In addition, formation of columnar structure referred as force chains had also been
observed by Rechenmacher et al (2006, 2011). The study utilized VIC- 2D and VIC- 3D
to process DIC data obtained on true triaxial test on the sand specimen. Randomly spaced
force chains were observed to periodically developed and collapse at the critical state.
Initiation of shear, rotational, and volumetric strain is an indication of force chain buildup
and collapse. The periodic spacing of force chains is observed during the softening period.
Force chain mechanism had also been observed by Iwashita and Oda (2000) and Higo et
al (2013).
Limited studies had been observed on correlating the results of various image
correlation methods with continuum kinematic operators such as divergence, curl, and
gradient in studies of soil deformation. Coupled imaging correlation technique and
kinematics studies had been applied in various field including but not limited to
biomedical engineering, structural mechanics, geodynamics, geosciences, and material
sciences. In the field of biomedical engineering, kinematics operators such as divergence
and curl were utilized to improve anatomical landmark error of warped images (RiyahiAlam et al, 2014). Studies of deformation field and gradient of deformation to derive strain
with DIC technique had been utilized in characterization of localization phenomena in
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steels during necking (Wattrisse et al, 2001), artic ice kinematics (Tschudi et al, 2008),
and study on Valoria Landslide using LIDAR survey data (Daehne and Corsini, 2013).
In the field of soil mechanics, numerous studies had been performed to validate large
soil deformation using Finite Element Method (FEM), Finite Difference Method (FDM),
or DEM. FEM and FDM are typically used to model material at the macroscopic level
while DEM is used to model at the microscopic (particle) level. FDM are used in solving
numerical time-dependent analysis of stresses and strain while similar analysis is
performed through spatial discretization in FEM. FEM was the first numerical approach
which allows the assignment of different properties into different finite elements.
Therefore, heterogeneity can be considered in FEM analysis. However, FEM capability is
restricted in solving continuum problem involving discontinuities due to failure, cracking
and damaged (Ibrahimbegovic, 2009; Wriggers, 2008; Nikolic, 2016). In addition, soil
large deformation at higher strain may exceed the finite elements size, therefore, leading
to severe mesh distortions if not enough care is taken in setting up the system rigidity
matrix (Boldyrev and Muyzemnek, 2008).
ABAQUS, a FEM program, had been used to simulate localization effects observed
during triaxial Consolidated Drained test (CD) on dry sieved construction sand specimen
(Song, 2012). 3D- DIC technique was used to obtain the deformation of a representative
volume of the sand which is later used to characterize the kinematics and volumetric
behavior at various strain levels. Details of this study will be discussed later as it is related
to the following work. In addition, the localization effects observed at the meso- scale
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level on biaxial test of sand specimen had also been validated using FEM in study
performed by Abedi (2012).
DEM approach was developed to consider FEM limitations with model
discontinuities. DEM is capable of modeling assembly of particles interactions and
simulates their finite displacements and rotations. PFC3D, a DEM program, has been
utilized to validate triaxial test experiment performed with CT imaging technique (Cil and
Alshibli, 2014). White plastic “pearls” were used in the experiment to allow tracking of
solid spherical particles. The result of the PFC3D simulation over predicted the translation
and rotational kinematics when compared with the experimental results of the triaxial
experiment using and CT which characterized particles 3D kinematics by tracking the
evolution of translation and rotation of particles. The simulation in PFC3D was performed
with two boundary conditions, flexible membrane boundary and fixed membrane
boundary. Both approaches yield similar results in particle rotation distribution but better
prediction and characteristic of deformation is obtained with the flexible boundary model.
The work on soil kinematics based on DIC techniques has also been performed
with MATLAB algorithm. MATLAB was utilized to obtain the displacement field and
shear strains in the study of soil deformation around uplift anchors in air- dried- sand (Liu
et al, 2012) and in the study of mesoscale and macroscale behavior of granular soils during
plane strain pile penetration (Omidvar et al, 2014). In addition, the volumetric strain was
also determined as the summation of the normal strain components by Liu et al (2012).
The work by Omidvar also includes estimation of deformation gradient using constant
strain triangle with linear strain triangles. In a study on meso- scale kinematics of shear
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band development in sand performed by Abedi (2012), decomposition of deformation
gradient into symmetrical stretch tensor and orthogonal tensor was performed to obtain
the rotational angle.
Not much study has considered the application of divergence and curl operators
into soil kinematics study. The following study is performed to observe and characterize
the localization effects of sand specimens under compression using continuum mechanics
kinematics operators of Three-Dimensional (3D) displacement fields. In doing so,
MATLAB Calculus toolbox will be utilized to implement the continuum kinematic
operators (divergence, curl, and gradient) of 3D displacement fields obtained from the
DIC technique. An analysis will also be performed on the effects of varying confining
pressure on the development of localization effects.
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2. SOIL EXPERIMENT AND 3D-DIC*

2.1

Soil Experiment
The following study is performed based on data collected on triaxial consolidated

drained (CD) tests performed utilizing 3D-DIC (Medina, 2006; Song, 2012). The tests
were performed based on modified ASTM D 4767, standard Consolidation Drained (CD)
compression test. An automated triaxial device by Geocomp was used in the experiment.
The plexiglass was removed to avoid reflection and refraction effects from cell fluid and
light. This modification would allow more controlled and better testing environment for
the 3D- DIC technique. Due to the removal of plexiglass, the experiment is performed on
dry sand tested under confinement pressure applied using a vacuum pump. Two vaccum
pumps were utilized to apply constant confining pressure, which allow volume change
with the increase in deviatoric stress. The resulting deviatoric/ effective stress is similar
to that of the conventional CD test where the soil is saturated.
The experiment is performed on dry sieved construction sand, classified as SP,
with specific gravity (Gs) of 2.63 and mean diameter (D50) of 0.5 mm. The coefficient of
curvature and uniformity of the sand were determined to be Cu= 2.34 and Cc= 1.11. Sieved
construction sand was selected for the experiment to provide adequate color spectrum
during imaging analysis. Specimens were compacted in three layers through vibratory
compaction method (mold tempered) and dry pluviation method. The relative density (Dr)
of the samples ranges from 85% to 95%. In addition, one loose specimen with Dr of
46.39% and a layered specimen with Dr of 68.9% were also tested. Most tests were
*The following chapter is based on previous work by Medina-Cetina (2006) and Song (2012)

7

performed at 40 kPa confining pressure with exceptions to three tests consolidated at 20
kPa and 60 kPa. The tests were performed at a controlled deformation rate of 0.2 % of
axial strain/ min. Selected experimental data to be analyzed in this study is presented in
Table 2.1.
The global stress- strain curves for all tests are presented in Figure 2.1. No peak
stress is observed for the loose specimen. The residual strength of the loose specimen is
150 kPa. The specimen tested at 20 kPa confining pressure has peak strength of 140 kPa
and residual strength of 98 kPa. The peak deviatoric stress of compacted sand specimens
tested under 40 kPa confinement pressure ranges from 220 to 255 kPa. The corresponding
residual deviatoric stress observed ranges from 155 to 185 kPa. The peak deviatoric stress
of the dense specimen tested under 60 kPa confinement pressure (121304c) is 359 kPa
with the associated residual deviatoric stress of 265 kPa. The increase in the difference
between the peak shear strength and the residual strength is observed with the increase in
confining pressure.
Table 2. 1 Experimental Data (Reprinted from Medina, 2006; Song, 2012)

TEST ID

D (mm)

H (mm)

𝝆 (kg/m3)

Dr (%)

121304d

71.38

159.50

1736.71

99.71

121304a

71.30

160.00

1721.84

94.73

101204a

71.46

160.00

1708.00

90.09

121304b

70.86

158.17

1588.84

46.39

121304c

70.48

160.00

1718.72

93.72

8

Notes
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Figure 2. 1 Reduced stress- strain curves (Reprinted from Medina, 2006; Song, 2012)

2.2

Digital Image Correlation (DIC)
Digital Image Correlation (DIC) method had been utilized to capture the

deformation and localization phenomena in this experiment. An outline of the
development of two- dimensional (2D) and three- dimensional (3D) DIC can be found in
Sutton et al. (2000). Studies of localization effects in sand triaxial/ biaxial tests had been
performed utilizing 2D- DIC (Rechenmacher and Finno, 2004) and 3D- DIC
(Rechenmacher and Medina-Cetina, 2006; Medina-Cetina and Song, 2012). The 2D- DIC
technique yields to deformation information of 2D planar surface while 3D surface and
volumetric information can be obtained using the 3D- DIC technique.
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The experiment utilizes the 3D-DIC technique in which two cameras capture
sequence of images taken every 15 seconds or 0.05% axial strain. The cameras being used
during the experiment are 14- bit digital Q-IMAGING PMI-4201 with 4.2MP resolution
(2024x 2024 pixels), which are set 25 cm apart and mounted on tripods located 50 cm
away from the sample (figure 2.2a and 2.2b). The surface or boundary information is
obtained by VIC-3D software developed by Correlated Solutions (2004). VIC- 3D
translated the pictures taken at various strain levels into 3D full- field displacement. The
pictures were taken on 1/3 of the sample parameter of which region of interest is selected
from the first frame.
Within the area of interest (common section of two cameras), seed window is
defined for images captured by the two cameras. The seed window identified the common
pixels between two frames. This process is also known as pattern recognition. To avoid
unrecognizable pattern due to out of frame pattern, the reference image is updated every
fourth picture or every 0.2% axial strain. Therefore, the resulting displacement field
processed by VIC-3D is an incremental displacement field.
Subsets were set to 45 pixels by 3 pixels. This yields to approximate displacement
vectors spacing of 0.4 mm (Medina, 2006) across the sample surface area of interest. This
resolution should be sufficient to capture the grain- scale resolution of displacements for
the sand specimen with a mean diameter of 0.5 mm, classified as poorly graded sands
(SP). Non- integer pixel displacements shown in gray levels are interpolated using cubic
interpolation to ensure continuous intensity distributions.
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The reference frame identified from VIC- 3D calibration is defined in the 3D
Cartesian system (x,y,z). The associated 3D displacement fields for each strain levels are
recorded for calibration up to 12% strain, at which local deformation is difficult to be
traced beyond this strain level (Song, 2012). The 3D- displacement fields describing the
deformed configuration are defined as u,v,w for each corresponding x,y, and z directions.
The results of vertical displacement obtained through DIC were compared to measured
vertical displacement recorded using LVDT transducer during the experiment. Summary
of the comparison statistics can be found in figure 2.2c (Medina, 2006). Based on the
comparison, the mean absolute error was determined to be 0.00 mm, with a standard
deviation of 0.02 mm. Similar accuracy should be observed in the horizontal in- plane (u)
and out- of- plane (w) displacements based on previous observation by Sutton (2000).
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(c
)
Figure 2. 2 (a) Geocomp Triaxial setup (b) Geocomp Triaxial and 3D- DIC Setup (c) Absolute
error of displacement measurement (Reprinted from Medina, 2006)
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2.3

3D-DIC Data Corrections
VIC-3D software is equipped with data corrections for alignment during the

calibration. Despite, a slight inclination is observed in the 3D image data plotted on
Cartesian coordinate (Song, 2012). Corrections to the 3D image data had been performed
previously by determining the best-fit plane through regression analysis of all data points
to better align the coordinate system and to correct inclination observed based on plotted
image data (Song, 2012). Rotation is performed around the y- axis about an angle of 𝜃 and
around the z-axis about an angle of 𝜑 (Figure 2.4). The rotational angle is determined by
relating the normal vector of the best-fit plane with each y and z-axes. Reduced summary
of rotational analysis previously performed can be found in table 2.2 and figure 2.3. Based
on previous analysis performed by Song (2012), the effect of rotational angle was found
to be negligible, thus only translational analysis was performed to correct axis alignment.

Table 2. 2 Reduced summary of rotation angle
analysis (Reprinted from Medina and Song, 2012)

4.5
4

!

3.5

"

Angles (degree)

Angles (degrees)

3

Test

2.5

TEST ID

𝜑

𝜃

11

101204a

0.44021

0.93209

24

121304a

3.56545

0.13175

25

121304b

1.84031

0.23194

26

121304c

4.25209

0.10819

27

121304d

0.24833

0.14542

2

No

1.5
1
0.5
0
101204a 121304a 121304b 121304c 121304d
Test No

Figure 2. 3 Histogram of selected case
of rotation angle analysis (Reprinted
from Medina and Song, 2012)
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The translational transformation was performed to move the origin to the bottom
center of the specimen. The origin of raw data points from 3D- DIC is located at the center
of the fitting plane. To better align the data coordinates with the physical coordinate
system, the data is translated in y and z directions. No translational correction is required
in the x- direction. The translation in the y-direction is performed by moving all the data
points by ‘yb’. ‘yb’ is determined by determining the distance from the bottom of the
specimen to the center of the specimen. Translation in the z- direction was performed to
move the corrected best-fit plane from the data domain to the center of the specimen
(physical domain). The following process is done by subtracting the average z data values,
z_avg, with a threshold of ± 0.02mm from the measured radius shown in Table 2.1. The
summary of the translational process can be found in Figure 2.4 (3D) and Figure 2.5 (2D).

Figure 2. 4 Correction to tilting observed (Reprinted from Medina and Song, 2012)
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Figure 2. 5 Alignment of coordinate system (Reprinted from Medina and Song, 2012)

2.4

Cumulative Displacement
As the data processed by VIC-3D is an incremental displacement, adjustments are

needed to obtain the cumulative displacement field. To obtain the cumulative
displacement, the displacement obtained at the later frames are extrapolated and
interpolated into the first frame. The detailed process is shown in figure 2.6, developed by
Medina and Song (2012). The first incremental displacement between frame 000 and 004
is by default the cumulative displacement between 0 to 0.2% axial strain levels, figure 2.6
(1). Recall that the reference frame is updated every fourth picture of every 0.2% axial
strain. Therefore, to obtain the cumulative displacement between 0 to 0.4% axial strain,
the incremental displacement field obtained between frame 004 and 008 (between 0.2%
and 0.4% axial strain) is extrapolated and added or interpolated to the first incremental
frame, figure 2.6 (3) and (4). This then resulted in the cumulative displacement between
the initial/ undeformed frame up to 0.4% axial strain, figure 2.6 (5).
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Figure 2. 6 Interpolation and extrapolation between image no. 000 with no. 008 at 0.4% axial strain step
(Reprinted from Medina, 2006 and Song, 2012)

An additional correction was also made due to the top platen movement, both
translation and tilting, observed in early stages during the experiment as shown in figure
3.1 (Medina, 2006). The movement of the top platen is most likely due to local
deformation induced by vertical load cell compression, axial loading rod sliding in
Plexiglas platen, and soil bedding effect on soil- porous stone interface (Medina, 2006).
The following observation is found consistently in all tests. To correct for this
deviation, the global axial strain is computed by taking the difference between the
displacement transducer reading located at bottom of specimen with the displacement
reading obtained through VIC-3D at top of the specimen. The following phenomenon had
also been observed in previous studies by Desrues et al (2010) in which X-Ray µCT and
3D-VOC were utilized to study the onset growth and evolution of localized deformation.
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The result based on images obtained by X-ray µCT did not show clear evidence of
localized deformation on tilting observed during the experiment.
The corrected data were then investigated prior to being processed for the
kinematic analysis. This is performed by randomly checking the displacement field at
several points in both global/ material (between first image and image at certain selected
axial strain level) and local/ spatial (between two images at different axial strain level) for
each experimental data set.
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3. KINEMATICS ANALYSIS

The study of kinematics deals with motion and how a continuous body deforms
without referencing to cause of deformation or motion. The kinematic relationship of a
continuum can be defined in terms of its motion and changes to its geometry. Changes to
shape or geometry are also known as deformation. Utilizing the 3D- DIC method, the
motion or deformation observed on the specimen can be tracked by taking series of
pictures taken at various strain level. Recall the experiment is performed at a deformation
rate of 0.2% axial strain rate/min. Pictures are taken using a high definition camera every
0.05 % axial strain or every 15 seconds. The following analysis will only consider data up
to 12% axial strain as it had been previously noted difficulty arises in tracing the local
deformations with respect to undeformed configuration beyond this axial strain level.

3.1

Geomechanical Framework
To understand the concept of deformation/ motion, there is a need to introduce the

concept of body, configuration, and region. Refer to figure 3.1 to demonstrate the concept
of body, configuration, and a region in three-dimensional Euclidian space, E3.
Configuration is defined as region of space occupied by a continuum body at a given time,
t. The region of space occupied by a body at a certain time can be defined by points and
vectors with components in basis {ei}, i=1,2,3. Two types of configuration can be defined
in the study of kinematics: undeformed (reference) and deformed configuration. The
undeformed configuration (Figure 3.1-left) is the initial state of continuum body at time,
t=0, where no deformation has been observed. Within this configuration, the region of
18

space occupied by a body is defined by material points X occupying position or location
corresponding to material position vectors X = Xiei relative to the origin (shown in
magenta in figure 3.1- left). The coordinate of material point X is defined by Xi. The
deformed configuration consists of occupied region of space state at current time, t>0
(Figure 3.1- right). The deformed configuration is occupied by spatial point x along with
its associated spatial position vectors x = xjej with respect to the origin. The coordinate
spatial point x is defined by xj.
The 3D- DIC results obtained following calibration, post- processing analysis and

y, v

x, u
z, w
Figure 3. 1 Test 121304a (40 kPa): (Left) Undeformed/ material configuration at 0% strain;
(Right) Deformed/ spatial configuration at 7.2 % strain

corrections are sets of both material coordinates (Xi) and its corresponding spatial
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coordinates (xj). Similar origin will be used in both the deformed and the undeformed
configurations in this analysis.
The motion of a body is defined by vector field (collection of vectors), 𝜒,
specifying the spatial position of material point X at time t. The motion 𝜒 relates the
position of X in undeformed configuration to x, current position of X in the spatial
(current) configuration. Thus, the equation of motion can be written as x = 𝜒 (X,t). The
equation of motion is assumed to be uniquely invertible, and consequently, the inverse of
the equation of motion can be written as X = 𝜒-1 (x,t).

3.1.1

Descriptions
In studying the motion and deformation of a body, the evolution of a body with

respect to time can be defined based on a selected reference configuration. The reference
configuration is the configuration to which state variables such as stress, strain, and
displacement are referred (Mathisen, 2012). In Lagrangian (material) description, the state
variables are expressed in terms of time and its initial (material) configuration. Similarly,
when the spatial points are used as the reference configuration then the deformation/
motion is observed in the spatial or Eulerian description. In finite element, these
descriptions may also be referred as mesh where the nodes are the reference coordinates
being fixed during the motion (Belytschko, 2000).
The Langrarian description has been widely used in the study of solid mechanics.
In the Lagrangian description, an observer tracked changes to material points position and
physical properties as time progresses and material points occupies undeformed
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configuration (Banks et al, 2011). The nodes of Lagrangian mesh are coincident with the
material point. As the body deforms, the nodes and material points changes position but
the relative position between the material points and the nodes remains fixed. The equation
of motion in Lagrangian description has been previously defined as x = 𝜒 (X,t). The
measurement of state variable in Lagrangian description is in terms of total measure, i.e.
total measure of strain.
The motion in Eulerian (spatial) description is described in terms of current
(spatial) configuration. In the Eulerian description, changes to material points in space is
observed in the current configuration as time progresses (Banks et al, 2010). Therefore,
the nodes in Eulerian mesh are coincident with the spatial points while material points can
move during motion. The following approach is used mostly in the study of fluid
mechanics where difficulty arises in defining reference configuration. Particles are treated
as a continuum thus, the corresponding balance law is assumed in a control volume basis
(Zhang et al, 2007). The equation of motion in Eulerian Description has previously been
defined as the inverse of equation of motion X = 𝜒-1 (x,t).
Similar results are obtained in both Lagrangian and Eulerian approach. However,
severe mesh distortion had been observed in several studies when performing large
deformation analysis (Nazdem et al, 2010; Liyanapathirana, 2009). The divergence of
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Figure 3. 2 Tests 121304c (60 kPa): Divergence at 10% axial strain in Lagrangian (left) and
(Eulerian (right) descriptions

displacement in Lagrangian and Eulerian description observed at 10% axial strain for test
121304c (60 kPa) is presented in figure 3.2.
To accommodate the limitations observed in both Lagrangian and Eulerian
description, Updated Lagrangian (UL) and Arbitrarily Lagrangian Eulerian (ALE)
methods had been implemented in several studies. Updated Lagrangian had been applied
to accommodate analysis where constitutive equations are expressed in rate form. To
accommodate the limitation, Borja and Alarcon (1995) introduced the concept of
multiplicative decomposition of deformation gradient to study elasto- plastic
consolidation of fully saturated soil. UL method is also applicable in analyzing liquefiable
soil. The initial configuration is updated continuously in the UL method. In addition, ALE
has also been applied to study large deformation in soils (Liyanapathirana, 2009; Nazem
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et al, 2007). The ALE method is typically applied to analyze coupled solid mechanics
phenomenon.

3.1.2

Data Implementation
The corrected data sets available for each picture are equipped with the information

of the spatial points along with its corresponding material points. The first picture in the
data set provides the undeformed configuration information. To track the material points
as the sample deforms, common material coordinates between two pictures are identified
using developed MATLAB algorithm. As the sample is loaded, reduction in material
points is observed thus, least amount of material points remains on the last picture or
highest axial strain level in the analysis.
If the reference point at earlier strain level is found in the later dataset, it can be
concluded that the point is traceable, thus displacement can be obtained. It had been
observed that some points disappeared and new points appeared due to compression,
dilation, and rotation observed along the specimen boundary. As the sample is loaded,
new points are introduced within the middle section of the specimen where bulging is
observed. Missing coordinates are observed along the lower portion of the specimen as
the specimen is compressed (sample is loaded from the bottom with up direction) and
decrease in height. As the sample is loaded from the bottom, the majority of coordinates
missing should be in the lower portion of the sample.
The reference point in each image is defined by x, y, and z coordinates. The
corresponding displaced/ spatial points is defined for each reference point as xm, ym, zm.
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The global cumulative displacement can then be obtained by subtracting the displaced
coordinate with the reference coordinate. The data is then compared with the global
cumulative displacement recorded in each deformed data set, specified as dx, dy, dz). The
incremental displacement is obtained by comparing the difference of current incremental
displacement with the difference of spatial coordinate between two pictures. Based on the
analysis performed, the results between the two different approaches to obtain incremental
displacement matches.

3.1.3

Displacement Fields
The displacement of a point can be defined by a vector. The changes in position of

a point along the surface boundary of sand specimen can be tracked during the test utilizing
3D-DIC method. The changes in position of the points are defined by displacement vectors
where the collection of these vectors along a surface or within a volume is known as vector
field. The concept of vector field will be used to observe the displacement along the sand
specimen surface based on pictures collected during testing.
The displacement field is a vector field which defines deformation/ changes in
shape of a continuum body. The displacement field is composed of multiple displacement
vectors. Boundary information defined by the material and spatial coordinates captured
during the testing by HD camera can be utilized to define displacement field.
Displacement vector is the vector defining how body deform from current configuration
to another configuration. The displacement field can be obtained in the Langrarian
description or Eulerian description. In Lagrangian description, the displacements of each
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material points are describe in terms of the change in position of spatial point, 𝒙 𝑿, 𝑡 , at
time t>0 with respect to the associated material point , 𝑿, at initial undeformed (reference)
configuration. The displacement of each point is decribed by a vector 𝑼(𝑿, 𝑡), connecting
the material point with the spatial point at time t. The displacement in Lagrangian
description is presented in equation 3.1. The spatial displacement is the change in position
of material point, 𝑿 𝒙, 𝑡 , with respect to fixed spatial point, 𝒙, as reference. The
displacement in Eulerian description, 𝒖(𝒙, 𝑡), is presented in equation (3.2).

Displacement in material description : 𝑼(𝑿, 𝑡) = 𝒙(𝑿, 𝑡) − 𝑿

(3.1)

Displacement in spatial description : 𝒖(𝒙, 𝑡) = 𝒙 − 𝑿 𝒙, 𝑡

(3.2)

The displacements of the material and spatial points at different strain levels were
determined utilizing MATLAB. Graphical presentation of the Lagrangian (material)
displacement in each direction is presented in Figure 3.3. Graphical representation of the
Eulerian (spatial) displacement is presented in figure Figure 3.4. The displacement is
observed at 0.4% axial strain step in the analysis.
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Figure 3. 3 Test 121304d (20kPa) Lagrangian Displacement at 3.6%, 5.2%, and 7.2%
axial strain. (Left) Material displacement in x- direction. (Middle) Material
Displacement in y-direction. (Right) Material Displacement in z- direction.
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Figure 3. 4 Test 121304d (20kPa) Eulerian Displacement at 3.6%, 5.2%, and 7.2% axial
strain. (Left) Material displacement in x- direction. (Middle) Material Displacement in
y-direction. (Right) Material Displacement in z- direction.
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As bulging is observed along the middle of the sample and the sample is
compressed, most displacements are observed in the radial and vertical displacement.
Therefore, to consider these observations, we can obtain the displacement in the
cylindrical coordinate system.
To obtain the displacement in the cylindrical coordinate system, the data provided
in cartesian system is first converted into cylindrical coordinates system (Figure 3.5).
Vectors in cylindrical coordinate system is defined by its length projected onto the x-z
plane, angular direction from the x- axis and vertical distance away from the origin. The
length of the vector (r) can be determined by determining the projected magnitude of the
material or spatial vector on x-z plane. This definition is similar to the definition of the
radius of the specimen at point of interest.
The angular direction of the vector (𝜃) is determined by determining the angle
between the x and z component of the vector or x and y in MATLAB cartesian coordinate
system. Positive angular vector (𝜃) is in counter- clockwise direction. The vertical
distance of the vector (z) is similar to the y- coordinate in cartesian form. Thus, the
cylindrical coordinate system is written as (r, 𝜃, z). Detailed coordinate conversion is
presented in Table 3.1. MATLAB command cart2pol is used in the analysis to convert
from cartesian to cylindrical coordinate system.
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Table 3. 1 Cartesian to cylindrical coordinate system conversion

MATLAB Cylindrical

DATA CARTESIAN

CONVERSION

(r, 𝜃, z)

(x,z,y)

𝑟 = 𝑥7 + 𝑧7

(dr, d𝜃, dz)

(dx,dz,dy)

𝜃 = tan>? ( )

@

A

𝑧=𝑦

Figure 3. 5 (Left) Cylindrical coordinate system in MATLAB (MATLAB, 2017)
(Right) Cartesian coordinate system used in analysis (Reprinted from Song, 2012)

The displacements in cylindrical coordinate can be determined similarly to the
cartesian coordinate system. Equation 3.1 and 3.2 are used to determine the changes in the
cylindrical coordinate system. The changes observed in vertical direction in cylindrical
coordinate system is similar to those obtained in cartesian coordinate system. The
graphical presentation of material and spatial displacement fields in cylindrical coordinate
will be presented in section 4.2.
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3.2

Kinematic Operators
The deformation of a body is defined by the mapping of motion or deformation

from the undeformed configuration to the deformed configuration. The mapping of
deformation is related by deformation gradient tensor, F. In understanding the deformation
of the body, there’s also a need to define some kinematic operators such as divergence of
displacement fields, and curl of displacement fields.
3.2.1 Divergence and Curl
The divergence of a vector field represents how much sink and source is observed
at a point. Thus, the divergence of the displacement field can be defined as expansion or
compression observed on the surface of the sample. A positive divergence signifies
increase in soil mass per unit volume (expansion) under applied load. Convergence or
compression occurred when the divergence is negative and zero divergence correlates to
no source or sink at a given point. Divergence can be performed in material configuration
(3.3) or spatial configuration (3.4).

Material Divergence (2D): ∇ ∙ 𝑼 = 𝑑𝑖𝑣 𝑼 =

𝜕IJ

Material Divergence (3D): ∇ ∙ 𝑼 = 𝑑𝑖𝑣 𝑼 =

𝜕IJ

Spatial Divergence (2D):

∇ ∙ 𝒖 = 𝑑𝑖𝑣 𝒖 =

𝜕N J

Spatial Divergence (3D):

∇ ∙ 𝒖 = 𝑑𝑖𝑣 𝒖 =

𝜕N J
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𝜕KJ
𝜕KJ
𝜕AJ
𝜕AJ

+

𝜕IL

+

𝜕IL

+

𝜕N L

+

𝜕N L

(3.3a)

𝜕KL
𝜕KL

+

𝜕M
𝜕KM

(3.4a)

𝜕AL
𝜕AL

(3.3b)

+

𝜕N M
𝜕AM

(3.4b)

Figure 3. 6 Test 121304a Material divergence subsets at 7.8%, 8.8%, 9.4%, and 10.2%

The curl operator defines how much rotation is observed at a point. When the curl
is zero, no rotation will be observed. Positive curl corresponds to counter- clockwise
rotation while negative curl corresponds to clockwise rotation.

Material Curl (2D):

∇ ×𝑼 = 𝑐𝑢𝑟𝑙 𝑼 =

Material Curl (3D):

∇ ×𝑼 = 𝑐𝑢𝑟𝑙 𝑼

∇×𝑼=

Spatial Curl (2D):

∂IM
∂KL

−

∂IL
∂KM

𝑒? +

∂IJ
∂KM

−

∇ ×𝒖 = 𝑐𝑢𝑟𝑙 𝒖 =
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∂IL
∂KJ

∂IM
∂KJ

VNL
VAJ

−

∂IJ

𝑒7 +

−

(3.5a)

∂KL

VNJ
VAL

∂IL
∂KJ

−

∂IJ
∂KL

𝑒U

(3.5b)

(3.6a)

Spatial Curl (3D):
∇ ×𝒖 = 𝑐𝑢𝑟𝑙 𝒖
∇ ×𝒖 =

VWM
VXL

−

VWL
VXM

𝑒? +

VWJ
VXM

−

VWM
VXJ

𝑒7 +

VWL
VXJ

−

VWJ
VXL

𝑒U

(3.6b)

An example of material divergence and spatial curl are presented in figure 3.6 and
3.7 respectively. The following analysis will only consider 2D divergence and curl
observed in the x-y direction. It is possible to perform the analysis in 3D; however, high
computing time is needed to perform the operation.

Figure 3. 7 Test 121304a Material curl subsets at 8.2 to 8.6%, 8.6 to 9%, 9 to 9.4%, and 9.4 to 9.8% axial
strain

3.2.2 Gradient
The gradient of a vector field defines the translational and rotational rate of change.
The gradient of displacement field also defines the stretches, changes in volume, and
rotation is observed at a point. The gradient of displacement field or deformation gradient
is a tensor [F] which defines a mapping of infinitesimal material ‘fiber’ from the initial
configuration to the spatial configuration (Geilo, 2012). [F] is a Jacobian matrix of motion
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𝜒 (Xi,t). The mapping of the initial material fiber into spatial configuration is defined by
the motion of its neighboring particles.
The material fibers are defined by the material, spatial points and the corresponding
elemental vectors. As a body deforms, the mapping of a material point to the deformed
configuration can be described by position vectors or elemental vectors with respect to the
surrounding points. A subset of undeformed and deformed configuration is presented in
figure 3.8. In the initial configuration, the material points P (point 15001), Q1 (point
15002), and Q2 (point 15323) has deformed to current spatial positions p, q1, and q2

Undeformed

Deformed

q1

p
q2

Q1

P
y, v
Q2

x, u

z,w

Figure 3. 8 Test 121304c:Subset of points 15001 , 15002, and 15323 at undeformed configuration
(0% axial strain) and 11.2% axial strain.
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respectively. The motion of the material points into the undeformed configuration is
defined by xi = 𝜒 (Xi,t). The position of points Q1 and Q2 relative to point P are defined
by elemental vector or infinitesimal line segment dXj, where 𝑑𝑿𝟏 = 𝑿𝑸𝟏 − 𝑿𝑷 and
𝑑𝑿𝟐 = 𝑿𝑸𝟐 − 𝑿𝑷 . In the undeformed configuration, the corresponding elemental vector
is dxj, where 𝑑𝒙𝟏 = 𝒙𝒒𝟏 − 𝒙𝑷 and 𝑑𝒙𝟐 = 𝒙𝒒𝟐 − 𝒙𝑷 . In the material description, the spatial
elemental vector can be written as 𝑑𝒙𝟏 = 𝜒 (𝑿𝑷 . +𝑑𝑿𝟏 , 𝑡) − 𝜒 (𝑿𝑷 , 𝑡) and 𝑑𝒙𝟐 =
𝜒 (𝑿𝑷 . +𝑑𝑿𝟐 , 𝑡) − 𝜒 (𝑿𝑷 , 𝑡). The deformation gradient or gradient of displacement,
which describes how much stretch and rotations observed, can then be defined as
presented in equations 3.7 and 3.8.

Material Deformation Gradient (2D):

𝑔𝑟𝑎𝑑 𝐔 = 𝛁 𝐔 = 𝛁 ⊗ 𝐔 =

cIJ

cIJ

cKJ
cIL

cKL
cIL

cKJ

cKJ

cIJ

cIJ

cIJ

cKJ
cIL

cKL
cIL

cKM
cIL

cKJ
cIM

cKJ
cIM

cKM
cIM

cKJ

cKJ

cKM

(3.7a)

Material Deformation Gradient (3D):

𝑔𝑟𝑎𝑑 𝐔 = 𝛁 𝐔 = 𝛁 ⊗ 𝐔 =
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(3.7b)

Spatial Deformation Gradient (2D):
𝑔𝑟𝑎𝑑 𝐮 = 𝛁 𝐮 = 𝛁 ⊗ 𝐮 =

cNJ

cNJ

cAJ
cNL

cAL
cNL

cAJ

cAL

cNJ

cNJ

cNJ

cAJ
cNL

cAL
cNL

cAM
cNL

cAJ
cNM

cAL
cNM

cAM
cNM

cAJ

cAL

cAM

(3.8a)

Spatial Deformation Gradient (3D):

𝑔𝑟𝑎𝑑 𝐮 = 𝛁 𝐮 = 𝛁 ⊗ 𝐮 =
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(3.8b)

4. MATLAB IMPLEMENTATION

The results of qualitative analysis of deformation kinematics described in the
previous chapter will be discussed in the following section. MATLAB algorithm is
utilized to apply the kinematic operators. A comparison will be drawn with localization
observed in the digital images obtained through 3D- DIC technique.

4.1

Summary of Missing Points
Summary of missing points analysis in the spatial description with 0.8% axial

strain difference between frames is presented in Figure 4.1 for all tests. The associated
stress- strain curve has been previously presented in Figure 2.1. The number of spatial
points reduces as the sample is loaded. For all tests, the distribution of number of missing
points initially increases up to approximately 2 % axial strain. The number of missing
points then decreases with periodic increase in number beyond 2% axial strain. The peak
maximum is observed later for the 20 kPa confining sample. Minimum percentage of
missing points is observed at 7.6 to 8.4% axial strain. Based on this observation, it can be
concluded that most compression occurs in in earlier strain, approximately below 3% axial
strain.
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8

Percentage of Missing Points

7

121304a (118,282 pts)

6
121304c (60 kPa- 116,307 pts)

5
4

121304d (20 kPa- 112,222 pts)

3
2
1
0
0.2 to 0.4 to 1.2 to 2 to 2.8 to 3.6 to 4.4 to 5.2 to 6 to 6.8 to 7.6 to 8.4 to 9.2 to
0.4 % 1.2% 2% 2.8% 3.6% 4.4% 5.2% 6% 6.8% 7.6% 8.4% 9.2% 10%

Axial Strain (%)

Figure 4. 1 Percentage of missing spatial points for all tests in spatial description with 0.8 %
axial strain step

4.2

Displacement Fields
Displacement fields at selected strain rate for tests 121304d (20 kPa), 121304a (40

kPa), and 121304c (60 kPa) are shown in figure 3.3, 3.4, and 4.2 to 4.7 for cartesian system
and 4.9 to 4.14 for cylindrical system.
4.2.1

Cartesian Displacement Fields
In the Cartesian system, the displacement in x- direction is observed mostly in the

mid-edges part of the sample. The displacement observed along the top, bottom, and midcenter part of the sample in x- direction is minimal to none. The magnitude of
displacement observed is highest at the edges and decreases towards the center of the
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specimen. Therefore, it can be concluded the sample is bulging outward in the x- direction.
It has also been observed where the magnitude of material displacement is zero in the xdirection, displacement is observed in y- and z- direction, with exception to the top of the
sample.
In the y-direction, minimal to zero displacement is observed along the top of the
sample, signifying sample is restrained at the top as loading progresses. Reduction in
height at the top of the sample has been addressed in Section 2 related to observed top
platen movement. Similar displacement bands developed at the lower strain. The
intermediate band started to develop prior to maximum strain. Within the strain softening
range, the specimen separated into three sections, high displacement region observed at
bottom of sample, intermediate displacement region along the middle of the sample and
minimal to no displacement region along the top of the sample. Highest displacement is
observed at the bottom of the sample as the sample move upwards. Narrower intermediate
zone is observed in loose and low confining pressure specimens. Small to no intermediate
region is observed in sample loaded.
Some pattern of inclination within the intermediate zone, developed during the
softening region and become consistent towards the end of softening. V- shape pattern is
observed to developed starting the beginning of softening which is also observed by
Rechenmacher (2005). This pattern appears to develop into the shear band as seen clearly
in 121304c (60 kPa) specimen at the higher strain. The pattern is not clearly observed in
the loose specimen.
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Figure 4. 2 Test 121304d (20 kPa)- Picture of digital images (Medina, 2006) and plot of
Displacement (cartesian) in Lagrangian Description at 3. 2%, 5.6%, 7.2%, and 10% axial
strain. (Left) x- direction, (Middle) y- direction, (Right) z-direction.
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Figure 4. 3 Test 121304d (20 kPa)- Picture of digital images and plot of Displacement
(cartesian) in Eulerian Description at 3. 2%, 5.6%, 7.2%, and 10% axial strain. (Left) xdirection, (Middle) y- direction, (Right) z-direction.
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Figure 4. 4 Test 121304a (40 kPa)- Picture of digital images (Medina, 2006) and plot of
Displacement (cartesian) in Lagrangian Description at 3. 2%, 5.2%, 7.2%, and 10% axial strain.
(Left) x- direction, (Middle) y- direction, (Right) z-direction.
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Figure 4. 5 Test 121304a (40 kPa)- Picture of digital images (Medina, 2006) and plot of Displacement
(cartesian) in Eulerian Description at 3. 2%, 5.2%, 7.2%, and 10% axial strain. (Left) x- direction,
(Middle) y- direction, (Right) z-direction.
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Figure 4. 6 Test 121304c- Digital Images (Medina, 2006) and Displacement (cartesian) in
Lagrangian Description at 3. 2%, 5.2%, 7.2% and 10% axial strain. (Left) x- direction, (Middle)
y- direction, (Right) z-direction.
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Figure 4. 7 Test 121304c- Digital Images (Medina, 2006) and Displacement (cartesian) in Eulerian
Description at 3. 2%, 5.2%, 7.2% and 10% axial strain. (Left) x- direction, (Middle) y- direction,
(Right) z- direction
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Changes in the z-direction relates to bulging of sample out- of- the page. No
changes in z- direction is observed along the top and bottom portion of the sample is
observed. Bulging started to be significant slightly above the peak strain level and continue
to develop and spread out throughout the height and width of the sample. The bulging area
become more concentrated within the strain softening range. Within this range, the top
and bottom of sample are acting as fixed end while loading proceeds at the lower section.
As the sample reaches its densest state, the sample expands due restraint and loading from
upper and lower portion of specimen.
The area of bulging observed in x- direction is similar to that of z-direction
signifying sample is bulging outwards. Bulging area is observed to be off centered in the
121304b (loose), 121304c (60 kPa), and 121304d (20 kPa) samples. Bulging area is below
mid- height of the sample for the loose specimen and the 20 kPa specimen. In contrast,
the bulging area observed in the 60 kPa sample is located above mid- height of sample.
Bulging observed for 40 kPa samples are located at mid- height of sample. Comparison of
bulging zone observed in the z- direction is presented in figure 4.8.

Figure 4. 8 Off- centered bulging observed. Figure shown is at 10% axial strain
level. From left to right: 121304b (loose), 121304c (60 kPa), 121304d (20kPa)
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4.2.2

Cylindrical Displacement Fields
The displacement field in the cylindrical coordinate system is presented in figure

4.9 to 4.14. Positive radial displacement indicates that the sample is expanding (bulging)
and vice versa negative radial displacement indicates the sample is compressing. Vertical
bands of various magnitude of radial displacement developed at earlier strain (figure 4.15).
Increase in radial displacement become more concentrated along the middle of the sample,
due to restraint from the bottom and top platen. Highest displacement magnitude is
observed at the middle of sample and decrease towards the top and bottom of specimen.
The radial displacement is observed to increase clockwise about y- axis. Increase in radial
displacement is initially observed to be minimal. Slightly before peak until end of
softening, radial displacement is observed to increase more rapidly and slower within the
constant volume strain range. The region where radial displacement occurs become
localized in the middle while the top and bottom of specimen has minimal to zero radial
displacement throughout the loading. Area of bulging stop to spread out at the end of
softening. Similarity in bulging or out- of- page displacement characteristic is observed
with that of displacement in z-direction.
The displacement observed in the tangential direction relates to the angular
displacement in the x- z plane. Positive angular or tangential displacement indicates
counter-clockwise displacement about the x-z plane or about the y- axis. Vertical bands
of similar angular displacement magnitude are observed for all samples at strain level
below 1 %, with exceptions to the 60 kPa specimen. The increase in angular displacement
magnitude in all tests are observed to increase in clockwise direction. Above 1% strain,
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Figure 4. 9 121304d (20kPa) Cylindrical Displacement in Lagrangian Description at 3.2%,
5.2%, 7.6%, and 10% axial strain. From left to right: radial displacement, tangential/
angular displacement, and vertical displacement
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Figure 4. 10 121304d (20kPa) Cylindrical Displacement in Eulerian Description at 3.2%,
5.2%, 7.6%, and 10% axial strain. From left to right: radial displacement, tangential/
angular displacement, and vertical displacement
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Figure 4. 11 Test 121304a (40 kPa)- Displacement (cylindrical) in Lagrangian Description at 3.
2%, 5.2%, 7.2%, and 10% axial strain. (Left) radial, (Middle) tangential, and (Right) y-direction.
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Figure 4. 12 Test 121304a (40 kPa)- Displacement (cylindrical) in Eulerian Description at 3. 2%,
5.2%, 7.2%, and 10% axial strain. (Left) radial, (Middle) tangential, and (Right) y-direction.
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Figure 4. 13 121304c (60 kPa) Cylindrical Displacement in Lagrangian Description at 3.2%, 5.2%, 7.6%,
and 10% axial strain. From left to right: radial displacement, tangential/ angular displacement, and
vertical displacement
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Figure 4. 14 121304c (60 kPa) Cylindrical Displacement in Eulerian Description at 3.2%, 5.2%, 7.6%,
and 10% axial strain. From left to right: radial displacement, tangential/ angular displacement, and
vertical displacement
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higher magnitude of angular displacement is observed at the upper right of sample while
zero magnitude angular displacement is observed to be minimal to none at the bottom of
the sample. Contrasting magnitude between the upper right and bottom left of sample
entrapped and induced diagonal localization across the middle of the sample. The
localization is observed to form slightly after peak strength towards beginning of softening
strain where low magnitude region is entrapped by higher magnitude angular displacement
moving in clockwise direction. This localization would then develop into shear band
during the softening (figure 4.16). Rotation within shear band observed is in contrast with
the direction of angular displacement observe at the top and lower portion of the sample.
The characteristic of displacement in the x, z, and radial displacement shows the
the expansion or compression observed. The y displacement shows how much the sample
compresses along the height of the sample. Tangential or angular displacement defines
how much rotation is observed along the x-z plane. Tangential displacement is found to
shows signs of developing shear band. Similar displacement phenomenon is observed in
the Lagrangian and Eulerian for all samples, with exceptions to test 101204a (40 kPa) in
which tangential displacement is observed at the end of softening.
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Figure 4. 15 Vertical pattern in angular displacement. From left to right: 121304a tangential
displacement at strain levels 0.4% and 0.8%, 101304a tangential displacement at 0.2% and 0.6%
strain levels

Figure 4. 16 Test 121304b (Loose) - Formation of shear band due to contrasting tangential
displacement initiated at lower left of specimen. Axial strain levels from left to right: 1.6%, 2.8%,
3.2%, 4.4%, and 5.2%.
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4.3

Divergence of Displacement Fields
The 2D material divergence about the x and y directions are shown in figure 4.17

through 4.19. Thresholds are set to correct noises observed. For all specimens, expansion
band started to develop in the middle of the sample slightly before the peak strength. No
pattern is observed initially. Little to no expansion is observed along the top and bottom
part of sample. For the 60 kPa experiment, signs of localized high magnitude expansion
band are observed to form after peak strength and continue to intensify within the
softening region. Expansion bands are observed in all specimens. The expansion bands
are observed to be more well- defined in the 60 kPa specimen compared to the 20 kPa and
40 kPa specimens. The length of expansion band observed in high confining sample is
greater compared to the lower confinement specimens. More expansion bands are
observed in the 20 kPa and 40 kPa specimens.
Compaction band is observed to develop starting the beginning of softening.
Compaction band delaminate the expansion region observed at the middle with the rigid
(zero to no expansion) in the upper and lower portion of sample. Varying location of
compaction band is observed. In both 40 kPa specimens, compaction band is observed at
the upper and lower boundary of expansion region. In the 60 kPa specimen, compression
band is only observed at the upper part boundary of expansion region while it is located
at the lower boundary of expansion region in the 20 kPa specimen. This observation is
consistent with offset observed in the displacement field. No compaction band is observed
in the loose specimen. At the end of softening, sudden increase in compaction band
magnitude is observed consistent in all specimen.
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Similar results are observed between Eulerian and Lagrangian description with
exception to the loose specimen and localization observed in the Lagrangian description.
Localization is observed more clearly in Lagrangian description compared to the Eulerian.
The expansion van observed on the sides of specimen in Eulerian description indicates
bulging observed in the x- direction.

Figure 4. 17 121304d (20 kPa) Divergence in Lagrangian Descriptions (Top) and Eulerian
Description (Bottom) at 1.6%, 3.2%, 5.2%, 7.6%, and 10% axial strain
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Figure 4. 18 121304a (40 kPa) Divergence of displacement field at 1.6%, 3.2%, 5.2%, 7.2%,
and 10% axial strain. (Top) Lagrangian Description. (Bottom) Eulerian Description
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Figure 4. 19 121304c (60 kPa) Divergence at 1.6%, 3.2%, 5.2%, 7.2%, and 10% in
Lagrangian Description (Top) and Eulerian Description (Bottom)
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4.4

Curl of Displacement Fields
The curl of displacement field is analyzed about the x and y directions (figure 4.20

to 4.22). No patterns are initially observed at approximately below 1% axial strain.
Localization in contrasting curl regions started to be observed above 1% axial strain.
Rotations observed in the lower left and upper right of specimen is in counter- clockwise
direction. Rotations around the lower right and upper left of specimen is observed to be
zero initially. As loading progresses, increase in counter- clockwise magnitude induced
the development of clockwise magnitude rotation at the initially zero magnitude region.
This development is started to be observed starting from the beginning of strain softening
or slightly after the peak strain.
Competing region of rotational bands is observed in the middle of sample. Rotation
band started to occur slightly before peak strength and continue to localize in the strain
softening region. Multiple clockwise and counter- clockwise bands (region with similar
magnitude) is observed in the middle of the sample at end of softening. The following
observation is consistent with what has been observed in both radial and tangential
displacement.
More rotational bands are observed in loose and 20 kPa specimens (Figure 4.20).
More resistance to rotation is observed in the 60 kPa specimen and less rotational band is
observed. Signs of rotational bands are observed before the peak. The increase in
magnitude observed in 60 kPa appears to progress slower than the remaining tests and
localization appears more rapidly. Less bands are observed in the 60 kPa confinement
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specimen in comparison to the 20 kPa and 40 kPa specimens. The following observation
is consistent with what has been observed in the divergence of displacement. Curl obtained
in both Lagrangian and Eulerian descriptions showed similar results. Thresholds are set to
correct noises observed.

Figure 4. 20 121304d (20 kPa) Curl in Lagrangian Description (TOP) and Eulerian Description
(Bottom) at 1.6%, 3.2%, 6%, 7.2%, and 10% axial strain
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Figure 4. 21 121304a (40 kPa)- Curl in Material Description (Top) and Eulerian Description (bottom)
at 1.6%, 3.2%, 6%, 7.6%, and 10% axial strain
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Figure 4. 22 121304c (60 kPa) Curl in Lagrangian Description (Top) and Eulerian Description
(Bottom) at 1.6%, 3.2%, 6%, 7.2%, and 10% axial strain
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4.5

Deformation Gradient
The deformation gradient for all tests are presented in figures 4.23 to 4.25. The

deformation gradient presented is analyzed in Lagrangian description. Thus, the rate of
translational and rotational changes observed represent the comparison between the
deformed with that of the initial/ undeformed configuration. The deformation gradient is
dimensionless quantity. Only translational component of deformation (diagonal terms)
gradient will be discussed in this study. Thresholds are set to accommodate visualization
of the gradient tensor components.
Changes observed in the x- direction initially is minimal to none. Positive
magnitude of deformation gradient is observed in the middle part of sample approximately
above earlier before peak strength. The magnitude of deformation gradient continues to
increase along the middle of the sample. Initiation of localized expansion bands are
observed before the peak strength. Expansion bands continue to increase in magnitude
until the end of softening. Rapid increase in magnitude is observed at the end of softening.
The pattern observed herein is similar to the pattern observed in Lagrangian divergence.
Immediately after loading, compressive band (negative magnitude) is observed in
the y- direction deformation gradient. The band appear to extend vertically from the top
of the sample and bend away into the horizontal direction slightly below the mid- height
of sample. Regions with low to zero magnitude deformation gradient is observed outside
the bands. Localized compression regions are observed to developed on an angle,
connecting the horizontal compression region with the vertical compression region. At
higher magnitude, the pattern observed is similar to corresponding curl and expansion
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band pattern observed. The deformation gradient observed about z- direction appear to be
scattered and slight localization is observed in the middle of the sample.
Similar patterns are observed throughout the test. The 60 kPa test shows much
more homogeneous gradient field and more localized bands while scattering in pattern is
observed more in the loose, 20 kPa, and 40 kPa specimens.

Figure 4. 23 121304a (40 kPa)-Deformation gradient at 0.8% and 3.2% axial
strain. From left to right: x, y , and z- direction deformation gradient.
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Figure 4. 23 (continued) 121304a (40 kPa)- Deformation gradient at 7.6% and 10
% axial strain. From left to right: x, y , and z- direction deformation gradient.
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Figure 4. 24 121304d (20 kPa)-Deformation gradient at 3.2%, 5.2%, 7.6 %
and 10% axial strain. From left to right: x, y , and z- direction deformation
gradient.
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Figure 4. 25 121304c (60 kPa)-Deformation gradient at 3.2%, 5.2%, 7.6 % and
10% axial strain. From left to right: x, y , and z- direction deformation gradient.
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5. SUMMARY AND CONCLUSION

A kinematic analysis on deforming sand compression specimens was performed
on post- processed and calibrated 3D-DIC displacement fields. The concepts of
divergence, curl, and the gradient were implemented to understand the development of
localization effects, including shear and compaction bands. Both Lagrangian and Eulerian
approach were attempted in the analysis. In addition, the cylindrical coordinate system
was also considered in the analysis.
Changes in the magnitude of displacement were observed in both cylindrical and
Cartesian coordinate systems. The development of shear bands was not clearly observed
in the Cartesian system, except for the y- direction. Only effects of bulging and
compression can be traced in the Cartesian system. Bulging and localization effects
observed in the shear band are shown clearly in the tangential and vertical component
displacement fields.
The results of the divergence of displacement fields shows the development of
shear and/or compaction bands starting the beginning of strain softening. Localized
rotational bands from the curl of the displacement field were observed within the localized
shear/ compaction bands. Observation on the translational rate of change in the x- direction
(gradient) was similar to the expansion/ compression characteristic observed in the
divergence of displacement fields. The translational rate of change in the y- direction
showed a similar pattern with observed expansion bands and curl localizations.
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Effects of varying confining pressure on deformation had also been observed.
Similarity was observed in the development of displacement fields, divergence, curl, and
the gradient of displacement fields. Early indications of localization were observed
starting beginning of strain softening or slightly after peak strength. The bulging observed
through the radial, x, and y direction is located off- centered for the 20 kPa and 60 kPa
specimens. Localization effects observed in the 60 kPa sample appeared to develop rapidly
at higher strain level. The localization effects observed in the 20 kPa and 40 kPa samples
were observed to develop progressively. Multiple shear bands were observed in the 20
kPa and the 40 kPa specimens while less shear bands were observed in the 60 kPa
specimen. The shear bands in 60 kPa specimen was observed to be more well- defined
compared to the other specimens. Single compaction (compression) band was observed in
the 20 kPa and 60 kPa specimens while two compaction bands were observed for 40 kPa
specimen. Compaction band observed in 20 kPa specimen at lower part of bulging region
while it was observed above the bulging region for the 60 kPa specimen and above and
below bulging region for the 40 kPa specimen. Based on the gradient of displacement
observed, a narrower localized band is observed for the 60 kPa specimen in comparison
with the 20 kPa and the 40 kPa specimen. Less scattering was observed in the gradient
field with decrease in confinement.
Early indications of localization effects had been observed through divergence,
curl, and gradient of displacement fields. The development of localization effects observed
through the utilization of continuum kinematics operators of 3D- displacement fields was
identified as early as the beginning of strain softening or slightly after peak strength. The
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development of localization observed visually by human eye was identified at the end of
strain softening towards the beginning of the critical state. The effect of confining pressure
was seen in the duration of localization development (rapid or slow progression), and
location of observed compaction bands or area of bulging observed.
The analysis of divergence and curl of displacement fields were done in 2D while
3D analysis is performed on the gradient of displacement fields. Further study with more
experimental data needs to be performed to validate findings observed in this study. Future
study should consider the third dimension provided by the 3D- DIC technique into the
analysis. In addition, future study may also incorporate the cylindrical coordinate system
in executing the kinematics analysis, which was not attempted in this study.
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